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Abstract
This document contains the computer generated part of the proof of the main result in [12], giving a complete and general list of tree representations corresponding to exceptional
modules over the path algebra of the canonically oriented Euclidean quiver E˜6. The proofs (involving induction and symbolic computation with block matrices) were partially generated
by a purposefully developed computer software, outputting in a detailed step-by-step fashion as if written “by hand”.
Tree representations are exhibited using matrices involving only the elements 0 and 1, and all representations enlisted in this document remain valid over any base field (since the
symbolic block matrix computations present inhere hold in any field).
Part I
Introduction and notations
1 Basic notions of representation theory of algebras 
Let Q = (Q0, Q1) be a tame quiver, where Q0 is the set of vertices and Q1 ⊆ Q0 ×Q0 is the set of arrows. For an arrow α ∈ Q1 we denote by s(α) and t(α) the source, respectively
the target of α. Let k be a field and consider the path algebra kQ. The category mod-kQ of finite dimensional right modules over kQ can be identified with the category rep-kQ of
the finite dimensional k-representations of the quiver Q (therefore we will use the terms “module” and “representation” interchangeably).
Recall that a k-representation M = (Mi,Mα) of Q is defined as a set of finite dimensional k-spaces {Mi | i ∈ Q0} corresponding to the vertices together with k-linear maps
{Mα : Ms(α) →Mt(α) |α ∈ Q1} corresponding to the arrows. Given two representations M = (Mi,Mα) and N = (Ni, Nα) of the quiver Q, a morphism of representations f : M → N
consists of a family of k-linear maps (corresponding to the vertices) fi : Mi → Ni, such that Nαfs(α) = ft(α)Mα for all α ∈ Q1. The dimension vector of a representationM = (Mi,Mα)
is
dimM = (di)i∈Q0 ∈ Zn, where di = dimkMi and n = |Q0|.
In this case the length of M is `(M) =
∑
i∈Q0 di.
There are five families of so-called Euclidean (or tame) quivers: A˜n, D˜n, E˜6, E˜7 and E˜8. From now on we consider only Euclidean quivers, with a focus on the canonically oriented
E˜6. If Q is a tame quiver, we can describe the indecomposable objects in the category mod-kQ (although their number is infinite, they can be described by a finite number of
parameters). The canonically oriented Euclidean quiver E˜6, denoted in the sequel by ∆(E˜6), has the following shape:
∆(E˜6) :
7
6
1 2 3 4 5
Therefore, we have {1, . . . , 7} for the set of vertices and {(1, 2), (2, 3), (4, 3), (5, 4), (6, 3), (7, 6)} for the set of arrows.
The Euler form of an arbitrary Q is the bilinear form defined on ZQ0 ∼= Zn as
〈x, y〉 =
∑
i∈Q0
xiyi −
∑
α∈Q1
xs(α)yt(α).
Its quadratic form qQ (called Tits form) is independent from the orientation of Q and in the tame case it is positive semi-definite with radical Zδ, where δ is a minimal positive
imaginary root of the corresponding Kac–Moody root system.
Let P (i) and I(i) be the indecomposable projective respectively injective module corresponding to the vertex i. The Cartan matrix CQ is a matrix with the j-th column being
equal with dimP (j). The Coxeter matrix is defined as ΦQ = −CtQC−1Q . Then ΦQδ = δ and the Euler form satisfies 〈a, b〉 = a
(
C−1Q
)t
bt = −〈b,ΦQa〉, where a, b ∈ ZQ0. Moreover,
because our algebra is hereditary, for two modules M,N ∈ mod-kQ we get
〈dimM,dimN〉 = dimk HomkQ(M,N)− dimk Ext1kQ(M,N). (1.1)
In the case of ∆(E˜6) the Cartan, respectively Coxeter matrices are these:
C∆(E˜6) =

1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 1 1 1 1 1 1
0 0 0 1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 1
0 0 0 0 0 0 1

and Φ∆(E˜6) =

0 0 −1 1 0 1 0
1 0 −1 1 0 1 0
0 1 −1 1 0 1 0
0 1 −1 0 1 1 0
0 1 −1 0 0 1 0
0 1 −1 1 0 0 1
0 1 −1 1 0 0 0

and the minimal root is δ = (1, 2, 3, 2, 1, 2, 1).
The Auslander–Reiten translates are defined as
τ = DExt1kQ(−, kQ) and τ−1 = Ext1kQ(D(kQ),−)
where D = Homk(−, k). The following functorial isomorphisms are called the Auslander–Reiten formulas: Ext1kQ(X,Y ) ∼= DHomkQ(τ−1Y,X) ∼= DHomkQ(Y, τX). An indecompos-
able module M is preprojective if there exists a positive integer m such that τm(M) = 0, while it is called preinjective if τ−m(M) = 0. The indecomposable M is regular if it is
neither preinjective nor preprojective.
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The indecomposable objects of the category mod-kQ correspond to the vertices of the so-called Auslander–Reiten quiver, the structure of which is well-known. Up to isomorphism,
the indecomposable preprojective modules are τ−mP (i), while the indecomposable preinjectives are τmI(i), where m ∈ N and i ∈ Q0. In the sequel we use the somewhat more
convenient notation P (m, i) to denote the preprojective indecomposable module τ−mP (i) and I(m, i) to denote the preinjective indecomposable module τmI(i). The following is true
concerning the dimension vectors of preprojective, respectively preinjective indecomposables:
dimP (m, i) = Φ−mQ · dimP (i) and dimI(m, i) = ΦmQ · dimI(i).
The category of regular modules is an abelian, exact subcategory which decomposes into a direct sum of serial categories with Auslander–Reiten quiver of the form ZA∞/m, called
tubes of rank m. A tube of rank 1 is called homogeneous, otherwise it is called non-homogeneous.
In the case of E˜6 there are three non-homogeneous tubes, all the other tubes are homogeneous. The non-homogeneous tubes are usually labeled by some element of the set
{0, 1,∞}, hence T ∆(E˜6)0 , T ∆(E˜6)1 and T ∆(E˜6)∞ denote the non-homogeneous tubes. We denote by Rle(t) a non-homogeneous regular indecomposable, where e ∈ {0, 1,∞} with t ∈ N∗
being its regular length and l ∈ {1, . . . ,m}, with m being the rank of the tube T ∆(E˜6)e . A module Rle(1) is regular simple and it is the quasi-socle of Rle(t) for t ≥ 1. We have
τRle(t) = R
l−1
e (t) for l ≥ 2 and τR1e(t) = Rme (t). The tubes T ∆(E˜6)0 and T ∆(E˜6)1 have rank 3, while T ∆(E˜6)∞ has rank 2. Hence there are 3 regular simples in the case of the first two
tubes and 2 regular simples in the case of the last one (here simple means “simple in the subcategory of non-homogeneous regulars”, so these are the modules of the form Rle(1), with
regular length 1). In the case of the quiver E˜6 (with any orientation) the structure of the Auslander–Reiten quiver remains the same over every field (see [25]).
A very important fact is that mod-kQ is a Krull–Schmidt category, meaning that every module can be written as a direct sum of indecomposables in a unique way (up to order).
An indecomposable module is called exceptional, if it has no self-extensions (i.e. the indecomposable module M is called exceptional if dimk Ext1kQ(M,M) = 0). We know that
(over an arbitrary field k and tame quiver Q) for the indecomposable M ∈ mod-kQ either qQ(dimM) = 1 or qQ(dimM) = 0 holds. For all exceptional indecomposable modules M is
true that qQ(dimM) = 1 and M is either preprojective or preinjective or regular non-homogeneous with dimension vector falling below δ (see [5]). These modules are determined up
to isomorphism by their dimension vectors, moreover the preinjective and preprojective indecomposables are directing (see [1], pp. 357–358).
For more details concerning the notions presented in this subsection we refer to [2, 1, 22, 25].
2 Tree representations 
An indecomposable module M = (Mi,Mα) is called a tree module if there is a basis B such that the matrices of the linear maps Mα, written in basis B consist only of elements 0
and 1, moreover, the total number of non-zero elements is `(M)− 1, where `(M) = ∑i∈Q0 di with dimM = (di)i∈Q0 . Equivalently, M is a tree module if there exists a basis B such
that the associated coefficient quiver is a tree (for details see [18]).
In [18] Ringel proves that exceptional modules are tree modules. The proof is based on a result by Schofield (see [20]), stating that if M is an exceptional module which
is not simple, then there are exceptional modules X,Y with the properties HomkQ(X,Y ) = HomkQ(Y,X) = Ext1kQ(Y,X) = 0 and an exact sequence of the following form:
0 vY M uX 0, where u and v are positive integers and the notation uY means Y ⊕· · ·⊕Y (u times). There are precisely s(M)− 1 such sequences where
s(M) is the number of nonzero components in dimM . We call these short exact sequences Schofield sequences and the pair (X,Y ) a Schofield pair (associated to M). Note that the
original proof of Schofield assumes an algebraically closed field, but Ringel gives a proof in [19] which works in arbitrary field k. Proposition 6 from [24] states that if X, Y , M are
exceptional indecomposables such that udimX + vdimY = dimM , then we have a Schofield sequence 0 vY M uX 0, if and only if 〈dimX,dimY 〉 = 0.
This means that Schofield sequences and pairs depend only on the dimensions of indecomposables, thus their existence condition is field independent. Also note that although the
short exact sequences used in our proofs are Schofield sequences (as above, with v = u = 1), we do not use here the results from [20] or [19] to construct them, but every short exact
sequence used throughout the proofs is written (and verified) using Lemma 5 (working also over an arbitrary field k).
Although tree representations for some particular quivers are known, the proof in [18] does not give an explicit method for constructing them in general.
In [8] Gabriel gave a full list of indecomposable representations for the Dynkin quivers using 0 − 1-matrices. All the given representations (excepting 4 of them) were tree
representations. This list was completed by Crawley-Boevey in [4].
Regarding the Euclidean case, Mróz gave a full list of the indecomposable tree representations for the quiver D˜4 in [14]. His results were generalized by Lőrinczi and Szántó,
giving a full list of tree representations for the quiver D˜n (see [13]). We note that these representations were proved for path algebras over algebraically closed fields only. Analogous
problems are considered for canonical algebras in [6], for nilpotent operators in [7] and for poset representations in [9].
Concerning the D˜n, E˜6 and E˜8 cases, indecomposable representations for preinjectives and preprojectives were given by Kussin, Ke¸dzierski and Meltzer in [10] and [11], respectively
(however, those representations are not tree representations). Their aim was not to give explicit tree representations in particular, but to describe a general method for obtaining
indecomposable (not necessarily tree) representations in tame cases.
Our first aim was to study tree representations and to develop a computational method which produces rigorously proved explicit tree formulas (in a “ready to consume” form) and
which is also “scalable” (can be performed in a timely manner for all possible families of exceptional modules). Our second aim was to use the method in producing a complete and
explicit list of tree representations for all families of exceptionals (in the case of the canonically oriented quiver E˜6 for now), which can be easily introduced and used in any computer
algebra system, without bothering about the way they were obtained. Given the nature of the problem (the number of cases to be considered and the amount of block-matrix
arithmetic to be performed) the best we could come up with was the idea presented in Subsection 1.3 from [12] (which, to our knowledge, is new and completely different from
the method(s) used by Mróz, Kussin, Ke¸dzierski and Meltzer) and to develop a special proof assistant software performing the matrix-crunching and producing a rather lengthy,
nevertheless completely general, formal and correct proof of every formula listed in Part II.
The importance of knowing explicit formulas for tree representations stems from a number of advantageous properties. In case of tree representations, the matrices involved are
the “sparsest possible” (i.e. containing the minimal number of non-zero elements), thus reducing the storage and running time complexity in computer implementations. As mentioned
before, the exceptional modules are determined by their dimension vectors up to isomorphism, so having a formula for each of them gives a “nice” representative of each isomorphism
class. In fact, we could say that tree representations are the “canonical” forms of these modules, analogously to the canonical form of matrix pencils or canonical forms of matrices
(for example the Jordan normal form). An example of nice consequences of knowing such sparse forms is the paper [15] by Mróz, where such matrix forms of modules were applied
to obtain formulas for the multiplicities of the preprojective and preinjective indecomposables appearing in the decomposition of an arbitrary D˜4 module.
It is very important to realize that the tree representations given in this paper remain valid independently on the underlying field of the representation. That is, the 1− 0 matrices
listed in this paper withstand a replacement of the base field k in mod-k∆(E˜6) such that if M ∈ mod-k∆(E˜6) is an exceptional tree representation, then M ′ ∈ mod-k′∆(E˜6) is also an
exceptional tree representation where dimM = dimM ′, and every matrix Mα from the first representation is formally the same as the corresponding matrix M ′α from the second one.
3 Proving the field independent tree module property 
In this section we describe the method used to prove the tree module property for every representation given in the lists in Part II both from the theoretical and practical perspective.
The method presented here is general (in the sense that it could be applied to any tame quiver), so as stated before, Q denotes an arbitrary tame quiver and k an arbitrary field. We
just state the result here, the proofs are to be found in [12].
We will use the “field independent” qualifier in relation to representations and short exact sequences in the following precise manner:
Definition 1. Let M ∈ mod-kQ an (exceptional) indecomposable module. We say that:
(1) The module M is field independent (exceptional) indecomposable if in the corresponding representation M = (Mi,Mα) all the elements in the matrices Mα are either 0 or 1 and
for any field k′ if we consider a module M ′ ∈ mod-k′Q such that dimM = dimM ′ and every matrix M ′α from the corresponding representation M ′ = (M ′i ,M ′α) is formally the
same as Mα (for all arrows α), then M ′ is also (exceptional) indecomposable in mod-k′Q.
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(2) The module M has the field independent tree property if it is a tree module in mod-kQ and it is also a field independent (exceptional) indecomposable module (i.e. if we consider
the corresponding representation with formally the same matrices over any other field k′, we still get an exceptional indecomposable tree module in mod-k′Q).
(3) A short exact sequence of the form 0 Y Z X 0f g is field independent (with X,Y, Z ∈ mod-kQ) if all the elements in the matrices of the representations
X, Y and Z are either 0 or 1, all the elements in the matrices fi and gi of the embedding f = (fi)i∈Q0 respectively the projection g = (gi)i∈Q0 are either 0 or 1 or −1 and
in any field k′ the sequence 0 Y ′ Z ′ X ′ 0f
′ g′ is also exact, where X ′, Y ′, Z ′ ∈ mod-k′Q, f ′ : Y ′ → Z ′, g′ : Z ′ → X ′ correspond in order to X, Y , Z,
f : Y → Z, g : Z → X with the respective dimension vectors unchanged and with all matrices (both from the representations and from the morphisms) being formally the same
when considering them over k′ instead of k.
The following proposition and lemmas constitute the theoretical elements of the technique used to prove the formulas in a field independent way:
Lemma 2. For a module M ∈ mod-kQ we have M is exceptional indecomposable if and only if dimk EndkQ(M) = 1 and dimM 6= δ.
Remark 3. We know that exactly these are the exceptional modules in the tame case: the preprojective indecomposables, the preinjective indecomposables and the regular non-
homogeneous indecomposable modules with dimension vector falling below δ.
In the case of the quiver ∆(E˜6) the corresponding linear system can be obtained by expanding the following products:{
h2 · Z1→2 = Z1→2 · h1 h3 · Z2→3 = Z2→3 · h2 h3 · Z4→3 = Z4→3 · h4
h4 · Z5→4 = Z5→4 · h5 h3 · Z6→3 = Z6→3 · h6 h6 · Z7→6 = Z7→6 · h7
(3.1)
read from the following commutative diagram:
Z7
Z6
Z1 Z2 Z3 Z4 Z5
Z7
Z6
Z1 Z2 Z3 Z4 Z5
Z7→6
h7
Z6→3
h6
Z1→2
h1
Z2→3
h2 h3
Z4→3 Z5→4
h5
Z7→6
Z6→3
Z1→2 Z2→3 Z4→3
h4
Z5→4
Proposition 4. Let X,Y,X ′, Y ′ ∈ mod-kQ indecomposables. If M ∈ mod-kQ such that
(a) there is an exceptional Z ∈ mod-kQ such that (X,Y ) and (X ′, Y ′) are Schofield pairs associated to Z,
(b) there exist two short exact sequences
0 Y M X 0
and
0 Y ′ M X ′ 0,
(c) X  X ′ or Y  Y ′,
(d) dimk Ext1kQ(X,Y ) = dimk Ext
1
kQ(X
′, Y ′) = 1
then M is exceptional indecomposable.
Lemma 5. Let X,Y, Z ∈ mod-kQ and f = (fi)i∈Q0 , g = (gi)i∈Q0 families of k-linear maps fi : Yi → Zi, gi : Zi → Xi. Then there is a short exact sequence
0 Y Z X 0
f g
if and only if the following conditions hold (we identify the maps fi and gi with their matrices in the canonical basis):
(a) the matrices fi (respectively gi) have maximal column (respectively row) ranks,
(b) ft(α)Yα = Zαfs(α) and gt(α)Zα = Xαgs(α), for all α ∈ Q1,
(c) gifi = 0, for all i ∈ Q0,
(d) dimZ = dimX + dimY .
The embedding f : Y → Z can be given via a family of maximal (column) rank matrices fi (i ∈ Q0) satisfying ft(α)Yα = Zαfs(α) for all α ∈ Q1. In the case of the quiver ∆(E˜6)
the corresponding matrices must satisfy the equations{
f2 · Y1→2 = Z1→2 · f1 f3 · Y2→3 = Z2→3 · f2 f3 · Y4→3 = Z4→3 · f4
f4 · Y5→4 = Z5→4 · f5 f3 · Y6→3 = Z6→3 · f6 f6 · Y7→6 = Z7→6 · f7
(3.2)
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read from the following commutative diagram:
Y7
Y6
Y1 Y2 Y3 Y4 Y5
Z7
Z6
Z1 Z2 Z3 Z4 Z5
Y7→6
f7
Y6→3
f6
Y1→2
f1
Y2→3
f2 f3
Y4→3 Y5→4
f5
Z7→6
Z6→3
Z1→2 Z2→3 Z4→3
f4
Z5→4
The projection g : Z → X can be given via a family of maximal (row) rank matrices gi (i ∈ Q0) satisfying gt(α)Zα = Xαgs(α) for all α ∈ Q1. In the case of the quiver ∆(E˜6) the
corresponding matrices must satisfy the equations {
g2 · Z1→2 = X1→2 · g1 g3 · Z2→3 = X2→3 · g2 g3 · Z4→3 = X4→3 · g4
g4 · Z5→4 = X5→4 · g5 g3 · Z6→3 = X6→3 · g6 g6 · Z7→6 = X7→6 · g7
(3.3)
read from the following commutative diagram:
Z7
Z6
Z1 Z2 Z3 Z4 Z5
X7
X6
X1 X2 X3 X4 X5
Z7→6
g7
Z6→3
g6
Z1→2
g1
Z2→3
g2 g3
Z4→3 Z5→4
g5
X7→6
X6→3
X1→2 X2→3 X4→3
g4
X5→4
Lemma 6. If X,Y ∈ mod-kQ are indecomposable modules such that X is regular and Y is preprojective, or X is preinjective and Y is regular or both of them are preprojectives (or
preinjectives) and there is a path in the Auslander–Reiten quiver from the vertex corresponding to Y to the vertex corresponding to X, then dimk Ext1kQ(X,Y ) = −〈dimX,dimY 〉.
We are now ready to describe the process of proving the formulas from Part II.
3.1 The process of proving the field independent tree property
Suppose we have formulas defining families of matrices (M (n)α )α∈Q1 depending on some n ∈ N. The elements of the matrices M (n)α are either 0 or 1, so they can be considered over an
arbitrary field k. We want to prove that the representation of the quiver Q given as M = M (n) = (M (n)i ,M
(n)
α ) has the field independent tree property (where the dimension of each
k-space M (n)i is in accordance with the column and row sizes of the matrices M
(n)
α , thus the formulas also determine dimM). Suppose that dimM is such that it coincides with the
dimension vector of an exceptional indecomposable (see Lemma 2 and Remark 3). Suppose also that the number of elements equal to 1 in the matrices M (n)α is exactly `(M)− 1. So,
in order to prove the field independent tree module property, we need only to show that M is field independent indecomposable. We may use one of the following lines of reasoning:
(1) Prove that dimk EndkQ(M) = 1 in any field k and use Lemma 2. This may be done by writing the matrix A of the homogeneous system of linear equations defining EndkQ(M)
and showing that the corank of A is one (i.e. the solution space is one dimensional). In order to compute the rank of A, it must be echelonized (brought to row echelon form)
using elementary operations on rows and/or columns in a “field independent way”. This means that every single elementary operation used in the process of echelonizing A must
be such that the elements in the resulting matrix are either 0, 1 or −1 and the result is exactly the same if performed in any field k. For example if in the case of the matrix[
1 −1
1 1
]
we perform the elementary row operation r2 ← r2 − r1, then we get
[
1 −1
1 1
]
r2←r2−r1−−−−−−→
[
1 −1
0 2
]
if performed in R, or
[
1 −1
1 1
]
r2←r2−r1−−−−−−→
[
1 −1
0 0
]
if performed in
Z2. Hence it has different ranks if considered over different fields. A crucial element of this proof is to ensure something like this never happens, but the result of every single
elementary operation performed is formally the same matrix, independently of the field it is considered in.
(2) Perform an induction on n, making use of Proposition 4. First prove the formula for the starting values of n using method (1) above (typically for n = 0, but the structure of
the block matrices depending on n might require to make additional proofs for small values of n). Then suppose the formula gives field independent exceptional indecomposables
M (n
′) = (M
(n′)
i ,M
(n′)
α ) for all n′ < n. Find two pairs of modules (X,Y ) and (X ′, Y ′) conforming to all requirements of Proposition 4, such that any of these four representations
is obtained either using formula M (n
′) for some n′ < n (or some permuted version of it) or some other formulas proved already to give field independent exceptional
indecomposables. If the quiver Q presents some symmetries, then a permuted version of the formula M˜ (n
′) = (M˜
(n′)
i , M˜
(n′)
i→j ) may also be used in the induction step, where
(M˜
(n′)
i )i∈Q0 = (M
(n′)
σ(i) )i∈Q0 and (M˜
(n′)
i→j )(i→j)∈Q1 = (M
(n′)
σ(i)→σ(j))(i→j)∈Q1 for some permutation σ. One has to construct here the two field independent short exact sequences of
the form 0 → Y → M (n) → X → 0 and 0 → Y ′ → M (n) → X ′ → 0 in order to show their existence. Once the matrices of the morphisms are constructed, Lemma 5 can be
used to prove that indeed these form short exact sequences in any field k. We emphasize that conditions (a), (b) and (c) from Lemma 5 must be verified in a “field independent
way”: the rank of the matrices must be checked using field independent echelonization as explained before, and the result of the matrix arithmetic operations used in (b) and
(c) must be formally the same, independently of the underlying field.
(3) Perform a direct proof, making use of Proposition 4. Use two pairs of modules (X,Y ) and (X ′, Y ′) conforming to all requirements of Proposition 4, such that any of these four
representations are obtained by some formulas showed already to give field independent exceptional indecomposables, and prove the existence of the two field independent short
exact sequences 0→ Y →M (n) → X → 0 and 0→ Y ′ →M (n) → X ′ → 0 by constructing them using Lemma 5 in the “field independent way”.
Remark 7. Note that in methods (2) and (3) the condition dimk Ext1kQ(X,Y ) = dimk Ext
1
kQ(X
′, Y ′) = 1 required by (d) from Proposition 4 may be checked by simply computing
−〈dimX,dimY 〉 and −〈dimX ′,dimY ′〉, if both pairs are such that Lemma 6 may be applied in their case.
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The proof process described is extremely cumbersome, time-consuming and error-prone if performed by a human, therefore we have implemented a proof assistant software to help
us in carrying it out. The proof assistant can perform any of the steps (1), (2) or (3) based on some input given in a LATEX file. The input data consists of the formulas (M
(n)
α )α∈Q1
defining the representations and the choice for the short exact sequences required in (2) and (3), together with the families of matrices defining the morphisms. All this data must be
given in a LATEX document with a well-defined structure, in order for the proof assistant to be able to parse it and extract the relevant information. The matrices are given either as
“usual matrices” (of fixed size, with elements equal to either 1, −1 or 0), or symbolic block-matrices of variable size, depending on the parameter n ∈ N. Every block-matrix is built
using the following three types of blocks: zero block of size n1×n2, the identity block In and a block denoted by En having ones on the secondary diagonal and zeros everywhere else
(note that E2n = In in every field). We have used the document processor LYX to edit the input document and export it to LATEX (in this way ensuring a syntactically correct LATEX
file).
These are the steps performed by the software:
• It reads and stores the data M (n) = (M (n)i ,M (n)α ) defining every representation of M (n).
• Computes the total number of elements equal to 1 in the matrices M (n)α and compares it against `(M (n)) to ensure their number is exactly `(M (n))− 1.
• If instructed to perform along method (1), it computes the matrix A of the homogeneous system of linear equations defining EndkQ(M (n)) and shows that it can be brought to
echelon form by performing exactly the same elementary operations resulting in exactly the same matrix (formally) if considered in any field. In this way it ensures that the
corank of A is one independently of the field. Note that it can perform in this mode only with formulas where n has any given concrete value.
• If instructed (and given sufficient data) it performs all checks required by methods (2) or (3) based on Proposition 4. First it checks in the list provided in [24] to see that
both pairs (X,Y ) and (X ′, Y ′) are Schofield pairs associated to Z ∈ mod-kQ exceptional indecomposable such that dimZ = dimM (n), then verifies conditions (c) and (d) from
Proposition 4. It is ensured that the requirements of Lemma 6 are met and condition (d) is validated as mentioned in Remark 7. Finally, it ensures the existence of two short
exact sequences of the form 0 Y M (n) X 0f g and 0 Y ′ M (n) X ′ 0f
′ g′ by reading the matrices of the morphisms f , f ′, g and
g′ and showing that every elementary operation and block-matrix arithmetic may be performed in a field independent way in order to fulfill every requirement of Lemma 5.
Every single operation performed by the proof assistant software is written to this output LATEX document. Everything (including the elementary operations and the details of
computing the block matrix sums and products) is output a detailed step-by-step fashion as if written “by hand”. In this way one does not have to believe in the correctness of the
implementation, because the complete proof is “on paper” and every single step may be crosschecked and verified by a human mathematician.
4 Notations 
As already mentioned in the first section, we use P (m, i) to denote the preprojective indecomposable module τ−mP (i) and I(m, i) to denote the preinjective indecomposable module
τmI(i), where m ∈ N and i ∈ {1, 2, . . . , 7}. Therefore, for the dimension vectors of these modules we have: dimP (m, i) = Φ−m
∆(E˜6)
dimP (i) and dimI(m, i) = Φn
∆(E˜6)
dimI(i). The
preprojective and preinjective indecomposable modules correspond to the vertices of the preprojective, respectively preinjective part of the Auslander–Reiten quiver, as shown in the
following two drawings.
Blue arrows show the existence of a so-called irreducible monomorphism, while red arrows represent irreducible epimorphisms between suitable indecomposable modules (for
details see [1]).
0
0
1 1 1 0 0
P (0, 1)
0
0
0 1 1 0 0
P (0, 2)
0
0
0 0 1 0 0
P (0, 3)
0
0
0 0 1 1 0
P (0, 4)
0
0
0 0 1 1 1
P (0, 5)
0
1
0 0 1 0 0
P (0, 6)
1
1
0 0 1 0 0
P (0, 7)
0
1
0 0 1 1 0
P (1, 1)
0
1
1 1 2 1 0
P (1, 2)
0
1
0 1 2 1 0
P (1, 3)
0
1
0 1 2 1 1
P (1, 4)
0
1
0 1 1 0 0
P (1, 5)
1
1
0 1 2 1 0
P (1, 6)
0
0
0 1 1 1 0
P (1, 7)
1
1
0 1 2 1 1
P (2, 1)
1
2
0 1 3 2 1
P (2, 2)
1
2
1 2 4 2 1
P (2, 3)
1
2
1 2 3 1 0
P (2, 4)
1
1
1 1 2 1 0
P (2, 5)
0
1
1 2 3 2 1
P (2, 6)
0
1
1 1 2 1 1
P (2, 7)
0
1
1 2 2 1 0
P (3, 1)
1
2
1 3 4 2 1
P (3, 2)
1
3
1 3 5 3 1
P (3, 3)
1
2
1 2 4 3 1
P (3, 4)
0
1
0 1 2 2 1
P (3, 5)
1
3
1 2 4 2 1
P (3, 6)
1
2
0 1 2 1 0
P (3, 7)
1
2
1 1 3 2 1
P (4, 1)
1
3
2 3 5 3 1
P (4, 2)
2
4
2 4 7 4 2
P (4, 3)
1
3
1 3 5 3 2
P (4, 4)
1
2
1 2 3 1 1
P (4, 5)
2
3
1 3 5 3 1
P (4, 6)
1
1
1 2 3 2 1
P (4, 7)
1
2
0 2 3 2 1
P (5, 1)
2
4
1 3 6 4 2
P (5, 2)
2
5
2 5 8 5 2
P (5, 3)
2
4
2 4 6 3 1
P (5, 4)
1
2
1 2 3 2 0
P (5, 5)
1
3
2 4 6 4 2
P (5, 6)
0
2
1 2 3 2 1
P (5, 7)
. . .
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
τ−1
Preprojective part of the Auslander–Reiten quiver
5
0
0
1 0 0 0 0
I(0, 1)
0
0
1 1 0 0 0
I(0, 2)
1
1
1 1 1 1 1
I(0, 3)
0
0
0 0 0 1 1
I(0, 4)
0
0
0 0 0 0 1
I(0, 5)
1
1
0 0 0 0 0
I(0, 6)
1
0
0 0 0 0 0
I(0, 7)
0
0
0 1 0 0 0
I(1, 1)
1
1
0 1 1 1 1
I(1, 2)
1
2
1 2 2 2 1
I(1, 3)
1
1
1 1 1 1 0
I(1, 4)
0
0
0 0 0 1 0
I(1, 5)
0
1
1 1 1 1 1
I(1, 6)
0
1
0 0 0 0 0
I(1, 7)
1
1
0 0 1 1 1
I(2, 1)
1
2
1 1 2 2 1
I(2, 2)
2
3
2 3 4 3 2
I(2, 3)
1
2
1 2 2 1 1
I(2, 4)
1
1
1 1 1 0 0
I(2, 5)
1
1
1 2 2 2 1
I(2, 6)
0
0
1 1 1 1 1
I(2, 7)
0
1
1 1 1 1 0
I(3, 1)
1
2
2 3 3 2 1
I(3, 2)
2
4
2 4 5 4 2
I(3, 3)
1
2
1 2 3 3 2
I(3, 4)
0
1
0 1 1 1 1
I(3, 5)
2
3
1 2 3 2 1
I(3, 6)
1
1
0 1 1 1 0
I(3, 7)
1
1
1 2 2 1 1
I(4, 1)
2
3
1 3 4 3 2
I(4, 2)
3
5
3 5 7 5 3
I(4, 3)
2
3
2 3 4 3 1
I(4, 4)
1
1
1 1 2 2 1
I(4, 5)
1
3
2 3 4 3 2
I(4, 6)
1
2
1 1 2 1 1
I(4, 7)
1
2
0 1 2 2 1
I(5, 1)
2
4
2 3 5 4 2
I(5, 2)
3
6
3 6 8 6 3
I(5, 3)
2
4
2 4 5 3 2
I(5, 4)
1
2
1 2 2 1 0
I(5, 5)
2
3
2 4 5 4 2
I(5, 6)
0
1
1 2 2 2 1
I(5, 7)
. . .
. . .
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
τ
Preinjective part of the Auslander–Reiten quiver
As mentioned in the introductory part, there are only a finite number of exceptional regular modules. These are the non-homogeneous indecomposable regulars with dimension
vector falling below δ = (1, 2, 3, 2, 1, 2, 1), marked with green in the drawings below. Note that dimRl0(3) = dimRl1(3) = dimRl
′
∞ = δ, where l ∈ {1, 2, 3}, l′ ∈ {1, 2}.
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Regular non-homogeneous tubes
For a representation Z = (Zi, Zα) we only give the matrices Zα. For a module Z and an arrow α we denote the matrix Zα by MZα . The matrices of the morphisms (when using
Lemma 5) will be denoted by fi and gi for both short exact sequences. There is no confusion between f and f ′ (respectively between g and g′) since the two short exact sequences
will be dealt with in different subsections. Also, we denote by i the canonical embedding and by p the canonical projection in the case of a short exact sequence.
We may give write matrices “normally” or as general block-matrices, written using blocks of various sizes. We denote byMr,c(k) the set of matrices having r rows and c columns
and elements from the field k. The row and column size of blocks are of the form an + b, where n ∈ N is a parameter, a is a given non-negative integer, b is a given integer. Every
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matrix used in the proofs is composed of the following three types of blocks (n, n′ ∈ N, k is an arbitrary field):
1 0 · · · 0
0 1
. . .
...
...
. . . . . . 0
0 · · · 0 1
 ∈Mn,n(k),

0 · · · 0 1
... . .
.
. .
.
0
0 1 . .
. ...
1 0 · · · 0
 ∈Mn,n(k),

0 · · · 0
...
. . .
...
0 · · · 0
 ∈Mn,n′(k).
We denote the identity block simply with 1, the second block type with 1′ and the zero block with 0. The row and column sizes will be written as “decorations” along the border of
the matrix, like in the following example:

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
 ∈M6n+5,4n+4
where the matrix above is composed of two identity blocks each having 2n+ 2 rows and columns and six zero blocks with various compatible sizes. In this notation a matrix can take
many forms, which is used for example when performing multiplication:

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
 ·

1 2n+2 1 n+1 n
1 1 0 0 0 0
n+1 0 0 0 1′ 0
n 0 0 0 0 −1′
2n+2 0 1 0 0 0
 =

1 n+1 n 2n+2
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 1
n 0 0 0 0

·

1 2n+2 1 n+1 n
1 1 0 0 0 0
n+1 0 0 0 1′ 0
n 0 0 0 0 −1′
2n+2 0 1 0 0 0
 =

1 2n+2 1 n+1 n
1 1 0 0 0 0
n+1 0 0 0 1′ 0
n 0 0 0 0 −1′
n+1 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 0 0 0

In this example the first and second matrix are compatible for multiplication (the first having 4n + 4 columns and the second 4n + 4 rows), but one has to adjust the column
partitioning of the first one to match the row partitioning of the second matrix. If the first matrix is partitioned along columns in the same way as the second one is partitioned along
rows, then one can forget about matrix blocks and perform the multiplication “normally” as with simple matrices over the field k. Note that the following holds (in any field and any
size): 1′ · 1′ = 1.
To perform addition one needs to bring the two matrices to compatible partitioning both along rows and columns. Even in this case addition is not always possible. For example
if we have in a representation the following matrix: 
1 0 · · · 0
1 1
. . .
...
0 1
. . . 0
...
. . . . . . 1
0 · · · 0 1

∈Mn+1,n(k),
we would write this as
[ n
n 1
1 0
]
+
[ n
1 0
n 1
]
, leaving it unevaluated as it is not possible to write this matrix using only the blocks 1, 1′ and 0 using our “grid-like” (non overlapping)
block-notation which makes arithmetic operations easier to perform (of course multiplication will make use of the distributive law in these cases).
Every block-matrix arithmetic operation is carried out this way. Care is taken not to perform any operation which would give different results in different fields. Only the rules
1 · 1 = 1, 1′ · 1′ = 1, (−1) · (−1) = 1, 0 · 1 = 0 are used to perform multiplication of block-matrices (plus the commutative and the distributive laws). Field independence is a major
result of our current work, so to be absolutely sure that every operation performed by the proof assistant is field independent, we implemented it such that it does not use any field
at all. Rather it treats 0, 1 and −1 just as some symbols obeying the identity, commutative and distributive laws. Addition of block-matrices is only performed using 0 + x = x, and
x + (−x) = 0 for any block x. Sums such as 1 + 1 + · · ·+ 1 are kept unevaluated and can be reduced to 0, 1 or −1 only by a suitable number of −1 symbols. In this way we never
encounter a value like 2 which may or may not be considered 0 depending on the characteristic. If a resulting matrix held such a “value”, the proof assistant would stop short with
an error message.
When computing the row (or column) echelon form of matrices, a matrix like the following is considered to be in echelon form:

1 2n+2 1 n+1 n
1 1 0 0 0 0
2n+2 0 1 0 0 0
n+1 0 0 0 1′ 0
n 0 0 0 0 −1′
,
even if strictly speaking it is not, since the ones inside the blocks of type 1′ are placed along the secondary diagonal. This could be rectified easily by swapping columns around,
transforming these blocks into identity blocks. This step is not performed by the proof assistant software.
Remark. Because of the symmetry of the quiver ∆(E˜6) in the case of preprojectives and preinjectives we only have to prove the tree module property of representations of the form
P (m, 1), P (m, 2) and P (m, 3), respectively I(m, 1), I(m, 2) and I(m, 3) since the matrices of all the other representation can be obtained from these as detailed in [12].
5 About this document 
This document is the output generated by a proof assistant software developed in the functional programming language Clean (see [26, 16]). Clean influenced (and is influenced by)
Haskell, so it has a somewhat similar syntax. It possesses some distinctive features such as uniqueness types, which allow destructive transformation of state information within a
purely functional framework (see [21]). Clean allowed us to implement block-matrix operations safely and very efficiently (the complete process, including parsing the input document,
performing symbolic block-matrix operations and other checks, finally generating the output in LATEX takes less than one minute on an ordinary desktop PC, with the application
running in single threaded mode). The input and output LATEX documents have the same structure:
• Part I was left untouched (just copied from the input document to the output).
• In Part II we introduced (by hand) the matrices, covering all cases of the exceptional representations of the quiver ∆(E˜6). This section was read and parsed by the proof
assistant. The representations are given in subsections having a specific structure. The title of every subsection must be of the form “Representation of Z”, where Z is the
notation of the specific family of representations. The proof assistant will then search for the formula giving the dimension vector of Z and will parse the enumerated list with
the matrices of the representation. The dimensions of the matrices are checked against the dimension vector and an error is signaled if there is a mismatch. The matrices may
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be given using arithmetic expressions containing symbolic block-matrices and identifiers denoting previously defined matrices. Possible operations are addition (+), subtraction
(−), product (·), direct sum defined as A ⊕ B =
[
A 0
0 B
]
and a special kind of “sum” denoted by  which adds the right hand side matrix into the upper right corner of left
hand side matrix. Formally: if A ∈Mm,n(k) and B ∈Mm′,n′(k) are matrices such that m′ ≤ m and n′ ≤ n, then AB = A+
[
0 B
0 0
]
, where
[
0 B
0 0
]
∈Mm,n(k) is obtained
by adding as many columns to the left of B and as many rows beneath it to make the resulting matrix of the same size as the matrix A. This operation is useful to insert
nonzero elements into the upper right part of a matrix obtained by direct sum. Parentheses may be used for changing priorities of operations (which, by default, are considered
being the same for all operations).
• Part III contains the symbolic block-matrix computations proving the field independent tree property as explained in Section 3. It is divided into many sections, having titles of
the form “Tree module property of Z” (where Z denotes a regular non-homogeneous exceptional) or “Tree module property of Z(n)” where Z(n) denotes a family of exceptionals
(indecomposable preprojectives of preinjectives) depending on the natural number n. In case of Z(n) each of these sections may be further divided into more subsections
containing the proofs for initial values of n (usually n = 0, 1, 2, 3). In some cases this is required because for small values of n some matrix blocks may vanish, so the general
proof does not apply in these cases. For example, when it is shown how to perform exactly a “field independent echelonization” of a block-matrix depending on the parameter
n, a choice could be made to use an identity block of size (n − 2) × (n − 2) as a pivot. But this block vanishes for n = 0, 1, 2 so the step is only valid for n ≥ 3. Therefore
some other steps have to be performed for n < 3. In all these special cases (with concrete small values for n) the input matrices are “normal” matrices. While performing and
outputting the computations, the proof assistant may write these matrices in block-matrix form (not depending on any parameter). After these special cases there is always a
subsection with the general version of the proof.
Thus, the current document is composed of parts taken from the input (introduced by hand), completed with text generated by the computer. Small icons on the margin on the page
indicate whether the text starting on the specific line was introduced by hand () or generated by the proof assistant software (P). The “scope” of an icon starts in the current line
and lasts until the line right above the next icon.
Representations are given as families having similar block-matrices. For example P (6n + 4, 5) denotes such a family of representations (where n ∈ N). Sometimes one needs the
previous or next value of n in the induction (when this module appears in a short exact sequence), therefore we need to substitute n. Substitution is denoted like P (6n+4, 5)[n 7→ n−1],
which in this case is the module P (6n − 2, 5) for any fixed value of n. This notation is recognized by the proof assistant and the substitution is performed across all parameterized
objects depending on n (dimension vectors, matrices, etc.) before calculations are made.
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Part II
Tree representations of the E˜6 quiver 
In this part we give the dimension vectors and matrices for all the exceptional representations of the quiver ∆(E˜6). In the case of preprojectives and preinjectives the representations
can be grouped in families of the form P (6n + r, i) respectively I(6n + r, i) where i ∈ {1, . . . , 7} and r ∈ {0, . . . , 5}. Representations belonging to the same family have similar
dimension vectors and matrices, depending only on the parameter n ∈ N.
The number of nonzero elements is counted by the computer based on the blocks (type and size). It is compared against the length of the representation to show that the total
number of ones in the matrices is just right.
This part is divided into several sections, having titles of the form “Tree module property of Z” (where Z denotes a regular non-homogeneous exceptional) or “Tree module property
of Z(n)” where Z(n) denotes a family of exceptionals (indecomposable preprojectives of preinjectives) depending on the natural number n. In case of Z(n) each of these sections may
be further divided into more subsections containing the data about the representations for initial values of n (usually n = 0, 1, 2, 3). Special cases of the proofs will be generated based
on this data, as explained in Section 5.
6 Representation of P (6n, 1) 
6.1 Representation of P (0, 1) 
Dimension vector: dimP (0, 1) = (1, 1, 1, 0, 0, 0, 0)
Matrices of the representation:
1. MP (0,1)1→2 =
[
1
]
∈M1,1(k)
2. MP (0,1)2→3 =
[
1
]
∈M1,1(k)
3. MP (0,1)4→3 =
[ 0
1 0
]
∈M1,0(k)
4. MP (0,1)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. MP (0,1)6→3 =
[ 0
1 0
]
∈M1,0(k)
6. MP (0,1)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of P (0, 1) is: 1 + 1 + 1 + 0 + 0 + 0 + 0 = 3. P
The total number of ones in the matrices of the representation: 1 + 1 + 0 + 0 + 0 + 0 = 2.
6.2 Representation of P (6, 1) 
Dimension vector: dimP (6, 1) = (2, 3, 4, 2, 1, 2, 1)
Matrices of the representation:
1. MP (6,1)1→2 =
1 00 1
0 0
 ∈M3,2(k)
2. MP (6,1)2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
3. MP (6,1)4→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
4. MP (6,1)5→4 =
[
1
1
]
∈M2,1(k)
5. MP (6,1)6→3 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
6. MP (6,1)7→6 =
[
0
1
]
∈M2,1(k)
The length of P (6, 1) is: 2 + 3 + 4 + 2 + 1 + 2 + 1 = 15. P
The total number of ones in the matrices of the representation: 2 + 3 + 4 + 2 + 2 + 1 = 14.
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6.3 Representation of P (12, 1) 
Dimension vector: dimP (12, 1) = (3, 5, 7, 4, 2, 4, 2)
Matrices of the representation:
1. MP (12,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
2. MP (12,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
3. MP (12,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
4. MP (12,1)5→4 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
5. MP (12,1)6→3 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
6. MP (12,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of P (12, 1) is: 3 + 5 + 7 + 4 + 2 + 4 + 2 = 27. P
The total number of ones in the matrices of the representation: 3 + 5 + 8 + 4 + 4 + 2 = 26.
6.4 Representation of P (18, 1) 
Dimension vector: dimP (18, 1) = (4, 7, 10, 6, 3, 6, 3)
Matrices of the representation:
1. MP (18,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
2. MP (18,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
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3. MP (18,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
4. MP (18,1)5→4 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
5. MP (18,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
6. MP (18,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (18, 1) is: 4 + 7 + 10 + 6 + 3 + 6 + 3 = 39. P
The total number of ones in the matrices of the representation: 4 + 7 + 12 + 6 + 6 + 3 = 38.
6.5 Representation of P (24, 1) 
Dimension vector: dimP (24, 1) = (5, 9, 13, 8, 4, 8, 4)
Matrices of the representation:
1. MP (24,1)1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k)
2. MP (24,1)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
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3. MP (24,1)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
4. MP (24,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
5. MP (24,1)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
6. MP (24,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (24, 1) is: 5 + 9 + 13 + 8 + 4 + 8 + 4 = 51. P
The total number of ones in the matrices of the representation: 5 + 9 + 16 + 8 + 8 + 4 = 50.
6.6 Representation of P (6n, 1) for n > 3 
Dimension vector: dimP (6n, 1) = (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n)
Matrices of the representation:
1. MP (6n,1)1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
2. MP (6n,1)2→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
3. MP (6n,1)4→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
4. MP (6n,1)5→4 =
[ n
n 1
n 1
]
∈M2n,n(k)
5. MP (6n,1)6→3 =
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
6. MP (6n,1)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
The length of P (6n, 1) is: (n+ 1) + (2n+ 1) + (3n+ 1) + 2n+ n+ 2n+ n = 12n+ 3. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + 4n+ 2n+ 2n+ n = 12n+ 2.
27
7 Representation of P (6n+ 1, 1) 
7.1 Representation of P (1, 1) 
Dimension vector: dimP (1, 1) = (0, 0, 1, 1, 0, 1, 0)
Matrices of the representation:
1. MP (1,1)1→2 =
[ 0
0 0
]
∈M0,0(k)
2. MP (1,1)2→3 =
[ 0
1 0
]
∈M1,0(k)
3. MP (1,1)4→3 =
[
1
]
∈M1,1(k)
4. MP (1,1)5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MP (1,1)6→3 =
[
1
]
∈M1,1(k)
6. MP (1,1)7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of P (1, 1) is: 0 + 0 + 1 + 1 + 0 + 1 + 0 = 3. P
The total number of ones in the matrices of the representation: 0 + 0 + 1 + 0 + 1 + 0 = 2.
7.2 Representation of P (7, 1) 
Dimension vector: dimP (7, 1) = (1, 2, 4, 3, 1, 3, 1)
Matrices of the representation:
1. MP (7,1)1→2 =
[
1
1
]
∈M2,1(k)
2. MP (7,1)2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
3. MP (7,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
4. MP (7,1)5→4 =
10
0
 ∈M3,1(k)
5. MP (7,1)6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. MP (7,1)7→6 =
00
1
 ∈M3,1(k)
The length of P (7, 1) is: 1 + 2 + 4 + 3 + 1 + 3 + 1 = 15. P
The total number of ones in the matrices of the representation: 2 + 4 + 3 + 1 + 3 + 1 = 14.
7.3 Representation of P (13, 1) 
Dimension vector: dimP (13, 1) = (2, 4, 7, 5, 2, 5, 2)
Matrices of the representation:
1. MP (13,1)1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
2. MP (13,1)2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
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3. MP (13,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
4. MP (13,1)5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k)
5. MP (13,1)6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. MP (13,1)7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k)
The length of P (13, 1) is: 2 + 4 + 7 + 5 + 2 + 5 + 2 = 27. P
The total number of ones in the matrices of the representation: 4 + 8 + 5 + 2 + 5 + 2 = 26.
7.4 Representation of P (19, 1) 
Dimension vector: dimP (19, 1) = (3, 6, 10, 7, 3, 7, 3)
Matrices of the representation:
1. MP (19,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
2. MP (19,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
3. MP (19,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
4. MP (19,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k)
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5. MP (19,1)6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. MP (19,1)7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of P (19, 1) is: 3 + 6 + 10 + 7 + 3 + 7 + 3 = 39. P
The total number of ones in the matrices of the representation: 6 + 12 + 7 + 3 + 7 + 3 = 38.
7.5 Representation of P (6n+ 1, 1) for n > 3 
Dimension vector: dimP (6n+ 1, 1) = (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n)
Matrices of the representation:
1. MP (6n+1,1)1→2 =
[ n
n 1
n 1
]
∈M2n,n(k)
2. MP (6n+1,1)2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
3. MP (6n+1,1)4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
4. MP (6n+1,1)5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k)
5. MP (6n+1,1)6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k)
6. MP (6n+1,1)7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k)
The length of P (6n+ 1, 1) is: n+ 2n+ (3n+ 1) + (2n+ 1) + n+ (2n+ 1) + n = 12n+ 3. P
The total number of ones in the matrices of the representation: 2n+ 4n+ (2n+ 1) + n+ (2n+ 1) + n = 12n+ 2.
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8 Representation of P (6n+ 2, 1) 
8.1 Representation of P (2, 1) 
Dimension vector: dimP (2, 1) = (0, 1, 2, 1, 1, 1, 1)
Matrices of the representation:
1. MP (2,1)1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MP (2,1)2→3 =
[
1
1
]
∈M2,1(k)
3. MP (2,1)4→3 =
[
1
0
]
∈M2,1(k)
4. MP (2,1)5→4 =
[
1
]
∈M1,1(k)
5. MP (2,1)6→3 =
[
0
1
]
∈M2,1(k)
6. MP (2,1)7→6 =
[
1
]
∈M1,1(k)
The length of P (2, 1) is: 0 + 1 + 2 + 1 + 1 + 1 + 1 = 7. P
The total number of ones in the matrices of the representation: 0 + 2 + 1 + 1 + 1 + 1 = 6.
8.2 Representation of P (8, 1) 
Dimension vector: dimP (8, 1) = (1, 3, 5, 3, 2, 3, 2)
Matrices of the representation:
1. MP (8,1)1→2 =
11
0
 ∈M3,1(k)
2. MP (8,1)2→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
3. MP (8,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
4. MP (8,1)5→4 =
1 00 1
0 0
 ∈M3,2(k)
5. MP (8,1)6→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
6. MP (8,1)7→6 =
0 01 0
0 1
 ∈M3,2(k)
The length of P (8, 1) is: 1 + 3 + 5 + 3 + 2 + 3 + 2 = 19. P
The total number of ones in the matrices of the representation: 2 + 6 + 3 + 2 + 3 + 2 = 18.
8.3 Representation of P (14, 1) 
Dimension vector: dimP (14, 1) = (2, 5, 8, 5, 3, 5, 3)
Matrices of the representation:
1. MP (14,1)1→2 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k)
2. MP (14,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
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3. MP (14,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k)
4. MP (14,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
5. MP (14,1)6→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (14,1)7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
The length of P (14, 1) is: 2 + 5 + 8 + 5 + 3 + 5 + 3 = 31. P
The total number of ones in the matrices of the representation: 4 + 10 + 5 + 3 + 5 + 3 = 30.
8.4 Representation of P (20, 1) 
Dimension vector: dimP (20, 1) = (3, 7, 11, 7, 4, 7, 4)
Matrices of the representation:
1. MP (20,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k)
2. MP (20,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. MP (20,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
4. MP (20,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
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5. MP (20,1)6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (20,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of P (20, 1) is: 3 + 7 + 11 + 7 + 4 + 7 + 4 = 43. P
The total number of ones in the matrices of the representation: 6 + 14 + 7 + 4 + 7 + 4 = 42.
8.5 Representation of P (6n+ 2, 1) for n > 3 
Dimension vector: dimP (6n+ 2, 1) = (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
Matrices of the representation:
1. MP (6n+2,1)1→2 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k)
2. MP (6n+2,1)2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
3. MP (6n+2,1)4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k)
4. MP (6n+2,1)5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
5. MP (6n+2,1)6→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
6. MP (6n+2,1)7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
The length of P (6n+ 2, 1) is: n+ (2n+ 1) + (3n+ 2) + (2n+ 1) + (n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 7. P
The total number of ones in the matrices of the representation: 2n+ (4n+ 2) + (2n+ 1) + (n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 6.
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9 Representation of P (6n+ 3, 1) 
9.1 Representation of P (3, 1) 
Dimension vector: dimP (3, 1) = (1, 2, 2, 1, 0, 1, 0)
Matrices of the representation:
1. MP (3,1)1→2 =
[
0
1
]
∈M2,1(k)
2. MP (3,1)2→3 =
[
1 0
0 1
]
∈M2,2(k)
3. MP (3,1)4→3 =
[
1
0
]
∈M2,1(k)
4. MP (3,1)5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MP (3,1)6→3 =
[
1
1
]
∈M2,1(k)
6. MP (3,1)7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of P (3, 1) is: 1 + 2 + 2 + 1 + 0 + 1 + 0 = 7. P
The total number of ones in the matrices of the representation: 1 + 2 + 1 + 0 + 2 + 0 = 6.
9.2 Representation of P (9, 1) 
Dimension vector: dimP (9, 1) = (2, 4, 5, 3, 1, 3, 1)
Matrices of the representation:
1. MP (9,1)1→2 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
2. MP (9,1)2→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
3. MP (9,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
4. MP (9,1)5→4 =
10
0
 ∈M3,1(k)
5. MP (9,1)6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
6. MP (9,1)7→6 =
11
0
 ∈M3,1(k)
The length of P (9, 1) is: 2 + 4 + 5 + 3 + 1 + 3 + 1 = 19. P
The total number of ones in the matrices of the representation: 2 + 4 + 3 + 1 + 6 + 2 = 18.
9.3 Representation of P (15, 1) 
Dimension vector: dimP (15, 1) = (3, 6, 8, 5, 2, 5, 2)
Matrices of the representation:
1. MP (15,1)1→2 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
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2. MP (15,1)2→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
3. MP (15,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k)
4. MP (15,1)5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k)
5. MP (15,1)6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (15,1)7→6 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k)
The length of P (15, 1) is: 3 + 6 + 8 + 5 + 2 + 5 + 2 = 31. P
The total number of ones in the matrices of the representation: 3 + 6 + 5 + 2 + 10 + 4 = 30.
9.4 Representation of P (21, 1) 
Dimension vector: dimP (21, 1) = (4, 8, 11, 7, 3, 7, 3)
Matrices of the representation:
1. MP (21,1)1→2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. MP (21,1)2→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
3. MP (21,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
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4. MP (21,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k)
5. MP (21,1)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (21,1)7→6 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k)
The length of P (21, 1) is: 4 + 8 + 11 + 7 + 3 + 7 + 3 = 43. P
The total number of ones in the matrices of the representation: 4 + 8 + 7 + 3 + 14 + 6 = 42.
9.5 Representation of P (6n+ 3, 1) for n > 3 
Dimension vector: dimP (6n+ 3, 1) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n)
Matrices of the representation:
1. MP (6n+3,1)1→2 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
2. MP (6n+3,1)2→3 =
[2n+2
n 0
2n+2 1
]
∈M3n+2,2n+2(k)
3. MP (6n+3,1)4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k)
4. MP (6n+3,1)5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k)
5. MP (6n+3,1)6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
6. MP (6n+3,1)7→6 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k)
The length of P (6n+ 3, 1) is: (n+ 1) + (2n+ 2) + (3n+ 2) + (2n+ 1) + n+ (2n+ 1) + n = 12n+ 7. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 2) + (2n+ 1) + n+ (4n+ 2) + 2n = 12n+ 6.
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10 Representation of P (6n+ 4, 1) 
10.1 Representation of P (4, 1) 
Dimension vector: dimP (4, 1) = (1, 1, 3, 2, 1, 2, 1)
Matrices of the representation:
1. MP (4,1)1→2 =
[
1
]
∈M1,1(k)
2. MP (4,1)2→3 =
10
0
 ∈M3,1(k)
3. MP (4,1)4→3 =
1 01 1
0 1
 ∈M3,2(k)
4. MP (4,1)5→4 =
[
1
0
]
∈M2,1(k)
5. MP (4,1)6→3 =
0 01 0
0 1
 ∈M3,2(k)
6. MP (4,1)7→6 =
[
0
1
]
∈M2,1(k)
The length of P (4, 1) is: 1 + 1 + 3 + 2 + 1 + 2 + 1 = 11. P
The total number of ones in the matrices of the representation: 1 + 1 + 4 + 1 + 2 + 1 = 10.
10.2 Representation of P (10, 1) 
Dimension vector: dimP (10, 1) = (2, 3, 6, 4, 2, 4, 2)
Matrices of the representation:
1. MP (10,1)1→2 =
1 00 1
0 0
 ∈M3,2(k)
2. MP (10,1)2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
3. MP (10,1)4→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
4. MP (10,1)5→4 =

1 0
0 1
0 0
1 0
 ∈M4,2(k)
5. MP (10,1)6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. MP (10,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of P (10, 1) is: 2 + 3 + 6 + 4 + 2 + 4 + 2 = 23. P
The total number of ones in the matrices of the representation: 2 + 3 + 8 + 3 + 4 + 2 = 22.
10.3 Representation of P (16, 1) 
Dimension vector: dimP (16, 1) = (3, 5, 9, 6, 3, 6, 3)
Matrices of the representation:
1. MP (16,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
37
2. MP (16,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k)
3. MP (16,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
4. MP (16,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
1 0 0
0 1 0

∈M6,3(k)
5. MP (16,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. MP (16,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (16, 1) is: 3 + 5 + 9 + 6 + 3 + 6 + 3 = 35. P
The total number of ones in the matrices of the representation: 3 + 5 + 12 + 5 + 6 + 3 = 34.
10.4 Representation of P (22, 1) 
Dimension vector: dimP (22, 1) = (4, 7, 12, 8, 4, 8, 4)
Matrices of the representation:
1. MP (22,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
2. MP (22,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M12,7(k)
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3. MP (22,1)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
4. MP (22,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

∈M8,4(k)
5. MP (22,1)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. MP (22,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (22, 1) is: 4 + 7 + 12 + 8 + 4 + 8 + 4 = 47. P
The total number of ones in the matrices of the representation: 4 + 7 + 16 + 7 + 8 + 4 = 46.
10.5 Representation of P (6n+ 4, 1) for n > 3 
Dimension vector: dimP (6n+ 4, 1) = (n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. MP (6n+4,1)1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
2. MP (6n+4,1)2→3 =
[2n+1
2n+1 1
n+2 0
]
∈M3n+3,2n+1(k)
3. MP (6n+4,1)4→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
4. MP (6n+4,1)5→4 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ∈M2n+2,n+1(k)
5. MP (6n+4,1)6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
6. MP (6n+4,1)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
The length of P (6n+ 4, 1) is: (n+ 1) + (2n+ 1) + (3n+ 3) + (2n+ 2) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 11. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + (4n+ 4) + (2n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 10.
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11 Representation of P (6n+ 5, 1) 
11.1 Representation of P (5, 1) 
Dimension vector: dimP (5, 1) = (0, 2, 3, 2, 1, 2, 1)
Matrices of the representation:
1. MP (5,1)1→2 =
[ 0
2 0
]
∈M2,0(k)
2. MP (5,1)2→3 =
1 01 1
0 1
 ∈M3,2(k)
3. MP (5,1)4→3 =
1 00 1
0 0
 ∈M3,2(k)
4. MP (5,1)5→4 =
[
1
0
]
∈M2,1(k)
5. MP (5,1)6→3 =
0 01 0
0 1
 ∈M3,2(k)
6. MP (5,1)7→6 =
[
0
1
]
∈M2,1(k)
The length of P (5, 1) is: 0 + 2 + 3 + 2 + 1 + 2 + 1 = 11. P
The total number of ones in the matrices of the representation: 0 + 4 + 2 + 1 + 2 + 1 = 10.
11.2 Representation of P (11, 1) 
Dimension vector: dimP (11, 1) = (1, 4, 6, 4, 2, 4, 2)
Matrices of the representation:
1. MP (11,1)1→2 =

1
0
0
1
 ∈M4,1(k)
2. MP (11,1)2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
3. MP (11,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k)
4. MP (11,1)5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
5. MP (11,1)6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. MP (11,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of P (11, 1) is: 1 + 4 + 6 + 4 + 2 + 4 + 2 = 23. P
The total number of ones in the matrices of the representation: 2 + 8 + 4 + 2 + 4 + 2 = 22.
11.3 Representation of P (17, 1) 
Dimension vector: dimP (17, 1) = (2, 6, 9, 6, 3, 6, 3)
Matrices of the representation:
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1. MP (17,1)1→2 =

1 0
0 1
0 0
0 0
1 0
0 1

∈M6,2(k)
2. MP (17,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. MP (17,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
4. MP (17,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
5. MP (17,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. MP (17,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (17, 1) is: 2 + 6 + 9 + 6 + 3 + 6 + 3 = 35. P
The total number of ones in the matrices of the representation: 4 + 12 + 6 + 3 + 6 + 3 = 34.
11.4 Representation of P (23, 1) 
Dimension vector: dimP (23, 1) = (3, 8, 12, 8, 4, 8, 4)
Matrices of the representation:
1. MP (23,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M8,3(k)
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2. MP (23,1)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
3. MP (23,1)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
4. MP (23,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
5. MP (23,1)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. MP (23,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (23, 1) is: 3 + 8 + 12 + 8 + 4 + 8 + 4 = 47. P
The total number of ones in the matrices of the representation: 6 + 16 + 8 + 4 + 8 + 4 = 46.
11.5 Representation of P (6n+ 5, 1) for n > 3 
Dimension vector: dimP (6n+ 5, 1) = (n, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. MP (6n+5,1)1→2 =

n
n 1
2 0
n 1
 ∈M2n+2,n(k)
2. MP (6n+5,1)2→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
3. MP (6n+5,1)4→3 =
[2n+2
2n+2 1
n+1 0
]
∈M3n+3,2n+2(k)
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4. MP (6n+5,1)5→4 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k)
5. MP (6n+5,1)6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
6. MP (6n+5,1)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
The length of P (6n+ 5, 1) is: n+ (2n+ 2) + (3n+ 3) + (2n+ 2) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 11. P
The total number of ones in the matrices of the representation: 2n+ (4n+ 4) + (2n+ 2) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 10.
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12 Representation of P (6n, 5) 
12.1 Representation of P (0, 5) 
Dimension vector: dimP (0, 5) = (0, 0, 1, 1, 1, 0, 0)
Matrices of the representation:
1. MP (0,5)1→2 = M
P (0,1)
5→4 =
[ 0
0 0
]
∈M0,0(k)
2. MP (0,5)2→3 = M
P (0,1)
4→3 =
[ 0
1 0
]
∈M1,0(k)
3. MP (0,5)4→3 = M
P (0,1)
2→3 =
[
1
]
∈M1,1(k)
4. MP (0,5)5→4 = M
P (0,1)
1→2 =
[
1
]
∈M1,1(k)
5. MP (0,5)6→3 = M
P (0,1)
6→3 =
[ 0
1 0
]
∈M1,0(k)
6. MP (0,5)7→6 = M
P (0,1)
7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of P (0, 5) is: 0 + 0 + 1 + 1 + 1 + 0 + 0 = 3. P
The total number of ones in the matrices of the representation: 0 + 0 + 1 + 1 + 0 + 0 = 2.
12.2 Representation of P (6, 5) 
Dimension vector: dimP (6, 5) = (1, 2, 4, 3, 2, 2, 1)
Matrices of the representation:
1. MP (6,5)1→2 = M
P (6,1)
5→4 =
[
1
1
]
∈M2,1(k)
2. MP (6,5)2→3 = M
P (6,1)
4→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
3. MP (6,5)4→3 = M
P (6,1)
2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
4. MP (6,5)5→4 = M
P (6,1)
1→2 =
1 00 1
0 0
 ∈M3,2(k)
5. MP (6,5)6→3 = M
P (6,1)
6→3 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
6. MP (6,5)7→6 = M
P (6,1)
7→6 =
[
0
1
]
∈M2,1(k)
The length of P (6, 5) is: 1 + 2 + 4 + 3 + 2 + 2 + 1 = 15. P
The total number of ones in the matrices of the representation: 2 + 4 + 3 + 2 + 2 + 1 = 14.
12.3 Representation of P (12, 5) 
Dimension vector: dimP (12, 5) = (2, 4, 7, 5, 3, 4, 2)
Matrices of the representation:
1. MP (12,5)1→2 = M
P (12,1)
5→4 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
2. MP (12,5)2→3 = M
P (12,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
3. MP (12,5)4→3 = M
P (12,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
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4. MP (12,5)5→4 = M
P (12,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
5. MP (12,5)6→3 = M
P (12,1)
6→3 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
6. MP (12,5)7→6 = M
P (12,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of P (12, 5) is: 2 + 4 + 7 + 5 + 3 + 4 + 2 = 27. P
The total number of ones in the matrices of the representation: 4 + 8 + 5 + 3 + 4 + 2 = 26.
12.4 Representation of P (18, 5) 
Dimension vector: dimP (18, 5) = (3, 6, 10, 7, 4, 6, 3)
Matrices of the representation:
1. MP (18,5)1→2 = M
P (18,1)
5→4 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
2. MP (18,5)2→3 = M
P (18,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
3. MP (18,5)4→3 = M
P (18,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
4. MP (18,5)5→4 = M
P (18,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
5. MP (18,5)6→3 = M
P (18,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
45
6. MP (18,5)7→6 = M
P (18,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (18, 5) is: 3 + 6 + 10 + 7 + 4 + 6 + 3 = 39. P
The total number of ones in the matrices of the representation: 6 + 12 + 7 + 4 + 6 + 3 = 38.
12.5 Representation of P (24, 5) 
Dimension vector: dimP (24, 5) = (4, 8, 13, 9, 5, 8, 4)
Matrices of the representation:
1. MP (24,5)1→2 = M
P (24,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. MP (24,5)2→3 = M
P (24,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
3. MP (24,5)4→3 = M
P (24,1)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
4. MP (24,5)5→4 = M
P (24,1)
1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k)
5. MP (24,5)6→3 = M
P (24,1)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
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6. MP (24,5)7→6 = M
P (24,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (24, 5) is: 4 + 8 + 13 + 9 + 5 + 8 + 4 = 51. P
The total number of ones in the matrices of the representation: 8 + 16 + 9 + 5 + 8 + 4 = 50.
12.6 Representation of P (6n, 5) for n > 3 
Dimension vector: dimP (6n, 5) = (n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n, n)
Matrices of the representation:
1. MP (6n,5)1→2 = M
P (6n,1)
5→4 =
[ n
n 1
n 1
]
∈M2n,n(k)
2. MP (6n,5)2→3 = M
P (6n,1)
4→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
3. MP (6n,5)4→3 = M
P (6n,1)
2→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
4. MP (6n,5)5→4 = M
P (6n,1)
1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
5. MP (6n,5)6→3 = M
P (6n,1)
6→3 =
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
6. MP (6n,5)7→6 = M
P (6n,1)
7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
The length of P (6n, 5) is: n+ 2n+ (3n+ 1) + (2n+ 1) + (n+ 1) + 2n+ n = 12n+ 3. P
The total number of ones in the matrices of the representation: 2n+ 4n+ (2n+ 1) + (n+ 1) + 2n+ n = 12n+ 2.
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13 Representation of P (6n+ 1, 5) 
13.1 Representation of P (1, 5) 
Dimension vector: dimP (1, 5) = (0, 1, 1, 0, 0, 1, 0)
Matrices of the representation:
1. MP (1,5)1→2 = M
P (1,1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
2. MP (1,5)2→3 = M
P (1,1)
4→3 =
[
1
]
∈M1,1(k)
3. MP (1,5)4→3 = M
P (1,1)
2→3 =
[ 0
1 0
]
∈M1,0(k)
4. MP (1,5)5→4 = M
P (1,1)
1→2 =
[ 0
0 0
]
∈M0,0(k)
5. MP (1,5)6→3 = M
P (1,1)
6→3 =
[
1
]
∈M1,1(k)
6. MP (1,5)7→6 = M
P (1,1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of P (1, 5) is: 0 + 1 + 1 + 0 + 0 + 1 + 0 = 3. P
The total number of ones in the matrices of the representation: 0 + 1 + 0 + 0 + 1 + 0 = 2.
13.2 Representation of P (7, 5) 
Dimension vector: dimP (7, 5) = (1, 3, 4, 2, 1, 3, 1)
Matrices of the representation:
1. MP (7,5)1→2 = M
P (7,1)
5→4 =
10
0
 ∈M3,1(k)
2. MP (7,5)2→3 = M
P (7,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
3. MP (7,5)4→3 = M
P (7,1)
2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
4. MP (7,5)5→4 = M
P (7,1)
1→2 =
[
1
1
]
∈M2,1(k)
5. MP (7,5)6→3 = M
P (7,1)
6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. MP (7,5)7→6 = M
P (7,1)
7→6 =
00
1
 ∈M3,1(k)
The length of P (7, 5) is: 1 + 3 + 4 + 2 + 1 + 3 + 1 = 15. P
The total number of ones in the matrices of the representation: 1 + 3 + 4 + 2 + 3 + 1 = 14.
13.3 Representation of P (13, 5) 
Dimension vector: dimP (13, 5) = (2, 5, 7, 4, 2, 5, 2)
Matrices of the representation:
1. MP (13,5)1→2 = M
P (13,1)
5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k)
2. MP (13,5)2→3 = M
P (13,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
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3. MP (13,5)4→3 = M
P (13,1)
2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
4. MP (13,5)5→4 = M
P (13,1)
1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
5. MP (13,5)6→3 = M
P (13,1)
6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. MP (13,5)7→6 = M
P (13,1)
7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k)
The length of P (13, 5) is: 2 + 5 + 7 + 4 + 2 + 5 + 2 = 27. P
The total number of ones in the matrices of the representation: 2 + 5 + 8 + 4 + 5 + 2 = 26.
13.4 Representation of P (19, 5) 
Dimension vector: dimP (19, 5) = (3, 7, 10, 6, 3, 7, 3)
Matrices of the representation:
1. MP (19,5)1→2 = M
P (19,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k)
2. MP (19,5)2→3 = M
P (19,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
3. MP (19,5)4→3 = M
P (19,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
4. MP (19,5)5→4 = M
P (19,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
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5. MP (19,5)6→3 = M
P (19,1)
6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. MP (19,5)7→6 = M
P (19,1)
7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of P (19, 5) is: 3 + 7 + 10 + 6 + 3 + 7 + 3 = 39. P
The total number of ones in the matrices of the representation: 3 + 7 + 12 + 6 + 7 + 3 = 38.
13.5 Representation of P (6n+ 1, 5) for n > 3 
Dimension vector: dimP (6n+ 1, 5) = (n, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n)
Matrices of the representation:
1. MP (6n+1,5)1→2 = M
P (6n+1,1)
5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k)
2. MP (6n+1,5)2→3 = M
P (6n+1,1)
4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
3. MP (6n+1,5)4→3 = M
P (6n+1,1)
2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
4. MP (6n+1,5)5→4 = M
P (6n+1,1)
1→2 =
[ n
n 1
n 1
]
∈M2n,n(k)
5. MP (6n+1,5)6→3 = M
P (6n+1,1)
6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k)
6. MP (6n+1,5)7→6 = M
P (6n+1,1)
7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k)
The length of P (6n+ 1, 5) is: n+ (2n+ 1) + (3n+ 1) + 2n+ n+ (2n+ 1) + n = 12n+ 3. P
The total number of ones in the matrices of the representation: n+ (2n+ 1) + 4n+ 2n+ (2n+ 1) + n = 12n+ 2.
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14 Representation of P (6n+ 2, 5) 
14.1 Representation of P (2, 5) 
Dimension vector: dimP (2, 5) = (1, 1, 2, 1, 0, 1, 1)
Matrices of the representation:
1. MP (2,5)1→2 = M
P (2,1)
5→4 =
[
1
]
∈M1,1(k)
2. MP (2,5)2→3 = M
P (2,1)
4→3 =
[
1
0
]
∈M2,1(k)
3. MP (2,5)4→3 = M
P (2,1)
2→3 =
[
1
1
]
∈M2,1(k)
4. MP (2,5)5→4 = M
P (2,1)
1→2 =
[ 0
1 0
]
∈M1,0(k)
5. MP (2,5)6→3 = M
P (2,1)
6→3 =
[
0
1
]
∈M2,1(k)
6. MP (2,5)7→6 = M
P (2,1)
7→6 =
[
1
]
∈M1,1(k)
The length of P (2, 5) is: 1 + 1 + 2 + 1 + 0 + 1 + 1 = 7. P
The total number of ones in the matrices of the representation: 1 + 1 + 2 + 0 + 1 + 1 = 6.
14.2 Representation of P (8, 5) 
Dimension vector: dimP (8, 5) = (2, 3, 5, 3, 1, 3, 2)
Matrices of the representation:
1. MP (8,5)1→2 = M
P (8,1)
5→4 =
1 00 1
0 0
 ∈M3,2(k)
2. MP (8,5)2→3 = M
P (8,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
3. MP (8,5)4→3 = M
P (8,1)
2→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
4. MP (8,5)5→4 = M
P (8,1)
1→2 =
11
0
 ∈M3,1(k)
5. MP (8,5)6→3 = M
P (8,1)
6→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
6. MP (8,5)7→6 = M
P (8,1)
7→6 =
0 01 0
0 1
 ∈M3,2(k)
The length of P (8, 5) is: 2 + 3 + 5 + 3 + 1 + 3 + 2 = 19. P
The total number of ones in the matrices of the representation: 2 + 3 + 6 + 2 + 3 + 2 = 18.
14.3 Representation of P (14, 5) 
Dimension vector: dimP (14, 5) = (3, 5, 8, 5, 2, 5, 3)
Matrices of the representation:
1. MP (14,5)1→2 = M
P (14,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
2. MP (14,5)2→3 = M
P (14,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k)
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3. MP (14,5)4→3 = M
P (14,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
4. MP (14,5)5→4 = M
P (14,1)
1→2 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k)
5. MP (14,5)6→3 = M
P (14,1)
6→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (14,5)7→6 = M
P (14,1)
7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
The length of P (14, 5) is: 3 + 5 + 8 + 5 + 2 + 5 + 3 = 31. P
The total number of ones in the matrices of the representation: 3 + 5 + 10 + 4 + 5 + 3 = 30.
14.4 Representation of P (20, 5) 
Dimension vector: dimP (20, 5) = (4, 7, 11, 7, 3, 7, 4)
Matrices of the representation:
1. MP (20,5)1→2 = M
P (20,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
2. MP (20,5)2→3 = M
P (20,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
3. MP (20,5)4→3 = M
P (20,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
4. MP (20,5)5→4 = M
P (20,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k)
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5. MP (20,5)6→3 = M
P (20,1)
6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (20,5)7→6 = M
P (20,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of P (20, 5) is: 4 + 7 + 11 + 7 + 3 + 7 + 4 = 43. P
The total number of ones in the matrices of the representation: 4 + 7 + 14 + 6 + 7 + 4 = 42.
14.5 Representation of P (6n+ 2, 5) for n > 3 
Dimension vector: dimP (6n+ 2, 5) = (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 1, n+ 1)
Matrices of the representation:
1. MP (6n+2,5)1→2 = M
P (6n+2,1)
5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
2. MP (6n+2,5)2→3 = M
P (6n+2,1)
4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k)
3. MP (6n+2,5)4→3 = M
P (6n+2,1)
2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
4. MP (6n+2,5)5→4 = M
P (6n+2,1)
1→2 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k)
5. MP (6n+2,5)6→3 = M
P (6n+2,1)
6→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
6. MP (6n+2,5)7→6 = M
P (6n+2,1)
7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
The length of P (6n+ 2, 5) is: (n+ 1) + (2n+ 1) + (3n+ 2) + (2n+ 1) + n+ (2n+ 1) + (n+ 1) = 12n+ 7. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + (4n+ 2) + 2n+ (2n+ 1) + (n+ 1) = 12n+ 6.
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15 Representation of P (6n+ 3, 5) 
15.1 Representation of P (3, 5) 
Dimension vector: dimP (3, 5) = (0, 1, 2, 2, 1, 1, 0)
Matrices of the representation:
1. MP (3,5)1→2 = M
P (3,1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
2. MP (3,5)2→3 = M
P (3,1)
4→3 =
[
1
0
]
∈M2,1(k)
3. MP (3,5)4→3 = M
P (3,1)
2→3 =
[
1 0
0 1
]
∈M2,2(k)
4. MP (3,5)5→4 = M
P (3,1)
1→2 =
[
0
1
]
∈M2,1(k)
5. MP (3,5)6→3 = M
P (3,1)
6→3 =
[
1
1
]
∈M2,1(k)
6. MP (3,5)7→6 = M
P (3,1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of P (3, 5) is: 0 + 1 + 2 + 2 + 1 + 1 + 0 = 7. P
The total number of ones in the matrices of the representation: 0 + 1 + 2 + 1 + 2 + 0 = 6.
15.2 Representation of P (9, 5) 
Dimension vector: dimP (9, 5) = (1, 3, 5, 4, 2, 3, 1)
Matrices of the representation:
1. MP (9,5)1→2 = M
P (9,1)
5→4 =
10
0
 ∈M3,1(k)
2. MP (9,5)2→3 = M
P (9,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
3. MP (9,5)4→3 = M
P (9,1)
2→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
4. MP (9,5)5→4 = M
P (9,1)
1→2 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
5. MP (9,5)6→3 = M
P (9,1)
6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
6. MP (9,5)7→6 = M
P (9,1)
7→6 =
11
0
 ∈M3,1(k)
The length of P (9, 5) is: 1 + 3 + 5 + 4 + 2 + 3 + 1 = 19. P
The total number of ones in the matrices of the representation: 1 + 3 + 4 + 2 + 6 + 2 = 18.
15.3 Representation of P (15, 5) 
Dimension vector: dimP (15, 5) = (2, 5, 8, 6, 3, 5, 2)
Matrices of the representation:
1. MP (15,5)1→2 = M
P (15,1)
5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k)
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2. MP (15,5)2→3 = M
P (15,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k)
3. MP (15,5)4→3 = M
P (15,1)
2→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
4. MP (15,5)5→4 = M
P (15,1)
1→2 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
5. MP (15,5)6→3 = M
P (15,1)
6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (15,5)7→6 = M
P (15,1)
7→6 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k)
The length of P (15, 5) is: 2 + 5 + 8 + 6 + 3 + 5 + 2 = 31. P
The total number of ones in the matrices of the representation: 2 + 5 + 6 + 3 + 10 + 4 = 30.
15.4 Representation of P (21, 5) 
Dimension vector: dimP (21, 5) = (3, 7, 11, 8, 4, 7, 3)
Matrices of the representation:
1. MP (21,5)1→2 = M
P (21,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k)
2. MP (21,5)2→3 = M
P (21,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
3. MP (21,5)4→3 = M
P (21,1)
2→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
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4. MP (21,5)5→4 = M
P (21,1)
1→2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
5. MP (21,5)6→3 = M
P (21,1)
6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (21,5)7→6 = M
P (21,1)
7→6 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k)
The length of P (21, 5) is: 3 + 7 + 11 + 8 + 4 + 7 + 3 = 43. P
The total number of ones in the matrices of the representation: 3 + 7 + 8 + 4 + 14 + 6 = 42.
15.5 Representation of P (6n+ 3, 5) for n > 3 
Dimension vector: dimP (6n+ 3, 5) = (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n)
Matrices of the representation:
1. MP (6n+3,5)1→2 = M
P (6n+3,1)
5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k)
2. MP (6n+3,5)2→3 = M
P (6n+3,1)
4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k)
3. MP (6n+3,5)4→3 = M
P (6n+3,1)
2→3 =
[2n+2
n 0
2n+2 1
]
∈M3n+2,2n+2(k)
4. MP (6n+3,5)5→4 = M
P (6n+3,1)
1→2 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
5. MP (6n+3,5)6→3 = M
P (6n+3,1)
6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
6. MP (6n+3,5)7→6 = M
P (6n+3,1)
7→6 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k)
The length of P (6n+ 3, 5) is: n+ (2n+ 1) + (3n+ 2) + (2n+ 2) + (n+ 1) + (2n+ 1) + n = 12n+ 7. P
The total number of ones in the matrices of the representation: n+ (2n+ 1) + (2n+ 2) + (n+ 1) + (4n+ 2) + 2n = 12n+ 6.
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16 Representation of P (6n+ 4, 5) 
16.1 Representation of P (4, 5) 
Dimension vector: dimP (4, 5) = (1, 2, 3, 1, 1, 2, 1)
Matrices of the representation:
1. MP (4,5)1→2 = M
P (4,1)
5→4 =
[
1
0
]
∈M2,1(k)
2. MP (4,5)2→3 = M
P (4,1)
4→3 =
1 01 1
0 1
 ∈M3,2(k)
3. MP (4,5)4→3 = M
P (4,1)
2→3 =
10
0
 ∈M3,1(k)
4. MP (4,5)5→4 = M
P (4,1)
1→2 =
[
1
]
∈M1,1(k)
5. MP (4,5)6→3 = M
P (4,1)
6→3 =
0 01 0
0 1
 ∈M3,2(k)
6. MP (4,5)7→6 = M
P (4,1)
7→6 =
[
0
1
]
∈M2,1(k)
The length of P (4, 5) is: 1 + 2 + 3 + 1 + 1 + 2 + 1 = 11. P
The total number of ones in the matrices of the representation: 1 + 4 + 1 + 1 + 2 + 1 = 10.
16.2 Representation of P (10, 5) 
Dimension vector: dimP (10, 5) = (2, 4, 6, 3, 2, 4, 2)
Matrices of the representation:
1. MP (10,5)1→2 = M
P (10,1)
5→4 =

1 0
0 1
0 0
1 0
 ∈M4,2(k)
2. MP (10,5)2→3 = M
P (10,1)
4→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
3. MP (10,5)4→3 = M
P (10,1)
2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
4. MP (10,5)5→4 = M
P (10,1)
1→2 =
1 00 1
0 0
 ∈M3,2(k)
5. MP (10,5)6→3 = M
P (10,1)
6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. MP (10,5)7→6 = M
P (10,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of P (10, 5) is: 2 + 4 + 6 + 3 + 2 + 4 + 2 = 23. P
The total number of ones in the matrices of the representation: 3 + 8 + 3 + 2 + 4 + 2 = 22.
16.3 Representation of P (16, 5) 
Dimension vector: dimP (16, 5) = (3, 6, 9, 5, 3, 6, 3)
Matrices of the representation:
1. MP (16,5)1→2 = M
P (16,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
1 0 0
0 1 0

∈M6,3(k)
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2. MP (16,5)2→3 = M
P (16,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. MP (16,5)4→3 = M
P (16,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k)
4. MP (16,5)5→4 = M
P (16,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
5. MP (16,5)6→3 = M
P (16,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. MP (16,5)7→6 = M
P (16,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (16, 5) is: 3 + 6 + 9 + 5 + 3 + 6 + 3 = 35. P
The total number of ones in the matrices of the representation: 5 + 12 + 5 + 3 + 6 + 3 = 34.
16.4 Representation of P (22, 5) 
Dimension vector: dimP (22, 5) = (4, 8, 12, 7, 4, 8, 4)
Matrices of the representation:
1. MP (22,5)1→2 = M
P (22,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

∈M8,4(k)
2. MP (22,5)2→3 = M
P (22,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
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3. MP (22,5)4→3 = M
P (22,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M12,7(k)
4. MP (22,5)5→4 = M
P (22,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
5. MP (22,5)6→3 = M
P (22,1)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. MP (22,5)7→6 = M
P (22,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (22, 5) is: 4 + 8 + 12 + 7 + 4 + 8 + 4 = 47. P
The total number of ones in the matrices of the representation: 7 + 16 + 7 + 4 + 8 + 4 = 46.
16.5 Representation of P (6n+ 4, 5) for n > 3 
Dimension vector: dimP (6n+ 4, 5) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 1, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. MP (6n+4,5)1→2 = M
P (6n+4,1)
5→4 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ∈M2n+2,n+1(k)
2. MP (6n+4,5)2→3 = M
P (6n+4,1)
4→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
3. MP (6n+4,5)4→3 = M
P (6n+4,1)
2→3 =
[2n+1
2n+1 1
n+2 0
]
∈M3n+3,2n+1(k)
4. MP (6n+4,5)5→4 = M
P (6n+4,1)
1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
5. MP (6n+4,5)6→3 = M
P (6n+4,1)
6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
6. MP (6n+4,5)7→6 = M
P (6n+4,1)
7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
The length of P (6n+ 4, 5) is: (n+ 1) + (2n+ 2) + (3n+ 3) + (2n+ 1) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 11. P
The total number of ones in the matrices of the representation: (2n+ 1) + (4n+ 4) + (2n+ 1) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 10.
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17 Representation of P (6n+ 5, 5) 
17.1 Representation of P (5, 5) 
Dimension vector: dimP (5, 5) = (1, 2, 3, 2, 0, 2, 1)
Matrices of the representation:
1. MP (5,5)1→2 = M
P (5,1)
5→4 =
[
1
0
]
∈M2,1(k)
2. MP (5,5)2→3 = M
P (5,1)
4→3 =
1 00 1
0 0
 ∈M3,2(k)
3. MP (5,5)4→3 = M
P (5,1)
2→3 =
1 01 1
0 1
 ∈M3,2(k)
4. MP (5,5)5→4 = M
P (5,1)
1→2 =
[ 0
2 0
]
∈M2,0(k)
5. MP (5,5)6→3 = M
P (5,1)
6→3 =
0 01 0
0 1
 ∈M3,2(k)
6. MP (5,5)7→6 = M
P (5,1)
7→6 =
[
0
1
]
∈M2,1(k)
The length of P (5, 5) is: 1 + 2 + 3 + 2 + 0 + 2 + 1 = 11. P
The total number of ones in the matrices of the representation: 1 + 2 + 4 + 0 + 2 + 1 = 10.
17.2 Representation of P (11, 5) 
Dimension vector: dimP (11, 5) = (2, 4, 6, 4, 1, 4, 2)
Matrices of the representation:
1. MP (11,5)1→2 = M
P (11,1)
5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
2. MP (11,5)2→3 = M
P (11,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k)
3. MP (11,5)4→3 = M
P (11,1)
2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
4. MP (11,5)5→4 = M
P (11,1)
1→2 =

1
0
0
1
 ∈M4,1(k)
5. MP (11,5)6→3 = M
P (11,1)
6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. MP (11,5)7→6 = M
P (11,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of P (11, 5) is: 2 + 4 + 6 + 4 + 1 + 4 + 2 = 23. P
The total number of ones in the matrices of the representation: 2 + 4 + 8 + 2 + 4 + 2 = 22.
17.3 Representation of P (17, 5) 
Dimension vector: dimP (17, 5) = (3, 6, 9, 6, 2, 6, 3)
Matrices of the representation:
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1. MP (17,5)1→2 = M
P (17,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
2. MP (17,5)2→3 = M
P (17,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
3. MP (17,5)4→3 = M
P (17,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
4. MP (17,5)5→4 = M
P (17,1)
1→2 =

1 0
0 1
0 0
0 0
1 0
0 1

∈M6,2(k)
5. MP (17,5)6→3 = M
P (17,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. MP (17,5)7→6 = M
P (17,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (17, 5) is: 3 + 6 + 9 + 6 + 2 + 6 + 3 = 35. P
The total number of ones in the matrices of the representation: 3 + 6 + 12 + 4 + 6 + 3 = 34.
17.4 Representation of P (23, 5) 
Dimension vector: dimP (23, 5) = (4, 8, 12, 8, 3, 8, 4)
Matrices of the representation:
1. MP (23,5)1→2 = M
P (23,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
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2. MP (23,5)2→3 = M
P (23,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
3. MP (23,5)4→3 = M
P (23,1)
2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
4. MP (23,5)5→4 = M
P (23,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M8,3(k)
5. MP (23,5)6→3 = M
P (23,1)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. MP (23,5)7→6 = M
P (23,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (23, 5) is: 4 + 8 + 12 + 8 + 3 + 8 + 4 = 47. P
The total number of ones in the matrices of the representation: 4 + 8 + 16 + 6 + 8 + 4 = 46.
17.5 Representation of P (6n+ 5, 5) for n > 3 
Dimension vector: dimP (6n+ 5, 5) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n, 2n+ 2, n+ 1)
Matrices of the representation:
1. MP (6n+5,5)1→2 = M
P (6n+5,1)
5→4 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k)
2. MP (6n+5,5)2→3 = M
P (6n+5,1)
4→3 =
[2n+2
2n+2 1
n+1 0
]
∈M3n+3,2n+2(k)
3. MP (6n+5,5)4→3 = M
P (6n+5,1)
2→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
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4. MP (6n+5,5)5→4 = M
P (6n+5,1)
1→2 =

n
n 1
2 0
n 1
 ∈M2n+2,n(k)
5. MP (6n+5,5)6→3 = M
P (6n+5,1)
6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
6. MP (6n+5,5)7→6 = M
P (6n+5,1)
7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
The length of P (6n+ 5, 5) is: (n+ 1) + (2n+ 2) + (3n+ 3) + (2n+ 2) + n+ (2n+ 2) + (n+ 1) = 12n+ 11. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 2) + (4n+ 4) + 2n+ (2n+ 2) + (n+ 1) = 12n+ 10.
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18 Representation of P (6n, 7) 
18.1 Representation of P (0, 7) 
Dimension vector: dimP (0, 7) = (0, 0, 1, 0, 0, 1, 1)
Matrices of the representation:
1. MP (0,7)1→2 = M
P (0,1)
7→6 =
[ 0
0 0
]
∈M0,0(k)
2. MP (0,7)2→3 = M
P (0,1)
6→3 =
[ 0
1 0
]
∈M1,0(k)
3. MP (0,7)4→3 = M
P (0,1)
4→3 =
[ 0
1 0
]
∈M1,0(k)
4. MP (0,7)5→4 = M
P (0,1)
5→4 =
[ 0
0 0
]
∈M0,0(k)
5. MP (0,7)6→3 = M
P (0,1)
2→3 =
[
1
]
∈M1,1(k)
6. MP (0,7)7→6 = M
P (0,1)
1→2 =
[
1
]
∈M1,1(k)
The length of P (0, 7) is: 0 + 0 + 1 + 0 + 0 + 1 + 1 = 3. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 1 + 1 = 2.
18.2 Representation of P (6, 7) 
Dimension vector: dimP (6, 7) = (1, 2, 4, 2, 1, 3, 2)
Matrices of the representation:
1. MP (6,7)1→2 = M
P (6,1)
7→6 =
[
0
1
]
∈M2,1(k)
2. MP (6,7)2→3 = M
P (6,1)
6→3 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
3. MP (6,7)4→3 = M
P (6,1)
4→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
4. MP (6,7)5→4 = M
P (6,1)
5→4 =
[
1
1
]
∈M2,1(k)
5. MP (6,7)6→3 = M
P (6,1)
2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
6. MP (6,7)7→6 = M
P (6,1)
1→2 =
1 00 1
0 0
 ∈M3,2(k)
The length of P (6, 7) is: 1 + 2 + 4 + 2 + 1 + 3 + 2 = 15. P
The total number of ones in the matrices of the representation: 1 + 2 + 4 + 2 + 3 + 2 = 14.
18.3 Representation of P (12, 7) 
Dimension vector: dimP (12, 7) = (2, 4, 7, 4, 2, 5, 3)
Matrices of the representation:
1. MP (12,7)1→2 = M
P (12,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
2. MP (12,7)2→3 = M
P (12,1)
6→3 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
3. MP (12,7)4→3 = M
P (12,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
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4. MP (12,7)5→4 = M
P (12,1)
5→4 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
5. MP (12,7)6→3 = M
P (12,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
6. MP (12,7)7→6 = M
P (12,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
The length of P (12, 7) is: 2 + 4 + 7 + 4 + 2 + 5 + 3 = 27. P
The total number of ones in the matrices of the representation: 2 + 4 + 8 + 4 + 5 + 3 = 26.
18.4 Representation of P (18, 7) 
Dimension vector: dimP (18, 7) = (3, 6, 10, 6, 3, 7, 4)
Matrices of the representation:
1. MP (18,7)1→2 = M
P (18,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
2. MP (18,7)2→3 = M
P (18,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
3. MP (18,7)4→3 = M
P (18,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
4. MP (18,7)5→4 = M
P (18,1)
5→4 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
5. MP (18,7)6→3 = M
P (18,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
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6. MP (18,7)7→6 = M
P (18,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
The length of P (18, 7) is: 3 + 6 + 10 + 6 + 3 + 7 + 4 = 39. P
The total number of ones in the matrices of the representation: 3 + 6 + 12 + 6 + 7 + 4 = 38.
18.5 Representation of P (24, 7) 
Dimension vector: dimP (24, 7) = (4, 8, 13, 8, 4, 9, 5)
Matrices of the representation:
1. MP (24,7)1→2 = M
P (24,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. MP (24,7)2→3 = M
P (24,1)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
3. MP (24,7)4→3 = M
P (24,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
4. MP (24,7)5→4 = M
P (24,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
5. MP (24,7)6→3 = M
P (24,1)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
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6. MP (24,7)7→6 = M
P (24,1)
1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k)
The length of P (24, 7) is: 4 + 8 + 13 + 8 + 4 + 9 + 5 = 51. P
The total number of ones in the matrices of the representation: 4 + 8 + 16 + 8 + 9 + 5 = 50.
18.6 Representation of P (6n, 7) for n > 3 
Dimension vector: dimP (6n, 7) = (n, 2n, 3n+ 1, 2n, n, 2n+ 1, n+ 1)
Matrices of the representation:
1. MP (6n,7)1→2 = M
P (6n,1)
7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
2. MP (6n,7)2→3 = M
P (6n,1)
6→3 =
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
3. MP (6n,7)4→3 = M
P (6n,1)
4→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
4. MP (6n,7)5→4 = M
P (6n,1)
5→4 =
[ n
n 1
n 1
]
∈M2n,n(k)
5. MP (6n,7)6→3 = M
P (6n,1)
2→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
6. MP (6n,7)7→6 = M
P (6n,1)
1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
The length of P (6n, 7) is: n+ 2n+ (3n+ 1) + 2n+ n+ (2n+ 1) + (n+ 1) = 12n+ 3. P
The total number of ones in the matrices of the representation: n+ 2n+ 4n+ 2n+ (2n+ 1) + (n+ 1) = 12n+ 2.
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19 Representation of P (6n+ 1, 7) 
19.1 Representation of P (1, 7) 
Dimension vector: dimP (1, 7) = (0, 1, 1, 1, 0, 0, 0)
Matrices of the representation:
1. MP (1,7)1→2 = M
P (1,1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
2. MP (1,7)2→3 = M
P (1,1)
6→3 =
[
1
]
∈M1,1(k)
3. MP (1,7)4→3 = M
P (1,1)
4→3 =
[
1
]
∈M1,1(k)
4. MP (1,7)5→4 = M
P (1,1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MP (1,7)6→3 = M
P (1,1)
2→3 =
[ 0
1 0
]
∈M1,0(k)
6. MP (1,7)7→6 = M
P (1,1)
1→2 =
[ 0
0 0
]
∈M0,0(k)
The length of P (1, 7) is: 0 + 1 + 1 + 1 + 0 + 0 + 0 = 3. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 0 + 0 + 0 = 2.
19.2 Representation of P (7, 7) 
Dimension vector: dimP (7, 7) = (1, 3, 4, 3, 1, 2, 1)
Matrices of the representation:
1. MP (7,7)1→2 = M
P (7,1)
7→6 =
00
1
 ∈M3,1(k)
2. MP (7,7)2→3 = M
P (7,1)
6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
3. MP (7,7)4→3 = M
P (7,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
4. MP (7,7)5→4 = M
P (7,1)
5→4 =
10
0
 ∈M3,1(k)
5. MP (7,7)6→3 = M
P (7,1)
2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
6. MP (7,7)7→6 = M
P (7,1)
1→2 =
[
1
1
]
∈M2,1(k)
The length of P (7, 7) is: 1 + 3 + 4 + 3 + 1 + 2 + 1 = 15. P
The total number of ones in the matrices of the representation: 1 + 3 + 3 + 1 + 4 + 2 = 14.
19.3 Representation of P (13, 7) 
Dimension vector: dimP (13, 7) = (2, 5, 7, 5, 2, 4, 2)
Matrices of the representation:
1. MP (13,7)1→2 = M
P (13,1)
7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k)
2. MP (13,7)2→3 = M
P (13,1)
6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
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3. MP (13,7)4→3 = M
P (13,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
4. MP (13,7)5→4 = M
P (13,1)
5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k)
5. MP (13,7)6→3 = M
P (13,1)
2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
6. MP (13,7)7→6 = M
P (13,1)
1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
The length of P (13, 7) is: 2 + 5 + 7 + 5 + 2 + 4 + 2 = 27. P
The total number of ones in the matrices of the representation: 2 + 5 + 5 + 2 + 8 + 4 = 26.
19.4 Representation of P (19, 7) 
Dimension vector: dimP (19, 7) = (3, 7, 10, 7, 3, 6, 3)
Matrices of the representation:
1. MP (19,7)1→2 = M
P (19,1)
7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k)
2. MP (19,7)2→3 = M
P (19,1)
6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. MP (19,7)4→3 = M
P (19,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
4. MP (19,7)5→4 = M
P (19,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k)
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5. MP (19,7)6→3 = M
P (19,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
6. MP (19,7)7→6 = M
P (19,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (19, 7) is: 3 + 7 + 10 + 7 + 3 + 6 + 3 = 39. P
The total number of ones in the matrices of the representation: 3 + 7 + 7 + 3 + 12 + 6 = 38.
19.5 Representation of P (6n+ 1, 7) for n > 3 
Dimension vector: dimP (6n+ 1, 7) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n, n)
Matrices of the representation:
1. MP (6n+1,7)1→2 = M
P (6n+1,1)
7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k)
2. MP (6n+1,7)2→3 = M
P (6n+1,1)
6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k)
3. MP (6n+1,7)4→3 = M
P (6n+1,1)
4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
4. MP (6n+1,7)5→4 = M
P (6n+1,1)
5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k)
5. MP (6n+1,7)6→3 = M
P (6n+1,1)
2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
6. MP (6n+1,7)7→6 = M
P (6n+1,1)
1→2 =
[ n
n 1
n 1
]
∈M2n,n(k)
The length of P (6n+ 1, 7) is: n+ (2n+ 1) + (3n+ 1) + (2n+ 1) + n+ 2n+ n = 12n+ 3. P
The total number of ones in the matrices of the representation: n+ (2n+ 1) + (2n+ 1) + n+ 4n+ 2n = 12n+ 2.
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20 Representation of P (6n+ 2, 7) 
20.1 Representation of P (2, 7) 
Dimension vector: dimP (2, 7) = (1, 1, 2, 1, 1, 1, 0)
Matrices of the representation:
1. MP (2,7)1→2 = M
P (2,1)
7→6 =
[
1
]
∈M1,1(k)
2. MP (2,7)2→3 = M
P (2,1)
6→3 =
[
0
1
]
∈M2,1(k)
3. MP (2,7)4→3 = M
P (2,1)
4→3 =
[
1
0
]
∈M2,1(k)
4. MP (2,7)5→4 = M
P (2,1)
5→4 =
[
1
]
∈M1,1(k)
5. MP (2,7)6→3 = M
P (2,1)
2→3 =
[
1
1
]
∈M2,1(k)
6. MP (2,7)7→6 = M
P (2,1)
1→2 =
[ 0
1 0
]
∈M1,0(k)
The length of P (2, 7) is: 1 + 1 + 2 + 1 + 1 + 1 + 0 = 7. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 1 + 2 + 0 = 6.
20.2 Representation of P (8, 7) 
Dimension vector: dimP (8, 7) = (2, 3, 5, 3, 2, 3, 1)
Matrices of the representation:
1. MP (8,7)1→2 = M
P (8,1)
7→6 =
0 01 0
0 1
 ∈M3,2(k)
2. MP (8,7)2→3 = M
P (8,1)
6→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
3. MP (8,7)4→3 = M
P (8,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
4. MP (8,7)5→4 = M
P (8,1)
5→4 =
1 00 1
0 0
 ∈M3,2(k)
5. MP (8,7)6→3 = M
P (8,1)
2→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
6. MP (8,7)7→6 = M
P (8,1)
1→2 =
11
0
 ∈M3,1(k)
The length of P (8, 7) is: 2 + 3 + 5 + 3 + 2 + 3 + 1 = 19. P
The total number of ones in the matrices of the representation: 2 + 3 + 3 + 2 + 6 + 2 = 18.
20.3 Representation of P (14, 7) 
Dimension vector: dimP (14, 7) = (3, 5, 8, 5, 3, 5, 2)
Matrices of the representation:
1. MP (14,7)1→2 = M
P (14,1)
7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
2. MP (14,7)2→3 = M
P (14,1)
6→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
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3. MP (14,7)4→3 = M
P (14,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k)
4. MP (14,7)5→4 = M
P (14,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
5. MP (14,7)6→3 = M
P (14,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (14,7)7→6 = M
P (14,1)
1→2 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k)
The length of P (14, 7) is: 3 + 5 + 8 + 5 + 3 + 5 + 2 = 31. P
The total number of ones in the matrices of the representation: 3 + 5 + 5 + 3 + 10 + 4 = 30.
20.4 Representation of P (20, 7) 
Dimension vector: dimP (20, 7) = (4, 7, 11, 7, 4, 7, 3)
Matrices of the representation:
1. MP (20,7)1→2 = M
P (20,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
2. MP (20,7)2→3 = M
P (20,1)
6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. MP (20,7)4→3 = M
P (20,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
4. MP (20,7)5→4 = M
P (20,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
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5. MP (20,7)6→3 = M
P (20,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (20,7)7→6 = M
P (20,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k)
The length of P (20, 7) is: 4 + 7 + 11 + 7 + 4 + 7 + 3 = 43. P
The total number of ones in the matrices of the representation: 4 + 7 + 7 + 4 + 14 + 6 = 42.
20.5 Representation of P (6n+ 2, 7) for n > 3 
Dimension vector: dimP (6n+ 2, 7) = (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n)
Matrices of the representation:
1. MP (6n+2,7)1→2 = M
P (6n+2,1)
7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
2. MP (6n+2,7)2→3 = M
P (6n+2,1)
6→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
3. MP (6n+2,7)4→3 = M
P (6n+2,1)
4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k)
4. MP (6n+2,7)5→4 = M
P (6n+2,1)
5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
5. MP (6n+2,7)6→3 = M
P (6n+2,1)
2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
6. MP (6n+2,7)7→6 = M
P (6n+2,1)
1→2 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k)
The length of P (6n+ 2, 7) is: (n+ 1) + (2n+ 1) + (3n+ 2) + (2n+ 1) + (n+ 1) + (2n+ 1) + n = 12n+ 7. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + (2n+ 1) + (n+ 1) + (4n+ 2) + 2n = 12n+ 6.
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21 Representation of P (6n+ 3, 7) 
21.1 Representation of P (3, 7) 
Dimension vector: dimP (3, 7) = (0, 1, 2, 1, 0, 2, 1)
Matrices of the representation:
1. MP (3,7)1→2 = M
P (3,1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
2. MP (3,7)2→3 = M
P (3,1)
6→3 =
[
1
1
]
∈M2,1(k)
3. MP (3,7)4→3 = M
P (3,1)
4→3 =
[
1
0
]
∈M2,1(k)
4. MP (3,7)5→4 = M
P (3,1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MP (3,7)6→3 = M
P (3,1)
2→3 =
[
1 0
0 1
]
∈M2,2(k)
6. MP (3,7)7→6 = M
P (3,1)
1→2 =
[
0
1
]
∈M2,1(k)
The length of P (3, 7) is: 0 + 1 + 2 + 1 + 0 + 2 + 1 = 7. P
The total number of ones in the matrices of the representation: 0 + 2 + 1 + 0 + 2 + 1 = 6.
21.2 Representation of P (9, 7) 
Dimension vector: dimP (9, 7) = (1, 3, 5, 3, 1, 4, 2)
Matrices of the representation:
1. MP (9,7)1→2 = M
P (9,1)
7→6 =
11
0
 ∈M3,1(k)
2. MP (9,7)2→3 = M
P (9,1)
6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
3. MP (9,7)4→3 = M
P (9,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
4. MP (9,7)5→4 = M
P (9,1)
5→4 =
10
0
 ∈M3,1(k)
5. MP (9,7)6→3 = M
P (9,1)
2→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
6. MP (9,7)7→6 = M
P (9,1)
1→2 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of P (9, 7) is: 1 + 3 + 5 + 3 + 1 + 4 + 2 = 19. P
The total number of ones in the matrices of the representation: 2 + 6 + 3 + 1 + 4 + 2 = 18.
21.3 Representation of P (15, 7) 
Dimension vector: dimP (15, 7) = (2, 5, 8, 5, 2, 6, 3)
Matrices of the representation:
1. MP (15,7)1→2 = M
P (15,1)
7→6 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k)
74
2. MP (15,7)2→3 = M
P (15,1)
6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
3. MP (15,7)4→3 = M
P (15,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k)
4. MP (15,7)5→4 = M
P (15,1)
5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k)
5. MP (15,7)6→3 = M
P (15,1)
2→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
6. MP (15,7)7→6 = M
P (15,1)
1→2 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (15, 7) is: 2 + 5 + 8 + 5 + 2 + 6 + 3 = 31. P
The total number of ones in the matrices of the representation: 4 + 10 + 5 + 2 + 6 + 3 = 30.
21.4 Representation of P (21, 7) 
Dimension vector: dimP (21, 7) = (3, 7, 11, 7, 3, 8, 4)
Matrices of the representation:
1. MP (21,7)1→2 = M
P (21,1)
7→6 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k)
2. MP (21,7)2→3 = M
P (21,1)
6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. MP (21,7)4→3 = M
P (21,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
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4. MP (21,7)5→4 = M
P (21,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k)
5. MP (21,7)6→3 = M
P (21,1)
2→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
6. MP (21,7)7→6 = M
P (21,1)
1→2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (21, 7) is: 3 + 7 + 11 + 7 + 3 + 8 + 4 = 43. P
The total number of ones in the matrices of the representation: 6 + 14 + 7 + 3 + 8 + 4 = 42.
21.5 Representation of P (6n+ 3, 7) for n > 3 
Dimension vector: dimP (6n+ 3, 7) = (n, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1)
Matrices of the representation:
1. MP (6n+3,7)1→2 = M
P (6n+3,1)
7→6 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k)
2. MP (6n+3,7)2→3 = M
P (6n+3,1)
6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
3. MP (6n+3,7)4→3 = M
P (6n+3,1)
4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k)
4. MP (6n+3,7)5→4 = M
P (6n+3,1)
5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k)
5. MP (6n+3,7)6→3 = M
P (6n+3,1)
2→3 =
[2n+2
n 0
2n+2 1
]
∈M3n+2,2n+2(k)
6. MP (6n+3,7)7→6 = M
P (6n+3,1)
1→2 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
The length of P (6n+ 3, 7) is: n+ (2n+ 1) + (3n+ 2) + (2n+ 1) + n+ (2n+ 2) + (n+ 1) = 12n+ 7. P
The total number of ones in the matrices of the representation: 2n+ (4n+ 2) + (2n+ 1) + n+ (2n+ 2) + (n+ 1) = 12n+ 6.
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22 Representation of P (6n+ 4, 7) 
22.1 Representation of P (4, 7) 
Dimension vector: dimP (4, 7) = (1, 2, 3, 2, 1, 1, 1)
Matrices of the representation:
1. MP (4,7)1→2 = M
P (4,1)
7→6 =
[
0
1
]
∈M2,1(k)
2. MP (4,7)2→3 = M
P (4,1)
6→3 =
0 01 0
0 1
 ∈M3,2(k)
3. MP (4,7)4→3 = M
P (4,1)
4→3 =
1 01 1
0 1
 ∈M3,2(k)
4. MP (4,7)5→4 = M
P (4,1)
5→4 =
[
1
0
]
∈M2,1(k)
5. MP (4,7)6→3 = M
P (4,1)
2→3 =
10
0
 ∈M3,1(k)
6. MP (4,7)7→6 = M
P (4,1)
1→2 =
[
1
]
∈M1,1(k)
The length of P (4, 7) is: 1 + 2 + 3 + 2 + 1 + 1 + 1 = 11. P
The total number of ones in the matrices of the representation: 1 + 2 + 4 + 1 + 1 + 1 = 10.
22.2 Representation of P (10, 7) 
Dimension vector: dimP (10, 7) = (2, 4, 6, 4, 2, 3, 2)
Matrices of the representation:
1. MP (10,7)1→2 = M
P (10,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
2. MP (10,7)2→3 = M
P (10,1)
6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
3. MP (10,7)4→3 = M
P (10,1)
4→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
4. MP (10,7)5→4 = M
P (10,1)
5→4 =

1 0
0 1
0 0
1 0
 ∈M4,2(k)
5. MP (10,7)6→3 = M
P (10,1)
2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
6. MP (10,7)7→6 = M
P (10,1)
1→2 =
1 00 1
0 0
 ∈M3,2(k)
The length of P (10, 7) is: 2 + 4 + 6 + 4 + 2 + 3 + 2 = 23. P
The total number of ones in the matrices of the representation: 2 + 4 + 8 + 3 + 3 + 2 = 22.
22.3 Representation of P (16, 7) 
Dimension vector: dimP (16, 7) = (3, 6, 9, 6, 3, 5, 3)
Matrices of the representation:
1. MP (16,7)1→2 = M
P (16,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
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2. MP (16,7)2→3 = M
P (16,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. MP (16,7)4→3 = M
P (16,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
4. MP (16,7)5→4 = M
P (16,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
1 0 0
0 1 0

∈M6,3(k)
5. MP (16,7)6→3 = M
P (16,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k)
6. MP (16,7)7→6 = M
P (16,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
The length of P (16, 7) is: 3 + 6 + 9 + 6 + 3 + 5 + 3 = 35. P
The total number of ones in the matrices of the representation: 3 + 6 + 12 + 5 + 5 + 3 = 34.
22.4 Representation of P (22, 7) 
Dimension vector: dimP (22, 7) = (4, 8, 12, 8, 4, 7, 4)
Matrices of the representation:
1. MP (22,7)1→2 = M
P (22,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. MP (22,7)2→3 = M
P (22,1)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
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3. MP (22,7)4→3 = M
P (22,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
4. MP (22,7)5→4 = M
P (22,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

∈M8,4(k)
5. MP (22,7)6→3 = M
P (22,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M12,7(k)
6. MP (22,7)7→6 = M
P (22,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
The length of P (22, 7) is: 4 + 8 + 12 + 8 + 4 + 7 + 4 = 47. P
The total number of ones in the matrices of the representation: 4 + 8 + 16 + 7 + 7 + 4 = 46.
22.5 Representation of P (6n+ 4, 7) for n > 3 
Dimension vector: dimP (6n+ 4, 7) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 1, n+ 1)
Matrices of the representation:
1. MP (6n+4,7)1→2 = M
P (6n+4,1)
7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
2. MP (6n+4,7)2→3 = M
P (6n+4,1)
6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
3. MP (6n+4,7)4→3 = M
P (6n+4,1)
4→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
4. MP (6n+4,7)5→4 = M
P (6n+4,1)
5→4 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ∈M2n+2,n+1(k)
5. MP (6n+4,7)6→3 = M
P (6n+4,1)
2→3 =
[2n+1
2n+1 1
n+2 0
]
∈M3n+3,2n+1(k)
6. MP (6n+4,7)7→6 = M
P (6n+4,1)
1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
The length of P (6n+ 4, 7) is: (n+ 1) + (2n+ 2) + (3n+ 3) + (2n+ 2) + (n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 11. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 2) + (4n+ 4) + (2n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 10.
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23 Representation of P (6n+ 5, 7) 
23.1 Representation of P (5, 7) 
Dimension vector: dimP (5, 7) = (1, 2, 3, 2, 1, 2, 0)
Matrices of the representation:
1. MP (5,7)1→2 = M
P (5,1)
7→6 =
[
0
1
]
∈M2,1(k)
2. MP (5,7)2→3 = M
P (5,1)
6→3 =
0 01 0
0 1
 ∈M3,2(k)
3. MP (5,7)4→3 = M
P (5,1)
4→3 =
1 00 1
0 0
 ∈M3,2(k)
4. MP (5,7)5→4 = M
P (5,1)
5→4 =
[
1
0
]
∈M2,1(k)
5. MP (5,7)6→3 = M
P (5,1)
2→3 =
1 01 1
0 1
 ∈M3,2(k)
6. MP (5,7)7→6 = M
P (5,1)
1→2 =
[ 0
2 0
]
∈M2,0(k)
The length of P (5, 7) is: 1 + 2 + 3 + 2 + 1 + 2 + 0 = 11. P
The total number of ones in the matrices of the representation: 1 + 2 + 2 + 1 + 4 + 0 = 10.
23.2 Representation of P (11, 7) 
Dimension vector: dimP (11, 7) = (2, 4, 6, 4, 2, 4, 1)
Matrices of the representation:
1. MP (11,7)1→2 = M
P (11,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
2. MP (11,7)2→3 = M
P (11,1)
6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
3. MP (11,7)4→3 = M
P (11,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k)
4. MP (11,7)5→4 = M
P (11,1)
5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
5. MP (11,7)6→3 = M
P (11,1)
2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
6. MP (11,7)7→6 = M
P (11,1)
1→2 =

1
0
0
1
 ∈M4,1(k)
The length of P (11, 7) is: 2 + 4 + 6 + 4 + 2 + 4 + 1 = 23. P
The total number of ones in the matrices of the representation: 2 + 4 + 4 + 2 + 8 + 2 = 22.
23.3 Representation of P (17, 7) 
Dimension vector: dimP (17, 7) = (3, 6, 9, 6, 3, 6, 2)
Matrices of the representation:
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1. MP (17,7)1→2 = M
P (17,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
2. MP (17,7)2→3 = M
P (17,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. MP (17,7)4→3 = M
P (17,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
4. MP (17,7)5→4 = M
P (17,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
5. MP (17,7)6→3 = M
P (17,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. MP (17,7)7→6 = M
P (17,1)
1→2 =

1 0
0 1
0 0
0 0
1 0
0 1

∈M6,2(k)
The length of P (17, 7) is: 3 + 6 + 9 + 6 + 3 + 6 + 2 = 35. P
The total number of ones in the matrices of the representation: 3 + 6 + 6 + 3 + 12 + 4 = 34.
23.4 Representation of P (23, 7) 
Dimension vector: dimP (23, 7) = (4, 8, 12, 8, 4, 8, 3)
Matrices of the representation:
1. MP (23,7)1→2 = M
P (23,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
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2. MP (23,7)2→3 = M
P (23,1)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
3. MP (23,7)4→3 = M
P (23,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
4. MP (23,7)5→4 = M
P (23,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
5. MP (23,7)6→3 = M
P (23,1)
2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. MP (23,7)7→6 = M
P (23,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M8,3(k)
The length of P (23, 7) is: 4 + 8 + 12 + 8 + 4 + 8 + 3 = 47. P
The total number of ones in the matrices of the representation: 4 + 8 + 8 + 4 + 16 + 6 = 46.
23.5 Representation of P (6n+ 5, 7) for n > 3 
Dimension vector: dimP (6n+ 5, 7) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n)
Matrices of the representation:
1. MP (6n+5,7)1→2 = M
P (6n+5,1)
7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
2. MP (6n+5,7)2→3 = M
P (6n+5,1)
6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
3. MP (6n+5,7)4→3 = M
P (6n+5,1)
4→3 =
[2n+2
2n+2 1
n+1 0
]
∈M3n+3,2n+2(k)
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4. MP (6n+5,7)5→4 = M
P (6n+5,1)
5→4 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k)
5. MP (6n+5,7)6→3 = M
P (6n+5,1)
2→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k)
6. MP (6n+5,7)7→6 = M
P (6n+5,1)
1→2 =

n
n 1
2 0
n 1
 ∈M2n+2,n(k)
The length of P (6n+ 5, 7) is: (n+ 1) + (2n+ 2) + (3n+ 3) + (2n+ 2) + (n+ 1) + (2n+ 2) + n = 12n+ 11. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 2) + (2n+ 2) + (n+ 1) + (4n+ 4) + 2n = 12n+ 10.
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24 Representation of P (6n, 2) 
24.1 Representation of P (0, 2) 
Dimension vector: dimP (0, 2) = (0, 1, 1, 0, 0, 0, 0)
Matrices of the representation:
1. MP (0,2)1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MP (0,2)2→3 =
[
1
]
∈M1,1(k)
3. MP (0,2)4→3 =
[ 0
1 0
]
∈M1,0(k)
4. MP (0,2)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. MP (0,2)6→3 =
[ 0
1 0
]
∈M1,0(k)
6. MP (0,2)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of P (0, 2) is: 0 + 1 + 1 + 0 + 0 + 0 + 0 = 2. P
The total number of ones in the matrices of the representation: 0 + 1 + 0 + 0 + 0 + 0 = 1.
24.2 Representation of P (6, 2) 
Dimension vector: dimP (6, 2) = (2, 5, 7, 4, 2, 4, 2)
Matrices of the representation:
1. MP (6,2)1→2 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k)
2. MP (6,2)2→3 =

1 0 0 0 0
1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k)
3. MP (6,2)4→3 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M7,4(k)
4. MP (6,2)5→4 =

1 0
0 0
0 1
0 1
 ∈M4,2(k)
5. MP (6,2)6→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
6. MP (6,2)7→6 =

0 1
1 0
0 0
0 1
 ∈M4,2(k)
The length of P (6, 2) is: 2 + 5 + 7 + 4 + 2 + 4 + 2 = 26. P
The total number of ones in the matrices of the representation: 2 + 7 + 6 + 3 + 4 + 3 = 25.
84
24.3 Representation of P (12, 2) 
Dimension vector: dimP (12, 2) = (4, 9, 13, 8, 4, 8, 4)
Matrices of the representation:
1. MP (12,2)1→2 =

1 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k)
2. MP (12,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
3. MP (12,2)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
4. MP (12,2)5→4 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k)
5. MP (12,2)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
6. MP (12,2)7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (12, 2) is: 4 + 9 + 13 + 8 + 4 + 8 + 4 = 50. P
The total number of ones in the matrices of the representation: 5 + 13 + 12 + 6 + 8 + 5 = 49.
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24.4 Representation of P (18, 2) 
Dimension vector: dimP (18, 2) = (6, 13, 19, 12, 6, 12, 6)
Matrices of the representation:
1. MP (18,2)1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
2. MP (18,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k)
3. MP (18,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
4. MP (18,2)5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
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5. MP (18,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
6. MP (18,2)7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
The length of P (18, 2) is: 6 + 13 + 19 + 12 + 6 + 12 + 6 = 74. P
The total number of ones in the matrices of the representation: 8 + 19 + 18 + 9 + 12 + 7 = 73.
24.5 Representation of P (6n, 2) for n > 3 
Dimension vector: dimP (6n, 2) = (2n, 4n+ 1, 6n+ 1, 4n, 2n, 4n, 2n)
Matrices of the representation:
1. MP (6n,2)1→2 = M
P (6n+5,1)[n 7→n−1]
1→2 ⊕MP (6n,1)1→2 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 ∈M4n+1,2n(k)
2. MP (6n,2)2→3 = M
P (6n+5,1)[n 7→n−1]
2→3 ⊕MP (6n,1)2→3 =

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0
 ∈M6n+1,4n+1(k)
3. MP (6n,2)4→3 = M
P (6n+5,1)[n 7→n−1]
4→3 ⊕MP (6n,1)4→3 =

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n(k)
4. MP (6n,2)5→4 = M
P (6n+5,1)[n 7→n−1]
5→4 ⊕MP (6n,1)5→4 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n,2n(k)
5. MP (6n,2)6→3 = M
P (6n+5,1)[n 7→n−1]
6→3 ⊕MP (6n,1)6→3 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 ∈M6n+1,4n(k)
87
6. MP (6n,2)7→6 =
(
M
P (6n+5,1)[n 7→n−1]
7→6 ⊕MP (6n,1)7→6
)

[ 1 n−1
n−1 0 0
1 1 0
]
=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n,2n(k)
The length of P (6n, 2) is: 2n+ (4n+ 1) + (6n+ 1) + 4n+ 2n+ 4n+ 2n = 24n+ 2. P
The total number of ones in the matrices of the representation: (3n− 1) + (6n+ 1) + 6n+ 3n+ 4n+ (2n+ 1) = 24n+ 1.
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25 Representation of P (6n+ 1, 2) 
25.1 Representation of P (1, 2) 
Dimension vector: dimP (1, 2) = (1, 1, 2, 1, 0, 1, 0)
Matrices of the representation:
1. MP (1,2)1→2 =
[
1
]
∈M1,1(k)
2. MP (1,2)2→3 =
[
1
0
]
∈M2,1(k)
3. MP (1,2)4→3 =
[
0
1
]
∈M2,1(k)
4. MP (1,2)5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MP (1,2)6→3 =
[
1
1
]
∈M2,1(k)
6. MP (1,2)7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of P (1, 2) is: 1 + 1 + 2 + 1 + 0 + 1 + 0 = 6. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 0 + 2 + 0 = 5.
25.2 Representation of P (7, 2) 
Dimension vector: dimP (7, 2) = (3, 5, 8, 5, 2, 5, 2)
Matrices of the representation:
1. MP (7,2)1→2 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 1
 ∈M5,3(k)
2. MP (7,2)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
3. MP (7,2)4→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M8,5(k)
4. MP (7,2)5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
5. MP (7,2)6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (7,2)7→6 =

0 1
1 0
0 0
0 0
0 1
 ∈M5,2(k)
The length of P (7, 2) is: 3 + 5 + 8 + 5 + 2 + 5 + 2 = 30. P
The total number of ones in the matrices of the representation: 4 + 7 + 7 + 3 + 5 + 3 = 29.
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25.3 Representation of P (13, 2) 
Dimension vector: dimP (13, 2) = (5, 9, 14, 9, 4, 9, 4)
Matrices of the representation:
1. MP (13,2)1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
2. MP (13,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
3. MP (13,2)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k)
4. MP (13,2)5→4 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k)
5. MP (13,2)6→3 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
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6. MP (13,2)7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M9,4(k)
The length of P (13, 2) is: 5 + 9 + 14 + 9 + 4 + 9 + 4 = 54. P
The total number of ones in the matrices of the representation: 7 + 13 + 13 + 6 + 9 + 5 = 53.
25.4 Representation of P (19, 2) 
Dimension vector: dimP (19, 2) = (7, 13, 20, 13, 6, 13, 6)
Matrices of the representation:
1. MP (19,2)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
2. MP (19,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
3. MP (19,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k)
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4. MP (19,2)5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
5. MP (19,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
6. MP (19,2)7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k)
The length of P (19, 2) is: 7 + 13 + 20 + 13 + 6 + 13 + 6 = 78. P
The total number of ones in the matrices of the representation: 10 + 19 + 19 + 9 + 13 + 7 = 77.
25.5 Representation of P (6n+ 1, 2) for n > 3 
Dimension vector: dimP (6n+ 1, 2) = (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n)
Matrices of the representation:
1. MP (6n+1,2)1→2 = M
P (6n,1)
1→2 ⊕MP (6n+1,1)1→2 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n+1,2n+1(k)
2. MP (6n+1,2)2→3 = M
P (6n,1)
2→3 ⊕MP (6n+1,1)2→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]
∈M6n+2,4n+1(k)
3. MP (6n+1,2)4→3 = M
P (6n,1)
4→3 ⊕MP (6n+1,1)4→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0
 ∈M6n+2,4n+1(k)
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4. MP (6n+1,2)5→4 = M
P (6n,1)
5→4 ⊕MP (6n+1,1)5→4 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ∈M4n+1,2n(k)
5. MP (6n+1,2)6→3 = M
P (6n,1)
6→3 ⊕MP (6n+1,1)6→3 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ∈M6n+2,4n+1(k)
6. MP (6n+1,2)7→6 =
(
M
P (6n,1)
7→6 ⊕MP (6n+1,1)7→6
)


1 n−1
n−1 0 0
1 1 0
n 0 0
 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n+1,2n(k)
The length of P (6n+ 1, 2) is: (2n+ 1) + (4n+ 1) + (6n+ 2) + (4n+ 1) + 2n+ (4n+ 1) + 2n = 24n+ 6. P
The total number of ones in the matrices of the representation: (3n+ 1) + (6n+ 1) + (6n+ 1) + 3n+ (4n+ 1) + (2n+ 1) = 24n+ 5.
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26 Representation of P (6n+ 2, 2) 
26.1 Representation of P (2, 2) 
Dimension vector: dimP (2, 2) = (0, 1, 3, 2, 1, 2, 1)
Matrices of the representation:
1. MP (2,2)1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MP (2,2)2→3 =
01
1
 ∈M3,1(k)
3. MP (2,2)4→3 =
1 00 1
0 0
 ∈M3,2(k)
4. MP (2,2)5→4 =
[
0
1
]
∈M2,1(k)
5. MP (2,2)6→3 =
1 00 0
0 1
 ∈M3,2(k)
6. MP (2,2)7→6 =
[
1
1
]
∈M2,1(k)
The length of P (2, 2) is: 0 + 1 + 3 + 2 + 1 + 2 + 1 = 10. P
The total number of ones in the matrices of the representation: 0 + 2 + 2 + 1 + 2 + 2 = 9.
26.2 Representation of P (8, 2) 
Dimension vector: dimP (8, 2) = (2, 5, 9, 6, 3, 6, 3)
Matrices of the representation:
1. MP (8,2)1→2 =

1 0
1 0
0 1
0 1
0 0
 ∈M5,2(k)
2. MP (8,2)2→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
3. MP (8,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
4. MP (8,2)5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
5. MP (8,2)6→3 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
94
6. MP (8,2)7→6 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (8, 2) is: 2 + 5 + 9 + 6 + 3 + 6 + 3 = 34. P
The total number of ones in the matrices of the representation: 4 + 10 + 6 + 3 + 6 + 4 = 33.
26.3 Representation of P (14, 2) 
Dimension vector: dimP (14, 2) = (4, 9, 15, 10, 5, 10, 5)
Matrices of the representation:
1. MP (14,2)1→2 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
0 0 0 0

∈M9,4(k)
2. MP (14,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M15,9(k)
3. MP (14,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k)
4. MP (14,2)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
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5. MP (14,2)6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k)
6. MP (14,2)7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
The length of P (14, 2) is: 4 + 9 + 15 + 10 + 5 + 10 + 5 = 58. P
The total number of ones in the matrices of the representation: 8 + 18 + 10 + 5 + 10 + 6 = 57.
26.4 Representation of P (20, 2) 
Dimension vector: dimP (20, 2) = (6, 13, 21, 14, 7, 14, 7)
Matrices of the representation:
1. MP (20,2)1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M13,6(k)
2. MP (20,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,13(k)
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3. MP (20,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k)
4. MP (20,2)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
5. MP (20,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k)
6. MP (20,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
The length of P (20, 2) is: 6 + 13 + 21 + 14 + 7 + 14 + 7 = 82. P
The total number of ones in the matrices of the representation: 12 + 26 + 14 + 7 + 14 + 8 = 81.
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26.5 Representation of P (6n+ 2, 2) for n > 3 
Dimension vector: dimP (6n+ 2, 2) = (2n, 4n+ 1, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. MP (6n+2,2)1→2 = M
P (6n+1,1)
1→2 ⊕MP (6n+2,1)1→2 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ∈M4n+1,2n(k)
2. MP (6n+2,2)2→3 = M
P (6n+1,1)
2→3 ⊕MP (6n+2,1)2→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+1(k)
3. MP (6n+2,2)4→3 = M
P (6n+1,1)
4→3 ⊕MP (6n+2,1)4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+3,4n+2(k)
4. MP (6n+2,2)5→4 = M
P (6n+1,1)
5→4 ⊕MP (6n+2,1)5→4 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ∈M4n+2,2n+1(k)
5. MP (6n+2,2)6→3 = M
P (6n+1,1)
6→3 ⊕MP (6n+2,1)6→3 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+2(k)
6. MP (6n+2,2)7→6 =
(
M
P (6n+1,1)
7→6 ⊕MP (6n+2,1)7→6
)


1 n
n 0 0
1 1 0
n 0 0
 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

∈M4n+2,2n+1(k)
The length of P (6n+ 2, 2) is: 2n+ (4n+ 1) + (6n+ 3) + (4n+ 2) + (2n+ 1) + (4n+ 2) + (2n+ 1) = 24n+ 10. P
The total number of ones in the matrices of the representation: 4n+ (8n+ 2) + (4n+ 2) + (2n+ 1) + (4n+ 2) + (2n+ 2) = 24n+ 9.
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27 Representation of P (6n+ 3, 2) 
27.1 Representation of P (3, 2) 
Dimension vector: dimP (3, 2) = (1, 3, 4, 2, 1, 2, 1)
Matrices of the representation:
1. MP (3,2)1→2 =
10
0
 ∈M3,1(k)
2. MP (3,2)2→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k)
3. MP (3,2)4→3 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
4. MP (3,2)5→4 =
[
1
1
]
∈M2,1(k)
5. MP (3,2)6→3 =

0 1
1 0
0 1
0 0
 ∈M4,2(k)
6. MP (3,2)7→6 =
[
1
1
]
∈M2,1(k)
The length of P (3, 2) is: 1 + 3 + 4 + 2 + 1 + 2 + 1 = 14. P
The total number of ones in the matrices of the representation: 1 + 3 + 2 + 2 + 3 + 2 = 13.
27.2 Representation of P (9, 2) 
Dimension vector: dimP (9, 2) = (3, 7, 10, 6, 3, 6, 3)
Matrices of the representation:
1. MP (9,2)1→2 =

1 0 0
1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
2. MP (9,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. MP (9,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k)
4. MP (9,2)5→4 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 0
0 0 0

∈M6,3(k)
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5. MP (9,2)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 1 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
6. MP (9,2)7→6 =

0 0 1
1 0 0
0 1 0
0 0 1
0 0 1
0 0 0

∈M6,3(k)
The length of P (9, 2) is: 3 + 7 + 10 + 6 + 3 + 6 + 3 = 38. P
The total number of ones in the matrices of the representation: 4 + 10 + 6 + 3 + 9 + 5 = 37.
27.3 Representation of P (15, 2) 
Dimension vector: dimP (15, 2) = (5, 11, 16, 10, 5, 10, 5)
Matrices of the representation:
1. MP (15,2)1→2 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
2. MP (15,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
3. MP (15,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k)
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4. MP (15,2)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
5. MP (15,2)6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k)
6. MP (15,2)7→6 =

0 0 0 0 0
0 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k)
The length of P (15, 2) is: 5 + 11 + 16 + 10 + 5 + 10 + 5 = 62. P
The total number of ones in the matrices of the representation: 7 + 16 + 10 + 5 + 15 + 8 = 61.
27.4 Representation of P (21, 2) 
Dimension vector: dimP (21, 2) = (7, 15, 22, 14, 7, 14, 7)
Matrices of the representation:
1. MP (21,2)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
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2. MP (21,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
3. MP (21,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k)
4. MP (21,2)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
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5. MP (21,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k)
6. MP (21,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M14,7(k)
The length of P (21, 2) is: 7 + 15 + 22 + 14 + 7 + 14 + 7 = 86. P
The total number of ones in the matrices of the representation: 10 + 22 + 14 + 7 + 21 + 11 = 85.
27.5 Representation of P (6n+ 3, 2) for n > 3 
Dimension vector: dimP (6n+ 3, 2) = (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. MP (6n+3,2)1→2 = M
P (6n+2,1)
1→2 ⊕MP (6n+3,1)1→2 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ∈M4n+3,2n+1(k)
2. MP (6n+3,2)2→3 = M
P (6n+2,1)
2→3 ⊕MP (6n+3,1)2→3 =

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0
 ∈M6n+4,4n+3(k)
3. MP (6n+3,2)4→3 = M
P (6n+2,1)
4→3 ⊕MP (6n+3,1)4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+4,4n+2(k)
4. MP (6n+3,2)5→4 = M
P (6n+2,1)
5→4 ⊕MP (6n+3,1)5→4 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ∈M4n+2,2n+1(k)
5. MP (6n+3,2)6→3 = M
P (6n+2,1)
6→3 ⊕MP (6n+3,1)6→3 =

4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+2(k)
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6. MP (6n+3,2)7→6 =
(
M
P (6n+2,1)
7→6 ⊕MP (6n+3,1)7→6
)


1 n−1
n−1 0 0
1 1 0
n+1 0 0
 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

∈M4n+2,2n+1(k)
The length of P (6n+ 3, 2) is: (2n+ 1) + (4n+ 3) + (6n+ 4) + (4n+ 2) + (2n+ 1) + (4n+ 2) + (2n+ 1) = 24n+ 14. P
The total number of ones in the matrices of the representation: (3n+ 1) + (6n+ 4) + (4n+ 2) + (2n+ 1) + (6n+ 3) + (3n+ 2) = 24n+ 13.
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28 Representation of P (6n+ 4, 2) 
28.1 Representation of P (4, 2) 
Dimension vector: dimP (4, 2) = (2, 3, 5, 3, 1, 3, 1)
Matrices of the representation:
1. MP (4,2)1→2 =
0 01 0
0 1
 ∈M3,2(k)
2. MP (4,2)2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
3. MP (4,2)4→3 =

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ∈M5,3(k)
4. MP (4,2)5→4 =
01
0
 ∈M3,1(k)
5. MP (4,2)6→3 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
6. MP (4,2)7→6 =
10
1
 ∈M3,1(k)
The length of P (4, 2) is: 2 + 3 + 5 + 3 + 1 + 3 + 1 = 18. P
The total number of ones in the matrices of the representation: 2 + 3 + 5 + 1 + 4 + 2 = 17.
28.2 Representation of P (10, 2) 
Dimension vector: dimP (10, 2) = (4, 7, 11, 7, 3, 7, 3)
Matrices of the representation:
1. MP (10,2)1→2 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M7,4(k)
2. MP (10,2)2→3 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
3. MP (10,2)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
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4. MP (10,2)5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0
0 1 0

∈M7,3(k)
5. MP (10,2)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (10,2)7→6 =

1 0 0
1 0 1
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of P (10, 2) is: 4 + 7 + 11 + 7 + 3 + 7 + 3 = 42. P
The total number of ones in the matrices of the representation: 4 + 7 + 11 + 4 + 10 + 5 = 41.
28.3 Representation of P (16, 2) 
Dimension vector: dimP (16, 2) = (6, 11, 17, 11, 5, 11, 5)
Matrices of the representation:
1. MP (16,2)1→2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k)
2. MP (16,2)2→3 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M17,11(k)
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3. MP (16,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
4. MP (16,2)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

∈M11,5(k)
5. MP (16,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
6. MP (16,2)7→6 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 1
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
The length of P (16, 2) is: 6 + 11 + 17 + 11 + 5 + 11 + 5 = 66. P
The total number of ones in the matrices of the representation: 6 + 11 + 17 + 7 + 16 + 8 = 65.
28.4 Representation of P (22, 2) 
Dimension vector: dimP (22, 2) = (8, 15, 23, 15, 7, 15, 7)
Matrices of the representation:
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1. MP (22,2)1→2 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k)
2. MP (22,2)2→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k)
3. MP (22,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
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4. MP (22,2)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0

∈M15,7(k)
5. MP (22,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
6. MP (22,2)7→6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
The length of P (22, 2) is: 8 + 15 + 23 + 15 + 7 + 15 + 7 = 90. P
The total number of ones in the matrices of the representation: 8 + 15 + 23 + 10 + 22 + 11 = 89.
28.5 Representation of P (6n+ 4, 2) for n > 3 
Dimension vector: dimP (6n+ 4, 2) = (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 3, 2n+ 1, 4n+ 3, 2n+ 1)
Matrices of the representation:
1. MP (6n+4,2)1→2 = M
P (6n+3,1)
1→2 ⊕MP (6n+4,1)1→2 =

2n+2
n+1 0
2n+2 1
n 0
 ∈M4n+3,2n+2(k)
2. MP (6n+4,2)2→3 = M
P (6n+3,1)
2→3 ⊕MP (6n+4,1)2→3 =

4n+3
n 0
4n+3 1
n+2 0
 ∈M6n+5,4n+3(k)
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3. MP (6n+4,2)4→3 = M
P (6n+3,1)
4→3 ⊕MP (6n+4,1)4→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]
∈M6n+5,4n+3(k)
4. MP (6n+4,2)5→4 = M
P (6n+3,1)
5→4 ⊕MP (6n+4,1)5→4 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

∈M4n+3,2n+1(k)
5. MP (6n+4,2)6→3 = M
P (6n+3,1)
6→3 ⊕MP (6n+4,1)6→3 =

2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0
 ∈M6n+5,4n+3(k)
6. MP (6n+4,2)7→6 =
(
M
P (6n+3,1)
7→6 ⊕MP (6n+4,1)7→6
)


n 1
n 0 0
1 0 1
n 0 0
 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

∈M4n+3,2n+1(k)
The length of P (6n+ 4, 2) is: (2n+ 2) + (4n+ 3) + (6n+ 5) + (4n+ 3) + (2n+ 1) + (4n+ 3) + (2n+ 1) = 24n+ 18. P
The total number of ones in the matrices of the representation: (2n+ 2) + (4n+ 3) + (6n+ 5) + (3n+ 1) + (6n+ 4) + (3n+ 2) = 24n+ 17.
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29 Representation of P (6n+ 5, 2) 
29.1 Representation of P (5, 2) 
Dimension vector: dimP (5, 2) = (1, 3, 6, 4, 2, 4, 2)
Matrices of the representation:
1. MP (5,2)1→2 =
10
1
 ∈M3,1(k)
2. MP (5,2)2→3 =

1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
3. MP (5,2)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
4. MP (5,2)5→4 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
5. MP (5,2)6→3 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k)
6. MP (5,2)7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k)
The length of P (5, 2) is: 1 + 3 + 6 + 4 + 2 + 4 + 2 = 22. P
The total number of ones in the matrices of the representation: 2 + 3 + 6 + 3 + 5 + 2 = 21.
29.2 Representation of P (11, 2) 
Dimension vector: dimP (11, 2) = (3, 7, 12, 8, 4, 8, 4)
Matrices of the representation:
1. MP (11,2)1→2 =

1 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
2. MP (11,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k)
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3. MP (11,2)4→3 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
4. MP (11,2)5→4 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k)
5. MP (11,2)6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
6. MP (11,2)7→6 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
The length of P (11, 2) is: 3 + 7 + 12 + 8 + 4 + 8 + 4 = 46. P
The total number of ones in the matrices of the representation: 4 + 7 + 12 + 6 + 11 + 5 = 45.
29.3 Representation of P (17, 2) 
Dimension vector: dimP (17, 2) = (5, 11, 18, 12, 6, 12, 6)
Matrices of the representation:
1. MP (17,2)1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
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2. MP (17,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M18,11(k)
3. MP (17,2)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k)
4. MP (17,2)5→4 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
5. MP (17,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k)
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6. MP (17,2)7→6 =

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
The length of P (17, 2) is: 5 + 11 + 18 + 12 + 6 + 12 + 6 = 70. P
The total number of ones in the matrices of the representation: 6 + 11 + 18 + 9 + 17 + 8 = 69.
29.4 Representation of P (23, 2) 
Dimension vector: dimP (23, 2) = (7, 15, 24, 16, 8, 16, 8)
Matrices of the representation:
1. MP (23,2)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
2. MP (23,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,15(k)
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3. MP (23,2)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,16(k)
4. MP (23,2)5→4 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
5. MP (23,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M24,16(k)
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6. MP (23,2)7→6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
The length of P (23, 2) is: 7 + 15 + 24 + 16 + 8 + 16 + 8 = 94. P
The total number of ones in the matrices of the representation: 8 + 15 + 24 + 12 + 23 + 11 = 93.
29.5 Representation of P (6n+ 5, 2) for n > 3 
Dimension vector: dimP (6n+ 5, 2) = (2n+ 1, 4n+ 3, 6n+ 6, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2)
Matrices of the representation:
1. MP (6n+5,2)1→2 =
(
M
P (6n+3,5)
1→2 ⊕MP (6n,7)[n 7→n+1]1→2
)


1 n
n 0 0
1 1 0
n 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+3,2n+1(k)
2. MP (6n+5,2)2→3 = M
P (6n+3,5)
2→3 ⊕MP (6n,7)[n7→n+1]2→3 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 ∈M6n+6,4n+3(k)
3. MP (6n+5,2)4→3 = M
P (6n+3,5)
4→3 ⊕MP (6n,7)[n7→n+1]4→3 =

4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]
∈M6n+6,4n+4(k)
4. MP (6n+5,2)5→4 = M
P (6n+3,5)
5→4 ⊕MP (6n,7)[n7→n+1]5→4 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ∈M4n+4,2n+2(k)
5. MP (6n+5,2)6→3 = M
P (6n+3,5)
6→3 ⊕MP (6n,7)[n 7→n+1]6→3 =

2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0
 ∈M6n+6,4n+4(k)
6. MP (6n+5,2)7→6 = M
P (6n+3,5)
7→6 ⊕MP (6n,7)[n 7→n+1]7→6 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ∈M4n+4,2n+2(k)
The length of P (6n+ 5, 2) is: (2n+ 1) + (4n+ 3) + (6n+ 6) + (4n+ 4) + (2n+ 2) + (4n+ 4) + (2n+ 2) = 24n+ 22. P
The total number of ones in the matrices of the representation: (2n+ 2) + (4n+ 3) + (6n+ 6) + (3n+ 3) + (6n+ 5) + (3n+ 2) = 24n+ 21.
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30 Representation of P (6n, 4) 
30.1 Representation of P (0, 4) 
Dimension vector: dimP (0, 4) = (0, 0, 1, 1, 0, 0, 0)
Matrices of the representation:
1. MP (0,4)1→2 = M
P (0,2)
5→4 =
[ 0
0 0
]
∈M0,0(k)
2. MP (0,4)2→3 = M
P (0,2)
4→3 =
[ 0
1 0
]
∈M1,0(k)
3. MP (0,4)4→3 = M
P (0,2)
2→3 =
[
1
]
∈M1,1(k)
4. MP (0,4)5→4 = M
P (0,2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
5. MP (0,4)6→3 = M
P (0,2)
6→3 =
[ 0
1 0
]
∈M1,0(k)
6. MP (0,4)7→6 = M
P (0,2)
7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of P (0, 4) is: 0 + 0 + 1 + 1 + 0 + 0 + 0 = 2. P
The total number of ones in the matrices of the representation: 0 + 0 + 1 + 0 + 0 + 0 = 1.
30.2 Representation of P (6, 4) 
Dimension vector: dimP (6, 4) = (2, 4, 7, 5, 2, 4, 2)
Matrices of the representation:
1. MP (6,4)1→2 = M
P (6,2)
5→4 =

1 0
0 0
0 1
0 1
 ∈M4,2(k)
2. MP (6,4)2→3 = M
P (6,2)
4→3 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M7,4(k)
3. MP (6,4)4→3 = M
P (6,2)
2→3 =

1 0 0 0 0
1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k)
4. MP (6,4)5→4 = M
P (6,2)
1→2 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k)
5. MP (6,4)6→3 = M
P (6,2)
6→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
6. MP (6,4)7→6 = M
P (6,2)
7→6 =

0 1
1 0
0 0
0 1
 ∈M4,2(k)
The length of P (6, 4) is: 2 + 4 + 7 + 5 + 2 + 4 + 2 = 26. P
The total number of ones in the matrices of the representation: 3 + 6 + 7 + 2 + 4 + 3 = 25.
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30.3 Representation of P (12, 4) 
Dimension vector: dimP (12, 4) = (4, 8, 13, 9, 4, 8, 4)
Matrices of the representation:
1. MP (12,4)1→2 = M
P (12,2)
5→4 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k)
2. MP (12,4)2→3 = M
P (12,2)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
3. MP (12,4)4→3 = M
P (12,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
4. MP (12,4)5→4 = M
P (12,2)
1→2 =

1 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k)
5. MP (12,4)6→3 = M
P (12,2)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
6. MP (12,4)7→6 = M
P (12,2)
7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (12, 4) is: 4 + 8 + 13 + 9 + 4 + 8 + 4 = 50. P
The total number of ones in the matrices of the representation: 6 + 12 + 13 + 5 + 8 + 5 = 49.
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30.4 Representation of P (18, 4) 
Dimension vector: dimP (18, 4) = (6, 12, 19, 13, 6, 12, 6)
Matrices of the representation:
1. MP (18,4)1→2 = M
P (18,2)
5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
2. MP (18,4)2→3 = M
P (18,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
3. MP (18,4)4→3 = M
P (18,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k)
4. MP (18,4)5→4 = M
P (18,2)
1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
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5. MP (18,4)6→3 = M
P (18,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
6. MP (18,4)7→6 = M
P (18,2)
7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
The length of P (18, 4) is: 6 + 12 + 19 + 13 + 6 + 12 + 6 = 74. P
The total number of ones in the matrices of the representation: 9 + 18 + 19 + 8 + 12 + 7 = 73.
30.5 Representation of P (6n, 4) for n > 3 
Dimension vector: dimP (6n, 4) = (2n, 4n, 6n+ 1, 4n+ 1, 2n, 4n, 2n)
Matrices of the representation:
1. MP (6n,4)1→2 = M
P (6n,2)
5→4 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n,2n(k)
2. MP (6n,4)2→3 = M
P (6n,2)
4→3 =

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n(k)
3. MP (6n,4)4→3 = M
P (6n,2)
2→3 =

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0
 ∈M6n+1,4n+1(k)
4. MP (6n,4)5→4 = M
P (6n,2)
1→2 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 ∈M4n+1,2n(k)
5. MP (6n,4)6→3 = M
P (6n,2)
6→3 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 ∈M6n+1,4n(k)
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6. MP (6n,4)7→6 = M
P (6n,2)
7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n,2n(k)
The length of P (6n, 4) is: 2n+ 4n+ (6n+ 1) + (4n+ 1) + 2n+ 4n+ 2n = 24n+ 2. P
The total number of ones in the matrices of the representation: 3n+ 6n+ (6n+ 1) + (3n− 1) + 4n+ (2n+ 1) = 24n+ 1.
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31 Representation of P (6n+ 1, 4) 
31.1 Representation of P (1, 4) 
Dimension vector: dimP (1, 4) = (0, 1, 2, 1, 1, 1, 0)
Matrices of the representation:
1. MP (1,4)1→2 = M
P (1,2)
5→4 =
[ 0
1 0
]
∈M1,0(k)
2. MP (1,4)2→3 = M
P (1,2)
4→3 =
[
0
1
]
∈M2,1(k)
3. MP (1,4)4→3 = M
P (1,2)
2→3 =
[
1
0
]
∈M2,1(k)
4. MP (1,4)5→4 = M
P (1,2)
1→2 =
[
1
]
∈M1,1(k)
5. MP (1,4)6→3 = M
P (1,2)
6→3 =
[
1
1
]
∈M2,1(k)
6. MP (1,4)7→6 = M
P (1,2)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of P (1, 4) is: 0 + 1 + 2 + 1 + 1 + 1 + 0 = 6. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 1 + 2 + 0 = 5.
31.2 Representation of P (7, 4) 
Dimension vector: dimP (7, 4) = (2, 5, 8, 5, 3, 5, 2)
Matrices of the representation:
1. MP (7,4)1→2 = M
P (7,2)
5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
2. MP (7,4)2→3 = M
P (7,2)
4→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M8,5(k)
3. MP (7,4)4→3 = M
P (7,2)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
4. MP (7,4)5→4 = M
P (7,2)
1→2 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 1
 ∈M5,3(k)
5. MP (7,4)6→3 = M
P (7,2)
6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (7,4)7→6 = M
P (7,2)
7→6 =

0 1
1 0
0 0
0 0
0 1
 ∈M5,2(k)
The length of P (7, 4) is: 2 + 5 + 8 + 5 + 3 + 5 + 2 = 30. P
The total number of ones in the matrices of the representation: 3 + 7 + 7 + 4 + 5 + 3 = 29.
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31.3 Representation of P (13, 4) 
Dimension vector: dimP (13, 4) = (4, 9, 14, 9, 5, 9, 4)
Matrices of the representation:
1. MP (13,4)1→2 = M
P (13,2)
5→4 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k)
2. MP (13,4)2→3 = M
P (13,2)
4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k)
3. MP (13,4)4→3 = M
P (13,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
4. MP (13,4)5→4 = M
P (13,2)
1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
5. MP (13,4)6→3 = M
P (13,2)
6→3 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
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6. MP (13,4)7→6 = M
P (13,2)
7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M9,4(k)
The length of P (13, 4) is: 4 + 9 + 14 + 9 + 5 + 9 + 4 = 54. P
The total number of ones in the matrices of the representation: 6 + 13 + 13 + 7 + 9 + 5 = 53.
31.4 Representation of P (19, 4) 
Dimension vector: dimP (19, 4) = (6, 13, 20, 13, 7, 13, 6)
Matrices of the representation:
1. MP (19,4)1→2 = M
P (19,2)
5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
2. MP (19,4)2→3 = M
P (19,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k)
3. MP (19,4)4→3 = M
P (19,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
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4. MP (19,4)5→4 = M
P (19,2)
1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
5. MP (19,4)6→3 = M
P (19,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
6. MP (19,4)7→6 = M
P (19,2)
7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k)
The length of P (19, 4) is: 6 + 13 + 20 + 13 + 7 + 13 + 6 = 78. P
The total number of ones in the matrices of the representation: 9 + 19 + 19 + 10 + 13 + 7 = 77.
31.5 Representation of P (6n+ 1, 4) for n > 3 
Dimension vector: dimP (6n+ 1, 4) = (2n, 4n+ 1, 6n+ 2, 4n+ 1, 2n+ 1, 4n+ 1, 2n)
Matrices of the representation:
1. MP (6n+1,4)1→2 = M
P (6n+1,2)
5→4 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ∈M4n+1,2n(k)
2. MP (6n+1,4)2→3 = M
P (6n+1,2)
4→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0
 ∈M6n+2,4n+1(k)
3. MP (6n+1,4)4→3 = M
P (6n+1,2)
2→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]
∈M6n+2,4n+1(k)
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4. MP (6n+1,4)5→4 = M
P (6n+1,2)
1→2 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n+1,2n+1(k)
5. MP (6n+1,4)6→3 = M
P (6n+1,2)
6→3 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ∈M6n+2,4n+1(k)
6. MP (6n+1,4)7→6 = M
P (6n+1,2)
7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n+1,2n(k)
The length of P (6n+ 1, 4) is: 2n+ (4n+ 1) + (6n+ 2) + (4n+ 1) + (2n+ 1) + (4n+ 1) + 2n = 24n+ 6. P
The total number of ones in the matrices of the representation: 3n+ (6n+ 1) + (6n+ 1) + (3n+ 1) + (4n+ 1) + (2n+ 1) = 24n+ 5.
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32 Representation of P (6n+ 2, 4) 
32.1 Representation of P (2, 4) 
Dimension vector: dimP (2, 4) = (1, 2, 3, 1, 0, 2, 1)
Matrices of the representation:
1. MP (2,4)1→2 = M
P (2,2)
5→4 =
[
0
1
]
∈M2,1(k)
2. MP (2,4)2→3 = M
P (2,2)
4→3 =
1 00 1
0 0
 ∈M3,2(k)
3. MP (2,4)4→3 = M
P (2,2)
2→3 =
01
1
 ∈M3,1(k)
4. MP (2,4)5→4 = M
P (2,2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
5. MP (2,4)6→3 = M
P (2,2)
6→3 =
1 00 0
0 1
 ∈M3,2(k)
6. MP (2,4)7→6 = M
P (2,2)
7→6 =
[
1
1
]
∈M2,1(k)
The length of P (2, 4) is: 1 + 2 + 3 + 1 + 0 + 2 + 1 = 10. P
The total number of ones in the matrices of the representation: 1 + 2 + 2 + 0 + 2 + 2 = 9.
32.2 Representation of P (8, 4) 
Dimension vector: dimP (8, 4) = (3, 6, 9, 5, 2, 6, 3)
Matrices of the representation:
1. MP (8,4)1→2 = M
P (8,2)
5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
2. MP (8,4)2→3 = M
P (8,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
3. MP (8,4)4→3 = M
P (8,2)
2→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
4. MP (8,4)5→4 = M
P (8,2)
1→2 =

1 0
1 0
0 1
0 1
0 0
 ∈M5,2(k)
5. MP (8,4)6→3 = M
P (8,2)
6→3 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
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6. MP (8,4)7→6 = M
P (8,2)
7→6 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of P (8, 4) is: 3 + 6 + 9 + 5 + 2 + 6 + 3 = 34. P
The total number of ones in the matrices of the representation: 3 + 6 + 10 + 4 + 6 + 4 = 33.
32.3 Representation of P (14, 4) 
Dimension vector: dimP (14, 4) = (5, 10, 15, 9, 4, 10, 5)
Matrices of the representation:
1. MP (14,4)1→2 = M
P (14,2)
5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
2. MP (14,4)2→3 = M
P (14,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k)
3. MP (14,4)4→3 = M
P (14,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M15,9(k)
4. MP (14,4)5→4 = M
P (14,2)
1→2 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
0 0 0 0

∈M9,4(k)
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5. MP (14,4)6→3 = M
P (14,2)
6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k)
6. MP (14,4)7→6 = M
P (14,2)
7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
The length of P (14, 4) is: 5 + 10 + 15 + 9 + 4 + 10 + 5 = 58. P
The total number of ones in the matrices of the representation: 5 + 10 + 18 + 8 + 10 + 6 = 57.
32.4 Representation of P (20, 4) 
Dimension vector: dimP (20, 4) = (7, 14, 21, 13, 6, 14, 7)
Matrices of the representation:
1. MP (20,4)1→2 = M
P (20,2)
5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
2. MP (20,4)2→3 = M
P (20,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k)
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3. MP (20,4)4→3 = M
P (20,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,13(k)
4. MP (20,4)5→4 = M
P (20,2)
1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M13,6(k)
5. MP (20,4)6→3 = M
P (20,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k)
6. MP (20,4)7→6 = M
P (20,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
The length of P (20, 4) is: 7 + 14 + 21 + 13 + 6 + 14 + 7 = 82. P
The total number of ones in the matrices of the representation: 7 + 14 + 26 + 12 + 14 + 8 = 81.
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32.5 Representation of P (6n+ 2, 4) for n > 3 
Dimension vector: dimP (6n+ 2, 4) = (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 1, 2n, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. MP (6n+2,4)1→2 = M
P (6n+2,2)
5→4 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ∈M4n+2,2n+1(k)
2. MP (6n+2,4)2→3 = M
P (6n+2,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+3,4n+2(k)
3. MP (6n+2,4)4→3 = M
P (6n+2,2)
2→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+1(k)
4. MP (6n+2,4)5→4 = M
P (6n+2,2)
1→2 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ∈M4n+1,2n(k)
5. MP (6n+2,4)6→3 = M
P (6n+2,2)
6→3 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+2(k)
6. MP (6n+2,4)7→6 = M
P (6n+2,2)
7→6 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

∈M4n+2,2n+1(k)
The length of P (6n+ 2, 4) is: (2n+ 1) + (4n+ 2) + (6n+ 3) + (4n+ 1) + 2n+ (4n+ 2) + (2n+ 1) = 24n+ 10. P
The total number of ones in the matrices of the representation: (2n+ 1) + (4n+ 2) + (8n+ 2) + 4n+ (4n+ 2) + (2n+ 2) = 24n+ 9.
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33 Representation of P (6n+ 3, 4) 
33.1 Representation of P (3, 4) 
Dimension vector: dimP (3, 4) = (1, 2, 4, 3, 1, 2, 1)
Matrices of the representation:
1. MP (3,4)1→2 = M
P (3,2)
5→4 =
[
1
1
]
∈M2,1(k)
2. MP (3,4)2→3 = M
P (3,2)
4→3 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
3. MP (3,4)4→3 = M
P (3,2)
2→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k)
4. MP (3,4)5→4 = M
P (3,2)
1→2 =
10
0
 ∈M3,1(k)
5. MP (3,4)6→3 = M
P (3,2)
6→3 =

0 1
1 0
0 1
0 0
 ∈M4,2(k)
6. MP (3,4)7→6 = M
P (3,2)
7→6 =
[
1
1
]
∈M2,1(k)
The length of P (3, 4) is: 1 + 2 + 4 + 3 + 1 + 2 + 1 = 14. P
The total number of ones in the matrices of the representation: 2 + 2 + 3 + 1 + 3 + 2 = 13.
33.2 Representation of P (9, 4) 
Dimension vector: dimP (9, 4) = (3, 6, 10, 7, 3, 6, 3)
Matrices of the representation:
1. MP (9,4)1→2 = M
P (9,2)
5→4 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 0
0 0 0

∈M6,3(k)
2. MP (9,4)2→3 = M
P (9,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k)
3. MP (9,4)4→3 = M
P (9,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
4. MP (9,4)5→4 = M
P (9,2)
1→2 =

1 0 0
1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
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5. MP (9,4)6→3 = M
P (9,2)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 1 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
6. MP (9,4)7→6 = M
P (9,2)
7→6 =

0 0 1
1 0 0
0 1 0
0 0 1
0 0 1
0 0 0

∈M6,3(k)
The length of P (9, 4) is: 3 + 6 + 10 + 7 + 3 + 6 + 3 = 38. P
The total number of ones in the matrices of the representation: 3 + 6 + 10 + 4 + 9 + 5 = 37.
33.3 Representation of P (15, 4) 
Dimension vector: dimP (15, 4) = (5, 10, 16, 11, 5, 10, 5)
Matrices of the representation:
1. MP (15,4)1→2 = M
P (15,2)
5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
2. MP (15,4)2→3 = M
P (15,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k)
3. MP (15,4)4→3 = M
P (15,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
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4. MP (15,4)5→4 = M
P (15,2)
1→2 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
5. MP (15,4)6→3 = M
P (15,2)
6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k)
6. MP (15,4)7→6 = M
P (15,2)
7→6 =

0 0 0 0 0
0 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k)
The length of P (15, 4) is: 5 + 10 + 16 + 11 + 5 + 10 + 5 = 62. P
The total number of ones in the matrices of the representation: 5 + 10 + 16 + 7 + 15 + 8 = 61.
33.4 Representation of P (21, 4) 
Dimension vector: dimP (21, 4) = (7, 14, 22, 15, 7, 14, 7)
Matrices of the representation:
1. MP (21,4)1→2 = M
P (21,2)
5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
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2. MP (21,4)2→3 = M
P (21,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k)
3. MP (21,4)4→3 = M
P (21,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
4. MP (21,4)5→4 = M
P (21,2)
1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
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5. MP (21,4)6→3 = M
P (21,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k)
6. MP (21,4)7→6 = M
P (21,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M14,7(k)
The length of P (21, 4) is: 7 + 14 + 22 + 15 + 7 + 14 + 7 = 86. P
The total number of ones in the matrices of the representation: 7 + 14 + 22 + 10 + 21 + 11 = 85.
33.5 Representation of P (6n+ 3, 4) for n > 3 
Dimension vector: dimP (6n+ 3, 4) = (2n+ 1, 4n+ 2, 6n+ 4, 4n+ 3, 2n+ 1, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. MP (6n+3,4)1→2 = M
P (6n+3,2)
5→4 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ∈M4n+2,2n+1(k)
2. MP (6n+3,4)2→3 = M
P (6n+3,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+4,4n+2(k)
3. MP (6n+3,4)4→3 = M
P (6n+3,2)
2→3 =

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0
 ∈M6n+4,4n+3(k)
4. MP (6n+3,4)5→4 = M
P (6n+3,2)
1→2 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ∈M4n+3,2n+1(k)
5. MP (6n+3,4)6→3 = M
P (6n+3,2)
6→3 =

4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+2(k)
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6. MP (6n+3,4)7→6 = M
P (6n+3,2)
7→6 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

∈M4n+2,2n+1(k)
The length of P (6n+ 3, 4) is: (2n+ 1) + (4n+ 2) + (6n+ 4) + (4n+ 3) + (2n+ 1) + (4n+ 2) + (2n+ 1) = 24n+ 14. P
The total number of ones in the matrices of the representation: (2n+ 1) + (4n+ 2) + (6n+ 4) + (3n+ 1) + (6n+ 3) + (3n+ 2) = 24n+ 13.
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34 Representation of P (6n+ 4, 4) 
34.1 Representation of P (4, 4) 
Dimension vector: dimP (4, 4) = (1, 3, 5, 3, 2, 3, 1)
Matrices of the representation:
1. MP (4,4)1→2 = M
P (4,2)
5→4 =
01
0
 ∈M3,1(k)
2. MP (4,4)2→3 = M
P (4,2)
4→3 =

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ∈M5,3(k)
3. MP (4,4)4→3 = M
P (4,2)
2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
4. MP (4,4)5→4 = M
P (4,2)
1→2 =
0 01 0
0 1
 ∈M3,2(k)
5. MP (4,4)6→3 = M
P (4,2)
6→3 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
6. MP (4,4)7→6 = M
P (4,2)
7→6 =
10
1
 ∈M3,1(k)
The length of P (4, 4) is: 1 + 3 + 5 + 3 + 2 + 3 + 1 = 18. P
The total number of ones in the matrices of the representation: 1 + 5 + 3 + 2 + 4 + 2 = 17.
34.2 Representation of P (10, 4) 
Dimension vector: dimP (10, 4) = (3, 7, 11, 7, 4, 7, 3)
Matrices of the representation:
1. MP (10,4)1→2 = M
P (10,2)
5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0
0 1 0

∈M7,3(k)
2. MP (10,4)2→3 = M
P (10,2)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. MP (10,4)4→3 = M
P (10,2)
2→3 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
138
4. MP (10,4)5→4 = M
P (10,2)
1→2 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M7,4(k)
5. MP (10,4)6→3 = M
P (10,2)
6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (10,4)7→6 = M
P (10,2)
7→6 =

1 0 0
1 0 1
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of P (10, 4) is: 3 + 7 + 11 + 7 + 4 + 7 + 3 = 42. P
The total number of ones in the matrices of the representation: 4 + 11 + 7 + 4 + 10 + 5 = 41.
34.3 Representation of P (16, 4) 
Dimension vector: dimP (16, 4) = (5, 11, 17, 11, 6, 11, 5)
Matrices of the representation:
1. MP (16,4)1→2 = M
P (16,2)
5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

∈M11,5(k)
2. MP (16,4)2→3 = M
P (16,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
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3. MP (16,4)4→3 = M
P (16,2)
2→3 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M17,11(k)
4. MP (16,4)5→4 = M
P (16,2)
1→2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k)
5. MP (16,4)6→3 = M
P (16,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
6. MP (16,4)7→6 = M
P (16,2)
7→6 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 1
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
The length of P (16, 4) is: 5 + 11 + 17 + 11 + 6 + 11 + 5 = 66. P
The total number of ones in the matrices of the representation: 7 + 17 + 11 + 6 + 16 + 8 = 65.
34.4 Representation of P (22, 4) 
Dimension vector: dimP (22, 4) = (7, 15, 23, 15, 8, 15, 7)
Matrices of the representation:
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1. MP (22,4)1→2 = M
P (22,2)
5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0

∈M15,7(k)
2. MP (22,4)2→3 = M
P (22,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
3. MP (22,4)4→3 = M
P (22,2)
2→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k)
141
4. MP (22,4)5→4 = M
P (22,2)
1→2 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k)
5. MP (22,4)6→3 = M
P (22,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
6. MP (22,4)7→6 = M
P (22,2)
7→6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
The length of P (22, 4) is: 7 + 15 + 23 + 15 + 8 + 15 + 7 = 90. P
The total number of ones in the matrices of the representation: 10 + 23 + 15 + 8 + 22 + 11 = 89.
34.5 Representation of P (6n+ 4, 4) for n > 3 
Dimension vector: dimP (6n+ 4, 4) = (2n+ 1, 4n+ 3, 6n+ 5, 4n+ 3, 2n+ 2, 4n+ 3, 2n+ 1)
Matrices of the representation:
1. MP (6n+4,4)1→2 = M
P (6n+4,2)
5→4 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

∈M4n+3,2n+1(k)
2. MP (6n+4,4)2→3 = M
P (6n+4,2)
4→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]
∈M6n+5,4n+3(k)
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3. MP (6n+4,4)4→3 = M
P (6n+4,2)
2→3 =

4n+3
n 0
4n+3 1
n+2 0
 ∈M6n+5,4n+3(k)
4. MP (6n+4,4)5→4 = M
P (6n+4,2)
1→2 =

2n+2
n+1 0
2n+2 1
n 0
 ∈M4n+3,2n+2(k)
5. MP (6n+4,4)6→3 = M
P (6n+4,2)
6→3 =

2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0
 ∈M6n+5,4n+3(k)
6. MP (6n+4,4)7→6 = M
P (6n+4,2)
7→6 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

∈M4n+3,2n+1(k)
The length of P (6n+ 4, 4) is: (2n+ 1) + (4n+ 3) + (6n+ 5) + (4n+ 3) + (2n+ 2) + (4n+ 3) + (2n+ 1) = 24n+ 18. P
The total number of ones in the matrices of the representation: (3n+ 1) + (6n+ 5) + (4n+ 3) + (2n+ 2) + (6n+ 4) + (3n+ 2) = 24n+ 17.
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35 Representation of P (6n+ 5, 4) 
35.1 Representation of P (5, 4) 
Dimension vector: dimP (5, 4) = (2, 4, 6, 3, 1, 4, 2)
Matrices of the representation:
1. MP (5,4)1→2 = M
P (5,2)
5→4 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
2. MP (5,4)2→3 = M
P (5,2)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
3. MP (5,4)4→3 = M
P (5,2)
2→3 =

1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
4. MP (5,4)5→4 = M
P (5,2)
1→2 =
10
1
 ∈M3,1(k)
5. MP (5,4)6→3 = M
P (5,2)
6→3 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k)
6. MP (5,4)7→6 = M
P (5,2)
7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k)
The length of P (5, 4) is: 2 + 4 + 6 + 3 + 1 + 4 + 2 = 22. P
The total number of ones in the matrices of the representation: 3 + 6 + 3 + 2 + 5 + 2 = 21.
35.2 Representation of P (11, 4) 
Dimension vector: dimP (11, 4) = (4, 8, 12, 7, 3, 8, 4)
Matrices of the representation:
1. MP (11,4)1→2 = M
P (11,2)
5→4 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k)
2. MP (11,4)2→3 = M
P (11,2)
4→3 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
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3. MP (11,4)4→3 = M
P (11,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k)
4. MP (11,4)5→4 = M
P (11,2)
1→2 =

1 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
5. MP (11,4)6→3 = M
P (11,2)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
6. MP (11,4)7→6 = M
P (11,2)
7→6 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
The length of P (11, 4) is: 4 + 8 + 12 + 7 + 3 + 8 + 4 = 46. P
The total number of ones in the matrices of the representation: 6 + 12 + 7 + 4 + 11 + 5 = 45.
35.3 Representation of P (17, 4) 
Dimension vector: dimP (17, 4) = (6, 12, 18, 11, 5, 12, 6)
Matrices of the representation:
1. MP (17,4)1→2 = M
P (17,2)
5→4 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
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2. MP (17,4)2→3 = M
P (17,2)
4→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k)
3. MP (17,4)4→3 = M
P (17,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M18,11(k)
4. MP (17,4)5→4 = M
P (17,2)
1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
5. MP (17,4)6→3 = M
P (17,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k)
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6. MP (17,4)7→6 = M
P (17,2)
7→6 =

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
The length of P (17, 4) is: 6 + 12 + 18 + 11 + 5 + 12 + 6 = 70. P
The total number of ones in the matrices of the representation: 9 + 18 + 11 + 6 + 17 + 8 = 69.
35.4 Representation of P (23, 4) 
Dimension vector: dimP (23, 4) = (8, 16, 24, 15, 7, 16, 8)
Matrices of the representation:
1. MP (23,4)1→2 = M
P (23,2)
5→4 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
2. MP (23,4)2→3 = M
P (23,2)
4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,16(k)
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3. MP (23,4)4→3 = M
P (23,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,15(k)
4. MP (23,4)5→4 = M
P (23,2)
1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
5. MP (23,4)6→3 = M
P (23,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M24,16(k)
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6. MP (23,4)7→6 = M
P (23,2)
7→6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
The length of P (23, 4) is: 8 + 16 + 24 + 15 + 7 + 16 + 8 = 94. P
The total number of ones in the matrices of the representation: 12 + 24 + 15 + 8 + 23 + 11 = 93.
35.5 Representation of P (6n+ 5, 4) for n > 3 
Dimension vector: dimP (6n+ 5, 4) = (2n+ 2, 4n+ 4, 6n+ 6, 4n+ 3, 2n+ 1, 4n+ 4, 2n+ 2)
Matrices of the representation:
1. MP (6n+5,4)1→2 = M
P (6n+5,2)
5→4 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ∈M4n+4,2n+2(k)
2. MP (6n+5,4)2→3 = M
P (6n+5,2)
4→3 =

4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]
∈M6n+6,4n+4(k)
3. MP (6n+5,4)4→3 = M
P (6n+5,2)
2→3 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 ∈M6n+6,4n+3(k)
4. MP (6n+5,4)5→4 = M
P (6n+5,2)
1→2 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+3,2n+1(k)
5. MP (6n+5,4)6→3 = M
P (6n+5,2)
6→3 =

2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0
 ∈M6n+6,4n+4(k)
6. MP (6n+5,4)7→6 = M
P (6n+5,2)
7→6 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ∈M4n+4,2n+2(k)
The length of P (6n+ 5, 4) is: (2n+ 2) + (4n+ 4) + (6n+ 6) + (4n+ 3) + (2n+ 1) + (4n+ 4) + (2n+ 2) = 24n+ 22. P
The total number of ones in the matrices of the representation: (3n+ 3) + (6n+ 6) + (4n+ 3) + (2n+ 2) + (6n+ 5) + (3n+ 2) = 24n+ 21.
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36 Representation of P (6n, 6) 
36.1 Representation of P (0, 6) 
Dimension vector: dimP (0, 6) = (0, 0, 1, 0, 0, 1, 0)
Matrices of the representation:
1. MP (0,6)1→2 = M
P (0,2)
7→6 =
[ 0
0 0
]
∈M0,0(k)
2. MP (0,6)2→3 = M
P (0,2)
6→3 =
[ 0
1 0
]
∈M1,0(k)
3. MP (0,6)4→3 = M
P (0,2)
4→3 =
[ 0
1 0
]
∈M1,0(k)
4. MP (0,6)5→4 = M
P (0,2)
5→4 =
[ 0
0 0
]
∈M0,0(k)
5. MP (0,6)6→3 = M
P (0,2)
2→3 =
[
1
]
∈M1,1(k)
6. MP (0,6)7→6 = M
P (0,2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
The length of P (0, 6) is: 0 + 0 + 1 + 0 + 0 + 1 + 0 = 2. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 1 + 0 = 1.
36.2 Representation of P (6, 6) 
Dimension vector: dimP (6, 6) = (2, 4, 7, 4, 2, 5, 2)
Matrices of the representation:
1. MP (6,6)1→2 = M
P (6,2)
7→6 =

0 1
1 0
0 0
0 1
 ∈M4,2(k)
2. MP (6,6)2→3 = M
P (6,2)
6→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
3. MP (6,6)4→3 = M
P (6,2)
4→3 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M7,4(k)
4. MP (6,6)5→4 = M
P (6,2)
5→4 =

1 0
0 0
0 1
0 1
 ∈M4,2(k)
5. MP (6,6)6→3 = M
P (6,2)
2→3 =

1 0 0 0 0
1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k)
6. MP (6,6)7→6 = M
P (6,2)
1→2 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k)
The length of P (6, 6) is: 2 + 4 + 7 + 4 + 2 + 5 + 2 = 26. P
The total number of ones in the matrices of the representation: 3 + 4 + 6 + 3 + 7 + 2 = 25.
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36.3 Representation of P (12, 6) 
Dimension vector: dimP (12, 6) = (4, 8, 13, 8, 4, 9, 4)
Matrices of the representation:
1. MP (12,6)1→2 = M
P (12,2)
7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. MP (12,6)2→3 = M
P (12,2)
6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
3. MP (12,6)4→3 = M
P (12,2)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
4. MP (12,6)5→4 = M
P (12,2)
5→4 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k)
5. MP (12,6)6→3 = M
P (12,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
6. MP (12,6)7→6 = M
P (12,2)
1→2 =

1 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k)
The length of P (12, 6) is: 4 + 8 + 13 + 8 + 4 + 9 + 4 = 50. P
The total number of ones in the matrices of the representation: 5 + 8 + 12 + 6 + 13 + 5 = 49.
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36.4 Representation of P (18, 6) 
Dimension vector: dimP (18, 6) = (6, 12, 19, 12, 6, 13, 6)
Matrices of the representation:
1. MP (18,6)1→2 = M
P (18,2)
7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
2. MP (18,6)2→3 = M
P (18,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
3. MP (18,6)4→3 = M
P (18,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
4. MP (18,6)5→4 = M
P (18,2)
5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
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5. MP (18,6)6→3 = M
P (18,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k)
6. MP (18,6)7→6 = M
P (18,2)
1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
The length of P (18, 6) is: 6 + 12 + 19 + 12 + 6 + 13 + 6 = 74. P
The total number of ones in the matrices of the representation: 7 + 12 + 18 + 9 + 19 + 8 = 73.
36.5 Representation of P (6n, 6) for n > 3 
Dimension vector: dimP (6n, 6) = (2n, 4n, 6n+ 1, 4n, 2n, 4n+ 1, 2n)
Matrices of the representation:
1. MP (6n,6)1→2 = M
P (6n,2)
7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n,2n(k)
2. MP (6n,6)2→3 = M
P (6n,2)
6→3 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 ∈M6n+1,4n(k)
3. MP (6n,6)4→3 = M
P (6n,2)
4→3 =

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n(k)
4. MP (6n,6)5→4 = M
P (6n,2)
5→4 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n,2n(k)
5. MP (6n,6)6→3 = M
P (6n,2)
2→3 =

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0
 ∈M6n+1,4n+1(k)
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6. MP (6n,6)7→6 = M
P (6n,2)
1→2 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 ∈M4n+1,2n(k)
The length of P (6n, 6) is: 2n+ 4n+ (6n+ 1) + 4n+ 2n+ (4n+ 1) + 2n = 24n+ 2. P
The total number of ones in the matrices of the representation: (2n+ 1) + 4n+ 6n+ 3n+ (6n+ 1) + (3n− 1) = 24n+ 1.
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37 Representation of P (6n+ 1, 6) 
37.1 Representation of P (1, 6) 
Dimension vector: dimP (1, 6) = (0, 1, 2, 1, 0, 1, 1)
Matrices of the representation:
1. MP (1,6)1→2 = M
P (1,2)
7→6 =
[ 0
1 0
]
∈M1,0(k)
2. MP (1,6)2→3 = M
P (1,2)
6→3 =
[
1
1
]
∈M2,1(k)
3. MP (1,6)4→3 = M
P (1,2)
4→3 =
[
0
1
]
∈M2,1(k)
4. MP (1,6)5→4 = M
P (1,2)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MP (1,6)6→3 = M
P (1,2)
2→3 =
[
1
0
]
∈M2,1(k)
6. MP (1,6)7→6 = M
P (1,2)
1→2 =
[
1
]
∈M1,1(k)
The length of P (1, 6) is: 0 + 1 + 2 + 1 + 0 + 1 + 1 = 6. P
The total number of ones in the matrices of the representation: 0 + 2 + 1 + 0 + 1 + 1 = 5.
37.2 Representation of P (7, 6) 
Dimension vector: dimP (7, 6) = (2, 5, 8, 5, 2, 5, 3)
Matrices of the representation:
1. MP (7,6)1→2 = M
P (7,2)
7→6 =

0 1
1 0
0 0
0 0
0 1
 ∈M5,2(k)
2. MP (7,6)2→3 = M
P (7,2)
6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
3. MP (7,6)4→3 = M
P (7,2)
4→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M8,5(k)
4. MP (7,6)5→4 = M
P (7,2)
5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
5. MP (7,6)6→3 = M
P (7,2)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. MP (7,6)7→6 = M
P (7,2)
1→2 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 1
 ∈M5,3(k)
The length of P (7, 6) is: 2 + 5 + 8 + 5 + 2 + 5 + 3 = 30. P
The total number of ones in the matrices of the representation: 3 + 5 + 7 + 3 + 7 + 4 = 29.
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37.3 Representation of P (13, 6) 
Dimension vector: dimP (13, 6) = (4, 9, 14, 9, 4, 9, 5)
Matrices of the representation:
1. MP (13,6)1→2 = M
P (13,2)
7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M9,4(k)
2. MP (13,6)2→3 = M
P (13,2)
6→3 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
3. MP (13,6)4→3 = M
P (13,2)
4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k)
4. MP (13,6)5→4 = M
P (13,2)
5→4 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k)
5. MP (13,6)6→3 = M
P (13,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
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6. MP (13,6)7→6 = M
P (13,2)
1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
The length of P (13, 6) is: 4 + 9 + 14 + 9 + 4 + 9 + 5 = 54. P
The total number of ones in the matrices of the representation: 5 + 9 + 13 + 6 + 13 + 7 = 53.
37.4 Representation of P (19, 6) 
Dimension vector: dimP (19, 6) = (6, 13, 20, 13, 6, 13, 7)
Matrices of the representation:
1. MP (19,6)1→2 = M
P (19,2)
7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k)
2. MP (19,6)2→3 = M
P (19,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
3. MP (19,6)4→3 = M
P (19,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k)
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4. MP (19,6)5→4 = M
P (19,2)
5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
5. MP (19,6)6→3 = M
P (19,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
6. MP (19,6)7→6 = M
P (19,2)
1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
The length of P (19, 6) is: 6 + 13 + 20 + 13 + 6 + 13 + 7 = 78. P
The total number of ones in the matrices of the representation: 7 + 13 + 19 + 9 + 19 + 10 = 77.
37.5 Representation of P (6n+ 1, 6) for n > 3 
Dimension vector: dimP (6n+ 1, 6) = (2n, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n+ 1)
Matrices of the representation:
1. MP (6n+1,6)1→2 = M
P (6n+1,2)
7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n+1,2n(k)
2. MP (6n+1,6)2→3 = M
P (6n+1,2)
6→3 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ∈M6n+2,4n+1(k)
3. MP (6n+1,6)4→3 = M
P (6n+1,2)
4→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0
 ∈M6n+2,4n+1(k)
158
4. MP (6n+1,6)5→4 = M
P (6n+1,2)
5→4 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ∈M4n+1,2n(k)
5. MP (6n+1,6)6→3 = M
P (6n+1,2)
2→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]
∈M6n+2,4n+1(k)
6. MP (6n+1,6)7→6 = M
P (6n+1,2)
1→2 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n+1,2n+1(k)
The length of P (6n+ 1, 6) is: 2n+ (4n+ 1) + (6n+ 2) + (4n+ 1) + 2n+ (4n+ 1) + (2n+ 1) = 24n+ 6. P
The total number of ones in the matrices of the representation: (2n+ 1) + (4n+ 1) + (6n+ 1) + 3n+ (6n+ 1) + (3n+ 1) = 24n+ 5.
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38 Representation of P (6n+ 2, 6) 
38.1 Representation of P (2, 6) 
Dimension vector: dimP (2, 6) = (1, 2, 3, 2, 1, 1, 0)
Matrices of the representation:
1. MP (2,6)1→2 = M
P (2,2)
7→6 =
[
1
1
]
∈M2,1(k)
2. MP (2,6)2→3 = M
P (2,2)
6→3 =
1 00 0
0 1
 ∈M3,2(k)
3. MP (2,6)4→3 = M
P (2,2)
4→3 =
1 00 1
0 0
 ∈M3,2(k)
4. MP (2,6)5→4 = M
P (2,2)
5→4 =
[
0
1
]
∈M2,1(k)
5. MP (2,6)6→3 = M
P (2,2)
2→3 =
01
1
 ∈M3,1(k)
6. MP (2,6)7→6 = M
P (2,2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
The length of P (2, 6) is: 1 + 2 + 3 + 2 + 1 + 1 + 0 = 10. P
The total number of ones in the matrices of the representation: 2 + 2 + 2 + 1 + 2 + 0 = 9.
38.2 Representation of P (8, 6) 
Dimension vector: dimP (8, 6) = (3, 6, 9, 6, 3, 5, 2)
Matrices of the representation:
1. MP (8,6)1→2 = M
P (8,2)
7→6 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
2. MP (8,6)2→3 = M
P (8,2)
6→3 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. MP (8,6)4→3 = M
P (8,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
4. MP (8,6)5→4 = M
P (8,2)
5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
5. MP (8,6)6→3 = M
P (8,2)
2→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
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6. MP (8,6)7→6 = M
P (8,2)
1→2 =

1 0
1 0
0 1
0 1
0 0
 ∈M5,2(k)
The length of P (8, 6) is: 3 + 6 + 9 + 6 + 3 + 5 + 2 = 34. P
The total number of ones in the matrices of the representation: 4 + 6 + 6 + 3 + 10 + 4 = 33.
38.3 Representation of P (14, 6) 
Dimension vector: dimP (14, 6) = (5, 10, 15, 10, 5, 9, 4)
Matrices of the representation:
1. MP (14,6)1→2 = M
P (14,2)
7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
2. MP (14,6)2→3 = M
P (14,2)
6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k)
3. MP (14,6)4→3 = M
P (14,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k)
4. MP (14,6)5→4 = M
P (14,2)
5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
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5. MP (14,6)6→3 = M
P (14,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M15,9(k)
6. MP (14,6)7→6 = M
P (14,2)
1→2 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
0 0 0 0

∈M9,4(k)
The length of P (14, 6) is: 5 + 10 + 15 + 10 + 5 + 9 + 4 = 58. P
The total number of ones in the matrices of the representation: 6 + 10 + 10 + 5 + 18 + 8 = 57.
38.4 Representation of P (20, 6) 
Dimension vector: dimP (20, 6) = (7, 14, 21, 14, 7, 13, 6)
Matrices of the representation:
1. MP (20,6)1→2 = M
P (20,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
2. MP (20,6)2→3 = M
P (20,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k)
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3. MP (20,6)4→3 = M
P (20,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k)
4. MP (20,6)5→4 = M
P (20,2)
5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
5. MP (20,6)6→3 = M
P (20,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,13(k)
6. MP (20,6)7→6 = M
P (20,2)
1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M13,6(k)
The length of P (20, 6) is: 7 + 14 + 21 + 14 + 7 + 13 + 6 = 82. P
The total number of ones in the matrices of the representation: 8 + 14 + 14 + 7 + 26 + 12 = 81.
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38.5 Representation of P (6n+ 2, 6) for n > 3 
Dimension vector: dimP (6n+ 2, 6) = (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 1, 2n)
Matrices of the representation:
1. MP (6n+2,6)1→2 = M
P (6n+2,2)
7→6 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

∈M4n+2,2n+1(k)
2. MP (6n+2,6)2→3 = M
P (6n+2,2)
6→3 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+2(k)
3. MP (6n+2,6)4→3 = M
P (6n+2,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+3,4n+2(k)
4. MP (6n+2,6)5→4 = M
P (6n+2,2)
5→4 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ∈M4n+2,2n+1(k)
5. MP (6n+2,6)6→3 = M
P (6n+2,2)
2→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+1(k)
6. MP (6n+2,6)7→6 = M
P (6n+2,2)
1→2 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ∈M4n+1,2n(k)
The length of P (6n+ 2, 6) is: (2n+ 1) + (4n+ 2) + (6n+ 3) + (4n+ 2) + (2n+ 1) + (4n+ 1) + 2n = 24n+ 10. P
The total number of ones in the matrices of the representation: (2n+ 2) + (4n+ 2) + (4n+ 2) + (2n+ 1) + (8n+ 2) + 4n = 24n+ 9.
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39 Representation of P (6n+ 3, 6) 
39.1 Representation of P (3, 6) 
Dimension vector: dimP (3, 6) = (1, 2, 4, 2, 1, 3, 1)
Matrices of the representation:
1. MP (3,6)1→2 = M
P (3,2)
7→6 =
[
1
1
]
∈M2,1(k)
2. MP (3,6)2→3 = M
P (3,2)
6→3 =

0 1
1 0
0 1
0 0
 ∈M4,2(k)
3. MP (3,6)4→3 = M
P (3,2)
4→3 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
4. MP (3,6)5→4 = M
P (3,2)
5→4 =
[
1
1
]
∈M2,1(k)
5. MP (3,6)6→3 = M
P (3,2)
2→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k)
6. MP (3,6)7→6 = M
P (3,2)
1→2 =
10
0
 ∈M3,1(k)
The length of P (3, 6) is: 1 + 2 + 4 + 2 + 1 + 3 + 1 = 14. P
The total number of ones in the matrices of the representation: 2 + 3 + 2 + 2 + 3 + 1 = 13.
39.2 Representation of P (9, 6) 
Dimension vector: dimP (9, 6) = (3, 6, 10, 6, 3, 7, 3)
Matrices of the representation:
1. MP (9,6)1→2 = M
P (9,2)
7→6 =

0 0 1
1 0 0
0 1 0
0 0 1
0 0 1
0 0 0

∈M6,3(k)
2. MP (9,6)2→3 = M
P (9,2)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 1 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
3. MP (9,6)4→3 = M
P (9,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k)
4. MP (9,6)5→4 = M
P (9,2)
5→4 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 0
0 0 0

∈M6,3(k)
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5. MP (9,6)6→3 = M
P (9,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. MP (9,6)7→6 = M
P (9,2)
1→2 =

1 0 0
1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of P (9, 6) is: 3 + 6 + 10 + 6 + 3 + 7 + 3 = 38. P
The total number of ones in the matrices of the representation: 5 + 9 + 6 + 3 + 10 + 4 = 37.
39.3 Representation of P (15, 6) 
Dimension vector: dimP (15, 6) = (5, 10, 16, 10, 5, 11, 5)
Matrices of the representation:
1. MP (15,6)1→2 = M
P (15,2)
7→6 =

0 0 0 0 0
0 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k)
2. MP (15,6)2→3 = M
P (15,2)
6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k)
3. MP (15,6)4→3 = M
P (15,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k)
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4. MP (15,6)5→4 = M
P (15,2)
5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
5. MP (15,6)6→3 = M
P (15,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
6. MP (15,6)7→6 = M
P (15,2)
1→2 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
The length of P (15, 6) is: 5 + 10 + 16 + 10 + 5 + 11 + 5 = 62. P
The total number of ones in the matrices of the representation: 8 + 15 + 10 + 5 + 16 + 7 = 61.
39.4 Representation of P (21, 6) 
Dimension vector: dimP (21, 6) = (7, 14, 22, 14, 7, 15, 7)
Matrices of the representation:
1. MP (21,6)1→2 = M
P (21,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M14,7(k)
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2. MP (21,6)2→3 = M
P (21,2)
6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k)
3. MP (21,6)4→3 = M
P (21,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k)
4. MP (21,6)5→4 = M
P (21,2)
5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
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5. MP (21,6)6→3 = M
P (21,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
6. MP (21,6)7→6 = M
P (21,2)
1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
The length of P (21, 6) is: 7 + 14 + 22 + 14 + 7 + 15 + 7 = 86. P
The total number of ones in the matrices of the representation: 11 + 21 + 14 + 7 + 22 + 10 = 85.
39.5 Representation of P (6n+ 3, 6) for n > 3 
Dimension vector: dimP (6n+ 3, 6) = (2n+ 1, 4n+ 2, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 3, 2n+ 1)
Matrices of the representation:
1. MP (6n+3,6)1→2 = M
P (6n+3,2)
7→6 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

∈M4n+2,2n+1(k)
2. MP (6n+3,6)2→3 = M
P (6n+3,2)
6→3 =

4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+2(k)
3. MP (6n+3,6)4→3 = M
P (6n+3,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+4,4n+2(k)
4. MP (6n+3,6)5→4 = M
P (6n+3,2)
5→4 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ∈M4n+2,2n+1(k)
5. MP (6n+3,6)6→3 = M
P (6n+3,2)
2→3 =

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0
 ∈M6n+4,4n+3(k)
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6. MP (6n+3,6)7→6 = M
P (6n+3,2)
1→2 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ∈M4n+3,2n+1(k)
The length of P (6n+ 3, 6) is: (2n+ 1) + (4n+ 2) + (6n+ 4) + (4n+ 2) + (2n+ 1) + (4n+ 3) + (2n+ 1) = 24n+ 14. P
The total number of ones in the matrices of the representation: (3n+ 2) + (6n+ 3) + (4n+ 2) + (2n+ 1) + (6n+ 4) + (3n+ 1) = 24n+ 13.
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40 Representation of P (6n+ 4, 6) 
40.1 Representation of P (4, 6) 
Dimension vector: dimP (4, 6) = (1, 3, 5, 3, 1, 3, 2)
Matrices of the representation:
1. MP (4,6)1→2 = M
P (4,2)
7→6 =
10
1
 ∈M3,1(k)
2. MP (4,6)2→3 = M
P (4,2)
6→3 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
3. MP (4,6)4→3 = M
P (4,2)
4→3 =

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ∈M5,3(k)
4. MP (4,6)5→4 = M
P (4,2)
5→4 =
01
0
 ∈M3,1(k)
5. MP (4,6)6→3 = M
P (4,2)
2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
6. MP (4,6)7→6 = M
P (4,2)
1→2 =
0 01 0
0 1
 ∈M3,2(k)
The length of P (4, 6) is: 1 + 3 + 5 + 3 + 1 + 3 + 2 = 18. P
The total number of ones in the matrices of the representation: 2 + 4 + 5 + 1 + 3 + 2 = 17.
40.2 Representation of P (10, 6) 
Dimension vector: dimP (10, 6) = (3, 7, 11, 7, 3, 7, 4)
Matrices of the representation:
1. MP (10,6)1→2 = M
P (10,2)
7→6 =

1 0 0
1 0 1
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
2. MP (10,6)2→3 = M
P (10,2)
6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. MP (10,6)4→3 = M
P (10,2)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
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4. MP (10,6)5→4 = M
P (10,2)
5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0
0 1 0

∈M7,3(k)
5. MP (10,6)6→3 = M
P (10,2)
2→3 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k)
6. MP (10,6)7→6 = M
P (10,2)
1→2 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M7,4(k)
The length of P (10, 6) is: 3 + 7 + 11 + 7 + 3 + 7 + 4 = 42. P
The total number of ones in the matrices of the representation: 5 + 10 + 11 + 4 + 7 + 4 = 41.
40.3 Representation of P (16, 6) 
Dimension vector: dimP (16, 6) = (5, 11, 17, 11, 5, 11, 6)
Matrices of the representation:
1. MP (16,6)1→2 = M
P (16,2)
7→6 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 1
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
2. MP (16,6)2→3 = M
P (16,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
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3. MP (16,6)4→3 = M
P (16,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
4. MP (16,6)5→4 = M
P (16,2)
5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

∈M11,5(k)
5. MP (16,6)6→3 = M
P (16,2)
2→3 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M17,11(k)
6. MP (16,6)7→6 = M
P (16,2)
1→2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k)
The length of P (16, 6) is: 5 + 11 + 17 + 11 + 5 + 11 + 6 = 66. P
The total number of ones in the matrices of the representation: 8 + 16 + 17 + 7 + 11 + 6 = 65.
40.4 Representation of P (22, 6) 
Dimension vector: dimP (22, 6) = (7, 15, 23, 15, 7, 15, 8)
Matrices of the representation:
173
1. MP (22,6)1→2 = M
P (22,2)
7→6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
2. MP (22,6)2→3 = M
P (22,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
3. MP (22,6)4→3 = M
P (22,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
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4. MP (22,6)5→4 = M
P (22,2)
5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0

∈M15,7(k)
5. MP (22,6)6→3 = M
P (22,2)
2→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k)
6. MP (22,6)7→6 = M
P (22,2)
1→2 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k)
The length of P (22, 6) is: 7 + 15 + 23 + 15 + 7 + 15 + 8 = 90. P
The total number of ones in the matrices of the representation: 11 + 22 + 23 + 10 + 15 + 8 = 89.
40.5 Representation of P (6n+ 4, 6) for n > 3 
Dimension vector: dimP (6n+ 4, 6) = (2n+ 1, 4n+ 3, 6n+ 5, 4n+ 3, 2n+ 1, 4n+ 3, 2n+ 2)
Matrices of the representation:
1. MP (6n+4,6)1→2 = M
P (6n+4,2)
7→6 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

∈M4n+3,2n+1(k)
2. MP (6n+4,6)2→3 = M
P (6n+4,2)
6→3 =

2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0
 ∈M6n+5,4n+3(k)
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3. MP (6n+4,6)4→3 = M
P (6n+4,2)
4→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]
∈M6n+5,4n+3(k)
4. MP (6n+4,6)5→4 = M
P (6n+4,2)
5→4 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

∈M4n+3,2n+1(k)
5. MP (6n+4,6)6→3 = M
P (6n+4,2)
2→3 =

4n+3
n 0
4n+3 1
n+2 0
 ∈M6n+5,4n+3(k)
6. MP (6n+4,6)7→6 = M
P (6n+4,2)
1→2 =

2n+2
n+1 0
2n+2 1
n 0
 ∈M4n+3,2n+2(k)
The length of P (6n+ 4, 6) is: (2n+ 1) + (4n+ 3) + (6n+ 5) + (4n+ 3) + (2n+ 1) + (4n+ 3) + (2n+ 2) = 24n+ 18. P
The total number of ones in the matrices of the representation: (3n+ 2) + (6n+ 4) + (6n+ 5) + (3n+ 1) + (4n+ 3) + (2n+ 2) = 24n+ 17.
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41 Representation of P (6n+ 5, 6) 
41.1 Representation of P (5, 6) 
Dimension vector: dimP (5, 6) = (2, 4, 6, 4, 2, 3, 1)
Matrices of the representation:
1. MP (5,6)1→2 = M
P (5,2)
7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k)
2. MP (5,6)2→3 = M
P (5,2)
6→3 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k)
3. MP (5,6)4→3 = M
P (5,2)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
4. MP (5,6)5→4 = M
P (5,2)
5→4 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
5. MP (5,6)6→3 = M
P (5,2)
2→3 =

1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
6. MP (5,6)7→6 = M
P (5,2)
1→2 =
10
1
 ∈M3,1(k)
The length of P (5, 6) is: 2 + 4 + 6 + 4 + 2 + 3 + 1 = 22. P
The total number of ones in the matrices of the representation: 2 + 5 + 6 + 3 + 3 + 2 = 21.
41.2 Representation of P (11, 6) 
Dimension vector: dimP (11, 6) = (4, 8, 12, 8, 4, 7, 3)
Matrices of the representation:
1. MP (11,6)1→2 = M
P (11,2)
7→6 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
2. MP (11,6)2→3 = M
P (11,2)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
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3. MP (11,6)4→3 = M
P (11,2)
4→3 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
4. MP (11,6)5→4 = M
P (11,2)
5→4 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k)
5. MP (11,6)6→3 = M
P (11,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k)
6. MP (11,6)7→6 = M
P (11,2)
1→2 =

1 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of P (11, 6) is: 4 + 8 + 12 + 8 + 4 + 7 + 3 = 46. P
The total number of ones in the matrices of the representation: 5 + 11 + 12 + 6 + 7 + 4 = 45.
41.3 Representation of P (17, 6) 
Dimension vector: dimP (17, 6) = (6, 12, 18, 12, 6, 11, 5)
Matrices of the representation:
1. MP (17,6)1→2 = M
P (17,2)
7→6 =

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
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2. MP (17,6)2→3 = M
P (17,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k)
3. MP (17,6)4→3 = M
P (17,2)
4→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k)
4. MP (17,6)5→4 = M
P (17,2)
5→4 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
5. MP (17,6)6→3 = M
P (17,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M18,11(k)
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6. MP (17,6)7→6 = M
P (17,2)
1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
The length of P (17, 6) is: 6 + 12 + 18 + 12 + 6 + 11 + 5 = 70. P
The total number of ones in the matrices of the representation: 8 + 17 + 18 + 9 + 11 + 6 = 69.
41.4 Representation of P (23, 6) 
Dimension vector: dimP (23, 6) = (8, 16, 24, 16, 8, 15, 7)
Matrices of the representation:
1. MP (23,6)1→2 = M
P (23,2)
7→6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
2. MP (23,6)2→3 = M
P (23,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M24,16(k)
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3. MP (23,6)4→3 = M
P (23,2)
4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,16(k)
4. MP (23,6)5→4 = M
P (23,2)
5→4 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
5. MP (23,6)6→3 = M
P (23,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,15(k)
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6. MP (23,6)7→6 = M
P (23,2)
1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
The length of P (23, 6) is: 8 + 16 + 24 + 16 + 8 + 15 + 7 = 94. P
The total number of ones in the matrices of the representation: 11 + 23 + 24 + 12 + 15 + 8 = 93.
41.5 Representation of P (6n+ 5, 6) for n > 3 
Dimension vector: dimP (6n+ 5, 6) = (2n+ 2, 4n+ 4, 6n+ 6, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 1)
Matrices of the representation:
1. MP (6n+5,6)1→2 = M
P (6n+5,2)
7→6 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ∈M4n+4,2n+2(k)
2. MP (6n+5,6)2→3 = M
P (6n+5,2)
6→3 =

2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0
 ∈M6n+6,4n+4(k)
3. MP (6n+5,6)4→3 = M
P (6n+5,2)
4→3 =

4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]
∈M6n+6,4n+4(k)
4. MP (6n+5,6)5→4 = M
P (6n+5,2)
5→4 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ∈M4n+4,2n+2(k)
5. MP (6n+5,6)6→3 = M
P (6n+5,2)
2→3 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 ∈M6n+6,4n+3(k)
6. MP (6n+5,6)7→6 = M
P (6n+5,2)
1→2 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+3,2n+1(k)
The length of P (6n+ 5, 6) is: (2n+ 2) + (4n+ 4) + (6n+ 6) + (4n+ 4) + (2n+ 2) + (4n+ 3) + (2n+ 1) = 24n+ 22. P
The total number of ones in the matrices of the representation: (3n+ 2) + (6n+ 5) + (6n+ 6) + (3n+ 3) + (4n+ 3) + (2n+ 2) = 24n+ 21.
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42 Representation of P (6n, 3) 
42.1 Representation of P (0, 3) 
Dimension vector: dimP (0, 3) = (0, 0, 1, 0, 0, 0, 0)
Matrices of the representation:
1. MP (0,3)1→2 =
[ 0
0 0
]
∈M0,0(k)
2. MP (0,3)2→3 =
[ 0
1 0
]
∈M1,0(k)
3. MP (0,3)4→3 =
[ 0
1 0
]
∈M1,0(k)
4. MP (0,3)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. MP (0,3)6→3 =
[ 0
1 0
]
∈M1,0(k)
6. MP (0,3)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of P (0, 3) is: 0 + 0 + 1 + 0 + 0 + 0 + 0 = 1. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 0 = 0.
42.2 Representation of P (6, 3) 
Dimension vector: dimP (6, 3) = (3, 6, 10, 6, 3, 6, 3)
Matrices of the representation:
1. MP (6,3)1→2 =

1 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
2. MP (6,3)2→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M10,6(k)
3. MP (6,3)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
4. MP (6,3)5→4 =

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

∈M6,3(k)
5. MP (6,3)6→3 =

1 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
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6. MP (6,3)7→6 =

0 0 1
1 0 0
0 1 0
0 0 0
0 0 0
0 0 1

∈M6,3(k)
The length of P (6, 3) is: 3 + 6 + 10 + 6 + 3 + 6 + 3 = 37. P
The total number of ones in the matrices of the representation: 4 + 6 + 10 + 5 + 7 + 4 = 36.
42.3 Representation of P (12, 3) 
Dimension vector: dimP (12, 3) = (6, 12, 19, 12, 6, 12, 6)
Matrices of the representation:
1. MP (12,3)1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
2. MP (12,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M19,12(k)
3. MP (12,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
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4. MP (12,3)5→4 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
5. MP (12,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k)
6. MP (12,3)7→6 =

1 0 0 0 0 0
1 0 0 0 0 1
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
The length of P (12, 3) is: 6 + 12 + 19 + 12 + 6 + 12 + 6 = 73. P
The total number of ones in the matrices of the representation: 7 + 12 + 20 + 10 + 15 + 8 = 72.
42.4 Representation of P (18, 3) 
Dimension vector: dimP (18, 3) = (9, 18, 28, 18, 9, 18, 9)
Matrices of the representation:
1. MP (18,3)1→2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M18,9(k)
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2. MP (18,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M28,18(k)
3. MP (18,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,18(k)
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4. MP (18,3)5→4 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k)
5. MP (18,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,18(k)
6. MP (18,3)7→6 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k)
The length of P (18, 3) is: 9 + 18 + 28 + 18 + 9 + 18 + 9 = 109. P
The total number of ones in the matrices of the representation: 10 + 18 + 30 + 15 + 23 + 12 = 108.
42.5 Representation of P (6n, 3) for n > 3 
Dimension vector: dimP (6n, 3) = (3n, 6n, 9n+ 1, 6n, 3n, 6n, 3n)
Matrices of the representation:
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1. MP (6n,3)1→2 = M
P (6n+5,2)[n 7→n−1]
1→2 ⊕MP (6n,1)1→2 =

n−1 1 2n
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

∈M6n,3n(k)
2. MP (6n,3)2→3 = M
P (6n+5,2)[n 7→n−1]
2→3 ⊕MP (6n,1)2→3 =

2n−1 4n+1
2n−1 1 0
2n+1 0 0
4n+1 0 1
n 0 0
 ∈M9n+1,6n(k)
3. MP (6n,3)4→3 = M
P (6n+5,2)[n 7→n−1]
4→3 ⊕MP (6n,1)4→3 =

4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ∈M9n+1,6n(k)
4. MP (6n,3)5→4 = M
P (6n+5,2)[n 7→n−1]
5→4 ⊕MP (6n,1)5→4 =

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

∈M6n,3n(k)
5. MP (6n,3)6→3 = M
P (6n+5,2)[n 7→n−1]
6→3 ⊕MP (6n,1)6→3 =

2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
+

2n−1 4n+1
n 0 0
2n−1 1 0
6n+2 0 0
 ∈M9n+1,6n(k)
6. MP (6n,3)7→6 =
(
M
P (6n+5,2)[n 7→n−1]
7→6 ⊕MP (6n,1)7→6
)


n−1 1
n−1 0 0
1 0 1
3n 0 0
 =

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

∈M6n,3n(k)
The length of P (6n, 3) is: 3n+ 6n+ (9n+ 1) + 6n+ 3n+ 6n+ 3n = 36n+ 1. P
The total number of ones in the matrices of the representation: (3n+ 1) + 6n+ 10n+ 5n+ (8n− 1) + 4n = 36n.
188
43 Representation of P (6n+ 1, 3) 
43.1 Representation of P (1, 3) 
Dimension vector: dimP (1, 3) = (0, 1, 2, 1, 0, 1, 0)
Matrices of the representation:
1. MP (1,3)1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MP (1,3)2→3 =
[
1
0
]
∈M2,1(k)
3. MP (1,3)4→3 =
[
0
1
]
∈M2,1(k)
4. MP (1,3)5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MP (1,3)6→3 =
[
1
1
]
∈M2,1(k)
6. MP (1,3)7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of P (1, 3) is: 0 + 1 + 2 + 1 + 0 + 1 + 0 = 5. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 0 + 2 + 0 = 4.
43.2 Representation of P (7, 3) 
Dimension vector: dimP (7, 3) = (3, 7, 11, 7, 3, 7, 3)
Matrices of the representation:
1. MP (7,3)1→2 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
0 0 1

∈M7,3(k)
2. MP (7,3)2→3 =

1 0 0 0 0 0 0
1 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. MP (7,3)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M11,7(k)
4. MP (7,3)5→4 =

1 0 0
0 0 0
0 1 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M7,3(k)
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5. MP (7,3)6→3 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. MP (7,3)7→6 =

0 1 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 0
0 0 1

∈M7,3(k)
The length of P (7, 3) is: 3 + 7 + 11 + 7 + 3 + 7 + 3 = 41. P
The total number of ones in the matrices of the representation: 4 + 11 + 9 + 4 + 7 + 5 = 40.
43.3 Representation of P (13, 3) 
Dimension vector: dimP (13, 3) = (6, 13, 20, 13, 6, 13, 6)
Matrices of the representation:
1. MP (13,3)1→2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k)
2. MP (13,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
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3. MP (13,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k)
4. MP (13,3)5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
5. MP (13,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
6. MP (13,3)7→6 =

0 0 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k)
The length of P (13, 3) is: 6 + 13 + 20 + 13 + 6 + 13 + 6 = 77. P
The total number of ones in the matrices of the representation: 9 + 21 + 17 + 8 + 13 + 8 = 76.
43.4 Representation of P (19, 3) 
Dimension vector: dimP (19, 3) = (9, 19, 29, 19, 9, 19, 9)
Matrices of the representation:
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1. MP (19,3)1→2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M19,9(k)
2. MP (19,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,19(k)
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3. MP (19,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M29,19(k)
4. MP (19,3)5→4 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M19,9(k)
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5. MP (19,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,19(k)
6. MP (19,3)7→6 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M19,9(k)
The length of P (19, 3) is: 9 + 19 + 29 + 19 + 9 + 19 + 9 = 113. P
The total number of ones in the matrices of the representation: 14 + 31 + 25 + 12 + 19 + 11 = 112.
43.5 Representation of P (6n+ 1, 3) for n > 3 
Dimension vector: dimP (6n+ 1, 3) = (3n, 6n+ 1, 9n+ 2, 6n+ 1, 3n, 6n+ 1, 3n)
Matrices of the representation:
1. MP (6n+1,3)1→2 = M
P (6n,2)
1→2 ⊕MP (6n+1,1)1→2 =

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

∈M6n+1,3n(k)
2. MP (6n+1,3)2→3 = M
P (6n,2)
2→3 ⊕MP (6n+1,1)2→3 =

2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1
 ∈M9n+2,6n+1(k)
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3. MP (6n+1,3)4→3 = M
P (6n,2)
4→3 ⊕MP (6n+1,1)4→3 =

2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M9n+2,6n+1(k)
4. MP (6n+1,3)5→4 = M
P (6n,2)
5→4 ⊕MP (6n+1,1)5→4 =

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

∈M6n+1,3n(k)
5. MP (6n+1,3)6→3 = M
P (6n,2)
6→3 ⊕MP (6n+1,1)6→3 =

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

∈M9n+2,6n+1(k)
6. MP (6n+1,3)7→6 =
(
M
P (6n,2)
7→6 ⊕MP (6n+1,1)7→6
)


1 n−1
3n−1 0 0
1 1 0
n 0 0
 =

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

∈M6n+1,3n(k)
The length of P (6n+ 1, 3) is: 3n+ (6n+ 1) + (9n+ 2) + (6n+ 1) + 3n+ (6n+ 1) + 3n = 36n+ 5. P
The total number of ones in the matrices of the representation: (5n− 1) + (10n+ 1) + (8n+ 1) + 4n+ (6n+ 1) + (3n+ 2) = 36n+ 4.
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44 Representation of P (6n+ 2, 3) 
44.1 Representation of P (2, 3) 
Dimension vector: dimP (2, 3) = (1, 2, 4, 2, 1, 2, 1)
Matrices of the representation:
1. MP (2,3)1→2 =
[
1
0
]
∈M2,1(k)
2. MP (2,3)2→3 =

1 0
0 0
0 0
0 1
 ∈M4,2(k)
3. MP (2,3)4→3 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
4. MP (2,3)5→4 =
[
1
0
]
∈M2,1(k)
5. MP (2,3)6→3 =

0 1
0 1
1 0
0 1
 ∈M4,2(k)
6. MP (2,3)7→6 =
[
1
0
]
∈M2,1(k)
The length of P (2, 3) is: 1 + 2 + 4 + 2 + 1 + 2 + 1 = 13. P
The total number of ones in the matrices of the representation: 1 + 2 + 3 + 1 + 4 + 1 = 12.
44.2 Representation of P (8, 3) 
Dimension vector: dimP (8, 3) = (4, 8, 13, 8, 4, 8, 4)
Matrices of the representation:
1. MP (8,3)1→2 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

∈M8,4(k)
2. MP (8,3)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
3. MP (8,3)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M13,8(k)
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4. MP (8,3)5→4 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M8,4(k)
5. MP (8,3)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k)
6. MP (8,3)7→6 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of P (8, 3) is: 4 + 8 + 13 + 8 + 4 + 8 + 4 = 49. P
The total number of ones in the matrices of the representation: 6 + 13 + 10 + 5 + 8 + 6 = 48.
44.3 Representation of P (14, 3) 
Dimension vector: dimP (14, 3) = (7, 14, 22, 14, 7, 14, 7)
Matrices of the representation:
1. MP (14,3)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M14,7(k)
2. MP (14,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k)
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3. MP (14,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k)
4. MP (14,3)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
5. MP (14,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k)
6. MP (14,3)7→6 =

0 0 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
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The length of P (14, 3) is: 7 + 14 + 22 + 14 + 7 + 14 + 7 = 85. P
The total number of ones in the matrices of the representation: 11 + 23 + 18 + 9 + 14 + 9 = 84.
44.4 Representation of P (20, 3) 
Dimension vector: dimP (20, 3) = (10, 20, 31, 20, 10, 20, 10)
Matrices of the representation:
1. MP (20,3)1→2 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

∈M20,10(k)
2. MP (20,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,20(k)
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3. MP (20,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M31,20(k)
4. MP (20,3)5→4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M20,10(k)
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5. MP (20,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,20(k)
6. MP (20,3)7→6 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M20,10(k)
The length of P (20, 3) is: 10 + 20 + 31 + 20 + 10 + 20 + 10 = 121. P
The total number of ones in the matrices of the representation: 16 + 33 + 26 + 13 + 20 + 12 = 120.
44.5 Representation of P (6n+ 2, 3) for n > 3 
Dimension vector: dimP (6n+ 2, 3) = (3n+ 1, 6n+ 2, 9n+ 4, 6n+ 2, 3n+ 1, 6n+ 2, 3n+ 1)
Matrices of the representation:
1. MP (6n+2,3)1→2 = M
P (6n+1,2)
1→2 ⊕MP (6n+2,1)1→2 =

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

∈M6n+2,3n+1(k)
2. MP (6n+2,3)2→3 = M
P (6n+1,2)
2→3 ⊕MP (6n+2,1)2→3 =

2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ∈M9n+4,6n+2(k)
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3. MP (6n+2,3)4→3 = M
P (6n+1,2)
4→3 ⊕MP (6n+2,1)4→3 =

2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0
 ∈M9n+4,6n+2(k)
4. MP (6n+2,3)5→4 = M
P (6n+1,2)
5→4 ⊕MP (6n+2,1)5→4 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

∈M6n+2,3n+1(k)
5. MP (6n+2,3)6→3 = M
P (6n+1,2)
6→3 ⊕MP (6n+2,1)6→3 =

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

∈M9n+4,6n+2(k)
6. MP (6n+2,3)7→6 =
(
M
P (6n+1,2)
7→6 ⊕MP (6n+2,1)7→6
)


1 n
3n 0 0
1 1 0
n 0 0
 =

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

∈M6n+2,3n+1(k)
The length of P (6n+ 2, 3) is: (3n+ 1) + (6n+ 2) + (9n+ 4) + (6n+ 2) + (3n+ 1) + (6n+ 2) + (3n+ 1) = 36n+ 13. P
The total number of ones in the matrices of the representation: (5n+ 1) + (10n+ 3) + (8n+ 2) + (4n+ 1) + (6n+ 2) + (3n+ 3) = 36n+ 12.
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45 Representation of P (6n+ 3, 3) 
45.1 Representation of P (3, 3) 
Dimension vector: dimP (3, 3) = (1, 3, 5, 3, 1, 3, 1)
Matrices of the representation:
1. MP (3,3)1→2 =
10
0
 ∈M3,1(k)
2. MP (3,3)2→3 =

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k)
3. MP (3,3)4→3 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
4. MP (3,3)5→4 =
01
1
 ∈M3,1(k)
5. MP (3,3)6→3 =

1 0 0
0 0 1
0 1 0
0 0 1
0 0 0
 ∈M5,3(k)
6. MP (3,3)7→6 =
11
1
 ∈M3,1(k)
The length of P (3, 3) is: 1 + 3 + 5 + 3 + 1 + 3 + 1 = 17. P
The total number of ones in the matrices of the representation: 1 + 3 + 3 + 2 + 4 + 3 = 16.
45.2 Representation of P (9, 3) 
Dimension vector: dimP (9, 3) = (4, 9, 14, 9, 4, 9, 4)
Matrices of the representation:
1. MP (9,3)1→2 =

1 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M9,4(k)
2. MP (9,3)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
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3. MP (9,3)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k)
4. MP (9,3)5→4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k)
5. MP (9,3)6→3 =

0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
6. MP (9,3)7→6 =

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

∈M9,4(k)
The length of P (9, 3) is: 4 + 9 + 14 + 9 + 4 + 9 + 4 = 53. P
The total number of ones in the matrices of the representation: 6 + 14 + 9 + 4 + 12 + 7 = 52.
45.3 Representation of P (15, 3) 
Dimension vector: dimP (15, 3) = (7, 15, 23, 15, 7, 15, 7)
Matrices of the representation:
1. MP (15,3)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k)
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2. MP (15,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
3. MP (15,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k)
4. MP (15,3)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k)
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5. MP (15,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
6. MP (15,3)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M15,7(k)
The length of P (15, 3) is: 7 + 15 + 23 + 15 + 7 + 15 + 7 = 89. P
The total number of ones in the matrices of the representation: 11 + 24 + 15 + 7 + 20 + 11 = 88.
45.4 Representation of P (21, 3) 
Dimension vector: dimP (21, 3) = (10, 21, 32, 21, 10, 21, 10)
Matrices of the representation:
1. MP (21,3)1→2 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M21,10(k)
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2. MP (21,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,21(k)
3. MP (21,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M32,21(k)
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4. MP (21,3)5→4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M21,10(k)
5. MP (21,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,21(k)
208
6. MP (21,3)7→6 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

∈M21,10(k)
The length of P (21, 3) is: 10 + 21 + 32 + 21 + 10 + 21 + 10 = 125. P
The total number of ones in the matrices of the representation: 16 + 34 + 21 + 10 + 28 + 15 = 124.
45.5 Representation of P (6n+ 3, 3) for n > 3 
Dimension vector: dimP (6n+ 3, 3) = (3n+ 1, 6n+ 3, 9n+ 5, 6n+ 3, 3n+ 1, 6n+ 3, 3n+ 1)
Matrices of the representation:
1. MP (6n+3,3)1→2 = M
P (6n+2,2)
1→2 ⊕MP (6n+3,1)1→2 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

∈M6n+3,3n+1(k)
2. MP (6n+3,3)2→3 = M
P (6n+2,2)
2→3 ⊕MP (6n+3,1)2→3 =

2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M9n+5,6n+3(k)
3. MP (6n+3,3)4→3 = M
P (6n+2,2)
4→3 ⊕MP (6n+3,1)4→3 =

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

∈M9n+5,6n+3(k)
4. MP (6n+3,3)5→4 = M
P (6n+2,2)
5→4 ⊕MP (6n+3,1)5→4 =

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

∈M6n+3,3n+1(k)
5. MP (6n+3,3)6→3 = M
P (6n+2,2)
6→3 ⊕MP (6n+3,1)6→3 =

2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[4n+2 2n+1
7n+4 0 0
2n+1 0 1
]
∈M9n+5,6n+3(k)
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6. MP (6n+3,3)7→6 =
(
M
P (6n+2,2)
7→6 ⊕MP (6n+3,1)7→6
)


1 n−1
3n 0 0
1 1 0
n+1 0 0
 =

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

∈M6n+3,3n+1(k)
The length of P (6n+ 3, 3) is: (3n+ 1) + (6n+ 3) + (9n+ 5) + (6n+ 3) + (3n+ 1) + (6n+ 3) + (3n+ 1) = 36n+ 17. P
The total number of ones in the matrices of the representation: (5n+ 1) + (10n+ 4) + (6n+ 3) + (3n+ 1) + (8n+ 4) + (4n+ 3) = 36n+ 16.
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46 Representation of P (6n+ 4, 3) 
46.1 Representation of P (4, 3) 
Dimension vector: dimP (4, 3) = (2, 4, 7, 4, 2, 4, 2)
Matrices of the representation:
1. MP (4,3)1→2 =

1 0
0 0
0 0
0 1
 ∈M4,2(k)
2. MP (4,3)2→3 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M7,4(k)
3. MP (4,3)4→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1
0 0 0 1

∈M7,4(k)
4. MP (4,3)5→4 =

1 0
1 0
0 1
0 0
 ∈M4,2(k)
5. MP (4,3)6→3 =

0 1 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
6. MP (4,3)7→6 =

1 0
1 1
0 0
0 1
 ∈M4,2(k)
The length of P (4, 3) is: 2 + 4 + 7 + 4 + 2 + 4 + 2 = 25. P
The total number of ones in the matrices of the representation: 2 + 4 + 6 + 3 + 5 + 4 = 24.
46.2 Representation of P (10, 3) 
Dimension vector: dimP (10, 3) = (5, 10, 16, 10, 5, 10, 5)
Matrices of the representation:
1. MP (10,3)1→2 =

1 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k)
2. MP (10,3)2→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k)
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3. MP (10,3)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k)
4. MP (10,3)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 1 0

∈M10,5(k)
5. MP (10,3)6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k)
6. MP (10,3)7→6 =

0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
The length of P (10, 3) is: 5 + 10 + 16 + 10 + 5 + 10 + 5 = 61. P
The total number of ones in the matrices of the representation: 6 + 13 + 14 + 6 + 13 + 8 = 60.
46.3 Representation of P (16, 3) 
Dimension vector: dimP (16, 3) = (8, 16, 25, 16, 8, 16, 8)
Matrices of the representation:
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1. MP (16,3)1→2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
2. MP (16,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M25,16(k)
3. MP (16,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,16(k)
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4. MP (16,3)5→4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

∈M16,8(k)
5. MP (16,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,16(k)
6. MP (16,3)7→6 =

0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
The length of P (16, 3) is: 8 + 16 + 25 + 16 + 8 + 16 + 8 = 97. P
The total number of ones in the matrices of the representation: 10 + 21 + 22 + 10 + 21 + 12 = 96.
46.4 Representation of P (22, 3) 
Dimension vector: dimP (22, 3) = (11, 22, 34, 22, 11, 22, 11)
Matrices of the representation:
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1. MP (22,3)1→2 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M22,11(k)
2. MP (22,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M34,22(k)
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3. MP (22,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M34,22(k)
4. MP (22,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0

∈M22,11(k)
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5. MP (22,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M34,22(k)
6. MP (22,3)7→6 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M22,11(k)
The length of P (22, 3) is: 11 + 22 + 34 + 22 + 11 + 22 + 11 = 133. P
The total number of ones in the matrices of the representation: 14 + 29 + 30 + 14 + 29 + 16 = 132.
46.5 Representation of P (6n+ 4, 3) for n > 3 
Dimension vector: dimP (6n+ 4, 3) = (3n+ 2, 6n+ 4, 9n+ 7, 6n+ 4, 3n+ 2, 6n+ 4, 3n+ 2)
Matrices of the representation:
1. MP (6n+4,3)1→2 = M
P (6n+3,2)
1→2 ⊕MP (6n+4,1)1→2 =

n 2n+2
n 1 0
n 1 0
n+2 0 0
2n+2 0 1
n 0 0
 ∈M6n+4,3n+2(k)
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2. MP (6n+4,3)2→3 = M
P (6n+3,2)
2→3 ⊕MP (6n+4,1)2→3 =

2n+1 4n+3
2n+1 1 0
2n+1 0 0
4n+3 0 1
n+2 0 0
+

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0
 ∈M9n+7,6n+4(k)
3. MP (6n+4,3)4→3 = M
P (6n+3,2)
4→3 ⊕MP (6n+4,1)4→3 =

2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[4n+2 2n+2
7n+5 0 0
2n+2 0 1
]
∈M9n+7,6n+4(k)
4. MP (6n+4,3)5→4 = M
P (6n+3,2)
5→4 ⊕MP (6n+4,1)5→4 =

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

∈M6n+4,3n+2(k)
5. MP (6n+4,3)6→3 = M
P (6n+3,2)
6→3 ⊕MP (6n+4,1)6→3 =

4n+2 2n+2
n+1 0 0
4n+2 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0
 ∈M9n+7,6n+4(k)
6. MP (6n+4,3)7→6 =
(
M
P (6n+3,2)
7→6 ⊕MP (6n+4,1)7→6
)


n 1
3n+1 0 0
1 0 1
n 0 0
 =

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

∈M6n+4,3n+2(k)
The length of P (6n+ 4, 3) is: (3n+ 2) + (6n+ 4) + (9n+ 7) + (6n+ 4) + (3n+ 2) + (6n+ 4) + (3n+ 2) = 36n+ 25. P
The total number of ones in the matrices of the representation: (4n+ 2) + (8n+ 5) + (8n+ 6) + (4n+ 2) + (8n+ 5) + (4n+ 4) = 36n+ 24.
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47 Representation of P (6n+ 5, 3) 
47.1 Representation of P (5, 3) 
Dimension vector: dimP (5, 3) = (2, 5, 8, 5, 2, 5, 2)
Matrices of the representation:
1. MP (5,3)1→2 =

0 0
0 0
1 0
0 1
0 1
 ∈M5,2(k)
2. MP (5,3)2→3 =

1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
3. MP (5,3)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
4. MP (5,3)5→4 =

0 0
1 0
0 1
0 0
0 1
 ∈M5,2(k)
5. MP (5,3)6→3 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M8,5(k)
6. MP (5,3)7→6 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k)
The length of P (5, 3) is: 2 + 5 + 8 + 5 + 2 + 5 + 2 = 29. P
The total number of ones in the matrices of the representation: 3 + 8 + 5 + 3 + 7 + 2 = 28.
47.2 Representation of P (11, 3) 
Dimension vector: dimP (11, 3) = (5, 11, 17, 11, 5, 11, 5)
Matrices of the representation:
1. MP (11,3)1→2 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
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2. MP (11,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
3. MP (11,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
4. MP (11,3)5→4 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k)
5. MP (11,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M17,11(k)
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6. MP (11,3)7→6 =

1 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M11,5(k)
The length of P (11, 3) is: 5 + 11 + 17 + 11 + 5 + 11 + 5 = 65. P
The total number of ones in the matrices of the representation: 7 + 16 + 11 + 6 + 17 + 7 = 64.
47.3 Representation of P (17, 3) 
Dimension vector: dimP (17, 3) = (8, 17, 26, 17, 8, 17, 8)
Matrices of the representation:
1. MP (17,3)1→2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M17,8(k)
2. MP (17,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,17(k)
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3. MP (17,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,17(k)
4. MP (17,3)5→4 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M17,8(k)
5. MP (17,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M26,17(k)
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6. MP (17,3)7→6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M17,8(k)
The length of P (17, 3) is: 8 + 17 + 26 + 17 + 8 + 17 + 8 = 101. P
The total number of ones in the matrices of the representation: 11 + 24 + 17 + 9 + 27 + 12 = 100.
47.4 Representation of P (23, 3) 
Dimension vector: dimP (23, 3) = (11, 23, 35, 23, 11, 23, 11)
Matrices of the representation:
1. MP (23,3)1→2 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M23,11(k)
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2. MP (23,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,23(k)
3. MP (23,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,23(k)
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4. MP (23,3)5→4 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M23,11(k)
5. MP (23,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M35,23(k)
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6. MP (23,3)7→6 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M23,11(k)
The length of P (23, 3) is: 11 + 23 + 35 + 23 + 11 + 23 + 11 = 137. P
The total number of ones in the matrices of the representation: 15 + 32 + 23 + 12 + 37 + 17 = 136.
47.5 Representation of P (6n+ 5, 3) for n > 3 
Dimension vector: dimP (6n+ 5, 3) = (3n+ 2, 6n+ 5, 9n+ 8, 6n+ 5, 3n+ 2, 6n+ 5, 3n+ 2)
Matrices of the representation:
1. MP (6n+5,3)1→2 = M
P (6n+3,5)
1→2 ⊕MP (6n+5,4)1→2 =

n n+1 n+1
n 1 0 0
2n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
 ∈M6n+5,3n+2(k)
2. MP (6n+5,3)2→3 =
(
M
P (6n+3,5)
2→3 ⊕MP (6n+5,4)2→3
)

[ 1 4n+3
3n+1 0 0
1 1 0
]
=

2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

+
[4n+3 2n+2
7n+6 0 0
2n+2 0 1
]
∈M9n+8,6n+5(k)
3. MP (6n+5,3)4→3 = M
P (6n+3,5)
4→3 ⊕MP (6n+5,4)4→3 =

4n+3 2n+2
n 0 0
4n+3 1 0
2n+3 0 0
2n+2 0 1
 ∈M9n+8,6n+5(k)
4. MP (6n+5,3)5→4 = M
P (6n+3,5)
5→4 ⊕MP (6n+5,4)5→4 =

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

∈M6n+5,3n+2(k)
5. MP (6n+5,3)6→3 = M
P (6n+3,5)
6→3 ⊕MP (6n+5,4)6→3 =

2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0
 ∈M9n+8,6n+5(k)
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6. MP (6n+5,3)7→6 = M
P (6n+3,5)
7→6 ⊕MP (6n+5,4)7→6 =

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

∈M6n+5,3n+2(k)
The length of P (6n+ 5, 3) is: (3n+ 2) + (6n+ 5) + (9n+ 8) + (6n+ 5) + (3n+ 2) + (6n+ 5) + (3n+ 2) = 36n+ 29. P
The total number of ones in the matrices of the representation: (4n+ 3) + (8n+ 8) + (6n+ 5) + (3n+ 3) + (10n+ 7) + (5n+ 2) = 36n+ 28.
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48 Representation of R10(1) 
Dimension vector: dimR10(1) = (0, 0, 1, 1, 1, 1, 0)
Matrices of the representation:
1. MR
1
0(1)
1→2 =
[ 0
0 0
]
∈M0,0(k)
2. MR
1
0(1)
2→3 =
[ 0
1 0
]
∈M1,0(k)
3. MR
1
0(1)
4→3 =
[
1
]
∈M1,1(k)
4. MR
1
0(1)
5→4 =
[
1
]
∈M1,1(k)
5. MR
1
0(1)
6→3 =
[
1
]
∈M1,1(k)
6. MR
1
0(1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of R10(1) is: 0 + 0 + 1 + 1 + 1 + 1 + 0 = 4. P
The total number of ones in the matrices of the representation: 0 + 0 + 1 + 1 + 1 + 0 = 3.
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49 Representation of R20(1) 
Dimension vector: dimR20(1) = (0, 1, 1, 0, 0, 1, 1)
Matrices of the representation:
1. MR
2
0(1)
1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MR
2
0(1)
2→3 =
[
1
]
∈M1,1(k)
3. MR
2
0(1)
4→3 =
[ 0
1 0
]
∈M1,0(k)
4. MR
2
0(1)
5→4 =
[ 0
0 0
]
∈M0,0(k)
5. MR
2
0(1)
6→3 =
[
1
]
∈M1,1(k)
6. MR
2
0(1)
7→6 =
[
1
]
∈M1,1(k)
The length of R20(1) is: 0 + 1 + 1 + 0 + 0 + 1 + 1 = 4. P
The total number of ones in the matrices of the representation: 0 + 1 + 0 + 0 + 1 + 1 = 3.
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50 Representation of R30(1) 
Dimension vector: dimR30(1) = (1, 1, 1, 1, 0, 0, 0)
Matrices of the representation:
1. MR
3
0(1)
1→2 =
[
1
]
∈M1,1(k)
2. MR
3
0(1)
2→3 =
[
1
]
∈M1,1(k)
3. MR
3
0(1)
4→3 =
[
1
]
∈M1,1(k)
4. MR
3
0(1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MR
3
0(1)
6→3 =
[ 0
1 0
]
∈M1,0(k)
6. MR
3
0(1)
7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of R30(1) is: 1 + 1 + 1 + 1 + 0 + 0 + 0 = 4. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 0 + 0 + 0 = 3.
230
51 Representation of R10(2) 
Dimension vector: dimR10(2) = (0, 1, 2, 1, 1, 2, 1)
Matrices of the representation:
1. MR
1
0(2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MR
1
0(2)
2→3 =
[
0
1
]
∈M2,1(k)
3. MR
1
0(2)
4→3 =
[
1
0
]
∈M2,1(k)
4. MR
1
0(2)
5→4 =
[
1
]
∈M1,1(k)
5. MR
1
0(2)
6→3 =
[
1 0
0 1
]
∈M2,2(k)
6. MR
1
0(2)
7→6 =
[
1
1
]
∈M2,1(k)
The length of R10(2) is: 0 + 1 + 2 + 1 + 1 + 2 + 1 = 8. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 1 + 2 + 2 = 7.
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52 Representation of R20(2) 
Dimension vector: dimR20(2) = (1, 2, 2, 1, 0, 1, 1)
Matrices of the representation:
1. MR
2
0(2)
1→2 =
[
0
1
]
∈M2,1(k)
2. MR
2
0(2)
2→3 =
[
1 0
0 1
]
∈M2,2(k)
3. MR
2
0(2)
4→3 =
[
1
1
]
∈M2,1(k)
4. MR
2
0(2)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MR
2
0(2)
6→3 =
[
1
0
]
∈M2,1(k)
6. MR
2
0(2)
7→6 =
[
1
]
∈M1,1(k)
The length of R20(2) is: 1 + 2 + 2 + 1 + 0 + 1 + 1 = 8. P
The total number of ones in the matrices of the representation: 1 + 2 + 2 + 0 + 1 + 1 = 7.
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53 Representation of R30(2) 
Dimension vector: dimR30(2) = (1, 1, 2, 2, 1, 1, 0)
Matrices of the representation:
1. MR
3
0(2)
1→2 =
[
1
]
∈M1,1(k)
2. MR
3
0(2)
2→3 =
[
1
0
]
∈M2,1(k)
3. MR
3
0(2)
4→3 =
[
1 0
0 1
]
∈M2,2(k)
4. MR
3
0(2)
5→4 =
[
0
1
]
∈M2,1(k)
5. MR
3
0(2)
6→3 =
[
1
1
]
∈M2,1(k)
6. MR
3
0(2)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of R30(2) is: 1 + 1 + 2 + 2 + 1 + 1 + 0 = 8. P
The total number of ones in the matrices of the representation: 1 + 1 + 2 + 1 + 2 + 0 = 7.
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54 Representation of R11(1) 
Dimension vector: dimR11(1) = (0, 0, 1, 1, 0, 1, 1)
Matrices of the representation:
1. MR
1
1(1)
1→2 =
[ 0
0 0
]
∈M0,0(k)
2. MR
1
1(1)
2→3 =
[ 0
1 0
]
∈M1,0(k)
3. MR
1
1(1)
4→3 =
[
1
]
∈M1,1(k)
4. MR
1
1(1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MR
1
1(1)
6→3 =
[
1
]
∈M1,1(k)
6. MR
1
1(1)
7→6 =
[
1
]
∈M1,1(k)
The length of R11(1) is: 0 + 0 + 1 + 1 + 0 + 1 + 1 = 4. P
The total number of ones in the matrices of the representation: 0 + 0 + 1 + 0 + 1 + 1 = 3.
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55 Representation of R21(1) 
Dimension vector: dimR21(1) = (0, 1, 1, 1, 1, 0, 0)
Matrices of the representation:
1. MR
2
1(1)
1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MR
2
1(1)
2→3 =
[
1
]
∈M1,1(k)
3. MR
2
1(1)
4→3 =
[
1
]
∈M1,1(k)
4. MR
2
1(1)
5→4 =
[
1
]
∈M1,1(k)
5. MR
2
1(1)
6→3 =
[ 0
1 0
]
∈M1,0(k)
6. MR
2
1(1)
7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of R21(1) is: 0 + 1 + 1 + 1 + 1 + 0 + 0 = 4. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 1 + 0 + 0 = 3.
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56 Representation of R31(1) 
Dimension vector: dimR31(1) = (1, 1, 1, 0, 0, 1, 0)
Matrices of the representation:
1. MR
3
1(1)
1→2 =
[
1
]
∈M1,1(k)
2. MR
3
1(1)
2→3 =
[
1
]
∈M1,1(k)
3. MR
3
1(1)
4→3 =
[ 0
1 0
]
∈M1,0(k)
4. MR
3
1(1)
5→4 =
[ 0
0 0
]
∈M0,0(k)
5. MR
3
1(1)
6→3 =
[
1
]
∈M1,1(k)
6. MR
3
1(1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of R31(1) is: 1 + 1 + 1 + 0 + 0 + 1 + 0 = 4. P
The total number of ones in the matrices of the representation: 1 + 1 + 0 + 0 + 1 + 0 = 3.
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57 Representation of R11(2) 
Dimension vector: dimR11(2) = (0, 1, 2, 2, 1, 1, 1)
Matrices of the representation:
1. MR
1
1(2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MR
1
1(2)
2→3 =
[
0
1
]
∈M2,1(k)
3. MR
1
1(2)
4→3 =
[
1 0
0 1
]
∈M2,2(k)
4. MR
1
1(2)
5→4 =
[
1
1
]
∈M2,1(k)
5. MR
1
1(2)
6→3 =
[
1
0
]
∈M2,1(k)
6. MR
1
1(2)
7→6 =
[
1
]
∈M1,1(k)
The length of R11(2) is: 0 + 1 + 2 + 2 + 1 + 1 + 1 = 8. P
The total number of ones in the matrices of the representation: 0 + 1 + 2 + 2 + 1 + 1 = 7.
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58 Representation of R21(2) 
Dimension vector: dimR21(2) = (1, 2, 2, 1, 1, 1, 0)
Matrices of the representation:
1. MR
2
1(2)
1→2 =
[
0
1
]
∈M2,1(k)
2. MR
2
1(2)
2→3 =
[
1 0
0 1
]
∈M2,2(k)
3. MR
2
1(2)
4→3 =
[
1
0
]
∈M2,1(k)
4. MR
2
1(2)
5→4 =
[
1
]
∈M1,1(k)
5. MR
2
1(2)
6→3 =
[
1
1
]
∈M2,1(k)
6. MR
2
1(2)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of R21(2) is: 1 + 2 + 2 + 1 + 1 + 1 + 0 = 8. P
The total number of ones in the matrices of the representation: 1 + 2 + 1 + 1 + 2 + 0 = 7.
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59 Representation of R31(2) 
Dimension vector: dimR31(2) = (1, 1, 2, 1, 0, 2, 1)
Matrices of the representation:
1. MR
3
1(2)
1→2 =
[
1
]
∈M1,1(k)
2. MR
3
1(2)
2→3 =
[
1
0
]
∈M2,1(k)
3. MR
3
1(2)
4→3 =
[
0
1
]
∈M2,1(k)
4. MR
3
1(2)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MR
3
1(2)
6→3 =
[
1 0
0 1
]
∈M2,2(k)
6. MR
3
1(2)
7→6 =
[
1
1
]
∈M2,1(k)
The length of R31(2) is: 1 + 1 + 2 + 1 + 0 + 2 + 1 = 8. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 0 + 2 + 2 = 7.
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60 Representation of R1∞(1) 
Dimension vector: dimR1∞(1) = (0, 1, 1, 1, 0, 1, 0)
Matrices of the representation:
1. MR
1
∞(1)
1→2 =
[ 0
1 0
]
∈M1,0(k)
2. MR
1
∞(1)
2→3 =
[
1
]
∈M1,1(k)
3. MR
1
∞(1)
4→3 =
[
1
]
∈M1,1(k)
4. MR
1
∞(1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. MR
1
∞(1)
6→3 =
[
1
]
∈M1,1(k)
6. MR
1
∞(1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of R1∞(1) is: 0 + 1 + 1 + 1 + 0 + 1 + 0 = 4. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 0 + 1 + 0 = 3.
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61 Representation of R2∞(1) 
Dimension vector: dimR2∞(1) = (1, 1, 2, 1, 1, 1, 1)
Matrices of the representation:
1. MR
2
∞(1)
1→2 =
[
1
]
∈M1,1(k)
2. MR
2
∞(1)
2→3 =
[
1
0
]
∈M2,1(k)
3. MR
2
∞(1)
4→3 =
[
0
1
]
∈M2,1(k)
4. MR
2
∞(1)
5→4 =
[
1
]
∈M1,1(k)
5. MR
2
∞(1)
6→3 =
[
1
1
]
∈M2,1(k)
6. MR
2
∞(1)
7→6 =
[
1
]
∈M1,1(k)
The length of R2∞(1) is: 1 + 1 + 2 + 1 + 1 + 1 + 1 = 8. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 1 + 2 + 1 = 7.
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62 Representation of I(6n, 1) 
62.1 Representation of I(0, 1) 
Dimension vector: dimI(0, 1) = (1, 0, 0, 0, 0, 0, 0)
Matrices of the representation:
1. M I(0,1)1→2 =
[ 1
0 0
]
∈M0,1(k)
2. M I(0,1)2→3 =
[ 0
0 0
]
∈M0,0(k)
3. M I(0,1)4→3 =
[ 0
0 0
]
∈M0,0(k)
4. M I(0,1)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. M I(0,1)6→3 =
[ 0
0 0
]
∈M0,0(k)
6. M I(0,1)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of I(0, 1) is: 1 + 0 + 0 + 0 + 0 + 0 + 0 = 1. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 0 = 0.
62.2 Representation of I(6, 1) 
Dimension vector: dimI(6, 1) = (2, 2, 3, 2, 1, 2, 1)
Matrices of the representation:
1. M I(6,1)1→2 =
[
1 0
0 1
]
∈M2,2(k)
2. M I(6,1)2→3 =
1 01 1
0 1
 ∈M3,2(k)
3. M I(6,1)4→3 =
1 00 1
0 0
 ∈M3,2(k)
4. M I(6,1)5→4 =
[
1
0
]
∈M2,1(k)
5. M I(6,1)6→3 =
0 01 0
0 1
 ∈M3,2(k)
6. M I(6,1)7→6 =
[
0
1
]
∈M2,1(k)
The length of I(6, 1) is: 2 + 2 + 3 + 2 + 1 + 2 + 1 = 13. P
The total number of ones in the matrices of the representation: 2 + 4 + 2 + 1 + 2 + 1 = 12.
62.3 Representation of I(12, 1) 
Dimension vector: dimI(12, 1) = (3, 4, 6, 4, 2, 4, 2)
Matrices of the representation:
1. M I(12,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
 ∈M4,3(k)
2. M I(12,1)2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
3. M I(12,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k)
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4. M I(12,1)5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
5. M I(12,1)6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. M I(12,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of I(12, 1) is: 3 + 4 + 6 + 4 + 2 + 4 + 2 = 25. P
The total number of ones in the matrices of the representation: 4 + 8 + 4 + 2 + 4 + 2 = 24.
62.4 Representation of I(18, 1) 
Dimension vector: dimI(18, 1) = (4, 6, 9, 6, 3, 6, 3)
Matrices of the representation:
1. M I(18,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M6,4(k)
2. M I(18,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. M I(18,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
4. M I(18,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
5. M I(18,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. M I(18,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of I(18, 1) is: 4 + 6 + 9 + 6 + 3 + 6 + 3 = 37. P
The total number of ones in the matrices of the representation: 6 + 12 + 6 + 3 + 6 + 3 = 36.
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62.5 Representation of I(6n, 1) for n > 3 
Dimension vector: dimI(6n, 1) = (n+ 1, 2n, 3n, 2n, n, 2n, n)
Matrices of the representation:
1. M I(6n,1)1→2 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 ∈M2n,n+1(k)
2. M I(6n,1)2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. M I(6n,1)4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
4. M I(6n,1)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. M I(6n,1)6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. M I(6n,1)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
The length of I(6n, 1) is: (n+ 1) + 2n+ 3n+ 2n+ n+ 2n+ n = 12n+ 1. P
The total number of ones in the matrices of the representation: 2n+ 4n+ 2n+ n+ 2n+ n = 12n.
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63 Representation of I(6n+ 1, 1) 
63.1 Representation of I(1, 1) 
Dimension vector: dimI(1, 1) = (0, 1, 0, 0, 0, 0, 0)
Matrices of the representation:
1. M I(1,1)1→2 =
[ 0
1 0
]
∈M1,0(k)
2. M I(1,1)2→3 =
[ 1
0 0
]
∈M0,1(k)
3. M I(1,1)4→3 =
[ 0
0 0
]
∈M0,0(k)
4. M I(1,1)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. M I(1,1)6→3 =
[ 0
0 0
]
∈M0,0(k)
6. M I(1,1)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of I(1, 1) is: 0 + 1 + 0 + 0 + 0 + 0 + 0 = 1. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 0 = 0.
63.2 Representation of I(7, 1) 
Dimension vector: dimI(7, 1) = (1, 3, 3, 2, 1, 2, 1)
Matrices of the representation:
1. M I(7,1)1→2 =
01
0
 ∈M3,1(k)
2. M I(7,1)2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k)
3. M I(7,1)4→3 =
1 00 0
0 1
 ∈M3,2(k)
4. M I(7,1)5→4 =
[
1
1
]
∈M2,1(k)
5. M I(7,1)6→3 =
1 00 1
0 1
 ∈M3,2(k)
6. M I(7,1)7→6 =
[
0
1
]
∈M2,1(k)
The length of I(7, 1) is: 1 + 3 + 3 + 2 + 1 + 2 + 1 = 13. P
The total number of ones in the matrices of the representation: 1 + 3 + 2 + 2 + 3 + 1 = 12.
63.3 Representation of I(13, 1) 
Dimension vector: dimI(13, 1) = (2, 5, 6, 4, 2, 4, 2)
Matrices of the representation:
1. M I(13,1)1→2 =

0 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
2. M I(13,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M6,5(k)
3. M I(13,1)4→3 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
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4. M I(13,1)5→4 =

1 0
0 0
1 0
0 1
 ∈M4,2(k)
5. M I(13,1)6→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
6. M I(13,1)7→6 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
The length of I(13, 1) is: 2 + 5 + 6 + 4 + 2 + 4 + 2 = 25. P
The total number of ones in the matrices of the representation: 2 + 5 + 4 + 3 + 7 + 3 = 24.
63.4 Representation of I(19, 1) 
Dimension vector: dimI(19, 1) = (3, 7, 9, 6, 3, 6, 3)
Matrices of the representation:
1. M I(19,1)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k)
2. M I(19,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M9,7(k)
3. M I(19,1)4→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
4. M I(19,1)5→4 =

1 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
5. M I(19,1)6→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. M I(19,1)7→6 =

0 0 0
1 0 0
0 1 0
0 0 1
0 1 0
0 0 1

∈M6,3(k)
The length of I(19, 1) is: 3 + 7 + 9 + 6 + 3 + 6 + 3 = 37. P
The total number of ones in the matrices of the representation: 3 + 7 + 6 + 4 + 11 + 5 = 36.
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63.5 Representation of I(25, 1) 
Dimension vector: dimI(25, 1) = (4, 9, 12, 8, 4, 8, 4)
Matrices of the representation:
1. M I(25,1)1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k)
2. M I(25,1)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M12,9(k)
3. M I(25,1)4→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
4. M I(25,1)5→4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
5. M I(25,1)6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. M I(25,1)7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of I(25, 1) is: 4 + 9 + 12 + 8 + 4 + 8 + 4 = 49. P
The total number of ones in the matrices of the representation: 4 + 9 + 8 + 5 + 15 + 7 = 48.
63.6 Representation of I(6n+ 1, 1) for n > 3 
Dimension vector: dimI(6n+ 1, 1) = (n, 2n+ 1, 3n, 2n, n, 2n, n)
Matrices of the representation:
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1. M I(6n+1,1)1→2 =

n
1 0
n 1
n 0
 ∈M2n+1,n(k)
2. M I(6n+1,1)2→3 =
[2n+1
2n+1 1
n−1 0
]
∈M3n,2n+1(k)
3. M I(6n+1,1)4→3 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 ∈M3n,2n(k)
4. M I(6n+1,1)5→4 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 ∈M2n,n(k)
5. M I(6n+1,1)6→3 =
[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]
∈M3n,2n(k)
6. M I(6n+1,1)7→6 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n,n(k)
The length of I(6n+ 1, 1) is: n+ (2n+ 1) + 3n+ 2n+ n+ 2n+ n = 12n+ 1. P
The total number of ones in the matrices of the representation: n+ (2n+ 1) + 2n+ (n+ 1) + (4n− 1) + (2n− 1) = 12n.
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64 Representation of I(6n+ 2, 1) 
64.1 Representation of I(2, 1) 
Dimension vector: dimI(2, 1) = (0, 0, 1, 1, 1, 1, 1)
Matrices of the representation:
1. M I(2,1)1→2 =
[ 0
0 0
]
∈M0,0(k)
2. M I(2,1)2→3 =
[ 0
1 0
]
∈M1,0(k)
3. M I(2,1)4→3 =
[
1
]
∈M1,1(k)
4. M I(2,1)5→4 =
[
1
]
∈M1,1(k)
5. M I(2,1)6→3 =
[
1
]
∈M1,1(k)
6. M I(2,1)7→6 =
[
1
]
∈M1,1(k)
The length of I(2, 1) is: 0 + 0 + 1 + 1 + 1 + 1 + 1 = 5. P
The total number of ones in the matrices of the representation: 0 + 0 + 1 + 1 + 1 + 1 = 4.
64.2 Representation of I(8, 1) 
Dimension vector: dimI(8, 1) = (1, 2, 4, 3, 2, 3, 2)
Matrices of the representation:
1. M I(8,1)1→2 =
[
1
1
]
∈M2,1(k)
2. M I(8,1)2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
3. M I(8,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
4. M I(8,1)5→4 =
1 00 1
0 0
 ∈M3,2(k)
5. M I(8,1)6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. M I(8,1)7→6 =
0 01 0
0 1
 ∈M3,2(k)
The length of I(8, 1) is: 1 + 2 + 4 + 3 + 2 + 3 + 2 = 17. P
The total number of ones in the matrices of the representation: 2 + 4 + 3 + 2 + 3 + 2 = 16.
64.3 Representation of I(14, 1) 
Dimension vector: dimI(14, 1) = (2, 4, 7, 5, 3, 5, 3)
Matrices of the representation:
1. M I(14,1)1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
2. M I(14,1)2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
3. M I(14,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
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4. M I(14,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
5. M I(14,1)6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(14,1)7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
The length of I(14, 1) is: 2 + 4 + 7 + 5 + 3 + 5 + 3 = 29. P
The total number of ones in the matrices of the representation: 4 + 8 + 5 + 3 + 5 + 3 = 28.
64.4 Representation of I(20, 1) 
Dimension vector: dimI(20, 1) = (3, 6, 10, 7, 4, 7, 4)
Matrices of the representation:
1. M I(20,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
2. M I(20,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
3. M I(20,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
4. M I(20,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
5. M I(20,1)6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
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6. M I(20,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of I(20, 1) is: 3 + 6 + 10 + 7 + 4 + 7 + 4 = 41. P
The total number of ones in the matrices of the representation: 6 + 12 + 7 + 4 + 7 + 4 = 40.
64.5 Representation of I(6n+ 2, 1) for n > 3 
Dimension vector: dimI(6n+ 2, 1) = (n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
Matrices of the representation:
1. M I(6n+2,1)1→2 =
[ n
n 1
n 1
]
∈M2n,n(k)
2. M I(6n+2,1)2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
3. M I(6n+2,1)4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
4. M I(6n+2,1)5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
5. M I(6n+2,1)6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k)
6. M I(6n+2,1)7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
The length of I(6n+ 2, 1) is: n+ 2n+ (3n+ 1) + (2n+ 1) + (n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 5. P
The total number of ones in the matrices of the representation: 2n+ 4n+ (2n+ 1) + (n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 4.
251
65 Representation of I(6n+ 3, 1) 
65.1 Representation of I(3, 1) 
Dimension vector: dimI(3, 1) = (1, 1, 1, 1, 0, 1, 0)
Matrices of the representation:
1. M I(3,1)1→2 =
[
1
]
∈M1,1(k)
2. M I(3,1)2→3 =
[
1
]
∈M1,1(k)
3. M I(3,1)4→3 =
[
1
]
∈M1,1(k)
4. M I(3,1)5→4 =
[ 0
1 0
]
∈M1,0(k)
5. M I(3,1)6→3 =
[
1
]
∈M1,1(k)
6. M I(3,1)7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of I(3, 1) is: 1 + 1 + 1 + 1 + 0 + 1 + 0 = 5. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 0 + 1 + 0 = 4.
65.2 Representation of I(9, 1) 
Dimension vector: dimI(9, 1) = (2, 3, 4, 3, 1, 3, 1)
Matrices of the representation:
1. M I(9,1)1→2 =
0 01 0
0 1
 ∈M3,2(k)
2. M I(9,1)2→3 =

1 0 0
0 1 0
0 1 1
0 0 1
 ∈M4,3(k)
3. M I(9,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
4. M I(9,1)5→4 =
11
0
 ∈M3,1(k)
5. M I(9,1)6→3 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. M I(9,1)7→6 =
00
1
 ∈M3,1(k)
The length of I(9, 1) is: 2 + 3 + 4 + 3 + 1 + 3 + 1 = 17. P
The total number of ones in the matrices of the representation: 2 + 5 + 3 + 2 + 3 + 1 = 16.
65.3 Representation of I(15, 1) 
Dimension vector: dimI(15, 1) = (3, 5, 7, 5, 2, 5, 2)
Matrices of the representation:
1. M I(15,1)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
 ∈M5,3(k)
2. M I(15,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
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3. M I(15,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
4. M I(15,1)5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
5. M I(15,1)6→3 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(15,1)7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k)
The length of I(15, 1) is: 3 + 5 + 7 + 5 + 2 + 5 + 2 = 29. P
The total number of ones in the matrices of the representation: 4 + 9 + 5 + 3 + 5 + 2 = 28.
65.4 Representation of I(21, 1) 
Dimension vector: dimI(21, 1) = (4, 7, 10, 7, 3, 7, 3)
Matrices of the representation:
1. M I(21,1)1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M7,4(k)
2. M I(21,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. M I(21,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
4. M I(21,1)5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k)
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5. M I(21,1)6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. M I(21,1)7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of I(21, 1) is: 4 + 7 + 10 + 7 + 3 + 7 + 3 = 41. P
The total number of ones in the matrices of the representation: 6 + 13 + 7 + 4 + 7 + 3 = 40.
65.5 Representation of I(6n+ 3, 1) for n > 3 
Dimension vector: dimI(6n+ 3, 1) = (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n)
Matrices of the representation:
1. M I(6n+3,1)1→2 =

n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]
∈M2n+1,n+1(k)
2. M I(6n+3,1)2→3 =
[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
∈M3n+1,2n+1(k)
3. M I(6n+3,1)4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
4. M I(6n+3,1)5→4 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ∈M2n+1,n(k)
5. M I(6n+3,1)6→3 =

1 2n
1 1 0
n 0 0
2n 0 1
 ∈M3n+1,2n+1(k)
6. M I(6n+3,1)7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k)
The length of I(6n+ 3, 1) is: (n+ 1) + (2n+ 1) + (3n+ 1) + (2n+ 1) + n+ (2n+ 1) + n = 12n+ 5. P
The total number of ones in the matrices of the representation: 2n+ (4n+ 1) + (2n+ 1) + (n+ 1) + (2n+ 1) + n = 12n+ 4.
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66 Representation of I(6n+ 4, 1) 
66.1 Representation of I(4, 1) 
Dimension vector: dimI(4, 1) = (1, 2, 2, 1, 1, 1, 1)
Matrices of the representation:
1. M I(4,1)1→2 =
[
1
0
]
∈M2,1(k)
2. M I(4,1)2→3 =
[
1 0
0 1
]
∈M2,2(k)
3. M I(4,1)4→3 =
[
0
1
]
∈M2,1(k)
4. M I(4,1)5→4 =
[
1
]
∈M1,1(k)
5. M I(4,1)6→3 =
[
1
1
]
∈M2,1(k)
6. M I(4,1)7→6 =
[
1
]
∈M1,1(k)
The length of I(4, 1) is: 1 + 2 + 2 + 1 + 1 + 1 + 1 = 9. P
The total number of ones in the matrices of the representation: 1 + 2 + 1 + 1 + 2 + 1 = 8.
66.2 Representation of I(10, 1) 
Dimension vector: dimI(10, 1) = (2, 4, 5, 3, 2, 3, 2)
Matrices of the representation:
1. M I(10,1)1→2 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
2. M I(10,1)2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k)
3. M I(10,1)4→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
4. M I(10,1)5→4 =
0 01 0
0 1
 ∈M3,2(k)
5. M I(10,1)6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
6. M I(10,1)7→6 =
1 00 1
0 1
 ∈M3,2(k)
The length of I(10, 1) is: 2 + 4 + 5 + 3 + 2 + 3 + 2 = 21. P
The total number of ones in the matrices of the representation: 2 + 4 + 3 + 2 + 6 + 3 = 20.
66.3 Representation of I(16, 1) 
Dimension vector: dimI(16, 1) = (3, 6, 8, 5, 3, 5, 3)
Matrices of the representation:
1. M I(16,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
2. M I(16,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k)
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3. M I(16,1)4→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
4. M I(16,1)5→4 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
5. M I(16,1)6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. M I(16,1)7→6 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k)
The length of I(16, 1) is: 3 + 6 + 8 + 5 + 3 + 5 + 3 = 33. P
The total number of ones in the matrices of the representation: 3 + 6 + 5 + 3 + 10 + 5 = 32.
66.4 Representation of I(22, 1) 
Dimension vector: dimI(22, 1) = (4, 8, 11, 7, 4, 7, 4)
Matrices of the representation:
1. M I(22,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
2. M I(22,1)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k)
3. M I(22,1)4→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
4. M I(22,1)5→4 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
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5. M I(22,1)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. M I(22,1)7→6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of I(22, 1) is: 4 + 8 + 11 + 7 + 4 + 7 + 4 = 45. P
The total number of ones in the matrices of the representation: 4 + 8 + 7 + 4 + 14 + 7 = 44.
66.5 Representation of I(6n+ 4, 1) for n > 3 
Dimension vector: dimI(6n+ 4, 1) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
Matrices of the representation:
1. M I(6n+4,1)1→2 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k)
2. M I(6n+4,1)2→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k)
3. M I(6n+4,1)4→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
4. M I(6n+4,1)5→4 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
5. M I(6n+4,1)6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
6. M I(6n+4,1)7→6 =

1 n
1 1 0
n 0 1
n 0 1
 ∈M2n+1,n+1(k)
The length of I(6n+ 4, 1) is: (n+ 1) + (2n+ 2) + (3n+ 2) + (2n+ 1) + (n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 9. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 2) + (2n+ 1) + (n+ 1) + (4n+ 2) + (2n+ 1) = 12n+ 8.
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67 Representation of I(6n+ 5, 1) 
67.1 Representation of I(5, 1) 
Dimension vector: dimI(5, 1) = (0, 1, 2, 2, 1, 2, 1)
Matrices of the representation:
1. M I(5,1)1→2 =
[ 0
1 0
]
∈M1,0(k)
2. M I(5,1)2→3 =
[
1
1
]
∈M2,1(k)
3. M I(5,1)4→3 =
[
1 0
0 1
]
∈M2,2(k)
4. M I(5,1)5→4 =
[
0
1
]
∈M2,1(k)
5. M I(5,1)6→3 =
[
1 0
0 1
]
∈M2,2(k)
6. M I(5,1)7→6 =
[
1
0
]
∈M2,1(k)
The length of I(5, 1) is: 0 + 1 + 2 + 2 + 1 + 2 + 1 = 9. P
The total number of ones in the matrices of the representation: 0 + 2 + 2 + 1 + 2 + 1 = 8.
67.2 Representation of I(11, 1) 
Dimension vector: dimI(11, 1) = (1, 3, 5, 4, 2, 4, 2)
Matrices of the representation:
1. M I(11,1)1→2 =
01
1
 ∈M3,1(k)
2. M I(11,1)2→3 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k)
3. M I(11,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k)
4. M I(11,1)5→4 =

1 0
1 0
0 1
0 0
 ∈M4,2(k)
5. M I(11,1)6→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
6. M I(11,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of I(11, 1) is: 1 + 3 + 5 + 4 + 2 + 4 + 2 = 21. P
The total number of ones in the matrices of the representation: 2 + 5 + 4 + 3 + 4 + 2 = 20.
67.3 Representation of I(17, 1) 
Dimension vector: dimI(17, 1) = (2, 5, 8, 6, 3, 6, 3)
Matrices of the representation:
1. M I(17,1)1→2 =

0 0
1 0
0 1
1 0
0 1
 ∈M5,2(k)
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2. M I(17,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
3. M I(17,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k)
4. M I(17,1)5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M6,3(k)
5. M I(17,1)6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
6. M I(17,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of I(17, 1) is: 2 + 5 + 8 + 6 + 3 + 6 + 3 = 33. P
The total number of ones in the matrices of the representation: 4 + 9 + 6 + 4 + 6 + 3 = 32.
67.4 Representation of I(23, 1) 
Dimension vector: dimI(23, 1) = (3, 7, 11, 8, 4, 8, 4)
Matrices of the representation:
1. M I(23,1)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M7,3(k)
2. M I(23,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
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3. M I(23,1)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k)
4. M I(23,1)5→4 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
5. M I(23,1)6→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
6. M I(23,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of I(23, 1) is: 3 + 7 + 11 + 8 + 4 + 8 + 4 = 45. P
The total number of ones in the matrices of the representation: 6 + 13 + 8 + 5 + 8 + 4 = 44.
67.5 Representation of I(6n+ 5, 1) for n > 3 
Dimension vector: dimI(6n+ 5, 1) = (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. M I(6n+5,1)1→2 =

n
1 0
n 1
n 1
 ∈M2n+1,n(k)
2. M I(6n+5,1)2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
]
∈M3n+2,2n+1(k)
3. M I(6n+5,1)4→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k)
4. M I(6n+5,1)5→4 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ∈M2n+2,n+1(k)
5. M I(6n+5,1)6→3 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 ∈M3n+2,2n+2(k)
6. M I(6n+5,1)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
The length of I(6n+ 5, 1) is: n+ (2n+ 1) + (3n+ 2) + (2n+ 2) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 9. P
The total number of ones in the matrices of the representation: 2n+ (4n+ 1) + (2n+ 2) + (n+ 2) + (2n+ 2) + (n+ 1) = 12n+ 8.
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68 Representation of I(6n, 5) 
68.1 Representation of I(0, 5) 
Dimension vector: dimI(0, 5) = (0, 0, 0, 0, 1, 0, 0)
Matrices of the representation:
1. M I(0,5)1→2 =
[ 0
0 0
]
∈M0,0(k)
2. M I(0,5)2→3 =
[ 0
0 0
]
∈M0,0(k)
3. M I(0,5)4→3 =
[ 0
0 0
]
∈M0,0(k)
4. M I(0,5)5→4 =
[ 1
0 0
]
∈M0,1(k)
5. M I(0,5)6→3 =
[ 0
0 0
]
∈M0,0(k)
6. M I(0,5)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of I(0, 5) is: 0 + 0 + 0 + 0 + 1 + 0 + 0 = 1. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 0 = 0.
68.2 Representation of I(6, 5) 
Dimension vector: dimI(6, 5) = (1, 2, 3, 2, 2, 2, 1)
Matrices of the representation:
1. M I(6,5)1→2 = M
I(6,1)
5→4 =
[
1
0
]
∈M2,1(k)
2. M I(6,5)2→3 = M
I(6,1)
4→3 =
1 00 1
0 0
 ∈M3,2(k)
3. M I(6,5)4→3 = M
I(6,1)
2→3 =
1 01 1
0 1
 ∈M3,2(k)
4. M I(6,5)5→4 = M
I(6,1)
1→2 =
[
1 0
0 1
]
∈M2,2(k)
5. M I(6,5)6→3 = M
I(6,1)
6→3 =
0 01 0
0 1
 ∈M3,2(k)
6. M I(6,5)7→6 = M
I(6,1)
7→6 =
[
0
1
]
∈M2,1(k)
The length of I(6, 5) is: 1 + 2 + 3 + 2 + 2 + 2 + 1 = 13. P
The total number of ones in the matrices of the representation: 1 + 2 + 4 + 2 + 2 + 1 = 12.
68.3 Representation of I(12, 5) 
Dimension vector: dimI(12, 5) = (2, 4, 6, 4, 3, 4, 2)
Matrices of the representation:
1. M I(12,5)1→2 = M
I(12,1)
5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
2. M I(12,5)2→3 = M
I(12,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k)
3. M I(12,5)4→3 = M
I(12,1)
2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
261
4. M I(12,5)5→4 = M
I(12,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
 ∈M4,3(k)
5. M I(12,5)6→3 = M
I(12,1)
6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. M I(12,5)7→6 = M
I(12,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of I(12, 5) is: 2 + 4 + 6 + 4 + 3 + 4 + 2 = 25. P
The total number of ones in the matrices of the representation: 2 + 4 + 8 + 4 + 4 + 2 = 24.
68.4 Representation of I(18, 5) 
Dimension vector: dimI(18, 5) = (3, 6, 9, 6, 4, 6, 3)
Matrices of the representation:
1. M I(18,5)1→2 = M
I(18,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
2. M I(18,5)2→3 = M
I(18,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
3. M I(18,5)4→3 = M
I(18,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
4. M I(18,5)5→4 = M
I(18,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M6,4(k)
5. M I(18,5)6→3 = M
I(18,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. M I(18,5)7→6 = M
I(18,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of I(18, 5) is: 3 + 6 + 9 + 6 + 4 + 6 + 3 = 37. P
The total number of ones in the matrices of the representation: 3 + 6 + 12 + 6 + 6 + 3 = 36.
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68.5 Representation of I(6n, 5) for n > 3 
Dimension vector: dimI(6n, 5) = (n, 2n, 3n, 2n, n+ 1, 2n, n)
Matrices of the representation:
1. M I(6n,5)1→2 = M
I(6n,1)
5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
2. M I(6n,5)2→3 = M
I(6n,1)
4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
3. M I(6n,5)4→3 = M
I(6n,1)
2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
4. M I(6n,5)5→4 = M
I(6n,1)
1→2 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 ∈M2n,n+1(k)
5. M I(6n,5)6→3 = M
I(6n,1)
6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. M I(6n,5)7→6 = M
I(6n,1)
7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
The length of I(6n, 5) is: n+ 2n+ 3n+ 2n+ (n+ 1) + 2n+ n = 12n+ 1. P
The total number of ones in the matrices of the representation: n+ 2n+ 4n+ 2n+ 2n+ n = 12n.
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69 Representation of I(6n+ 1, 5) 
69.1 Representation of I(1, 5) 
Dimension vector: dimI(1, 5) = (0, 0, 0, 1, 0, 0, 0)
Matrices of the representation:
1. M I(1,5)1→2 =
[ 0
0 0
]
∈M0,0(k)
2. M I(1,5)2→3 =
[ 0
0 0
]
∈M0,0(k)
3. M I(1,5)4→3 =
[ 1
0 0
]
∈M0,1(k)
4. M I(1,5)5→4 =
[ 0
1 0
]
∈M1,0(k)
5. M I(1,5)6→3 =
[ 0
0 0
]
∈M0,0(k)
6. M I(1,5)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of I(1, 5) is: 0 + 0 + 0 + 1 + 0 + 0 + 0 = 1. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 0 = 0.
69.2 Representation of I(7, 5) 
Dimension vector: dimI(7, 5) = (1, 2, 3, 3, 1, 2, 1)
Matrices of the representation:
1. M I(7,5)1→2 = M
I(7,1)
5→4 =
[
1
1
]
∈M2,1(k)
2. M I(7,5)2→3 = M
I(7,1)
4→3 =
1 00 0
0 1
 ∈M3,2(k)
3. M I(7,5)4→3 = M
I(7,1)
2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k)
4. M I(7,5)5→4 = M
I(7,1)
1→2 =
01
0
 ∈M3,1(k)
5. M I(7,5)6→3 = M
I(7,1)
6→3 =
1 00 1
0 1
 ∈M3,2(k)
6. M I(7,5)7→6 = M
I(7,1)
7→6 =
[
0
1
]
∈M2,1(k)
The length of I(7, 5) is: 1 + 2 + 3 + 3 + 1 + 2 + 1 = 13. P
The total number of ones in the matrices of the representation: 2 + 2 + 3 + 1 + 3 + 1 = 12.
69.3 Representation of I(13, 5) 
Dimension vector: dimI(13, 5) = (2, 4, 6, 5, 2, 4, 2)
Matrices of the representation:
1. M I(13,5)1→2 = M
I(13,1)
5→4 =

1 0
0 0
1 0
0 1
 ∈M4,2(k)
2. M I(13,5)2→3 = M
I(13,1)
4→3 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
3. M I(13,5)4→3 = M
I(13,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M6,5(k)
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4. M I(13,5)5→4 = M
I(13,1)
1→2 =

0 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
5. M I(13,5)6→3 = M
I(13,1)
6→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
6. M I(13,5)7→6 = M
I(13,1)
7→6 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
The length of I(13, 5) is: 2 + 4 + 6 + 5 + 2 + 4 + 2 = 25. P
The total number of ones in the matrices of the representation: 3 + 4 + 5 + 2 + 7 + 3 = 24.
69.4 Representation of I(19, 5) 
Dimension vector: dimI(19, 5) = (3, 6, 9, 7, 3, 6, 3)
Matrices of the representation:
1. M I(19,5)1→2 = M
I(19,1)
5→4 =

1 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
2. M I(19,5)2→3 = M
I(19,1)
4→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. M I(19,5)4→3 = M
I(19,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M9,7(k)
4. M I(19,5)5→4 = M
I(19,1)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k)
5. M I(19,5)6→3 = M
I(19,1)
6→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. M I(19,5)7→6 = M
I(19,1)
7→6 =

0 0 0
1 0 0
0 1 0
0 0 1
0 1 0
0 0 1

∈M6,3(k)
The length of I(19, 5) is: 3 + 6 + 9 + 7 + 3 + 6 + 3 = 37. P
The total number of ones in the matrices of the representation: 4 + 6 + 7 + 3 + 11 + 5 = 36.
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69.5 Representation of I(25, 5) 
Dimension vector: dimI(25, 5) = (4, 8, 12, 9, 4, 8, 4)
Matrices of the representation:
1. M I(25,5)1→2 = M
I(25,1)
5→4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. M I(25,5)2→3 = M
I(25,1)
4→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
3. M I(25,5)4→3 = M
I(25,1)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M12,9(k)
4. M I(25,5)5→4 = M
I(25,1)
1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k)
5. M I(25,5)6→3 = M
I(25,1)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. M I(25,5)7→6 = M
I(25,1)
7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of I(25, 5) is: 4 + 8 + 12 + 9 + 4 + 8 + 4 = 49. P
The total number of ones in the matrices of the representation: 5 + 8 + 9 + 4 + 15 + 7 = 48.
69.6 Representation of I(6n+ 1, 5) for n > 3 
Dimension vector: dimI(6n+ 1, 5) = (n, 2n, 3n, 2n+ 1, n, 2n, n)
Matrices of the representation:
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1. M I(6n+1,5)1→2 = M
I(6n+1,1)
5→4 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 ∈M2n,n(k)
2. M I(6n+1,5)2→3 = M
I(6n+1,1)
4→3 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 ∈M3n,2n(k)
3. M I(6n+1,5)4→3 = M
I(6n+1,1)
2→3 =
[2n+1
2n+1 1
n−1 0
]
∈M3n,2n+1(k)
4. M I(6n+1,5)5→4 = M
I(6n+1,1)
1→2 =

n
1 0
n 1
n 0
 ∈M2n+1,n(k)
5. M I(6n+1,5)6→3 = M
I(6n+1,1)
6→3 =
[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]
∈M3n,2n(k)
6. M I(6n+1,5)7→6 = M
I(6n+1,1)
7→6 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n,n(k)
The length of I(6n+ 1, 5) is: n+ 2n+ 3n+ (2n+ 1) + n+ 2n+ n = 12n+ 1. P
The total number of ones in the matrices of the representation: (n+ 1) + 2n+ (2n+ 1) + n+ (4n− 1) + (2n− 1) = 12n.
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70 Representation of I(6n+ 2, 5) 
70.1 Representation of I(2, 5) 
Dimension vector: dimI(2, 5) = (1, 1, 1, 0, 0, 1, 1)
Matrices of the representation:
1. M I(2,5)1→2 = M
I(2,1)
5→4 =
[
1
]
∈M1,1(k)
2. M I(2,5)2→3 = M
I(2,1)
4→3 =
[
1
]
∈M1,1(k)
3. M I(2,5)4→3 = M
I(2,1)
2→3 =
[ 0
1 0
]
∈M1,0(k)
4. M I(2,5)5→4 = M
I(2,1)
1→2 =
[ 0
0 0
]
∈M0,0(k)
5. M I(2,5)6→3 = M
I(2,1)
6→3 =
[
1
]
∈M1,1(k)
6. M I(2,5)7→6 = M
I(2,1)
7→6 =
[
1
]
∈M1,1(k)
The length of I(2, 5) is: 1 + 1 + 1 + 0 + 0 + 1 + 1 = 5. P
The total number of ones in the matrices of the representation: 1 + 1 + 0 + 0 + 1 + 1 = 4.
70.2 Representation of I(8, 5) 
Dimension vector: dimI(8, 5) = (2, 3, 4, 2, 1, 3, 2)
Matrices of the representation:
1. M I(8,5)1→2 = M
I(8,1)
5→4 =
1 00 1
0 0
 ∈M3,2(k)
2. M I(8,5)2→3 = M
I(8,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
3. M I(8,5)4→3 = M
I(8,1)
2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
4. M I(8,5)5→4 = M
I(8,1)
1→2 =
[
1
1
]
∈M2,1(k)
5. M I(8,5)6→3 = M
I(8,1)
6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. M I(8,5)7→6 = M
I(8,1)
7→6 =
0 01 0
0 1
 ∈M3,2(k)
The length of I(8, 5) is: 2 + 3 + 4 + 2 + 1 + 3 + 2 = 17. P
The total number of ones in the matrices of the representation: 2 + 3 + 4 + 2 + 3 + 2 = 16.
70.3 Representation of I(14, 5) 
Dimension vector: dimI(14, 5) = (3, 5, 7, 4, 2, 5, 3)
Matrices of the representation:
1. M I(14,5)1→2 = M
I(14,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
2. M I(14,5)2→3 = M
I(14,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
3. M I(14,5)4→3 = M
I(14,1)
2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
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4. M I(14,5)5→4 = M
I(14,1)
1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
5. M I(14,5)6→3 = M
I(14,1)
6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(14,5)7→6 = M
I(14,1)
7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
The length of I(14, 5) is: 3 + 5 + 7 + 4 + 2 + 5 + 3 = 29. P
The total number of ones in the matrices of the representation: 3 + 5 + 8 + 4 + 5 + 3 = 28.
70.4 Representation of I(20, 5) 
Dimension vector: dimI(20, 5) = (4, 7, 10, 6, 3, 7, 4)
Matrices of the representation:
1. M I(20,5)1→2 = M
I(20,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
2. M I(20,5)2→3 = M
I(20,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
3. M I(20,5)4→3 = M
I(20,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
4. M I(20,5)5→4 = M
I(20,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
5. M I(20,5)6→3 = M
I(20,1)
6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
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6. M I(20,5)7→6 = M
I(20,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of I(20, 5) is: 4 + 7 + 10 + 6 + 3 + 7 + 4 = 41. P
The total number of ones in the matrices of the representation: 4 + 7 + 12 + 6 + 7 + 4 = 40.
70.5 Representation of I(6n+ 2, 5) for n > 3 
Dimension vector: dimI(6n+ 2, 5) = (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n+ 1)
Matrices of the representation:
1. M I(6n+2,5)1→2 = M
I(6n+2,1)
5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
2. M I(6n+2,5)2→3 = M
I(6n+2,1)
4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
3. M I(6n+2,5)4→3 = M
I(6n+2,1)
2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
4. M I(6n+2,5)5→4 = M
I(6n+2,1)
1→2 =
[ n
n 1
n 1
]
∈M2n,n(k)
5. M I(6n+2,5)6→3 = M
I(6n+2,1)
6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k)
6. M I(6n+2,5)7→6 = M
I(6n+2,1)
7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
The length of I(6n+ 2, 5) is: (n+ 1) + (2n+ 1) + (3n+ 1) + 2n+ n+ (2n+ 1) + (n+ 1) = 12n+ 5. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + 4n+ 2n+ (2n+ 1) + (n+ 1) = 12n+ 4.
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71 Representation of I(6n+ 3, 5) 
71.1 Representation of I(3, 5) 
Dimension vector: dimI(3, 5) = (0, 1, 1, 1, 1, 1, 0)
Matrices of the representation:
1. M I(3,5)1→2 = M
I(3,1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
2. M I(3,5)2→3 = M
I(3,1)
4→3 =
[
1
]
∈M1,1(k)
3. M I(3,5)4→3 = M
I(3,1)
2→3 =
[
1
]
∈M1,1(k)
4. M I(3,5)5→4 = M
I(3,1)
1→2 =
[
1
]
∈M1,1(k)
5. M I(3,5)6→3 = M
I(3,1)
6→3 =
[
1
]
∈M1,1(k)
6. M I(3,5)7→6 = M
I(3,1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of I(3, 5) is: 0 + 1 + 1 + 1 + 1 + 1 + 0 = 5. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 1 + 1 + 0 = 4.
71.2 Representation of I(9, 5) 
Dimension vector: dimI(9, 5) = (1, 3, 4, 3, 2, 3, 1)
Matrices of the representation:
1. M I(9,5)1→2 = M
I(9,1)
5→4 =
11
0
 ∈M3,1(k)
2. M I(9,5)2→3 = M
I(9,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
3. M I(9,5)4→3 = M
I(9,1)
2→3 =

1 0 0
0 1 0
0 1 1
0 0 1
 ∈M4,3(k)
4. M I(9,5)5→4 = M
I(9,1)
1→2 =
0 01 0
0 1
 ∈M3,2(k)
5. M I(9,5)6→3 = M
I(9,1)
6→3 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. M I(9,5)7→6 = M
I(9,1)
7→6 =
00
1
 ∈M3,1(k)
The length of I(9, 5) is: 1 + 3 + 4 + 3 + 2 + 3 + 1 = 17. P
The total number of ones in the matrices of the representation: 2 + 3 + 5 + 2 + 3 + 1 = 16.
71.3 Representation of I(15, 5) 
Dimension vector: dimI(15, 5) = (2, 5, 7, 5, 3, 5, 2)
Matrices of the representation:
1. M I(15,5)1→2 = M
I(15,1)
5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
2. M I(15,5)2→3 = M
I(15,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
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3. M I(15,5)4→3 = M
I(15,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
4. M I(15,5)5→4 = M
I(15,1)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
 ∈M5,3(k)
5. M I(15,5)6→3 = M
I(15,1)
6→3 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(15,5)7→6 = M
I(15,1)
7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k)
The length of I(15, 5) is: 2 + 5 + 7 + 5 + 3 + 5 + 2 = 29. P
The total number of ones in the matrices of the representation: 3 + 5 + 9 + 4 + 5 + 2 = 28.
71.4 Representation of I(21, 5) 
Dimension vector: dimI(21, 5) = (3, 7, 10, 7, 4, 7, 3)
Matrices of the representation:
1. M I(21,5)1→2 = M
I(21,1)
5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k)
2. M I(21,5)2→3 = M
I(21,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
3. M I(21,5)4→3 = M
I(21,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
4. M I(21,5)5→4 = M
I(21,1)
1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M7,4(k)
272
5. M I(21,5)6→3 = M
I(21,1)
6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. M I(21,5)7→6 = M
I(21,1)
7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of I(21, 5) is: 3 + 7 + 10 + 7 + 4 + 7 + 3 = 41. P
The total number of ones in the matrices of the representation: 4 + 7 + 13 + 6 + 7 + 3 = 40.
71.5 Representation of I(6n+ 3, 5) for n > 3 
Dimension vector: dimI(6n+ 3, 5) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n)
Matrices of the representation:
1. M I(6n+3,5)1→2 = M
I(6n+3,1)
5→4 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ∈M2n+1,n(k)
2. M I(6n+3,5)2→3 = M
I(6n+3,1)
4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
3. M I(6n+3,5)4→3 = M
I(6n+3,1)
2→3 =
[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
∈M3n+1,2n+1(k)
4. M I(6n+3,5)5→4 = M
I(6n+3,1)
1→2 =

n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]
∈M2n+1,n+1(k)
5. M I(6n+3,5)6→3 = M
I(6n+3,1)
6→3 =

1 2n
1 1 0
n 0 0
2n 0 1
 ∈M3n+1,2n+1(k)
6. M I(6n+3,5)7→6 = M
I(6n+3,1)
7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k)
The length of I(6n+ 3, 5) is: n+ (2n+ 1) + (3n+ 1) + (2n+ 1) + (n+ 1) + (2n+ 1) + n = 12n+ 5. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + (4n+ 1) + 2n+ (2n+ 1) + n = 12n+ 4.
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72 Representation of I(6n+ 4, 5) 
72.1 Representation of I(4, 5) 
Dimension vector: dimI(4, 5) = (1, 1, 2, 2, 1, 1, 1)
Matrices of the representation:
1. M I(4,5)1→2 = M
I(4,1)
5→4 =
[
1
]
∈M1,1(k)
2. M I(4,5)2→3 = M
I(4,1)
4→3 =
[
0
1
]
∈M2,1(k)
3. M I(4,5)4→3 = M
I(4,1)
2→3 =
[
1 0
0 1
]
∈M2,2(k)
4. M I(4,5)5→4 = M
I(4,1)
1→2 =
[
1
0
]
∈M2,1(k)
5. M I(4,5)6→3 = M
I(4,1)
6→3 =
[
1
1
]
∈M2,1(k)
6. M I(4,5)7→6 = M
I(4,1)
7→6 =
[
1
]
∈M1,1(k)
The length of I(4, 5) is: 1 + 1 + 2 + 2 + 1 + 1 + 1 = 9. P
The total number of ones in the matrices of the representation: 1 + 1 + 2 + 1 + 2 + 1 = 8.
72.2 Representation of I(10, 5) 
Dimension vector: dimI(10, 5) = (2, 3, 5, 4, 2, 3, 2)
Matrices of the representation:
1. M I(10,5)1→2 = M
I(10,1)
5→4 =
0 01 0
0 1
 ∈M3,2(k)
2. M I(10,5)2→3 = M
I(10,1)
4→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
3. M I(10,5)4→3 = M
I(10,1)
2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k)
4. M I(10,5)5→4 = M
I(10,1)
1→2 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
5. M I(10,5)6→3 = M
I(10,1)
6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
6. M I(10,5)7→6 = M
I(10,1)
7→6 =
1 00 1
0 1
 ∈M3,2(k)
The length of I(10, 5) is: 2 + 3 + 5 + 4 + 2 + 3 + 2 = 21. P
The total number of ones in the matrices of the representation: 2 + 3 + 4 + 2 + 6 + 3 = 20.
72.3 Representation of I(16, 5) 
Dimension vector: dimI(16, 5) = (3, 5, 8, 6, 3, 5, 3)
Matrices of the representation:
1. M I(16,5)1→2 = M
I(16,1)
5→4 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
2. M I(16,5)2→3 = M
I(16,1)
4→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
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3. M I(16,5)4→3 = M
I(16,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k)
4. M I(16,5)5→4 = M
I(16,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
5. M I(16,5)6→3 = M
I(16,1)
6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. M I(16,5)7→6 = M
I(16,1)
7→6 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k)
The length of I(16, 5) is: 3 + 5 + 8 + 6 + 3 + 5 + 3 = 33. P
The total number of ones in the matrices of the representation: 3 + 5 + 6 + 3 + 10 + 5 = 32.
72.4 Representation of I(22, 5) 
Dimension vector: dimI(22, 5) = (4, 7, 11, 8, 4, 7, 4)
Matrices of the representation:
1. M I(22,5)1→2 = M
I(22,1)
5→4 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
2. M I(22,5)2→3 = M
I(22,1)
4→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. M I(22,5)4→3 = M
I(22,1)
2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k)
4. M I(22,5)5→4 = M
I(22,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
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5. M I(22,5)6→3 = M
I(22,1)
6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. M I(22,5)7→6 = M
I(22,1)
7→6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of I(22, 5) is: 4 + 7 + 11 + 8 + 4 + 7 + 4 = 45. P
The total number of ones in the matrices of the representation: 4 + 7 + 8 + 4 + 14 + 7 = 44.
72.5 Representation of I(6n+ 4, 5) for n > 3 
Dimension vector: dimI(6n+ 4, 5) = (n+ 1, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n+ 1)
Matrices of the representation:
1. M I(6n+4,5)1→2 = M
I(6n+4,1)
5→4 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
2. M I(6n+4,5)2→3 = M
I(6n+4,1)
4→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
3. M I(6n+4,5)4→3 = M
I(6n+4,1)
2→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k)
4. M I(6n+4,5)5→4 = M
I(6n+4,1)
1→2 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k)
5. M I(6n+4,5)6→3 = M
I(6n+4,1)
6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
6. M I(6n+4,5)7→6 = M
I(6n+4,1)
7→6 =

1 n
1 1 0
n 0 1
n 0 1
 ∈M2n+1,n+1(k)
The length of I(6n+ 4, 5) is: (n+ 1) + (2n+ 1) + (3n+ 2) + (2n+ 2) + (n+ 1) + (2n+ 1) + (n+ 1) = 12n+ 9. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + (2n+ 2) + (n+ 1) + (4n+ 2) + (2n+ 1) = 12n+ 8.
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73 Representation of I(6n+ 5, 5) 
73.1 Representation of I(5, 5) 
Dimension vector: dimI(5, 5) = (1, 2, 2, 1, 0, 2, 1)
Matrices of the representation:
1. M I(5,5)1→2 = M
I(5,1)
5→4 =
[
0
1
]
∈M2,1(k)
2. M I(5,5)2→3 = M
I(5,1)
4→3 =
[
1 0
0 1
]
∈M2,2(k)
3. M I(5,5)4→3 = M
I(5,1)
2→3 =
[
1
1
]
∈M2,1(k)
4. M I(5,5)5→4 = M
I(5,1)
1→2 =
[ 0
1 0
]
∈M1,0(k)
5. M I(5,5)6→3 = M
I(5,1)
6→3 =
[
1 0
0 1
]
∈M2,2(k)
6. M I(5,5)7→6 = M
I(5,1)
7→6 =
[
1
0
]
∈M2,1(k)
The length of I(5, 5) is: 1 + 2 + 2 + 1 + 0 + 2 + 1 = 9. P
The total number of ones in the matrices of the representation: 1 + 2 + 2 + 0 + 2 + 1 = 8.
73.2 Representation of I(11, 5) 
Dimension vector: dimI(11, 5) = (2, 4, 5, 3, 1, 4, 2)
Matrices of the representation:
1. M I(11,5)1→2 = M
I(11,1)
5→4 =

1 0
1 0
0 1
0 0
 ∈M4,2(k)
2. M I(11,5)2→3 = M
I(11,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k)
3. M I(11,5)4→3 = M
I(11,1)
2→3 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k)
4. M I(11,5)5→4 = M
I(11,1)
1→2 =
01
1
 ∈M3,1(k)
5. M I(11,5)6→3 = M
I(11,1)
6→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
6. M I(11,5)7→6 = M
I(11,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
The length of I(11, 5) is: 2 + 4 + 5 + 3 + 1 + 4 + 2 = 21. P
The total number of ones in the matrices of the representation: 3 + 4 + 5 + 2 + 4 + 2 = 20.
73.3 Representation of I(17, 5) 
Dimension vector: dimI(17, 5) = (3, 6, 8, 5, 2, 6, 3)
Matrices of the representation:
1. M I(17,5)1→2 = M
I(17,1)
5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M6,3(k)
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2. M I(17,5)2→3 = M
I(17,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k)
3. M I(17,5)4→3 = M
I(17,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
4. M I(17,5)5→4 = M
I(17,1)
1→2 =

0 0
1 0
0 1
1 0
0 1
 ∈M5,2(k)
5. M I(17,5)6→3 = M
I(17,1)
6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
6. M I(17,5)7→6 = M
I(17,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of I(17, 5) is: 3 + 6 + 8 + 5 + 2 + 6 + 3 = 33. P
The total number of ones in the matrices of the representation: 4 + 6 + 9 + 4 + 6 + 3 = 32.
73.4 Representation of I(23, 5) 
Dimension vector: dimI(23, 5) = (4, 8, 11, 7, 3, 8, 4)
Matrices of the representation:
1. M I(23,5)1→2 = M
I(23,1)
5→4 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
2. M I(23,5)2→3 = M
I(23,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k)
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3. M I(23,5)4→3 = M
I(23,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
4. M I(23,5)5→4 = M
I(23,1)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M7,3(k)
5. M I(23,5)6→3 = M
I(23,1)
6→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
6. M I(23,5)7→6 = M
I(23,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of I(23, 5) is: 4 + 8 + 11 + 7 + 3 + 8 + 4 = 45. P
The total number of ones in the matrices of the representation: 5 + 8 + 13 + 6 + 8 + 4 = 44.
73.5 Representation of I(6n+ 5, 5) for n > 3 
Dimension vector: dimI(6n+ 5, 5) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1)
Matrices of the representation:
1. M I(6n+5,5)1→2 = M
I(6n+5,1)
5→4 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ∈M2n+2,n+1(k)
2. M I(6n+5,5)2→3 = M
I(6n+5,1)
4→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k)
3. M I(6n+5,5)4→3 = M
I(6n+5,1)
2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
]
∈M3n+2,2n+1(k)
4. M I(6n+5,5)5→4 = M
I(6n+5,1)
1→2 =

n
1 0
n 1
n 1
 ∈M2n+1,n(k)
5. M I(6n+5,5)6→3 = M
I(6n+5,1)
6→3 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 ∈M3n+2,2n+2(k)
6. M I(6n+5,5)7→6 = M
I(6n+5,1)
7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
The length of I(6n+ 5, 5) is: (n+ 1) + (2n+ 2) + (3n+ 2) + (2n+ 1) + n+ (2n+ 2) + (n+ 1) = 12n+ 9. P
The total number of ones in the matrices of the representation: (n+ 2) + (2n+ 2) + (4n+ 1) + 2n+ (2n+ 2) + (n+ 1) = 12n+ 8.
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74 Representation of I(6n, 7) 
74.1 Representation of I(0, 7) 
Dimension vector: dimI(0, 7) = (0, 0, 0, 0, 0, 0, 1)
Matrices of the representation:
1. M I(0,7)1→2 =
[ 0
0 0
]
∈M0,0(k)
2. M I(0,7)2→3 =
[ 0
0 0
]
∈M0,0(k)
3. M I(0,7)4→3 =
[ 0
0 0
]
∈M0,0(k)
4. M I(0,7)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. M I(0,7)6→3 =
[ 0
0 0
]
∈M0,0(k)
6. M I(0,7)7→6 =
[ 1
0 0
]
∈M0,1(k)
The length of I(0, 7) is: 0 + 0 + 0 + 0 + 0 + 0 + 1 = 1. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 0 = 0.
74.2 Representation of I(6, 7) 
Dimension vector: dimI(6, 7) = (1, 2, 3, 2, 1, 2, 2)
Matrices of the representation:
1. M I(6,7)1→2 = M
I(6,1)
7→6 =
[
0
1
]
∈M2,1(k)
2. M I(6,7)2→3 = M
I(6,1)
6→3 =
0 01 0
0 1
 ∈M3,2(k)
3. M I(6,7)4→3 = M
I(6,1)
4→3 =
1 00 1
0 0
 ∈M3,2(k)
4. M I(6,7)5→4 = M
I(6,1)
5→4 =
[
1
0
]
∈M2,1(k)
5. M I(6,7)6→3 = M
I(6,1)
2→3 =
1 01 1
0 1
 ∈M3,2(k)
6. M I(6,7)7→6 = M
I(6,1)
1→2 =
[
1 0
0 1
]
∈M2,2(k)
The length of I(6, 7) is: 1 + 2 + 3 + 2 + 1 + 2 + 2 = 13. P
The total number of ones in the matrices of the representation: 1 + 2 + 2 + 1 + 4 + 2 = 12.
74.3 Representation of I(12, 7) 
Dimension vector: dimI(12, 7) = (2, 4, 6, 4, 2, 4, 3)
Matrices of the representation:
1. M I(12,7)1→2 = M
I(12,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
2. M I(12,7)2→3 = M
I(12,1)
6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
3. M I(12,7)4→3 = M
I(12,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k)
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4. M I(12,7)5→4 = M
I(12,1)
5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
5. M I(12,7)6→3 = M
I(12,1)
2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
6. M I(12,7)7→6 = M
I(12,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
 ∈M4,3(k)
The length of I(12, 7) is: 2 + 4 + 6 + 4 + 2 + 4 + 3 = 25. P
The total number of ones in the matrices of the representation: 2 + 4 + 4 + 2 + 8 + 4 = 24.
74.4 Representation of I(18, 7) 
Dimension vector: dimI(18, 7) = (3, 6, 9, 6, 3, 6, 4)
Matrices of the representation:
1. M I(18,7)1→2 = M
I(18,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
2. M I(18,7)2→3 = M
I(18,1)
6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. M I(18,7)4→3 = M
I(18,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k)
4. M I(18,7)5→4 = M
I(18,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
5. M I(18,7)6→3 = M
I(18,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
6. M I(18,7)7→6 = M
I(18,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M6,4(k)
The length of I(18, 7) is: 3 + 6 + 9 + 6 + 3 + 6 + 4 = 37. P
The total number of ones in the matrices of the representation: 3 + 6 + 6 + 3 + 12 + 6 = 36.
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74.5 Representation of I(6n, 7) for n > 3 
Dimension vector: dimI(6n, 7) = (n, 2n, 3n, 2n, n, 2n, n+ 1)
Matrices of the representation:
1. M I(6n,7)1→2 = M
I(6n,1)
7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
2. M I(6n,7)2→3 = M
I(6n,1)
6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. M I(6n,7)4→3 = M
I(6n,1)
4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
4. M I(6n,7)5→4 = M
I(6n,1)
5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. M I(6n,7)6→3 = M
I(6n,1)
2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. M I(6n,7)7→6 = M
I(6n,1)
1→2 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 ∈M2n,n+1(k)
The length of I(6n, 7) is: n+ 2n+ 3n+ 2n+ n+ 2n+ (n+ 1) = 12n+ 1. P
The total number of ones in the matrices of the representation: n+ 2n+ 2n+ n+ 4n+ 2n = 12n.
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75 Representation of I(6n+ 1, 7) 
75.1 Representation of I(1, 7) 
Dimension vector: dimI(1, 7) = (0, 0, 0, 0, 0, 1, 0)
Matrices of the representation:
1. M I(1,7)1→2 =
[ 0
0 0
]
∈M0,0(k)
2. M I(1,7)2→3 =
[ 0
0 0
]
∈M0,0(k)
3. M I(1,7)4→3 =
[ 0
0 0
]
∈M0,0(k)
4. M I(1,7)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. M I(1,7)6→3 =
[ 1
0 0
]
∈M0,1(k)
6. M I(1,7)7→6 =
[ 0
1 0
]
∈M1,0(k)
The length of I(1, 7) is: 0 + 0 + 0 + 0 + 0 + 1 + 0 = 1. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 0 = 0.
75.2 Representation of I(7, 7) 
Dimension vector: dimI(7, 7) = (1, 2, 3, 2, 1, 3, 1)
Matrices of the representation:
1. M I(7,7)1→2 = M
I(7,1)
7→6 =
[
0
1
]
∈M2,1(k)
2. M I(7,7)2→3 = M
I(7,1)
6→3 =
1 00 1
0 1
 ∈M3,2(k)
3. M I(7,7)4→3 = M
I(7,1)
4→3 =
1 00 0
0 1
 ∈M3,2(k)
4. M I(7,7)5→4 = M
I(7,1)
5→4 =
[
1
1
]
∈M2,1(k)
5. M I(7,7)6→3 = M
I(7,1)
2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k)
6. M I(7,7)7→6 = M
I(7,1)
1→2 =
01
0
 ∈M3,1(k)
The length of I(7, 7) is: 1 + 2 + 3 + 2 + 1 + 3 + 1 = 13. P
The total number of ones in the matrices of the representation: 1 + 3 + 2 + 2 + 3 + 1 = 12.
75.3 Representation of I(13, 7) 
Dimension vector: dimI(13, 7) = (2, 4, 6, 4, 2, 5, 2)
Matrices of the representation:
1. M I(13,7)1→2 = M
I(13,1)
7→6 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
2. M I(13,7)2→3 = M
I(13,1)
6→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k)
3. M I(13,7)4→3 = M
I(13,1)
4→3 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
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4. M I(13,7)5→4 = M
I(13,1)
5→4 =

1 0
0 0
1 0
0 1
 ∈M4,2(k)
5. M I(13,7)6→3 = M
I(13,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M6,5(k)
6. M I(13,7)7→6 = M
I(13,1)
1→2 =

0 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
The length of I(13, 7) is: 2 + 4 + 6 + 4 + 2 + 5 + 2 = 25. P
The total number of ones in the matrices of the representation: 3 + 7 + 4 + 3 + 5 + 2 = 24.
75.4 Representation of I(19, 7) 
Dimension vector: dimI(19, 7) = (3, 6, 9, 6, 3, 7, 3)
Matrices of the representation:
1. M I(19,7)1→2 = M
I(19,1)
7→6 =

0 0 0
1 0 0
0 1 0
0 0 1
0 1 0
0 0 1

∈M6,3(k)
2. M I(19,7)2→3 = M
I(19,1)
6→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. M I(19,7)4→3 = M
I(19,1)
4→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
4. M I(19,7)5→4 = M
I(19,1)
5→4 =

1 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
5. M I(19,7)6→3 = M
I(19,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M9,7(k)
6. M I(19,7)7→6 = M
I(19,1)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k)
The length of I(19, 7) is: 3 + 6 + 9 + 6 + 3 + 7 + 3 = 37. P
The total number of ones in the matrices of the representation: 5 + 11 + 6 + 4 + 7 + 3 = 36.
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75.5 Representation of I(25, 7) 
Dimension vector: dimI(25, 7) = (4, 8, 12, 8, 4, 9, 4)
Matrices of the representation:
1. M I(25,7)1→2 = M
I(25,1)
7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. M I(25,7)2→3 = M
I(25,1)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
3. M I(25,7)4→3 = M
I(25,1)
4→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
4. M I(25,7)5→4 = M
I(25,1)
5→4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
5. M I(25,7)6→3 = M
I(25,1)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M12,9(k)
6. M I(25,7)7→6 = M
I(25,1)
1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k)
The length of I(25, 7) is: 4 + 8 + 12 + 8 + 4 + 9 + 4 = 49. P
The total number of ones in the matrices of the representation: 7 + 15 + 8 + 5 + 9 + 4 = 48.
75.6 Representation of I(6n+ 1, 7) for n > 3 
Dimension vector: dimI(6n+ 1, 7) = (n, 2n, 3n, 2n, n, 2n+ 1, n)
Matrices of the representation:
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1. M I(6n+1,7)1→2 = M
I(6n+1,1)
7→6 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n,n(k)
2. M I(6n+1,7)2→3 = M
I(6n+1,1)
6→3 =
[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]
∈M3n,2n(k)
3. M I(6n+1,7)4→3 = M
I(6n+1,1)
4→3 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 ∈M3n,2n(k)
4. M I(6n+1,7)5→4 = M
I(6n+1,1)
5→4 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 ∈M2n,n(k)
5. M I(6n+1,7)6→3 = M
I(6n+1,1)
2→3 =
[2n+1
2n+1 1
n−1 0
]
∈M3n,2n+1(k)
6. M I(6n+1,7)7→6 = M
I(6n+1,1)
1→2 =

n
1 0
n 1
n 0
 ∈M2n+1,n(k)
The length of I(6n+ 1, 7) is: n+ 2n+ 3n+ 2n+ n+ (2n+ 1) + n = 12n+ 1. P
The total number of ones in the matrices of the representation: (2n− 1) + (4n− 1) + 2n+ (n+ 1) + (2n+ 1) + n = 12n.
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76 Representation of I(6n+ 2, 7) 
76.1 Representation of I(2, 7) 
Dimension vector: dimI(2, 7) = (1, 1, 1, 1, 1, 0, 0)
Matrices of the representation:
1. M I(2,7)1→2 = M
I(2,1)
7→6 =
[
1
]
∈M1,1(k)
2. M I(2,7)2→3 = M
I(2,1)
6→3 =
[
1
]
∈M1,1(k)
3. M I(2,7)4→3 = M
I(2,1)
4→3 =
[
1
]
∈M1,1(k)
4. M I(2,7)5→4 = M
I(2,1)
5→4 =
[
1
]
∈M1,1(k)
5. M I(2,7)6→3 = M
I(2,1)
2→3 =
[ 0
1 0
]
∈M1,0(k)
6. M I(2,7)7→6 = M
I(2,1)
1→2 =
[ 0
0 0
]
∈M0,0(k)
The length of I(2, 7) is: 1 + 1 + 1 + 1 + 1 + 0 + 0 = 5. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 1 + 0 + 0 = 4.
76.2 Representation of I(8, 7) 
Dimension vector: dimI(8, 7) = (2, 3, 4, 3, 2, 2, 1)
Matrices of the representation:
1. M I(8,7)1→2 = M
I(8,1)
7→6 =
0 01 0
0 1
 ∈M3,2(k)
2. M I(8,7)2→3 = M
I(8,1)
6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
3. M I(8,7)4→3 = M
I(8,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
4. M I(8,7)5→4 = M
I(8,1)
5→4 =
1 00 1
0 0
 ∈M3,2(k)
5. M I(8,7)6→3 = M
I(8,1)
2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
6. M I(8,7)7→6 = M
I(8,1)
1→2 =
[
1
1
]
∈M2,1(k)
The length of I(8, 7) is: 2 + 3 + 4 + 3 + 2 + 2 + 1 = 17. P
The total number of ones in the matrices of the representation: 2 + 3 + 3 + 2 + 4 + 2 = 16.
76.3 Representation of I(14, 7) 
Dimension vector: dimI(14, 7) = (3, 5, 7, 5, 3, 4, 2)
Matrices of the representation:
1. M I(14,7)1→2 = M
I(14,1)
7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
2. M I(14,7)2→3 = M
I(14,1)
6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
3. M I(14,7)4→3 = M
I(14,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
287
4. M I(14,7)5→4 = M
I(14,1)
5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k)
5. M I(14,7)6→3 = M
I(14,1)
2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
6. M I(14,7)7→6 = M
I(14,1)
1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k)
The length of I(14, 7) is: 3 + 5 + 7 + 5 + 3 + 4 + 2 = 29. P
The total number of ones in the matrices of the representation: 3 + 5 + 5 + 3 + 8 + 4 = 28.
76.4 Representation of I(20, 7) 
Dimension vector: dimI(20, 7) = (4, 7, 10, 7, 4, 6, 3)
Matrices of the representation:
1. M I(20,7)1→2 = M
I(20,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
2. M I(20,7)2→3 = M
I(20,1)
6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. M I(20,7)4→3 = M
I(20,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
4. M I(20,7)5→4 = M
I(20,1)
5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k)
5. M I(20,7)6→3 = M
I(20,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k)
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6. M I(20,7)7→6 = M
I(20,1)
1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of I(20, 7) is: 4 + 7 + 10 + 7 + 4 + 6 + 3 = 41. P
The total number of ones in the matrices of the representation: 4 + 7 + 7 + 4 + 12 + 6 = 40.
76.5 Representation of I(6n+ 2, 7) for n > 3 
Dimension vector: dimI(6n+ 2, 7) = (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n, n)
Matrices of the representation:
1. M I(6n+2,7)1→2 = M
I(6n+2,1)
7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
2. M I(6n+2,7)2→3 = M
I(6n+2,1)
6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k)
3. M I(6n+2,7)4→3 = M
I(6n+2,1)
4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
4. M I(6n+2,7)5→4 = M
I(6n+2,1)
5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k)
5. M I(6n+2,7)6→3 = M
I(6n+2,1)
2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k)
6. M I(6n+2,7)7→6 = M
I(6n+2,1)
1→2 =
[ n
n 1
n 1
]
∈M2n,n(k)
The length of I(6n+ 2, 7) is: (n+ 1) + (2n+ 1) + (3n+ 1) + (2n+ 1) + (n+ 1) + 2n+ n = 12n+ 5. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 1) + (2n+ 1) + (n+ 1) + 4n+ 2n = 12n+ 4.
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77 Representation of I(6n+ 3, 7) 
77.1 Representation of I(3, 7) 
Dimension vector: dimI(3, 7) = (0, 1, 1, 1, 0, 1, 1)
Matrices of the representation:
1. M I(3,7)1→2 = M
I(3,1)
7→6 =
[ 0
1 0
]
∈M1,0(k)
2. M I(3,7)2→3 = M
I(3,1)
6→3 =
[
1
]
∈M1,1(k)
3. M I(3,7)4→3 = M
I(3,1)
4→3 =
[
1
]
∈M1,1(k)
4. M I(3,7)5→4 = M
I(3,1)
5→4 =
[ 0
1 0
]
∈M1,0(k)
5. M I(3,7)6→3 = M
I(3,1)
2→3 =
[
1
]
∈M1,1(k)
6. M I(3,7)7→6 = M
I(3,1)
1→2 =
[
1
]
∈M1,1(k)
The length of I(3, 7) is: 0 + 1 + 1 + 1 + 0 + 1 + 1 = 5. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 0 + 1 + 1 = 4.
77.2 Representation of I(9, 7) 
Dimension vector: dimI(9, 7) = (1, 3, 4, 3, 1, 3, 2)
Matrices of the representation:
1. M I(9,7)1→2 = M
I(9,1)
7→6 =
00
1
 ∈M3,1(k)
2. M I(9,7)2→3 = M
I(9,1)
6→3 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k)
3. M I(9,7)4→3 = M
I(9,1)
4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k)
4. M I(9,7)5→4 = M
I(9,1)
5→4 =
11
0
 ∈M3,1(k)
5. M I(9,7)6→3 = M
I(9,1)
2→3 =

1 0 0
0 1 0
0 1 1
0 0 1
 ∈M4,3(k)
6. M I(9,7)7→6 = M
I(9,1)
1→2 =
0 01 0
0 1
 ∈M3,2(k)
The length of I(9, 7) is: 1 + 3 + 4 + 3 + 1 + 3 + 2 = 17. P
The total number of ones in the matrices of the representation: 1 + 3 + 3 + 2 + 5 + 2 = 16.
77.3 Representation of I(15, 7) 
Dimension vector: dimI(15, 7) = (2, 5, 7, 5, 2, 5, 3)
Matrices of the representation:
1. M I(15,7)1→2 = M
I(15,1)
7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k)
2. M I(15,7)2→3 = M
I(15,1)
6→3 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
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3. M I(15,7)4→3 = M
I(15,1)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k)
4. M I(15,7)5→4 = M
I(15,1)
5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k)
5. M I(15,7)6→3 = M
I(15,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(15,7)7→6 = M
I(15,1)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
 ∈M5,3(k)
The length of I(15, 7) is: 2 + 5 + 7 + 5 + 2 + 5 + 3 = 29. P
The total number of ones in the matrices of the representation: 2 + 5 + 5 + 3 + 9 + 4 = 28.
77.4 Representation of I(21, 7) 
Dimension vector: dimI(21, 7) = (3, 7, 10, 7, 3, 7, 4)
Matrices of the representation:
1. M I(21,7)1→2 = M
I(21,1)
7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k)
2. M I(21,7)2→3 = M
I(21,1)
6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. M I(21,7)4→3 = M
I(21,1)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k)
4. M I(21,7)5→4 = M
I(21,1)
5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k)
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5. M I(21,7)6→3 = M
I(21,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. M I(21,7)7→6 = M
I(21,1)
1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M7,4(k)
The length of I(21, 7) is: 3 + 7 + 10 + 7 + 3 + 7 + 4 = 41. P
The total number of ones in the matrices of the representation: 3 + 7 + 7 + 4 + 13 + 6 = 40.
77.5 Representation of I(6n+ 3, 7) for n > 3 
Dimension vector: dimI(6n+ 3, 7) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n+ 1)
Matrices of the representation:
1. M I(6n+3,7)1→2 = M
I(6n+3,1)
7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k)
2. M I(6n+3,7)2→3 = M
I(6n+3,1)
6→3 =

1 2n
1 1 0
n 0 0
2n 0 1
 ∈M3n+1,2n+1(k)
3. M I(6n+3,7)4→3 = M
I(6n+3,1)
4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k)
4. M I(6n+3,7)5→4 = M
I(6n+3,1)
5→4 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ∈M2n+1,n(k)
5. M I(6n+3,7)6→3 = M
I(6n+3,1)
2→3 =
[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
∈M3n+1,2n+1(k)
6. M I(6n+3,7)7→6 = M
I(6n+3,1)
1→2 =

n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]
∈M2n+1,n+1(k)
The length of I(6n+ 3, 7) is: n+ (2n+ 1) + (3n+ 1) + (2n+ 1) + n+ (2n+ 1) + (n+ 1) = 12n+ 5. P
The total number of ones in the matrices of the representation: n+ (2n+ 1) + (2n+ 1) + (n+ 1) + (4n+ 1) + 2n = 12n+ 4.
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78 Representation of I(6n+ 4, 7) 
78.1 Representation of I(4, 7) 
Dimension vector: dimI(4, 7) = (1, 1, 2, 1, 1, 2, 1)
Matrices of the representation:
1. M I(4,7)1→2 = M
I(4,1)
7→6 =
[
1
]
∈M1,1(k)
2. M I(4,7)2→3 = M
I(4,1)
6→3 =
[
1
1
]
∈M2,1(k)
3. M I(4,7)4→3 = M
I(4,1)
4→3 =
[
0
1
]
∈M2,1(k)
4. M I(4,7)5→4 = M
I(4,1)
5→4 =
[
1
]
∈M1,1(k)
5. M I(4,7)6→3 = M
I(4,1)
2→3 =
[
1 0
0 1
]
∈M2,2(k)
6. M I(4,7)7→6 = M
I(4,1)
1→2 =
[
1
0
]
∈M2,1(k)
The length of I(4, 7) is: 1 + 1 + 2 + 1 + 1 + 2 + 1 = 9. P
The total number of ones in the matrices of the representation: 1 + 2 + 1 + 1 + 2 + 1 = 8.
78.2 Representation of I(10, 7) 
Dimension vector: dimI(10, 7) = (2, 3, 5, 3, 2, 4, 2)
Matrices of the representation:
1. M I(10,7)1→2 = M
I(10,1)
7→6 =
1 00 1
0 1
 ∈M3,2(k)
2. M I(10,7)2→3 = M
I(10,1)
6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k)
3. M I(10,7)4→3 = M
I(10,1)
4→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
4. M I(10,7)5→4 = M
I(10,1)
5→4 =
0 01 0
0 1
 ∈M3,2(k)
5. M I(10,7)6→3 = M
I(10,1)
2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k)
6. M I(10,7)7→6 = M
I(10,1)
1→2 =

1 0
0 1
0 0
0 0
 ∈M4,2(k)
The length of I(10, 7) is: 2 + 3 + 5 + 3 + 2 + 4 + 2 = 21. P
The total number of ones in the matrices of the representation: 3 + 6 + 3 + 2 + 4 + 2 = 20.
78.3 Representation of I(16, 7) 
Dimension vector: dimI(16, 7) = (3, 5, 8, 5, 3, 6, 3)
Matrices of the representation:
1. M I(16,7)1→2 = M
I(16,1)
7→6 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k)
2. M I(16,7)2→3 = M
I(16,1)
6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
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3. M I(16,7)4→3 = M
I(16,1)
4→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
4. M I(16,7)5→4 = M
I(16,1)
5→4 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k)
5. M I(16,7)6→3 = M
I(16,1)
2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k)
6. M I(16,7)7→6 = M
I(16,1)
1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k)
The length of I(16, 7) is: 3 + 5 + 8 + 5 + 3 + 6 + 3 = 33. P
The total number of ones in the matrices of the representation: 5 + 10 + 5 + 3 + 6 + 3 = 32.
78.4 Representation of I(22, 7) 
Dimension vector: dimI(22, 7) = (4, 7, 11, 7, 4, 8, 4)
Matrices of the representation:
1. M I(22,7)1→2 = M
I(22,1)
7→6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
2. M I(22,7)2→3 = M
I(22,1)
6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. M I(22,7)4→3 = M
I(22,1)
4→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
4. M I(22,7)5→4 = M
I(22,1)
5→4 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
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5. M I(22,7)6→3 = M
I(22,1)
2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k)
6. M I(22,7)7→6 = M
I(22,1)
1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
The length of I(22, 7) is: 4 + 7 + 11 + 7 + 4 + 8 + 4 = 45. P
The total number of ones in the matrices of the representation: 7 + 14 + 7 + 4 + 8 + 4 = 44.
78.5 Representation of I(6n+ 4, 7) for n > 3 
Dimension vector: dimI(6n+ 4, 7) = (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. M I(6n+4,7)1→2 = M
I(6n+4,1)
7→6 =

1 n
1 1 0
n 0 1
n 0 1
 ∈M2n+1,n+1(k)
2. M I(6n+4,7)2→3 = M
I(6n+4,1)
6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
3. M I(6n+4,7)4→3 = M
I(6n+4,1)
4→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k)
4. M I(6n+4,7)5→4 = M
I(6n+4,1)
5→4 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k)
5. M I(6n+4,7)6→3 = M
I(6n+4,1)
2→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k)
6. M I(6n+4,7)7→6 = M
I(6n+4,1)
1→2 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k)
The length of I(6n+ 4, 7) is: (n+ 1) + (2n+ 1) + (3n+ 2) + (2n+ 1) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 9. P
The total number of ones in the matrices of the representation: (2n+ 1) + (4n+ 2) + (2n+ 1) + (n+ 1) + (2n+ 2) + (n+ 1) = 12n+ 8.
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79 Representation of I(6n+ 5, 7) 
79.1 Representation of I(5, 7) 
Dimension vector: dimI(5, 7) = (1, 2, 2, 2, 1, 1, 0)
Matrices of the representation:
1. M I(5,7)1→2 = M
I(5,1)
7→6 =
[
1
0
]
∈M2,1(k)
2. M I(5,7)2→3 = M
I(5,1)
6→3 =
[
1 0
0 1
]
∈M2,2(k)
3. M I(5,7)4→3 = M
I(5,1)
4→3 =
[
1 0
0 1
]
∈M2,2(k)
4. M I(5,7)5→4 = M
I(5,1)
5→4 =
[
0
1
]
∈M2,1(k)
5. M I(5,7)6→3 = M
I(5,1)
2→3 =
[
1
1
]
∈M2,1(k)
6. M I(5,7)7→6 = M
I(5,1)
1→2 =
[ 0
1 0
]
∈M1,0(k)
The length of I(5, 7) is: 1 + 2 + 2 + 2 + 1 + 1 + 0 = 9. P
The total number of ones in the matrices of the representation: 1 + 2 + 2 + 1 + 2 + 0 = 8.
79.2 Representation of I(11, 7) 
Dimension vector: dimI(11, 7) = (2, 4, 5, 4, 2, 3, 1)
Matrices of the representation:
1. M I(11,7)1→2 = M
I(11,1)
7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
2. M I(11,7)2→3 = M
I(11,1)
6→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
3. M I(11,7)4→3 = M
I(11,1)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k)
4. M I(11,7)5→4 = M
I(11,1)
5→4 =

1 0
1 0
0 1
0 0
 ∈M4,2(k)
5. M I(11,7)6→3 = M
I(11,1)
2→3 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k)
6. M I(11,7)7→6 = M
I(11,1)
1→2 =
01
1
 ∈M3,1(k)
The length of I(11, 7) is: 2 + 4 + 5 + 4 + 2 + 3 + 1 = 21. P
The total number of ones in the matrices of the representation: 2 + 4 + 4 + 3 + 5 + 2 = 20.
79.3 Representation of I(17, 7) 
Dimension vector: dimI(17, 7) = (3, 6, 8, 6, 3, 5, 2)
Matrices of the representation:
1. M I(17,7)1→2 = M
I(17,1)
7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k)
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2. M I(17,7)2→3 = M
I(17,1)
6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
3. M I(17,7)4→3 = M
I(17,1)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k)
4. M I(17,7)5→4 = M
I(17,1)
5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M6,3(k)
5. M I(17,7)6→3 = M
I(17,1)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. M I(17,7)7→6 = M
I(17,1)
1→2 =

0 0
1 0
0 1
1 0
0 1
 ∈M5,2(k)
The length of I(17, 7) is: 3 + 6 + 8 + 6 + 3 + 5 + 2 = 33. P
The total number of ones in the matrices of the representation: 3 + 6 + 6 + 4 + 9 + 4 = 32.
79.4 Representation of I(23, 7) 
Dimension vector: dimI(23, 7) = (4, 8, 11, 8, 4, 7, 3)
Matrices of the representation:
1. M I(23,7)1→2 = M
I(23,1)
7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. M I(23,7)2→3 = M
I(23,1)
6→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
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3. M I(23,7)4→3 = M
I(23,1)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k)
4. M I(23,7)5→4 = M
I(23,1)
5→4 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k)
5. M I(23,7)6→3 = M
I(23,1)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. M I(23,7)7→6 = M
I(23,1)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M7,3(k)
The length of I(23, 7) is: 4 + 8 + 11 + 8 + 4 + 7 + 3 = 45. P
The total number of ones in the matrices of the representation: 4 + 8 + 8 + 5 + 13 + 6 = 44.
79.5 Representation of I(6n+ 5, 7) for n > 3 
Dimension vector: dimI(6n+ 5, 7) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n)
Matrices of the representation:
1. M I(6n+5,7)1→2 = M
I(6n+5,1)
7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
2. M I(6n+5,7)2→3 = M
I(6n+5,1)
6→3 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 ∈M3n+2,2n+2(k)
3. M I(6n+5,7)4→3 = M
I(6n+5,1)
4→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k)
4. M I(6n+5,7)5→4 = M
I(6n+5,1)
5→4 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ∈M2n+2,n+1(k)
5. M I(6n+5,7)6→3 = M
I(6n+5,1)
2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
]
∈M3n+2,2n+1(k)
6. M I(6n+5,7)7→6 = M
I(6n+5,1)
1→2 =

n
1 0
n 1
n 1
 ∈M2n+1,n(k)
The length of I(6n+ 5, 7) is: (n+ 1) + (2n+ 2) + (3n+ 2) + (2n+ 2) + (n+ 1) + (2n+ 1) + n = 12n+ 9. P
The total number of ones in the matrices of the representation: (n+ 1) + (2n+ 2) + (2n+ 2) + (n+ 2) + (4n+ 1) + 2n = 12n+ 8.
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80 Representation of I(6n, 2) 
80.1 Representation of I(0, 2) 
Dimension vector: dimI(0, 2) = (1, 1, 0, 0, 0, 0, 0)
Matrices of the representation:
1. M I(0,2)1→2 =
[
1
]
∈M1,1(k)
2. M I(0,2)2→3 =
[ 1
0 0
]
∈M0,1(k)
3. M I(0,2)4→3 =
[ 0
0 0
]
∈M0,0(k)
4. M I(0,2)5→4 =
[ 0
0 0
]
∈M0,0(k)
5. M I(0,2)6→3 =
[ 0
0 0
]
∈M0,0(k)
6. M I(0,2)7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of I(0, 2) is: 1 + 1 + 0 + 0 + 0 + 0 + 0 = 2. P
The total number of ones in the matrices of the representation: 1 + 0 + 0 + 0 + 0 + 0 = 1.
80.2 Representation of I(6, 2) 
Dimension vector: dimI(6, 2) = (3, 5, 6, 4, 2, 4, 2)
Matrices of the representation:
1. M I(6,2)1→2 =

0 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
2. M I(6,2)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M6,5(k)
3. M I(6,2)4→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k)
4. M I(6,2)5→4 =

1 1
1 0
0 1
0 0
 ∈M4,2(k)
5. M I(6,2)6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. M I(6,2)7→6 =

0 0
1 0
0 0
0 1
 ∈M4,2(k)
The length of I(6, 2) is: 3 + 5 + 6 + 4 + 2 + 4 + 2 = 26. P
The total number of ones in the matrices of the representation: 3 + 7 + 4 + 4 + 5 + 2 = 25.
80.3 Representation of I(12, 2) 
Dimension vector: dimI(12, 2) = (5, 9, 12, 8, 4, 8, 4)
Matrices of the representation:
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1. M I(12,2)1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k)
2. M I(12,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M12,9(k)
3. M I(12,2)4→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
4. M I(12,2)5→4 =

1 0 1 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
5. M I(12,2)6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. M I(12,2)7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of I(12, 2) is: 5 + 9 + 12 + 8 + 4 + 8 + 4 = 50. P
The total number of ones in the matrices of the representation: 6 + 13 + 8 + 6 + 11 + 5 = 49.
80.4 Representation of I(18, 2) 
Dimension vector: dimI(18, 2) = (7, 13, 18, 12, 6, 12, 6)
Matrices of the representation:
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1. M I(18,2)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k)
2. M I(18,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M18,13(k)
3. M I(18,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k)
4. M I(18,2)5→4 =

1 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
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5. M I(18,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k)
6. M I(18,2)7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
The length of I(18, 2) is: 7 + 13 + 18 + 12 + 6 + 12 + 6 = 74. P
The total number of ones in the matrices of the representation: 9 + 19 + 12 + 8 + 17 + 8 = 73.
80.5 Representation of I(6n, 2) for n > 3 
Dimension vector: dimI(6n, 2) = (2n+ 1, 4n+ 1, 6n, 4n, 2n, 4n, 2n)
Matrices of the representation:
1. M I(6n,2)1→2 = M
I(6n+1,1)
1→2 ⊕M I(6n,1)1→2 =

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

∈M4n+1,2n+1(k)
2. M I(6n,2)2→3 = M
I(6n+1,1)
2→3 ⊕M I(6n,1)2→3 =

2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]
∈M6n,4n+1(k)
3. M I(6n,2)4→3 = M
I(6n+1,1)
4→3 ⊕M I(6n,1)4→3 =

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 ∈M6n,4n(k)
4. M I(6n,2)5→4 =
(
M
I(6n+1,1)
5→4 ⊕M I(6n,1)5→4
)

[ 1 n−1
1 1 0
2n−1 0 0
]
=

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

∈M4n,2n(k)
5. M I(6n,2)6→3 = M
I(6n+1,1)
6→3 ⊕M I(6n,1)6→3 =

2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0
 ∈M6n,4n(k)
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6. M I(6n,2)7→6 = M
I(6n+1,1)
7→6 ⊕M I(6n,1)7→6 =

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

∈M4n,2n(k)
The length of I(6n, 2) is: (2n+ 1) + (4n+ 1) + 6n+ 4n+ 2n+ 4n+ 2n = 24n+ 2. P
The total number of ones in the matrices of the representation: 3n+ (6n+ 1) + 4n+ (2n+ 2) + (6n− 1) + (3n− 1) = 24n+ 1.
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81 Representation of I(6n+ 1, 2) 
81.1 Representation of I(1, 2) 
Dimension vector: dimI(1, 2) = (0, 1, 1, 1, 1, 1, 1)
Matrices of the representation:
1. M I(1,2)1→2 =
[ 0
1 0
]
∈M1,0(k)
2. M I(1,2)2→3 =
[
1
]
∈M1,1(k)
3. M I(1,2)4→3 =
[
1
]
∈M1,1(k)
4. M I(1,2)5→4 =
[
1
]
∈M1,1(k)
5. M I(1,2)6→3 =
[
1
]
∈M1,1(k)
6. M I(1,2)7→6 =
[
1
]
∈M1,1(k)
The length of I(1, 2) is: 0 + 1 + 1 + 1 + 1 + 1 + 1 = 6. P
The total number of ones in the matrices of the representation: 0 + 1 + 1 + 1 + 1 + 1 = 5.
81.2 Representation of I(7, 2) 
Dimension vector: dimI(7, 2) = (2, 5, 7, 5, 3, 5, 3)
Matrices of the representation:
1. M I(7,2)1→2 =

0 1
0 0
1 0
0 1
0 0
 ∈M5,2(k)
2. M I(7,2)2→3 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k)
3. M I(7,2)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M7,5(k)
4. M I(7,2)5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
5. M I(7,2)6→3 =

1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(7,2)7→6 =

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k)
The length of I(7, 2) is: 2 + 5 + 7 + 5 + 3 + 5 + 3 = 30. P
The total number of ones in the matrices of the representation: 3 + 5 + 7 + 4 + 7 + 3 = 29.
81.3 Representation of I(13, 2) 
Dimension vector: dimI(13, 2) = (4, 9, 13, 9, 5, 9, 5)
Matrices of the representation:
304
1. M I(13,2)1→2 =

0 0 1 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k)
2. M I(13,2)2→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
3. M I(13,2)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
4. M I(13,2)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k)
5. M I(13,2)6→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
6. M I(13,2)7→6 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
The length of I(13, 2) is: 4 + 9 + 13 + 9 + 5 + 9 + 5 = 54. P
The total number of ones in the matrices of the representation: 5 + 9 + 13 + 7 + 13 + 6 = 53.
81.4 Representation of I(19, 2) 
Dimension vector: dimI(19, 2) = (6, 13, 19, 13, 7, 13, 7)
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Matrices of the representation:
1. M I(19,2)1→2 =

0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
2. M I(19,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k)
3. M I(19,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
4. M I(19,2)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k)
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5. M I(19,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
6. M I(19,2)7→6 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
The length of I(19, 2) is: 6 + 13 + 19 + 13 + 7 + 13 + 7 = 78. P
The total number of ones in the matrices of the representation: 7 + 13 + 19 + 10 + 19 + 9 = 77.
81.5 Representation of I(6n+ 1, 2) for n > 3 
Dimension vector: dimI(6n+ 1, 2) = (2n, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n+ 1)
Matrices of the representation:
1. M I(6n+1,2)1→2 =
(
M
I(6n+3,7)
1→2 ⊕M I(6n,5)1→2
)

[ 1 n−1
1 1 0
2n 0 0
]
=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

∈M4n+1,2n(k)
2. M I(6n+1,2)2→3 = M
I(6n+3,7)
2→3 ⊕M I(6n,5)2→3 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ∈M6n+1,4n+1(k)
3. M I(6n+1,2)4→3 = M
I(6n+3,7)
4→3 ⊕M I(6n,5)4→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n+1(k)
4. M I(6n+1,2)5→4 = M
I(6n+3,7)
5→4 ⊕M I(6n,5)5→4 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

∈M4n+1,2n+1(k)
5. M I(6n+1,2)6→3 = M
I(6n+3,7)
6→3 ⊕M I(6n,5)6→3 =

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M6n+1,4n+1(k)
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6. M I(6n+1,2)7→6 = M
I(6n+3,7)
7→6 ⊕M I(6n,5)7→6 =

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k)
The length of I(6n+ 1, 2) is: 2n+ (4n+ 1) + (6n+ 1) + (4n+ 1) + (2n+ 1) + (4n+ 1) + (2n+ 1) = 24n+ 6. P
The total number of ones in the matrices of the representation: (2n+ 1) + (4n+ 1) + (6n+ 1) + (3n+ 1) + (6n+ 1) + 3n = 24n+ 5.
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82 Representation of I(6n+ 2, 2) 
82.1 Representation of I(2, 2) 
Dimension vector: dimI(2, 2) = (1, 1, 2, 2, 1, 2, 1)
Matrices of the representation:
1. M I(2,2)1→2 =
[
1
]
∈M1,1(k)
2. M I(2,2)2→3 =
[
0
1
]
∈M2,1(k)
3. M I(2,2)4→3 =
[
1 0
0 1
]
∈M2,2(k)
4. M I(2,2)5→4 =
[
1
0
]
∈M2,1(k)
5. M I(2,2)6→3 =
[
1 0
0 1
]
∈M2,2(k)
6. M I(2,2)7→6 =
[
1
1
]
∈M2,1(k)
The length of I(2, 2) is: 1 + 1 + 2 + 2 + 1 + 2 + 1 = 10. P
The total number of ones in the matrices of the representation: 1 + 1 + 2 + 1 + 2 + 2 = 9.
82.2 Representation of I(8, 2) 
Dimension vector: dimI(8, 2) = (3, 5, 8, 6, 3, 6, 3)
Matrices of the representation:
1. M I(8,2)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k)
2. M I(8,2)2→3 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
3. M I(8,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M8,6(k)
4. M I(8,2)5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
5. M I(8,2)6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
6. M I(8,2)7→6 =

0 0 0
0 0 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of I(8, 2) is: 3 + 5 + 8 + 6 + 3 + 6 + 3 = 34. P
The total number of ones in the matrices of the representation: 4 + 10 + 6 + 4 + 6 + 3 = 33.
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82.3 Representation of I(14, 2) 
Dimension vector: dimI(14, 2) = (5, 9, 14, 10, 5, 10, 5)
Matrices of the representation:
1. M I(14,2)1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
2. M I(14,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
3. M I(14,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M14,10(k)
4. M I(14,2)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
5. M I(14,2)6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k)
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6. M I(14,2)7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
The length of I(14, 2) is: 5 + 9 + 14 + 10 + 5 + 10 + 5 = 58. P
The total number of ones in the matrices of the representation: 8 + 18 + 10 + 6 + 10 + 5 = 57.
82.4 Representation of I(20, 2) 
Dimension vector: dimI(20, 2) = (7, 13, 20, 14, 7, 14, 7)
Matrices of the representation:
1. M I(20,2)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
2. M I(20,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
3. M I(20,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,14(k)
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4. M I(20,2)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
5. M I(20,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k)
6. M I(20,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
The length of I(20, 2) is: 7 + 13 + 20 + 14 + 7 + 14 + 7 = 82. P
The total number of ones in the matrices of the representation: 12 + 26 + 14 + 8 + 14 + 7 = 81.
82.5 Representation of I(6n+ 2, 2) for n > 3 
Dimension vector: dimI(6n+ 2, 2) = (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. M I(6n+2,2)1→2 = M
I(6n+3,1)
1→2 ⊕M I(6n+2,1)1→2 =

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k)
2. M I(6n+2,2)2→3 =
(
M
I(6n+3,1)
2→3 ⊕M I(6n+2,1)2→3
)


1 2n−1
1 0 0
1 1 0
3n−1 0 0
 =

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ∈M6n+2,4n+1(k)
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3. M I(6n+2,2)4→3 = M
I(6n+3,1)
4→3 ⊕M I(6n+2,1)4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 ∈M6n+2,4n+2(k)
4. M I(6n+2,2)5→4 = M
I(6n+3,1)
5→4 ⊕M I(6n+2,1)5→4 =

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

∈M4n+2,2n+1(k)
5. M I(6n+2,2)6→3 = M
I(6n+3,1)
6→3 ⊕M I(6n+2,1)6→3 =

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 ∈M6n+2,4n+2(k)
6. M I(6n+2,2)7→6 = M
I(6n+3,1)
7→6 ⊕M I(6n+2,1)7→6 =

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 ∈M4n+2,2n+1(k)
The length of I(6n+ 2, 2) is: (2n+ 1) + (4n+ 1) + (6n+ 2) + (4n+ 2) + (2n+ 1) + (4n+ 2) + (2n+ 1) = 24n+ 10. P
The total number of ones in the matrices of the representation: 4n+ (8n+ 2) + (4n+ 2) + (2n+ 2) + (4n+ 2) + (2n+ 1) = 24n+ 9.
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83 Representation of I(6n+ 3, 2) 
83.1 Representation of I(3, 2) 
Dimension vector: dimI(3, 2) = (2, 3, 3, 2, 1, 2, 1)
Matrices of the representation:
1. M I(3,2)1→2 =
0 01 0
0 1
 ∈M3,2(k)
2. M I(3,2)2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k)
3. M I(3,2)4→3 =
1 01 0
0 1
 ∈M3,2(k)
4. M I(3,2)5→4 =
[
1
1
]
∈M2,1(k)
5. M I(3,2)6→3 =
1 00 1
0 0
 ∈M3,2(k)
6. M I(3,2)7→6 =
[
1
0
]
∈M2,1(k)
The length of I(3, 2) is: 2 + 3 + 3 + 2 + 1 + 2 + 1 = 14. P
The total number of ones in the matrices of the representation: 2 + 3 + 3 + 2 + 2 + 1 = 13.
83.2 Representation of I(9, 2) 
Dimension vector: dimI(9, 2) = (4, 7, 9, 6, 3, 6, 3)
Matrices of the representation:
1. M I(9,2)1→2 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
2. M I(9,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M9,7(k)
3. M I(9,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M9,6(k)
4. M I(9,2)5→4 =

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
5. M I(9,2)6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
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6. M I(9,2)7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 1

∈M6,3(k)
The length of I(9, 2) is: 4 + 7 + 9 + 6 + 3 + 6 + 3 = 38. P
The total number of ones in the matrices of the representation: 5 + 7 + 8 + 5 + 8 + 4 = 37.
83.3 Representation of I(15, 2) 
Dimension vector: dimI(15, 2) = (6, 11, 15, 10, 5, 10, 5)
Matrices of the representation:
1. M I(15,2)1→2 =

1 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
2. M I(15,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M15,11(k)
3. M I(15,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k)
4. M I(15,2)5→4 =

0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
315
5. M I(15,2)6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k)
6. M I(15,2)7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
The length of I(15, 2) is: 6 + 11 + 15 + 10 + 5 + 10 + 5 = 62. P
The total number of ones in the matrices of the representation: 7 + 11 + 14 + 8 + 14 + 7 = 61.
83.4 Representation of I(21, 2) 
Dimension vector: dimI(21, 2) = (8, 15, 21, 14, 7, 14, 7)
Matrices of the representation:
1. M I(21,2)1→2 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
2. M I(21,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,15(k)
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3. M I(21,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k)
4. M I(21,2)5→4 =

0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
5. M I(21,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k)
6. M I(21,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
The length of I(21, 2) is: 8 + 15 + 21 + 14 + 7 + 14 + 7 = 86. P
The total number of ones in the matrices of the representation: 9 + 15 + 20 + 11 + 20 + 10 = 85.
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83.5 Representation of I(6n+ 3, 2) for n > 3 
Dimension vector: dimI(6n+ 3, 2) = (2n+ 2, 4n+ 3, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. M I(6n+3,2)1→2 = M
I(6n+5,5)
1→2 ⊕M I(6n+2,7)1→2 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ∈M4n+3,2n+2(k)
2. M I(6n+3,2)2→3 = M
I(6n+5,5)
2→3 ⊕M I(6n+2,7)2→3 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 ∈M6n+3,4n+3(k)
3. M I(6n+3,2)4→3 = M
I(6n+5,5)
4→3 ⊕M I(6n+2,7)4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M6n+3,4n+2(k)
4. M I(6n+3,2)5→4 =
(
M
I(6n+5,5)
5→4 ⊕M I(6n+2,7)5→4
)

[ 1 n
1 1 0
2n 0 0
]
=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

∈M4n+2,2n+1(k)
5. M I(6n+3,2)6→3 = M
I(6n+5,5)
6→3 ⊕M I(6n+2,7)6→3 =

1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]
∈M6n+3,4n+2(k)
6. M I(6n+3,2)7→6 = M
I(6n+5,5)
7→6 ⊕M I(6n+2,7)7→6 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ∈M4n+2,2n+1(k)
The length of I(6n+ 3, 2) is: (2n+ 2) + (4n+ 3) + (6n+ 3) + (4n+ 2) + (2n+ 1) + (4n+ 2) + (2n+ 1) = 24n+ 14. P
The total number of ones in the matrices of the representation: (2n+ 3) + (4n+ 3) + (6n+ 2) + (3n+ 2) + (6n+ 2) + (3n+ 1) = 24n+ 13.
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84 Representation of I(6n+ 4, 2) 
84.1 Representation of I(4, 2) 
Dimension vector: dimI(4, 2) = (1, 3, 4, 3, 2, 3, 2)
Matrices of the representation:
1. M I(4,2)1→2 =
01
0
 ∈M3,1(k)
2. M I(4,2)2→3 =

1 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
3. M I(4,2)4→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k)
4. M I(4,2)5→4 =
0 11 0
0 1
 ∈M3,2(k)
5. M I(4,2)6→3 =

1 0 0
0 1 0
0 0 1
0 0 1
 ∈M4,3(k)
6. M I(4,2)7→6 =
1 00 0
0 1
 ∈M3,2(k)
The length of I(4, 2) is: 1 + 3 + 4 + 3 + 2 + 3 + 2 = 18. P
The total number of ones in the matrices of the representation: 1 + 4 + 3 + 3 + 4 + 2 = 17.
84.2 Representation of I(10, 2) 
Dimension vector: dimI(10, 2) = (3, 7, 10, 7, 4, 7, 4)
Matrices of the representation:
1. M I(10,2)1→2 =

0 0 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M7,3(k)
2. M I(10,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M10,7(k)
3. M I(10,2)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
4. M I(10,2)5→4 =

1 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
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5. M I(10,2)6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. M I(10,2)7→6 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k)
The length of I(10, 2) is: 3 + 7 + 10 + 7 + 4 + 7 + 4 = 42. P
The total number of ones in the matrices of the representation: 4 + 9 + 7 + 6 + 10 + 5 = 41.
84.3 Representation of I(16, 2) 
Dimension vector: dimI(16, 2) = (5, 11, 16, 11, 6, 11, 6)
Matrices of the representation:
1. M I(16,2)1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k)
2. M I(16,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k)
3. M I(16,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
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4. M I(16,2)5→4 =

1 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
5. M I(16,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
6. M I(16,2)7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
The length of I(16, 2) is: 5 + 11 + 16 + 11 + 6 + 11 + 6 = 66. P
The total number of ones in the matrices of the representation: 7 + 15 + 11 + 8 + 16 + 8 = 65.
84.4 Representation of I(22, 2) 
Dimension vector: dimI(22, 2) = (7, 15, 22, 15, 8, 15, 8)
Matrices of the representation:
1. M I(22,2)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k)
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2. M I(22,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k)
3. M I(22,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
4. M I(22,2)5→4 =

1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
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5. M I(22,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
6. M I(22,2)7→6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
The length of I(22, 2) is: 7 + 15 + 22 + 15 + 8 + 15 + 8 = 90. P
The total number of ones in the matrices of the representation: 10 + 21 + 15 + 10 + 22 + 11 = 89.
84.5 Representation of I(6n+ 4, 2) for n > 3 
Dimension vector: dimI(6n+ 4, 2) = (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 3, 2n+ 2, 4n+ 3, 2n+ 2)
Matrices of the representation:
1. M I(6n+4,2)1→2 = M
I(6n+5,1)
1→2 ⊕M I(6n+4,1)1→2 =

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 ∈M4n+3,2n+1(k)
2. M I(6n+4,2)2→3 = M
I(6n+5,1)
2→3 ⊕M I(6n+4,1)2→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0
 ∈M6n+4,4n+3(k)
3. M I(6n+4,2)4→3 = M
I(6n+5,1)
4→3 ⊕M I(6n+4,1)4→3 =

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+4,4n+3(k)
4. M I(6n+4,2)5→4 =
(
M
I(6n+5,1)
5→4 ⊕M I(6n+4,1)5→4
)

[ 1 n
1 1 0
2n+1 0 0
]
=

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

∈M4n+3,2n+2(k)
5. M I(6n+4,2)6→3 = M
I(6n+5,1)
6→3 ⊕M I(6n+4,1)6→3 =

1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+3(k)
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6. M I(6n+4,2)7→6 = M
I(6n+5,1)
7→6 ⊕M I(6n+4,1)7→6 =

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 ∈M4n+3,2n+2(k)
The length of I(6n+ 4, 2) is: (2n+ 1) + (4n+ 3) + (6n+ 4) + (4n+ 3) + (2n+ 2) + (4n+ 3) + (2n+ 2) = 24n+ 18. P
The total number of ones in the matrices of the representation: (3n+ 1) + (6n+ 3) + (4n+ 3) + (2n+ 4) + (6n+ 4) + (3n+ 2) = 24n+ 17.
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85 Representation of I(6n+ 5, 2) 
85.1 Representation of I(5, 2) 
Dimension vector: dimI(5, 2) = (2, 3, 5, 4, 2, 4, 2)
Matrices of the representation:
1. M I(5,2)1→2 =
1 01 0
0 1
 ∈M3,2(k)
2. M I(5,2)2→3 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k)
3. M I(5,2)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1
 ∈M5,4(k)
4. M I(5,2)5→4 =

0 1
1 0
0 0
0 1
 ∈M4,2(k)
5. M I(5,2)6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
6. M I(5,2)7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k)
The length of I(5, 2) is: 2 + 3 + 5 + 4 + 2 + 4 + 2 = 22. P
The total number of ones in the matrices of the representation: 3 + 4 + 4 + 3 + 5 + 2 = 21.
85.2 Representation of I(11, 2) 
Dimension vector: dimI(11, 2) = (4, 7, 11, 8, 4, 8, 4)
Matrices of the representation:
1. M I(11,2)1→2 =

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k)
2. M I(11,2)2→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
3. M I(11,2)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
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4. M I(11,2)5→4 =

0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
5. M I(11,2)6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

∈M11,8(k)
6. M I(11,2)7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
The length of I(11, 2) is: 4 + 7 + 11 + 8 + 4 + 8 + 4 = 46. P
The total number of ones in the matrices of the representation: 6 + 10 + 8 + 5 + 11 + 5 = 45.
85.3 Representation of I(17, 2) 
Dimension vector: dimI(17, 2) = (6, 11, 17, 12, 6, 12, 6)
Matrices of the representation:
1. M I(17,2)1→2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
2. M I(17,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
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3. M I(17,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k)
4. M I(17,2)5→4 =

0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
5. M I(17,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k)
6. M I(17,2)7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
The length of I(17, 2) is: 6 + 11 + 17 + 12 + 6 + 12 + 6 = 70. P
The total number of ones in the matrices of the representation: 9 + 16 + 12 + 7 + 17 + 8 = 69.
85.4 Representation of I(23, 2) 
Dimension vector: dimI(23, 2) = (8, 15, 23, 16, 8, 16, 8)
Matrices of the representation:
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1. M I(23,2)1→2 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
2. M I(23,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
3. M I(23,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k)
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4. M I(23,2)5→4 =

0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
5. M I(23,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k)
6. M I(23,2)7→6 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
The length of I(23, 2) is: 8 + 15 + 23 + 16 + 8 + 16 + 8 = 94. P
The total number of ones in the matrices of the representation: 12 + 22 + 16 + 9 + 23 + 11 = 93.
85.5 Representation of I(6n+ 5, 2) for n > 3 
Dimension vector: dimI(6n+ 5, 2) = (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2)
Matrices of the representation:
1. M I(6n+5,2)1→2 = M
I(6n+1,5)[n 7→n+1]
1→2 ⊕M I(6n+4,7)1→2 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

∈M4n+3,2n+2(k)
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2. M I(6n+5,2)2→3 = M
I(6n+1,5)[n 7→n+1]
2→3 ⊕M I(6n+4,7)2→3 =

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]
∈M6n+5,4n+3(k)
3. M I(6n+5,2)4→3 = M
I(6n+1,5)[n 7→n+1]
4→3 ⊕M I(6n+4,7)4→3 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+5,4n+4(k)
4. M I(6n+5,2)5→4 =
(
M
I(6n+1,5)[n 7→n+1]
5→4 ⊕M I(6n+4,7)5→4
)

[ 1 n
1 1 0
2n+1 0 0
]
=

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+4,2n+2(k)
5. M I(6n+5,2)6→3 = M
I(6n+1,5)[n 7→n+1]
6→3 ⊕M I(6n+4,7)6→3 =

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M6n+5,4n+4(k)
6. M I(6n+5,2)7→6 = M
I(6n+1,5)[n 7→n+1]
7→6 ⊕M I(6n+4,7)7→6 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

∈M4n+4,2n+2(k)
The length of I(6n+ 5, 2) is: (2n+ 2) + (4n+ 3) + (6n+ 5) + (4n+ 4) + (2n+ 2) + (4n+ 4) + (2n+ 2) = 24n+ 22. P
The total number of ones in the matrices of the representation: (3n+ 3) + (6n+ 4) + (4n+ 4) + (2n+ 3) + (6n+ 5) + (3n+ 2) = 24n+ 21.
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86 Representation of I(6n, 4) 
86.1 Representation of I(0, 4) 
Dimension vector: dimI(0, 4) = (0, 0, 0, 1, 1, 0, 0)
Matrices of the representation:
1. M I(0,4)1→2 = M
I(0,2)
5→4 =
[ 0
0 0
]
∈M0,0(k)
2. M I(0,4)2→3 = M
I(0,2)
4→3 =
[ 0
0 0
]
∈M0,0(k)
3. M I(0,4)4→3 = M
I(0,2)
2→3 =
[ 1
0 0
]
∈M0,1(k)
4. M I(0,4)5→4 = M
I(0,2)
1→2 =
[
1
]
∈M1,1(k)
5. M I(0,4)6→3 = M
I(0,2)
6→3 =
[ 0
0 0
]
∈M0,0(k)
6. M I(0,4)7→6 = M
I(0,2)
7→6 =
[ 0
0 0
]
∈M0,0(k)
The length of I(0, 4) is: 0 + 0 + 0 + 1 + 1 + 0 + 0 = 2. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 1 + 0 + 0 = 1.
86.2 Representation of I(6, 4) 
Dimension vector: dimI(6, 4) = (2, 4, 6, 5, 3, 4, 2)
Matrices of the representation:
1. M I(6,4)1→2 = M
I(6,2)
5→4 =

1 1
1 0
0 1
0 0
 ∈M4,2(k)
2. M I(6,4)2→3 = M
I(6,2)
4→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k)
3. M I(6,4)4→3 = M
I(6,2)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M6,5(k)
4. M I(6,4)5→4 = M
I(6,2)
1→2 =

0 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
5. M I(6,4)6→3 = M
I(6,2)
6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
6. M I(6,4)7→6 = M
I(6,2)
7→6 =

0 0
1 0
0 0
0 1
 ∈M4,2(k)
The length of I(6, 4) is: 2 + 4 + 6 + 5 + 3 + 4 + 2 = 26. P
The total number of ones in the matrices of the representation: 4 + 4 + 7 + 3 + 5 + 2 = 25.
86.3 Representation of I(12, 4) 
Dimension vector: dimI(12, 4) = (4, 8, 12, 9, 5, 8, 4)
Matrices of the representation:
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1. M I(12,4)1→2 = M
I(12,2)
5→4 =

1 0 1 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
2. M I(12,4)2→3 = M
I(12,2)
4→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
3. M I(12,4)4→3 = M
I(12,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M12,9(k)
4. M I(12,4)5→4 = M
I(12,2)
1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k)
5. M I(12,4)6→3 = M
I(12,2)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
6. M I(12,4)7→6 = M
I(12,2)
7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
The length of I(12, 4) is: 4 + 8 + 12 + 9 + 5 + 8 + 4 = 50. P
The total number of ones in the matrices of the representation: 6 + 8 + 13 + 6 + 11 + 5 = 49.
86.4 Representation of I(18, 4) 
Dimension vector: dimI(18, 4) = (6, 12, 18, 13, 7, 12, 6)
Matrices of the representation:
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1. M I(18,4)1→2 = M
I(18,2)
5→4 =

1 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
2. M I(18,4)2→3 = M
I(18,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k)
3. M I(18,4)4→3 = M
I(18,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M18,13(k)
4. M I(18,4)5→4 = M
I(18,2)
1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k)
333
5. M I(18,4)6→3 = M
I(18,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k)
6. M I(18,4)7→6 = M
I(18,2)
7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
The length of I(18, 4) is: 6 + 12 + 18 + 13 + 7 + 12 + 6 = 74. P
The total number of ones in the matrices of the representation: 8 + 12 + 19 + 9 + 17 + 8 = 73.
86.5 Representation of I(6n, 4) for n > 3 
Dimension vector: dimI(6n, 4) = (2n, 4n, 6n, 4n+ 1, 2n+ 1, 4n, 2n)
Matrices of the representation:
1. M I(6n,4)1→2 = M
I(6n,2)
5→4 =

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

∈M4n,2n(k)
2. M I(6n,4)2→3 = M
I(6n,2)
4→3 =

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 ∈M6n,4n(k)
3. M I(6n,4)4→3 = M
I(6n,2)
2→3 =

2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]
∈M6n,4n+1(k)
4. M I(6n,4)5→4 = M
I(6n,2)
1→2 =

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

∈M4n+1,2n+1(k)
5. M I(6n,4)6→3 = M
I(6n,2)
6→3 =

2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0
 ∈M6n,4n(k)
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6. M I(6n,4)7→6 = M
I(6n,2)
7→6 =

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

∈M4n,2n(k)
The length of I(6n, 4) is: 2n+ 4n+ 6n+ (4n+ 1) + (2n+ 1) + 4n+ 2n = 24n+ 2. P
The total number of ones in the matrices of the representation: (2n+ 2) + 4n+ (6n+ 1) + 3n+ (6n− 1) + (3n− 1) = 24n+ 1.
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87 Representation of I(6n+ 1, 4) 
87.1 Representation of I(1, 4) 
Dimension vector: dimI(1, 4) = (1, 1, 1, 1, 0, 1, 1)
Matrices of the representation:
1. M I(1,4)1→2 = M
I(1,2)
5→4 =
[
1
]
∈M1,1(k)
2. M I(1,4)2→3 = M
I(1,2)
4→3 =
[
1
]
∈M1,1(k)
3. M I(1,4)4→3 = M
I(1,2)
2→3 =
[
1
]
∈M1,1(k)
4. M I(1,4)5→4 = M
I(1,2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
5. M I(1,4)6→3 = M
I(1,2)
6→3 =
[
1
]
∈M1,1(k)
6. M I(1,4)7→6 = M
I(1,2)
7→6 =
[
1
]
∈M1,1(k)
The length of I(1, 4) is: 1 + 1 + 1 + 1 + 0 + 1 + 1 = 6. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 0 + 1 + 1 = 5.
87.2 Representation of I(7, 4) 
Dimension vector: dimI(7, 4) = (3, 5, 7, 5, 2, 5, 3)
Matrices of the representation:
1. M I(7,4)1→2 = M
I(7,2)
5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
2. M I(7,4)2→3 = M
I(7,2)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M7,5(k)
3. M I(7,4)4→3 = M
I(7,2)
2→3 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k)
4. M I(7,4)5→4 = M
I(7,2)
1→2 =

0 1
0 0
1 0
0 1
0 0
 ∈M5,2(k)
5. M I(7,4)6→3 = M
I(7,2)
6→3 =

1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(7,4)7→6 = M
I(7,2)
7→6 =

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k)
The length of I(7, 4) is: 3 + 5 + 7 + 5 + 2 + 5 + 3 = 30. P
The total number of ones in the matrices of the representation: 4 + 7 + 5 + 3 + 7 + 3 = 29.
87.3 Representation of I(13, 4) 
Dimension vector: dimI(13, 4) = (5, 9, 13, 9, 4, 9, 5)
Matrices of the representation:
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1. M I(13,4)1→2 = M
I(13,2)
5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k)
2. M I(13,4)2→3 = M
I(13,2)
4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
3. M I(13,4)4→3 = M
I(13,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
4. M I(13,4)5→4 = M
I(13,2)
1→2 =

0 0 1 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k)
5. M I(13,4)6→3 = M
I(13,2)
6→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
6. M I(13,4)7→6 = M
I(13,2)
7→6 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
The length of I(13, 4) is: 5 + 9 + 13 + 9 + 4 + 9 + 5 = 54. P
The total number of ones in the matrices of the representation: 7 + 13 + 9 + 5 + 13 + 6 = 53.
87.4 Representation of I(19, 4) 
Dimension vector: dimI(19, 4) = (7, 13, 19, 13, 6, 13, 7)
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Matrices of the representation:
1. M I(19,4)1→2 = M
I(19,2)
5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k)
2. M I(19,4)2→3 = M
I(19,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
3. M I(19,4)4→3 = M
I(19,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k)
4. M I(19,4)5→4 = M
I(19,2)
1→2 =

0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
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5. M I(19,4)6→3 = M
I(19,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
6. M I(19,4)7→6 = M
I(19,2)
7→6 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
The length of I(19, 4) is: 7 + 13 + 19 + 13 + 6 + 13 + 7 = 78. P
The total number of ones in the matrices of the representation: 10 + 19 + 13 + 7 + 19 + 9 = 77.
87.5 Representation of I(6n+ 1, 4) for n > 3 
Dimension vector: dimI(6n+ 1, 4) = (2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n, 4n+ 1, 2n+ 1)
Matrices of the representation:
1. M I(6n+1,4)1→2 = M
I(6n+1,2)
5→4 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

∈M4n+1,2n+1(k)
2. M I(6n+1,4)2→3 = M
I(6n+1,2)
4→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n+1(k)
3. M I(6n+1,4)4→3 = M
I(6n+1,2)
2→3 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ∈M6n+1,4n+1(k)
4. M I(6n+1,4)5→4 = M
I(6n+1,2)
1→2 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

∈M4n+1,2n(k)
5. M I(6n+1,4)6→3 = M
I(6n+1,2)
6→3 =

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M6n+1,4n+1(k)
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6. M I(6n+1,4)7→6 = M
I(6n+1,2)
7→6 =

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k)
The length of I(6n+ 1, 4) is: (2n+ 1) + (4n+ 1) + (6n+ 1) + (4n+ 1) + 2n+ (4n+ 1) + (2n+ 1) = 24n+ 6. P
The total number of ones in the matrices of the representation: (3n+ 1) + (6n+ 1) + (4n+ 1) + (2n+ 1) + (6n+ 1) + 3n = 24n+ 5.
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88 Representation of I(6n+ 2, 4) 
88.1 Representation of I(2, 4) 
Dimension vector: dimI(2, 4) = (1, 2, 2, 1, 1, 2, 1)
Matrices of the representation:
1. M I(2,4)1→2 = M
I(2,2)
5→4 =
[
1
0
]
∈M2,1(k)
2. M I(2,4)2→3 = M
I(2,2)
4→3 =
[
1 0
0 1
]
∈M2,2(k)
3. M I(2,4)4→3 = M
I(2,2)
2→3 =
[
0
1
]
∈M2,1(k)
4. M I(2,4)5→4 = M
I(2,2)
1→2 =
[
1
]
∈M1,1(k)
5. M I(2,4)6→3 = M
I(2,2)
6→3 =
[
1 0
0 1
]
∈M2,2(k)
6. M I(2,4)7→6 = M
I(2,2)
7→6 =
[
1
1
]
∈M2,1(k)
The length of I(2, 4) is: 1 + 2 + 2 + 1 + 1 + 2 + 1 = 10. P
The total number of ones in the matrices of the representation: 1 + 2 + 1 + 1 + 2 + 2 = 9.
88.2 Representation of I(8, 4) 
Dimension vector: dimI(8, 4) = (3, 6, 8, 5, 3, 6, 3)
Matrices of the representation:
1. M I(8,4)1→2 = M
I(8,2)
5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
2. M I(8,4)2→3 = M
I(8,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M8,6(k)
3. M I(8,4)4→3 = M
I(8,2)
2→3 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
4. M I(8,4)5→4 = M
I(8,2)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k)
5. M I(8,4)6→3 = M
I(8,2)
6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
6. M I(8,4)7→6 = M
I(8,2)
7→6 =

0 0 0
0 0 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
The length of I(8, 4) is: 3 + 6 + 8 + 5 + 3 + 6 + 3 = 34. P
The total number of ones in the matrices of the representation: 4 + 6 + 10 + 4 + 6 + 3 = 33.
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88.3 Representation of I(14, 4) 
Dimension vector: dimI(14, 4) = (5, 10, 14, 9, 5, 10, 5)
Matrices of the representation:
1. M I(14,4)1→2 = M
I(14,2)
5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
2. M I(14,4)2→3 = M
I(14,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M14,10(k)
3. M I(14,4)4→3 = M
I(14,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
4. M I(14,4)5→4 = M
I(14,2)
1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
5. M I(14,4)6→3 = M
I(14,2)
6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k)
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6. M I(14,4)7→6 = M
I(14,2)
7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
The length of I(14, 4) is: 5 + 10 + 14 + 9 + 5 + 10 + 5 = 58. P
The total number of ones in the matrices of the representation: 6 + 10 + 18 + 8 + 10 + 5 = 57.
88.4 Representation of I(20, 4) 
Dimension vector: dimI(20, 4) = (7, 14, 20, 13, 7, 14, 7)
Matrices of the representation:
1. M I(20,4)1→2 = M
I(20,2)
5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
2. M I(20,4)2→3 = M
I(20,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,14(k)
3. M I(20,4)4→3 = M
I(20,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
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4. M I(20,4)5→4 = M
I(20,2)
1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
5. M I(20,4)6→3 = M
I(20,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k)
6. M I(20,4)7→6 = M
I(20,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
The length of I(20, 4) is: 7 + 14 + 20 + 13 + 7 + 14 + 7 = 82. P
The total number of ones in the matrices of the representation: 8 + 14 + 26 + 12 + 14 + 7 = 81.
88.5 Representation of I(6n+ 2, 4) for n > 3 
Dimension vector: dimI(6n+ 2, 4) = (2n+ 1, 4n+ 2, 6n+ 2, 4n+ 1, 2n+ 1, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. M I(6n+2,4)1→2 = M
I(6n+2,2)
5→4 =

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

∈M4n+2,2n+1(k)
2. M I(6n+2,4)2→3 = M
I(6n+2,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 ∈M6n+2,4n+2(k)
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3. M I(6n+2,4)4→3 = M
I(6n+2,2)
2→3 =

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ∈M6n+2,4n+1(k)
4. M I(6n+2,4)5→4 = M
I(6n+2,2)
1→2 =

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k)
5. M I(6n+2,4)6→3 = M
I(6n+2,2)
6→3 =

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 ∈M6n+2,4n+2(k)
6. M I(6n+2,4)7→6 = M
I(6n+2,2)
7→6 =

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 ∈M4n+2,2n+1(k)
The length of I(6n+ 2, 4) is: (2n+ 1) + (4n+ 2) + (6n+ 2) + (4n+ 1) + (2n+ 1) + (4n+ 2) + (2n+ 1) = 24n+ 10. P
The total number of ones in the matrices of the representation: (2n+ 2) + (4n+ 2) + (8n+ 2) + 4n+ (4n+ 2) + (2n+ 1) = 24n+ 9.
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89 Representation of I(6n+ 3, 4) 
89.1 Representation of I(3, 4) 
Dimension vector: dimI(3, 4) = (1, 2, 3, 3, 2, 2, 1)
Matrices of the representation:
1. M I(3,4)1→2 = M
I(3,2)
5→4 =
[
1
1
]
∈M2,1(k)
2. M I(3,4)2→3 = M
I(3,2)
4→3 =
1 01 0
0 1
 ∈M3,2(k)
3. M I(3,4)4→3 = M
I(3,2)
2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k)
4. M I(3,4)5→4 = M
I(3,2)
1→2 =
0 01 0
0 1
 ∈M3,2(k)
5. M I(3,4)6→3 = M
I(3,2)
6→3 =
1 00 1
0 0
 ∈M3,2(k)
6. M I(3,4)7→6 = M
I(3,2)
7→6 =
[
1
0
]
∈M2,1(k)
The length of I(3, 4) is: 1 + 2 + 3 + 3 + 2 + 2 + 1 = 14. P
The total number of ones in the matrices of the representation: 2 + 3 + 3 + 2 + 2 + 1 = 13.
89.2 Representation of I(9, 4) 
Dimension vector: dimI(9, 4) = (3, 6, 9, 7, 4, 6, 3)
Matrices of the representation:
1. M I(9,4)1→2 = M
I(9,2)
5→4 =

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
2. M I(9,4)2→3 = M
I(9,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M9,6(k)
3. M I(9,4)4→3 = M
I(9,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M9,7(k)
4. M I(9,4)5→4 = M
I(9,2)
1→2 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
5. M I(9,4)6→3 = M
I(9,2)
6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
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6. M I(9,4)7→6 = M
I(9,2)
7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 1

∈M6,3(k)
The length of I(9, 4) is: 3 + 6 + 9 + 7 + 4 + 6 + 3 = 38. P
The total number of ones in the matrices of the representation: 5 + 8 + 7 + 5 + 8 + 4 = 37.
89.3 Representation of I(15, 4) 
Dimension vector: dimI(15, 4) = (5, 10, 15, 11, 6, 10, 5)
Matrices of the representation:
1. M I(15,4)1→2 = M
I(15,2)
5→4 =

0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
2. M I(15,4)2→3 = M
I(15,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k)
3. M I(15,4)4→3 = M
I(15,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M15,11(k)
4. M I(15,4)5→4 = M
I(15,2)
1→2 =

1 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
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5. M I(15,4)6→3 = M
I(15,2)
6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k)
6. M I(15,4)7→6 = M
I(15,2)
7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
The length of I(15, 4) is: 5 + 10 + 15 + 11 + 6 + 10 + 5 = 62. P
The total number of ones in the matrices of the representation: 8 + 14 + 11 + 7 + 14 + 7 = 61.
89.4 Representation of I(21, 4) 
Dimension vector: dimI(21, 4) = (7, 14, 21, 15, 8, 14, 7)
Matrices of the representation:
1. M I(21,4)1→2 = M
I(21,2)
5→4 =

0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
2. M I(21,4)2→3 = M
I(21,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k)
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3. M I(21,4)4→3 = M
I(21,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,15(k)
4. M I(21,4)5→4 = M
I(21,2)
1→2 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
5. M I(21,4)6→3 = M
I(21,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k)
6. M I(21,4)7→6 = M
I(21,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
The length of I(21, 4) is: 7 + 14 + 21 + 15 + 8 + 14 + 7 = 86. P
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The total number of ones in the matrices of the representation: 11 + 20 + 15 + 9 + 20 + 10 = 85.
89.5 Representation of I(6n+ 3, 4) for n > 3 
Dimension vector: dimI(6n+ 3, 4) = (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 3, 2n+ 2, 4n+ 2, 2n+ 1)
Matrices of the representation:
1. M I(6n+3,4)1→2 = M
I(6n+3,2)
5→4 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

∈M4n+2,2n+1(k)
2. M I(6n+3,4)2→3 = M
I(6n+3,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M6n+3,4n+2(k)
3. M I(6n+3,4)4→3 = M
I(6n+3,2)
2→3 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 ∈M6n+3,4n+3(k)
4. M I(6n+3,4)5→4 = M
I(6n+3,2)
1→2 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ∈M4n+3,2n+2(k)
5. M I(6n+3,4)6→3 = M
I(6n+3,2)
6→3 =

1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]
∈M6n+3,4n+2(k)
6. M I(6n+3,4)7→6 = M
I(6n+3,2)
7→6 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ∈M4n+2,2n+1(k)
The length of I(6n+ 3, 4) is: (2n+ 1) + (4n+ 2) + (6n+ 3) + (4n+ 3) + (2n+ 2) + (4n+ 2) + (2n+ 1) = 24n+ 14. P
The total number of ones in the matrices of the representation: (3n+ 2) + (6n+ 2) + (4n+ 3) + (2n+ 3) + (6n+ 2) + (3n+ 1) = 24n+ 13.
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90 Representation of I(6n+ 4, 4) 
90.1 Representation of I(4, 4) 
Dimension vector: dimI(4, 4) = (2, 3, 4, 3, 1, 3, 2)
Matrices of the representation:
1. M I(4,4)1→2 = M
I(4,2)
5→4 =
0 11 0
0 1
 ∈M3,2(k)
2. M I(4,4)2→3 = M
I(4,2)
4→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k)
3. M I(4,4)4→3 = M
I(4,2)
2→3 =

1 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
4. M I(4,4)5→4 = M
I(4,2)
1→2 =
01
0
 ∈M3,1(k)
5. M I(4,4)6→3 = M
I(4,2)
6→3 =

1 0 0
0 1 0
0 0 1
0 0 1
 ∈M4,3(k)
6. M I(4,4)7→6 = M
I(4,2)
7→6 =
1 00 0
0 1
 ∈M3,2(k)
The length of I(4, 4) is: 2 + 3 + 4 + 3 + 1 + 3 + 2 = 18. P
The total number of ones in the matrices of the representation: 3 + 3 + 4 + 1 + 4 + 2 = 17.
90.2 Representation of I(10, 4) 
Dimension vector: dimI(10, 4) = (4, 7, 10, 7, 3, 7, 4)
Matrices of the representation:
1. M I(10,4)1→2 = M
I(10,2)
5→4 =

1 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
2. M I(10,4)2→3 = M
I(10,2)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. M I(10,4)4→3 = M
I(10,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M10,7(k)
4. M I(10,4)5→4 = M
I(10,2)
1→2 =

0 0 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M7,3(k)
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5. M I(10,4)6→3 = M
I(10,2)
6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
6. M I(10,4)7→6 = M
I(10,2)
7→6 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k)
The length of I(10, 4) is: 4 + 7 + 10 + 7 + 3 + 7 + 4 = 42. P
The total number of ones in the matrices of the representation: 6 + 7 + 9 + 4 + 10 + 5 = 41.
90.3 Representation of I(16, 4) 
Dimension vector: dimI(16, 4) = (6, 11, 16, 11, 5, 11, 6)
Matrices of the representation:
1. M I(16,4)1→2 = M
I(16,2)
5→4 =

1 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
2. M I(16,4)2→3 = M
I(16,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
3. M I(16,4)4→3 = M
I(16,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k)
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4. M I(16,4)5→4 = M
I(16,2)
1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k)
5. M I(16,4)6→3 = M
I(16,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
6. M I(16,4)7→6 = M
I(16,2)
7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
The length of I(16, 4) is: 6 + 11 + 16 + 11 + 5 + 11 + 6 = 66. P
The total number of ones in the matrices of the representation: 8 + 11 + 15 + 7 + 16 + 8 = 65.
90.4 Representation of I(22, 4) 
Dimension vector: dimI(22, 4) = (8, 15, 22, 15, 7, 15, 8)
Matrices of the representation:
1. M I(22,4)1→2 = M
I(22,2)
5→4 =

1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
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2. M I(22,4)2→3 = M
I(22,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
3. M I(22,4)4→3 = M
I(22,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k)
4. M I(22,4)5→4 = M
I(22,2)
1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k)
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5. M I(22,4)6→3 = M
I(22,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
6. M I(22,4)7→6 = M
I(22,2)
7→6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
The length of I(22, 4) is: 8 + 15 + 22 + 15 + 7 + 15 + 8 = 90. P
The total number of ones in the matrices of the representation: 10 + 15 + 21 + 10 + 22 + 11 = 89.
90.5 Representation of I(6n+ 4, 4) for n > 3 
Dimension vector: dimI(6n+ 4, 4) = (2n+ 2, 4n+ 3, 6n+ 4, 4n+ 3, 2n+ 1, 4n+ 3, 2n+ 2)
Matrices of the representation:
1. M I(6n+4,4)1→2 = M
I(6n+4,2)
5→4 =

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

∈M4n+3,2n+2(k)
2. M I(6n+4,4)2→3 = M
I(6n+4,2)
4→3 =

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+4,4n+3(k)
3. M I(6n+4,4)4→3 = M
I(6n+4,2)
2→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0
 ∈M6n+4,4n+3(k)
4. M I(6n+4,4)5→4 = M
I(6n+4,2)
1→2 =

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 ∈M4n+3,2n+1(k)
5. M I(6n+4,4)6→3 = M
I(6n+4,2)
6→3 =

1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+3(k)
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6. M I(6n+4,4)7→6 = M
I(6n+4,2)
7→6 =

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 ∈M4n+3,2n+2(k)
The length of I(6n+ 4, 4) is: (2n+ 2) + (4n+ 3) + (6n+ 4) + (4n+ 3) + (2n+ 1) + (4n+ 3) + (2n+ 2) = 24n+ 18. P
The total number of ones in the matrices of the representation: (2n+ 4) + (4n+ 3) + (6n+ 3) + (3n+ 1) + (6n+ 4) + (3n+ 2) = 24n+ 17.
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91 Representation of I(6n+ 5, 4) 
91.1 Representation of I(5, 4) 
Dimension vector: dimI(5, 4) = (2, 4, 5, 3, 2, 4, 2)
Matrices of the representation:
1. M I(5,4)1→2 = M
I(5,2)
5→4 =

0 1
1 0
0 0
0 1
 ∈M4,2(k)
2. M I(5,4)2→3 = M
I(5,2)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1
 ∈M5,4(k)
3. M I(5,4)4→3 = M
I(5,2)
2→3 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k)
4. M I(5,4)5→4 = M
I(5,2)
1→2 =
1 01 0
0 1
 ∈M3,2(k)
5. M I(5,4)6→3 = M
I(5,2)
6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
6. M I(5,4)7→6 = M
I(5,2)
7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k)
The length of I(5, 4) is: 2 + 4 + 5 + 3 + 2 + 4 + 2 = 22. P
The total number of ones in the matrices of the representation: 3 + 4 + 4 + 3 + 5 + 2 = 21.
91.2 Representation of I(11, 4) 
Dimension vector: dimI(11, 4) = (4, 8, 11, 7, 4, 8, 4)
Matrices of the representation:
1. M I(11,4)1→2 = M
I(11,2)
5→4 =

0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. M I(11,4)2→3 = M
I(11,2)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
3. M I(11,4)4→3 = M
I(11,2)
2→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
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4. M I(11,4)5→4 = M
I(11,2)
1→2 =

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k)
5. M I(11,4)6→3 = M
I(11,2)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

∈M11,8(k)
6. M I(11,4)7→6 = M
I(11,2)
7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
The length of I(11, 4) is: 4 + 8 + 11 + 7 + 4 + 8 + 4 = 46. P
The total number of ones in the matrices of the representation: 5 + 8 + 10 + 6 + 11 + 5 = 45.
91.3 Representation of I(17, 4) 
Dimension vector: dimI(17, 4) = (6, 12, 17, 11, 6, 12, 6)
Matrices of the representation:
1. M I(17,4)1→2 = M
I(17,2)
5→4 =

0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
2. M I(17,4)2→3 = M
I(17,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k)
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3. M I(17,4)4→3 = M
I(17,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
4. M I(17,4)5→4 = M
I(17,2)
1→2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
5. M I(17,4)6→3 = M
I(17,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k)
6. M I(17,4)7→6 = M
I(17,2)
7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
The length of I(17, 4) is: 6 + 12 + 17 + 11 + 6 + 12 + 6 = 70. P
The total number of ones in the matrices of the representation: 7 + 12 + 16 + 9 + 17 + 8 = 69.
91.4 Representation of I(23, 4) 
Dimension vector: dimI(23, 4) = (8, 16, 23, 15, 8, 16, 8)
Matrices of the representation:
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1. M I(23,4)1→2 = M
I(23,2)
5→4 =

0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
2. M I(23,4)2→3 = M
I(23,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k)
3. M I(23,4)4→3 = M
I(23,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
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4. M I(23,4)5→4 = M
I(23,2)
1→2 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
5. M I(23,4)6→3 = M
I(23,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k)
6. M I(23,4)7→6 = M
I(23,2)
7→6 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
The length of I(23, 4) is: 8 + 16 + 23 + 15 + 8 + 16 + 8 = 94. P
The total number of ones in the matrices of the representation: 9 + 16 + 22 + 12 + 23 + 11 = 93.
91.5 Representation of I(6n+ 5, 4) for n > 3 
Dimension vector: dimI(6n+ 5, 4) = (2n+ 2, 4n+ 4, 6n+ 5, 4n+ 3, 2n+ 2, 4n+ 4, 2n+ 2)
Matrices of the representation:
1. M I(6n+5,4)1→2 = M
I(6n+5,2)
5→4 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+4,2n+2(k)
2. M I(6n+5,4)2→3 = M
I(6n+5,2)
4→3 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+5,4n+4(k)
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3. M I(6n+5,4)4→3 = M
I(6n+5,2)
2→3 =

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]
∈M6n+5,4n+3(k)
4. M I(6n+5,4)5→4 = M
I(6n+5,2)
1→2 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

∈M4n+3,2n+2(k)
5. M I(6n+5,4)6→3 = M
I(6n+5,2)
6→3 =

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M6n+5,4n+4(k)
6. M I(6n+5,4)7→6 = M
I(6n+5,2)
7→6 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

∈M4n+4,2n+2(k)
The length of I(6n+ 5, 4) is: (2n+ 2) + (4n+ 4) + (6n+ 5) + (4n+ 3) + (2n+ 2) + (4n+ 4) + (2n+ 2) = 24n+ 22. P
The total number of ones in the matrices of the representation: (2n+ 3) + (4n+ 4) + (6n+ 4) + (3n+ 3) + (6n+ 5) + (3n+ 2) = 24n+ 21.
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92 Representation of I(6n, 6) 
92.1 Representation of I(0, 6) 
Dimension vector: dimI(0, 6) = (0, 0, 0, 0, 0, 1, 1)
Matrices of the representation:
1. M I(0,6)1→2 = M
I(0,2)
7→6 =
[ 0
0 0
]
∈M0,0(k)
2. M I(0,6)2→3 = M
I(0,2)
6→3 =
[ 0
0 0
]
∈M0,0(k)
3. M I(0,6)4→3 = M
I(0,2)
4→3 =
[ 0
0 0
]
∈M0,0(k)
4. M I(0,6)5→4 = M
I(0,2)
5→4 =
[ 0
0 0
]
∈M0,0(k)
5. M I(0,6)6→3 = M
I(0,2)
2→3 =
[ 1
0 0
]
∈M0,1(k)
6. M I(0,6)7→6 = M
I(0,2)
1→2 =
[
1
]
∈M1,1(k)
The length of I(0, 6) is: 0 + 0 + 0 + 0 + 0 + 1 + 1 = 2. P
The total number of ones in the matrices of the representation: 0 + 0 + 0 + 0 + 0 + 1 = 1.
92.2 Representation of I(6, 6) 
Dimension vector: dimI(6, 6) = (2, 4, 6, 4, 2, 5, 3)
Matrices of the representation:
1. M I(6,6)1→2 = M
I(6,2)
7→6 =

0 0
1 0
0 0
0 1
 ∈M4,2(k)
2. M I(6,6)2→3 = M
I(6,2)
6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M6,4(k)
3. M I(6,6)4→3 = M
I(6,2)
4→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k)
4. M I(6,6)5→4 = M
I(6,2)
5→4 =

1 1
1 0
0 1
0 0
 ∈M4,2(k)
5. M I(6,6)6→3 = M
I(6,2)
2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M6,5(k)
6. M I(6,6)7→6 = M
I(6,2)
1→2 =

0 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
The length of I(6, 6) is: 2 + 4 + 6 + 4 + 2 + 5 + 3 = 26. P
The total number of ones in the matrices of the representation: 2 + 5 + 4 + 4 + 7 + 3 = 25.
92.3 Representation of I(12, 6) 
Dimension vector: dimI(12, 6) = (4, 8, 12, 8, 4, 9, 5)
Matrices of the representation:
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1. M I(12,6)1→2 = M
I(12,2)
7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
2. M I(12,6)2→3 = M
I(12,2)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k)
3. M I(12,6)4→3 = M
I(12,2)
4→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k)
4. M I(12,6)5→4 = M
I(12,2)
5→4 =

1 0 1 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
5. M I(12,6)6→3 = M
I(12,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M12,9(k)
6. M I(12,6)7→6 = M
I(12,2)
1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k)
The length of I(12, 6) is: 4 + 8 + 12 + 8 + 4 + 9 + 5 = 50. P
The total number of ones in the matrices of the representation: 5 + 11 + 8 + 6 + 13 + 6 = 49.
92.4 Representation of I(18, 6) 
Dimension vector: dimI(18, 6) = (6, 12, 18, 12, 6, 13, 7)
Matrices of the representation:
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1. M I(18,6)1→2 = M
I(18,2)
7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
2. M I(18,6)2→3 = M
I(18,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k)
3. M I(18,6)4→3 = M
I(18,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k)
4. M I(18,6)5→4 = M
I(18,2)
5→4 =

1 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
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5. M I(18,6)6→3 = M
I(18,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M18,13(k)
6. M I(18,6)7→6 = M
I(18,2)
1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k)
The length of I(18, 6) is: 6 + 12 + 18 + 12 + 6 + 13 + 7 = 74. P
The total number of ones in the matrices of the representation: 8 + 17 + 12 + 8 + 19 + 9 = 73.
92.5 Representation of I(6n, 6) for n > 3 
Dimension vector: dimI(6n, 6) = (2n, 4n, 6n, 4n, 2n, 4n+ 1, 2n+ 1)
Matrices of the representation:
1. M I(6n,6)1→2 = M
I(6n,2)
7→6 =

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

∈M4n,2n(k)
2. M I(6n,6)2→3 = M
I(6n,2)
6→3 =

2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0
 ∈M6n,4n(k)
3. M I(6n,6)4→3 = M
I(6n,2)
4→3 =

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 ∈M6n,4n(k)
4. M I(6n,6)5→4 = M
I(6n,2)
5→4 =

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

∈M4n,2n(k)
5. M I(6n,6)6→3 = M
I(6n,2)
2→3 =

2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]
∈M6n,4n+1(k)
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6. M I(6n,6)7→6 = M
I(6n,2)
1→2 =

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

∈M4n+1,2n+1(k)
The length of I(6n, 6) is: 2n+ 4n+ 6n+ 4n+ 2n+ (4n+ 1) + (2n+ 1) = 24n+ 2. P
The total number of ones in the matrices of the representation: (3n− 1) + (6n− 1) + 4n+ (2n+ 2) + (6n+ 1) + 3n = 24n+ 1.
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93 Representation of I(6n+ 1, 6) 
93.1 Representation of I(1, 6) 
Dimension vector: dimI(1, 6) = (1, 1, 1, 1, 1, 1, 0)
Matrices of the representation:
1. M I(1,6)1→2 = M
I(1,2)
7→6 =
[
1
]
∈M1,1(k)
2. M I(1,6)2→3 = M
I(1,2)
6→3 =
[
1
]
∈M1,1(k)
3. M I(1,6)4→3 = M
I(1,2)
4→3 =
[
1
]
∈M1,1(k)
4. M I(1,6)5→4 = M
I(1,2)
5→4 =
[
1
]
∈M1,1(k)
5. M I(1,6)6→3 = M
I(1,2)
2→3 =
[
1
]
∈M1,1(k)
6. M I(1,6)7→6 = M
I(1,2)
1→2 =
[ 0
1 0
]
∈M1,0(k)
The length of I(1, 6) is: 1 + 1 + 1 + 1 + 1 + 1 + 0 = 6. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 1 + 1 + 0 = 5.
93.2 Representation of I(7, 6) 
Dimension vector: dimI(7, 6) = (3, 5, 7, 5, 3, 5, 2)
Matrices of the representation:
1. M I(7,6)1→2 = M
I(7,2)
7→6 =

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k)
2. M I(7,6)2→3 = M
I(7,2)
6→3 =

1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
3. M I(7,6)4→3 = M
I(7,2)
4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M7,5(k)
4. M I(7,6)5→4 = M
I(7,2)
5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
5. M I(7,6)6→3 = M
I(7,2)
2→3 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k)
6. M I(7,6)7→6 = M
I(7,2)
1→2 =

0 1
0 0
1 0
0 1
0 0
 ∈M5,2(k)
The length of I(7, 6) is: 3 + 5 + 7 + 5 + 3 + 5 + 2 = 30. P
The total number of ones in the matrices of the representation: 3 + 7 + 7 + 4 + 5 + 3 = 29.
93.3 Representation of I(13, 6) 
Dimension vector: dimI(13, 6) = (5, 9, 13, 9, 5, 9, 4)
Matrices of the representation:
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1. M I(13,6)1→2 = M
I(13,2)
7→6 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
2. M I(13,6)2→3 = M
I(13,2)
6→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
3. M I(13,6)4→3 = M
I(13,2)
4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
4. M I(13,6)5→4 = M
I(13,2)
5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k)
5. M I(13,6)6→3 = M
I(13,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k)
6. M I(13,6)7→6 = M
I(13,2)
1→2 =

0 0 1 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k)
The length of I(13, 6) is: 5 + 9 + 13 + 9 + 5 + 9 + 4 = 54. P
The total number of ones in the matrices of the representation: 6 + 13 + 13 + 7 + 9 + 5 = 53.
93.4 Representation of I(19, 6) 
Dimension vector: dimI(19, 6) = (7, 13, 19, 13, 7, 13, 6)
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Matrices of the representation:
1. M I(19,6)1→2 = M
I(19,2)
7→6 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
2. M I(19,6)2→3 = M
I(19,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
3. M I(19,6)4→3 = M
I(19,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
4. M I(19,6)5→4 = M
I(19,2)
5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k)
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5. M I(19,6)6→3 = M
I(19,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k)
6. M I(19,6)7→6 = M
I(19,2)
1→2 =

0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k)
The length of I(19, 6) is: 7 + 13 + 19 + 13 + 7 + 13 + 6 = 78. P
The total number of ones in the matrices of the representation: 9 + 19 + 19 + 10 + 13 + 7 = 77.
93.5 Representation of I(6n+ 1, 6) for n > 3 
Dimension vector: dimI(6n+ 1, 6) = (2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n)
Matrices of the representation:
1. M I(6n+1,6)1→2 = M
I(6n+1,2)
7→6 =

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k)
2. M I(6n+1,6)2→3 = M
I(6n+1,2)
6→3 =

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M6n+1,4n+1(k)
3. M I(6n+1,6)4→3 = M
I(6n+1,2)
4→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n+1(k)
4. M I(6n+1,6)5→4 = M
I(6n+1,2)
5→4 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

∈M4n+1,2n+1(k)
5. M I(6n+1,6)6→3 = M
I(6n+1,2)
2→3 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ∈M6n+1,4n+1(k)
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6. M I(6n+1,6)7→6 = M
I(6n+1,2)
1→2 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

∈M4n+1,2n(k)
The length of I(6n+ 1, 6) is: (2n+ 1) + (4n+ 1) + (6n+ 1) + (4n+ 1) + (2n+ 1) + (4n+ 1) + 2n = 24n+ 6. P
The total number of ones in the matrices of the representation: 3n+ (6n+ 1) + (6n+ 1) + (3n+ 1) + (4n+ 1) + (2n+ 1) = 24n+ 5.
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94 Representation of I(6n+ 2, 6) 
94.1 Representation of I(2, 6) 
Dimension vector: dimI(2, 6) = (1, 2, 2, 2, 1, 1, 1)
Matrices of the representation:
1. M I(2,6)1→2 = M
I(2,2)
7→6 =
[
1
1
]
∈M2,1(k)
2. M I(2,6)2→3 = M
I(2,2)
6→3 =
[
1 0
0 1
]
∈M2,2(k)
3. M I(2,6)4→3 = M
I(2,2)
4→3 =
[
1 0
0 1
]
∈M2,2(k)
4. M I(2,6)5→4 = M
I(2,2)
5→4 =
[
1
0
]
∈M2,1(k)
5. M I(2,6)6→3 = M
I(2,2)
2→3 =
[
0
1
]
∈M2,1(k)
6. M I(2,6)7→6 = M
I(2,2)
1→2 =
[
1
]
∈M1,1(k)
The length of I(2, 6) is: 1 + 2 + 2 + 2 + 1 + 1 + 1 = 10. P
The total number of ones in the matrices of the representation: 2 + 2 + 2 + 1 + 1 + 1 = 9.
94.2 Representation of I(8, 6) 
Dimension vector: dimI(8, 6) = (3, 6, 8, 6, 3, 5, 3)
Matrices of the representation:
1. M I(8,6)1→2 = M
I(8,2)
7→6 =

0 0 0
0 0 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k)
2. M I(8,6)2→3 = M
I(8,2)
6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
3. M I(8,6)4→3 = M
I(8,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M8,6(k)
4. M I(8,6)5→4 = M
I(8,2)
5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
5. M I(8,6)6→3 = M
I(8,2)
2→3 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k)
6. M I(8,6)7→6 = M
I(8,2)
1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k)
The length of I(8, 6) is: 3 + 6 + 8 + 6 + 3 + 5 + 3 = 34. P
The total number of ones in the matrices of the representation: 3 + 6 + 6 + 4 + 10 + 4 = 33.
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94.3 Representation of I(14, 6) 
Dimension vector: dimI(14, 6) = (5, 10, 14, 10, 5, 9, 5)
Matrices of the representation:
1. M I(14,6)1→2 = M
I(14,2)
7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
2. M I(14,6)2→3 = M
I(14,2)
6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k)
3. M I(14,6)4→3 = M
I(14,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M14,10(k)
4. M I(14,6)5→4 = M
I(14,2)
5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
5. M I(14,6)6→3 = M
I(14,2)
2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k)
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6. M I(14,6)7→6 = M
I(14,2)
1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
The length of I(14, 6) is: 5 + 10 + 14 + 10 + 5 + 9 + 5 = 58. P
The total number of ones in the matrices of the representation: 5 + 10 + 10 + 6 + 18 + 8 = 57.
94.4 Representation of I(20, 6) 
Dimension vector: dimI(20, 6) = (7, 14, 20, 14, 7, 13, 7)
Matrices of the representation:
1. M I(20,6)1→2 = M
I(20,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
2. M I(20,6)2→3 = M
I(20,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k)
3. M I(20,6)4→3 = M
I(20,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,14(k)
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4. M I(20,6)5→4 = M
I(20,2)
5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
5. M I(20,6)6→3 = M
I(20,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k)
6. M I(20,6)7→6 = M
I(20,2)
1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
The length of I(20, 6) is: 7 + 14 + 20 + 14 + 7 + 13 + 7 = 82. P
The total number of ones in the matrices of the representation: 7 + 14 + 14 + 8 + 26 + 12 = 81.
94.5 Representation of I(6n+ 2, 6) for n > 3 
Dimension vector: dimI(6n+ 2, 6) = (2n+ 1, 4n+ 2, 6n+ 2, 4n+ 2, 2n+ 1, 4n+ 1, 2n+ 1)
Matrices of the representation:
1. M I(6n+2,6)1→2 = M
I(6n+2,2)
7→6 =

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 ∈M4n+2,2n+1(k)
2. M I(6n+2,6)2→3 = M
I(6n+2,2)
6→3 =

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 ∈M6n+2,4n+2(k)
3. M I(6n+2,6)4→3 = M
I(6n+2,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 ∈M6n+2,4n+2(k)
376
4. M I(6n+2,6)5→4 = M
I(6n+2,2)
5→4 =

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

∈M4n+2,2n+1(k)
5. M I(6n+2,6)6→3 = M
I(6n+2,2)
2→3 =

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ∈M6n+2,4n+1(k)
6. M I(6n+2,6)7→6 = M
I(6n+2,2)
1→2 =

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k)
The length of I(6n+ 2, 6) is: (2n+ 1) + (4n+ 2) + (6n+ 2) + (4n+ 2) + (2n+ 1) + (4n+ 1) + (2n+ 1) = 24n+ 10. P
The total number of ones in the matrices of the representation: (2n+ 1) + (4n+ 2) + (4n+ 2) + (2n+ 2) + (8n+ 2) + 4n = 24n+ 9.
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95 Representation of I(6n+ 3, 6) 
95.1 Representation of I(3, 6) 
Dimension vector: dimI(3, 6) = (1, 2, 3, 2, 1, 3, 2)
Matrices of the representation:
1. M I(3,6)1→2 = M
I(3,2)
7→6 =
[
1
0
]
∈M2,1(k)
2. M I(3,6)2→3 = M
I(3,2)
6→3 =
1 00 1
0 0
 ∈M3,2(k)
3. M I(3,6)4→3 = M
I(3,2)
4→3 =
1 01 0
0 1
 ∈M3,2(k)
4. M I(3,6)5→4 = M
I(3,2)
5→4 =
[
1
1
]
∈M2,1(k)
5. M I(3,6)6→3 = M
I(3,2)
2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k)
6. M I(3,6)7→6 = M
I(3,2)
1→2 =
0 01 0
0 1
 ∈M3,2(k)
The length of I(3, 6) is: 1 + 2 + 3 + 2 + 1 + 3 + 2 = 14. P
The total number of ones in the matrices of the representation: 1 + 2 + 3 + 2 + 3 + 2 = 13.
95.2 Representation of I(9, 6) 
Dimension vector: dimI(9, 6) = (3, 6, 9, 6, 3, 7, 4)
Matrices of the representation:
1. M I(9,6)1→2 = M
I(9,2)
7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 1

∈M6,3(k)
2. M I(9,6)2→3 = M
I(9,2)
6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k)
3. M I(9,6)4→3 = M
I(9,2)
4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M9,6(k)
4. M I(9,6)5→4 = M
I(9,2)
5→4 =

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
5. M I(9,6)6→3 = M
I(9,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M9,7(k)
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6. M I(9,6)7→6 = M
I(9,2)
1→2 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of I(9, 6) is: 3 + 6 + 9 + 6 + 3 + 7 + 4 = 38. P
The total number of ones in the matrices of the representation: 4 + 8 + 8 + 5 + 7 + 5 = 37.
95.3 Representation of I(15, 6) 
Dimension vector: dimI(15, 6) = (5, 10, 15, 10, 5, 11, 6)
Matrices of the representation:
1. M I(15,6)1→2 = M
I(15,2)
7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
2. M I(15,6)2→3 = M
I(15,2)
6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k)
3. M I(15,6)4→3 = M
I(15,2)
4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k)
4. M I(15,6)5→4 = M
I(15,2)
5→4 =

0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k)
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5. M I(15,6)6→3 = M
I(15,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M15,11(k)
6. M I(15,6)7→6 = M
I(15,2)
1→2 =

1 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
The length of I(15, 6) is: 5 + 10 + 15 + 10 + 5 + 11 + 6 = 62. P
The total number of ones in the matrices of the representation: 7 + 14 + 14 + 8 + 11 + 7 = 61.
95.4 Representation of I(21, 6) 
Dimension vector: dimI(21, 6) = (7, 14, 21, 14, 7, 15, 8)
Matrices of the representation:
1. M I(21,6)1→2 = M
I(21,2)
7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
2. M I(21,6)2→3 = M
I(21,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k)
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3. M I(21,6)4→3 = M
I(21,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k)
4. M I(21,6)5→4 = M
I(21,2)
5→4 =

0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
5. M I(21,6)6→3 = M
I(21,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,15(k)
6. M I(21,6)7→6 = M
I(21,2)
1→2 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
The length of I(21, 6) is: 7 + 14 + 21 + 14 + 7 + 15 + 8 = 86. P
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The total number of ones in the matrices of the representation: 10 + 20 + 20 + 11 + 15 + 9 = 85.
95.5 Representation of I(6n+ 3, 6) for n > 3 
Dimension vector: dimI(6n+ 3, 6) = (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 3, 2n+ 2)
Matrices of the representation:
1. M I(6n+3,6)1→2 = M
I(6n+3,2)
7→6 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ∈M4n+2,2n+1(k)
2. M I(6n+3,6)2→3 = M
I(6n+3,2)
6→3 =

1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]
∈M6n+3,4n+2(k)
3. M I(6n+3,6)4→3 = M
I(6n+3,2)
4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M6n+3,4n+2(k)
4. M I(6n+3,6)5→4 = M
I(6n+3,2)
5→4 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

∈M4n+2,2n+1(k)
5. M I(6n+3,6)6→3 = M
I(6n+3,2)
2→3 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 ∈M6n+3,4n+3(k)
6. M I(6n+3,6)7→6 = M
I(6n+3,2)
1→2 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ∈M4n+3,2n+2(k)
The length of I(6n+ 3, 6) is: (2n+ 1) + (4n+ 2) + (6n+ 3) + (4n+ 2) + (2n+ 1) + (4n+ 3) + (2n+ 2) = 24n+ 14. P
The total number of ones in the matrices of the representation: (3n+ 1) + (6n+ 2) + (6n+ 2) + (3n+ 2) + (4n+ 3) + (2n+ 3) = 24n+ 13.
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96 Representation of I(6n+ 4, 6) 
96.1 Representation of I(4, 6) 
Dimension vector: dimI(4, 6) = (2, 3, 4, 3, 2, 3, 1)
Matrices of the representation:
1. M I(4,6)1→2 = M
I(4,2)
7→6 =
1 00 0
0 1
 ∈M3,2(k)
2. M I(4,6)2→3 = M
I(4,2)
6→3 =

1 0 0
0 1 0
0 0 1
0 0 1
 ∈M4,3(k)
3. M I(4,6)4→3 = M
I(4,2)
4→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k)
4. M I(4,6)5→4 = M
I(4,2)
5→4 =
0 11 0
0 1
 ∈M3,2(k)
5. M I(4,6)6→3 = M
I(4,2)
2→3 =

1 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. M I(4,6)7→6 = M
I(4,2)
1→2 =
01
0
 ∈M3,1(k)
The length of I(4, 6) is: 2 + 3 + 4 + 3 + 2 + 3 + 1 = 18. P
The total number of ones in the matrices of the representation: 2 + 4 + 3 + 3 + 4 + 1 = 17.
96.2 Representation of I(10, 6) 
Dimension vector: dimI(10, 6) = (4, 7, 10, 7, 4, 7, 3)
Matrices of the representation:
1. M I(10,6)1→2 = M
I(10,2)
7→6 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k)
2. M I(10,6)2→3 = M
I(10,2)
6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. M I(10,6)4→3 = M
I(10,2)
4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
4. M I(10,6)5→4 = M
I(10,2)
5→4 =

1 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
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5. M I(10,6)6→3 = M
I(10,2)
2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M10,7(k)
6. M I(10,6)7→6 = M
I(10,2)
1→2 =

0 0 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M7,3(k)
The length of I(10, 6) is: 4 + 7 + 10 + 7 + 4 + 7 + 3 = 42. P
The total number of ones in the matrices of the representation: 5 + 10 + 7 + 6 + 9 + 4 = 41.
96.3 Representation of I(16, 6) 
Dimension vector: dimI(16, 6) = (6, 11, 16, 11, 6, 11, 5)
Matrices of the representation:
1. M I(16,6)1→2 = M
I(16,2)
7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
2. M I(16,6)2→3 = M
I(16,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
3. M I(16,6)4→3 = M
I(16,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
384
4. M I(16,6)5→4 = M
I(16,2)
5→4 =

1 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
5. M I(16,6)6→3 = M
I(16,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k)
6. M I(16,6)7→6 = M
I(16,2)
1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k)
The length of I(16, 6) is: 6 + 11 + 16 + 11 + 6 + 11 + 5 = 66. P
The total number of ones in the matrices of the representation: 8 + 16 + 11 + 8 + 15 + 7 = 65.
96.4 Representation of I(22, 6) 
Dimension vector: dimI(22, 6) = (8, 15, 22, 15, 8, 15, 7)
Matrices of the representation:
1. M I(22,6)1→2 = M
I(22,2)
7→6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
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2. M I(22,6)2→3 = M
I(22,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
3. M I(22,6)4→3 = M
I(22,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
4. M I(22,6)5→4 = M
I(22,2)
5→4 =

1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
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5. M I(22,6)6→3 = M
I(22,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k)
6. M I(22,6)7→6 = M
I(22,2)
1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k)
The length of I(22, 6) is: 8 + 15 + 22 + 15 + 8 + 15 + 7 = 90. P
The total number of ones in the matrices of the representation: 11 + 22 + 15 + 10 + 21 + 10 = 89.
96.5 Representation of I(6n+ 4, 6) for n > 3 
Dimension vector: dimI(6n+ 4, 6) = (2n+ 2, 4n+ 3, 6n+ 4, 4n+ 3, 2n+ 2, 4n+ 3, 2n+ 1)
Matrices of the representation:
1. M I(6n+4,6)1→2 = M
I(6n+4,2)
7→6 =

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 ∈M4n+3,2n+2(k)
2. M I(6n+4,6)2→3 = M
I(6n+4,2)
6→3 =

1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+3(k)
3. M I(6n+4,6)4→3 = M
I(6n+4,2)
4→3 =

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+4,4n+3(k)
4. M I(6n+4,6)5→4 = M
I(6n+4,2)
5→4 =

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

∈M4n+3,2n+2(k)
5. M I(6n+4,6)6→3 = M
I(6n+4,2)
2→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0
 ∈M6n+4,4n+3(k)
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6. M I(6n+4,6)7→6 = M
I(6n+4,2)
1→2 =

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 ∈M4n+3,2n+1(k)
The length of I(6n+ 4, 6) is: (2n+ 2) + (4n+ 3) + (6n+ 4) + (4n+ 3) + (2n+ 2) + (4n+ 3) + (2n+ 1) = 24n+ 18. P
The total number of ones in the matrices of the representation: (3n+ 2) + (6n+ 4) + (4n+ 3) + (2n+ 4) + (6n+ 3) + (3n+ 1) = 24n+ 17.
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97 Representation of I(6n+ 5, 6) 
97.1 Representation of I(5, 6) 
Dimension vector: dimI(5, 6) = (2, 4, 5, 4, 2, 3, 2)
Matrices of the representation:
1. M I(5,6)1→2 = M
I(5,2)
7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k)
2. M I(5,6)2→3 = M
I(5,2)
6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
3. M I(5,6)4→3 = M
I(5,2)
4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1
 ∈M5,4(k)
4. M I(5,6)5→4 = M
I(5,2)
5→4 =

0 1
1 0
0 0
0 1
 ∈M4,2(k)
5. M I(5,6)6→3 = M
I(5,2)
2→3 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k)
6. M I(5,6)7→6 = M
I(5,2)
1→2 =
1 01 0
0 1
 ∈M3,2(k)
The length of I(5, 6) is: 2 + 4 + 5 + 4 + 2 + 3 + 2 = 22. P
The total number of ones in the matrices of the representation: 2 + 5 + 4 + 3 + 4 + 3 = 21.
97.2 Representation of I(11, 6) 
Dimension vector: dimI(11, 6) = (4, 8, 11, 8, 4, 7, 4)
Matrices of the representation:
1. M I(11,6)1→2 = M
I(11,2)
7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k)
2. M I(11,6)2→3 = M
I(11,2)
6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

∈M11,8(k)
3. M I(11,6)4→3 = M
I(11,2)
4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
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4. M I(11,6)5→4 = M
I(11,2)
5→4 =

0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
5. M I(11,6)6→3 = M
I(11,2)
2→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k)
6. M I(11,6)7→6 = M
I(11,2)
1→2 =

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k)
The length of I(11, 6) is: 4 + 8 + 11 + 8 + 4 + 7 + 4 = 46. P
The total number of ones in the matrices of the representation: 5 + 11 + 8 + 5 + 10 + 6 = 45.
97.3 Representation of I(17, 6) 
Dimension vector: dimI(17, 6) = (6, 12, 17, 12, 6, 11, 6)
Matrices of the representation:
1. M I(17,6)1→2 = M
I(17,2)
7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
2. M I(17,6)2→3 = M
I(17,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k)
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3. M I(17,6)4→3 = M
I(17,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k)
4. M I(17,6)5→4 = M
I(17,2)
5→4 =

0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
5. M I(17,6)6→3 = M
I(17,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k)
6. M I(17,6)7→6 = M
I(17,2)
1→2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
The length of I(17, 6) is: 6 + 12 + 17 + 12 + 6 + 11 + 6 = 70. P
The total number of ones in the matrices of the representation: 8 + 17 + 12 + 7 + 16 + 9 = 69.
97.4 Representation of I(23, 6) 
Dimension vector: dimI(23, 6) = (8, 16, 23, 16, 8, 15, 8)
Matrices of the representation:
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1. M I(23,6)1→2 = M
I(23,2)
7→6 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
2. M I(23,6)2→3 = M
I(23,2)
6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k)
3. M I(23,6)4→3 = M
I(23,2)
4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k)
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4. M I(23,6)5→4 = M
I(23,2)
5→4 =

0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
5. M I(23,6)6→3 = M
I(23,2)
2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k)
6. M I(23,6)7→6 = M
I(23,2)
1→2 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
The length of I(23, 6) is: 8 + 16 + 23 + 16 + 8 + 15 + 8 = 94. P
The total number of ones in the matrices of the representation: 11 + 23 + 16 + 9 + 22 + 12 = 93.
97.5 Representation of I(6n+ 5, 6) for n > 3 
Dimension vector: dimI(6n+ 5, 6) = (2n+ 2, 4n+ 4, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 2)
Matrices of the representation:
1. M I(6n+5,6)1→2 = M
I(6n+5,2)
7→6 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

∈M4n+4,2n+2(k)
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2. M I(6n+5,6)2→3 = M
I(6n+5,2)
6→3 =

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M6n+5,4n+4(k)
3. M I(6n+5,6)4→3 = M
I(6n+5,2)
4→3 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+5,4n+4(k)
4. M I(6n+5,6)5→4 = M
I(6n+5,2)
5→4 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+4,2n+2(k)
5. M I(6n+5,6)6→3 = M
I(6n+5,2)
2→3 =

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]
∈M6n+5,4n+3(k)
6. M I(6n+5,6)7→6 = M
I(6n+5,2)
1→2 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

∈M4n+3,2n+2(k)
The length of I(6n+ 5, 6) is: (2n+ 2) + (4n+ 4) + (6n+ 5) + (4n+ 4) + (2n+ 2) + (4n+ 3) + (2n+ 2) = 24n+ 22. P
The total number of ones in the matrices of the representation: (3n+ 2) + (6n+ 5) + (4n+ 4) + (2n+ 3) + (6n+ 4) + (3n+ 3) = 24n+ 21.
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98 Representation of I(6n, 3) 
98.1 Representation of I(0, 3) 
Dimension vector: dimI(0, 3) = (1, 1, 1, 1, 1, 1, 1)
Matrices of the representation:
1. M I(0,3)1→2 =
[
1
]
∈M1,1(k)
2. M I(0,3)2→3 =
[
1
]
∈M1,1(k)
3. M I(0,3)4→3 =
[
1
]
∈M1,1(k)
4. M I(0,3)5→4 =
[
1
]
∈M1,1(k)
5. M I(0,3)6→3 =
[
1
]
∈M1,1(k)
6. M I(0,3)7→6 =
[
1
]
∈M1,1(k)
The length of I(0, 3) is: 1 + 1 + 1 + 1 + 1 + 1 + 1 = 7. P
The total number of ones in the matrices of the representation: 1 + 1 + 1 + 1 + 1 + 1 = 6.
98.2 Representation of I(6, 3) 
Dimension vector: dimI(6, 3) = (4, 7, 10, 7, 4, 7, 4)
Matrices of the representation:
1. M I(6,3)1→2 =

0 0 0 1
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 1

∈M7,4(k)
2. M I(6,3)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 1 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k)
3. M I(6,3)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M10,7(k)
4. M I(6,3)5→4 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M7,4(k)
5. M I(6,3)6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 1 1
0 0 0 0 0 0 1

∈M10,7(k)
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6. M I(6,3)7→6 =

0 1 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k)
The length of I(6, 3) is: 4 + 7 + 10 + 7 + 4 + 7 + 4 = 43. P
The total number of ones in the matrices of the representation: 5 + 9 + 9 + 5 + 9 + 5 = 42.
98.3 Representation of I(12, 3) 
Dimension vector: dimI(12, 3) = (7, 13, 19, 13, 7, 13, 7)
Matrices of the representation:
1. M I(12,3)1→2 =

0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k)
2. M I(12,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
3. M I(12,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k)
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4. M I(12,3)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k)
5. M I(12,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k)
6. M I(12,3)7→6 =

0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0

∈M13,7(k)
The length of I(12, 3) is: 7 + 13 + 19 + 13 + 7 + 13 + 7 = 79. P
The total number of ones in the matrices of the representation: 9 + 17 + 17 + 9 + 17 + 9 = 78.
98.4 Representation of I(18, 3) 
Dimension vector: dimI(18, 3) = (10, 19, 28, 19, 10, 19, 10)
Matrices of the representation:
1. M I(18,3)1→2 =

0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M19,10(k)
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2. M I(18,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,19(k)
3. M I(18,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M28,19(k)
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4. M I(18,3)5→4 =

1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M19,10(k)
5. M I(18,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,19(k)
6. M I(18,3)7→6 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0

∈M19,10(k)
The length of I(18, 3) is: 10 + 19 + 28 + 19 + 10 + 19 + 10 = 115. P
The total number of ones in the matrices of the representation: 13 + 25 + 25 + 13 + 25 + 13 = 114.
98.5 Representation of I(6n, 3) for n > 3 
Dimension vector: dimI(6n, 3) = (3n+ 1, 6n+ 1, 9n+ 1, 6n+ 1, 3n+ 1, 6n+ 1, 3n+ 1)
Matrices of the representation:
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1. M I(6n,3)1→2 =
(
M
I(6n+1,6)
1→2 ⊕M I(6n,7)1→2
)

[n−1 1
1 0 1
3n+2 0 0
]
=

n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n 0 0
 ∈M6n+1,3n+1(k)
2. M I(6n,3)2→3 = M
I(6n+1,6)
2→3 ⊕M I(6n,7)2→3 =

2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
+

1 2n 4n
n+1 0 0 0
2n 0 1 0
6n 0 0 0
 ∈M9n+1,6n+1(k)
3. M I(6n,3)4→3 = M
I(6n+1,6)
4→3 ⊕M I(6n,7)4→3 =

2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M9n+1,6n+1(k)
4. M I(6n,3)5→4 = M
I(6n+1,6)
5→4 ⊕M I(6n,7)5→4 =

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

∈M6n+1,3n+1(k)
5. M I(6n,3)6→3 = M
I(6n+1,6)
6→3 ⊕M I(6n,7)6→3 =

1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+1 2n
7n+1 0 0
2n 0 1
]
∈M9n+1,6n+1(k)
6. M I(6n,3)7→6 = M
I(6n+1,6)
7→6 ⊕M I(6n,7)7→6 =

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

∈M6n+1,3n+1(k)
The length of I(6n, 3) is: (3n+ 1) + (6n+ 1) + (9n+ 1) + (6n+ 1) + (3n+ 1) + (6n+ 1) + (3n+ 1) = 36n+ 7. P
The total number of ones in the matrices of the representation: (4n+ 1) + (8n+ 1) + (8n+ 1) + (4n+ 1) + (8n+ 1) + (4n+ 1) = 36n+ 6.
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99 Representation of I(6n+ 1, 3) 
99.1 Representation of I(1, 3) 
Dimension vector: dimI(1, 3) = (1, 2, 2, 2, 1, 2, 1)
Matrices of the representation:
1. M I(1,3)1→2 =
[
1
0
]
∈M2,1(k)
2. M I(1,3)2→3 =
[
1 0
0 1
]
∈M2,2(k)
3. M I(1,3)4→3 =
[
1 0
0 1
]
∈M2,2(k)
4. M I(1,3)5→4 =
[
0
1
]
∈M2,1(k)
5. M I(1,3)6→3 =
[
1 1
0 1
]
∈M2,2(k)
6. M I(1,3)7→6 =
[
0
1
]
∈M2,1(k)
The length of I(1, 3) is: 1 + 2 + 2 + 2 + 1 + 2 + 1 = 11. P
The total number of ones in the matrices of the representation: 1 + 2 + 2 + 1 + 3 + 1 = 10.
99.2 Representation of I(7, 3) 
Dimension vector: dimI(7, 3) = (4, 8, 11, 8, 4, 8, 4)
Matrices of the representation:
1. M I(7,3)1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 1
0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M8,4(k)
2. M I(7,3)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

∈M11,8(k)
3. M I(7,3)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1

∈M11,8(k)
4. M I(7,3)5→4 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k)
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5. M I(7,3)6→3 =

1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k)
6. M I(7,3)7→6 =

0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1

∈M8,4(k)
The length of I(7, 3) is: 4 + 8 + 11 + 8 + 4 + 8 + 4 = 47. P
The total number of ones in the matrices of the representation: 5 + 10 + 10 + 6 + 11 + 4 = 46.
99.3 Representation of I(13, 3) 
Dimension vector: dimI(13, 3) = (7, 14, 20, 14, 7, 14, 7)
Matrices of the representation:
1. M I(13,3)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k)
2. M I(13,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,14(k)
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3. M I(13,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k)
4. M I(13,3)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0

∈M14,7(k)
5. M I(13,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k)
6. M I(13,3)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k)
The length of I(13, 3) is: 7 + 14 + 20 + 14 + 7 + 14 + 7 = 83. P
The total number of ones in the matrices of the representation: 9 + 18 + 18 + 10 + 19 + 8 = 82.
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99.4 Representation of I(19, 3) 
Dimension vector: dimI(19, 3) = (10, 20, 29, 20, 10, 20, 10)
Matrices of the representation:
1. M I(19,3)1→2 =

0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M20,10(k)
2. M I(19,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M29,20(k)
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3. M I(19,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,20(k)
4. M I(19,3)5→4 =

1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0

∈M20,10(k)
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5. M I(19,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,20(k)
6. M I(19,3)7→6 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M20,10(k)
The length of I(19, 3) is: 10 + 20 + 29 + 20 + 10 + 20 + 10 = 119. P
The total number of ones in the matrices of the representation: 13 + 26 + 26 + 14 + 27 + 12 = 118.
99.5 Representation of I(6n+ 1, 3) for n > 3 
Dimension vector: dimI(6n+ 1, 3) = (3n+ 1, 6n+ 2, 9n+ 2, 6n+ 2, 3n+ 1, 6n+ 2, 3n+ 1)
Matrices of the representation:
1. M I(6n+1,3)1→2 = M
I(6n+3,1)
1→2 ⊕M I(6n+1,2)1→2 =

n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n+1 0 0
 ∈M6n+2,3n+1(k)
2. M I(6n+1,3)2→3 = M
I(6n+3,1)
2→3 ⊕M I(6n+1,2)2→3 =

2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0
 ∈M9n+2,6n+2(k)
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3. M I(6n+1,3)4→3 = M
I(6n+3,1)
4→3 ⊕M I(6n+1,2)4→3 =

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+2 2n
7n+2 0 0
2n 0 1
]
∈M9n+2,6n+2(k)
4. M I(6n+1,3)5→4 = M
I(6n+3,1)
5→4 ⊕M I(6n+1,2)5→4 =

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

∈M6n+2,3n+1(k)
5. M I(6n+1,3)6→3 =
(
M
I(6n+3,1)
6→3 ⊕M I(6n+1,2)6→3
)

[4n 1
1 0 1
3n 0 0
]
=

1 4n+1 2n−1 1
1 1 0 0 1
n 0 0 0 0
4n+1 0 1 0 0
2n 0 0 0 0
2n−1 0 0 1 0
1 0 0 0 1

+

2n+2 2n 2n
4n+2 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M9n+2,6n+2(k)
6. M I(6n+1,3)7→6 = M
I(6n+3,1)
7→6 ⊕M I(6n+1,2)7→6 =

n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

+

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n 0 0 0
 ∈M6n+2,3n+1(k)
The length of I(6n+ 1, 3) is: (3n+ 1) + (6n+ 2) + (9n+ 2) + (6n+ 2) + (3n+ 1) + (6n+ 2) + (3n+ 1) = 36n+ 11. P
The total number of ones in the matrices of the representation: (4n+ 1) + (8n+ 2) + (8n+ 2) + (4n+ 2) + (8n+ 3) + 4n = 36n+ 10.
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100 Representation of I(6n+ 2, 3) 
100.1 Representation of I(2, 3) 
Dimension vector: dimI(2, 3) = (2, 3, 4, 3, 2, 3, 2)
Matrices of the representation:
1. M I(2,3)1→2 =
1 00 1
0 0
 ∈M3,2(k)
2. M I(2,3)2→3 =

1 0 0
0 0 1
0 1 0
0 0 0
 ∈M4,3(k)
3. M I(2,3)4→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k)
4. M I(2,3)5→4 =
1 01 0
0 1
 ∈M3,2(k)
5. M I(2,3)6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k)
6. M I(2,3)7→6 =
1 01 1
0 1
 ∈M3,2(k)
The length of I(2, 3) is: 2 + 3 + 4 + 3 + 2 + 3 + 2 = 19. P
The total number of ones in the matrices of the representation: 2 + 3 + 3 + 3 + 3 + 4 = 18.
100.2 Representation of I(8, 3) 
Dimension vector: dimI(8, 3) = (5, 9, 13, 9, 5, 9, 5)
Matrices of the representation:
1. M I(8,3)1→2 =

0 1 0 0 0
1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M9,5(k)
2. M I(8,3)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0

∈M13,9(k)
3. M I(8,3)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
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4. M I(8,3)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 1

∈M9,5(k)
5. M I(8,3)6→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k)
6. M I(8,3)7→6 =

0 0 0 0 1
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k)
The length of I(8, 3) is: 5 + 9 + 13 + 9 + 5 + 9 + 5 = 55. P
The total number of ones in the matrices of the representation: 7 + 11 + 11 + 7 + 11 + 7 = 54.
100.3 Representation of I(14, 3) 
Dimension vector: dimI(14, 3) = (8, 15, 22, 15, 8, 15, 8)
Matrices of the representation:
1. M I(14,3)1→2 =

0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k)
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2. M I(14,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k)
3. M I(14,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
4. M I(14,3)5→4 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
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5. M I(14,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k)
6. M I(14,3)7→6 =

0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k)
The length of I(14, 3) is: 8 + 15 + 22 + 15 + 8 + 15 + 8 = 91. P
The total number of ones in the matrices of the representation: 11 + 19 + 19 + 11 + 19 + 11 = 90.
100.4 Representation of I(20, 3) 
Dimension vector: dimI(20, 3) = (11, 21, 31, 21, 11, 21, 11)
Matrices of the representation:
1. M I(20,3)1→2 =

0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M21,11(k)
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2. M I(20,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M31,21(k)
3. M I(20,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,21(k)
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4. M I(20,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M21,11(k)
5. M I(20,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,21(k)
6. M I(20,3)7→6 =

0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M21,11(k)
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The length of I(20, 3) is: 11 + 21 + 31 + 21 + 11 + 21 + 11 = 127. P
The total number of ones in the matrices of the representation: 15 + 27 + 27 + 15 + 27 + 15 = 126.
100.5 Representation of I(6n+ 2, 3) for n > 3 
Dimension vector: dimI(6n+ 2, 3) = (3n+ 2, 6n+ 3, 9n+ 4, 6n+ 3, 3n+ 2, 6n+ 3, 3n+ 2)
Matrices of the representation:
1. M I(6n+2,3)1→2 = M
I(6n+3,4)
1→2 ⊕M I(6n+2,5)1→2 =

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

∈M6n+3,3n+2(k)
2. M I(6n+2,3)2→3 = M
I(6n+3,4)
2→3 ⊕M I(6n+2,5)2→3 =

2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
6n+2 0 0 0
 ∈M9n+4,6n+3(k)
3. M I(6n+2,3)4→3 = M
I(6n+3,4)
4→3 ⊕M I(6n+2,5)4→3 =

2n+2 4n+1
2n+2 1 0
2n 0 0
4n+1 0 1
n+1 0 0
+
[4n+3 2n
7n+4 0 0
2n 0 1
]
∈M9n+4,6n+3(k)
4. M I(6n+2,3)5→4 = M
I(6n+3,4)
5→4 ⊕M I(6n+2,5)5→4 =

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

∈M6n+3,3n+2(k)
5. M I(6n+2,3)6→3 = M
I(6n+3,4)
6→3 ⊕M I(6n+2,5)6→3 =

1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
+

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M9n+4,6n+3(k)
6. M I(6n+2,3)7→6 =
(
M
I(6n+3,4)
7→6 ⊕M I(6n+2,5)7→6
)

[ n 1
1 0 1
4n+1 0 0
]
=

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

∈M6n+3,3n+2(k)
The length of I(6n+ 2, 3) is: (3n+ 2) + (6n+ 3) + (9n+ 4) + (6n+ 3) + (3n+ 2) + (6n+ 3) + (3n+ 2) = 36n+ 19. P
The total number of ones in the matrices of the representation: (4n+ 3) + (8n+ 3) + (8n+ 3) + (4n+ 3) + (8n+ 3) + (4n+ 3) = 36n+ 18.
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101 Representation of I(6n+ 3, 3) 
101.1 Representation of I(3, 3) 
Dimension vector: dimI(3, 3) = (2, 4, 5, 4, 2, 4, 2)
Matrices of the representation:
1. M I(3,3)1→2 =

0 0
0 0
1 0
0 1
 ∈M4,2(k)
2. M I(3,3)2→3 =

1 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
3. M I(3,3)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1
 ∈M5,4(k)
4. M I(3,3)5→4 =

0 0
1 0
0 1
0 1
 ∈M4,2(k)
5. M I(3,3)6→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k)
6. M I(3,3)7→6 =

1 0
0 0
0 1
0 0
 ∈M4,2(k)
The length of I(3, 3) is: 2 + 4 + 5 + 4 + 2 + 4 + 2 = 23. P
The total number of ones in the matrices of the representation: 2 + 6 + 5 + 3 + 4 + 2 = 22.
101.2 Representation of I(9, 3) 
Dimension vector: dimI(9, 3) = (5, 10, 14, 10, 5, 10, 5)
Matrices of the representation:
1. M I(9,3)1→2 =

0 0 0 0 0
1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k)
2. M I(9,3)2→3 =

1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k)
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3. M I(9,3)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

∈M14,10(k)
4. M I(9,3)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k)
5. M I(9,3)6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k)
6. M I(9,3)7→6 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 1

∈M10,5(k)
The length of I(9, 3) is: 5 + 10 + 14 + 10 + 5 + 10 + 5 = 59. P
The total number of ones in the matrices of the representation: 7 + 13 + 12 + 8 + 12 + 6 = 58.
101.3 Representation of I(15, 3) 
Dimension vector: dimI(15, 3) = (8, 16, 23, 16, 8, 16, 8)
Matrices of the representation:
1. M I(15,3)1→2 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
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2. M I(15,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k)
3. M I(15,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k)
4. M I(15,3)5→4 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k)
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5. M I(15,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k)
6. M I(15,3)7→6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k)
The length of I(15, 3) is: 8 + 16 + 23 + 16 + 8 + 16 + 8 = 95. P
The total number of ones in the matrices of the representation: 11 + 21 + 20 + 12 + 20 + 10 = 94.
101.4 Representation of I(21, 3) 
Dimension vector: dimI(21, 3) = (11, 22, 32, 22, 11, 22, 11)
Matrices of the representation:
1. M I(21,3)1→2 =

0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M22,11(k)
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2. M I(21,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,22(k)
3. M I(21,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M32,22(k)
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4. M I(21,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M22,11(k)
5. M I(21,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,22(k)
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6. M I(21,3)7→6 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M22,11(k)
The length of I(21, 3) is: 11 + 22 + 32 + 22 + 11 + 22 + 11 = 131. P
The total number of ones in the matrices of the representation: 15 + 29 + 28 + 16 + 28 + 14 = 130.
101.5 Representation of I(6n+ 3, 3) for n > 3 
Dimension vector: dimI(6n+ 3, 3) = (3n+ 2, 6n+ 4, 9n+ 5, 6n+ 4, 3n+ 2, 6n+ 4, 3n+ 2)
Matrices of the representation:
1. M I(6n+3,3)1→2 = M
I(6n+5,1)
1→2 ⊕M I(6n+3,2)1→2 =

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

∈M6n+4,3n+2(k)
2. M I(6n+3,3)2→3 =
(
M
I(6n+5,1)
2→3 ⊕M I(6n+3,2)2→3
)

[4n+2 1
1 0 1
3n+1 0 0
]
=

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0
 ∈M9n+5,6n+4(k)
3. M I(6n+3,3)4→3 = M
I(6n+5,1)
4→3 ⊕M I(6n+3,2)4→3 =

2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n+3 2n 2n+1
4n+4 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M9n+5,6n+4(k)
4. M I(6n+3,3)5→4 = M
I(6n+5,1)
5→4 ⊕M I(6n+3,2)5→4 =

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

∈M6n+4,3n+2(k)
5. M I(6n+3,3)6→3 = M
I(6n+5,1)
6→3 ⊕M I(6n+3,2)6→3 =

1 2n+2 4n+1
1 1 0 0
n 0 0 0
2n+2 0 1 0
n 0 0 0
4n+1 0 0 1
n+1 0 0 0

+
[4n+4 2n
7n+5 0 0
2n 0 1
]
∈M9n+5,6n+4(k)
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6. M I(6n+3,3)7→6 = M
I(6n+5,1)
7→6 ⊕M I(6n+3,2)7→6 =

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

∈M6n+4,3n+2(k)
The length of I(6n+ 3, 3) is: (3n+ 2) + (6n+ 4) + (9n+ 5) + (6n+ 4) + (3n+ 2) + (6n+ 4) + (3n+ 2) = 36n+ 23. P
The total number of ones in the matrices of the representation: (4n+ 3) + (8n+ 5) + (8n+ 4) + (4n+ 4) + (8n+ 4) + (4n+ 2) = 36n+ 22.
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102 Representation of I(6n+ 4, 3) 
102.1 Representation of I(4, 3) 
Dimension vector: dimI(4, 3) = (3, 5, 7, 5, 3, 5, 3)
Matrices of the representation:
1. M I(4,3)1→2 =

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k)
2. M I(4,3)2→3 =

1 0 0 0 1
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 1

∈M7,5(k)
3. M I(4,3)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 1

∈M7,5(k)
4. M I(4,3)5→4 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k)
5. M I(4,3)6→3 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k)
6. M I(4,3)7→6 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
 ∈M5,3(k)
The length of I(4, 3) is: 3 + 5 + 7 + 5 + 3 + 5 + 3 = 31. P
The total number of ones in the matrices of the representation: 3 + 8 + 5 + 4 + 6 + 4 = 30.
102.2 Representation of I(10, 3) 
Dimension vector: dimI(10, 3) = (6, 11, 16, 11, 6, 11, 6)
Matrices of the representation:
1. M I(10,3)1→2 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 1

∈M11,6(k)
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2. M I(10,3)2→3 =

1 0 0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
3. M I(10,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k)
4. M I(10,3)5→4 =

0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k)
5. M I(10,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k)
6. M I(10,3)7→6 =

1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k)
The length of I(10, 3) is: 6 + 11 + 16 + 11 + 6 + 11 + 6 = 67. P
The total number of ones in the matrices of the representation: 8 + 18 + 11 + 7 + 14 + 8 = 66.
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102.3 Representation of I(16, 3) 
Dimension vector: dimI(16, 3) = (9, 17, 25, 17, 9, 17, 9)
Matrices of the representation:
1. M I(16,3)1→2 =

0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M17,9(k)
2. M I(16,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,17(k)
3. M I(16,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,17(k)
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4. M I(16,3)5→4 =

0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M17,9(k)
5. M I(16,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M25,17(k)
6. M I(16,3)7→6 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M17,9(k)
The length of I(16, 3) is: 9 + 17 + 25 + 17 + 9 + 17 + 9 = 103. P
The total number of ones in the matrices of the representation: 13 + 28 + 17 + 10 + 22 + 12 = 102.
102.4 Representation of I(22, 3) 
Dimension vector: dimI(22, 3) = (12, 23, 34, 23, 12, 23, 12)
Matrices of the representation:
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1. M I(22,3)1→2 =

0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M23,12(k)
2. M I(22,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M34,23(k)
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3. M I(22,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M34,23(k)
4. M I(22,3)5→4 =

0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M23,12(k)
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5. M I(22,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M34,23(k)
6. M I(22,3)7→6 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M23,12(k)
The length of I(22, 3) is: 12 + 23 + 34 + 23 + 12 + 23 + 12 = 139. P
The total number of ones in the matrices of the representation: 18 + 38 + 23 + 13 + 30 + 16 = 138.
102.5 Representation of I(6n+ 4, 3) for n > 3 
Dimension vector: dimI(6n+ 4, 3) = (3n+ 3, 6n+ 5, 9n+ 7, 6n+ 5, 3n+ 3, 6n+ 5, 3n+ 3)
Matrices of the representation:
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1. M I(6n+4,3)1→2 = M
I(6n+5,6)
1→2 ⊕M I(6n+4,7)1→2 =

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

∈M6n+5,3n+3(k)
2. M I(6n+4,3)2→3 =
(
M
I(6n+5,6)
2→3 ⊕M I(6n+4,7)2→3
)

[ 1 2n
1 1 0
7n 0 0
]
=

1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
4n+3 0 0 0 0
2n+1 0 0 0 1
 ∈M9n+7,6n+5(k)
3. M I(6n+4,3)4→3 = M
I(6n+5,6)
4→3 ⊕M I(6n+4,7)4→3 =

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ∈M9n+7,6n+5(k)
4. M I(6n+4,3)5→4 = M
I(6n+5,6)
5→4 ⊕M I(6n+4,7)5→4 =

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

∈M6n+5,3n+3(k)
5. M I(6n+4,3)6→3 = M
I(6n+5,6)
6→3 ⊕M I(6n+4,7)6→3 =

1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M9n+7,6n+5(k)
6. M I(6n+4,3)7→6 = M
I(6n+5,6)
7→6 ⊕M I(6n+4,7)7→6 =

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

∈M6n+5,3n+3(k)
The length of I(6n+ 4, 3) is: (3n+ 3) + (6n+ 5) + (9n+ 7) + (6n+ 5) + (3n+ 3) + (6n+ 5) + (3n+ 3) = 36n+ 31. P
The total number of ones in the matrices of the representation: (5n+ 3) + (10n+ 8) + (6n+ 5) + (3n+ 4) + (8n+ 6) + (4n+ 4) = 36n+ 30.
430
103 Representation of I(6n+ 5, 3) 
103.1 Representation of I(5, 3) 
Dimension vector: dimI(5, 3) = (3, 6, 8, 6, 3, 6, 3)
Matrices of the representation:
1. M I(5,3)1→2 =

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

∈M6,3(k)
2. M I(5,3)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 1

∈M8,6(k)
3. M I(5,3)4→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 1

∈M8,6(k)
4. M I(5,3)5→4 =

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

∈M6,3(k)
5. M I(5,3)6→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k)
6. M I(5,3)7→6 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k)
The length of I(5, 3) is: 3 + 6 + 8 + 6 + 3 + 6 + 3 = 35. P
The total number of ones in the matrices of the representation: 4 + 7 + 6 + 5 + 8 + 4 = 34.
103.2 Representation of I(11, 3) 
Dimension vector: dimI(11, 3) = (6, 12, 17, 12, 6, 12, 6)
Matrices of the representation:
1. M I(11,3)1→2 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 1

∈M12,6(k)
431
2. M I(11,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k)
3. M I(11,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k)
4. M I(11,3)5→4 =

1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k)
5. M I(11,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k)
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6. M I(11,3)7→6 =

0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k)
The length of I(11, 3) is: 6 + 12 + 17 + 12 + 6 + 12 + 6 = 71. P
The total number of ones in the matrices of the representation: 8 + 15 + 12 + 8 + 18 + 9 = 70.
103.3 Representation of I(17, 3) 
Dimension vector: dimI(17, 3) = (9, 18, 26, 18, 9, 18, 9)
Matrices of the representation:
1. M I(17,3)1→2 =

0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k)
2. M I(17,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,18(k)
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3. M I(17,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,18(k)
4. M I(17,3)5→4 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k)
5. M I(17,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M26,18(k)
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6. M I(17,3)7→6 =

0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M18,9(k)
The length of I(17, 3) is: 9 + 18 + 26 + 18 + 9 + 18 + 9 = 107. P
The total number of ones in the matrices of the representation: 12 + 23 + 18 + 11 + 28 + 14 = 106.
103.4 Representation of I(23, 3) 
Dimension vector: dimI(23, 3) = (12, 24, 35, 24, 12, 24, 12)
Matrices of the representation:
1. M I(23,3)1→2 =

0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M24,12(k)
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2. M I(23,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,24(k)
3. M I(23,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,24(k)
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4. M I(23,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M24,12(k)
5. M I(23,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M35,24(k)
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6. M I(23,3)7→6 =

0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M24,12(k)
The length of I(23, 3) is: 12 + 24 + 35 + 24 + 12 + 24 + 12 = 143. P
The total number of ones in the matrices of the representation: 16 + 31 + 24 + 14 + 38 + 19 = 142.
103.5 Representation of I(6n+ 5, 3) for n > 3 
Dimension vector: dimI(6n+ 5, 3) = (3n+ 3, 6n+ 6, 9n+ 8, 6n+ 6, 3n+ 3, 6n+ 6, 3n+ 3)
Matrices of the representation:
1. M I(6n+5,3)1→2 = M
I(6n+1,1)[n 7→n+1]
1→2 ⊕M I(6n+5,2)1→2 =

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

∈M6n+6,3n+3(k)
2. M I(6n+5,3)2→3 = M
I(6n+1,1)[n 7→n+1]
2→3 ⊕M I(6n+5,2)2→3 =

2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

+
[4n+5 2n+1
7n+7 0 0
2n+1 0 1
]
∈M9n+8,6n+6(k)
3. M I(6n+5,3)4→3 = M
I(6n+1,1)[n 7→n+1]
4→3 ⊕M I(6n+5,2)4→3 =

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 ∈M9n+8,6n+6(k)
4. M I(6n+5,3)5→4 = M
I(6n+1,1)[n 7→n+1]
5→4 ⊕M I(6n+5,2)5→4 =

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

∈M6n+6,3n+3(k)
5. M I(6n+5,3)6→3 = M
I(6n+1,1)[n 7→n+1]
6→3 ⊕M I(6n+5,2)6→3 =

2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0
 ∈M9n+8,6n+6(k)
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6. M I(6n+5,3)7→6 =
(
M
I(6n+1,1)[n 7→n+1]
7→6 ⊕M I(6n+5,2)7→6
)

[ 1 2n+1
1 1 0
2n+1 0 0
]
=

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

∈M6n+6,3n+3(k)
The length of I(6n+ 5, 3) is: (3n+ 3) + (6n+ 6) + (9n+ 8) + (6n+ 6) + (3n+ 3) + (6n+ 6) + (3n+ 3) = 36n+ 35. P
The total number of ones in the matrices of the representation: (4n+ 4) + (8n+ 7) + (6n+ 6) + (3n+ 5) + (10n+ 8) + (5n+ 4) = 36n+ 34.
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Part III
Proofs of the tree module property P
104 Tree module property of R11(1) 
The representation of R11(1):
dimR11(1) = (0, 0, 1, 1, 0, 1, 1)
R11(1) = (M1→2 = 0, M2→3 = 0, M4→3 = ( 1 ) , M5→4 = 0, M6→3 = ( 1 ) , M7→6 = ( 1 ))
The length of R11(1) is: 0 + 0 + 1 + 1 + 0 + 1 + 1 = 4.
The total number of ones in the matrices of the representation: 3.
A = M(EndkQ(R
1
1(1))) ∈M3,4(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R11(1).
A =
91 1 0 091 0 1 0
0 0 91 1
←−−1+ ∼
91 1 0 00 91 1 0
0 0 91 1

As the above computation shows, dim EndkQ(R11(1)) = corank(A) = 1 in every field k, therefore R11(1) has the (field independent) tree module property.
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105 Tree module property of R11(2) 
The representation of R11(2):
dimR11(2) = (0, 1, 2, 2, 1, 1, 1)
R11(2) =
(
M1→2 = 0, M2→3 =
(
0
1
)
, M4→3 =
(
1 0
0 1
)
, M5→4 =
(
1
1
)
, M6→3 =
(
1
0
)
, M7→6 = ( 1 )
)
The length of R11(2) is: 0 + 1 + 2 + 2 + 1 + 1 + 1 = 8.
The total number of ones in the matrices of the representation: 7.
A = M(EndkQ(R
1
1(2))) ∈M11,12(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R11(2).
A =

0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
−1
+
←−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
−1
+
←−
←− ∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1
←−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 1 91 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1
←−+←−−−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 1 91 0
0 0 0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1
←−←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 0 1 91 0
0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(R11(2)) = corank(A) = 1 in every field k, therefore R11(2) has the (field independent) tree module property.
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106 Tree module property of R21(1) 
The representation of R21(1):
dimR21(1) = (0, 1, 1, 1, 1, 0, 0)
R21(1) = (M1→2 = 0, M2→3 = ( 1 ) , M4→3 = ( 1 ) , M5→4 = ( 1 ) , M6→3 = 0, M7→6 = 0)
The length of R21(1) is: 0 + 1 + 1 + 1 + 1 + 0 + 0 = 4.
The total number of ones in the matrices of the representation: 3.
A = M(EndkQ(R
2
1(1))) ∈M3,4(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R21(1).
A =
1 91 0 00 91 1 0
0 0 91 1

As the above computation shows, dim EndkQ(R21(1)) = corank(A) = 1 in every field k, therefore R21(1) has the (field independent) tree module property.
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107 Tree module property of R21(2) 
The representation of R21(2):
dimR21(2) = (1, 2, 2, 1, 1, 1, 0)
R21(2) =
(
M1→2 =
(
0
1
)
, M2→3 =
(
1 0
0 1
)
, M4→3 =
(
1
0
)
, M5→4 = ( 1 ) , M6→3 =
(
1
1
)
, M7→6 = 0
)
The length of R21(2) is: 1 + 2 + 2 + 1 + 1 + 1 + 0 = 8.
The total number of ones in the matrices of the representation: 7.
A = M(EndkQ(R
2
1(2))) ∈M11,12(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R21(2).
A =

0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 0 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 0 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 0 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 0 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0
←−+
←−
←−−−−−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 0 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 0 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 91 91 0 0 0 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 0 0 91 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0
←−
−1
+
←−−−−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 0 0 91 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 0 0 91 1 0
←−←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 0 0 91 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 0 0 91 1 0

←−+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 0 0 91 0 1
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 0 0 0 1 91

As the above computation shows, dim EndkQ(R21(2)) = corank(A) = 1 in every field k, therefore R21(2) has the (field independent) tree module property.
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108 Tree module property of R31(1) 
The representation of R31(1):
dimR31(1) = (1, 1, 1, 0, 0, 1, 0)
R31(1) = (M1→2 = ( 1 ) , M2→3 = ( 1 ) , M4→3 = 0, M5→4 = 0, M6→3 = ( 1 ) , M7→6 = 0)
The length of R31(1) is: 1 + 1 + 1 + 0 + 0 + 1 + 0 = 4.
The total number of ones in the matrices of the representation: 3.
A = M(EndkQ(R
3
1(1))) ∈M3,4(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R31(1).
A =
0 1 91 00 0 91 1
1 91 0 0
←−
←−
∼
1 91 0 00 0 91 1
0 1 91 0
←−
←−
∼
1 91 0 00 1 91 0
0 0 91 1

As the above computation shows, dim EndkQ(R31(1)) = corank(A) = 1 in every field k, therefore R31(1) has the (field independent) tree module property.
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109 Tree module property of R31(2) 
The representation of R31(2):
dimR31(2) = (1, 1, 2, 1, 0, 2, 1)
R31(2) =
(
M1→2 = ( 1 ) , M2→3 =
(
1
0
)
, M4→3 =
(
0
1
)
, M5→4 = 0, M6→3 =
(
1 0
0 1
)
, M7→6 =
(
1
1
))
The length of R31(2) is: 1 + 1 + 2 + 1 + 0 + 2 + 1 = 8.
The total number of ones in the matrices of the representation: 7.
A = M(EndkQ(R
3
1(2))) ∈M11,12(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R31(2).
A =

0 1 91 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
←−
←−−−−−−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1
←−
−1
+
←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 91 91 1
←−←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(R31(2)) = corank(A) = 1 in every field k, therefore R31(2) has the (field independent) tree module property.
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110 Tree module property of R10(1) 
The representation of R10(1):
dimR10(1) = (0, 0, 1, 1, 1, 1, 0)
R10(1) = (M1→2 = 0, M2→3 = 0, M4→3 = ( 1 ) , M5→4 = ( 1 ) , M6→3 = ( 1 ) , M7→6 = 0)
The length of R10(1) is: 0 + 0 + 1 + 1 + 1 + 1 + 0 = 4.
The total number of ones in the matrices of the representation: 3.
A = M(EndkQ(R
1
0(1))) ∈M3,4(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R10(1).
A =
91 1 0 091 0 0 1
0 91 1 0
←−−1+ ∼
91 1 0 00 91 0 1
0 91 1 0

←−
−1
+
∼
91 1 0 00 91 0 1
0 0 1 91

As the above computation shows, dim EndkQ(R10(1)) = corank(A) = 1 in every field k, therefore R10(1) has the (field independent) tree module property.
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111 Tree module property of R10(2) 
The representation of R10(2):
dimR10(2) = (0, 1, 2, 1, 1, 2, 1)
R10(2) =
(
M1→2 = 0, M2→3 =
(
0
1
)
, M4→3 =
(
1
0
)
, M5→4 = ( 1 ) , M6→3 =
(
1 0
0 1
)
, M7→6 =
(
1
1
))
The length of R10(2) is: 0 + 1 + 2 + 1 + 1 + 2 + 1 = 8.
The total number of ones in the matrices of the representation: 7.
A = M(EndkQ(R
1
0(2))) ∈M11,12(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R10(2).
A =

0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 1 0 0 0 0
0 0 91 0 0 0 0 0 1 0 0 0
0 0 0 91 0 0 0 0 0 1 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 1 0 0 0 0
0 0 91 0 0 0 0 0 1 0 0 0
0 0 0 91 0 0 0 0 0 1 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 1 0 0 0 0
0 0 91 0 0 0 0 0 1 0 0 0
0 0 0 91 0 0 0 0 0 1 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
←−−−−
−1
+
←−−−−−−−−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1
←−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
←−
←−−−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 91 91 1
←−←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 91 1

←−+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 1 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(R10(2)) = corank(A) = 1 in every field k, therefore R10(2) has the (field independent) tree module property.
447
112 Tree module property of R20(1) 
The representation of R20(1):
dimR20(1) = (0, 1, 1, 0, 0, 1, 1)
R20(1) = (M1→2 = 0, M2→3 = ( 1 ) , M4→3 = 0, M5→4 = 0, M6→3 = ( 1 ) , M7→6 = ( 1 ))
The length of R20(1) is: 0 + 1 + 1 + 0 + 0 + 1 + 1 = 4.
The total number of ones in the matrices of the representation: 3.
A = M(EndkQ(R
2
0(1))) ∈M3,4(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R20(1).
A =
1 91 0 00 91 1 0
0 0 91 1

As the above computation shows, dim EndkQ(R20(1)) = corank(A) = 1 in every field k, therefore R20(1) has the (field independent) tree module property.
448
113 Tree module property of R20(2) 
The representation of R20(2):
dimR20(2) = (1, 2, 2, 1, 0, 1, 1)
R20(2) =
(
M1→2 =
(
0
1
)
, M2→3 =
(
1 0
0 1
)
, M4→3 =
(
1
1
)
, M5→4 = 0, M6→3 =
(
1
0
)
, M7→6 = ( 1 )
)
The length of R20(2) is: 1 + 2 + 2 + 1 + 0 + 1 + 1 = 8.
The total number of ones in the matrices of the representation: 7.
A = M(EndkQ(R
2
0(2))) ∈M11,12(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R20(2).
A =

0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 1
←−+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 91 1

←−
←−
←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 91 1
←−
−1
+
←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 91 91 1 0 0
0 0 0 0 0 0 91 0 0 1 91 0
0 0 0 0 0 0 0 0 0 0 91 1
←−
−1
+
←−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 0 1 91 0
0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(R20(2)) = corank(A) = 1 in every field k, therefore R20(2) has the (field independent) tree module property.
449
114 Tree module property of R30(1) 
The representation of R30(1):
dimR30(1) = (1, 1, 1, 1, 0, 0, 0)
R30(1) = (M1→2 = ( 1 ) , M2→3 = ( 1 ) , M4→3 = ( 1 ) , M5→4 = 0, M6→3 = 0, M7→6 = 0)
The length of R30(1) is: 1 + 1 + 1 + 1 + 0 + 0 + 0 = 4.
The total number of ones in the matrices of the representation: 3.
A = M(EndkQ(R
3
0(1))) ∈M3,4(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R30(1).
A =
0 1 91 00 0 91 1
1 91 0 0
←−
←−
∼
1 91 0 00 0 91 1
0 1 91 0

←−
←− ∼
1 91 0 00 1 91 0
0 0 91 1

As the above computation shows, dim EndkQ(R30(1)) = corank(A) = 1 in every field k, therefore R30(1) has the (field independent) tree module property.
450
115 Tree module property of R30(2) 
The representation of R30(2):
dimR30(2) = (1, 1, 2, 2, 1, 1, 0)
R30(2) =
(
M1→2 = ( 1 ) , M2→3 =
(
1
0
)
, M4→3 =
(
1 0
0 1
)
, M5→4 =
(
0
1
)
, M6→3 =
(
1
1
)
, M7→6 = 0
)
The length of R30(2) is: 1 + 1 + 2 + 2 + 1 + 1 + 0 = 8.
The total number of ones in the matrices of the representation: 7.
A = M(EndkQ(R
3
0(2))) ∈M11,12(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R30(2).
A =

0 1 91 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 91 91 0 0 0 0 0 0 0 1
0 0 0 0 91 91 0 0 0 0 0 1
1 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 91 91 0 0 0 0 0 0 0 1
0 0 0 0 91 91 0 0 0 0 0 1
0 1 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
←−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 91 0 0 91 0 0 0 0 1
0 0 0 0 91 91 0 0 0 0 0 1
0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
−1
+
←−−−−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 91 0 0 91 0 0 1
0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0
←−
−1
+
←−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 1 0

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 0 0 0 91 1 0
←−−1+
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 91 1 0

←−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 0 1 91

As the above computation shows, dim EndkQ(R30(2)) = corank(A) = 1 in every field k, therefore R30(2) has the (field independent) tree module property.
451
116 Tree module property of R1∞(1) 
The representation of R1∞(1):
dimR1∞(1) = (0, 1, 1, 1, 0, 1, 0)
R1∞(1) = (M1→2 = 0, M2→3 = ( 1 ) , M4→3 = ( 1 ) , M5→4 = 0, M6→3 = ( 1 ) , M7→6 = 0)
The length of R1∞(1) is: 0 + 1 + 1 + 1 + 0 + 1 + 0 = 4.
The total number of ones in the matrices of the representation: 3.
A = M(EndkQ(R
1
∞(1))) ∈M3,4(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R1∞(1).
A =
1 91 0 00 91 1 0
0 91 0 1

←−
−1
+
∼
1 91 0 00 91 1 0
0 0 91 1

As the above computation shows, dim EndkQ(R1∞(1)) = corank(A) = 1 in every field k, therefore R1∞(1) has the (field independent) tree module property.
452
117 Tree module property of R2∞(1) 
The representation of R2∞(1):
dimR2∞(1) = (1, 1, 2, 1, 1, 1, 1)
R2∞(1) =
(
M1→2 = ( 1 ) , M2→3 =
(
1
0
)
, M4→3 =
(
0
1
)
, M5→4 = ( 1 ) , M6→3 =
(
1
1
)
, M7→6 = ( 1 )
)
The length of R2∞(1) is: 1 + 1 + 2 + 1 + 1 + 1 + 1 = 8.
The total number of ones in the matrices of the representation: 7.
A = M(EndkQ(R
2
∞(1))) ∈M9,10(k) denotes the matrix of the linear equation system characterizing the endomorphism space of R2∞(1).
A =

0 1 91 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 91 1 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 0 91 91 0 0 1 0
1 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 91 1 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 0 91 91 0 0 1 0
0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 91 1

←−
←−
←−
←−
∼

1 91 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 0 0 91 1 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 91 0 0 1 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 91 1

←−
←− ∼

1 91 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 91 1 0 0 0
0 0 0 0 91 91 0 0 1 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 91 0 0 1 0
0 0 0 0 0 91 1 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 91 1
←−
−1
+
∼

1 91 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 91 0 0 1 0
0 0 0 0 0 91 1 0 0 0
0 0 0 0 0 1 0 0 91 0
0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 91 1
←−+
∼

1 91 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 91 0 0 1 0
0 0 0 0 0 91 1 0 0 0
0 0 0 0 0 0 1 0 91 0
0 0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 0 91 1
←−+
∼

1 91 0 0 0 0 0 0 0 0
0 1 91 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 91 0 0 1 0
0 0 0 0 0 91 1 0 0 0
0 0 0 0 0 0 1 0 91 0
0 0 0 0 0 0 0 1 91 0
0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(R2∞(1)) = corank(A) = 1 in every field k, therefore R2∞(1) has the (field independent) tree module property.
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118 Tree module property of P (6n, 1)
118.1 Tree module property of P (0, 1) 
The representation of P (0, 1):
dimP (0, 1) = (1, 1, 1, 0, 0, 0, 0)
P (0, 1) = (M1→2 = ( 1 ) , M2→3 = ( 1 ) , M4→3 = 0, M5→4 = 0, M6→3 = 0, M7→6 = 0)
The length of P (0, 1) is: 1 + 1 + 1 + 0 + 0 + 0 + 0 = 3.
The total number of ones in the matrices of the representation: 2.
A = M(EndkQ(P (0, 1))) ∈M2,3(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (0, 1).
A =
(
0 1 91
1 91 0
)
←−
←− ∼
(
1 91 0
0 1 91
)
As the above computation shows, dim EndkQ(P (0, 1)) = corank(A) = 1 in every field k, therefore P (0, 1) has the (field independent) tree module property.
118.2 Tree module property of P (6, 1) 
The matrices of the representation have full (column) rank P
1. MP (6,1)1→2 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. MP (6,1)2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
3. MP (6,1)4→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
4. MP (6,1)5→4 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. MP (6,1)6→3 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. MP (6,1)7→6 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
118.2.1 0→ P (3, 1) f→ P (6, 1) g→ R2∞(1)→ 0 
PdimP (3, 1) + dimR2∞(1) = (1, 2, 2, 1, 0, 1, 0) + (1, 1, 2, 1, 1, 1, 1)
= (2, 3, 4, 2, 1, 2, 1) = dimP (6, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (3, 1)) = dimk HomkQ(R
2
∞(1), P (3, 1))− 〈dimR2∞(1),dimP (3, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (1, 2, 2, 1, 0, 1, 0)〉
= 1 · 2 + 1 · 2 + 1 · 2 + 1 · 1 + 1 · 2 + 1 · 1− (1 · 1 + 1 · 2 + 2 · 2 + 1 · 1 + 1 · 0 + 1 · 1 + 1 · 0)
= 2 + 2 + 2 + 1 + 2 + 1− (1 + 2 + 4 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : P (3, 1)→ P (6, 1) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
91 10 0
91 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =
91 10 0
91 0
 c2←c2+c1−−−−−−→
91 00 0
91 91

3. f3 =

91 1
0 0
91 0
0 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

91 1
0 0
91 0
0 0
 c2←c2+c1−−−−−−→

91 0
0 0
91 91
0 0

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4. f4 =
[
91
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
91
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : P (6, 1)→ R2∞(1) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1 0 91
0 0 0 91
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 1)→ P (6, 1) P
1. f2 ·MP (3,1)1→2 −MP (6,1)1→2 · f1 = 0
f2 ·MP (3,1)1→2 =
91 10 0
91 0
 · [0
1
]
=
10
0
 = [
1
1 1
2 0
]
M
P (6,1)
1→2 · f1 =
[ 2
2 1
1 0
]
·
[
1
0
]
=
1 00 1
0 0
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
f2 ·MP (3,1)1→2 −MP (6,1)1→2 · f1 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
2. f3 ·MP (3,1)2→3 −MP (6,1)2→3 · f2 = 0
f3 ·MP (3,1)2→3 =

91 1
0 0
91 0
0 0
 ·
[ 2
2 1
]
=

91 1
0 0
91 0
0 0
 ·
[
1 0
0 1
]
=

91 1
0 0
91 0
0 0

M
P (6,1)
2→3 · f2 =
[ 3
3 1
1 0
]
·
91 10 0
91 0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
91 10 0
91 0
 =

91 1
0 0
91 0
0 0

f3 ·MP (3,1)2→3 −MP (6,1)2→3 · f2 =

91 1
0 0
91 0
0 0
−

91 1
0 0
91 0
0 0
 =
[ 2
4 0
]
3. f3 ·MP (3,1)4→3 −MP (6,1)4→3 · f4 = 0
f3 ·MP (3,1)4→3 =

91 1
0 0
91 0
0 0
 ·
[
1
0
]
=

91
0
91
0

M
P (6,1)
4→3 · f4 =
[ 2
2 1
2 1
]
·
[
91
0
]
=

1 0
0 1
1 0
0 1
 ·
[
91
0
]
=

91
0
91
0

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f3 ·MP (3,1)4→3 −MP (6,1)4→3 · f4 =

91
0
91
0
−

91
0
91
0
 =
[ 1
4 0
]
4. f4 ·MP (3,1)5→4 −MP (6,1)5→4 · f5 = 0
f4 ·MP (3,1)5→4 =
[
91
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (6,1)
5→4 · f5 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MP (3,1)5→4 −MP (6,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·MP (3,1)6→3 −MP (6,1)6→3 · f6 = 0
f3 ·MP (3,1)6→3 =

91 1
0 0
91 0
0 0
 ·
[
1
1
]
=

0
0
91
0
 =

1
2 0
1 91
1 0

M
P (6,1)
6→3 · f6 =
[ 2
2 0
2 1
]
·
[
91
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [91
0
]
=

1
2 0
1 91
1 0

f3 ·MP (3,1)6→3 −MP (6,1)6→3 · f6 =

1
2 0
1 91
1 0
−

1
2 0
1 91
1 0
 = [ 14 0 ]
6. f6 ·MP (3,1)7→6 −MP (6,1)7→6 · f7 = 0
f6 ·MP (3,1)7→6 =
[
91
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (6,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MP (3,1)7→6 −MP (6,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : P (6, 1)→ R2∞(1) P
1. g2 ·MP (6,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (6,1)1→2 =
[
0 1 0
]
·
[ 2
2 1
1 0
]
=
[
0 1 0
]
·
1 00 1
0 0
 = [0 1]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g2 ·MP (6,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
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2. g3 ·MP (6,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (6,1)2→3 =
[
0 1 0 91
0 0 0 91
]
·
[ 3
3 1
1 0
]
=
[
0 1 0 91
0 0 0 91
]
·

1 0 0
0 1 0
0 0 1
0 0 0
 =
[
0 1 0
0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[
0 1 0
]
=
[
0 1 0
0 0 0
]
g3 ·MP (6,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[
0 1 0
0 0 0
]
−
[
0 1 0
0 0 0
]
=
[ 3
2 0
]
3. g3 ·MP (6,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (6,1)4→3 =
[
0 1 0 91
0 0 0 91
]
·
[ 2
2 1
2 1
]
=
[
0 1 0 91
0 0 0 91
]
·

1 0
0 1
1 0
0 1
 =
[
0 0
0 91
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[
0 91
]
=
[
0 0
0 91
]
g3 ·MP (6,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[
0 0
0 91
]
−
[
0 0
0 91
]
=
[ 2
2 0
]
4. g4 ·MP (6,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (6,1)5→4 =
[
0 91
]
·
[
1
1
]
=
[
91
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[
91
]
=
[
91
]
g4 ·MP (6,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[
91
]
−
[
91
]
=
[
0
]
5. g3 ·MP (6,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (6,1)6→3 =
[
0 1 0 91
0 0 0 91
]
·
[ 2
2 0
2 1
]
=
[
0 1 0 91
0 0 0 91
]
·

0 0
0 0
1 0
0 1
 =
[
0 91
0 91
]
M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[
0 91
]
=
[
0 91
0 91
]
g3 ·MP (6,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[
0 91
0 91
]
−
[
0 91
0 91
]
=
[ 2
2 0
]
6. g6 ·MP (6,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (6,1)7→6 =
[
0 91
]
·
[
0
1
]
=
[
91
]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[
91
]
=
[
91
]
g6 ·MP (6,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[
91
]
−
[
91
]
=
[
0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1 0
]
·
91 10 0
91 0
 = [ 21 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
0 1 0 91
0 0 0 91
]
·

91 1
0 0
91 0
0 0
 =
[ 2
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 91
]
·
[
91
0
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 91
]
·
[
91
0
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
118.2.2 0→ P (2, 7) f→ P (6, 1) g→ R20(2)→ 0 
PdimP (2, 7) + dimR
2
0(2) = (1, 1, 2, 1, 1, 1, 0) + (1, 2, 2, 1, 0, 1, 1)
= (2, 3, 4, 2, 1, 2, 1) = dimP (6, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (2, 7)) = dimk HomkQ(R
2
0(2), P (2, 7))− 〈dimR20(2),dimP (2, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (1, 1, 2, 1, 1, 1, 0)〉
= 1 · 1 + 2 · 2 + 1 · 2 + 0 · 1 + 1 · 2 + 1 · 1− (1 · 1 + 2 · 1 + 2 · 2 + 1 · 1 + 0 · 1 + 1 · 1 + 1 · 0)
= 1 + 4 + 2 + 0 + 2 + 1− (1 + 2 + 4 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : P (2, 7)→ P (6, 1) P
1. f1 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
11
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

91 1
91 1
91 0
91 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

91 1
91 1
91 0
91 0
 c2←c2+c1−−−−−−→

91 0
91 0
91 91
91 91

4. f4 =
[
91
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. f6 =
[
91
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
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Matrices of the projection g : P (6, 1)→ R20(2) P
1. g1 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1
1 91 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[
0 0 1
1 91 0
]
r1↔r2−−−−→
[
1 91 0
0 0 1
]
3. g3 =
[
0 0 1 91
1 91 0 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
0 0 1 91
1 91 0 0
]
r1↔r2−−−−→
[
1 91 0 0
0 0 1 91
]
4. g4 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
6. g6 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (2, 7)→ P (6, 1) P
1. f2 ·MP (2,7)1→2 −MP (6,1)1→2 · f1 = 0
f2 ·MP (2,7)1→2 =
11
0
 · [1] =
11
0

M
P (6,1)
1→2 · f1 =
[ 2
2 1
1 0
]
·
[
1
1
]
=
1 00 1
0 0
 · [1
1
]
=
11
0

f2 ·MP (2,7)1→2 −MP (6,1)1→2 · f1 =
11
0
−
11
0
 = [ 13 0 ]
2. f3 ·MP (2,7)2→3 −MP (6,1)2→3 · f2 = 0
f3 ·MP (2,7)2→3 =

91 1
91 1
91 0
91 0
 ·
[
0
1
]
=

1
1
0
0
 =

1
1 1
1 1
2 0

M
P (6,1)
2→3 · f2 =
[ 3
3 1
1 0
]
·
11
0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
11
0
 =

1
1
0
0
 =

1
1 1
1 1
2 0

f3 ·MP (2,7)2→3 −MP (6,1)2→3 · f2 =

1
1 1
1 1
2 0
−

1
1 1
1 1
2 0
 = [ 14 0 ]
3. f3 ·MP (2,7)4→3 −MP (6,1)4→3 · f4 = 0
f3 ·MP (2,7)4→3 =

91 1
91 1
91 0
91 0
 ·
[
1
0
]
=

91
91
91
91

M
P (6,1)
4→3 · f4 =
[ 2
2 1
2 1
]
·
[
91
91
]
=

1 0
0 1
1 0
0 1
 ·
[
91
91
]
=

91
91
91
91

f3 ·MP (2,7)4→3 −MP (6,1)4→3 · f4 =

91
91
91
91
−

91
91
91
91
 =
[ 1
4 0
]
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4. f4 ·MP (2,7)5→4 −MP (6,1)5→4 · f5 = 0
f4 ·MP (2,7)5→4 =
[
91
91
]
·
[
1
]
=
[
91
91
]
M
P (6,1)
5→4 · f5 =
[
1
1
]
·
[
91
]
=
[
91
91
]
f4 ·MP (2,7)5→4 −MP (6,1)5→4 · f5 =
[
91
91
]
−
[
91
91
]
=
[ 1
2 0
]
5. f3 ·MP (2,7)6→3 −MP (6,1)6→3 · f6 = 0
f3 ·MP (2,7)6→3 =

91 1
91 1
91 0
91 0
 ·
[
1
1
]
=

0
0
91
91
 =

1
2 0
1 91
1 91

M
P (6,1)
6→3 · f6 =
[ 2
2 0
2 1
]
·
[
91
91
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [9191
]
=

1
2 0
1 91
1 91

f3 ·MP (2,7)6→3 −MP (6,1)6→3 · f6 =

1
2 0
1 91
1 91
−

1
2 0
1 91
1 91
 = [ 14 0 ]
6. f6 ·MP (2,7)7→6 −MP (6,1)7→6 · f7 = 0
f6 ·MP (2,7)7→6 =
[
91
91
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (6,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MP (2,7)7→6 −MP (6,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : P (6, 1)→ R20(2) P
1. g2 ·MP (6,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (6,1)1→2 =
[
0 0 1
1 91 0
]
·
[ 2
2 1
1 0
]
=
[
0 0 1
1 91 0
]
·
1 00 1
0 0
 = [0 0
1 91
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[
1 91
]
=
[
0 0
1 91
]
g2 ·MP (6,1)1→2 −MR
2
0(2)
1→2 · g1 =
[
0 0
1 91
]
−
[
0 0
1 91
]
=
[ 2
2 0
]
2. g3 ·MP (6,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (6,1)2→3 =
[
0 0 1 91
1 91 0 0
]
·
[ 3
3 1
1 0
]
=
[
0 0 1 91
1 91 0 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
 =
[
0 0 1
1 91 0
]
M
R20(2)
2→3 · g2 =
[ 2
2 1
]
·
[
0 0 1
1 91 0
]
=
[
1 0
0 1
]
·
[
0 0 1
1 91 0
]
=
[
0 0 1
1 91 0
]
g3 ·MP (6,1)2→3 −MR
2
0(2)
2→3 · g2 =
[
0 0 1
1 91 0
]
−
[
0 0 1
1 91 0
]
=
[ 3
2 0
]
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3. g3 ·MP (6,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (6,1)4→3 =
[
0 0 1 91
1 91 0 0
]
·
[ 2
2 1
2 1
]
=
[
0 0 1 91
1 91 0 0
]
·

1 0
0 1
1 0
0 1
 =
[
1 91
1 91
]
M
R20(2)
4→3 · g4 =
[
1
1
]
·
[
1 91
]
=
[
1 91
1 91
]
g3 ·MP (6,1)4→3 −MR
2
0(2)
4→3 · g4 =
[
1 91
1 91
]
−
[
1 91
1 91
]
=
[ 2
2 0
]
4. g4 ·MP (6,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (6,1)5→4 =
[
1 91
]
·
[
1
1
]
=
[
0
]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g4 ·MP (6,1)5→4 −MR
2
0(2)
5→4 · g5 =
[
0
]
−
[
0
]
=
[
0
]
5. g3 ·MP (6,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (6,1)6→3 =
[
0 0 1 91
1 91 0 0
]
·
[ 2
2 0
2 1
]
=
[
0 0 1 91
1 91 0 0
]
·

0 0
0 0
1 0
0 1
 =
[
1 91
0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[
1 91
]
=
[
1 91
0 0
]
g3 ·MP (6,1)6→3 −MR
2
0(2)
6→3 · g6 =
[
1 91
0 0
]
−
[
1 91
0 0
]
=
[ 2
2 0
]
6. g6 ·MP (6,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (6,1)7→6 =
[
1 91
]
·
[
0
1
]
=
[
91
]
M
R20(2)
7→6 · g7 =
[
1
]
·
[
91
]
=
[
91
]
g6 ·MP (6,1)7→6 −MR
2
0(2)
7→6 · g7 =
[
91
]
−
[
91
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 91
]
·
[
1
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 0 1
1 91 0
]
·
11
0
 = [ 12 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
0 0 1 91
1 91 0 0
]
·

91 1
91 1
91 0
91 0
 =
[ 2
2 0
]
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4. g4 · f4 = 0
g4 · f4 =
[
1 91
]
·
[
91
91
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1
0 0
]
·
[
91
]
=
[ 1
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 91
]
·
[
91
91
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
118.3 Tree module property of P (12, 1) 
The matrices of the representation have full (column) rank P
1. MP (12,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. MP (12,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
3. MP (12,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
4. MP (12,1)5→4 =

1 0
0 1
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. MP (12,1)6→3 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
6. MP (12,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
118.3.1 0→ P (9, 1) f→ P (12, 1) g→ R2∞(1)→ 0 
PdimP (9, 1) + dimR2∞(1) = (2, 4, 5, 3, 1, 3, 1) + (1, 1, 2, 1, 1, 1, 1)
= (3, 5, 7, 4, 2, 4, 2) = dimP (12, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (9, 1)) = dimk HomkQ(R
2
∞(1), P (9, 1))− 〈dimR2∞(1),dimP (9, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (2, 4, 5, 3, 1, 3, 1)〉
= 1 · 4 + 1 · 5 + 1 · 5 + 1 · 3 + 1 · 5 + 1 · 3− (1 · 2 + 1 · 4 + 2 · 5 + 1 · 3 + 1 · 1 + 1 · 3 + 1 · 1)
= 4 + 5 + 5 + 3 + 5 + 3− (2 + 4 + 10 + 3 + 1 + 3 + 1)
= 1
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Matrices of the embedding f : P (9, 1)→ P (12, 1) P
1. f1 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

91 0 1 0
0 91 0 1
0 0 0 0
91 0 0 0
0 91 0 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2
2 91 1
1 0 0
2 91 0
 c2←c2+c1−−−−−−→

2 2
2 91 0
1 0 0
2 91 91

3. f3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

c1↔c2−−−−→

91 0 0 1 0
0 1 91 0 1
0 0 0 0 0
91 1 0 0 0
0 1 91 0 0
0 0 0 0 0
0 1 0 0 0

c4←c4+c1−−−−−−→

91 0 0 0 0
0 1 91 0 1
0 0 0 0 0
91 1 0 91 0
0 1 91 0 0
0 0 0 0 0
0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

91 0 0 0 0
0 1 0 0 0
0 0 0 0 0
91 1 1 91 91
0 1 0 0 91
0 0 0 0 0
0 1 1 0 91

c4←c4+c3
c5←c5+c3−−−−−−→

91 0 0 0 0
0 1 0 0 0
0 0 0 0 0
91 1 1 0 0
0 1 0 0 91
0 0 0 0 0
0 1 1 1 0

c4↔c5−−−−→

91 0 0 0 0
0 1 0 0 0
0 0 0 0 0
91 1 1 0 0
0 1 0 91 0
0 0 0 0 0
0 1 1 0 1

4. f4 =

0 91 0
1 0 91
0 0 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

0 91 0
1 0 91
0 0 0
1 0 0
 c1↔c2−−−−→

91 0 0
0 1 91
0 0 0
0 1 0
 c3←c3+c2−−−−−−→

91 0 0
0 1 0
0 0 0
0 1 1

5. f5 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 91 0
0 0 91
0 0 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 91 0
0 0 91
0 0 0
1 0 0
 c2←c2+c1−−−−−−→

1 0 0
0 0 91
0 0 0
1 1 0
 c2↔c3−−−−→

1 0 0
0 91 0
0 0 0
1 0 1

7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (12, 1)→ R2∞(1) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 1 0 0 91 0
0 0 0 0 0 91 0
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 91 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 91 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (9, 1)→ P (12, 1) P
1. f2 ·MP (9,1)1→2 −MP (12,1)1→2 · f1 = 0
f2 ·MP (9,1)1→2 =

2 2
2 91 1
1 0 0
2 91 0
 · [
2
2 0
2 1
]
=

2
2 1
1 0
2 0
 = [
2
2 1
3 0
]
M
P (12,1)
1→2 · f1 =
[ 3
3 1
2 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
2 0
 = [
2
2 1
3 0
]
f2 ·MP (9,1)1→2 −MP (12,1)1→2 · f1 =
[ 2
2 1
3 0
]
−
[ 2
2 1
3 0
]
=
[ 2
5 0
]
2. f3 ·MP (9,1)2→3 −MP (12,1)2→3 · f2 = 0
f3 ·MP (9,1)2→3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·
[ 4
1 0
4 1
]
=

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =

91 0 1 0
0 91 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 0 0
0 0 0 0

=

2 2
2 91 1
1 0 0
2 91 0
2 0 0

M
P (12,1)
2→3 · f2 =
[ 5
5 1
2 0
]
·

2 2
2 91 1
1 0 0
2 91 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
 ·

2 2
2 91 1
1 0 0
2 91 0
 =

2 2
2 91 1
1 0 0
2 91 0
2 0 0

f3 ·MP (9,1)2→3 −MP (12,1)2→3 · f2 =

2 2
2 91 1
1 0 0
2 91 0
2 0 0
−

2 2
2 91 1
1 0 0
2 91 0
2 0 0
 =
[ 4
7 0
]
3. f3 ·MP (9,1)4→3 −MP (12,1)4→3 · f4 = 0
f3 ·MP (9,1)4→3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·
[ 3
3 1
2 0
]
=

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

M
P (12,1)
4→3 · f4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

0 91 0
1 0 91
0 0 0
1 0 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

0 91 0
1 0 91
0 0 0
1 0 0
 =

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

f3 ·MP (9,1)4→3 −MP (12,1)4→3 · f4 =

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

−

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

=
[ 3
7 0
]
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4. f4 ·MP (9,1)5→4 −MP (12,1)5→4 · f5 = 0
f4 ·MP (9,1)5→4 =

0 91 0
1 0 91
0 0 0
1 0 0
 ·
[ 1
1 1
2 0
]
=

0 91 0
1 0 91
0 0 0
1 0 0
 ·
10
0
 =

0
1
0
1

M
P (12,1)
5→4 · f5 =
[ 2
2 1
2 1
]
·
[
0
1
]
=

1 0
0 1
1 0
0 1
 ·
[
0
1
]
=

0
1
0
1

f4 ·MP (9,1)5→4 −MP (12,1)5→4 · f5 =

0
1
0
1
−

0
1
0
1
 =
[ 1
4 0
]
5. f3 ·MP (9,1)6→3 −MP (12,1)6→3 · f6 = 0
f3 ·MP (9,1)6→3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

0 0 0
0 0 0
0 0 0
1 91 0
0 0 91
0 0 0
1 0 0

=

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

M
P (12,1)
6→3 · f6 =
[ 4
3 0
4 1
]
·

1 91 0
0 0 91
0 0 0
1 0 0
 =

1 1 1 1
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 91 0
0 0 91
0 0 0
1 0 0
 =

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

f3 ·MP (9,1)6→3 −MP (12,1)6→3 · f6 =

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
−

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =
[ 3
7 0
]
6. f6 ·MP (9,1)7→6 −MP (12,1)7→6 · f7 = 0
f6 ·MP (9,1)7→6 =

1 91 0
0 0 91
0 0 0
1 0 0
 ·
11
0
 =

0
0
0
1
 =
[ 1
3 0
1 1
]
M
P (12,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[
0
1
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [0
1
]
=

1
2 0
1 0
1 1
 = [
1
3 0
1 1
]
f6 ·MP (9,1)7→6 −MP (12,1)7→6 · f7 =
[ 1
3 0
1 1
]
−
[ 1
3 0
1 1
]
=
[ 1
4 0
]
Relations of the projection g : P (12, 1)→ R2∞(1) P
1. g2 ·MP (12,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (12,1)1→2 =
[ 2 1 2
1 0 1 0
]
·
[ 3
3 1
2 0
]
=
[ 2 1 2
1 0 1 0
]
·

2 1
2 1 0
1 0 1
2 0 0
 = [ 2 11 0 1 ]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g2 ·MP (12,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
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2. g3 ·MP (12,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (12,1)2→3 =
[ 2 1 2 1 1
1 0 1 0 91 0
1 0 0 0 91 0
]
·
[ 5
5 1
2 0
]
=
[ 2 1 2 1 1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0
 =
[ 2 1 2
1 0 1 0
1 0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[ 2 1 2
1 0 1 0
]
=
[ 2 1 2
1 0 1 0
1 0 0 0
]
g3 ·MP (12,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[ 2 1 2
1 0 1 0
1 0 0 0
]
−
[ 2 1 2
1 0 1 0
1 0 0 0
]
=
[ 5
2 0
]
3. g3 ·MP (12,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (12,1)4→3 =
[ 2 1 2 1 1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =
[
0 0 1 0 0 91 0
0 0 0 0 0 91 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=
[
0 0 0 0
0 0 91 0
]
=
[ 2 1 1
1 0 0 0
1 0 91 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[ 2 1 1
1 0 91 0
]
=
[ 2 1 1
1 0 0 0
1 0 91 0
]
g3 ·MP (12,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[ 2 1 1
1 0 0 0
1 0 91 0
]
−
[ 2 1 1
1 0 0 0
1 0 91 0
]
=
[ 4
2 0
]
4. g4 ·MP (12,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (12,1)5→4 =
[ 2 1 1
1 0 91 0
]
·
[ 2
2 1
2 1
]
=
[
0 0 91 0
]
·

1 0
0 1
1 0
0 1
 =
[
91 0
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[
91 0
]
=
[
91 0
]
g4 ·MP (12,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[
91 0
]
−
[
91 0
]
=
[ 2
1 0
]
5. g3 ·MP (12,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (12,1)6→3 =
[ 2 1 2 1 1
1 0 1 0 91 0
1 0 0 0 91 0
]
·
[ 4
3 0
4 1
]
=
[ 2 1 2 1 1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

2 1 1
2 0 0 0
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
 =
[ 2 1 1
1 0 91 0
1 0 91 0
]
M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[ 2 1 1
1 0 91 0
]
=
[ 2 1 1
1 0 91 0
1 0 91 0
]
g3 ·MP (12,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[ 2 1 1
1 0 91 0
1 0 91 0
]
−
[ 2 1 1
1 0 91 0
1 0 91 0
]
=
[ 4
2 0
]
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6. g6 ·MP (12,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (12,1)7→6 =
[ 2 1 1
1 0 91 0
]
·
[ 2
2 0
2 1
]
=
[ 2 1 1
1 0 91 0
]
·

1 1
2 0 0
1 1 0
1 0 1
 = [91 0]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[
91 0
]
=
[
91 0
]
g6 ·MP (12,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[
91 0
]
−
[
91 0
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1 2
1 0 1 0
]
·

2 2
2 91 1
1 0 0
2 91 0
 = [ 41 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 2 1 1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

=
[
0 0 1 0 0 91 0
0 0 0 0 0 91 0
]
·

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

=
[ 5
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 1
1 0 91 0
]
·

0 91 0
1 0 91
0 0 0
1 0 0
 =
[
0 0 91 0
]
·

0 91 0
1 0 91
0 0 0
1 0 0
 =
[ 3
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
91 0
]
·
[
0
1
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 1
1 0 91 0
]
·

1 91 0
0 0 91
0 0 0
1 0 0
 =
[
0 0 91 0
]
·

1 91 0
0 0 91
0 0 0
1 0 0
 =
[ 3
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[
91 0
]
·
[
0
1
]
=
[
0
]
118.3.2 0→ P (8, 7) f→ P (12, 1) g→ R20(2)→ 0 
PdimP (8, 7) + dimR20(2) = (2, 3, 5, 3, 2, 3, 1) + (1, 2, 2, 1, 0, 1, 1)
= (3, 5, 7, 4, 2, 4, 2) = dimP (12, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (8, 7)) = dimk HomkQ(R
2
0(2), P (8, 7))− 〈dimR20(2),dimP (8, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (2, 3, 5, 3, 2, 3, 1)〉
= 1 · 3 + 2 · 5 + 1 · 5 + 0 · 3 + 1 · 5 + 1 · 3− (1 · 2 + 2 · 3 + 2 · 5 + 1 · 3 + 0 · 2 + 1 · 3 + 1 · 1)
= 3 + 10 + 5 + 0 + 5 + 3− (2 + 6 + 10 + 3 + 0 + 3 + 1)
= 1
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Matrices of the embedding f : P (8, 7)→ P (12, 1) P
1. f1 =
1 00 1
1 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0

c1↔c2−−−−→

1 0 0
0 91 1
1 0 0
0 0 0
0 91 0

c3←c3+c2−−−−−−→

1 0 0
0 91 0
1 0 0
0 0 0
0 91 91

3. f3 =

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

c1↔c2−−−−→

91 0 0 1 0
0 1 91 0 1
91 0 0 1 0
91 1 0 0 0
0 1 91 0 0
91 0 0 0 0
0 1 0 0 0

c4←c4+c1−−−−−−→

91 0 0 0 0
0 1 91 0 1
91 0 0 0 0
91 1 0 91 0
0 1 91 0 0
91 0 0 91 0
0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

91 0 0 0 0
0 1 0 0 0
91 0 0 0 0
91 1 1 91 91
0 1 0 0 91
91 0 0 91 0
0 1 1 0 91

c4←c4+c3
c5←c5+c3−−−−−−→

91 0 0 0 0
0 1 0 0 0
91 0 0 0 0
91 1 1 0 0
0 1 0 0 91
91 0 0 91 0
0 1 1 1 0

c4↔c5−−−−→

91 0 0 0 0
0 1 0 0 0
91 0 0 0 0
91 1 1 0 0
0 1 0 91 0
91 0 0 0 91
0 1 1 0 1

4. f4 =

0 91 0
1 0 91
0 91 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

0 91 0
1 0 91
0 91 0
1 0 0
 c1↔c2−−−−→

91 0 0
0 1 91
91 0 0
0 1 0
 c3←c3+c2−−−−−−→

91 0 0
0 1 0
91 0 0
0 1 1

5. f5 =
[
0 91
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f5 =
[
0 91
1 0
]
r1↔r2−−−−→
[
1 0
0 91
]
6. f6 =

1 91 0
0 0 91
0 91 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 91 0
0 0 91
0 91 0
1 0 0
 c2←c2+c1−−−−−−→

1 0 0
0 0 91
0 91 0
1 1 0
 c2↔c3−−−−→

1 0 0
0 91 0
0 0 91
1 0 1

7. f7 =
[
91
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (12, 1)→ R20(2) P
1. g1 =
[
1 0 91
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0
1 0 91 0 0
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[
0 0 0 1 0
1 0 91 0 0
]
r1↔r2−−−−→
[
1 0 91 0 0
0 0 0 1 0
]
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3. g3 =
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
r1↔r2−−−−→
[
1 0 91 0 0 0 0
0 0 0 1 0 91 91
]
4. g4 =
[
1 0 91 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
6. g6 =
[
1 0 91 91
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (8, 7)→ P (12, 1) P
1. f2 ·MP (8,7)1→2 −MP (12,1)1→2 · f1 = 0
f2 ·MP (8,7)1→2 =

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0
 ·
[ 2
1 0
2 1
]
=

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0
 ·
0 01 0
0 1
 =

1 0
0 1
1 0
0 0
0 0
 =

1 1
1 1 0
1 0 1
1 1 0
2 0 0

M
P (12,1)
1→2 · f1 =
[ 3
3 1
2 0
]
·
1 00 1
1 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 00 1
1 0
 =

1 1
1 1 0
1 0 1
1 1 0
2 0 0

f2 ·MP (8,7)1→2 −MP (12,1)1→2 · f1 =

1 1
1 1 0
1 0 1
1 1 0
2 0 0
−

1 1
1 1 0
1 0 1
1 1 0
2 0 0
 =
[ 2
5 0
]
2. f3 ·MP (8,7)2→3 −MP (12,1)2→3 · f2 = 0
f3 ·MP (8,7)2→3 =

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

·
[ 3
2 0
3 1
]
=

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

·

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 =

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0
0 0 0
0 0 0

=

1 1 1
1 0 1 0
1 91 0 1
1 0 1 0
1 0 0 0
1 91 0 0
2 0 0 0

M
P (12,1)
2→3 · f2 =
[ 5
5 1
2 0
]
·

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0
 =

1 1 1
1 0 1 0
1 91 0 1
1 0 1 0
1 0 0 0
1 91 0 0
2 0 0 0

f3 ·MP (8,7)2→3 −MP (12,1)2→3 · f2 =

1 1 1
1 0 1 0
1 91 0 1
1 0 1 0
1 0 0 0
1 91 0 0
2 0 0 0

−

1 1 1
1 0 1 0
1 91 0 1
1 0 1 0
1 0 0 0
1 91 0 0
2 0 0 0

=
[ 3
7 0
]
3. f3 ·MP (8,7)4→3 −MP (12,1)4→3 · f4 = 0
f3 ·MP (8,7)4→3 =

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

·
[ 3
3 1
2 0
]
=

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

0 91 0
1 0 91
0 91 0
1 91 0
1 0 91
0 91 0
1 0 0

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M
P (12,1)
4→3 · f4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

0 91 0
1 0 91
0 91 0
1 0 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

0 91 0
1 0 91
0 91 0
1 0 0
 =

0 91 0
1 0 91
0 91 0
1 91 0
1 0 91
0 91 0
1 0 0

f3 ·MP (8,7)4→3 −MP (12,1)4→3 · f4 =

0 91 0
1 0 91
0 91 0
1 91 0
1 0 91
0 91 0
1 0 0

−

0 91 0
1 0 91
0 91 0
1 91 0
1 0 91
0 91 0
1 0 0

=
[ 3
7 0
]
4. f4 ·MP (8,7)5→4 −MP (12,1)5→4 · f5 = 0
f4 ·MP (8,7)5→4 =

0 91 0
1 0 91
0 91 0
1 0 0
 ·
[ 2
2 1
1 0
]
=

0 91 0
1 0 91
0 91 0
1 0 0
 ·
1 00 1
0 0
 =

0 91
1 0
0 91
1 0

M
P (12,1)
5→4 · f5 =
[ 2
2 1
2 1
]
·
[
0 91
1 0
]
=

1 0
0 1
1 0
0 1
 ·
[
0 91
1 0
]
=

0 91
1 0
0 91
1 0

f4 ·MP (8,7)5→4 −MP (12,1)5→4 · f5 =

0 91
1 0
0 91
1 0
−

0 91
1 0
0 91
1 0
 =
[ 2
4 0
]
5. f3 ·MP (8,7)6→3 −MP (12,1)6→3 · f6 = 0
f3 ·MP (8,7)6→3 =

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

0 0 0
0 0 0
0 0 0
1 91 0
0 0 91
0 91 0
1 0 0

=

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 91 0
1 1 0 0

M
P (12,1)
6→3 · f6 =
[ 4
3 0
4 1
]
·

1 91 0
0 0 91
0 91 0
1 0 0
 =

1 1 1 1
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 91 0
0 0 91
0 91 0
1 0 0
 =

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 91 0
1 1 0 0

f3 ·MP (8,7)6→3 −MP (12,1)6→3 · f6 =

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 91 0
1 1 0 0
−

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 91 0
1 1 0 0
 =
[ 3
7 0
]
6. f6 ·MP (8,7)7→6 −MP (12,1)7→6 · f7 = 0
f6 ·MP (8,7)7→6 =

1 91 0
0 0 91
0 91 0
1 0 0
 ·
11
0
 =

0
0
91
1
 =

1
2 0
1 91
1 1

M
P (12,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[
91
1
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [91
1
]
=

1
2 0
1 91
1 1

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f6 ·MP (8,7)7→6 −MP (12,1)7→6 · f7 =

1
2 0
1 91
1 1
−

1
2 0
1 91
1 1
 = [ 14 0 ]
Relations of the projection g : P (12, 1)→ R20(2) P
1. g2 ·MP (12,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (12,1)1→2 =
[
0 0 0 1 0
1 0 91 0 0
]
·
[ 3
3 1
2 0
]
=
[
0 0 0 1 0
1 0 91 0 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
[
0 0 0
1 0 91
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[
1 0 91
]
=
[
0 0 0
1 0 91
]
g2 ·MP (12,1)1→2 −MR
2
0(2)
1→2 · g1 =
[
0 0 0
1 0 91
]
−
[
0 0 0
1 0 91
]
=
[ 3
2 0
]
2. g3 ·MP (12,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (12,1)2→3 =
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
·
[ 5
5 1
2 0
]
=
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=
[
0 0 0 1 0
1 0 91 0 0
]
M
R20(2)
2→3 · g2 =
[ 2
2 1
]
·
[
0 0 0 1 0
1 0 91 0 0
]
=
[
1 0
0 1
]
·
[
0 0 0 1 0
1 0 91 0 0
]
=
[
0 0 0 1 0
1 0 91 0 0
]
g3 ·MP (12,1)2→3 −MR
2
0(2)
2→3 · g2 =
[
0 0 0 1 0
1 0 91 0 0
]
−
[
0 0 0 1 0
1 0 91 0 0
]
=
[ 5
2 0
]
3. g3 ·MP (12,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (12,1)4→3 =
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=
[
1 0 91 0
1 0 91 0
]
M
R20(2)
4→3 · g4 =
[
1
1
]
·
[
1 0 91 0
]
=
[
1 0 91 0
1 0 91 0
]
g3 ·MP (12,1)4→3 −MR
2
0(2)
4→3 · g4 =
[
1 0 91 0
1 0 91 0
]
−
[
1 0 91 0
1 0 91 0
]
=
[ 4
2 0
]
4. g4 ·MP (12,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (12,1)5→4 =
[
1 0 91 0
]
·
[ 2
2 1
2 1
]
=
[
1 0 91 0
]
·

1 0
0 1
1 0
0 1
 =
[ 2
1 0
]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g4 ·MP (12,1)5→4 −MR
2
0(2)
5→4 · g5 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
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5. g3 ·MP (12,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (12,1)6→3 =
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
·
[ 4
3 0
4 1
]
=
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
·

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=
[
1 0 91 91
0 0 0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[
1 0 91 91
]
=
[
1 0 91 91
0 0 0 0
]
g3 ·MP (12,1)6→3 −MR
2
0(2)
6→3 · g6 =
[
1 0 91 91
0 0 0 0
]
−
[
1 0 91 91
0 0 0 0
]
=
[ 4
2 0
]
6. g6 ·MP (12,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (12,1)7→6 =
[
1 0 91 91
]
·
[ 2
2 0
2 1
]
=
[
1 0 91 91
]
·

0 0
0 0
1 0
0 1
 =
[
91 91
]
M
R20(2)
7→6 · g7 =
[
1
]
·
[
91 91
]
=
[
91 91
]
g6 ·MP (12,1)7→6 −MR
2
0(2)
7→6 · g7 =
[
91 91
]
−
[
91 91
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0 91
]
·
1 00 1
1 0
 = [ 21 0 ]
2. g2 · f2 = 0
g2 · f2 =
[
0 0 0 1 0
1 0 91 0 0
]
·

0 1 0
91 0 1
0 1 0
0 0 0
91 0 0
 =
[ 3
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 0 0 1 0 91 91
1 0 91 0 0 0 0
]
·

0 91 0 1 0
1 0 91 0 1
0 91 0 1 0
1 91 0 0 0
1 0 91 0 0
0 91 0 0 0
1 0 0 0 0

=
[ 5
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 0 91 0
]
·

0 91 0
1 0 91
0 91 0
1 0 0
 =
[ 3
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2
0 0
]
·
[
0 91
1 0
]
=
[ 1 1
0 0 0
]
·
[
0 91
1 0
]
=
[ 2
0 0
]
472
6. g6 · f6 = 0
g6 · f6 =
[
1 0 91 91
]
·

1 91 0
0 0 91
0 91 0
1 0 0
 =
[ 3
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[
91 91
]
·
[
91
1
]
=
[
0
]
118.4 Tree module property of P (18, 1) 
The matrices of the representation have full (column) rank P
1. MP (18,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. MP (18,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
3. MP (18,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
4. MP (18,1)5→4 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. MP (18,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
6. MP (18,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
118.4.1 0→ P (15, 1) f→ P (18, 1) g→ R2∞(1)→ 0 
PdimP (15, 1) + dimR2∞(1) = (3, 6, 8, 5, 2, 5, 2) + (1, 1, 2, 1, 1, 1, 1)
= (4, 7, 10, 6, 3, 6, 3) = dimP (18, 1)
P
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dimk Ext
1
kQ(R
2
∞(1), P (15, 1)) = dimk HomkQ(R
2
∞(1), P (15, 1))− 〈dimR2∞(1),dimP (15, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (3, 6, 8, 5, 2, 5, 2)〉
= 1 · 6 + 1 · 8 + 1 · 8 + 1 · 5 + 1 · 8 + 1 · 5− (1 · 3 + 1 · 6 + 2 · 8 + 1 · 5 + 1 · 2 + 1 · 5 + 1 · 2)
= 6 + 8 + 8 + 5 + 8 + 5− (3 + 6 + 16 + 5 + 2 + 5 + 2)
= 1
Matrices of the embedding f : P (15, 1)→ P (18, 1) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3
3 91 1
1 0 0
3 91 0
 c2←c2+c1−−−−−−→

3 3
3 91 0
1 0 0
3 91 91

3. f3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

∈M10,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

c1↔c3−−−−→

91 0 0 0 0 1 0 0
0 0 1 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
91 0 1 0 0 0 0 0
0 1 1 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0

c6←c6+c1−−−−−−→

91 0 0 0 0 0 0 0
0 0 1 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
91 0 1 0 0 91 0 0
0 1 1 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0

c2↔c3−−−−→

91 0 0 0 0 0 0 0
0 1 0 91 0 0 1 0
0 0 1 0 91 0 0 1
0 0 0 0 0 0 0 0
91 1 0 0 0 91 0 0
0 1 1 91 0 0 0 0
0 0 1 0 91 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 91 0 0 1
0 0 0 0 0 0 0 0
91 1 0 1 0 91 91 0
0 1 1 0 0 0 91 0
0 0 1 0 91 0 0 0
0 0 0 0 0 0 0 0
0 1 0 1 0 0 91 0
0 0 1 0 0 0 0 0

c5←c5+c3
c8←c8−c3−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 91 91 0
0 1 1 0 1 0 91 91
0 0 1 0 0 0 0 91
0 0 0 0 0 0 0 0
0 1 0 1 0 0 91 0
0 0 1 0 1 0 0 91

c6←c6+c4
c7←c7+c4−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 91 91
0 0 1 0 0 0 0 91
0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0
0 0 1 0 1 0 0 91

c7←c7+c5
c8←c8+c5−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 0 0 91
0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0
0 0 1 0 1 0 1 0

c6↔c8−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 91 0 0
0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 1
0 0 1 0 1 0 1 0

c7↔c8−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 91 0 0
0 0 0 0 0 0 0 0
0 1 0 1 0 0 1 0
0 0 1 0 1 0 0 1

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4. f4 =

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 c1↔c2−−−−→

1 2 2
1 91 0 0
2 0 1 91
1 0 0 0
2 0 1 0
 c3←c3+c2−−−−−−→

1 2 2
1 91 0 0
2 0 1 0
1 0 0 0
2 0 1 1

5. f5 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2 1
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 c2←c2+c1−−−−−−→

2 2 1
2 1 0 0
1 0 0 91
1 0 0 0
2 1 1 0
 c2↔c3−−−−→

2 1 2
2 1 0 0
1 0 91 0
1 0 0 0
2 1 0 1

7. f7 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (18, 1)→ R2∞(1) P
1. g1 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 91 0 0
]
∈M2,10(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 91 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 91 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (15, 1)→ P (18, 1) P
1. f2 ·MP (15,1)1→2 −MP (18,1)1→2 · f1 = 0
f2 ·MP (15,1)1→2 =

3 3
3 91 1
1 0 0
3 91 0
 · [
3
3 0
3 1
]
=

3
3 1
1 0
3 0
 = [
3
3 1
4 0
]
M
P (18,1)
1→2 · f1 =
[ 4
4 1
3 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
3 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
3 0
 = [
3
3 1
4 0
]
f2 ·MP (15,1)1→2 −MP (18,1)1→2 · f1 =
[ 3
3 1
4 0
]
−
[ 3
3 1
4 0
]
=
[ 3
7 0
]
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2. f3 ·MP (15,1)2→3 −MP (18,1)2→3 · f2 = 0
f3 ·MP (15,1)2→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·
[ 6
2 0
6 1
]
=

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

3 3
3 91 1
1 0 0
3 91 0
3 0 0

M
P (18,1)
2→3 · f2 =
[ 7
7 1
3 0
]
·

3 3
3 91 1
1 0 0
3 91 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0
 ·

3 3
3 91 1
1 0 0
3 91 0
 =

3 3
3 91 1
1 0 0
3 91 0
3 0 0

f3 ·MP (15,1)2→3 −MP (18,1)2→3 · f2 =

3 3
3 91 1
1 0 0
3 91 0
3 0 0
−

3 3
3 91 1
1 0 0
3 91 0
3 0 0
 =
[ 6
10 0
]
3. f3 ·MP (15,1)4→3 −MP (18,1)4→3 · f4 = 0
f3 ·MP (15,1)4→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·
[ 5
5 1
3 0
]
=

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

M
P (18,1)
4→3 · f4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

=

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

f3 ·MP (15,1)4→3 −MP (18,1)4→3 · f4 =

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

−

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

=
[ 5
10 0
]
4. f4 ·MP (15,1)5→4 −MP (18,1)5→4 · f5 = 0
f4 ·MP (15,1)5→4 =

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·
[ 2
2 1
3 0
]
=

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
1 0
2 0
 =

2
1 0
2 1
1 0
2 1

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M
P (18,1)
5→4 · f5 =
[ 3
3 1
3 1
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 ·
[ 2
1 0
2 1
]
=

2
1 0
2 1
1 0
2 1

f4 ·MP (15,1)5→4 −MP (18,1)5→4 · f5 =

2
1 0
2 1
1 0
2 1
−

2
1 0
2 1
1 0
2 1
 =
[ 2
6 0
]
5. f3 ·MP (15,1)6→3 −MP (18,1)6→3 · f6 = 0
f3 ·MP (15,1)6→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

=

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

M
P (18,1)
6→3 · f6 =
[ 6
4 0
6 1
]
·

2 2 1
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

2 1 1 2
4 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

2 2 1
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

f3 ·MP (15,1)6→3 −MP (18,1)6→3 · f6 =

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
−

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 5
10 0
]
6. f6 ·MP (15,1)7→6 −MP (18,1)7→6 · f7 = 0
f6 ·MP (15,1)7→6 =

2 2 1
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
2 1
1 0
 =

2
2 0
1 0
1 0
2 1
 =
[ 2
4 0
2 1
]
M
P (18,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 2
1 0
2 1
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
2
1 0
2 1
]
=

2
3 0
1 0
2 1
 = [
2
4 0
2 1
]
f6 ·MP (15,1)7→6 −MP (18,1)7→6 · f7 =
[ 2
4 0
2 1
]
−
[ 2
4 0
2 1
]
=
[ 2
6 0
]
Relations of the projection g : P (18, 1)→ R2∞(1) P
1. g2 ·MP (18,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (18,1)1→2 =
[ 3 1 3
1 0 1 0
]
·
[ 4
4 1
3 0
]
=
[ 3 1 3
1 0 1 0
]
·

3 1
3 1 0
1 0 1
3 0 0
 = [ 3 11 0 1 ]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
]
g2 ·MP (18,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[ 3 1
1 0 1
]
−
[ 3 1
1 0 1
]
=
[ 4
1 0
]
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2. g3 ·MP (18,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (18,1)2→3 =
[ 3 1 3 1 2
1 0 1 0 91 0
1 0 0 0 91 0
]
·
[ 7
7 1
3 0
]
=
[ 3 1 3 1 2
1 0 1 0 91 0
1 0 0 0 91 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
1 0 0 0
2 0 0 0
 =
[ 3 1 3
1 0 1 0
1 0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[ 3 1 3
1 0 1 0
]
=
[ 3 1 3
1 0 1 0
1 0 0 0
]
g3 ·MP (18,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[ 3 1 3
1 0 1 0
1 0 0 0
]
−
[ 3 1 3
1 0 1 0
1 0 0 0
]
=
[ 7
2 0
]
3. g3 ·MP (18,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (18,1)4→3 =
[ 3 1 3 1 2
1 0 1 0 91 0
1 0 0 0 91 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =
[ 2 1 1 2 1 1 2
1 0 0 1 0 0 91 0
1 0 0 0 0 0 91 0
]
·

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 1 0 0 1
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 2 1 1 2
1 0 0 0 0
1 0 0 91 0
]
=
[ 3 1 2
1 0 0 0
1 0 91 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[ 3 1 2
1 0 91 0
]
=
[ 3 1 2
1 0 0 0
1 0 91 0
]
g3 ·MP (18,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[ 3 1 2
1 0 0 0
1 0 91 0
]
−
[ 3 1 2
1 0 0 0
1 0 91 0
]
=
[ 6
2 0
]
4. g4 ·MP (18,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (18,1)5→4 =
[ 3 1 2
1 0 91 0
]
·
[ 3
3 1
3 1
]
=
[ 1 2 1 2
1 0 0 91 0
]
·

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 =
[ 1 2
1 91 0
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[ 1 2
1 91 0
]
=
[ 1 2
1 91 0
]
g4 ·MP (18,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[ 1 2
1 91 0
]
−
[ 1 2
1 91 0
]
=
[ 3
1 0
]
5. g3 ·MP (18,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (18,1)6→3 =
[ 3 1 3 1 2
1 0 1 0 91 0
1 0 0 0 91 0
]
·
[ 6
4 0
6 1
]
=
[ 3 1 3 1 2
1 0 1 0 91 0
1 0 0 0 91 0
]
·

3 1 2
3 0 0 0
1 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
 =
[ 3 1 2
1 0 91 0
1 0 91 0
]
M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[ 3 1 2
1 0 91 0
]
=
[ 3 1 2
1 0 91 0
1 0 91 0
]
g3 ·MP (18,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[ 3 1 2
1 0 91 0
1 0 91 0
]
−
[ 3 1 2
1 0 91 0
1 0 91 0
]
=
[ 6
2 0
]
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6. g6 ·MP (18,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (18,1)7→6 =
[ 3 1 2
1 0 91 0
]
·
[ 3
3 0
3 1
]
=
[ 3 1 2
1 0 91 0
]
·

1 2
3 0 0
1 1 0
2 0 1
 = [ 1 21 91 0 ]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[ 1 2
1 91 0
]
=
[ 1 2
1 91 0
]
g6 ·MP (18,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[ 1 2
1 91 0
]
−
[ 1 2
1 91 0
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1 3
1 0 1 0
]
·

3 3
3 91 1
1 0 0
3 91 0
 = [ 61 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 3 1 3 1 2
1 0 1 0 91 0
1 0 0 0 91 0
]
·

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

=
[
0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 91 0 0
]
·

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

=
[ 8
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1 2
1 0 91 0
]
·

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =
[ 1 2 1 2
1 0 0 91 0
]
·

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =
[ 5
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
1 91 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 1 2
1 0 91 0
]
·

2 2 1
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 2 1 1 2
1 0 0 91 0
]
·

2 2 1
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 5
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
1 91 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
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118.4.2 0→ P (14, 7) f→ P (18, 1) g→ R20(2)→ 0 
PdimP (14, 7) + dimR20(2) = (3, 5, 8, 5, 3, 5, 2) + (1, 2, 2, 1, 0, 1, 1)
= (4, 7, 10, 6, 3, 6, 3) = dimP (18, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (14, 7)) = dimk HomkQ(R
2
0(2), P (14, 7))− 〈dimR20(2),dimP (14, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (3, 5, 8, 5, 3, 5, 2)〉
= 1 · 5 + 2 · 8 + 1 · 8 + 0 · 5 + 1 · 8 + 1 · 5− (1 · 3 + 2 · 5 + 2 · 8 + 1 · 5 + 0 · 3 + 1 · 5 + 1 · 2)
= 5 + 16 + 8 + 0 + 8 + 5− (3 + 10 + 16 + 5 + 0 + 5 + 2)
= 1
Matrices of the embedding f : P (14, 7)→ P (18, 1) P
1. f1 =

1 0 0
0 1 0
0 0 1
1 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 1 0 0
91 0 0 1 0
0 91 0 0 1
0 0 1 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0

c1↔c2−−−−→

1 2 2
1 1 0 0
2 0 91 1
1 1 0 0
1 0 0 0
2 0 91 0

c3←c3+c2−−−−−−→

1 2 2
1 1 0 0
2 0 91 0
1 1 0 0
1 0 0 0
2 0 91 91

3. f3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

∈M10,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

c1↔c3−−−−→

91 0 0 0 0 1 0 0
0 0 1 91 0 0 1 0
0 1 0 0 91 0 0 1
91 0 0 0 0 1 0 0
91 0 1 0 0 0 0 0
0 1 1 91 0 0 0 0
0 1 0 0 91 0 0 0
91 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0

c6←c6+c1−−−−−−→

91 0 0 0 0 0 0 0
0 0 1 91 0 0 1 0
0 1 0 0 91 0 0 1
91 0 0 0 0 0 0 0
91 0 1 0 0 91 0 0
0 1 1 91 0 0 0 0
0 1 0 0 91 0 0 0
91 0 0 0 0 91 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0

c2↔c3−−−−→

91 0 0 0 0 0 0 0
0 1 0 91 0 0 1 0
0 0 1 0 91 0 0 1
91 0 0 0 0 0 0 0
91 1 0 0 0 91 0 0
0 1 1 91 0 0 0 0
0 0 1 0 91 0 0 0
91 0 0 0 0 91 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 91 0 0 1
91 0 0 0 0 0 0 0
91 1 0 1 0 91 91 0
0 1 1 0 0 0 91 0
0 0 1 0 91 0 0 0
91 0 0 0 0 91 0 0
0 1 0 1 0 0 91 0
0 0 1 0 0 0 0 0

c5←c5+c3
c8←c8−c3−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
91 0 0 0 0 0 0 0
91 1 0 1 0 91 91 0
0 1 1 0 1 0 91 91
0 0 1 0 0 0 0 91
91 0 0 0 0 91 0 0
0 1 0 1 0 0 91 0
0 0 1 0 1 0 0 91

c6←c6+c4
c7←c7+c4−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
91 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 91 91
0 0 1 0 0 0 0 91
91 0 0 0 0 91 0 0
0 1 0 1 0 1 0 0
0 0 1 0 1 0 0 91

c7←c7+c5
c8←c8+c5−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
91 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 0 0 91
91 0 0 0 0 91 0 0
0 1 0 1 0 1 0 0
0 0 1 0 1 0 1 0

c6↔c8−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
91 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 91 0 0
91 0 0 0 0 0 0 91
0 1 0 1 0 0 0 1
0 0 1 0 1 0 1 0

c7↔c8−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
91 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 91 0 0
91 0 0 0 0 0 91 0
0 1 0 1 0 0 1 0
0 0 1 0 1 0 0 1

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4. f4 =

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 1 0 0
 c1↔c2−−−−→

1 2 2
1 91 0 0
2 0 1 91
1 91 0 0
2 0 1 0
 c3←c3+c2−−−−−−→

1 2 2
1 91 0 0
2 0 1 0
1 91 0 0
2 0 1 1

5. f5 =
0 0 911 0 0
0 1 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f5 =
[ 2 1
1 0 91
2 1 0
]
r1↔r2−−−−→
[ 2 1
2 1 0
1 0 91
]
6. f6 =

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

c3←c3+c1−−−−−−→

1 0 0 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 1 0 0
0 1 0 0 0

c4←c4+c2−−−−−−→

1 0 0 0 0
0 1 0 0 0
0 0 0 0 91
0 0 91 0 0
1 0 1 0 0
0 1 0 1 0

c3↔c5−−−−→

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
0 0 0 0 91
1 0 0 0 1
0 1 0 1 0

c4↔c5−−−−→

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
0 0 0 91 0
1 0 0 1 0
0 1 0 0 1

7. f7 =
91 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (18, 1)→ R20(2) P
1. g1 =
[
1 0 0 91
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 0 1 0 0
1 0 0 91 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
r1↔r2−−−−→
[ 1 2 1 1 2
1 1 0 91 0 0
1 0 0 0 1 0
]
3. g3 =
[
0 0 0 0 1 0 0 91 91 0
1 0 0 91 0 0 0 0 0 0
]
∈M2,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 1 2 1 1 2 1 1 1
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
r1↔r2−−−−→
[ 1 2 1 1 2 1 1 1
1 1 0 91 0 0 0 0 0
1 0 0 0 1 0 91 91 0
]
4. g4 =
[
1 0 0 91 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
6. g6 =
[
1 0 0 91 91 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (14, 7)→ P (18, 1) P
1. f2 ·MP (14,7)1→2 −MP (18,1)1→2 · f1 = 0
f2 ·MP (14,7)1→2 =

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
 ·
[ 3
2 0
3 1
]
=

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
 ·

1 2
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
2 0 1
1 1 0
1 0 0
2 0 0
 =

1 2
1 1 0
2 0 1
1 1 0
3 0 0

481
M
P (18,1)
1→2 · f1 =
[ 4
4 1
3 0
]
·

1 2
1 1 0
2 0 1
1 1 0
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
3 0 0 0
 ·

1 2
1 1 0
2 0 1
1 1 0
 =

1 2
1 1 0
2 0 1
1 1 0
3 0 0

f2 ·MP (14,7)1→2 −MP (18,1)1→2 · f1 =

1 2
1 1 0
2 0 1
1 1 0
3 0 0
−

1 2
1 1 0
2 0 1
1 1 0
3 0 0
 =
[ 3
7 0
]
2. f3 ·MP (14,7)2→3 −MP (18,1)2→3 · f2 = 0
f3 ·MP (14,7)2→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·
[ 5
3 0
5 1
]
=

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 1 0 0
91 0 0 1 0
0 91 0 0 1
0 0 1 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
3 0 0 0

M
P (18,1)
2→3 · f2 =
[ 7
7 1
3 0
]
·

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
 =

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

·

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
 =

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
3 0 0 0

f3 ·MP (14,7)2→3 −MP (18,1)2→3 · f2 =

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
3 0 0 0

−

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
3 0 0 0

=
[ 5
10 0
]
3. f3 ·MP (14,7)4→3 −MP (18,1)4→3 · f4 = 0
f3 ·MP (14,7)4→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·
[ 5
5 1
3 0
]
=

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

M
P (18,1)
4→3 · f4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 1 0 0
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

=

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

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f3 ·MP (14,7)4→3 −MP (18,1)4→3 · f4 =

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

−

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

=
[ 5
10 0
]
4. f4 ·MP (14,7)5→4 −MP (18,1)5→4 · f5 = 0
f4 ·MP (14,7)5→4 =

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 1 0 0
 ·
[ 3
3 1
2 0
]
=

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 1 0 0
 ·

2 1
2 1 0
1 0 1
2 0 0
 =

2 1
1 0 91
2 1 0
1 0 91
2 1 0

M
P (18,1)
5→4 · f5 =
[ 3
3 1
3 1
]
·
[ 2 1
1 0 91
2 1 0
]
=

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 ·
[ 2 1
1 0 91
2 1 0
]
=

2 1
1 0 91
2 1 0
1 0 91
2 1 0

f4 ·MP (14,7)5→4 −MP (18,1)5→4 · f5 =

2 1
1 0 91
2 1 0
1 0 91
2 1 0
−

2 1
1 0 91
2 1 0
1 0 91
2 1 0
 =
[ 3
6 0
]
5. f3 ·MP (14,7)6→3 −MP (18,1)6→3 · f6 = 0
f3 ·MP (14,7)6→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
=

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

=

1 1 1 1 1
4 0 0 0 0 0
1 1 0 91 0 0
1 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
1 0 1 0 0 0

M
P (18,1)
6→3 · f6 =
[ 6
4 0
6 1
]
·

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

=

1 1 1 1 1 1
4 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

=

1 1 1 1 1
4 0 0 0 0 0
1 1 0 91 0 0
1 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
1 0 1 0 0 0

f3 ·MP (14,7)6→3 −MP (18,1)6→3 · f6 =

1 1 1 1 1
4 0 0 0 0 0
1 1 0 91 0 0
1 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
1 0 1 0 0 0

−

1 1 1 1 1
4 0 0 0 0 0
1 1 0 91 0 0
1 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=
[ 5
10 0
]
6. f6 ·MP (14,7)7→6 −MP (18,1)7→6 · f7 = 0
f6 ·MP (14,7)7→6 =

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

·

2
2 1
2 1
1 0
 =

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

·

1 0
0 1
1 0
0 1
0 0
 =

0 0
0 0
0 0
91 0
1 0
0 1

=

1 1
3 0 0
1 91 0
1 1 0
1 0 1

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M
P (18,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
91 01 0
0 1
 =

1 1 1
3 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
91 01 0
0 1
 =

1 1
3 0 0
1 91 0
1 1 0
1 0 1

f6 ·MP (14,7)7→6 −MP (18,1)7→6 · f7 =

1 1
3 0 0
1 91 0
1 1 0
1 0 1
−

1 1
3 0 0
1 91 0
1 1 0
1 0 1
 =
[ 2
6 0
]
Relations of the projection g : P (18, 1)→ R20(2) P
1. g2 ·MP (18,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (18,1)1→2 =
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
·
[ 4
4 1
3 0
]
=
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 0 0
 =
[ 1 2 1
1 0 0 0
1 1 0 91
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[ 1 2 1
1 1 0 91
]
=
[ 1 2 1
1 0 0 0
1 1 0 91
]
g2 ·MP (18,1)1→2 −MR
2
0(2)
1→2 · g1 =
[ 1 2 1
1 0 0 0
1 1 0 91
]
−
[ 1 2 1
1 0 0 0
1 1 0 91
]
=
[ 4
2 0
]
2. g3 ·MP (18,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (18,1)2→3 =
[ 1 2 1 1 2 1 1 1
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·
[ 7
7 1
3 0
]
=
[ 1 2 1 1 2 1 1 1
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

=
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
M
R20(2)
2→3 · g2 =
[ 2
2 1
]
·
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
=
[
1 0
0 1
]
·
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
=
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
g3 ·MP (18,1)2→3 −MR
2
0(2)
2→3 · g2 =
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
−
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
=
[ 7
2 0
]
3. g3 ·MP (18,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (18,1)4→3 =
[ 1 2 1 1 2 1 1 1
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1

=
[
0 0 0 0 1 0 0 91 91 0
1 0 0 91 0 0 0 0 0 0
]
·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=
[
1 0 0 91 0 0
1 0 0 91 0 0
]
=
[ 1 2 1 2
1 1 0 91 0
1 1 0 91 0
]
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M
R20(2)
4→3 · g4 =
[
1
1
]
·
[ 1 2 1 2
1 1 0 91 0
]
=
[ 1 2 1 2
1 1 0 91 0
1 1 0 91 0
]
g3 ·MP (18,1)4→3 −MR
2
0(2)
4→3 · g4 =
[ 1 2 1 2
1 1 0 91 0
1 1 0 91 0
]
−
[ 1 2 1 2
1 1 0 91 0
1 1 0 91 0
]
=
[ 6
2 0
]
4. g4 ·MP (18,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (18,1)5→4 =
[ 1 2 1 2
1 1 0 91 0
]
·
[ 3
3 1
3 1
]
=
[ 1 2 1 2
1 1 0 91 0
]
·

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 =
[ 3
1 0
]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g4 ·MP (18,1)5→4 −MR
2
0(2)
5→4 · g5 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
5. g3 ·MP (18,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (18,1)6→3 =
[ 1 2 1 1 2 1 1 1
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·
[ 6
4 0
6 1
]
=
[ 1 2 1 1 2 1 1 1
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

1 2 1 1 1
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 2 1 1 1
1 1 0 91 91 0
1 0 0 0 0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[ 1 2 1 1 1
1 1 0 91 91 0
]
=
[ 1 2 1 1 1
1 1 0 91 91 0
1 0 0 0 0 0
]
g3 ·MP (18,1)6→3 −MR
2
0(2)
6→3 · g6 =
[ 1 2 1 1 1
1 1 0 91 91 0
1 0 0 0 0 0
]
−
[ 1 2 1 1 1
1 1 0 91 91 0
1 0 0 0 0 0
]
=
[ 6
2 0
]
6. g6 ·MP (18,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (18,1)7→6 =
[ 1 2 1 1 1
1 1 0 91 91 0
]
·
[ 3
3 0
3 1
]
=
[ 1 2 1 1 1
1 1 0 91 91 0
]
·

1 1 1
1 0 0 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 =
[
91 91 0
]
M
R20(2)
7→6 · g7 =
[
1
]
·
[
91 91 0
]
=
[
91 91 0
]
g6 ·MP (18,1)7→6 −MR
2
0(2)
7→6 · g7 =
[
91 91 0
]
−
[
91 91 0
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2 1
1 1 0 91
]
·

1 2
1 1 0
2 0 1
1 1 0
 = [ 31 0 ]
485
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 1 1 2
1 0 0 0 1 0
1 1 0 91 0 0
]
·

2 1 2
1 0 1 0
2 91 0 1
1 0 1 0
1 0 0 0
2 91 0 0
 =
[ 5
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 2 1 1 2 1 1 1
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

=
[
0 0 0 0 1 0 0 91 91 0
1 0 0 91 0 0 0 0 0 0
]
·

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 91 0 0 1 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

=
[ 8
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2 1 2
1 1 0 91 0
]
·

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 1 0 0
 =
[ 5
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3
0 0
]
·
[ 2 1
1 0 91
2 1 0
]
=
[ 1 2
0 0 0
]
·
[ 2 1
1 0 91
2 1 0
]
=
[ 3
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2 1 1 1
1 1 0 91 91 0
]
·

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

=
[
1 0 0 91 91 0
]
·

1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 91 0 0
1 0 0 0 0
0 1 0 0 0

=
[ 5
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[
91 91 0
]
·
91 01 0
0 1
 = [ 21 0 ]
118.5 Tree module property of P (6n, 1) 
The matrices of the representation have full (column) rank P
1. MP (6n,1)1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n,1)2→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. MP (6n,1)4→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
4. MP (6n,1)5→4 =
[ n
n 1
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
5. MP (6n,1)6→3 =
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
6. MP (6n,1)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
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118.5.1 0→ P (6n− 3, 1) f→ P (6n, 1) g→ R2∞(1)→ 0 
PdimP (6n− 3, 1) + dimR2∞(1) = (n, 2n, 3n− 1, 2n− 1, n− 1, 2n− 1, n− 1) + (1, 1, 2, 1, 1, 1, 1)
= (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n) = dimP (6n, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (6n− 3, 1)) = dimk HomkQ(R2∞(1), P (6n− 3, 1))− 〈dimR2∞(1),dimP (6n− 3, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (n, 2n, 3n− 1, 2n− 1, n− 1, 2n− 1, n− 1)〉
= 1 · 2n+ 1 · (3n− 1) + 1 · (3n− 1) + 1 · (2n− 1) + 1 · (3n− 1) + 1 · (2n− 1)
− (1 · n+ 1 · 2n+ 2 · (3n− 1) + 1 · (2n− 1) + 1 · (n− 1) + 1 · (2n− 1) + 1 · (n− 1))
= 2n+ 3n− 1 + 3n− 1 + 2n− 1 + 3n− 1 + 2n− 1− (n+ 2n+ 6n− 2 + 2n− 1 + n− 1 + 2n− 1 + n− 1)
= 1
Representation of P (6n− 3, 1) = P (6n+ 3, 1)[n 7→ n− 1] 
Dimension vector: dimP (6n− 3, 1) = (n, 2n, 3n− 1, 2n− 1, n− 1, 2n− 1, n− 1)
Matrices of the representation:
1. MP (6n−3,1)1→2 =
[ n
n 0
n 1
]
∈M2n,n(k)
2. MP (6n−3,1)2→3 =
[2n
n−1 0
2n 1
]
∈M3n−1,2n(k)
3. MP (6n−3,1)4→3 =
[2n−1
2n−1 1
n 0
]
∈M3n−1,2n−1(k)
4. MP (6n−3,1)5→4 =
[n−1
n−1 1
n 0
]
∈M2n−1,n−1(k)
5. MP (6n−3,1)6→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
6. MP (6n−3,1)7→6 =

n−1
n−1 1
n−1 1
1 0
 ∈M2n−1,n−1(k)
Matrices of the embedding f : P (6n− 3, 1)→ P (6n, 1) P
1. f1 =
[ n
n 1
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
n 91 1
1 0 0
n 91 0
 ∈M2n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n n
n 91 1
1 0 0
n 91 0
 c2←c2+c1−−−−−−→

n n
n 91 0
1 0 0
n 91 91

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3. f3 =

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0
 ∈M3n+1,3n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+1 0 0
n−1 1 0
n+1 0 0
 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n−1 1 n−1 1 n−1
n+1 0 0 0 0 0
n−1 1 0 0 0 0
n+1 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 2n+3 ... 3n+1
R2 = rows: n+2 ... 2n

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n−1 1 n−1 1 n−1
n+1 0 0 0 0 0
n−1 0 0 0 0 0
n+1 0 0 0 0 0
 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

c1↔c2−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 1 0
n−1 0 1 91 0 1
1 0 0 0 0 0
1 91 0 0 0 0
n−1 0 1 91 0 0
1 0 0 0 0 0
n−1 0 1 0 0 0

c4←c4+c1−−−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 0 0
n−1 0 1 91 0 1
1 0 0 0 0 0
1 91 0 0 91 0
n−1 0 1 91 0 0
1 0 0 0 0 0
n−1 0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 91 0 0 91 0
n−1 0 1 0 0 91
1 0 0 0 0 0
n−1 0 1 1 0 91

c3↔c4−−−−→

1 n−1 1 n−1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 91 0 91 0 0
n−1 0 1 0 0 91
1 0 0 0 0 0
n−1 0 1 0 1 91

c4↔c5−−−−→

1 n−1 1 n−1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 91 0 91 0 0
n−1 0 1 0 91 0
1 0 0 0 0 0
n−1 0 1 0 91 1

4. f4 =

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+
[n−1 n
n 0 91
n 0 0
]
∈M2n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 c1↔c2−−−−→

1 n−1 n−1
1 91 0 0
n−1 0 1 91
1 0 0 0
n−1 0 1 0
 c3←c3+c2−−−−−−→

1 n−1 n−1
1 91 0 0
n−1 0 1 0
1 0 0 0
n−1 0 1 1

5. f5 =
[n−1
1 0
n−1 1
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
6. f6 =

n−1 n
n−1 1 0
2 0 0
n−1 1 0
+ [
n−1 n
n 0 91
n 0 0
]
∈M2n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n−1 n−1 1
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0
 c2←c2+c1−−−−−−→

n−1 n−1 1
n−1 1 0 0
1 0 0 91
1 0 0 0
n−1 1 1 0
 c2↔c3−−−−→

n−1 1 n−1
n−1 1 0 0
1 0 91 0
1 0 0 0
n−1 1 0 1

7. f7 =
[n−1
1 0
n−1 1
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n, 1)→ R2∞(1) P
1. g1 =
[ n 1
1 0 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ n 1 n
1 0 1 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
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3. g3 =
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
∈M2,3n+1(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ n 1 n−1
1 0 91 0
]
∈M1,2n(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 1 n−1
1 91 0
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ n 1 n−1
1 0 91 0
]
∈M1,2n(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1 n−1
1 91 0
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 3, 1)→ P (6n, 1) P
1. f2 ·MP (6n−3,1)1→2 −MP (6n,1)1→2 · f1 = 0
f2 ·MP (6n−3,1)1→2 =

n n
n 91 1
1 0 0
n 91 0
 · [
n
n 0
n 1
]
=

n
n 1
1 0
n 0
 = [
n
n 1
n+1 0
]
M
P (6n,1)
1→2 · f1 =
[n+1
n+1 1
n 0
]
·
[ n
n 1
1 0
]
=

n 1
n 1 0
1 0 1
n 0 0
 · [
n
n 1
1 0
]
=

n
n 1
1 0
n 0
 = [
n
n 1
n+1 0
]
f2 ·MP (6n−3,1)1→2 −MP (6n,1)1→2 · f1 =
[ n
n 1
n+1 0
]
−
[ n
n 1
n+1 0
]
=
[ n
2n+1 0
]
2. f3 ·MP (6n−3,1)2→3 −MP (6n,1)2→3 · f2 = 0
f3 ·MP (6n−3,1)2→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·
[2n
n−1 0
2n 1
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n n
n−1 0 0
n 1 0
n 0 1
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

·
[2n
n−1 0
2n 1
]
+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0
 · [
2n
n−1 0
2n 1
]
=

n n
n 91 1
1 0 0
n 91 0
n 0 0
+

2n
1 0
n−1 0
1 0
n−1 0
2 0
n−1 0

+

2n
n+2 0
n−1 0
n 0
 =

1 n−2 1 1 n−2 1
1 91 0 0 1 0 0
n−2 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 0 0 0
1 91 0 0 0 0 0
n−2 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

+

n n
1 0 0
n−2 0 0
1 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−1 0 0

+

n n
1 0 0
n−2 0 0
1 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−1 0 0

=

n n
n 91 1
1 0 0
n 91 0
n 0 0

M
P (6n,1)
2→3 · f2 =
[2n+1
2n+1 1
n 0
]
·

n n
n 91 1
1 0 0
n 91 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0
 ·

n n
n 91 1
1 0 0
n 91 0
 =

n n
n 91 1
1 0 0
n 91 0
n 0 0

f3 ·MP (6n−3,1)2→3 −MP (6n,1)2→3 · f2 =

n n
n 91 1
1 0 0
n 91 0
n 0 0
−

n n
n 91 1
1 0 0
n 91 0
n 0 0
 =
[2n
3n+1 0
]
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3. f3 ·MP (6n−3,1)4→3 −MP (6n,1)4→3 · f4 = 0
f3 ·MP (6n−3,1)4→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·
[2n−1
2n−1 1
n 0
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 n n
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 n n
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0

=

n−1 n
n 0 91
1 0 0
n 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
 =

n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0

+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

M
P (6n,1)
4→3 · f4 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·


n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+
[n−1 n
n 0 91
n 0 0
]

=

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
 ·

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n n
n 1 0
n 0 1
n+1 0 0
 · [
n−1 n
n 0 91
n 0 0
]
+

1 n−1 1 n−1
n+1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n n
n+1 0 0
n 1 0
n 0 1
 · [
n−1 n
n 0 91
n 0 0
]
=

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
n+1 0 0
+

n−1 n
n 0 91
n 0 0
n+1 0 0
+

n−1 n
n+1 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n−1 n
n+1 0 0
n 0 91
n 0 0

=

1 n−2 n
1 0 0 0
1 1 0 0
n−2 0 1 0
1 0 0 0
1 1 0 0
n−2 0 1 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0

+

n−1 1 1 n−2
1 0 91 0 0
1 0 0 91 0
n−2 0 0 0 91
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0

+

n−2 1 n
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−2 1 0 0
1 0 1 0
1 0 0 0
n−2 1 0 0
1 0 1 0

+

n−1 1 n−2 1
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 91 0 0
n−2 0 0 91 0
1 0 0 0 91
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0

=

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0

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f3 ·MP (6n−3,1)4→3 −MP (6n,1)4→3 · f4 =


n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0

+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0


−


n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0


=

[n−1 1 n−1
1 0 91 0
3n 0 0 0
]
+

n n−1
1 0 0
n−1 0 91
2n+1 0 0

+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
2n−1 0 0 0
+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

n n−1
n+2 0 0
n−1 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2n+1 0 0
+

n−1 n
n+1 0 0
n−1 1 0
n+1 0 0
+ [
n−1 n
2n+2 0 0
n−1 1 0
]

−

[n−1 1 n−1
1 0 91 0
3n 0 0 0
]
+

n n−1
1 0 0
n−1 0 91
2n+1 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
2n−1 0 0 0
+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

n n−1
n+2 0 0
n−1 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2n+1 0 0
+

n−1 n
n+1 0 0
n−1 1 0
n+1 0 0
+ [
n−1 n
2n+2 0 0
n−1 1 0
]

=
[2n−1
3n+1 0
]
4. f4 ·MP (6n−3,1)5→4 −MP (6n,1)5→4 · f5 = 0
f4 ·MP (6n−3,1)5→4 =


n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+
[n−1 n
n 0 91
n 0 0
]

·
[n−1
n−1 1
n 0
]
=

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
 ·
[n−1
n−1 1
n 0
]
+
[n−1 n
n 0 91
n 0 0
]
·
[n−1
n−1 1
n 0
]
=

n−1
1 0
n−1 1
1 0
n−1 1
+
[n−1
n 0
n 0
]
=

n−1
1 0
n−1 1
1 0
n−1 1
+

n−1
1 0
n−1 0
1 0
n−1 0
 =

n−1
1 0
n−1 1
1 0
n−1 1

M
P (6n,1)
5→4 · f5 =
[ n
n 1
n 1
]
·
[n−1
1 0
n−1 1
]
=

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
 ·
[n−1
1 0
n−1 1
]
=

n−1
1 0
n−1 1
1 0
n−1 1

f4 ·MP (6n−3,1)5→4 −MP (6n,1)5→4 · f5 =

n−1
1 0
n−1 1
1 0
n−1 1
−

n−1
1 0
n−1 1
1 0
n−1 1
 =
[n−1
2n 0
]
5. f3 ·MP (6n−3,1)6→3 −MP (6n,1)6→3 · f6 = 0
f3 ·MP (6n−3,1)6→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 0 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
n 0 0 0 0 0

·

n−1 1 n−1
n−1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
+

n−1 n n
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

n−1 n
n−1 1 0
n 0 1
n 0 0

+

n−1 1 2n−1
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

2n−1
n−1 0
1 0
2n−1 1
+

n−1 n n
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 2n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

2n−1
n−1 0
1 0
2n−1 1

491
=
n−1 n
n 0 91
1 0 0
n 0 91
n 0 0
+

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

2n−1
1 0
n−1 0
1 0
n−1 0
2 0
n−1 0

+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

2n−1
n+2 0
n−1 0
n 0

=

n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 0 0 91
n 0 0 0

+

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
2 0 0 0
n−1 0 0 0

+

n−1 1 n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
+

n−1 1 n−1
n+2 0 0 0
n−1 0 0 0
n 0 0 0
 =

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

M
P (6n,1)
6→3 · f6 =
[2n
n+1 0
2n 1
]
·


n−1 n
n−1 1 0
2 0 0
n−1 1 0
+ [
n−1 n
n 0 91
n 0 0
]

=

n−1 2 n−1
n+1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 0 0 1
 ·

n−1 n
n−1 1 0
2 0 0
n−1 1 0
+

n n
n+1 0 0
n 1 0
n 0 1
 · [
n−1 n
n 0 91
n 0 0
]
=

n−1 n
n+1 0 0
n−1 1 0
2 0 0
n−1 1 0
+

n−1 n
n+1 0 0
n 0 91
n 0 0
 =

n−1 n
n+1 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0
+

n−1 n−1 1
n+1 0 0 0
n−1 0 91 0
1 0 0 91
1 0 0 0
n−1 0 0 0
 =

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

f3 ·MP (6n−3,1)6→3 −MP (6n,1)6→3 · f6 =

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0
−

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0
 =
[2n−1
3n+1 0
]
6. f6 ·MP (6n−3,1)7→6 −MP (6n,1)7→6 · f7 = 0
f6 ·MP (6n−3,1)7→6 =


n−1 n
n−1 1 0
2 0 0
n−1 1 0
+ [
n−1 n
n 0 91
n 0 0
]

·

n−1
n−1 1
n−1 1
1 0
 =

n−1 n−1 1
n−1 1 0 0
2 0 0 0
n−1 1 0 0
 ·

n−1
n−1 1
n−1 1
1 0
+

n−1 n−1 1
n−1 0 91 0
1 0 0 91
n 0 0 0
 ·

n−1
n−1 1
n−1 1
1 0

=

n−1
n−1 1
2 0
n−1 1
+

n−1
n−1 91
1 0
n 0
 =

n−1
n−1 1
1 0
1 0
n−1 1
+

n−1
n−1 91
1 0
1 0
n−1 0
 =
[n−1
n+1 0
n−1 1
]
M
P (6n,1)
7→6 · f7 =
[ n
n 0
n 1
]
·
[n−1
1 0
n−1 1
]
=

1 n−1
n 0 0
1 1 0
n−1 0 1
 · [
n−1
1 0
n−1 1
]
=

n−1
n 0
1 0
n−1 1
 = [
n−1
n+1 0
n−1 1
]
f6 ·MP (6n−3,1)7→6 −MP (6n,1)7→6 · f7 =
[n−1
n+1 0
n−1 1
]
−
[n−1
n+1 0
n−1 1
]
=
[n−1
2n 0
]
Relations of the projection g : P (6n, 1)→ R2∞(1) P
1. g2 ·MP (6n,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (6n,1)1→2 =
[ n 1 n
1 0 1 0
]
·
[n+1
n+1 1
n 0
]
=
[ n 1 n
1 0 1 0
]
·

n 1
n 1 0
1 0 1
n 0 0
 = [ n 11 0 1 ]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[ n 1
1 0 1
]
=
[ n 1
1 0 1
]
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g2 ·MP (6n,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[ n 1
1 0 1
]
−
[ n 1
1 0 1
]
=
[n+1
1 0
]
2. g3 ·MP (6n,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (6n,1)2→3 =
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·
[2n+1
2n+1 1
n 0
]
=
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n−1 0 0 0
 =
[ n 1 n
1 0 1 0
1 0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[ n 1 n
1 0 1 0
]
=
[ n 1 n
1 0 1 0
1 0 0 0
]
g3 ·MP (6n,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[ n 1 n
1 0 1 0
1 0 0 0
]
−
[ n 1 n
1 0 1 0
1 0 0 0
]
=
[2n+1
2 0
]
3. g3 ·MP (6n,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (6n,1)4→3 =
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]=
[ n 1 n−1 1 1 n−1
1 0 1 0 0 91 0
1 0 0 0 0 91 0
]
·

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

+
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

n 1 n−1
n 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1

=
[ n 1 n−1
1 0 1 0
1 0 0 0
]
+
[ n 1 n−1
1 0 91 0
1 0 91 0
]
=
[ n 1 n−1
1 0 0 0
1 0 91 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[ n 1 n−1
1 0 91 0
]
=
[ n 1 n−1
1 0 0 0
1 0 91 0
]
g3 ·MP (6n,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[ n 1 n−1
1 0 0 0
1 0 91 0
]
−
[ n 1 n−1
1 0 0 0
1 0 91 0
]
=
[2n
2 0
]
4. g4 ·MP (6n,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (6n,1)5→4 =
[ n 1 n−1
1 0 91 0
]
·
[ n
n 1
n 1
]
=
[ 1 n−1 1 n−1
1 0 0 91 0
]
·

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
 =
[ 1 n−1
1 91 0
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[ 1 n−1
1 91 0
]
=
[ 1 n−1
1 91 0
]
g4 ·MP (6n,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[ 1 n−1
1 91 0
]
−
[ 1 n−1
1 91 0
]
=
[ n
1 0
]
5. g3 ·MP (6n,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (6n,1)6→3 =
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·
[2n
n+1 0
2n 1
]
=
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

n 1 n−1
n 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
 =
[ n 1 n−1
1 0 91 0
1 0 91 0
]
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M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[ n 1 n−1
1 0 91 0
]
=
[ n 1 n−1
1 0 91 0
1 0 91 0
]
g3 ·MP (6n,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[ n 1 n−1
1 0 91 0
1 0 91 0
]
−
[ n 1 n−1
1 0 91 0
1 0 91 0
]
=
[2n
2 0
]
6. g6 ·MP (6n,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (6n,1)7→6 =
[ n 1 n−1
1 0 91 0
]
·
[ n
n 0
n 1
]
=
[ n 1 n−1
1 0 91 0
]
·

1 n−1
n 0 0
1 1 0
n−1 0 1
 = [ 1 n−11 91 0 ]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[ 1 n−1
1 91 0
]
=
[ 1 n−1
1 91 0
]
g6 ·MP (6n,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[ 1 n−1
1 91 0
]
−
[ 1 n−1
1 91 0
]
=
[ n
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n 1
1 0 1
]
·
[ n
n 1
1 0
]
=
[ n
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ n 1 n
1 0 1 0
]
·

n n
n 91 1
1 0 0
n 91 0
 = [2n1 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


=
[ n 1 n 1 n−1
1 0 1 0 91 0
1 0 0 0 91 0
]
·

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
1 0 0 0
n−1 0 0 0
+
[ 1 n−1 1 n−1 1 1 n−1
1 0 0 1 0 0 91 0
1 0 0 0 0 0 91 0
]
·

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0

+
[ n 1 1 n−1 1 n−1
1 0 1 0 0 91 0
1 0 0 0 0 91 0
]
·

n−1 2n
n 0 0
1 0 0
1 0 0
n−1 1 0
1 0 0
n−1 0 0

=
[n−1 n n
1 0 0 0
1 0 0 0
]
+
[n−1 2n
1 0 0
1 0 0
]
+
[n−1 2n
1 0 0
1 0 0
]
=
[n−1 n n
1 0 0 0
1 0 0 0
]
+
[n−1 n n
1 0 0 0
1 0 0 0
]
+
[n−1 n n
1 0 0 0
1 0 0 0
]
=
[3n−1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n 1 n−1
1 0 91 0
]
·


n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+
[n−1 n
n 0 91
n 0 0
]

=
[ 1 n−1 1 n−1
1 0 0 91 0
]
·

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+
[ n 1 n−1
1 0 91 0
]
·

n−1 n
n 0 91
1 0 0
n−1 0 0
 = [n−1 n1 0 0 ]+ [n−1 n1 0 0 ] = [2n−11 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 n−1
1 91 0
]
·
[n−1
1 0
n−1 1
]
=
[n−1
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ n 1 n−1
1 0 91 0
]
·


n−1 n
n−1 1 0
2 0 0
n−1 1 0
+ [
n−1 n
n 0 91
n 0 0
]

=
[n−1 1 1 n−1
1 0 0 91 0
]
·

n−1 n
n−1 1 0
1 0 0
1 0 0
n−1 1 0
+
[ n 1 n−1
1 0 91 0
]
·

n−1 n
n 0 91
1 0 0
n−1 0 0
 = [n−1 n1 0 0 ]+ [n−1 n1 0 0 ] = [2n−11 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n−1
1 91 0
]
·
[n−1
1 0
n−1 1
]
=
[n−1
1 0
]
118.5.2 0→ P (6n− 4, 7) f→ P (6n, 1) g→ R20(2)→ 0 
PdimP (6n− 4, 7) + dimR20(2) = (n, 2n− 1, 3n− 1, 2n− 1, n, 2n− 1, n− 1) + (1, 2, 2, 1, 0, 1, 1)
= (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n) = dimP (6n, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (6n− 4, 7)) = dimk HomkQ(R20(2), P (6n− 4, 7))− 〈dimR20(2),dimP (6n− 4, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (n, 2n− 1, 3n− 1, 2n− 1, n, 2n− 1, n− 1)〉
= 1 · (2n− 1) + 2 · (3n− 1) + 1 · (3n− 1) + 0 · (2n− 1) + 1 · (3n− 1) + 1 · (2n− 1)
− (1 · n+ 2 · (2n− 1) + 2 · (3n− 1) + 1 · (2n− 1) + 0 · n+ 1 · (2n− 1) + 1 · (n− 1))
= 2n− 1 + 6n− 2 + 3n− 1 + 0 + 3n− 1 + 2n− 1− (n+ 4n− 2 + 6n− 2 + 2n− 1 + 0 + 2n− 1 + n− 1)
= 1
Representation of P (6n− 4, 7) = P (6n+ 2, 7)[n 7→ n− 1] 
Dimension vector: dimP (6n− 4, 7) = (n, 2n− 1, 3n− 1, 2n− 1, n, 2n− 1, n− 1)
Matrices of the representation:
1. MP (6n−4,7)1→2 =
[ n
n−1 0
n 1
]
∈M2n−1,n(k)
2. MP (6n−4,7)2→3 =
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
3. MP (6n−4,7)4→3 =
[2n−1
2n−1 1
n 0
]
∈M3n−1,2n−1(k)
4. MP (6n−4,7)5→4 =
[ n
n 1
n−1 0
]
∈M2n−1,n(k)
5. MP (6n−4,7)6→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
6. MP (6n−4,7)7→6 =

n−1
n−1 1
n−1 1
1 0
 ∈M2n−1,n−1(k)
Matrices of the embedding f : P (6n− 4, 7)→ P (6n, 1) P
1. f1 =

1 n−1
1 1 0
n−1 0 1
1 1 0
 ∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
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2. f2 =

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
 ∈M2n+1,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0

c1↔c2−−−−→

1 n−1 n−1
1 1 0 0
n−1 0 91 1
1 1 0 0
1 0 0 0
n−1 0 91 0

c3←c3+c2−−−−−−→

1 n−1 n−1
1 1 0 0
n−1 0 91 0
1 1 0 0
1 0 0 0
n−1 0 91 91

3. f3 =

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0
 ∈M3n+1,3n−1(k) can be brought to column echelon form (as shown below) and has maximal column
rank.
f3 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 91 0 1 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+1 0 0
n−1 1 0
n+1 0 0
 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 91 0 1 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 1 n−1 1 n−1
n+1 0 0 0 0 0
n−1 1 0 0 0 0
n+1 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 2n+3 ... 3n+1
R2 = rows: n+2 ... 2n

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 91 0 1 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 1 n−1 1 n−1
n+1 0 0 0 0 0
n−1 0 0 0 0 0
n+1 0 0 0 0 0
 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 91 0 1 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

c1↔c2−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 1 0
n−1 0 1 91 0 1
1 91 0 0 1 0
1 91 0 0 0 0
n−1 0 1 91 0 0
1 91 0 0 0 0
n−1 0 1 0 0 0

c4←c4+c1−−−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 0 0
n−1 0 1 91 0 1
1 91 0 0 0 0
1 91 0 0 91 0
n−1 0 1 91 0 0
1 91 0 0 91 0
n−1 0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 91 0 0 0 0
1 91 0 0 91 0
n−1 0 1 0 0 91
1 91 0 0 91 0
n−1 0 1 1 0 91

c3↔c4−−−−→

1 n−1 1 n−1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 91 0 0 0 0
1 91 0 91 0 0
n−1 0 1 0 0 91
1 91 0 91 0 0
n−1 0 1 0 1 91

c4↔c5−−−−→

1 n−1 1 n−1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 91 0 0 0 0
1 91 0 91 0 0
n−1 0 1 0 91 0
1 91 0 91 0 0
n−1 0 1 0 91 1

4. f4 =

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
 ∈M2n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
 c1↔c2−−−−→

1 n−1 n−1
1 91 0 0
n−1 0 1 91
1 91 0 0
n−1 0 1 0
 c3←c3+c2−−−−−−→

1 n−1 n−1
1 91 0 0
n−1 0 1 0
1 91 0 0
n−1 0 1 1

5. f5 =
[n−1 1
1 0 91
n−1 1 0
]
∈Mn,n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f5 =
[n−1 1
1 0 91
n−1 1 0
]
r1↔r2−−−−→
[n−1 1
n−1 1 0
1 0 91
]
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6. f6 =

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0
+
[n−1 n
n 0 91
n 0 0
]
∈M2n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 n−2 1 n−2 1
1 1 0 91 0 0
n−2 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0

c3←c3+c1−−−−−−→

1 n−2 1 n−2 1
1 1 0 0 0 0
n−2 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 1 0 0
n−2 0 1 0 0 0

c4←c4+c2−−−−−−→

1 n−2 1 n−2 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 1 0 0
n−2 0 1 0 1 0

c3↔c5−−−−→

1 n−2 1 n−2 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 0 0 91 0 0
1 0 0 0 0 91
1 1 0 0 0 1
n−2 0 1 0 1 0

c4↔c5−−−−→

1 n−2 1 1 n−2
1 1 0 0 0 0
n−2 0 1 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 1 0 0 1 0
n−2 0 1 0 0 1

7. f7 =

1 n−2
1 91 0
1 1 0
n−2 0 1
 ∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n, 1)→ R20(2) P
1. g1 =
[ 1 n−1 1
1 1 0 91
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
∈M2,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
r1↔r2−−−−→
[ 1 n−1 1 1 n−1
1 1 0 91 0 0
1 0 0 0 1 0
]
3. g3 =
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
∈M2,3n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
r1↔r2−−−−→
[ 1 n−1 1 1 n−1 1 1 n−2
1 1 0 91 0 0 0 0 0
1 0 0 0 1 0 91 91 0
]
4. g4 =
[ 1 n−1 1 n−1
1 1 0 91 0
]
∈M1,2n(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
6. g6 =
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
]
∈M1,2n(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1 1 n−2
1 91 91 0
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 4, 7)→ P (6n, 1) P
1. f2 ·MP (6n−4,7)1→2 −MP (6n,1)1→2 · f1 = 0
f2 ·MP (6n−4,7)1→2 =

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
 ·
[ n
n−1 0
n 1
]
=

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
 ·

1 n−1
n−1 0 0
1 1 0
n−1 0 1
 =

1 n−1
1 1 0
n−1 0 1
1 1 0
1 0 0
n−1 0 0
 =

1 n−1
1 1 0
n−1 0 1
1 1 0
n 0 0

M
P (6n,1)
1→2 · f1 =
[n+1
n+1 1
n 0
]
·

1 n−1
1 1 0
n−1 0 1
1 1 0
 =

1 n−1 1
1 1 0 0
n−1 0 1 0
1 0 0 1
n 0 0 0
 ·

1 n−1
1 1 0
n−1 0 1
1 1 0
 =

1 n−1
1 1 0
n−1 0 1
1 1 0
n 0 0

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f2 ·MP (6n−4,7)1→2 −MP (6n,1)1→2 · f1 =

1 n−1
1 1 0
n−1 0 1
1 1 0
n 0 0
−

1 n−1
1 1 0
n−1 0 1
1 1 0
n 0 0
 =
[ n
2n+1 0
]
2. f3 ·MP (6n−4,7)2→3 −MP (6n,1)2→3 · f2 = 0
f3 ·MP (6n−4,7)2→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·
[2n−1
n 0
2n−1 1
]
=

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 0 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
n 0 0 0 0 0

·

n−1 1 n−1
n−1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

·

n−1 1 n−1
n−1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
+

n−1 1 2n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

2n−1
n−1 0
1 0
2n−1 1

=

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 1 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

2n−1
n+2 0
n−1 0
n 0
 =

n−2 1 1 n−2 1
1 0 0 1 0 0
n−2 91 0 0 1 0
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
n−2 91 0 0 0 0
1 0 91 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0

+

n−1 1 n−1
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 1 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n−1 1 n−1
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0

=

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
n 0 0 0

M
P (6n,1)
2→3 · f2 =
[2n+1
2n+1 1
n 0
]
·

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
 =

1 n−1 1 1 n−1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
n 0 0 0 0 0

·

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
 =

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
n 0 0 0

f3 ·MP (6n−4,7)2→3 −MP (6n,1)2→3 · f2 =

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
n 0 0 0

−

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
n 0 0 0

=
[2n−1
3n+1 0
]
3. f3 ·MP (6n−4,7)4→3 −MP (6n,1)4→3 · f4 = 0
f3 ·MP (6n−4,7)4→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·
[2n−1
2n−1 1
n 0
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n−1 0 0 0
+

n−1 n n
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0

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=
n−1 n
n 0 91
1 0 0
n 0 91
n 0 0
+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 91 0
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0

+

n−1 n
n+2 0 0
n−1 1 0
n 0 0

=

n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 0 0 91
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 91 0
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0

+

n−1 1 n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 =

n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 91 0
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0

M
P (6n,1)
4→3 · f4 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
 =

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
 ·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
+

1 n−1 1 n−1
n+1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0

=

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
 =

1 n−2 1 1 n−2
1 0 0 91 0 0
1 1 0 0 91 0
n−2 0 1 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

+

n−2 1 1 n−2 1
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
n−2 1 0 0 91 0
1 0 1 0 0 91
1 0 0 91 0 0
n−2 1 0 0 0 0
1 0 1 0 0 0

=

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0

f3 ·MP (6n−4,7)4→3 −MP (6n,1)4→3 · f4 =


n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 91 0
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0


−


n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0


=

[n−1 1 n−1
1 0 91 0
3n 0 0 0
]
+

n n−1
1 0 0
n−1 0 91
2n+1 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
2n−1 0 0 0
+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

n n−1
n+2 0 0
n−1 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2n+1 0 0
+

n−1 1 n−1
n 0 0 0
1 0 91 0
2n 0 0 0

+

n−1 n
n+1 0 0
n−1 1 0
n+1 0 0
+

n−1 1 n−1
2n+1 0 0 0
1 0 91 0
n−1 0 0 0
+ [
n−1 n
2n+2 0 0
n−1 1 0
]

−

[n−1 1 n−1
1 0 91 0
3n 0 0 0
]
+

n n−1
1 0 0
n−1 0 91
2n+1 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
2n−1 0 0 0
+

n−1 n
n+2 0 0
n−1 1 0
n 0 0

+

n n−1
n+2 0 0
n−1 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2n+1 0 0
+

n−1 1 n−1
n 0 0 0
1 0 91 0
2n 0 0 0
+

n−1 n
n+1 0 0
n−1 1 0
n+1 0 0
+

n−1 1 n−1
2n+1 0 0 0
1 0 91 0
n−1 0 0 0
+ [
n−1 n
2n+2 0 0
n−1 1 0
]

=
[2n−1
3n+1 0
]
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4. f4 ·MP (6n−4,7)5→4 −MP (6n,1)5→4 · f5 = 0
f4 ·MP (6n−4,7)5→4 =

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
 ·
[ n
n 1
n−1 0
]
=

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
 ·

n−1 1
n−1 1 0
1 0 1
n−1 0 0
 =

n−1 1
1 0 91
n−1 1 0
1 0 91
n−1 1 0

M
P (6n,1)
5→4 · f5 =
[ n
n 1
n 1
]
·
[n−1 1
1 0 91
n−1 1 0
]
=

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
 ·
[n−1 1
1 0 91
n−1 1 0
]
=

n−1 1
1 0 91
n−1 1 0
1 0 91
n−1 1 0

f4 ·MP (6n−4,7)5→4 −MP (6n,1)5→4 · f5 =

n−1 1
1 0 91
n−1 1 0
1 0 91
n−1 1 0
−

n−1 1
1 0 91
n−1 1 0
1 0 91
n−1 1 0
 =
[ n
2n 0
]
5. f3 ·MP (6n−4,7)6→3 −MP (6n,1)6→3 · f6 = 0
f3 ·MP (6n−4,7)6→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 0 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
n 0 0 0 0 0

·

n−1 1 n−1
n−1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n−1 0 0 0

+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

·

n−1 1 n−1
n−1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
+

n−1 n n
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 2n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

2n−1
n−1 0
1 0
2n−1 1

=

n−1 n
n 0 91
1 0 0
n 0 91
n 0 0
+

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 91 0
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 1 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

2n−1
n+2 0
n−1 0
n 0

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=
n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 0 0 91
n 0 0 0

+

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 91 0
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 1 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n−1 1 n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
+

n−1 1 n−1
n+2 0 0 0
n−1 0 0 0
n 0 0 0

=

1 n−2 1 n−2 1
n+1 0 0 0 0 0
1 1 0 91 0 0
n−2 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0

M
P (6n,1)
6→3 · f6 =
[2n
n+1 0
2n 1
]
·


n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0
+
[n−1 n
n 0 91
n 0 0
]

=

n−1 1 1 n−1
n+1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0
+

n n
n+1 0 0
n 1 0
n 0 1
 · [
n−1 n
n 0 91
n 0 0
]
=

n−1 1 n−1
n+1 0 0 0
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0
+

n−1 n
n+1 0 0
n 0 91
n 0 0
 =

1 n−2 1 n−1
n+1 0 0 0 0
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 0
1 0 0 91 0
1 1 0 0 0
n−2 0 1 0 0

+

n−1 1 n−2 1
n+1 0 0 0 0
1 0 91 0 0
n−2 0 0 91 0
1 0 0 0 91
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0

=

1 n−2 1 n−2 1
n+1 0 0 0 0 0
1 1 0 91 0 0
n−2 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0

f3 ·MP (6n−4,7)6→3 −MP (6n,1)6→3 · f6 =

1 n−2 1 n−2 1
n+1 0 0 0 0 0
1 1 0 91 0 0
n−2 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0

−

1 n−2 1 n−2 1
n+1 0 0 0 0 0
1 1 0 91 0 0
n−2 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0

=
[2n−1
3n+1 0
]
6. f6 ·MP (6n−4,7)7→6 −MP (6n,1)7→6 · f7 = 0
f6 ·MP (6n−4,7)7→6 =


n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0
+
[n−1 n
n 0 91
n 0 0
]

·

n−1
n−1 1
n−1 1
1 0
 =

1 n−2 1 n−2 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0

·

1 n−2
1 1 0
n−2 0 1
1 1 0
n−2 0 1
1 0 0
+

n−1 n−1 1
n−1 0 91 0
1 0 0 91
n 0 0 0
 ·

n−1
n−1 1
n−1 1
1 0

=

1 n−2
1 1 0
n−2 0 1
1 0 0
1 91 0
1 1 0
n−2 0 1

+

n−1
n−1 91
1 0
n 0
 =

1 n−2
1 1 0
n−2 0 1
1 0 0
1 91 0
1 1 0
n−2 0 1

+

1 n−2
1 91 0
n−2 0 91
1 0 0
1 0 0
1 0 0
n−2 0 0

=

1 n−2
n 0 0
1 91 0
1 1 0
n−2 0 1

M
P (6n,1)
7→6 · f7 =
[ n
n 0
n 1
]
·

1 n−2
1 91 0
1 1 0
n−2 0 1
 =

1 1 n−2
n 0 0 0
1 1 0 0
1 0 1 0
n−2 0 0 1
 ·

1 n−2
1 91 0
1 1 0
n−2 0 1
 =

1 n−2
n 0 0
1 91 0
1 1 0
n−2 0 1

f6 ·MP (6n−4,7)7→6 −MP (6n,1)7→6 · f7 =

1 n−2
n 0 0
1 91 0
1 1 0
n−2 0 1
−

1 n−2
n 0 0
1 91 0
1 1 0
n−2 0 1
 =
[n−1
2n 0
]
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Relations of the projection g : P (6n, 1)→ R20(2) P
1. g2 ·MP (6n,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (6n,1)1→2 =
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
·
[n+1
n+1 1
n 0
]
=
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
·

1 n−1 1
1 1 0 0
n−1 0 1 0
1 0 0 1
1 0 0 0
n−1 0 0 0
 =
[ 1 n−1 1
1 0 0 0
1 1 0 91
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[ 1 n−1 1
1 1 0 91
]
=
[ 1 n−1 1
1 0 0 0
1 1 0 91
]
g2 ·MP (6n,1)1→2 −MR
2
0(2)
1→2 · g1 =
[ 1 n−1 1
1 0 0 0
1 1 0 91
]
−
[ 1 n−1 1
1 0 0 0
1 1 0 91
]
=
[n+1
2 0
]
2. g3 ·MP (6n,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (6n,1)2→3 =
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·
[2n+1
2n+1 1
n 0
]
=
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

1 n−1 1 1 n−1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0

=
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
M
R20(2)
2→3 · g2 =
[
1 0
0 1
]
·
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
=
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
g3 ·MP (6n,1)2→3 −MR
2
0(2)
2→3 · g2 =
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
−
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
=
[2n+1
2 0
]
3. g3 ·MP (6n,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (6n,1)4→3 =
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
=
[ 1 n−1 1 1 n−2 1 1 1 n−2
1 0 0 0 1 0 0 91 91 0
1 1 0 91 0 0 0 0 0 0
]
·

1 n−1 1 1 n−2
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−2 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0

+
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

1 n−1 1 1 n−2
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−2 0 0 0 0 1

=
[ 1 n−1 1 1 n−2
1 0 0 0 1 0
1 1 0 91 0 0
]
+
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
1 0 0 0 0 0
]
=
[ 1 n−1 1 n−1
1 1 0 91 0
1 1 0 91 0
]
M
R20(2)
4→3 · g4 =
[
1
1
]
·
[ 1 n−1 1 n−1
1 1 0 91 0
]
=
[ 1 n−1 1 n−1
1 1 0 91 0
1 1 0 91 0
]
g3 ·MP (6n,1)4→3 −MR
2
0(2)
4→3 · g4 =
[ 1 n−1 1 n−1
1 1 0 91 0
1 1 0 91 0
]
−
[ 1 n−1 1 n−1
1 1 0 91 0
1 1 0 91 0
]
=
[2n
2 0
]
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4. g4 ·MP (6n,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (6n,1)5→4 =
[ 1 n−1 1 n−1
1 1 0 91 0
]
·
[ n
n 1
n 1
]
=
[ 1 n−1 1 n−1
1 1 0 91 0
]
·

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
 =
[ n
1 0
]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g4 ·MP (6n,1)5→4 −MR
2
0(2)
5→4 · g5 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
5. g3 ·MP (6n,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (6n,1)6→3 =
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·
[2n
n+1 0
2n 1
]
=
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

1 n−1 1 1 n−2
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−2 0 0 0 0 1

=
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
1 0 0 0 0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
]
=
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
1 0 0 0 0 0
]
g3 ·MP (6n,1)6→3 −MR
2
0(2)
6→3 · g6 =
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
1 0 0 0 0 0
]
−
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
1 0 0 0 0 0
]
=
[2n
2 0
]
6. g6 ·MP (6n,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (6n,1)7→6 =
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
]
·
[ n
n 0
n 1
]
=
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
]
·

1 1 n−2
1 0 0 0
n−1 0 0 0
1 1 0 0
1 0 1 0
n−2 0 0 1
 =
[ 1 1 n−2
1 91 91 0
]
M
R20(2)
7→6 · g7 =
[
1
]
·
[ 1 1 n−2
1 91 91 0
]
=
[ 1 1 n−2
1 91 91 0
]
g6 ·MP (6n,1)7→6 −MR
2
0(2)
7→6 · g7 =
[ 1 1 n−2
1 91 91 0
]
−
[ 1 1 n−2
1 91 91 0
]
=
[ n
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 n−1 1
1 1 0 91
]
·

1 n−1
1 1 0
n−1 0 1
1 1 0
 = [ n1 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 1 0 91 0 0
]
·

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 1 0
1 0 0 0
n−1 91 0 0
 =
[2n−1
2 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 1 n−1 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 91 0 1 0
n−1 1 0 0 0 0
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


=
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 0 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0

+
[ 1 1 n−2 1 1 n−2 1 1 1 n−2
1 0 0 0 0 1 0 0 91 91 0
1 1 0 0 91 0 0 0 0 0 0
]
·

1 n−2 1 n−1 1 n−1
1 0 0 0 0 0 0
1 1 0 0 0 0 0
n−2 0 1 0 0 0 0
1 0 0 91 0 1 0
1 1 0 0 0 0 0
n−2 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 0 0 0
n−2 0 1 0 0 0 0

+
[ 1 n−1 1 1 n−1 1 1 n−2
1 0 0 0 1 0 91 91 0
1 1 0 91 0 0 0 0 0
]
·

n−1 2n
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 1 0
1 0 0
1 0 0
n−2 0 0

=
[n−1 1 n−1 1 n−1
1 0 91 0 0 0
1 0 91 0 1 0
]
+
[ 1 n−2 1 n−1 1 n−1
1 0 0 1 0 0 0
1 0 0 1 0 91 0
]
+
[n−1 2n
1 0 0
1 0 0
]
=
[ 1 n−2 1 n−1 1 n−1
1 0 0 91 0 0 0
1 0 0 91 0 1 0
]
+
[ 1 n−2 1 n−1 1 n−1
1 0 0 1 0 0 0
1 0 0 1 0 91 0
]
+
[ 1 n−2 1 n−1 1 n−1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
]
=
[3n−1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 n−1 1 n−1
1 1 0 91 0
]
·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 91 0
n−1 1 0 0
 =
[2n−1
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n
0 0
]
·
[n−1 1
1 0 91
n−1 1 0
]
=
[ 1 n−1
0 0 0
]
·
[n−1 1
1 0 91
n−1 1 0
]
=
[ n
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
]
·


n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 91 0
n−1 1 0 0
+
[n−1 n
n 0 91
n 0 0
]

=
[ 1 n−2 1 1 1 n−2
1 1 0 0 91 91 0
]
·

1 n−2 1 n−1
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 0
1 0 0 91 0
1 1 0 0 0
n−2 0 1 0 0

+
[ 1 n−1 1 1 n−2
1 1 0 91 91 0
]
·

n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 0 0
n−2 0 0 0

=
[ 1 n−2 1 n−1
1 0 0 1 0
]
+
[n−1 1 n−1
1 0 91 0
]
=
[ 1 n−2 1 n−1
1 0 0 1 0
]
+
[ 1 n−2 1 n−1
1 0 0 91 0
]
=
[2n−1
1 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 1 1 n−2
1 91 91 0
]
·

1 n−2
1 91 0
1 1 0
n−2 0 1
 = [n−11 0 ]
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119 Tree module property of P (6n+ 1, 1)
119.1 Tree module property of P (1, 1) 
The representation of P (1, 1):
dimP (1, 1) = (0, 0, 1, 1, 0, 1, 0)
P (1, 1) = (M1→2 = 0, M2→3 = 0, M4→3 = ( 1 ) , M5→4 = 0, M6→3 = ( 1 ) , M7→6 = 0)
The length of P (1, 1) is: 0 + 0 + 1 + 1 + 0 + 1 + 0 = 3.
The total number of ones in the matrices of the representation: 2.
A = M(EndkQ(P (1, 1))) ∈M2,3(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (1, 1).
A =
(
91 1 0
91 0 1
)
←−
−1
+
∼
(
91 1 0
0 91 1
)
As the above computation shows, dim EndkQ(P (1, 1)) = corank(A) = 1 in every field k, therefore P (1, 1) has the (field independent) tree module property.
119.2 Tree module property of P (7, 1) 
The matrices of the representation have full (column) rank P
1. MP (7,1)1→2 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. MP (7,1)2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
3. MP (7,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
4. MP (7,1)5→4 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. MP (7,1)6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. MP (7,1)7→6 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
119.2.1 0→ P (3, 5) f→ P (7, 1) g→ R31(2)→ 0 
PdimP (3, 5) + dimR
3
1(2) = (0, 1, 2, 2, 1, 1, 0) + (1, 1, 2, 1, 0, 2, 1)
= (1, 2, 4, 3, 1, 3, 1) = dimP (7, 1)
Pdimk Ext
1
kQ(R
3
1(2), P (3, 5)) = dimk HomkQ(R
3
1(2), P (3, 5))− 〈dimR31(2),dimP (3, 5)〉
= 0− 〈(1, 1, 2, 1, 0, 2, 1), (0, 1, 2, 2, 1, 1, 0)〉
= 1 · 1 + 1 · 2 + 1 · 2 + 0 · 2 + 2 · 2 + 1 · 1− (1 · 0 + 1 · 1 + 2 · 2 + 1 · 2 + 0 · 1 + 2 · 1 + 1 · 0)
= 1 + 2 + 2 + 0 + 4 + 1− (0 + 1 + 4 + 2 + 0 + 2 + 0)
= 1
Matrices of the embedding f : P (3, 5)→ P (7, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 91
0 0
1 0
0 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 91
0 0
1 0
0 0
 c2←c2+c1−−−−−−→

1 0
0 0
1 1
0 0

4. f4 =
1 910 0
1 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =
1 910 0
1 0
 c2←c2+c1−−−−−−→
1 00 0
1 1

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5. f5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. f6 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : P (7, 1)→ R31(2) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 1
0 91 0 1
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
0 0 0 1
0 91 0 1
]
r1↔r2−−−−→
[
0 91 0 1
0 0 0 1
]
4. g4 =
[
0 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
6. g6 =
[
0 0 1
91 0 1
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[
0 0 1
91 0 1
]
r1↔r2−−−−→
[
91 0 1
0 0 1
]
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 5)→ P (7, 1) P
1. f2 ·MP (3,5)1→2 −MP (7,1)1→2 · f1 = 0
f2 ·MP (3,5)1→2 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (7,1)
1→2 · f1 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f2 ·MP (3,5)1→2 −MP (7,1)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·MP (3,5)2→3 −MP (7,1)2→3 · f2 = 0
f3 ·MP (3,5)2→3 =

1 91
0 0
1 0
0 0
 ·
[
1
0
]
=

1
0
1
0

M
P (7,1)
2→3 · f2 =
[ 2
2 1
2 1
]
·
[
1
0
]
=

1 0
0 1
1 0
0 1
 ·
[
1
0
]
=

1
0
1
0

f3 ·MP (3,5)2→3 −MP (7,1)2→3 · f2 =

1
0
1
0
−

1
0
1
0
 =
[ 1
4 0
]
3. f3 ·MP (3,5)4→3 −MP (7,1)4→3 · f4 = 0
f3 ·MP (3,5)4→3 =

1 91
0 0
1 0
0 0
 ·
[ 2
2 1
]
=

1 91
0 0
1 0
0 0
 ·
[
1 0
0 1
]
=

1 91
0 0
1 0
0 0

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M
P (7,1)
4→3 · f4 =
[ 3
3 1
1 0
]
·
1 910 0
1 0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
1 910 0
1 0
 =

1 91
0 0
1 0
0 0

f3 ·MP (3,5)4→3 −MP (7,1)4→3 · f4 =

1 91
0 0
1 0
0 0
−

1 91
0 0
1 0
0 0
 =
[ 2
4 0
]
4. f4 ·MP (3,5)5→4 −MP (7,1)5→4 · f5 = 0
f4 ·MP (3,5)5→4 =
1 910 0
1 0
 · [0
1
]
=
910
0
 = [
1
1 91
2 0
]
M
P (7,1)
5→4 · f5 =
[ 1
1 1
2 0
]
·
[
91
]
=
[ 1
1 91
2 0
]
f4 ·MP (3,5)5→4 −MP (7,1)5→4 · f5 =
[ 1
1 91
2 0
]
−
[ 1
1 91
2 0
]
=
[ 1
3 0
]
5. f3 ·MP (3,5)6→3 −MP (7,1)6→3 · f6 = 0
f3 ·MP (3,5)6→3 =

1 91
0 0
1 0
0 0
 ·
[
1
1
]
=

0
0
1
0
 =

1
2 0
1 1
1 0

M
P (7,1)
6→3 · f6 =
[ 3
1 0
3 1
]
·
01
0
 =

0 0 0
1 0 0
0 1 0
0 0 1
 ·
01
0
 =

0
0
1
0
 =

1
2 0
1 1
1 0

f3 ·MP (3,5)6→3 −MP (7,1)6→3 · f6 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
6. f6 ·MP (3,5)7→6 −MP (7,1)7→6 · f7 = 0
f6 ·MP (3,5)7→6 =
01
0
 · [ 01 0 ] = [ 03 0 ]
M
P (7,1)
7→6 · f7 =
[ 1
2 0
1 1
]
·
[ 0
1 0
]
=
[ 0
3 0
]
f6 ·MP (3,5)7→6 −MP (7,1)7→6 · f7 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
Relations of the projection g : P (7, 1)→ R31(2) P
1. g2 ·MP (7,1)1→2 −MR
3
1(2)
1→2 · g1 = 0
g2 ·MP (7,1)1→2 =
[
0 1
]
·
[
1
1
]
=
[
1
]
M
R31(2)
1→2 · g1 =
[
1
]
·
[
1
]
=
[
1
]
g2 ·MP (7,1)1→2 −MR
3
1(2)
1→2 · g1 =
[
1
]
−
[
1
]
=
[
0
]
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2. g3 ·MP (7,1)2→3 −MR
3
1(2)
2→3 · g2 = 0
g3 ·MP (7,1)2→3 =
[
0 0 0 1
0 91 0 1
]
·
[ 2
2 1
2 1
]
=
[
0 0 0 1
0 91 0 1
]
·

1 0
0 1
1 0
0 1
 =
[
0 1
0 0
]
M
R31(2)
2→3 · g2 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g3 ·MP (7,1)2→3 −MR
3
1(2)
2→3 · g2 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
3. g3 ·MP (7,1)4→3 −MR
3
1(2)
4→3 · g4 = 0
g3 ·MP (7,1)4→3 =
[
0 0 0 1
0 91 0 1
]
·
[ 3
3 1
1 0
]
=
[
0 0 0 1
0 91 0 1
]
·

1 0 0
0 1 0
0 0 1
0 0 0
 =
[
0 0 0
0 91 0
]
M
R31(2)
4→3 · g4 =
[
0
1
]
·
[
0 91 0
]
=
[
0 0 0
0 91 0
]
g3 ·MP (7,1)4→3 −MR
3
1(2)
4→3 · g4 =
[
0 0 0
0 91 0
]
−
[
0 0 0
0 91 0
]
=
[ 3
2 0
]
4. g4 ·MP (7,1)5→4 −MR
3
1(2)
5→4 · g5 = 0
g4 ·MP (7,1)5→4 =
[
0 91 0
]
·
[ 1
1 1
2 0
]
=
[
0 91 0
]
·
10
0
 = [0]
M
R31(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g4 ·MP (7,1)5→4 −MR
3
1(2)
5→4 · g5 =
[
0
]
−
[
0
]
=
[
0
]
5. g3 ·MP (7,1)6→3 −MR
3
1(2)
6→3 · g6 = 0
g3 ·MP (7,1)6→3 =
[
0 0 0 1
0 91 0 1
]
·
[ 3
1 0
3 1
]
=
[
0 0 0 1
0 91 0 1
]
·

0 0 0
1 0 0
0 1 0
0 0 1
 =
[
0 0 1
91 0 1
]
M
R31(2)
6→3 · g6 =
[ 2
2 1
]
·
[
0 0 1
91 0 1
]
=
[
1 0
0 1
]
·
[
0 0 1
91 0 1
]
=
[
0 0 1
91 0 1
]
g3 ·MP (7,1)6→3 −MR
3
1(2)
6→3 · g6 =
[
0 0 1
91 0 1
]
−
[
0 0 1
91 0 1
]
=
[ 3
2 0
]
6. g6 ·MP (7,1)7→6 −MR
3
1(2)
7→6 · g7 = 0
g6 ·MP (7,1)7→6 =
[
0 0 1
91 0 1
]
·
[ 1
2 0
1 1
]
=
[
0 0 1
91 0 1
]
·
00
1
 = [1
1
]
M
R31(2)
7→6 · g7 =
[
1
1
]
·
[
1
]
=
[
1
1
]
g6 ·MP (7,1)7→6 −MR
3
1(2)
7→6 · g7 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1
]
·
[
1
0
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 0 0 1
0 91 0 1
]
·

1 91
0 0
1 0
0 0
 =
[ 2
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 91 0
]
·
1 910 0
1 0
 = [ 21 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1
0 0
]
·
[
91
]
=
[ 1
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 0 1
91 0 1
]
·
01
0
 = [ 12 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
119.2.2 0→ P (3, 7) f→ P (7, 1) g→ R30(2)→ 0 
PdimP (3, 7) + dimR
3
0(2) = (0, 1, 2, 1, 0, 2, 1) + (1, 1, 2, 2, 1, 1, 0)
= (1, 2, 4, 3, 1, 3, 1) = dimP (7, 1)
Pdimk Ext
1
kQ(R
3
0(2), P (3, 7)) = dimk HomkQ(R
3
0(2), P (3, 7))− 〈dimR30(2),dimP (3, 7)〉
= 0− 〈(1, 1, 2, 2, 1, 1, 0), (0, 1, 2, 1, 0, 2, 1)〉
= 1 · 1 + 1 · 2 + 2 · 2 + 1 · 1 + 1 · 2 + 0 · 2− (1 · 0 + 1 · 1 + 2 · 2 + 2 · 1 + 1 · 0 + 1 · 2 + 0 · 1)
= 1 + 2 + 4 + 1 + 2 + 0− (0 + 1 + 4 + 2 + 0 + 2 + 0)
= 1
Matrices of the embedding f : P (3, 7)→ P (7, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
1 0
0 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
4. f4 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
1 00 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Matrices of the projection g : P (7, 1)→ R30(2) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 1 0
91 0 1 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
0 0 1 0
91 0 1 0
]
r1↔r2−−−−→
[
91 0 1 0
0 0 1 0
]
4. g4 =
[
0 0 1
91 0 1
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[
0 0 1
91 0 1
]
r1↔r2−−−−→
[
91 0 1
0 0 1
]
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
Relations of the embedding f : P (3, 7)→ P (7, 1) P
1. f2 ·MP (3,7)1→2 −MP (7,1)1→2 · f1 = 0
f2 ·MP (3,7)1→2 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (7,1)
1→2 · f1 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f2 ·MP (3,7)1→2 −MP (7,1)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·MP (3,7)2→3 −MP (7,1)2→3 · f2 = 0
f3 ·MP (3,7)2→3 =

0 0
1 0
0 0
0 1
 ·
[
1
1
]
=

0
1
0
1

M
P (7,1)
2→3 · f2 =
[ 2
2 1
2 1
]
·
[
0
1
]
=

1 0
0 1
1 0
0 1
 ·
[
0
1
]
=

0
1
0
1

f3 ·MP (3,7)2→3 −MP (7,1)2→3 · f2 =

0
1
0
1
−

0
1
0
1
 =
[ 1
4 0
]
3. f3 ·MP (3,7)4→3 −MP (7,1)4→3 · f4 = 0
f3 ·MP (3,7)4→3 =

0 0
1 0
0 0
0 1
 ·
[
1
0
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

M
P (7,1)
4→3 · f4 =
[ 3
3 1
1 0
]
·
01
0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
01
0
 =

0
1
0
0
 =

1
1 0
1 1
2 0

f3 ·MP (3,7)4→3 −MP (7,1)4→3 · f4 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
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4. f4 ·MP (3,7)5→4 −MP (7,1)5→4 · f5 = 0
f4 ·MP (3,7)5→4 =
01
0
 · [ 01 0 ] = [ 03 0 ]
M
P (7,1)
5→4 · f5 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
f4 ·MP (3,7)5→4 −MP (7,1)5→4 · f5 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
5. f3 ·MP (3,7)6→3 −MP (7,1)6→3 · f6 = 0
f3 ·MP (3,7)6→3 =

0 0
1 0
0 0
0 1
 ·
[ 2
2 1
]
=

0 0
1 0
0 0
0 1
 ·
[
1 0
0 1
]
=

0 0
1 0
0 0
0 1

M
P (7,1)
6→3 · f6 =
[ 3
1 0
3 1
]
·
1 00 0
0 1
 =

0 0 0
1 0 0
0 1 0
0 0 1
 ·
1 00 0
0 1
 =

0 0
1 0
0 0
0 1

f3 ·MP (3,7)6→3 −MP (7,1)6→3 · f6 =

0 0
1 0
0 0
0 1
−

0 0
1 0
0 0
0 1
 =
[ 2
4 0
]
6. f6 ·MP (3,7)7→6 −MP (7,1)7→6 · f7 = 0
f6 ·MP (3,7)7→6 =
1 00 0
0 1
 · [0
1
]
=
00
1
 = [
1
2 0
1 1
]
M
P (7,1)
7→6 · f7 =
[ 1
2 0
1 1
]
·
[
1
]
=
[ 1
2 0
1 1
]
f6 ·MP (3,7)7→6 −MP (7,1)7→6 · f7 =
[ 1
2 0
1 1
]
−
[ 1
2 0
1 1
]
=
[ 1
3 0
]
Relations of the projection g : P (7, 1)→ R30(2) P
1. g2 ·MP (7,1)1→2 −MR
3
0(2)
1→2 · g1 = 0
g2 ·MP (7,1)1→2 =
[
1 0
]
·
[
1
1
]
=
[
1
]
M
R30(2)
1→2 · g1 =
[
1
]
·
[
1
]
=
[
1
]
g2 ·MP (7,1)1→2 −MR
3
0(2)
1→2 · g1 =
[
1
]
−
[
1
]
=
[
0
]
2. g3 ·MP (7,1)2→3 −MR
3
0(2)
2→3 · g2 = 0
g3 ·MP (7,1)2→3 =
[
0 0 1 0
91 0 1 0
]
·
[ 2
2 1
2 1
]
=
[
0 0 1 0
91 0 1 0
]
·

1 0
0 1
1 0
0 1
 =
[
1 0
0 0
]
M
R30(2)
2→3 · g2 =
[
1
0
]
·
[
1 0
]
=
[
1 0
0 0
]
g3 ·MP (7,1)2→3 −MR
3
0(2)
2→3 · g2 =
[
1 0
0 0
]
−
[
1 0
0 0
]
=
[ 2
2 0
]
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3. g3 ·MP (7,1)4→3 −MR
3
0(2)
4→3 · g4 = 0
g3 ·MP (7,1)4→3 =
[
0 0 1 0
91 0 1 0
]
·
[ 3
3 1
1 0
]
=
[
0 0 1 0
91 0 1 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
 =
[
0 0 1
91 0 1
]
M
R30(2)
4→3 · g4 =
[ 2
2 1
]
·
[
0 0 1
91 0 1
]
=
[
1 0
0 1
]
·
[
0 0 1
91 0 1
]
=
[
0 0 1
91 0 1
]
g3 ·MP (7,1)4→3 −MR
3
0(2)
4→3 · g4 =
[
0 0 1
91 0 1
]
−
[
0 0 1
91 0 1
]
=
[ 3
2 0
]
4. g4 ·MP (7,1)5→4 −MR
3
0(2)
5→4 · g5 = 0
g4 ·MP (7,1)5→4 =
[
0 0 1
91 0 1
]
·
[ 1
1 1
2 0
]
=
[
0 0 1
91 0 1
]
·
10
0
 = [ 091
]
M
R30(2)
5→4 · g5 =
[
0
1
]
·
[
91
]
=
[
0
91
]
g4 ·MP (7,1)5→4 −MR
3
0(2)
5→4 · g5 =
[
0
91
]
−
[
0
91
]
=
[ 1
2 0
]
5. g3 ·MP (7,1)6→3 −MR
3
0(2)
6→3 · g6 = 0
g3 ·MP (7,1)6→3 =
[
0 0 1 0
91 0 1 0
]
·
[ 3
1 0
3 1
]
=
[
0 0 1 0
91 0 1 0
]
·

0 0 0
1 0 0
0 1 0
0 0 1
 =
[
0 1 0
0 1 0
]
M
R30(2)
6→3 · g6 =
[
1
1
]
·
[
0 1 0
]
=
[
0 1 0
0 1 0
]
g3 ·MP (7,1)6→3 −MR
3
0(2)
6→3 · g6 =
[
0 1 0
0 1 0
]
−
[
0 1 0
0 1 0
]
=
[ 3
2 0
]
6. g6 ·MP (7,1)7→6 −MR
3
0(2)
7→6 · g7 = 0
g6 ·MP (7,1)7→6 =
[
0 1 0
]
·
[ 1
2 0
1 1
]
=
[
0 1 0
]
·
00
1
 = [0]
M
R30(2)
7→6 · g7 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g6 ·MP (7,1)7→6 −MR
3
0(2)
7→6 · g7 =
[
0
]
−
[
0
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0
]
·
[
0
1
]
=
[
0
]
513
3. g3 · f3 = 0
g3 · f3 =
[
0 0 1 0
91 0 1 0
]
·

0 0
1 0
0 0
0 1
 =
[ 2
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 0 1
91 0 1
]
·
01
0
 = [ 12 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 1 0
]
·
1 00 0
0 1
 = [ 21 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
119.3 Tree module property of P (13, 1) 
The matrices of the representation have full (column) rank P
1. MP (13,1)1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. MP (13,1)2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
3. MP (13,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
4. MP (13,1)5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
5. MP (13,1)6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
6. MP (13,1)7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
514
119.3.1 0→ P (9, 5) f→ P (13, 1) g→ R31(2)→ 0 
PdimP (9, 5) + dimR31(2) = (1, 3, 5, 4, 2, 3, 1) + (1, 1, 2, 1, 0, 2, 1)
= (2, 4, 7, 5, 2, 5, 2) = dimP (13, 1)
Pdimk Ext
1
kQ(R
3
1(2), P (9, 5)) = dimk HomkQ(R
3
1(2), P (9, 5))− 〈dimR31(2),dimP (9, 5)〉
= 0− 〈(1, 1, 2, 1, 0, 2, 1), (1, 3, 5, 4, 2, 3, 1)〉
= 1 · 3 + 1 · 5 + 1 · 5 + 0 · 4 + 2 · 5 + 1 · 3− (1 · 1 + 1 · 3 + 2 · 5 + 1 · 4 + 0 · 2 + 2 · 3 + 1 · 1)
= 3 + 5 + 5 + 0 + 10 + 3− (1 + 3 + 10 + 4 + 0 + 6 + 1)
= 1
Matrices of the embedding f : P (9, 5)→ P (13, 1) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 91 0
1 0 91
0 0 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

0 91 0
1 0 91
0 0 0
1 0 0
 c1↔c2−−−−→

91 0 0
0 1 91
0 0 0
0 1 0
 c3←c3+c2−−−−−−→

91 0 0
0 1 0
0 0 0
0 1 1

3. f3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

c1↔c2−−−−→

91 0 0 1 0
0 1 91 0 1
0 0 0 0 0
91 1 0 0 0
0 1 91 0 0
0 0 0 0 0
0 1 0 0 0

c4←c4+c1−−−−−−→

91 0 0 0 0
0 1 91 0 1
0 0 0 0 0
91 1 0 91 0
0 1 91 0 0
0 0 0 0 0
0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

91 0 0 0 0
0 1 0 0 0
0 0 0 0 0
91 1 1 91 91
0 1 0 0 91
0 0 0 0 0
0 1 1 0 91

c4←c4+c3
c5←c5+c3−−−−−−→

91 0 0 0 0
0 1 0 0 0
0 0 0 0 0
91 1 1 0 0
0 1 0 0 91
0 0 0 0 0
0 1 1 1 0

c4↔c5−−−−→

91 0 0 0 0
0 1 0 0 0
0 0 0 0 0
91 1 1 0 0
0 1 0 91 0
0 0 0 0 0
0 1 1 0 1

4. f4 =

91 0 1 0
0 91 0 1
0 0 0 0
91 0 0 0
0 91 0 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 2
2 91 1
1 0 0
2 91 0
 c2←c2+c1−−−−−−→

2 2
2 91 0
1 0 0
2 91 91

5. f5 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. f6 =

0 0 0
1 91 0
0 0 91
0 0 0
1 0 0
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

0 0 0
1 91 0
0 0 91
0 0 0
1 0 0

c2←c2+c1−−−−−−→

0 0 0
1 0 0
0 0 91
0 0 0
1 1 0

c2↔c3−−−−→

0 0 0
1 0 0
0 91 0
0 0 0
1 0 1

7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (13, 1)→ R31(2) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
515
3. g3 =
[
0 0 0 0 0 1 0
0 0 91 0 0 1 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 2 1 2 1 1
1 0 0 0 1 0
1 0 91 0 1 0
]
r1↔r2−−−−→
[ 2 1 2 1 1
1 0 91 0 1 0
1 0 0 0 1 0
]
4. g4 =
[
0 0 91 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
6. g6 =
[
0 0 0 1 0
91 0 0 1 0
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
r1↔r2−−−−→
[ 1 2 1 1
1 91 0 1 0
1 0 0 1 0
]
7. g7 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (9, 5)→ P (13, 1) P
1. f2 ·MP (9,5)1→2 −MP (13,1)1→2 · f1 = 0
f2 ·MP (9,5)1→2 =

0 91 0
1 0 91
0 0 0
1 0 0
 ·
[ 1
1 1
2 0
]
=

0 91 0
1 0 91
0 0 0
1 0 0
 ·
10
0
 =

0
1
0
1

M
P (13,1)
1→2 · f1 =
[ 2
2 1
2 1
]
·
[
0
1
]
=

1 0
0 1
1 0
0 1
 ·
[
0
1
]
=

0
1
0
1

f2 ·MP (9,5)1→2 −MP (13,1)1→2 · f1 =

0
1
0
1
−

0
1
0
1
 =
[ 1
4 0
]
2. f3 ·MP (9,5)2→3 −MP (13,1)2→3 · f2 = 0
f3 ·MP (9,5)2→3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·
[ 3
3 1
2 0
]
=

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

M
P (13,1)
2→3 · f2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

0 91 0
1 0 91
0 0 0
1 0 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

0 91 0
1 0 91
0 0 0
1 0 0
 =

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

f3 ·MP (9,5)2→3 −MP (13,1)2→3 · f2 =

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

−

0 91 0
1 0 91
0 0 0
1 91 0
1 0 91
0 0 0
1 0 0

=
[ 3
7 0
]
3. f3 ·MP (9,5)4→3 −MP (13,1)4→3 · f4 = 0
f3 ·MP (9,5)4→3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·
[ 4
1 0
4 1
]
=

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =

91 0 1 0
0 91 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 0 0
0 0 0 0

=

2 2
2 91 1
1 0 0
2 91 0
2 0 0

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M
P (13,1)
4→3 · f4 =
[ 5
5 1
2 0
]
·

2 2
2 91 1
1 0 0
2 91 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
 ·

2 2
2 91 1
1 0 0
2 91 0
 =

2 2
2 91 1
1 0 0
2 91 0
2 0 0

f3 ·MP (9,5)4→3 −MP (13,1)4→3 · f4 =

2 2
2 91 1
1 0 0
2 91 0
2 0 0
−

2 2
2 91 1
1 0 0
2 91 0
2 0 0
 =
[ 4
7 0
]
4. f4 ·MP (9,5)5→4 −MP (13,1)5→4 · f5 = 0
f4 ·MP (9,5)5→4 =

2 2
2 91 1
1 0 0
2 91 0
 · [
2
2 0
2 1
]
=

2
2 1
1 0
2 0
 = [
2
2 1
3 0
]
M
P (13,1)
5→4 · f5 =
[ 2
2 1
3 0
]
·
[ 2
2 1
]
=
[ 2
2 1
3 0
]
f4 ·MP (9,5)5→4 −MP (13,1)5→4 · f5 =
[ 2
2 1
3 0
]
−
[ 2
2 1
3 0
]
=
[ 2
5 0
]
5. f3 ·MP (9,5)6→3 −MP (13,1)6→3 · f6 = 0
f3 ·MP (9,5)6→3 =

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

0 0 0
0 0 0
0 0 0
1 91 0
0 0 91
0 0 0
1 0 0

=

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

M
P (13,1)
6→3 · f6 =
[ 5
2 0
5 1
]
·

0 0 0
1 91 0
0 0 91
0 0 0
1 0 0
 =

1 1 1 1 1
2 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

0 0 0
1 91 0
0 0 91
0 0 0
1 0 0
 =

1 1 1
2 0 0 0
1 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

=

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

f3 ·MP (9,5)6→3 −MP (13,1)6→3 · f6 =

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
−

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =
[ 3
7 0
]
6. f6 ·MP (9,5)7→6 −MP (13,1)7→6 · f7 = 0
f6 ·MP (9,5)7→6 =

0 0 0
1 91 0
0 0 91
0 0 0
1 0 0
 ·
11
0
 =

0
0
0
0
1
 =
[ 1
4 0
1 1
]
M
P (13,1)
7→6 · f7 =
[ 2
3 0
2 1
]
·
[
0
1
]
=

1 1
3 0 0
1 1 0
1 0 1
 · [0
1
]
=

1
3 0
1 0
1 1
 = [
1
4 0
1 1
]
f6 ·MP (9,5)7→6 −MP (13,1)7→6 · f7 =
[ 1
4 0
1 1
]
−
[ 1
4 0
1 1
]
=
[ 1
5 0
]
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Relations of the projection g : P (13, 1)→ R31(2) P
1. g2 ·MP (13,1)1→2 −MR
3
1(2)
1→2 · g1 = 0
g2 ·MP (13,1)1→2 =
[ 2 1 1
1 0 1 0
]
·
[ 2
2 1
2 1
]
=
[
0 0 1 0
]
·

1 0
0 1
1 0
0 1
 =
[
1 0
]
M
R31(2)
1→2 · g1 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g2 ·MP (13,1)1→2 −MR
3
1(2)
1→2 · g1 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
2. g3 ·MP (13,1)2→3 −MR
3
1(2)
2→3 · g2 = 0
g3 ·MP (13,1)2→3 =
[ 2 1 2 1 1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =
[
0 0 0 0 0 1 0
0 0 91 0 0 1 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=
[
0 0 1 0
0 0 0 0
]
=
[ 2 1 1
1 0 1 0
1 0 0 0
]
M
R31(2)
2→3 · g2 =
[
1
0
]
·
[ 2 1 1
1 0 1 0
]
=
[ 2 1 1
1 0 1 0
1 0 0 0
]
g3 ·MP (13,1)2→3 −MR
3
1(2)
2→3 · g2 =
[ 2 1 1
1 0 1 0
1 0 0 0
]
−
[ 2 1 1
1 0 1 0
1 0 0 0
]
=
[ 4
2 0
]
3. g3 ·MP (13,1)4→3 −MR
3
1(2)
4→3 · g4 = 0
g3 ·MP (13,1)4→3 =
[ 2 1 2 1 1
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 5
5 1
2 0
]
=
[ 2 1 2 1 1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0
 =
[ 2 1 2
1 0 0 0
1 0 91 0
]
M
R31(2)
4→3 · g4 =
[
0
1
]
·
[ 2 1 2
1 0 91 0
]
=
[ 2 1 2
1 0 0 0
1 0 91 0
]
g3 ·MP (13,1)4→3 −MR
3
1(2)
4→3 · g4 =
[ 2 1 2
1 0 0 0
1 0 91 0
]
−
[ 2 1 2
1 0 0 0
1 0 91 0
]
=
[ 5
2 0
]
4. g4 ·MP (13,1)5→4 −MR
3
1(2)
5→4 · g5 = 0
g4 ·MP (13,1)5→4 =
[ 2 1 2
1 0 91 0
]
·
[ 2
2 1
3 0
]
=
[ 2 1 2
1 0 91 0
]
·

2
2 1
1 0
2 0
 = [ 21 0 ]
M
R31(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g4 ·MP (13,1)5→4 −MR
3
1(2)
5→4 · g5 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
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5. g3 ·MP (13,1)6→3 −MR
3
1(2)
6→3 · g6 = 0
g3 ·MP (13,1)6→3 =
[ 2 1 2 1 1
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 5
2 0
5 1
]
=
[ 2 1 2 1 1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

1 2 1 1
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
M
R31(2)
6→3 · g6 =
[ 2
2 1
]
·
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
=
[
1 0
0 1
]
·
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
=
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
g3 ·MP (13,1)6→3 −MR
3
1(2)
6→3 · g6 =
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
−
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
=
[ 5
2 0
]
6. g6 ·MP (13,1)7→6 −MR
3
1(2)
7→6 · g7 = 0
g6 ·MP (13,1)7→6 =
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
·
[ 2
3 0
2 1
]
=
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
·

1 1
1 0 0
2 0 0
1 1 0
1 0 1
 =
[
1 0
1 0
]
M
R31(2)
7→6 · g7 =
[
1
1
]
·
[
1 0
]
=
[
1 0
1 0
]
g6 ·MP (13,1)7→6 −MR
3
1(2)
7→6 · g7 =
[
1 0
1 0
]
−
[
1 0
1 0
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1 1
1 0 1 0
]
·

0 91 0
1 0 91
0 0 0
1 0 0
 =
[
0 0 1 0
]
·

0 91 0
1 0 91
0 0 0
1 0 0
 =
[ 3
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 2 1 1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

=
[
0 0 0 0 0 1 0
0 0 91 0 0 1 0
]
·

0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

=
[ 5
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 2
1 0 91 0
]
·

2 2
2 91 1
1 0 0
2 91 0
 = [ 41 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 2
0 0
]
·
[ 2
2 1
]
=
[ 2
0 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 1 2 1 1
1 0 0 1 0
1 91 0 1 0
]
·

0 0 0
1 91 0
0 0 91
0 0 0
1 0 0
 =
[
0 0 0 1 0
91 0 0 1 0
]
·

0 0 0
1 91 0
0 0 91
0 0 0
1 0 0
 =
[ 3
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1 0
]
·
[
0
1
]
=
[
0
]
119.3.2 0→ P (9, 7) f→ P (13, 1) g→ R30(2)→ 0 
PdimP (9, 7) + dimR30(2) = (1, 3, 5, 3, 1, 4, 2) + (1, 1, 2, 2, 1, 1, 0)
= (2, 4, 7, 5, 2, 5, 2) = dimP (13, 1)
Pdimk Ext
1
kQ(R
3
0(2), P (9, 7)) = dimk HomkQ(R
3
0(2), P (9, 7))− 〈dimR30(2),dimP (9, 7)〉
= 0− 〈(1, 1, 2, 2, 1, 1, 0), (1, 3, 5, 3, 1, 4, 2)〉
= 1 · 3 + 1 · 5 + 2 · 5 + 1 · 3 + 1 · 5 + 0 · 4− (1 · 1 + 1 · 3 + 2 · 5 + 2 · 3 + 1 · 1 + 1 · 4 + 0 · 2)
= 3 + 5 + 10 + 3 + 5 + 0− (1 + 3 + 10 + 6 + 1 + 4 + 0)
= 1
Matrices of the embedding f : P (9, 7)→ P (13, 1) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : P (13, 1)→ R30(2) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 0 1 0 0
0 91 0 0 1 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 1 1 2 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
r1↔r2−−−−→
[ 1 1 2 1 2
1 0 91 0 1 0
1 0 0 0 1 0
]
4. g4 =
[
0 0 0 0 1
0 91 0 0 1
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
r1↔r2−−−−→
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
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5. g5 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
Relations of the embedding f : P (9, 7)→ P (13, 1) P
1. f2 ·MP (9,7)1→2 −MP (13,1)1→2 · f1 = 0
f2 ·MP (9,7)1→2 =

1 2
1 1 0
1 0 0
2 0 1
 ·
11
0
 =

1 0 0
0 0 0
0 1 0
0 0 1
 ·
11
0
 =

1
0
1
0

M
P (13,1)
1→2 · f1 =
[ 2
2 1
2 1
]
·
[
1
0
]
=

1 0
0 1
1 0
0 1
 ·
[
1
0
]
=

1
0
1
0

f2 ·MP (9,7)1→2 −MP (13,1)1→2 · f1 =

1
0
1
0
−

1
0
1
0
 =
[ 1
4 0
]
2. f3 ·MP (9,7)2→3 −MP (13,1)2→3 · f2 = 0
f3 ·MP (9,7)2→3 =

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
2 0 0 1
 ·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 0 0
0 0 0
0 1 0
1 0 1
0 0 0
0 1 0
0 0 1

M
P (13,1)
2→3 · f2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

1 0 0
0 0 0
0 1 0
0 0 1
 =

1 0 0
0 0 0
0 1 0
1 0 1
0 0 0
0 1 0
0 0 1

f3 ·MP (9,7)2→3 −MP (13,1)2→3 · f2 =

1 0 0
0 0 0
0 1 0
1 0 1
0 0 0
0 1 0
0 0 1

−

1 0 0
0 0 0
0 1 0
1 0 1
0 0 0
0 1 0
0 0 1

=
[ 3
7 0
]
3. f3 ·MP (9,7)4→3 −MP (13,1)4→3 · f4 = 0
f3 ·MP (9,7)4→3 =

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
2 0 0 1
 ·
[ 3
3 1
2 0
]
=

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
2 0 0 1
 ·

1 2
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
1 0 0
2 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
3 0 0

M
P (13,1)
4→3 · f4 =
[ 5
5 1
2 0
]
·

1 2
1 1 0
1 0 0
2 0 1
1 0 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

1 2
1 1 0
1 0 0
2 0 1
1 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
1 0 0
2 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
3 0 0

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f3 ·MP (9,7)4→3 −MP (13,1)4→3 · f4 =

1 2
1 1 0
1 0 0
2 0 1
3 0 0
−

1 2
1 1 0
1 0 0
2 0 1
3 0 0
 =
[ 3
7 0
]
4. f4 ·MP (9,7)5→4 −MP (13,1)5→4 · f5 = 0
f4 ·MP (9,7)5→4 =

1 2
1 1 0
1 0 0
2 0 1
1 0 0
 ·
[ 1
1 1
2 0
]
=

1
1 1
1 0
2 0
1 0
 =
[ 1
1 1
4 0
]
M
P (13,1)
5→4 · f5 =
[ 2
2 1
3 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [1
0
]
=

1
1 1
1 0
3 0
 = [
1
1 1
4 0
]
f4 ·MP (9,7)5→4 −MP (13,1)5→4 · f5 =
[ 1
1 1
4 0
]
−
[ 1
1 1
4 0
]
=
[ 1
5 0
]
5. f3 ·MP (9,7)6→3 −MP (13,1)6→3 · f6 = 0
f3 ·MP (9,7)6→3 =

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
2 0 0 1
 ·
[ 4
1 0
4 1
]
=

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
2 0 0 1
 ·

2 2
1 0 0
2 1 0
2 0 1
 =

2 2
1 0 0
1 0 0
2 1 0
1 0 0
2 0 1
 =

2 2
2 0 0
2 1 0
1 0 0
2 0 1

M
P (13,1)
6→3 · f6 =
[ 5
2 0
5 1
]
·

2 2
2 1 0
1 0 0
2 0 1
 =

2 1 2
2 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

2 2
2 1 0
1 0 0
2 0 1
 =

2 2
2 0 0
2 1 0
1 0 0
2 0 1

f3 ·MP (9,7)6→3 −MP (13,1)6→3 · f6 =

2 2
2 0 0
2 1 0
1 0 0
2 0 1
−

2 2
2 0 0
2 1 0
1 0 0
2 0 1
 =
[ 4
7 0
]
6. f6 ·MP (9,7)7→6 −MP (13,1)7→6 · f7 = 0
f6 ·MP (9,7)7→6 =

2 2
2 1 0
1 0 0
2 0 1
 · [
2
2 0
2 1
]
=

2
2 0
1 0
2 1
 = [
2
3 0
2 1
]
M
P (13,1)
7→6 · f7 =
[ 2
3 0
2 1
]
·
[ 2
2 1
]
=
[ 2
3 0
2 1
]
f6 ·MP (9,7)7→6 −MP (13,1)7→6 · f7 =
[ 2
3 0
2 1
]
−
[ 2
3 0
2 1
]
=
[ 2
5 0
]
Relations of the projection g : P (13, 1)→ R30(2) P
1. g2 ·MP (13,1)1→2 −MR
3
0(2)
1→2 · g1 = 0
g2 ·MP (13,1)1→2 =
[ 1 1 2
1 0 1 0
]
·
[ 2
2 1
2 1
]
=
[
0 1 0 0
]
·

1 0
0 1
1 0
0 1
 =
[
0 1
]
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M
R30(2)
1→2 · g1 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g2 ·MP (13,1)1→2 −MR
3
0(2)
1→2 · g1 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
2. g3 ·MP (13,1)2→3 −MR
3
0(2)
2→3 · g2 = 0
g3 ·MP (13,1)2→3 =
[ 1 1 2 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =
[
0 0 0 0 1 0 0
0 91 0 0 1 0 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=
[
0 1 0 0
0 0 0 0
]
=
[ 1 1 2
1 0 1 0
1 0 0 0
]
M
R30(2)
2→3 · g2 =
[
1
0
]
·
[ 1 1 2
1 0 1 0
]
=
[ 1 1 2
1 0 1 0
1 0 0 0
]
g3 ·MP (13,1)2→3 −MR
3
0(2)
2→3 · g2 =
[ 1 1 2
1 0 1 0
1 0 0 0
]
−
[ 1 1 2
1 0 1 0
1 0 0 0
]
=
[ 4
2 0
]
3. g3 ·MP (13,1)4→3 −MR
3
0(2)
4→3 · g4 = 0
g3 ·MP (13,1)4→3 =
[ 1 1 2 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 5
5 1
2 0
]
=
[ 1 1 2 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 =
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
M
R30(2)
4→3 · g4 =
[ 2
2 1
]
·
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
=
[
1 0
0 1
]
·
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
=
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
g3 ·MP (13,1)4→3 −MR
3
0(2)
4→3 · g4 =
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
−
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
=
[ 5
2 0
]
4. g4 ·MP (13,1)5→4 −MR
3
0(2)
5→4 · g5 = 0
g4 ·MP (13,1)5→4 =
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
·
[ 2
2 1
3 0
]
=
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
·

1 1
1 1 0
1 0 1
2 0 0
1 0 0
 =
[
0 0
0 91
]
M
R30(2)
5→4 · g5 =
[
0
1
]
·
[
0 91
]
=
[
0 0
0 91
]
g4 ·MP (13,1)5→4 −MR
3
0(2)
5→4 · g5 =
[
0 0
0 91
]
−
[
0 0
0 91
]
=
[ 2
2 0
]
5. g3 ·MP (13,1)6→3 −MR
3
0(2)
6→3 · g6 = 0
g3 ·MP (13,1)6→3 =
[ 1 1 2 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 5
2 0
5 1
]
=
[ 1 1 2 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

2 1 2
1 0 0 0
1 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 =
[ 2 1 2
1 0 1 0
1 0 1 0
]
M
R30(2)
6→3 · g6 =
[
1
1
]
·
[ 2 1 2
1 0 1 0
]
=
[ 2 1 2
1 0 1 0
1 0 1 0
]
g3 ·MP (13,1)6→3 −MR
3
0(2)
6→3 · g6 =
[ 2 1 2
1 0 1 0
1 0 1 0
]
−
[ 2 1 2
1 0 1 0
1 0 1 0
]
=
[ 5
2 0
]
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6. g6 ·MP (13,1)7→6 −MR
3
0(2)
7→6 · g7 = 0
g6 ·MP (13,1)7→6 =
[ 2 1 2
1 0 1 0
]
·
[ 2
3 0
2 1
]
=
[ 2 1 2
1 0 1 0
]
·

2
2 0
1 0
2 1
 = [ 21 0 ]
M
R30(2)
7→6 · g7 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g6 ·MP (13,1)7→6 −MR
3
0(2)
7→6 · g7 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 1 2
1 0 1 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 = [ 31 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 2 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
2 0 0 1
 =
[ 5
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 2 1
1 0 0 0 1
1 0 91 0 1
]
·

1 2
1 1 0
1 0 0
2 0 1
1 0 0
 =
[ 3
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 91
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 2
1 0 1 0
]
·

2 2
2 1 0
1 0 0
2 0 1
 = [ 41 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2
0 0
]
·
[ 2
2 1
]
=
[ 2
0 0
]
119.4 Tree module property of P (19, 1) 
The matrices of the representation have full (column) rank P
1. MP (19,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
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2. MP (19,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
3. MP (19,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
4. MP (19,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
5. MP (19,1)6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
6. MP (19,1)7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
119.4.1 0→ P (15, 5) f→ P (19, 1) g→ R31(2)→ 0 
PdimP (15, 5) + dimR31(2) = (2, 5, 8, 6, 3, 5, 2) + (1, 1, 2, 1, 0, 2, 1)
= (3, 6, 10, 7, 3, 7, 3) = dimP (19, 1)
Pdimk Ext
1
kQ(R
3
1(2), P (15, 5)) = dimk HomkQ(R
3
1(2), P (15, 5))− 〈dimR31(2),dimP (15, 5)〉
= 0− 〈(1, 1, 2, 1, 0, 2, 1), (2, 5, 8, 6, 3, 5, 2)〉
= 1 · 5 + 1 · 8 + 1 · 8 + 0 · 6 + 2 · 8 + 1 · 5− (1 · 2 + 1 · 5 + 2 · 8 + 1 · 6 + 0 · 3 + 2 · 5 + 1 · 2)
= 5 + 8 + 8 + 0 + 16 + 5− (2 + 5 + 16 + 6 + 0 + 10 + 2)
= 1
Matrices of the embedding f : P (15, 5)→ P (19, 1) P
1. f1 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 c1↔c2−−−−→

1 2 2
1 91 0 0
2 0 1 91
1 0 0 0
2 0 1 0
 c3←c3+c2−−−−−−→

1 2 2
1 91 0 0
2 0 1 0
1 0 0 0
2 0 1 1

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3. f3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

∈M10,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

c1↔c3−−−−→

91 0 0 0 0 1 0 0
0 0 1 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
91 0 1 0 0 0 0 0
0 1 1 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0

c6←c6+c1−−−−−−→

91 0 0 0 0 0 0 0
0 0 1 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
91 0 1 0 0 91 0 0
0 1 1 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0

c2↔c3−−−−→

91 0 0 0 0 0 0 0
0 1 0 91 0 0 1 0
0 0 1 0 91 0 0 1
0 0 0 0 0 0 0 0
91 1 0 0 0 91 0 0
0 1 1 91 0 0 0 0
0 0 1 0 91 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 91 0 0 1
0 0 0 0 0 0 0 0
91 1 0 1 0 91 91 0
0 1 1 0 0 0 91 0
0 0 1 0 91 0 0 0
0 0 0 0 0 0 0 0
0 1 0 1 0 0 91 0
0 0 1 0 0 0 0 0

c5←c5+c3
c8←c8−c3−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 91 91 0
0 1 1 0 1 0 91 91
0 0 1 0 0 0 0 91
0 0 0 0 0 0 0 0
0 1 0 1 0 0 91 0
0 0 1 0 1 0 0 91

c6←c6+c4
c7←c7+c4−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 91 91
0 0 1 0 0 0 0 91
0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0
0 0 1 0 1 0 0 91

c7←c7+c5
c8←c8+c5−−−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 0 0 91
0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0
0 0 1 0 1 0 1 0

c6↔c8−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 91 0 0
0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 1
0 0 1 0 1 0 1 0

c7↔c8−−−−→

91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
91 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 0 0 91 0 0
0 0 0 0 0 0 0 0
0 1 0 1 0 0 1 0
0 0 1 0 1 0 0 1

4. f4 =

91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 3
3 91 1
1 0 0
3 91 0
 c2←c2+c1−−−−−−→

3 3
3 91 0
1 0 0
3 91 91

5. f5 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
6. f6 =

0 0 0 0 0
1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2 1
1 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

c2←c2+c1−−−−−−→

2 2 1
1 0 0 0
2 1 0 0
1 0 0 91
1 0 0 0
2 1 1 0

c2↔c3−−−−→

2 1 2
1 0 0 0
2 1 0 0
1 0 91 0
1 0 0 0
2 1 0 1

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7. f7 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (19, 1)→ R31(2) P
1. g1 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 0 0 0 0 1 0 0
0 0 0 91 0 0 0 1 0 0
]
∈M2,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 3 1 3 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
r1↔r2−−−−→
[ 3 1 3 1 2
1 0 91 0 1 0
1 0 0 0 1 0
]
4. g4 =
[
0 0 0 91 0 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
6. g6 =
[
0 0 0 0 1 0 0
91 0 0 0 1 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
r1↔r2−−−−→
[ 1 3 1 2
1 91 0 1 0
1 0 0 1 0
]
7. g7 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (15, 5)→ P (19, 1) P
1. f2 ·MP (15,5)1→2 −MP (19,1)1→2 · f1 = 0
f2 ·MP (15,5)1→2 =

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·
[ 2
2 1
3 0
]
=

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
1 0
2 0
 =

2
1 0
2 1
1 0
2 1

M
P (19,1)
1→2 · f1 =
[ 3
3 1
3 1
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 ·
[ 2
1 0
2 1
]
=

2
1 0
2 1
1 0
2 1

f2 ·MP (15,5)1→2 −MP (19,1)1→2 · f1 =

2
1 0
2 1
1 0
2 1
−

2
1 0
2 1
1 0
2 1
 =
[ 2
6 0
]
2. f3 ·MP (15,5)2→3 −MP (19,1)2→3 · f2 = 0
f3 ·MP (15,5)2→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·
[ 5
5 1
3 0
]
=

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

M
P (19,1)
2→3 · f2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

=

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

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f3 ·MP (15,5)2→3 −MP (19,1)2→3 · f2 =

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

−

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

=
[ 5
10 0
]
3. f3 ·MP (15,5)4→3 −MP (19,1)4→3 · f4 = 0
f3 ·MP (15,5)4→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·
[ 6
2 0
6 1
]
=

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

3 3
3 91 1
1 0 0
3 91 0
3 0 0

M
P (19,1)
4→3 · f4 =
[ 7
7 1
3 0
]
·

3 3
3 91 1
1 0 0
3 91 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0
 ·

3 3
3 91 1
1 0 0
3 91 0
 =

3 3
3 91 1
1 0 0
3 91 0
3 0 0

f3 ·MP (15,5)4→3 −MP (19,1)4→3 · f4 =

3 3
3 91 1
1 0 0
3 91 0
3 0 0
−

3 3
3 91 1
1 0 0
3 91 0
3 0 0
 =
[ 6
10 0
]
4. f4 ·MP (15,5)5→4 −MP (19,1)5→4 · f5 = 0
f4 ·MP (15,5)5→4 =

3 3
3 91 1
1 0 0
3 91 0
 · [
3
3 0
3 1
]
=

3
3 1
1 0
3 0
 = [
3
3 1
4 0
]
M
P (19,1)
5→4 · f5 =
[ 3
3 1
4 0
]
·
[ 3
3 1
]
=
[ 3
3 1
4 0
]
f4 ·MP (15,5)5→4 −MP (19,1)5→4 · f5 =
[ 3
3 1
4 0
]
−
[ 3
3 1
4 0
]
=
[ 3
7 0
]
5. f3 ·MP (15,5)6→3 −MP (19,1)6→3 · f6 = 0
f3 ·MP (15,5)6→3 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

=

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

M
P (19,1)
6→3 · f6 =
[ 7
3 0
7 1
]
·

2 2 1
1 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

1 2 1 1 2
3 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 2 1
1 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

2 2 1
3 0 0 0
1 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

=

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

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f3 ·MP (15,5)6→3 −MP (19,1)6→3 · f6 =

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
−

2 2 1
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 5
10 0
]
6. f6 ·MP (15,5)7→6 −MP (19,1)7→6 · f7 = 0
f6 ·MP (15,5)7→6 =

2 2 1
1 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
2 1
1 0
 =

2
1 0
2 0
1 0
1 0
2 1
 =
[ 2
5 0
2 1
]
M
P (19,1)
7→6 · f7 =
[ 3
4 0
3 1
]
·
[ 2
1 0
2 1
]
=

1 2
4 0 0
1 1 0
2 0 1
 · [
2
1 0
2 1
]
=

2
4 0
1 0
2 1
 = [
2
5 0
2 1
]
f6 ·MP (15,5)7→6 −MP (19,1)7→6 · f7 =
[ 2
5 0
2 1
]
−
[ 2
5 0
2 1
]
=
[ 2
7 0
]
Relations of the projection g : P (19, 1)→ R31(2) P
1. g2 ·MP (19,1)1→2 −MR
3
1(2)
1→2 · g1 = 0
g2 ·MP (19,1)1→2 =
[ 3 1 2
1 0 1 0
]
·
[ 3
3 1
3 1
]
=
[ 1 2 1 2
1 0 0 1 0
]
·

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 =
[ 1 2
1 1 0
]
M
R31(2)
1→2 · g1 =
[
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
]
g2 ·MP (19,1)1→2 −MR
3
1(2)
1→2 · g1 =
[ 1 2
1 1 0
]
−
[ 1 2
1 1 0
]
=
[ 3
1 0
]
2. g3 ·MP (19,1)2→3 −MR
3
1(2)
2→3 · g2 = 0
g3 ·MP (19,1)2→3 =
[ 3 1 3 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =
[ 2 1 1 2 1 1 2
1 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0
]
·

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 1 0 0 1
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 2 1 1 2
1 0 0 1 0
1 0 0 0 0
]
=
[ 3 1 2
1 0 1 0
1 0 0 0
]
M
R31(2)
2→3 · g2 =
[
1
0
]
·
[ 3 1 2
1 0 1 0
]
=
[ 3 1 2
1 0 1 0
1 0 0 0
]
g3 ·MP (19,1)2→3 −MR
3
1(2)
2→3 · g2 =
[ 3 1 2
1 0 1 0
1 0 0 0
]
−
[ 3 1 2
1 0 1 0
1 0 0 0
]
=
[ 6
2 0
]
3. g3 ·MP (19,1)4→3 −MR
3
1(2)
4→3 · g4 = 0
g3 ·MP (19,1)4→3 =
[ 3 1 3 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 7
7 1
3 0
]
=
[ 3 1 3 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
1 0 0 0
2 0 0 0
 =
[ 3 1 3
1 0 0 0
1 0 91 0
]
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M
R31(2)
4→3 · g4 =
[
0
1
]
·
[ 3 1 3
1 0 91 0
]
=
[ 3 1 3
1 0 0 0
1 0 91 0
]
g3 ·MP (19,1)4→3 −MR
3
1(2)
4→3 · g4 =
[ 3 1 3
1 0 0 0
1 0 91 0
]
−
[ 3 1 3
1 0 0 0
1 0 91 0
]
=
[ 7
2 0
]
4. g4 ·MP (19,1)5→4 −MR
3
1(2)
5→4 · g5 = 0
g4 ·MP (19,1)5→4 =
[ 3 1 3
1 0 91 0
]
·
[ 3
3 1
4 0
]
=
[ 3 1 3
1 0 91 0
]
·

3
3 1
1 0
3 0
 = [ 31 0 ]
M
R31(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g4 ·MP (19,1)5→4 −MR
3
1(2)
5→4 · g5 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
5. g3 ·MP (19,1)6→3 −MR
3
1(2)
6→3 · g6 = 0
g3 ·MP (19,1)6→3 =
[ 3 1 3 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 7
3 0
7 1
]
=
[ 3 1 3 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

1 3 1 2
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
M
R31(2)
6→3 · g6 =
[ 2
2 1
]
·
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
=
[
1 0
0 1
]
·
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
=
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
g3 ·MP (19,1)6→3 −MR
3
1(2)
6→3 · g6 =
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
−
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
=
[ 7
2 0
]
6. g6 ·MP (19,1)7→6 −MR
3
1(2)
7→6 · g7 = 0
g6 ·MP (19,1)7→6 =
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
·
[ 3
4 0
3 1
]
=
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
·

1 2
1 0 0
3 0 0
1 1 0
2 0 1
 =
[ 1 2
1 1 0
1 1 0
]
M
R31(2)
7→6 · g7 =
[
1
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
1 1 0
]
g6 ·MP (19,1)7→6 −MR
3
1(2)
7→6 · g7 =
[ 1 2
1 1 0
1 1 0
]
−
[ 1 2
1 1 0
1 1 0
]
=
[ 3
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1 2
1 0 1 0
]
·

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =
[ 1 2 1 2
1 0 0 1 0
]
·

2 1 2
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =
[ 5
1 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 3 1 3 1 2
1 0 0 0 1 0
1 0 91 0 1 0
]
·

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

=
[
0 0 0 0 0 0 0 1 0 0
0 0 0 91 0 0 0 1 0 0
]
·

0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

=
[ 8
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1 3
1 0 91 0
]
·

3 3
3 91 1
1 0 0
3 91 0
 = [ 61 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 3
0 0
]
·
[ 3
3 1
]
=
[ 3
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3 1 2
1 0 0 1 0
1 91 0 1 0
]
·

2 2 1
1 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 1 2 1 1 2
1 0 0 0 1 0
1 91 0 0 1 0
]
·

2 2 1
1 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 5
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
119.4.2 0→ P (15, 7) f→ P (19, 1) g→ R30(2)→ 0 
PdimP (15, 7) + dimR30(2) = (2, 5, 8, 5, 2, 6, 3) + (1, 1, 2, 2, 1, 1, 0)
= (3, 6, 10, 7, 3, 7, 3) = dimP (19, 1)
Pdimk Ext
1
kQ(R
3
0(2), P (15, 7)) = dimk HomkQ(R
3
0(2), P (15, 7))− 〈dimR30(2),dimP (15, 7)〉
= 0− 〈(1, 1, 2, 2, 1, 1, 0), (2, 5, 8, 5, 2, 6, 3)〉
= 1 · 5 + 1 · 8 + 2 · 8 + 1 · 5 + 1 · 8 + 0 · 6− (1 · 2 + 1 · 5 + 2 · 8 + 2 · 5 + 1 · 2 + 1 · 6 + 0 · 3)
= 5 + 8 + 16 + 5 + 8 + 0− (2 + 5 + 16 + 10 + 2 + 6 + 0)
= 1
Matrices of the embedding f : P (15, 7)→ P (19, 1) P
1. f1 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M6,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M10,8(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M7,6(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : P (19, 1)→ R30(2) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1 0 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 0 0 0 1 0 0 0
0 0 91 0 0 0 1 0 0 0
]
∈M2,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 2 1 3 1 3
1 0 0 0 1 0
1 0 91 0 1 0
]
r1↔r2−−−−→
[ 2 1 3 1 3
1 0 91 0 1 0
1 0 0 0 1 0
]
4. g4 =
[
0 0 0 0 0 0 1
0 0 91 0 0 0 1
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
r1↔r2−−−−→
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
5. g5 =
[
0 0 91
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 1 0 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
Relations of the embedding f : P (15, 7)→ P (19, 1) P
1. f2 ·MP (15,7)1→2 −MP (19,1)1→2 · f1 = 0
f2 ·MP (15,7)1→2 =

2 3
2 1 0
1 0 0
3 0 1
 ·

2
2 1
2 1
1 0
 =

2 2 1
2 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
 ·

2
2 1
2 1
1 0
 =

2
2 1
1 0
2 1
1 0

M
P (19,1)
1→2 · f1 =
[ 3
3 1
3 1
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
2 1 0
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
2 1
1 0
2 1
1 0

f2 ·MP (15,7)1→2 −MP (19,1)1→2 · f1 =

2
2 1
1 0
2 1
1 0
−

2
2 1
1 0
2 1
1 0
 =
[ 2
6 0
]
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2. f3 ·MP (15,7)2→3 −MP (19,1)2→3 · f2 = 0
f3 ·MP (15,7)2→3 =

2 3 3
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 0
3 0 0 1
 ·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
2 1 0 0 0 0
1 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 0 0
1 0 1 0
2 1 0 1
1 0 0 0
1 0 1 0
2 0 0 1

M
P (19,1)
2→3 · f2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

2 3
2 1 0
1 0 0
3 0 1
 =

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 1 0 0 1
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1

·

2 1 2
2 1 0 0
1 0 0 0
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 0 0
1 0 1 0
2 1 0 1
1 0 0 0
1 0 1 0
2 0 0 1

f3 ·MP (15,7)2→3 −MP (19,1)2→3 · f2 =

2 1 2
2 1 0 0
1 0 0 0
1 0 1 0
2 1 0 1
1 0 0 0
1 0 1 0
2 0 0 1

−

2 1 2
2 1 0 0
1 0 0 0
1 0 1 0
2 1 0 1
1 0 0 0
1 0 1 0
2 0 0 1

=
[ 5
10 0
]
3. f3 ·MP (15,7)4→3 −MP (19,1)4→3 · f4 = 0
f3 ·MP (15,7)4→3 =

2 3 3
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 0
3 0 0 1
 ·
[ 5
5 1
3 0
]
=

2 3 3
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 0
3 0 0 1
 ·

2 3
2 1 0
3 0 1
3 0 0
 =

2 3
2 1 0
1 0 0
3 0 1
1 0 0
3 0 0
 =

2 3
2 1 0
1 0 0
3 0 1
4 0 0

M
P (19,1)
4→3 · f4 =
[ 7
7 1
3 0
]
·

2 3
2 1 0
1 0 0
3 0 1
1 0 0
 =

2 1 3 1
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

2 3
2 1 0
1 0 0
3 0 1
1 0 0
 =

2 3
2 1 0
1 0 0
3 0 1
1 0 0
3 0 0
 =

2 3
2 1 0
1 0 0
3 0 1
4 0 0

f3 ·MP (15,7)4→3 −MP (19,1)4→3 · f4 =

2 3
2 1 0
1 0 0
3 0 1
4 0 0
−

2 3
2 1 0
1 0 0
3 0 1
4 0 0
 =
[ 5
10 0
]
4. f4 ·MP (15,7)5→4 −MP (19,1)5→4 · f5 = 0
f4 ·MP (15,7)5→4 =

2 3
2 1 0
1 0 0
3 0 1
1 0 0
 ·
[ 2
2 1
3 0
]
=

2
2 1
1 0
3 0
1 0
 =
[ 2
2 1
5 0
]
M
P (19,1)
5→4 · f5 =
[ 3
3 1
4 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
4 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
4 0
 = [
2
2 1
5 0
]
f4 ·MP (15,7)5→4 −MP (19,1)5→4 · f5 =
[ 2
2 1
5 0
]
−
[ 2
2 1
5 0
]
=
[ 2
7 0
]
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5. f3 ·MP (15,7)6→3 −MP (19,1)6→3 · f6 = 0
f3 ·MP (15,7)6→3 =

2 3 3
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 0
3 0 0 1
 ·
[ 6
2 0
6 1
]
=

2 3 3
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 0
3 0 0 1
 ·

3 3
2 0 0
3 1 0
3 0 1
 =

3 3
2 0 0
1 0 0
3 1 0
1 0 0
3 0 1
 =

3 3
3 0 0
3 1 0
1 0 0
3 0 1

M
P (19,1)
6→3 · f6 =
[ 7
3 0
7 1
]
·

3 3
3 1 0
1 0 0
3 0 1
 =

3 1 3
3 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 ·

3 3
3 1 0
1 0 0
3 0 1
 =

3 3
3 0 0
3 1 0
1 0 0
3 0 1

f3 ·MP (15,7)6→3 −MP (19,1)6→3 · f6 =

3 3
3 0 0
3 1 0
1 0 0
3 0 1
−

3 3
3 0 0
3 1 0
1 0 0
3 0 1
 =
[ 6
10 0
]
6. f6 ·MP (15,7)7→6 −MP (19,1)7→6 · f7 = 0
f6 ·MP (15,7)7→6 =

3 3
3 1 0
1 0 0
3 0 1
 · [
3
3 0
3 1
]
=

3
3 0
1 0
3 1
 = [
3
4 0
3 1
]
M
P (19,1)
7→6 · f7 =
[ 3
4 0
3 1
]
·
[ 3
3 1
]
=
[ 3
4 0
3 1
]
f6 ·MP (15,7)7→6 −MP (19,1)7→6 · f7 =
[ 3
4 0
3 1
]
−
[ 3
4 0
3 1
]
=
[ 3
7 0
]
Relations of the projection g : P (19, 1)→ R30(2) P
1. g2 ·MP (19,1)1→2 −MR
3
0(2)
1→2 · g1 = 0
g2 ·MP (19,1)1→2 =
[ 2 1 3
1 0 1 0
]
·
[ 3
3 1
3 1
]
=
[ 2 1 2 1
1 0 1 0 0
]
·

2 1
2 1 0
1 0 1
2 1 0
1 0 1
 =
[ 2 1
1 0 1
]
M
R30(2)
1→2 · g1 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g2 ·MP (19,1)1→2 −MR
3
0(2)
1→2 · g1 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
2. g3 ·MP (19,1)2→3 −MR
3
0(2)
2→3 · g2 = 0
g3 ·MP (19,1)2→3 =
[ 2 1 3 1 3
1 0 0 0 1 0
1 0 91 0 1 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =
[ 2 1 1 2 1 1 2
1 0 0 0 0 1 0 0
1 0 91 0 0 1 0 0
]
·

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 1 0 0 1
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 2 1 1 2
1 0 1 0 0
1 0 0 0 0
]
=
[ 2 1 3
1 0 1 0
1 0 0 0
]
M
R30(2)
2→3 · g2 =
[
1
0
]
·
[ 2 1 3
1 0 1 0
]
=
[ 2 1 3
1 0 1 0
1 0 0 0
]
g3 ·MP (19,1)2→3 −MR
3
0(2)
2→3 · g2 =
[ 2 1 3
1 0 1 0
1 0 0 0
]
−
[ 2 1 3
1 0 1 0
1 0 0 0
]
=
[ 6
2 0
]
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3. g3 ·MP (19,1)4→3 −MR
3
0(2)
4→3 · g4 = 0
g3 ·MP (19,1)4→3 =
[ 2 1 3 1 3
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 7
7 1
3 0
]
=
[ 2 1 3 1 3
1 0 0 0 1 0
1 0 91 0 1 0
]
·

2 1 3 1
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 =
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
M
R30(2)
4→3 · g4 =
[ 2
2 1
]
·
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
=
[
1 0
0 1
]
·
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
=
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
g3 ·MP (19,1)4→3 −MR
3
0(2)
4→3 · g4 =
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
−
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
=
[ 7
2 0
]
4. g4 ·MP (19,1)5→4 −MR
3
0(2)
5→4 · g5 = 0
g4 ·MP (19,1)5→4 =
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
·
[ 3
3 1
4 0
]
=
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
·

2 1
2 1 0
1 0 1
3 0 0
1 0 0
 =
[ 2 1
1 0 0
1 0 91
]
M
R30(2)
5→4 · g5 =
[
0
1
]
·
[ 2 1
1 0 91
]
=
[ 2 1
1 0 0
1 0 91
]
g4 ·MP (19,1)5→4 −MR
3
0(2)
5→4 · g5 =
[ 2 1
1 0 0
1 0 91
]
−
[ 2 1
1 0 0
1 0 91
]
=
[ 3
2 0
]
5. g3 ·MP (19,1)6→3 −MR
3
0(2)
6→3 · g6 = 0
g3 ·MP (19,1)6→3 =
[ 2 1 3 1 3
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[ 7
3 0
7 1
]
=
[ 2 1 3 1 3
1 0 0 0 1 0
1 0 91 0 1 0
]
·

3 1 3
2 0 0 0
1 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 =
[ 3 1 3
1 0 1 0
1 0 1 0
]
M
R30(2)
6→3 · g6 =
[
1
1
]
·
[ 3 1 3
1 0 1 0
]
=
[ 3 1 3
1 0 1 0
1 0 1 0
]
g3 ·MP (19,1)6→3 −MR
3
0(2)
6→3 · g6 =
[ 3 1 3
1 0 1 0
1 0 1 0
]
−
[ 3 1 3
1 0 1 0
1 0 1 0
]
=
[ 7
2 0
]
6. g6 ·MP (19,1)7→6 −MR
3
0(2)
7→6 · g7 = 0
g6 ·MP (19,1)7→6 =
[ 3 1 3
1 0 1 0
]
·
[ 3
4 0
3 1
]
=
[ 3 1 3
1 0 1 0
]
·

3
3 0
1 0
3 1
 = [ 31 0 ]
M
R30(2)
7→6 · g7 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g6 ·MP (19,1)7→6 −MR
3
0(2)
7→6 · g7 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1 3
1 0 1 0
]
·

2 3
2 1 0
1 0 0
3 0 1
 = [ 51 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 3 1 3
1 0 0 0 1 0
1 0 91 0 1 0
]
·

2 3 3
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 0
3 0 0 1
 =
[ 8
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 3 1
1 0 0 0 1
1 0 91 0 1
]
·

2 3
2 1 0
1 0 0
3 0 1
1 0 0
 =
[ 5
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 91
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 1 3
1 0 1 0
]
·

3 3
3 1 0
1 0 0
3 0 1
 = [ 61 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3
0 0
]
·
[ 3
3 1
]
=
[ 3
0 0
]
119.5 Tree module property of P (6n+ 1, 1) 
The matrices of the representation have full (column) rank P
1. MP (6n+1,1)1→2 =
[ n
n 1
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
2. MP (6n+1,1)2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
3. MP (6n+1,1)4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
4. MP (6n+1,1)5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
5. MP (6n+1,1)6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
6. MP (6n+1,1)7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
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119.5.1 0→ P (6n− 3, 5) f→ P (6n+ 1, 1) g→ R31(2)→ 0 
PdimP (6n− 3, 5) + dimR31(2) = (n− 1, 2n− 1, 3n− 1, 2n, n, 2n− 1, n− 1) + (1, 1, 2, 1, 0, 2, 1)
= (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n) = dimP (6n+ 1, 1)
Pdimk Ext
1
kQ(R
3
1(2), P (6n− 3, 5)) = dimk HomkQ(R31(2), P (6n− 3, 5))− 〈dimR31(2),dimP (6n− 3, 5)〉
= 0− 〈(1, 1, 2, 1, 0, 2, 1), (n− 1, 2n− 1, 3n− 1, 2n, n, 2n− 1, n− 1)〉
= 1 · (2n− 1) + 1 · (3n− 1) + 1 · (3n− 1) + 0 · 2n+ 2 · (3n− 1) + 1 · (2n− 1)
− (1 · (n− 1) + 1 · (2n− 1) + 2 · (3n− 1) + 1 · 2n+ 0 · n+ 2 · (2n− 1) + 1 · (n− 1))
= 2n− 1 + 3n− 1 + 3n− 1 + 0 + 6n− 2 + 2n− 1− (n− 1 + 2n− 1 + 6n− 2 + 2n+ 0 + 4n− 2 + n− 1)
= 1
Representation of P (6n− 3, 5) = P (6n+ 3, 5)[n 7→ n− 1] 
Dimension vector: dimP (6n− 3, 5) = (n− 1, 2n− 1, 3n− 1, 2n, n, 2n− 1, n− 1)
Matrices of the representation:
1. MP (6n−3,5)1→2 =
[n−1
n−1 1
n 0
]
∈M2n−1,n−1(k)
2. MP (6n−3,5)2→3 =
[2n−1
2n−1 1
n 0
]
∈M3n−1,2n−1(k)
3. MP (6n−3,5)4→3 =
[2n
n−1 0
2n 1
]
∈M3n−1,2n(k)
4. MP (6n−3,5)5→4 =
[ n
n 0
n 1
]
∈M2n,n(k)
5. MP (6n−3,5)6→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
6. MP (6n−3,5)7→6 =

n−1
n−1 1
n−1 1
1 0
 ∈M2n−1,n−1(k)
Matrices of the embedding f : P (6n− 3, 5)→ P (6n+ 1, 1) P
1. f1 =
[n−1
1 0
n−1 1
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
2. f2 =

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 ∈M2n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 c1↔c2−−−−→

1 n−1 n−1
1 91 0 0
n−1 0 1 91
1 0 0 0
n−1 0 1 0
 c3←c3+c2−−−−−−→

1 n−1 n−1
1 91 0 0
n−1 0 1 0
1 0 0 0
n−1 0 1 1

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3. f3 =

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0
 ∈M3n+1,3n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n−1 2n
n+1 0 0
n−1 1 0
n+1 0 0
 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n−1 1 n−1 1 n−1
n+1 0 0 0 0 0
n−1 1 0 0 0 0
n+1 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 2n+3 ... 3n+1
R2 = rows: n+2 ... 2n

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n−1 1 n−1 1 n−1
n+1 0 0 0 0 0
n−1 0 0 0 0 0
n+1 0 0 0 0 0
 =

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 1 0 91 0 0
1 0 0 0 0 0
n−1 1 0 0 0 0

c1↔c2−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 1 0
n−1 0 1 91 0 1
1 0 0 0 0 0
1 91 0 0 0 0
n−1 0 1 91 0 0
1 0 0 0 0 0
n−1 0 1 0 0 0

c4←c4+c1−−−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 0 0
n−1 0 1 91 0 1
1 0 0 0 0 0
1 91 0 0 91 0
n−1 0 1 91 0 0
1 0 0 0 0 0
n−1 0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

1 n−1 n−1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 91 0 0 91 0
n−1 0 1 0 0 91
1 0 0 0 0 0
n−1 0 1 1 0 91

c3↔c4−−−−→

1 n−1 1 n−1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 91 0 91 0 0
n−1 0 1 0 0 91
1 0 0 0 0 0
n−1 0 1 0 1 91

c4↔c5−−−−→

1 n−1 1 n−1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 91 0 91 0 0
n−1 0 1 0 91 0
1 0 0 0 0 0
n−1 0 1 0 91 1

4. f4 =

n n
n 91 1
1 0 0
n 91 0
 ∈M2n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n n
n 91 1
1 0 0
n 91 0
 c2←c2+c1−−−−−−→

n n
n 91 0
1 0 0
n 91 91

5. f5 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
6. f6 =

n−1 n
1 0 0
n 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2 0 0
n−1 1 0
 ∈M2n+1,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n−1 n−1 1
1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

c2←c2+c1−−−−−−→

n−1 n−1 1
1 0 0 0
n−1 1 0 0
1 0 0 91
1 0 0 0
n−1 1 1 0

c2↔c3−−−−→

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 91 0
1 0 0 0
n−1 1 0 1

7. f7 =
[n−1
1 0
n−1 1
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 1, 1)→ R31(2) P
1. g1 =
[ 1 n−1
1 1 0
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ n 1 n−1
1 0 1 0
]
∈M1,2n(k) is already in row echelon form and has maximal row rank.
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3. g3 =
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
∈M2,3n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
r1↔r2−−−−→
[ n 1 n 1 n−1
1 0 91 0 1 0
1 0 0 0 1 0
]
4. g4 =
[ n 1 n
1 0 91 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
6. g6 =
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
∈M2,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
r1↔r2−−−−→
[ 1 n 1 n−1
1 91 0 1 0
1 0 0 1 0
]
7. g7 =
[ 1 n−1
1 1 0
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 3, 5)→ P (6n+ 1, 1) P
1. f2 ·MP (6n−3,5)1→2 −MP (6n+1,1)1→2 · f1 = 0
f2 ·MP (6n−3,5)1→2 =

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 ·
[n−1
n−1 1
n 0
]
=

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 ·

n−1
n−1 1
1 0
n−1 0
 =

n−1
1 0
n−1 1
1 0
n−1 1

M
P (6n+1,1)
1→2 · f1 =
[ n
n 1
n 1
]
·
[n−1
1 0
n−1 1
]
=

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
 ·
[n−1
1 0
n−1 1
]
=

n−1
1 0
n−1 1
1 0
n−1 1

f2 ·MP (6n−3,5)1→2 −MP (6n+1,1)1→2 · f1 =

n−1
1 0
n−1 1
1 0
n−1 1
−

n−1
1 0
n−1 1
1 0
n−1 1
 =
[n−1
2n 0
]
2. f3 ·MP (6n−3,5)2→3 −MP (6n+1,1)2→3 · f2 = 0
f3 ·MP (6n−3,5)2→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·
[2n−1
2n−1 1
n 0
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 n n
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 n n
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0

=

n−1 n
n 0 91
1 0 0
n 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
 =

n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0

+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

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2→3 · f2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 =

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
 ·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
+

1 n−1 1 n−1
n+1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0

=

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 =

1 n−2 1 1 n−2
1 0 0 91 0 0
1 1 0 0 91 0
n−2 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
n−2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

+

n−2 1 1 n−2 1
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
n−2 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
n−2 1 0 0 0 0
1 0 1 0 0 0

=

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0

f3 ·MP (6n−3,5)2→3 −MP (6n+1,1)2→3 · f2 =


n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0

+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0


−


n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
n+1 0 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0


=

[n−1 1 n−1
1 0 91 0
3n 0 0 0
]
+

n n−1
1 0 0
n−1 0 91
2n+1 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
2n−1 0 0 0
+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

n n−1
n+2 0 0
n−1 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2n+1 0 0
+

n−1 n
n+1 0 0
n−1 1 0
n+1 0 0

+
[n−1 n
2n+2 0 0
n−1 1 0
]

−

[n−1 1 n−1
1 0 91 0
3n 0 0 0
]
+

n n−1
1 0 0
n−1 0 91
2n+1 0 0
+

n−1 1 n−1
n+1 0 0 0
1 0 91 0
2n−1 0 0 0
+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

n n−1
n+2 0 0
n−1 0 91
n 0 0

+

n−1 n
1 0 0
n−1 1 0
2n+1 0 0
+

n−1 n
n+1 0 0
n−1 1 0
n+1 0 0
+ [
n−1 n
2n+2 0 0
n−1 1 0
]

=
[2n−1
3n+1 0
]
3. f3 ·MP (6n−3,5)4→3 −MP (6n+1,1)4→3 · f4 = 0
f3 ·MP (6n−3,5)4→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·
[2n
n−1 0
2n 1
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n n
n−1 0 0
n 1 0
n 0 1
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

·
[2n
n−1 0
2n 1
]
+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0
 · [
2n
n−1 0
2n 1
]
=

n n
n 91 1
1 0 0
n 91 0
n 0 0
+

2n
1 0
n−1 0
1 0
n−1 0
2 0
n−1 0

+

2n
n+2 0
n−1 0
n 0
 =

1 n−2 1 1 n−2 1
1 91 0 0 1 0 0
n−2 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 0 0 0
1 91 0 0 0 0 0
n−2 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

+

n n
1 0 0
n−2 0 0
1 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−1 0 0

+

n n
1 0 0
n−2 0 0
1 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−1 0 0

=

n n
n 91 1
1 0 0
n 91 0
n 0 0

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4→3 · f4 =
[2n+1
2n+1 1
n 0
]
·

n n
n 91 1
1 0 0
n 91 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0
 ·

n n
n 91 1
1 0 0
n 91 0
 =

n n
n 91 1
1 0 0
n 91 0
n 0 0

f3 ·MP (6n−3,5)4→3 −MP (6n+1,1)4→3 · f4 =

n n
n 91 1
1 0 0
n 91 0
n 0 0
−

n n
n 91 1
1 0 0
n 91 0
n 0 0
 =
[2n
3n+1 0
]
4. f4 ·MP (6n−3,5)5→4 −MP (6n+1,1)5→4 · f5 = 0
f4 ·MP (6n−3,5)5→4 =

n n
n 91 1
1 0 0
n 91 0
 · [
n
n 0
n 1
]
=

n
n 1
1 0
n 0
 = [
n
n 1
n+1 0
]
M
P (6n+1,1)
5→4 · f5 =
[ n
n 1
n+1 0
]
·
[ n
n 1
]
=
[ n
n 1
n+1 0
]
f4 ·MP (6n−3,5)5→4 −MP (6n+1,1)5→4 · f5 =
[ n
n 1
n+1 0
]
−
[ n
n 1
n+1 0
]
=
[ n
2n+1 0
]
5. f3 ·MP (6n−3,5)6→3 −MP (6n+1,1)6→3 · f6 = 0
f3 ·MP (6n−3,5)6→3 =


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


·

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
=

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 n−1 1 n−1
1 0 91 0 1 0
n−1 0 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
n 0 0 0 0 0

·

n−1 1 n−1
n−1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
+

n−1 n n
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

n−1 n
n−1 1 0
n 0 1
n 0 0

+

n−1 1 2n−1
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

2n−1
n−1 0
1 0
2n−1 1
+

n−1 n n
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 2n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

2n−1
n−1 0
1 0
2n−1 1

=

n−1 n
n 0 91
1 0 0
n 0 91
n 0 0
+

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

+

n−1 n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

2n−1
1 0
n−1 0
1 0
n−1 0
2 0
n−1 0

+

n−1 n
n+2 0 0
n−1 1 0
n 0 0
+

2n−1
n+2 0
n−1 0
n 0

=

n−1 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 0 0 91
n 0 0 0

+

n−1 1 n−1
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
2 0 0 0
n−1 0 0 0

+

n−1 1 n−1
n+2 0 0 0
n−1 1 0 0
n 0 0 0
+

n−1 1 n−1
n+2 0 0 0
n−1 0 0 0
n 0 0 0
 =

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

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M
P (6n+1,1)
6→3 · f6 =
[2n+1
n 0
2n+1 1
]
·


n−1 n
1 0 0
n 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2 0 0
n−1 1 0


=

1 n n
n 0 0 0
1 1 0 0
n 0 1 0
n 0 0 1
 ·

n−1 n
1 0 0
n 0 91
n 0 0
+

1 n−1 2 n−1
n 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 0 0 1
 ·

n−1 n
1 0 0
n−1 1 0
2 0 0
n−1 1 0

=

n−1 n
n 0 0
1 0 0
n 0 91
n 0 0
+

n−1 n
n 0 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0
 =

n−1 n−1 1
n 0 0 0
1 0 0 0
n−1 0 91 0
1 0 0 91
1 0 0 0
n−1 0 0 0

+

n−1 n
n 0 0
1 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0

=

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

f3 ·MP (6n−3,5)6→3 −MP (6n+1,1)6→3 · f6 =

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0
−

n−1 n−1 1
n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0
 =
[2n−1
3n+1 0
]
6. f6 ·MP (6n−3,5)7→6 −MP (6n+1,1)7→6 · f7 = 0
f6 ·MP (6n−3,5)7→6 =


n−1 n
1 0 0
n 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2 0 0
n−1 1 0


·

n−1
n−1 1
n−1 1
1 0
 =

n−1 n−1 1
1 0 0 0
n−1 0 91 0
1 0 0 91
n 0 0 0
 ·

n−1
n−1 1
n−1 1
1 0
+

n−1 n−1 1
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0
 ·

n−1
n−1 1
n−1 1
1 0

=

n−1
1 0
n−1 91
1 0
n 0
+

n−1
1 0
n−1 1
2 0
n−1 1
 =

n−1
1 0
n−1 91
1 0
1 0
n−1 0
+

n−1
1 0
n−1 1
1 0
1 0
n−1 1
 =
[n−1
n+2 0
n−1 1
]
M
P (6n+1,1)
7→6 · f7 =
[ n
n+1 0
n 1
]
·
[n−1
1 0
n−1 1
]
=

1 n−1
n+1 0 0
1 1 0
n−1 0 1
 · [
n−1
1 0
n−1 1
]
=

n−1
n+1 0
1 0
n−1 1
 = [
n−1
n+2 0
n−1 1
]
f6 ·MP (6n−3,5)7→6 −MP (6n+1,1)7→6 · f7 =
[n−1
n+2 0
n−1 1
]
−
[n−1
n+2 0
n−1 1
]
=
[n−1
2n+1 0
]
Relations of the projection g : P (6n+ 1, 1)→ R31(2) P
1. g2 ·MP (6n+1,1)1→2 −MR
3
1(2)
1→2 · g1 = 0
g2 ·MP (6n+1,1)1→2 =
[ n 1 n−1
1 0 1 0
]
·
[ n
n 1
n 1
]
=
[ 1 n−1 1 n−1
1 0 0 1 0
]
·

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
 =
[ 1 n−1
1 1 0
]
M
R31(2)
1→2 · g1 =
[
1
]
·
[ 1 n−1
1 1 0
]
=
[ 1 n−1
1 1 0
]
g2 ·MP (6n+1,1)1→2 −MR
3
1(2)
1→2 · g1 =
[ 1 n−1
1 1 0
]
−
[ 1 n−1
1 1 0
]
=
[ n
1 0
]
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2. g3 ·MP (6n+1,1)2→3 −MR
3
1(2)
2→3 · g2 = 0
g3 ·MP (6n+1,1)2→3 =
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
=
[ n 1 n−1 1 1 n−1
1 0 0 0 0 1 0
1 0 91 0 0 1 0
]
·

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

+
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

n 1 n−1
n 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1

=
[ n 1 n−1
1 0 0 0
1 0 91 0
]
+
[ n 1 n−1
1 0 1 0
1 0 1 0
]
=
[ n 1 n−1
1 0 1 0
1 0 0 0
]
M
R31(2)
2→3 · g2 =
[
1
0
]
·
[ n 1 n−1
1 0 1 0
]
=
[ n 1 n−1
1 0 1 0
1 0 0 0
]
g3 ·MP (6n+1,1)2→3 −MR
3
1(2)
2→3 · g2 =
[ n 1 n−1
1 0 1 0
1 0 0 0
]
−
[ n 1 n−1
1 0 1 0
1 0 0 0
]
=
[2n
2 0
]
3. g3 ·MP (6n+1,1)4→3 −MR
3
1(2)
4→3 · g4 = 0
g3 ·MP (6n+1,1)4→3 =
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[2n+1
2n+1 1
n 0
]
=
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n−1 0 0 0
 =
[ n 1 n
1 0 0 0
1 0 91 0
]
M
R31(2)
4→3 · g4 =
[
0
1
]
·
[ n 1 n
1 0 91 0
]
=
[ n 1 n
1 0 0 0
1 0 91 0
]
g3 ·MP (6n+1,1)4→3 −MR
3
1(2)
4→3 · g4 =
[ n 1 n
1 0 0 0
1 0 91 0
]
−
[ n 1 n
1 0 0 0
1 0 91 0
]
=
[2n+1
2 0
]
4. g4 ·MP (6n+1,1)5→4 −MR
3
1(2)
5→4 · g5 = 0
g4 ·MP (6n+1,1)5→4 =
[ n 1 n
1 0 91 0
]
·
[ n
n 1
n+1 0
]
=
[ n 1 n
1 0 91 0
]
·

n
n 1
1 0
n 0
 = [ n1 0 ]
M
R31(2)
5→4 · g5 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g4 ·MP (6n+1,1)5→4 −MR
3
1(2)
5→4 · g5 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
5. g3 ·MP (6n+1,1)6→3 −MR
3
1(2)
6→3 · g6 = 0
g3 ·MP (6n+1,1)6→3 =
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[2n+1
n 0
2n+1 1
]
=
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

1 n 1 n−1
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 =
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
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M
R31(2)
6→3 · g6 =
[
1 0
0 1
]
·
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
=
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
g3 ·MP (6n+1,1)6→3 −MR
3
1(2)
6→3 · g6 =
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
−
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
=
[2n+1
2 0
]
6. g6 ·MP (6n+1,1)7→6 −MR
3
1(2)
7→6 · g7 = 0
g6 ·MP (6n+1,1)7→6 =
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
·
[ n
n+1 0
n 1
]
=
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
·

1 n−1
1 0 0
n 0 0
1 1 0
n−1 0 1
 =
[ 1 n−1
1 1 0
1 1 0
]
M
R31(2)
7→6 · g7 =
[
1
1
]
·
[ 1 n−1
1 1 0
]
=
[ 1 n−1
1 1 0
1 1 0
]
g6 ·MP (6n+1,1)7→6 −MR
3
1(2)
7→6 · g7 =
[ 1 n−1
1 1 0
1 1 0
]
−
[ 1 n−1
1 1 0
1 1 0
]
=
[ n
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 n−1
1 1 0
]
·
[n−1
1 0
n−1 1
]
=
[n−1
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ n 1 n−1
1 0 1 0
]
·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 =
[ 1 n−1 1 n−1
1 0 0 1 0
]
·

n−1 1 n−1
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
 =
[2n−1
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·


n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
n+2 0 0
n−1 1 0
n 0 0


=
[ n 1 n 1 n−1
1 0 0 0 1 0
1 0 91 0 1 0
]
·

n−1 n n
n 0 91 1
1 0 0 0
n 0 91 0
1 0 0 0
n−1 0 0 0
+
[ 1 n−1 1 n−1 1 1 n−1
1 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0
]
·

n−1 2n
1 0 0
n−1 1 0
1 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0

+
[ n 1 1 n−1 1 n−1
1 0 0 0 0 1 0
1 0 91 0 0 1 0
]
·

n−1 2n
n 0 0
1 0 0
1 0 0
n−1 1 0
1 0 0
n−1 0 0

=
[n−1 n n
1 0 0 0
1 0 0 0
]
+
[n−1 2n
1 0 0
1 0 0
]
+
[n−1 2n
1 0 0
1 0 0
]
=
[n−1 n n
1 0 0 0
1 0 0 0
]
+
[n−1 n n
1 0 0 0
1 0 0 0
]
+
[n−1 n n
1 0 0 0
1 0 0 0
]
=
[3n−1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n 1 n
1 0 91 0
]
·

n n
n 91 1
1 0 0
n 91 0
 = [2n1 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ n
0 0
]
·
[ n
n 1
]
=
[ n
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
·


n−1 n
1 0 0
n 0 91
n 0 0
+

n−1 n
1 0 0
n−1 1 0
2 0 0
n−1 1 0


=
[ 1 n 1 n−1
1 0 0 1 0
1 91 0 1 0
]
·

n−1 n
1 0 0
n 0 91
1 0 0
n−1 0 0
+
[ 1 n−1 1 1 n−1
1 0 0 0 1 0
1 91 0 0 1 0
]
·

n−1 n
1 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0
 =
[n−1 n
1 0 0
1 0 0
]
+
[n−1 n
1 0 0
1 0 0
]
=
[2n−1
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n−1
1 1 0
]
·
[n−1
1 0
n−1 1
]
=
[n−1
1 0
]
119.5.2 0→ P (6n− 3, 7) f→ P (6n+ 1, 1) g→ R30(2)→ 0 
PdimP (6n− 3, 7) + dimR30(2) = (n− 1, 2n− 1, 3n− 1, 2n− 1, n− 1, 2n, n) + (1, 1, 2, 2, 1, 1, 0)
= (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n) = dimP (6n+ 1, 1)
Pdimk Ext
1
kQ(R
3
0(2), P (6n− 3, 7)) = dimk HomkQ(R30(2), P (6n− 3, 7))− 〈dimR30(2),dimP (6n− 3, 7)〉
= 0− 〈(1, 1, 2, 2, 1, 1, 0), (n− 1, 2n− 1, 3n− 1, 2n− 1, n− 1, 2n, n)〉
= 1 · (2n− 1) + 1 · (3n− 1) + 2 · (3n− 1) + 1 · (2n− 1) + 1 · (3n− 1) + 0 · 2n
− (1 · (n− 1) + 1 · (2n− 1) + 2 · (3n− 1) + 2 · (2n− 1) + 1 · (n− 1) + 1 · 2n+ 0 · n)
= 2n− 1 + 3n− 1 + 6n− 2 + 2n− 1 + 3n− 1 + 0− (n− 1 + 2n− 1 + 6n− 2 + 4n− 2 + n− 1 + 2n+ 0)
= 1
Representation of P (6n− 3, 7) = P (6n+ 3, 7)[n 7→ n− 1] 
Dimension vector: dimP (6n− 3, 7) = (n− 1, 2n− 1, 3n− 1, 2n− 1, n− 1, 2n, n)
Matrices of the representation:
1. MP (6n−3,7)1→2 =

n−1
n−1 1
n−1 1
1 0
 ∈M2n−1,n−1(k)
2. MP (6n−3,7)2→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
3. MP (6n−3,7)4→3 =
[2n−1
2n−1 1
n 0
]
∈M3n−1,2n−1(k)
4. MP (6n−3,7)5→4 =
[n−1
n−1 1
n 0
]
∈M2n−1,n−1(k)
5. MP (6n−3,7)6→3 =
[2n
n−1 0
2n 1
]
∈M3n−1,2n(k)
6. MP (6n−3,7)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
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Matrices of the embedding f : P (6n− 3, 7)→ P (6n+ 1, 1) P
1. f1 =
[n−1
n−1 1
1 0
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
2. f2 =

n−1 n
n−1 1 0
1 0 0
n 0 1
 ∈M2n,2n−1(k) is already in column echelon form and has maximal column rank.
3. f3 =

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 ∈M3n+1,3n−1(k) is already in column echelon form and has maximal column rank.
4. f4 =

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
 ∈M2n+1,2n−1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[n−1
n−1 1
1 0
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
6. f6 =

n n
n 1 0
1 0 0
n 0 1
 ∈M2n+1,2n(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : P (6n+ 1, 1)→ R30(2) P
1. g1 =
[n−1 1
1 0 1
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[n−1 1 n
1 0 1 0
]
∈M1,2n(k) is already in row echelon form and has maximal row rank.
3. g3 =
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
∈M2,3n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
r1↔r2−−−−→
[n−1 1 n 1 n
1 0 91 0 1 0
1 0 0 0 1 0
]
4. g4 =
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
∈M2,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
r1↔r2−−−−→
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
5. g5 =
[n−1 1
1 0 91
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ n 1 n
1 0 1 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
Relations of the embedding f : P (6n− 3, 7)→ P (6n+ 1, 1) P
1. f2 ·MP (6n−3,7)1→2 −MP (6n+1,1)1→2 · f1 = 0
f2 ·MP (6n−3,7)1→2 =

n−1 n
n−1 1 0
1 0 0
n 0 1
 ·

n−1
n−1 1
n−1 1
1 0
 =

n−1 n−1 1
n−1 1 0 0
1 0 0 0
n−1 0 1 0
1 0 0 1
 ·

n−1
n−1 1
n−1 1
1 0
 =

n−1
n−1 1
1 0
n−1 1
1 0

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M
P (6n+1,1)
1→2 · f1 =
[ n
n 1
n 1
]
·
[n−1
n−1 1
1 0
]
=

n−1 1
n−1 1 0
1 0 1
n−1 1 0
1 0 1
 ·
[n−1
n−1 1
1 0
]
=

n−1
n−1 1
1 0
n−1 1
1 0

f2 ·MP (6n−3,7)1→2 −MP (6n+1,1)1→2 · f1 =

n−1
n−1 1
1 0
n−1 1
1 0
−

n−1
n−1 1
1 0
n−1 1
1 0
 =
[n−1
2n 0
]
2. f3 ·MP (6n−3,7)2→3 −MP (6n+1,1)2→3 · f2 = 0
f3 ·MP (6n−3,7)2→3 =

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 ·

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
] =

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 n−1 n
n−1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
1 0 0 0 0
n 0 0 0 1

·

n−1 n
n−1 0 0
1 0 0
n−1 1 0
n 0 1

=

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
n 0 0
+

n−1 n
n−1 0 0
1 0 0
1 0 0
n−1 1 0
1 0 0
n 0 1

=

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n 0 0 0

+

n−1 n
n−1 0 0
1 0 0
1 0 0
n−1 1 0
1 0 0
n 0 1

=

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 1 0
n−1 1 0 1
1 0 0 0
1 0 1 0
n−1 0 0 1

M
P (6n+1,1)
2→3 · f2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·

n−1 n
n−1 1 0
1 0 0
n 0 1
 =

n−1 1 n
n−1 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n−1 n
n−1 1 0
1 0 0
n 0 1
+

n−1 1 n
n+1 0 0 0
n−1 1 0 0
1 0 1 0
n 0 0 1
 ·

n−1 n
n−1 1 0
1 0 0
n 0 1

=

n−1 n
n−1 1 0
1 0 0
n 0 1
n+1 0 0
+

n−1 n
n+1 0 0
n−1 1 0
1 0 0
n 0 1
 =

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n 0 0 0

+

n−1 n
n−1 0 0
1 0 0
1 0 0
n−1 1 0
1 0 0
n 0 1

=

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 1 0
n−1 1 0 1
1 0 0 0
1 0 1 0
n−1 0 0 1

f3 ·MP (6n−3,7)2→3 −MP (6n+1,1)2→3 · f2 =

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 1 0
n−1 1 0 1
1 0 0 0
1 0 1 0
n−1 0 0 1

−

n−1 1 n−1
n−1 1 0 0
1 0 0 0
1 0 1 0
n−1 1 0 1
1 0 0 0
1 0 1 0
n−1 0 0 1

=
[2n−1
3n+1 0
]
3. f3 ·MP (6n−3,7)4→3 −MP (6n+1,1)4→3 · f4 = 0
f3 ·MP (6n−3,7)4→3 =

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 ·
[2n−1
2n−1 1
n 0
]
=

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
 =

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
n 0 0
 =

n−1 n
n−1 1 0
1 0 0
n 0 1
n+1 0 0

M
P (6n+1,1)
4→3 · f4 =
[2n+1
2n+1 1
n 0
]
·

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
 =

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
 ·

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
 =

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
n 0 0
 =

n−1 n
n−1 1 0
1 0 0
n 0 1
n+1 0 0

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f3 ·MP (6n−3,7)4→3 −MP (6n+1,1)4→3 · f4 =

n−1 n
n−1 1 0
1 0 0
n 0 1
n+1 0 0
−

n−1 n
n−1 1 0
1 0 0
n 0 1
n+1 0 0
 =
[2n−1
3n+1 0
]
4. f4 ·MP (6n−3,7)5→4 −MP (6n+1,1)5→4 · f5 = 0
f4 ·MP (6n−3,7)5→4 =

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
 ·
[n−1
n−1 1
n 0
]
=

n−1
n−1 1
1 0
n 0
1 0
 =
[n−1
n−1 1
n+2 0
]
M
P (6n+1,1)
5→4 · f5 =
[ n
n 1
n+1 0
]
·
[n−1
n−1 1
1 0
]
=

n−1 1
n−1 1 0
1 0 1
n+1 0 0
 · [
n−1
n−1 1
1 0
]
=

n−1
n−1 1
1 0
n+1 0
 = [
n−1
n−1 1
n+2 0
]
f4 ·MP (6n−3,7)5→4 −MP (6n+1,1)5→4 · f5 =
[n−1
n−1 1
n+2 0
]
−
[n−1
n−1 1
n+2 0
]
=
[n−1
2n+1 0
]
5. f3 ·MP (6n−3,7)6→3 −MP (6n+1,1)6→3 · f6 = 0
f3 ·MP (6n−3,7)6→3 =

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 ·
[2n
n−1 0
2n 1
]
=

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 ·

n n
n−1 0 0
n 1 0
n 0 1
 =

n n
n−1 0 0
1 0 0
n 1 0
1 0 0
n 0 1
 =

n n
n 0 0
n 1 0
1 0 0
n 0 1

M
P (6n+1,1)
6→3 · f6 =
[2n+1
n 0
2n+1 1
]
·

n n
n 1 0
1 0 0
n 0 1
 =

n 1 n
n 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n n
n 1 0
1 0 0
n 0 1
 =

n n
n 0 0
n 1 0
1 0 0
n 0 1

f3 ·MP (6n−3,7)6→3 −MP (6n+1,1)6→3 · f6 =

n n
n 0 0
n 1 0
1 0 0
n 0 1
−

n n
n 0 0
n 1 0
1 0 0
n 0 1
 =
[2n
3n+1 0
]
6. f6 ·MP (6n−3,7)7→6 −MP (6n+1,1)7→6 · f7 = 0
f6 ·MP (6n−3,7)7→6 =

n n
n 1 0
1 0 0
n 0 1
 · [
n
n 0
n 1
]
=

n
n 0
1 0
n 1
 = [
n
n+1 0
n 1
]
M
P (6n+1,1)
7→6 · f7 =
[ n
n+1 0
n 1
]
·
[ n
n 1
]
=
[ n
n+1 0
n 1
]
f6 ·MP (6n−3,7)7→6 −MP (6n+1,1)7→6 · f7 =
[ n
n+1 0
n 1
]
−
[ n
n+1 0
n 1
]
=
[ n
2n+1 0
]
Relations of the projection g : P (6n+ 1, 1)→ R30(2) P
1. g2 ·MP (6n+1,1)1→2 −MR
3
0(2)
1→2 · g1 = 0
g2 ·MP (6n+1,1)1→2 =
[n−1 1 n
1 0 1 0
]
·
[ n
n 1
n 1
]
=
[n−1 1 n−1 1
1 0 1 0 0
]
·

n−1 1
n−1 1 0
1 0 1
n−1 1 0
1 0 1
 =
[n−1 1
1 0 1
]
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M
R30(2)
1→2 · g1 =
[
1
]
·
[n−1 1
1 0 1
]
=
[n−1 1
1 0 1
]
g2 ·MP (6n+1,1)1→2 −MR
3
0(2)
1→2 · g1 =
[n−1 1
1 0 1
]
−
[n−1 1
1 0 1
]
=
[ n
1 0
]
2. g3 ·MP (6n+1,1)2→3 −MR
3
0(2)
2→3 · g2 = 0
g3 ·MP (6n+1,1)2→3 =
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
=
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
·

n−1 1 n
n−1 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
+
[n−1 1 1 n−1 1 n
1 0 0 0 0 1 0
1 0 91 0 0 1 0
]
·

n−1 1 n
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n 0 0 1

=
[n−1 1 n
1 0 0 0
1 0 91 0
]
+
[n−1 1 n
1 0 1 0
1 0 1 0
]
=
[n−1 1 n
1 0 1 0
1 0 0 0
]
M
R30(2)
2→3 · g2 =
[
1
0
]
·
[n−1 1 n
1 0 1 0
]
=
[n−1 1 n
1 0 1 0
1 0 0 0
]
g3 ·MP (6n+1,1)2→3 −MR
3
0(2)
2→3 · g2 =
[n−1 1 n
1 0 1 0
1 0 0 0
]
−
[n−1 1 n
1 0 1 0
1 0 0 0
]
=
[2n
2 0
]
3. g3 ·MP (6n+1,1)4→3 −MR
3
0(2)
4→3 · g4 = 0
g3 ·MP (6n+1,1)4→3 =
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[2n+1
2n+1 1
n 0
]
=
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
·

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
 =
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
M
R30(2)
4→3 · g4 =
[
1 0
0 1
]
·
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
=
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
g3 ·MP (6n+1,1)4→3 −MR
3
0(2)
4→3 · g4 =
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
−
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
=
[2n+1
2 0
]
4. g4 ·MP (6n+1,1)5→4 −MR
3
0(2)
5→4 · g5 = 0
g4 ·MP (6n+1,1)5→4 =
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
·
[ n
n 1
n+1 0
]
=
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
·

n−1 1
n−1 1 0
1 0 1
n 0 0
1 0 0
 =
[n−1 1
1 0 0
1 0 91
]
M
R30(2)
5→4 · g5 =
[
0
1
]
·
[n−1 1
1 0 91
]
=
[n−1 1
1 0 0
1 0 91
]
g4 ·MP (6n+1,1)5→4 −MR
3
0(2)
5→4 · g5 =
[n−1 1
1 0 0
1 0 91
]
−
[n−1 1
1 0 0
1 0 91
]
=
[ n
2 0
]
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5. g3 ·MP (6n+1,1)6→3 −MR
3
0(2)
6→3 · g6 = 0
g3 ·MP (6n+1,1)6→3 =
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
·
[2n+1
n 0
2n+1 1
]
=
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
·

n 1 n
n−1 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 =
[ n 1 n
1 0 1 0
1 0 1 0
]
M
R30(2)
6→3 · g6 =
[
1
1
]
·
[ n 1 n
1 0 1 0
]
=
[ n 1 n
1 0 1 0
1 0 1 0
]
g3 ·MP (6n+1,1)6→3 −MR
3
0(2)
6→3 · g6 =
[ n 1 n
1 0 1 0
1 0 1 0
]
−
[ n 1 n
1 0 1 0
1 0 1 0
]
=
[2n+1
2 0
]
6. g6 ·MP (6n+1,1)7→6 −MR
3
0(2)
7→6 · g7 = 0
g6 ·MP (6n+1,1)7→6 =
[ n 1 n
1 0 1 0
]
·
[ n
n+1 0
n 1
]
=
[ n 1 n
1 0 1 0
]
·

n
n 0
1 0
n 1
 = [ n1 0 ]
M
R30(2)
7→6 · g7 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g6 ·MP (6n+1,1)7→6 −MR
3
0(2)
7→6 · g7 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n−1 1
1 0 1
]
·
[n−1
n−1 1
1 0
]
=
[n−1
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[n−1 1 n
1 0 1 0
]
·

n−1 n
n−1 1 0
1 0 0
n 0 1
 = [2n−11 0 ]
3. g3 · f3 = 0
g3 · f3 =
[n−1 1 n 1 n
1 0 0 0 1 0
1 0 91 0 1 0
]
·

n−1 n n
n−1 1 0 0
1 0 0 0
n 0 1 0
1 0 0 0
n 0 0 1
 =
[3n−1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[n−1 1 n 1
1 0 0 0 1
1 0 91 0 1
]
·

n−1 n
n−1 1 0
1 0 0
n 0 1
1 0 0
 =
[2n−1
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[n−1 1
1 0 91
]
·
[n−1
n−1 1
1 0
]
=
[n−1
1 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ n 1 n
1 0 1 0
]
·

n n
n 1 0
1 0 0
n 0 1
 = [2n1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ n
0 0
]
·
[ n
n 1
]
=
[ n
0 0
]
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120 Tree module property of P (6n+ 2, 1)
120.1 Tree module property of P (2, 1) 
The representation of P (2, 1):
dimP (2, 1) = (0, 1, 2, 1, 1, 1, 1)
P (2, 1) =
(
M1→2 = 0, M2→3 =
(
1
1
)
, M4→3 =
(
1
0
)
, M5→4 = ( 1 ) , M6→3 =
(
0
1
)
, M7→6 = ( 1 )
)
The length of P (2, 1) is: 0 + 1 + 2 + 1 + 1 + 1 + 1 = 7.
The total number of ones in the matrices of the representation: 6.
A = M(EndkQ(P (2, 1))) ∈M8,9(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (2, 1).
A =

1 91 91 0 0 0 0 0 0
1 0 0 91 91 0 0 0 0
0 91 0 0 0 1 0 0 0
0 0 0 91 0 0 0 0 0
0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 1 0
0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 91 1

←−
−1
+
∼

1 91 91 0 0 0 0 0 0
0 1 1 91 91 0 0 0 0
0 91 0 0 0 1 0 0 0
0 0 0 91 0 0 0 0 0
0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 1 0
0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 91 1

←−+
∼

1 91 91 0 0 0 0 0 0
0 1 1 91 91 0 0 0 0
0 0 1 91 91 1 0 0 0
0 0 0 91 0 0 0 0 0
0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 1 0
0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 91 1

←−+
∼

1 91 91 0 0 0 0 0 0
0 1 1 91 91 0 0 0 0
0 0 1 91 91 1 0 0 0
0 0 0 91 0 0 0 0 0
0 0 0 91 91 1 0 0 0
0 0 0 0 91 0 0 1 0
0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 91 1

←−
−1
+
∼

1 91 91 0 0 0 0 0 0
0 1 1 91 91 0 0 0 0
0 0 1 91 91 1 0 0 0
0 0 0 91 0 0 0 0 0
0 0 0 0 91 1 0 0 0
0 0 0 0 91 0 0 1 0
0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 91 1
←−
−1
+
∼

1 91 91 0 0 0 0 0 0
0 1 1 91 91 0 0 0 0
0 0 1 91 91 1 0 0 0
0 0 0 91 0 0 0 0 0
0 0 0 0 91 1 0 0 0
0 0 0 0 0 91 0 1 0
0 0 0 0 0 91 1 0 0
0 0 0 0 0 0 0 91 1
←−−1+
∼

1 91 91 0 0 0 0 0 0
0 1 1 91 91 0 0 0 0
0 0 1 91 91 1 0 0 0
0 0 0 91 0 0 0 0 0
0 0 0 0 91 1 0 0 0
0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 1 91 0
0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(P (2, 1)) = corank(A) = 1 in every field k, therefore P (2, 1) has the (field independent) tree module property.
120.2 Tree module property of P (8, 1) 
The matrices of the representation have full (column) rank P
1. MP (8,1)1→2 =
11
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. MP (8,1)2→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. MP (8,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
4. MP (8,1)5→4 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
5. MP (8,1)6→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. MP (8,1)7→6 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
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120.2.1 0→ P (4, 5) f→ P (8, 1) g→ R11(2)→ 0 
PdimP (4, 5) + dimR11(2) = (1, 2, 3, 1, 1, 2, 1) + (0, 1, 2, 2, 1, 1, 1)
= (1, 3, 5, 3, 2, 3, 2) = dimP (8, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (4, 5)) = dimk HomkQ(R
1
1(2), P (4, 5))− 〈dimR11(2),dimP (4, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (1, 2, 3, 1, 1, 2, 1)〉
= 0 · 2 + 1 · 3 + 2 · 3 + 1 · 1 + 1 · 3 + 1 · 2− (0 · 1 + 1 · 2 + 2 · 3 + 2 · 1 + 1 · 1 + 1 · 2 + 1 · 1)
= 0 + 3 + 6 + 1 + 3 + 2− (0 + 2 + 6 + 2 + 1 + 2 + 1)
= 1
Matrices of the embedding f : P (4, 5)→ P (8, 1) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =
1 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0
1 0 0
0 1 0
0 1 91
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
4. f4 =
11
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
1 01 91
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
91
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (8, 1)→ R11(2) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[
1 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 91 91 1 1
1 91 0 0 0
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
1 91 91 1 1
1 91 0 0 0
]
r2←r2−r1−−−−−−→
[
1 91 91 1 1
0 0 1 91 91
]
4. g4 =
[
1 91 91
1 91 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[
1 91 91
1 91 0
]
r2←r2−r1−−−−−−→
[
1 91 91
0 0 1
]
5. g5 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 1 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (4, 5)→ P (8, 1) P
1. f2 ·MP (4,5)1→2 −MP (8,1)1→2 · f1 = 0
f2 ·MP (4,5)1→2 =
1 01 0
0 1
 · [1
0
]
=
11
0

M
P (8,1)
1→2 · f1 =
11
0
 · [1] =
11
0

f2 ·MP (4,5)1→2 −MP (8,1)1→2 · f1 =
11
0
−
11
0
 = [ 13 0 ]
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2. f3 ·MP (4,5)2→3 −MP (8,1)2→3 · f2 = 0
f3 ·MP (4,5)2→3 =

1 0 0
1 0 0
0 1 0
0 1 91
0 0 1
 ·
1 01 1
0 1
 =

1 0
1 0
1 1
1 0
0 1

M
P (8,1)
2→3 · f2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
1 01 0
0 1
 =

1 0
1 0
1 1
1 0
0 1

f3 ·MP (4,5)2→3 −MP (8,1)2→3 · f2 =

1 0
1 0
1 1
1 0
0 1
−

1 0
1 0
1 1
1 0
0 1
 =
[ 2
5 0
]
3. f3 ·MP (4,5)4→3 −MP (8,1)4→3 · f4 = 0
f3 ·MP (4,5)4→3 =

1 0 0
1 0 0
0 1 0
0 1 91
0 0 1
 ·
[ 1
1 1
2 0
]
=

1 0 0
1 0 0
0 1 0
0 1 91
0 0 1
 ·
10
0
 =

1
1
0
0
0
 =

1
1 1
1 1
3 0

M
P (8,1)
4→3 · f4 =
[ 3
3 1
2 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
2 0
 =

1
1 1
1 1
3 0

f3 ·MP (4,5)4→3 −MP (8,1)4→3 · f4 =

1
1 1
1 1
3 0
−

1
1 1
1 1
3 0
 = [ 15 0 ]
4. f4 ·MP (4,5)5→4 −MP (8,1)5→4 · f5 = 0
f4 ·MP (4,5)5→4 =
11
0
 · [1] =
11
0

M
P (8,1)
5→4 · f5 =
[ 2
2 1
1 0
]
·
[
1
1
]
=
1 00 1
0 0
 · [1
1
]
=
11
0

f4 ·MP (4,5)5→4 −MP (8,1)5→4 · f5 =
11
0
−
11
0
 = [ 13 0 ]
5. f3 ·MP (4,5)6→3 −MP (8,1)6→3 · f6 = 0
f3 ·MP (4,5)6→3 =

1 0 0
1 0 0
0 1 0
0 1 91
0 0 1
 ·
[ 2
1 0
2 1
]
=

1 0 0
1 0 0
0 1 0
0 1 91
0 0 1
 ·
0 01 0
0 1
 =

0 0
0 0
1 0
1 91
0 1
 =

1 1
2 0 0
1 1 0
1 1 91
1 0 1

M
P (8,1)
6→3 · f6 =
[ 3
2 0
3 1
]
·
1 01 91
0 1
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
1 01 91
0 1
 =

1 1
2 0 0
1 1 0
1 1 91
1 0 1

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f3 ·MP (4,5)6→3 −MP (8,1)6→3 · f6 =

1 1
2 0 0
1 1 0
1 1 91
1 0 1
−

1 1
2 0 0
1 1 0
1 1 91
1 0 1
 =
[ 2
5 0
]
6. f6 ·MP (4,5)7→6 −MP (8,1)7→6 · f7 = 0
f6 ·MP (4,5)7→6 =
1 01 91
0 1
 · [0
1
]
=
 091
1

M
P (8,1)
7→6 · f7 =
[ 2
1 0
2 1
]
·
[
91
1
]
=
0 01 0
0 1
 · [91
1
]
=
 091
1

f6 ·MP (4,5)7→6 −MP (8,1)7→6 · f7 =
 091
1
−
 091
1
 = [ 13 0 ]
Relations of the projection g : P (8, 1)→ R11(2) P
1. g2 ·MP (8,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (8,1)1→2 =
[
1 91 0
]
·
11
0
 = [0]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g2 ·MP (8,1)1→2 −MR
1
1(2)
1→2 · g1 =
[
0
]
−
[
0
]
=
[
0
]
2. g3 ·MP (8,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (8,1)2→3 =
[
1 91 91 1 1
1 91 0 0 0
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =
[
0 0 0
1 91 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[
1 91 0
]
=
[
0 0 0
1 91 0
]
g3 ·MP (8,1)2→3 −MR
1
1(2)
2→3 · g2 =
[
0 0 0
1 91 0
]
−
[
0 0 0
1 91 0
]
=
[ 3
2 0
]
3. g3 ·MP (8,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (8,1)4→3 =
[
1 91 91 1 1
1 91 0 0 0
]
·
[ 3
3 1
2 0
]
=
[
1 91 91 1 1
1 91 0 0 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
[
1 91 91
1 91 0
]
M
R11(2)
4→3 · g4 =
[ 2
2 1
]
·
[
1 91 91
1 91 0
]
=
[
1 0
0 1
]
·
[
1 91 91
1 91 0
]
=
[
1 91 91
1 91 0
]
g3 ·MP (8,1)4→3 −MR
1
1(2)
4→3 · g4 =
[
1 91 91
1 91 0
]
−
[
1 91 91
1 91 0
]
=
[ 3
2 0
]
555
4. g4 ·MP (8,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (8,1)5→4 =
[
1 91 91
1 91 0
]
·
[ 2
2 1
1 0
]
=
[
1 91 91
1 91 0
]
·
1 00 1
0 0
 = [1 91
1 91
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[
1 91
]
=
[
1 91
1 91
]
g4 ·MP (8,1)5→4 −MR
1
1(2)
5→4 · g5 =
[
1 91
1 91
]
−
[
1 91
1 91
]
=
[ 2
2 0
]
5. g3 ·MP (8,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (8,1)6→3 =
[
1 91 91 1 1
1 91 0 0 0
]
·
[ 3
2 0
3 1
]
=
[
1 91 91 1 1
1 91 0 0 0
]
·

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 =
[
91 1 1
0 0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[
91 1 1
]
=
[
91 1 1
0 0 0
]
g3 ·MP (8,1)6→3 −MR
1
1(2)
6→3 · g6 =
[
91 1 1
0 0 0
]
−
[
91 1 1
0 0 0
]
=
[ 3
2 0
]
6. g6 ·MP (8,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (8,1)7→6 =
[
91 1 1
]
·
[ 2
1 0
2 1
]
=
[
91 1 1
]
·
0 01 0
0 1
 = [1 1]
M
R11(2)
7→6 · g7 =
[
1
]
·
[
1 1
]
=
[
1 1
]
g6 ·MP (8,1)7→6 −MR
1
1(2)
7→6 · g7 =
[
1 1
]
−
[
1 1
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 91 0
]
·
1 01 0
0 1
 = [ 21 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
1 91 91 1 1
1 91 0 0 0
]
·

1 0 0
1 0 0
0 1 0
0 1 91
0 0 1
 =
[ 3
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 91 91
1 91 0
]
·
11
0
 = [ 12 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[
1 91
]
·
[
1
1
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 1 1
]
·
1 01 91
0 1
 = [ 21 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
1 1
]
·
[
91
1
]
=
[
0
]
120.2.2 0→ P (4, 7) f→ P (8, 1) g→ R10(2)→ 0 
PdimP (4, 7) + dimR10(2) = (1, 2, 3, 2, 1, 1, 1) + (0, 1, 2, 1, 1, 2, 1)
= (1, 3, 5, 3, 2, 3, 2) = dimP (8, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (4, 7)) = dimk HomkQ(R
1
0(2), P (4, 7))− 〈dimR10(2),dimP (4, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (1, 2, 3, 2, 1, 1, 1)〉
= 0 · 2 + 1 · 3 + 1 · 3 + 1 · 2 + 2 · 3 + 1 · 1− (0 · 1 + 1 · 2 + 2 · 3 + 1 · 2 + 1 · 1 + 2 · 1 + 1 · 1)
= 0 + 3 + 3 + 2 + 6 + 1− (0 + 2 + 6 + 2 + 1 + 2 + 1)
= 1
Matrices of the embedding f : P (4, 7)→ P (8, 1) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =
 0 191 1
0 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =
 0 191 1
0 0
 c1↔c2−−−−→
1 01 91
0 0

3. f3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0

c1↔c3−−−−→

1 0 0
1 91 0
1 0 0
1 91 1
0 0 0

4. f4 =
 0 191 0
0 1
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =
 0 191 0
0 1
 c1↔c2−−−−→
1 00 91
1 0

5. f5 =
[
0
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (8, 1)→ R10(2) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 0 91 0 1
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 0 91
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 0 1
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (4, 7)→ P (8, 1) P
1. f2 ·MP (4,7)1→2 −MP (8,1)1→2 · f1 = 0
f2 ·MP (4,7)1→2 =
 0 191 1
0 0
 · [0
1
]
=
11
0

M
P (8,1)
1→2 · f1 =
11
0
 · [1] =
11
0

f2 ·MP (4,7)1→2 −MP (8,1)1→2 · f1 =
11
0
−
11
0
 = [ 13 0 ]
2. f3 ·MP (4,7)2→3 −MP (8,1)2→3 · f2 = 0
f3 ·MP (4,7)2→3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
[ 2
1 0
2 1
]
=

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
0 01 0
0 1
 =

0 1
91 1
0 1
91 1
0 0

M
P (8,1)
2→3 · f2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
 0 191 1
0 0
 =

0 1
91 1
0 1
91 1
0 0

f3 ·MP (4,7)2→3 −MP (8,1)2→3 · f2 =

0 1
91 1
0 1
91 1
0 0
−

0 1
91 1
0 1
91 1
0 0
 =
[ 2
5 0
]
3. f3 ·MP (4,7)4→3 −MP (8,1)4→3 · f4 = 0
f3 ·MP (4,7)4→3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
1 01 1
0 1
 =

0 1
91 0
0 1
0 0
0 0
 =

1 1
1 0 1
1 91 0
1 0 1
2 0 0

M
P (8,1)
4→3 · f4 =
[ 3
3 1
2 0
]
·
 0 191 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
 0 191 0
0 1
 =

1 1
1 0 1
1 91 0
1 0 1
2 0 0

f3 ·MP (4,7)4→3 −MP (8,1)4→3 · f4 =

1 1
1 0 1
1 91 0
1 0 1
2 0 0
−

1 1
1 0 1
1 91 0
1 0 1
2 0 0
 =
[ 2
5 0
]
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4. f4 ·MP (4,7)5→4 −MP (8,1)5→4 · f5 = 0
f4 ·MP (4,7)5→4 =
 0 191 0
0 1
 · [1
0
]
=
 091
0

M
P (8,1)
5→4 · f5 =
[ 2
2 1
1 0
]
·
[
0
91
]
=
1 00 1
0 0
 · [ 091
]
=
 091
0

f4 ·MP (4,7)5→4 −MP (8,1)5→4 · f5 =
 091
0
−
 091
0
 = [ 13 0 ]
5. f3 ·MP (4,7)6→3 −MP (8,1)6→3 · f6 = 0
f3 ·MP (4,7)6→3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
[ 1
1 1
2 0
]
=

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
10
0
 =

0
0
0
1
0
 =

1
3 0
1 1
1 0

M
P (8,1)
6→3 · f6 =
[ 3
2 0
3 1
]
·
01
0
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
01
0
 =

1
2 0
1 0
1 1
1 0
 =

1
3 0
1 1
1 0

f3 ·MP (4,7)6→3 −MP (8,1)6→3 · f6 =

1
3 0
1 1
1 0
−

1
3 0
1 1
1 0
 = [ 15 0 ]
6. f6 ·MP (4,7)7→6 −MP (8,1)7→6 · f7 = 0
f6 ·MP (4,7)7→6 =
01
0
 · [1] =
01
0

M
P (8,1)
7→6 · f7 =
[ 2
1 0
2 1
]
·
[
1
0
]
=
0 01 0
0 1
 · [1
0
]
=
01
0

f6 ·MP (4,7)7→6 −MP (8,1)7→6 · f7 =
01
0
−
01
0
 = [ 13 0 ]
Relations of the projection g : P (8, 1)→ R10(2) P
1. g2 ·MP (8,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (8,1)1→2 =
[ 2 1
1 0 1
]
·
11
0
 = [0 0 1] ·
11
0
 = [0]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g2 ·MP (8,1)1→2 −MR
1
0(2)
1→2 · g1 =
[
0
]
−
[
0
]
=
[
0
]
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2. g3 ·MP (8,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (8,1)2→3 =
[
1 0 91 0 1
0 0 0 0 1
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =
[
0 0 0
0 0 1
]
=
[ 2 1
1 0 0
1 0 1
]
M
R10(2)
2→3 · g2 =
[
0
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 0
1 0 1
]
g3 ·MP (8,1)2→3 −MR
1
0(2)
2→3 · g2 =
[ 2 1
1 0 0
1 0 1
]
−
[ 2 1
1 0 0
1 0 1
]
=
[ 3
2 0
]
3. g3 ·MP (8,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (8,1)4→3 =
[
1 0 91 0 1
0 0 0 0 1
]
·
[ 3
3 1
2 0
]
=
[
1 0 91 0 1
0 0 0 0 1
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
[
1 0 91
0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[
1 0 91
]
=
[
1 0 91
0 0 0
]
g3 ·MP (8,1)4→3 −MR
1
0(2)
4→3 · g4 =
[
1 0 91
0 0 0
]
−
[
1 0 91
0 0 0
]
=
[ 3
2 0
]
4. g4 ·MP (8,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (8,1)5→4 =
[
1 0 91
]
·
[ 2
2 1
1 0
]
=
[
1 0 91
]
·
1 00 1
0 0
 = [1 0]
M
R10(2)
5→4 · g5 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g4 ·MP (8,1)5→4 −MR
1
0(2)
5→4 · g5 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
5. g3 ·MP (8,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (8,1)6→3 =
[
1 0 91 0 1
0 0 0 0 1
]
·
[ 3
2 0
3 1
]
=
[
1 0 91 0 1
0 0 0 0 1
]
·

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 =
[
91 0 1
0 0 1
]
M
R10(2)
6→3 · g6 =
[ 2
2 1
]
·
[
91 0 1
0 0 1
]
=
[
1 0
0 1
]
·
[
91 0 1
0 0 1
]
=
[
91 0 1
0 0 1
]
g3 ·MP (8,1)6→3 −MR
1
0(2)
6→3 · g6 =
[
91 0 1
0 0 1
]
−
[
91 0 1
0 0 1
]
=
[ 3
2 0
]
6. g6 ·MP (8,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (8,1)7→6 =
[
91 0 1
0 0 1
]
·
[ 2
1 0
2 1
]
=
[
91 0 1
0 0 1
]
·
0 01 0
0 1
 = [0 1
0 1
]
M
R10(2)
7→6 · g7 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g6 ·MP (8,1)7→6 −MR
1
0(2)
7→6 · g7 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1
1 0 1
]
·
 0 191 1
0 0
 = [0 0 1] ·
 0 191 1
0 0
 = [ 21 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
1 0 91 0 1
0 0 0 0 1
]
·

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 =
[ 3
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 0 91
]
·
 0 191 0
0 1
 = [ 21 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
]
·
[
0
91
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 0 1
0 0 1
]
·
01
0
 = [ 12 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
120.3 Tree module property of P (14, 1) 
The matrices of the representation have full (column) rank P
1. MP (14,1)1→2 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. MP (14,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
3. MP (14,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
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4. MP (14,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. MP (14,1)6→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
6. MP (14,1)7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
120.3.1 0→ P (10, 5) f→ P (14, 1) g→ R11(2)→ 0 
PdimP (10, 5) + dimR11(2) = (2, 4, 6, 3, 2, 4, 2) + (0, 1, 2, 2, 1, 1, 1)
= (2, 5, 8, 5, 3, 5, 3) = dimP (14, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (10, 5)) = dimk HomkQ(R
1
1(2), P (10, 5))− 〈dimR11(2),dimP (10, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (2, 4, 6, 3, 2, 4, 2)〉
= 0 · 4 + 1 · 6 + 2 · 6 + 1 · 3 + 1 · 6 + 1 · 4− (0 · 2 + 1 · 4 + 2 · 6 + 2 · 3 + 1 · 2 + 1 · 4 + 1 · 2)
= 0 + 6 + 12 + 3 + 6 + 4− (0 + 4 + 12 + 6 + 2 + 4 + 2)
= 1
Matrices of the embedding f : P (10, 5)→ P (14, 1) P
1. f1 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f1 =
[ 2
2 1′
]
2. f2 =

0 1 0 0
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 1′
 c1↔c2−−−−→

1 1 2
1 1 0 0
1 0 1 0
1 1 0 0
2 0 0 1′

3. f3 =

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

c1↔c2−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

c3↔c4−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 0 91
0 0 0 0 0 1
0 0 0 0 1 0

c5↔c6−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 91 0
0 0 0 0 1 0
0 0 0 0 0 1

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4. f4 =

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1

c1↔c2−−−−→

1 0 0
0 1 0
1 0 0
0 0 0
0 0 1

5. f5 =
0 11 0
0 1
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =
0 11 0
0 1
 c1↔c2−−−−→
1 00 1
1 0

6. f6 =

0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0

c1↔c2−−−−→

1 0 0 0
0 1 0 0
1 0 0 91
0 0 0 1
0 0 1 0

c3↔c4−−−−→

1 0 0 0
0 1 0 0
1 0 91 0
0 0 1 0
0 0 0 1

7. f7 =
0 910 1
1 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =
0 910 1
1 0
 c1↔c2−−−−→
91 01 0
0 1

Matrices of the projection g : P (14, 1)→ R11(2) P
1. g1 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
2. g2 =
[
1 0 91 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
∈M2,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
r2←r2−r1−−−−−−→
[
1 0 91 91 0 1 1 0
0 0 0 1 0 91 91 0
]
4. g4 =
[
1 0 91 91 0
1 0 91 0 0
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[
1 0 91 91 0
1 0 91 0 0
]
r2←r2−r1−−−−−−→
[
1 0 91 91 0
0 0 0 1 0
]
5. g5 =
[
1 0 91
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 0 1 1 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (10, 5)→ P (14, 1) P
1. f2 ·MP (10,5)1→2 −MP (14,1)1→2 · f1 = 0
f2 ·MP (10,5)1→2 =

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 1′
 ·

1 0
0 1
0 0
1 0
 =

0 1 0 0
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
 ·

1 0
0 1
0 0
1 0
 =

0 1
1 0
0 1
1 0
0 0

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M
P (14,1)
1→2 · f1 =

2
2 1
2 1
1 0
 · [ 22 1′ ] =

2
2 1′
2 1′
1 0

f2 ·MP (10,5)1→2 −MP (14,1)1→2 · f1 =

0 1
1 0
0 1
1 0
0 0
−

0 1
1 0
0 1
1 0
0 0
 =
[ 2
5 0
]
2. f3 ·MP (10,5)2→3 −MP (14,1)2→3 · f2 = 0
f3 ·MP (10,5)2→3 =

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

·

2 2
2 1 0
2 1 1
2 0 1
 =

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

0 1 0 0
1 0 0 0
0 1 0 0
0 1 0 1
1 0 1 0
0 1 0 0
0 0 0 1
0 0 1 0

M
P (14,1)
2→3 · f2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 1′
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

0 1 0 0
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
 =

0 1 0 0
1 0 0 0
0 1 0 0
0 1 0 1
1 0 1 0
0 1 0 0
0 0 0 1
0 0 1 0

f3 ·MP (10,5)2→3 −MP (14,1)2→3 · f2 =

0 1 0 0
1 0 0 0
0 1 0 0
0 1 0 1
1 0 1 0
0 1 0 0
0 0 0 1
0 0 1 0

−

0 1 0 0
1 0 0 0
0 1 0 0
0 1 0 1
1 0 1 0
0 1 0 0
0 0 0 1
0 0 1 0

=
[ 4
8 0
]
3. f3 ·MP (10,5)4→3 −MP (14,1)4→3 · f4 = 0
f3 ·MP (10,5)4→3 =

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

·
[ 3
3 1
3 0
]
=

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

=

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1
0 0 0
0 0 0
0 0 0

=

1 1 1
1 0 1 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 1
3 0 0 0

M
P (14,1)
4→3 · f4 =
[ 5
5 1
3 0
]
·

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
3 0 0 0 0 0

·

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1
 =

1 1 1
1 0 1 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 1
3 0 0 0

f3 ·MP (10,5)4→3 −MP (14,1)4→3 · f4 =

1 1 1
1 0 1 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 1
3 0 0 0

−

1 1 1
1 0 1 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 1
3 0 0 0

=
[ 3
8 0
]
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4. f4 ·MP (10,5)5→4 −MP (14,1)5→4 · f5 = 0
f4 ·MP (10,5)5→4 =

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1
 ·
[ 2
2 1
1 0
]
=

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1
 ·
1 00 1
0 0
 =

0 1
1 0
0 1
0 0
0 0
 =

1 1
1 0 1
1 1 0
1 0 1
2 0 0

M
P (14,1)
5→4 · f5 =
[ 3
3 1
2 0
]
·
0 11 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
0 11 0
0 1
 =

1 1
1 0 1
1 1 0
1 0 1
2 0 0

f4 ·MP (10,5)5→4 −MP (14,1)5→4 · f5 =

1 1
1 0 1
1 1 0
1 0 1
2 0 0
−

1 1
1 0 1
1 1 0
1 0 1
2 0 0
 =
[ 2
5 0
]
5. f3 ·MP (10,5)6→3 −MP (14,1)6→3 · f6 = 0
f3 ·MP (10,5)6→3 =

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

·
[ 4
2 0
4 1
]
=

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=

0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0

=

1 1 1 1
3 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 1 0 91
1 0 0 0 1
1 0 0 1 0

M
P (14,1)
6→3 · f6 =
[ 5
3 0
5 1
]
·

0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0
 =

1 1 1 1 1
3 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0
 =

1 1 1 1
3 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 1 0 91
1 0 0 0 1
1 0 0 1 0

f3 ·MP (10,5)6→3 −MP (14,1)6→3 · f6 =

1 1 1 1
3 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 1 0 91
1 0 0 0 1
1 0 0 1 0

−

1 1 1 1
3 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 1 0 91
1 0 0 0 1
1 0 0 1 0

=
[ 4
8 0
]
6. f6 ·MP (10,5)7→6 −MP (14,1)7→6 · f7 = 0
f6 ·MP (10,5)7→6 =

0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0
 ·
[ 2
2 0
2 1
]
=

0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0
 ·

0 0
0 0
1 0
0 1
 =

0 0
0 0
0 91
0 1
1 0
 =

1 1
2 0 0
1 0 91
1 0 1
1 1 0

M
P (14,1)
7→6 · f7 =
[ 3
2 0
3 1
]
·
0 910 1
1 0
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
0 910 1
1 0
 =

1 1
2 0 0
1 0 91
1 0 1
1 1 0

f6 ·MP (10,5)7→6 −MP (14,1)7→6 · f7 =

1 1
2 0 0
1 0 91
1 0 1
1 1 0
−

1 1
2 0 0
1 0 91
1 0 1
1 1 0
 =
[ 2
5 0
]
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Relations of the projection g : P (14, 1)→ R11(2) P
1. g2 ·MP (14,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (14,1)1→2 =
[ 1 1 1 2
1 1 0 91 0
]
·

2
2 1
2 1
1 0
 = [1 0 91 0 0] ·

1 0
0 1
1 0
0 1
0 0
 =
[ 2
1 0
]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g2 ·MP (14,1)1→2 −MR
1
1(2)
1→2 · g1 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
2. g3 ·MP (14,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (14,1)2→3 =
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=
[
0 0 0 0 0
1 0 91 0 0
]
=
[ 1 1 1 2
1 0 0 0 0
1 1 0 91 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[ 1 1 1 2
1 1 0 91 0
]
=
[ 1 1 1 2
1 0 0 0 0
1 1 0 91 0
]
g3 ·MP (14,1)2→3 −MR
1
1(2)
2→3 · g2 =
[ 1 1 1 2
1 0 0 0 0
1 1 0 91 0
]
−
[ 1 1 1 2
1 0 0 0 0
1 1 0 91 0
]
=
[ 5
2 0
]
3. g3 ·MP (14,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (14,1)4→3 =
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
·
[ 5
5 1
3 0
]
=
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=
[
1 0 91 91 0
1 0 91 0 0
]
M
R11(2)
4→3 · g4 =
[ 2
2 1
]
·
[
1 0 91 91 0
1 0 91 0 0
]
=
[
1 0
0 1
]
·
[
1 0 91 91 0
1 0 91 0 0
]
=
[
1 0 91 91 0
1 0 91 0 0
]
g3 ·MP (14,1)4→3 −MR
1
1(2)
4→3 · g4 =
[
1 0 91 91 0
1 0 91 0 0
]
−
[
1 0 91 91 0
1 0 91 0 0
]
=
[ 5
2 0
]
4. g4 ·MP (14,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (14,1)5→4 =
[
1 0 91 91 0
1 0 91 0 0
]
·
[ 3
3 1
2 0
]
=
[
1 0 91 91 0
1 0 91 0 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
[
1 0 91
1 0 91
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[
1 0 91
]
=
[
1 0 91
1 0 91
]
g4 ·MP (14,1)5→4 −MR
1
1(2)
5→4 · g5 =
[
1 0 91
1 0 91
]
−
[
1 0 91
1 0 91
]
=
[ 3
2 0
]
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5. g3 ·MP (14,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (14,1)6→3 =
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
·
[ 5
3 0
5 1
]
=
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
·

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=
[
91 0 1 1 0
0 0 0 0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[
91 0 1 1 0
]
=
[
91 0 1 1 0
0 0 0 0 0
]
g3 ·MP (14,1)6→3 −MR
1
1(2)
6→3 · g6 =
[
91 0 1 1 0
0 0 0 0 0
]
−
[
91 0 1 1 0
0 0 0 0 0
]
=
[ 5
2 0
]
6. g6 ·MP (14,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (14,1)7→6 =
[
91 0 1 1 0
]
·
[ 3
2 0
3 1
]
=
[
91 0 1 1 0
]
·

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 =
[
1 1 0
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[
1 1 0
]
=
[
1 1 0
]
g6 ·MP (14,1)7→6 −MR
1
1(2)
7→6 · g7 =
[
1 1 0
]
−
[
1 1 0
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
0 0
]
·
[ 2
2 1′
]
=
[ 2
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 1 1 2
1 1 0 91 0
]
·

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 1′
 =
[ 4
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 0 91 91 0 1 1 0
1 0 91 0 0 0 0 0
]
·

0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 91
0 0 0 0 0 1
0 0 0 0 1 0

=
[ 6
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 0 91 91 0
1 0 91 0 0
]
·

0 1 0
1 0 0
0 1 0
0 0 0
0 0 1
 =
[ 3
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0 91
]
·
0 11 0
0 1
 = [ 21 0 ]
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6. g6 · f6 = 0
g6 · f6 =
[
91 0 1 1 0
]
·

0 1 0 0
1 0 0 0
0 1 0 91
0 0 0 1
0 0 1 0
 =
[ 4
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1 1 0
]
·
0 910 1
1 0
 = [ 21 0 ]
120.3.2 0→ P (10, 7) f→ P (14, 1) g→ R10(2)→ 0 
PdimP (10, 7) + dimR10(2) = (2, 4, 6, 4, 2, 3, 2) + (0, 1, 2, 1, 1, 2, 1)
= (2, 5, 8, 5, 3, 5, 3) = dimP (14, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (10, 7)) = dimk HomkQ(R
1
0(2), P (10, 7))− 〈dimR10(2),dimP (10, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (2, 4, 6, 4, 2, 3, 2)〉
= 0 · 4 + 1 · 6 + 1 · 6 + 1 · 4 + 2 · 6 + 1 · 3− (0 · 2 + 1 · 4 + 2 · 6 + 1 · 4 + 1 · 2 + 2 · 3 + 1 · 2)
= 0 + 6 + 6 + 4 + 12 + 3− (0 + 4 + 12 + 4 + 2 + 6 + 2)
= 1
Matrices of the embedding f : P (10, 7)→ P (14, 1) P
1. f1 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f1 =
[ 2
2 1′
]
2. f2 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

c1↔c4−−−−→

1 0 0 0
0 0 1 0
1 91 0 0
0 0 1 91
0 0 0 0

c2↔c3−−−−→

1 0 0 0
0 1 0 0
1 0 91 0
0 1 0 91
0 0 0 0
 =

2 2
2 1 0
2 1 91
1 0 0

3. f3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

c1↔c6−−−−→

1 0 0 0 0 0
0 0 0 0 1 0
1 0 0 91 0 0
1 0 91 0 1 0
0 0 0 0 1 0
1 1 0 91 0 0
0 0 91 0 1 1
0 0 0 0 0 0

c2↔c5−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 91 0 0
1 1 91 0 0 0
0 1 0 0 0 0
1 0 0 91 1 0
0 1 91 0 0 1
0 0 0 0 0 0

c3↔c4−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
1 0 91 0 0 0
1 1 0 91 0 0
0 1 0 0 0 0
1 0 91 0 1 0
0 1 0 91 0 1
0 0 0 0 0 0

4. f4 =

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0

c1↔c4−−−−→

1 0 0 0
0 0 1 0
0 91 0 0
1 0 0 91
0 0 1 0

c2↔c3−−−−→

1 0 0 0
0 1 0 0
0 0 91 0
1 0 0 91
0 1 0 0

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5. f5 =
1 00 0
0 91
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0

c1↔c3−−−−→

91 0 0
0 0 0
0 1 0
91 0 1
0 0 0

7. f7 =
0 11 0
0 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =
[ 2
2 1′
1 0
]
Matrices of the projection g : P (14, 1)→ R10(2) P
1. g1 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
2. g2 =
[
0 0 0 0 1
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 1
]
∈M2,8(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0 0 91
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 91 0 0 1
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (10, 7)→ P (14, 1) P
1. f2 ·MP (10,7)1→2 −MP (14,1)1→2 · f1 = 0
f2 ·MP (10,7)1→2 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 ·
[ 2
2 0
2 1
]
=

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 ·

0 0
0 0
1 0
0 1
 =

0 1
1 0
0 1
1 0
0 0

M
P (14,1)
1→2 · f1 =

2
2 1
2 1
1 0
 · [ 22 1′ ] =

2
2 1′
2 1′
1 0

f2 ·MP (10,7)1→2 −MP (14,1)1→2 · f1 =

0 1
1 0
0 1
1 0
0 0
−

0 1
1 0
0 1
1 0
0 0
 =
[ 2
5 0
]
2. f3 ·MP (10,7)2→3 −MP (14,1)2→3 · f2 = 0
f3 ·MP (10,7)2→3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·
[ 4
2 0
4 1
]
=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

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M
P (14,1)
2→3 · f2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

f3 ·MP (10,7)2→3 −MP (14,1)2→3 · f2 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

−

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

=
[ 4
8 0
]
3. f3 ·MP (10,7)4→3 −MP (14,1)4→3 · f4 = 0
f3 ·MP (10,7)4→3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

2 2
2 1 0
2 1 1
2 0 1
 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

=

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

M
P (14,1)
4→3 · f4 =
[ 5
5 1
3 0
]
·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
3 0 0 0 0 0

·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

f3 ·MP (10,7)4→3 −MP (14,1)4→3 · f4 =

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

−

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

=
[ 4
8 0
]
4. f4 ·MP (10,7)5→4 −MP (14,1)5→4 · f5 = 0
f4 ·MP (10,7)5→4 =

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 ·

1 0
0 1
0 0
1 0
 =

1 0
0 0
0 91
0 0
0 0
 =

1 1
1 1 0
1 0 0
1 0 91
2 0 0

M
P (14,1)
5→4 · f5 =
[ 3
3 1
2 0
]
·
1 00 0
0 91
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 00 0
0 91
 =

1 1
1 1 0
1 0 0
1 0 91
2 0 0

f4 ·MP (10,7)5→4 −MP (14,1)5→4 · f5 =

1 1
1 1 0
1 0 0
1 0 91
2 0 0
−

1 1
1 1 0
1 0 0
1 0 91
2 0 0
 =
[ 2
5 0
]
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5. f3 ·MP (10,7)6→3 −MP (14,1)6→3 · f6 = 0
f3 ·MP (10,7)6→3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·
[ 3
3 1
3 0
]
=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

=

0 0 0
0 0 0
0 0 0
0 0 91
0 0 0
0 1 0
1 0 91
0 0 0

=

1 1 1
3 0 0 0
1 0 0 91
1 0 0 0
1 0 1 0
1 1 0 91
1 0 0 0

M
P (14,1)
6→3 · f6 =
[ 5
3 0
5 1
]
·

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0
 =

1 1 1 1 1
3 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0
 =

1 1 1
3 0 0 0
1 0 0 91
1 0 0 0
1 0 1 0
1 1 0 91
1 0 0 0

f3 ·MP (10,7)6→3 −MP (14,1)6→3 · f6 =

1 1 1
3 0 0 0
1 0 0 91
1 0 0 0
1 0 1 0
1 1 0 91
1 0 0 0

−

1 1 1
3 0 0 0
1 0 0 91
1 0 0 0
1 0 1 0
1 1 0 91
1 0 0 0

=
[ 3
8 0
]
6. f6 ·MP (10,7)7→6 −MP (14,1)7→6 · f7 = 0
f6 ·MP (10,7)7→6 =

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0
 ·
[ 2
2 1
1 0
]
=

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0
 ·
1 00 1
0 0
 =

0 0
0 0
0 1
1 0
0 0
 =

2
2 0
2 1′
1 0

M
P (14,1)
7→6 · f7 =
[ 3
2 0
3 1
]
·
[ 2
2 1′
1 0
]
=

2 1
2 0 0
2 1 0
1 0 1
 · [
2
2 1′
1 0
]
=

2
2 0
2 1′
1 0

f6 ·MP (10,7)7→6 −MP (14,1)7→6 · f7 =

2
2 0
2 1′
1 0
−

2
2 0
2 1′
1 0
 = [ 25 0 ]
Relations of the projection g : P (14, 1)→ R10(2) P
1. g2 ·MP (14,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (14,1)1→2 =
[ 4 1
1 0 1
]
·

2
2 1
2 1
1 0
 = [ 2 2 11 0 0 1 ] ·

2
2 1
2 1
1 0
 = [ 21 0 ]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g2 ·MP (14,1)1→2 −MR
1
0(2)
1→2 · g1 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
2. g3 ·MP (14,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (14,1)2→3 =
[ 1 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =
[
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 1
]
·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=
[
0 0 0 0 0
0 0 0 0 1
]
=
[ 4 1
1 0 0
1 0 1
]
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M
R10(2)
2→3 · g2 =
[
0
1
]
·
[ 4 1
1 0 1
]
=
[ 4 1
1 0 0
1 0 1
]
g3 ·MP (14,1)2→3 −MR
1
0(2)
2→3 · g2 =
[ 4 1
1 0 0
1 0 1
]
−
[ 4 1
1 0 0
1 0 1
]
=
[ 5
2 0
]
3. g3 ·MP (14,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (14,1)4→3 =
[ 1 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·
[ 5
5 1
3 0
]
=
[ 1 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
1 0 0 0 0

=
[ 1 1 2 1
1 0 1 0 91
1 0 0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[ 1 1 2 1
1 0 1 0 91
]
=
[ 1 1 2 1
1 0 1 0 91
1 0 0 0 0
]
g3 ·MP (14,1)4→3 −MR
1
0(2)
4→3 · g4 =
[ 1 1 2 1
1 0 1 0 91
1 0 0 0 0
]
−
[ 1 1 2 1
1 0 1 0 91
1 0 0 0 0
]
=
[ 5
2 0
]
4. g4 ·MP (14,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (14,1)5→4 =
[ 1 1 2 1
1 0 1 0 91
]
·
[ 3
3 1
2 0
]
=
[
0 1 0 0 91
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
[
0 1 0
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[
0 1 0
]
=
[
0 1 0
]
g4 ·MP (14,1)5→4 −MR
1
0(2)
5→4 · g5 =
[
0 1 0
]
−
[
0 1 0
]
=
[ 3
1 0
]
5. g3 ·MP (14,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (14,1)6→3 =
[ 1 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·
[ 5
3 0
5 1
]
=
[ 1 1 1 1 1 2 1
1 0 1 0 0 91 0 1
1 0 0 0 0 0 0 1
]
·

1 1 2 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1

=
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
M
R10(2)
6→3 · g6 =
[ 2
2 1
]
·
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
=
[
1 0
0 1
]
·
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
=
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
g3 ·MP (14,1)6→3 −MR
1
0(2)
6→3 · g6 =
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
−
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
=
[ 5
2 0
]
6. g6 ·MP (14,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (14,1)7→6 =
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
·
[ 3
2 0
3 1
]
=
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
·

2 1
1 0 0
1 0 0
2 1 0
1 0 1
 =
[ 2 1
1 0 1
1 0 1
]
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M
R10(2)
7→6 · g7 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g6 ·MP (14,1)7→6 −MR
1
0(2)
7→6 · g7 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
0 0
]
·
[ 2
2 1′
]
=
[ 2
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 1
1 0 1
]
·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =
[
0 0 0 0 1
]
·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =
[ 4
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

=
[
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 1
]
·

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

=
[ 6
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 2 1
1 0 1 0 91
]
·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =
[
0 1 0 0 91
]
·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =
[ 4
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1 0
]
·
1 00 0
0 91
 = [ 21 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 1
]
·

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0
 =
[
0 91 0 0 1
0 0 0 0 1
]
·

0 0 91
0 0 0
0 1 0
1 0 91
0 0 0
 =
[ 3
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1′
1 0
]
=
[ 2
1 0
]
120.4 Tree module property of P (20, 1) 
The matrices of the representation have full (column) rank P
1. MP (20,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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2. MP (20,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
3. MP (20,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
4. MP (20,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
5. MP (20,1)6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
6. MP (20,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
120.4.1 0→ P (16, 5) f→ P (20, 1) g→ R11(2)→ 0 
PdimP (16, 5) + dimR11(2) = (3, 6, 9, 5, 3, 6, 3) + (0, 1, 2, 2, 1, 1, 1)
= (3, 7, 11, 7, 4, 7, 4) = dimP (20, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (16, 5)) = dimk HomkQ(R
1
1(2), P (16, 5))− 〈dimR11(2),dimP (16, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (3, 6, 9, 5, 3, 6, 3)〉
= 0 · 6 + 1 · 9 + 2 · 9 + 1 · 5 + 1 · 9 + 1 · 6− (0 · 3 + 1 · 6 + 2 · 9 + 2 · 5 + 1 · 3 + 1 · 6 + 1 · 3)
= 0 + 9 + 18 + 5 + 9 + 6− (0 + 6 + 18 + 10 + 3 + 6 + 3)
= 1
Matrices of the embedding f : P (16, 5)→ P (20, 1) P
1. f1 =
0 0 10 1 0
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f1 =
[ 3
3 1′
]
574
2. f2 =

0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 1 3
1 0 1 0
2 1′ 0 0
1 0 1 0
3 0 0 1′
 c1↔c2−−−−→

1 2 3
1 1 0 0
2 0 1′ 0
1 1 0 0
3 0 0 1′

3. f3 =

0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0

∈M11,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

c1↔c2−−−−→

1 2 2 1 2 1
1 1 0 0 0 0 0
2 0 1′ 0 0 0 0
1 1 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

c3↔c4−−−−→

1 2 1 2 2 1
1 1 0 0 0 0 0
2 0 1′ 0 0 0 0
1 1 0 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1′ 0 0
1 0 0 1 0 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

c5↔c6−−−−→

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1′ 0 0 0 0
1 1 0 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1′ 0 0
1 0 0 1 0 91 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1′

4. f4 =

0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′

c1↔c2−−−−→

1 2 2
1 1 0 0
2 0 1′ 0
1 1 0 0
1 0 0 0
2 0 0 1′

5. f5 =

0 0 1
0 1 0
1 0 0
0 0 1
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

2 1
1 0 1
2 1′ 0
1 0 1
 c1↔c2−−−−→

1 2
1 1 0
2 0 1′
1 1 0

6. f6 =

0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 91
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0

c1↔c2−−−−→

1 2 2 1
1 1 0 0 0
2 0 1′ 0 0
1 1 0 0 91
1 0 0 0 1
2 0 0 1′ 0

c3↔c4−−−−→

1 2 1 2
1 1 0 0 0
2 0 1′ 0 0
1 1 0 91 0
1 0 0 1 0
2 0 0 0 1′

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7. f7 =

0 0 91
0 0 1
0 1 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

2 1
1 0 91
1 0 1
2 1′ 0
 c1↔c2−−−−→

1 2
1 91 0
1 1 0
2 0 1′

Matrices of the projection g : P (20, 1)→ R11(2) P
1. g1 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
2. g2 =
[
1 0 0 91 0 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 0 0 91 91 0 0 1 1 0 0
1 0 0 91 0 0 0 0 0 0 0
]
∈M2,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
r2←r2−r1−−−−−−→
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 0 0 0 1 0 91 91 0
]
4. g4 =
[
1 0 0 91 91 0 0
1 0 0 91 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
r2←r2−r1−−−−−−→
[ 1 2 1 1 2
1 1 0 91 91 0
1 0 0 0 1 0
]
5. g5 =
[
1 0 0 91
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 0 0 1 1 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (16, 5)→ P (20, 1) P
1. f2 ·MP (16,5)1→2 −MP (20,1)1→2 · f1 = 0
f2 ·MP (16,5)1→2 =

2 1 3
1 0 1 0
2 1′ 0 0
1 0 1 0
3 0 0 1′
 ·

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 =

2 1 1 2
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 0
2 0 0 0 1′
1 0 0 1 0
 ·

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 =

2 1
1 0 1
2 1′ 0
1 0 1
2 1′ 0
1 0 0
 =

3
3 1′
3 1′
1 0

M
P (20,1)
1→2 · f1 =

3
3 1
3 1
1 0
 · [ 33 1′ ] =

3
3 1′
3 1′
1 0

f2 ·MP (16,5)1→2 −MP (20,1)1→2 · f1 =

3
3 1′
3 1′
1 0
−

3
3 1′
3 1′
1 0
 = [ 37 0 ]
2. f3 ·MP (16,5)2→3 −MP (20,1)2→3 · f2 = 0
f3 ·MP (16,5)2→3 =

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

·

3 3
3 1 0
3 1 1
3 0 1
 =

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

·

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
2 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
2 0 0 1′ 0

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M
P (20,1)
2→3 · f2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

2 1 3
1 0 1 0
2 1′ 0 0
1 0 1 0
3 0 0 1′
 =

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 1 0 0 1 0
2 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 0
1 0 0 0 1
2 0 0 1′ 0
 =

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
2 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
2 0 0 1′ 0

f3 ·MP (16,5)2→3 −MP (20,1)2→3 · f2 =

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
2 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
2 0 0 1′ 0

−

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
2 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
2 0 0 1′ 0

=
[ 6
11 0
]
3. f3 ·MP (16,5)4→3 −MP (20,1)4→3 · f4 = 0
f3 ·MP (16,5)4→3 =

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

·
[ 5
5 1
4 0
]
=

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
2 0 0 0
1 0 0 0

=

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
1 0 0 0
1 0 0 0
2 0 0 0

=

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
4 0 0 0

M
P (20,1)
4→3 · f4 =
[ 7
7 1
4 0
]
·

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
 =

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
4 0 0 0 0 0

·

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
 =

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
4 0 0 0

f3 ·MP (16,5)4→3 −MP (20,1)4→3 · f4 =

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
4 0 0 0

−

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
4 0 0 0

=
[ 5
11 0
]
4. f4 ·MP (16,5)5→4 −MP (20,1)5→4 · f5 = 0
f4 ·MP (16,5)5→4 =

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
 ·
[ 3
3 1
2 0
]
=

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
 ·

2 1
2 1 0
1 0 1
2 0 0
 =

2 1
1 0 1
2 1′ 0
1 0 1
1 0 0
2 0 0
 =

2 1
1 0 1
2 1′ 0
1 0 1
3 0 0

M
P (20,1)
5→4 · f5 =
[ 4
4 1
3 0
]
·

2 1
1 0 1
2 1′ 0
1 0 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
3 0 0 0
 ·

2 1
1 0 1
2 1′ 0
1 0 1
 =

2 1
1 0 1
2 1′ 0
1 0 1
3 0 0

f4 ·MP (16,5)5→4 −MP (20,1)5→4 · f5 =

2 1
1 0 1
2 1′ 0
1 0 1
3 0 0
−

2 1
1 0 1
2 1′ 0
1 0 1
3 0 0
 =
[ 3
7 0
]
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5. f3 ·MP (16,5)6→3 −MP (20,1)6→3 · f6 = 0
f3 ·MP (16,5)6→3 =

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

·
[ 6
3 0
6 1
]
=

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

·

2 1 2 1
2 0 0 0 0
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1

=

2 1 2 1
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0

=

2 1 2 1
4 0 0 0 0
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0

M
P (20,1)
6→3 · f6 =
[ 7
4 0
7 1
]
·

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0
 =

1 2 1 1 2
4 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0
 =

2 1 2 1
4 0 0 0 0
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0

f3 ·MP (16,5)6→3 −MP (20,1)6→3 · f6 =

2 1 2 1
4 0 0 0 0
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0

−

2 1 2 1
4 0 0 0 0
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0

=
[ 6
11 0
]
6. f6 ·MP (16,5)7→6 −MP (20,1)7→6 · f7 = 0
f6 ·MP (16,5)7→6 =

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0
 ·
[ 3
3 0
3 1
]
=

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0
 ·

2 1
2 0 0
1 0 0
2 1 0
1 0 1
 =

2 1
1 0 0
2 0 0
1 0 91
1 0 1
2 1′ 0
 =

2 1
3 0 0
1 0 91
1 0 1
2 1′ 0

M
P (20,1)
7→6 · f7 =
[ 4
3 0
4 1
]
·

2 1
1 0 91
1 0 1
2 1′ 0
 =

1 1 2
3 0 0 0
1 1 0 0
1 0 1 0
2 0 0 1
 ·

2 1
1 0 91
1 0 1
2 1′ 0
 =

2 1
3 0 0
1 0 91
1 0 1
2 1′ 0

f6 ·MP (16,5)7→6 −MP (20,1)7→6 · f7 =

2 1
3 0 0
1 0 91
1 0 1
2 1′ 0
−

2 1
3 0 0
1 0 91
1 0 1
2 1′ 0
 =
[ 3
7 0
]
Relations of the projection g : P (20, 1)→ R11(2) P
1. g2 ·MP (20,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (20,1)1→2 =
[ 1 2 1 3
1 1 0 91 0
]
·

3
3 1
3 1
1 0
 = [ 1 2 1 2 11 1 0 91 0 0 ] ·

1 2
1 1 0
2 0 1
1 1 0
2 0 1
1 0 0
 =
[ 3
1 0
]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g2 ·MP (20,1)1→2 −MR
1
1(2)
1→2 · g1 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
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2. g3 ·MP (20,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (20,1)2→3 =
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1

=
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 1 0 0 1 0
2 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 2 1 1 2
1 0 0 0 0 0
1 1 0 91 0 0
]
=
[ 1 2 1 3
1 0 0 0 0
1 1 0 91 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[ 1 2 1 3
1 1 0 91 0
]
=
[ 1 2 1 3
1 0 0 0 0
1 1 0 91 0
]
g3 ·MP (20,1)2→3 −MR
1
1(2)
2→3 · g2 =
[ 1 2 1 3
1 0 0 0 0
1 1 0 91 0
]
−
[ 1 2 1 3
1 0 0 0 0
1 1 0 91 0
]
=
[ 7
2 0
]
3. g3 ·MP (20,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (20,1)4→3 =
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·
[ 7
7 1
4 0
]
=
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0

=
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
M
R11(2)
4→3 · g4 =
[ 2
2 1
]
·
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
=
[
1 0
0 1
]
·
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
=
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
g3 ·MP (20,1)4→3 −MR
1
1(2)
4→3 · g4 =
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
−
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
=
[ 7
2 0
]
4. g4 ·MP (20,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (20,1)5→4 =
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
·
[ 4
4 1
3 0
]
=
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 0 0
 =
[ 1 2 1
1 1 0 91
1 1 0 91
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[ 1 2 1
1 1 0 91
]
=
[ 1 2 1
1 1 0 91
1 1 0 91
]
g4 ·MP (20,1)5→4 −MR
1
1(2)
5→4 · g5 =
[ 1 2 1
1 1 0 91
1 1 0 91
]
−
[ 1 2 1
1 1 0 91
1 1 0 91
]
=
[ 4
2 0
]
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5. g3 ·MP (20,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (20,1)6→3 =
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·
[ 7
4 0
7 1
]
=
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

1 2 1 1 2
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 2 1 1 2
1 91 0 1 1 0
1 0 0 0 0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[ 1 2 1 1 2
1 91 0 1 1 0
]
=
[ 1 2 1 1 2
1 91 0 1 1 0
1 0 0 0 0 0
]
g3 ·MP (20,1)6→3 −MR
1
1(2)
6→3 · g6 =
[ 1 2 1 1 2
1 91 0 1 1 0
1 0 0 0 0 0
]
−
[ 1 2 1 1 2
1 91 0 1 1 0
1 0 0 0 0 0
]
=
[ 7
2 0
]
6. g6 ·MP (20,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (20,1)7→6 =
[ 1 2 1 1 2
1 91 0 1 1 0
]
·
[ 4
3 0
4 1
]
=
[ 1 2 1 1 2
1 91 0 1 1 0
]
·

1 1 2
1 0 0 0
2 0 0 0
1 1 0 0
1 0 1 0
2 0 0 1
 =
[ 1 1 2
1 1 1 0
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[ 1 1 2
1 1 1 0
]
=
[ 1 1 2
1 1 1 0
]
g6 ·MP (20,1)7→6 −MR
1
1(2)
7→6 · g7 =
[ 1 1 2
1 1 1 0
]
−
[ 1 1 2
1 1 1 0
]
=
[ 4
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
0 0
]
·
[ 3
3 1′
]
=
[ 3
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 1 3
1 1 0 91 0
]
·

2 1 3
1 0 1 0
2 1′ 0 0
1 0 1 0
3 0 0 1′
 =
[ 6
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 2 1 1 2 1 1 2
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

2 1 2 1 2 1
1 0 1 0 0 0 0
2 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0

=
[ 9
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2 1 1 2
1 1 0 91 91 0
1 1 0 91 0 0
]
·

2 1 2
1 0 1 0
2 1′ 0 0
1 0 1 0
1 0 0 0
2 0 0 1′
 =
[ 5
2 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 2 1
1 1 0 91
]
·

2 1
1 0 1
2 1′ 0
1 0 1
 = [ 31 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2 1 1 2
1 91 0 1 1 0
]
·

2 1 2 1
1 0 1 0 0
2 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
2 0 0 1′ 0
 =
[ 6
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 1 2
1 1 1 0
]
·

2 1
1 0 91
1 0 1
2 1′ 0
 = [ 31 0 ]
120.4.2 0→ P (16, 7) f→ P (20, 1) g→ R10(2)→ 0 
PdimP (16, 7) + dimR10(2) = (3, 6, 9, 6, 3, 5, 3) + (0, 1, 2, 1, 1, 2, 1)
= (3, 7, 11, 7, 4, 7, 4) = dimP (20, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (16, 7)) = dimk HomkQ(R
1
0(2), P (16, 7))− 〈dimR10(2),dimP (16, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (3, 6, 9, 6, 3, 5, 3)〉
= 0 · 6 + 1 · 9 + 1 · 9 + 1 · 6 + 2 · 9 + 1 · 5− (0 · 3 + 1 · 6 + 2 · 9 + 1 · 6 + 1 · 3 + 2 · 5 + 1 · 3)
= 0 + 9 + 9 + 6 + 18 + 5− (0 + 6 + 18 + 6 + 3 + 10 + 3)
= 1
Matrices of the embedding f : P (16, 7)→ P (20, 1) P
1. f1 =
0 0 10 1 0
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f1 =
[ 3
3 1′
]
2. f2 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3
3 0 1′
3 91′ 1′
1 0 0
 c1↔c2−−−−→

3 3
3 1′ 0
3 1′ 91′
1 0 0

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3. f3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

∈M11,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

c1↔c9−−−−→

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 91 0 0 1 0
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
1 0 1 0 0 91 0 0 0
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 1 0 1
0 0 0 0 0 0 0 0 0

c2↔c8−−−−→

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0
0 1 0 91 0 0 1 0 0
0 0 0 0 0 0 1 0 0
1 0 1 0 0 91 0 0 0
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 1 0 1
0 0 0 0 0 0 0 0 0

c3↔c7−−−−→

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0
0 1 1 91 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 91 0 0 0 0 1
0 0 0 0 0 0 0 0 0

c4↔c6−−−−→

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
0 1 1 0 0 91 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0

4. f4 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 0
0 91 0 0 0 1
91 0 0 0 1 0
0 0 0 1 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0

c1↔c4−−−−→

2 1 1 2
2 1′ 0 0 0
1 0 0 1 0
1 0 91 0 0
2 1′ 0 0 91′
1 0 0 1 0

c2↔c3−−−−→

2 1 1 2
2 1′ 0 0 0
1 0 1 0 0
1 0 0 91 0
2 1′ 0 0 91′
1 0 1 0 0

5. f5 =

0 1 0
1 0 0
0 0 0
0 0 91
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

2 1
2 1′ 0
1 0 0
1 0 91

6. f6 =

0 0 0 0 91
0 0 0 91 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 91
1 0 0 91 0
0 0 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 1 2
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0

c1↔c3−−−−→

2 1 2
2 91′ 0 0
1 0 0 0
1 0 1 0
2 91′ 0 1′
1 0 0 0

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7. f7 =

0 0 1
0 1 0
1 0 0
0 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =
[ 3
3 1′
1 0
]
Matrices of the projection g : P (20, 1)→ R10(2) P
1. g1 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
2. g2 =
[
0 0 0 0 0 0 1
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 1 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1
]
∈M2,11(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0 0 0 91
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 91 0 0 0 1
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (16, 7)→ P (20, 1) P
1. f2 ·MP (16,7)1→2 −MP (20,1)1→2 · f1 = 0
f2 ·MP (16,7)1→2 =

3 3
3 0 1′
3 91′ 1′
1 0 0
 · [
3
3 0
3 1
]
=

3
3 1′
3 1′
1 0

M
P (20,1)
1→2 · f1 =

3
3 1
3 1
1 0
 · [ 33 1′ ] =

3
3 1′
3 1′
1 0

f2 ·MP (16,7)1→2 −MP (20,1)1→2 · f1 =

3
3 1′
3 1′
1 0
−

3
3 1′
3 1′
1 0
 = [ 37 0 ]
2. f3 ·MP (16,7)2→3 −MP (20,1)2→3 · f2 = 0
f3 ·MP (16,7)2→3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·
[ 6
3 0
6 1
]
=

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

M
P (20,1)
2→3 · f2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

3 3
3 0 1′
3 91′ 1′
1 0 0
 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

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f3 ·MP (16,7)2→3 −MP (20,1)2→3 · f2 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

−

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

=
[ 6
11 0
]
3. f3 ·MP (16,7)4→3 −MP (20,1)4→3 · f4 = 0
f3 ·MP (16,7)4→3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

3 3
3 1 0
3 1 1
3 0 1
 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 0
0 91 0 0 0 1
91 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

M
P (20,1)
4→3 · f4 =
[ 7
7 1
4 0
]
·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0

·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

f3 ·MP (16,7)4→3 −MP (20,1)4→3 · f4 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

−

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

=
[ 6
11 0
]
4. f4 ·MP (16,7)5→4 −MP (20,1)5→4 · f5 = 0
f4 ·MP (16,7)5→4 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 ·

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 =

2 1
2 1′ 0
1 0 0
1 0 91
2 0 0
1 0 0
 =

2 1
2 1′ 0
1 0 0
1 0 91
3 0 0

M
P (20,1)
5→4 · f5 =
[ 4
4 1
3 0
]
·

2 1
2 1′ 0
1 0 0
1 0 91
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·

2 1
2 1′ 0
1 0 0
1 0 91
 =

2 1
2 1′ 0
1 0 0
1 0 91
3 0 0

f4 ·MP (16,7)5→4 −MP (20,1)5→4 · f5 =

2 1
2 1′ 0
1 0 0
1 0 91
3 0 0
−

2 1
2 1′ 0
1 0 0
1 0 91
3 0 0
 =
[ 3
7 0
]
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5. f3 ·MP (16,7)6→3 −MP (20,1)6→3 · f6 = 0
f3 ·MP (16,7)6→3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·
[ 5
5 1
4 0
]
=

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 91
0 0 0 91 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 91
1 0 0 91 0
0 0 0 0 0

=

2 1 2
4 0 0 0
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0

M
P (20,1)
6→3 · f6 =
[ 7
4 0
7 1
]
·

2 1 2
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0
 =

2 1 1 2 1
4 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

2 1 2
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0
 =

2 1 2
4 0 0 0
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0

f3 ·MP (16,7)6→3 −MP (20,1)6→3 · f6 =

2 1 2
4 0 0 0
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0

−

2 1 2
4 0 0 0
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0

=
[ 5
11 0
]
6. f6 ·MP (16,7)7→6 −MP (20,1)7→6 · f7 = 0
f6 ·MP (16,7)7→6 =

2 1 2
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0
 ·
[ 3
3 1
2 0
]
=

2 1 2
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0
 ·

2 1
2 1 0
1 0 1
2 0 0
 =

2 1
2 0 0
1 0 0
1 0 1
2 1′ 0
1 0 0
 =

3
3 0
3 1′
1 0

M
P (20,1)
7→6 · f7 =
[ 4
3 0
4 1
]
·
[ 3
3 1′
1 0
]
=

3 1
3 0 0
3 1 0
1 0 1
 · [
3
3 1′
1 0
]
=

3
3 0
3 1′
1 0

f6 ·MP (16,7)7→6 −MP (20,1)7→6 · f7 =

3
3 0
3 1′
1 0
−

3
3 0
3 1′
1 0
 = [ 37 0 ]
Relations of the projection g : P (20, 1)→ R10(2) P
1. g2 ·MP (20,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (20,1)1→2 =
[ 6 1
1 0 1
]
·

3
3 1
3 1
1 0
 = [ 3 3 11 0 0 1 ] ·

3
3 1
3 1
1 0
 = [ 31 0 ]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g2 ·MP (20,1)1→2 −MR
1
0(2)
1→2 · g1 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
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2. g3 ·MP (20,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (20,1)2→3 =
[ 2 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1

=
[ 2 1 1 2 1 1 2 1
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 1
]
·

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 1 0 0 1 0
1 0 1 0 0 1
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 2 1 1 2 1
1 0 0 0 0 0
1 0 0 0 0 1
]
=
[ 6 1
1 0 0
1 0 1
]
M
R10(2)
2→3 · g2 =
[
0
1
]
·
[ 6 1
1 0 1
]
=
[ 6 1
1 0 0
1 0 1
]
g3 ·MP (20,1)2→3 −MR
1
0(2)
2→3 · g2 =
[ 6 1
1 0 0
1 0 1
]
−
[ 6 1
1 0 0
1 0 1
]
=
[ 7
2 0
]
3. g3 ·MP (20,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (20,1)4→3 =
[ 2 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·
[ 7
7 1
4 0
]
=
[ 2 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

2 1 3 1
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
1 0 0 0 0

=
[ 2 1 3 1
1 0 1 0 91
1 0 0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[ 2 1 3 1
1 0 1 0 91
]
=
[ 2 1 3 1
1 0 1 0 91
1 0 0 0 0
]
g3 ·MP (20,1)4→3 −MR
1
0(2)
4→3 · g4 =
[ 2 1 3 1
1 0 1 0 91
1 0 0 0 0
]
−
[ 2 1 3 1
1 0 1 0 91
1 0 0 0 0
]
=
[ 7
2 0
]
4. g4 ·MP (20,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (20,1)5→4 =
[ 2 1 3 1
1 0 1 0 91
]
·
[ 4
4 1
3 0
]
=
[ 2 1 1 2 1
1 0 1 0 0 91
]
·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
 =
[ 2 1 1
1 0 1 0
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[ 2 1 1
1 0 1 0
]
=
[ 2 1 1
1 0 1 0
]
g4 ·MP (20,1)5→4 −MR
1
0(2)
5→4 · g5 =
[ 2 1 1
1 0 1 0
]
−
[ 2 1 1
1 0 1 0
]
=
[ 4
1 0
]
5. g3 ·MP (20,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (20,1)6→3 =
[ 2 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·
[ 7
4 0
7 1
]
=
[ 2 1 1 2 1 3 1
1 0 1 0 0 91 0 1
1 0 0 0 0 0 0 1
]
·

2 1 3 1
2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1

=
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
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M
R10(2)
6→3 · g6 =
[ 2
2 1
]
·
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
=
[
1 0
0 1
]
·
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
=
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
g3 ·MP (20,1)6→3 −MR
1
0(2)
6→3 · g6 =
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
−
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
=
[ 7
2 0
]
6. g6 ·MP (20,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (20,1)7→6 =
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
·
[ 4
3 0
4 1
]
=
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
·

3 1
2 0 0
1 0 0
3 1 0
1 0 1
 =
[ 3 1
1 0 1
1 0 1
]
M
R10(2)
7→6 · g7 =
[
1
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
1 0 1
]
g6 ·MP (20,1)7→6 −MR
1
0(2)
7→6 · g7 =
[ 3 1
1 0 1
1 0 1
]
−
[ 3 1
1 0 1
1 0 1
]
=
[ 4
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
0 0
]
·
[ 3
3 1′
]
=
[ 3
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 1
1 0 1
]
·

3 3
3 0 1′
3 91′ 1′
1 0 0
 = [ 3 3 11 0 0 1 ] ·

3 3
3 0 1′
3 91′ 1′
1 0 0
 = [ 61 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

=
[
0 0 1 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1
]
·

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

=
[ 9
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 3 1
1 0 1 0 91
]
·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =
[ 2 1 1 2 1
1 0 1 0 0 91
]
·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =
[ 6
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1 1
1 0 1 0
]
·

2 1
2 1′ 0
1 0 0
1 0 91
 = [ 31 0 ]
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6. g6 · f6 = 0
g6 · f6 =
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 1
]
·

2 1 2
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0
 =
[ 2 1 1 2 1
1 0 91 0 0 1
1 0 0 0 0 1
]
·

2 1 2
2 0 0 91′
1 0 0 0
1 0 1 0
2 1′ 0 91′
1 0 0 0
 =
[ 5
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 1
1 0 1
]
·
[ 3
3 1′
1 0
]
=
[ 3
1 0
]
120.5 Tree module property of P (6n+ 2, 1) 
The matrices of the representation have full (column) rank P
1. MP (6n+2,1)1→2 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. MP (6n+2,1)2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
3. MP (6n+2,1)4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
4. MP (6n+2,1)5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
5. MP (6n+2,1)6→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
6. MP (6n+2,1)7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
120.5.1 0→ P (6n− 2, 5) f→ P (6n+ 2, 1) g→ R11(2)→ 0 
PdimP (6n− 2, 5) + dimR11(2) = (n, 2n, 3n, 2n− 1, n, 2n, n) + (0, 1, 2, 2, 1, 1, 1)
= (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1) = dimP (6n+ 2, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (6n− 2, 5)) = dimk HomkQ(R11(2), P (6n− 2, 5))− 〈dimR11(2),dimP (6n− 2, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (n, 2n, 3n, 2n− 1, n, 2n, n)〉
= 0 · 2n+ 1 · 3n+ 2 · 3n+ 1 · (2n− 1) + 1 · 3n+ 1 · 2n− (0 · n+ 1 · 2n+ 2 · 3n+ 2 · (2n− 1) + 1 · n+ 1 · 2n+ 1 · n)
= 0 + 3n+ 6n+ 2n− 1 + 3n+ 2n− (0 + 2n+ 6n+ 4n− 2 + n+ 2n+ n)
= 1
Representation of P (6n− 2, 5) = P (6n+ 4, 5)[n 7→ n− 1] 
Dimension vector: dimP (6n− 2, 5) = (n, 2n, 3n, 2n− 1, n, 2n, n)
Matrices of the representation:
1. MP (6n−2,5)1→2 =

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0
 ∈M2n,n(k)
2. MP (6n−2,5)2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. MP (6n−2,5)4→3 =
[2n−1
2n−1 1
n+1 0
]
∈M3n,2n−1(k)
4. MP (6n−2,5)5→4 =
[ n
n 1
n−1 0
]
∈M2n−1,n(k)
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5. MP (6n−2,5)6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. MP (6n−2,5)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
Matrices of the embedding f : P (6n− 2, 5)→ P (6n+ 2, 1) P
1. f1 =
[ n
n 1′
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. f2 =

n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n
n 0 0 0
1 0 1 0
n 0 0 0
 ∈M2n+1,2n(k) is already in column echelon form and has maximal column rank.
3. f3 =

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0
 ∈M3n+2,3n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n−1 1 n−1 1 n−1 1
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 1 0 0
n−1 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
n−1 0 0 0 0 1′ 0

c1↔c2−−−−→

1 n−1 n−1 1 n−1 1
1 1 0 0 0 0 0
n−1 0 1′ 0 0 0 0
1 1 0 0 0 0 0
1 0 0 0 1 0 0
n−1 0 0 1′ 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 1
n−1 0 0 0 0 1′ 0

c3↔c4−−−−→

1 n−1 1 n−1 n−1 1
1 1 0 0 0 0 0
n−1 0 1′ 0 0 0 0
1 1 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1′ 0 0
1 0 0 1 0 0 91
1 0 0 0 0 0 1
n−1 0 0 0 0 1′ 0

c5↔c6−−−−→

1 n−1 1 n−1 1 n−1
1 1 0 0 0 0 0
n−1 0 1′ 0 0 0 0
1 1 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1′ 0 0
1 0 0 1 0 91 0
1 0 0 0 0 1 0
n−1 0 0 0 0 0 1′

4. f4 =

n n−1
n 1′ 0
2 0 0
n−1 0 1′
+

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0
 ∈M2n+1,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 1 0
1 0 0 0
n−1 0 0 1′

c1↔c2−−−−→

1 n−1 n−1
1 1 0 0
n−1 0 1′ 0
1 1 0 0
1 0 0 0
n−1 0 0 1′

5. f5 =

n−1 1
1 0 1
n−1 1′ 0
1 0 1
 ∈Mn+1,n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

n−1 1
1 0 1
n−1 1′ 0
1 0 1
 c1↔c2−−−−→

1 n−1
1 1 0
n−1 0 1′
1 1 0

6. f6 =

n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0
 ∈M2n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
n−1 0 0 1′ 0

c1↔c2−−−−→

1 n−1 n−1 1
1 1 0 0 0
n−1 0 1′ 0 0
1 1 0 0 91
1 0 0 0 1
n−1 0 0 1′ 0

c3↔c4−−−−→

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1′ 0 0
1 1 0 91 0
1 0 0 1 0
n−1 0 0 0 1′

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7. f7 =

n−1 1
1 0 91
1 0 1
n−1 1′ 0
 ∈Mn+1,n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

n−1 1
1 0 91
1 0 1
n−1 1′ 0
 c1↔c2−−−−→

1 n−1
1 91 0
1 1 0
n−1 0 1′

Matrices of the projection g : P (6n+ 2, 1)→ R11(2) P
1. g1 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
2. g2 =
[ 1 n−1 1 n
1 1 0 91 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
∈M2,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
r2←r2−r1−−−−−−→
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 0 0 0 1 0 91 91 0
]
4. g4 =
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
∈M2,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
r2←r2−r1−−−−−−→
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 0 0 0 1 0
]
5. g5 =
[ 1 n−1 1
1 1 0 91
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1 1 n−1
1 1 1 0
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 2, 5)→ P (6n+ 2, 1) P
1. f2 ·MP (6n−2,5)1→2 −MP (6n+2,1)1→2 · f1 = 0
f2 ·MP (6n−2,5)1→2 =


n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n
n 0 0 0
1 0 1 0
n 0 0 0


·

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0
 =

n−1 1 1 n−1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
 ·

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0
+

n−1 1 1 n−1
n 0 0 0 0
1 0 1 0 0
n 0 0 0 0
 ·

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0

=

n−1 1
1 0 1
n−1 1′ 0
1 0 0
n−1 1′ 0
1 0 0
+

n−1 1
n 0 0
1 0 1
n 0 0
 =

n−1 1
1 0 1
n−1 1′ 0
1 0 0
n−1 1′ 0
1 0 0
+

n−1 1
1 0 0
n−1 0 0
1 0 1
n−1 0 0
1 0 0
 =

n
n 1′
n 1′
1 0

M
P (6n+2,1)
1→2 · f1 =

n
n 1
n 1
1 0
 · [ nn 1′ ] =

n
n 1′
n 1′
1 0

f2 ·MP (6n−2,5)1→2 −MP (6n+2,1)1→2 · f1 =

n
n 1′
n 1′
1 0
−

n
n 1′
n 1′
1 0
 = [ n2n+1 0 ]
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2. f3 ·MP (6n−2,5)2→3 −MP (6n+2,1)2→3 · f2 = 0
f3 ·MP (6n−2,5)2→3 =


n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0


·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
=

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·

n n
n 1 0
n 0 1
n 0 0
+

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·

n n
n 0 0
n 1 0
n 0 1
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0
 ·

n−1 1 n−1 1
n−1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1
n−1 0 0 0 0
1 0 0 0 0

+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0
 ·

n−1 1 n−1 1
n−1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1

=

n n
n 1′ 0
1 0 0
n 0 1′
1 0 0
n 0 0
+

n n
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 0 0 1
n 0 0 0 0
+

n−1 1 n−1 1
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0

=

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

+

n−1 1 n−1 1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0

+

n−1 1 n−1 1
1 0 0 0 0
n−1 0 0 0 0
1 0 1 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

+

n−1 1 n−1 1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 1 0 91
1 0 0 0 0
n−1 0 0 0 0

=

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
n−1 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
n−1 0 0 1′ 0

M
P (6n+2,1)
2→3 · f2 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·


n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n
n 0 0 0
1 0 1 0
n 0 0 0


=

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n
n 1′ 0
1 0 0
n 0 1′
+

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n−1 1 n
n 0 0 0
1 0 1 0
n 0 0 0
+

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n n
n 1′ 0
1 0 0
n 0 1′
+

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n−1 1 n
n 0 0 0
1 0 1 0
n 0 0 0

=

n n
n 1′ 0
1 0 0
n 0 1′
n+1 0 0
+

n−1 1 n
n 0 0 0
1 0 1 0
n 0 0 0
n+1 0 0 0
+

n n
n+1 0 0
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n
n+1 0 0 0
n 0 0 0
1 0 1 0
n 0 0 0

=

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
1 0 0 0 0
n 0 0 0 0

+

n−1 1 n
1 0 0 0
n−1 0 0 0
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

+

n−1 1 n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n−1 1′ 0 0
1 0 0 0
n 0 0 1′

+

n−1 1 n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 1 0
n 0 0 0

=

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
n−1 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
n−1 0 0 1′ 0

f3 ·MP (6n−2,5)2→3 −MP (6n+2,1)2→3 · f2 =

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
n−1 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
n−1 0 0 1′ 0

−

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 0
1 0 1 0 1
n−1 1′ 0 1′ 0
1 0 1 0 0
1 0 0 0 1
n−1 0 0 1′ 0

=
[2n
3n+2 0
]
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3. f3 ·MP (6n−2,5)4→3 −MP (6n+2,1)4→3 · f4 = 0
f3 ·MP (6n−2,5)4→3 =


n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0


·
[2n−1
2n−1 1
n+1 0
]
=

n n−1 1 n
n 1′ 0 0 0
1 0 0 0 0
1 0 0 1 0
n−1 0 1′ 0 0
1 0 0 0 0
n 0 0 0 1′

·

n n−1
n 1 0
n−1 0 1
1 0 0
n 0 0
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0
 ·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n n−1
n 1′ 0
1 0 0
1 0 0
n−1 0 1′
1 0 0
n 0 0

+

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0
1 0 0 0
n 0 0 0
 =

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 0 0
1 0 0 0
n−1 0 0 1′
1 0 0 0
n 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

=

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 1 0
1 0 0 0
n−1 0 0 1′
n+1 0 0 0

M
P (6n+2,1)
4→3 · f4 =
[2n+1
2n+1 1
n+1 0
]
·


n n−1
n 1′ 0
2 0 0
n−1 0 1′
+

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0


=

n 2 n−1
n 1 0 0
2 0 1 0
n−1 0 0 1
n+1 0 0 0
 ·

n n−1
n 1′ 0
2 0 0
n−1 0 1′
+

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0

=

n n−1
n 1′ 0
2 0 0
n−1 0 1′
n+1 0 0
+

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0
n+1 0 0 0
 =

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 0 0
1 0 0 0
n−1 0 0 1′
n+1 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 1 0
1 0 0 0
n−1 0 0 0
n+1 0 0 0

=

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 1 0
1 0 0 0
n−1 0 0 1′
n+1 0 0 0

f3 ·MP (6n−2,5)4→3 −MP (6n+2,1)4→3 · f4 =

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 1 0
1 0 0 0
n−1 0 0 1′
n+1 0 0 0

−

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 1 0
1 0 0 0
n−1 0 0 1′
n+1 0 0 0

=
[2n−1
3n+2 0
]
4. f4 ·MP (6n−2,5)5→4 −MP (6n+2,1)5→4 · f5 = 0
f4 ·MP (6n−2,5)5→4 =


n n−1
n 1′ 0
2 0 0
n−1 0 1′
+

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0


·
[ n
n 1
n−1 0
]
=

n n−1
n 1′ 0
2 0 0
n−1 0 1′
 · [
n
n 1
n−1 0
]
+

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0
 ·

n−1 1
n−1 1 0
1 0 1
n−1 0 0

=

n
n 1′
2 0
n−1 0
+

n−1 1
n 0 0
1 0 1
n 0 0
 =

n−1 1
1 0 1
n−1 1′ 0
1 0 0
1 0 0
n−1 0 0
+

n−1 1
1 0 0
n−1 0 0
1 0 1
1 0 0
n−1 0 0
 =

n−1 1
1 0 1
n−1 1′ 0
1 0 1
n 0 0

M
P (6n+2,1)
5→4 · f5 =
[n+1
n+1 1
n 0
]
·

n−1 1
1 0 1
n−1 1′ 0
1 0 1
 =

1 n−1 1
1 1 0 0
n−1 0 1 0
1 0 0 1
n 0 0 0
 ·

n−1 1
1 0 1
n−1 1′ 0
1 0 1
 =

n−1 1
1 0 1
n−1 1′ 0
1 0 1
n 0 0

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f4 ·MP (6n−2,5)5→4 −MP (6n+2,1)5→4 · f5 =

n−1 1
1 0 1
n−1 1′ 0
1 0 1
n 0 0
−

n−1 1
1 0 1
n−1 1′ 0
1 0 1
n 0 0
 =
[ n
2n+1 0
]
5. f3 ·MP (6n−2,5)6→3 −MP (6n+2,1)6→3 · f6 = 0
f3 ·MP (6n−2,5)6→3 =


n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0


·
[2n
n 0
2n 1
]
=

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·

n n
n 0 0
n 1 0
n 0 1
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0
 ·

n−1 1 n−1 1
n−1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1

=

n n
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n−1 1
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0
 =

n−1 1 n−1 1
n 0 0 0 0
1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0

+

n−1 1 n−1 1
n 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 1 0 91
1 0 0 0 0
n−1 0 0 0 0

=

n−1 1 n−1 1
n+1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
n−1 0 0 1′ 0

M
P (6n+2,1)
6→3 · f6 =
[2n+1
n+1 0
2n+1 1
]
·


n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0


=

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n n
n 1′ 0
1 0 0
n 0 1′
+

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0

=

n n
n+1 0 0
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n−1 1
n+1 0 0 0 0
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0
 =

n−1 1 n−1 1
n+1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0

+

n−1 1 n−1 1
n+1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 1 0 91
1 0 0 0 0
n−1 0 0 0 0

=

n−1 1 n−1 1
n+1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
n−1 0 0 1′ 0

f3 ·MP (6n−2,5)6→3 −MP (6n+2,1)6→3 · f6 =

n−1 1 n−1 1
n+1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
n−1 0 0 1′ 0

−

n−1 1 n−1 1
n+1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 1 0 91
1 0 0 0 1
n−1 0 0 1′ 0

=
[2n
3n+2 0
]
6. f6 ·MP (6n−2,5)7→6 −MP (6n+2,1)7→6 · f7 = 0
f6 ·MP (6n−2,5)7→6 =


n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0


·
[ n
n 0
n 1
]
=

n n
n 1′ 0
1 0 0
n 0 1′
 · [
n
n 0
n 1
]
+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0
 ·

n−1 1
n−1 0 0
1 0 0
n−1 1 0
1 0 1

=

n
n 0
1 0
n 1′
+

n−1 1
n 0 0
1 0 91
n 0 0
 =

n−1 1
n 0 0
1 0 0
1 0 1
n−1 1′ 0
+

n−1 1
n 0 0
1 0 91
1 0 0
n−1 0 0
 =

n−1 1
n 0 0
1 0 91
1 0 1
n−1 1′ 0

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M
P (6n+2,1)
7→6 · f7 =
[n+1
n 0
n+1 1
]
·

n−1 1
1 0 91
1 0 1
n−1 1′ 0
 =

1 1 n−1
n 0 0 0
1 1 0 0
1 0 1 0
n−1 0 0 1
 ·

n−1 1
1 0 91
1 0 1
n−1 1′ 0
 =

n−1 1
n 0 0
1 0 91
1 0 1
n−1 1′ 0

f6 ·MP (6n−2,5)7→6 −MP (6n+2,1)7→6 · f7 =

n−1 1
n 0 0
1 0 91
1 0 1
n−1 1′ 0
−

n−1 1
n 0 0
1 0 91
1 0 1
n−1 1′ 0
 =
[ n
2n+1 0
]
Relations of the projection g : P (6n+ 2, 1)→ R11(2) P
1. g2 ·MP (6n+2,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (6n+2,1)1→2 =
[ 1 n−1 1 n
1 1 0 91 0
]
·

n
n 1
n 1
1 0
 = [ 1 n−1 1 n−1 11 1 0 91 0 0 ] ·

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
1 0 0
 =
[ n
1 0
]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g2 ·MP (6n+2,1)1→2 −MR
1
1(2)
1→2 · g1 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
2. g3 ·MP (6n+2,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (6n+2,1)2→3 =
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
=
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

1 n−1 1 1 n−1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0

+
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

1 n−1 1 1 n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
+
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
1 0 0 0 0 0
]
=
[ 1 n−1 1 n
1 0 0 0 0
1 1 0 91 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[ 1 n−1 1 n
1 1 0 91 0
]
=
[ 1 n−1 1 n
1 0 0 0 0
1 1 0 91 0
]
g3 ·MP (6n+2,1)2→3 −MR
1
1(2)
2→3 · g2 =
[ 1 n−1 1 n
1 0 0 0 0
1 1 0 91 0
]
−
[ 1 n−1 1 n
1 0 0 0 0
1 1 0 91 0
]
=
[2n+1
2 0
]
3. g3 ·MP (6n+2,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (6n+2,1)4→3 =
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·
[2n+1
2n+1 1
n+1 0
]
=
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

1 n−1 1 1 n−1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0

=
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
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M
R11(2)
4→3 · g4 =
[
1 0
0 1
]
·
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
=
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
g3 ·MP (6n+2,1)4→3 −MR
1
1(2)
4→3 · g4 =
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
−
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
=
[2n+1
2 0
]
4. g4 ·MP (6n+2,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (6n+2,1)5→4 =
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
·
[n+1
n+1 1
n 0
]
=
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
·

1 n−1 1
1 1 0 0
n−1 0 1 0
1 0 0 1
1 0 0 0
n−1 0 0 0
 =
[ 1 n−1 1
1 1 0 91
1 1 0 91
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[ 1 n−1 1
1 1 0 91
]
=
[ 1 n−1 1
1 1 0 91
1 1 0 91
]
g4 ·MP (6n+2,1)5→4 −MR
1
1(2)
5→4 · g5 =
[ 1 n−1 1
1 1 0 91
1 1 0 91
]
−
[ 1 n−1 1
1 1 0 91
1 1 0 91
]
=
[n+1
2 0
]
5. g3 ·MP (6n+2,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (6n+2,1)6→3 =
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·
[2n+1
n+1 0
2n+1 1
]
=
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

1 n−1 1 1 n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
1 0 0 0 0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
]
=
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
1 0 0 0 0 0
]
g3 ·MP (6n+2,1)6→3 −MR
1
1(2)
6→3 · g6 =
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
1 0 0 0 0 0
]
−
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
1 0 0 0 0 0
]
=
[2n+1
2 0
]
6. g6 ·MP (6n+2,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (6n+2,1)7→6 =
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
]
·
[n+1
n 0
n+1 1
]
=
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
]
·

1 1 n−1
1 0 0 0
n−1 0 0 0
1 1 0 0
1 0 1 0
n−1 0 0 1
 =
[ 1 1 n−1
1 1 1 0
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[ 1 1 n−1
1 1 1 0
]
=
[ 1 1 n−1
1 1 1 0
]
g6 ·MP (6n+2,1)7→6 −MR
1
1(2)
7→6 · g7 =
[ 1 1 n−1
1 1 1 0
]
−
[ 1 1 n−1
1 1 1 0
]
=
[n+1
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
0 0
]
·
[ n
n 1′
]
=
[ n
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 n−1 1 n
1 1 0 91 0
]
·


n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n
n 0 0 0
1 0 1 0
n 0 0 0


=
[ 1 n−1 1 n
1 1 0 91 0
]
·

n−1 1 n
1 0 1 0
n−1 1′ 0 0
1 0 0 0
n 0 0 1′
+
[ 1 n−1 1 n
1 1 0 91 0
]
·

n−1 1 n
1 0 0 0
n−1 0 0 0
1 0 1 0
n 0 0 0
 =
[n−1 1 n
1 0 1 0
]
+
[n−1 1 n
1 0 91 0
]
=
[2n
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·


n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
+

n−1 1 n−1 1 n−1 1
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 91
n 0 0 0 0 0 0


=
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

n−1 1 n−1 1 n−1 1
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 1 0 0
n−1 0 0 1′ 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
n−1 0 0 0 0 1′ 0

+
[ 1 n−1 1 1 n−1 1 1 n−1
1 1 0 91 91 0 1 1 0
1 1 0 91 0 0 0 0 0
]
·

n−1 1 n−1 1 n−1 1
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

=
[n−1 1 n−1 1 n−1 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
+
[n−1 1 n−1 1 n−1 1
1 0 91 0 1 0 91
1 0 91 0 0 0 0
]
=
[3n
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
·


n n−1
n 1′ 0
2 0 0
n−1 0 1′
+

n−1 1 n−1
n 0 0 0
1 0 1 0
n 0 0 0


=
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
·

n−1 1 n−1
1 0 1 0
n−1 1′ 0 0
1 0 0 0
1 0 0 0
n−1 0 0 1′
+
[ 1 n−1 1 1 n−1
1 1 0 91 91 0
1 1 0 91 0 0
]
·

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 1 0
1 0 0 0
n−1 0 0 0
 =
[n−1 1 n−1
1 0 1 0
1 0 1 0
]
+
[n−1 1 n−1
1 0 91 0
1 0 91 0
]
=
[2n−1
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 n−1 1
1 1 0 91
]
·

n−1 1
1 0 1
n−1 1′ 0
1 0 1
 = [ n1 0 ]
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6. g6 · f6 = 0
g6 · f6 =
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
]
·


n n
n 1′ 0
1 0 0
n 0 1′
+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 91
n 0 0 0 0


=
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
]
·

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
+
[ 1 n−1 1 1 n−1
1 91 0 1 1 0
]
·

n−1 1 n−1 1
1 0 0 0 0
n−1 0 0 0 0
1 0 1 0 91
1 0 0 0 0
n−1 0 0 0 0

=
[n−1 1 n−1 1
1 0 91 0 1
]
+
[n−1 1 n−1 1
1 0 1 0 91
]
=
[2n
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 1 n−1
1 1 1 0
]
·

n−1 1
1 0 91
1 0 1
n−1 1′ 0
 = [ n1 0 ]
120.5.2 0→ P (6n− 2, 7) f→ P (6n+ 2, 1) g→ R10(2)→ 0 
PdimP (6n− 2, 7) + dimR10(2) = (n, 2n, 3n, 2n, n, 2n− 1, n) + (0, 1, 2, 1, 1, 2, 1)
= (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1) = dimP (6n+ 2, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (6n− 2, 7)) = dimk HomkQ(R10(2), P (6n− 2, 7))− 〈dimR10(2),dimP (6n− 2, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (n, 2n, 3n, 2n, n, 2n− 1, n)〉
= 0 · 2n+ 1 · 3n+ 1 · 3n+ 1 · 2n+ 2 · 3n+ 1 · (2n− 1)− (0 · n+ 1 · 2n+ 2 · 3n+ 1 · 2n+ 1 · n+ 2 · (2n− 1) + 1 · n)
= 0 + 3n+ 3n+ 2n+ 6n+ 2n− 1− (0 + 2n+ 6n+ 2n+ n+ 4n− 2 + n)
= 1
Representation of P (6n− 2, 7) = P (6n+ 4, 7)[n 7→ n− 1] 
Dimension vector: dimP (6n− 2, 7) = (n, 2n, 3n, 2n, n, 2n− 1, n)
Matrices of the representation:
1. MP (6n−2,7)1→2 =
[ n
n 0
n 1
]
∈M2n,n(k)
2. MP (6n−2,7)2→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. MP (6n−2,7)4→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
4. MP (6n−2,7)5→4 =

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0
 ∈M2n,n(k)
5. MP (6n−2,7)6→3 =
[2n−1
2n−1 1
n+1 0
]
∈M3n,2n−1(k)
6. MP (6n−2,7)7→6 =
[ n
n 1
n−1 0
]
∈M2n−1,n(k)
Matrices of the embedding f : P (6n− 2, 7)→ P (6n+ 2, 1) P
1. f1 =
[ n
n 1′
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
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2. f2 =

n n
n 0 1′
n 91′ 1′
1 0 0
 ∈M2n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n n
n 0 1′
n 91′ 1′
1 0 0
 c1↔c2−−−−→

n n
n 1′ 0
n 1′ 91′
1 0 0

3. f3 =

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0
 ∈M3n+2,3n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

n n n
n+1 0 0 0
n 0 0 1′
n+1 0 0 0
 c1↔c3−−−−→

n n n
n 1′ 0 0
n 1′ 91′ 0
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

n n n
n+1 0 0 0
n 1′ 0 0
n+1 0 0 0

4. f4 =

n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′
 ∈M2n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0

c1↔c4−−−−→

n−1 1 1 n−1
n−1 1′ 0 0 0
1 0 0 1 0
1 0 91 0 0
n−1 1′ 0 0 91′
1 0 0 1 0

c2↔c3−−−−→

n−1 1 1 n−1
n−1 1′ 0 0 0
1 0 1 0 0
1 0 0 91 0
n−1 1′ 0 0 91′
1 0 1 0 0

5. f5 =

n−1 1
n−1 1′ 0
1 0 0
1 0 91
 ∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

n n−1
n 0 0
n 1′ 0
1 0 0
+

n n−1
n−1 0 91′
2 0 0
n−1 0 91′
1 0 0
 ∈M2n+1,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n−1 1 n−1
n−1 0 0 91′
1 0 0 0
1 0 1 0
n−1 1′ 0 91′
1 0 0 0

c1↔c3−−−−→

n−1 1 n−1
n−1 91′ 0 0
1 0 0 0
1 0 1 0
n−1 91′ 0 1′
1 0 0 0

7. f7 =
[ n
n 1′
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 2, 1)→ R10(2) P
1. g1 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
2. g2 =
[2n 1
1 0 1
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[n−1 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
∈M2,3n+2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[n−1 1 n 1
1 0 1 0 91
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n−1 1 1
1 0 1 0
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
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6. g6 =
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
∈M2,2n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n 1
1 0 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 2, 7)→ P (6n+ 2, 1) P
1. f2 ·MP (6n−2,7)1→2 −MP (6n+2,1)1→2 · f1 = 0
f2 ·MP (6n−2,7)1→2 =

n n
n 0 1′
n 91′ 1′
1 0 0
 · [
n
n 0
n 1
]
=

n
n 1′
n 1′
1 0

M
P (6n+2,1)
1→2 · f1 =

n
n 1
n 1
1 0
 · [ nn 1′ ] =

n
n 1′
n 1′
1 0

f2 ·MP (6n−2,7)1→2 −MP (6n+2,1)1→2 · f1 =

n
n 1′
n 1′
1 0
−

n
n 1′
n 1′
1 0
 = [ n2n+1 0 ]
2. f3 ·MP (6n−2,7)2→3 −MP (6n+2,1)2→3 · f2 = 0
f3 ·MP (6n−2,7)2→3 =


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


·
[2n
n 0
2n 1
]
=

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
+

n n n
n+1 0 0 0
n 0 0 1′
n+1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1

=

n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0
 =

n−1 1 n−1 1
1 0 0 0 1
n−1 0 0 1′ 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0

+

n 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0

M
P (6n+2,1)
2→3 · f2 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·

n n
n 0 1′
n 91′ 1′
1 0 0
 =

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
n+1 0 0 0
 ·

n n
n 0 1′
n 91′ 1′
1 0 0
+

n n 1
n+1 0 0 0
n 1 0 0
n 0 1 0
1 0 0 1
 ·

n n
n 0 1′
n 91′ 1′
1 0 0

=

n n
n 0 1′
n 91′ 1′
1 0 0
n+1 0 0
+

n n
n+1 0 0
n 0 1′
n 91′ 1′
1 0 0
 =

n−1 1 n−1 1
1 0 0 0 1
n−1 0 0 1′ 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

+

1 n−1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
n−1 0 91′ 0 1′
1 91 0 1 0
1 0 0 0 0

=

n n
n 0 1′
n 91′ 1′
n+2 0 0
+

n n
n+1 0 0
n 0 1′
n 91′ 1′
1 0 0

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f3 ·MP (6n−2,7)2→3 −MP (6n+2,1)2→3 · f2 =


n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0


−


n n
n 0 1′
n 91′ 1′
n+2 0 0
+

n n
n+1 0 0
n 0 1′
n 91′ 1′
1 0 0


=

[ n n
n 0 1′
2n+2 0 0
]
+

n n
n 0 0
n 91′ 0
n+2 0 0
+

n n
n 0 0
n 0 1′
n+2 0 0
+

n n
2n+1 0 0
n 91′ 0
1 0 0
+

n n
2n+1 0 0
n 0 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0


−

[ n n
n 0 1′
2n+2 0 0
]
+

n n
n 0 0
n 91′ 0
n+2 0 0
+

n n
n 0 0
n 0 1′
n+2 0 0
+

n n
2n+1 0 0
n 91′ 0
1 0 0
+

n n
2n+1 0 0
n 0 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0


=
[2n
3n+2 0
]
3. f3 ·MP (6n−2,7)4→3 −MP (6n+2,1)4→3 · f4 = 0
f3 ·MP (6n−2,7)4→3 =


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
=

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
 ·

n n
n 1 0
n 0 1
n 0 0
+

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
+

2n n
n+1 0 0
n 0 1′
n+1 0 0
 · [
2n
2n 1
n 0
]
+

n n n
n+1 0 0 0
n 0 0 1′
n+1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1

=

n n
n 0 0
n 0 91′
1 0 0
n 1′ 91′
1 0 0
+

n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

2n
n+1 0
n 0
n+1 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0

=

n−1 1 n−1 1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 91
n−1 0 0 91′ 0
1 0 0 0 0
1 0 1 0 91
n−1 1′ 0 91′ 0
1 0 0 0 0

+

n−1 1 n−1 1
1 0 0 0 1
n−1 0 0 1′ 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0

+

n n
1 0 0
n−1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

n 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

M
P (6n+2,1)
4→3 · f4 =
[2n+1
2n+1 1
n+1 0
]
·


n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′


=

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
n+1 0 0 0
 ·

n n
n 0 0
n 91′ 0
1 0 0
+

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n
n 0 1′
1 0 0
n 0 1′

=

n n
n 0 0
n 91′ 0
1 0 0
n+1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′
n+1 0 0
 =

n−1 1 n
n−1 0 0 0
1 0 0 0
1 0 91 0
n−1 91′ 0 0
1 0 0 0
n+1 0 0 0

+

n 1 n−1
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
n+1 0 0 0

=

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

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f3 ·MP (6n−2,7)4→3 −MP (6n+2,1)4→3 · f4 =

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

−

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

=
[2n
3n+2 0
]
4. f4 ·MP (6n−2,7)5→4 −MP (6n+2,1)5→4 · f5 = 0
f4 ·MP (6n−2,7)5→4 =


n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′


·

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0
 =

n−1 1 1 n−1
n 0 0 0 0
1 0 91 0 0
n−1 91′ 0 0 0
1 0 0 0 0
 ·

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0
+

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
 ·

n−1 1
n−1 1 0
1 0 1
1 0 0
n−1 1 0

=

n−1 1
n 0 0
1 0 91
n−1 91′ 0
1 0 0
+

n−1 1
n−1 1′ 0
1 0 0
1 0 0
n−1 1′ 0
1 0 0
 =

n−1 1
n−1 0 0
1 0 0
1 0 91
n−1 91′ 0
1 0 0
+

n−1 1
n−1 1′ 0
1 0 0
1 0 0
n−1 1′ 0
1 0 0
 =

n−1 1
n−1 1′ 0
1 0 0
1 0 91
n 0 0

M
P (6n+2,1)
5→4 · f5 =
[n+1
n+1 1
n 0
]
·

n−1 1
n−1 1′ 0
1 0 0
1 0 91
 =

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n 0 0 0
 ·

n−1 1
n−1 1′ 0
1 0 0
1 0 91
 =

n−1 1
n−1 1′ 0
1 0 0
1 0 91
n 0 0

f4 ·MP (6n−2,7)5→4 −MP (6n+2,1)5→4 · f5 =

n−1 1
n−1 1′ 0
1 0 0
1 0 91
n 0 0
−

n−1 1
n−1 1′ 0
1 0 0
1 0 91
n 0 0
 =
[ n
2n+1 0
]
5. f3 ·MP (6n−2,7)6→3 −MP (6n+2,1)6→3 · f6 = 0
f3 ·MP (6n−2,7)6→3 =


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


·
[2n−1
2n−1 1
n+1 0
]
=

n−1 1 n−1 1 n−1 1
1 0 0 0 0 0 1
n−1 0 0 0 0 1′ 0
1 0 0 0 91 0 1
n−1 0 0 91′ 0 1′ 0
1 0 0 0 0 0 0
1 0 1 0 91 0 1
n−1 1′ 0 91′ 0 1′ 0
1 0 0 0 0 0 0

·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n−1 0 0 0
1 0 0 0

+

2n−1 1 n
n+1 0 0 0
n 0 0 1′
n+1 0 0 0
 ·

2n−1
2n−1 1
1 0
n 0

=

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 91′
1 0 0 0
1 0 1 0
n−1 1′ 0 91′
1 0 0 0

+

2n−1
n+1 0
n 0
n+1 0
 =

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 91′
1 0 0 0
1 0 1 0
n−1 1′ 0 91′
1 0 0 0

+

n−1 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n−1 1 n−1
n+1 0 0 0
n−1 0 0 91′
1 0 0 0
1 0 1 0
n−1 1′ 0 91′
1 0 0 0

M
P (6n+2,1)
6→3 · f6 =
[2n+1
n+1 0
2n+1 1
]
·


n n−1
n 0 0
n 1′ 0
1 0 0
+

n n−1
n−1 0 91′
2 0 0
n−1 0 91′
1 0 0


=

n n 1
n+1 0 0 0
n 1 0 0
n 0 1 0
1 0 0 1
 ·

n n−1
n 0 0
n 1′ 0
1 0 0
+

n−1 2 n−1 1
n+1 0 0 0 0
n−1 1 0 0 0
2 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1
 ·

n n−1
n−1 0 91′
2 0 0
n−1 0 91′
1 0 0

=

n n−1
n+1 0 0
n 0 0
n 1′ 0
1 0 0
+

n n−1
n+1 0 0
n−1 0 91′
2 0 0
n−1 0 91′
1 0 0
 =

n−1 1 n−1
n+1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n−1 1′ 0 0
1 0 0 0

+

n n−1
n+1 0 0
n−1 0 91′
1 0 0
1 0 0
n−1 0 91′
1 0 0

=

n−1 1 n−1
n+1 0 0 0
n−1 0 0 91′
1 0 0 0
1 0 1 0
n−1 1′ 0 91′
1 0 0 0

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f3 ·MP (6n−2,7)6→3 −MP (6n+2,1)6→3 · f6 =

n−1 1 n−1
n+1 0 0 0
n−1 0 0 91′
1 0 0 0
1 0 1 0
n−1 1′ 0 91′
1 0 0 0

−

n−1 1 n−1
n+1 0 0 0
n−1 0 0 91′
1 0 0 0
1 0 1 0
n−1 1′ 0 91′
1 0 0 0

=
[2n−1
3n+2 0
]
6. f6 ·MP (6n−2,7)7→6 −MP (6n+2,1)7→6 · f7 = 0
f6 ·MP (6n−2,7)7→6 =


n n−1
n 0 0
n 1′ 0
1 0 0
+

n n−1
n−1 0 91′
2 0 0
n−1 0 91′
1 0 0


·
[ n
n 1
n−1 0
]
=

n n−1
n 0 0
n 1′ 0
1 0 0
 · [
n
n 1
n−1 0
]
+

n n−1
n−1 0 91′
2 0 0
n−1 0 91′
1 0 0
 ·
[ n
n 1
n−1 0
]
=

n
n 0
n 1′
1 0
+

n
n−1 0
2 0
n−1 0
1 0
 =

n−1 1
n−1 0 0
1 0 0
1 0 1
n−1 1′ 0
1 0 0
+

n
n−1 0
1 0
1 0
n−1 0
1 0
 =

n
n 0
n 1′
1 0

M
P (6n+2,1)
7→6 · f7 =
[n+1
n 0
n+1 1
]
·
[ n
n 1′
1 0
]
=

n 1
n 0 0
n 1 0
1 0 1
 · [
n
n 1′
1 0
]
=

n
n 0
n 1′
1 0

f6 ·MP (6n−2,7)7→6 −MP (6n+2,1)7→6 · f7 =

n
n 0
n 1′
1 0
−

n
n 0
n 1′
1 0
 = [ n2n+1 0 ]
Relations of the projection g : P (6n+ 2, 1)→ R10(2) P
1. g2 ·MP (6n+2,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (6n+2,1)1→2 =
[2n 1
1 0 1
]
·

n
n 1
n 1
1 0
 = [ n n 11 0 0 1 ] ·

n
n 1
n 1
1 0
 = [ n1 0 ]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g2 ·MP (6n+2,1)1→2 −MR
1
0(2)
1→2 · g1 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
2. g3 ·MP (6n+2,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (6n+2,1)2→3 =
[n−1 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
=
[n−1 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
1 0 0 0 0

+
[n−1 1 1 n−1 1 n 1
1 0 1 0 0 91 0 1
1 0 0 0 0 0 0 1
]
·

n−1 1 n 1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[n−1 1 n 1
1 0 1 0 91
1 0 0 0 0
]
+
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
=
[2n 1
1 0 0
1 0 1
]
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M
R10(2)
2→3 · g2 =
[
0
1
]
·
[2n 1
1 0 1
]
=
[2n 1
1 0 0
1 0 1
]
g3 ·MP (6n+2,1)2→3 −MR
1
0(2)
2→3 · g2 =
[2n 1
1 0 0
1 0 1
]
−
[2n 1
1 0 0
1 0 1
]
=
[2n+1
2 0
]
3. g3 ·MP (6n+2,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (6n+2,1)4→3 =
[n−1 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·
[2n+1
2n+1 1
n+1 0
]
=
[n−1 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
1 0 0 0 0

=
[n−1 1 n 1
1 0 1 0 91
1 0 0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[n−1 1 n 1
1 0 1 0 91
]
=
[n−1 1 n 1
1 0 1 0 91
1 0 0 0 0
]
g3 ·MP (6n+2,1)4→3 −MR
1
0(2)
4→3 · g4 =
[n−1 1 n 1
1 0 1 0 91
1 0 0 0 0
]
−
[n−1 1 n 1
1 0 1 0 91
1 0 0 0 0
]
=
[2n+1
2 0
]
4. g4 ·MP (6n+2,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (6n+2,1)5→4 =
[n−1 1 n 1
1 0 1 0 91
]
·
[n+1
n+1 1
n 0
]
=
[n−1 1 1 n−1 1
1 0 1 0 0 91
]
·

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 0 0 0
1 0 0 0
 =
[n−1 1 1
1 0 1 0
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[n−1 1 1
1 0 1 0
]
=
[n−1 1 1
1 0 1 0
]
g4 ·MP (6n+2,1)5→4 −MR
1
0(2)
5→4 · g5 =
[n−1 1 1
1 0 1 0
]
−
[n−1 1 1
1 0 1 0
]
=
[n+1
1 0
]
5. g3 ·MP (6n+2,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (6n+2,1)6→3 =
[n−1 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·
[2n+1
n+1 0
2n+1 1
]
=
[n−1 1 1 n−1 1 n 1
1 0 1 0 0 91 0 1
1 0 0 0 0 0 0 1
]
·

n−1 1 n 1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
M
R10(2)
6→3 · g6 =
[
1 0
0 1
]
·
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
=
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
g3 ·MP (6n+2,1)6→3 −MR
1
0(2)
6→3 · g6 =
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
−
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
=
[2n+1
2 0
]
6. g6 ·MP (6n+2,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (6n+2,1)7→6 =
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
·
[n+1
n 0
n+1 1
]
=
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
·

n 1
n−1 0 0
1 0 0
n 1 0
1 0 1
 =
[ n 1
1 0 1
1 0 1
]
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M
R10(2)
7→6 · g7 =
[
1
1
]
·
[ n 1
1 0 1
]
=
[ n 1
1 0 1
1 0 1
]
g6 ·MP (6n+2,1)7→6 −MR
1
0(2)
7→6 · g7 =
[ n 1
1 0 1
1 0 1
]
−
[ n 1
1 0 1
1 0 1
]
=
[n+1
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
0 0
]
·
[ n
n 1′
]
=
[ n
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[2n 1
1 0 1
]
·

n n
n 0 1′
n 91′ 1′
1 0 0
 = [ n n 11 0 0 1 ] ·

n n
n 0 1′
n 91′ 1′
1 0 0
 = [2n1 0 ]
3. g3 · f3 = 0
g3 · f3 =
[n−1 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 0 0 1
]
·


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


=
[n−1 1 n−1 1 1 n−1 1 1
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 1
]
·

1 n−1 1 n−1 1 n−1
n−1 0 0 0 0 0 1′
1 0 0 0 0 1 0
n−1 0 0 0 91′ 0 1′
1 0 0 91 0 1 0
1 0 0 0 0 0 0
n−1 0 1′ 0 91′ 0 1′
1 1 0 91 0 1 0
1 0 0 0 0 0 0

+
[n−1 1 1 n−1 1 n 1
1 0 1 0 0 91 0 1
1 0 0 0 0 0 0 1
]
·

2n 1 n−1
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
n 0 0 0
1 0 0 0

=
[ 1 n−1 1 n−1 1 n−1
1 0 0 0 0 1 0
1 0 0 0 0 0 0
]
+
[2n 1 n−1
1 0 91 0
1 0 0 0
]
=
[ 1 n−1 1 n−1 1 n−1
1 0 0 0 0 1 0
1 0 0 0 0 0 0
]
+
[ 1 n−1 1 n−1 1 n−1
1 0 0 0 0 91 0
1 0 0 0 0 0 0
]
=
[3n
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[n−1 1 n 1
1 0 1 0 91
]
·


n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′


=
[n−1 1 n 1
1 0 1 0 91
]
·

n n
n−1 0 0
1 0 0
n 91′ 0
1 0 0
+
[n−1 1 1 n−1 1
1 0 1 0 0 91
]
·

n 1 n−1
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 1′
1 0 1 0

=
[ n n
1 0 0
]
+
[ n 1 n−1
1 0 0 0
]
=
[ n 1 n−1
1 0 0 0
]
+
[ n 1 n−1
1 0 0 0
]
=
[2n
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[n−1 1 1
1 0 1 0
]
·

n−1 1
n−1 1′ 0
1 0 0
1 0 91
 = [ n1 0 ]
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6. g6 · f6 = 0
g6 · f6 =
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
·


n n−1
n 0 0
n 1′ 0
1 0 0
+

n n−1
n−1 0 91′
2 0 0
n−1 0 91′
1 0 0


=
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 1
]
·

n n−1
n−1 0 0
1 0 0
n 1′ 0
1 0 0
+
[n−1 1 1 n−1 1
1 0 91 0 0 1
1 0 0 0 0 1
]
·

n n−1
n−1 0 91′
1 0 0
1 0 0
n−1 0 91′
1 0 0
 =
[ n n−1
1 0 0
1 0 0
]
+
[ n n−1
1 0 0
1 0 0
]
=
[2n−1
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n 1
1 0 1
]
·
[ n
n 1′
1 0
]
=
[ n
1 0
]
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121 Tree module property of P (6n+ 3, 1)
121.1 Tree module property of P (3, 1) 
The representation of P (3, 1):
dimP (3, 1) = (1, 2, 2, 1, 0, 1, 0)
P (3, 1) =
(
M1→2 =
(
0
1
)
, M2→3 =
(
1 0
0 1
)
, M4→3 =
(
1
0
)
, M5→4 = 0, M6→3 =
(
1
1
)
, M7→6 = 0
)
The length of P (3, 1) is: 1 + 2 + 2 + 1 + 0 + 1 + 0 = 7.
The total number of ones in the matrices of the representation: 6.
A = M(EndkQ(P (3, 1))) ∈M10,11(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (3, 1).
A =

0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 91 0 1
0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 91 0 1
0 0 91 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 91 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 91 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
←−+
←−
←−−−−−
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0 91 0 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0

←−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 91 0 0 91 1
0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0
←−
−1
+
←−−−−
−1
+
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 91 0 0 91 1
0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 0 0 0 1 91
0 0 0 0 0 0 0 0 1 0 91
←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 91 0 0 91 1
0 0 0 0 0 0 0 91 91 0 1
0 0 0 0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 0 0 1 91

As the above computation shows, dim EndkQ(P (3, 1)) = corank(A) = 1 in every field k, therefore P (3, 1) has the (field independent) tree module property.
121.2 Tree module property of P (9, 1) 
The matrices of the representation have full (column) rank P
1. MP (9,1)1→2 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. MP (9,1)2→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
3. MP (9,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
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4. MP (9,1)5→4 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. MP (9,1)6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. MP (9,1)7→6 =
11
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
121.2.1 0→ P (5, 5) f→ P (9, 1) g→ R21(2)→ 0 
PdimP (5, 5) + dimR21(2) = (1, 2, 3, 2, 0, 2, 1) + (1, 2, 2, 1, 1, 1, 0)
= (2, 4, 5, 3, 1, 3, 1) = dimP (9, 1)
Pdimk Ext
1
kQ(R
2
1(2), P (5, 5)) = dimk HomkQ(R
2
1(2), P (5, 5))− 〈dimR21(2),dimP (5, 5)〉
= 0− 〈(1, 2, 2, 1, 1, 1, 0), (1, 2, 3, 2, 0, 2, 1)〉
= 1 · 2 + 2 · 3 + 1 · 3 + 1 · 2 + 1 · 3 + 0 · 2− (1 · 1 + 2 · 2 + 2 · 3 + 1 · 2 + 1 · 0 + 1 · 2 + 0 · 1)
= 2 + 6 + 3 + 2 + 3 + 0− (1 + 4 + 6 + 2 + 0 + 2 + 0)
= 1
Matrices of the embedding f : P (5, 5)→ P (9, 1) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 91
0 0
1 91
0 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

0 91
0 0
1 91
0 0
 c1↔c2−−−−→

91 0
0 0
91 1
0 0

3. f3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0

c1↔c3−−−−→

1 0 0
1 91 0
1 0 0
1 91 1
0 0 0

4. f4 =
 0 191 0
0 1
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =
 0 191 0
0 1
 c1↔c2−−−−→
1 00 91
1 0

5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
 0 191 1
0 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =
 0 191 1
0 0
 c1↔c2−−−−→
1 01 91
0 0

7. f7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Matrices of the projection g : P (9, 1)→ R21(2) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
91 0 1 0 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
91 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
Relations of the embedding f : P (5, 5)→ P (9, 1) P
1. f2 ·MP (5,5)1→2 −MP (9,1)1→2 · f1 = 0
f2 ·MP (5,5)1→2 =

0 91
0 0
1 91
0 0
 ·
[
1
0
]
=

0
0
1
0
 =

1
2 0
1 1
1 0

M
P (9,1)
1→2 · f1 =
[ 2
2 0
2 1
]
·
[
1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1
0
]
=

1
2 0
1 1
1 0

f2 ·MP (5,5)1→2 −MP (9,1)1→2 · f1 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
2. f3 ·MP (5,5)2→3 −MP (9,1)2→3 · f2 = 0
f3 ·MP (5,5)2→3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
[ 2
2 1
1 0
]
=

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
1 00 1
0 0
 =

0 0
0 91
0 0
1 91
0 0

M
P (9,1)
2→3 · f2 =
[ 4
1 0
4 1
]
·

0 91
0 0
1 91
0 0
 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ·

0 91
0 0
1 91
0 0
 =

0 0
0 91
0 0
1 91
0 0

f3 ·MP (5,5)2→3 −MP (9,1)2→3 · f2 =

0 0
0 91
0 0
1 91
0 0
−

0 0
0 91
0 0
1 91
0 0
 =
[ 2
5 0
]
3. f3 ·MP (5,5)4→3 −MP (9,1)4→3 · f4 = 0
f3 ·MP (5,5)4→3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
1 01 1
0 1
 =

0 1
91 0
0 1
0 0
0 0
 =

1 1
1 0 1
1 91 0
1 0 1
2 0 0

M
P (9,1)
4→3 · f4 =
[ 3
3 1
2 0
]
·
 0 191 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
 0 191 0
0 1
 =

1 1
1 0 1
1 91 0
1 0 1
2 0 0

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f3 ·MP (5,5)4→3 −MP (9,1)4→3 · f4 =

1 1
1 0 1
1 91 0
1 0 1
2 0 0
−

1 1
1 0 1
1 91 0
1 0 1
2 0 0
 =
[ 2
5 0
]
4. f4 ·MP (5,5)5→4 −MP (9,1)5→4 · f5 = 0
f4 ·MP (5,5)5→4 =
 0 191 0
0 1
 · [ 02 0 ] =
 0 191 0
0 1
 · [
0
1 0
1 0
]
=
[ 0
3 0
]
M
P (9,1)
5→4 · f5 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
f4 ·MP (5,5)5→4 −MP (9,1)5→4 · f5 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
5. f3 ·MP (5,5)6→3 −MP (9,1)6→3 · f6 = 0
f3 ·MP (5,5)6→3 =

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
[ 2
1 0
2 1
]
=

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 ·
0 01 0
0 1
 =

0 1
91 1
0 1
91 1
0 0

M
P (9,1)
6→3 · f6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
 0 191 1
0 0
 =

0 1
91 1
0 1
91 1
0 0

f3 ·MP (5,5)6→3 −MP (9,1)6→3 · f6 =

0 1
91 1
0 1
91 1
0 0
−

0 1
91 1
0 1
91 1
0 0
 =
[ 2
5 0
]
6. f6 ·MP (5,5)7→6 −MP (9,1)7→6 · f7 = 0
f6 ·MP (5,5)7→6 =
 0 191 1
0 0
 · [0
1
]
=
11
0

M
P (9,1)
7→6 · f7 =
11
0
 · [1] =
11
0

f6 ·MP (5,5)7→6 −MP (9,1)7→6 · f7 =
11
0
−
11
0
 = [ 13 0 ]
Relations of the projection g : P (9, 1)→ R21(2) P
1. g2 ·MP (9,1)1→2 −MR
2
1(2)
1→2 · g1 = 0
g2 ·MP (9,1)1→2 =
[
0 1 0 0
0 0 0 1
]
·
[ 2
2 0
2 1
]
=
[
0 1 0 0
0 0 0 1
]
·

0 0
0 0
1 0
0 1
 =
[
0 0
0 1
]
M
R21(2)
1→2 · g1 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g2 ·MP (9,1)1→2 −MR
2
1(2)
1→2 · g1 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
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2. g3 ·MP (9,1)2→3 −MR
2
1(2)
2→3 · g2 = 0
g3 ·MP (9,1)2→3 =
[
91 0 1 0 0
0 0 0 0 1
]
·
[ 4
1 0
4 1
]
=
[
91 0 1 0 0
0 0 0 0 1
]
·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =
[
0 1 0 0
0 0 0 1
]
M
R21(2)
2→3 · g2 =
[ 2
2 1
]
·
[
0 1 0 0
0 0 0 1
]
=
[
1 0
0 1
]
·
[
0 1 0 0
0 0 0 1
]
=
[
0 1 0 0
0 0 0 1
]
g3 ·MP (9,1)2→3 −MR
2
1(2)
2→3 · g2 =
[
0 1 0 0
0 0 0 1
]
−
[
0 1 0 0
0 0 0 1
]
=
[ 4
2 0
]
3. g3 ·MP (9,1)4→3 −MR
2
1(2)
4→3 · g4 = 0
g3 ·MP (9,1)4→3 =
[
91 0 1 0 0
0 0 0 0 1
]
·
[ 3
3 1
2 0
]
=
[
91 0 1 0 0
0 0 0 0 1
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
[
91 0 1
0 0 0
]
M
R21(2)
4→3 · g4 =
[
1
0
]
·
[
91 0 1
]
=
[
91 0 1
0 0 0
]
g3 ·MP (9,1)4→3 −MR
2
1(2)
4→3 · g4 =
[
91 0 1
0 0 0
]
−
[
91 0 1
0 0 0
]
=
[ 3
2 0
]
4. g4 ·MP (9,1)5→4 −MR
2
1(2)
5→4 · g5 = 0
g4 ·MP (9,1)5→4 =
[
91 0 1
]
·
[ 1
1 1
2 0
]
=
[
91 0 1
]
·
10
0
 = [91]
M
R21(2)
5→4 · g5 =
[
1
]
·
[
91
]
=
[
91
]
g4 ·MP (9,1)5→4 −MR
2
1(2)
5→4 · g5 =
[
91
]
−
[
91
]
=
[
0
]
5. g3 ·MP (9,1)6→3 −MR
2
1(2)
6→3 · g6 = 0
g3 ·MP (9,1)6→3 =
[
91 0 1 0 0
0 0 0 0 1
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =
[
0 0 1
0 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
M
R21(2)
6→3 · g6 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g3 ·MP (9,1)6→3 −MR
2
1(2)
6→3 · g6 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
6. g6 ·MP (9,1)7→6 −MR
2
1(2)
7→6 · g7 = 0
g6 ·MP (9,1)7→6 =
[ 2 1
1 0 1
]
·
11
0
 = [0 0 1] ·
11
0
 = [0]
M
R21(2)
7→6 · g7 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g6 ·MP (9,1)7→6 −MR
2
1(2)
7→6 · g7 =
[
0
]
−
[
0
]
=
[
0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1 0 0
0 0 0 1
]
·

0 91
0 0
1 91
0 0
 =
[ 2
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[
91 0 1 0 0
0 0 0 0 1
]
·

0 0 1
0 91 1
0 0 1
1 91 1
0 0 0
 =
[ 3
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
91 0 1
]
·
 0 191 0
0 1
 = [ 21 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1
1 0 1
]
·
 0 191 1
0 0
 = [0 0 1] ·
 0 191 1
0 0
 = [ 21 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
121.2.2 0→ P (5, 7) f→ P (9, 1) g→ R20(2)→ 0 
PdimP (5, 7) + dimR20(2) = (1, 2, 3, 2, 1, 2, 0) + (1, 2, 2, 1, 0, 1, 1)
= (2, 4, 5, 3, 1, 3, 1) = dimP (9, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (5, 7)) = dimk HomkQ(R
2
0(2), P (5, 7))− 〈dimR20(2),dimP (5, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (1, 2, 3, 2, 1, 2, 0)〉
= 1 · 2 + 2 · 3 + 1 · 3 + 0 · 2 + 1 · 3 + 1 · 2− (1 · 1 + 2 · 2 + 2 · 3 + 1 · 2 + 0 · 1 + 1 · 2 + 1 · 0)
= 2 + 6 + 3 + 0 + 3 + 2− (1 + 4 + 6 + 2 + 0 + 2 + 0)
= 1
Matrices of the embedding f : P (5, 7)→ P (9, 1) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
1 0
0 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
4. f4 =
1 00 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
611
5. f5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. f6 =
1 00 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : P (9, 1)→ R20(2) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
91 0 0 0
91 0 1 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[
91 0 0 0
91 0 1 0
]
r2←r2−r1−−−−−−→
[
91 0 0 0
0 0 1 0
]
3. g3 =
[
0 91 0 0 0
0 91 0 1 0
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
0 91 0 0 0
0 91 0 1 0
]
r2←r2−r1−−−−−−→
[
0 91 0 0 0
0 0 0 1 0
]
4. g4 =
[
0 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
6. g6 =
[
0 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (5, 7)→ P (9, 1) P
1. f2 ·MP (5,7)1→2 −MP (9,1)1→2 · f1 = 0
f2 ·MP (5,7)1→2 =

0 0
1 0
0 0
0 1
 ·
[
0
1
]
=

0
0
0
1
 =
[ 1
3 0
1 1
]
M
P (9,1)
1→2 · f1 =
[ 2
2 0
2 1
]
·
[
0
1
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [0
1
]
=

1
2 0
1 0
1 1
 = [
1
3 0
1 1
]
f2 ·MP (5,7)1→2 −MP (9,1)1→2 · f1 =
[ 1
3 0
1 1
]
−
[ 1
3 0
1 1
]
=
[ 1
4 0
]
2. f3 ·MP (5,7)2→3 −MP (9,1)2→3 · f2 = 0
f3 ·MP (5,7)2→3 =

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
 ·
[ 2
1 0
2 1
]
=

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
 ·
0 01 0
0 1
 =

0 0
0 0
1 0
0 0
0 1
 =

1 1
2 0 0
1 1 0
1 0 0
1 0 1

M
P (9,1)
2→3 · f2 =
[ 4
1 0
4 1
]
·

0 0
1 0
0 0
0 1
 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ·

0 0
1 0
0 0
0 1
 =

0 0
0 0
1 0
0 0
0 1
 =

1 1
2 0 0
1 1 0
1 0 0
1 0 1

f3 ·MP (5,7)2→3 −MP (9,1)2→3 · f2 =

1 1
2 0 0
1 1 0
1 0 0
1 0 1
−

1 1
2 0 0
1 1 0
1 0 0
1 0 1
 =
[ 2
5 0
]
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3. f3 ·MP (5,7)4→3 −MP (9,1)4→3 · f4 = 0
f3 ·MP (5,7)4→3 =

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
 ·
[ 2
2 1
1 0
]
=

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
 ·
1 00 1
0 0
 =

1 0
0 0
0 1
0 0
0 0
 =

1 1
1 1 0
1 0 0
1 0 1
2 0 0

M
P (9,1)
4→3 · f4 =
[ 3
3 1
2 0
]
·
1 00 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 00 0
0 1
 =

1 1
1 1 0
1 0 0
1 0 1
2 0 0

f3 ·MP (5,7)4→3 −MP (9,1)4→3 · f4 =

1 1
1 1 0
1 0 0
1 0 1
2 0 0
−

1 1
1 1 0
1 0 0
1 0 1
2 0 0
 =
[ 2
5 0
]
4. f4 ·MP (5,7)5→4 −MP (9,1)5→4 · f5 = 0
f4 ·MP (5,7)5→4 =
1 00 0
0 1
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
M
P (9,1)
5→4 · f5 =
[ 1
1 1
2 0
]
·
[
1
]
=
[ 1
1 1
2 0
]
f4 ·MP (5,7)5→4 −MP (9,1)5→4 · f5 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
5. f3 ·MP (5,7)6→3 −MP (9,1)6→3 · f6 = 0
f3 ·MP (5,7)6→3 =

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
 ·
1 01 1
0 1
 =

1 0
0 0
1 1
0 0
0 1

M
P (9,1)
6→3 · f6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
1 00 0
0 1
 =

1 0
0 0
1 1
0 0
0 1

f3 ·MP (5,7)6→3 −MP (9,1)6→3 · f6 =

1 0
0 0
1 1
0 0
0 1
−

1 0
0 0
1 1
0 0
0 1
 =
[ 2
5 0
]
6. f6 ·MP (5,7)7→6 −MP (9,1)7→6 · f7 = 0
f6 ·MP (5,7)7→6 =
1 00 0
0 1
 · [ 02 0 ] =
1 00 0
0 1
 · [
0
1 0
1 0
]
=
[ 0
3 0
]
M
P (9,1)
7→6 · f7 =
11
0
 · [ 01 0 ] = [ 03 0 ]
f6 ·MP (5,7)7→6 −MP (9,1)7→6 · f7 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
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Relations of the projection g : P (9, 1)→ R20(2) P
1. g2 ·MP (9,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (9,1)1→2 =
[
91 0 0 0
91 0 1 0
]
·
[ 2
2 0
2 1
]
=
[
91 0 0 0
91 0 1 0
]
·

0 0
0 0
1 0
0 1
 =
[
0 0
1 0
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[
1 0
]
=
[
0 0
1 0
]
g2 ·MP (9,1)1→2 −MR
2
0(2)
1→2 · g1 =
[
0 0
1 0
]
−
[
0 0
1 0
]
=
[ 2
2 0
]
2. g3 ·MP (9,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (9,1)2→3 =
[
0 91 0 0 0
0 91 0 1 0
]
·
[ 4
1 0
4 1
]
=
[
0 91 0 0 0
0 91 0 1 0
]
·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =
[
91 0 0 0
91 0 1 0
]
M
R20(2)
2→3 · g2 =
[ 2
2 1
]
·
[
91 0 0 0
91 0 1 0
]
=
[
1 0
0 1
]
·
[
91 0 0 0
91 0 1 0
]
=
[
91 0 0 0
91 0 1 0
]
g3 ·MP (9,1)2→3 −MR
2
0(2)
2→3 · g2 =
[
91 0 0 0
91 0 1 0
]
−
[
91 0 0 0
91 0 1 0
]
=
[ 4
2 0
]
3. g3 ·MP (9,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (9,1)4→3 =
[
0 91 0 0 0
0 91 0 1 0
]
·
[ 3
3 1
2 0
]
=
[
0 91 0 0 0
0 91 0 1 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
[
0 91 0
0 91 0
]
M
R20(2)
4→3 · g4 =
[
1
1
]
·
[
0 91 0
]
=
[
0 91 0
0 91 0
]
g3 ·MP (9,1)4→3 −MR
2
0(2)
4→3 · g4 =
[
0 91 0
0 91 0
]
−
[
0 91 0
0 91 0
]
=
[ 3
2 0
]
4. g4 ·MP (9,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (9,1)5→4 =
[
0 91 0
]
·
[ 1
1 1
2 0
]
=
[
0 91 0
]
·
10
0
 = [0]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g4 ·MP (9,1)5→4 −MR
2
0(2)
5→4 · g5 =
[
0
]
−
[
0
]
=
[
0
]
5. g3 ·MP (9,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (9,1)6→3 =
[
0 91 0 0 0
0 91 0 1 0
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =
[
0 91 0
0 0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[
0 91 0
]
=
[
0 91 0
0 0 0
]
g3 ·MP (9,1)6→3 −MR
2
0(2)
6→3 · g6 =
[
0 91 0
0 0 0
]
−
[
0 91 0
0 0 0
]
=
[ 3
2 0
]
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6. g6 ·MP (9,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (9,1)7→6 =
[
0 91 0
]
·
11
0
 = [91]
M
R20(2)
7→6 · g7 =
[
1
]
·
[
91
]
=
[
91
]
g6 ·MP (9,1)7→6 −MR
2
0(2)
7→6 · g7 =
[
91
]
−
[
91
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
91 0 0 0
91 0 1 0
]
·

0 0
1 0
0 0
0 1
 =
[ 2
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 91 0 0 0
0 91 0 1 0
]
·

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
 =
[ 3
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 91 0
]
·
1 00 0
0 1
 = [ 21 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 91 0
]
·
1 00 0
0 1
 = [ 21 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
121.3 Tree module property of P (15, 1) 
The matrices of the representation have full (column) rank P
1. MP (15,1)1→2 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. MP (15,1)2→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k) is already in column echelon form and has maximal column rank.
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3. MP (15,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
4. MP (15,1)5→4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
5. MP (15,1)6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
6. MP (15,1)7→6 =

1 0
0 1
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
121.3.1 0→ P (11, 5) f→ P (15, 1) g→ R21(2)→ 0 
PdimP (11, 5) + dimR21(2) = (2, 4, 6, 4, 1, 4, 2) + (1, 2, 2, 1, 1, 1, 0)
= (3, 6, 8, 5, 2, 5, 2) = dimP (15, 1)
Pdimk Ext
1
kQ(R
2
1(2), P (11, 5)) = dimk HomkQ(R
2
1(2), P (11, 5))− 〈dimR21(2),dimP (11, 5)〉
= 0− 〈(1, 2, 2, 1, 1, 1, 0), (2, 4, 6, 4, 1, 4, 2)〉
= 1 · 4 + 2 · 6 + 1 · 6 + 1 · 4 + 1 · 6 + 0 · 4− (1 · 2 + 2 · 4 + 2 · 6 + 1 · 4 + 1 · 1 + 1 · 4 + 0 · 2)
= 4 + 12 + 6 + 4 + 6 + 0− (2 + 8 + 12 + 4 + 1 + 4 + 0)
= 1
Matrices of the embedding f : P (11, 5)→ P (15, 1) P
1. f1 =
0 11 0
0 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =
[ 2
2 1′
1 0
]
2. f2 =

0 0 0 91
0 0 91 0
0 0 0 0
0 1 0 91
1 0 91 0
0 0 0 0

∈M6,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2
2 0 91′
1 0 0
2 1′ 91′
1 0 0
 c1↔c2−−−−→

2 2
2 91′ 0
1 0 0
2 91′ 1′
1 0 0

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3. f3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

c1↔c6−−−−→

1 0 0 0 0 0
0 0 0 0 1 0
1 0 0 91 0 0
1 0 91 0 1 0
0 0 0 0 1 0
1 1 0 91 0 0
0 0 91 0 1 1
0 0 0 0 0 0

c2↔c5−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 91 0 0
1 1 91 0 0 0
0 1 0 0 0 0
1 0 0 91 1 0
0 1 91 0 0 1
0 0 0 0 0 0

c3↔c4−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
1 0 91 0 0 0
1 1 0 91 0 0
0 1 0 0 0 0
1 0 91 0 1 0
0 1 0 91 0 1
0 0 0 0 0 0

4. f4 =

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0

c1↔c4−−−−→

1 0 0 0
0 0 1 0
0 91 0 0
1 0 0 91
0 0 1 0

c2↔c3−−−−→

1 0 0 0
0 1 0 0
0 0 91 0
1 0 0 91
0 1 0 0

5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

c1↔c4−−−−→

1 0 0 0
0 0 1 0
1 91 0 0
0 0 1 91
0 0 0 0

c2↔c3−−−−→

1 0 0 0
0 1 0 0
1 0 91 0
0 1 0 91
0 0 0 0
 =

2 2
2 1 0
2 1 91
1 0 0

7. f7 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f7 =
[ 2
2 1′
]
Matrices of the projection g : P (15, 1)→ R21(2) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1 0 0 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 91 0 0 1 0 0 0
0 0 0 0 0 0 0 1
]
∈M2,8(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 91 0 0 1
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 0 1
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
Relations of the embedding f : P (11, 5)→ P (15, 1) P
1. f2 ·MP (11,5)1→2 −MP (15,1)1→2 · f1 = 0
f2 ·MP (11,5)1→2 =

2 2
2 0 91′
1 0 0
2 1′ 91′
1 0 0
 ·
[ 2
2 1
2 0
]
=

2
2 0
1 0
2 1′
1 0
 =

2
3 0
2 1′
1 0

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P (15,1)
1→2 · f1 =
[ 3
3 0
3 1
]
·
[ 2
2 1′
1 0
]
=

2 1
3 0 0
2 1 0
1 0 1
 · [
2
2 1′
1 0
]
=

2
3 0
2 1′
1 0

f2 ·MP (11,5)1→2 −MP (15,1)1→2 · f1 =

2
3 0
2 1′
1 0
−

2
3 0
2 1′
1 0
 = [ 26 0 ]
2. f3 ·MP (11,5)2→3 −MP (15,1)2→3 · f2 = 0
f3 ·MP (11,5)2→3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·
[ 4
4 1
2 0
]
=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

=

0 0 0 0
0 0 0 0
0 0 0 91
0 0 91 0
0 0 0 0
0 1 0 91
1 0 91 0
0 0 0 0

=

2 2
2 0 0
2 0 91′
1 0 0
2 1′ 91′
1 0 0

M
P (15,1)
2→3 · f2 =
[ 6
2 0
6 1
]
·

2 2
2 0 91′
1 0 0
2 1′ 91′
1 0 0
 =

2 1 2 1
2 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

2 2
2 0 91′
1 0 0
2 1′ 91′
1 0 0
 =

2 2
2 0 0
2 0 91′
1 0 0
2 1′ 91′
1 0 0

f3 ·MP (11,5)2→3 −MP (15,1)2→3 · f2 =

2 2
2 0 0
2 0 91′
1 0 0
2 1′ 91′
1 0 0
−

2 2
2 0 0
2 0 91′
1 0 0
2 1′ 91′
1 0 0
 =
[ 4
8 0
]
3. f3 ·MP (11,5)4→3 −MP (15,1)4→3 · f4 = 0
f3 ·MP (11,5)4→3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

2 2
2 1 0
2 1 1
2 0 1
 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

=

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

M
P (15,1)
4→3 · f4 =
[ 5
5 1
3 0
]
·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
3 0 0 0 0 0

·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

f3 ·MP (11,5)4→3 −MP (15,1)4→3 · f4 =

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

−

1 1 1 1
1 0 0 0 1
1 0 0 1 0
1 0 91 0 0
1 91 0 0 1
1 0 0 1 0
3 0 0 0 0

=
[ 4
8 0
]
4. f4 ·MP (11,5)5→4 −MP (15,1)5→4 · f5 = 0
f4 ·MP (11,5)5→4 =

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 ·

1
1 1
2 0
1 1
 =

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 ·

1
0
0
1
 =

1
0
0
0
0
 =
[ 1
1 1
4 0
]
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P (15,1)
5→4 · f5 =
[ 2
2 1
3 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [1
0
]
=

1
1 1
1 0
3 0
 = [
1
1 1
4 0
]
f4 ·MP (11,5)5→4 −MP (15,1)5→4 · f5 =
[ 1
1 1
4 0
]
−
[ 1
1 1
4 0
]
=
[ 1
5 0
]
5. f3 ·MP (11,5)6→3 −MP (15,1)6→3 · f6 = 0
f3 ·MP (11,5)6→3 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·
[ 4
2 0
4 1
]
=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

M
P (15,1)
6→3 · f6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

f3 ·MP (11,5)6→3 −MP (15,1)6→3 · f6 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

−

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0

=
[ 4
8 0
]
6. f6 ·MP (11,5)7→6 −MP (15,1)7→6 · f7 = 0
f6 ·MP (11,5)7→6 =

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 ·
[ 2
2 0
2 1
]
=

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 ·

0 0
0 0
1 0
0 1
 =

0 1
1 0
0 1
1 0
0 0

M
P (15,1)
7→6 · f7 =

2
2 1
2 1
1 0
 · [ 22 1′ ] =

2
2 1′
2 1′
1 0

f6 ·MP (11,5)7→6 −MP (15,1)7→6 · f7 =

0 1
1 0
0 1
1 0
0 0
−

0 1
1 0
0 1
1 0
0 0
 =
[ 2
5 0
]
Relations of the projection g : P (15, 1)→ R21(2) P
1. g2 ·MP (15,1)1→2 −MR
2
1(2)
1→2 · g1 = 0
g2 ·MP (15,1)1→2 =
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
·
[ 3
3 0
3 1
]
=
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
·

2 1
2 0 0
1 0 0
2 1 0
1 0 1
 =
[ 2 1
1 0 0
1 0 1
]
M
R21(2)
1→2 · g1 =
[
0
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 0
1 0 1
]
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g2 ·MP (15,1)1→2 −MR
2
1(2)
1→2 · g1 =
[ 2 1
1 0 0
1 0 1
]
−
[ 2 1
1 0 0
1 0 1
]
=
[ 3
2 0
]
2. g3 ·MP (15,1)2→3 −MR
2
1(2)
2→3 · g2 = 0
g3 ·MP (15,1)2→3 =
[ 1 1 2 1 2 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·
[ 6
2 0
6 1
]
=
[ 1 1 2 1 2 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

2 1 2 1
1 0 0 0 0
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1

=
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
M
R21(2)
2→3 · g2 =
[ 2
2 1
]
·
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
=
[
1 0
0 1
]
·
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
=
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
g3 ·MP (15,1)2→3 −MR
2
1(2)
2→3 · g2 =
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
−
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
=
[ 6
2 0
]
3. g3 ·MP (15,1)4→3 −MR
2
1(2)
4→3 · g4 = 0
g3 ·MP (15,1)4→3 =
[ 1 1 2 1 2 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·
[ 5
5 1
3 0
]
=
[ 1 1 2 1 2 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
1 0 0 0 0

=
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 0
]
M
R21(2)
4→3 · g4 =
[
1
0
]
·
[ 1 1 2 1
1 0 91 0 1
]
=
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 0
]
g3 ·MP (15,1)4→3 −MR
2
1(2)
4→3 · g4 =
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 0
]
−
[ 1 1 2 1
1 0 91 0 1
1 0 0 0 0
]
=
[ 5
2 0
]
4. g4 ·MP (15,1)5→4 −MR
2
1(2)
5→4 · g5 = 0
g4 ·MP (15,1)5→4 =
[ 1 1 2 1
1 0 91 0 1
]
·
[ 2
2 1
3 0
]
=
[ 1 1 2 1
1 0 91 0 1
]
·

1 1
1 1 0
1 0 1
2 0 0
1 0 0
 =
[
0 91
]
M
R21(2)
5→4 · g5 =
[
1
]
·
[
0 91
]
=
[
0 91
]
g4 ·MP (15,1)5→4 −MR
2
1(2)
5→4 · g5 =
[
0 91
]
−
[
0 91
]
=
[ 2
1 0
]
5. g3 ·MP (15,1)6→3 −MR
2
1(2)
6→3 · g6 = 0
g3 ·MP (15,1)6→3 =
[ 1 1 2 1 2 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =
[
0 91 0 0 1 0 0 0
0 0 0 0 0 0 0 1
]
·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=
[
0 0 0 0 1
0 0 0 0 1
]
=
[ 4 1
1 0 1
1 0 1
]
M
R21(2)
6→3 · g6 =
[
1
1
]
·
[ 4 1
1 0 1
]
=
[ 4 1
1 0 1
1 0 1
]
g3 ·MP (15,1)6→3 −MR
2
1(2)
6→3 · g6 =
[ 4 1
1 0 1
1 0 1
]
−
[ 4 1
1 0 1
1 0 1
]
=
[ 5
2 0
]
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6. g6 ·MP (15,1)7→6 −MR
2
1(2)
7→6 · g7 = 0
g6 ·MP (15,1)7→6 =
[ 4 1
1 0 1
]
·

2
2 1
2 1
1 0
 = [ 2 2 11 0 0 1 ] ·

2
2 1
2 1
1 0
 = [ 21 0 ]
M
R21(2)
7→6 · g7 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g6 ·MP (15,1)7→6 −MR
2
1(2)
7→6 · g7 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1′
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1 2 1
1 0 1 0 0
1 0 0 0 1
]
·

2 2
2 0 91′
1 0 0
2 1′ 91′
1 0 0
 =
[ 4
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 2 1 2 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

=
[
0 91 0 0 1 0 0 0
0 0 0 0 0 0 0 1
]
·

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 91 0 1
0 0 91 0 1 1
0 0 0 0 1 0
0 1 0 91 0 1
1 0 91 0 1 0
0 0 0 0 0 0

=
[ 6
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 2 1
1 0 91 0 1
]
·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =
[
0 91 0 0 1
]
·

0 0 0 1
0 0 1 0
0 91 0 0
91 0 0 1
0 0 1 0
 =
[ 4
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 91
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 1
1 0 1
]
·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =
[
0 0 0 0 1
]
·

0 0 0 1
0 0 1 0
0 91 0 1
91 0 1 0
0 0 0 0
 =
[ 4
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2
0 0
]
·
[ 2
2 1′
]
=
[ 2
0 0
]
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121.3.2 0→ P (11, 7) f→ P (15, 1) g→ R20(2)→ 0 
PdimP (11, 7) + dimR
2
0(2) = (2, 4, 6, 4, 2, 4, 1) + (1, 2, 2, 1, 0, 1, 1)
= (3, 6, 8, 5, 2, 5, 2) = dimP (15, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (11, 7)) = dimk HomkQ(R
2
0(2), P (11, 7))− 〈dimR20(2),dimP (11, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (2, 4, 6, 4, 2, 4, 1)〉
= 1 · 4 + 2 · 6 + 1 · 6 + 0 · 4 + 1 · 6 + 1 · 4− (1 · 2 + 2 · 4 + 2 · 6 + 1 · 4 + 0 · 2 + 1 · 4 + 1 · 1)
= 4 + 12 + 6 + 0 + 6 + 4− (2 + 8 + 12 + 4 + 0 + 4 + 1)
= 1
Matrices of the embedding f : P (11, 7)→ P (15, 1) P
1. f1 =
0 00 1
1 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =
[ 2
1 0
2 1′
]
2. f2 =

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

∈M6,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2
1 0 0
2 1′ 0
1 0 0
2 0 1′

3. f3 =

0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

2 2 2
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

4. f4 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 2
2 1′ 0
1 0 0
2 0 1′

5. f5 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f5 =
[ 2
2 1′
]
6. f6 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2
2 1′ 0
1 0 0
2 0 1′

7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (15, 1)→ R20(2) P
1. g1 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
91 0 0 0 0 0
91 0 0 1 0 0
]
∈M2,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
r2←r2−r1−−−−−−→
[ 1 2 1 2
1 91 0 0 0
1 0 0 1 0
]
3. g3 =
[
0 0 91 0 0 0 0 0
0 0 91 0 0 1 0 0
]
∈M2,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 91 0 1 0
]
r2←r2−r1−−−−−−→
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 0 0 1 0
]
4. g4 =
[
0 0 91 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
6. g6 =
[
0 0 91 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (11, 7)→ P (15, 1) P
1. f2 ·MP (11,7)1→2 −MP (15,1)1→2 · f1 = 0
f2 ·MP (11,7)1→2 =

2 2
1 0 0
2 1′ 0
1 0 0
2 0 1′
 ·
[ 2
2 0
2 1
]
=

2
1 0
2 0
1 0
2 1′
 =
[ 2
4 0
2 1′
]
M
P (15,1)
1→2 · f1 =
[ 3
3 0
3 1
]
·
[ 2
1 0
2 1′
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
2
1 0
2 1′
]
=

2
3 0
1 0
2 1′
 = [
2
4 0
2 1′
]
f2 ·MP (11,7)1→2 −MP (15,1)1→2 · f1 =
[ 2
4 0
2 1′
]
−
[ 2
4 0
2 1′
]
=
[ 2
6 0
]
2. f3 ·MP (11,7)2→3 −MP (15,1)2→3 · f2 = 0
f3 ·MP (11,7)2→3 =

2 2 2
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′
 ·
[ 4
2 0
4 1
]
=

2 2 2
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′
 ·

2 2
2 0 0
2 1 0
2 0 1
 =

2 2
2 0 0
1 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 2
3 0 0
2 1′ 0
1 0 0
2 0 1′

M
P (15,1)
2→3 · f2 =
[ 6
2 0
6 1
]
·

2 2
1 0 0
2 1′ 0
1 0 0
2 0 1′
 =

1 2 1 2
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

2 2
1 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 2
2 0 0
1 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 2
3 0 0
2 1′ 0
1 0 0
2 0 1′

f3 ·MP (11,7)2→3 −MP (15,1)2→3 · f2 =

2 2
3 0 0
2 1′ 0
1 0 0
2 0 1′
−

2 2
3 0 0
2 1′ 0
1 0 0
2 0 1′
 =
[ 4
8 0
]
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3. f3 ·MP (11,7)4→3 −MP (15,1)4→3 · f4 = 0
f3 ·MP (11,7)4→3 =

2 2 2
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′
 ·
[ 4
4 1
2 0
]
=

2 2 2
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′
 ·

2 2
2 1 0
2 0 1
2 0 0
 =

2 2
2 1′ 0
1 0 0
2 0 1′
1 0 0
2 0 0
 =

2 2
2 1′ 0
1 0 0
2 0 1′
3 0 0

M
P (15,1)
4→3 · f4 =
[ 5
5 1
3 0
]
·

2 2
2 1′ 0
1 0 0
2 0 1′
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
 ·

2 2
2 1′ 0
1 0 0
2 0 1′
 =

2 2
2 1′ 0
1 0 0
2 0 1′
3 0 0

f3 ·MP (11,7)4→3 −MP (15,1)4→3 · f4 =

2 2
2 1′ 0
1 0 0
2 0 1′
3 0 0
−

2 2
2 1′ 0
1 0 0
2 0 1′
3 0 0
 =
[ 4
8 0
]
4. f4 ·MP (11,7)5→4 −MP (15,1)5→4 · f5 = 0
f4 ·MP (11,7)5→4 =

2 2
2 1′ 0
1 0 0
2 0 1′
 · [
2
2 1
2 0
]
=

2
2 1′
1 0
2 0
 = [
2
2 1′
3 0
]
M
P (15,1)
5→4 · f5 =
[ 2
2 1
3 0
]
·
[ 2
2 1′
]
=
[ 2
2 1′
3 0
]
f4 ·MP (11,7)5→4 −MP (15,1)5→4 · f5 =
[ 2
2 1′
3 0
]
−
[ 2
2 1′
3 0
]
=
[ 2
5 0
]
5. f3 ·MP (11,7)6→3 −MP (15,1)6→3 · f6 = 0
f3 ·MP (11,7)6→3 =

2 2 2
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′
 ·

2 2
2 1 0
2 1 1
2 0 1
 =

2 2
2 1′ 0
1 0 0
2 1′ 1′
1 0 0
2 0 1′

M
P (15,1)
6→3 · f6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

2 2
2 1′ 0
1 0 0
2 0 1′
 =

2 2
2 1′ 0
1 0 0
2 1′ 1′
1 0 0
2 0 1′

f3 ·MP (11,7)6→3 −MP (15,1)6→3 · f6 =

0 1 0 0
1 0 0 0
0 0 0 0
0 1 0 1
1 0 1 0
0 0 0 0
0 0 0 1
0 0 1 0

−

0 1 0 0
1 0 0 0
0 0 0 0
0 1 0 1
1 0 1 0
0 0 0 0
0 0 0 1
0 0 1 0

=
[ 4
8 0
]
6. f6 ·MP (11,7)7→6 −MP (15,1)7→6 · f7 = 0
f6 ·MP (11,7)7→6 =

2 2
2 1′ 0
1 0 0
2 0 1′
 ·

1
1 1
2 0
1 1
 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0
 ·

1
0
0
1
 =

0
1
0
1
0

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M
P (15,1)
7→6 · f7 =

2
2 1
2 1
1 0
 · [0
1
]
=

1 0
0 1
1 0
0 1
0 0
 ·
[
0
1
]
=

0
1
0
1
0

f6 ·MP (11,7)7→6 −MP (15,1)7→6 · f7 =

0
1
0
1
0
−

0
1
0
1
0
 =
[ 1
5 0
]
Relations of the projection g : P (15, 1)→ R20(2) P
1. g2 ·MP (15,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (15,1)1→2 =
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
·
[ 3
3 0
3 1
]
=
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =
[ 1 2
1 0 0
1 1 0
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 0 0
1 1 0
]
g2 ·MP (15,1)1→2 −MR
2
0(2)
1→2 · g1 =
[ 1 2
1 0 0
1 1 0
]
−
[ 1 2
1 0 0
1 1 0
]
=
[ 3
2 0
]
2. g3 ·MP (15,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (15,1)2→3 =
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 91 0 1 0
]
·
[ 6
2 0
6 1
]
=
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 91 0 1 0
]
·

1 2 1 2
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
M
R20(2)
2→3 · g2 =
[ 2
2 1
]
·
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
=
[
1 0
0 1
]
·
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
=
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
g3 ·MP (15,1)2→3 −MR
2
0(2)
2→3 · g2 =
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
−
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
=
[ 6
2 0
]
3. g3 ·MP (15,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (15,1)4→3 =
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 91 0 1 0
]
·
[ 5
5 1
3 0
]
=
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 91 0 1 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
2 0 0 0
 =
[ 2 1 2
1 0 91 0
1 0 91 0
]
M
R20(2)
4→3 · g4 =
[
1
1
]
·
[ 2 1 2
1 0 91 0
]
=
[ 2 1 2
1 0 91 0
1 0 91 0
]
g3 ·MP (15,1)4→3 −MR
2
0(2)
4→3 · g4 =
[ 2 1 2
1 0 91 0
1 0 91 0
]
−
[ 2 1 2
1 0 91 0
1 0 91 0
]
=
[ 5
2 0
]
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4. g4 ·MP (15,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (15,1)5→4 =
[ 2 1 2
1 0 91 0
]
·
[ 2
2 1
3 0
]
=
[ 2 1 2
1 0 91 0
]
·

2
2 1
1 0
2 0
 = [ 21 0 ]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g4 ·MP (15,1)5→4 −MR
2
0(2)
5→4 · g5 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
5. g3 ·MP (15,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (15,1)6→3 =
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 91 0 1 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =
[ 2 1 2
1 0 91 0
1 0 0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[ 2 1 2
1 0 91 0
]
=
[ 2 1 2
1 0 91 0
1 0 0 0
]
g3 ·MP (15,1)6→3 −MR
2
0(2)
6→3 · g6 =
[ 2 1 2
1 0 91 0
1 0 0 0
]
−
[ 2 1 2
1 0 91 0
1 0 0 0
]
=
[ 5
2 0
]
6. g6 ·MP (15,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (15,1)7→6 =
[ 2 1 2
1 0 91 0
]
·

2
2 1
2 1
1 0
 = [0 0 91 0 0] ·

1 0
0 1
1 0
0 1
0 0
 =
[
91 0
]
M
R20(2)
7→6 · g7 =
[
1
]
·
[
91 0
]
=
[
91 0
]
g6 ·MP (15,1)7→6 −MR
2
0(2)
7→6 · g7 =
[
91 0
]
−
[
91 0
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1′
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 1 2
1 91 0 0 0
1 91 0 1 0
]
·

2 2
1 0 0
2 1′ 0
1 0 0
2 0 1′
 =
[ 4
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 2 1 2
1 0 91 0 0 0
1 0 91 0 1 0
]
·

2 2 2
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′
 =
[ 6
2 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 2 1 2
1 0 91 0
]
·

2 2
2 1′ 0
1 0 0
2 0 1′
 = [ 41 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 2
0 0
]
·
[ 2
2 1′
]
=
[ 2
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 2
1 0 91 0
]
·

2 2
2 1′ 0
1 0 0
2 0 1′
 = [ 41 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
91 0
]
·
[
0
1
]
=
[
0
]
121.4 Tree module property of P (21, 1) 
The matrices of the representation have full (column) rank P
1. MP (21,1)1→2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. MP (21,1)2→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k) is already in column echelon form and has maximal column rank.
3. MP (21,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
4. MP (21,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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5. MP (21,1)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
6. MP (21,1)7→6 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
121.4.1 0→ P (17, 5) f→ P (21, 1) g→ R21(2)→ 0 
PdimP (17, 5) + dimR21(2) = (3, 6, 9, 6, 2, 6, 3) + (1, 2, 2, 1, 1, 1, 0)
= (4, 8, 11, 7, 3, 7, 3) = dimP (21, 1)
Pdimk Ext
1
kQ(R
2
1(2), P (17, 5)) = dimk HomkQ(R
2
1(2), P (17, 5))− 〈dimR21(2),dimP (17, 5)〉
= 0− 〈(1, 2, 2, 1, 1, 1, 0), (3, 6, 9, 6, 2, 6, 3)〉
= 1 · 6 + 2 · 9 + 1 · 9 + 1 · 6 + 1 · 9 + 0 · 6− (1 · 3 + 2 · 6 + 2 · 9 + 1 · 6 + 1 · 2 + 1 · 6 + 0 · 3)
= 6 + 18 + 9 + 6 + 9 + 0− (3 + 12 + 18 + 6 + 2 + 6 + 0)
= 1
Matrices of the embedding f : P (17, 5)→ P (21, 1) P
1. f1 =

0 0 1
0 1 0
1 0 0
0 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =
[ 3
3 1′
1 0
]
2. f2 =

0 0 0 0 0 91
0 0 0 0 91 0
0 0 0 91 0 0
0 0 0 0 0 0
0 0 1 0 0 91
0 1 0 0 91 0
1 0 0 91 0 0
0 0 0 0 0 0

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3
3 0 91′
1 0 0
3 1′ 91′
1 0 0
 c1↔c2−−−−→

3 3
3 91′ 0
1 0 0
3 91′ 1′
1 0 0

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3. f3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

∈M11,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

c1↔c9−−−−→

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 91 0 0 1 0
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
1 0 1 0 0 91 0 0 0
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 1 0 1
0 0 0 0 0 0 0 0 0

c2↔c8−−−−→

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0
0 1 0 91 0 0 1 0 0
0 0 0 0 0 0 1 0 0
1 0 1 0 0 91 0 0 0
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 1 0 1
0 0 0 0 0 0 0 0 0

c3↔c7−−−−→

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0
0 1 1 91 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 91 0 0 0 0 1
0 0 0 0 0 0 0 0 0

c4↔c6−−−−→

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
0 1 1 0 0 91 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0

4. f4 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 0
0 91 0 0 0 1
91 0 0 0 1 0
0 0 0 1 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0

c1↔c4−−−−→

2 1 1 2
2 1′ 0 0 0
1 0 0 1 0
1 0 91 0 0
2 1′ 0 0 91′
1 0 0 1 0

c2↔c3−−−−→

2 1 1 2
2 1′ 0 0 0
1 0 1 0 0
1 0 0 91 0
2 1′ 0 0 91′
1 0 1 0 0

5. f5 =
0 11 0
0 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =
[ 2
2 1′
1 0
]
6. f6 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

3 3
3 0 1′
3 91′ 1′
1 0 0
 c1↔c2−−−−→

3 3
3 1′ 0
3 1′ 91′
1 0 0

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7. f7 =
0 0 10 1 0
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f7 =
[ 3
3 1′
]
Matrices of the projection g : P (21, 1)→ R21(2) P
1. g1 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1
]
∈M2,8(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
]
∈M2,11(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 91 0 0 0 1
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 91
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 0 0 0 1
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
Relations of the embedding f : P (17, 5)→ P (21, 1) P
1. f2 ·MP (17,5)1→2 −MP (21,1)1→2 · f1 = 0
f2 ·MP (17,5)1→2 =

3 3
3 0 91′
1 0 0
3 1′ 91′
1 0 0
 ·
[ 3
3 1
3 0
]
=

3
3 0
1 0
3 1′
1 0
 =

3
4 0
3 1′
1 0

M
P (21,1)
1→2 · f1 =
[ 4
4 0
4 1
]
·
[ 3
3 1′
1 0
]
=

3 1
4 0 0
3 1 0
1 0 1
 · [
3
3 1′
1 0
]
=

3
4 0
3 1′
1 0

f2 ·MP (17,5)1→2 −MP (21,1)1→2 · f1 =

3
4 0
3 1′
1 0
−

3
4 0
3 1′
1 0
 = [ 38 0 ]
2. f3 ·MP (17,5)2→3 −MP (21,1)2→3 · f2 = 0
f3 ·MP (17,5)2→3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·
[ 6
6 1
3 0
]
=

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 91
0 0 0 0 91 0
0 0 0 91 0 0
0 0 0 0 0 0
0 0 1 0 0 91
0 1 0 0 91 0
1 0 0 91 0 0
0 0 0 0 0 0

=

3 3
3 0 0
3 0 91′
1 0 0
3 1′ 91′
1 0 0

M
P (21,1)
2→3 · f2 =
[ 8
3 0
8 1
]
·

3 3
3 0 91′
1 0 0
3 1′ 91′
1 0 0
 =

3 1 3 1
3 0 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
 ·

3 3
3 0 91′
1 0 0
3 1′ 91′
1 0 0
 =

3 3
3 0 0
3 0 91′
1 0 0
3 1′ 91′
1 0 0

f3 ·MP (17,5)2→3 −MP (21,1)2→3 · f2 =

3 3
3 0 0
3 0 91′
1 0 0
3 1′ 91′
1 0 0
−

3 3
3 0 0
3 0 91′
1 0 0
3 1′ 91′
1 0 0
 =
[ 6
11 0
]
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3. f3 ·MP (17,5)4→3 −MP (21,1)4→3 · f4 = 0
f3 ·MP (17,5)4→3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

3 3
3 1 0
3 1 1
3 0 1
 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 0
0 91 0 0 0 1
91 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

M
P (21,1)
4→3 · f4 =
[ 7
7 1
4 0
]
·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0

·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

f3 ·MP (17,5)4→3 −MP (21,1)4→3 · f4 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

−

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
4 0 0 0 0

=
[ 6
11 0
]
4. f4 ·MP (17,5)5→4 −MP (21,1)5→4 · f5 = 0
f4 ·MP (17,5)5→4 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 ·

2
2 1
2 0
2 1
 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 ·

2
2 1
1 0
1 0
2 1
 =

2
2 1′
1 0
1 0
2 0
1 0
 =
[ 2
2 1′
5 0
]
M
P (21,1)
5→4 · f5 =
[ 3
3 1
4 0
]
·
[ 2
2 1′
1 0
]
=

2 1
2 1 0
1 0 1
4 0 0
 · [
2
2 1′
1 0
]
=

2
2 1′
1 0
4 0
 = [
2
2 1′
5 0
]
f4 ·MP (17,5)5→4 −MP (21,1)5→4 · f5 =
[ 2
2 1′
5 0
]
−
[ 2
2 1′
5 0
]
=
[ 2
7 0
]
5. f3 ·MP (17,5)6→3 −MP (21,1)6→3 · f6 = 0
f3 ·MP (17,5)6→3 =

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·
[ 6
3 0
6 1
]
=

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

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M
P (21,1)
6→3 · f6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

3 3
3 0 1′
3 91′ 1′
1 0 0
 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

=

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

f3 ·MP (17,5)6→3 −MP (21,1)6→3 · f6 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

−

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 1
91 0 0 1 1 0
0 0 0 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 1 0 0
0 0 0 0 0 0

=
[ 6
11 0
]
6. f6 ·MP (17,5)7→6 −MP (21,1)7→6 · f7 = 0
f6 ·MP (17,5)7→6 =

3 3
3 0 1′
3 91′ 1′
1 0 0
 · [
3
3 0
3 1
]
=

3
3 1′
3 1′
1 0

M
P (21,1)
7→6 · f7 =

3
3 1
3 1
1 0
 · [ 33 1′ ] =

3
3 1′
3 1′
1 0

f6 ·MP (17,5)7→6 −MP (21,1)7→6 · f7 =

3
3 1′
3 1′
1 0
−

3
3 1′
3 1′
1 0
 = [ 37 0 ]
Relations of the projection g : P (21, 1)→ R21(2) P
1. g2 ·MP (21,1)1→2 −MR
2
1(2)
1→2 · g1 = 0
g2 ·MP (21,1)1→2 =
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
·
[ 4
4 0
4 1
]
=
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
·

3 1
3 0 0
1 0 0
3 1 0
1 0 1
 =
[ 3 1
1 0 0
1 0 1
]
M
R21(2)
1→2 · g1 =
[
0
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 0
1 0 1
]
g2 ·MP (21,1)1→2 −MR
2
1(2)
1→2 · g1 =
[ 3 1
1 0 0
1 0 1
]
−
[ 3 1
1 0 0
1 0 1
]
=
[ 4
2 0
]
2. g3 ·MP (21,1)2→3 −MR
2
1(2)
2→3 · g2 = 0
g3 ·MP (21,1)2→3 =
[ 2 1 3 1 3 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·
[ 8
3 0
8 1
]
=
[ 2 1 3 1 3 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

3 1 3 1
2 0 0 0 0
1 0 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1

=
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
632
M
R21(2)
2→3 · g2 =
[ 2
2 1
]
·
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
=
[
1 0
0 1
]
·
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
=
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
g3 ·MP (21,1)2→3 −MR
2
1(2)
2→3 · g2 =
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
−
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
=
[ 8
2 0
]
3. g3 ·MP (21,1)4→3 −MR
2
1(2)
4→3 · g4 = 0
g3 ·MP (21,1)4→3 =
[ 2 1 3 1 3 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·
[ 7
7 1
4 0
]
=
[ 2 1 3 1 3 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

2 1 3 1
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
1 0 0 0 0

=
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 0
]
M
R21(2)
4→3 · g4 =
[
1
0
]
·
[ 2 1 3 1
1 0 91 0 1
]
=
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 0
]
g3 ·MP (21,1)4→3 −MR
2
1(2)
4→3 · g4 =
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 0
]
−
[ 2 1 3 1
1 0 91 0 1
1 0 0 0 0
]
=
[ 7
2 0
]
4. g4 ·MP (21,1)5→4 −MR
2
1(2)
5→4 · g5 = 0
g4 ·MP (21,1)5→4 =
[ 2 1 3 1
1 0 91 0 1
]
·
[ 3
3 1
4 0
]
=
[ 2 1 3 1
1 0 91 0 1
]
·

2 1
2 1 0
1 0 1
3 0 0
1 0 0
 =
[ 2 1
1 0 91
]
M
R21(2)
5→4 · g5 =
[
1
]
·
[ 2 1
1 0 91
]
=
[ 2 1
1 0 91
]
g4 ·MP (21,1)5→4 −MR
2
1(2)
5→4 · g5 =
[ 2 1
1 0 91
]
−
[ 2 1
1 0 91
]
=
[ 3
1 0
]
5. g3 ·MP (21,1)6→3 −MR
2
1(2)
6→3 · g6 = 0
g3 ·MP (21,1)6→3 =
[ 2 1 3 1 3 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1

=
[ 2 1 1 2 1 1 2 1
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1
]
·

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 1 0 0 1 0
1 0 1 0 0 1
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 2 1 1 2 1
1 0 0 0 0 1
1 0 0 0 0 1
]
=
[ 6 1
1 0 1
1 0 1
]
M
R21(2)
6→3 · g6 =
[
1
1
]
·
[ 6 1
1 0 1
]
=
[ 6 1
1 0 1
1 0 1
]
g3 ·MP (21,1)6→3 −MR
2
1(2)
6→3 · g6 =
[ 6 1
1 0 1
1 0 1
]
−
[ 6 1
1 0 1
1 0 1
]
=
[ 7
2 0
]
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6. g6 ·MP (21,1)7→6 −MR
2
1(2)
7→6 · g7 = 0
g6 ·MP (21,1)7→6 =
[ 6 1
1 0 1
]
·

3
3 1
3 1
1 0
 = [ 3 3 11 0 0 1 ] ·

3
3 1
3 1
1 0
 = [ 31 0 ]
M
R21(2)
7→6 · g7 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g6 ·MP (21,1)7→6 −MR
2
1(2)
7→6 · g7 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1
1 0 1
]
·
[ 3
3 1′
1 0
]
=
[ 3
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1 3 1
1 0 1 0 0
1 0 0 0 1
]
·

3 3
3 0 91′
1 0 0
3 1′ 91′
1 0 0
 =
[ 6
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 3 1 3 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

=
[
0 0 91 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
]
·

0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 1
0 0 0 0 91 0 0 1 1
0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0

=
[ 9
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 3 1
1 0 91 0 1
]
·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =
[ 2 1 1 2 1
1 0 91 0 0 1
]
·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
2 91′ 0 0 1′
1 0 0 1 0
 =
[ 6
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 91
]
·
[ 2
2 1′
1 0
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 1
1 0 1
]
·

3 3
3 0 1′
3 91′ 1′
1 0 0
 = [ 3 3 11 0 0 1 ] ·

3 3
3 0 1′
3 91′ 1′
1 0 0
 = [ 61 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3
0 0
]
·
[ 3
3 1′
]
=
[ 3
0 0
]
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121.4.2 0→ P (17, 7) f→ P (21, 1) g→ R20(2)→ 0 
PdimP (17, 7) + dimR20(2) = (3, 6, 9, 6, 3, 6, 2) + (1, 2, 2, 1, 0, 1, 1)
= (4, 8, 11, 7, 3, 7, 3) = dimP (21, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (17, 7)) = dimk HomkQ(R
2
0(2), P (17, 7))− 〈dimR20(2),dimP (17, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (3, 6, 9, 6, 3, 6, 2)〉
= 1 · 6 + 2 · 9 + 1 · 9 + 0 · 6 + 1 · 9 + 1 · 6− (1 · 3 + 2 · 6 + 2 · 9 + 1 · 6 + 0 · 3 + 1 · 6 + 1 · 2)
= 6 + 18 + 9 + 0 + 9 + 6− (3 + 12 + 18 + 6 + 0 + 6 + 2)
= 1
Matrices of the embedding f : P (17, 7)→ P (21, 1) P
1. f1 =

0 0 0
0 0 1
0 1 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =
[ 3
1 0
3 1′
]
2. f2 =

0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3
1 0 0
3 1′ 0
1 0 0
3 0 1′

3. f3 =

0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0

∈M11,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

3 3 3
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

4. f4 =

0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 3
3 1′ 0
1 0 0
3 0 1′

5. f5 =
0 0 10 1 0
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f5 =
[ 3
3 1′
]
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6. f6 =

0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M7,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

3 3
3 1′ 0
1 0 0
3 0 1′

7. f7 =
0 00 1
1 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =
[ 2
1 0
2 1′
]
Matrices of the projection g : P (21, 1)→ R20(2) P
1. g1 =
[
1 0 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
91 0 0 0 0 0 0 0
91 0 0 0 1 0 0 0
]
∈M2,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
r2←r2−r1−−−−−−→
[ 1 3 1 3
1 91 0 0 0
1 0 0 1 0
]
3. g3 =
[
0 0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0
]
∈M2,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 91 0 1 0
]
r2←r2−r1−−−−−−→
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 0 0 1 0
]
4. g4 =
[
0 0 0 91 0 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
6. g6 =
[
0 0 0 91 0 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (17, 7)→ P (21, 1) P
1. f2 ·MP (17,7)1→2 −MP (21,1)1→2 · f1 = 0
f2 ·MP (17,7)1→2 =

3 3
1 0 0
3 1′ 0
1 0 0
3 0 1′
 ·
[ 3
3 0
3 1
]
=

3
1 0
3 0
1 0
3 1′
 =
[ 3
5 0
3 1′
]
M
P (21,1)
1→2 · f1 =
[ 4
4 0
4 1
]
·
[ 3
1 0
3 1′
]
=

1 3
4 0 0
1 1 0
3 0 1
 · [
3
1 0
3 1′
]
=

3
4 0
1 0
3 1′
 = [
3
5 0
3 1′
]
f2 ·MP (17,7)1→2 −MP (21,1)1→2 · f1 =
[ 3
5 0
3 1′
]
−
[ 3
5 0
3 1′
]
=
[ 3
8 0
]
2. f3 ·MP (17,7)2→3 −MP (21,1)2→3 · f2 = 0
f3 ·MP (17,7)2→3 =

3 3 3
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′
 ·
[ 6
3 0
6 1
]
=

3 3 3
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′
 ·

3 3
3 0 0
3 1 0
3 0 1
 =

3 3
3 0 0
1 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 3
4 0 0
3 1′ 0
1 0 0
3 0 1′

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M
P (21,1)
2→3 · f2 =
[ 8
3 0
8 1
]
·

3 3
1 0 0
3 1′ 0
1 0 0
3 0 1′
 =

1 3 1 3
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

3 3
1 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 3
3 0 0
1 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 3
4 0 0
3 1′ 0
1 0 0
3 0 1′

f3 ·MP (17,7)2→3 −MP (21,1)2→3 · f2 =

3 3
4 0 0
3 1′ 0
1 0 0
3 0 1′
−

3 3
4 0 0
3 1′ 0
1 0 0
3 0 1′
 =
[ 6
11 0
]
3. f3 ·MP (17,7)4→3 −MP (21,1)4→3 · f4 = 0
f3 ·MP (17,7)4→3 =

3 3 3
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′
 ·
[ 6
6 1
3 0
]
=

3 3 3
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′
 ·

3 3
3 1 0
3 0 1
3 0 0
 =

3 3
3 1′ 0
1 0 0
3 0 1′
1 0 0
3 0 0
 =

3 3
3 1′ 0
1 0 0
3 0 1′
4 0 0

M
P (21,1)
4→3 · f4 =
[ 7
7 1
4 0
]
·

3 3
3 1′ 0
1 0 0
3 0 1′
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
4 0 0 0
 ·

3 3
3 1′ 0
1 0 0
3 0 1′
 =

3 3
3 1′ 0
1 0 0
3 0 1′
4 0 0

f3 ·MP (17,7)4→3 −MP (21,1)4→3 · f4 =

3 3
3 1′ 0
1 0 0
3 0 1′
4 0 0
−

3 3
3 1′ 0
1 0 0
3 0 1′
4 0 0
 =
[ 6
11 0
]
4. f4 ·MP (17,7)5→4 −MP (21,1)5→4 · f5 = 0
f4 ·MP (17,7)5→4 =

3 3
3 1′ 0
1 0 0
3 0 1′
 · [
3
3 1
3 0
]
=

3
3 1′
1 0
3 0
 = [
3
3 1′
4 0
]
M
P (21,1)
5→4 · f5 =
[ 3
3 1
4 0
]
·
[ 3
3 1′
]
=
[ 3
3 1′
4 0
]
f4 ·MP (17,7)5→4 −MP (21,1)5→4 · f5 =
[ 3
3 1′
4 0
]
−
[ 3
3 1′
4 0
]
=
[ 3
7 0
]
5. f3 ·MP (17,7)6→3 −MP (21,1)6→3 · f6 = 0
f3 ·MP (17,7)6→3 =

3 3 3
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′
 ·

3 3
3 1 0
3 1 1
3 0 1
 =

3 3
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′

M
P (21,1)
6→3 · f6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

3 3
3 1′ 0
1 0 0
3 0 1′
 =

3 3
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′

f3 ·MP (17,7)6→3 −MP (21,1)6→3 · f6 =

3 3
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′
−

3 3
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′
 =
[ 6
11 0
]
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6. f6 ·MP (17,7)7→6 −MP (21,1)7→6 · f7 = 0
f6 ·MP (17,7)7→6 =

3 3
3 1′ 0
1 0 0
3 0 1′
 ·

2
2 1
2 0
2 1
 =

2 1 1 2
1 0 1 0 0
2 1′ 0 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 1 0
 ·

2
2 1
1 0
1 0
2 1
 =

2
1 0
2 1′
1 0
2 1′
1 0

M
P (21,1)
7→6 · f7 =

3
3 1
3 1
1 0
 · [
2
1 0
2 1′
]
=

1 2
1 1 0
2 0 1
1 1 0
2 0 1
1 0 0
 ·
[ 2
1 0
2 1′
]
=

2
1 0
2 1′
1 0
2 1′
1 0

f6 ·MP (17,7)7→6 −MP (21,1)7→6 · f7 =

2
1 0
2 1′
1 0
2 1′
1 0
−

2
1 0
2 1′
1 0
2 1′
1 0
 =
[ 2
7 0
]
Relations of the projection g : P (21, 1)→ R20(2) P
1. g2 ·MP (21,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (21,1)1→2 =
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
·
[ 4
4 0
4 1
]
=
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
·

1 3
1 0 0
3 0 0
1 1 0
3 0 1
 =
[ 1 3
1 0 0
1 1 0
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[ 1 3
1 1 0
]
=
[ 1 3
1 0 0
1 1 0
]
g2 ·MP (21,1)1→2 −MR
2
0(2)
1→2 · g1 =
[ 1 3
1 0 0
1 1 0
]
−
[ 1 3
1 0 0
1 1 0
]
=
[ 4
2 0
]
2. g3 ·MP (21,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (21,1)2→3 =
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 91 0 1 0
]
·
[ 8
3 0
8 1
]
=
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 91 0 1 0
]
·

1 3 1 3
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
M
R20(2)
2→3 · g2 =
[ 2
2 1
]
·
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
=
[
1 0
0 1
]
·
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
=
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
g3 ·MP (21,1)2→3 −MR
2
0(2)
2→3 · g2 =
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
−
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
=
[ 8
2 0
]
3. g3 ·MP (21,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (21,1)4→3 =
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 91 0 1 0
]
·
[ 7
7 1
4 0
]
=
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 91 0 1 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
1 0 0 0
3 0 0 0
 =
[ 3 1 3
1 0 91 0
1 0 91 0
]
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M
R20(2)
4→3 · g4 =
[
1
1
]
·
[ 3 1 3
1 0 91 0
]
=
[ 3 1 3
1 0 91 0
1 0 91 0
]
g3 ·MP (21,1)4→3 −MR
2
0(2)
4→3 · g4 =
[ 3 1 3
1 0 91 0
1 0 91 0
]
−
[ 3 1 3
1 0 91 0
1 0 91 0
]
=
[ 7
2 0
]
4. g4 ·MP (21,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (21,1)5→4 =
[ 3 1 3
1 0 91 0
]
·
[ 3
3 1
4 0
]
=
[ 3 1 3
1 0 91 0
]
·

3
3 1
1 0
3 0
 = [ 31 0 ]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g4 ·MP (21,1)5→4 −MR
2
0(2)
5→4 · g5 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
5. g3 ·MP (21,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (21,1)6→3 =
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 91 0 1 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =
[ 3 1 3
1 0 91 0
1 0 0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[ 3 1 3
1 0 91 0
]
=
[ 3 1 3
1 0 91 0
1 0 0 0
]
g3 ·MP (21,1)6→3 −MR
2
0(2)
6→3 · g6 =
[ 3 1 3
1 0 91 0
1 0 0 0
]
−
[ 3 1 3
1 0 91 0
1 0 0 0
]
=
[ 7
2 0
]
6. g6 ·MP (21,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (21,1)7→6 =
[ 3 1 3
1 0 91 0
]
·

3
3 1
3 1
1 0
 = [ 1 2 1 2 11 0 0 91 0 0 ] ·

1 2
1 1 0
2 0 1
1 1 0
2 0 1
1 0 0
 =
[ 1 2
1 91 0
]
M
R20(2)
7→6 · g7 =
[
1
]
·
[ 1 2
1 91 0
]
=
[ 1 2
1 91 0
]
g6 ·MP (21,1)7→6 −MR
2
0(2)
7→6 · g7 =
[ 1 2
1 91 0
]
−
[ 1 2
1 91 0
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 3
1 1 0
]
·
[ 3
1 0
3 1′
]
=
[ 3
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 3 1 3
1 91 0 0 0
1 91 0 1 0
]
·

3 3
1 0 0
3 1′ 0
1 0 0
3 0 1′
 =
[ 6
2 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 3 1 3 1 3
1 0 91 0 0 0
1 0 91 0 1 0
]
·

3 3 3
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′
 =
[ 9
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1 3
1 0 91 0
]
·

3 3
3 1′ 0
1 0 0
3 0 1′
 = [ 61 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 3
0 0
]
·
[ 3
3 1′
]
=
[ 3
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 1 3
1 0 91 0
]
·

3 3
3 1′ 0
1 0 0
3 0 1′
 = [ 61 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
1 91 0
]
·
[ 2
1 0
2 1′
]
=
[ 2
1 0
]
121.5 Tree module property of P (6n+ 3, 1) 
The matrices of the representation have full (column) rank P
1. MP (6n+3,1)1→2 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n+3,1)2→3 =
[2n+2
n 0
2n+2 1
]
∈M3n+2,2n+2(k) is already in column echelon form and has maximal column rank.
3. MP (6n+3,1)4→3 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
4. MP (6n+3,1)5→4 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
5. MP (6n+3,1)6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
6. MP (6n+3,1)7→6 =

n
n 1
n 1
1 0
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
121.5.1 0→ P (6n− 1, 5) f→ P (6n+ 3, 1) g→ R21(2)→ 0 
PdimP (6n− 1, 5) + dimR21(2) = (n, 2n, 3n, 2n, n− 1, 2n, n) + (1, 2, 2, 1, 1, 1, 0)
= (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n) = dimP (6n+ 3, 1)
Pdimk Ext
1
kQ(R
2
1(2), P (6n− 1, 5)) = dimk HomkQ(R21(2), P (6n− 1, 5))− 〈dimR21(2),dimP (6n− 1, 5)〉
= 0− 〈(1, 2, 2, 1, 1, 1, 0), (n, 2n, 3n, 2n, n− 1, 2n, n)〉
= 1 · 2n+ 2 · 3n+ 1 · 3n+ 1 · 2n+ 1 · 3n+ 0 · 2n− (1 · n+ 2 · 2n+ 2 · 3n+ 1 · 2n+ 1 · (n− 1) + 1 · 2n+ 0 · n)
= 2n+ 6n+ 3n+ 2n+ 3n+ 0− (n+ 4n+ 6n+ 2n+ n− 1 + 2n+ 0)
= 1
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Representation of P (6n− 1, 5) = P (6n+ 5, 5)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 5) = (n, 2n, 3n, 2n, n− 1, 2n, n)
Matrices of the representation:
1. MP (6n−1,5)1→2 =
[ n
n 1
n 0
]
∈M2n,n(k)
2. MP (6n−1,5)2→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
3. MP (6n−1,5)4→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
4. MP (6n−1,5)5→4 =

n−1
n−1 1
2 0
n−1 1
 ∈M2n,n−1(k)
5. MP (6n−1,5)6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. MP (6n−1,5)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
Matrices of the embedding f : P (6n− 1, 5)→ P (6n+ 3, 1) P
1. f1 =
[ n
n 1′
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
n 0 91′
1 0 0
n 1′ 91′
1 0 0
 ∈M2n+2,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n n
n 0 91′
1 0 0
n 1′ 91′
1 0 0
 c1↔c2−−−−→

n n
n 91′ 0
1 0 0
n 91′ 1′
1 0 0

3. f3 =

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0
 ∈M3n+2,3n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

n n n
n+1 0 0 0
n 0 0 1′
n+1 0 0 0
 c1↔c3−−−−→

n n n
n 1′ 0 0
n 1′ 91′ 0
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

n n n
n+1 0 0 0
n 1′ 0 0
n+1 0 0 0

4. f4 =

n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′
 ∈M2n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0

c1↔c4−−−−→

n−1 1 1 n−1
n−1 1′ 0 0 0
1 0 0 1 0
1 0 91 0 0
n−1 1′ 0 0 91′
1 0 0 1 0

c2↔c3−−−−→

n−1 1 1 n−1
n−1 1′ 0 0 0
1 0 1 0 0
1 0 0 91 0
n−1 1′ 0 0 91′
1 0 1 0 0

5. f5 =
[n−1
n−1 1′
1 0
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

n n
n 0 1′
n 91′ 1′
1 0 0
 ∈M2n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n n
n 0 1′
n 91′ 1′
1 0 0
 c1↔c2−−−−→

n n
n 1′ 0
n 1′ 91′
1 0 0

7. f7 =
[ n
n 1′
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : P (6n+ 3, 1)→ R21(2) P
1. g1 =
[ n 1
1 0 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
∈M2,2n+2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
∈M2,3n+2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[n−1 1 n 1
1 0 91 0 1
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n−1 1
1 0 91
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
6. g6 =
[2n 1
1 0 1
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
Relations of the embedding f : P (6n− 1, 5)→ P (6n+ 3, 1) P
1. f2 ·MP (6n−1,5)1→2 −MP (6n+3,1)1→2 · f1 = 0
f2 ·MP (6n−1,5)1→2 =

n n
n 0 91′
1 0 0
n 1′ 91′
1 0 0
 ·
[ n
n 1
n 0
]
=

n
n 0
1 0
n 1′
1 0
 =

n
n+1 0
n 1′
1 0

M
P (6n+3,1)
1→2 · f1 =
[n+1
n+1 0
n+1 1
]
·
[ n
n 1′
1 0
]
=

n 1
n+1 0 0
n 1 0
1 0 1
 · [
n
n 1′
1 0
]
=

n
n+1 0
n 1′
1 0

f2 ·MP (6n−1,5)1→2 −MP (6n+3,1)1→2 · f1 =

n
n+1 0
n 1′
1 0
−

n
n+1 0
n 1′
1 0
 = [ n2n+2 0 ]
2. f3 ·MP (6n−1,5)2→3 −MP (6n+3,1)2→3 · f2 = 0
f3 ·MP (6n−1,5)2→3 =


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


·
[2n
2n 1
n 0
]
=

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
 ·

n n
n 1 0
n 0 1
n 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0
 · [
2n
2n 1
n 0
]
=

n n
n 0 0
n 0 91′
1 0 0
n 1′ 91′
1 0 0
+

2n
n+1 0
n 0
n+1 0
 =

n−1 1 n−1 1
n 0 0 0 0
1 0 0 0 91
n−1 0 0 91′ 0
1 0 0 0 0
1 0 1 0 91
n−1 1′ 0 91′ 0
1 0 0 0 0

+

n n
n 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

=

n n
n 0 0
n 0 91′
1 0 0
n 1′ 91′
1 0 0

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M
P (6n+3,1)
2→3 · f2 =
[2n+2
n 0
2n+2 1
]
·

n n
n 0 91′
1 0 0
n 1′ 91′
1 0 0
 =

n 1 n 1
n 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
 ·

n n
n 0 91′
1 0 0
n 1′ 91′
1 0 0
 =

n n
n 0 0
n 0 91′
1 0 0
n 1′ 91′
1 0 0

f3 ·MP (6n−1,5)2→3 −MP (6n+3,1)2→3 · f2 =

n n
n 0 0
n 0 91′
1 0 0
n 1′ 91′
1 0 0
−

n n
n 0 0
n 0 91′
1 0 0
n 1′ 91′
1 0 0
 =
[2n
3n+2 0
]
3. f3 ·MP (6n−1,5)4→3 −MP (6n+3,1)4→3 · f4 = 0
f3 ·MP (6n−1,5)4→3 =


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
=

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
 ·

n n
n 1 0
n 0 1
n 0 0
+

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
+

2n n
n+1 0 0
n 0 1′
n+1 0 0
 · [
2n
2n 1
n 0
]
+

n n n
n+1 0 0 0
n 0 0 1′
n+1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1

=

n n
n 0 0
n 0 91′
1 0 0
n 1′ 91′
1 0 0
+

n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

2n
n+1 0
n 0
n+1 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0

=

n−1 1 n−1 1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 91
n−1 0 0 91′ 0
1 0 0 0 0
1 0 1 0 91
n−1 1′ 0 91′ 0
1 0 0 0 0

+

n−1 1 n−1 1
1 0 0 0 1
n−1 0 0 1′ 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0

+

n n
1 0 0
n−1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

n 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

M
P (6n+3,1)
4→3 · f4 =
[2n+1
2n+1 1
n+1 0
]
·


n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′


=

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
n+1 0 0 0
 ·

n n
n 0 0
n 91′ 0
1 0 0
+

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n
n 0 1′
1 0 0
n 0 1′

=

n n
n 0 0
n 91′ 0
1 0 0
n+1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′
n+1 0 0
 =

n−1 1 n
n−1 0 0 0
1 0 0 0
1 0 91 0
n−1 91′ 0 0
1 0 0 0
n+1 0 0 0

+

n 1 n−1
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
n+1 0 0 0

=

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

f3 ·MP (6n−1,5)4→3 −MP (6n+3,1)4→3 · f4 =

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

−

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 91 0 0
n−1 91′ 0 0 1′
1 0 0 1 0
n+1 0 0 0 0

=
[2n
3n+2 0
]
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4. f4 ·MP (6n−1,5)5→4 −MP (6n+3,1)5→4 · f5 = 0
f4 ·MP (6n−1,5)5→4 =


n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′


·

n−1
n−1 1
2 0
n−1 1
 =

n−1 1 1 n−1
n 0 0 0 0
1 0 91 0 0
n−1 91′ 0 0 0
1 0 0 0 0
 ·

n−1
n−1 1
1 0
1 0
n−1 1
+

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
 ·

n−1
n−1 1
1 0
1 0
n−1 1

=

n−1
n 0
1 0
n−1 91′
1 0
+

n−1
n−1 1′
1 0
1 0
n−1 1′
1 0
 =

n−1
n−1 0
1 0
1 0
n−1 91′
1 0
+

n−1
n−1 1′
1 0
1 0
n−1 1′
1 0
 =
[n−1
n−1 1′
n+2 0
]
M
P (6n+3,1)
5→4 · f5 =
[ n
n 1
n+1 0
]
·
[n−1
n−1 1′
1 0
]
=

n−1 1
n−1 1 0
1 0 1
n+1 0 0
 · [
n−1
n−1 1′
1 0
]
=

n−1
n−1 1′
1 0
n+1 0
 = [
n−1
n−1 1′
n+2 0
]
f4 ·MP (6n−1,5)5→4 −MP (6n+3,1)5→4 · f5 =
[n−1
n−1 1′
n+2 0
]
−
[n−1
n−1 1′
n+2 0
]
=
[n−1
2n+1 0
]
5. f3 ·MP (6n−1,5)6→3 −MP (6n+3,1)6→3 · f6 = 0
f3 ·MP (6n−1,5)6→3 =


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


·
[2n
n 0
2n 1
]
=

n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
+

n n n
n+1 0 0 0
n 0 0 1′
n+1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1

=

n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0
 =

n−1 1 n−1 1
1 0 0 0 1
n−1 0 0 1′ 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0

+

n 1 n−1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0

M
P (6n+3,1)
6→3 · f6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·

n n
n 0 1′
n 91′ 1′
1 0 0
 =

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
n+1 0 0 0
 ·

n n
n 0 1′
n 91′ 1′
1 0 0
+

n n 1
n+1 0 0 0
n 1 0 0
n 0 1 0
1 0 0 1
 ·

n n
n 0 1′
n 91′ 1′
1 0 0

=

n n
n 0 1′
n 91′ 1′
1 0 0
n+1 0 0
+

n n
n+1 0 0
n 0 1′
n 91′ 1′
1 0 0
 =

n−1 1 n−1 1
1 0 0 0 1
n−1 0 0 1′ 0
1 0 91 0 1
n−1 91′ 0 1′ 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

+

1 n−1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
n−1 0 91′ 0 1′
1 91 0 1 0
1 0 0 0 0

=

n n
n 0 1′
n 91′ 1′
n+2 0 0
+

n n
n+1 0 0
n 0 1′
n 91′ 1′
1 0 0

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f3 ·MP (6n−1,5)6→3 −MP (6n+3,1)6→3 · f6 =


n n
n 0 1′
n 91′ 1′
1 0 0
n 91′ 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0


−


n n
n 0 1′
n 91′ 1′
n+2 0 0
+

n n
n+1 0 0
n 0 1′
n 91′ 1′
1 0 0


=

[ n n
n 0 1′
2n+2 0 0
]
+

n n
n 0 0
n 91′ 0
n+2 0 0
+

n n
n 0 0
n 0 1′
n+2 0 0
+

n n
2n+1 0 0
n 91′ 0
1 0 0
+

n n
2n+1 0 0
n 0 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0


−

[ n n
n 0 1′
2n+2 0 0
]
+

n n
n 0 0
n 91′ 0
n+2 0 0
+

n n
n 0 0
n 0 1′
n+2 0 0
+

n n
2n+1 0 0
n 91′ 0
1 0 0
+

n n
2n+1 0 0
n 0 1′
1 0 0
+

n n
n+1 0 0
n 0 1′
n+1 0 0


=
[2n
3n+2 0
]
6. f6 ·MP (6n−1,5)7→6 −MP (6n+3,1)7→6 · f7 = 0
f6 ·MP (6n−1,5)7→6 =

n n
n 0 1′
n 91′ 1′
1 0 0
 · [
n
n 0
n 1
]
=

n
n 1′
n 1′
1 0

M
P (6n+3,1)
7→6 · f7 =

n
n 1
n 1
1 0
 · [ nn 1′ ] =

n
n 1′
n 1′
1 0

f6 ·MP (6n−1,5)7→6 −MP (6n+3,1)7→6 · f7 =

n
n 1′
n 1′
1 0
−

n
n 1′
n 1′
1 0
 = [ n2n+1 0 ]
Relations of the projection g : P (6n+ 3, 1)→ R21(2) P
1. g2 ·MP (6n+3,1)1→2 −MR
2
1(2)
1→2 · g1 = 0
g2 ·MP (6n+3,1)1→2 =
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
·
[n+1
n+1 0
n+1 1
]
=
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
·

n 1
n 0 0
1 0 0
n 1 0
1 0 1
 =
[ n 1
1 0 0
1 0 1
]
M
R21(2)
1→2 · g1 =
[
0
1
]
·
[ n 1
1 0 1
]
=
[ n 1
1 0 0
1 0 1
]
g2 ·MP (6n+3,1)1→2 −MR
2
1(2)
1→2 · g1 =
[ n 1
1 0 0
1 0 1
]
−
[ n 1
1 0 0
1 0 1
]
=
[n+1
2 0
]
2. g3 ·MP (6n+3,1)2→3 −MR
2
1(2)
2→3 · g2 = 0
g3 ·MP (6n+3,1)2→3 =
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·
[2n+2
n 0
2n+2 1
]
=
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

n 1 n 1
n−1 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
M
R21(2)
2→3 · g2 =
[
1 0
0 1
]
·
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
=
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
g3 ·MP (6n+3,1)2→3 −MR
2
1(2)
2→3 · g2 =
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
−
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
=
[2n+2
2 0
]
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3. g3 ·MP (6n+3,1)4→3 −MR
2
1(2)
4→3 · g4 = 0
g3 ·MP (6n+3,1)4→3 =
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·
[2n+1
2n+1 1
n+1 0
]
=
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
1 0 0 0 0

=
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 0
]
M
R21(2)
4→3 · g4 =
[
1
0
]
·
[n−1 1 n 1
1 0 91 0 1
]
=
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 0
]
g3 ·MP (6n+3,1)4→3 −MR
2
1(2)
4→3 · g4 =
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 0
]
−
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 0
]
=
[2n+1
2 0
]
4. g4 ·MP (6n+3,1)5→4 −MR
2
1(2)
5→4 · g5 = 0
g4 ·MP (6n+3,1)5→4 =
[n−1 1 n 1
1 0 91 0 1
]
·
[ n
n 1
n+1 0
]
=
[n−1 1 n 1
1 0 91 0 1
]
·

n−1 1
n−1 1 0
1 0 1
n 0 0
1 0 0
 =
[n−1 1
1 0 91
]
M
R21(2)
5→4 · g5 =
[
1
]
·
[n−1 1
1 0 91
]
=
[n−1 1
1 0 91
]
g4 ·MP (6n+3,1)5→4 −MR
2
1(2)
5→4 · g5 =
[n−1 1
1 0 91
]
−
[n−1 1
1 0 91
]
=
[ n
1 0
]
5. g3 ·MP (6n+3,1)6→3 −MR
2
1(2)
6→3 · g6 = 0
g3 ·MP (6n+3,1)6→3 =
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
=
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
1 0 0 0 0

+
[n−1 1 1 n−1 1 n 1
1 0 91 0 0 1 0 0
1 0 0 0 0 0 0 1
]
·

n−1 1 n 1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[n−1 1 n 1
1 0 91 0 1
1 0 0 0 0
]
+
[n−1 1 n 1
1 0 1 0 0
1 0 0 0 1
]
=
[2n 1
1 0 1
1 0 1
]
M
R21(2)
6→3 · g6 =
[
1
1
]
·
[2n 1
1 0 1
]
=
[2n 1
1 0 1
1 0 1
]
g3 ·MP (6n+3,1)6→3 −MR
2
1(2)
6→3 · g6 =
[2n 1
1 0 1
1 0 1
]
−
[2n 1
1 0 1
1 0 1
]
=
[2n+1
2 0
]
6. g6 ·MP (6n+3,1)7→6 −MR
2
1(2)
7→6 · g7 = 0
g6 ·MP (6n+3,1)7→6 =
[2n 1
1 0 1
]
·

n
n 1
n 1
1 0
 = [ n n 11 0 0 1 ] ·

n
n 1
n 1
1 0
 = [ n1 0 ]
M
R21(2)
7→6 · g7 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g6 ·MP (6n+3,1)7→6 −MR
2
1(2)
7→6 · g7 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n 1
1 0 1
]
·
[ n
n 1′
1 0
]
=
[ n
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ n 1 n 1
1 0 1 0 0
1 0 0 0 1
]
·

n n
n 0 91′
1 0 0
n 1′ 91′
1 0 0
 =
[2n
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[n−1 1 n 1 n 1
1 0 91 0 1 0 0
1 0 0 0 0 0 1
]
·


n n n
n 0 0 1′
n 0 91′ 1′
1 0 0 0
n 1′ 91′ 1′
1 0 0 0
+

2n n
n+1 0 0
n 0 1′
n+1 0 0


=
[n−1 1 n−1 1 1 n−1 1 1
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1
]
·

1 n−1 1 n−1 1 n−1
n−1 0 0 0 0 0 1′
1 0 0 0 0 1 0
n−1 0 0 0 91′ 0 1′
1 0 0 91 0 1 0
1 0 0 0 0 0 0
n−1 0 1′ 0 91′ 0 1′
1 1 0 91 0 1 0
1 0 0 0 0 0 0

+
[n−1 1 1 n−1 1 n 1
1 0 91 0 0 1 0 0
1 0 0 0 0 0 0 1
]
·

2n 1 n−1
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 1′
1 0 1 0
n 0 0 0
1 0 0 0

=
[ 1 n−1 1 n−1 1 n−1
1 0 0 0 0 91 0
1 0 0 0 0 0 0
]
+
[2n 1 n−1
1 0 1 0
1 0 0 0
]
=
[ 1 n−1 1 n−1 1 n−1
1 0 0 0 0 91 0
1 0 0 0 0 0 0
]
+
[ 1 n−1 1 n−1 1 n−1
1 0 0 0 0 1 0
1 0 0 0 0 0 0
]
=
[3n
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[n−1 1 n 1
1 0 91 0 1
]
·


n n
n 0 0
n 91′ 0
1 0 0
+

n n
n 0 1′
1 0 0
n 0 1′


=
[n−1 1 n 1
1 0 91 0 1
]
·

n n
n−1 0 0
1 0 0
n 91′ 0
1 0 0
+
[n−1 1 1 n−1 1
1 0 91 0 0 1
]
·

n 1 n−1
n−1 0 0 1′
1 0 1 0
1 0 0 0
n−1 0 0 1′
1 0 1 0

=
[ n n
1 0 0
]
+
[ n 1 n−1
1 0 0 0
]
=
[ n 1 n−1
1 0 0 0
]
+
[ n 1 n−1
1 0 0 0
]
=
[2n
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[n−1 1
1 0 91
]
·
[n−1
n−1 1′
1 0
]
=
[n−1
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[2n 1
1 0 1
]
·

n n
n 0 1′
n 91′ 1′
1 0 0
 = [ n n 11 0 0 1 ] ·

n n
n 0 1′
n 91′ 1′
1 0 0
 = [2n1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ n
0 0
]
·
[ n
n 1′
]
=
[ n
0 0
]
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121.5.2 0→ P (6n− 1, 7) f→ P (6n+ 3, 1) g→ R20(2)→ 0 
PdimP (6n− 1, 7) + dimR20(2) = (n, 2n, 3n, 2n, n, 2n, n− 1) + (1, 2, 2, 1, 0, 1, 1)
= (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n) = dimP (6n+ 3, 1)
Pdimk Ext
1
kQ(R
2
0(2), P (6n− 1, 7)) = dimk HomkQ(R20(2), P (6n− 1, 7))− 〈dimR20(2),dimP (6n− 1, 7)〉
= 0− 〈(1, 2, 2, 1, 0, 1, 1), (n, 2n, 3n, 2n, n, 2n, n− 1)〉
= 1 · 2n+ 2 · 3n+ 1 · 3n+ 0 · 2n+ 1 · 3n+ 1 · 2n− (1 · n+ 2 · 2n+ 2 · 3n+ 1 · 2n+ 0 · n+ 1 · 2n+ 1 · (n− 1))
= 2n+ 6n+ 3n+ 0 + 3n+ 2n− (n+ 4n+ 6n+ 2n+ 0 + 2n+ n− 1)
= 1
Representation of P (6n− 1, 7) = P (6n+ 5, 7)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 7) = (n, 2n, 3n, 2n, n, 2n, n− 1)
Matrices of the representation:
1. MP (6n−1,7)1→2 =
[ n
n 0
n 1
]
∈M2n,n(k)
2. MP (6n−1,7)2→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. MP (6n−1,7)4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
4. MP (6n−1,7)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. MP (6n−1,7)6→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. MP (6n−1,7)7→6 =

n−1
n−1 1
2 0
n−1 1
 ∈M2n,n−1(k)
Matrices of the embedding f : P (6n− 1, 7)→ P (6n+ 3, 1) P
1. f1 =
[ n
1 0
n 1′
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
1 0 0
n 1′ 0
1 0 0
n 0 1′
 ∈M2n+2,2n(k) is already in column echelon form and has maximal column rank.
3. f3 =

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ∈M3n+2,3n(k) is already in column echelon form and has maximal column rank.
4. f4 =

n n
n 1′ 0
1 0 0
n 0 1′
 ∈M2n+1,2n(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ n
n 1′
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
6. f6 =

n n
n 1′ 0
1 0 0
n 0 1′
 ∈M2n+1,2n(k) is already in column echelon form and has maximal column rank.
7. f7 =
[n−1
1 0
n−1 1′
]
∈Mn,n−1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (6n+ 3, 1)→ R20(2) P
1. g1 =
[ 1 n
1 1 0
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
∈M2,2n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
r2←r2−r1−−−−−−→
[ 1 n 1 n
1 91 0 0 0
1 0 0 1 0
]
3. g3 =
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
∈M2,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
r2←r2−r1−−−−−−→
[ n 1 n 1 n
1 0 91 0 0 0
1 0 0 0 1 0
]
4. g4 =
[ n 1 n
1 0 91 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
6. g6 =
[ n 1 n
1 0 91 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1 n−1
1 91 0
]
∈M1,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 1, 7)→ P (6n+ 3, 1) P
1. f2 ·MP (6n−1,7)1→2 −MP (6n+3,1)1→2 · f1 = 0
f2 ·MP (6n−1,7)1→2 =

n n
1 0 0
n 1′ 0
1 0 0
n 0 1′
 ·
[ n
n 0
n 1
]
=

n
1 0
n 0
1 0
n 1′
 =
[ n
n+2 0
n 1′
]
M
P (6n+3,1)
1→2 · f1 =
[n+1
n+1 0
n+1 1
]
·
[ n
1 0
n 1′
]
=

1 n
n+1 0 0
1 1 0
n 0 1
 · [
n
1 0
n 1′
]
=

n
n+1 0
1 0
n 1′
 = [
n
n+2 0
n 1′
]
f2 ·MP (6n−1,7)1→2 −MP (6n+3,1)1→2 · f1 =
[ n
n+2 0
n 1′
]
−
[ n
n+2 0
n 1′
]
=
[ n
2n+2 0
]
2. f3 ·MP (6n−1,7)2→3 −MP (6n+3,1)2→3 · f2 = 0
f3 ·MP (6n−1,7)2→3 =

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·
[2n
n 0
2n 1
]
=

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·

n n
n 0 0
n 1 0
n 0 1
 =

n n
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n
n+1 0 0
n 1′ 0
1 0 0
n 0 1′

M
P (6n+3,1)
2→3 · f2 =
[2n+2
n 0
2n+2 1
]
·

n n
1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

1 n 1 n
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n n
1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n
n+1 0 0
n 1′ 0
1 0 0
n 0 1′

f3 ·MP (6n−1,7)2→3 −MP (6n+3,1)2→3 · f2 =

n n
n+1 0 0
n 1′ 0
1 0 0
n 0 1′
−

n n
n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =
[2n
3n+2 0
]
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3. f3 ·MP (6n−1,7)4→3 −MP (6n+3,1)4→3 · f4 = 0
f3 ·MP (6n−1,7)4→3 =

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·
[2n
2n 1
n 0
]
=

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·

n n
n 1 0
n 0 1
n 0 0
 =

n n
n 1′ 0
1 0 0
n 0 1′
1 0 0
n 0 0
 =

n n
n 1′ 0
1 0 0
n 0 1′
n+1 0 0

M
P (6n+3,1)
4→3 · f4 =
[2n+1
2n+1 1
n+1 0
]
·

n n
n 1′ 0
1 0 0
n 0 1′
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n
n 1′ 0
1 0 0
n 0 1′
 =

n n
n 1′ 0
1 0 0
n 0 1′
n+1 0 0

f3 ·MP (6n−1,7)4→3 −MP (6n+3,1)4→3 · f4 =

n n
n 1′ 0
1 0 0
n 0 1′
n+1 0 0
−

n n
n 1′ 0
1 0 0
n 0 1′
n+1 0 0
 =
[2n
3n+2 0
]
4. f4 ·MP (6n−1,7)5→4 −MP (6n+3,1)5→4 · f5 = 0
f4 ·MP (6n−1,7)5→4 =

n n
n 1′ 0
1 0 0
n 0 1′
 · [
n
n 1
n 0
]
=

n
n 1′
1 0
n 0
 = [
n
n 1′
n+1 0
]
M
P (6n+3,1)
5→4 · f5 =
[ n
n 1
n+1 0
]
·
[ n
n 1′
]
=
[ n
n 1′
n+1 0
]
f4 ·MP (6n−1,7)5→4 −MP (6n+3,1)5→4 · f5 =
[ n
n 1′
n+1 0
]
−
[ n
n 1′
n+1 0
]
=
[ n
2n+1 0
]
5. f3 ·MP (6n−1,7)6→3 −MP (6n+3,1)6→3 · f6 = 0
f3 ·MP (6n−1,7)6→3 =

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]=

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·

n n
n 1 0
n 0 1
n 0 0
+

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 ·

n n
n 0 0
n 1 0
n 0 1
=

n n
n 1′ 0
1 0 0
n 0 1′
1 0 0
n 0 0
+

n n
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′
=

n n
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′

M
P (6n+3,1)
6→3 · f6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·

n n
n 1′ 0
1 0 0
n 0 1′
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n
n 1′ 0
1 0 0
n 0 1′
+

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n n
n 1′ 0
1 0 0
n 0 1′

=

n n
n 1′ 0
1 0 0
n 0 1′
n+1 0 0
+

n n
n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n
n 1′ 0
1 0 0
n 0 1′
1 0 0
n 0 0
+

n n
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′

f3 ·MP (6n−1,7)6→3 −MP (6n+3,1)6→3 · f6 =

n n
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′
−

n n
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′
 =
[2n
3n+2 0
]
650
6. f6 ·MP (6n−1,7)7→6 −MP (6n+3,1)7→6 · f7 = 0
f6 ·MP (6n−1,7)7→6 =

n n
n 1′ 0
1 0 0
n 0 1′
 ·

n−1
n−1 1
2 0
n−1 1
 =

n−1 1 1 n−1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
 ·

n−1
n−1 1
1 0
1 0
n−1 1
 =

n−1
1 0
n−1 1′
1 0
n−1 1′
1 0

M
P (6n+3,1)
7→6 · f7 =

n
n 1
n 1
1 0
 · [
n−1
1 0
n−1 1′
]
=

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
1 0 0
 ·
[n−1
1 0
n−1 1′
]
=

n−1
1 0
n−1 1′
1 0
n−1 1′
1 0

f6 ·MP (6n−1,7)7→6 −MP (6n+3,1)7→6 · f7 =

n−1
1 0
n−1 1′
1 0
n−1 1′
1 0
−

n−1
1 0
n−1 1′
1 0
n−1 1′
1 0
 =
[n−1
2n+1 0
]
Relations of the projection g : P (6n+ 3, 1)→ R20(2) P
1. g2 ·MP (6n+3,1)1→2 −MR
2
0(2)
1→2 · g1 = 0
g2 ·MP (6n+3,1)1→2 =
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
·

1 n
1 0 0
n 0 0
1 1 0
n 0 1
 =
[ 1 n
1 0 0
1 1 0
]
M
R20(2)
1→2 · g1 =
[
0
1
]
·
[ 1 n
1 1 0
]
=
[ 1 n
1 0 0
1 1 0
]
g2 ·MP (6n+3,1)1→2 −MR
2
0(2)
1→2 · g1 =
[ 1 n
1 0 0
1 1 0
]
−
[ 1 n
1 0 0
1 1 0
]
=
[n+1
2 0
]
2. g3 ·MP (6n+3,1)2→3 −MR
2
0(2)
2→3 · g2 = 0
g3 ·MP (6n+3,1)2→3 =
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·
[2n+2
n 0
2n+2 1
]
=
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·

1 n 1 n
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 =
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
M
R20(2)
2→3 · g2 =
[
1 0
0 1
]
·
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
=
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
g3 ·MP (6n+3,1)2→3 −MR
2
0(2)
2→3 · g2 =
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
−
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
=
[2n+2
2 0
]
3. g3 ·MP (6n+3,1)4→3 −MR
2
0(2)
4→3 · g4 = 0
g3 ·MP (6n+3,1)4→3 =
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·
[2n+1
2n+1 1
n+1 0
]
=
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
 =
[ n 1 n
1 0 91 0
1 0 91 0
]
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M
R20(2)
4→3 · g4 =
[
1
1
]
·
[ n 1 n
1 0 91 0
]
=
[ n 1 n
1 0 91 0
1 0 91 0
]
g3 ·MP (6n+3,1)4→3 −MR
2
0(2)
4→3 · g4 =
[ n 1 n
1 0 91 0
1 0 91 0
]
−
[ n 1 n
1 0 91 0
1 0 91 0
]
=
[2n+1
2 0
]
4. g4 ·MP (6n+3,1)5→4 −MR
2
0(2)
5→4 · g5 = 0
g4 ·MP (6n+3,1)5→4 =
[ n 1 n
1 0 91 0
]
·
[ n
n 1
n+1 0
]
=
[ n 1 n
1 0 91 0
]
·

n
n 1
1 0
n 0
 = [ n1 0 ]
M
R20(2)
5→4 · g5 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g4 ·MP (6n+3,1)5→4 −MR
2
0(2)
5→4 · g5 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
5. g3 ·MP (6n+3,1)6→3 −MR
2
0(2)
6→3 · g6 = 0
g3 ·MP (6n+3,1)6→3 =
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
+
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·

n 1 n
n 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1

=
[ n 1 n
1 0 91 0
1 0 91 0
]
+
[ n 1 n
1 0 0 0
1 0 1 0
]
=
[ n 1 n
1 0 91 0
1 0 0 0
]
M
R20(2)
6→3 · g6 =
[
1
0
]
·
[ n 1 n
1 0 91 0
]
=
[ n 1 n
1 0 91 0
1 0 0 0
]
g3 ·MP (6n+3,1)6→3 −MR
2
0(2)
6→3 · g6 =
[ n 1 n
1 0 91 0
1 0 0 0
]
−
[ n 1 n
1 0 91 0
1 0 0 0
]
=
[2n+1
2 0
]
6. g6 ·MP (6n+3,1)7→6 −MR
2
0(2)
7→6 · g7 = 0
g6 ·MP (6n+3,1)7→6 =
[ n 1 n
1 0 91 0
]
·

n
n 1
n 1
1 0
 = [ 1 n−1 1 n−1 11 0 0 91 0 0 ] ·

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
1 0 0
 =
[ 1 n−1
1 91 0
]
M
R20(2)
7→6 · g7 =
[
1
]
·
[ 1 n−1
1 91 0
]
=
[ 1 n−1
1 91 0
]
g6 ·MP (6n+3,1)7→6 −MR
2
0(2)
7→6 · g7 =
[ 1 n−1
1 91 0
]
−
[ 1 n−1
1 91 0
]
=
[ n
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 n
1 1 0
]
·
[ n
1 0
n 1′
]
=
[ n
1 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 1 n 1 n
1 91 0 0 0
1 91 0 1 0
]
·

n n
1 0 0
n 1′ 0
1 0 0
n 0 1′
 =
[2n
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ n 1 n 1 n
1 0 91 0 0 0
1 0 91 0 1 0
]
·

n n n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′
 =
[3n
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n 1 n
1 0 91 0
]
·

n n
n 1′ 0
1 0 0
n 0 1′
 = [2n1 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ n
0 0
]
·
[ n
n 1′
]
=
[ n
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ n 1 n
1 0 91 0
]
·

n n
n 1′ 0
1 0 0
n 0 1′
 = [2n1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n−1
1 91 0
]
·
[n−1
1 0
n−1 1′
]
=
[n−1
1 0
]
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122 Tree module property of P (6n+ 4, 1)
122.1 Tree module property of P (4, 1) 
The matrices of the representation have full (column) rank P
1. MP (4,1)1→2 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. MP (4,1)2→3 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. MP (4,1)4→3 =
1 01 1
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
4. MP (4,1)5→4 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. MP (4,1)6→3 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. MP (4,1)7→6 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
122.1.1 0→ P (1, 1) f→ P (4, 1) g→ R2∞(1)→ 0 
PdimP (1, 1) + dimR2∞(1) = (0, 0, 1, 1, 0, 1, 0) + (1, 1, 2, 1, 1, 1, 1)
= (1, 1, 3, 2, 1, 2, 1) = dimP (4, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (1, 1)) = dimk HomkQ(R
2
∞(1), P (1, 1))− 〈dimR2∞(1),dimP (1, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (0, 0, 1, 1, 0, 1, 0)〉
= 1 · 0 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1− (1 · 0 + 1 · 0 + 2 · 1 + 1 · 1 + 1 · 0 + 1 · 1 + 1 · 0)
= 0 + 1 + 1 + 1 + 1 + 1− (0 + 0 + 2 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : P (1, 1)→ P (4, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
3. f3 =
01
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : P (4, 1)→ R2∞(1) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 91 1
0 91 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
91 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (1, 1)→ P (4, 1) P
1. f2 ·MP (1,1)1→2 −MP (4,1)1→2 · f1 = 0
f2 ·MP (1,1)1→2 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
M
P (4,1)
1→2 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
f2 ·MP (1,1)1→2 −MP (4,1)1→2 · f1 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
2. f3 ·MP (1,1)2→3 −MP (4,1)2→3 · f2 = 0
f3 ·MP (1,1)2→3 =
01
1
 · [ 01 0 ] = [ 03 0 ]
M
P (4,1)
2→3 · f2 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
f3 ·MP (1,1)2→3 −MP (4,1)2→3 · f2 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
3. f3 ·MP (1,1)4→3 −MP (4,1)4→3 · f4 = 0
f3 ·MP (1,1)4→3 =
01
1
 · [1] =
01
1

M
P (4,1)
4→3 · f4 =
1 01 1
0 1
 · [0
1
]
=
01
1

f3 ·MP (1,1)4→3 −MP (4,1)4→3 · f4 =
01
1
−
01
1
 = [ 13 0 ]
4. f4 ·MP (1,1)5→4 −MP (4,1)5→4 · f5 = 0
f4 ·MP (1,1)5→4 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (4,1)
5→4 · f5 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MP (1,1)5→4 −MP (4,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·MP (1,1)6→3 −MP (4,1)6→3 · f6 = 0
f3 ·MP (1,1)6→3 =
01
1
 · [1] =
01
1

M
P (4,1)
6→3 · f6 =
[ 2
1 0
2 1
]
·
[
1
1
]
=
0 01 0
0 1
 · [1
1
]
=
01
1

f3 ·MP (1,1)6→3 −MP (4,1)6→3 · f6 =
01
1
−
01
1
 = [ 13 0 ]
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6. f6 ·MP (1,1)7→6 −MP (4,1)7→6 · f7 = 0
f6 ·MP (1,1)7→6 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (4,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MP (1,1)7→6 −MP (4,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : P (4, 1)→ R2∞(1) P
1. g2 ·MP (4,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (4,1)1→2 =
[
1
]
·
[
1
]
=
[
1
]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[
1
]
=
[
1
]
g2 ·MP (4,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[
1
]
−
[
1
]
=
[
0
]
2. g3 ·MP (4,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (4,1)2→3 =
[
1 91 1
0 91 1
]
·
[ 1
1 1
2 0
]
=
[
1 91 1
0 91 1
]
·
10
0
 = [1
0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[
1
]
=
[
1
0
]
g3 ·MP (4,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
3. g3 ·MP (4,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (4,1)4→3 =
[
1 91 1
0 91 1
]
·
1 01 1
0 1
 = [ 0 091 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[
91 0
]
=
[
0 0
91 0
]
g3 ·MP (4,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[
0 0
91 0
]
−
[
0 0
91 0
]
=
[ 2
2 0
]
4. g4 ·MP (4,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (4,1)5→4 =
[
91 0
]
·
[
1
0
]
=
[
91
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[
91
]
=
[
91
]
g4 ·MP (4,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[
91
]
−
[
91
]
=
[
0
]
5. g3 ·MP (4,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (4,1)6→3 =
[
1 91 1
0 91 1
]
·
[ 2
1 0
2 1
]
=
[
1 91 1
0 91 1
]
·
0 01 0
0 1
 = [91 191 1
]
M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[
91 1
]
=
[
91 1
91 1
]
g3 ·MP (4,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[
91 1
91 1
]
−
[
91 1
91 1
]
=
[ 2
2 0
]
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6. g6 ·MP (4,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (4,1)7→6 =
[
91 1
]
·
[
0
1
]
=
[
1
]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[
1
]
=
[
1
]
g6 ·MP (4,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[
1
]
−
[
1
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 91 1
0 91 1
]
·
01
1
 = [ 12 0 ]
4. g4 · f4 = 0
g4 · f4 =
[
91 0
]
·
[
0
1
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 1
]
·
[
1
1
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
122.1.2 0→ P (2, 5) f→ P (4, 1) g→ R10(1)→ 0 
PdimP (2, 5) + dimR
1
0(1) = (1, 1, 2, 1, 0, 1, 1) + (0, 0, 1, 1, 1, 1, 0)
= (1, 1, 3, 2, 1, 2, 1) = dimP (4, 1)
Pdimk Ext
1
kQ(R
1
0(1), P (2, 5)) = dimk HomkQ(R
1
0(1), P (2, 5))− 〈dimR10(1),dimP (2, 5)〉
= 0− 〈(0, 0, 1, 1, 1, 1, 0), (1, 1, 2, 1, 0, 1, 1)〉
= 0 · 1 + 0 · 2 + 1 · 2 + 1 · 1 + 1 · 2 + 0 · 1− (0 · 1 + 0 · 1 + 1 · 2 + 1 · 1 + 1 · 0 + 1 · 1 + 0 · 1)
= 0 + 0 + 2 + 1 + 2 + 0− (0 + 0 + 2 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : P (2, 5)→ P (4, 1) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
3. f3 =
1 00 0
0 91
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
0
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Matrices of the projection g : P (4, 1)→ R10(1) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
3. g3 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
Relations of the embedding f : P (2, 5)→ P (4, 1) P
1. f2 ·MP (2,5)1→2 −MP (4,1)1→2 · f1 = 0
f2 ·MP (2,5)1→2 =
[
1
]
·
[
1
]
=
[
1
]
M
P (4,1)
1→2 · f1 =
[
1
]
·
[
1
]
=
[
1
]
f2 ·MP (2,5)1→2 −MP (4,1)1→2 · f1 =
[
1
]
−
[
1
]
=
[
0
]
2. f3 ·MP (2,5)2→3 −MP (4,1)2→3 · f2 = 0
f3 ·MP (2,5)2→3 =
1 00 0
0 91
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
M
P (4,1)
2→3 · f2 =
[ 1
1 1
2 0
]
·
[
1
]
=
[ 1
1 1
2 0
]
f3 ·MP (2,5)2→3 −MP (4,1)2→3 · f2 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
3. f3 ·MP (2,5)4→3 −MP (4,1)4→3 · f4 = 0
f3 ·MP (2,5)4→3 =
1 00 0
0 91
 · [1
1
]
=
 10
91

M
P (4,1)
4→3 · f4 =
1 01 1
0 1
 · [ 191
]
=
 10
91

f3 ·MP (2,5)4→3 −MP (4,1)4→3 · f4 =
 10
91
−
 10
91
 = [ 13 0 ]
4. f4 ·MP (2,5)5→4 −MP (4,1)5→4 · f5 = 0
f4 ·MP (2,5)5→4 =
[
1
91
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (4,1)
5→4 · f5 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MP (2,5)5→4 −MP (4,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
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5. f3 ·MP (2,5)6→3 −MP (4,1)6→3 · f6 = 0
f3 ·MP (2,5)6→3 =
1 00 0
0 91
 · [0
1
]
=
 00
91
 = [
1
2 0
1 91
]
M
P (4,1)
6→3 · f6 =
[ 2
1 0
2 1
]
·
[
0
91
]
=
0 01 0
0 1
 · [ 091
]
=
 00
91
 = [
1
2 0
1 91
]
f3 ·MP (2,5)6→3 −MP (4,1)6→3 · f6 =
[ 1
2 0
1 91
]
−
[ 1
2 0
1 91
]
=
[ 1
3 0
]
6. f6 ·MP (2,5)7→6 −MP (4,1)7→6 · f7 = 0
f6 ·MP (2,5)7→6 =
[
0
91
]
·
[
1
]
=
[
0
91
]
M
P (4,1)
7→6 · f7 =
[
0
1
]
·
[
91
]
=
[
0
91
]
f6 ·MP (2,5)7→6 −MP (4,1)7→6 · f7 =
[
0
91
]
−
[
0
91
]
=
[ 1
2 0
]
Relations of the projection g : P (4, 1)→ R10(1) P
1. g2 ·MP (4,1)1→2 −MR
1
0(1)
1→2 · g1 = 0
g2 ·MP (4,1)1→2 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
M
R10(1)
1→2 · g1 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g2 ·MP (4,1)1→2 −MR
1
0(1)
1→2 · g1 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
2. g3 ·MP (4,1)2→3 −MR
1
0(1)
2→3 · g2 = 0
g3 ·MP (4,1)2→3 =
[
0 1 0
]
·
[ 1
1 1
2 0
]
=
[
0 1 0
]
·
10
0
 = [0]
M
R10(1)
2→3 · g2 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g3 ·MP (4,1)2→3 −MR
1
0(1)
2→3 · g2 =
[
0
]
−
[
0
]
=
[
0
]
3. g3 ·MP (4,1)4→3 −MR
1
0(1)
4→3 · g4 = 0
g3 ·MP (4,1)4→3 =
[
0 1 0
]
·
1 01 1
0 1
 = [1 1]
M
R10(1)
4→3 · g4 =
[
1
]
·
[
1 1
]
=
[
1 1
]
g3 ·MP (4,1)4→3 −MR
1
0(1)
4→3 · g4 =
[
1 1
]
−
[
1 1
]
=
[ 2
1 0
]
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4. g4 ·MP (4,1)5→4 −MR
1
0(1)
5→4 · g5 = 0
g4 ·MP (4,1)5→4 =
[
1 1
]
·
[
1
0
]
=
[
1
]
M
R10(1)
5→4 · g5 =
[
1
]
·
[
1
]
=
[
1
]
g4 ·MP (4,1)5→4 −MR
1
0(1)
5→4 · g5 =
[
1
]
−
[
1
]
=
[
0
]
5. g3 ·MP (4,1)6→3 −MR
1
0(1)
6→3 · g6 = 0
g3 ·MP (4,1)6→3 =
[
0 1 0
]
·
[ 2
1 0
2 1
]
=
[
0 1 0
]
·
0 01 0
0 1
 = [1 0]
M
R10(1)
6→3 · g6 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g3 ·MP (4,1)6→3 −MR
1
0(1)
6→3 · g6 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
6. g6 ·MP (4,1)7→6 −MR
1
0(1)
7→6 · g7 = 0
g6 ·MP (4,1)7→6 =
[
1 0
]
·
[
0
1
]
=
[
0
]
M
R10(1)
7→6 · g7 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g6 ·MP (4,1)7→6 −MR
1
0(1)
7→6 · g7 =
[
0
]
−
[
0
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 1 0
]
·
1 00 0
0 91
 = [ 21 0 ]
4. g4 · f4 = 0
g4 · f4 =
[
1 1
]
·
[
1
91
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 0
]
·
[
0
91
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
91
]
=
[ 1
0 0
]
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122.2 Tree module property of P (10, 1) 
The matrices of the representation have full (column) rank P
1. MP (10,1)1→2 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. MP (10,1)2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
3. MP (10,1)4→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. MP (10,1)5→4 =

1 0
0 1
0 0
1 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. MP (10,1)6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. MP (10,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
122.2.1 0→ P (7, 1) f→ P (10, 1) g→ R2∞(1)→ 0 
PdimP (7, 1) + dimR2∞(1) = (1, 2, 4, 3, 1, 3, 1) + (1, 1, 2, 1, 1, 1, 1)
= (2, 3, 6, 4, 2, 4, 2) = dimP (10, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (7, 1)) = dimk HomkQ(R
2
∞(1), P (7, 1))− 〈dimR2∞(1),dimP (7, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (1, 2, 4, 3, 1, 3, 1)〉
= 1 · 2 + 1 · 4 + 1 · 4 + 1 · 3 + 1 · 4 + 1 · 3− (1 · 1 + 1 · 2 + 2 · 4 + 1 · 3 + 1 · 1 + 1 · 3 + 1 · 1)
= 2 + 4 + 4 + 3 + 4 + 3− (1 + 2 + 8 + 3 + 1 + 3 + 1)
= 1
Matrices of the embedding f : P (7, 1)→ P (10, 1) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
1 00 0
1 91
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 0 0
0 91 0
1 0 91
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

91 0 0
0 91 0
91 0 1
0 91 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (10, 1)→ R2∞(1) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1 0 91 0 1
0 0 0 91 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 91 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 91 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (7, 1)→ P (10, 1) P
1. f2 ·MP (7,1)1→2 −MP (10,1)1→2 · f1 = 0
f2 ·MP (7,1)1→2 =
1 00 0
1 91
 · [1
1
]
=
10
0
 = [
1
1 1
2 0
]
M
P (10,1)
1→2 · f1 =
[ 2
2 1
1 0
]
·
[
1
0
]
=
1 00 1
0 0
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
f2 ·MP (7,1)1→2 −MP (10,1)1→2 · f1 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
2. f3 ·MP (7,1)2→3 −MP (10,1)2→3 · f2 = 0
f3 ·MP (7,1)2→3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·
[ 2
2 1
2 1
]
=

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·

1 0
0 1
1 0
0 1
 =

1 0
0 0
1 91
0 0
0 0
0 0

=

1 1
1 1 0
1 0 0
1 1 91
3 0 0

M
P (10,1)
2→3 · f2 =
[ 3
3 1
3 0
]
·
1 00 0
1 91
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
1 00 0
1 91
 =

1 1
1 1 0
1 0 0
1 1 91
3 0 0

f3 ·MP (7,1)2→3 −MP (10,1)2→3 · f2 =

1 1
1 1 0
1 0 0
1 1 91
3 0 0
−

1 1
1 1 0
1 0 0
1 1 91
3 0 0
 =
[ 2
6 0
]
3. f3 ·MP (7,1)4→3 −MP (10,1)4→3 · f4 = 0
f3 ·MP (7,1)4→3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·
[ 3
3 1
1 0
]
=

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·

1 0 0
0 1 0
0 0 1
0 0 0
 =

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

M
P (10,1)
4→3 · f4 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1 0 0
0 0 0
0 91 0
1 0 91
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

1 0 0
0 0 0
0 91 0
1 0 91
 =

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

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f3 ·MP (7,1)4→3 −MP (10,1)4→3 · f4 =

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

−

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

=
[ 3
6 0
]
4. f4 ·MP (7,1)5→4 −MP (10,1)5→4 · f5 = 0
f4 ·MP (7,1)5→4 =

1 0 0
0 0 0
0 91 0
1 0 91
 ·
[ 1
1 1
2 0
]
=

1 0 0
0 0 0
0 91 0
1 0 91
 ·
10
0
 =

1
0
0
1
 =

1
1 1
2 0
1 1

M
P (10,1)
5→4 · f5 =

1 0
0 1
0 0
1 0
 ·
[
1
0
]
=

1
0
0
1
 =

1
1 1
2 0
1 1

f4 ·MP (7,1)5→4 −MP (10,1)5→4 · f5 =

1
1 1
2 0
1 1
−

1
1 1
2 0
1 1
 = [ 14 0 ]
5. f3 ·MP (7,1)6→3 −MP (10,1)6→3 · f6 = 0
f3 ·MP (7,1)6→3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·
[ 3
1 0
3 1
]
=

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·

0 0 0
1 0 0
0 1 0
0 0 1
 =

0 0 0
0 0 0
91 0 0
0 91 0
91 0 1
0 91 0

=

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

M
P (10,1)
6→3 · f6 =
[ 4
2 0
4 1
]
·

91 0 0
0 91 0
91 0 1
0 91 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

91 0 0
0 91 0
91 0 1
0 91 0
 =

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

f3 ·MP (7,1)6→3 −MP (10,1)6→3 · f6 =

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
−

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
 =
[ 3
6 0
]
6. f6 ·MP (7,1)7→6 −MP (10,1)7→6 · f7 = 0
f6 ·MP (7,1)7→6 =

91 0 0
0 91 0
91 0 1
0 91 0
 ·
[ 1
2 0
1 1
]
=

91 0 0
0 91 0
91 0 1
0 91 0
 ·
00
1
 =

0
0
1
0
 =

1
2 0
1 1
1 0

M
P (10,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[
1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1
0
]
=

1
2 0
1 1
1 0

f6 ·MP (7,1)7→6 −MP (10,1)7→6 · f7 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
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Relations of the projection g : P (10, 1)→ R2∞(1) P
1. g2 ·MP (10,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (10,1)1→2 =
[
0 1 0
]
·
[ 2
2 1
1 0
]
=
[
0 1 0
]
·
1 00 1
0 0
 = [0 1]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g2 ·MP (10,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
2. g3 ·MP (10,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (10,1)2→3 =
[
0 1 0 91 0 1
0 0 0 91 0 1
]
·
[ 3
3 1
3 0
]
=
[
0 1 0 91 0 1
0 0 0 91 0 1
]
·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

=
[
0 1 0
0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[
0 1 0
]
=
[
0 1 0
0 0 0
]
g3 ·MP (10,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[
0 1 0
0 0 0
]
−
[
0 1 0
0 0 0
]
=
[ 3
2 0
]
3. g3 ·MP (10,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (10,1)4→3 =
[
0 1 0 91 0 1
0 0 0 91 0 1
]
·

2 2
2 1 0
2 1 1
2 0 1
 = [0 1 0 91 0 1
0 0 0 91 0 1
]
·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=
[
0 0 0 0
0 91 0 0
]
=
[ 1 1 2
1 0 0 0
1 0 91 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[ 1 1 2
1 0 91 0
]
=
[ 1 1 2
1 0 0 0
1 0 91 0
]
g3 ·MP (10,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[ 1 1 2
1 0 0 0
1 0 91 0
]
−
[ 1 1 2
1 0 0 0
1 0 91 0
]
=
[ 4
2 0
]
4. g4 ·MP (10,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (10,1)5→4 =
[ 1 1 2
1 0 91 0
]
·

1 0
0 1
0 0
1 0
 =
[
0 91 0 0
]
·

1 0
0 1
0 0
1 0
 =
[
0 91
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[
0 91
]
=
[
0 91
]
g4 ·MP (10,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[
0 91
]
−
[
0 91
]
=
[ 2
1 0
]
5. g3 ·MP (10,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (10,1)6→3 =
[
0 1 0 91 0 1
0 0 0 91 0 1
]
·
[ 4
2 0
4 1
]
=
[
0 1 0 91 0 1
0 0 0 91 0 1
]
·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=
[
0 91 0 1
0 91 0 1
]
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M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[
0 91 0 1
]
=
[
0 91 0 1
0 91 0 1
]
g3 ·MP (10,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[
0 91 0 1
0 91 0 1
]
−
[
0 91 0 1
0 91 0 1
]
=
[ 4
2 0
]
6. g6 ·MP (10,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (10,1)7→6 =
[
0 91 0 1
]
·
[ 2
2 0
2 1
]
=
[
0 91 0 1
]
·

0 0
0 0
1 0
0 1
 =
[
0 1
]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g6 ·MP (10,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1 0
]
·
1 00 0
1 91
 = [ 21 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
0 1 0 91 0 1
0 0 0 91 0 1
]
·

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

=
[ 4
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 2
1 0 91 0
]
·

1 0 0
0 0 0
0 91 0
1 0 91
 =
[
0 91 0 0
]
·

1 0 0
0 0 0
0 91 0
1 0 91
 =
[ 3
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 91
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 91 0 1
]
·

91 0 0
0 91 0
91 0 1
0 91 0
 =
[ 3
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
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122.2.2 0→ P (8, 5) f→ P (10, 1) g→ R10(1)→ 0 
PdimP (8, 5) + dimR10(1) = (2, 3, 5, 3, 1, 3, 2) + (0, 0, 1, 1, 1, 1, 0)
= (2, 3, 6, 4, 2, 4, 2) = dimP (10, 1)
Pdimk Ext
1
kQ(R
1
0(1), P (8, 5)) = dimk HomkQ(R
1
0(1), P (8, 5))− 〈dimR10(1),dimP (8, 5)〉
= 0− 〈(0, 0, 1, 1, 1, 1, 0), (2, 3, 5, 3, 1, 3, 2)〉
= 0 · 3 + 0 · 5 + 1 · 5 + 1 · 3 + 1 · 5 + 0 · 3− (0 · 2 + 0 · 3 + 1 · 5 + 1 · 3 + 1 · 1 + 1 · 3 + 0 · 2)
= 0 + 0 + 5 + 3 + 5 + 0− (0 + 0 + 5 + 3 + 1 + 3 + 0)
= 1
Matrices of the embedding f : P (8, 5)→ P (10, 1) P
1. f1 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. f2 =
1 0 00 91 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
3. f3 =

1 0 0 0 0
0 91 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′

4. f4 =

1 0 0
0 91 0
0 0 1
0 1 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 0 0
0 0 1
0 1 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 2
1 1 0
1 0 0
2 0 1′

7. f7 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f7 =
[ 2
2 1′
]
Matrices of the projection g : P (10, 1)→ R10(1) P
1. g1 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
2. g2 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
3. g3 =
[
0 0 0 1 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
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Relations of the embedding f : P (8, 5)→ P (10, 1) P
1. f2 ·MP (8,5)1→2 −MP (10,1)1→2 · f1 = 0
f2 ·MP (8,5)1→2 =
1 0 00 91 0
0 0 1
 · [
2
2 1
1 0
]
=
1 0 00 91 0
0 0 1
 ·
1 00 1
0 0
 =
1 00 91
0 0

M
P (10,1)
1→2 · f1 =
[ 2
2 1
1 0
]
·
[
1 0
0 91
]
=
1 00 1
0 0
 · [1 0
0 91
]
=
1 00 91
0 0

f2 ·MP (8,5)1→2 −MP (10,1)1→2 · f1 =
1 00 91
0 0
−
1 00 91
0 0
 = [ 23 0 ]
2. f3 ·MP (8,5)2→3 −MP (10,1)2→3 · f2 = 0
f3 ·MP (8,5)2→3 =

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′
 ·
[ 3
3 1
2 0
]
=

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′
 ·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 =

1 1 1
1 1 0 0
1 0 91 0
1 0 0 1
1 0 0 0
2 0 0 0
 =

1 1 1
1 1 0 0
1 0 91 0
1 0 0 1
3 0 0 0

M
P (10,1)
2→3 · f2 =
[ 3
3 1
3 0
]
·
1 0 00 91 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
1 0 00 91 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 91 0
1 0 0 1
3 0 0 0

f3 ·MP (8,5)2→3 −MP (10,1)2→3 · f2 =

1 1 1
1 1 0 0
1 0 91 0
1 0 0 1
3 0 0 0
−

1 1 1
1 1 0 0
1 0 91 0
1 0 0 1
3 0 0 0
 =
[ 3
6 0
]
3. f3 ·MP (8,5)4→3 −MP (10,1)4→3 · f4 = 0
f3 ·MP (8,5)4→3 =

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′
 ·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 0 0 0 0
0 91 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 0 0
0 91 0
1 0 1
0 0 0
0 0 1
0 1 0

M
P (10,1)
4→3 · f4 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1 0 0
0 91 0
0 0 1
0 1 0
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

1 0 0
0 91 0
0 0 1
0 1 0
 =

1 0 0
0 91 0
1 0 1
0 0 0
0 0 1
0 1 0

f3 ·MP (8,5)4→3 −MP (10,1)4→3 · f4 =

1 0 0
0 91 0
1 0 1
0 0 0
0 0 1
0 1 0

−

1 0 0
0 91 0
1 0 1
0 0 0
0 0 1
0 1 0

=
[ 3
6 0
]
4. f4 ·MP (8,5)5→4 −MP (10,1)5→4 · f5 = 0
f4 ·MP (8,5)5→4 =

1 0 0
0 91 0
0 0 1
0 1 0
 ·
11
0
 =

1
91
0
1

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M
P (10,1)
5→4 · f5 =

1 0
0 1
0 0
1 0
 ·
[
1
91
]
=

1
91
0
1

f4 ·MP (8,5)5→4 −MP (10,1)5→4 · f5 =

1
91
0
1
−

1
91
0
1
 =
[ 1
4 0
]
5. f3 ·MP (8,5)6→3 −MP (10,1)6→3 · f6 = 0
f3 ·MP (8,5)6→3 =

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′
 ·
[ 3
2 0
3 1
]
=

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′
 ·

1 2
1 0 0
1 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
1 0 0
1 1 0
1 0 0
2 0 1′
 =

1 2
2 0 0
1 1 0
1 0 0
2 0 1′

M
P (10,1)
6→3 · f6 =
[ 4
2 0
4 1
]
·

1 2
1 1 0
1 0 0
2 0 1′
 =

1 1 2
2 0 0 0
1 1 0 0
1 0 1 0
2 0 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1′
 =

1 2
2 0 0
1 1 0
1 0 0
2 0 1′

f3 ·MP (8,5)6→3 −MP (10,1)6→3 · f6 =

1 2
2 0 0
1 1 0
1 0 0
2 0 1′
−

1 2
2 0 0
1 1 0
1 0 0
2 0 1′
 =
[ 3
6 0
]
6. f6 ·MP (8,5)7→6 −MP (10,1)7→6 · f7 = 0
f6 ·MP (8,5)7→6 =

1 2
1 1 0
1 0 0
2 0 1′
 · [
2
1 0
2 1
]
=

2
1 0
1 0
2 1′
 = [
2
2 0
2 1′
]
M
P (10,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[ 2
2 1′
]
=
[ 2
2 0
2 1′
]
f6 ·MP (8,5)7→6 −MP (10,1)7→6 · f7 =
[ 2
2 0
2 1′
]
−
[ 2
2 0
2 1′
]
=
[ 2
4 0
]
Relations of the projection g : P (10, 1)→ R10(1) P
1. g2 ·MP (10,1)1→2 −MR
1
0(1)
1→2 · g1 = 0
g2 ·MP (10,1)1→2 =
[ 3
0 0
]
·
[ 2
2 1
1 0
]
=
[ 2 1
0 0 0
]
·
[ 2
2 1
1 0
]
=
[ 2
0 0
]
M
R10(1)
1→2 · g1 =
[ 0
0 0
]
·
[ 2
0 0
]
=
[ 2
0 0
]
g2 ·MP (10,1)1→2 −MR
1
0(1)
1→2 · g1 =
[ 2
0 0
]
−
[ 2
0 0
]
=
[ 2
0 0
]
2. g3 ·MP (10,1)2→3 −MR
1
0(1)
2→3 · g2 = 0
g3 ·MP (10,1)2→3 =
[ 3 1 2
1 0 1 0
]
·
[ 3
3 1
3 0
]
=
[ 3 1 2
1 0 1 0
]
·

3
3 1
1 0
2 0
 = [ 31 0 ]
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M
R10(1)
2→3 · g2 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g3 ·MP (10,1)2→3 −MR
1
0(1)
2→3 · g2 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
3. g3 ·MP (10,1)4→3 −MR
1
0(1)
4→3 · g4 = 0
g3 ·MP (10,1)4→3 =
[ 3 1 2
1 0 1 0
]
·

2 2
2 1 0
2 1 1
2 0 1
 = [0 0 0 1 0 0] ·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=
[
0 1 0 1
]
M
R10(1)
4→3 · g4 =
[
1
]
·
[
0 1 0 1
]
=
[
0 1 0 1
]
g3 ·MP (10,1)4→3 −MR
1
0(1)
4→3 · g4 =
[
0 1 0 1
]
−
[
0 1 0 1
]
=
[ 4
1 0
]
4. g4 ·MP (10,1)5→4 −MR
1
0(1)
5→4 · g5 = 0
g4 ·MP (10,1)5→4 =
[
0 1 0 1
]
·

1 0
0 1
0 0
1 0
 =
[
1 1
]
M
R10(1)
5→4 · g5 =
[
1
]
·
[
1 1
]
=
[
1 1
]
g4 ·MP (10,1)5→4 −MR
1
0(1)
5→4 · g5 =
[
1 1
]
−
[
1 1
]
=
[ 2
1 0
]
5. g3 ·MP (10,1)6→3 −MR
1
0(1)
6→3 · g6 = 0
g3 ·MP (10,1)6→3 =
[ 3 1 2
1 0 1 0
]
·
[ 4
2 0
4 1
]
=
[ 2 1 1 2
1 0 0 1 0
]
·

1 1 2
2 0 0 0
1 1 0 0
1 0 1 0
2 0 0 1
 =
[ 1 1 2
1 0 1 0
]
M
R10(1)
6→3 · g6 =
[
1
]
·
[ 1 1 2
1 0 1 0
]
=
[ 1 1 2
1 0 1 0
]
g3 ·MP (10,1)6→3 −MR
1
0(1)
6→3 · g6 =
[ 1 1 2
1 0 1 0
]
−
[ 1 1 2
1 0 1 0
]
=
[ 4
1 0
]
6. g6 ·MP (10,1)7→6 −MR
1
0(1)
7→6 · g7 = 0
g6 ·MP (10,1)7→6 =
[ 1 1 2
1 0 1 0
]
·
[ 2
2 0
2 1
]
=
[ 1 1 2
1 0 1 0
]
·

2
1 0
1 0
2 1
 = [ 21 0 ]
M
R10(1)
7→6 · g7 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g6 ·MP (10,1)7→6 −MR
1
0(1)
7→6 · g7 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
0 0
]
·
[
1 0
0 91
]
=
[ 1 1
0 0 0
]
·
[
1 0
0 91
]
=
[ 2
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3
0 0
]
·
1 0 00 91 0
0 0 1
 = [ 1 1 10 0 0 0 ] ·
1 0 00 91 0
0 0 1
 = [ 30 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 3 1 2
1 0 1 0
]
·

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′
 =
[ 1 1 1 1 2
1 0 0 0 1 0
]
·

1 1 1 2
1 1 0 0 0
1 0 91 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1′
 =
[ 5
1 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 1 0 1
]
·

1 0 0
0 91 0
0 0 1
0 1 0
 =
[ 3
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 1
]
·
[
1
91
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 1 2
1 0 1 0
]
·

1 2
1 1 0
1 0 0
2 0 1′
 = [ 31 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2
0 0
]
·
[ 2
2 1′
]
=
[ 2
0 0
]
122.3 Tree module property of P (16, 1) 
The matrices of the representation have full (column) rank P
1. MP (16,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. MP (16,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. MP (16,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
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4. MP (16,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
1 0 0
0 1 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. MP (16,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. MP (16,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
122.3.1 0→ P (13, 1) f→ P (16, 1) g→ R2∞(1)→ 0 
PdimP (13, 1) + dimR2∞(1) = (2, 4, 7, 5, 2, 5, 2) + (1, 1, 2, 1, 1, 1, 1)
= (3, 5, 9, 6, 3, 6, 3) = dimP (16, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (13, 1)) = dimk HomkQ(R
2
∞(1), P (13, 1))− 〈dimR2∞(1),dimP (13, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (2, 4, 7, 5, 2, 5, 2)〉
= 1 · 4 + 1 · 7 + 1 · 7 + 1 · 5 + 1 · 7 + 1 · 5− (1 · 2 + 1 · 4 + 2 · 7 + 1 · 5 + 1 · 2 + 1 · 5 + 1 · 2)
= 4 + 7 + 7 + 5 + 7 + 5− (2 + 4 + 14 + 5 + 2 + 5 + 2)
= 1
Matrices of the embedding f : P (13, 1)→ P (16, 1) P
1. f1 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 0 0
1 0 91 0
0 1 0 91
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

∈M9,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

∈M6,5(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
91 0 0 1 0
0 91 0 0 1
0 0 91 0 0

∈M6,5(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (16, 1)→ R2∞(1) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 1 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1
]
∈M2,9(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 91 0 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 91
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 91 0 0 1
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (13, 1)→ P (16, 1) P
1. f2 ·MP (13,1)1→2 −MP (16,1)1→2 · f1 = 0
f2 ·MP (13,1)1→2 =

2 2
2 1 0
1 0 0
2 1 91
 · [
2
2 1
2 1
]
=

2
2 1
1 0
2 0
 = [
2
2 1
3 0
]
M
P (16,1)
1→2 · f1 =
[ 3
3 1
2 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
2 0
 = [
2
2 1
3 0
]
f2 ·MP (13,1)1→2 −MP (16,1)1→2 · f1 =
[ 2
2 1
3 0
]
−
[ 2
2 1
3 0
]
=
[ 2
5 0
]
2. f3 ·MP (13,1)2→3 −MP (16,1)2→3 · f2 = 0
f3 ·MP (13,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=

1 0 0 0
0 1 0 0
0 0 0 0
1 0 91 0
0 1 0 91
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

=

2 2
2 1 0
1 0 0
2 1 91
4 0 0

M
P (16,1)
2→3 · f2 =
[ 5
5 1
4 0
]
·

2 2
2 1 0
1 0 0
2 1 91
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
4 0 0 0
 ·

2 2
2 1 0
1 0 0
2 1 91
 =

2 2
2 1 0
1 0 0
2 1 91
4 0 0

f3 ·MP (13,1)2→3 −MP (16,1)2→3 · f2 =

2 2
2 1 0
1 0 0
2 1 91
4 0 0
−

2 2
2 1 0
1 0 0
2 1 91
4 0 0
 =
[ 4
9 0
]
3. f3 ·MP (13,1)4→3 −MP (16,1)4→3 · f4 = 0
f3 ·MP (13,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·
[ 5
5 1
2 0
]
=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

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M
P (16,1)
4→3 · f4 =

3 3
3 1 0
3 1 1
3 0 1
 ·

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

=

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

f3 ·MP (13,1)4→3 −MP (16,1)4→3 · f4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

−

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

=
[ 5
9 0
]
4. f4 ·MP (13,1)5→4 −MP (16,1)5→4 · f5 = 0
f4 ·MP (13,1)5→4 =

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 ·
[ 2
2 1
3 0
]
=

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 ·

2
2 1
1 0
2 0
 =

2
2 1
1 0
1 0
2 1
 =

2
2 1
2 0
2 1

M
P (16,1)
5→4 · f5 =

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
[ 2
2 1
1 0
]
=

2
2 1
1 0
1 0
2 1
 =

2
2 1
2 0
2 1

f4 ·MP (13,1)5→4 −MP (16,1)5→4 · f5 =

2
2 1
2 0
2 1
−

2
2 1
2 0
2 1
 = [ 26 0 ]
5. f3 ·MP (13,1)6→3 −MP (16,1)6→3 · f6 = 0
f3 ·MP (13,1)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·
[ 5
2 0
5 1
]
=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
91 0 0 1 0
0 91 0 0 1
0 0 91 0 0

=

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

M
P (16,1)
6→3 · f6 =
[ 6
3 0
6 1
]
·

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =

2 1 2 1
3 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

f3 ·MP (13,1)6→3 −MP (16,1)6→3 · f6 =

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
−

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =
[ 5
9 0
]
6. f6 ·MP (13,1)7→6 −MP (16,1)7→6 · f7 = 0
f6 ·MP (13,1)7→6 =

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 ·
[ 2
3 0
2 1
]
=

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 ·

2
2 0
1 0
2 1
 =

2
2 0
1 0
2 1
1 0
 =

2
3 0
2 1
1 0

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M
P (16,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 2
2 1
1 0
]
=

2 1
3 0 0
2 1 0
1 0 1
 · [
2
2 1
1 0
]
=

2
3 0
2 1
1 0

f6 ·MP (13,1)7→6 −MP (16,1)7→6 · f7 =

2
3 0
2 1
1 0
−

2
3 0
2 1
1 0
 = [ 26 0 ]
Relations of the projection g : P (16, 1)→ R2∞(1) P
1. g2 ·MP (16,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (16,1)1→2 =
[ 2 1 2
1 0 1 0
]
·
[ 3
3 1
2 0
]
=
[ 2 1 2
1 0 1 0
]
·

2 1
2 1 0
1 0 1
2 0 0
 = [ 2 11 0 1 ]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g2 ·MP (16,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
2. g3 ·MP (16,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (16,1)2→3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·
[ 5
5 1
4 0
]
=
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
2 0 0 0
1 0 0 0

=
[ 2 1 2
1 0 1 0
1 0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[ 2 1 2
1 0 1 0
]
=
[ 2 1 2
1 0 1 0
1 0 0 0
]
g3 ·MP (16,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[ 2 1 2
1 0 1 0
1 0 0 0
]
−
[ 2 1 2
1 0 1 0
1 0 0 0
]
=
[ 5
2 0
]
3. g3 ·MP (16,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (16,1)4→3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

3 3
3 1 0
3 1 1
3 0 1
 = [
2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=
[ 2 1 2 1
1 0 0 0 0
1 0 91 0 0
]
=
[ 2 1 3
1 0 0 0
1 0 91 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[ 2 1 3
1 0 91 0
]
=
[ 2 1 3
1 0 0 0
1 0 91 0
]
g3 ·MP (16,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[ 2 1 3
1 0 0 0
1 0 91 0
]
−
[ 2 1 3
1 0 0 0
1 0 91 0
]
=
[ 6
2 0
]
4. g4 ·MP (16,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (16,1)5→4 =
[ 2 1 3
1 0 91 0
]
·

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 =
[ 2 1 1 2
1 0 91 0 0
]
·

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 =
[ 2 1
1 0 91
]
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M
R2∞(1)
5→4 · g5 =
[
1
]
·
[ 2 1
1 0 91
]
=
[ 2 1
1 0 91
]
g4 ·MP (16,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[ 2 1
1 0 91
]
−
[ 2 1
1 0 91
]
=
[ 3
1 0
]
5. g3 ·MP (16,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (16,1)6→3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·
[ 6
3 0
6 1
]
=
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

2 1 2 1
2 0 0 0 0
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1

=
[ 2 1 2 1
1 0 91 0 1
1 0 91 0 1
]
M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[ 2 1 2 1
1 0 91 0 1
]
=
[ 2 1 2 1
1 0 91 0 1
1 0 91 0 1
]
g3 ·MP (16,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[ 2 1 2 1
1 0 91 0 1
1 0 91 0 1
]
−
[ 2 1 2 1
1 0 91 0 1
1 0 91 0 1
]
=
[ 6
2 0
]
6. g6 ·MP (16,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (16,1)7→6 =
[ 2 1 2 1
1 0 91 0 1
]
·
[ 3
3 0
3 1
]
=
[ 2 1 2 1
1 0 91 0 1
]
·

2 1
2 0 0
1 0 0
2 1 0
1 0 1
 =
[ 2 1
1 0 1
]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g6 ·MP (16,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1 2
1 0 1 0
]
·

2 2
2 1 0
1 0 0
2 1 91
 = [ 41 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

=
[
0 0 1 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1
]
·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

=
[ 7
2 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 2 1 3
1 0 91 0
]
·

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =
[ 2 1 1 2
1 0 91 0 0
]
·

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =
[ 5
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 91
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 2 1
1 0 91 0 1
]
·

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =
[ 5
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
122.3.2 0→ P (14, 5) f→ P (16, 1) g→ R10(1)→ 0 
PdimP (14, 5) + dimR
1
0(1) = (3, 5, 8, 5, 2, 5, 3) + (0, 0, 1, 1, 1, 1, 0)
= (3, 5, 9, 6, 3, 6, 3) = dimP (16, 1)
Pdimk Ext
1
kQ(R
1
0(1), P (14, 5)) = dimk HomkQ(R
1
0(1), P (14, 5))− 〈dimR10(1),dimP (14, 5)〉
= 0− 〈(0, 0, 1, 1, 1, 1, 0), (3, 5, 8, 5, 2, 5, 3)〉
= 0 · 5 + 0 · 8 + 1 · 8 + 1 · 5 + 1 · 8 + 0 · 5− (0 · 3 + 0 · 5 + 1 · 8 + 1 · 5 + 1 · 2 + 1 · 5 + 0 · 3)
= 0 + 0 + 8 + 5 + 8 + 0− (0 + 0 + 8 + 5 + 2 + 5 + 0)
= 1
Matrices of the embedding f : P (14, 5)→ P (16, 1) P
1. f1 =
0 1 01 0 0
0 0 91
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f1 =
[ 2 1
2 1′ 0
1 0 91
]
2. f2 =

0 1 0 0 0
1 0 0 0 0
0 0 91 0 0
0 0 0 0 1
0 0 0 1 0
 ∈M5,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f2 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′

3. f3 =

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0

∈M9,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′

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4. f4 =

0 1 0 0 0
1 0 0 0 0
0 0 91 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
1 0 1 0

5. f5 =
 0 11 0
91 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =
 0 11 0
91 0
 c1↔c2−−−−→
1 00 1
0 91

6. f6 =

0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 3
2 1′ 0
1 0 0
3 0 1′

7. f7 =
0 0 10 1 0
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f7 =
[ 3
3 1′
]
Matrices of the projection g : P (16, 1)→ R10(1) P
1. g1 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
2. g2 =
[ 5
0 0
]
∈M0,5(k) – rank computation not applicable here.
3. g3 =
[
0 0 0 0 0 1 0 0 0
]
∈M1,9(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0 0 1
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1 0 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
Relations of the embedding f : P (14, 5)→ P (16, 1) P
1. f2 ·MP (14,5)1→2 −MP (16,1)1→2 · f1 = 0
f2 ·MP (14,5)1→2 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
 · [
3
3 1
2 0
]
=

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
 ·

2 1
2 1 0
1 0 1
2 0 0
 =

2 1
2 1′ 0
1 0 91
2 0 0

M
P (16,1)
1→2 · f1 =
[ 3
3 1
2 0
]
·
[ 2 1
2 1′ 0
1 0 91
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2 1
2 1′ 0
1 0 91
]
=

2 1
2 1′ 0
1 0 91
2 0 0

f2 ·MP (14,5)1→2 −MP (16,1)1→2 · f1 =

2 1
2 1′ 0
1 0 91
2 0 0
−

2 1
2 1′ 0
1 0 91
2 0 0
 = [ 35 0 ]
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2. f3 ·MP (14,5)2→3 −MP (16,1)2→3 · f2 = 0
f3 ·MP (14,5)2→3 =

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′
 ·
[ 5
5 1
3 0
]
=

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′
 ·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
1 0 0 0
3 0 0 0
 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
4 0 0 0

M
P (16,1)
2→3 · f2 =
[ 5
5 1
4 0
]
·

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
4 0 0 0
 ·

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
4 0 0 0

f3 ·MP (14,5)2→3 −MP (16,1)2→3 · f2 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
4 0 0 0
−

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
4 0 0 0
 =
[ 5
9 0
]
3. f3 ·MP (14,5)4→3 −MP (16,1)4→3 · f4 = 0
f3 ·MP (14,5)4→3 =

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′
 ·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
2 1′ 0 0 0 0
1 0 91 0 0 0
2 0 0 1′ 0 0
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 1 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 1′ 0 0
1 0 91 0
2 1′ 0 1′
1 0 0 0
2 0 0 1′
1 0 1 0

M
P (16,1)
4→3 · f4 =

3 3
3 1 0
3 1 1
3 0 1
 ·

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
1 0 1 0
 =

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
1 0 1 0
 =

2 1 2
2 1′ 0 0
1 0 91 0
2 1′ 0 1′
1 0 0 0
2 0 0 1′
1 0 1 0

f3 ·MP (14,5)4→3 −MP (16,1)4→3 · f4 =

2 1 2
2 1′ 0 0
1 0 91 0
2 1′ 0 1′
1 0 0 0
2 0 0 1′
1 0 1 0

−

2 1 2
2 1′ 0 0
1 0 91 0
2 1′ 0 1′
1 0 0 0
2 0 0 1′
1 0 1 0

=
[ 5
9 0
]
4. f4 ·MP (14,5)5→4 −MP (16,1)5→4 · f5 = 0
f4 ·MP (14,5)5→4 =

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
1 0 1 0
 ·

2
2 1
2 1
1 0
 =

0 1 0 0 0
1 0 0 0 0
0 0 91 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0

·

1 0
0 1
1 0
0 1
0 0
 =

0 1
1 0
91 0
0 0
0 1
1 0

M
P (16,1)
5→4 · f5 =

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
 0 11 0
91 0
 =

1 0 0
0 1 0
0 0 1
0 0 0
1 0 0
0 1 0

·
 0 11 0
91 0
 =

0 1
1 0
91 0
0 0
0 1
1 0

f4 ·MP (14,5)5→4 −MP (16,1)5→4 · f5 =

0 1
1 0
91 0
0 0
0 1
1 0

−

0 1
1 0
91 0
0 0
0 1
1 0

=
[ 2
6 0
]
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5. f3 ·MP (14,5)6→3 −MP (16,1)6→3 · f6 = 0
f3 ·MP (14,5)6→3 =

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′
 ·
[ 5
3 0
5 1
]
=

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′
 ·

2 3
2 0 0
1 0 0
2 1 0
3 0 1
 =

2 3
2 0 0
1 0 0
2 1′ 0
1 0 0
3 0 1′
 =

2 3
3 0 0
2 1′ 0
1 0 0
3 0 1′

M
P (16,1)
6→3 · f6 =
[ 6
3 0
6 1
]
·

2 3
2 1′ 0
1 0 0
3 0 1′
 =

2 1 3
3 0 0 0
2 1 0 0
1 0 1 0
3 0 0 1
 ·

2 3
2 1′ 0
1 0 0
3 0 1′
 =

2 3
3 0 0
2 1′ 0
1 0 0
3 0 1′

f3 ·MP (14,5)6→3 −MP (16,1)6→3 · f6 =

2 3
3 0 0
2 1′ 0
1 0 0
3 0 1′
−

2 3
3 0 0
2 1′ 0
1 0 0
3 0 1′
 =
[ 5
9 0
]
6. f6 ·MP (14,5)7→6 −MP (16,1)7→6 · f7 = 0
f6 ·MP (14,5)7→6 =

2 3
2 1′ 0
1 0 0
3 0 1′
 · [
3
2 0
3 1
]
=

3
2 0
1 0
3 1′
 = [
3
3 0
3 1′
]
M
P (16,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 3
3 1′
]
=
[ 3
3 0
3 1′
]
f6 ·MP (14,5)7→6 −MP (16,1)7→6 · f7 =
[ 3
3 0
3 1′
]
−
[ 3
3 0
3 1′
]
=
[ 3
6 0
]
Relations of the projection g : P (16, 1)→ R10(1) P
1. g2 ·MP (16,1)1→2 −MR
1
0(1)
1→2 · g1 = 0
g2 ·MP (16,1)1→2 =
[ 5
0 0
]
·
[ 3
3 1
2 0
]
=
[ 3 2
0 0 0
]
·
[ 3
3 1
2 0
]
=
[ 3
0 0
]
M
R10(1)
1→2 · g1 =
[ 0
0 0
]
·
[ 3
0 0
]
=
[ 3
0 0
]
g2 ·MP (16,1)1→2 −MR
1
0(1)
1→2 · g1 =
[ 3
0 0
]
−
[ 3
0 0
]
=
[ 3
0 0
]
2. g3 ·MP (16,1)2→3 −MR
1
0(1)
2→3 · g2 = 0
g3 ·MP (16,1)2→3 =
[ 5 1 3
1 0 1 0
]
·
[ 5
5 1
4 0
]
=
[ 5 1 3
1 0 1 0
]
·

5
5 1
1 0
3 0
 = [ 51 0 ]
M
R10(1)
2→3 · g2 =
[ 0
1 0
]
·
[ 5
0 0
]
=
[ 5
1 0
]
g3 ·MP (16,1)2→3 −MR
1
0(1)
2→3 · g2 =
[ 5
1 0
]
−
[ 5
1 0
]
=
[ 5
1 0
]
679
3. g3 ·MP (16,1)4→3 −MR
1
0(1)
4→3 · g4 = 0
g3 ·MP (16,1)4→3 =
[ 5 1 3
1 0 1 0
]
·

3 3
3 1 0
3 1 1
3 0 1
 = [ 2 1 2 1 2 11 0 0 0 1 0 0 ] ·

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=
[ 2 1 2 1
1 0 1 0 1
]
M
R10(1)
4→3 · g4 =
[
1
]
·
[ 2 1 2 1
1 0 1 0 1
]
=
[ 2 1 2 1
1 0 1 0 1
]
g3 ·MP (16,1)4→3 −MR
1
0(1)
4→3 · g4 =
[ 2 1 2 1
1 0 1 0 1
]
−
[ 2 1 2 1
1 0 1 0 1
]
=
[ 6
1 0
]
4. g4 ·MP (16,1)5→4 −MR
1
0(1)
5→4 · g5 = 0
g4 ·MP (16,1)5→4 =
[ 2 1 2 1
1 0 1 0 1
]
·

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 =
[
0 0 1 0 0 1
]
·

1 0 0
0 1 0
0 0 1
0 0 0
1 0 0
0 1 0

=
[
0 1 1
]
M
R10(1)
5→4 · g5 =
[
1
]
·
[
0 1 1
]
=
[
0 1 1
]
g4 ·MP (16,1)5→4 −MR
1
0(1)
5→4 · g5 =
[
0 1 1
]
−
[
0 1 1
]
=
[ 3
1 0
]
5. g3 ·MP (16,1)6→3 −MR
1
0(1)
6→3 · g6 = 0
g3 ·MP (16,1)6→3 =
[ 5 1 3
1 0 1 0
]
·
[ 6
3 0
6 1
]
=
[ 3 2 1 3
1 0 0 1 0
]
·

2 1 3
3 0 0 0
2 1 0 0
1 0 1 0
3 0 0 1
 =
[ 2 1 3
1 0 1 0
]
M
R10(1)
6→3 · g6 =
[
1
]
·
[ 2 1 3
1 0 1 0
]
=
[ 2 1 3
1 0 1 0
]
g3 ·MP (16,1)6→3 −MR
1
0(1)
6→3 · g6 =
[ 2 1 3
1 0 1 0
]
−
[ 2 1 3
1 0 1 0
]
=
[ 6
1 0
]
6. g6 ·MP (16,1)7→6 −MR
1
0(1)
7→6 · g7 = 0
g6 ·MP (16,1)7→6 =
[ 2 1 3
1 0 1 0
]
·
[ 3
3 0
3 1
]
=
[ 2 1 3
1 0 1 0
]
·

3
2 0
1 0
3 1
 = [ 31 0 ]
M
R10(1)
7→6 · g7 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g6 ·MP (16,1)7→6 −MR
1
0(1)
7→6 · g7 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
680
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
0 0
]
·
[ 2 1
2 1′ 0
1 0 91
]
=
[ 2 1
0 0 0
]
·
[ 2 1
2 1′ 0
1 0 91
]
=
[ 3
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5
0 0
]
·

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
 = [ 2 1 20 0 0 0 ] ·

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
 = [ 50 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 5 1 3
1 0 1 0
]
·

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′
 =
[ 2 1 2 1 3
1 0 0 0 1 0
]
·

2 1 2 3
2 1′ 0 0 0
1 0 91 0 0
2 0 0 1′ 0
1 0 0 0 0
3 0 0 0 1′
 =
[ 8
1 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 2 1
1 0 1 0 1
]
·

2 1 2
2 1′ 0 0
1 0 91 0
2 0 0 1′
1 0 1 0
 =
[ 5
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1 1
]
·
 0 11 0
91 0
 = [ 21 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 3
1 0 1 0
]
·

2 3
2 1′ 0
1 0 0
3 0 1′
 = [ 51 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3
0 0
]
·
[ 3
3 1′
]
=
[ 3
0 0
]
122.4 Tree module property of P (22, 1) 
The matrices of the representation have full (column) rank P
1. MP (22,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. MP (22,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M12,7(k) is already in column echelon form and has maximal column rank.
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3. MP (22,1)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k) is already in column echelon form and has maximal column rank.
4. MP (22,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. MP (22,1)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k) is already in column echelon form and has maximal column rank.
6. MP (22,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
122.4.1 0→ P (19, 1) f→ P (22, 1) g→ R2∞(1)→ 0 
PdimP (19, 1) + dimR2∞(1) = (3, 6, 10, 7, 3, 7, 3) + (1, 1, 2, 1, 1, 1, 1)
= (4, 7, 12, 8, 4, 8, 4) = dimP (22, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (19, 1)) = dimk HomkQ(R
2
∞(1), P (19, 1))− 〈dimR2∞(1),dimP (19, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (3, 6, 10, 7, 3, 7, 3)〉
= 1 · 6 + 1 · 10 + 1 · 10 + 1 · 7 + 1 · 10 + 1 · 7− (1 · 3 + 1 · 6 + 2 · 10 + 1 · 7 + 1 · 3 + 1 · 7 + 1 · 3)
= 6 + 10 + 10 + 7 + 10 + 7− (3 + 6 + 20 + 7 + 3 + 7 + 3)
= 1
Matrices of the embedding f : P (19, 1)→ P (22, 1) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91

∈M7,6(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

∈M12,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

∈M8,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0

∈M8,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (22, 1)→ R2∞(1) P
1. g1 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0 0 0
]
∈M1,7(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 91 0 0 0 1
]
∈M2,12(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 91 0 0 0 0
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 91
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 91 0 0 0 1
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (19, 1)→ P (22, 1) P
1. f2 ·MP (19,1)1→2 −MP (22,1)1→2 · f1 = 0
f2 ·MP (19,1)1→2 =

3 3
3 1 0
1 0 0
3 1 91
 · [
3
3 1
3 1
]
=

3
3 1
1 0
3 0
 = [
3
3 1
4 0
]
M
P (22,1)
1→2 · f1 =
[ 4
4 1
3 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
3 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
3 0
 = [
3
3 1
4 0
]
f2 ·MP (19,1)1→2 −MP (22,1)1→2 · f1 =
[ 3
3 1
4 0
]
−
[ 3
3 1
4 0
]
=
[ 3
7 0
]
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2. f3 ·MP (19,1)2→3 −MP (22,1)2→3 · f2 = 0
f3 ·MP (19,1)2→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1

=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

3 3
3 1 0
1 0 0
3 1 91
5 0 0

M
P (22,1)
2→3 · f2 =
[ 7
7 1
5 0
]
·

3 3
3 1 0
1 0 0
3 1 91
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
5 0 0 0
 ·

3 3
3 1 0
1 0 0
3 1 91
 =

3 3
3 1 0
1 0 0
3 1 91
5 0 0

f3 ·MP (19,1)2→3 −MP (22,1)2→3 · f2 =

3 3
3 1 0
1 0 0
3 1 91
5 0 0
−

3 3
3 1 0
1 0 0
3 1 91
5 0 0
 =
[ 6
12 0
]
3. f3 ·MP (19,1)4→3 −MP (22,1)4→3 · f4 = 0
f3 ·MP (19,1)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·
[ 7
7 1
3 0
]
=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

M
P (22,1)
4→3 · f4 =

4 4
4 1 0
4 1 1
4 0 1
 ·

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

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f3 ·MP (19,1)4→3 −MP (22,1)4→3 · f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

−

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

=
[ 7
12 0
]
4. f4 ·MP (19,1)5→4 −MP (22,1)5→4 · f5 = 0
f4 ·MP (19,1)5→4 =

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 ·
[ 3
3 1
4 0
]
=

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 ·

3
3 1
1 0
3 0
 =

3
3 1
1 0
1 0
3 1
 =

3
3 1
2 0
3 1

M
P (22,1)
5→4 · f5 =

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·
[ 3
3 1
1 0
]
=

3
3 1
1 0
1 0
3 1
 =

3
3 1
2 0
3 1

f4 ·MP (19,1)5→4 −MP (22,1)5→4 · f5 =

3
3 1
2 0
3 1
−

3
3 1
2 0
3 1
 = [ 38 0 ]
5. f3 ·MP (19,1)6→3 −MP (22,1)6→3 · f6 = 0
f3 ·MP (19,1)6→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·
[ 7
3 0
7 1
]
=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0

=

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

M
P (22,1)
6→3 · f6 =
[ 8
4 0
8 1
]
·

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =

3 1 3 1
4 0 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
 ·

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

f3 ·MP (19,1)6→3 −MP (22,1)6→3 · f6 =

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
−

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =
[ 7
12 0
]
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6. f6 ·MP (19,1)7→6 −MP (22,1)7→6 · f7 = 0
f6 ·MP (19,1)7→6 =

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 ·
[ 3
4 0
3 1
]
=

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 ·

3
3 0
1 0
3 1
 =

3
3 0
1 0
3 1
1 0
 =

3
4 0
3 1
1 0

M
P (22,1)
7→6 · f7 =
[ 4
4 0
4 1
]
·
[ 3
3 1
1 0
]
=

3 1
4 0 0
3 1 0
1 0 1
 · [
3
3 1
1 0
]
=

3
4 0
3 1
1 0

f6 ·MP (19,1)7→6 −MP (22,1)7→6 · f7 =

3
4 0
3 1
1 0
−

3
4 0
3 1
1 0
 = [ 38 0 ]
Relations of the projection g : P (22, 1)→ R2∞(1) P
1. g2 ·MP (22,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (22,1)1→2 =
[ 3 1 3
1 0 1 0
]
·
[ 4
4 1
3 0
]
=
[ 3 1 3
1 0 1 0
]
·

3 1
3 1 0
1 0 1
3 0 0
 = [ 3 11 0 1 ]
M
R2∞(1)
1→2 · g1 =
[
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
]
g2 ·MP (22,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[ 3 1
1 0 1
]
−
[ 3 1
1 0 1
]
=
[ 4
1 0
]
2. g3 ·MP (22,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (22,1)2→3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·
[ 7
7 1
5 0
]
=
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
1 0 0 0
3 0 0 0
1 0 0 0

=
[ 3 1 3
1 0 1 0
1 0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[ 3 1 3
1 0 1 0
]
=
[ 3 1 3
1 0 1 0
1 0 0 0
]
g3 ·MP (22,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[ 3 1 3
1 0 1 0
1 0 0 0
]
−
[ 3 1 3
1 0 1 0
1 0 0 0
]
=
[ 7
2 0
]
3. g3 ·MP (22,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (22,1)4→3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

4 4
4 1 0
4 1 1
4 0 1
 = [
3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 1
3 0 0 1 0
1 0 0 0 1

=
[ 3 1 3 1
1 0 0 0 0
1 0 91 0 0
]
=
[ 3 1 4
1 0 0 0
1 0 91 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[ 3 1 4
1 0 91 0
]
=
[ 3 1 4
1 0 0 0
1 0 91 0
]
g3 ·MP (22,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[ 3 1 4
1 0 0 0
1 0 91 0
]
−
[ 3 1 4
1 0 0 0
1 0 91 0
]
=
[ 8
2 0
]
686
4. g4 ·MP (22,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (22,1)5→4 =
[ 3 1 4
1 0 91 0
]
·

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 =
[ 3 1 1 3
1 0 91 0 0
]
·

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 =
[ 3 1
1 0 91
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[ 3 1
1 0 91
]
=
[ 3 1
1 0 91
]
g4 ·MP (22,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[ 3 1
1 0 91
]
−
[ 3 1
1 0 91
]
=
[ 4
1 0
]
5. g3 ·MP (22,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (22,1)6→3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·
[ 8
4 0
8 1
]
=
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

3 1 3 1
3 0 0 0 0
1 0 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1

=
[ 3 1 3 1
1 0 91 0 1
1 0 91 0 1
]
M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[ 3 1 3 1
1 0 91 0 1
]
=
[ 3 1 3 1
1 0 91 0 1
1 0 91 0 1
]
g3 ·MP (22,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[ 3 1 3 1
1 0 91 0 1
1 0 91 0 1
]
−
[ 3 1 3 1
1 0 91 0 1
1 0 91 0 1
]
=
[ 8
2 0
]
6. g6 ·MP (22,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (22,1)7→6 =
[ 3 1 3 1
1 0 91 0 1
]
·
[ 4
4 0
4 1
]
=
[ 3 1 3 1
1 0 91 0 1
]
·

3 1
3 0 0
1 0 0
3 1 0
1 0 1
 =
[ 3 1
1 0 1
]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
]
g6 ·MP (22,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[ 3 1
1 0 1
]
−
[ 3 1
1 0 1
]
=
[ 4
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1 3
1 0 1 0
]
·

3 3
3 1 0
1 0 0
3 1 91
 = [ 61 0 ]
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3. g3 · f3 = 0
g3 ·f3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

=
[
0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 91 0 0 0 1
]
·

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

=
[10
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1 4
1 0 91 0
]
·

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =
[ 3 1 1 3
1 0 91 0 0
]
·

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =
[ 7
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 1
1 0 91
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 1 3 1
1 0 91 0 1
]
·

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =
[ 7
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
122.4.2 0→ P (20, 5) f→ P (22, 1) g→ R10(1)→ 0 
PdimP (20, 5) + dimR
1
0(1) = (4, 7, 11, 7, 3, 7, 4) + (0, 0, 1, 1, 1, 1, 0)
= (4, 7, 12, 8, 4, 8, 4) = dimP (22, 1)
Pdimk Ext
1
kQ(R
1
0(1), P (20, 5)) = dimk HomkQ(R
1
0(1), P (20, 5))− 〈dimR10(1),dimP (20, 5)〉
= 0− 〈(0, 0, 1, 1, 1, 1, 0), (4, 7, 11, 7, 3, 7, 4)〉
= 0 · 7 + 0 · 11 + 1 · 11 + 1 · 7 + 1 · 11 + 0 · 7− (0 · 4 + 0 · 7 + 1 · 11 + 1 · 7 + 1 · 3 + 1 · 7 + 0 · 4)
= 0 + 0 + 11 + 7 + 11 + 0− (0 + 0 + 11 + 7 + 3 + 7 + 0)
= 1
Matrices of the embedding f : P (20, 5)→ P (22, 1) P
1. f1 =

0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 91
 ∈M4,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f1 =
[ 3 1
3 1′ 0
1 0 91
]
2. f2 =

0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0

∈M7,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f2 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′

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3. f3 =

0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0

∈M12,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′

4. f4 =

0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0

∈M8,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
1 0 1 0

5. f5 =

0 0 1
0 1 0
1 0 0
91 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

1 2
2 0 1′
1 1 0
1 91 0
 c1↔c2−−−−→

2 1
2 1′ 0
1 0 1
1 0 91

6. f6 =

0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0

∈M8,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

3 4
3 1′ 0
1 0 0
4 0 1′

7. f7 =

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
 ∈M4,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f7 =
[ 4
4 1′
]
Matrices of the projection g : P (22, 1)→ R10(1) P
1. g1 =
[ 4
0 0
]
∈M0,4(k) – rank computation not applicable here.
2. g2 =
[ 7
0 0
]
∈M0,7(k) – rank computation not applicable here.
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3. g3 =
[
0 0 0 0 0 0 0 1 0 0 0 0
]
∈M1,12(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 1 0 0 0 1
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 1 0 0 0 0
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 4
0 0
]
∈M0,4(k) – rank computation not applicable here.
Relations of the embedding f : P (20, 5)→ P (22, 1) P
1. f2 ·MP (20,5)1→2 −MP (22,1)1→2 · f1 = 0
f2 ·MP (20,5)1→2 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
 · [
4
4 1
3 0
]
=

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
 ·

3 1
3 1 0
1 0 1
3 0 0
 =

3 1
3 1′ 0
1 0 91
3 0 0

M
P (22,1)
1→2 · f1 =
[ 4
4 1
3 0
]
·
[ 3 1
3 1′ 0
1 0 91
]
=

3 1
3 1 0
1 0 1
3 0 0
 · [
3 1
3 1′ 0
1 0 91
]
=

3 1
3 1′ 0
1 0 91
3 0 0

f2 ·MP (20,5)1→2 −MP (22,1)1→2 · f1 =

3 1
3 1′ 0
1 0 91
3 0 0
−

3 1
3 1′ 0
1 0 91
3 0 0
 = [ 47 0 ]
2. f3 ·MP (20,5)2→3 −MP (22,1)2→3 · f2 = 0
f3 ·MP (20,5)2→3 =

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′
 ·
[ 7
7 1
4 0
]
=

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′
 ·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
4 0 0 0
 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
1 0 0 0
4 0 0 0
 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
5 0 0 0

M
P (22,1)
2→3 · f2 =
[ 7
7 1
5 0
]
·

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
5 0 0 0
 ·

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
5 0 0 0

f3 ·MP (20,5)2→3 −MP (22,1)2→3 · f2 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
5 0 0 0
−

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
5 0 0 0
 =
[ 7
12 0
]
3. f3 ·MP (20,5)4→3 −MP (22,1)4→3 · f4 = 0
f3 ·MP (20,5)4→3 =

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′
 ·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3 1 3
3 1′ 0 0 0 0
1 0 91 0 0 0
3 0 0 1′ 0 0
1 0 0 0 0 0
3 0 0 0 0 1′
1 0 0 0 1 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
3 1′ 0 0
1 0 91 0
3 1′ 0 1′
1 0 0 0
3 0 0 1′
1 0 1 0

M
P (22,1)
4→3 · f4 =

4 4
4 1 0
4 1 1
4 0 1
 ·

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
1 0 1 0
 =

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 1
3 0 0 1 0
1 0 0 0 1

·

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
1 0 1 0
 =

3 1 3
3 1′ 0 0
1 0 91 0
3 1′ 0 1′
1 0 0 0
3 0 0 1′
1 0 1 0

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f3 ·MP (20,5)4→3 −MP (22,1)4→3 · f4 =

3 1 3
3 1′ 0 0
1 0 91 0
3 1′ 0 1′
1 0 0 0
3 0 0 1′
1 0 1 0

−

3 1 3
3 1′ 0 0
1 0 91 0
3 1′ 0 1′
1 0 0 0
3 0 0 1′
1 0 1 0

=
[ 7
12 0
]
4. f4 ·MP (20,5)5→4 −MP (22,1)5→4 · f5 = 0
f4 ·MP (20,5)5→4 =

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
1 0 1 0
 ·

3
3 1
3 1
1 0
 =

1 2 1 2 1
2 0 1′ 0 0 0
1 1 0 0 0 0
1 0 0 91 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
1 0 0 1 0 0

·

1 2
1 1 0
2 0 1
1 1 0
2 0 1
1 0 0
 =

1 2
2 0 1′
1 1 0
1 91 0
1 0 0
2 0 1′
1 1 0

M
P (22,1)
5→4 · f5 =

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·

1 2
2 0 1′
1 1 0
1 91 0
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
2 1 0 0
1 0 1 0

·

1 2
2 0 1′
1 1 0
1 91 0
 =

1 2
2 0 1′
1 1 0
1 91 0
1 0 0
2 0 1′
1 1 0

f4 ·MP (20,5)5→4 −MP (22,1)5→4 · f5 =

1 2
2 0 1′
1 1 0
1 91 0
1 0 0
2 0 1′
1 1 0

−

1 2
2 0 1′
1 1 0
1 91 0
1 0 0
2 0 1′
1 1 0

=
[ 3
8 0
]
5. f3 ·MP (20,5)6→3 −MP (22,1)6→3 · f6 = 0
f3 ·MP (20,5)6→3 =

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′
 ·
[ 7
4 0
7 1
]
=

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′
 ·

3 4
3 0 0
1 0 0
3 1 0
4 0 1
 =

3 4
3 0 0
1 0 0
3 1′ 0
1 0 0
4 0 1′
 =

3 4
4 0 0
3 1′ 0
1 0 0
4 0 1′

M
P (22,1)
6→3 · f6 =
[ 8
4 0
8 1
]
·

3 4
3 1′ 0
1 0 0
4 0 1′
 =

3 1 4
4 0 0 0
3 1 0 0
1 0 1 0
4 0 0 1
 ·

3 4
3 1′ 0
1 0 0
4 0 1′
 =

3 4
4 0 0
3 1′ 0
1 0 0
4 0 1′

f3 ·MP (20,5)6→3 −MP (22,1)6→3 · f6 =

3 4
4 0 0
3 1′ 0
1 0 0
4 0 1′
−

3 4
4 0 0
3 1′ 0
1 0 0
4 0 1′
 =
[ 7
12 0
]
6. f6 ·MP (20,5)7→6 −MP (22,1)7→6 · f7 = 0
f6 ·MP (20,5)7→6 =

3 4
3 1′ 0
1 0 0
4 0 1′
 · [
4
3 0
4 1
]
=

4
3 0
1 0
4 1′
 = [
4
4 0
4 1′
]
M
P (22,1)
7→6 · f7 =
[ 4
4 0
4 1
]
·
[ 4
4 1′
]
=
[ 4
4 0
4 1′
]
f6 ·MP (20,5)7→6 −MP (22,1)7→6 · f7 =
[ 4
4 0
4 1′
]
−
[ 4
4 0
4 1′
]
=
[ 4
8 0
]
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Relations of the projection g : P (22, 1)→ R10(1) P
1. g2 ·MP (22,1)1→2 −MR
1
0(1)
1→2 · g1 = 0
g2 ·MP (22,1)1→2 =
[ 7
0 0
]
·
[ 4
4 1
3 0
]
=
[ 4 3
0 0 0
]
·
[ 4
4 1
3 0
]
=
[ 4
0 0
]
M
R10(1)
1→2 · g1 =
[ 0
0 0
]
·
[ 4
0 0
]
=
[ 4
0 0
]
g2 ·MP (22,1)1→2 −MR
1
0(1)
1→2 · g1 =
[ 4
0 0
]
−
[ 4
0 0
]
=
[ 4
0 0
]
2. g3 ·MP (22,1)2→3 −MR
1
0(1)
2→3 · g2 = 0
g3 ·MP (22,1)2→3 =
[ 7 1 4
1 0 1 0
]
·
[ 7
7 1
5 0
]
=
[ 7 1 4
1 0 1 0
]
·

7
7 1
1 0
4 0
 = [ 71 0 ]
M
R10(1)
2→3 · g2 =
[ 0
1 0
]
·
[ 7
0 0
]
=
[ 7
1 0
]
g3 ·MP (22,1)2→3 −MR
1
0(1)
2→3 · g2 =
[ 7
1 0
]
−
[ 7
1 0
]
=
[ 7
1 0
]
3. g3 ·MP (22,1)4→3 −MR
1
0(1)
4→3 · g4 = 0
g3 ·MP (22,1)4→3 =
[ 7 1 4
1 0 1 0
]
·

4 4
4 1 0
4 1 1
4 0 1
 = [ 3 1 3 1 3 11 0 0 0 1 0 0 ] ·

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 1
3 0 0 1 0
1 0 0 0 1

=
[ 3 1 3 1
1 0 1 0 1
]
M
R10(1)
4→3 · g4 =
[
1
]
·
[ 3 1 3 1
1 0 1 0 1
]
=
[ 3 1 3 1
1 0 1 0 1
]
g3 ·MP (22,1)4→3 −MR
1
0(1)
4→3 · g4 =
[ 3 1 3 1
1 0 1 0 1
]
−
[ 3 1 3 1
1 0 1 0 1
]
=
[ 8
1 0
]
4. g4 ·MP (22,1)5→4 −MR
1
0(1)
5→4 · g5 = 0
g4 ·MP (22,1)5→4 =
[ 3 1 3 1
1 0 1 0 1
]
·

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 =
[ 2 1 1 1 2 1
1 0 0 1 0 0 1
]
·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
2 1 0 0
1 0 1 0

=
[ 2 1 1
1 0 1 1
]
M
R10(1)
5→4 · g5 =
[
1
]
·
[ 2 1 1
1 0 1 1
]
=
[ 2 1 1
1 0 1 1
]
g4 ·MP (22,1)5→4 −MR
1
0(1)
5→4 · g5 =
[ 2 1 1
1 0 1 1
]
−
[ 2 1 1
1 0 1 1
]
=
[ 4
1 0
]
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5. g3 ·MP (22,1)6→3 −MR
1
0(1)
6→3 · g6 = 0
g3 ·MP (22,1)6→3 =
[ 7 1 4
1 0 1 0
]
·
[ 8
4 0
8 1
]
=
[ 4 3 1 4
1 0 0 1 0
]
·

3 1 4
4 0 0 0
3 1 0 0
1 0 1 0
4 0 0 1
 =
[ 3 1 4
1 0 1 0
]
M
R10(1)
6→3 · g6 =
[
1
]
·
[ 3 1 4
1 0 1 0
]
=
[ 3 1 4
1 0 1 0
]
g3 ·MP (22,1)6→3 −MR
1
0(1)
6→3 · g6 =
[ 3 1 4
1 0 1 0
]
−
[ 3 1 4
1 0 1 0
]
=
[ 8
1 0
]
6. g6 ·MP (22,1)7→6 −MR
1
0(1)
7→6 · g7 = 0
g6 ·MP (22,1)7→6 =
[ 3 1 4
1 0 1 0
]
·
[ 4
4 0
4 1
]
=
[ 3 1 4
1 0 1 0
]
·

4
3 0
1 0
4 1
 = [ 41 0 ]
M
R10(1)
7→6 · g7 =
[ 0
1 0
]
·
[ 4
0 0
]
=
[ 4
1 0
]
g6 ·MP (22,1)7→6 −MR
1
0(1)
7→6 · g7 =
[ 4
1 0
]
−
[ 4
1 0
]
=
[ 4
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4
0 0
]
·
[ 3 1
3 1′ 0
1 0 91
]
=
[ 3 1
0 0 0
]
·
[ 3 1
3 1′ 0
1 0 91
]
=
[ 4
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7
0 0
]
·

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
 = [ 3 1 30 0 0 0 ] ·

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
 = [ 70 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 7 1 4
1 0 1 0
]
·

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′
 =
[ 3 1 3 1 4
1 0 0 0 1 0
]
·

3 1 3 4
3 1′ 0 0 0
1 0 91 0 0
3 0 0 1′ 0
1 0 0 0 0
4 0 0 0 1′
 =
[11
1 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1 3 1
1 0 1 0 1
]
·

3 1 3
3 1′ 0 0
1 0 91 0
3 0 0 1′
1 0 1 0
 =
[ 7
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1 1
1 0 1 1
]
·

1 2
2 0 1′
1 1 0
1 91 0
 = [ 31 0 ]
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6. g6 · f6 = 0
g6 · f6 =
[ 3 1 4
1 0 1 0
]
·

3 4
3 1′ 0
1 0 0
4 0 1′
 = [ 71 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 4
0 0
]
·
[ 4
4 1′
]
=
[ 4
0 0
]
122.5 Tree module property of P (6n+ 4, 1) 
The matrices of the representation have full (column) rank P
1. MP (6n+4,1)1→2 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n+4,1)2→3 =
[2n+1
2n+1 1
n+2 0
]
∈M3n+3,2n+1(k) is already in column echelon form and has maximal column rank.
3. MP (6n+4,1)4→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
4. MP (6n+4,1)5→4 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
5. MP (6n+4,1)6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
6. MP (6n+4,1)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
122.5.1 0→ P (6n+ 1, 1) f→ P (6n+ 4, 1) g→ R2∞(1)→ 0 
PdimP (6n+ 1, 1) + dimR2∞(1) = (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n) + (1, 1, 2, 1, 1, 1, 1)
= (n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1) = dimP (6n+ 4, 1)
Pdimk Ext
1
kQ(R
2
∞(1), P (6n+ 1, 1)) = dimk HomkQ(R
2
∞(1), P (6n+ 1, 1))− 〈dimR2∞(1),dimP (6n+ 1, 1)〉
= 0− 〈(1, 1, 2, 1, 1, 1, 1), (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n)〉
= 1 · 2n+ 1 · (3n+ 1) + 1 · (3n+ 1) + 1 · (2n+ 1) + 1 · (3n+ 1) + 1 · (2n+ 1)− (1 · n+ 1 · 2n+ 2 · (3n+ 1) + 1 · (2n+ 1) + 1 · n+ 1 · (2n+ 1) + 1 · n)
= 2n+ 3n+ 1 + 3n+ 1 + 2n+ 1 + 3n+ 1 + 2n+ 1− (n+ 2n+ 6n+ 2 + 2n+ 1 + n+ 2n+ 1 + n)
= 1
Matrices of the embedding f : P (6n+ 1, 1)→ P (6n+ 4, 1) P
1. f1 =
[ n
n 1
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
n 1 0
1 0 0
n 1 91
 ∈M2n+1,2n(k) is already in column echelon form and has maximal column rank.
3. f3 =

n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0
 ∈M3n+3,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column
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rank.
f3 =

1 n−2 1 1 n−2 1 1 1 1 n−2
1 1 0 0 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
n−2 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 0 0 0 0 1 0
n−2 0 1 0 0 0 0 0 0 0 1
1 0 0 1 0 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 1 1 n−2
n+2 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0

4. f4 =

n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]
∈M2n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ n
n 1
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =
[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0
 ∈M2n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ n
n 1
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 4, 1)→ R2∞(1) P
1. g1 =
[ n 1
1 0 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ n 1 n
1 0 1 0
]
∈M1,2n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
∈M2,3n+3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ n 1 n+1
1 0 91 0
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n 1
1 0 91
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ n 1 n 1
1 0 91 0 1
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n 1
1 0 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n+ 1, 1)→ P (6n+ 4, 1) P
1. f2 ·MP (6n+1,1)1→2 −MP (6n+4,1)1→2 · f1 = 0
f2 ·MP (6n+1,1)1→2 =

n n
n 1 0
1 0 0
n 1 91
 · [
n
n 1
n 1
]
=

n
n 1
1 0
n 0
 = [
n
n 1
n+1 0
]
M
P (6n+4,1)
1→2 · f1 =
[n+1
n+1 1
n 0
]
·
[ n
n 1
1 0
]
=

n 1
n 1 0
1 0 1
n 0 0
 · [
n
n 1
1 0
]
=

n
n 1
1 0
n 0
 = [
n
n 1
n+1 0
]
f2 ·MP (6n+1,1)1→2 −MP (6n+4,1)1→2 · f1 =
[ n
n 1
n+1 0
]
−
[ n
n 1
n+1 0
]
=
[ n
2n+1 0
]
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2. f3 ·MP (6n+1,1)2→3 −MP (6n+4,1)2→3 · f2 = 0
f3 ·MP (6n+1,1)2→3 =


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
=

n n n+1
n 1 0 0
1 0 0 0
n 1 0 0
2 0 0 0
n 1 0 0
 ·

n n
n 1 0
n 0 1
n+1 0 0
+

n 1 2n
n 1 0 0
1 0 0 0
n 1 0 0
2 0 0 0
n 1 0 0
 ·

2n
n 0
1 0
2n 1
+

n n n+1
n+2 0 0 0
n 1 0 0
n+1 0 0 0
 ·

n n
n 1 0
n 0 1
n+1 0 0
+

n 1 2n
n+2 0 0 0
n 1 0 0
n+1 0 0 0
 ·

2n
n 0
1 0
2n 1

+

n n 1 n
n+1 0 0 0 0
n 0 91 0 0
1 0 0 91 0
n 0 91 0 0
1 0 0 91 0
 ·

n n
n 1 0
n 0 1
1 0 0
n 0 0
+

n 1 n n
n+1 0 0 0 0
1 0 91 0 0
n 0 0 91 0
1 0 91 0 0
n 0 0 91 0
 ·

n n
n 0 0
1 0 0
n 1 0
n 0 1
+

2n 1 n
2n+2 0 0 0
n 0 0 1
1 0 0 0
 ·

2n
2n 1
1 0
n 0
+

n+1 n n
2n+2 0 0 0
n 0 0 1
1 0 0 0
 ·

n n
n+1 0 0
n 1 0
n 0 1

=

n n
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

2n
n 0
1 0
n 0
2 0
n 0
+

n n
n+2 0 0
n 1 0
n+1 0 0
+

2n
n+2 0
n 0
n+1 0
+

n n
n+1 0 0
n 0 91
1 0 0
n 0 91
1 0 0
+

n n
n+1 0 0
1 0 0
n 91 0
1 0 0
n 91 0
+

2n
2n+2 0
n 0
1 0
+

n n
2n+2 0 0
n 0 1
1 0 0

=

n n
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n n
n 0 0
1 0 0
n 0 0
2 0 0
n 0 0
+

n n
n+2 0 0
n 1 0
n+1 0 0
+

n n
n+2 0 0
n 0 0
n+1 0 0
+

n n
n+1 0 0
n 0 91
1 0 0
n 0 91
1 0 0
+

n n
n+1 0 0
1 0 0
n 91 0
1 0 0
n 91 0
+

n n
2n+2 0 0
n 0 0
1 0 0
+

n n
2n+2 0 0
n 0 1
1 0 0

=

n−1 1 1 n−1
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
n−1 1 0 0 1
1 0 1 0 0

+

n−1 1 1 n−1
n+1 0 0 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0
1 0 0 91 0
n−1 91 0 0 91
1 0 91 0 0

M
P (6n+4,1)
2→3 · f2 =
[2n+1
2n+1 1
n+2 0
]
·

n n
n 1 0
1 0 0
n 1 91
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+2 0 0 0
 ·

n n
n 1 0
1 0 0
n 1 91
 =

n n
n 1 0
1 0 0
n 1 91
n+2 0 0

f3 ·MP (6n+1,1)2→3 −MP (6n+4,1)2→3 · f2 =


n−1 1 1 n−1
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
n−1 1 0 0 1
1 0 1 0 0

+

n−1 1 1 n−1
n+1 0 0 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0
1 0 0 91 0
n−1 91 0 0 91
1 0 91 0 0


−

n n
n 1 0
1 0 0
n 1 91
n+2 0 0
 =

[n−1 n+1
n−1 1 0
2n+4 0 0
]
+

n−1 1 n
n−1 0 0 0
1 0 1 0
2n+3 0 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+3 0 0

+

n−1 1 n
2n 0 0 0
1 0 1 0
n+2 0 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 1 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 1 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 1
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 1 0
]
+

n 1 n−1
n+1 0 0 0
1 0 91 0
2n+1 0 0 0

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+
n+1 n−1
n+2 0 0
n−1 0 91
n+2 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 91 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 91 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 91
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 91 0
]

−

[n−1 n+1
n−1 1 0
2n+4 0 0
]
+

n−1 1 n
n−1 0 0 0
1 0 1 0
2n+3 0 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+3 0 0
+

n−1 1 n
2n 0 0 0
1 0 1 0
n+2 0 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 1 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 1 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 1
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 1 0
]
+

n 1 n−1
n+1 0 0 0
1 0 91 0
2n+1 0 0 0
+

n+1 n−1
n+2 0 0
n−1 0 91
n+2 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 91 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 91 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 91
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 91 0
]

=
[2n
3n+3 0
]
3. f3 ·MP (6n+1,1)4→3 −MP (6n+4,1)4→3 · f4 = 0
f3 ·MP (6n+1,1)4→3 =


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


·
[2n+1
2n+1 1
n 0
]
=

n n+1 n
n 1 0 0
1 0 0 0
n 1 0 0
2 0 0 0
n 1 0 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

n n+1 n
n+2 0 0 0
n 1 0 0
n+1 0 0 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0
 · [
2n+1
2n+1 1
n 0
]
=

n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1
n+1 0 0
n+1 0 91
n+1 0 91
+

2n+1
2n+2 0
n 0
1 0

=

n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1
n+1 0 0
n+1 0 91
n+1 0 91
+

n n+1
2n+2 0 0
n 0 0
1 0 0
 =

n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 1 n
n+1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91

M
P (6n+4,1)
4→3 · f4 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·


n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]

=

n 2 n
n 1 0 0
2 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n+1
n 1 0
2 0 0
n 1 0
+

n+1 n+1
n+1 1 0
n+1 0 1
n+1 0 0
 · [
n n+1
n+1 0 0
n+1 0 91
]
+

n 2 n
n+1 0 0 0
n 1 0 0
2 0 1 0
n 0 0 1
 ·

n n+1
n 1 0
2 0 0
n 1 0
+

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
 · [
n n+1
n+1 0 0
n+1 0 91
]
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=
n n+1
n 1 0
2 0 0
n 1 0
n+1 0 0
+

n n+1
n+1 0 0
n+1 0 91
n+1 0 0
+

n n+1
n+1 0 0
n 1 0
2 0 0
n 1 0
+

n n+1
n+1 0 0
n+1 0 0
n+1 0 91

=

n−1 1 n+1
n−1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n 1 n−1 1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 91 0 0
n−1 0 0 91 0
1 0 0 0 91
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

+

1 n−1 n+1
n−1 0 0 0
1 0 0 0
1 0 0 0
1 1 0 0
n−1 0 1 0
1 0 0 0
1 0 0 0
1 1 0 0
n−1 0 1 0

+

n 1 1 n−1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91

=

n 1 n
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91

+

n n+1
n+1 0 0
n 1 0
2 0 0
n 1 0

f3 ·MP (6n+1,1)4→3 −MP (6n+4,1)4→3 · f4 =


n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 1 n
n+1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91


−


n 1 n
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91

+

n n+1
n+1 0 0
n 1 0
2 0 0
n 1 0


=

[ n n+1
n 1 0
2n+3 0 0
]
+

n n+1
n+1 0 0
n 1 0
n+2 0 0
+ [
n n+1
2n+3 0 0
n 1 0
]
+

n 1 n
n+1 0 0 0
1 0 91 0
2n+1 0 0 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n+1 n
n+2 0 0
n 0 91
n+1 0 0
+

n 1 n
2n+2 0 0 0
1 0 91 0
n 0 0 0
+ [
n+1 n
2n+3 0 0
n 0 91
]

−

[ n n+1
n 1 0
2n+3 0 0
]
+

n n+1
n+1 0 0
n 1 0
n+2 0 0

+
[ n n+1
2n+3 0 0
n 1 0
]
+

n 1 n
n+1 0 0 0
1 0 91 0
2n+1 0 0 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n+1 n
n+2 0 0
n 0 91
n+1 0 0
+

n 1 n
2n+2 0 0 0
1 0 91 0
n 0 0 0
+ [
n+1 n
2n+3 0 0
n 0 91
]

=
[2n+1
3n+3 0
]
4. f4 ·MP (6n+1,1)5→4 −MP (6n+4,1)5→4 · f5 = 0
f4 ·MP (6n+1,1)5→4 =


n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]

·
[ n
n 1
n+1 0
]
=

n n+1
n 1 0
2 0 0
n 1 0
 · [
n
n 1
n+1 0
]
+
[ n n+1
n+1 0 0
n+1 0 91
]
·
[ n
n 1
n+1 0
]
=

n
n 1
2 0
n 1
+ [
n
n+1 0
n+1 0
]
=

n
n 1
1 0
1 0
n 1
+

n
n 0
1 0
1 0
n 0
 =

n
n 1
2 0
n 1

M
P (6n+4,1)
5→4 · f5 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·
[ n
n 1
1 0
]
=

n
n 1
1 0
1 0
n 1
 =

n
n 1
2 0
n 1

f4 ·MP (6n+1,1)5→4 −MP (6n+4,1)5→4 · f5 =

n
n 1
2 0
n 1
−

n
n 1
2 0
n 1
 = [ n2n+2 0 ]
5. f3 ·MP (6n+1,1)6→3 −MP (6n+4,1)6→3 · f6 = 0
f3 ·MP (6n+1,1)6→3 =


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


·
[2n+1
n 0
2n+1 1
]
=

n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
 ·
[2n+1
n 0
2n+1 1
]
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
 · [
2n+1
n 0
2n+1 1
]
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
 ·

n+1 n
n 0 0
n+1 1 0
n 0 1
+

n n+1 n
2n+2 0 0 0
n 0 0 1
1 0 0 0
 ·

n+1 n
n 0 0
n+1 1 0
n 0 1

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=
2n+1
n 0
1 0
n 0
2 0
n 0
+

2n+1
n+2 0
n 0
n+1 0
+

n+1 n
n+1 0 0
n+1 91 0
n+1 91 0
+

n+1 n
2n+2 0 0
n 0 1
1 0 0

=

n+1 n
n 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

n+1 n
n 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

1 n−1 1 n
n 0 0 0 0
1 0 0 0 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0

+

n+1 1 n−1
n 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

M
P (6n+4,1)
6→3 · f6 =
[2n+2
n+1 0
2n+2 1
]
·

[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0


=

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
 · [
n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n 1
n+1 0 0 0
n+1 1 0 0
n 0 1 0
1 0 0 1
 ·

n+1 n
n+1 0 0
n 0 1
1 0 0

=

n+1 n
n+1 0 0
n+1 91 0
n+1 91 0
+

n+1 n
n+1 0 0
n+1 0 0
n 0 1
1 0 0
 =

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 0
1 0 91 0
+

n+1 n
n+1 0 0
n 0 0
1 0 0
n 0 1
1 0 0
 =

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

f3 ·MP (6n+1,1)6→3 −MP (6n+4,1)6→3 · f6 =

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
−

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
 =
[2n+1
3n+3 0
]
6. f6 ·MP (6n+1,1)7→6 −MP (6n+4,1)7→6 · f7 = 0
f6 ·MP (6n+1,1)7→6 =

[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0


·
[ n
n+1 0
n 1
]
=
[n+1 n
n+1 91 0
n+1 91 0
]
·
[ n
n+1 0
n 1
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0
 · [
n
n+1 0
n 1
]
=
[ n
n+1 0
n+1 0
]
+

n
n+1 0
n 1
1 0
 =

n
n+1 0
n 0
1 0
+

n
n+1 0
n 1
1 0
 =

n
n+1 0
n 1
1 0

M
P (6n+4,1)
7→6 · f7 =
[n+1
n+1 0
n+1 1
]
·
[ n
n 1
1 0
]
=

n 1
n+1 0 0
n 1 0
1 0 1
 · [
n
n 1
1 0
]
=

n
n+1 0
n 1
1 0

f6 ·MP (6n+1,1)7→6 −MP (6n+4,1)7→6 · f7 =

n
n+1 0
n 1
1 0
−

n
n+1 0
n 1
1 0
 = [ n2n+2 0 ]
Relations of the projection g : P (6n+ 4, 1)→ R2∞(1) P
1. g2 ·MP (6n+4,1)1→2 −MR
2
∞(1)
1→2 · g1 = 0
g2 ·MP (6n+4,1)1→2 =
[ n 1 n
1 0 1 0
]
·
[n+1
n+1 1
n 0
]
=
[ n 1 n
1 0 1 0
]
·

n 1
n 1 0
1 0 1
n 0 0
 = [ n 11 0 1 ]
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M
R2∞(1)
1→2 · g1 =
[
1
]
·
[ n 1
1 0 1
]
=
[ n 1
1 0 1
]
g2 ·MP (6n+4,1)1→2 −MR
2
∞(1)
1→2 · g1 =
[ n 1
1 0 1
]
−
[ n 1
1 0 1
]
=
[n+1
1 0
]
2. g3 ·MP (6n+4,1)2→3 −MR
2
∞(1)
2→3 · g2 = 0
g3 ·MP (6n+4,1)2→3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·
[2n+1
2n+1 1
n+2 0
]
=
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
1 0 0 0

=
[ n 1 n
1 0 1 0
1 0 0 0
]
M
R2∞(1)
2→3 · g2 =
[
1
0
]
·
[ n 1 n
1 0 1 0
]
=
[ n 1 n
1 0 1 0
1 0 0 0
]
g3 ·MP (6n+4,1)2→3 −MR
2
∞(1)
2→3 · g2 =
[ n 1 n
1 0 1 0
1 0 0 0
]
−
[ n 1 n
1 0 1 0
1 0 0 0
]
=
[2n+1
2 0
]
3. g3 ·MP (6n+4,1)4→3 −MR
2
∞(1)
4→3 · g4 = 0
g3 ·MP (6n+4,1)4→3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
=
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

n 1 n 1
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
1 0 0 0 0

+
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

n 1 n 1
n 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[ n 1 n 1
1 0 1 0 91
1 0 0 0 91
]
+
[ n 1 n 1
1 0 91 0 1
1 0 91 0 1
]
=
[ n 1 n+1
1 0 0 0
1 0 91 0
]
M
R2∞(1)
4→3 · g4 =
[
0
1
]
·
[ n 1 n+1
1 0 91 0
]
=
[ n 1 n+1
1 0 0 0
1 0 91 0
]
g3 ·MP (6n+4,1)4→3 −MR
2
∞(1)
4→3 · g4 =
[ n 1 n+1
1 0 0 0
1 0 91 0
]
−
[ n 1 n+1
1 0 0 0
1 0 91 0
]
=
[2n+2
2 0
]
4. g4 ·MP (6n+4,1)5→4 −MR
2
∞(1)
5→4 · g5 = 0
g4 ·MP (6n+4,1)5→4 =
[ n 1 n+1
1 0 91 0
]
·

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 =
[ n 1 1 n
1 0 91 0 0
]
·

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 =
[ n 1
1 0 91
]
M
R2∞(1)
5→4 · g5 =
[
1
]
·
[ n 1
1 0 91
]
=
[ n 1
1 0 91
]
g4 ·MP (6n+4,1)5→4 −MR
2
∞(1)
5→4 · g5 =
[ n 1
1 0 91
]
−
[ n 1
1 0 91
]
=
[n+1
1 0
]
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5. g3 ·MP (6n+4,1)6→3 −MR
2
∞(1)
6→3 · g6 = 0
g3 ·MP (6n+4,1)6→3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·
[2n+2
n+1 0
2n+2 1
]
=
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

n 1 n 1
n 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[ n 1 n 1
1 0 91 0 1
1 0 91 0 1
]
M
R2∞(1)
6→3 · g6 =
[
1
1
]
·
[ n 1 n 1
1 0 91 0 1
]
=
[ n 1 n 1
1 0 91 0 1
1 0 91 0 1
]
g3 ·MP (6n+4,1)6→3 −MR
2
∞(1)
6→3 · g6 =
[ n 1 n 1
1 0 91 0 1
1 0 91 0 1
]
−
[ n 1 n 1
1 0 91 0 1
1 0 91 0 1
]
=
[2n+2
2 0
]
6. g6 ·MP (6n+4,1)7→6 −MR
2
∞(1)
7→6 · g7 = 0
g6 ·MP (6n+4,1)7→6 =
[ n 1 n 1
1 0 91 0 1
]
·
[n+1
n+1 0
n+1 1
]
=
[ n 1 n 1
1 0 91 0 1
]
·

n 1
n 0 0
1 0 0
n 1 0
1 0 1
 =
[ n 1
1 0 1
]
M
R2∞(1)
7→6 · g7 =
[
1
]
·
[ n 1
1 0 1
]
=
[ n 1
1 0 1
]
g6 ·MP (6n+4,1)7→6 −MR
2
∞(1)
7→6 · g7 =
[ n 1
1 0 1
]
−
[ n 1
1 0 1
]
=
[n+1
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n 1
1 0 1
]
·
[ n
n 1
1 0
]
=
[ n
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ n 1 n
1 0 1 0
]
·

n n
n 1 0
1 0 0
n 1 91
 = [2n1 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


=
[n−1 1 1 n−1 1 1 1 n−1 1
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 91 0 0 1
]
·

n−1 1 2n+1
n−1 1 0 0
1 0 1 0
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0

+
[ n 1 1 n−1 1 n 1
1 0 1 0 0 91 0 1
1 0 0 0 0 91 0 1
]
·

n−1 1 2n+1
n 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n 0 0 0
1 0 0 0

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+[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

n n 1 n
n 0 0 0 0
1 0 0 0 0
n 0 91 0 0
1 0 0 91 0
n 0 91 0 0
1 0 0 91 0

+
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 91 0 1
]
·

2n+1 n
n 0 0
1 0 0
n 0 0
1 0 0
n 0 1
1 0 0

=
[n−1 1 2n+1
1 0 1 0
1 0 1 0
]
+
[n−1 1 2n+1
1 0 91 0
1 0 91 0
]
+
[ n n 1 n
1 0 0 0 0
1 0 0 0 0
]
+
[2n+1 n
1 0 0
1 0 0
]
=
[n−1 1 n 1 n
1 0 1 0 0 0
1 0 1 0 0 0
]
+
[n−1 1 n 1 n
1 0 91 0 0 0
1 0 91 0 0 0
]
+
[n−1 1 n 1 n
1 0 0 0 0 0
1 0 0 0 0 0
]
+
[n−1 1 n 1 n
1 0 0 0 0 0
1 0 0 0 0 0
]
=
[3n+1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n 1 n+1
1 0 91 0
]
·


n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]

=
[ n 1 1 n
1 0 91 0 0
]
·

n n+1
n 1 0
1 0 0
1 0 0
n 1 0
+
[ n 1 n+1
1 0 91 0
]
·

n n+1
n 0 0
1 0 0
n+1 0 91
 = [ n n+11 0 0 ]+ [ n n+11 0 0 ] = [2n+11 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ n 1
1 0 91
]
·
[ n
n 1
1 0
]
=
[ n
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ n 1 n 1
1 0 91 0 1
]
·

[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0


=
[ n 1 n 1
1 0 91 0 1
]
·

n 1 n
n 91 0 0
1 0 91 0
n 91 0 0
1 0 91 0
+
[ n 1 n 1
1 0 91 0 1
]
·

n+1 n
n 0 0
1 0 0
n 0 1
1 0 0

=
[ n 1 n
1 0 0 0
]
+
[n+1 n
1 0 0
]
=
[ n 1 n
1 0 0 0
]
+
[ n 1 n
1 0 0 0
]
=
[2n+1
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n 1
1 0 1
]
·
[ n
n 1
1 0
]
=
[ n
1 0
]
122.5.2 0→ P (6n+ 2, 5) f→ P (6n+ 4, 1) g→ R10(1)→ 0 
PdimP (6n+ 2, 5) + dimR10(1) = (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 1, n+ 1) + (0, 0, 1, 1, 1, 1, 0)
= (n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1) = dimP (6n+ 4, 1)
Pdimk Ext
1
kQ(R
1
0(1), P (6n+ 2, 5)) = dimk HomkQ(R
1
0(1), P (6n+ 2, 5))− 〈dimR10(1),dimP (6n+ 2, 5)〉
= 0− 〈(0, 0, 1, 1, 1, 1, 0), (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 1, n+ 1)〉
= 0 · (2n+ 1) + 0 · (3n+ 2) + 1 · (3n+ 2) + 1 · (2n+ 1) + 1 · (3n+ 2) + 0 · (2n+ 1)
− (0 · (n+ 1) + 0 · (2n+ 1) + 1 · (3n+ 2) + 1 · (2n+ 1) + 1 · n+ 1 · (2n+ 1) + 0 · (n+ 1))
= 0 + 0 + 3n+ 2 + 2n+ 1 + 3n+ 2 + 0− (0 + 0 + 3n+ 2 + 2n+ 1 + n+ 2n+ 1 + 0)
= 1
Matrices of the embedding f : P (6n+ 2, 5)→ P (6n+ 4, 1) P
1. f1 =
[ n 1
n 1′ 0
1 0 91
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
2. f2 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
 ∈M2n+1,2n+1(k) is already in row echelon form and has maximal row rank.
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3. f3 =

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ∈M3n+3,3n+2(k) is already in column echelon form and has maximal column rank.
4. f4 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
 ∈M2n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 n−1
n−1 0 1′
1 1 0
1 91 0
 ∈Mn+1,n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

1 n−1
n−1 0 1′
1 1 0
1 91 0
 c1↔c2−−−−→

n−1 1
n−1 1′ 0
1 0 1
1 0 91

6. f6 =

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 ∈M2n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n n+1
n 1′ 0
1 0 0
n+1 0 1′

7. f7 =
[n+1
n+1 1′
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : P (6n+ 4, 1)→ R10(1) P
1. g1 =
[n+1
0 0
]
∈M0,n+1(k) – rank computation not applicable here.
2. g2 =
[2n+1
0 0
]
∈M0,2n+1(k) – rank computation not applicable here.
3. g3 =
[2n+1 1 n+1
1 0 1 0
]
∈M1,3n+3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ n 1 n 1
1 0 1 0 1
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n−1 1 1
1 0 1 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ n 1 n+1
1 0 1 0
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1
0 0
]
∈M0,n+1(k) – rank computation not applicable here.
Relations of the embedding f : P (6n+ 2, 5)→ P (6n+ 4, 1) P
1. f2 ·MP (6n+2,5)1→2 −MP (6n+4,1)1→2 · f1 = 0
f2 ·MP (6n+2,5)1→2 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
 · [
n+1
n+1 1
n 0
]
=

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
 ·

n 1
n 1 0
1 0 1
n 0 0
 =

n 1
n 1′ 0
1 0 91
n 0 0

M
P (6n+4,1)
1→2 · f1 =
[n+1
n+1 1
n 0
]
·
[ n 1
n 1′ 0
1 0 91
]
=

n 1
n 1 0
1 0 1
n 0 0
 · [
n 1
n 1′ 0
1 0 91
]
=

n 1
n 1′ 0
1 0 91
n 0 0

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f2 ·MP (6n+2,5)1→2 −MP (6n+4,1)1→2 · f1 =

n 1
n 1′ 0
1 0 91
n 0 0
−

n 1
n 1′ 0
1 0 91
n 0 0
 = [n+12n+1 0 ]
2. f3 ·MP (6n+2,5)2→3 −MP (6n+4,1)2→3 · f2 = 0
f3 ·MP (6n+2,5)2→3 =

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ·
[2n+1
2n+1 1
n+1 0
]
=

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 0 0
n+1 0 0 0
 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
n+2 0 0 0

M
P (6n+4,1)
2→3 · f2 =
[2n+1
2n+1 1
n+2 0
]
·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+2 0 0 0
 ·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
n+2 0 0 0

f3 ·MP (6n+2,5)2→3 −MP (6n+4,1)2→3 · f2 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
n+2 0 0 0
−

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
n+2 0 0 0
 =
[2n+1
3n+3 0
]
3. f3 ·MP (6n+2,5)4→3 −MP (6n+4,1)4→3 · f4 = 0
f3 ·MP (6n+2,5)4→3 =

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
+

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ·

n n+1
n 0 0
1 0 0
n 1 0
n+1 0 1

=

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 0 0
n+1 0 0 0
+

n n+1
n 0 0
1 0 0
n 1′ 0
1 0 0
n+1 0 1′
 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 0 0
n 0 0 0
1 0 0 0

+

n 1 n
n 0 0 0
1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0

=

n 1 n
n 1′ 0 0
1 0 91 0
n 1′ 0 1′
1 0 0 0
n 0 0 1′
1 0 1 0

M
P (6n+4,1)
4→3 · f4 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
 =

n 1 n 1
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n+1 0 0 0 0
 ·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
+

n 1 n 1
n+1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
 ·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0

=

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
n+1 0 0 0
+

n 1 n
n+1 0 0 0
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
n 0 0 0
1 0 0 0

+

n 1 n
n 0 0 0
1 0 0 0
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0

=

n 1 n
n 1′ 0 0
1 0 91 0
n 1′ 0 1′
1 0 0 0
n 0 0 1′
1 0 1 0

f3 ·MP (6n+2,5)4→3 −MP (6n+4,1)4→3 · f4 =

n 1 n
n 1′ 0 0
1 0 91 0
n 1′ 0 1′
1 0 0 0
n 0 0 1′
1 0 1 0

−

n 1 n
n 1′ 0 0
1 0 91 0
n 1′ 0 1′
1 0 0 0
n 0 0 1′
1 0 1 0

=
[2n+1
3n+3 0
]
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4. f4 ·MP (6n+2,5)5→4 −MP (6n+4,1)5→4 · f5 = 0
f4 ·MP (6n+2,5)5→4 =

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
 ·

n
n 1
n 1
1 0
 =

1 n−1 1 n−1 1
n−1 0 1′ 0 0 0
1 1 0 0 0 0
1 0 0 91 0 0
1 0 0 0 0 1
n−1 0 0 0 1′ 0
1 0 0 1 0 0

·

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
1 0 0
 =

1 n−1
n−1 0 1′
1 1 0
1 91 0
1 0 0
n−1 0 1′
1 1 0

M
P (6n+4,1)
5→4 · f5 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·

1 n−1
n−1 0 1′
1 1 0
1 91 0
 =

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
n−1 1 0 0
1 0 1 0

·

1 n−1
n−1 0 1′
1 1 0
1 91 0
 =

1 n−1
n−1 0 1′
1 1 0
1 91 0
1 0 0
n−1 0 1′
1 1 0

f4 ·MP (6n+2,5)5→4 −MP (6n+4,1)5→4 · f5 =

1 n−1
n−1 0 1′
1 1 0
1 91 0
1 0 0
n−1 0 1′
1 1 0

−

1 n−1
n−1 0 1′
1 1 0
1 91 0
1 0 0
n−1 0 1′
1 1 0

=
[ n
2n+2 0
]
5. f3 ·MP (6n+2,5)6→3 −MP (6n+4,1)6→3 · f6 = 0
f3 ·MP (6n+2,5)6→3 =

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ·
[2n+1
n+1 0
2n+1 1
]
=

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 ·

n n+1
n 0 0
1 0 0
n 1 0
n+1 0 1
 =

n n+1
n 0 0
1 0 0
n 1′ 0
1 0 0
n+1 0 1′
 =

n n+1
n+1 0 0
n 1′ 0
1 0 0
n+1 0 1′

M
P (6n+4,1)
6→3 · f6 =
[2n+2
n+1 0
2n+2 1
]
·

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 =

n 1 n 1
n+1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
 ·

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 =

n 1 n
n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 =

n n+1
n+1 0 0
n 1′ 0
1 0 0
n+1 0 1′

f3 ·MP (6n+2,5)6→3 −MP (6n+4,1)6→3 · f6 =

n n+1
n+1 0 0
n 1′ 0
1 0 0
n+1 0 1′
−

n n+1
n+1 0 0
n 1′ 0
1 0 0
n+1 0 1′
 =
[2n+1
3n+3 0
]
6. f6 ·MP (6n+2,5)7→6 −MP (6n+4,1)7→6 · f7 = 0
f6 ·MP (6n+2,5)7→6 =

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 ·
[n+1
n 0
n+1 1
]
=

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 ·

1 n
n 0 0
1 1 0
n 0 1
 =

1 n
n 0 0
1 0 0
n 0 1′
1 1 0
 =
[n+1
n+1 0
n+1 1′
]
M
P (6n+4,1)
7→6 · f7 =
[n+1
n+1 0
n+1 1
]
·
[n+1
n+1 1′
]
=
[n+1
n+1 0
n+1 1′
]
f6 ·MP (6n+2,5)7→6 −MP (6n+4,1)7→6 · f7 =
[n+1
n+1 0
n+1 1′
]
−
[n+1
n+1 0
n+1 1′
]
=
[n+1
2n+2 0
]
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Relations of the projection g : P (6n+ 4, 1)→ R10(1) P
1. g2 ·MP (6n+4,1)1→2 −MR
1
0(1)
1→2 · g1 = 0
g2 ·MP (6n+4,1)1→2 =
[2n+1
0 0
]
·
[n+1
n+1 1
n 0
]
=
[n+1 n
0 0 0
]
·
[n+1
n+1 1
n 0
]
=
[n+1
0 0
]
M
R10(1)
1→2 · g1 =
[ 0
0 0
]
·
[n+1
0 0
]
=
[n+1
0 0
]
g2 ·MP (6n+4,1)1→2 −MR
1
0(1)
1→2 · g1 =
[n+1
0 0
]
−
[n+1
0 0
]
=
[n+1
0 0
]
2. g3 ·MP (6n+4,1)2→3 −MR
1
0(1)
2→3 · g2 = 0
g3 ·MP (6n+4,1)2→3 =
[2n+1 1 n+1
1 0 1 0
]
·
[2n+1
2n+1 1
n+2 0
]
=
[2n+1 1 n+1
1 0 1 0
]
·

2n+1
2n+1 1
1 0
n+1 0
 = [2n+11 0 ]
M
R10(1)
2→3 · g2 =
[ 0
1 0
]
·
[2n+1
0 0
]
=
[2n+1
1 0
]
g3 ·MP (6n+4,1)2→3 −MR
1
0(1)
2→3 · g2 =
[2n+1
1 0
]
−
[2n+1
1 0
]
=
[2n+1
1 0
]
3. g3 ·MP (6n+4,1)4→3 −MR
1
0(1)
4→3 · g4 = 0
g3 ·MP (6n+4,1)4→3 =
[2n+1 1 n+1
1 0 1 0
]
·

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] =
[2n+1 1 n+1
1 0 1 0
]
·

2n+1 1
2n+1 1 0
1 0 1
n+1 0 0
+ [n+1 n 1 n+11 0 0 1 0 ] ·

n 1 n+1
n+1 0 0 0
n 1 0 0
1 0 1 0
n+1 0 0 1

=
[2n+1 1
1 0 1
]
+
[ n 1 n+1
1 0 1 0
]
=
[ n 1 n 1
1 0 0 0 1
]
+
[ n 1 n 1
1 0 1 0 0
]
=
[ n 1 n 1
1 0 1 0 1
]
M
R10(1)
4→3 · g4 =
[
1
]
·
[ n 1 n 1
1 0 1 0 1
]
=
[ n 1 n 1
1 0 1 0 1
]
g3 ·MP (6n+4,1)4→3 −MR
1
0(1)
4→3 · g4 =
[ n 1 n 1
1 0 1 0 1
]
−
[ n 1 n 1
1 0 1 0 1
]
=
[2n+2
1 0
]
4. g4 ·MP (6n+4,1)5→4 −MR
1
0(1)
5→4 · g5 = 0
g4 ·MP (6n+4,1)5→4 =
[ n 1 n 1
1 0 1 0 1
]
·

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 =
[n−1 1 1 1 n−1 1
1 0 0 1 0 0 1
]
·

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
n−1 1 0 0
1 0 1 0

=
[n−1 1 1
1 0 1 1
]
M
R10(1)
5→4 · g5 =
[
1
]
·
[n−1 1 1
1 0 1 1
]
=
[n−1 1 1
1 0 1 1
]
g4 ·MP (6n+4,1)5→4 −MR
1
0(1)
5→4 · g5 =
[n−1 1 1
1 0 1 1
]
−
[n−1 1 1
1 0 1 1
]
=
[n+1
1 0
]
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5. g3 ·MP (6n+4,1)6→3 −MR
1
0(1)
6→3 · g6 = 0
g3 ·MP (6n+4,1)6→3 =
[2n+1 1 n+1
1 0 1 0
]
·
[2n+2
n+1 0
2n+2 1
]
=
[n+1 n 1 n+1
1 0 0 1 0
]
·

n 1 n+1
n+1 0 0 0
n 1 0 0
1 0 1 0
n+1 0 0 1
 =
[ n 1 n+1
1 0 1 0
]
M
R10(1)
6→3 · g6 =
[
1
]
·
[ n 1 n+1
1 0 1 0
]
=
[ n 1 n+1
1 0 1 0
]
g3 ·MP (6n+4,1)6→3 −MR
1
0(1)
6→3 · g6 =
[ n 1 n+1
1 0 1 0
]
−
[ n 1 n+1
1 0 1 0
]
=
[2n+2
1 0
]
6. g6 ·MP (6n+4,1)7→6 −MR
1
0(1)
7→6 · g7 = 0
g6 ·MP (6n+4,1)7→6 =
[ n 1 n+1
1 0 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[ n 1 n+1
1 0 1 0
]
·

n+1
n 0
1 0
n+1 1
 = [n+11 0 ]
M
R10(1)
7→6 · g7 =
[ 0
1 0
]
·
[n+1
0 0
]
=
[n+1
1 0
]
g6 ·MP (6n+4,1)7→6 −MR
1
0(1)
7→6 · g7 =
[n+1
1 0
]
−
[n+1
1 0
]
=
[n+1
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1
0 0
]
·
[ n 1
n 1′ 0
1 0 91
]
=
[ n 1
0 0 0
]
·
[ n 1
n 1′ 0
1 0 91
]
=
[n+1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[2n+1
0 0
]
·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
 = [ n 1 n0 0 0 0 ] ·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
 = [2n+10 0 ]
3. g3 · f3 = 0
g3 · f3 =
[2n+1 1 n+1
1 0 1 0
]
·

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 =
[ n 1 n 1 n+1
1 0 0 0 1 0
]
·

n 1 n n+1
n 1′ 0 0 0
1 0 91 0 0
n 0 0 1′ 0
1 0 0 0 0
n+1 0 0 0 1′
 =
[3n+2
1 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n 1 n 1
1 0 1 0 1
]
·

n 1 n
n 1′ 0 0
1 0 91 0
n 0 0 1′
1 0 1 0
 =
[2n+1
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[n−1 1 1
1 0 1 1
]
·

1 n−1
n−1 0 1′
1 1 0
1 91 0
 = [ n1 0 ]
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6. g6 · f6 = 0
g6 · f6 =
[ n 1 n+1
1 0 1 0
]
·

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 =
[ n 1 n 1
1 0 1 0 0
]
·

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
 =
[2n+1
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[n+1
0 0
]
·
[n+1
n+1 1′
]
=
[n+1
0 0
]
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123 Tree module property of P (6n+ 5, 1)
123.1 Tree module property of P (5, 1) 
The matrices of the representation have full (column) rank P
1. MP (5,1)1→2 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. MP (5,1)2→3 =
1 01 1
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. MP (5,1)4→3 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
4. MP (5,1)5→4 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. MP (5,1)6→3 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. MP (5,1)7→6 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
123.1.1 0→ P (1, 5) f→ P (5, 1) g→ R11(2)→ 0 
PdimP (1, 5) + dimR11(2) = (0, 1, 1, 0, 0, 1, 0) + (0, 1, 2, 2, 1, 1, 1)
= (0, 2, 3, 2, 1, 2, 1) = dimP (5, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (1, 5)) = dimk HomkQ(R
1
1(2), P (1, 5))− 〈dimR11(2),dimP (1, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (0, 1, 1, 0, 0, 1, 0)〉
= 0 · 1 + 1 · 1 + 2 · 1 + 1 · 0 + 1 · 1 + 1 · 1− (0 · 0 + 1 · 1 + 2 · 1 + 2 · 0 + 1 · 0 + 1 · 1 + 1 · 0)
= 0 + 1 + 2 + 0 + 1 + 1− (0 + 1 + 2 + 0 + 0 + 1 + 0)
= 1
Matrices of the embedding f : P (1, 5)→ P (5, 1) P
1. f1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. f2 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
01
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : P (5, 1)→ R11(2) P
1. g1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. g2 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 91 1
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
1 91 1
1 0 0
]
r2←r2−r1−−−−−−→
[
1 91 1
0 1 91
]
4. g4 =
[
1 91
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[
1 91
1 0
]
r2←r2−r1−−−−−−→
[
1 91
0 1
]
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5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (1, 5)→ P (5, 1) P
1. f2 ·MP (1,5)1→2 −MP (5,1)1→2 · f1 = 0
f2 ·MP (1,5)1→2 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (5,1)
1→2 · f1 =
[ 0
2 0
]
·
[ 0
0 0
]
=
[ 0
2 0
]
f2 ·MP (1,5)1→2 −MP (5,1)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·MP (1,5)2→3 −MP (5,1)2→3 · f2 = 0
f3 ·MP (1,5)2→3 =
01
1
 · [1] =
01
1

M
P (5,1)
2→3 · f2 =
1 01 1
0 1
 · [0
1
]
=
01
1

f3 ·MP (1,5)2→3 −MP (5,1)2→3 · f2 =
01
1
−
01
1
 = [ 13 0 ]
3. f3 ·MP (1,5)4→3 −MP (5,1)4→3 · f4 = 0
f3 ·MP (1,5)4→3 =
01
1
 · [ 01 0 ] = [ 03 0 ]
M
P (5,1)
4→3 · f4 =
[ 2
2 1
1 0
]
·
[ 0
2 0
]
=
[ 0
3 0
]
f3 ·MP (1,5)4→3 −MP (5,1)4→3 · f4 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
4. f4 ·MP (1,5)5→4 −MP (5,1)5→4 · f5 = 0
f4 ·MP (1,5)5→4 =
[ 0
2 0
]
·
[ 0
0 0
]
=
[ 0
2 0
]
M
P (5,1)
5→4 · f5 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MP (1,5)5→4 −MP (5,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·MP (1,5)6→3 −MP (5,1)6→3 · f6 = 0
f3 ·MP (1,5)6→3 =
01
1
 · [1] =
01
1

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M
P (5,1)
6→3 · f6 =
[ 2
1 0
2 1
]
·
[
1
1
]
=
0 01 0
0 1
 · [1
1
]
=
01
1

f3 ·MP (1,5)6→3 −MP (5,1)6→3 · f6 =
01
1
−
01
1
 = [ 13 0 ]
6. f6 ·MP (1,5)7→6 −MP (5,1)7→6 · f7 = 0
f6 ·MP (1,5)7→6 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (5,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MP (1,5)7→6 −MP (5,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : P (5, 1)→ R11(2) P
1. g2 ·MP (5,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (5,1)1→2 =
[
1 0
]
·
[ 0
2 0
]
=
[
1 0
]
·
[ 0
1 0
1 0
]
=
[ 0
1 0
]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
g2 ·MP (5,1)1→2 −MR
1
1(2)
1→2 · g1 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
2. g3 ·MP (5,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (5,1)2→3 =
[
1 91 1
1 0 0
]
·
1 01 1
0 1
 = [0 0
1 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[
1 0
]
=
[
0 0
1 0
]
g3 ·MP (5,1)2→3 −MR
1
1(2)
2→3 · g2 =
[
0 0
1 0
]
−
[
0 0
1 0
]
=
[ 2
2 0
]
3. g3 ·MP (5,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (5,1)4→3 =
[
1 91 1
1 0 0
]
·
[ 2
2 1
1 0
]
=
[
1 91 1
1 0 0
]
·
1 00 1
0 0
 = [1 91
1 0
]
M
R11(2)
4→3 · g4 =
[ 2
2 1
]
·
[
1 91
1 0
]
=
[
1 0
0 1
]
·
[
1 91
1 0
]
=
[
1 91
1 0
]
g3 ·MP (5,1)4→3 −MR
1
1(2)
4→3 · g4 =
[
1 91
1 0
]
−
[
1 91
1 0
]
=
[ 2
2 0
]
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4. g4 ·MP (5,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (5,1)5→4 =
[
1 91
1 0
]
·
[
1
0
]
=
[
1
1
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[
1
]
=
[
1
1
]
g4 ·MP (5,1)5→4 −MR
1
1(2)
5→4 · g5 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
5. g3 ·MP (5,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (5,1)6→3 =
[
1 91 1
1 0 0
]
·
[ 2
1 0
2 1
]
=
[
1 91 1
1 0 0
]
·
0 01 0
0 1
 = [91 1
0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[
91 1
]
=
[
91 1
0 0
]
g3 ·MP (5,1)6→3 −MR
1
1(2)
6→3 · g6 =
[
91 1
0 0
]
−
[
91 1
0 0
]
=
[ 2
2 0
]
6. g6 ·MP (5,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (5,1)7→6 =
[
91 1
]
·
[
0
1
]
=
[
1
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[
1
]
=
[
1
]
g6 ·MP (5,1)7→6 −MR
1
1(2)
7→6 · g7 =
[
1
]
−
[
1
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 0
0 0
]
·
[ 0
0 0
]
=
[ 0
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0
]
·
[
0
1
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 91 1
1 0 0
]
·
01
1
 = [ 12 0 ]
4. g4 · f4 = 0
g4 · f4 =
[
1 91
1 0
]
·
[ 0
2 0
]
=
[
1 91
1 0
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 1
]
·
[
1
1
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
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123.1.2 0→ P (1, 7) f→ P (5, 1) g→ R10(2)→ 0 
PdimP (1, 7) + dimR10(2) = (0, 1, 1, 1, 0, 0, 0) + (0, 1, 2, 1, 1, 2, 1)
= (0, 2, 3, 2, 1, 2, 1) = dimP (5, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (1, 7)) = dimk HomkQ(R
1
0(2), P (1, 7))− 〈dimR10(2),dimP (1, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (0, 1, 1, 1, 0, 0, 0)〉
= 0 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 2 · 1 + 1 · 0− (0 · 0 + 1 · 1 + 2 · 1 + 1 · 1 + 1 · 0 + 2 · 0 + 1 · 0)
= 0 + 1 + 1 + 1 + 2 + 0− (0 + 1 + 2 + 1 + 0 + 0 + 0)
= 1
Matrices of the embedding f : P (1, 7)→ P (5, 1) P
1. f1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. f2 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
11
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : P (5, 1)→ R10(2) P
1. g1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. g2 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 91 1
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 1
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (1, 7)→ P (5, 1) P
1. f2 ·MP (1,7)1→2 −MP (5,1)1→2 · f1 = 0
f2 ·MP (1,7)1→2 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (5,1)
1→2 · f1 =
[ 0
2 0
]
·
[ 0
0 0
]
=
[ 0
2 0
]
f2 ·MP (1,7)1→2 −MP (5,1)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·MP (1,7)2→3 −MP (5,1)2→3 · f2 = 0
f3 ·MP (1,7)2→3 =
11
0
 · [1] =
11
0

M
P (5,1)
2→3 · f2 =
1 01 1
0 1
 · [1
0
]
=
11
0

713
f3 ·MP (1,7)2→3 −MP (5,1)2→3 · f2 =
11
0
−
11
0
 = [ 13 0 ]
3. f3 ·MP (1,7)4→3 −MP (5,1)4→3 · f4 = 0
f3 ·MP (1,7)4→3 =
11
0
 · [1] =
11
0

M
P (5,1)
4→3 · f4 =
[ 2
2 1
1 0
]
·
[
1
1
]
=
1 00 1
0 0
 · [1
1
]
=
11
0

f3 ·MP (1,7)4→3 −MP (5,1)4→3 · f4 =
11
0
−
11
0
 = [ 13 0 ]
4. f4 ·MP (1,7)5→4 −MP (5,1)5→4 · f5 = 0
f4 ·MP (1,7)5→4 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
P (5,1)
5→4 · f5 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MP (1,7)5→4 −MP (5,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·MP (1,7)6→3 −MP (5,1)6→3 · f6 = 0
f3 ·MP (1,7)6→3 =
11
0
 · [ 01 0 ] = [ 03 0 ]
M
P (5,1)
6→3 · f6 =
[ 2
1 0
2 1
]
·
[ 0
2 0
]
=
[ 0
3 0
]
f3 ·MP (1,7)6→3 −MP (5,1)6→3 · f6 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
6. f6 ·MP (1,7)7→6 −MP (5,1)7→6 · f7 = 0
f6 ·MP (1,7)7→6 =
[ 0
2 0
]
·
[ 0
0 0
]
=
[ 0
2 0
]
M
P (5,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MP (1,7)7→6 −MP (5,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
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Relations of the projection g : P (5, 1)→ R10(2) P
1. g2 ·MP (5,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (5,1)1→2 =
[
0 1
]
·
[ 0
2 0
]
=
[
0 1
]
·
[ 0
1 0
1 0
]
=
[ 0
1 0
]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
g2 ·MP (5,1)1→2 −MR
1
0(2)
1→2 · g1 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
2. g3 ·MP (5,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (5,1)2→3 =
[
1 91 1
0 0 1
]
·
1 01 1
0 1
 = [0 0
0 1
]
M
R10(2)
2→3 · g2 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g3 ·MP (5,1)2→3 −MR
1
0(2)
2→3 · g2 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
3. g3 ·MP (5,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (5,1)4→3 =
[
1 91 1
0 0 1
]
·
[ 2
2 1
1 0
]
=
[
1 91 1
0 0 1
]
·
1 00 1
0 0
 = [1 91
0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[
1 91
]
=
[
1 91
0 0
]
g3 ·MP (5,1)4→3 −MR
1
0(2)
4→3 · g4 =
[
1 91
0 0
]
−
[
1 91
0 0
]
=
[ 2
2 0
]
4. g4 ·MP (5,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (5,1)5→4 =
[
1 91
]
·
[
1
0
]
=
[
1
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[
1
]
=
[
1
]
g4 ·MP (5,1)5→4 −MR
1
0(2)
5→4 · g5 =
[
1
]
−
[
1
]
=
[
0
]
5. g3 ·MP (5,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (5,1)6→3 =
[
1 91 1
0 0 1
]
·
[ 2
1 0
2 1
]
=
[
1 91 1
0 0 1
]
·
0 01 0
0 1
 = [91 1
0 1
]
M
R10(2)
6→3 · g6 =
[ 2
2 1
]
·
[
91 1
0 1
]
=
[
1 0
0 1
]
·
[
91 1
0 1
]
=
[
91 1
0 1
]
g3 ·MP (5,1)6→3 −MR
1
0(2)
6→3 · g6 =
[
91 1
0 1
]
−
[
91 1
0 1
]
=
[ 2
2 0
]
6. g6 ·MP (5,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (5,1)7→6 =
[
91 1
0 1
]
·
[
0
1
]
=
[
1
1
]
M
R10(2)
7→6 · g7 =
[
1
1
]
·
[
1
]
=
[
1
1
]
g6 ·MP (5,1)7→6 −MR
1
0(2)
7→6 · g7 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 0
0 0
]
·
[ 0
0 0
]
=
[ 0
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1
]
·
[
1
0
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 91 1
0 0 1
]
·
11
0
 = [ 12 0 ]
4. g4 · f4 = 0
g4 · f4 =
[
1 91
]
·
[
1
1
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 1
0 1
]
·
[ 0
2 0
]
=
[
91 1
0 1
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
123.2 Tree module property of P (11, 1) 
The matrices of the representation have full (column) rank P
1. MP (11,1)1→2 =

1
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. MP (11,1)2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
3. MP (11,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. MP (11,1)5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. MP (11,1)6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. MP (11,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
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123.2.1 0→ P (7, 5) f→ P (11, 1) g→ R11(2)→ 0 
PdimP (7, 5) + dimR11(2) = (1, 3, 4, 2, 1, 3, 1) + (0, 1, 2, 2, 1, 1, 1)
= (1, 4, 6, 4, 2, 4, 2) = dimP (11, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (7, 5)) = dimk HomkQ(R
1
1(2), P (7, 5))− 〈dimR11(2),dimP (7, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (1, 3, 4, 2, 1, 3, 1)〉
= 0 · 3 + 1 · 4 + 2 · 4 + 1 · 2 + 1 · 4 + 1 · 3− (0 · 1 + 1 · 3 + 2 · 4 + 2 · 2 + 1 · 1 + 1 · 3 + 1 · 1)
= 0 + 4 + 8 + 2 + 4 + 3− (0 + 3 + 8 + 4 + 1 + 3 + 1)
= 1
Matrices of the embedding f : P (7, 5)→ P (11, 1) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =

1 0 0
0 0 0
0 91 0
1 0 91
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 0
1 91
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

91 0 0
0 91 0
91 0 1
0 91 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (11, 1)→ R11(2) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[
0 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1 0 91 0 1
0 1 0 0 0 0
]
∈M2,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
0 1 0 91 0 1
0 1 0 0 0 0
]
r2←r2−r1−−−−−−→
[
0 1 0 91 0 1
0 0 0 1 0 91
]
4. g4 =
[
0 1 0 91
0 1 0 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[
0 1 0 91
0 1 0 0
]
r2←r2−r1−−−−−−→
[
0 1 0 91
0 0 0 1
]
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 91 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (7, 5)→ P (11, 1) P
1. f2 ·MP (7,5)1→2 −MP (11,1)1→2 · f1 = 0
f2 ·MP (7,5)1→2 =

1 0 0
0 0 0
0 91 0
1 0 91
 ·
[ 1
1 1
2 0
]
=

1 0 0
0 0 0
0 91 0
1 0 91
 ·
10
0
 =

1
0
0
1
 =

1
1 1
2 0
1 1

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M
P (11,1)
1→2 · f1 =

1
1 1
2 0
1 1
 · [1] =

1
1 1
2 0
1 1

f2 ·MP (7,5)1→2 −MP (11,1)1→2 · f1 =

1
1 1
2 0
1 1
−

1
1 1
2 0
1 1
 = [ 14 0 ]
2. f3 ·MP (7,5)2→3 −MP (11,1)2→3 · f2 = 0
f3 ·MP (7,5)2→3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·
[ 3
3 1
1 0
]
=

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·

1 0 0
0 1 0
0 0 1
0 0 0
 =

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

M
P (11,1)
2→3 · f2 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1 0 0
0 0 0
0 91 0
1 0 91
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

1 0 0
0 0 0
0 91 0
1 0 91
 =

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

f3 ·MP (7,5)2→3 −MP (11,1)2→3 · f2 =

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

−

1 0 0
0 0 0
1 91 0
1 0 91
0 91 0
1 0 91

=
[ 3
6 0
]
3. f3 ·MP (7,5)4→3 −MP (11,1)4→3 · f4 = 0
f3 ·MP (7,5)4→3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·
[ 2
2 1
2 1
]
=

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·

1 0
0 1
1 0
0 1
 =

1 0
0 0
1 91
0 0
0 0
0 0

=

1 1
1 1 0
1 0 0
1 1 91
3 0 0

M
P (11,1)
4→3 · f4 =
[ 4
4 1
2 0
]
·

1 0
0 0
1 91
0 0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

1 0
0 0
1 91
0 0
 =

1 1
1 1 0
1 0 0
1 1 91
1 0 0
2 0 0
 =

1 1
1 1 0
1 0 0
1 1 91
3 0 0

f3 ·MP (7,5)4→3 −MP (11,1)4→3 · f4 =

1 1
1 1 0
1 0 0
1 1 91
3 0 0
−

1 1
1 1 0
1 0 0
1 1 91
3 0 0
 =
[ 2
6 0
]
4. f4 ·MP (7,5)5→4 −MP (11,1)5→4 · f5 = 0
f4 ·MP (7,5)5→4 =

1 0
0 0
1 91
0 0
 ·
[
1
1
]
=

1
0
0
0
 =
[ 1
1 1
3 0
]
M
P (11,1)
5→4 · f5 =
[ 2
2 1
2 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [1
0
]
=

1
1 1
1 0
2 0
 = [
1
1 1
3 0
]
f4 ·MP (7,5)5→4 −MP (11,1)5→4 · f5 =
[ 1
1 1
3 0
]
−
[ 1
1 1
3 0
]
=
[ 1
4 0
]
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5. f3 ·MP (7,5)6→3 −MP (11,1)6→3 · f6 = 0
f3 ·MP (7,5)6→3 =

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·
[ 3
1 0
3 1
]
=

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

·

0 0 0
1 0 0
0 1 0
0 0 1
 =

0 0 0
0 0 0
91 0 0
0 91 0
91 0 1
0 91 0

=

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

M
P (11,1)
6→3 · f6 =
[ 4
2 0
4 1
]
·

91 0 0
0 91 0
91 0 1
0 91 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

91 0 0
0 91 0
91 0 1
0 91 0
 =

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

f3 ·MP (7,5)6→3 −MP (11,1)6→3 · f6 =

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
−

1 1 1
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
 =
[ 3
6 0
]
6. f6 ·MP (7,5)7→6 −MP (11,1)7→6 · f7 = 0
f6 ·MP (7,5)7→6 =

91 0 0
0 91 0
91 0 1
0 91 0
 ·
[ 1
2 0
1 1
]
=

91 0 0
0 91 0
91 0 1
0 91 0
 ·
00
1
 =

0
0
1
0
 =

1
2 0
1 1
1 0

M
P (11,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[
1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1
0
]
=

1
2 0
1 1
1 0

f6 ·MP (7,5)7→6 −MP (11,1)7→6 · f7 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
Relations of the projection g : P (11, 1)→ R11(2) P
1. g2 ·MP (11,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (11,1)1→2 =
[ 1 1 2
1 0 1 0
]
·

1
1 1
2 0
1 1
 = [0 1 0 0] ·

1
0
0
1
 =
[
0
]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g2 ·MP (11,1)1→2 −MR
1
1(2)
1→2 · g1 =
[
0
]
−
[
0
]
=
[
0
]
2. g3 ·MP (11,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (11,1)2→3 =
[
0 1 0 91 0 1
0 1 0 0 0 0
]
·

2 2
2 1 0
2 1 1
2 0 1
 = [0 1 0 91 0 1
0 1 0 0 0 0
]
·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=
[
0 0 0 0
0 1 0 0
]
=
[ 1 1 2
1 0 0 0
1 0 1 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[ 1 1 2
1 0 1 0
]
=
[ 1 1 2
1 0 0 0
1 0 1 0
]
g3 ·MP (11,1)2→3 −MR
1
1(2)
2→3 · g2 =
[ 1 1 2
1 0 0 0
1 0 1 0
]
−
[ 1 1 2
1 0 0 0
1 0 1 0
]
=
[ 4
2 0
]
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3. g3 ·MP (11,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (11,1)4→3 =
[
0 1 0 91 0 1
0 1 0 0 0 0
]
·
[ 4
4 1
2 0
]
=
[
0 1 0 91 0 1
0 1 0 0 0 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

=
[
0 1 0 91
0 1 0 0
]
M
R11(2)
4→3 · g4 =
[ 2
2 1
]
·
[
0 1 0 91
0 1 0 0
]
=
[
1 0
0 1
]
·
[
0 1 0 91
0 1 0 0
]
=
[
0 1 0 91
0 1 0 0
]
g3 ·MP (11,1)4→3 −MR
1
1(2)
4→3 · g4 =
[
0 1 0 91
0 1 0 0
]
−
[
0 1 0 91
0 1 0 0
]
=
[ 4
2 0
]
4. g4 ·MP (11,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (11,1)5→4 =
[
0 1 0 91
0 1 0 0
]
·
[ 2
2 1
2 0
]
=
[
0 1 0 91
0 1 0 0
]
·

1 0
0 1
0 0
0 0
 =
[
0 1
0 1
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g4 ·MP (11,1)5→4 −MR
1
1(2)
5→4 · g5 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
5. g3 ·MP (11,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (11,1)6→3 =
[
0 1 0 91 0 1
0 1 0 0 0 0
]
·
[ 4
2 0
4 1
]
=
[
0 1 0 91 0 1
0 1 0 0 0 0
]
·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=
[
0 91 0 1
0 0 0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[
0 91 0 1
]
=
[
0 91 0 1
0 0 0 0
]
g3 ·MP (11,1)6→3 −MR
1
1(2)
6→3 · g6 =
[
0 91 0 1
0 0 0 0
]
−
[
0 91 0 1
0 0 0 0
]
=
[ 4
2 0
]
6. g6 ·MP (11,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (11,1)7→6 =
[
0 91 0 1
]
·
[ 2
2 0
2 1
]
=
[
0 91 0 1
]
·

0 0
0 0
1 0
0 1
 =
[
0 1
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g6 ·MP (11,1)7→6 −MR
1
1(2)
7→6 · g7 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 1 2
1 0 1 0
]
·

1 0 0
0 0 0
0 91 0
1 0 91
 =
[
0 1 0 0
]
·

1 0 0
0 0 0
0 91 0
1 0 91
 =
[ 3
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 1 0 91 0 1
0 1 0 0 0 0
]
·

1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

=
[ 4
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 1 0 91
0 1 0 0
]
·

1 0
0 0
1 91
0 0
 =
[ 2
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 91 0 1
]
·

91 0 0
0 91 0
91 0 1
0 91 0
 =
[ 3
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
123.2.2 0→ P (7, 7) f→ P (11, 1) g→ R10(2)→ 0 
PdimP (7, 7) + dimR10(2) = (1, 3, 4, 3, 1, 2, 1) + (0, 1, 2, 1, 1, 2, 1)
= (1, 4, 6, 4, 2, 4, 2) = dimP (11, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (7, 7)) = dimk HomkQ(R
1
0(2), P (7, 7))− 〈dimR10(2),dimP (7, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (1, 3, 4, 3, 1, 2, 1)〉
= 0 · 3 + 1 · 4 + 1 · 4 + 1 · 3 + 2 · 4 + 1 · 2− (0 · 1 + 1 · 3 + 2 · 4 + 1 · 3 + 1 · 1 + 2 · 2 + 1 · 1)
= 0 + 4 + 4 + 3 + 8 + 2− (0 + 3 + 8 + 3 + 1 + 4 + 1)
= 1
Matrices of the embedding f : P (7, 7)→ P (11, 1) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =

91 0 1
0 91 0
0 0 0
0 0 1
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

91 0 1
0 91 0
0 0 0
0 0 1
 c3←c3+c1−−−−−−→

91 0 0
0 91 0
0 0 0
0 0 1
 =

2 1
2 91 0
1 0 0
1 0 1

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3. f3 =

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

∈M6,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

c1↔c2−−−−→

91 0 0 1
0 1 91 0
91 0 0 1
0 0 91 1
0 0 0 0
0 0 0 1

c4←c4+c1−−−−−−→

91 0 0 0
0 1 91 0
91 0 0 0
0 0 91 1
0 0 0 0
0 0 0 1

c3←c3+c2−−−−−−→

91 0 0 0
0 1 0 0
91 0 0 0
0 0 91 1
0 0 0 0
0 0 0 1

c4←c4+c3−−−−−−→

91 0 0 0
0 1 0 0
91 0 0 0
0 0 91 0
0 0 0 0
0 0 0 1

4. f4 =

0 91 0
1 0 91
0 91 0
0 0 91
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

0 91 0
1 0 91
0 91 0
0 0 91
 c1↔c2−−−−→

91 0 0
0 1 91
91 0 0
0 0 91
 c3←c3+c2−−−−−−→

91 0 0
0 1 0
91 0 0
0 0 91

5. f5 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0
91 1
0 0
0 1
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

0 0
91 1
0 0
0 1
 c2←c2+c1−−−−−−→

0 0
91 0
0 0
0 1

7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (11, 1)→ R10(2) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[
0 0 1 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 0 91 0 1 0
0 0 0 0 1 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 0 91 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 0 1 0
0 0 1 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (7, 7)→ P (11, 1) P
1. f2 ·MP (7,7)1→2 −MP (11,1)1→2 · f1 = 0
f2 ·MP (7,7)1→2 =

91 0 1
0 91 0
0 0 0
0 0 1
 ·
[ 1
2 0
1 1
]
=

91 0 1
0 91 0
0 0 0
0 0 1
 ·
00
1
 =

1
0
0
1
 =

1
1 1
2 0
1 1

M
P (11,1)
1→2 · f1 =

1
1 1
2 0
1 1
 · [1] =

1
1 1
2 0
1 1

f2 ·MP (7,7)1→2 −MP (11,1)1→2 · f1 =

1
1 1
2 0
1 1
−

1
1 1
2 0
1 1
 = [ 14 0 ]
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2. f3 ·MP (7,7)2→3 −MP (11,1)2→3 · f2 = 0
f3 ·MP (7,7)2→3 =

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

·
[ 3
1 0
3 1
]
=

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

·

0 0 0
1 0 0
0 1 0
0 0 1
 =

91 0 1
0 91 0
91 0 1
0 91 1
0 0 0
0 0 1

M
P (11,1)
2→3 · f2 =

2 2
2 1 0
2 1 1
2 0 1
 ·

91 0 1
0 91 0
0 0 0
0 0 1
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

91 0 1
0 91 0
0 0 0
0 0 1
 =

91 0 1
0 91 0
91 0 1
0 91 1
0 0 0
0 0 1

f3 ·MP (7,7)2→3 −MP (11,1)2→3 · f2 =

91 0 1
0 91 0
91 0 1
0 91 1
0 0 0
0 0 1

−

91 0 1
0 91 0
91 0 1
0 91 1
0 0 0
0 0 1

=
[ 3
6 0
]
3. f3 ·MP (7,7)4→3 −MP (11,1)4→3 · f4 = 0
f3 ·MP (7,7)4→3 =

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

·
[ 3
3 1
1 0
]
=

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

·

1 0 0
0 1 0
0 0 1
0 0 0
 =

0 91 0
1 0 91
0 91 0
0 0 91
0 0 0
0 0 0

=

1 1 1
1 0 91 0
1 1 0 91
1 0 91 0
1 0 0 91
2 0 0 0

M
P (11,1)
4→3 · f4 =
[ 4
4 1
2 0
]
·

0 91 0
1 0 91
0 91 0
0 0 91
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

0 91 0
1 0 91
0 91 0
0 0 91
 =

1 1 1
1 0 91 0
1 1 0 91
1 0 91 0
1 0 0 91
2 0 0 0

f3 ·MP (7,7)4→3 −MP (11,1)4→3 · f4 =

1 1 1
1 0 91 0
1 1 0 91
1 0 91 0
1 0 0 91
2 0 0 0
−

1 1 1
1 0 91 0
1 1 0 91
1 0 91 0
1 0 0 91
2 0 0 0
 =
[ 3
6 0
]
4. f4 ·MP (7,7)5→4 −MP (11,1)5→4 · f5 = 0
f4 ·MP (7,7)5→4 =

0 91 0
1 0 91
0 91 0
0 0 91
 ·
[ 1
1 1
2 0
]
=

0 91 0
1 0 91
0 91 0
0 0 91
 ·
10
0
 =

0
1
0
0
 =

1
1 0
1 1
2 0

M
P (11,1)
5→4 · f5 =
[ 2
2 1
2 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [0
1
]
=

1
1 0
1 1
2 0

f4 ·MP (7,7)5→4 −MP (11,1)5→4 · f5 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
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5. f3 ·MP (7,7)6→3 −MP (11,1)6→3 · f6 = 0
f3 ·MP (7,7)6→3 =

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

·
[ 2
2 1
2 1
]
=

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

·

1 0
0 1
1 0
0 1
 =

0 0
0 0
0 0
91 1
0 0
0 1

=

1 1
3 0 0
1 91 1
1 0 0
1 0 1

M
P (11,1)
6→3 · f6 =
[ 4
2 0
4 1
]
·

0 0
91 1
0 0
0 1
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

0 0
91 1
0 0
0 1
 =

1 1
2 0 0
1 0 0
1 91 1
1 0 0
1 0 1
 =

1 1
3 0 0
1 91 1
1 0 0
1 0 1

f3 ·MP (7,7)6→3 −MP (11,1)6→3 · f6 =

1 1
3 0 0
1 91 1
1 0 0
1 0 1
−

1 1
3 0 0
1 91 1
1 0 0
1 0 1
 =
[ 2
6 0
]
6. f6 ·MP (7,7)7→6 −MP (11,1)7→6 · f7 = 0
f6 ·MP (7,7)7→6 =

0 0
91 1
0 0
0 1
 ·
[
1
1
]
=

0
0
0
1
 =
[ 1
3 0
1 1
]
M
P (11,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[
0
1
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [0
1
]
=

1
2 0
1 0
1 1
 = [
1
3 0
1 1
]
f6 ·MP (7,7)7→6 −MP (11,1)7→6 · f7 =
[ 1
3 0
1 1
]
−
[ 1
3 0
1 1
]
=
[ 1
4 0
]
Relations of the projection g : P (11, 1)→ R10(2) P
1. g2 ·MP (11,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (11,1)1→2 =
[ 2 1 1
1 0 1 0
]
·

1
1 1
2 0
1 1
 = [0 0 1 0] ·

1
0
0
1
 =
[
0
]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g2 ·MP (11,1)1→2 −MR
1
0(2)
1→2 · g1 =
[
0
]
−
[
0
]
=
[
0
]
2. g3 ·MP (11,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (11,1)2→3 =
[
1 0 91 0 1 0
0 0 0 0 1 0
]
·

2 2
2 1 0
2 1 1
2 0 1
 = [1 0 91 0 1 0
0 0 0 0 1 0
]
·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=
[
0 0 0 0
0 0 1 0
]
=
[ 2 1 1
1 0 0 0
1 0 1 0
]
M
R10(2)
2→3 · g2 =
[
0
1
]
·
[ 2 1 1
1 0 1 0
]
=
[ 2 1 1
1 0 0 0
1 0 1 0
]
g3 ·MP (11,1)2→3 −MR
1
0(2)
2→3 · g2 =
[ 2 1 1
1 0 0 0
1 0 1 0
]
−
[ 2 1 1
1 0 0 0
1 0 1 0
]
=
[ 4
2 0
]
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3. g3 ·MP (11,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (11,1)4→3 =
[
1 0 91 0 1 0
0 0 0 0 1 0
]
·
[ 4
4 1
2 0
]
=
[
1 0 91 0 1 0
0 0 0 0 1 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

=
[
1 0 91 0
0 0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[
1 0 91 0
]
=
[
1 0 91 0
0 0 0 0
]
g3 ·MP (11,1)4→3 −MR
1
0(2)
4→3 · g4 =
[
1 0 91 0
0 0 0 0
]
−
[
1 0 91 0
0 0 0 0
]
=
[ 4
2 0
]
4. g4 ·MP (11,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (11,1)5→4 =
[
1 0 91 0
]
·
[ 2
2 1
2 0
]
=
[
1 0 91 0
]
·

1 0
0 1
0 0
0 0
 =
[
1 0
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g4 ·MP (11,1)5→4 −MR
1
0(2)
5→4 · g5 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
5. g3 ·MP (11,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (11,1)6→3 =
[
1 0 91 0 1 0
0 0 0 0 1 0
]
·
[ 4
2 0
4 1
]
=
[
1 0 91 0 1 0
0 0 0 0 1 0
]
·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=
[
91 0 1 0
0 0 1 0
]
M
R10(2)
6→3 · g6 =
[ 2
2 1
]
·
[
91 0 1 0
0 0 1 0
]
=
[
1 0
0 1
]
·
[
91 0 1 0
0 0 1 0
]
=
[
91 0 1 0
0 0 1 0
]
g3 ·MP (11,1)6→3 −MR
1
0(2)
6→3 · g6 =
[
91 0 1 0
0 0 1 0
]
−
[
91 0 1 0
0 0 1 0
]
=
[ 4
2 0
]
6. g6 ·MP (11,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (11,1)7→6 =
[
91 0 1 0
0 0 1 0
]
·
[ 2
2 0
2 1
]
=
[
91 0 1 0
0 0 1 0
]
·

0 0
0 0
1 0
0 1
 =
[
1 0
1 0
]
M
R10(2)
7→6 · g7 =
[
1
1
]
·
[
1 0
]
=
[
1 0
1 0
]
g6 ·MP (11,1)7→6 −MR
1
0(2)
7→6 · g7 =
[
1 0
1 0
]
−
[
1 0
1 0
]
=
[ 2
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1 1
1 0 1 0
]
·

91 0 1
0 91 0
0 0 0
0 0 1
 =
[
0 0 1 0
]
·

91 0 1
0 91 0
0 0 0
0 0 1
 =
[ 3
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 0 91 0 1 0
0 0 0 0 1 0
]
·

0 91 0 1
1 0 91 0
0 91 0 1
0 0 91 1
0 0 0 0
0 0 0 1

=
[ 4
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 0 91 0
]
·

0 91 0
1 0 91
0 91 0
0 0 91
 =
[ 3
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
]
·
[
0
1
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 0 1 0
0 0 1 0
]
·

0 0
91 1
0 0
0 1
 =
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1 0
]
·
[
0
1
]
=
[
0
]
123.3 Tree module property of P (17, 1) 
The matrices of the representation have full (column) rank P
1. MP (17,1)1→2 =

1 0
0 1
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
2. MP (17,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
3. MP (17,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
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4. MP (17,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. MP (17,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. MP (17,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
123.3.1 0→ P (13, 5) f→ P (17, 1) g→ R11(2)→ 0 
PdimP (13, 5) + dimR11(2) = (2, 5, 7, 4, 2, 5, 2) + (0, 1, 2, 2, 1, 1, 1)
= (2, 6, 9, 6, 3, 6, 3) = dimP (17, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (13, 5)) = dimk HomkQ(R
1
1(2), P (13, 5))− 〈dimR11(2),dimP (13, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (2, 5, 7, 4, 2, 5, 2)〉
= 0 · 5 + 1 · 7 + 2 · 7 + 1 · 4 + 1 · 7 + 1 · 5− (0 · 2 + 1 · 5 + 2 · 7 + 2 · 4 + 1 · 2 + 1 · 5 + 1 · 2)
= 0 + 7 + 14 + 4 + 7 + 5− (0 + 5 + 14 + 8 + 2 + 5 + 2)
= 1
Matrices of the embedding f : P (13, 5)→ P (17, 1) P
1. f1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

∈M6,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

∈M9,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 0 0
1 0 91 0
0 1 0 91
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
91 0 0 1 0
0 91 0 0 1
0 0 91 0 0

∈M6,5(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (17, 1)→ R11(2) P
1. g1 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
2. g2 =
[
0 0 1 0 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 1 0 0 91 0 0 1
0 0 1 0 0 0 0 0 0
]
∈M2,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
r2←r2−r1−−−−−−→
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 0 0 1 0 91
]
4. g4 =
[
0 0 1 0 0 91
0 0 1 0 0 0
]
∈M2,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
r2←r2−r1−−−−−−→
[ 2 1 2 1
1 0 1 0 91
1 0 0 0 1
]
5. g5 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 91 0 0 1
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (13, 5)→ P (17, 1) P
1. f2 ·MP (13,5)1→2 −MP (17,1)1→2 · f1 = 0
f2 ·MP (13,5)1→2 =

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 ·
[ 2
2 1
3 0
]
=

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 ·

2
2 1
1 0
2 0
 =

2
2 1
1 0
1 0
2 1
 =

2
2 1
2 0
2 1

M
P (17,1)
1→2 · f1 =

2
2 1
2 0
2 1
 · [ 22 1 ] =

2
2 1
2 0
2 1

f2 ·MP (13,5)1→2 −MP (17,1)1→2 · f1 =

2
2 1
2 0
2 1
−

2
2 1
2 0
2 1
 = [ 26 0 ]
2. f3 ·MP (13,5)2→3 −MP (17,1)2→3 · f2 = 0
f3 ·MP (13,5)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·
[ 5
5 1
2 0
]
=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

M
P (17,1)
2→3 · f2 =

3 3
3 1 0
3 1 1
3 0 1
 ·

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

=

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

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f3 ·MP (13,5)2→3 −MP (17,1)2→3 · f2 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

−

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
1 0 91 0 0
1 1 0 91 0
0 1 0 0 91
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

=
[ 5
9 0
]
3. f3 ·MP (13,5)4→3 −MP (17,1)4→3 · f4 = 0
f3 ·MP (13,5)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=

1 0 0 0
0 1 0 0
0 0 0 0
1 0 91 0
0 1 0 91
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

=

2 2
2 1 0
1 0 0
2 1 91
4 0 0

M
P (17,1)
4→3 · f4 =
[ 6
6 1
3 0
]
·

2 2
2 1 0
1 0 0
2 1 91
1 0 0
 =

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

2 2
2 1 0
1 0 0
2 1 91
1 0 0
 =

2 2
2 1 0
1 0 0
2 1 91
1 0 0
3 0 0
 =

2 2
2 1 0
1 0 0
2 1 91
4 0 0

f3 ·MP (13,5)4→3 −MP (17,1)4→3 · f4 =

2 2
2 1 0
1 0 0
2 1 91
4 0 0
−

2 2
2 1 0
1 0 0
2 1 91
4 0 0
 =
[ 4
9 0
]
4. f4 ·MP (13,5)5→4 −MP (17,1)5→4 · f5 = 0
f4 ·MP (13,5)5→4 =

2 2
2 1 0
1 0 0
2 1 91
1 0 0
 ·
[ 2
2 1
2 1
]
=

2
2 1
1 0
2 0
1 0
 =
[ 2
2 1
4 0
]
M
P (17,1)
5→4 · f5 =
[ 3
3 1
3 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
3 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
3 0
 = [
2
2 1
4 0
]
f4 ·MP (13,5)5→4 −MP (17,1)5→4 · f5 =
[ 2
2 1
4 0
]
−
[ 2
2 1
4 0
]
=
[ 2
6 0
]
5. f3 ·MP (13,5)6→3 −MP (17,1)6→3 · f6 = 0
f3 ·MP (13,5)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·
[ 5
2 0
5 1
]
=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

·

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
91 0 0 1 0
0 91 0 0 1
0 0 91 0 0

=

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

M
P (17,1)
6→3 · f6 =
[ 6
3 0
6 1
]
·

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =

2 1 2 1
3 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

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f3 ·MP (13,5)6→3 −MP (17,1)6→3 · f6 =

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
−

2 1 2
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =
[ 5
9 0
]
6. f6 ·MP (13,5)7→6 −MP (17,1)7→6 · f7 = 0
f6 ·MP (13,5)7→6 =

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 ·
[ 2
3 0
2 1
]
=

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 ·

2
2 0
1 0
2 1
 =

2
2 0
1 0
2 1
1 0
 =

2
3 0
2 1
1 0

M
P (17,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 2
2 1
1 0
]
=

2 1
3 0 0
2 1 0
1 0 1
 · [
2
2 1
1 0
]
=

2
3 0
2 1
1 0

f6 ·MP (13,5)7→6 −MP (17,1)7→6 · f7 =

2
3 0
2 1
1 0
−

2
3 0
2 1
1 0
 = [ 26 0 ]
Relations of the projection g : P (17, 1)→ R11(2) P
1. g2 ·MP (17,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (17,1)1→2 =
[ 2 1 3
1 0 1 0
]
·

2
2 1
2 0
2 1
 = [ 2 1 1 21 0 1 0 0 ] ·

2
2 1
1 0
1 0
2 1
 =
[ 2
1 0
]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g2 ·MP (17,1)1→2 −MR
1
1(2)
1→2 · g1 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
2. g3 ·MP (17,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (17,1)2→3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

3 3
3 1 0
3 1 1
3 0 1
 = [
2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=
[ 2 1 2 1
1 0 0 0 0
1 0 1 0 0
]
=
[ 2 1 3
1 0 0 0
1 0 1 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[ 2 1 3
1 0 1 0
]
=
[ 2 1 3
1 0 0 0
1 0 1 0
]
g3 ·MP (17,1)2→3 −MR
1
1(2)
2→3 · g2 =
[ 2 1 3
1 0 0 0
1 0 1 0
]
−
[ 2 1 3
1 0 0 0
1 0 1 0
]
=
[ 6
2 0
]
3. g3 ·MP (17,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (17,1)4→3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·
[ 6
6 1
3 0
]
=
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
1 0 0 0 0

=
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
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M
R11(2)
4→3 · g4 =
[ 2
2 1
]
·
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
=
[
1 0
0 1
]
·
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
=
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
g3 ·MP (17,1)4→3 −MR
1
1(2)
4→3 · g4 =
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
−
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
=
[ 6
2 0
]
4. g4 ·MP (17,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (17,1)5→4 =
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
·
[ 3
3 1
3 0
]
=
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
·

2 1
2 1 0
1 0 1
2 0 0
1 0 0
 =
[ 2 1
1 0 1
1 0 1
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g4 ·MP (17,1)5→4 −MR
1
1(2)
5→4 · g5 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
5. g3 ·MP (17,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (17,1)6→3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·
[ 6
3 0
6 1
]
=
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

2 1 2 1
2 0 0 0 0
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1

=
[ 2 1 2 1
1 0 91 0 1
1 0 0 0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[ 2 1 2 1
1 0 91 0 1
]
=
[ 2 1 2 1
1 0 91 0 1
1 0 0 0 0
]
g3 ·MP (17,1)6→3 −MR
1
1(2)
6→3 · g6 =
[ 2 1 2 1
1 0 91 0 1
1 0 0 0 0
]
−
[ 2 1 2 1
1 0 91 0 1
1 0 0 0 0
]
=
[ 6
2 0
]
6. g6 ·MP (17,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (17,1)7→6 =
[ 2 1 2 1
1 0 91 0 1
]
·
[ 3
3 0
3 1
]
=
[ 2 1 2 1
1 0 91 0 1
]
·

2 1
2 0 0
1 0 0
2 1 0
1 0 1
 =
[ 2 1
1 0 1
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g6 ·MP (17,1)7→6 −MR
1
1(2)
7→6 · g7 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
0 0
]
·
[ 2
2 1
]
=
[ 2
0 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 2 1 3
1 0 1 0
]
·

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =
[ 2 1 1 2
1 0 1 0 0
]
·

2 1 2
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =
[ 5
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1 2 1 2 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

=
[
0 0 1 0 0 91 0 0 1
0 0 1 0 0 0 0 0 0
]
·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

=
[ 7
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 2 1
1 0 1 0 91
1 0 1 0 0
]
·

2 2
2 1 0
1 0 0
2 1 91
1 0 0
 =
[ 4
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 2 1
1 0 91 0 1
]
·

2 1 2
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =
[ 5
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
123.3.2 0→ P (13, 7) f→ P (17, 1) g→ R10(2)→ 0 
PdimP (13, 7) + dimR
1
0(2) = (2, 5, 7, 5, 2, 4, 2) + (0, 1, 2, 1, 1, 2, 1)
= (2, 6, 9, 6, 3, 6, 3) = dimP (17, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (13, 7)) = dimk HomkQ(R
1
0(2), P (13, 7))− 〈dimR10(2),dimP (13, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (2, 5, 7, 5, 2, 4, 2)〉
= 0 · 5 + 1 · 7 + 1 · 7 + 1 · 5 + 2 · 7 + 1 · 4− (0 · 2 + 1 · 5 + 2 · 7 + 1 · 5 + 1 · 2 + 2 · 4 + 1 · 2)
= 0 + 7 + 7 + 5 + 14 + 4− (0 + 5 + 14 + 5 + 2 + 8 + 2)
= 1
Matrices of the embedding f : P (13, 7)→ P (17, 1) P
1. f1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. f2 =

91 0 0 1 0
0 91 0 0 1
0 0 91 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 1 2
2 91 0 1
1 0 91 0
1 0 0 0
2 0 0 1
 c3←c3+c1−−−−−−→

2 1 2
2 91 0 0
1 0 91 0
1 0 0 0
2 0 0 1
 =

3 2
3 91 0
1 0 0
2 0 1

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3. f3 =

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M9,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

c1↔c3−−−−→

91 0 0 0 0 1 0
0 0 1 91 0 0 1
0 1 0 0 91 0 0
91 0 0 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

c6←c6+c1−−−−−−→

91 0 0 0 0 0 0
0 0 1 91 0 0 1
0 1 0 0 91 0 0
91 0 0 0 0 0 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

c2↔c3−−−−→

91 0 0 0 0 0 0
0 1 0 91 0 0 1
0 0 1 0 91 0 0
91 0 0 0 0 0 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

c4←c4+c2
c7←c7−c2−−−−−−→

91 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 91 0 0
91 0 0 0 0 0 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

c5←c5+c3−−−−−−→

91 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
91 0 0 0 0 0 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

1 2 1 1 1 1
1 91 0 0 0 0 0
2 0 1 0 0 0 0
1 91 0 0 0 0 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

c5←c5+c3
c6←c6+c3−−−−−−→

1 2 1 1 1 1
1 91 0 0 0 0 0
2 0 1 0 0 0 0
1 91 0 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 1
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

c6←c6+c4−−−−−−→

1 2 1 1 1 1
1 91 0 0 0 0 0
2 0 1 0 0 0 0
1 91 0 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 2 2 2
1 91 0 0 0
2 0 1 0 0
1 91 0 0 0
2 0 0 91 0
1 0 0 0 0
2 0 0 0 1

4. f4 =

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91

∈M6,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
 c1↔c2−−−−→

1 2 2
1 91 0 0
2 0 1 91
1 91 0 0
2 0 0 91
 c3←c3+c2−−−−−−→

1 2 2
1 91 0 0
2 0 1 0
1 91 0 0
2 0 0 91

5. f5 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0
91 0 1 0
0 91 0 1
0 0 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2
1 0 0
2 91 1
1 0 0
2 0 1
 c2←c2+c1−−−−−−→

2 2
1 0 0
2 91 0
1 0 0
2 0 1

7. f7 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (17, 1)→ R10(2) P
1. g1 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
2. g2 =
[
0 0 0 1 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 1 0 0
]
∈M2,9(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 0 0 91 0 0
]
∈M1,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 0 0 1 0 0
0 0 0 1 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (13, 7)→ P (17, 1) P
1. f2 ·MP (13,7)1→2 −MP (17,1)1→2 · f1 = 0
f2 ·MP (13,7)1→2 =

2 1 2
2 91 0 1
1 0 91 0
1 0 0 0
2 0 0 1
 ·
[ 2
3 0
2 1
]
=

2 1 2
2 91 0 1
1 0 91 0
1 0 0 0
2 0 0 1
 ·

2
2 0
1 0
2 1
 =

2
2 1
1 0
1 0
2 1
 =

2
2 1
2 0
2 1

M
P (17,1)
1→2 · f1 =

2
2 1
2 0
2 1
 · [ 22 1 ] =

2
2 1
2 0
2 1

f2 ·MP (13,7)1→2 −MP (17,1)1→2 · f1 =

2
2 1
2 0
2 1
−

2
2 1
2 0
2 1
 = [ 26 0 ]
2. f3 ·MP (13,7)2→3 −MP (17,1)2→3 · f2 = 0
f3 ·MP (13,7)2→3 =

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·
[ 5
2 0
5 1
]
=

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

91 0 0 1 0
0 91 0 0 1
0 0 91 0 0
91 0 0 1 0
0 91 0 1 1
0 0 91 0 1
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

M
P (17,1)
2→3 · f2 =

3 3
3 1 0
3 1 1
3 0 1
 ·

2 1 2
2 91 0 1
1 0 91 0
1 0 0 0
2 0 0 1
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

91 0 0 1 0
0 91 0 0 1
0 0 91 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

=

91 0 0 1 0
0 91 0 0 1
0 0 91 0 0
91 0 0 1 0
0 91 0 1 1
0 0 91 0 1
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

f3 ·MP (13,7)2→3 −MP (17,1)2→3 · f2 =

91 0 0 1 0
0 91 0 0 1
0 0 91 0 0
91 0 0 1 0
0 91 0 1 1
0 0 91 0 1
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

−

91 0 0 1 0
0 91 0 0 1
0 0 91 0 0
91 0 0 1 0
0 91 0 1 1
0 0 91 0 1
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

=
[ 5
9 0
]
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3. f3 ·MP (13,7)4→3 −MP (17,1)4→3 · f4 = 0
f3 ·MP (13,7)4→3 =

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·
[ 5
5 1
2 0
]
=

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=

0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
3 0 0 0

M
P (17,1)
4→3 · f4 =
[ 6
6 1
3 0
]
·

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0
 ·

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
 =

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
3 0 0 0

f3 ·MP (13,7)4→3 −MP (17,1)4→3 · f4 =

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
3 0 0 0
−

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
3 0 0 0
 =
[ 5
9 0
]
4. f4 ·MP (13,7)5→4 −MP (17,1)5→4 · f5 = 0
f4 ·MP (13,7)5→4 =

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
 ·
[ 2
2 1
3 0
]
=

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
 ·

2
2 1
1 0
2 0
 =

2
1 0
2 1
1 0
2 0
 =

2
1 0
2 1
3 0

M
P (17,1)
5→4 · f5 =
[ 3
3 1
3 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
3 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
3 0

f4 ·MP (13,7)5→4 −MP (17,1)5→4 · f5 =

2
1 0
2 1
3 0
−

2
1 0
2 1
3 0
 = [ 26 0 ]
5. f3 ·MP (13,7)6→3 −MP (17,1)6→3 · f6 = 0
f3 ·MP (13,7)6→3 =

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
91 0 1 0
0 91 0 1
0 0 0 0
0 0 1 0
0 0 0 1

=

2 2
4 0 0
2 91 1
1 0 0
2 0 1

M
P (17,1)
6→3 · f6 =
[ 6
3 0
6 1
]
·

2 2
1 0 0
2 91 1
1 0 0
2 0 1
 =

1 2 1 2
3 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

2 2
1 0 0
2 91 1
1 0 0
2 0 1
 =

2 2
3 0 0
1 0 0
2 91 1
1 0 0
2 0 1
 =

2 2
4 0 0
2 91 1
1 0 0
2 0 1

f3 ·MP (13,7)6→3 −MP (17,1)6→3 · f6 =

2 2
4 0 0
2 91 1
1 0 0
2 0 1
−

2 2
4 0 0
2 91 1
1 0 0
2 0 1
 =
[ 4
9 0
]
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6. f6 ·MP (13,7)7→6 −MP (17,1)7→6 · f7 = 0
f6 ·MP (13,7)7→6 =

2 2
1 0 0
2 91 1
1 0 0
2 0 1
 ·
[ 2
2 1
2 1
]
=

2
1 0
2 0
1 0
2 1
 =
[ 2
4 0
2 1
]
M
P (17,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 2
1 0
2 1
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
2
1 0
2 1
]
=

2
3 0
1 0
2 1
 = [
2
4 0
2 1
]
f6 ·MP (13,7)7→6 −MP (17,1)7→6 · f7 =
[ 2
4 0
2 1
]
−
[ 2
4 0
2 1
]
=
[ 2
6 0
]
Relations of the projection g : P (17, 1)→ R10(2) P
1. g2 ·MP (17,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (17,1)1→2 =
[ 3 1 2
1 0 1 0
]
·

2
2 1
2 0
2 1
 = [ 2 1 1 21 0 0 1 0 ] ·

2
2 1
1 0
1 0
2 1
 =
[ 2
1 0
]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g2 ·MP (17,1)1→2 −MR
1
0(2)
1→2 · g1 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
2. g3 ·MP (17,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (17,1)2→3 =
[ 1 2 1 2 1 2
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

3 3
3 1 0
3 1 1
3 0 1
 = [
1 2 1 2 1 2
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=
[ 1 2 1 2
1 0 0 0 0
1 0 0 1 0
]
=
[ 3 1 2
1 0 0 0
1 0 1 0
]
M
R10(2)
2→3 · g2 =
[
0
1
]
·
[ 3 1 2
1 0 1 0
]
=
[ 3 1 2
1 0 0 0
1 0 1 0
]
g3 ·MP (17,1)2→3 −MR
1
0(2)
2→3 · g2 =
[ 3 1 2
1 0 0 0
1 0 1 0
]
−
[ 3 1 2
1 0 0 0
1 0 1 0
]
=
[ 6
2 0
]
3. g3 ·MP (17,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (17,1)4→3 =
[ 1 2 1 2 1 2
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·
[ 6
6 1
3 0
]
=
[ 1 2 1 2 1 2
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0
2 0 0 0 0

=
[ 1 2 1 2
1 1 0 91 0
1 0 0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[ 1 2 1 2
1 1 0 91 0
]
=
[ 1 2 1 2
1 1 0 91 0
1 0 0 0 0
]
g3 ·MP (17,1)4→3 −MR
1
0(2)
4→3 · g4 =
[ 1 2 1 2
1 1 0 91 0
1 0 0 0 0
]
−
[ 1 2 1 2
1 1 0 91 0
1 0 0 0 0
]
=
[ 6
2 0
]
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4. g4 ·MP (17,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (17,1)5→4 =
[ 1 2 1 2
1 1 0 91 0
]
·
[ 3
3 1
3 0
]
=
[ 1 2 1 2
1 1 0 91 0
]
·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
 =
[ 1 2
1 1 0
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
]
g4 ·MP (17,1)5→4 −MR
1
0(2)
5→4 · g5 =
[ 1 2
1 1 0
]
−
[ 1 2
1 1 0
]
=
[ 3
1 0
]
5. g3 ·MP (17,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (17,1)6→3 =
[ 1 2 1 2 1 2
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·
[ 6
3 0
6 1
]
=
[ 1 2 1 2 1 2
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 2 1 2
1 0 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
M
R10(2)
6→3 · g6 =
[ 2
2 1
]
·
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
=
[
1 0
0 1
]
·
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
=
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
g3 ·MP (17,1)6→3 −MR
1
0(2)
6→3 · g6 =
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
−
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
=
[ 6
2 0
]
6. g6 ·MP (17,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (17,1)7→6 =
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
·
[ 3
3 0
3 1
]
=
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =
[ 1 2
1 1 0
1 1 0
]
M
R10(2)
7→6 · g7 =
[
1
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
1 1 0
]
g6 ·MP (17,1)7→6 −MR
1
0(2)
7→6 · g7 =
[ 1 2
1 1 0
1 1 0
]
−
[ 1 2
1 1 0
1 1 0
]
=
[ 3
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
0 0
]
·
[ 2
2 1
]
=
[ 2
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1 2
1 0 1 0
]
·

2 1 2
2 91 0 1
1 0 91 0
1 0 0 0
2 0 0 1
 =
[ 2 1 1 2
1 0 0 1 0
]
·

2 1 2
2 91 0 1
1 0 91 0
1 0 0 0
2 0 0 1
 =
[ 5
1 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 1 2 1 2 1 2
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=
[
1 0 0 91 0 0 1 0 0
0 0 0 0 0 0 1 0 0
]
·

0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0
0 0 91 0 0 1 0
0 0 0 91 0 1 1
0 0 0 0 91 0 1
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=
[ 7
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2 1 2
1 1 0 91 0
]
·

2 1 2
1 0 91 0
2 1 0 91
1 0 91 0
2 0 0 91
 =
[ 5
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2 1 2
1 91 0 1 0
1 0 0 1 0
]
·

2 2
1 0 0
2 91 1
1 0 0
2 0 1
 =
[ 4
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
123.4 Tree module property of P (23, 1) 
The matrices of the representation have full (column) rank P
1. MP (23,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M8,3(k) is already in column echelon form and has maximal column rank.
2. MP (23,1)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k) is already in column echelon form and has maximal column rank.
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3. MP (23,1)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
4. MP (23,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. MP (23,1)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k) is already in column echelon form and has maximal column rank.
6. MP (23,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
123.4.1 0→ P (19, 5) f→ P (23, 1) g→ R11(2)→ 0 
PdimP (19, 5) + dimR11(2) = (3, 7, 10, 6, 3, 7, 3) + (0, 1, 2, 2, 1, 1, 1)
= (3, 8, 12, 8, 4, 8, 4) = dimP (23, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (19, 5)) = dimk HomkQ(R
1
1(2), P (19, 5))− 〈dimR11(2),dimP (19, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (3, 7, 10, 6, 3, 7, 3)〉
= 0 · 7 + 1 · 10 + 2 · 10 + 1 · 6 + 1 · 10 + 1 · 7− (0 · 3 + 1 · 7 + 2 · 10 + 2 · 6 + 1 · 3 + 1 · 7 + 1 · 3)
= 0 + 10 + 20 + 6 + 10 + 7− (0 + 7 + 20 + 12 + 3 + 7 + 3)
= 1
Matrices of the embedding f : P (19, 5)→ P (23, 1) P
1. f1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

∈M8,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

∈M12,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 0 0

∈M8,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0

∈M8,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (23, 1)→ R11(2) P
1. g1 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
2. g2 =
[
0 0 0 1 0 0 0 0
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 0
]
∈M2,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
r2←r2−r1−−−−−−→
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 0 0 1 0 91
]
4. g4 =
[
0 0 0 1 0 0 0 91
0 0 0 1 0 0 0 0
]
∈M2,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
r2←r2−r1−−−−−−→
[ 3 1 3 1
1 0 1 0 91
1 0 0 0 1
]
5. g5 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 91 0 0 0 1
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (19, 5)→ P (23, 1) P
1. f2 ·MP (19,5)1→2 −MP (23,1)1→2 · f1 = 0
f2 ·MP (19,5)1→2 =

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 ·
[ 3
3 1
4 0
]
=

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 ·

3
3 1
1 0
3 0
 =

3
3 1
1 0
1 0
3 1
 =

3
3 1
2 0
3 1

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M
P (23,1)
1→2 · f1 =

3
3 1
2 0
3 1
 · [ 33 1 ] =

3
3 1
2 0
3 1

f2 ·MP (19,5)1→2 −MP (23,1)1→2 · f1 =

3
3 1
2 0
3 1
−

3
3 1
2 0
3 1
 = [ 38 0 ]
2. f3 ·MP (19,5)2→3 −MP (23,1)2→3 · f2 = 0
f3 ·MP (19,5)2→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·
[ 7
7 1
3 0
]
=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

M
P (23,1)
2→3 · f2 =

4 4
4 1 0
4 1 1
4 0 1
 ·

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

f3 ·MP (19,5)2→3 −MP (23,1)2→3 · f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

−

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

=
[ 7
12 0
]
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3. f3 ·MP (19,5)4→3 −MP (23,1)4→3 · f4 = 0
f3 ·MP (19,5)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1

=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

3 3
3 1 0
1 0 0
3 1 91
5 0 0

M
P (23,1)
4→3 · f4 =
[ 8
8 1
4 0
]
·

3 3
3 1 0
1 0 0
3 1 91
1 0 0
 =

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

3 3
3 1 0
1 0 0
3 1 91
1 0 0
 =

3 3
3 1 0
1 0 0
3 1 91
1 0 0
4 0 0
 =

3 3
3 1 0
1 0 0
3 1 91
5 0 0

f3 ·MP (19,5)4→3 −MP (23,1)4→3 · f4 =

3 3
3 1 0
1 0 0
3 1 91
5 0 0
−

3 3
3 1 0
1 0 0
3 1 91
5 0 0
 =
[ 6
12 0
]
4. f4 ·MP (19,5)5→4 −MP (23,1)5→4 · f5 = 0
f4 ·MP (19,5)5→4 =

3 3
3 1 0
1 0 0
3 1 91
1 0 0
 ·
[ 3
3 1
3 1
]
=

3
3 1
1 0
3 0
1 0
 =
[ 3
3 1
5 0
]
M
P (23,1)
5→4 · f5 =
[ 4
4 1
4 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
4 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
4 0
 = [
3
3 1
5 0
]
f4 ·MP (19,5)5→4 −MP (23,1)5→4 · f5 =
[ 3
3 1
5 0
]
−
[ 3
3 1
5 0
]
=
[ 3
8 0
]
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5. f3 ·MP (19,5)6→3 −MP (23,1)6→3 · f6 = 0
f3 ·MP (19,5)6→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·
[ 7
3 0
7 1
]
=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

·

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0

=

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

M
P (23,1)
6→3 · f6 =
[ 8
4 0
8 1
]
·

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =

3 1 3 1
4 0 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
 ·

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

f3 ·MP (19,5)6→3 −MP (23,1)6→3 · f6 =

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
−

3 1 3
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =
[ 7
12 0
]
6. f6 ·MP (19,5)7→6 −MP (23,1)7→6 · f7 = 0
f6 ·MP (19,5)7→6 =

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 ·
[ 3
4 0
3 1
]
=

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 ·

3
3 0
1 0
3 1
 =

3
3 0
1 0
3 1
1 0
 =

3
4 0
3 1
1 0

M
P (23,1)
7→6 · f7 =
[ 4
4 0
4 1
]
·
[ 3
3 1
1 0
]
=

3 1
4 0 0
3 1 0
1 0 1
 · [
3
3 1
1 0
]
=

3
4 0
3 1
1 0

f6 ·MP (19,5)7→6 −MP (23,1)7→6 · f7 =

3
4 0
3 1
1 0
−

3
4 0
3 1
1 0
 = [ 38 0 ]
Relations of the projection g : P (23, 1)→ R11(2) P
1. g2 ·MP (23,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (23,1)1→2 =
[ 3 1 4
1 0 1 0
]
·

3
3 1
2 0
3 1
 = [ 3 1 1 31 0 1 0 0 ] ·

3
3 1
1 0
1 0
3 1
 =
[ 3
1 0
]
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M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g2 ·MP (23,1)1→2 −MR
1
1(2)
1→2 · g1 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
2. g3 ·MP (23,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (23,1)2→3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

4 4
4 1 0
4 1 1
4 0 1
 = [
3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 1
3 0 0 1 0
1 0 0 0 1

=
[ 3 1 3 1
1 0 0 0 0
1 0 1 0 0
]
=
[ 3 1 4
1 0 0 0
1 0 1 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[ 3 1 4
1 0 1 0
]
=
[ 3 1 4
1 0 0 0
1 0 1 0
]
g3 ·MP (23,1)2→3 −MR
1
1(2)
2→3 · g2 =
[ 3 1 4
1 0 0 0
1 0 1 0
]
−
[ 3 1 4
1 0 0 0
1 0 1 0
]
=
[ 8
2 0
]
3. g3 ·MP (23,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (23,1)4→3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·
[ 8
8 1
4 0
]
=
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
1 0 0 0 0

=
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
M
R11(2)
4→3 · g4 =
[ 2
2 1
]
·
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
=
[
1 0
0 1
]
·
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
=
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
g3 ·MP (23,1)4→3 −MR
1
1(2)
4→3 · g4 =
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
−
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
=
[ 8
2 0
]
4. g4 ·MP (23,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (23,1)5→4 =
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
·
[ 4
4 1
4 0
]
=
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
·

3 1
3 1 0
1 0 1
3 0 0
1 0 0
 =
[ 3 1
1 0 1
1 0 1
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
1 0 1
]
g4 ·MP (23,1)5→4 −MR
1
1(2)
5→4 · g5 =
[ 3 1
1 0 1
1 0 1
]
−
[ 3 1
1 0 1
1 0 1
]
=
[ 4
2 0
]
5. g3 ·MP (23,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (23,1)6→3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·
[ 8
4 0
8 1
]
=
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

3 1 3 1
3 0 0 0 0
1 0 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1

=
[ 3 1 3 1
1 0 91 0 1
1 0 0 0 0
]
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M
R11(2)
6→3 · g6 =
[
1
0
]
·
[ 3 1 3 1
1 0 91 0 1
]
=
[ 3 1 3 1
1 0 91 0 1
1 0 0 0 0
]
g3 ·MP (23,1)6→3 −MR
1
1(2)
6→3 · g6 =
[ 3 1 3 1
1 0 91 0 1
1 0 0 0 0
]
−
[ 3 1 3 1
1 0 91 0 1
1 0 0 0 0
]
=
[ 8
2 0
]
6. g6 ·MP (23,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (23,1)7→6 =
[ 3 1 3 1
1 0 91 0 1
]
·
[ 4
4 0
4 1
]
=
[ 3 1 3 1
1 0 91 0 1
]
·

3 1
3 0 0
1 0 0
3 1 0
1 0 1
 =
[ 3 1
1 0 1
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
]
g6 ·MP (23,1)7→6 −MR
1
1(2)
7→6 · g7 =
[ 3 1
1 0 1
]
−
[ 3 1
1 0 1
]
=
[ 4
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
0 0
]
·
[ 3
3 1
]
=
[ 3
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1 4
1 0 1 0
]
·

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =
[ 3 1 1 3
1 0 1 0 0
]
·

3 1 3
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =
[ 7
1 0
]
3. g3 · f3 = 0
g3 ·f3 =
[ 3 1 3 1 3 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

=
[
0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 0
]
·

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

=
[10
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1 3 1
1 0 1 0 91
1 0 1 0 0
]
·

3 3
3 1 0
1 0 0
3 1 91
1 0 0
 =
[ 6
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 3 1 3 1
1 0 91 0 1
]
·

3 1 3
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =
[ 7
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
123.4.2 0→ P (19, 7) f→ P (23, 1) g→ R10(2)→ 0 
PdimP (19, 7) + dimR10(2) = (3, 7, 10, 7, 3, 6, 3) + (0, 1, 2, 1, 1, 2, 1)
= (3, 8, 12, 8, 4, 8, 4) = dimP (23, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (19, 7)) = dimk HomkQ(R
1
0(2), P (19, 7))− 〈dimR10(2),dimP (19, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (3, 7, 10, 7, 3, 6, 3)〉
= 0 · 7 + 1 · 10 + 1 · 10 + 1 · 7 + 2 · 10 + 1 · 6− (0 · 3 + 1 · 7 + 2 · 10 + 1 · 7 + 1 · 3 + 2 · 6 + 1 · 3)
= 0 + 10 + 10 + 7 + 20 + 6− (0 + 7 + 20 + 7 + 3 + 12 + 3)
= 1
Matrices of the embedding f : P (19, 7)→ P (23, 1) P
1. f1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. f2 =

91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M8,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 1 3
3 91 0 1
1 0 91 0
1 0 0 0
3 0 0 1
 c3←c3+c1−−−−−−→

3 1 3
3 91 0 0
1 0 91 0
1 0 0 0
3 0 0 1
 =

4 3
4 91 0
1 0 0
3 0 1

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3. f3 =

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M12,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

c1↔c4−−−−→

91 0 0 0 0 0 0 1 0 0
0 0 0 1 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
91 0 0 0 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

c8←c8+c1−−−−−−→

91 0 0 0 0 0 0 0 0 0
0 0 0 1 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
91 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

c2↔c4−−−−→

91 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 1 0
0 0 0 1 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
91 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

c5←c5+c2
c9←c9−c2−−−−−−→

91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
91 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

c3↔c4−−−−→

91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 91 0 0 0 1
0 0 0 1 0 0 91 0 0 0
91 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

c6←c6+c3
c10←c10−c3−−−−−−−−→

91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 91 0 0 0
91 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

=

1 2 1 1 1 1 1 1 1
1 91 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

c6←c6+c3−−−−−−→

1 2 1 1 1 1 1 1 1
1 91 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

1 3 1 1 1 1 1 1
1 91 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0
1 0 0 0 91 0 0 1 1
1 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

c6←c6+c3
c7←c7+c3−−−−−−→

1 3 1 1 1 1 1 1
1 91 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0
1 0 0 0 91 0 0 1 1
1 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

c7←c7+c4
c8←c8+c4−−−−−−→

1 3 1 1 1 1 1 1
1 91 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0
1 0 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 3 2 1 2 1
1 91 0 0 0 0 0
3 0 1 0 0 0 0
1 91 0 0 0 0 0
2 0 0 91 0 0 0
1 0 0 0 91 0 1
1 0 0 0 0 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1

c6←c6+c4−−−−−−→

1 3 2 1 2 1
1 91 0 0 0 0 0
3 0 1 0 0 0 0
1 91 0 0 0 0 0
2 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 3 3 3
1 91 0 0 0
3 0 1 0 0
1 91 0 0 0
3 0 0 91 0
1 0 0 0 0
3 0 0 0 1

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4. f4 =

0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91

∈M8,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
 c1↔c2−−−−→

1 3 3
1 91 0 0
3 0 1 91
1 91 0 0
3 0 0 91
 c3←c3+c2−−−−−−→

1 3 3
1 91 0 0
3 0 1 0
1 91 0 0
3 0 0 91

5. f5 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0 0
91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

3 3
1 0 0
3 91 1
1 0 0
3 0 1
 c2←c2+c1−−−−−−→

3 3
1 0 0
3 91 0
1 0 0
3 0 1

7. f7 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (23, 1)→ R10(2) P
1. g1 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
2. g2 =
[
0 0 0 0 1 0 0 0
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
]
∈M2,12(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 0 0 0 91 0 0 0
]
∈M1,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0
]
∈M2,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (19, 7)→ P (23, 1) P
1. f2 ·MP (19,7)1→2 −MP (23,1)1→2 · f1 = 0
f2 ·MP (19,7)1→2 =

3 1 3
3 91 0 1
1 0 91 0
1 0 0 0
3 0 0 1
 ·
[ 3
4 0
3 1
]
=

3 1 3
3 91 0 1
1 0 91 0
1 0 0 0
3 0 0 1
 ·

3
3 0
1 0
3 1
 =

3
3 1
1 0
1 0
3 1
 =

3
3 1
2 0
3 1

M
P (23,1)
1→2 · f1 =

3
3 1
2 0
3 1
 · [ 33 1 ] =

3
3 1
2 0
3 1

f2 ·MP (19,7)1→2 −MP (23,1)1→2 · f1 =

3
3 1
2 0
3 1
−

3
3 1
2 0
3 1
 = [ 38 0 ]
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2. f3 ·MP (19,7)2→3 −MP (23,1)2→3 · f2 = 0
f3 ·MP (19,7)2→3 =

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

·
[ 7
3 0
7 1
]
=

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

·

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 1 1 0
0 0 91 0 0 1 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

M
P (23,1)
2→3 · f2 =

4 4
4 1 0
4 1 1
4 0 1
 ·

3 1 3
3 91 0 1
1 0 91 0
1 0 0 0
3 0 0 1
 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 1 1 0
0 0 91 0 0 1 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

f3 ·MP (19,7)2→3 −MP (23,1)2→3 · f2 =

91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 1 1 0
0 0 91 0 0 1 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

−

91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 1 1 0
0 0 91 0 0 1 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=
[ 7
12 0
]
3. f3 ·MP (19,7)4→3 −MP (23,1)4→3 · f4 = 0
f3 ·MP (19,7)4→3 =

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

·
[ 7
7 1
3 0
]
=

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
4 0 0 0

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M
P (23,1)
4→3 · f4 =
[ 8
8 1
4 0
]
·

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
 =

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
4 0 0 0 0
 ·

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
 =

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
4 0 0 0

f3 ·MP (19,7)4→3 −MP (23,1)4→3 · f4 =

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
4 0 0 0
−

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
4 0 0 0
 =
[ 7
12 0
]
4. f4 ·MP (19,7)5→4 −MP (23,1)5→4 · f5 = 0
f4 ·MP (19,7)5→4 =

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
 ·
[ 3
3 1
4 0
]
=

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
 ·

3
3 1
1 0
3 0
 =

3
1 0
3 1
1 0
3 0
 =

3
1 0
3 1
4 0

M
P (23,1)
5→4 · f5 =
[ 4
4 1
4 0
]
·
[ 3
1 0
3 1
]
=

1 3
1 1 0
3 0 1
4 0 0
 · [
3
1 0
3 1
]
=

3
1 0
3 1
4 0

f4 ·MP (19,7)5→4 −MP (23,1)5→4 · f5 =

3
1 0
3 1
4 0
−

3
1 0
3 1
4 0
 = [ 38 0 ]
5. f3 ·MP (19,7)6→3 −MP (23,1)6→3 · f6 = 0
f3 ·MP (19,7)6→3 =

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1

=

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

3 3
5 0 0
3 91 1
1 0 0
3 0 1

M
P (23,1)
6→3 · f6 =
[ 8
4 0
8 1
]
·

3 3
1 0 0
3 91 1
1 0 0
3 0 1
 =

1 3 1 3
4 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

3 3
1 0 0
3 91 1
1 0 0
3 0 1
 =

3 3
4 0 0
1 0 0
3 91 1
1 0 0
3 0 1
 =

3 3
5 0 0
3 91 1
1 0 0
3 0 1

f3 ·MP (19,7)6→3 −MP (23,1)6→3 · f6 =

3 3
5 0 0
3 91 1
1 0 0
3 0 1
−

3 3
5 0 0
3 91 1
1 0 0
3 0 1
 =
[ 6
12 0
]
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6. f6 ·MP (19,7)7→6 −MP (23,1)7→6 · f7 = 0
f6 ·MP (19,7)7→6 =

3 3
1 0 0
3 91 1
1 0 0
3 0 1
 ·
[ 3
3 1
3 1
]
=

3
1 0
3 0
1 0
3 1
 =
[ 3
5 0
3 1
]
M
P (23,1)
7→6 · f7 =
[ 4
4 0
4 1
]
·
[ 3
1 0
3 1
]
=

1 3
4 0 0
1 1 0
3 0 1
 · [
3
1 0
3 1
]
=

3
4 0
1 0
3 1
 = [
3
5 0
3 1
]
f6 ·MP (19,7)7→6 −MP (23,1)7→6 · f7 =
[ 3
5 0
3 1
]
−
[ 3
5 0
3 1
]
=
[ 3
8 0
]
Relations of the projection g : P (23, 1)→ R10(2) P
1. g2 ·MP (23,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (23,1)1→2 =
[ 4 1 3
1 0 1 0
]
·

3
3 1
2 0
3 1
 = [ 3 1 1 31 0 0 1 0 ] ·

3
3 1
1 0
1 0
3 1
 =
[ 3
1 0
]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g2 ·MP (23,1)1→2 −MR
1
0(2)
1→2 · g1 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
2. g3 ·MP (23,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (23,1)2→3 =
[ 1 3 1 3 1 3
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

4 4
4 1 0
4 1 1
4 0 1
 = [
1 3 1 3 1 3
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 1 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=
[ 1 3 1 3
1 0 0 0 0
1 0 0 1 0
]
=
[ 4 1 3
1 0 0 0
1 0 1 0
]
M
R10(2)
2→3 · g2 =
[
0
1
]
·
[ 4 1 3
1 0 1 0
]
=
[ 4 1 3
1 0 0 0
1 0 1 0
]
g3 ·MP (23,1)2→3 −MR
1
0(2)
2→3 · g2 =
[ 4 1 3
1 0 0 0
1 0 1 0
]
−
[ 4 1 3
1 0 0 0
1 0 1 0
]
=
[ 8
2 0
]
3. g3 ·MP (23,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (23,1)4→3 =
[ 1 3 1 3 1 3
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·
[ 8
8 1
4 0
]
=
[ 1 3 1 3 1 3
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
1 0 0 0 0
3 0 0 0 0

=
[ 1 3 1 3
1 1 0 91 0
1 0 0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[ 1 3 1 3
1 1 0 91 0
]
=
[ 1 3 1 3
1 1 0 91 0
1 0 0 0 0
]
g3 ·MP (23,1)4→3 −MR
1
0(2)
4→3 · g4 =
[ 1 3 1 3
1 1 0 91 0
1 0 0 0 0
]
−
[ 1 3 1 3
1 1 0 91 0
1 0 0 0 0
]
=
[ 8
2 0
]
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4. g4 ·MP (23,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (23,1)5→4 =
[ 1 3 1 3
1 1 0 91 0
]
·
[ 4
4 1
4 0
]
=
[ 1 3 1 3
1 1 0 91 0
]
·

1 3
1 1 0
3 0 1
1 0 0
3 0 0
 =
[ 1 3
1 1 0
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[ 1 3
1 1 0
]
=
[ 1 3
1 1 0
]
g4 ·MP (23,1)5→4 −MR
1
0(2)
5→4 · g5 =
[ 1 3
1 1 0
]
−
[ 1 3
1 1 0
]
=
[ 4
1 0
]
5. g3 ·MP (23,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (23,1)6→3 =
[ 1 3 1 3 1 3
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·
[ 8
4 0
8 1
]
=
[ 1 3 1 3 1 3
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 3 1 3
1 0 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1

=
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
M
R10(2)
6→3 · g6 =
[ 2
2 1
]
·
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
=
[
1 0
0 1
]
·
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
=
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
g3 ·MP (23,1)6→3 −MR
1
0(2)
6→3 · g6 =
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
−
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
=
[ 8
2 0
]
6. g6 ·MP (23,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (23,1)7→6 =
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
·
[ 4
4 0
4 1
]
=
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
·

1 3
1 0 0
3 0 0
1 1 0
3 0 1
 =
[ 1 3
1 1 0
1 1 0
]
M
R10(2)
7→6 · g7 =
[
1
1
]
·
[ 1 3
1 1 0
]
=
[ 1 3
1 1 0
1 1 0
]
g6 ·MP (23,1)7→6 −MR
1
0(2)
7→6 · g7 =
[ 1 3
1 1 0
1 1 0
]
−
[ 1 3
1 1 0
1 1 0
]
=
[ 4
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
0 0
]
·
[ 3
3 1
]
=
[ 3
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 1 3
1 0 1 0
]
·

3 1 3
3 91 0 1
1 0 91 0
1 0 0 0
3 0 0 1
 =
[ 3 1 1 3
1 0 0 1 0
]
·

3 1 3
3 91 0 1
1 0 91 0
1 0 0 0
3 0 0 1
 =
[ 7
1 0
]
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3. g3 · f3 = 0
g3 ·f3 =
[ 1 3 1 3 1 3
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

=
[
1 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
]
·

0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

=
[10
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 3 1 3
1 1 0 91 0
]
·

3 1 3
1 0 91 0
3 1 0 91
1 0 91 0
3 0 0 91
 =
[ 7
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 3
1 1 0
]
·
[ 3
1 0
3 1
]
=
[ 3
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3 1 3
1 91 0 1 0
1 0 0 1 0
]
·

3 3
1 0 0
3 91 1
1 0 0
3 0 1
 =
[ 6
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
1 1 0
]
·
[ 3
1 0
3 1
]
=
[ 3
1 0
]
123.5 Tree module property of P (6n+ 5, 1) 
The matrices of the representation have full (column) rank P
1. MP (6n+5,1)1→2 =

n
n 1
2 0
n 1
 ∈M2n+2,n(k) is already in column echelon form and has maximal column rank.
2. MP (6n+5,1)2→3 =
[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
3. MP (6n+5,1)4→3 =
[2n+2
2n+2 1
n+1 0
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
4. MP (6n+5,1)5→4 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
5. MP (6n+5,1)6→3 =
[2n+2
n+1 0
2n+2 1
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
6. MP (6n+5,1)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
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123.5.1 0→ P (6n+ 1, 5) f→ P (6n+ 5, 1) g→ R11(2)→ 0 
PdimP (6n+ 1, 5) + dimR11(2) = (n, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n) + (0, 1, 2, 2, 1, 1, 1)
= (n, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1) = dimP (6n+ 5, 1)
Pdimk Ext
1
kQ(R
1
1(2), P (6n+ 1, 5)) = dimk HomkQ(R
1
1(2), P (6n+ 1, 5))− 〈dimR11(2),dimP (6n+ 1, 5)〉
= 0− 〈(0, 1, 2, 2, 1, 1, 1), (n, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n)〉
= 0 · (2n+ 1) + 1 · (3n+ 1) + 2 · (3n+ 1) + 1 · 2n+ 1 · (3n+ 1) + 1 · (2n+ 1)− (0 · n+ 1 · (2n+ 1) + 2 · (3n+ 1) + 2 · 2n+ 1 · n+ 1 · (2n+ 1) + 1 · n)
= 0 + 3n+ 1 + 6n+ 2 + 2n+ 3n+ 1 + 2n+ 1− (0 + 2n+ 1 + 6n+ 2 + 4n+ n+ 2n+ 1 + n)
= 1
Matrices of the embedding f : P (6n+ 1, 5)→ P (6n+ 5, 1) P
1. f1 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. f2 =

n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]
∈M2n+2,2n+1(k) is already in column echelon form and has maximal column rank.
3. f3 =

n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0
 ∈M3n+3,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column
rank.
f3 =

1 n−2 1 1 n−2 1 1 1 1 n−2
1 1 0 0 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
n−2 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 0 0 0 0 1 0
n−2 0 1 0 0 0 0 0 0 0 1
1 0 0 1 0 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 1 1 n−2
n+2 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0

4. f4 =

n n
n 1 0
1 0 0
n 1 91
1 0 0
 ∈M2n+2,2n(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ n
n 1
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =
[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0
 ∈M2n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ n
n 1
1 0
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 5, 1)→ R11(2) P
1. g1 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
2. g2 =
[ n 1 n+1
1 0 1 0
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
∈M2,3n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
r2←r2−r1−−−−−−→
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 0 0 1 0 91
]
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4. g4 =
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
∈M2,2n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
r2←r2−r1−−−−−−→
[ n 1 n 1
1 0 1 0 91
1 0 0 0 1
]
5. g5 =
[ n 1
1 0 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ n 1 n 1
1 0 91 0 1
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n 1
1 0 1
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n+ 1, 5)→ P (6n+ 5, 1) P
1. f2 ·MP (6n+1,5)1→2 −MP (6n+5,1)1→2 · f1 = 0
f2 ·MP (6n+1,5)1→2 =


n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]

·
[ n
n 1
n+1 0
]
=

n n+1
n 1 0
2 0 0
n 1 0
 · [
n
n 1
n+1 0
]
+
[ n n+1
n+1 0 0
n+1 0 91
]
·
[ n
n 1
n+1 0
]
=

n
n 1
2 0
n 1
+ [
n
n+1 0
n+1 0
]
=

n
n 1
1 0
1 0
n 1
+

n
n 0
1 0
1 0
n 0
 =

n
n 1
2 0
n 1

M
P (6n+5,1)
1→2 · f1 =

n
n 1
2 0
n 1
 · [ nn 1 ] =

n
n 1
2 0
n 1

f2 ·MP (6n+1,5)1→2 −MP (6n+5,1)1→2 · f1 =

n
n 1
2 0
n 1
−

n
n 1
2 0
n 1
 = [ n2n+2 0 ]
2. f3 ·MP (6n+1,5)2→3 −MP (6n+5,1)2→3 · f2 = 0
f3 ·MP (6n+1,5)2→3 =


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


·
[2n+1
2n+1 1
n 0
]
=

n n+1 n
n 1 0 0
1 0 0 0
n 1 0 0
2 0 0 0
n 1 0 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

n n+1 n
n+2 0 0 0
n 1 0 0
n+1 0 0 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0
 · [
2n+1
2n+1 1
n 0
]
=

n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1
n+1 0 0
n+1 0 91
n+1 0 91
+

2n+1
2n+2 0
n 0
1 0

=

n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1
n+1 0 0
n+1 0 91
n+1 0 91
+

n n+1
2n+2 0 0
n 0 0
1 0 0
 =

n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 1 n
n+1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91

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M
P (6n+5,1)
2→3 · f2 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·


n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]

=

n 2 n
n 1 0 0
2 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n+1
n 1 0
2 0 0
n 1 0
+

n+1 n+1
n+1 1 0
n+1 0 1
n+1 0 0
 · [
n n+1
n+1 0 0
n+1 0 91
]
+

n 2 n
n+1 0 0 0
n 1 0 0
2 0 1 0
n 0 0 1
 ·

n n+1
n 1 0
2 0 0
n 1 0
+

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
 · [
n n+1
n+1 0 0
n+1 0 91
]
=

n n+1
n 1 0
2 0 0
n 1 0
n+1 0 0
+

n n+1
n+1 0 0
n+1 0 91
n+1 0 0
+

n n+1
n+1 0 0
n 1 0
2 0 0
n 1 0
+

n n+1
n+1 0 0
n+1 0 0
n+1 0 91

=

n−1 1 n+1
n−1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n 1 n−1 1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 91 0 0
n−1 0 0 91 0
1 0 0 0 91
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

+

1 n−1 n+1
n−1 0 0 0
1 0 0 0
1 0 0 0
1 1 0 0
n−1 0 1 0
1 0 0 0
1 0 0 0
1 1 0 0
n−1 0 1 0

+

n 1 1 n−1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91

=

n 1 n
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91

+

n n+1
n+1 0 0
n 1 0
2 0 0
n 1 0

f3 ·MP (6n+1,5)2→3 −MP (6n+5,1)2→3 · f2 =


n n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 1 n
n+1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91


−


n 1 n
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91

+

n n+1
n+1 0 0
n 1 0
2 0 0
n 1 0


=

[ n n+1
n 1 0
2n+3 0 0
]
+

n n+1
n+1 0 0
n 1 0
n+2 0 0
+ [
n n+1
2n+3 0 0
n 1 0
]
+

n 1 n
n+1 0 0 0
1 0 91 0
2n+1 0 0 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n+1 n
n+2 0 0
n 0 91
n+1 0 0
+

n 1 n
2n+2 0 0 0
1 0 91 0
n 0 0 0
+ [
n+1 n
2n+3 0 0
n 0 91
]

−

[ n n+1
n 1 0
2n+3 0 0
]
+

n n+1
n+1 0 0
n 1 0
n+2 0 0

+
[ n n+1
2n+3 0 0
n 1 0
]
+

n 1 n
n+1 0 0 0
1 0 91 0
2n+1 0 0 0
+

n n+1
n+2 0 0
n 1 0
n+1 0 0
+

n+1 n
n+2 0 0
n 0 91
n+1 0 0
+

n 1 n
2n+2 0 0 0
1 0 91 0
n 0 0 0
+ [
n+1 n
2n+3 0 0
n 0 91
]

=
[2n+1
3n+3 0
]
3. f3 ·MP (6n+1,5)4→3 −MP (6n+5,1)4→3 · f4 = 0
f3 ·MP (6n+1,5)4→3 =


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
=

n n n+1
n 1 0 0
1 0 0 0
n 1 0 0
2 0 0 0
n 1 0 0
 ·

n n
n 1 0
n 0 1
n+1 0 0
+

n 1 2n
n 1 0 0
1 0 0 0
n 1 0 0
2 0 0 0
n 1 0 0
 ·

2n
n 0
1 0
2n 1
+

n n n+1
n+2 0 0 0
n 1 0 0
n+1 0 0 0
 ·

n n
n 1 0
n 0 1
n+1 0 0
+

n 1 2n
n+2 0 0 0
n 1 0 0
n+1 0 0 0
 ·

2n
n 0
1 0
2n 1

+

n n 1 n
n+1 0 0 0 0
n 0 91 0 0
1 0 0 91 0
n 0 91 0 0
1 0 0 91 0
 ·

n n
n 1 0
n 0 1
1 0 0
n 0 0
+

n 1 n n
n+1 0 0 0 0
1 0 91 0 0
n 0 0 91 0
1 0 91 0 0
n 0 0 91 0
 ·

n n
n 0 0
1 0 0
n 1 0
n 0 1
+

2n 1 n
2n+2 0 0 0
n 0 0 1
1 0 0 0
 ·

2n
2n 1
1 0
n 0
+

n+1 n n
2n+2 0 0 0
n 0 0 1
1 0 0 0
 ·

n n
n+1 0 0
n 1 0
n 0 1

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=
n n
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

2n
n 0
1 0
n 0
2 0
n 0
+

n n
n+2 0 0
n 1 0
n+1 0 0
+

2n
n+2 0
n 0
n+1 0
+

n n
n+1 0 0
n 0 91
1 0 0
n 0 91
1 0 0
+

n n
n+1 0 0
1 0 0
n 91 0
1 0 0
n 91 0
+

2n
2n+2 0
n 0
1 0
+

n n
2n+2 0 0
n 0 1
1 0 0

=

n n
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n n
n 0 0
1 0 0
n 0 0
2 0 0
n 0 0
+

n n
n+2 0 0
n 1 0
n+1 0 0
+

n n
n+2 0 0
n 0 0
n+1 0 0
+

n n
n+1 0 0
n 0 91
1 0 0
n 0 91
1 0 0
+

n n
n+1 0 0
1 0 0
n 91 0
1 0 0
n 91 0
+

n n
2n+2 0 0
n 0 0
1 0 0
+

n n
2n+2 0 0
n 0 1
1 0 0

=

n−1 1 1 n−1
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
n−1 1 0 0 1
1 0 1 0 0

+

n−1 1 1 n−1
n+1 0 0 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0
1 0 0 91 0
n−1 91 0 0 91
1 0 91 0 0

M
P (6n+5,1)
4→3 · f4 =
[2n+2
2n+2 1
n+1 0
]
·

n n
n 1 0
1 0 0
n 1 91
1 0 0
 =

n 1 n 1
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n+1 0 0 0 0
 ·

n n
n 1 0
1 0 0
n 1 91
1 0 0
 =

n n
n 1 0
1 0 0
n 1 91
1 0 0
n+1 0 0
 =

n n
n 1 0
1 0 0
n 1 91
n+2 0 0

f3 ·MP (6n+1,5)4→3 −MP (6n+5,1)4→3 · f4 =


n−1 1 1 n−1
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
n−1 1 0 0 1
1 0 1 0 0

+

n−1 1 1 n−1
n+1 0 0 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0
1 0 0 91 0
n−1 91 0 0 91
1 0 91 0 0


−

n n
n 1 0
1 0 0
n 1 91
n+2 0 0
 =

[n−1 n+1
n−1 1 0
2n+4 0 0
]
+

n−1 1 n
n−1 0 0 0
1 0 1 0
2n+3 0 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+3 0 0

+

n−1 1 n
2n 0 0 0
1 0 1 0
n+2 0 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 1 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 1 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 1
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 1 0
]
+

n 1 n−1
n+1 0 0 0
1 0 91 0
2n+1 0 0 0

+

n+1 n−1
n+2 0 0
n−1 0 91
n+2 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 91 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 91 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 91
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 91 0
]

−

[n−1 n+1
n−1 1 0
2n+4 0 0
]
+

n−1 1 n
n−1 0 0 0
1 0 1 0
2n+3 0 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+3 0 0
+

n−1 1 n
2n 0 0 0
1 0 1 0
n+2 0 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 1 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 1 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 1
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 1 0
]
+

n 1 n−1
n+1 0 0 0
1 0 91 0
2n+1 0 0 0
+

n+1 n−1
n+2 0 0
n−1 0 91
n+2 0 0
+

n 1 n−1
2n+2 0 0 0
1 0 91 0
n 0 0 0
+

n−1 n+1
2n+3 0 0
n−1 91 0
1 0 0
+

n+1 n−1
2n+3 0 0
n−1 0 91
1 0 0
+ [
n−1 1 n
3n+2 0 0 0
1 0 91 0
]

=
[2n
3n+3 0
]
4. f4 ·MP (6n+1,5)5→4 −MP (6n+5,1)5→4 · f5 = 0
f4 ·MP (6n+1,5)5→4 =

n n
n 1 0
1 0 0
n 1 91
1 0 0
 ·
[ n
n 1
n 1
]
=

n
n 1
1 0
n 0
1 0
 =
[ n
n 1
n+2 0
]
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M
P (6n+5,1)
5→4 · f5 =
[n+1
n+1 1
n+1 0
]
·
[ n
n 1
1 0
]
=

n 1
n 1 0
1 0 1
n+1 0 0
 · [
n
n 1
1 0
]
=

n
n 1
1 0
n+1 0
 = [
n
n 1
n+2 0
]
f4 ·MP (6n+1,5)5→4 −MP (6n+5,1)5→4 · f5 =
[ n
n 1
n+2 0
]
−
[ n
n 1
n+2 0
]
=
[ n
2n+2 0
]
5. f3 ·MP (6n+1,5)6→3 −MP (6n+5,1)6→3 · f6 = 0
f3 ·MP (6n+1,5)6→3 =


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


·
[2n+1
n 0
2n+1 1
]
=

n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
 ·
[2n+1
n 0
2n+1 1
]
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
 · [
2n+1
n 0
2n+1 1
]
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
 ·

n+1 n
n 0 0
n+1 1 0
n 0 1
+

n n+1 n
2n+2 0 0 0
n 0 0 1
1 0 0 0
 ·

n+1 n
n 0 0
n+1 1 0
n 0 1

=

2n+1
n 0
1 0
n 0
2 0
n 0
+

2n+1
n+2 0
n 0
n+1 0
+

n+1 n
n+1 0 0
n+1 91 0
n+1 91 0
+

n+1 n
2n+2 0 0
n 0 1
1 0 0

=

n+1 n
n 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

n+1 n
n 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

1 n−1 1 n
n 0 0 0 0
1 0 0 0 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0

+

n+1 1 n−1
n 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

M
P (6n+5,1)
6→3 · f6 =
[2n+2
n+1 0
2n+2 1
]
·

[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0


=

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
 · [
n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n 1
n+1 0 0 0
n+1 1 0 0
n 0 1 0
1 0 0 1
 ·

n+1 n
n+1 0 0
n 0 1
1 0 0

=

n+1 n
n+1 0 0
n+1 91 0
n+1 91 0
+

n+1 n
n+1 0 0
n+1 0 0
n 0 1
1 0 0
 =

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 0
1 0 91 0
+

n+1 n
n+1 0 0
n 0 0
1 0 0
n 0 1
1 0 0
 =

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

f3 ·MP (6n+1,5)6→3 −MP (6n+5,1)6→3 · f6 =

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
−

n 1 n
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
 =
[2n+1
3n+3 0
]
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6. f6 ·MP (6n+1,5)7→6 −MP (6n+5,1)7→6 · f7 = 0
f6 ·MP (6n+1,5)7→6 =

[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0


·
[ n
n+1 0
n 1
]
=
[n+1 n
n+1 91 0
n+1 91 0
]
·
[ n
n+1 0
n 1
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0
 · [
n
n+1 0
n 1
]
=
[ n
n+1 0
n+1 0
]
+

n
n+1 0
n 1
1 0
 =

n
n+1 0
n 0
1 0
+

n
n+1 0
n 1
1 0
 =

n
n+1 0
n 1
1 0

M
P (6n+5,1)
7→6 · f7 =
[n+1
n+1 0
n+1 1
]
·
[ n
n 1
1 0
]
=

n 1
n+1 0 0
n 1 0
1 0 1
 · [
n
n 1
1 0
]
=

n
n+1 0
n 1
1 0

f6 ·MP (6n+1,5)7→6 −MP (6n+5,1)7→6 · f7 =

n
n+1 0
n 1
1 0
−

n
n+1 0
n 1
1 0
 = [ n2n+2 0 ]
Relations of the projection g : P (6n+ 5, 1)→ R11(2) P
1. g2 ·MP (6n+5,1)1→2 −MR
1
1(2)
1→2 · g1 = 0
g2 ·MP (6n+5,1)1→2 =
[ n 1 n+1
1 0 1 0
]
·

n
n 1
2 0
n 1
 = [ n 1 1 n1 0 1 0 0 ] ·

n
n 1
1 0
1 0
n 1
 =
[ n
1 0
]
M
R11(2)
1→2 · g1 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g2 ·MP (6n+5,1)1→2 −MR
1
1(2)
1→2 · g1 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
2. g3 ·MP (6n+5,1)2→3 −MR
1
1(2)
2→3 · g2 = 0
g3 ·MP (6n+5,1)2→3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
=
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

n 1 n 1
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
1 0 0 0 0

+
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

n 1 n 1
n 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
+
[ n 1 n 1
1 0 91 0 1
1 0 0 0 0
]
=
[ n 1 n+1
1 0 0 0
1 0 1 0
]
M
R11(2)
2→3 · g2 =
[
0
1
]
·
[ n 1 n+1
1 0 1 0
]
=
[ n 1 n+1
1 0 0 0
1 0 1 0
]
g3 ·MP (6n+5,1)2→3 −MR
1
1(2)
2→3 · g2 =
[ n 1 n+1
1 0 0 0
1 0 1 0
]
−
[ n 1 n+1
1 0 0 0
1 0 1 0
]
=
[2n+2
2 0
]
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3. g3 ·MP (6n+5,1)4→3 −MR
1
1(2)
4→3 · g4 = 0
g3 ·MP (6n+5,1)4→3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·
[2n+2
2n+2 1
n+1 0
]
=
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

n 1 n 1
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
1 0 0 0 0

=
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
M
R11(2)
4→3 · g4 =
[
1 0
0 1
]
·
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
=
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
g3 ·MP (6n+5,1)4→3 −MR
1
1(2)
4→3 · g4 =
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
−
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
=
[2n+2
2 0
]
4. g4 ·MP (6n+5,1)5→4 −MR
1
1(2)
5→4 · g5 = 0
g4 ·MP (6n+5,1)5→4 =
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
·
[n+1
n+1 1
n+1 0
]
=
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
·

n 1
n 1 0
1 0 1
n 0 0
1 0 0
 =
[ n 1
1 0 1
1 0 1
]
M
R11(2)
5→4 · g5 =
[
1
1
]
·
[ n 1
1 0 1
]
=
[ n 1
1 0 1
1 0 1
]
g4 ·MP (6n+5,1)5→4 −MR
1
1(2)
5→4 · g5 =
[ n 1
1 0 1
1 0 1
]
−
[ n 1
1 0 1
1 0 1
]
=
[n+1
2 0
]
5. g3 ·MP (6n+5,1)6→3 −MR
1
1(2)
6→3 · g6 = 0
g3 ·MP (6n+5,1)6→3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·
[2n+2
n+1 0
2n+2 1
]
=
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

n 1 n 1
n 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1

=
[ n 1 n 1
1 0 91 0 1
1 0 0 0 0
]
M
R11(2)
6→3 · g6 =
[
1
0
]
·
[ n 1 n 1
1 0 91 0 1
]
=
[ n 1 n 1
1 0 91 0 1
1 0 0 0 0
]
g3 ·MP (6n+5,1)6→3 −MR
1
1(2)
6→3 · g6 =
[ n 1 n 1
1 0 91 0 1
1 0 0 0 0
]
−
[ n 1 n 1
1 0 91 0 1
1 0 0 0 0
]
=
[2n+2
2 0
]
6. g6 ·MP (6n+5,1)7→6 −MR
1
1(2)
7→6 · g7 = 0
g6 ·MP (6n+5,1)7→6 =
[ n 1 n 1
1 0 91 0 1
]
·
[n+1
n+1 0
n+1 1
]
=
[ n 1 n 1
1 0 91 0 1
]
·

n 1
n 0 0
1 0 0
n 1 0
1 0 1
 =
[ n 1
1 0 1
]
M
R11(2)
7→6 · g7 =
[
1
]
·
[ n 1
1 0 1
]
=
[ n 1
1 0 1
]
g6 ·MP (6n+5,1)7→6 −MR
1
1(2)
7→6 · g7 =
[ n 1
1 0 1
]
−
[ n 1
1 0 1
]
=
[n+1
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
0 0
]
·
[ n
n 1
]
=
[ n
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ n 1 n+1
1 0 1 0
]
·


n n+1
n 1 0
2 0 0
n 1 0
+ [
n n+1
n+1 0 0
n+1 0 91
]

=
[ n 1 1 n
1 0 1 0 0
]
·

n n+1
n 1 0
1 0 0
1 0 0
n 1 0
+
[ n 1 n+1
1 0 1 0
]
·

n n+1
n 0 0
1 0 0
n+1 0 91
 = [ n n+11 0 0 ]+ [ n n+11 0 0 ] = [2n+11 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·


n 2n+1
n 1 0
1 0 0
n 1 0
2 0 0
n 1 0
+

n 2n+1
n+2 0 0
n 1 0
n+1 0 0
+

n n+1 n
n+1 0 0 0
n+1 0 91 0
n+1 0 91 0
+

2n+1 n
2n+2 0 0
n 0 1
1 0 0


=
[n−1 1 1 n−1 1 1 1 n−1 1
1 0 0 1 0 0 91 0 0 1
1 0 0 1 0 0 0 0 0 0
]
·

n−1 1 2n+1
n−1 1 0 0
1 0 1 0
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0

+
[ n 1 1 n−1 1 n 1
1 0 1 0 0 91 0 1
1 0 1 0 0 0 0 0
]
·

n−1 1 2n+1
n 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n 0 0 0
1 0 0 0

+
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

n n 1 n
n 0 0 0 0
1 0 0 0 0
n 0 91 0 0
1 0 0 91 0
n 0 91 0 0
1 0 0 91 0

+
[ n 1 n 1 n 1
1 0 1 0 91 0 1
1 0 1 0 0 0 0
]
·

2n+1 n
n 0 0
1 0 0
n 0 0
1 0 0
n 0 1
1 0 0

=
[n−1 1 2n+1
1 0 1 0
1 0 0 0
]
+
[n−1 1 2n+1
1 0 91 0
1 0 0 0
]
+
[ n n 1 n
1 0 0 0 0
1 0 0 0 0
]
+
[2n+1 n
1 0 0
1 0 0
]
=
[n−1 1 n 1 n
1 0 1 0 0 0
1 0 0 0 0 0
]
+
[n−1 1 n 1 n
1 0 91 0 0 0
1 0 0 0 0 0
]
+
[n−1 1 n 1 n
1 0 0 0 0 0
1 0 0 0 0 0
]
+
[n−1 1 n 1 n
1 0 0 0 0 0
1 0 0 0 0 0
]
=
[3n+1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n 1 n 1
1 0 1 0 91
1 0 1 0 0
]
·

n n
n 1 0
1 0 0
n 1 91
1 0 0
 =
[2n
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n 1
1 0 1
]
·
[ n
n 1
1 0
]
=
[ n
1 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ n 1 n 1
1 0 91 0 1
]
·

[n+1 n
n+1 91 0
n+1 91 0
]
+

n+1 n
n+1 0 0
n 0 1
1 0 0


=
[ n 1 n 1
1 0 91 0 1
]
·

n 1 n
n 91 0 0
1 0 91 0
n 91 0 0
1 0 91 0
+
[ n 1 n 1
1 0 91 0 1
]
·

n+1 n
n 0 0
1 0 0
n 0 1
1 0 0

=
[ n 1 n
1 0 0 0
]
+
[n+1 n
1 0 0
]
=
[ n 1 n
1 0 0 0
]
+
[ n 1 n
1 0 0 0
]
=
[2n+1
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n 1
1 0 1
]
·
[ n
n 1
1 0
]
=
[ n
1 0
]
123.5.2 0→ P (6n+ 1, 7) f→ P (6n+ 5, 1) g→ R10(2)→ 0 
PdimP (6n+ 1, 7) + dimR10(2) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n, n) + (0, 1, 2, 1, 1, 2, 1)
= (n, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1) = dimP (6n+ 5, 1)
Pdimk Ext
1
kQ(R
1
0(2), P (6n+ 1, 7)) = dimk HomkQ(R
1
0(2), P (6n+ 1, 7))− 〈dimR10(2),dimP (6n+ 1, 7)〉
= 0− 〈(0, 1, 2, 1, 1, 2, 1), (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n, n)〉
= 0 · (2n+ 1) + 1 · (3n+ 1) + 1 · (3n+ 1) + 1 · (2n+ 1) + 2 · (3n+ 1) + 1 · 2n− (0 · n+ 1 · (2n+ 1) + 2 · (3n+ 1) + 1 · (2n+ 1) + 1 · n+ 2 · 2n+ 1 · n)
= 0 + 3n+ 1 + 3n+ 1 + 2n+ 1 + 6n+ 2 + 2n− (0 + 2n+ 1 + 6n+ 2 + 2n+ 1 + n+ 4n+ n)
= 1
Matrices of the embedding f : P (6n+ 1, 7)→ P (6n+ 5, 1) P
1. f1 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. f2 =
[n+1 n
n+1 91 0
n+1 0 0
]
+

n+1 n
n 0 1
2 0 0
n 0 1
 ∈M2n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n 1 n
n 91 0 1
1 0 91 0
1 0 0 0
n 0 0 1
 c3←c3+c1−−−−−−→

n 1 n
n 91 0 0
1 0 91 0
1 0 0 0
n 0 0 1
 =

n+1 n
n+1 91 0
1 0 0
n 0 1

3. f3 =

n 2n+1
1 0 0
n 1 0
2n+2 0 0
+

n n+1 n
n+1 0 91 0
n+1 0 91 0
n+1 0 0 0
+

2n+1 n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
+

2n+1 n
n+2 0 0
n 0 1
n+1 0 0
 ∈M3n+3,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column
rank.
f3 =

n−1 1 1 n−1 1 1 n−1
1 0 0 91 0 0 1 0
n−1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
n−1 0 0 0 91 0 0 1
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

+

n−1 1 1 n−1 1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 c1↔c3−−−−→

1 1 n−1 n−1 1 1 n−1
1 91 0 0 0 0 1 0
n−1 0 0 1 91 0 0 1
1 0 1 0 0 91 0 0
1 91 0 0 0 0 1 0
n−1 0 0 0 91 0 0 1
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

+

1 1 n−1 n−1 1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 c6←c6+c1−−−−−−→
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
1 1 n−1 n−1 1 1 n−1
1 91 0 0 0 0 0 0
n−1 0 0 1 91 0 0 1
1 0 1 0 0 91 0 0
1 91 0 0 0 0 0 0
n−1 0 0 0 91 0 0 1
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

+

1 1 n−1 n−1 1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 c2↔c3−−−−→

1 n−1 1 n−1 1 1 n−1
1 91 0 0 0 0 0 0
n−1 0 1 0 91 0 0 1
1 0 0 1 0 91 0 0
1 91 0 0 0 0 0 0
n−1 0 0 0 91 0 0 1
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

+

1 n−1 1 n−1 1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

1 n−1 1 n−1 1 1 n−1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 0 0 1 0 91 0 0
1 91 0 0 0 0 0 0
n−1 0 0 0 91 0 0 1
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

+

1 n−1 1 n−1 1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 c5←c5+c3−−−−−−→

1 n−1 1 n−1 1 1 n−1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 91 0 0 0 0 0 0
n−1 0 0 0 91 0 0 1
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

+

1 n−1 1 n−1 1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 c4↔c6−−−−→

1 n−1 1 1 1 n−1 n−1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 91 0 0 0 0 0 0
n−1 0 0 0 0 0 91 1
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 1

+

1 n−1 1 1 1 n−1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 c5↔c6−−−−→

1 n−1 1 1 n−1 1 n−1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 91 0 0 0 0 0 0
n−1 0 0 0 0 91 0 1
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 1

+

1 n−1 1 1 n−1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 c7←c7+c5−−−−−−→
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
1 n−1 1 1 n−1 1 n−1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 91 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 1

+

1 n−1 1 1 n−1 1 n−1
n+2 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
 =

1 n 1 1 n−1 n−1
1 91 0 0 0 0 0
n 0 1 0 0 0 0
1 91 0 0 0 0 0
1 0 0 1 91 0 0
n−1 0 0 0 0 91 1
1 0 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 0 0 1

c4←c4+c3−−−−−−→

1 n 1 1 n−1 n−1
1 91 0 0 0 0 0
n 0 1 0 0 0 0
1 91 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 0 91 1
1 0 0 0 0 0 0
1 0 0 1 1 0 0
n−1 0 0 0 0 0 1

c4↔c5−−−−→

1 n 1 n−1 1 n−1
1 91 0 0 0 0 0
n 0 1 0 0 0 0
1 91 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 91 0 1
1 0 0 0 0 0 0
1 0 0 1 0 1 0
n−1 0 0 0 0 0 1

c6←c6+c4−−−−−−→

1 n 1 n−1 1 n−1
1 91 0 0 0 0 0
n 0 1 0 0 0 0
1 91 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 91 0 0
1 0 0 0 0 0 0
1 0 0 1 0 1 0
n−1 0 0 0 0 0 1

4. f4 =
[ n n+1
n+1 0 91
n+1 0 91
]
+

n n+1
1 0 0
n 1 0
n+1 0 0
 ∈M2n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n 1 n
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91
 c1↔c2−−−−→

1 n n
1 91 0 0
n 0 1 91
1 91 0 0
n 0 0 91
 c3←c3+c2−−−−−−→

1 n n
1 91 0 0
n 0 1 0
1 91 0 0
n 0 0 91

5. f5 =
[ n
1 0
n 1
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

n n
1 0 0
n 91 1
1 0 0
n 0 1
 ∈M2n+2,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n n
1 0 0
n 91 1
1 0 0
n 0 1
 c2←c2+c1−−−−−−→

n n
1 0 0
n 91 0
1 0 0
n 0 1

7. f7 =
[ n
1 0
n 1
]
∈Mn+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 5, 1)→ R10(2) P
1. g1 =
[ n
0 0
]
∈M0,n(k) – rank computation not applicable here.
2. g2 =
[n+1 1 n
1 0 1 0
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
∈M2,3n+3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 n 1 n
1 1 0 91 0
]
∈M1,2n+2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 1 n
1 1 0
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
∈M2,2n+2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1 n
1 1 0
]
∈M1,n+1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (6n+ 1, 7)→ P (6n+ 5, 1) P
1. f2 ·MP (6n+1,7)1→2 −MP (6n+5,1)1→2 · f1 = 0
f2 ·MP (6n+1,7)1→2 =

[n+1 n
n+1 91 0
n+1 0 0
]
+

n+1 n
n 0 1
2 0 0
n 0 1


·
[ n
n+1 0
n 1
]
=
[n+1 n
n+1 91 0
n+1 0 0
]
·
[ n
n+1 0
n 1
]
+

n+1 n
n 0 1
2 0 0
n 0 1
 · [
n
n+1 0
n 1
]
=
[ n
n+1 0
n+1 0
]
+

n
n 1
2 0
n 1
 =

n
n 0
1 0
1 0
n 0
+

n
n 1
1 0
1 0
n 1
 =

n
n 1
2 0
n 1

M
P (6n+5,1)
1→2 · f1 =

n
n 1
2 0
n 1
 · [ nn 1 ] =

n
n 1
2 0
n 1

f2 ·MP (6n+1,7)1→2 −MP (6n+5,1)1→2 · f1 =

n
n 1
2 0
n 1
−

n
n 1
2 0
n 1
 = [ n2n+2 0 ]
2. f3 ·MP (6n+1,7)2→3 −MP (6n+5,1)2→3 · f2 = 0
f3 ·MP (6n+1,7)2→3 =


n 2n+1
1 0 0
n 1 0
2n+2 0 0
+

n n+1 n
n+1 0 91 0
n+1 0 91 0
n+1 0 0 0
+

2n+1 n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
+

2n+1 n
n+2 0 0
n 0 1
n+1 0 0


·
[2n+1
n 0
2n+1 1
]
=

n 2n+1
1 0 0
n 1 0
2n+2 0 0
 · [
2n+1
n 0
2n+1 1
]
+

n n+1 n
n+1 0 91 0
n+1 0 91 0
n+1 0 0 0
 ·

n+1 n
n 0 0
n+1 1 0
n 0 1
+

n n+1 n
n 0 0 1
1 0 0 0
n 0 0 1
2 0 0 0
n 0 0 1
 ·

n+1 n
n 0 0
n+1 1 0
n 0 1
+

n n+1 n
n+2 0 0 0
n 0 0 1
n+1 0 0 0
 ·

n+1 n
n 0 0
n+1 1 0
n 0 1

=

2n+1
1 0
n 0
2n+2 0
+

n+1 n
n+1 91 0
n+1 91 0
n+1 0 0
+

n+1 n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
+

n+1 n
n+2 0 0
n 0 1
n+1 0 0

=

n+1 n
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
1 0 0
n−1 0 0

+

1 n−1 1 n
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

+

n+1 1 n−1
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1

+

n+1 n−1 1
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

=

n 1 n
n 91 0 1
1 0 91 0
n 91 0 1
1 0 91 0
1 0 0 0
n 0 0 1

+

n+1 n
n+2 0 0
n 0 1
n+1 0 0

M
P (6n+5,1)
2→3 · f2 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·

[n+1 n
n+1 91 0
n+1 0 0
]
+

n+1 n
n 0 1
2 0 0
n 0 1


=

n+1 n+1
n+1 1 0
n+1 0 1
n+1 0 0
 · [
n+1 n
n+1 91 0
n+1 0 0
]
+

n 2 n
n 1 0 0
2 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n+1 n
n 0 1
2 0 0
n 0 1
+

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
 · [
n+1 n
n+1 91 0
n+1 0 0
]
+

n 2 n
n+1 0 0 0
n 1 0 0
2 0 1 0
n 0 0 1
 ·

n+1 n
n 0 1
2 0 0
n 0 1

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n+1 n
n+1 91 0
n+1 0 0
n+1 0 0
+

n+1 n
n 0 1
2 0 0
n 0 1
n+1 0 0
+

n+1 n
n+1 0 0
n+1 91 0
n+1 0 0
+

n+1 n
n+1 0 0
n 0 1
2 0 0
n 0 1

=

n−1 1 1 n
n−1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

+

n+1 n−1 1
n−1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

+

1 n−1 1 n
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

+

n+1 1 n−1
n−1 0 0 0
1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1

=

n 1 n
n 91 0 1
1 0 91 0
1 0 0 0
n 0 0 1
n+1 0 0 0
+

n 1 n
n+1 0 0 0
n 91 0 1
1 0 91 0
1 0 0 0
n 0 0 1

f3 ·MP (6n+1,7)2→3 −MP (6n+5,1)2→3 · f2 =


n 1 n
n 91 0 1
1 0 91 0
n 91 0 1
1 0 91 0
1 0 0 0
n 0 0 1

+

n+1 n
n+2 0 0
n 0 1
n+1 0 0


−


n 1 n
n 91 0 1
1 0 91 0
1 0 0 0
n 0 0 1
n+1 0 0 0
+

n 1 n
n+1 0 0 0
n 91 0 1
1 0 91 0
1 0 0 0
n 0 0 1


=

[ n n+1
n 91 0
2n+3 0 0
]
+
[n+1 n
n 0 1
2n+3 0 0
]
+

n 1 n
n 0 0 0
1 0 91 0
2n+2 0 0 0
+

n n+1
n+1 0 0
n 91 0
n+2 0 0
+

n+1 n
n+1 0 0
n 0 1
n+2 0 0
+

n 1 n
2n+1 0 0 0
1 0 91 0
n+1 0 0 0
+ [
n+1 n
2n+3 0 0
n 0 1
]
+

n+1 n
n+2 0 0
n 0 1
n+1 0 0


−

[ n n+1
n 91 0
2n+3 0 0
]
+
[n+1 n
n 0 1
2n+3 0 0
]
+

n 1 n
n 0 0 0
1 0 91 0
2n+2 0 0 0
+

n n+1
n+1 0 0
n 91 0
n+2 0 0
+

n+1 n
n+1 0 0
n 0 1
n+2 0 0

+

n 1 n
2n+1 0 0 0
1 0 91 0
n+1 0 0 0
+ [
n+1 n
2n+3 0 0
n 0 1
]
+

n+1 n
n+2 0 0
n 0 1
n+1 0 0


=
[2n+1
3n+3 0
]
3. f3 ·MP (6n+1,7)4→3 −MP (6n+5,1)4→3 · f4 = 0
f3 ·MP (6n+1,7)4→3 =


n 2n+1
1 0 0
n 1 0
2n+2 0 0
+

n n+1 n
n+1 0 91 0
n+1 0 91 0
n+1 0 0 0
+

2n+1 n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
+

2n+1 n
n+2 0 0
n 0 1
n+1 0 0


·
[2n+1
2n+1 1
n 0
]
=

n n+1 n
1 0 0 0
n 1 0 0
2n+2 0 0 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

n n+1 n
n+1 0 91 0
n+1 0 91 0
n+1 0 0 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0
+

2n+1 n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
 ·
[2n+1
2n+1 1
n 0
]
+

2n+1 n
n+2 0 0
n 0 1
n+1 0 0
 · [
2n+1
2n+1 1
n 0
]
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n n+1
1 0 0
n 1 0
2n+2 0 0
+

n n+1
n+1 0 91
n+1 0 91
n+1 0 0
+

2n+1
n 0
1 0
n 0
2 0
n 0
+

2n+1
n+2 0
n 0
n+1 0

=

n−1 1 n+1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0

+

n 1 n−1 1
1 0 91 0 0
n−1 0 0 91 0
1 0 0 0 91
1 0 91 0 0
n−1 0 0 91 0
1 0 0 0 91
1 0 0 0 0
n 0 0 0 0

+

n n+1
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n 0 0

+

n n+1
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n 0 0

=

n 1 n
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91
n+1 0 0 0

M
P (6n+5,1)
4→3 · f4 =
[2n+2
2n+2 1
n+1 0
]
·

[ n n+1
n+1 0 91
n+1 0 91
]
+

n n+1
1 0 0
n 1 0
n+1 0 0


=

n+1 n+1
n+1 1 0
n+1 0 1
n+1 0 0
 · [
n n+1
n+1 0 91
n+1 0 91
]
+

1 n n+1
1 1 0 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0
 ·

n n+1
1 0 0
n 1 0
n+1 0 0

=

n n+1
n+1 0 91
n+1 0 91
n+1 0 0
+

n n+1
1 0 0
n 1 0
n+1 0 0
n+1 0 0
 =

n 1 n
1 0 91 0
n 0 0 91
1 0 91 0
n 0 0 91
n+1 0 0 0
+

n n+1
1 0 0
n 1 0
1 0 0
n 0 0
n+1 0 0
 =

n 1 n
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91
n+1 0 0 0

f3 ·MP (6n+1,7)4→3 −MP (6n+5,1)4→3 · f4 =

n 1 n
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91
n+1 0 0 0
−

n 1 n
1 0 91 0
n 1 0 91
1 0 91 0
n 0 0 91
n+1 0 0 0
 =
[2n+1
3n+3 0
]
4. f4 ·MP (6n+1,7)5→4 −MP (6n+5,1)5→4 · f5 = 0
f4 ·MP (6n+1,7)5→4 =

[ n n+1
n+1 0 91
n+1 0 91
]
+

n n+1
1 0 0
n 1 0
n+1 0 0


·
[ n
n 1
n+1 0
]
=
[ n n+1
n+1 0 91
n+1 0 91
]
·
[ n
n 1
n+1 0
]
+

n n+1
1 0 0
n 1 0
n+1 0 0
 · [
n
n 1
n+1 0
]
=
[ n
n+1 0
n+1 0
]
+

n
1 0
n 1
n+1 0
 =

n
1 0
n 0
n+1 0
+

n
1 0
n 1
n+1 0
 =

n
1 0
n 1
n+1 0

M
P (6n+5,1)
5→4 · f5 =
[n+1
n+1 1
n+1 0
]
·
[ n
1 0
n 1
]
=

1 n
1 1 0
n 0 1
n+1 0 0
 · [
n
1 0
n 1
]
=

n
1 0
n 1
n+1 0

f4 ·MP (6n+1,7)5→4 −MP (6n+5,1)5→4 · f5 =

n
1 0
n 1
n+1 0
−

n
1 0
n 1
n+1 0
 = [ n2n+2 0 ]
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5. f3 ·MP (6n+1,7)6→3 −MP (6n+5,1)6→3 · f6 = 0
f3 ·MP (6n+1,7)6→3 =


n 2n+1
1 0 0
n 1 0
2n+2 0 0
+

n n+1 n
n+1 0 91 0
n+1 0 91 0
n+1 0 0 0
+

2n+1 n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
+

2n+1 n
n+2 0 0
n 0 1
n+1 0 0


·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
=

n n n+1
1 0 0 0
n 1 0 0
2n+2 0 0 0
 ·

n n
n 1 0
n 0 1
n+1 0 0
+

n 1 2n
1 0 0 0
n 1 0 0
2n+2 0 0 0
 ·

2n
n 0
1 0
2n 1
+

n n 1 n
n 0 91 0 0
1 0 0 91 0
n 0 91 0 0
1 0 0 91 0
n+1 0 0 0 0
 ·

n n
n 1 0
n 0 1
1 0 0
n 0 0
+

n 1 n n
1 0 91 0 0
n 0 0 91 0
1 0 91 0 0
n 0 0 91 0
n+1 0 0 0 0
 ·

n n
n 0 0
1 0 0
n 1 0
n 0 1

+

2n 1 n
n 0 0 1
1 0 0 0
n 0 0 1
2 0 0 0
n 0 0 1
 ·

2n
2n 1
1 0
n 0
+

n+1 n n
n 0 0 1
1 0 0 0
n 0 0 1
2 0 0 0
n 0 0 1
 ·

n n
n+1 0 0
n 1 0
n 0 1
+

2n 1 n
n+2 0 0 0
n 0 0 1
n+1 0 0 0
 ·

2n
2n 1
1 0
n 0
+

n+1 n n
n+2 0 0 0
n 0 0 1
n+1 0 0 0
 ·

n n
n+1 0 0
n 1 0
n 0 1

=

n n
1 0 0
n 1 0
2n+2 0 0
+

2n
1 0
n 0
2n+2 0
+

n n
n 0 91
1 0 0
n 0 91
1 0 0
n+1 0 0
+

n n
1 0 0
n 91 0
1 0 0
n 91 0
n+1 0 0
+

2n
n 0
1 0
n 0
2 0
n 0
+

n n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
+

2n
n+2 0
n 0
n+1 0
+

n n
n+2 0 0
n 0 1
n+1 0 0

=

n−1 1 n
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n n
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
1 0 0
n−1 0 0

+

n 1 n−1
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n−1 1 n
1 0 0 0
n−1 91 0 0
1 0 91 0
1 0 0 0
n−1 91 0 0
1 0 91 0
1 0 0 0
1 0 0 0
n−1 0 0 0

+

n n
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
1 0 0
n−1 0 0

+

n 1 n−1
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1

+

n n
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
1 0 0
n−1 0 0

+

n n−1 1
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

=

n n
n+2 0 0
n 91 1
1 0 0
n 0 1

M
P (6n+5,1)
6→3 · f6 =
[2n+2
n+1 0
2n+2 1
]
·

n n
1 0 0
n 91 1
1 0 0
n 0 1
 =

1 n 1 n
n+1 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n n
1 0 0
n 91 1
1 0 0
n 0 1
 =

n n
n+1 0 0
1 0 0
n 91 1
1 0 0
n 0 1
 =

n n
n+2 0 0
n 91 1
1 0 0
n 0 1

f3 ·MP (6n+1,7)6→3 −MP (6n+5,1)6→3 · f6 =

n n
n+2 0 0
n 91 1
1 0 0
n 0 1
−

n n
n+2 0 0
n 91 1
1 0 0
n 0 1
 =
[2n
3n+3 0
]
6. f6 ·MP (6n+1,7)7→6 −MP (6n+5,1)7→6 · f7 = 0
f6 ·MP (6n+1,7)7→6 =

n n
1 0 0
n 91 1
1 0 0
n 0 1
 ·
[ n
n 1
n 1
]
=

n
1 0
n 0
1 0
n 1
 =
[ n
n+2 0
n 1
]
M
P (6n+5,1)
7→6 · f7 =
[n+1
n+1 0
n+1 1
]
·
[ n
1 0
n 1
]
=

1 n
n+1 0 0
1 1 0
n 0 1
 · [
n
1 0
n 1
]
=

n
n+1 0
1 0
n 1
 = [
n
n+2 0
n 1
]
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f6 ·MP (6n+1,7)7→6 −MP (6n+5,1)7→6 · f7 =
[ n
n+2 0
n 1
]
−
[ n
n+2 0
n 1
]
=
[ n
2n+2 0
]
Relations of the projection g : P (6n+ 5, 1)→ R10(2) P
1. g2 ·MP (6n+5,1)1→2 −MR
1
0(2)
1→2 · g1 = 0
g2 ·MP (6n+5,1)1→2 =
[n+1 1 n
1 0 1 0
]
·

n
n 1
2 0
n 1
 = [ n 1 1 n1 0 0 1 0 ] ·

n
n 1
1 0
1 0
n 1
 =
[ n
1 0
]
M
R10(2)
1→2 · g1 =
[ 0
1 0
]
·
[ n
0 0
]
=
[ n
1 0
]
g2 ·MP (6n+5,1)1→2 −MR
1
0(2)
1→2 · g1 =
[ n
1 0
]
−
[ n
1 0
]
=
[ n
1 0
]
2. g3 ·MP (6n+5,1)2→3 −MR
1
0(2)
2→3 · g2 = 0
g3 ·MP (6n+5,1)2→3 =
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
]
=
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
1 0 0 0 0
n 0 0 0 0

+
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 n 1 n
1 0 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1

=
[ 1 n 1 n
1 1 0 91 0
1 0 0 0 0
]
+
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
=
[n+1 1 n
1 0 0 0
1 0 1 0
]
M
R10(2)
2→3 · g2 =
[
0
1
]
·
[n+1 1 n
1 0 1 0
]
=
[n+1 1 n
1 0 0 0
1 0 1 0
]
g3 ·MP (6n+5,1)2→3 −MR
1
0(2)
2→3 · g2 =
[n+1 1 n
1 0 0 0
1 0 1 0
]
−
[n+1 1 n
1 0 0 0
1 0 1 0
]
=
[2n+2
2 0
]
3. g3 ·MP (6n+5,1)4→3 −MR
1
0(2)
4→3 · g4 = 0
g3 ·MP (6n+5,1)4→3 =
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·
[2n+2
2n+2 1
n+1 0
]
=
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
1 0 0 0 0
n 0 0 0 0

=
[ 1 n 1 n
1 1 0 91 0
1 0 0 0 0
]
M
R10(2)
4→3 · g4 =
[
1
0
]
·
[ 1 n 1 n
1 1 0 91 0
]
=
[ 1 n 1 n
1 1 0 91 0
1 0 0 0 0
]
g3 ·MP (6n+5,1)4→3 −MR
1
0(2)
4→3 · g4 =
[ 1 n 1 n
1 1 0 91 0
1 0 0 0 0
]
−
[ 1 n 1 n
1 1 0 91 0
1 0 0 0 0
]
=
[2n+2
2 0
]
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4. g4 ·MP (6n+5,1)5→4 −MR
1
0(2)
5→4 · g5 = 0
g4 ·MP (6n+5,1)5→4 =
[ 1 n 1 n
1 1 0 91 0
]
·
[n+1
n+1 1
n+1 0
]
=
[ 1 n 1 n
1 1 0 91 0
]
·

1 n
1 1 0
n 0 1
1 0 0
n 0 0
 =
[ 1 n
1 1 0
]
M
R10(2)
5→4 · g5 =
[
1
]
·
[ 1 n
1 1 0
]
=
[ 1 n
1 1 0
]
g4 ·MP (6n+5,1)5→4 −MR
1
0(2)
5→4 · g5 =
[ 1 n
1 1 0
]
−
[ 1 n
1 1 0
]
=
[n+1
1 0
]
5. g3 ·MP (6n+5,1)6→3 −MR
1
0(2)
6→3 · g6 = 0
g3 ·MP (6n+5,1)6→3 =
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·
[2n+2
n+1 0
2n+2 1
]
=
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

1 n 1 n
1 0 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1

=
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
M
R10(2)
6→3 · g6 =
[
1 0
0 1
]
·
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
=
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
g3 ·MP (6n+5,1)6→3 −MR
1
0(2)
6→3 · g6 =
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
−
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
=
[2n+2
2 0
]
6. g6 ·MP (6n+5,1)7→6 −MR
1
0(2)
7→6 · g7 = 0
g6 ·MP (6n+5,1)7→6 =
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
·

1 n
1 0 0
n 0 0
1 1 0
n 0 1
 =
[ 1 n
1 1 0
1 1 0
]
M
R10(2)
7→6 · g7 =
[
1
1
]
·
[ 1 n
1 1 0
]
=
[ 1 n
1 1 0
1 1 0
]
g6 ·MP (6n+5,1)7→6 −MR
1
0(2)
7→6 · g7 =
[ 1 n
1 1 0
1 1 0
]
−
[ 1 n
1 1 0
1 1 0
]
=
[n+1
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
0 0
]
·
[ n
n 1
]
=
[ n
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[n+1 1 n
1 0 1 0
]
·

[n+1 n
n+1 91 0
n+1 0 0
]
+

n+1 n
n 0 1
2 0 0
n 0 1


=
[n+1 1 n
1 0 1 0
]
·

n+1 n
n+1 91 0
1 0 0
n 0 0
+ [ n 1 1 n1 0 0 1 0 ] ·

n+1 n
n 0 1
1 0 0
1 0 0
n 0 1
 =
[n+1 n
1 0 0
]
+
[n+1 n
1 0 0
]
=
[2n+1
1 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·


n 2n+1
1 0 0
n 1 0
2n+2 0 0
+

n n+1 n
n+1 0 91 0
n+1 0 91 0
n+1 0 0 0
+

2n+1 n
n 0 1
1 0 0
n 0 1
2 0 0
n 0 1
+

2n+1 n
n+2 0 0
n 0 1
n+1 0 0


=
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

n 2n+1
1 0 0
n 1 0
1 0 0
n 0 0
1 0 0
n 0 0

+
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

n 1 n n
1 0 91 0 0
n 0 0 91 0
1 0 91 0 0
n 0 0 91 0
1 0 0 0 0
n 0 0 0 0

+
[ 1 n−1 1 1 n−1 1 1 1 n−1
1 1 0 0 91 0 0 1 0 0
1 0 0 0 0 0 0 1 0 0
]
·

2n+1 1 n−1
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1

+
[ 1 n 1 n 1 n
1 1 0 91 0 1 0
1 0 0 0 0 1 0
]
·

2n+1 n
1 0 0
n 0 0
1 0 0
n 0 1
1 0 0
n 0 0

=
[ n 2n+1
1 0 0
1 0 0
]
+
[ n 1 n n
1 0 0 0 0
1 0 0 0 0
]
+
[2n+1 1 n−1
1 0 0 0
1 0 0 0
]
+
[2n+1 n
1 0 0
1 0 0
]
=
[ n 1 n 1 n−1
1 0 0 0 0 0
1 0 0 0 0 0
]
+
[ n 1 n 1 n−1
1 0 0 0 0 0
1 0 0 0 0 0
]
+
[ n 1 n 1 n−1
1 0 0 0 0 0
1 0 0 0 0 0
]
+
[ n 1 n 1 n−1
1 0 0 0 0 0
1 0 0 0 0 0
]
=
[3n+1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 n 1 n
1 1 0 91 0
]
·

[ n n+1
n+1 0 91
n+1 0 91
]
+

n n+1
1 0 0
n 1 0
n+1 0 0


=
[ 1 n 1 n
1 1 0 91 0
]
·

n 1 n
1 0 91 0
n 0 0 91
1 0 91 0
n 0 0 91
+
[ 1 n 1 n
1 1 0 91 0
]
·

n n+1
1 0 0
n 1 0
1 0 0
n 0 0

=
[ n 1 n
1 0 0 0
]
+
[ n n+1
1 0 0
]
=
[ n 1 n
1 0 0 0
]
+
[ n 1 n
1 0 0 0
]
=
[2n+1
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 n
1 1 0
]
·
[ n
1 0
n 1
]
=
[ n
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 n 1 n
1 91 0 1 0
1 0 0 1 0
]
·

n n
1 0 0
n 91 1
1 0 0
n 0 1
 =
[2n
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n
1 1 0
]
·
[ n
1 0
n 1
]
=
[ n
1 0
]
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124 Tree module property of P (6n, 2)
124.1 Tree module property of P (0, 2) 
The representation of P (0, 2):
dimP (0, 2) = (0, 1, 1, 0, 0, 0, 0)
P (0, 2) = (M1→2 = 0, M2→3 = ( 1 ) , M4→3 = 0, M5→4 = 0, M6→3 = 0, M7→6 = 0)
The length of P (0, 2) is: 0 + 1 + 1 + 0 + 0 + 0 + 0 = 2.
The total number of ones in the matrices of the representation: 1.
A = M(EndkQ(P (0, 2))) ∈M1,2(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (0, 2).
A =
(
1 91
)
As the above computation shows, dim EndkQ(P (0, 2)) = corank(A) = 1 in every field k, therefore P (0, 2) has the (field independent) tree module property.
124.2 Tree module property of P (6, 2) 
The matrices of the representation have full (column) rank P
1. MP (6,2)1→2 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. MP (6,2)2→3 =

1 0 0 0 0
1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
3. MP (6,2)4→3 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
4. MP (6,2)5→4 =

1 0
0 0
0 1
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. MP (6,2)6→3 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
6. MP (6,2)7→6 =

0 1
1 0
0 0
0 1
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6,2)
7→6 =

0 1
1 0
0 0
0 1
 c1↔c2−−−−→

1 0
0 1
0 0
1 0

124.2.1 0→ P (3, 1) f→ P (6, 2) g→ P (8, 1)→ 0 
PdimP (3, 1) + dimP (8, 1) = (1, 2, 2, 1, 0, 1, 0) + (1, 3, 5, 3, 2, 3, 2)
= (2, 5, 7, 4, 2, 4, 2) = dimP (6, 2)
Pdimk Ext
1
kQ(P (8, 1), P (3, 1)) = dimk HomkQ(P (8, 1), P (3, 1))− 〈dimP (8, 1),dimP (3, 1)〉
= 0− 〈(1, 3, 5, 3, 2, 3, 2), (1, 2, 2, 1, 0, 1, 0)〉
= 1 · 2 + 3 · 2 + 3 · 2 + 2 · 1 + 3 · 2 + 2 · 1− (1 · 1 + 3 · 2 + 5 · 2 + 3 · 1 + 2 · 0 + 3 · 1 + 2 · 0)
= 2 + 6 + 6 + 2 + 6 + 2− (1 + 6 + 10 + 3 + 0 + 3 + 0)
= 1
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Matrices of the embedding f : P (3, 1)→ P (6, 2) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
0 0
91 1
0 0
91 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1
2 0 0
1 91 1
1 0 0
1 91 0
 c2←c2+c1−−−−−−→

1 1
2 0 0
1 91 0
1 0 0
1 91 91

3. f3 =

0 0
0 0
0 0
91 1
0 0
91 0
0 0

∈M7,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0

c2←c2+c1−−−−−−→

1 1
3 0 0
1 91 0
1 0 0
1 91 91
1 0 0

4. f4 =

0
0
91
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

0
0
91
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : P (6, 2)→ P (8, 1) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
1 0 0 1 00 0 0 1 0
0 1 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
1 0 0 1 00 0 0 1 0
0 1 0 0 0
 r2↔r3−−−−→
1 0 0 1 00 1 0 0 0
0 0 0 1 0

3. g3 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0

r2↔r3−−−−→

1 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 0
0 0 0 0 1 0 91
0 0 1 0 0 0 0

r3↔r5−−−−→

1 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 1 0 0 0 0
0 0 0 0 1 0 91
0 0 0 0 1 0 0

r5←r5−r4−−−−−−→

1 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 1 0 0 0 0
0 0 0 0 1 0 91
0 0 0 0 0 0 1

4. g4 =
1 0 0 10 0 0 1
0 1 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
1 0 0 10 0 0 1
0 1 0 0
 r2↔r3−−−−→
1 0 0 10 1 0 0
0 0 0 1

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5. g5 =
[
1 1
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
1 0 0 910 0 0 91
0 1 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
1 0 0 910 0 0 91
0 1 0 0
 r2↔r3−−−−→
1 0 0 910 1 0 0
0 0 0 91

7. g7 =
[
0 91
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[
0 91
1 0
]
r1↔r2−−−−→
[
1 0
0 91
]
Relations of the embedding f : P (3, 1)→ P (6, 2) P
1. f2 ·MP (3,1)1→2 −MP (6,2)1→2 · f1 = 0
f2 ·MP (3,1)1→2 =

1 1
2 0 0
1 91 1
1 0 0
1 91 0
 ·
[
0
1
]
=

1
2 0
1 1
1 0
1 0
 =

1
2 0
1 1
2 0

M
P (6,2)
1→2 · f1 =

2
2 0
2 1
1 0
 · [1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
1 0 0
 ·
[
1
0
]
=

1
2 0
1 1
1 0
1 0
 =

1
2 0
1 1
2 0

f2 ·MP (3,1)1→2 −MP (6,2)1→2 · f1 =

1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
 = [ 15 0 ]
2. f3 ·MP (3,1)2→3 −MP (6,2)2→3 · f2 = 0
f3 ·MP (3,1)2→3 =

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0
 ·
[ 2
2 1
]
=

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0
 ·
[
1 0
0 1
]
=

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0

M
P (6,2)
2→3 · f2 =

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 ·

1 1
2 0 0
1 91 1
1 0 0
1 91 0
 =

1 0 0 0 0
1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

·

0 0
0 0
91 1
0 0
91 0
 =

0 0
0 0
0 0
91 1
0 0
91 0
0 0

=

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0

f3 ·MP (3,1)2→3 −MP (6,2)2→3 · f2 =

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0
−

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0
 =
[ 2
7 0
]
3. f3 ·MP (3,1)4→3 −MP (6,2)4→3 · f4 = 0
f3 ·MP (3,1)4→3 =

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0
 ·
[
1
0
]
=

1
3 0
1 91
1 0
1 91
1 0

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M
P (6,2)
4→3 · f4 =

2 2
2 1 0
1 0 0
2 0 1
2 0 1
 ·

1
2 0
1 91
1 0
 =

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

·

1
2 0
1 91
1 0
 =

1
2 0
1 0
1 91
1 0
1 91
1 0

=

1
3 0
1 91
1 0
1 91
1 0

f3 ·MP (3,1)4→3 −MP (6,2)4→3 · f4 =

1
3 0
1 91
1 0
1 91
1 0
−

1
3 0
1 91
1 0
1 91
1 0
 =
[ 1
7 0
]
4. f4 ·MP (3,1)5→4 −MP (6,2)5→4 · f5 = 0
f4 ·MP (3,1)5→4 =

1
2 0
1 91
1 0
 · [ 01 0 ] = [ 04 0 ]
M
P (6,2)
5→4 · f5 =

1 0
0 0
0 1
0 1
 ·
[ 0
2 0
]
=

1 0
0 0
0 1
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f4 ·MP (3,1)5→4 −MP (6,2)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
5. f3 ·MP (3,1)6→3 −MP (6,2)6→3 · f6 = 0
f3 ·MP (3,1)6→3 =

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0
 ·
[
1
1
]
=

1
3 0
1 0
1 0
1 91
1 0
 =

1
5 0
1 91
1 0

M
P (6,2)
6→3 · f6 =

2 2
1 0 0
2 1 0
2 0 0
2 0 1
 ·

1
2 0
1 91
1 0
 =

2 1 1
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·

1
2 0
1 91
1 0
 =

1
1 0
2 0
2 0
1 91
1 0
 =

1
5 0
1 91
1 0

f3 ·MP (3,1)6→3 −MP (6,2)6→3 · f6 =

1
5 0
1 91
1 0
−

1
5 0
1 91
1 0
 = [ 17 0 ]
6. f6 ·MP (3,1)7→6 −MP (6,2)7→6 · f7 = 0
f6 ·MP (3,1)7→6 =

1
2 0
1 91
1 0
 · [ 01 0 ] = [ 04 0 ]
M
P (6,2)
7→6 · f7 =

0 1
1 0
0 0
0 1
 ·
[ 0
2 0
]
=

0 1
1 0
0 0
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f6 ·MP (3,1)7→6 −MP (6,2)7→6 · f7 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
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Relations of the projection g : P (6, 2)→ P (8, 1) P
1. g2 ·MP (6,2)1→2 −MP (8,1)1→2 · g1 = 0
g2 ·MP (6,2)1→2 =
1 0 0 1 00 0 0 1 0
0 1 0 0 0
 ·

2
2 0
2 1
1 0
 =
1 0 0 1 00 0 0 1 0
0 1 0 0 0
 ·

0 0
0 0
1 0
0 1
0 0
 =
0 10 1
0 0

M
P (8,1)
1→2 · g1 =
11
0
 · [0 1] =
0 10 1
0 0

g2 ·MP (6,2)1→2 −MP (8,1)1→2 · g1 =
0 10 1
0 0
−
0 10 1
0 0
 = [ 23 0 ]
2. g3 ·MP (6,2)2→3 −MP (8,1)2→3 · g2 = 0
g3 ·MP (6,2)2→3 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

1 0 0 0 0
1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

=

1 0 0 1 0
0 0 0 1 0
1 1 0 1 0
0 0 0 1 0
0 1 0 0 0

M
P (8,1)
2→3 · g2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
1 0 0 1 00 0 0 1 0
0 1 0 0 0
 =

1 0 0 1 0
0 0 0 1 0
1 1 0 1 0
0 0 0 1 0
0 1 0 0 0

g3 ·MP (6,2)2→3 −MP (8,1)2→3 · g2 =

1 0 0 1 0
0 0 0 1 0
1 1 0 1 0
0 0 0 1 0
0 1 0 0 0
−

1 0 0 1 0
0 0 0 1 0
1 1 0 1 0
0 0 0 1 0
0 1 0 0 0
 =
[ 5
5 0
]
3. g3 ·MP (6,2)4→3 −MP (8,1)4→3 · g4 = 0
g3 ·MP (6,2)4→3 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

2 2
2 1 0
1 0 0
2 0 1
2 0 1
 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

=

1 0 0 1
0 0 0 1
0 1 0 0
0 0 0 0
0 0 0 0
 =

1 1 1 1
1 1 0 0 1
1 0 0 0 1
1 0 1 0 0
2 0 0 0 0

M
P (8,1)
4→3 · g4 =
[ 3
3 1
2 0
]
·
1 0 0 10 0 0 1
0 1 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 0 0 10 0 0 1
0 1 0 0
 =

1 1 1 1
1 1 0 0 1
1 0 0 0 1
1 0 1 0 0
2 0 0 0 0

g3 ·MP (6,2)4→3 −MP (8,1)4→3 · g4 =

1 1 1 1
1 1 0 0 1
1 0 0 0 1
1 0 1 0 0
2 0 0 0 0
−

1 1 1 1
1 1 0 0 1
1 0 0 0 1
1 0 1 0 0
2 0 0 0 0
 =
[ 4
5 0
]
4. g4 ·MP (6,2)5→4 −MP (8,1)5→4 · g5 = 0
g4 ·MP (6,2)5→4 =
1 0 0 10 0 0 1
0 1 0 0
 ·

1 0
0 0
0 1
0 1
 =
1 10 1
0 0

776
M
P (8,1)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[
1 1
0 1
]
=
1 00 1
0 0
 · [1 1
0 1
]
=
1 10 1
0 0

g4 ·MP (6,2)5→4 −MP (8,1)5→4 · g5 =
1 10 1
0 0
−
1 10 1
0 0
 = [ 23 0 ]
5. g3 ·MP (6,2)6→3 −MP (8,1)6→3 · g6 = 0
g3 ·MP (6,2)6→3 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

2 2
1 0 0
2 1 0
2 0 0
2 0 1
 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=

0 0 0 0
0 0 0 0
1 0 0 91
0 0 0 91
0 1 0 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 0 0 91
1 0 1 0 0

M
P (8,1)
6→3 · g6 =
[ 3
2 0
3 1
]
·
1 0 0 910 0 0 91
0 1 0 0
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
1 0 0 910 0 0 91
0 1 0 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 0 0 91
1 0 1 0 0

g3 ·MP (6,2)6→3 −MP (8,1)6→3 · g6 =

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 0 0 91
1 0 1 0 0
−

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 0 0 91
1 0 1 0 0
 =
[ 4
5 0
]
6. g6 ·MP (6,2)7→6 −MP (8,1)7→6 · g7 = 0
g6 ·MP (6,2)7→6 =
1 0 0 910 0 0 91
0 1 0 0
 ·

0 1
1 0
0 0
0 1
 =
0 00 91
1 0

M
P (8,1)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[
0 91
1 0
]
=
0 01 0
0 1
 · [0 91
1 0
]
=
0 00 91
1 0

g6 ·MP (6,2)7→6 −MP (8,1)7→6 · g7 =
0 00 91
1 0
−
0 00 91
1 0
 = [ 23 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
1 0 0 1 00 0 0 1 0
0 1 0 0 0
 ·

1 1
2 0 0
1 91 1
1 0 0
1 91 0
 =
1 0 0 1 00 0 0 1 0
0 1 0 0 0
 ·

0 0
0 0
91 1
0 0
91 0
 =
[ 2
3 0
]
3. g3 · f3 = 0
g3 · f3 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

1 1
3 0 0
1 91 1
1 0 0
1 91 0
1 0 0
 =

1 0 0 0 1 0 0
0 0 0 0 1 0 0
0 1 0 0 1 0 91
0 0 0 0 1 0 91
0 0 1 0 0 0 0
 ·

0 0
0 0
0 0
91 1
0 0
91 0
0 0

=
[ 2
5 0
]
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4. g4 · f4 = 0
g4 · f4 =
1 0 0 10 0 0 1
0 1 0 0
 ·

1
2 0
1 91
1 0
 =
1 0 0 10 0 0 1
0 1 0 0
 ·

0
0
91
0
 =
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 1
0 1
]
·
[ 0
2 0
]
=
[
1 1
0 1
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
1 0 0 910 0 0 91
0 1 0 0
 ·

1
2 0
1 91
1 0
 =
1 0 0 910 0 0 91
0 1 0 0
 ·

0
0
91
0
 =
[ 1
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 91
1 0
]
·
[ 0
2 0
]
=
[
0 91
1 0
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
124.2.2 0→ P (5, 1) f→ P (6, 2) g→ P (6, 1)→ 0 
PdimP (5, 1) + dimP (6, 1) = (0, 2, 3, 2, 1, 2, 1) + (2, 3, 4, 2, 1, 2, 1)
= (2, 5, 7, 4, 2, 4, 2) = dimP (6, 2)
Pdimk Ext
1
kQ(P (6, 1), P (5, 1)) = dimk HomkQ(P (6, 1), P (5, 1))− 〈dimP (6, 1),dimP (5, 1)〉
= 0− 〈(2, 3, 4, 2, 1, 2, 1), (0, 2, 3, 2, 1, 2, 1)〉
= 2 · 2 + 3 · 3 + 2 · 3 + 1 · 2 + 2 · 3 + 1 · 2− (2 · 0 + 3 · 2 + 4 · 3 + 2 · 2 + 1 · 1 + 2 · 2 + 1 · 1)
= 4 + 9 + 6 + 2 + 6 + 2− (0 + 6 + 12 + 4 + 1 + 4 + 1)
= 1
Matrices of the embedding f : P (5, 1)→ P (6, 2) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
778
Matrices of the projection g : P (6, 2)→ P (6, 1) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (5, 1)→ P (6, 2) P
1. f2 ·MP (5,1)1→2 −MP (6,2)1→2 · f1 = 0
f2 ·MP (5,1)1→2 =
[ 2
2 1
3 0
]
·
[ 0
2 0
]
=
[ 0
5 0
]
M
P (6,2)
1→2 · f1 =

2
2 0
2 1
1 0
 · [ 02 0 ] = [ 05 0 ]
f2 ·MP (5,1)1→2 −MP (6,2)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MP (5,1)2→3 −MP (6,2)2→3 · f2 = 0
f3 ·MP (5,1)2→3 =
[ 3
3 1
4 0
]
·
1 01 1
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
4 0 0 0
 ·
1 01 1
0 1
 =

1 1
1 1 0
1 1 1
1 0 1
4 0 0

M
P (6,2)
2→3 · f2 =

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 ·
[ 2
2 1
3 0
]
=

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 ·

1 1
1 1 0
1 0 1
3 0 0
 =

1 1
1 1 0
1 1 1
1 0 1
3 0 0
1 0 0
 =

1 1
1 1 0
1 1 1
1 0 1
4 0 0

f3 ·MP (5,1)2→3 −MP (6,2)2→3 · f2 =

1 1
1 1 0
1 1 1
1 0 1
4 0 0
−

1 1
1 1 0
1 1 1
1 0 1
4 0 0
 =
[ 2
7 0
]
3. f3 ·MP (5,1)4→3 −MP (6,2)4→3 · f4 = 0
f3 ·MP (5,1)4→3 =
[ 3
3 1
4 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
4 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
4 0
 = [
2
2 1
5 0
]
M
P (6,2)
4→3 · f4 =

2 2
2 1 0
1 0 0
2 0 1
2 0 1
 ·
[ 2
2 1
2 0
]
=

2
2 1
1 0
2 0
2 0
 =
[ 2
2 1
5 0
]
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f3 ·MP (5,1)4→3 −MP (6,2)4→3 · f4 =
[ 2
2 1
5 0
]
−
[ 2
2 1
5 0
]
=
[ 2
7 0
]
4. f4 ·MP (5,1)5→4 −MP (6,2)5→4 · f5 = 0
f4 ·MP (5,1)5→4 =
[ 2
2 1
2 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [1
0
]
=

1
1 1
1 0
2 0
 = [
1
1 1
3 0
]
M
P (6,2)
5→4 · f5 =

1 0
0 0
0 1
0 1
 ·
[
1
0
]
=

1
0
0
0
 =
[ 1
1 1
3 0
]
f4 ·MP (5,1)5→4 −MP (6,2)5→4 · f5 =
[ 1
1 1
3 0
]
−
[ 1
1 1
3 0
]
=
[ 1
4 0
]
5. f3 ·MP (5,1)6→3 −MP (6,2)6→3 · f6 = 0
f3 ·MP (5,1)6→3 =
[ 3
3 1
4 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
4 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
4 0

M
P (6,2)
6→3 · f6 =

2 2
1 0 0
2 1 0
2 0 0
2 0 1
 ·
[ 2
2 1
2 0
]
=

2
1 0
2 1
2 0
2 0
 =

2
1 0
2 1
4 0

f3 ·MP (5,1)6→3 −MP (6,2)6→3 · f6 =

2
1 0
2 1
4 0
−

2
1 0
2 1
4 0
 = [ 27 0 ]
6. f6 ·MP (5,1)7→6 −MP (6,2)7→6 · f7 = 0
f6 ·MP (5,1)7→6 =
[ 2
2 1
2 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [0
1
]
=

1
1 0
1 1
2 0

M
P (6,2)
7→6 · f7 =

0 1
1 0
0 0
0 1
 ·
[
1
0
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

f6 ·MP (5,1)7→6 −MP (6,2)7→6 · f7 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
Relations of the projection g : P (6, 2)→ P (6, 1) P
1. g2 ·MP (6,2)1→2 −MP (6,1)1→2 · g1 = 0
g2 ·MP (6,2)1→2 =
[ 2 3
3 0 1
]
·

2
2 0
2 1
1 0
 = [
2 2 1
2 0 1 0
1 0 0 1
]
·

2
2 0
2 1
1 0
 = [
2
2 1
1 0
]
M
P (6,1)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[ 2
2 1
]
=
[ 2
2 1
1 0
]
g2 ·MP (6,2)1→2 −MP (6,1)1→2 · g1 =
[ 2
2 1
1 0
]
−
[ 2
2 1
1 0
]
=
[ 2
3 0
]
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2. g3 ·MP (6,2)2→3 −MP (6,1)2→3 · g2 = 0
g3 ·MP (6,2)2→3 =
[ 3 4
4 0 1
]
·

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 =
[ 1 1 1 3 1
3 0 0 0 1 0
1 0 0 0 0 1
]
·

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 =
[ 1 1 3
3 0 0 1
1 0 0 0
]
=
[ 2 3
3 0 1
1 0 0
]
M
P (6,1)
2→3 · g2 =
[ 3
3 1
1 0
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 1
1 0 0
]
g3 ·MP (6,2)2→3 −MP (6,1)2→3 · g2 =
[ 2 3
3 0 1
1 0 0
]
−
[ 2 3
3 0 1
1 0 0
]
=
[ 5
4 0
]
3. g3 ·MP (6,2)4→3 −MP (6,1)4→3 · g4 = 0
g3 ·MP (6,2)4→3 =
[ 3 4
4 0 1
]
·

2 2
2 1 0
1 0 0
2 0 1
2 0 1
 =
[ 2 1 2 2
2 0 0 1 0
2 0 0 0 1
]
·

2 2
2 1 0
1 0 0
2 0 1
2 0 1
 =
[ 2 2
2 0 1
2 0 1
]
M
P (6,1)
4→3 · g4 =
[ 2
2 1
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
2 0 1
]
g3 ·MP (6,2)4→3 −MP (6,1)4→3 · g4 =
[ 2 2
2 0 1
2 0 1
]
−
[ 2 2
2 0 1
2 0 1
]
=
[ 4
4 0
]
4. g4 ·MP (6,2)5→4 −MP (6,1)5→4 · g5 = 0
g4 ·MP (6,2)5→4 =
[ 2 2
2 0 1
]
·

1 0
0 0
0 1
0 1
 =
[
0 0 1 0
0 0 0 1
]
·

1 0
0 0
0 1
0 1
 =
[
0 1
0 1
]
M
P (6,1)
5→4 · g5 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g4 ·MP (6,2)5→4 −MP (6,1)5→4 · g5 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
5. g3 ·MP (6,2)6→3 −MP (6,1)6→3 · g6 = 0
g3 ·MP (6,2)6→3 =
[ 3 4
4 0 1
]
·

2 2
1 0 0
2 1 0
2 0 0
2 0 1
 =
[ 1 2 2 2
2 0 0 1 0
2 0 0 0 1
]
·

2 2
1 0 0
2 1 0
2 0 0
2 0 1
 =
[ 2 2
2 0 0
2 0 1
]
M
P (6,1)
6→3 · g6 =
[ 2
2 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 0
2 0 1
]
g3 ·MP (6,2)6→3 −MP (6,1)6→3 · g6 =
[ 2 2
2 0 0
2 0 1
]
−
[ 2 2
2 0 0
2 0 1
]
=
[ 4
4 0
]
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6. g6 ·MP (6,2)7→6 −MP (6,1)7→6 · g7 = 0
g6 ·MP (6,2)7→6 =
[ 2 2
2 0 1
]
·

0 1
1 0
0 0
0 1
 =
[
0 0 1 0
0 0 0 1
]
·

0 1
1 0
0 0
0 1
 =
[
0 0
0 1
]
M
P (6,1)
7→6 · g7 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g6 ·MP (6,2)7→6 −MP (6,1)7→6 · g7 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
124.3 Tree module property of P (12, 2) 
The matrices of the representation have full (column) rank P
1. MP (12,2)1→2 =

1 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
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2. MP (12,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
3. MP (12,2)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k) is already in column echelon form and has maximal column rank.
4. MP (12,2)5→4 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. MP (12,2)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k) is already in column echelon form and has maximal column rank.
6. MP (12,2)7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (12,2)
7→6 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

c1↔c2−−−−→

1 2 1
1 0 0 0
1 1 0 0
2 0 1 0
2 0 0 0
1 1 0 0
1 0 0 1

124.3.1 0→ P (9, 1) f→ P (12, 2) g→ P (14, 1)→ 0 
PdimP (9, 1) + dimP (14, 1) = (2, 4, 5, 3, 1, 3, 1) + (2, 5, 8, 5, 3, 5, 3)
= (4, 9, 13, 8, 4, 8, 4) = dimP (12, 2)
Pdimk Ext
1
kQ(P (14, 1), P (9, 1)) = dimk HomkQ(P (14, 1), P (9, 1))− 〈dimP (14, 1),dimP (9, 1)〉
= 0− 〈(2, 5, 8, 5, 3, 5, 3), (2, 4, 5, 3, 1, 3, 1)〉
= 2 · 4 + 5 · 5 + 5 · 5 + 3 · 3 + 5 · 5 + 3 · 3− (2 · 2 + 5 · 4 + 8 · 5 + 5 · 3 + 3 · 1 + 5 · 3 + 3 · 1)
= 8 + 25 + 25 + 9 + 25 + 9− (4 + 20 + 40 + 15 + 3 + 15 + 3)
= 1
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Matrices of the embedding f : P (9, 1)→ P (12, 2) P
1. f1 =

0 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
91 0 1 0
0 91 0 1
0 0 0 0
91 0 0 0
0 91 0 0

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2
4 0 0
2 91 1
1 0 0
2 91 0
 c2←c2+c1−−−−−−→

2 2
4 0 0
2 91 0
1 0 0
2 91 91

3. f3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

∈M13,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1
6 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

c1↔c2−−−−→

1 1 1 1 1
6 0 0 0 0 0
1 91 0 0 1 0
1 0 1 91 0 1
1 0 0 0 0 0
1 91 1 0 0 0
1 0 1 91 0 0
1 0 0 0 0 0
1 0 1 0 0 0

c4←c4+c1−−−−−−→

1 1 1 1 1
6 0 0 0 0 0
1 91 0 0 0 0
1 0 1 91 0 1
1 0 0 0 0 0
1 91 1 0 91 0
1 0 1 91 0 0
1 0 0 0 0 0
1 0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

1 1 1 1 1
6 0 0 0 0 0
1 91 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 91 1 1 91 91
1 0 1 0 0 91
1 0 0 0 0 0
1 0 1 1 0 91

c4←c4+c3
c5←c5+c3−−−−−−→

1 1 1 1 1
6 0 0 0 0 0
1 91 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 91 1 1 0 0
1 0 1 0 0 91
1 0 0 0 0 0
1 0 1 1 1 0

c4↔c5−−−−→

1 1 1 1 1
6 0 0 0 0 0
1 91 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 91 1 1 0 0
1 0 1 0 91 0
1 0 0 0 0 0
1 0 1 1 0 1

4. f4 =

0 0 0
0 0 0
0 0 0
0 0 0
0 91 0
1 0 91
0 0 0
1 0 0

∈M8,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0

c1↔c2−−−−→

1 1 1
4 0 0 0
1 91 0 0
1 0 1 91
1 0 0 0
1 0 1 0

c3←c3+c2−−−−−−→

1 1 1
4 0 0 0
1 91 0 0
1 0 1 0
1 0 0 0
1 0 1 1

5. f5 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 91 0
0 0 91
0 0 0
1 0 0

∈M8,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1 1
4 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

c2←c2+c1−−−−−−→

1 1 1
4 0 0 0
1 1 0 0
1 0 0 91
1 0 0 0
1 1 1 0

c2↔c3−−−−→

1 1 1
4 0 0 0
1 1 0 0
1 0 91 0
1 0 0 0
1 1 0 1

7. f7 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (12, 2)→ P (14, 1) P
1. g1 =
[
0 0 0 1
1 0 0 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 1 2 1
1 0 0 1
1 1 0 0
]
r1↔r2−−−−→
[ 1 2 1
1 1 0 0
1 0 0 1
]
2. g2 =

0 1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
 ∈M5,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 2 2 1 2
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 r1↔r2−−−−→

1 1 2 2 1 2
1 1 0 0 0 0 0
1 0 1 0 0 1 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 r3↔r4−−−−→

1 1 2 2 1 2
1 1 0 0 0 0 0
1 0 1 0 0 1 0
2 0 0 1′ 0 0 0
1 0 0 0 0 1 0

3. g3 =

0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 1 0 0 91 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 91 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0

∈M8,13(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 2 2 1 2 1 1
1 0 1 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 2 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

r3↔r5−−−−→

1 1 1 1 2 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

r5↔r7−−−−→

1 1 1 1 2 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 0 0

r7←r7−r6−−−−−−→

1 1 1 1 2 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0

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4. g4 =

0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 r1↔r2−−−−→

1 1 2 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 1 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 r3↔r4−−−−→

1 1 2 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 1 0
2 0 0 1′ 0 0 0
1 0 0 0 0 1 0

5. g5 =
0 1 1 01 0 0 0
0 0 1 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
0 1 1 01 0 0 0
0 0 1 0
 r1↔r2−−−−→
1 0 0 00 1 1 0
0 0 1 0

6. g6 =

0 1 0 0 0 0 91 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 2 2 1 1
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
 r1↔r2−−−−→

1 1 2 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 91 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
 r3↔r4−−−−→

1 1 2 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 91 0
2 0 0 1′ 0 0 0
1 0 0 0 0 91 0

7. g7 =
0 0 91 00 1 0 0
1 0 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 1 1
1 0 91 0
2 1′ 0 0
]
r1↔r2−−−−→
[ 2 1 1
2 1′ 0 0
1 0 91 0
]
Relations of the embedding f : P (9, 1)→ P (12, 2) P
1. f2 ·MP (9,1)1→2 −MP (12,2)1→2 · f1 = 0
f2 ·MP (9,1)1→2 =

2 2
4 0 0
2 91 1
1 0 0
2 91 0
 ·
[ 2
2 0
2 1
]
=

2
4 0
2 1
1 0
2 0
 =

2
4 0
2 1
3 0

M
P (12,2)
1→2 · f1 =

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
 ·

2
1 0
2 1
1 0
 =

1 2 1
1 1 0 0
2 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0

·

2
1 0
2 1
1 0
 =

2
1 0
2 0
1 0
2 1
1 0
2 0

=

2
4 0
2 1
3 0

f2 ·MP (9,1)1→2 −MP (12,2)1→2 · f1 =

2
4 0
2 1
3 0
−

2
4 0
2 1
3 0
 = [ 29 0 ]
2. f3 ·MP (9,1)2→3 −MP (12,2)2→3 · f2 = 0
f3 ·MP (9,1)2→3 =

1 1 1 1 1
6 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·
[ 4
1 0
4 1
]
=

1 1 1 1 1
6 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =

1 1 1 1
6 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 0 0
1 91 0 0 0
1 0 91 0 0
1 0 0 0 0
1 0 0 0 0

=

2 2
6 0 0
2 91 1
1 0 0
2 91 0
2 0 0

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M
P (12,2)
2→3 · f2 =

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
 ·

2 2
4 0 0
2 91 1
1 0 0
2 91 0
 =

2 2 2 1 2
2 1 0 0 0 0
2 1 1 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

2 2
2 0 0
2 0 0
2 91 1
1 0 0
2 91 0
 =

2 2
2 0 0
2 0 0
2 0 0
2 91 1
1 0 0
2 91 0
2 0 0

=

2 2
6 0 0
2 91 1
1 0 0
2 91 0
2 0 0

f3 ·MP (9,1)2→3 −MP (12,2)2→3 · f2 =

2 2
6 0 0
2 91 1
1 0 0
2 91 0
2 0 0
−

2 2
6 0 0
2 91 1
1 0 0
2 91 0
2 0 0
 =
[ 4
13 0
]
3. f3 ·MP (9,1)4→3 −MP (12,2)4→3 · f4 = 0
f3 ·MP (9,1)4→3 =

1 1 1 1 1
6 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·
[ 3
3 1
2 0
]
=

1 1 1 1 1
6 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

1 1 1
6 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

M
P (12,2)
4→3 · f4 =

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 =

4 1 1 1 1
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 =

1 1 1
4 0 0 0
2 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

=

1 1 1
6 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

f3 ·MP (9,1)4→3 −MP (12,2)4→3 · f4 =

1 1 1
6 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

−

1 1 1
6 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

=
[ 3
13 0
]
4. f4 ·MP (9,1)5→4 −MP (12,2)5→4 · f5 = 0
f4 ·MP (9,1)5→4 =

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 ·
[ 1
1 1
2 0
]
=

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 ·
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0
 =

1
4 0
1 0
1 1
1 0
1 1
 =

1
5 0
1 1
1 0
1 1

M
P (12,2)
5→4 · f5 =

2 2
2 1 0
2 0 0
2 0 1
2 0 1
 ·
[ 1
3 0
1 1
]
=

2 1 1
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

·

1
2 0
1 0
1 1
 =

1
2 0
2 0
1 0
1 1
1 0
1 1

=

1
5 0
1 1
1 0
1 1

f4 ·MP (9,1)5→4 −MP (12,2)5→4 · f5 =

1
5 0
1 1
1 0
1 1
−

1
5 0
1 1
1 0
1 1
 =
[ 1
8 0
]
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5. f3 ·MP (9,1)6→3 −MP (12,2)6→3 · f6 = 0
f3 ·MP (9,1)6→3 =

1 1 1 1 1
6 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
6 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

=

1 1 1
9 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

M
P (12,2)
6→3 · f6 =

4 4
2 0 0
4 1 0
3 0 0
4 0 1
 ·

1 1 1
4 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =

4 1 1 1 1
2 0 0 0 0 0
4 1 0 0 0 0
3 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1
4 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =

1 1 1
2 0 0 0
4 0 0 0
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

=

1 1 1
9 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

f3 ·MP (9,1)6→3 −MP (12,2)6→3 · f6 =

1 1 1
9 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
−

1 1 1
9 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =
[ 3
13 0
]
6. f6 ·MP (9,1)7→6 −MP (12,2)7→6 · f7 = 0
f6 ·MP (9,1)7→6 =

1 1 1
4 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 ·
11
0
 =

1
4 0
1 0
1 0
1 0
1 1
 =
[ 1
7 0
1 1
]
M
P (12,2)
7→6 · f7 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

·
[ 1
3 0
1 1
]
=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

·

1
2 0
1 0
1 1
 =

1
1 0
1 0
2 0
2 0
1 0
1 1

=
[ 1
7 0
1 1
]
f6 ·MP (9,1)7→6 −MP (12,2)7→6 · f7 =
[ 1
7 0
1 1
]
−
[ 1
7 0
1 1
]
=
[ 1
8 0
]
Relations of the projection g : P (12, 2)→ P (14, 1) P
1. g2 ·MP (12,2)1→2 −MP (14,1)1→2 · g1 = 0
g2 ·MP (12,2)1→2 =

1 1 2 2 1 2
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 ·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
 =

1 1 1 1 2 1 2
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0
 ·

1 2 1
1 1 0 0
1 0 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0

=

1 2 1
1 0 0 1
1 1 0 0
1 0 0 1
1 1 0 0
1 0 0 0

M
P (14,1)
1→2 · g1 =

2
2 1
2 1
1 0
 · [
1 2 1
1 0 0 1
1 1 0 0
]
=

1 0
0 1
1 0
0 1
0 0
 ·
[ 1 2 1
1 0 0 1
1 1 0 0
]
=

1 2 1
1 0 0 1
1 1 0 0
1 0 0 1
1 1 0 0
1 0 0 0

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g2 ·MP (12,2)1→2 −MP (14,1)1→2 · g1 =

1 2 1
1 0 0 1
1 1 0 0
1 0 0 1
1 1 0 0
1 0 0 0
−

1 2 1
1 0 0 1
1 1 0 0
1 0 0 1
1 1 0 0
1 0 0 0
 =
[ 4
5 0
]
2. g3 ·MP (12,2)2→3 −MP (14,1)2→3 · g2 = 0
g3 ·MP (12,2)2→3 =

1 1 1 1 2 2 1 2 1 1
1 0 1 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

·

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0

=

1 1 1 1 1 1 2 1 2 1 1
1 0 1 0 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0

·

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 1 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 1 1 1 2 1 2
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
1 1 0 1 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0

M
P (14,1)
2→3 · g2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1 1 2 2 1 2
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

1 1 1 1 2 1 2
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0
 =

1 1 1 1 2 1 2
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
1 1 0 1 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0

g3 ·MP (12,2)2→3 −MP (14,1)2→3 · g2 =

1 1 1 1 2 1 2
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
1 1 0 1 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0

−

1 1 1 1 2 1 2
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
1 1 0 1 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0

=
[ 9
8 0
]
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3. g3 ·MP (12,2)4→3 −MP (14,1)4→3 · g4 = 0
g3 ·MP (12,2)4→3 =

1 1 1 1 2 2 1 2 1 1
1 0 1 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

·

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 1 1 2 1 1 1 1 1 1 1
1 0 1 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 1 0 0 91 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0 1
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 1 0
1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0

=

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
3 0 0 0 0 0 0

M
P (14,1)
4→3 · g4 =
[ 5
5 1
3 0
]
·

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0
 ·

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 =

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
3 0 0 0 0 0 0

g3 ·MP (12,2)4→3 −MP (14,1)4→3 · g4 =

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
3 0 0 0 0 0 0
−

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
3 0 0 0 0 0 0
 =
[ 8
8 0
]
4. g4 ·MP (12,2)5→4 −MP (14,1)5→4 · g5 = 0
g4 ·MP (12,2)5→4 =

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 ·

2 2
2 1 0
2 0 0
2 0 1
2 0 1
 =

1 1 2 1 1 1 1
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
2 0 0 1′ 0 0 0 0
 ·

1 1 1 1
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
1 0 1 1 0
1 1 0 0 0
1 0 0 1 0
2 0 0 0 0

M
P (14,1)
5→4 · g5 =
[ 3
3 1
2 0
]
·
0 1 1 01 0 0 0
0 0 1 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
0 1 1 01 0 0 0
0 0 1 0
 =

1 1 1 1
1 0 1 1 0
1 1 0 0 0
1 0 0 1 0
2 0 0 0 0

g4 ·MP (12,2)5→4 −MP (14,1)5→4 · g5 =

1 1 1 1
1 0 1 1 0
1 1 0 0 0
1 0 0 1 0
2 0 0 0 0
−

1 1 1 1
1 0 1 1 0
1 1 0 0 0
1 0 0 1 0
2 0 0 0 0
 =
[ 4
5 0
]
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5. g3 ·MP (12,2)6→3 −MP (14,1)6→3 · g6 = 0
g3 ·MP (12,2)6→3 =

1 1 1 1 2 2 1 2 1 1
1 0 1 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

·

4 4
2 0 0
4 1 0
3 0 0
4 0 1
 =

1 1 1 1 2 2 1 2 1 1
1 0 1 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

·

1 1 2 2 1 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 2 2 1 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0

=

1 1 2 2 1 1
3 0 0 0 0 0 0
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0

M
P (14,1)
6→3 · g6 =
[ 5
3 0
5 1
]
·

1 1 2 2 1 1
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
 =

1 1 1 2
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 1 2 2 1 1
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
 =

1 1 2 2 1 1
3 0 0 0 0 0 0
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0

g3 ·MP (12,2)6→3 −MP (14,1)6→3 · g6 =

1 1 2 2 1 1
3 0 0 0 0 0 0
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
−

1 1 2 2 1 1
3 0 0 0 0 0 0
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
 =
[ 8
8 0
]
6. g6 ·MP (12,2)7→6 −MP (14,1)7→6 · g7 = 0
g6 ·MP (12,2)7→6 =

1 1 2 2 1 1
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
 ·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
1 0 0 0
1 0 0 0
1 0 91 0
2 1′ 0 0
 =

2 1 1
2 0 0 0
1 0 91 0
2 1′ 0 0

M
P (14,1)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 2 1 1
1 0 91 0
2 1′ 0 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
2 1 1
1 0 91 0
2 1′ 0 0
]
=

2 1 1
2 0 0 0
1 0 91 0
2 1′ 0 0

g6 ·MP (12,2)7→6 −MP (14,1)7→6 · g7 =

2 1 1
2 0 0 0
1 0 91 0
2 1′ 0 0
−

2 1 1
2 0 0 0
1 0 91 0
2 1′ 0 0
 = [ 45 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2 1
1 0 0 1
1 1 0 0
]
·

2
1 0
2 1
1 0
 = [ 22 0 ]
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2. g2 · f2 = 0
g2 · f2 =

1 1 2 2 1 2
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 ·

2 2
4 0 0
2 91 1
1 0 0
2 91 0
 =

1 1 2 2 1 2
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 ·

2 2
1 0 0
1 0 0
2 0 0
2 91 1
1 0 0
2 91 0

=
[ 4
5 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 2 2 1 2 1 1
1 0 1 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0

·

1 1 1 1 1
6 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

=

1 1 1 1 2 1 1 1 1 1 1 1
1 0 1 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 1 0 0 91 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0
2 0 0 0 0 1′ 0 0 0 0 0 0 0

·

1 1 1 1 1
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

=
[ 5
8 0
]
4. g4 · f4 = 0
g4 · f4 =

1 1 2 2 1 1
1 0 1 0 0 1 0
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 1′ 0 0 0
 ·

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 =

1 1 2 1 1 1 1
1 0 1 0 0 0 1 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0
2 0 0 1′ 0 0 0 0
 ·

1 1 1
1 0 0 0
1 0 0 0
2 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0

=
[ 3
5 0
]
5. g5 · f5 = 0
g5 · f5 =
0 1 1 01 0 0 0
0 0 1 0
 · [
1
3 0
1 1
]
=
0 1 1 01 0 0 0
0 0 1 0
 ·

0
0
0
1
 =
[ 1
3 0
]
6. g6 · f6 = 0
g6 · f6 =

1 1 2 2 1 1
1 0 1 0 0 91 0
1 1 0 0 0 0 0
1 0 0 0 0 91 0
2 0 0 1′ 0 0 0
 ·

1 1 1
4 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =

1 1 2 1 1 1 1
1 0 1 0 0 0 91 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 91 0
2 0 0 1′ 0 0 0 0
 ·

1 1 1
1 0 0 0
1 0 0 0
2 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

=
[ 3
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1 1
1 0 91 0
2 1′ 0 0
]
·
[ 1
3 0
1 1
]
=
[ 2 1 1
1 0 91 0
2 1′ 0 0
]
·

1
2 0
1 0
1 1
 = [ 13 0 ]
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124.3.2 0→ P (11, 1) f→ P (12, 2) g→ P (12, 1)→ 0 
PdimP (11, 1) + dimP (12, 1) = (1, 4, 6, 4, 2, 4, 2) + (3, 5, 7, 4, 2, 4, 2)
= (4, 9, 13, 8, 4, 8, 4) = dimP (12, 2)
Pdimk Ext
1
kQ(P (12, 1), P (11, 1)) = dimk HomkQ(P (12, 1), P (11, 1))− 〈dimP (12, 1),dimP (11, 1)〉
= 0− 〈(3, 5, 7, 4, 2, 4, 2), (1, 4, 6, 4, 2, 4, 2)〉
= 3 · 4 + 5 · 6 + 4 · 6 + 2 · 4 + 4 · 6 + 2 · 4− (3 · 1 + 5 · 4 + 7 · 6 + 4 · 4 + 2 · 2 + 4 · 4 + 2 · 2)
= 12 + 30 + 24 + 8 + 24 + 8− (3 + 20 + 42 + 16 + 4 + 16 + 4)
= 1
Matrices of the embedding f : P (11, 1)→ P (12, 2) P
1. f1 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (12, 2)→ P (12, 1) P
1. g1 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,13(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (11, 1)→ P (12, 2) P
1. f2 ·MP (11,1)1→2 −MP (12,2)1→2 · f1 = 0
f2 ·MP (11,1)1→2 =
[ 4
4 1
5 0
]
·

1
1 1
2 0
1 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
5 0 0 0
 ·

1
1 1
2 0
1 1
 =

1
1 1
2 0
1 1
5 0

M
P (12,2)
1→2 · f1 =

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
 ·
[ 1
1 1
3 0
]
=

1
1 1
2 0
1 1
3 0
2 0
 =

1
1 1
2 0
1 1
5 0

f2 ·MP (11,1)1→2 −MP (12,2)1→2 · f1 =

1
1 1
2 0
1 1
5 0
−

1
1 1
2 0
1 1
5 0
 =
[ 1
9 0
]
2. f3 ·MP (11,1)2→3 −MP (12,2)2→3 · f2 = 0
f3 ·MP (11,1)2→3 =
[ 6
6 1
7 0
]
·

2 2
2 1 0
2 1 1
2 0 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
7 0 0 0
 ·

2 2
2 1 0
2 1 1
2 0 1
 =

2 2
2 1 0
2 1 1
2 0 1
7 0 0

M
P (12,2)
2→3 · f2 =

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
 ·
[ 4
4 1
5 0
]
=

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
 ·

2 2
2 1 0
2 0 1
5 0 0
 =

2 2
2 1 0
2 1 1
2 0 1
5 0 0
2 0 0
 =

2 2
2 1 0
2 1 1
2 0 1
7 0 0

f3 ·MP (11,1)2→3 −MP (12,2)2→3 · f2 =

2 2
2 1 0
2 1 1
2 0 1
7 0 0
−

2 2
2 1 0
2 1 1
2 0 1
7 0 0
 =
[ 4
13 0
]
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3. f3 ·MP (11,1)4→3 −MP (12,2)4→3 · f4 = 0
f3 ·MP (11,1)4→3 =
[ 6
6 1
7 0
]
·
[ 4
4 1
2 0
]
=

4 2
4 1 0
2 0 1
7 0 0
 · [
4
4 1
2 0
]
=

4
4 1
2 0
7 0
 = [
4
4 1
9 0
]
M
P (12,2)
4→3 · f4 =

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·
[ 4
4 1
4 0
]
=

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

4
4 1
1 0
2 0
1 0
 =

4
4 1
2 0
1 0
2 0
1 0
2 0
1 0

=
[ 4
4 1
9 0
]
f3 ·MP (11,1)4→3 −MP (12,2)4→3 · f4 =
[ 4
4 1
9 0
]
−
[ 4
4 1
9 0
]
=
[ 4
13 0
]
4. f4 ·MP (11,1)5→4 −MP (12,2)5→4 · f5 = 0
f4 ·MP (11,1)5→4 =
[ 4
4 1
4 0
]
·
[ 2
2 1
2 0
]
=

2 2
2 1 0
2 0 1
4 0 0
 · [
2
2 1
2 0
]
=

2
2 1
2 0
4 0
 = [
2
2 1
6 0
]
M
P (12,2)
5→4 · f5 =

2 2
2 1 0
2 0 0
2 0 1
2 0 1
 ·
[ 2
2 1
2 0
]
=

2
2 1
2 0
2 0
2 0
 =
[ 2
2 1
6 0
]
f4 ·MP (11,1)5→4 −MP (12,2)5→4 · f5 =
[ 2
2 1
6 0
]
−
[ 2
2 1
6 0
]
=
[ 2
8 0
]
5. f3 ·MP (11,1)6→3 −MP (12,2)6→3 · f6 = 0
f3 ·MP (11,1)6→3 =
[ 6
6 1
7 0
]
·
[ 4
2 0
4 1
]
=

2 4
2 1 0
4 0 1
7 0 0
 · [
4
2 0
4 1
]
=

4
2 0
4 1
7 0

M
P (12,2)
6→3 · f6 =

4 4
2 0 0
4 1 0
3 0 0
4 0 1
 ·
[ 4
4 1
4 0
]
=

4
2 0
4 1
3 0
4 0
 =

4
2 0
4 1
7 0

f3 ·MP (11,1)6→3 −MP (12,2)6→3 · f6 =

4
2 0
4 1
7 0
−

4
2 0
4 1
7 0
 = [ 413 0 ]
6. f6 ·MP (11,1)7→6 −MP (12,2)7→6 · f7 = 0
f6 ·MP (11,1)7→6 =
[ 4
4 1
4 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
4 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
4 0

M
P (12,2)
7→6 · f7 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

·
[ 2
2 1
2 0
]
=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

·

2
2 1
1 0
1 0
 =

2
1 0
1 0
2 1
2 0
1 0
1 0

=

2
2 0
2 1
4 0

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f6 ·MP (11,1)7→6 −MP (12,2)7→6 · f7 =

2
2 0
2 1
4 0
−

2
2 0
2 1
4 0
 = [ 28 0 ]
Relations of the projection g : P (12, 2)→ P (12, 1) P
1. g2 ·MP (12,2)1→2 −MP (12,1)1→2 · g1 = 0
g2 ·MP (12,2)1→2 =
[ 4 5
5 0 1
]
·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
 =
[ 1 2 1 3 2
3 0 0 0 1 0
2 0 0 0 0 1
]
·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
 =
[ 1 3
3 0 1
2 0 0
]
M
P (12,1)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 1 3
3 0 1
]
=
[ 1 3
3 0 1
2 0 0
]
g2 ·MP (12,2)1→2 −MP (12,1)1→2 · g1 =
[ 1 3
3 0 1
2 0 0
]
−
[ 1 3
3 0 1
2 0 0
]
=
[ 4
5 0
]
2. g3 ·MP (12,2)2→3 −MP (12,1)2→3 · g2 = 0
g3 ·MP (12,2)2→3 =
[ 6 7
7 0 1
]
·

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
 =
[ 2 2 2 5 2
5 0 0 0 1 0
2 0 0 0 0 1
]
·

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
 =
[ 2 2 5
5 0 0 1
2 0 0 0
]
=
[ 4 5
5 0 1
2 0 0
]
M
P (12,1)
2→3 · g2 =
[ 5
5 1
2 0
]
·
[ 4 5
5 0 1
]
=
[ 4 5
5 0 1
2 0 0
]
g3 ·MP (12,2)2→3 −MP (12,1)2→3 · g2 =
[ 4 5
5 0 1
2 0 0
]
−
[ 4 5
5 0 1
2 0 0
]
=
[ 9
7 0
]
3. g3 ·MP (12,2)4→3 −MP (12,1)4→3 · g4 = 0
g3 ·MP (12,2)4→3 =
[ 6 7
7 0 1
]
·

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

4 2 1 2 1 2 1
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
P (12,1)
4→3 · g4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 4 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·MP (12,2)4→3 −MP (12,1)4→3 · g4 =

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[ 8
7 0
]
796
4. g4 ·MP (12,2)5→4 −MP (12,1)5→4 · g5 = 0
g4 ·MP (12,2)5→4 =
[ 4 4
4 0 1
]
·

2 2
2 1 0
2 0 0
2 0 1
2 0 1
 =
[ 2 2 2 2
2 0 0 1 0
2 0 0 0 1
]
·

2 2
2 1 0
2 0 0
2 0 1
2 0 1
 =
[ 2 2
2 0 1
2 0 1
]
M
P (12,1)
5→4 · g5 =
[ 2
2 1
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
2 0 1
]
g4 ·MP (12,2)5→4 −MP (12,1)5→4 · g5 =
[ 2 2
2 0 1
2 0 1
]
−
[ 2 2
2 0 1
2 0 1
]
=
[ 4
4 0
]
5. g3 ·MP (12,2)6→3 −MP (12,1)6→3 · g6 = 0
g3 ·MP (12,2)6→3 =
[ 6 7
7 0 1
]
·

4 4
2 0 0
4 1 0
3 0 0
4 0 1
 =
[ 2 4 3 4
3 0 0 1 0
4 0 0 0 1
]
·

4 4
2 0 0
4 1 0
3 0 0
4 0 1
 =
[ 4 4
3 0 0
4 0 1
]
M
P (12,1)
6→3 · g6 =
[ 4
3 0
4 1
]
·
[ 4 4
4 0 1
]
=
[ 4 4
3 0 0
4 0 1
]
g3 ·MP (12,2)6→3 −MP (12,1)6→3 · g6 =
[ 4 4
3 0 0
4 0 1
]
−
[ 4 4
3 0 0
4 0 1
]
=
[ 8
7 0
]
6. g6 ·MP (12,2)7→6 −MP (12,1)7→6 · g7 = 0
g6 ·MP (12,2)7→6 =
[ 4 4
4 0 1
]
·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

1 1 2 2 1 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
2 0 0 0
1 0 1 0
1 0 0 1
 = [
2 2
2 0 0
2 0 1
]
M
P (12,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 0
2 0 1
]
g6 ·MP (12,2)7→6 −MP (12,1)7→6 · g7 =
[ 2 2
2 0 0
2 0 1
]
−
[ 2 2
2 0 0
2 0 1
]
=
[ 4
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 5
5 0 1
]
·
[ 4
4 1
5 0
]
=
[ 4
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 6 7
7 0 1
]
·
[ 6
6 1
7 0
]
=
[ 6
7 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
124.4 Tree module property of P (18, 2) 
The matrices of the representation have full (column) rank P
1. MP (18,2)1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
2. MP (18,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
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3. MP (18,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k) is already in column echelon form and has maximal column rank.
4. MP (18,2)5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) is already in column echelon form and has maximal column rank.
5. MP (18,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k) is already in column echelon form and has maximal column rank.
6. MP (18,2)7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (18,2)
7→6 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

c1↔c2−−−−→

1 3 2
2 0 0 0
1 1 0 0
3 0 1 0
3 0 0 0
1 1 0 0
2 0 0 1

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124.4.1 0→ P (15, 1) f→ P (18, 2) g→ P (20, 1)→ 0 
PdimP (15, 1) + dimP (20, 1) = (3, 6, 8, 5, 2, 5, 2) + (3, 7, 11, 7, 4, 7, 4)
= (6, 13, 19, 12, 6, 12, 6) = dimP (18, 2)
Pdimk Ext
1
kQ(P (20, 1), P (15, 1)) = dimk HomkQ(P (20, 1), P (15, 1))− 〈dimP (20, 1),dimP (15, 1)〉
= 0− 〈(3, 7, 11, 7, 4, 7, 4), (3, 6, 8, 5, 2, 5, 2)〉
= 3 · 6 + 7 · 8 + 7 · 8 + 4 · 5 + 7 · 8 + 4 · 5− (3 · 3 + 7 · 6 + 11 · 8 + 7 · 5 + 4 · 2 + 7 · 5 + 4 · 2)
= 18 + 56 + 56 + 20 + 56 + 20− (9 + 42 + 88 + 35 + 8 + 35 + 8)
= 1
Matrices of the embedding f : P (15, 1)→ P (18, 2) P
1. f1 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3
6 0 0
3 91 1
1 0 0
3 91 0
 c2←c2+c1−−−−−−→

3 3
6 0 0
3 91 0
1 0 0
3 91 91

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3. f3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

∈M19,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

c1↔c3−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 1 0 0
1 0 0 1 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0
1 0 1 1 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0

c6←c6+c1−−−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 0 1 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 91 0 0
1 0 1 1 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0

c2↔c3−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 91 0 0 1 0
1 0 0 1 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 1 0 0 0 91 0 0
1 0 1 1 91 0 0 0 0
1 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 91 91 0
1 0 1 1 0 0 0 91 0
1 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
1 0 0 1 0 0 0 0 0

c5←c5+c3
c8←c8−c3−−−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 91 91 0
1 0 1 1 0 1 0 91 91
1 0 0 1 0 0 0 0 91
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
1 0 0 1 0 1 0 0 91

c6←c6+c4
c7←c7+c4−−−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 91 91
1 0 0 1 0 0 0 0 91
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0
1 0 0 1 0 1 0 0 91

c7←c7+c5
c8←c8+c5−−−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 0 0
1 0 0 1 0 0 0 0 91
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0
1 0 0 1 0 1 0 1 0

c6↔c8−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 0 0
1 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 1
1 0 0 1 0 1 0 1 0

c7↔c8−−−−→

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 0 0
1 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 1 0
1 0 0 1 0 1 0 0 1

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4. f4 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M12,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0

c1↔c2−−−−→

1 2 2
6 0 0 0
1 91 0 0
2 0 1 91
1 0 0 0
2 0 1 0

c3←c3+c2−−−−−−→

1 2 2
6 0 0 0
1 91 0 0
2 0 1 0
1 0 0 0
2 0 1 1

5. f5 =

0 0
0 0
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M12,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2 1
6 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

c2←c2+c1−−−−−−→

2 2 1
6 0 0 0
2 1 0 0
1 0 0 91
1 0 0 0
2 1 1 0

c2↔c3−−−−→

2 1 2
6 0 0 0
2 1 0 0
1 0 91 0
1 0 0 0
2 1 0 1

7. f7 =

0 0
0 0
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (18, 2)→ P (20, 1) P
1. g1 =
0 0 0 0 0 10 1 0 0 0 0
1 0 0 0 0 0
 ∈M3,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 3 1
1 0 0 1
2 1′ 0 0
]
r1↔r2−−−−→
[ 2 3 1
2 1′ 0 0
1 0 0 1
]
2. g2 =

0 0 1 0 0 0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0

∈M7,13(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

2 1 3 3 1 3
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 r1↔r2−−−−→

2 1 3 3 1 3
2 1′ 0 0 0 0 0
1 0 1 0 0 1 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 r3↔r4−−−−→

2 1 3 3 1 3
2 1′ 0 0 0 0 0
1 0 1 0 0 1 0
3 0 0 1′ 0 0 0
1 0 0 0 0 1 0

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3. g3 =

0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M11,19(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

2 1 2 1 3 3 1 3 1 2
1 0 1 0 0 0 0 1 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

r1↔r2−−−−→

2 1 2 1 3 3 1 3 1 2
2 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

r3↔r5−−−−→

2 1 2 1 3 3 1 3 1 2
2 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

r5↔r7−−−−→

2 1 2 1 3 3 1 3 1 2
2 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 0 0

r7←r7−r6−−−−−−→

2 1 2 1 3 3 1 3 1 2
2 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0

4. g4 =

0 0 1 0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

∈M7,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 r1↔r2−−−−→

2 1 3 3 1 2
2 1′ 0 0 0 0 0
1 0 1 0 0 1 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 r3↔r4−−−−→

2 1 3 3 1 2
2 1′ 0 0 0 0 0
1 0 1 0 0 1 0
3 0 0 1′ 0 0 0
1 0 0 0 0 1 0

5. g5 =

0 0 1 1 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
 r1↔r2−−−−→

2 1 1 2
2 1′ 0 0 0
1 0 1 1 0
1 0 0 1 0

6. g6 =

0 0 1 0 0 0 0 0 0 91 0 0
0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

∈M7,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

2 1 3 3 1 2
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
 r1↔r2−−−−→

2 1 3 3 1 2
2 1′ 0 0 0 0 0
1 0 1 0 0 91 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
 r3↔r4−−−−→

2 1 3 3 1 2
2 1′ 0 0 0 0 0
1 0 1 0 0 91 0
3 0 0 1′ 0 0 0
1 0 0 0 0 91 0

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7. g7 =

0 0 0 91 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 3 1 2
1 0 91 0
3 1′ 0 0
]
r1↔r2−−−−→
[ 3 1 2
3 1′ 0 0
1 0 91 0
]
Relations of the embedding f : P (15, 1)→ P (18, 2) P
1. f2 ·MP (15,1)1→2 −MP (18,2)1→2 · f1 = 0
f2 ·MP (15,1)1→2 =

3 3
6 0 0
3 91 1
1 0 0
3 91 0
 ·
[ 3
3 0
3 1
]
=

3
6 0
3 1
1 0
3 0
 =

3
6 0
3 1
4 0

M
P (18,2)
1→2 · f1 =

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
 ·

3
2 0
3 1
1 0
 =

2 3 1
2 1 0 0
2 0 0 0
2 1 0 0
3 0 1 0
1 0 0 1
3 0 0 0

·

3
2 0
3 1
1 0
 =

3
2 0
2 0
2 0
3 1
1 0
3 0

=

3
6 0
3 1
4 0

f2 ·MP (15,1)1→2 −MP (18,2)1→2 · f1 =

3
6 0
3 1
4 0
−

3
6 0
3 1
4 0
 = [ 313 0 ]
2. f3 ·MP (15,1)2→3 −MP (18,2)2→3 · f2 = 0
f3 ·MP (15,1)2→3 =

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·
[ 6
2 0
6 1
]
=

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 1 1 1 1 1
9 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

3 3
9 0 0
3 91 1
1 0 0
3 91 0
3 0 0

M
P (18,2)
2→3 · f2 =

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
 ·

3 3
6 0 0
3 91 1
1 0 0
3 91 0
 =

3 3 3 1 3
3 1 0 0 0 0
3 1 1 0 0 0
3 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

3 3
3 0 0
3 0 0
3 91 1
1 0 0
3 91 0
 =

3 3
3 0 0
3 0 0
3 0 0
3 91 1
1 0 0
3 91 0
3 0 0

=

3 3
9 0 0
3 91 1
1 0 0
3 91 0
3 0 0

f3 ·MP (15,1)2→3 −MP (18,2)2→3 · f2 =

3 3
9 0 0
3 91 1
1 0 0
3 91 0
3 0 0
−

3 3
9 0 0
3 91 1
1 0 0
3 91 0
3 0 0
 =
[ 6
19 0
]
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3. f3 ·MP (15,1)4→3 −MP (18,2)4→3 · f4 = 0
f3 ·MP (15,1)4→3 =

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·
[ 5
5 1
3 0
]
=

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

1 1 1 1 1
9 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

M
P (18,2)
4→3 · f4 =

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =

6 1 1 1 1 1 1
6 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1 1 1
6 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=

1 1 1 1 1
6 0 0 0 0 0
3 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=

1 1 1 1 1
9 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

f3 ·MP (15,1)4→3 −MP (18,2)4→3 · f4 =

1 1 1 1 1
9 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

−

1 1 1 1 1
9 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=
[ 5
19 0
]
4. f4 ·MP (15,1)5→4 −MP (18,2)5→4 · f5 = 0
f4 ·MP (15,1)5→4 =

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·
[ 2
2 1
3 0
]
=

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
1 0
2 0
 =

2
6 0
1 0
2 1
1 0
2 1
 =

2
7 0
2 1
1 0
2 1

M
P (18,2)
5→4 · f5 =

3 3
3 1 0
3 0 0
3 0 1
3 0 1
 ·
[ 2
4 0
2 1
]
=

3 1 2
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1

·

2
3 0
1 0
2 1
 =

2
3 0
3 0
1 0
2 1
1 0
2 1

=

2
7 0
2 1
1 0
2 1

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f4 ·MP (15,1)5→4 −MP (18,2)5→4 · f5 =

2
7 0
2 1
1 0
2 1
−

2
7 0
2 1
1 0
2 1
 =
[ 2
12 0
]
5. f3 ·MP (15,1)6→3 −MP (18,2)6→3 · f6 = 0
f3 ·MP (15,1)6→3 =

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1

=

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

1 1 1 1 1
9 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
1 0 1 0 91 0
1 0 0 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=

2 2 1
13 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

M
P (18,2)
6→3 · f6 =

6 6
3 0 0
6 1 0
4 0 0
6 0 1
 ·

2 2 1
6 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

6 2 1 1 2
3 0 0 0 0 0
6 1 0 0 0 0
4 0 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 2 1
6 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

2 2 1
3 0 0 0
6 0 0 0
4 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

=

2 2 1
13 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

f3 ·MP (15,1)6→3 −MP (18,2)6→3 · f6 =

2 2 1
13 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
−

2 2 1
13 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 5
19 0
]
6. f6 ·MP (15,1)7→6 −MP (18,2)7→6 · f7 = 0
f6 ·MP (15,1)7→6 =

2 2 1
6 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
2 1
1 0
 =

2
6 0
2 0
1 0
1 0
2 1
 =
[ 2
10 0
2 1
]
M
P (18,2)
7→6 · f7 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

·
[ 2
4 0
2 1
]
=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

·

2
3 0
1 0
2 1
 =

2
2 0
1 0
3 0
3 0
1 0
2 1

=
[ 2
10 0
2 1
]
f6 ·MP (15,1)7→6 −MP (18,2)7→6 · f7 =
[ 2
10 0
2 1
]
−
[ 2
10 0
2 1
]
=
[ 2
12 0
]
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Relations of the projection g : P (18, 2)→ P (20, 1) P
1. g2 ·MP (18,2)1→2 −MP (20,1)1→2 · g1 = 0
g2 ·MP (18,2)1→2 =

2 1 3 3 1 3
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 ·

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
 =

2 1 1 2 3 1 3
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
2 0 0 0 1′ 0 0 0
1 0 0 1 0 0 0 0
 ·

2 3 1
2 1 0 0
1 0 0 0
1 0 0 0
2 1 0 0
3 0 1 0
1 0 0 1
3 0 0 0

=

2 3 1
1 0 0 1
2 1′ 0 0
1 0 0 1
2 1′ 0 0
1 0 0 0

M
P (20,1)
1→2 · g1 =

3
3 1
3 1
1 0
 · [
2 3 1
1 0 0 1
2 1′ 0 0
]
=

1 2
1 1 0
2 0 1
1 1 0
2 0 1
1 0 0
 ·
[ 2 3 1
1 0 0 1
2 1′ 0 0
]
=

2 3 1
1 0 0 1
2 1′ 0 0
1 0 0 1
2 1′ 0 0
1 0 0 0

g2 ·MP (18,2)1→2 −MP (20,1)1→2 · g1 =

2 3 1
1 0 0 1
2 1′ 0 0
1 0 0 1
2 1′ 0 0
1 0 0 0
−

2 3 1
1 0 0 1
2 1′ 0 0
1 0 0 1
2 1′ 0 0
1 0 0 0
 =
[ 6
7 0
]
2. g3 ·MP (18,2)2→3 −MP (20,1)2→3 · g2 = 0
g3 ·MP (18,2)2→3 =

2 1 2 1 3 3 1 3 1 2
1 0 1 0 0 0 0 1 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

·

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0

=

2 1 2 1 2 1 3 1 3 1 2
1 0 1 0 0 0 0 0 1 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 1′ 0 0 0 0 0 0

·

2 1 2 1 3 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0

=

2 1 2 1 3 1 3
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
2 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0

M
P (20,1)
2→3 · g2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

2 1 3 3 1 3
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
=

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 1 0 0 1 0
2 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 1 2 1 3 1 3
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0
=

2 1 2 1 3 1 3
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
2 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0

g3 ·MP (18,2)2→3 −MP (20,1)2→3 · g2 =

2 1 2 1 3 1 3
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
2 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0

−

2 1 2 1 3 1 3
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
2 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
2 0 0 1′ 0 0 0 0

=
[13
11 0
]
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3. g3 ·MP (18,2)4→3 −MP (20,1)4→3 · g4 = 0
g3 ·MP (18,2)4→3 =

2 1 2 1 3 3 1 3 1 2
1 0 1 0 0 0 0 1 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

·

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

2 1 2 1 3 2 1 1 2 1 1 2
1 0 1 0 0 0 0 0 1 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 1 0 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0 0 0

·

2 1 2 1 2 1 1 2
2 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 1 0 0 1
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1

=

2 1 2 1 2 1 1 2
1 0 1 0 0 0 0 1 0
2 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0
2 0 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0

=

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
4 0 0 0 0 0 0

M
P (20,1)
4→3 · g4 =
[ 7
7 1
4 0
]
·

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 =

1 2 1 3
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
3 0 0 0 1
4 0 0 0 0
 ·

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 =

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
4 0 0 0 0 0 0

g3 ·MP (18,2)4→3 −MP (20,1)4→3 · g4 =

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
4 0 0 0 0 0 0
−

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
4 0 0 0 0 0 0
 =
[12
11 0
]
4. g4 ·MP (18,2)5→4 −MP (20,1)5→4 · g5 = 0
g4 ·MP (18,2)5→4 =

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 ·

3 3
3 1 0
3 0 0
3 0 1
3 0 1
 =

2 1 3 1 2 1 2
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
3 0 0 1′ 0 0 0 0
 ·

2 1 1 2
2 1 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 1

=

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
3 0 0 0 0

M
P (20,1)
5→4 · g5 =
[ 4
4 1
3 0
]
·

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
3 0 0 0
 ·

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
 =

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
3 0 0 0 0

g4 ·MP (18,2)5→4 −MP (20,1)5→4 · g5 =

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
3 0 0 0 0
−

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
3 0 0 0 0
 =
[ 6
7 0
]
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5. g3 ·MP (18,2)6→3 −MP (20,1)6→3 · g6 = 0
g3 ·MP (18,2)6→3 =

2 1 2 1 3 3 1 3 1 2
1 0 1 0 0 0 0 1 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

·

6 6
3 0 0
6 1 0
4 0 0
6 0 1
 =

2 1 2 1 3 3 1 3 1 2
1 0 1 0 0 0 0 1 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

·

2 1 3 3 1 2
2 0 0 0 0 0 0
1 0 0 0 0 0 0
2 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 0 0 0
1 0 0 0 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

2 1 3 3 1 2
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0

=

2 1 3 3 1 2
4 0 0 0 0 0 0
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0

M
P (20,1)
6→3 · g6 =
[ 7
4 0
7 1
]
·

2 1 3 3 1 2
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
 =

1 2 1 3
4 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

2 1 3 3 1 2
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
 =

2 1 3 3 1 2
4 0 0 0 0 0 0
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0

g3 ·MP (18,2)6→3 −MP (20,1)6→3 · g6 =

2 1 3 3 1 2
4 0 0 0 0 0 0
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
−

2 1 3 3 1 2
4 0 0 0 0 0 0
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
 =
[12
11 0
]
6. g6 ·MP (18,2)7→6 −MP (20,1)7→6 · g7 = 0
g6 ·MP (18,2)7→6 =

2 1 3 3 1 2
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
 ·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

3 1 2
1 0 0 0
2 0 0 0
1 0 91 0
3 1′ 0 0
 =

3 1 2
3 0 0 0
1 0 91 0
3 1′ 0 0

M
P (20,1)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 3 1 2
1 0 91 0
3 1′ 0 0
]
=

1 3
3 0 0
1 1 0
3 0 1
 · [
3 1 2
1 0 91 0
3 1′ 0 0
]
=

3 1 2
3 0 0 0
1 0 91 0
3 1′ 0 0

g6 ·MP (18,2)7→6 −MP (20,1)7→6 · g7 =

3 1 2
3 0 0 0
1 0 91 0
3 1′ 0 0
−

3 1 2
3 0 0 0
1 0 91 0
3 1′ 0 0
 = [ 67 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3 1
1 0 0 1
2 1′ 0 0
]
·

3
2 0
3 1
1 0
 = [ 33 0 ]
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2. g2 · f2 = 0
g2 · f2 =

2 1 3 3 1 3
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 ·

3 3
6 0 0
3 91 1
1 0 0
3 91 0
 =

2 1 3 3 1 3
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 ·

3 3
2 0 0
1 0 0
3 0 0
3 91 1
1 0 0
3 91 0

=
[ 6
7 0
]
3. g3 · f3 = 0
g3 · f3 =

2 1 2 1 3 3 1 3 1 2
1 0 1 0 0 0 0 1 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
2 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
3 0 0 0 0 1′ 0 0 0 0 0

·

1 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

=

2 1 2 1 3 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0
2 0 0 1′ 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0
3 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

=
[ 8
11 0
]
4. g4 · f4 = 0
g4 · f4 =

2 1 3 3 1 2
1 0 1 0 0 1 0
2 1′ 0 0 0 0 0
1 0 0 0 0 1 0
3 0 0 1′ 0 0 0
 ·

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =

2 1 3 1 2 1 2
1 0 1 0 0 0 1 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
3 0 0 1′ 0 0 0 0
 ·

2 1 2
2 0 0 0
1 0 0 0
3 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0

=
[ 5
7 0
]
5. g5 · f5 = 0
g5 · f5 =

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
 · [
2
4 0
2 1
]
=

2 1 1 2
1 0 1 1 0
2 1′ 0 0 0
1 0 0 1 0
 ·

2
2 0
1 0
1 0
2 1
 =
[ 2
4 0
]
6. g6 · f6 = 0
g6 · f6 =

2 1 3 3 1 2
1 0 1 0 0 91 0
2 1′ 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 1′ 0 0 0
 ·

2 2 1
6 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

2 1 3 2 1 1 2
1 0 1 0 0 0 91 0
2 1′ 0 0 0 0 0 0
1 0 0 0 0 0 91 0
3 0 0 1′ 0 0 0 0
 ·

2 2 1
2 0 0 0
1 0 0 0
3 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

=
[ 5
7 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 3 1 2
1 0 91 0
3 1′ 0 0
]
·
[ 2
4 0
2 1
]
=
[ 3 1 2
1 0 91 0
3 1′ 0 0
]
·

2
3 0
1 0
2 1
 = [ 24 0 ]
124.4.2 0→ P (17, 1) f→ P (18, 2) g→ P (18, 1)→ 0 
PdimP (17, 1) + dimP (18, 1) = (2, 6, 9, 6, 3, 6, 3) + (4, 7, 10, 6, 3, 6, 3)
= (6, 13, 19, 12, 6, 12, 6) = dimP (18, 2)
Pdimk Ext
1
kQ(P (18, 1), P (17, 1)) = dimk HomkQ(P (18, 1), P (17, 1))− 〈dimP (18, 1),dimP (17, 1)〉
= 0− 〈(4, 7, 10, 6, 3, 6, 3), (2, 6, 9, 6, 3, 6, 3)〉
= 4 · 6 + 7 · 9 + 6 · 9 + 3 · 6 + 6 · 9 + 3 · 6− (4 · 2 + 7 · 6 + 10 · 9 + 6 · 6 + 3 · 3 + 6 · 6 + 3 · 3)
= 24 + 63 + 54 + 18 + 54 + 18− (8 + 42 + 90 + 36 + 9 + 36 + 9)
= 1
Matrices of the embedding f : P (17, 1)→ P (18, 2) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M19,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
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5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (18, 2)→ P (18, 1) P
1. g1 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,19(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M6,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M6,12(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (17, 1)→ P (18, 2) P
1. f2 ·MP (17,1)1→2 −MP (18,2)1→2 · f1 = 0
f2 ·MP (17,1)1→2 =
[ 6
6 1
7 0
]
·

2
2 1
2 0
2 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
7 0 0 0
 ·

2
2 1
2 0
2 1
 =

2
2 1
2 0
2 1
7 0

M
P (18,2)
1→2 · f1 =

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
 ·
[ 2
2 1
4 0
]
=

2
2 1
2 0
2 1
4 0
3 0
 =

2
2 1
2 0
2 1
7 0

f2 ·MP (17,1)1→2 −MP (18,2)1→2 · f1 =

2
2 1
2 0
2 1
7 0
−

2
2 1
2 0
2 1
7 0
 =
[ 2
13 0
]
2. f3 ·MP (17,1)2→3 −MP (18,2)2→3 · f2 = 0
f3 ·MP (17,1)2→3 =
[ 9
9 1
10 0
]
·

3 3
3 1 0
3 1 1
3 0 1
 =

3 3 3
3 1 0 0
3 0 1 0
3 0 0 1
10 0 0 0
 ·

3 3
3 1 0
3 1 1
3 0 1
 =

3 3
3 1 0
3 1 1
3 0 1
10 0 0

M
P (18,2)
2→3 · f2 =

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
 ·
[ 6
6 1
7 0
]
=

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
 ·

3 3
3 1 0
3 0 1
7 0 0
 =

3 3
3 1 0
3 1 1
3 0 1
7 0 0
3 0 0
 =

3 3
3 1 0
3 1 1
3 0 1
10 0 0

f3 ·MP (17,1)2→3 −MP (18,2)2→3 · f2 =

3 3
3 1 0
3 1 1
3 0 1
10 0 0
−

3 3
3 1 0
3 1 1
3 0 1
10 0 0
 =
[ 6
19 0
]
3. f3 ·MP (17,1)4→3 −MP (18,2)4→3 · f4 = 0
f3 ·MP (17,1)4→3 =
[ 9
9 1
10 0
]
·
[ 6
6 1
3 0
]
=

6 3
6 1 0
3 0 1
10 0 0
 · [
6
6 1
3 0
]
=

6
6 1
3 0
10 0
 = [
6
6 1
13 0
]
M
P (18,2)
4→3 · f4 =

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·
[ 6
6 1
6 0
]
=

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

6
6 1
2 0
2 0
2 0
 =

6
6 1
3 0
2 0
2 0
2 0
2 0
2 0

=
[ 6
6 1
13 0
]
f3 ·MP (17,1)4→3 −MP (18,2)4→3 · f4 =
[ 6
6 1
13 0
]
−
[ 6
6 1
13 0
]
=
[ 6
19 0
]
4. f4 ·MP (17,1)5→4 −MP (18,2)5→4 · f5 = 0
f4 ·MP (17,1)5→4 =
[ 6
6 1
6 0
]
·
[ 3
3 1
3 0
]
=

3 3
3 1 0
3 0 1
6 0 0
 · [
3
3 1
3 0
]
=

3
3 1
3 0
6 0
 = [
3
3 1
9 0
]
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M
P (18,2)
5→4 · f5 =

3 3
3 1 0
3 0 0
3 0 1
3 0 1
 ·
[ 3
3 1
3 0
]
=

3
3 1
3 0
3 0
3 0
 =
[ 3
3 1
9 0
]
f4 ·MP (17,1)5→4 −MP (18,2)5→4 · f5 =
[ 3
3 1
9 0
]
−
[ 3
3 1
9 0
]
=
[ 3
12 0
]
5. f3 ·MP (17,1)6→3 −MP (18,2)6→3 · f6 = 0
f3 ·MP (17,1)6→3 =
[ 9
9 1
10 0
]
·
[ 6
3 0
6 1
]
=

3 6
3 1 0
6 0 1
10 0 0
 · [
6
3 0
6 1
]
=

6
3 0
6 1
10 0

M
P (18,2)
6→3 · f6 =

6 6
3 0 0
6 1 0
4 0 0
6 0 1
 ·
[ 6
6 1
6 0
]
=

6
3 0
6 1
4 0
6 0
 =

6
3 0
6 1
10 0

f3 ·MP (17,1)6→3 −MP (18,2)6→3 · f6 =

6
3 0
6 1
10 0
−

6
3 0
6 1
10 0
 = [ 619 0 ]
6. f6 ·MP (17,1)7→6 −MP (18,2)7→6 · f7 = 0
f6 ·MP (17,1)7→6 =
[ 6
6 1
6 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
6 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
6 0

M
P (18,2)
7→6 · f7 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

·
[ 3
3 1
3 0
]
=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

·

3
3 1
1 0
2 0
 =

3
2 0
1 0
3 1
3 0
1 0
2 0

=

3
3 0
3 1
6 0

f6 ·MP (17,1)7→6 −MP (18,2)7→6 · f7 =

3
3 0
3 1
6 0
−

3
3 0
3 1
6 0
 = [ 312 0 ]
Relations of the projection g : P (18, 2)→ P (18, 1) P
1. g2 ·MP (18,2)1→2 −MP (18,1)1→2 · g1 = 0
g2 ·MP (18,2)1→2 =
[ 6 7
7 0 1
]
·

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
 =
[ 2 2 2 4 3
4 0 0 0 1 0
3 0 0 0 0 1
]
·

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
 =
[ 2 4
4 0 1
3 0 0
]
M
P (18,1)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 2 4
4 0 1
]
=
[ 2 4
4 0 1
3 0 0
]
g2 ·MP (18,2)1→2 −MP (18,1)1→2 · g1 =
[ 2 4
4 0 1
3 0 0
]
−
[ 2 4
4 0 1
3 0 0
]
=
[ 6
7 0
]
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2. g3 ·MP (18,2)2→3 −MP (18,1)2→3 · g2 = 0
g3 ·MP (18,2)2→3 =
[ 9 10
10 0 1
]
·

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
 =
[ 3 3 3 7 3
7 0 0 0 1 0
3 0 0 0 0 1
]
·

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
 =
[ 3 3 7
7 0 0 1
3 0 0 0
]
=
[ 6 7
7 0 1
3 0 0
]
M
P (18,1)
2→3 · g2 =
[ 7
7 1
3 0
]
·
[ 6 7
7 0 1
]
=
[ 6 7
7 0 1
3 0 0
]
g3 ·MP (18,2)2→3 −MP (18,1)2→3 · g2 =
[ 6 7
7 0 1
3 0 0
]
−
[ 6 7
7 0 1
3 0 0
]
=
[13
10 0
]
3. g3 ·MP (18,2)4→3 −MP (18,1)4→3 · g4 = 0
g3 ·MP (18,2)4→3 =
[ 9 10
10 0 1
]
·

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

6 3 2 2 2 2 2
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
P (18,1)
4→3 · g4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 6 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·MP (18,2)4→3 −MP (18,1)4→3 · g4 =

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[12
10 0
]
4. g4 ·MP (18,2)5→4 −MP (18,1)5→4 · g5 = 0
g4 ·MP (18,2)5→4 =
[ 6 6
6 0 1
]
·

3 3
3 1 0
3 0 0
3 0 1
3 0 1
 =
[ 3 3 3 3
3 0 0 1 0
3 0 0 0 1
]
·

3 3
3 1 0
3 0 0
3 0 1
3 0 1
 =
[ 3 3
3 0 1
3 0 1
]
M
P (18,1)
5→4 · g5 =
[ 3
3 1
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
3 0 1
]
g4 ·MP (18,2)5→4 −MP (18,1)5→4 · g5 =
[ 3 3
3 0 1
3 0 1
]
−
[ 3 3
3 0 1
3 0 1
]
=
[ 6
6 0
]
5. g3 ·MP (18,2)6→3 −MP (18,1)6→3 · g6 = 0
g3 ·MP (18,2)6→3 =
[ 9 10
10 0 1
]
·

6 6
3 0 0
6 1 0
4 0 0
6 0 1
 =
[ 3 6 4 6
4 0 0 1 0
6 0 0 0 1
]
·

6 6
3 0 0
6 1 0
4 0 0
6 0 1
 =
[ 6 6
4 0 0
6 0 1
]
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M
P (18,1)
6→3 · g6 =
[ 6
4 0
6 1
]
·
[ 6 6
6 0 1
]
=
[ 6 6
4 0 0
6 0 1
]
g3 ·MP (18,2)6→3 −MP (18,1)6→3 · g6 =
[ 6 6
4 0 0
6 0 1
]
−
[ 6 6
4 0 0
6 0 1
]
=
[12
10 0
]
6. g6 ·MP (18,2)7→6 −MP (18,1)7→6 · g7 = 0
g6 ·MP (18,2)7→6 =
[ 6 6
6 0 1
]
·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

2 1 3 3 1 2
3 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

3 1 2
3 0 0 0
1 0 1 0
2 0 0 1
 = [
3 3
3 0 0
3 0 1
]
M
P (18,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 0
3 0 1
]
g6 ·MP (18,2)7→6 −MP (18,1)7→6 · g7 =
[ 3 3
3 0 0
3 0 1
]
−
[ 3 3
3 0 0
3 0 1
]
=
[ 6
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 7
7 0 1
]
·
[ 6
6 1
7 0
]
=
[ 6
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 9 10
10 0 1
]
·
[ 9
9 1
10 0
]
=
[ 9
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 6
6 0 1
]
·
[ 6
6 1
6 0
]
=
[ 6
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 6
6 0 1
]
·
[ 6
6 1
6 0
]
=
[ 6
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
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124.5 Tree module property of P (6n, 2) 
The matrices of the representation have full (column) rank P
1. MP (6n,2)1→2 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 ∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
2. MP (6n,2)2→3 =

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0
 ∈M6n+1,4n+1(k) is already in column echelon form and has maximal column rank.
3. MP (6n,2)4→3 =

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n(k) is already in column echelon form and has maximal column rank.
4. MP (6n,2)5→4 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n,2n(k) is already in column echelon form and has maximal column rank.
5. MP (6n,2)6→3 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 ∈M6n+1,4n(k) is already in column echelon form and has maximal column rank.
6. MP (6n,2)7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n,2)
7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

c1↔c2−−−−→

1 n n−1
n−1 0 0 0
1 1 0 0
n 0 1 0
n 0 0 0
1 1 0 0
n−1 0 0 1

124.5.1 0→ P (6n− 3, 1) f→ P (6n, 2) g→ P (6n+ 2, 1)→ 0 
PdimP (6n− 3, 1) + dimP (6n+ 2, 1) = (n, 2n, 3n− 1, 2n− 1, n− 1, 2n− 1, n− 1) + (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
= (2n, 4n+ 1, 6n+ 1, 4n, 2n, 4n, 2n) = dimP (6n, 2)
Pdimk Ext
1
kQ(P (6n+ 2, 1), P (6n− 3, 1)) = dimk HomkQ(P (6n+ 2, 1), P (6n− 3, 1))− 〈dimP (6n+ 2, 1),dimP (6n− 3, 1)〉
= 0− 〈(n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1), (n, 2n, 3n− 1, 2n− 1, n− 1, 2n− 1, n− 1)〉
= n · 2n+ (2n+ 1) · (3n− 1) + (2n+ 1) · (3n− 1) + (n+ 1) · (2n− 1) + (2n+ 1) · (3n− 1) + (n+ 1) · (2n− 1)
− (n · n+ (2n+ 1) · 2n+ (3n+ 2) · (3n− 1) + (2n+ 1) · (2n− 1) + (n+ 1) · (n− 1) + (2n+ 1) · (2n− 1) + (n+ 1) · (n− 1))
= 2n2 + 6n2 +n− 1 + 6n2 +n− 1 + 2n2 +n− 1 + 6n2 +n− 1 + 2n2 +n− 1− (n2 + 4n2 + 2n+ 9n2 + 3n− 2 + 4n2− 1 +n2− 1 + 4n2− 1 +n2− 1)
= 1
Representation of P (6n− 3, 1) = P (6n+ 3, 1)[n 7→ n− 1] 
Dimension vector: dimP (6n− 3, 1) = (n, 2n, 3n− 1, 2n− 1, n− 1, 2n− 1, n− 1)
Matrices of the representation:
1. MP (6n−3,1)1→2 =
[ n
n 0
n 1
]
∈M2n,n(k)
2. MP (6n−3,1)2→3 =
[2n
n−1 0
2n 1
]
∈M3n−1,2n(k)
3. MP (6n−3,1)4→3 =
[2n−1
2n−1 1
n 0
]
∈M3n−1,2n−1(k)
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4. MP (6n−3,1)5→4 =
[n−1
n−1 1
n 0
]
∈M2n−1,n−1(k)
5. MP (6n−3,1)6→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
6. MP (6n−3,1)7→6 =

n−1
n−1 1
n−1 1
1 0
 ∈M2n−1,n−1(k)
Matrices of the embedding f : P (6n− 3, 1)→ P (6n, 2) P
1. f1 =

n
n−1 0
n 1
1 0
 ∈M2n,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
2n 0 0
n 91 1
1 0 0
n 91 0
 ∈M4n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n n
2n 0 0
n 91 1
1 0 0
n 91 0
 c2←c2+c1−−−−−−→

n n
2n 0 0
n 91 0
1 0 0
n 91 91

3. f3 =

n−1 2n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
4n+2 0 0
n−1 1 0
n 0 0
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ∈M6n+1,3n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 n−2 1 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
n−2 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0

+

n−1 1 n−1 n
4n+2 0 0 0 0
n−1 1 0 91 0
n 0 0 0 0

=

1 n−2 1 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
n−2 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0
n−2 0 1 0 0 91 0 0 0
n 0 0 0 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→R1 = rows: 3n+3 ... 4nR2 = rows: 4n+4 ... 5n+1

1 n−2 1 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
n−2 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0

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=
1 n−2 1 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
n−2 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0
 c1↔c3−−−−→

1 n−2 1 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 1 0 0
1 0 0 1 91 0 0 1 0
n−2 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 0 1 91 0 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0
 c6←c6+c1−−−−−−→

1 n−2 1 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 0 1 91 0 0 1 0
n−2 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 91 0 0
n−2 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n−2 0 1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 0 1 91 0 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0
 c2↔c3−−−−→

1 1 n−2 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 91 0 0 1 0
n−2 0 0 1 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 1 0 0 0 91 0 0
n−2 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0

+

1 1 n−2 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

1 1 n−2 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 91 91 0
n−2 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
n−2 0 0 1 0 0 0 0 0

+

1 1 n−2 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 91 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0

c5←c5+c3
c8←c8−c3−−−−−−→

1 1 n−2 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 91 91 0
n−2 0 0 1 0 1 0 0 91
2 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
n−2 0 0 1 0 1 0 0 91

+

1 1 n−2 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 91 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0

c6←c6+c4
c7←c7+c4−−−−−−→
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
1 1 n−2 1 n−2 1 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
n−2 0 0 1 0 1 0 0 91
2 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0
n−2 0 0 1 0 1 0 0 91

+

1 1 n−2 1 n−2 1 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 91 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0
 c5↔c7−−−−→

1 1 n−2 1 1 1 n−2 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
n−2 0 0 1 0 0 0 1 91
2 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0
n−2 0 0 1 0 0 0 1 91

+

1 1 n−2 1 1 1 n−2 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0
 c6↔c7−−−−→

1 1 n−2 1 1 n−2 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
n−2 0 0 1 0 0 1 0 91
2 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 1 0
n−2 0 0 1 0 0 1 0 91

+

1 1 n−2 1 1 n−2 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0
 c8←c8+c6−−−−−−→

1 1 n−2 1 1 n−2 1 n−2
3n 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
n−2 0 0 1 0 0 1 0 0
2 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 1 0
n−2 0 0 1 0 0 1 0 0

+

1 1 n−2 1 1 n−2 1 n−2
4n+2 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0
n−2 0 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0 0

=

1 1 1 n−3 1 1 1 n−3 1 n−3 1
3n 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 91 1 0 0 0 0
n−3 0 0 0 1 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 1 0 0 0 0
n−3 0 0 0 1 0 0 0 1 0 0 0

c7←c7+c6−−−−−−→

1 1 1 n−3 1 1 1 n−3 1 n−3 1
3n 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
n−3 0 0 0 1 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 1 0 0 0 0
n−3 0 0 0 1 0 0 0 1 0 0 0

c7↔c8−−−−→
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
1 1 1 n−3 1 1 n−3 1 1 n−3 1
3n 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
n−3 0 0 0 1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 1 0 0 0
n−3 0 0 0 1 0 0 1 0 0 0 0

c10←c10+c7−−−−−−−−→

1 1 1 n−3 1 1 n−3 1 1 n−3 1
3n 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
n−3 0 0 0 1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 1 0 0 0
n−3 0 0 0 1 0 0 1 0 0 1 0

c8↔c11−−−−→

1 1 1 n−3 1 1 n−3 1 1 n−3 1
3n 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
n−3 0 0 0 1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0 0 0 1
n−3 0 0 0 1 0 0 1 0 0 1 0

c10↔c11−−−−−→

1 1 1 n−3 1 1 n−3 1 1 1 n−3
3n 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
n−3 0 0 0 1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0 0 1 0
n−3 0 0 0 1 0 0 1 0 0 0 1

4. f4 =

n−1 n
2n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0
 ∈M4n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n−1 1 n−1
2n 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0

c1↔c2−−−−→

1 n−1 n−1
2n 0 0 0
1 91 0 0
n−1 0 1 91
1 0 0 0
n−1 0 1 0

c3←c3+c2−−−−−−→

1 n−1 n−1
2n 0 0 0
1 91 0 0
n−1 0 1 0
1 0 0 0
n−1 0 1 1

5. f5 =
[n−1
n+1 0
n−1 1
]
∈M2n,n−1(k) is already in column echelon form and has maximal column rank.
6. f6 =

n−1 n
2n 0 0
n−1 1 0
2 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0
 ∈M4n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n−1 n−1 1
2n 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

c2←c2+c1−−−−−−→

n−1 n−1 1
2n 0 0 0
n−1 1 0 0
1 0 0 91
1 0 0 0
n−1 1 1 0

c2↔c3−−−−→

n−1 1 n−1
2n 0 0 0
n−1 1 0 0
1 0 91 0
1 0 0 0
n−1 1 0 1

7. f7 =
[n−1
n+1 0
n−1 1
]
∈M2n,n−1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n, 2)→ P (6n+ 2, 1) P
1. g1 =
[n−1 n 1
1 0 0 1
n−1 1′ 0 0
]
∈Mn,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[n−1 n 1
1 0 0 1
n−1 1′ 0 0
]
r1↔r2−−−−→
[n−1 n 1
n−1 1′ 0 0
1 0 0 1
]
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2. g2 =

n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
 ∈M2n+1,4n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

n−1 1 n n 1 n
1 0 1 0 0 1 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
 r1↔r2−−−−→

n−1 1 n n 1 n
n−1 1′ 0 0 0 0 0
1 0 1 0 0 1 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
 r3↔r4−−−−→

n−1 1 n n 1 n
n−1 1′ 0 0 0 0 0
1 0 1 0 0 1 0
n 0 0 1′ 0 0 0
1 0 0 0 0 1 0

3. g3 =

n n n 3n+1
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
1 0 0 0 0
n 0 0 1′ 0
+

4n 1 n 1 n−1
1 0 1 0 0 0
n−1 0 0 0 0 0
1 0 1 0 0 0
1 0 1 0 91 0
n−1 0 0 0 0 0
1 0 1 0 91 0
n 0 0 0 0 0

∈M3n+2,6n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

n−1 1 n−1 1 n n 1 n 1 n−1
1 0 1 0 0 0 0 1 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
n−1 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 1′ 0 0 0 0 0

r1↔r2−−−−→

n−1 1 n−1 1 n n 1 n 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 0 91 0
n−1 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 1′ 0 0 0 0 0

r3↔r5−−−−→

n−1 1 n−1 1 n n 1 n 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 1′ 0 0 0 0 0

r5↔r7−−−−→

n−1 1 n−1 1 n n 1 n 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
n 0 0 0 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 0 0

r7←r7−r6−−−−−−→

n−1 1 n−1 1 n n 1 n 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 91 0
n 0 0 0 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0

4. g4 =

n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
 ∈M2n+1,4n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

n−1 1 n n 1 n−1
1 0 1 0 0 1 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
 r1↔r2−−−−→

n−1 1 n n 1 n−1
n−1 1′ 0 0 0 0 0
1 0 1 0 0 1 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
 r3↔r4−−−−→

n−1 1 n n 1 n−1
n−1 1′ 0 0 0 0 0
1 0 1 0 0 1 0
n 0 0 1′ 0 0 0
1 0 0 0 0 1 0

5. g5 =
[ n n
n 1′ 0
1 0 0
]
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
 ∈Mn+1,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

n−1 1 1 n−1
1 0 1 1 0
n−1 1′ 0 0 0
1 0 0 1 0
 r1↔r2−−−−→

n−1 1 1 n−1
n−1 1′ 0 0 0
1 0 1 1 0
1 0 0 1 0

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6. g6 =

n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 91 0
n−1 0 0 0
1 0 91 0
n 0 0 0
 ∈M2n+1,4n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

n−1 1 n n 1 n−1
1 0 1 0 0 91 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 1′ 0 0 0
 r1↔r2−−−−→

n−1 1 n n 1 n−1
n−1 1′ 0 0 0 0 0
1 0 1 0 0 91 0
1 0 0 0 0 91 0
n 0 0 1′ 0 0 0
 r3↔r4−−−−→

n−1 1 n n 1 n−1
n−1 1′ 0 0 0 0 0
1 0 1 0 0 91 0
n 0 0 1′ 0 0 0
1 0 0 0 0 91 0

7. g7 =
[ n 1 n−1
1 0 91 0
n 1′ 0 0
]
∈Mn+1,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ n 1 n−1
1 0 91 0
n 1′ 0 0
]
r1↔r2−−−−→
[ n 1 n−1
n 1′ 0 0
1 0 91 0
]
Relations of the embedding f : P (6n− 3, 1)→ P (6n, 2) P
1. f2 ·MP (6n−3,1)1→2 −MP (6n,2)1→2 · f1 = 0
f2 ·MP (6n−3,1)1→2 =

n n
2n 0 0
n 91 1
1 0 0
n 91 0
 ·
[ n
n 0
n 1
]
=

n
2n 0
n 1
1 0
n 0
 =

n
2n 0
n 1
n+1 0

M
P (6n,2)
1→2 · f1 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 ·

n
n−1 0
n 1
1 0
 =

n−1 n 1
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n 0 1 0
1 0 0 1
n 0 0 0

·

n
n−1 0
n 1
1 0
 =

n
n−1 0
2 0
n−1 0
n 1
1 0
n 0

=

n
2n 0
n 1
n+1 0

f2 ·MP (6n−3,1)1→2 −MP (6n,2)1→2 · f1 =

n
2n 0
n 1
n+1 0
−

n
2n 0
n 1
n+1 0
 = [ n4n+1 0 ]
2. f3 ·MP (6n−3,1)2→3 −MP (6n,2)2→3 · f2 = 0
f3 ·MP (6n−3,1)2→3 =


n−1 2n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
4n+2 0 0
n−1 1 0
n 0 0
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0


·
[2n
n−1 0
2n 1
]
=

n−1 2n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

·
[2n
n−1 0
2n 1
]
+

n−1 2n
4n+2 0 0
n−1 1 0
n 0 0
 · [
2n
n−1 0
2n 1
]
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n n
n−1 0 0
n 1 0
n 0 1

=

2n
3n+1 0
n−1 0
1 0
n−1 0
2 0
n−1 0

+

2n
4n+2 0
n−1 0
n 0
+

n n
3n 0 0
n 91 1
1 0 0
n 91 0
n 0 0
 =

n n
3n 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−1 0 0

+

n n
3n 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−1 0 0

+

1 n−2 1 1 n−2 1
3n 0 0 0 0 0 0
1 91 0 0 1 0 0
n−2 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 0 0 0
1 91 0 0 0 0 0
n−2 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

=

n n
3n 0 0
n 91 1
1 0 0
n 91 0
n 0 0

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M
P (6n,2)
2→3 · f2 =


2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0


·

n n
2n 0 0
n 91 1
1 0 0
n 91 0
 =

2n n 1 n
2n 1 0 0 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

·

n n
2n 0 0
n 91 1
1 0 0
n 91 0
+

2n n 1 n
n 0 0 0 0
2n 1 0 0 0
3n+1 0 0 0 0
 ·

n n
2n 0 0
n 91 1
1 0 0
n 91 0

=

n n
2n 0 0
n 0 0
n 91 1
1 0 0
n 91 0
n 0 0

+

n n
n 0 0
2n 0 0
3n+1 0 0
 =

n n
n 0 0
n 0 0
n 0 0
n 91 1
1 0 0
n 91 0
n 0 0

+

n n
n 0 0
n 0 0
n 0 0
n 0 0
1 0 0
n 0 0
n 0 0

=

n n
3n 0 0
n 91 1
1 0 0
n 91 0
n 0 0

f3 ·MP (6n−3,1)2→3 −MP (6n,2)2→3 · f2 =

n n
3n 0 0
n 91 1
1 0 0
n 91 0
n 0 0
−

n n
3n 0 0
n 91 1
1 0 0
n 91 0
n 0 0
 =
[2n
6n+1 0
]
3. f3 ·MP (6n−3,1)4→3 −MP (6n,2)4→3 · f4 = 0
f3 ·MP (6n−3,1)4→3 =


n−1 2n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
4n+2 0 0
n−1 1 0
n 0 0
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0


·
[2n−1
2n−1 1
n 0
]
=

n−1 n n
3n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 n n
4n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0

=

n−1 n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 n
4n+2 0 0
n−1 1 0
n 0 0
+

n−1 n
3n 0 0
n 0 91
1 0 0
n 0 91
n 0 0
 =

n−1 n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 1 n−1
3n 0 0 0
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0

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M
P (6n,2)
4→3 · f4 =


2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]

·


n−1 n
2n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0


=

2n 1 n−1 1 n−1
2n 1 0 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
n+1 0 0 0 0 0

·

n−1 n
2n 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

2n n n
2n 1 0 0
n 0 0 0
n 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n−1 n
2n 0 0
n 0 91
n 0 0

+

2n 1 n−1 1 n−1
4n+1 0 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
 ·

n−1 n
2n 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

2n n n
4n+1 0 0 0
n 0 1 0
n 0 0 1
 ·

n−1 n
2n 0 0
n 0 91
n 0 0
 =

n−1 n
2n 0 0
n 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0
n+1 0 0

+

n−1 n
2n 0 0
n 0 0
n 0 91
n 0 0
n+1 0 0
+

n−1 n
4n+1 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n−1 n
4n+1 0 0
n 0 91
n 0 0

=

1 n−2 n
2n 0 0 0
n 0 0 0
1 0 0 0
1 1 0 0
n−2 0 1 0
1 0 0 0
1 1 0 0
n−2 0 1 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0

+

n−1 1 1 n−2
2n 0 0 0 0
n 0 0 0 0
1 0 91 0 0
1 0 0 91 0
n−2 0 0 0 91
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0

+

n−2 1 n
2n 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−2 1 0 0
1 0 1 0
1 0 0 0
n−2 1 0 0
1 0 1 0

+

n−1 1 n−2 1
2n 0 0 0 0
n 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 91 0 0
n−2 0 0 91 0
1 0 0 0 91
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0

=

n−1 1 n−1
3n 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
n+1 0 0 0

+

n−1 1 n−1
4n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0

f3 ·MP (6n−3,1)4→3 −MP (6n,2)4→3 · f4 =


n−1 n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 1 n−1
3n 0 0 0
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 1 0 91
n 0 0 0


−


n−1 1 n−1
3n 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0
n+1 0 0 0

+

n−1 1 n−1
4n+1 0 0 0
1 0 91 0
n−1 1 0 91
1 0 0 0
n−1 1 0 0


=


n−1 n
3n+1 0 0
n−1 1 0
2n+1 0 0
+

n−1 n
4n+1 0 0
n−1 1 0
n+1 0 0
+ [
n−1 n
5n+2 0 0
n−1 1 0
]
+

n−1 1 n−1
3n 0 0 0
1 0 91 0
3n 0 0 0
+

n n−1
3n+1 0 0
n−1 0 91
2n+1 0 0
+

n−1 1 n−1
4n+1 0 0 0
1 0 91 0
2n−1 0 0 0
+

n−1 n
4n+2 0 0
n−1 1 0
n 0 0

+

n n−1
4n+2 0 0
n−1 0 91
n 0 0


−


n−1 n
3n+1 0 0
n−1 1 0
2n+1 0 0
+

n−1 n
4n+1 0 0
n−1 1 0
n+1 0 0
+ [
n−1 n
5n+2 0 0
n−1 1 0
]
+

n−1 1 n−1
3n 0 0 0
1 0 91 0
3n 0 0 0
+

n n−1
3n+1 0 0
n−1 0 91
2n+1 0 0
+

n−1 1 n−1
4n+1 0 0 0
1 0 91 0
2n−1 0 0 0

+

n−1 n
4n+2 0 0
n−1 1 0
n 0 0
+

n n−1
4n+2 0 0
n−1 0 91
n 0 0


=
[2n−1
6n+1 0
]
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4. f4 ·MP (6n−3,1)5→4 −MP (6n,2)5→4 · f5 = 0
f4 ·MP (6n−3,1)5→4 =


n−1 n
2n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0


·
[n−1
n−1 1
n 0
]
=

n−1 n
2n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
 ·
[n−1
n−1 1
n 0
]
+

n−1 n
2n 0 0
n 0 91
n 0 0
 · [
n−1
n−1 1
n 0
]
=

n−1
2n+1 0
n−1 1
1 0
n−1 1
+

n−1
2n 0
n 0
n 0
 =

n−1
2n 0
1 0
n−1 1
1 0
n−1 1
+

n−1
2n 0
1 0
n−1 0
1 0
n−1 0
 =

n−1
2n+1 0
n−1 1
1 0
n−1 1

M
P (6n,2)
5→4 · f5 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
 ·
[n−1
n+1 0
n−1 1
]
=

n 1 n−1
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1

·

n−1
n 0
1 0
n−1 1
 =

n−1
n 0
n 0
1 0
n−1 1
1 0
n−1 1

=

n−1
2n+1 0
n−1 1
1 0
n−1 1

f4 ·MP (6n−3,1)5→4 −MP (6n,2)5→4 · f5 =

n−1
2n+1 0
n−1 1
1 0
n−1 1
−

n−1
2n+1 0
n−1 1
1 0
n−1 1
 =
[n−1
4n 0
]
5. f3 ·MP (6n−3,1)6→3 −MP (6n,2)6→3 · f6 = 0
f3 ·MP (6n−3,1)6→3 =


n−1 2n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
4n+2 0 0
n−1 1 0
n 0 0
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0


·

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
=

n−1 n n
3n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 2n−1
3n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

·

2n−1
n−1 0
1 0
2n−1 1
+

n−1 n n
4n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0

+

n−1 1 2n−1
4n+2 0 0 0
n−1 1 0 0
n 0 0 0
 ·

2n−1
n−1 0
1 0
2n−1 1
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0
 ·

n−1 n
n−1 1 0
n 0 1
n 0 0
+

n−1 1 n−1 1 n−1
3n 0 0 0 0 0
1 0 91 0 1 0
n−1 0 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
n 0 0 0 0 0

·

n−1 1 n−1
n−1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1

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=
n−1 n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

2n−1
3n+1 0
n−1 0
1 0
n−1 0
2 0
n−1 0

+

n−1 n
4n+2 0 0
n−1 1 0
n 0 0
+

2n−1
4n+2 0
n−1 0
n 0
+

n−1 n
3n 0 0
n 0 91
1 0 0
n 0 91
n 0 0
+

n−1 1 n−1
3n 0 0 0
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

=

n−1 1 n−1
3n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0

+

n−1 1 n−1
3n+1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
2 0 0 0
n−1 0 0 0

+

n−1 1 n−1
4n+2 0 0 0
n−1 1 0 0
n 0 0 0
+

n−1 1 n−1
4n+2 0 0 0
n−1 0 0 0
n 0 0 0
+

n−1 1 n−1
3n 0 0 0
1 0 91 0
n−1 0 0 91
1 0 0 0
1 0 91 0
n−1 0 0 91
n 0 0 0

+

n−1 1 n−1
3n 0 0 0
1 0 1 0
n−1 91 0 1
1 0 0 0
1 0 0 0
n−1 91 0 0
n 0 0 0

=

n−1 n−1 1
4n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

M
P (6n,2)
6→3 · f6 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 ·


n−1 n
2n 0 0
n−1 1 0
2 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0


=

2n n−1 2 n−1
n 0 0 0 0
2n 1 0 0 0
n+1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 0 0 1

·

n−1 n
2n 0 0
n−1 1 0
2 0 0
n−1 1 0
+

2n n n
n 0 0 0
2n 1 0 0
n+1 0 0 0
n 0 1 0
n 0 0 1
 ·

n−1 n
2n 0 0
n 0 91
n 0 0

=

n−1 n
n 0 0
2n 0 0
n+1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 n
n 0 0
2n 0 0
n+1 0 0
n 0 91
n 0 0
 =

n−1 n
n 0 0
2n 0 0
n+1 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0

+

n−1 n−1 1
n 0 0 0
2n 0 0 0
n+1 0 0 0
n−1 0 91 0
1 0 0 91
1 0 0 0
n−1 0 0 0

=

n−1 n−1 1
4n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0

f3 ·MP (6n−3,1)6→3 −MP (6n,2)6→3 · f6 =

n−1 n−1 1
4n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0
−

n−1 n−1 1
4n+1 0 0 0
n−1 1 91 0
1 0 0 91
1 0 0 0
n−1 1 0 0
 =
[2n−1
6n+1 0
]
6. f6 ·MP (6n−3,1)7→6 −MP (6n,2)7→6 · f7 = 0
f6 ·MP (6n−3,1)7→6 =


n−1 n
2n 0 0
n−1 1 0
2 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0


·

n−1
n−1 1
n−1 1
1 0
 =

n−1 n−1 1
2n 0 0 0
n−1 1 0 0
2 0 0 0
n−1 1 0 0
 ·

n−1
n−1 1
n−1 1
1 0
+

n−1 n−1 1
2n 0 0 0
n−1 0 91 0
1 0 0 91
n 0 0 0
 ·

n−1
n−1 1
n−1 1
1 0

=

n−1
2n 0
n−1 1
2 0
n−1 1
+

n−1
2n 0
n−1 91
1 0
n 0
 =

n−1
2n 0
n−1 1
1 0
1 0
n−1 1
+

n−1
2n 0
n−1 91
1 0
1 0
n−1 0
 =
[n−1
3n+1 0
n−1 1
]
M
P (6n,2)
7→6 · f7 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

·
[n−1
n+1 0
n−1 1
]
=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

·

n−1
n 0
1 0
n−1 1
 =

n−1
n−1 0
1 0
n 0
n 0
1 0
n−1 1

=
[n−1
3n+1 0
n−1 1
]
f6 ·MP (6n−3,1)7→6 −MP (6n,2)7→6 · f7 =
[n−1
3n+1 0
n−1 1
]
−
[n−1
3n+1 0
n−1 1
]
=
[n−1
4n 0
]
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Relations of the projection g : P (6n, 2)→ P (6n+ 2, 1) P
1. g2 ·MP (6n,2)1→2 −MP (6n+2,1)1→2 · g1 = 0
g2 ·MP (6n,2)1→2 =


n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0


·

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0

=

n−1 1 1 n−1 n+1 n
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0
1 0 0 1 0 0 0
 ·

n−1 n+1
n−1 1 0
1 0 0
1 0 0
n−1 1 0
n+1 0 1
n 0 0

+

n−1 2 n−1 n 1 n
1 0 0 0 0 1 0
n−1 0 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 0
 ·

n−1 n 1
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n 0 1 0
1 0 0 1
n 0 0 0

=

n−1 n+1
1 0 0
n−1 1′ 0
1 0 0
n−1 1′ 0
1 0 0
+

n−1 n 1
1 0 0 1
n−1 0 0 0
1 0 0 1
n 0 0 0
 =

n−1 n 1
1 0 0 0
n−1 1′ 0 0
1 0 0 0
n−1 1′ 0 0
1 0 0 0
+

n−1 n 1
1 0 0 1
n−1 0 0 0
1 0 0 1
n−1 0 0 0
1 0 0 0
 =

n−1 n 1
1 0 0 1
n−1 1′ 0 0
1 0 0 1
n−1 1′ 0 0
1 0 0 0

M
P (6n+2,1)
1→2 · g1 =

n
n 1
n 1
1 0
 · [
n−1 n 1
1 0 0 1
n−1 1′ 0 0
]
=

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
1 0 0
 ·
[n−1 n 1
1 0 0 1
n−1 1′ 0 0
]
=

n−1 n 1
1 0 0 1
n−1 1′ 0 0
1 0 0 1
n−1 1′ 0 0
1 0 0 0

g2 ·MP (6n,2)1→2 −MP (6n+2,1)1→2 · g1 =

n−1 n 1
1 0 0 1
n−1 1′ 0 0
1 0 0 1
n−1 1′ 0 0
1 0 0 0
−

n−1 n 1
1 0 0 1
n−1 1′ 0 0
1 0 0 1
n−1 1′ 0 0
1 0 0 0
 =
[2n
2n+1 0
]
2. g3 ·MP (6n,2)2→3 −MP (6n+2,1)2→3 · g2 = 0
g3 ·MP (6n,2)2→3 =


n n n 3n+1
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
1 0 0 0 0
n 0 0 1′ 0
+

4n 1 n 1 n−1
1 0 1 0 0 0
n−1 0 0 0 0 0
1 0 1 0 0 0
1 0 1 0 91 0
n−1 0 0 0 0 0
1 0 1 0 91 0
n 0 0 0 0 0


·


2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0


=

n n n 2n+1 n
n 1′ 0 0 0 0
1 0 0 0 0 0
n 0 1′ 0 0 0
1 0 0 0 0 0
n 0 0 1′ 0 0
 ·

n n 2n+1
n 1 0 0
n 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0
+

n n n 3n+1
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
1 0 0 0 0
n 0 0 1′ 0
 ·

n n 2n+1
n 0 0 0
n 1 0 0
n 0 1 0
3n+1 0 0 0

+

2n n n 1 n 1 n−1
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 0 91 0
n−1 0 0 0 0 0 0 0
1 0 0 0 1 0 91 0
n 0 0 0 0 0 0 0

·

2n n 1 n
2n 1 0 0 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

+

n 2n n 1 n 1 n−1
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 0 91 0
n−1 0 0 0 0 0 0 0
1 0 0 0 1 0 91 0
n 0 0 0 0 0 0 0

·

2n 2n+1
n 0 0
2n 1 0
n 0 0
1 0 0
n 0 0
1 0 0
n−1 0 0

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=
n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 0
+

n n 2n+1
n 0 0 0
1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

2n n 1 n
1 0 0 1 0
n−1 0 0 0 0
1 0 0 1 0
1 0 0 1 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0

+

2n 2n+1
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0

=

n−1 1 n−1 1 n 1 n
1 0 1 0 0 0 0 0
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

n−1 1 n n 1 n
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 1′ 0 0 0

+

n n n 1 n
1 0 0 0 1 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
n−1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 0

+

n n n 1 n
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

=

n−1 1 n−1 1 n 1 n
1 0 1 0 0 0 1 0
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
n−1 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0

M
P (6n+2,1)
2→3 · g2 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·


n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0


=

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0

+

1 n−1 1 n
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
 ·

3n 1 n
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
+

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

1 n−1 1 n
n+1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

3n 1 n
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0

=

n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0
n+1 0 0 0
+

3n 1 n
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
n+1 0 0 0
+

n n 2n+1
n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n
n+1 0 0 0
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0

=

n−1 1 n−1 1 n 1 n
1 0 1 0 0 0 0 0
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

n n n 1 n
1 0 0 0 1 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n−1 1 n n 1 n
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 1′ 0 0 0

+

n n n 1 n
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 0

=

n−1 1 n−1 1 n 1 n
1 0 1 0 0 0 1 0
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
n−1 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0

829
g3 ·MP (6n,2)2→3 −MP (6n+2,1)2→3 · g2 =

n−1 1 n−1 1 n 1 n
1 0 1 0 0 0 1 0
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
n−1 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0

−

n−1 1 n−1 1 n 1 n
1 0 1 0 0 0 1 0
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 1 0 1 0 1 0
n−1 1′ 0 1′ 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0

=
[4n+1
3n+2 0
]
3. g3 ·MP (6n,2)4→3 −MP (6n+2,1)4→3 · g4 = 0
g3 ·MP (6n,2)4→3 =


n n n 3n+1
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
1 0 0 0 0
n 0 0 1′ 0
+

4n 1 n 1 n−1
1 0 1 0 0 0
n−1 0 0 0 0 0
1 0 1 0 0 0
1 0 1 0 91 0
n−1 0 0 0 0 0
1 0 1 0 91 0
n 0 0 0 0 0


·


2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]

=

n n n 2n n+1
n 1′ 0 0 0 0
1 0 0 0 0 0
n 0 1′ 0 0 0
1 0 0 0 0 0
n 0 0 1′ 0 0
 ·

n n 2n
n 1 0 0
n 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0
+

n n n n+1 2n
n 1′ 0 0 0 0
1 0 0 0 0 0
n 0 1′ 0 0 0
1 0 0 0 0 0
n 0 0 1′ 0 0
 ·

2n 2n
n 0 0
n 0 0
n 0 0
n+1 0 0
2n 0 1

+

2n n n 1 n−1 1 1 n−1
1 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 91 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 91 0
n 0 0 0 0 0 0 0 0

·

2n n 1 n−1
2n 1 0 0 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

+

4n 1 n 1 n−1
1 0 1 0 0 0
n−1 0 0 0 0 0
1 0 1 0 0 0
1 0 1 0 91 0
n−1 0 0 0 0 0
1 0 1 0 91 0
n 0 0 0 0 0

·

2n n 1 n−1
4n 0 0 0 0
1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

=

n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 0
+

2n 2n
n 0 0
1 0 0
n 0 0
1 0 0
n 0 0
+

2n n 1 n−1
1 0 0 1 0
n−1 0 0 0 0
1 0 0 1 0
1 0 0 1 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0

+

2n n 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0
n−1 0 0 0 0
1 0 0 91 0
n 0 0 0 0

=

n−1 1 n−1 1 n 1 n−1
1 0 1 0 0 0 0 0
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 1′ 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

n n n 1 n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n n n 1 n−1
1 0 0 0 1 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
n−1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 0

+

n n n 1 n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 91 0
n−1 0 0 0 0 0
1 0 0 0 91 0
n 0 0 0 0 0

=

n−1 1 n n 1 n−1
1 0 1 0 0 1 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
n+1 0 0 0 0 0 0

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M
P (6n+2,1)
4→3 · g4 =
[2n+1
2n+1 1
n+1 0
]
·


n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0


=

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

1 n−1 1 n
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
 ·

3n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0

=

n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
n+1 0 0 0
+

3n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
n+1 0 0 0
 =

n−1 1 n n 1 n−1
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 1′ 0 0 0
n+1 0 0 0 0 0 0
+

n n n 1 n−1
1 0 0 0 1 0
n−1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 0
n+1 0 0 0 0 0
 =

n−1 1 n n 1 n−1
1 0 1 0 0 1 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
n+1 0 0 0 0 0 0

g3 ·MP (6n,2)4→3 −MP (6n+2,1)4→3 · g4 =

n−1 1 n n 1 n−1
1 0 1 0 0 1 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
n+1 0 0 0 0 0 0
−

n−1 1 n n 1 n−1
1 0 1 0 0 1 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 1′ 0 0 0
n+1 0 0 0 0 0 0
 =
[4n
3n+2 0
]
4. g4 ·MP (6n,2)5→4 −MP (6n+2,1)5→4 · g5 = 0
g4 ·MP (6n,2)5→4 =


n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0


·

n n
n 1 0
n 0 0
n 0 1
n 0 1
 =

n n n n
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
 ·

n n
n 1 0
n 0 0
n 0 1
n 0 1
+

n n 1 n−1 1 n−1
1 0 0 0 0 1 0
n−1 0 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 0
 ·

n 1 n−1
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1

=

n n
n 1′ 0
1 0 0
n 0 0
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
 =

n−1 1 1 n−1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
n 0 0 0 0
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
 =

n−1 1 1 n−1
1 0 1 1 0
n−1 1′ 0 0 0
1 0 0 1 0
n 0 0 0 0

M
P (6n+2,1)
5→4 · g5 =
[n+1
n+1 1
n 0
]
·

[ n n
n 1′ 0
1 0 0
]
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0


=

n 1
n 1 0
1 0 1
n 0 0
 · [
n n
n 1′ 0
1 0 0
]
+

1 n−1 1
1 1 0 0
n−1 0 1 0
1 0 0 1
n 0 0 0
 ·

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0

=

n n
n 1′ 0
1 0 0
n 0 0
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
 =

n−1 1 1 n−1
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
n 0 0 0 0
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0
 =

n−1 1 1 n−1
1 0 1 1 0
n−1 1′ 0 0 0
1 0 0 1 0
n 0 0 0 0

g4 ·MP (6n,2)5→4 −MP (6n+2,1)5→4 · g5 =

n−1 1 1 n−1
1 0 1 1 0
n−1 1′ 0 0 0
1 0 0 1 0
n 0 0 0 0
−

n−1 1 1 n−1
1 0 1 1 0
n−1 1′ 0 0 0
1 0 0 1 0
n 0 0 0 0
 =
[2n
2n+1 0
]
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5. g3 ·MP (6n,2)6→3 −MP (6n+2,1)6→3 · g6 = 0
g3 ·MP (6n,2)6→3 =


n n n 3n+1
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
1 0 0 0 0
n 0 0 1′ 0
+

4n 1 n 1 n−1
1 0 1 0 0 0
n−1 0 0 0 0 0
1 0 1 0 0 0
1 0 1 0 91 0
n−1 0 0 0 0 0
1 0 1 0 91 0
n 0 0 0 0 0


·

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1

=

n n n n+1 2n
n 1′ 0 0 0 0
1 0 0 0 0 0
n 0 1′ 0 0 0
1 0 0 0 0 0
n 0 0 1′ 0 0
 ·

n n 2n
n 0 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
2n 0 0 1
+

n 2n n 1 n 1 n−1
1 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 0 91 0
n−1 0 0 0 0 0 0 0
1 0 0 0 1 0 91 0
n 0 0 0 0 0 0 0

·

2n n 1 n−1
n 0 0 0 0
2n 1 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

=

n n 2n
n 0 0 0
1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

2n n 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0
n−1 0 0 0 0
1 0 0 91 0
n 0 0 0 0

=

n−1 1 n n 1 n−1
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 1′ 0 0 0

+

n n n 1 n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 91 0
n−1 0 0 0 0 0
1 0 0 0 91 0
n 0 0 0 0 0

=

n−1 1 n n 1 n−1
n+1 0 0 0 0 0 0
1 0 1 0 0 91 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 1′ 0 0 0

M
P (6n+2,1)
6→3 · g6 =
[2n+1
n+1 0
2n+1 1
]
·


n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 91 0
n−1 0 0 0
1 0 91 0
n 0 0 0


=

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

1 n−1 1 n
n+1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

3n 1 n−1
1 0 91 0
n−1 0 0 0
1 0 91 0
n 0 0 0

=

n n 2n
n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
n+1 0 0 0
1 0 91 0
n−1 0 0 0
1 0 91 0
n 0 0 0
 =

n−1 1 n n 1 n−1
n+1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 1′ 0 0 0
+

n n n 1 n−1
n+1 0 0 0 0 0
1 0 0 0 91 0
n−1 0 0 0 0 0
1 0 0 0 91 0
n 0 0 0 0 0
 =

n−1 1 n n 1 n−1
n+1 0 0 0 0 0 0
1 0 1 0 0 91 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 1′ 0 0 0

g3 ·MP (6n,2)6→3 −MP (6n+2,1)6→3 · g6 =

n−1 1 n n 1 n−1
n+1 0 0 0 0 0 0
1 0 1 0 0 91 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 1′ 0 0 0
−

n−1 1 n n 1 n−1
n+1 0 0 0 0 0 0
1 0 1 0 0 91 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 1′ 0 0 0
 =
[4n
3n+2 0
]
6. g6 ·MP (6n,2)7→6 −MP (6n+2,1)7→6 · g7 = 0
g6 ·MP (6n,2)7→6 =


n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 91 0
n−1 0 0 0
1 0 91 0
n 0 0 0


·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n n 1 n−1
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 1′ 0 0 0
 ·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

+

n−1 1 n n 1 n−1
1 0 0 0 0 91 0
n−1 0 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 0 0 0 0
 ·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

=

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 0 0
n 1′ 0 0
+

n 1 n−1
1 0 91 0
n−1 0 0 0
1 0 91 0
n 0 0 0
 =

n 1 n−1
n 0 0 0
1 0 91 0
n 1′ 0 0

832
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P (6n+2,1)
7→6 · g7 =
[n+1
n 0
n+1 1
]
·
[ n 1 n−1
1 0 91 0
n 1′ 0 0
]
=

1 n
n 0 0
1 1 0
n 0 1
 · [
n 1 n−1
1 0 91 0
n 1′ 0 0
]
=

n 1 n−1
n 0 0 0
1 0 91 0
n 1′ 0 0

g6 ·MP (6n,2)7→6 −MP (6n+2,1)7→6 · g7 =

n 1 n−1
n 0 0 0
1 0 91 0
n 1′ 0 0
−

n 1 n−1
n 0 0 0
1 0 91 0
n 1′ 0 0
 = [2n2n+1 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n−1 n 1
1 0 0 1
n−1 1′ 0 0
]
·

n
n−1 0
n 1
1 0
 = [ nn 0 ]
2. g2 · f2 = 0
g2 · f2 =


n n 2n+1
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0


·

n n
2n 0 0
n 91 1
1 0 0
n 91 0
 =

n n n 1 n
n 1′ 0 0 0 0
1 0 0 0 0 0
n 0 1′ 0 0 0
 ·

n n
n 0 0
n 0 0
n 91 1
1 0 0
n 91 0
+

2n n 1 n
1 0 0 1 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
 ·

n n
2n 0 0
n 91 1
1 0 0
n 91 0

=

n n
n 0 0
1 0 0
n 0 0
+

n n
1 0 0
n−1 0 0
1 0 0
n 0 0
 =

n n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n n
1 0 0
n−1 0 0
1 0 0
n 0 0
 =
[2n
2n+1 0
]
3. g3 · f3 = 0
g3 · f3 =


n n n 3n+1
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
1 0 0 0 0
n 0 0 1′ 0
+

4n 1 n 1 n−1
1 0 1 0 0 0
n−1 0 0 0 0 0
1 0 1 0 0 0
1 0 1 0 91 0
n−1 0 0 0 0 0
1 0 1 0 91 0
n 0 0 0 0 0


·


n−1 2n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n−1 2n
4n+2 0 0
n−1 1 0
n 0 0
+

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0


=

n n n 1 n−1 1 n−1 2 n−1
n 1′ 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 0 0
 ·

n−1 2n
n 0 0
n 0 0
n 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n n n n+2 n−1 n
n 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 1′ 0 0 0 0
1 0 0 0 0 0 0
n 0 0 1′ 0 0 0
 ·

n−1 2n
n 0 0
n 0 0
n 0 0
n+2 0 0
n−1 1 0
n 0 0

+

n n n n 1 n n
n 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 1′ 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0
 ·

n−1 n n
n 0 0 0
n 0 0 0
n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
n 0 0 0

+

3n+1 n−1 1 n−1 1 1 n−1
1 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 1 0 0 91 0
n−1 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0
n 0 0 0 0 0 0 0

·

n−1 2n
3n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0

+

4n 1 1 n−1 1 n−1
1 0 1 0 0 0 0
n−1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 1 0 0 91 0
n−1 0 0 0 0 0 0
1 0 1 0 0 91 0
n 0 0 0 0 0 0

·

n−1 2n
4n 0 0
1 0 0
1 0 0
n−1 1 0
1 0 0
n−1 0 0

+

3n n 1 n 1 n−1
1 0 0 1 0 0 0
n−1 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 91 0
n−1 0 0 0 0 0 0
1 0 0 1 0 91 0
n 0 0 0 0 0 0

·

n−1 n n
3n 0 0 0
n 0 91 1
1 0 0 0
n 0 91 0
1 0 0 0
n−1 0 0 0

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=
n−1 2n
n 0 0
1 0 0
n 0 0
1 0 0
n 0 0
+

n−1 2n
n 0 0
1 0 0
n 0 0
1 0 0
n 0 0
+

n−1 n n
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
+

n−1 2n
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0

+

n−1 2n
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0

+

n−1 n n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

=

n−1 n n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

+

n−1 n n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

+

n−1 n n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

+

n−1 n n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

+

n−1 n n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

+

n−1 n n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0

=
[3n−1
3n+2 0
]
4. g4 · f4 = 0
g4 · f4 =


n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
n 0 0 0


·


n−1 n
2n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0


=

n n 1 n−1 1 n−1
n 1′ 0 0 0 0 0
1 0 0 0 0 0 0
n 0 1′ 0 0 0 0
 ·

n−1 n
n 0 0
n 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0

+

n n n n
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
 ·

n−1 n
n 0 0
n 0 0
n 0 91
n 0 0
+

2n+1 n−1 1 n−1
1 0 0 1 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
 ·

n−1 n
2n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

2n n 1 n−1
1 0 0 1 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
 ·

n−1 n
2n 0 0
n 0 91
1 0 0
n−1 0 0

=

n−1 n
n 0 0
1 0 0
n 0 0
+

n−1 n
n 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
 =

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
 =
[2n−1
2n+1 0
]
5. g5 · f5 = 0
g5 · f5 =

[ n n
n 1′ 0
1 0 0
]
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0


·
[n−1
n+1 0
n−1 1
]
=
[ n 1 n−1
n 1′ 0 0
1 0 0 0
]
·

n−1
n 0
1 0
n−1 1
+

n 1 n−1
1 0 1 0
n−1 0 0 0
1 0 1 0
 ·

n−1
n 0
1 0
n−1 1
= [
n−1
n 0
1 0
]
+

n−1
1 0
n−1 0
1 0
=

n−1
1 0
n−1 0
1 0
+

n−1
1 0
n−1 0
1 0
= [n−1n+1 0 ]
6. g6 · f6 = 0
g6 · f6 =


n n 2n
n 1′ 0 0
1 0 0 0
n 0 1′ 0
+

3n 1 n−1
1 0 91 0
n−1 0 0 0
1 0 91 0
n 0 0 0


·


n−1 n
2n 0 0
n−1 1 0
2 0 0
n−1 1 0
+

n−1 n
2n 0 0
n 0 91
n 0 0


=

n n n−1 2 n−1
n 1′ 0 0 0 0
1 0 0 0 0 0
n 0 1′ 0 0 0
 ·

n−1 n
n 0 0
n 0 0
n−1 1 0
2 0 0
n−1 1 0

+

n n n n
n 1′ 0 0 0
1 0 0 0 0
n 0 1′ 0 0
 ·

n−1 n
n 0 0
n 0 0
n 0 91
n 0 0
+

2n n−1 1 1 n−1
1 0 0 0 91 0
n−1 0 0 0 0 0
1 0 0 0 91 0
n 0 0 0 0 0
 ·

n−1 n
2n 0 0
n−1 1 0
1 0 0
1 0 0
n−1 1 0
+

2n n 1 n−1
1 0 0 91 0
n−1 0 0 0 0
1 0 0 91 0
n 0 0 0 0
 ·

n−1 n
2n 0 0
n 0 91
1 0 0
n−1 0 0

=

n−1 n
n 0 0
1 0 0
n 0 0
+

n−1 n
n 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
 =

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
+

n−1 n
1 0 0
n−1 0 0
1 0 0
n 0 0
 =
[2n−1
2n+1 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ n 1 n−1
1 0 91 0
n 1′ 0 0
]
·
[n−1
n+1 0
n−1 1
]
=
[ n 1 n−1
1 0 91 0
n 1′ 0 0
]
·

n−1
n 0
1 0
n−1 1
 = [n−1n+1 0 ]
124.5.2 0→ P (6n− 1, 1) i→ P (6n, 2) p→ P (6n, 1)→ 0 
PdimP (6n− 1, 1) + dimP (6n, 1) = (n− 1, 2n, 3n, 2n, n, 2n, n) + (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n)
= (2n, 4n+ 1, 6n+ 1, 4n, 2n, 4n, 2n) = dimP (6n, 2)
Pdimk Ext
1
kQ(P (6n, 1), P (6n− 1, 1)) = dimk HomkQ(P (6n, 1), P (6n− 1, 1))− 〈dimP (6n, 1),dimP (6n− 1, 1)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n), (n− 1, 2n, 3n, 2n, n, 2n, n)〉
= (n+ 1) · 2n+ (2n+ 1) · 3n+ 2n · 3n+n · 2n+ 2n · 3n+n · 2n− ((n+ 1) · (n− 1) + (2n+ 1) · 2n+ (3n+ 1) · 3n+ 2n · 2n+n · n+ 2n · 2n+n · n)
= 2n2 + 2n+ 6n2 + 3n+ 6n2 + 2n2 + 6n2 + 2n2 − (n2 − 1 + 4n2 + 2n+ 9n2 + 3n+ 4n2 + n2 + 4n2 + n2)
= 1
Representation of P (6n− 1, 1) = P (6n+ 5, 1)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 1) = (n− 1, 2n, 3n, 2n, n, 2n, n)
Matrices of the representation:
1. MP (6n−1,1)1→2 =

n−1
n−1 1
2 0
n−1 1
 ∈M2n,n−1(k)
2. MP (6n−1,1)2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. MP (6n−1,1)4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
4. MP (6n−1,1)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. MP (6n−1,1)6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. MP (6n−1,1)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
Matrices of the embedding i : P (6n− 1, 1)→ P (6n, 2) P
1. i1 =
[n−1
n−1 1
n+1 0
]
∈M2n,n−1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n
2n 1
2n+1 0
]
∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n
3n 1
3n+1 0
]
∈M6n+1,3n(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n
2n 1
2n 0
]
∈M4n,2n(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n
2n 1
2n 0
]
∈M4n,2n(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection p : P (6n, 2)→ P (6n, 1) P
1. p1 =
[n−1 n+1
n+1 0 1
]
∈Mn+1,2n(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n 2n+1
2n+1 0 1
]
∈M2n+1,4n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n 3n+1
3n+1 0 1
]
∈M3n+1,6n+1(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n 2n
2n 0 1
]
∈M2n,4n(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n 2n
2n 0 1
]
∈M2n,4n(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n− 1, 1)→ P (6n, 2) P
1. i2 ·MP (6n−1,1)1→2 −MP (6n,2)1→2 · i1 = 0
i2 ·MP (6n−1,1)1→2 =
[2n
2n 1
2n+1 0
]
·

n−1
n−1 1
2 0
n−1 1
 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 0 0 1
2n+1 0 0 0
 ·

n−1
n−1 1
2 0
n−1 1
 =

n−1
n−1 1
2 0
n−1 1
2n+1 0

M
P (6n,2)
1→2 · i1 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 ·
[n−1
n−1 1
n+1 0
]
=

n−1
n−1 1
2 0
n−1 1
n+1 0
n 0
 =

n−1
n−1 1
2 0
n−1 1
2n+1 0

i2 ·MP (6n−1,1)1→2 −MP (6n,2)1→2 · i1 =

n−1
n−1 1
2 0
n−1 1
2n+1 0
−

n−1
n−1 1
2 0
n−1 1
2n+1 0
 =
[n−1
4n+1 0
]
2. i3 ·MP (6n−1,1)2→3 −MP (6n,2)2→3 · i2 = 0
i3 ·MP (6n−1,1)2→3 =
[3n
3n 1
3n+1 0
]
·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] =

2n n
2n 1 0
n 0 1
3n+1 0 0
 · [
2n
2n 1
n 0
]
+

n 2n
n 1 0
2n 0 1
3n+1 0 0
 · [
2n
n 0
2n 1
]
=

2n
2n 1
n 0
3n+1 0
+

2n
n 0
2n 1
3n+1 0
 =

n n
n 1 0
n 0 1
n 0 0
3n+1 0 0
+

n n
n 0 0
n 1 0
n 0 1
3n+1 0 0
 =

n n
n 1 0
n 1 1
n 0 1
3n+1 0 0

M
P (6n,2)
2→3 · i2 =


2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0


·
[2n
2n 1
2n+1 0
]
=

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
 ·
[2n
2n 1
2n+1 0
]
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0
 · [
2n
2n 1
2n+1 0
]
=

2n
2n 1
n 0
2n+1 0
n 0
+

2n
n 0
2n 1
3n+1 0
 =

n n
n 1 0
n 0 1
n 0 0
2n+1 0 0
n 0 0
+

n n
n 0 0
n 1 0
n 0 1
2n+1 0 0
n 0 0
 =

n n
n 1 0
n 1 1
n 0 1
3n+1 0 0

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i3 ·MP (6n−1,1)2→3 −MP (6n,2)2→3 · i2 =

n n
n 1 0
n 1 1
n 0 1
3n+1 0 0
−

n n
n 1 0
n 1 1
n 0 1
3n+1 0 0
 =
[2n
6n+1 0
]
3. i3 ·MP (6n−1,1)4→3 −MP (6n,2)4→3 · i4 = 0
i3 ·MP (6n−1,1)4→3 =
[3n
3n 1
3n+1 0
]
·
[2n
2n 1
n 0
]
=

2n n
2n 1 0
n 0 1
3n+1 0 0
 · [
2n
2n 1
n 0
]
=

2n
2n 1
n 0
3n+1 0
 = [
2n
2n 1
4n+1 0
]
M
P (6n,2)
4→3 · i4 =


2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]

·
[2n
2n 1
2n 0
]
=

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
 ·
[2n
2n 1
2n 0
]
+
[2n 2n
4n+1 0 0
2n 0 1
]
·
[2n
2n 1
2n 0
]
=

2n
2n 1
n 0
2n 0
n+1 0
+
[2n
4n+1 0
2n 0
]
=

2n
2n 1
n 0
n+1 0
n−1 0
n+1 0
+

2n
2n 0
n 0
n+1 0
n−1 0
n+1 0
 =
[2n
2n 1
4n+1 0
]
i3 ·MP (6n−1,1)4→3 −MP (6n,2)4→3 · i4 =
[2n
2n 1
4n+1 0
]
−
[2n
2n 1
4n+1 0
]
=
[2n
6n+1 0
]
4. i4 ·MP (6n−1,1)5→4 −MP (6n,2)5→4 · i5 = 0
i4 ·MP (6n−1,1)5→4 =
[2n
2n 1
2n 0
]
·
[ n
n 1
n 0
]
=

n n
n 1 0
n 0 1
2n 0 0
 · [
n
n 1
n 0
]
=

n
n 1
n 0
2n 0
 = [
n
n 1
3n 0
]
M
P (6n,2)
5→4 · i5 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
 ·
[ n
n 1
n 0
]
=

n
n 1
n 0
n 0
n 0
 =
[ n
n 1
3n 0
]
i4 ·MP (6n−1,1)5→4 −MP (6n,2)5→4 · i5 =
[ n
n 1
3n 0
]
−
[ n
n 1
3n 0
]
=
[ n
4n 0
]
5. i3 ·MP (6n−1,1)6→3 −MP (6n,2)6→3 · i6 = 0
i3 ·MP (6n−1,1)6→3 =
[3n
3n 1
3n+1 0
]
·
[2n
n 0
2n 1
]
=

n 2n
n 1 0
2n 0 1
3n+1 0 0
 · [
2n
n 0
2n 1
]
=

2n
n 0
2n 1
3n+1 0

M
P (6n,2)
6→3 · i6 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 ·
[2n
2n 1
2n 0
]
=

2n
n 0
2n 1
n+1 0
2n 0
 =

2n
n 0
2n 1
3n+1 0

i3 ·MP (6n−1,1)6→3 −MP (6n,2)6→3 · i6 =

2n
n 0
2n 1
3n+1 0
−

2n
n 0
2n 1
3n+1 0
 = [2n6n+1 0 ]
6. i6 ·MP (6n−1,1)7→6 −MP (6n,2)7→6 · i7 = 0
i6 ·MP (6n−1,1)7→6 =
[2n
2n 1
2n 0
]
·
[ n
n 0
n 1
]
=

n n
n 1 0
n 0 1
2n 0 0
 · [
n
n 0
n 1
]
=

n
n 0
n 1
2n 0

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M
P (6n,2)
7→6 · i7 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

·
[ n
n 1
n 0
]
=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

·

n
n 1
1 0
n−1 0
 =

n
n−1 0
1 0
n 1
n 0
1 0
n−1 0

=

n
n 0
n 1
2n 0

i6 ·MP (6n−1,1)7→6 −MP (6n,2)7→6 · i7 =

n
n 0
n 1
2n 0
−

n
n 0
n 1
2n 0
 = [ n4n 0 ]
Relations of the projection p : P (6n, 2)→ P (6n, 1) P
1. p2 ·MP (6n,2)1→2 −MP (6n,1)1→2 · p1 = 0
p2 ·MP (6n,2)1→2 =
[2n 2n+1
2n+1 0 1
]
·

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 =
[n−1 2 n−1 n+1 n
n+1 0 0 0 1 0
n 0 0 0 0 1
]
·

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 =
[n−1 n+1
n+1 0 1
n 0 0
]
M
P (6n,1)
1→2 · p1 =
[n+1
n+1 1
n 0
]
·
[n−1 n+1
n+1 0 1
]
=
[n−1 n+1
n+1 0 1
n 0 0
]
p2 ·MP (6n,2)1→2 −MP (6n,1)1→2 · p1 =
[n−1 n+1
n+1 0 1
n 0 0
]
−
[n−1 n+1
n+1 0 1
n 0 0
]
=
[2n
2n+1 0
]
2. p3 ·MP (6n,2)2→3 −MP (6n,1)2→3 · p2 = 0
p3 ·MP (6n,2)2→3 =
[3n 3n+1
3n+1 0 1
]
·


2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0


=
[2n n 2n+1 n
2n+1 0 0 1 0
n 0 0 0 1
]
·

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+
[ n 2n 3n+1
3n+1 0 0 1
]
·

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0

=
[2n 2n+1
2n+1 0 1
n 0 0
]
+
[2n 2n+1
3n+1 0 0
]
=
[2n 2n+1
2n+1 0 1
n 0 0
]
+
[2n 2n+1
2n+1 0 0
n 0 0
]
=
[2n 2n+1
2n+1 0 1
n 0 0
]
M
P (6n,1)
2→3 · p2 =
[2n+1
2n+1 1
n 0
]
·
[2n 2n+1
2n+1 0 1
]
=
[2n 2n+1
2n+1 0 1
n 0 0
]
p3 ·MP (6n,2)2→3 −MP (6n,1)2→3 · p2 =
[2n 2n+1
2n+1 0 1
n 0 0
]
−
[2n 2n+1
2n+1 0 1
n 0 0
]
=
[4n+1
3n+1 0
]
3. p3 ·MP (6n,2)4→3 −MP (6n,1)4→3 · p4 = 0
p3 ·MP (6n,2)4→3 =
[3n 3n+1
3n+1 0 1
]
·


2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]

=
[2n n 2n n+1
2n 0 0 1 0
n+1 0 0 0 1
]
·

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[3n n+1 2n
n+1 0 1 0
2n 0 0 1
]
·

2n 2n
3n 0 0
n+1 0 0
2n 0 1

=
[2n 2n
2n 0 1
n+1 0 0
]
+
[2n 2n
n+1 0 0
2n 0 1
]
=

2n n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

2n n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

2n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

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M
P (6n,1)
4→3 · p4 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[2n 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[2n 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[2n 2n
2n 0 1
]
=
[2n 2n
2n 0 1
n+1 0 0
]
+
[2n 2n
n+1 0 0
2n 0 1
]
=

2n n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

2n n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

2n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

p3 ·MP (6n,2)4→3 −MP (6n,1)4→3 · p4 =

2n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

2n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[4n
3n+1 0
]
4. p4 ·MP (6n,2)5→4 −MP (6n,1)5→4 · p5 = 0
p4 ·MP (6n,2)5→4 =
[2n 2n
2n 0 1
]
·

n n
n 1 0
n 0 0
n 0 1
n 0 1
 =
[ n n n n
n 0 0 1 0
n 0 0 0 1
]
·

n n
n 1 0
n 0 0
n 0 1
n 0 1
 =
[ n n
n 0 1
n 0 1
]
M
P (6n,1)
5→4 · p5 =
[ n
n 1
n 1
]
·
[ n n
n 0 1
]
=
[ n n
n 0 1
n 0 1
]
p4 ·MP (6n,2)5→4 −MP (6n,1)5→4 · p5 =
[ n n
n 0 1
n 0 1
]
−
[ n n
n 0 1
n 0 1
]
=
[2n
2n 0
]
5. p3 ·MP (6n,2)6→3 −MP (6n,1)6→3 · p6 = 0
p3 ·MP (6n,2)6→3 =
[3n 3n+1
3n+1 0 1
]
·

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 =
[ n 2n n+1 2n
n+1 0 0 1 0
2n 0 0 0 1
]
·

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 =
[2n 2n
n+1 0 0
2n 0 1
]
M
P (6n,1)
6→3 · p6 =
[2n
n+1 0
2n 1
]
·
[2n 2n
2n 0 1
]
=
[2n 2n
n+1 0 0
2n 0 1
]
p3 ·MP (6n,2)6→3 −MP (6n,1)6→3 · p6 =
[2n 2n
n+1 0 0
2n 0 1
]
−
[2n 2n
n+1 0 0
2n 0 1
]
=
[4n
3n+1 0
]
6. p6 ·MP (6n,2)7→6 −MP (6n,1)7→6 · p7 = 0
p6 ·MP (6n,2)7→6 =
[2n 2n
2n 0 1
]
·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n n 1 n−1
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n−1 0 0 0 0 0 1
 ·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

=

n 1 n−1
n 0 0 0
1 0 1 0
n−1 0 0 1
 = [
n n
n 0 0
n 0 1
]
M
P (6n,1)
7→6 · p7 =
[ n
n 0
n 1
]
·
[ n n
n 0 1
]
=
[ n n
n 0 0
n 0 1
]
p6 ·MP (6n,2)7→6 −MP (6n,1)7→6 · p7 =
[ n n
n 0 0
n 0 1
]
−
[ n n
n 0 0
n 0 1
]
=
[2n
2n 0
]
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The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n−1 n+1
n+1 0 1
]
·
[n−1
n−1 1
n+1 0
]
=
[n−1
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n 2n+1
2n+1 0 1
]
·
[2n
2n 1
2n+1 0
]
=
[2n
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n 3n+1
3n+1 0 1
]
·
[3n
3n 1
3n+1 0
]
=
[3n
3n+1 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n 2n
2n 0 1
]
·
[2n
2n 1
2n 0
]
=
[2n
2n 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n 2n
2n 0 1
]
·
[2n
2n 1
2n 0
]
=
[2n
2n 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
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125 Tree module property of P (6n+ 1, 2)
125.1 Tree module property of P (1, 2) 
The representation of P (1, 2):
dimP (1, 2) = (1, 1, 2, 1, 0, 1, 0)
P (1, 2) =
(
M1→2 = ( 1 ) , M2→3 =
(
1
0
)
, M4→3 =
(
0
1
)
, M5→4 = 0, M6→3 =
(
1
1
)
, M7→6 = 0
)
The length of P (1, 2) is: 1 + 1 + 2 + 1 + 0 + 1 + 0 = 6.
The total number of ones in the matrices of the representation: 5.
A = M(EndkQ(P (1, 2))) ∈M7,8(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (1, 2).
A =

0 1 91 0 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 91 0 0 0 0
0 0 0 0 0 91 1 0
0 0 91 91 0 0 0 1
0 0 0 0 91 91 0 1
1 91 0 0 0 0 0 0

←−
←−
∼

1 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 91 0 0 0 0
0 0 0 0 0 91 1 0
0 0 91 91 0 0 0 1
0 0 0 0 91 91 0 1
0 1 91 0 0 0 0 0

←−
←−
←−
←−
∼

1 91 0 0 0 0 0 0
0 1 91 0 0 0 0 0
0 0 91 91 0 0 0 1
0 0 0 0 0 91 1 0
0 0 0 91 0 0 0 0
0 0 0 0 91 91 0 1
0 0 0 0 91 0 0 0

←−
←−
∼

1 91 0 0 0 0 0 0
0 1 91 0 0 0 0 0
0 0 91 91 0 0 0 1
0 0 0 91 0 0 0 0
0 0 0 0 0 91 1 0
0 0 0 0 91 91 0 1
0 0 0 0 91 0 0 0
←−
←−
∼

1 91 0 0 0 0 0 0
0 1 91 0 0 0 0 0
0 0 91 91 0 0 0 1
0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 0 91 91 0 1
0 0 0 0 0 91 1 0
←−−1+
∼

1 91 0 0 0 0 0 0
0 1 91 0 0 0 0 0
0 0 91 91 0 0 0 1
0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 1
0 0 0 0 0 91 1 0

←−
−1
+
∼

1 91 0 0 0 0 0 0
0 1 91 0 0 0 0 0
0 0 91 91 0 0 0 1
0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 1
0 0 0 0 0 0 1 91

As the above computation shows, dim EndkQ(P (1, 2)) = corank(A) = 1 in every field k, therefore P (1, 2) has the (field independent) tree module property.
125.2 Tree module property of P (7, 2) 
The matrices of the representation have full (column) rank P
1. MP (7,2)1→2 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. MP (7,2)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
3. MP (7,2)4→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
4. MP (7,2)5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
5. MP (7,2)6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
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6. MP (7,2)7→6 =

0 1
1 0
0 0
0 0
0 1
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (7,2)
7→6 =

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 c1↔c2−−−−→

1 1
1 1 0
1 0 1
2 0 0
1 1 0

125.2.1 0→ P (5, 7) f→ P (7, 2) g→ P (8, 5)→ 0 
PdimP (5, 7) + dimP (8, 5) = (1, 2, 3, 2, 1, 2, 0) + (2, 3, 5, 3, 1, 3, 2)
= (3, 5, 8, 5, 2, 5, 2) = dimP (7, 2)
Pdimk Ext
1
kQ(P (8, 5), P (5, 7)) = dimk HomkQ(P (8, 5), P (5, 7))− 〈dimP (8, 5),dimP (5, 7)〉
= 0− 〈(2, 3, 5, 3, 1, 3, 2), (1, 2, 3, 2, 1, 2, 0)〉
= 2 · 2 + 3 · 3 + 3 · 3 + 1 · 2 + 3 · 3 + 2 · 2− (2 · 1 + 3 · 2 + 5 · 3 + 3 · 2 + 1 · 1 + 3 · 2 + 2 · 0)
= 4 + 9 + 9 + 2 + 9 + 4− (2 + 6 + 15 + 6 + 1 + 6 + 0)
= 1
Matrices of the embedding f : P (5, 7)→ P (7, 2) P
1. f1 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
0 0
0 0
91 1
0 1
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1
3 0 0
1 91 1
1 0 1
 c2←c2+c1−−−−−−→

1 1
3 0 0
1 91 0
1 0 1

3. f3 =

0 0 0
0 0 0
0 0 0
0 0 0
1 91 1
0 0 1
0 91 1
0 0 1

∈M8,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1
4 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1

c2←c2+c1
c3←c3−c1−−−−−−→

1 1 1
4 0 0 0
1 1 0 0
1 0 0 1
1 0 91 1
1 0 0 1

c2↔c3−−−−→

1 1 1
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 91
1 0 1 0

4. f4 =

0 0
0 0
1 91
0 0
0 91
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1
2 0 0
1 1 91
1 0 0
1 0 91
 c2←c2+c1−−−−−−→

1 1
2 0 0
1 1 0
1 0 0
1 0 91

5. f5 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0
0 0
0 1
91 0
0 1
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1
2 0 0
1 0 1
1 91 0
1 0 1
 c1↔c2−−−−→

1 1
2 0 0
1 1 0
1 0 91
1 1 0

7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : P (7, 2)→ P (8, 5) P
1. g1 =
[
1 0 0
0 1 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
1 0 0 0 00 1 0 0 0
0 0 1 0 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 1 0 91
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 91
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
4. g4 =
1 0 0 0 00 1 0 0 0
0 0 0 1 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
1 0 1 0 910 1 0 0 0
0 0 1 0 91
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (5, 7)→ P (7, 2) P
1. f2 ·MP (5,7)1→2 −MP (7,2)1→2 · f1 = 0
f2 ·MP (5,7)1→2 =

1 1
3 0 0
1 91 1
1 0 1
 · [0
1
]
=

1
3 0
1 1
1 1

M
P (7,2)
1→2 · f1 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 ·
[ 1
2 0
1 1
]
=

1
2 0
1 0
1 1
1 1
 =

1
3 0
1 1
1 1

f2 ·MP (5,7)1→2 −MP (7,2)1→2 · f1 =

1
3 0
1 1
1 1
−

1
3 0
1 1
1 1
 = [ 15 0 ]
2. f3 ·MP (5,7)2→3 −MP (7,2)2→3 · f2 = 0
f3 ·MP (5,7)2→3 =

1 1 1
4 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1
 ·
[ 2
1 0
2 1
]
=

1 1 1
4 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1
 ·
0 01 0
0 1
 =

1 1
4 0 0
1 91 1
1 0 1
1 91 1
1 0 1

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M
P (7,2)
2→3 · f2 =

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 ·

1 1
3 0 0
1 91 1
1 0 1
 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

·

1 1
3 0 0
1 91 1
1 0 1
 =

1 1
3 0 0
1 0 0
1 91 1
1 0 1
1 91 1
1 0 1

=

1 1
4 0 0
1 91 1
1 0 1
1 91 1
1 0 1

f3 ·MP (5,7)2→3 −MP (7,2)2→3 · f2 =

1 1
4 0 0
1 91 1
1 0 1
1 91 1
1 0 1
−

1 1
4 0 0
1 91 1
1 0 1
1 91 1
1 0 1
 =
[ 2
8 0
]
3. f3 ·MP (5,7)4→3 −MP (7,2)4→3 · f4 = 0
f3 ·MP (5,7)4→3 =

1 1 1
4 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1
 ·
[ 2
2 1
1 0
]
=

1 1 1
4 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1
 ·
1 00 1
0 0
 =

1 1
4 0 0
1 1 91
1 0 0
1 0 91
1 0 0

M
P (7,2)
4→3 · f4 =

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 ·

1 1
2 0 0
1 1 91
1 0 0
1 0 91
 =

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·

1 1
2 0 0
1 1 91
1 0 0
1 0 91
 =

1 1
2 0 0
2 0 0
1 1 91
1 0 0
1 0 91
1 0 0

=

1 1
4 0 0
1 1 91
1 0 0
1 0 91
1 0 0

f3 ·MP (5,7)4→3 −MP (7,2)4→3 · f4 =

1 1
4 0 0
1 1 91
1 0 0
1 0 91
1 0 0
−

1 1
4 0 0
1 1 91
1 0 0
1 0 91
1 0 0
 =
[ 2
8 0
]
4. f4 ·MP (5,7)5→4 −MP (7,2)5→4 · f5 = 0
f4 ·MP (5,7)5→4 =

1 1
2 0 0
1 1 91
1 0 0
1 0 91
 ·
[
1
0
]
=

1
2 0
1 1
1 0
1 0
 =

1
2 0
1 1
2 0

M
P (7,2)
5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[
0
1
]
=

1
1 0
1 0
1 1
2 0
 =

1
2 0
1 1
2 0

f4 ·MP (5,7)5→4 −MP (7,2)5→4 · f5 =

1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
 = [ 15 0 ]
5. f3 ·MP (5,7)6→3 −MP (7,2)6→3 · f6 = 0
f3 ·MP (5,7)6→3 =

1 1 1
4 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1
 ·
1 01 1
0 1
 =

1 1
4 0 0
1 0 0
1 0 1
1 91 0
1 0 1
 =

1 1
5 0 0
1 0 1
1 91 0
1 0 1

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M
P (7,2)
6→3 · f6 =

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 ·

1 1
2 0 0
1 0 1
1 91 0
1 0 1
 =

2 1 1 1
2 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

·

1 1
2 0 0
1 0 1
1 91 0
1 0 1
 =

1 1
2 0 0
2 0 0
1 0 0
1 0 1
1 91 0
1 0 1

=

1 1
5 0 0
1 0 1
1 91 0
1 0 1

f3 ·MP (5,7)6→3 −MP (7,2)6→3 · f6 =

1 1
5 0 0
1 0 1
1 91 0
1 0 1
−

1 1
5 0 0
1 0 1
1 91 0
1 0 1
 =
[ 2
8 0
]
6. f6 ·MP (5,7)7→6 −MP (7,2)7→6 · f7 = 0
f6 ·MP (5,7)7→6 =

1 1
2 0 0
1 0 1
1 91 0
1 0 1
 ·
[ 0
2 0
]
=

1 1
2 0 0
1 0 1
1 91 0
1 0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
M
P (7,2)
7→6 · f7 =

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 ·
[ 0
2 0
]
=

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
f6 ·MP (5,7)7→6 −MP (7,2)7→6 · f7 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
Relations of the projection g : P (7, 2)→ P (8, 5) P
1. g2 ·MP (7,2)1→2 −MP (8,5)1→2 · g1 = 0
g2 ·MP (7,2)1→2 =
[ 3 2
3 1 0
]
·

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 =
[ 2 1 1 1
2 1 0 0 0
1 0 1 0 0
]
·

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 =
[ 2 1
2 1 0
1 0 0
]
M
P (8,5)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[ 2 1
2 1 0
]
=
[ 2 1
2 1 0
1 0 0
]
g2 ·MP (7,2)1→2 −MP (8,5)1→2 · g1 =
[ 2 1
2 1 0
1 0 0
]
−
[ 2 1
2 1 0
1 0 0
]
=
[ 3
3 0
]
2. g3 ·MP (7,2)2→3 −MP (8,5)2→3 · g2 = 0
g3 ·MP (7,2)2→3 =

2 1 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 1 0 0 1 0 91
1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91
 ·

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 =

2 1 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 1 0 0 1 0 91
1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91
 ·

2 1 1 1
2 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1

=

2 1 1 1
2 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 0 0
 =
[ 3 2
3 1 0
2 0 0
]
M
P (8,5)
2→3 · g2 =
[ 3
3 1
2 0
]
·
[ 3 2
3 1 0
]
=
[ 3 2
3 1 0
2 0 0
]
g3 ·MP (7,2)2→3 −MP (8,5)2→3 · g2 =
[ 3 2
3 1 0
2 0 0
]
−
[ 3 2
3 1 0
2 0 0
]
=
[ 5
5 0
]
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3. g3 ·MP (7,2)4→3 −MP (8,5)4→3 · g4 = 0
g3 ·MP (7,2)4→3 =

2 1 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 1 0 0 1 0 91
1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91
 ·

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 1 0 91
0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 91
 ·

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

=

1 0 0 0 0
0 1 0 0 0
1 0 0 1 0
0 1 0 0 0
0 0 0 1 0

M
P (8,5)
4→3 · g4 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 2 1 1 1
2 1 0 0 0
1 0 0 1 0
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
1 0 0 0 00 1 0 0 0
0 0 0 1 0
 =

1 0 0 0 0
0 1 0 0 0
1 0 0 1 0
0 1 0 0 0
0 0 0 1 0

g3 ·MP (7,2)4→3 −MP (8,5)4→3 · g4 =

1 0 0 0 0
0 1 0 0 0
1 0 0 1 0
0 1 0 0 0
0 0 0 1 0
−

1 0 0 0 0
0 1 0 0 0
1 0 0 1 0
0 1 0 0 0
0 0 0 1 0
 =
[ 5
5 0
]
4. g4 ·MP (7,2)5→4 −MP (8,5)5→4 · g5 = 0
g4 ·MP (7,2)5→4 =
[ 2 1 1 1
2 1 0 0 0
1 0 0 1 0
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =
1 0 0 0 00 1 0 0 0
0 0 0 1 0
 ·

1 0
1 0
0 1
0 0
0 0
 =
1 01 0
0 0

M
P (8,5)
5→4 · g5 =
11
0
 · [1 0] =
1 01 0
0 0

g4 ·MP (7,2)5→4 −MP (8,5)5→4 · g5 =
1 01 0
0 0
−
1 01 0
0 0
 = [ 23 0 ]
5. g3 ·MP (7,2)6→3 −MP (8,5)6→3 · g6 = 0
g3 ·MP (7,2)6→3 =

2 1 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 1 0 0 1 0 91
1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91
 ·

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 =

2 1 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 1 0 0 1 0 91
1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91
 ·

1 1 1 1 1
2 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 1 1 1 1
2 0 0 0 0 0
1 1 0 1 0 91
1 0 1 0 0 0
1 0 0 1 0 91

M
P (8,5)
6→3 · g6 =
[ 3
2 0
3 1
]
·
1 0 1 0 910 1 0 0 0
0 0 1 0 91
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
1 0 1 0 910 1 0 0 0
0 0 1 0 91
 =

1 1 1 1 1
2 0 0 0 0 0
1 1 0 1 0 91
1 0 1 0 0 0
1 0 0 1 0 91

g3 ·MP (7,2)6→3 −MP (8,5)6→3 · g6 =

1 1 1 1 1
2 0 0 0 0 0
1 1 0 1 0 91
1 0 1 0 0 0
1 0 0 1 0 91
−

1 1 1 1 1
2 0 0 0 0 0
1 1 0 1 0 91
1 0 1 0 0 0
1 0 0 1 0 91
 =
[ 5
5 0
]
6. g6 ·MP (7,2)7→6 −MP (8,5)7→6 · g7 = 0
g6 ·MP (7,2)7→6 =
1 0 1 0 910 1 0 0 0
0 0 1 0 91
 ·

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 =
1 0 1 0 910 1 0 0 0
0 0 1 0 91
 ·

0 1
1 0
0 0
0 0
0 1
 =
0 01 0
0 91

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M
P (8,5)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[
1 0
0 91
]
=
0 01 0
0 1
 · [1 0
0 91
]
=
0 01 0
0 91

g6 ·MP (7,2)7→6 −MP (8,5)7→6 · g7 =
0 01 0
0 91
−
0 01 0
0 91
 = [ 23 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
2 1 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 2
3 1 0
]
·

1 1
3 0 0
1 91 1
1 0 1
 = [ 3 1 13 1 0 0 ] ·

1 1
3 0 0
1 91 1
1 0 1
 = [ 23 0 ]
3. g3 · f3 = 0
g3 · f3 =

2 1 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 1 0 0 1 0 91
1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91
 ·

1 1 1
4 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1
 =

2 1 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 1 0 0 1 0 91
1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91
 ·

1 1 1
2 0 0 0
1 0 0 0
1 0 0 0
1 1 91 1
1 0 0 1
1 0 91 1
1 0 0 1

=
[ 3
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 1 1
2 1 0 0 0
1 0 0 1 0
]
·

1 1
2 0 0
1 1 91
1 0 0
1 0 91
 =
[ 2
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
]
·
[
0
1
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
1 0 1 0 910 1 0 0 0
0 0 1 0 91
 ·

1 1
2 0 0
1 0 1
1 91 0
1 0 1
 =
1 0 1 0 910 1 0 0 0
0 0 1 0 91
 ·

0 0
0 0
0 1
91 0
0 1
 =
[ 2
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
125.2.2 0→ P (6, 1) f→ P (7, 2) g→ P (7, 1)→ 0 
PdimP (6, 1) + dimP (7, 1) = (2, 3, 4, 2, 1, 2, 1) + (1, 2, 4, 3, 1, 3, 1)
= (3, 5, 8, 5, 2, 5, 2) = dimP (7, 2)
Pdimk Ext
1
kQ(P (7, 1), P (6, 1)) = dimk HomkQ(P (7, 1), P (6, 1))− 〈dimP (7, 1),dimP (6, 1)〉
= 0− 〈(1, 2, 4, 3, 1, 3, 1), (2, 3, 4, 2, 1, 2, 1)〉
= 1 · 3 + 2 · 4 + 3 · 4 + 1 · 2 + 3 · 4 + 1 · 2− (1 · 2 + 2 · 3 + 4 · 4 + 3 · 2 + 1 · 1 + 3 · 2 + 1 · 1)
= 3 + 8 + 12 + 2 + 12 + 2− (2 + 6 + 16 + 6 + 1 + 6 + 1)
= 1
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Matrices of the embedding f : P (6, 1)→ P (7, 2) P
1. f1 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (7, 2)→ P (7, 1) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6, 1)→ P (7, 2) P
1. f2 ·MP (6,1)1→2 −MP (7,2)1→2 · f1 = 0
f2 ·MP (6,1)1→2 =
[ 3
3 1
2 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
2 0
 = [
2
2 1
3 0
]
M
P (7,2)
1→2 · f1 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
2 1
1 0
1 0
1 0
 =
[ 2
2 1
3 0
]
f2 ·MP (6,1)1→2 −MP (7,2)1→2 · f1 =
[ 2
2 1
3 0
]
−
[ 2
2 1
3 0
]
=
[ 2
5 0
]
848
2. f3 ·MP (6,1)2→3 −MP (7,2)2→3 · f2 = 0
f3 ·MP (6,1)2→3 =
[ 4
4 1
4 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
4 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
4 0
 = [
3
3 1
5 0
]
M
P (7,2)
2→3 · f2 =

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 ·
[ 3
3 1
2 0
]
=

3
3 1
1 0
2 0
2 0
 =
[ 3
3 1
5 0
]
f3 ·MP (6,1)2→3 −MP (7,2)2→3 · f2 =
[ 3
3 1
5 0
]
−
[ 3
3 1
5 0
]
=
[ 3
8 0
]
3. f3 ·MP (6,1)4→3 −MP (7,2)4→3 · f4 = 0
f3 ·MP (6,1)4→3 =
[ 4
4 1
4 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
4 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
4 0

M
P (7,2)
4→3 · f4 =

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 ·
[ 2
2 1
3 0
]
=

2
2 1
2 1
3 0
1 0
 =

2
2 1
2 1
4 0

f3 ·MP (6,1)4→3 −MP (7,2)4→3 · f4 =

2
2 1
2 1
4 0
−

2
2 1
2 1
4 0
 = [ 28 0 ]
4. f4 ·MP (6,1)5→4 −MP (7,2)5→4 · f5 = 0
f4 ·MP (6,1)5→4 =
[ 2
2 1
3 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [1
1
]
=

1
1 1
1 1
3 0

M
P (7,2)
5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[
1
0
]
=

1
1 1
1 1
1 0
2 0
 =

1
1 1
1 1
3 0

f4 ·MP (6,1)5→4 −MP (7,2)5→4 · f5 =

1
1 1
1 1
3 0
−

1
1 1
1 1
3 0
 = [ 15 0 ]
5. f3 ·MP (6,1)6→3 −MP (7,2)6→3 · f6 = 0
f3 ·MP (6,1)6→3 =
[ 4
4 1
4 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
4 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
4 0

M
P (7,2)
6→3 · f6 =

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 ·
[ 2
2 1
3 0
]
=

2
2 0
2 1
1 0
3 0
 =

2
2 0
2 1
4 0

f3 ·MP (6,1)6→3 −MP (7,2)6→3 · f6 =

2
2 0
2 1
4 0
−

2
2 0
2 1
4 0
 = [ 28 0 ]
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6. f6 ·MP (6,1)7→6 −MP (7,2)7→6 · f7 = 0
f6 ·MP (6,1)7→6 =
[ 2
2 1
3 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [0
1
]
=

1
1 0
1 1
3 0

M
P (7,2)
7→6 · f7 =

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 ·
[
1
0
]
=

1
1 0
1 1
2 0
1 0
 =

1
1 0
1 1
3 0

f6 ·MP (6,1)7→6 −MP (7,2)7→6 · f7 =

1
1 0
1 1
3 0
−

1
1 0
1 1
3 0
 = [ 15 0 ]
Relations of the projection g : P (7, 2)→ P (7, 1) P
1. g2 ·MP (7,2)1→2 −MP (7,1)1→2 · g1 = 0
g2 ·MP (7,2)1→2 =
[ 3 2
2 0 1
]
·

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 =
[ 2 1 1 1
1 0 0 1 0
1 0 0 0 1
]
·

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 =
[ 2 1
1 0 1
1 0 1
]
M
P (7,1)
1→2 · g1 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g2 ·MP (7,2)1→2 −MP (7,1)1→2 · g1 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
2. g3 ·MP (7,2)2→3 −MP (7,1)2→3 · g2 = 0
g3 ·MP (7,2)2→3 =
[ 4 4
4 0 1
]
·

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 =
[ 3 1 2 2
2 0 0 1 0
2 0 0 0 1
]
·

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 =
[ 3 2
2 0 1
2 0 1
]
M
P (7,1)
2→3 · g2 =
[ 2
2 1
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
2 0 1
]
g3 ·MP (7,2)2→3 −MP (7,1)2→3 · g2 =
[ 3 2
2 0 1
2 0 1
]
−
[ 3 2
2 0 1
2 0 1
]
=
[ 5
4 0
]
3. g3 ·MP (7,2)4→3 −MP (7,1)4→3 · g4 = 0
g3 ·MP (7,2)4→3 =
[ 4 4
4 0 1
]
·

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 =
[ 2 2 3 1
3 0 0 1 0
1 0 0 0 1
]
·

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 =
[ 2 3
3 0 1
1 0 0
]
M
P (7,1)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 1
1 0 0
]
g3 ·MP (7,2)4→3 −MP (7,1)4→3 · g4 =
[ 2 3
3 0 1
1 0 0
]
−
[ 2 3
3 0 1
1 0 0
]
=
[ 5
4 0
]
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4. g4 ·MP (7,2)5→4 −MP (7,1)5→4 · g5 = 0
g4 ·MP (7,2)5→4 =
[ 2 3
3 0 1
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =
[ 1 1 1 2
1 0 0 1 0
2 0 0 0 1
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =
[ 1 1
1 0 1
2 0 0
]
M
P (7,1)
5→4 · g5 =
[ 1
1 1
2 0
]
·
[
0 1
]
=
[ 1 1
1 0 1
2 0 0
]
g4 ·MP (7,2)5→4 −MP (7,1)5→4 · g5 =
[ 1 1
1 0 1
2 0 0
]
−
[ 1 1
1 0 1
2 0 0
]
=
[ 2
3 0
]
5. g3 ·MP (7,2)6→3 −MP (7,1)6→3 · g6 = 0
g3 ·MP (7,2)6→3 =
[ 4 4
4 0 1
]
·

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 =
[ 2 2 1 3
1 0 0 1 0
3 0 0 0 1
]
·

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 =
[ 2 3
1 0 0
3 0 1
]
M
P (7,1)
6→3 · g6 =
[ 3
1 0
3 1
]
·
[ 2 3
3 0 1
]
=
[ 2 3
1 0 0
3 0 1
]
g3 ·MP (7,2)6→3 −MP (7,1)6→3 · g6 =
[ 2 3
1 0 0
3 0 1
]
−
[ 2 3
1 0 0
3 0 1
]
=
[ 5
4 0
]
6. g6 ·MP (7,2)7→6 −MP (7,1)7→6 · g7 = 0
g6 ·MP (7,2)7→6 =
[ 2 3
3 0 1
]
·

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 =
[ 1 1 2 1
2 0 0 1 0
1 0 0 0 1
]
·

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 =
[ 1 1
2 0 0
1 0 1
]
M
P (7,1)
7→6 · g7 =
[ 1
2 0
1 1
]
·
[
0 1
]
=
[ 1 1
2 0 0
1 0 1
]
g6 ·MP (7,2)7→6 −MP (7,1)7→6 · g7 =
[ 1 1
2 0 0
1 0 1
]
−
[ 1 1
2 0 0
1 0 1
]
=
[ 2
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
125.3 Tree module property of P (13, 2) 
The matrices of the representation have full (column) rank P
1. MP (13,2)1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
2. MP (13,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k) is already in column echelon form and has maximal column rank.
3. MP (13,2)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k) is already in column echelon form and has maximal column rank.
4. MP (13,2)5→4 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
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5. MP (13,2)6→3 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k) is already in column echelon form and has maximal column rank.
6. MP (13,2)7→6 =

0 0 0 0
0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (13,2)
7→6 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

c1↔c2−−−−→

1 2 1
1 0 0 0
1 1 0 0
2 0 1 0
3 0 0 0
1 1 0 0
1 0 0 1

125.3.1 0→ P (11, 7) f→ P (13, 2) g→ P (14, 5)→ 0 
PdimP (11, 7) + dimP (14, 5) = (2, 4, 6, 4, 2, 4, 1) + (3, 5, 8, 5, 2, 5, 3)
= (5, 9, 14, 9, 4, 9, 4) = dimP (13, 2)
Pdimk Ext
1
kQ(P (14, 5), P (11, 7)) = dimk HomkQ(P (14, 5), P (11, 7))− 〈dimP (14, 5),dimP (11, 7)〉
= 0− 〈(3, 5, 8, 5, 2, 5, 3), (2, 4, 6, 4, 2, 4, 1)〉
= 3 · 4 + 5 · 6 + 5 · 6 + 2 · 4 + 5 · 6 + 3 · 4− (3 · 2 + 5 · 4 + 8 · 6 + 5 · 4 + 2 · 2 + 5 · 4 + 3 · 1)
= 12 + 30 + 30 + 8 + 30 + 12− (6 + 20 + 48 + 20 + 4 + 20 + 3)
= 1
Matrices of the embedding f : P (11, 7)→ P (13, 2) P
1. f1 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
91 0 1 0
0 91 0 1
0 0 1 0
0 0 0 1

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2
5 0 0
2 91 1
2 0 1
 c2←c2+c1−−−−−−→

2 2
5 0 0
2 91 0
2 0 1

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3. f3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 91 0 1 0
0 1 0 91 0 1
0 0 0 0 1 0
0 0 91 0 1 1
0 0 0 91 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M14,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

c3←c3+c1
c5←c5−c1−−−−−−→

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

c4←c4+c2
c6←c6−c2−−−−−−→

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

2 1 1 1 1
7 0 0 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
1 0 91 0 1 1
1 0 0 91 0 1
1 0 0 0 1 0
1 0 0 0 0 1

c2↔c4−−−−→

2 1 1 1 1
7 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 91 1
1 0 0 91 0 1
1 0 1 0 0 0
1 0 0 0 0 1

c3↔c4−−−−→

2 1 1 1 1
7 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 1 91 0 1
1 0 0 0 91 1
1 0 1 0 0 0
1 0 0 0 0 1

c5←c5+c3−−−−−−→

2 1 1 1 1
7 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 1 91 0 0
1 0 0 0 91 1
1 0 1 0 0 0
1 0 0 0 0 1

c5←c5+c4−−−−−−→

2 1 1 1 1
7 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 1 91 0 0
1 0 0 0 91 0
1 0 1 0 0 0
1 0 0 0 0 1

4. f4 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 91 0
0 1 0 91
0 0 0 0
0 0 91 0
0 0 0 91

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 2
4 0 0
2 1 91
1 0 0
2 0 91
 c2←c2+c1−−−−−−→

2 2
4 0 0
2 1 0
1 0 0
2 0 91

5. f5 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
91 0 0 1
0 91 0 0
0 0 1 0
0 0 0 1

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1 1 1
4 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

c1↔c3−−−−→

1 1 1 1
4 0 0 0 0
1 1 0 0 0
1 0 0 91 1
1 0 91 0 0
1 1 0 0 0
1 0 0 0 1

c2↔c3−−−−→

1 1 1 1
4 0 0 0 0
1 1 0 0 0
1 0 91 0 1
1 0 0 91 0
1 1 0 0 0
1 0 0 0 1

c4←c4+c2−−−−−−→

1 1 1 1
4 0 0 0 0
1 1 0 0 0
1 0 91 0 0
1 0 0 91 0
1 1 0 0 0
1 0 0 0 1

=

1 2 1
4 0 0 0
1 1 0 0
2 0 91 0
1 1 0 0
1 0 0 1

7. f7 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (13, 2)→ P (14, 5) P
1. g1 =
1 0 0 0 00 1 0 0 0
0 0 1 0 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 91 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 91 0

∈M8,14(k) is already in row echelon form and has maximal row rank.
4. g4 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 91 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 91 0
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 0 00 1 0 0
0 0 91 0
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (11, 7)→ P (13, 2) P
1. f2 ·MP (11,7)1→2 −MP (13,2)1→2 · f1 = 0
f2 ·MP (11,7)1→2 =

2 2
5 0 0
2 91 1
2 0 1
 · [
2
2 0
2 1
]
=

2
5 0
2 1
2 1

M
P (13,2)
1→2 · f1 =

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 ·
[ 2
3 0
2 1
]
=

2
3 0
2 0
2 1
2 1
 =

2
5 0
2 1
2 1

f2 ·MP (11,7)1→2 −MP (13,2)1→2 · f1 =

2
5 0
2 1
2 1
−

2
5 0
2 1
2 1
 = [ 29 0 ]
2. f3 ·MP (11,7)2→3 −MP (13,2)2→3 · f2 = 0
f3 ·MP (11,7)2→3 =

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 4
2 0
4 1
]
=

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=

1 1 1 1
7 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 1 0
1 91 0 1 1
1 0 91 0 1
1 0 0 1 0
1 0 0 0 1

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M
P (13,2)
2→3 · f2 =

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

2 2
5 0 0
2 91 1
2 0 1
 =

5 1 1 1 1
5 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1 1
5 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 1 0
1 0 0 0 1
 =

1 1 1 1
5 0 0 0 0
2 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 1 0
1 91 0 1 1
1 0 91 0 1
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
7 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 1 0
1 91 0 1 1
1 0 91 0 1
1 0 0 1 0
1 0 0 0 1

f3 ·MP (11,7)2→3 −MP (13,2)2→3 · f2 =

1 1 1 1
7 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 1 0
1 91 0 1 1
1 0 91 0 1
1 0 0 1 0
1 0 0 0 1

−

1 1 1 1
7 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 1 0
1 91 0 1 1
1 0 91 0 1
1 0 0 1 0
1 0 0 0 1

=
[ 4
14 0
]
3. f3 ·MP (11,7)4→3 −MP (13,2)4→3 · f4 = 0
f3 ·MP (11,7)4→3 =

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 4
4 1
2 0
]
=

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

=

1 1 1 1
7 0 0 0 0
1 1 0 91 0
1 0 1 0 91
1 0 0 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 0 0
1 0 0 0 0

=

2 2
7 0 0
2 1 91
1 0 0
2 0 91
2 0 0

M
P (13,2)
4→3 · f4 =

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·

2 2
4 0 0
2 1 91
1 0 0
2 0 91
 =

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 0 0

·

2 2
1 0 0
2 0 0
1 0 0
2 1 91
1 0 0
2 0 91

=

2 2
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0
2 1 91
1 0 0
2 0 91
2 0 0

=

2 2
7 0 0
2 1 91
1 0 0
2 0 91
2 0 0

f3 ·MP (11,7)4→3 −MP (13,2)4→3 · f4 =

2 2
7 0 0
2 1 91
1 0 0
2 0 91
2 0 0
−

2 2
7 0 0
2 1 91
1 0 0
2 0 91
2 0 0
 =
[ 4
14 0
]
4. f4 ·MP (11,7)5→4 −MP (13,2)5→4 · f5 = 0
f4 ·MP (11,7)5→4 =

2 2
4 0 0
2 1 91
1 0 0
2 0 91
 ·
[ 2
2 1
2 0
]
=

2
4 0
2 1
1 0
2 0
 =

2
4 0
2 1
3 0

M
P (13,2)
5→4 · f5 =

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 ·
[ 2
2 0
2 1
]
=

2
2 0
2 0
2 1
3 0
 =

2
4 0
2 1
3 0

f4 ·MP (11,7)5→4 −MP (13,2)5→4 · f5 =

2
4 0
2 1
3 0
−

2
4 0
2 1
3 0
 = [ 29 0 ]
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5. f3 ·MP (11,7)6→3 −MP (13,2)6→3 · f6 = 0
f3 ·MP (11,7)6→3 =

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

2 2
2 1 0
2 1 1
2 0 1
 =

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
7 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
9 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

M
P (13,2)
6→3 · f6 =

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 ·

1 1 1 1
4 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

=

4 1 1 1 1 1
3 0 0 0 0 0 0
4 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 1 1 1
4 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
3 0 0 0 0
4 0 0 0 0
2 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
9 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

f3 ·MP (11,7)6→3 −MP (13,2)6→3 · f6 =

1 1 1 1
9 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

−

1 1 1 1
9 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

=
[ 4
14 0
]
6. f6 ·MP (11,7)7→6 −MP (13,2)7→6 · f7 = 0
f6 ·MP (11,7)7→6 =

1 1 1 1
4 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

·

1
1 1
2 0
1 1
 =

1 1 1 1
4 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

·

1
0
0
1
 =

1
4 0
1 0
1 0
1 0
1 0
1 1

=
[ 1
8 0
1 1
]
M
P (13,2)
7→6 · f7 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

·
[ 1
3 0
1 1
]
=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

·

1
2 0
1 0
1 1
 =

1
1 0
1 0
2 0
3 0
1 0
1 1

=
[ 1
8 0
1 1
]
f6 ·MP (11,7)7→6 −MP (13,2)7→6 · f7 =
[ 1
8 0
1 1
]
−
[ 1
8 0
1 1
]
=
[ 1
9 0
]
Relations of the projection g : P (13, 2)→ P (14, 5) P
1. g2 ·MP (13,2)1→2 −MP (14,5)1→2 · g1 = 0
g2 ·MP (13,2)1→2 =
[ 5 4
5 1 0
]
·

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 =
[ 3 2 2 2
3 1 0 0 0
2 0 1 0 0
]
·

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 =
[ 3 2
3 1 0
2 0 0
]
M
P (14,5)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 3 2
3 1 0
]
=
[ 3 2
3 1 0
2 0 0
]
g2 ·MP (13,2)1→2 −MP (14,5)1→2 · g1 =
[ 3 2
3 1 0
2 0 0
]
−
[ 3 2
3 1 0
2 0 0
]
=
[ 5
5 0
]
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2. g3 ·MP (13,2)2→3 −MP (14,5)2→3 · g2 = 0
g3 ·MP (13,2)2→3 =

4 1 2 2 1 2 1 1
4 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
2 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

4 1 2 1 1 1 1 1 1 1
4 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 91 0
2 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91 0
 ·

4 1 1 1 1 1
4 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 1 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

4 1 1 1 1 1
4 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
 =
[ 5 4
5 1 0
3 0 0
]
M
P (14,5)
2→3 · g2 =
[ 5
5 1
3 0
]
·
[ 5 4
5 1 0
]
=
[ 5 4
5 1 0
3 0 0
]
g3 ·MP (13,2)2→3 −MP (14,5)2→3 · g2 =
[ 5 4
5 1 0
3 0 0
]
−
[ 5 4
5 1 0
3 0 0
]
=
[ 9
8 0
]
3. g3 ·MP (13,2)4→3 −MP (14,5)4→3 · g4 = 0
g3 ·MP (13,2)4→3 =

4 1 2 2 1 2 1 1
4 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
2 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=

1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0

·

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

M
P (14,5)
4→3 · g4 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 4 2 1 2
4 1 0 0 0
1 0 0 1 0
]
=

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0
 =

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

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g3 ·MP (13,2)4→3 −MP (14,5)4→3 · g4 =

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

−

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

=
[ 9
8 0
]
4. g4 ·MP (13,2)5→4 −MP (14,5)5→4 · g5 = 0
g4 ·MP (13,2)5→4 =
[ 4 2 1 2
4 1 0 0 0
1 0 0 1 0
]
·

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 =

2 2 2 1 2
2 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
 ·

2 2
2 1 0
2 1 0
2 0 1
1 0 0
2 0 0
 =

2 2
2 1 0
2 1 0
1 0 0

M
P (14,5)
5→4 · g5 =

2
2 1
2 1
1 0
 · [ 2 22 1 0 ] =

2 2
2 1 0
2 1 0
1 0 0

g4 ·MP (13,2)5→4 −MP (14,5)5→4 · g5 =

2 2
2 1 0
2 1 0
1 0 0
−

2 2
2 1 0
2 1 0
1 0 0
 = [ 45 0 ]
5. g3 ·MP (13,2)6→3 −MP (14,5)6→3 · g6 = 0
g3 ·MP (13,2)6→3 =

4 1 2 2 1 2 1 1
4 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
2 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

4 5
3 0 0
4 1 0
2 0 0
5 0 1

=

3 1 1 2 2 1 2 1 1
3 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0 91 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0
 ·

1 1 2 1 2 1 1
3 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 1 2 1 2 1 1
3 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0

M
P (14,5)
6→3 · g6 =
[ 5
3 0
5 1
]
·

1 1 2 1 2 1 1
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =

1 1 2 1
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

1 1 2 1 2 1 1
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =

1 1 2 1 2 1 1
3 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0

g3 ·MP (13,2)6→3 −MP (14,5)6→3 · g6 =

1 1 2 1 2 1 1
3 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
−

1 1 2 1 2 1 1
3 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =
[ 9
8 0
]
6. g6 ·MP (13,2)7→6 −MP (14,5)7→6 · g7 = 0
g6 ·MP (13,2)7→6 =

1 1 2 1 2 1 1
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

=

1 1 2 1 2 1 1
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
1 0 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
1 0 0 0
1 0 0 0
2 1 0 0
1 0 91 0
 =

2 1 1
2 0 0 0
2 1 0 0
1 0 91 0

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M
P (14,5)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 2 1 1
2 1 0 0
1 0 91 0
]
=

2 1
2 0 0
2 1 0
1 0 1
 · [
2 1 1
2 1 0 0
1 0 91 0
]
=

2 1 1
2 0 0 0
2 1 0 0
1 0 91 0

g6 ·MP (13,2)7→6 −MP (14,5)7→6 · g7 =

2 1 1
2 0 0 0
2 1 0 0
1 0 91 0
−

2 1 1
2 0 0 0
2 1 0 0
1 0 91 0
 = [ 45 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2
3 1 0
]
·
[ 2
3 0
2 1
]
=
[ 2
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 4
5 1 0
]
·

2 2
5 0 0
2 91 1
2 0 1
 = [ 5 2 25 1 0 0 ] ·

2 2
5 0 0
2 91 1
2 0 1
 = [ 45 0 ]
3. g3 · f3 = 0
g3 · f3 =

4 1 2 2 1 2 1 1
4 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
2 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

1 1 1 1 1 1
7 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

4 1 2 1 1 1 1 1 1 1
4 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 91 0
2 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91 0
 ·

1 1 1 1 1 1
4 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 1 0 91 0 1 0
1 0 1 0 91 0 1
1 0 0 0 0 1 0
1 0 0 91 0 1 1
1 0 0 0 91 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=
[ 6
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 2 1 2
4 1 0 0 0
1 0 0 1 0
]
·

2 2
4 0 0
2 1 91
1 0 0
2 0 91
 =
[ 4
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =

1 1 2 1 2 1 1
1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

1 1 1 1
4 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

=

1 1 2 1 1 1 1 1
1 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 91 0
 ·

1 1 1 1
1 0 0 0 0
1 0 0 0 0
2 0 0 0 0
1 0 0 1 0
1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
1 0 0 0 1

=
[ 4
5 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 2 1 1
2 1 0 0
1 0 91 0
]
·
[ 1
3 0
1 1
]
=
[ 2 1 1
2 1 0 0
1 0 91 0
]
·

1
2 0
1 0
1 1
 = [ 13 0 ]
125.3.2 0→ P (12, 1) f→ P (13, 2) g→ P (13, 1)→ 0 
PdimP (12, 1) + dimP (13, 1) = (3, 5, 7, 4, 2, 4, 2) + (2, 4, 7, 5, 2, 5, 2)
= (5, 9, 14, 9, 4, 9, 4) = dimP (13, 2)
Pdimk Ext
1
kQ(P (13, 1), P (12, 1)) = dimk HomkQ(P (13, 1), P (12, 1))− 〈dimP (13, 1),dimP (12, 1)〉
= 0− 〈(2, 4, 7, 5, 2, 5, 2), (3, 5, 7, 4, 2, 4, 2)〉
= 2 · 5 + 4 · 7 + 5 · 7 + 2 · 4 + 5 · 7 + 2 · 4− (2 · 3 + 4 · 5 + 7 · 7 + 5 · 4 + 2 · 2 + 5 · 4 + 2 · 2)
= 10 + 28 + 35 + 8 + 35 + 8− (6 + 20 + 49 + 20 + 4 + 20 + 4)
= 1
Matrices of the embedding f : P (12, 1)→ P (13, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (13, 2)→ P (13, 1) P
1. g1 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (12, 1)→ P (13, 2) P
1. f2 ·MP (12,1)1→2 −MP (13,2)1→2 · f1 = 0
f2 ·MP (12,1)1→2 =
[ 5
5 1
4 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
4 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
4 0
 = [
3
3 1
6 0
]
M
P (13,2)
1→2 · f1 =

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 ·
[ 3
3 1
2 0
]
=

3
3 1
2 0
2 0
2 0
 =
[ 3
3 1
6 0
]
f2 ·MP (12,1)1→2 −MP (13,2)1→2 · f1 =
[ 3
3 1
6 0
]
−
[ 3
3 1
6 0
]
=
[ 3
9 0
]
2. f3 ·MP (12,1)2→3 −MP (13,2)2→3 · f2 = 0
f3 ·MP (12,1)2→3 =
[ 7
7 1
7 0
]
·
[ 5
5 1
2 0
]
=

5 2
5 1 0
2 0 1
7 0 0
 · [
5
5 1
2 0
]
=

5
5 1
2 0
7 0
 = [
5
5 1
9 0
]
M
P (13,2)
2→3 · f2 =

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·
[ 5
5 1
4 0
]
=

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

5
5 1
1 0
2 0
1 0
 =

5
5 1
2 0
1 0
2 0
1 0
2 0
1 0

=
[ 5
5 1
9 0
]
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f3 ·MP (12,1)2→3 −MP (13,2)2→3 · f2 =
[ 5
5 1
9 0
]
−
[ 5
5 1
9 0
]
=
[ 5
14 0
]
3. f3 ·MP (12,1)4→3 −MP (13,2)4→3 · f4 = 0
f3 ·MP (12,1)4→3 =
[ 7
7 1
7 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1 2 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
7 0 0 0

M
P (13,2)
4→3 · f4 =

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·
[ 4
4 1
5 0
]
=

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
5 0 0 0
 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
5 0 0 0
2 0 0 0

=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
7 0 0 0

f3 ·MP (12,1)4→3 −MP (13,2)4→3 · f4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
7 0 0 0

−

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
7 0 0 0

=
[ 4
14 0
]
4. f4 ·MP (12,1)5→4 −MP (13,2)5→4 · f5 = 0
f4 ·MP (12,1)5→4 =
[ 4
4 1
5 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
5 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
5 0

M
P (13,2)
5→4 · f5 =

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 ·
[ 2
2 1
2 0
]
=

2
2 1
2 1
2 0
3 0
 =

2
2 1
2 1
5 0

f4 ·MP (12,1)5→4 −MP (13,2)5→4 · f5 =

2
2 1
2 1
5 0
−

2
2 1
2 1
5 0
 = [ 29 0 ]
5. f3 ·MP (12,1)6→3 −MP (13,2)6→3 · f6 = 0
f3 ·MP (12,1)6→3 =
[ 7
7 1
7 0
]
·
[ 4
3 0
4 1
]
=

3 4
3 1 0
4 0 1
7 0 0
 · [
4
3 0
4 1
]
=

4
3 0
4 1
7 0

M
P (13,2)
6→3 · f6 =

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 ·
[ 4
4 1
5 0
]
=

4
3 0
4 1
2 0
5 0
 =

4
3 0
4 1
7 0

f3 ·MP (12,1)6→3 −MP (13,2)6→3 · f6 =

4
3 0
4 1
7 0
−

4
3 0
4 1
7 0
 = [ 414 0 ]
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6. f6 ·MP (12,1)7→6 −MP (13,2)7→6 · f7 = 0
f6 ·MP (12,1)7→6 =
[ 4
4 1
5 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
5 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
5 0

M
P (13,2)
7→6 · f7 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

·
[ 2
2 1
2 0
]
=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

·

2
2 1
1 0
1 0
 =

2
1 0
1 0
2 1
3 0
1 0
1 0

=

2
2 0
2 1
5 0

f6 ·MP (12,1)7→6 −MP (13,2)7→6 · f7 =

2
2 0
2 1
5 0
−

2
2 0
2 1
5 0
 = [ 29 0 ]
Relations of the projection g : P (13, 2)→ P (13, 1) P
1. g2 ·MP (13,2)1→2 −MP (13,1)1→2 · g1 = 0
g2 ·MP (13,2)1→2 =
[ 5 4
4 0 1
]
·

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 =
[ 3 2 2 2
2 0 0 1 0
2 0 0 0 1
]
·

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 =
[ 3 2
2 0 1
2 0 1
]
M
P (13,1)
1→2 · g1 =
[ 2
2 1
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
2 0 1
]
g2 ·MP (13,2)1→2 −MP (13,1)1→2 · g1 =
[ 3 2
2 0 1
2 0 1
]
−
[ 3 2
2 0 1
2 0 1
]
=
[ 5
4 0
]
2. g3 ·MP (13,2)2→3 −MP (13,1)2→3 · g2 = 0
g3 ·MP (13,2)2→3 =
[ 7 7
7 0 1
]
·

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

5 2 1 2 1 2 1
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
P (13,1)
2→3 · g2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 5 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·MP (13,2)2→3 −MP (13,1)2→3 · g2 =

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[ 9
7 0
]
3. g3 ·MP (13,2)4→3 −MP (13,1)4→3 · g4 = 0
g3 ·MP (13,2)4→3 =
[ 7 7
7 0 1
]
·

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=
[ 1 2 1 2 1 5 2
5 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=
[ 1 2 1 5
5 0 0 0 1
2 0 0 0 0
]
=
[ 4 5
5 0 1
2 0 0
]
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M
P (13,1)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 4 5
5 0 1
]
=
[ 4 5
5 0 1
2 0 0
]
g3 ·MP (13,2)4→3 −MP (13,1)4→3 · g4 =
[ 4 5
5 0 1
2 0 0
]
−
[ 4 5
5 0 1
2 0 0
]
=
[ 9
7 0
]
4. g4 ·MP (13,2)5→4 −MP (13,1)5→4 · g5 = 0
g4 ·MP (13,2)5→4 =
[ 4 5
5 0 1
]
·

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 =
[ 2 2 2 3
2 0 0 1 0
3 0 0 0 1
]
·

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 =
[ 2 2
2 0 1
3 0 0
]
M
P (13,1)
5→4 · g5 =
[ 2
2 1
3 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
3 0 0
]
g4 ·MP (13,2)5→4 −MP (13,1)5→4 · g5 =
[ 2 2
2 0 1
3 0 0
]
−
[ 2 2
2 0 1
3 0 0
]
=
[ 4
5 0
]
5. g3 ·MP (13,2)6→3 −MP (13,1)6→3 · g6 = 0
g3 ·MP (13,2)6→3 =
[ 7 7
7 0 1
]
·

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 =
[ 3 4 2 5
2 0 0 1 0
5 0 0 0 1
]
·

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 =
[ 4 5
2 0 0
5 0 1
]
M
P (13,1)
6→3 · g6 =
[ 5
2 0
5 1
]
·
[ 4 5
5 0 1
]
=
[ 4 5
2 0 0
5 0 1
]
g3 ·MP (13,2)6→3 −MP (13,1)6→3 · g6 =
[ 4 5
2 0 0
5 0 1
]
−
[ 4 5
2 0 0
5 0 1
]
=
[ 9
7 0
]
6. g6 ·MP (13,2)7→6 −MP (13,1)7→6 · g7 = 0
g6 ·MP (13,2)7→6 =
[ 4 5
5 0 1
]
·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

=

1 1 2 3 1 1
3 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
3 0 0 0
1 0 1 0
1 0 0 1
 = [
2 2
3 0 0
2 0 1
]
M
P (13,1)
7→6 · g7 =
[ 2
3 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
3 0 0
2 0 1
]
g6 ·MP (13,2)7→6 −MP (13,1)7→6 · g7 =
[ 2 2
3 0 0
2 0 1
]
−
[ 2 2
3 0 0
2 0 1
]
=
[ 4
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 5
5 0 1
]
·
[ 4
4 1
5 0
]
=
[ 4
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 5
5 0 1
]
·
[ 4
4 1
5 0
]
=
[ 4
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
125.4 Tree module property of P (19, 2) 
The matrices of the representation have full (column) rank P
1. MP (19,2)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
2. MP (19,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k) is already in column echelon form and has maximal column rank.
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3. MP (19,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k) is already in column echelon form and has maximal column rank.
4. MP (19,2)5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
5. MP (19,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k) is already in column echelon form and has maximal column rank.
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6. MP (19,2)7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (19,2)
7→6 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

c1↔c2−−−−→

1 3 2
2 0 0 0
1 1 0 0
3 0 1 0
4 0 0 0
1 1 0 0
2 0 0 1

125.4.1 0→ P (17, 7) f→ P (19, 2) g→ P (20, 5)→ 0 
PdimP (17, 7) + dimP (20, 5) = (3, 6, 9, 6, 3, 6, 2) + (4, 7, 11, 7, 3, 7, 4)
= (7, 13, 20, 13, 6, 13, 6) = dimP (19, 2)
Pdimk Ext
1
kQ(P (20, 5), P (17, 7)) = dimk HomkQ(P (20, 5), P (17, 7))− 〈dimP (20, 5),dimP (17, 7)〉
= 0− 〈(4, 7, 11, 7, 3, 7, 4), (3, 6, 9, 6, 3, 6, 2)〉
= 4 · 6 + 7 · 9 + 7 · 9 + 3 · 6 + 7 · 9 + 4 · 6− (4 · 3 + 7 · 6 + 11 · 9 + 7 · 6 + 3 · 3 + 7 · 6 + 4 · 2)
= 24 + 63 + 63 + 18 + 63 + 24− (12 + 42 + 99 + 42 + 9 + 42 + 8)
= 1
Matrices of the embedding f : P (17, 7)→ P (19, 2) P
1. f1 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3
7 0 0
3 91 1
3 0 1
 c2←c2+c1−−−−−−→

3 3
7 0 0
3 91 0
3 0 1

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3. f3 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 0 0 91 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 91 0 0 1 1 0
0 0 0 0 91 0 0 1 1
0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M20,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

c4←c4+c1
c7←c7−c1−−−−−−→

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

c5←c5+c2
c8←c8−c2−−−−−−→

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

2 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 1 0 0
1 0 0 91 0 0 1 1 0
1 0 0 0 91 0 0 1 1
1 0 0 0 0 91 0 0 1
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

c5←c5+c2
c8←c8−c2−−−−−−→

2 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 91 0 0 1 1 0
1 0 0 0 91 0 0 1 1
1 0 0 0 0 91 0 0 1
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

3 1 1 1 1 1 1
10 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 91 0 0 1 1 0
1 0 0 91 0 0 1 1
1 0 0 0 91 0 0 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c2↔c5−−−−→

3 1 1 1 1 1 1
10 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 1 0 0 91 1 0
1 0 0 91 0 0 1 1
1 0 0 0 91 0 0 1
1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c3↔c5−−−−→
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
3 1 1 1 1 1 1
10 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 1 91 0 0 1 0
1 0 0 0 0 91 1 1
1 0 0 0 91 0 0 1
1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c6←c6+c3−−−−−−→

3 1 1 1 1 1 1
10 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 1 91 0 0 0 0
1 0 0 0 0 91 1 1
1 0 0 0 91 0 0 1
1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c4↔c5−−−−→

3 1 1 1 1 1 1
10 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 1 91 0 0 0 0
1 0 0 0 91 0 1 1
1 0 0 0 0 91 0 1
1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c6←c6+c4
c7←c7+c4−−−−−−→

3 1 1 1 1 1 1
10 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 1 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 1
1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c7←c7+c5−−−−−−→

3 1 1 1 1 1 1
10 0 0 0 0 0 0 0
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 1 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

3 1 1 2 2
10 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 1 91 0 0
2 0 0 0 91 0
1 0 1 0 0 0
2 0 0 0 0 1

4. f4 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 0 0
0 0 0 91 0 0
0 0 0 0 91 0
0 0 0 0 0 91

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 3
6 0 0
3 1 91
1 0 0
3 0 91
 c2←c2+c1−−−−−−→

3 3
6 0 0
3 1 0
1 0 0
3 0 91

5. f5 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
91 0 0 0 1 0
0 91 0 0 0 1
0 0 91 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 1 1 2
6 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

c1↔c3−−−−→

1 1 2 2
6 0 0 0 0
1 1 0 0 0
2 0 0 91 1
1 0 91 0 0
1 1 0 0 0
2 0 0 0 1

c2↔c3−−−−→

1 2 1 2
6 0 0 0 0
1 1 0 0 0
2 0 91 0 1
1 0 0 91 0
1 1 0 0 0
2 0 0 0 1

c4←c4+c2−−−−−−→

1 2 1 2
6 0 0 0 0
1 1 0 0 0
2 0 91 0 0
1 0 0 91 0
1 1 0 0 0
2 0 0 0 1

=

1 3 2
6 0 0 0
1 1 0 0
3 0 91 0
1 1 0 0
2 0 0 1

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7. f7 =

0 0
0 0
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (19, 2)→ P (20, 5) P
1. g1 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

∈M7,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0

∈M11,20(k) is already in row echelon form and has maximal row rank.
4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0

∈M7,13(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 91 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 91 0 0

∈M7,13(k) is already in row echelon form and has maximal row rank.
7. g7 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (17, 7)→ P (19, 2) P
1. f2 ·MP (17,7)1→2 −MP (19,2)1→2 · f1 = 0
f2 ·MP (17,7)1→2 =

3 3
7 0 0
3 91 1
3 0 1
 · [
3
3 0
3 1
]
=

3
7 0
3 1
3 1

M
P (19,2)
1→2 · f1 =

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 ·
[ 3
4 0
3 1
]
=

3
4 0
3 0
3 1
3 1
 =

3
7 0
3 1
3 1

f2 ·MP (17,7)1→2 −MP (19,2)1→2 · f1 =

3
7 0
3 1
3 1
−

3
7 0
3 1
3 1
 = [ 313 0 ]
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2. f3 ·MP (17,7)2→3 −MP (19,2)2→3 · f2 = 0
f3 ·MP (17,7)2→3 =

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·
[ 6
3 0
6 1
]
=

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 1 1 1 1 1
10 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 91 0 0 1 1 0
1 0 91 0 0 1 1
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

M
P (19,2)
2→3 · f2 =

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

3 3
7 0 0
3 91 1
3 0 1
 =

7 1 1 1 1 1 1
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1 1 1 1
7 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 1 1 1 1
7 0 0 0 0 0 0
3 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 91 0 0 1 1 0
1 0 91 0 0 1 1
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 1 1 1 1
10 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 91 0 0 1 1 0
1 0 91 0 0 1 1
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

f3 ·MP (17,7)2→3 −MP (19,2)2→3 · f2 =

1 1 1 1 1 1
10 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 91 0 0 1 1 0
1 0 91 0 0 1 1
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

−

1 1 1 1 1 1
10 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 91 0 0 1 1 0
1 0 91 0 0 1 1
1 0 0 91 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=
[ 6
20 0
]
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3. f3 ·MP (17,7)4→3 −MP (19,2)4→3 · f4 = 0
f3 ·MP (17,7)4→3 =

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·
[ 6
6 1
3 0
]
=

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

1 1 1 1 1 1
10 0 0 0 0 0 0
1 1 0 0 91 0 0
1 0 1 0 0 91 0
1 0 0 1 0 0 91
1 0 0 0 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 91
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

3 3
10 0 0
3 1 91
1 0 0
3 0 91
3 0 0

M
P (19,2)
4→3 · f4 =

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·

3 3
6 0 0
3 1 91
1 0 0
3 0 91
 =

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
3 0 0 0 0 0 0

·

3 3
2 0 0
2 0 0
2 0 0
3 1 91
1 0 0
3 0 91

=

3 3
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0
3 1 91
1 0 0
3 0 91
3 0 0

=

3 3
10 0 0
3 1 91
1 0 0
3 0 91
3 0 0

f3 ·MP (17,7)4→3 −MP (19,2)4→3 · f4 =

3 3
10 0 0
3 1 91
1 0 0
3 0 91
3 0 0
−

3 3
10 0 0
3 1 91
1 0 0
3 0 91
3 0 0
 =
[ 6
20 0
]
4. f4 ·MP (17,7)5→4 −MP (19,2)5→4 · f5 = 0
f4 ·MP (17,7)5→4 =

3 3
6 0 0
3 1 91
1 0 0
3 0 91
 ·
[ 3
3 1
3 0
]
=

3
6 0
3 1
1 0
3 0
 =

3
6 0
3 1
4 0

M
P (19,2)
5→4 · f5 =

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 ·
[ 3
3 0
3 1
]
=

3
3 0
3 0
3 1
4 0
 =

3
6 0
3 1
4 0

f4 ·MP (17,7)5→4 −MP (19,2)5→4 · f5 =

3
6 0
3 1
4 0
−

3
6 0
3 1
4 0
 = [ 313 0 ]
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5. f3 ·MP (17,7)6→3 −MP (19,2)6→3 · f6 = 0
f3 ·MP (17,7)6→3 =

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

3 3
3 1 0
3 1 1
3 0 1

=

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 1 1 1 1 1
10 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 1 0 0
1 91 0 0 0 1 0
1 0 91 0 0 0 1
1 0 0 91 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

2 1 1 2
13 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

M
P (19,2)
6→3 · f6 =

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 ·

2 1 1 2
6 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

=

6 1 2 1 1 2
4 0 0 0 0 0 0
6 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

2 1 1 2
6 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

=

2 1 1 2
4 0 0 0 0
6 0 0 0 0
3 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

=

2 1 1 2
13 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

f3 ·MP (17,7)6→3 −MP (19,2)6→3 · f6 =

2 1 1 2
13 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

−

2 1 1 2
13 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 6
20 0
]
6. f6 ·MP (17,7)7→6 −MP (19,2)7→6 · f7 = 0
f6 ·MP (17,7)7→6 =

2 1 1 2
6 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

·

2
2 1
2 0
2 1
 =

2 1 1 2
6 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

·

2
2 1
1 0
1 0
2 1
 =

2
6 0
1 0
2 0
1 0
1 0
2 1

=
[ 2
11 0
2 1
]
M
P (19,2)
7→6 · f7 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

·
[ 2
4 0
2 1
]
=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

·

2
3 0
1 0
2 1
 =

2
2 0
1 0
3 0
4 0
1 0
2 1

=
[ 2
11 0
2 1
]
f6 ·MP (17,7)7→6 −MP (19,2)7→6 · f7 =
[ 2
11 0
2 1
]
−
[ 2
11 0
2 1
]
=
[ 2
13 0
]
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Relations of the projection g : P (19, 2)→ P (20, 5) P
1. g2 ·MP (19,2)1→2 −MP (20,5)1→2 · g1 = 0
g2 ·MP (19,2)1→2 =
[ 7 6
7 1 0
]
·

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 =
[ 4 3 3 3
4 1 0 0 0
3 0 1 0 0
]
·

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 =
[ 4 3
4 1 0
3 0 0
]
M
P (20,5)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 4 3
4 1 0
]
=
[ 4 3
4 1 0
3 0 0
]
g2 ·MP (19,2)1→2 −MP (20,5)1→2 · g1 =
[ 4 3
4 1 0
3 0 0
]
−
[ 4 3
4 1 0
3 0 0
]
=
[ 7
7 0
]
2. g3 ·MP (19,2)2→3 −MP (20,5)2→3 · g2 = 0
g3 ·MP (19,2)2→3 =

6 1 3 3 1 3 1 2
6 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
3 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

6 1 3 2 1 1 2 1 1 2
6 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 91 0
3 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91 0
 ·

6 1 2 1 1 2
6 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 1 0 0 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

6 1 2 1 1 2
6 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 0 0 0 0
 =
[ 7 6
7 1 0
4 0 0
]
M
P (20,5)
2→3 · g2 =
[ 7
7 1
4 0
]
·
[ 7 6
7 1 0
]
=
[ 7 6
7 1 0
4 0 0
]
g3 ·MP (19,2)2→3 −MP (20,5)2→3 · g2 =
[ 7 6
7 1 0
4 0 0
]
−
[ 7 6
7 1 0
4 0 0
]
=
[13
11 0
]
3. g3 ·MP (19,2)4→3 −MP (20,5)4→3 · g4 = 0
g3 ·MP (19,2)4→3 =

6 1 3 3 1 3 1 2
6 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
3 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=

2 1 1 2 1 1 2 3 1 3 1 2
2 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0

·

2 1 1 2 3 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 1 0 0 1 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0

=

2 1 1 2 3 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

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M
P (20,5)
4→3 · g4 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[ 6 3 1 3
6 1 0 0 0
1 0 0 1 0
]
=

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 1 0 0 1 0
1 0 1 0 0 1
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

2 1 1 2 3 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0
 =

2 1 1 2 3 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

g3 ·MP (19,2)4→3 −MP (20,5)4→3 · g4 =

2 1 1 2 3 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

−

2 1 1 2 3 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

=
[13
11 0
]
4. g4 ·MP (19,2)5→4 −MP (20,5)5→4 · g5 = 0
g4 ·MP (19,2)5→4 =
[ 6 3 1 3
6 1 0 0 0
1 0 0 1 0
]
·

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 =

3 3 3 1 3
3 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
 ·

3 3
3 1 0
3 1 0
3 0 1
1 0 0
3 0 0
 =

3 3
3 1 0
3 1 0
1 0 0

M
P (20,5)
5→4 · g5 =

3
3 1
3 1
1 0
 · [ 3 33 1 0 ] =

3 3
3 1 0
3 1 0
1 0 0

g4 ·MP (19,2)5→4 −MP (20,5)5→4 · g5 =

3 3
3 1 0
3 1 0
1 0 0
−

3 3
3 1 0
3 1 0
1 0 0
 = [ 67 0 ]
5. g3 ·MP (19,2)6→3 −MP (20,5)6→3 · g6 = 0
g3 ·MP (19,2)6→3 =

6 1 3 3 1 3 1 2
6 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
3 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

6 7
4 0 0
6 1 0
3 0 0
7 0 1

=

4 2 1 3 3 1 3 1 2
4 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0 91 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0
 ·

2 1 3 1 3 1 2
4 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

2 1 3 1 3 1 2
4 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0

M
P (20,5)
6→3 · g6 =
[ 7
4 0
7 1
]
·

2 1 3 1 3 1 2
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =

2 1 3 1
4 0 0 0 0
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
 ·

2 1 3 1 3 1 2
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =

2 1 3 1 3 1 2
4 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0

g3 ·MP (19,2)6→3 −MP (20,5)6→3 · g6 =

2 1 3 1 3 1 2
4 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
−

2 1 3 1 3 1 2
4 0 0 0 0 0 0 0
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =
[13
11 0
]
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6. g6 ·MP (19,2)7→6 −MP (20,5)7→6 · g7 = 0
g6 ·MP (19,2)7→6 =

2 1 3 1 3 1 2
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

=

2 1 3 1 3 1 2
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
1 0 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

3 1 2
2 0 0 0
1 0 0 0
3 1 0 0
1 0 91 0
 =

3 1 2
3 0 0 0
3 1 0 0
1 0 91 0

M
P (20,5)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 3 1 2
3 1 0 0
1 0 91 0
]
=

3 1
3 0 0
3 1 0
1 0 1
 · [
3 1 2
3 1 0 0
1 0 91 0
]
=

3 1 2
3 0 0 0
3 1 0 0
1 0 91 0

g6 ·MP (19,2)7→6 −MP (20,5)7→6 · g7 =

3 1 2
3 0 0 0
3 1 0 0
1 0 91 0
−

3 1 2
3 0 0 0
3 1 0 0
1 0 91 0
 = [ 67 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 3
4 1 0
]
·
[ 3
4 0
3 1
]
=
[ 3
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 6
7 1 0
]
·

3 3
7 0 0
3 91 1
3 0 1
 = [ 7 3 37 1 0 0 ] ·

3 3
7 0 0
3 91 1
3 0 1
 = [ 67 0 ]
3. g3 · f3 = 0
g3 · f3 =

6 1 3 3 1 3 1 2
6 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
3 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

1 1 1 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

6 1 3 1 1 1 1 1 1 1 1 1 1
6 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 1 0 0 0 91 0 0
3 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
 ·

1 1 1 1 1 1 1 1 1
6 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0
1 0 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 1 0
1 0 0 0 0 91 0 0 1 1
1 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=
[ 9
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 3 1 3
6 1 0 0 0
1 0 0 1 0
]
·

3 3
6 0 0
3 1 91
1 0 0
3 0 91
 =
[ 6
7 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =

2 1 3 1 3 1 2
2 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

2 1 1 2
6 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

=

2 1 3 1 2 1 1 2
2 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
3 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 91 0
 ·

2 1 1 2
2 0 0 0 0
1 0 0 0 0
3 0 0 0 0
1 0 0 1 0
2 91 0 0 1
1 0 91 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 6
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 1 2
3 1 0 0
1 0 91 0
]
·
[ 2
4 0
2 1
]
=
[ 3 1 2
3 1 0 0
1 0 91 0
]
·

2
3 0
1 0
2 1
 = [ 24 0 ]
125.4.2 0→ P (18, 1) f→ P (19, 2) g→ P (19, 1)→ 0 
PdimP (18, 1) + dimP (19, 1) = (4, 7, 10, 6, 3, 6, 3) + (3, 6, 10, 7, 3, 7, 3)
= (7, 13, 20, 13, 6, 13, 6) = dimP (19, 2)
Pdimk Ext
1
kQ(P (19, 1), P (18, 1)) = dimk HomkQ(P (19, 1), P (18, 1))− 〈dimP (19, 1),dimP (18, 1)〉
= 0− 〈(3, 6, 10, 7, 3, 7, 3), (4, 7, 10, 6, 3, 6, 3)〉
= 3 · 7 + 6 · 10 + 7 · 10 + 3 · 6 + 7 · 10 + 3 · 6− (3 · 4 + 6 · 7 + 10 · 10 + 7 · 6 + 3 · 3 + 7 · 6 + 3 · 3)
= 21 + 60 + 70 + 18 + 70 + 18− (12 + 42 + 100 + 42 + 9 + 42 + 9)
= 1
Matrices of the embedding f : P (18, 1)→ P (19, 2) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M20,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (19, 2)→ P (19, 1) P
1. g1 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,13(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,20(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,13(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,13(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (18, 1)→ P (19, 2) P
1. f2 ·MP (18,1)1→2 −MP (19,2)1→2 · f1 = 0
f2 ·MP (18,1)1→2 =
[ 7
7 1
6 0
]
·
[ 4
4 1
3 0
]
=

4 3
4 1 0
3 0 1
6 0 0
 · [
4
4 1
3 0
]
=

4
4 1
3 0
6 0
 = [
4
4 1
9 0
]
M
P (19,2)
1→2 · f1 =

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 ·
[ 4
4 1
3 0
]
=

4
4 1
3 0
3 0
3 0
 =
[ 4
4 1
9 0
]
f2 ·MP (18,1)1→2 −MP (19,2)1→2 · f1 =
[ 4
4 1
9 0
]
−
[ 4
4 1
9 0
]
=
[ 4
13 0
]
2. f3 ·MP (18,1)2→3 −MP (19,2)2→3 · f2 = 0
f3 ·MP (18,1)2→3 =
[10
10 1
10 0
]
·
[ 7
7 1
3 0
]
=

7 3
7 1 0
3 0 1
10 0 0
 · [
7
7 1
3 0
]
=

7
7 1
3 0
10 0
 = [
7
7 1
13 0
]
M
P (19,2)
2→3 · f2 =

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·
[ 7
7 1
6 0
]
=

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

7
7 1
2 0
2 0
2 0
 =

7
7 1
3 0
2 0
2 0
2 0
2 0
2 0

=
[ 7
7 1
13 0
]
f3 ·MP (18,1)2→3 −MP (19,2)2→3 · f2 =
[ 7
7 1
13 0
]
−
[ 7
7 1
13 0
]
=
[ 7
20 0
]
880
3. f3 ·MP (18,1)4→3 −MP (19,2)4→3 · f4 = 0
f3 ·MP (18,1)4→3 =
[10
10 1
10 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2 2 2
2 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
10 0 0 0

M
P (19,2)
4→3 · f4 =

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·
[ 6
6 1
7 0
]
=

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
7 0 0 0
 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
7 0 0 0
3 0 0 0

=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
10 0 0 0

f3 ·MP (18,1)4→3 −MP (19,2)4→3 · f4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
10 0 0 0

−

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
10 0 0 0

=
[ 6
20 0
]
4. f4 ·MP (18,1)5→4 −MP (19,2)5→4 · f5 = 0
f4 ·MP (18,1)5→4 =
[ 6
6 1
7 0
]
·
[ 3
3 1
3 1
]
=

3 3
3 1 0
3 0 1
7 0 0
 · [
3
3 1
3 1
]
=

3
3 1
3 1
7 0

M
P (19,2)
5→4 · f5 =

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 ·
[ 3
3 1
3 0
]
=

3
3 1
3 1
3 0
4 0
 =

3
3 1
3 1
7 0

f4 ·MP (18,1)5→4 −MP (19,2)5→4 · f5 =

3
3 1
3 1
7 0
−

3
3 1
3 1
7 0
 = [ 313 0 ]
5. f3 ·MP (18,1)6→3 −MP (19,2)6→3 · f6 = 0
f3 ·MP (18,1)6→3 =
[10
10 1
10 0
]
·
[ 6
4 0
6 1
]
=

4 6
4 1 0
6 0 1
10 0 0
 · [
6
4 0
6 1
]
=

6
4 0
6 1
10 0

M
P (19,2)
6→3 · f6 =

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 ·
[ 6
6 1
7 0
]
=

6
4 0
6 1
3 0
7 0
 =

6
4 0
6 1
10 0

f3 ·MP (18,1)6→3 −MP (19,2)6→3 · f6 =

6
4 0
6 1
10 0
−

6
4 0
6 1
10 0
 = [ 620 0 ]
6. f6 ·MP (18,1)7→6 −MP (19,2)7→6 · f7 = 0
f6 ·MP (18,1)7→6 =
[ 6
6 1
7 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
7 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
7 0

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M
P (19,2)
7→6 · f7 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

·
[ 3
3 1
3 0
]
=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

·

3
3 1
1 0
2 0
 =

3
2 0
1 0
3 1
4 0
1 0
2 0

=

3
3 0
3 1
7 0

f6 ·MP (18,1)7→6 −MP (19,2)7→6 · f7 =

3
3 0
3 1
7 0
−

3
3 0
3 1
7 0
 = [ 313 0 ]
Relations of the projection g : P (19, 2)→ P (19, 1) P
1. g2 ·MP (19,2)1→2 −MP (19,1)1→2 · g1 = 0
g2 ·MP (19,2)1→2 =
[ 7 6
6 0 1
]
·

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 =
[ 4 3 3 3
3 0 0 1 0
3 0 0 0 1
]
·

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 =
[ 4 3
3 0 1
3 0 1
]
M
P (19,1)
1→2 · g1 =
[ 3
3 1
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 1
3 0 1
]
g2 ·MP (19,2)1→2 −MP (19,1)1→2 · g1 =
[ 4 3
3 0 1
3 0 1
]
−
[ 4 3
3 0 1
3 0 1
]
=
[ 7
6 0
]
2. g3 ·MP (19,2)2→3 −MP (19,1)2→3 · g2 = 0
g3 ·MP (19,2)2→3 =
[10 10
10 0 1
]
·

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

7 3 2 2 2 2 2
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
P (19,1)
2→3 · g2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 7 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·MP (19,2)2→3 −MP (19,1)2→3 · g2 =

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[13
10 0
]
3. g3 ·MP (19,2)4→3 −MP (19,1)4→3 · g4 = 0
g3 ·MP (19,2)4→3 =
[10 10
10 0 1
]
·

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=
[ 2 2 2 2 2 7 3
7 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=
[ 2 2 2 7
7 0 0 0 1
3 0 0 0 0
]
=
[ 6 7
7 0 1
3 0 0
]
M
P (19,1)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[ 6 7
7 0 1
]
=
[ 6 7
7 0 1
3 0 0
]
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g3 ·MP (19,2)4→3 −MP (19,1)4→3 · g4 =
[ 6 7
7 0 1
3 0 0
]
−
[ 6 7
7 0 1
3 0 0
]
=
[13
10 0
]
4. g4 ·MP (19,2)5→4 −MP (19,1)5→4 · g5 = 0
g4 ·MP (19,2)5→4 =
[ 6 7
7 0 1
]
·

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 =
[ 3 3 3 4
3 0 0 1 0
4 0 0 0 1
]
·

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 =
[ 3 3
3 0 1
4 0 0
]
M
P (19,1)
5→4 · g5 =
[ 3
3 1
4 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
4 0 0
]
g4 ·MP (19,2)5→4 −MP (19,1)5→4 · g5 =
[ 3 3
3 0 1
4 0 0
]
−
[ 3 3
3 0 1
4 0 0
]
=
[ 6
7 0
]
5. g3 ·MP (19,2)6→3 −MP (19,1)6→3 · g6 = 0
g3 ·MP (19,2)6→3 =
[10 10
10 0 1
]
·

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 =
[ 4 6 3 7
3 0 0 1 0
7 0 0 0 1
]
·

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 =
[ 6 7
3 0 0
7 0 1
]
M
P (19,1)
6→3 · g6 =
[ 7
3 0
7 1
]
·
[ 6 7
7 0 1
]
=
[ 6 7
3 0 0
7 0 1
]
g3 ·MP (19,2)6→3 −MP (19,1)6→3 · g6 =
[ 6 7
3 0 0
7 0 1
]
−
[ 6 7
3 0 0
7 0 1
]
=
[13
10 0
]
6. g6 ·MP (19,2)7→6 −MP (19,1)7→6 · g7 = 0
g6 ·MP (19,2)7→6 =
[ 6 7
7 0 1
]
·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

=

2 1 3 4 1 2
4 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

=

3 1 2
4 0 0 0
1 0 1 0
2 0 0 1
 = [
3 3
4 0 0
3 0 1
]
M
P (19,1)
7→6 · g7 =
[ 3
4 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
4 0 0
3 0 1
]
g6 ·MP (19,2)7→6 −MP (19,1)7→6 · g7 =
[ 3 3
4 0 0
3 0 1
]
−
[ 3 3
4 0 0
3 0 1
]
=
[ 6
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 6
6 0 1
]
·
[ 7
7 1
6 0
]
=
[ 7
6 0
]
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3. g3 · f3 = 0
g3 · f3 =
[10 10
10 0 1
]
·
[10
10 1
10 0
]
=
[10
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 7
7 0 1
]
·
[ 6
6 1
7 0
]
=
[ 6
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 7
7 0 1
]
·
[ 6
6 1
7 0
]
=
[ 6
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
125.5 Tree module property of P (6n+ 1, 2) 
The matrices of the representation have full (column) rank P
1. MP (6n+1,2)1→2 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n+1,2)2→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]
∈M6n+2,4n+1(k) is already in column echelon form and has maximal column rank.
3. MP (6n+1,2)4→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0
 ∈M6n+2,4n+1(k) is already in column echelon form and has maximal column rank.
4. MP (6n+1,2)5→4 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
5. MP (6n+1,2)6→3 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ∈M6n+2,4n+1(k) is already in column echelon form and has maximal column rank.
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6. MP (6n+1,2)7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

∈M4n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+1,2)
7→6 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

c1↔c2−−−−→

1 n n−1
n−1 0 0 0
1 1 0 0
n 0 1 0
n+1 0 0 0
1 1 0 0
n−1 0 0 1

125.5.1 0→ P (6n− 1, 7) f→ P (6n+ 1, 2) g→ P (6n+ 2, 5)→ 0 
PdimP (6n− 1, 7) + dimP (6n+ 2, 5) = (n, 2n, 3n, 2n, n, 2n, n− 1) + (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 1, n+ 1)
= (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n) = dimP (6n+ 1, 2)
Pdimk Ext
1
kQ(P (6n+ 2, 5), P (6n− 1, 7)) = dimk HomkQ(P (6n+ 2, 5), P (6n− 1, 7))− 〈dimP (6n+ 2, 5),dimP (6n− 1, 7)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 1, n+ 1), (n, 2n, 3n, 2n, n, 2n, n− 1)〉
= (n+ 1) · 2n+ (2n+ 1) · 3n+ (2n+ 1) · 3n+ n · 2n+ (2n+ 1) · 3n+ (n+ 1) · 2n
− ((n+ 1) · n+ (2n+ 1) · 2n+ (3n+ 2) · 3n+ (2n+ 1) · 2n+ n · n+ (2n+ 1) · 2n+ (n+ 1) · (n− 1))
= 2n2 + 2n+ 6n2 + 3n+ 6n2 + 3n+ 2n2 + 6n2 + 3n+ 2n2 + 2n− (n2 + n+ 4n2 + 2n+ 9n2 + 6n+ 4n2 + 2n+ n2 + 4n2 + 2n+ n2 − 1)
= 1
Representation of P (6n− 1, 7) = P (6n+ 5, 7)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 7) = (n, 2n, 3n, 2n, n, 2n, n− 1)
Matrices of the representation:
1. MP (6n−1,7)1→2 =
[ n
n 0
n 1
]
∈M2n,n(k)
2. MP (6n−1,7)2→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. MP (6n−1,7)4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
4. MP (6n−1,7)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. MP (6n−1,7)6→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. MP (6n−1,7)7→6 =

n−1
n−1 1
2 0
n−1 1
 ∈M2n,n−1(k)
Matrices of the embedding f : P (6n− 1, 7)→ P (6n+ 1, 2) P
1. f1 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
2n+1 0 0
n 91 1
n 0 1
 ∈M4n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n n
2n+1 0 0
n 91 1
n 0 1
 c2←c2+c1−−−−−−→

n n
2n+1 0 0
n 91 0
n 0 1

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3. f3 =

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

2n n
4n+1 0 0
n 0 1
n+1 0 0
 ∈M6n+2,3n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

2n n
4n+1 0 0
n 0 1
n+1 0 0
 =

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

n n n
4n+1 0 0 0
n 0 0 1
n+1 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 5n+3 ... 6n+2
R2 = rows: 4n+2 ... 5n+1

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

n n n
4n+1 0 0 0
n 0 0 0
n+1 0 0 0
 =

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1

c2←c2+c1
c3←c3−c1−−−−−−→

n n n
3n+1 0 0 0
n 1 0 0
1 0 0 0
n 0 91 1
n 0 0 1

c3←c3+c2−−−−−−→

n n n
3n+1 0 0 0
n 1 0 0
1 0 0 0
n 0 91 0
n 0 0 1

4. f4 =

n n
2n 0 0
n 1 91
1 0 0
n 0 91
 ∈M4n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n n
2n 0 0
n 1 91
1 0 0
n 0 91
 c2←c2+c1−−−−−−→

n n
2n 0 0
n 1 0
1 0 0
n 0 91

5. f5 =
[ n
n 0
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

n n
2n+1 0 0
n 91 0
n 0 1
+

n n
2n 0 0
n 0 1
n+1 0 0
 ∈M4n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n−1 1 1 n−1
2n 0 0 0 0
1 0 0 1 0
n−1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
n−1 0 0 0 1

c1↔c3−−−−→

1 1 n−1 n−1
2n 0 0 0 0
1 1 0 0 0
n−1 0 0 91 1
1 0 91 0 0
1 1 0 0 0
n−1 0 0 0 1

c2↔c3−−−−→

1 n−1 1 n−1
2n 0 0 0 0
1 1 0 0 0
n−1 0 91 0 1
1 0 0 91 0
1 1 0 0 0
n−1 0 0 0 1

c4←c4+c2−−−−−−→

1 n−1 1 n−1
2n 0 0 0 0
1 1 0 0 0
n−1 0 91 0 0
1 0 0 91 0
1 1 0 0 0
n−1 0 0 0 1

=

1 n n−1
2n 0 0 0
1 1 0 0
n 0 91 0
1 1 0 0
n−1 0 0 1

7. f7 =
[n−1
n+1 0
n−1 1
]
∈M2n,n−1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 1, 2)→ P (6n+ 2, 5) P
1. g1 =
[n+1 n
n+1 1 0
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[2n+1 2n
2n+1 1 0
]
∈M2n+1,4n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =

2n 1 n n 1 n 1 n−1
2n 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ∈M3n+2,6n+2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[2n n 1 n
2n 1 0 0 0
1 0 0 1 0
]
∈M2n+1,4n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n n
n 1 0
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
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6. g6 =

n−1 1 n 1 n 1 n−1
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ∈M2n+1,4n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n 1 n−1
n 1 0 0
1 0 91 0
]
∈Mn+1,2n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 1, 7)→ P (6n+ 1, 2) P
1. f2 ·MP (6n−1,7)1→2 −MP (6n+1,2)1→2 · f1 = 0
f2 ·MP (6n−1,7)1→2 =

n n
2n+1 0 0
n 91 1
n 0 1
 · [
n
n 0
n 1
]
=

n
2n+1 0
n 1
n 1

M
P (6n+1,2)
1→2 · f1 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ·
[ n
n+1 0
n 1
]
=

n
n+1 0
n 0
n 1
n 1
 =

n
2n+1 0
n 1
n 1

f2 ·MP (6n−1,7)1→2 −MP (6n+1,2)1→2 · f1 =

n
2n+1 0
n 1
n 1
−

n
2n+1 0
n 1
n 1
 = [ n4n+1 0 ]
2. f3 ·MP (6n−1,7)2→3 −MP (6n+1,2)2→3 · f2 = 0
f3 ·MP (6n−1,7)2→3 =


n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

2n n
4n+1 0 0
n 0 1
n+1 0 0


·
[2n
n 0
2n 1
]
=

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
 ·

n n
n 0 0
n 1 0
n 0 1
+

n n n
4n+1 0 0 0
n 0 0 1
n+1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1

=

n n
3n+1 0 0
n 91 1
1 0 0
n 91 1
n 0 1
+

n n
4n+1 0 0
n 0 1
n+1 0 0
 =

n−1 1 n−1 1
3n+1 0 0 0 0
n−1 91 0 1 0
1 0 91 0 1
1 0 0 0 0
n−1 91 0 1 0
1 0 91 0 1
n−1 0 0 1 0
1 0 0 0 1

+

n 1 n−1
3n+1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n n
3n+1 0 0
n 91 1
1 0 0
n 91 1
n 0 1
+

n n
4n+1 0 0
n 0 1
n+1 0 0

M
P (6n+1,2)
2→3 · f2 =


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]

·

n n
2n+1 0 0
n 91 1
n 0 1
 =

2n+1 n n
2n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n n
2n+1 0 0
n 91 1
n 0 1
+

2n+1 n n
4n+2 0 0 0
n 0 1 0
n 0 0 1
 ·

n n
2n+1 0 0
n 91 1
n 0 1

=

n n
2n+1 0 0
n 0 0
n 91 1
n 0 1
n+1 0 0
+

n n
4n+2 0 0
n 91 1
n 0 1
 =

1 n−1 1 n−1
2n+1 0 0 0 0
n 0 0 0 0
1 91 0 1 0
n−1 0 91 0 1
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

+

n−1 1 n−1 1
2n+1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 91 0 1 0
1 0 91 0 1
n−1 0 0 1 0
1 0 0 0 1

=

n n
3n+1 0 0
n 91 1
n 0 1
n+1 0 0
+

n n
4n+2 0 0
n 91 1
n 0 1

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f3 ·MP (6n−1,7)2→3 −MP (6n+1,2)2→3 · f2 =


n n
3n+1 0 0
n 91 1
1 0 0
n 91 1
n 0 1
+

n n
4n+1 0 0
n 0 1
n+1 0 0


−


n n
3n+1 0 0
n 91 1
n 0 1
n+1 0 0
+

n n
4n+2 0 0
n 91 1
n 0 1


=


n n
3n+1 0 0
n 91 0
2n+1 0 0
+

n n
3n+1 0 0
n 0 1
2n+1 0 0
+

n n
4n+2 0 0
n 91 0
n 0 0
+

n n
4n+2 0 0
n 0 1
n 0 0
+ [
n n
5n+2 0 0
n 0 1
]
+

n n
4n+1 0 0
n 0 1
n+1 0 0


−


n n
3n+1 0 0
n 91 0
2n+1 0 0
+

n n
3n+1 0 0
n 0 1
2n+1 0 0
+

n n
4n+2 0 0
n 91 0
n 0 0
+

n n
4n+2 0 0
n 0 1
n 0 0
+ [
n n
5n+2 0 0
n 0 1
]
+

n n
4n+1 0 0
n 0 1
n+1 0 0


=
[2n
6n+2 0
]
3. f3 ·MP (6n−1,7)4→3 −MP (6n+1,2)4→3 · f4 = 0
f3 ·MP (6n−1,7)4→3 =


n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

2n n
4n+1 0 0
n 0 1
n+1 0 0


·
[2n
2n 1
n 0
]
=

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
 ·

n n
n 1 0
n 0 1
n 0 0
+

2n n
4n+1 0 0
n 0 1
n+1 0 0
 · [
2n
2n 1
n 0
]
=

n n
3n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0
+

2n
4n+1 0
n 0
n+1 0
 =

n−1 1 n−1 1
3n+1 0 0 0 0
n−1 1 0 91 0
1 0 1 0 91
1 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
n 0 0 0 0

+

n n
3n+1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0

=

n n
3n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0

M
P (6n+1,2)
4→3 · f4 =


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0


·

n n
2n 0 0
n 1 91
1 0 0
n 0 91
 =

2n n 1 n
2n 1 0 0 0
n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

·

n n
2n 0 0
n 1 91
1 0 0
n 0 91
+

2n n 1 n
n+1 0 0 0 0
2n 1 0 0 0
3n+1 0 0 0 0
 ·

n n
2n 0 0
n 1 91
1 0 0
n 0 91

=

n n
2n 0 0
n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0

+

n n
n+1 0 0
2n 0 0
3n+1 0 0
 =

n n
n+1 0 0
n−1 0 0
n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0

+

n n
n+1 0 0
n−1 0 0
n+1 0 0
n 0 0
1 0 0
n 0 0
n 0 0

=

n n
3n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0

f3 ·MP (6n−1,7)4→3 −MP (6n+1,2)4→3 · f4 =

n n
3n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0
−

n n
3n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0
 =
[2n
6n+2 0
]
4. f4 ·MP (6n−1,7)5→4 −MP (6n+1,2)5→4 · f5 = 0
f4 ·MP (6n−1,7)5→4 =

n n
2n 0 0
n 1 91
1 0 0
n 0 91
 ·
[ n
n 1
n 0
]
=

n
2n 0
n 1
1 0
n 0
 =

n
2n 0
n 1
n+1 0

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M
P (6n+1,2)
5→4 · f5 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ·
[ n
n 0
n 1
]
=

n
n 0
n 0
n 1
n+1 0
 =

n
2n 0
n 1
n+1 0

f4 ·MP (6n−1,7)5→4 −MP (6n+1,2)5→4 · f5 =

n
2n 0
n 1
n+1 0
−

n
2n 0
n 1
n+1 0
 = [ n4n+1 0 ]
5. f3 ·MP (6n−1,7)6→3 −MP (6n+1,2)6→3 · f6 = 0
f3 ·MP (6n−1,7)6→3 =


n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

2n n
4n+1 0 0
n 0 1
n+1 0 0


·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
=

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
 ·

n n
n 1 0
n 0 1
n 0 0
+

n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
 ·

n n
n 0 0
n 1 0
n 0 1
+

2n n
4n+1 0 0
n 0 1
n+1 0 0
 · [
2n
2n 1
n 0
]
+

n n n
4n+1 0 0 0
n 0 0 1
n+1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1

=

n n
3n+1 0 0
n 1 91
1 0 0
n 0 91
n 0 0
+

n n
3n+1 0 0
n 91 1
1 0 0
n 91 1
n 0 1
+

2n
4n+1 0
n 0
n+1 0
+

n n
4n+1 0 0
n 0 1
n+1 0 0

=

n−1 1 n−1 1
3n+1 0 0 0 0
n−1 1 0 91 0
1 0 1 0 91
1 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
n−1 0 0 0 0
1 0 0 0 0

+

n−1 1 n−1 1
3n+1 0 0 0 0
n−1 91 0 1 0
1 0 91 0 1
1 0 0 0 0
n−1 91 0 1 0
1 0 91 0 1
n−1 0 0 1 0
1 0 0 0 1

+

n n
3n+1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
n−1 0 0
1 0 0

+

n 1 n−1
3n+1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n−1 1 1 n−1
4n+1 0 0 0 0
1 0 0 1 0
n−1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
n−1 0 0 0 1

M
P (6n+1,2)
6→3 · f6 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ·


n n
2n+1 0 0
n 91 0
n 0 1
+

n n
2n 0 0
n 0 1
n+1 0 0


=

2n 1 n n
n+1 0 0 0 0
2n 1 0 0 0
n 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1

·

n n
2n 0 0
1 0 0
n 91 0
n 0 1
+

2n n n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
n 0 1 0
n+1 0 0 1
 ·

n n
2n 0 0
n 0 1
n+1 0 0

=

n n
n+1 0 0
2n 0 0
n 0 0
1 0 0
n 91 0
n 0 1

+

n n
n+1 0 0
2n 0 0
n 0 0
n 0 1
n+1 0 0
 =

n−1 1 n
n+1 0 0 0
2n 0 0 0
n 0 0 0
1 0 0 0
n−1 91 0 0
1 0 91 0
n 0 0 1

+

n 1 n−1
n+1 0 0 0
2n 0 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n 0 0 0

=

n−1 1 1 n−1
4n+1 0 0 0 0
1 0 0 1 0
n−1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
n−1 0 0 0 1

f3 ·MP (6n−1,7)6→3 −MP (6n+1,2)6→3 · f6 =

n−1 1 1 n−1
4n+1 0 0 0 0
1 0 0 1 0
n−1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
n−1 0 0 0 1

−

n−1 1 1 n−1
4n+1 0 0 0 0
1 0 0 1 0
n−1 91 0 0 1
1 0 91 0 0
1 0 0 1 0
n−1 0 0 0 1

=
[2n
6n+2 0
]
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6. f6 ·MP (6n−1,7)7→6 −MP (6n+1,2)7→6 · f7 = 0
f6 ·MP (6n−1,7)7→6 =


n n
2n+1 0 0
n 91 0
n 0 1
+

n n
2n 0 0
n 0 1
n+1 0 0


·

n−1
n−1 1
2 0
n−1 1
 =

n−1 1 1 n−1
2n+1 0 0 0 0
n−1 91 0 0 0
1 0 91 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

n−1
n−1 1
1 0
1 0
n−1 1
+

n−1 1 1 n−1
2n 0 0 0 0
1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
 ·

n−1
n−1 1
1 0
1 0
n−1 1

=

n−1
2n+1 0
n−1 91
1 0
1 0
n−1 1
+

n−1
2n 0
1 0
n−1 1
n+1 0
 =

n−1
2n 0
1 0
n−1 91
1 0
1 0
n−1 1

+

n−1
2n 0
1 0
n−1 1
1 0
1 0
n−1 0

=
[n−1
3n+2 0
n−1 1
]
M
P (6n+1,2)
7→6 · f7 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

·
[n−1
n+1 0
n−1 1
]
=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

·

n−1
n 0
1 0
n−1 1
 =

n−1
n−1 0
1 0
n 0
n+1 0
1 0
n−1 1

=
[n−1
3n+2 0
n−1 1
]
f6 ·MP (6n−1,7)7→6 −MP (6n+1,2)7→6 · f7 =
[n−1
3n+2 0
n−1 1
]
−
[n−1
3n+2 0
n−1 1
]
=
[n−1
4n+1 0
]
Relations of the projection g : P (6n+ 1, 2)→ P (6n+ 2, 5) P
1. g2 ·MP (6n+1,2)1→2 −MP (6n+2,5)1→2 · g1 = 0
g2 ·MP (6n+1,2)1→2 =
[2n+1 2n
2n+1 1 0
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 =
[n+1 n n n
n+1 1 0 0 0
n 0 1 0 0
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 =
[n+1 n
n+1 1 0
n 0 0
]
M
P (6n+2,5)
1→2 · g1 =
[n+1
n+1 1
n 0
]
·
[n+1 n
n+1 1 0
]
=
[n+1 n
n+1 1 0
n 0 0
]
g2 ·MP (6n+1,2)1→2 −MP (6n+2,5)1→2 · g1 =
[n+1 n
n+1 1 0
n 0 0
]
−
[n+1 n
n+1 1 0
n 0 0
]
=
[2n+1
2n+1 0
]
2. g3 ·MP (6n+1,2)2→3 −MP (6n+2,5)2→3 · g2 = 0
g3 ·MP (6n+1,2)2→3 =

2n 1 n n 1 n 1 n−1
2n 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]

=

2n 1 n n 1 n−1 1 1 n−1
2n 1 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 91 0
n 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0
 ·

2n 1 n 1 n−1
2n 1 0 0 0 0
1 0 1 0 0 0
n 0 0 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0

+

2n 1 n n 1 n 1 n−1
2n 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

2n+1 n 1 n−1
2n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

=

2n 1 n 1 n−1
2n 1 0 0 0 0
1 0 1 0 1 0
n 0 0 0 0 0
1 0 0 0 1 0
+

2n+1 n 1 n−1
2n 0 0 0 0
1 0 0 91 0
n 0 0 0 0
1 0 0 91 0
 =

2n 1 n 1 n−1
2n 1 0 0 0 0
1 0 1 0 1 0
n 0 0 0 0 0
1 0 0 0 1 0
+

2n 1 n 1 n−1
2n 0 0 0 0 0
1 0 0 0 91 0
n 0 0 0 0 0
1 0 0 0 91 0
 =
[2n+1 2n
2n+1 1 0
n+1 0 0
]
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M
P (6n+2,5)
2→3 · g2 =
[2n+1
2n+1 1
n+1 0
]
·
[2n+1 2n
2n+1 1 0
]
=
[2n+1 2n
2n+1 1 0
n+1 0 0
]
g3 ·MP (6n+1,2)2→3 −MP (6n+2,5)2→3 · g2 =
[2n+1 2n
2n+1 1 0
n+1 0 0
]
−
[2n+1 2n
2n+1 1 0
n+1 0 0
]
=
[4n+1
3n+2 0
]
3. g3 ·MP (6n+1,2)4→3 −MP (6n+2,5)4→3 · g4 = 0
g3 ·MP (6n+1,2)4→3 =

2n 1 n n 1 n 1 n−1
2n 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0


=

2n 1 n n 1 n 1 n−1
2n 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

2n n 1 n
2n 1 0 0 0
1 0 0 0 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

+

n+1 n−1 1 n n 1 n 1 n−1
n+1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0 91 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0
 ·

n−1 1 n 2n+1
n+1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

=

2n n 1 n
2n 1 0 0 0
1 0 0 1 0
n 0 0 0 0
1 0 0 1 0
+

n−1 1 n 2n+1
n+1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 0

=

n−1 1 1 n−1 n 1 n
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0

+

n−1 1 n n 1 n
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 0 0 0

=

n−1 1 1 n−1 n 1 n
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

M
P (6n+2,5)
4→3 · g4 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[2n n 1 n
2n 1 0 0 0
1 0 0 1 0
]
=

2n 1
2n 1 0
1 0 1
n+1 0 0
 · [
2n n 1 n
2n 1 0 0 0
1 0 0 1 0
]
+

2n 1
n+1 0 0
2n 1 0
1 0 1
 · [
2n n 1 n
2n 1 0 0 0
1 0 0 1 0
]
=

2n n 1 n
2n 1 0 0 0
1 0 0 1 0
n+1 0 0 0 0
+

2n n 1 n
n+1 0 0 0 0
2n 1 0 0 0
1 0 0 1 0

=

n+1 n−1 n 1 n
n+1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 1 0
n 0 0 0 0 0
1 0 0 0 0 0
+

n−1 1 n n 1 n
n+1 0 0 0 0 0 0
n−1 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 0 1 0
 =

n−1 1 1 n−1 n 1 n
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

g3 ·MP (6n+1,2)4→3 −MP (6n+2,5)4→3 · g4 =

n−1 1 1 n−1 n 1 n
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

−

n−1 1 1 n−1 n 1 n
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−1 1 0 0 1 0 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0

=
[4n+1
3n+2 0
]
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4. g4 ·MP (6n+1,2)5→4 −MP (6n+2,5)5→4 · g5 = 0
g4 ·MP (6n+1,2)5→4 =
[2n n 1 n
2n 1 0 0 0
1 0 0 1 0
]
·

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 =

n n n 1 n
n 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
 ·

n n
n 1 0
n 1 0
n 0 1
1 0 0
n 0 0
 =

n n
n 1 0
n 1 0
1 0 0

M
P (6n+2,5)
5→4 · g5 =

n
n 1
n 1
1 0
 · [ n nn 1 0 ] =

n n
n 1 0
n 1 0
1 0 0

g4 ·MP (6n+1,2)5→4 −MP (6n+2,5)5→4 · g5 =

n n
n 1 0
n 1 0
1 0 0
−

n n
n 1 0
n 1 0
1 0 0
 = [2n2n+1 0 ]
5. g3 ·MP (6n+1,2)6→3 −MP (6n+2,5)6→3 · g6 = 0
g3 ·MP (6n+1,2)6→3 =

2n 1 n n 1 n 1 n−1
2n 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1

=

n+1 n−1 1 n n 1 n 1 n−1
n+1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0 91 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0
 ·

n−1 1 n 1 n 1 n−1
n+1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n 0 0 1 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

=

n−1 1 n 1 n 1 n−1
n+1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0

M
P (6n+2,5)
6→3 · g6 =
[2n+1
n+1 0
2n+1 1
]
·

n−1 1 n 1 n 1 n−1
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0

=

n−1 1 n 1
n+1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
 ·

n−1 1 n 1 n 1 n−1
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =

n−1 1 n 1 n 1 n−1
n+1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0

g3 ·MP (6n+1,2)6→3 −MP (6n+2,5)6→3 · g6 =

n−1 1 n 1 n 1 n−1
n+1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
−

n−1 1 n 1 n 1 n−1
n+1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 =
[4n+1
3n+2 0
]
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6. g6 ·MP (6n+1,2)7→6 −MP (6n+2,5)7→6 · g7 = 0
g6 ·MP (6n+1,2)7→6 =

n−1 1 n 1 n 1 n−1
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n 1 n 1 n−1
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
1 0 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

=

n 1 n−1
n−1 0 0 0
1 0 0 0
n 1 0 0
1 0 91 0
 =

n 1 n−1
n 0 0 0
n 1 0 0
1 0 91 0

M
P (6n+2,5)
7→6 · g7 =
[n+1
n 0
n+1 1
]
·
[ n 1 n−1
n 1 0 0
1 0 91 0
]
=

n 1
n 0 0
n 1 0
1 0 1
 · [
n 1 n−1
n 1 0 0
1 0 91 0
]
=

n 1 n−1
n 0 0 0
n 1 0 0
1 0 91 0

g6 ·MP (6n+1,2)7→6 −MP (6n+2,5)7→6 · g7 =

n 1 n−1
n 0 0 0
n 1 0 0
1 0 91 0
−

n 1 n−1
n 0 0 0
n 1 0 0
1 0 91 0
 = [2n2n+1 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1 n
n+1 1 0
]
·
[ n
n+1 0
n 1
]
=
[ n
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =
[2n+1 2n
2n+1 1 0
]
·

n n
2n+1 0 0
n 91 1
n 0 1
 = [2n+1 n n2n+1 1 0 0 ] ·

n n
2n+1 0 0
n 91 1
n 0 1
 = [2n2n+1 0 ]
3. g3 · f3 = 0
g3 · f3 =

2n 1 n n 1 n 1 n−1
2n 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 0
 ·


n n n
3n+1 0 0 0
n 1 91 1
1 0 0 0
n 0 91 1
n 0 0 1
+

2n n
4n+1 0 0
n 0 1
n+1 0 0


=

2n 1 n 1 n−1 1 1 n−1 1 n−1
2n 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 91 0
n 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91 0
 ·

1 n−1 1 n−1 1 n−1
2n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 1 0 91 0 1 0
n−1 0 1 0 91 0 1
1 0 0 0 0 0 0
1 0 0 91 0 1 0
n−1 0 0 0 91 0 1
1 0 0 0 0 1 0
n−1 0 0 0 0 0 1

+

2n 1 n n 1 n−1 1 1 n−1
2n 1 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 91 0
n 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0
 ·

2n 1 n−1
2n 0 0 0
1 0 0 0
n 0 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

=

1 n−1 1 n−1 1 n−1
2n 0 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 0 0 0 0
1 0 0 0 0 91 0
+

2n 1 n−1
2n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
 =

1 n−1 1 n−1 1 n−1
2n 0 0 0 0 0 0
1 0 0 0 0 91 0
n 0 0 0 0 0 0
1 0 0 0 0 91 0
+

1 n−1 1 n−1 1 n−1
2n 0 0 0 0 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 0
1 0 0 0 0 1 0
 =
[3n
3n+2 0
]
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4. g4 · f4 = 0
g4 · f4 =
[2n n 1 n
2n 1 0 0 0
1 0 0 1 0
]
·

n n
2n 0 0
n 1 91
1 0 0
n 0 91
 =
[2n
2n+1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n n
n 1 0
]
·
[ n
n 0
n 1
]
=
[ n
n 0
]
6. g6 · f6 = 0
g6 · f6 =

n−1 1 n 1 n 1 n−1
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·


n n
2n+1 0 0
n 91 0
n 0 1
+

n n
2n 0 0
n 0 1
n+1 0 0


=

n−1 1 n 1 n 1 n−1
n−1 1 0 0 0 0 0 0
1 0 1 0 1 0 91 0
n 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0
 ·

n 1 n−1
n−1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 91 0 0
1 0 1 0
n−1 0 0 1

+

n−1 1 n 1 n−1 1 1 n−1
n−1 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
n 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 91 0
 ·

n 1 n−1
n−1 0 0 0
1 0 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

=

n 1 n−1
n−1 0 0 0
1 0 91 0
n 0 0 0
1 0 91 0
+

n 1 n−1
n−1 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
 =
[2n
2n+1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n 1 n−1
n 1 0 0
1 0 91 0
]
·
[n−1
n+1 0
n−1 1
]
=
[ n 1 n−1
n 1 0 0
1 0 91 0
]
·

n−1
n 0
1 0
n−1 1
 = [n−1n+1 0 ]
125.5.2 0→ P (6n, 1) i→ P (6n+ 1, 2) p→ P (6n+ 1, 1)→ 0 
PdimP (6n, 1) + dimP (6n+ 1, 1) = (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n) + (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n)
= (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n) = dimP (6n+ 1, 2)
Pdimk Ext
1
kQ(P (6n+ 1, 1), P (6n, 1)) = dimk HomkQ(P (6n+ 1, 1), P (6n, 1))− 〈dimP (6n+ 1, 1),dimP (6n, 1)〉
= 0− 〈(n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n), (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n)〉
= n · (2n+ 1) + 2n · (3n+ 1) + (2n+ 1) · (3n+ 1) + n · 2n+ (2n+ 1) · (3n+ 1) + n · 2n
− (n · (n+ 1) + 2n · (2n+ 1) + (3n+ 1) · (3n+ 1) + (2n+ 1) · 2n+ n · n+ (2n+ 1) · 2n+ n · n)
= 2n2 + n+ 6n2 + 2n+ 6n2 + 5n+ 1 + 2n2 + 6n2 + 5n+ 1 + 2n2 − (n2 + n+ 4n2 + 2n+ 9n2 + 6n+ 1 + 4n2 + 2n+ n2 + 4n2 + 2n+ n2)
= 1
Matrices of the embedding i : P (6n, 1)→ P (6n+ 1, 2) P
1. i1 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
2n 0
]
∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+1
3n+1 1
3n+1 0
]
∈M6n+2,3n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n
2n 1
2n+1 0
]
∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
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5. i5 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n
2n 1
2n+1 0
]
∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 1, 2)→ P (6n+ 1, 1) P
1. p1 =
[n+1 n
n 0 1
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 2n
2n 0 1
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+1 3n+1
3n+1 0 1
]
∈M3n+1,6n+2(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n 2n+1
2n+1 0 1
]
∈M2n+1,4n+1(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n 2n+1
2n+1 0 1
]
∈M2n+1,4n+1(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n, 1)→ P (6n+ 1, 2) P
1. i2 ·MP (6n,1)1→2 −MP (6n+1,2)1→2 · i1 = 0
i2 ·MP (6n,1)1→2 =
[2n+1
2n+1 1
2n 0
]
·
[n+1
n+1 1
n 0
]
=

n+1 n
n+1 1 0
n 0 1
2n 0 0
 · [
n+1
n+1 1
n 0
]
=

n+1
n+1 1
n 0
2n 0
 = [
n+1
n+1 1
3n 0
]
M
P (6n+1,2)
1→2 · i1 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ·
[n+1
n+1 1
n 0
]
=

n+1
n+1 1
n 0
n 0
n 0
 =
[n+1
n+1 1
3n 0
]
i2 ·MP (6n,1)1→2 −MP (6n+1,2)1→2 · i1 =
[n+1
n+1 1
3n 0
]
−
[n+1
n+1 1
3n 0
]
=
[n+1
4n+1 0
]
2. i3 ·MP (6n,1)2→3 −MP (6n+1,2)2→3 · i2 = 0
i3 ·MP (6n,1)2→3 =
[3n+1
3n+1 1
3n+1 0
]
·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
2n+1 1 0
n 0 1
3n+1 0 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1
2n+1 1
n 0
3n+1 0
 = [
2n+1
2n+1 1
4n+1 0
]
M
P (6n+1,2)
2→3 · i2 =


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]

·
[2n+1
2n+1 1
2n 0
]
=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
 ·
[2n+1
2n+1 1
2n 0
]
+
[2n+1 2n
4n+2 0 0
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=

2n+1
2n+1 1
n 0
2n 0
n+1 0
+
[2n+1
4n+2 0
2n 0
]
=

2n+1
2n+1 1
n 0
n+1 0
n−1 0
n+1 0
+

2n+1
2n+1 0
n 0
n+1 0
n−1 0
n+1 0
 =
[2n+1
2n+1 1
4n+1 0
]
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i3 ·MP (6n,1)2→3 −MP (6n+1,2)2→3 · i2 =
[2n+1
2n+1 1
4n+1 0
]
−
[2n+1
2n+1 1
4n+1 0
]
=
[2n+1
6n+2 0
]
3. i3 ·MP (6n,1)4→3 −MP (6n+1,2)4→3 · i4 = 0
i3 ·MP (6n,1)4→3 =
[3n+1
3n+1 1
3n+1 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] =

2n n+1
2n 1 0
n+1 0 1
3n+1 0 0
 · [
2n
2n 1
n+1 0
]
+

n+1 2n
n+1 1 0
2n 0 1
3n+1 0 0
 · [
2n
n+1 0
2n 1
]
=

2n
2n 1
n+1 0
3n+1 0
+

2n
n+1 0
2n 1
3n+1 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
3n+1 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
3n+1 0 0
 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+1 0 0 0

M
P (6n+1,2)
4→3 · i4 =


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0


·
[2n
2n 1
2n+1 0
]
=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
 ·
[2n
2n 1
2n+1 0
]
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0
 · [
2n
2n 1
2n+1 0
]
=

2n
2n 1
n+1 0
2n+1 0
n 0
+

2n
n+1 0
2n 1
3n+1 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
2n+1 0 0
n 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
2n+1 0 0
n 0 0
 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+1 0 0 0

i3 ·MP (6n,1)4→3 −MP (6n+1,2)4→3 · i4 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+1 0 0 0

−

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+1 0 0 0

=
[2n
6n+2 0
]
4. i4 ·MP (6n,1)5→4 −MP (6n+1,2)5→4 · i5 = 0
i4 ·MP (6n,1)5→4 =
[2n
2n 1
2n+1 0
]
·
[ n
n 1
n 1
]
=

n n
n 1 0
n 0 1
2n+1 0 0
 · [
n
n 1
n 1
]
=

n
n 1
n 1
2n+1 0

M
P (6n+1,2)
5→4 · i5 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ·
[ n
n 1
n 0
]
=

n
n 1
n 1
n 0
n+1 0
 =

n
n 1
n 1
2n+1 0

i4 ·MP (6n,1)5→4 −MP (6n+1,2)5→4 · i5 =

n
n 1
n 1
2n+1 0
−

n
n 1
n 1
2n+1 0
 = [ n4n+1 0 ]
5. i3 ·MP (6n,1)6→3 −MP (6n+1,2)6→3 · i6 = 0
i3 ·MP (6n,1)6→3 =
[3n+1
3n+1 1
3n+1 0
]
·
[2n
n+1 0
2n 1
]
=

n+1 2n
n+1 1 0
2n 0 1
3n+1 0 0
 · [
2n
n+1 0
2n 1
]
=

2n
n+1 0
2n 1
3n+1 0

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M
P (6n+1,2)
6→3 · i6 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ·
[2n
2n 1
2n+1 0
]
=

2n
n+1 0
2n 1
n 0
2n+1 0
 =

2n
n+1 0
2n 1
3n+1 0

i3 ·MP (6n,1)6→3 −MP (6n+1,2)6→3 · i6 =

2n
n+1 0
2n 1
3n+1 0
−

2n
n+1 0
2n 1
3n+1 0
 = [2n6n+2 0 ]
6. i6 ·MP (6n,1)7→6 −MP (6n+1,2)7→6 · i7 = 0
i6 ·MP (6n,1)7→6 =
[2n
2n 1
2n+1 0
]
·
[ n
n 0
n 1
]
=

n n
n 1 0
n 0 1
2n+1 0 0
 · [
n
n 0
n 1
]
=

n
n 0
n 1
2n+1 0

M
P (6n+1,2)
7→6 · i7 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

·
[ n
n 1
n 0
]
=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

·

n
n 1
1 0
n−1 0
 =

n
n−1 0
1 0
n 1
n+1 0
1 0
n−1 0

=

n
n 0
n 1
2n+1 0

i6 ·MP (6n,1)7→6 −MP (6n+1,2)7→6 · i7 =

n
n 0
n 1
2n+1 0
−

n
n 0
n 1
2n+1 0
 = [ n4n+1 0 ]
Relations of the projection p : P (6n+ 1, 2)→ P (6n+ 1, 1) P
1. p2 ·MP (6n+1,2)1→2 −MP (6n+1,1)1→2 · p1 = 0
p2 ·MP (6n+1,2)1→2 =
[2n+1 2n
2n 0 1
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 =
[n+1 n n n
n 0 0 1 0
n 0 0 0 1
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 =
[n+1 n
n 0 1
n 0 1
]
M
P (6n+1,1)
1→2 · p1 =
[ n
n 1
n 1
]
·
[n+1 n
n 0 1
]
=
[n+1 n
n 0 1
n 0 1
]
p2 ·MP (6n+1,2)1→2 −MP (6n+1,1)1→2 · p1 =
[n+1 n
n 0 1
n 0 1
]
−
[n+1 n
n 0 1
n 0 1
]
=
[2n+1
2n 0
]
2. p3 ·MP (6n+1,2)2→3 −MP (6n+1,1)2→3 · p2 = 0
p3 ·MP (6n+1,2)2→3 =
[3n+1 3n+1
3n+1 0 1
]
·


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]

=
[2n+1 n 2n n+1
2n 0 0 1 0
n+1 0 0 0 1
]
·

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[3n+1 n+1 2n
n+1 0 1 0
2n 0 0 1
]
·

2n+1 2n
3n+1 0 0
n+1 0 0
2n 0 1

=
[2n+1 2n
2n 0 1
n+1 0 0
]
+
[2n+1 2n
n+1 0 0
2n 0 1
]
=

2n+1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

2n+1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

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M
P (6n+1,1)
2→3 · p2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[2n+1 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[2n+1 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[2n+1 2n
2n 0 1
]
=
[2n+1 2n
2n 0 1
n+1 0 0
]
+
[2n+1 2n
n+1 0 0
2n 0 1
]
=

2n+1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

2n+1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

p3 ·MP (6n+1,2)2→3 −MP (6n+1,1)2→3 · p2 =

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[4n+1
3n+1 0
]
3. p3 ·MP (6n+1,2)4→3 −MP (6n+1,1)4→3 · p4 = 0
p3 ·MP (6n+1,2)4→3 =
[3n+1 3n+1
3n+1 0 1
]
·


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0


=
[2n n+1 2n+1 n
2n+1 0 0 1 0
n 0 0 0 1
]
·

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+
[n+1 2n 3n+1
3n+1 0 0 1
]
·

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0

=
[2n 2n+1
2n+1 0 1
n 0 0
]
+
[2n 2n+1
3n+1 0 0
]
=
[2n 2n+1
2n+1 0 1
n 0 0
]
+
[2n 2n+1
2n+1 0 0
n 0 0
]
=
[2n 2n+1
2n+1 0 1
n 0 0
]
M
P (6n+1,1)
4→3 · p4 =
[2n+1
2n+1 1
n 0
]
·
[2n 2n+1
2n+1 0 1
]
=
[2n 2n+1
2n+1 0 1
n 0 0
]
p3 ·MP (6n+1,2)4→3 −MP (6n+1,1)4→3 · p4 =
[2n 2n+1
2n+1 0 1
n 0 0
]
−
[2n 2n+1
2n+1 0 1
n 0 0
]
=
[4n+1
3n+1 0
]
4. p4 ·MP (6n+1,2)5→4 −MP (6n+1,1)5→4 · p5 = 0
p4 ·MP (6n+1,2)5→4 =
[2n 2n+1
2n+1 0 1
]
·

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 =
[ n n n n+1
n 0 0 1 0
n+1 0 0 0 1
]
·

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 =
[ n n
n 0 1
n+1 0 0
]
M
P (6n+1,1)
5→4 · p5 =
[ n
n 1
n+1 0
]
·
[ n n
n 0 1
]
=
[ n n
n 0 1
n+1 0 0
]
p4 ·MP (6n+1,2)5→4 −MP (6n+1,1)5→4 · p5 =
[ n n
n 0 1
n+1 0 0
]
−
[ n n
n 0 1
n+1 0 0
]
=
[2n
2n+1 0
]
5. p3 ·MP (6n+1,2)6→3 −MP (6n+1,1)6→3 · p6 = 0
p3 ·MP (6n+1,2)6→3 =
[3n+1 3n+1
3n+1 0 1
]
·

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 =
[n+1 2n n 2n+1
n 0 0 1 0
2n+1 0 0 0 1
]
·

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 =
[2n 2n+1
n 0 0
2n+1 0 1
]
M
P (6n+1,1)
6→3 · p6 =
[2n+1
n 0
2n+1 1
]
·
[2n 2n+1
2n+1 0 1
]
=
[2n 2n+1
n 0 0
2n+1 0 1
]
p3 ·MP (6n+1,2)6→3 −MP (6n+1,1)6→3 · p6 =
[2n 2n+1
n 0 0
2n+1 0 1
]
−
[2n 2n+1
n 0 0
2n+1 0 1
]
=
[4n+1
3n+1 0
]
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6. p6 ·MP (6n+1,2)7→6 −MP (6n+1,1)7→6 · p7 = 0
p6 ·MP (6n+1,2)7→6 =
[2n 2n+1
2n+1 0 1
]
·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n n+1 1 n−1
n+1 0 0 0 1 0 0
1 0 0 0 0 1 0
n−1 0 0 0 0 0 1
 ·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

=

n 1 n−1
n+1 0 0 0
1 0 1 0
n−1 0 0 1
 = [
n n
n+1 0 0
n 0 1
]
M
P (6n+1,1)
7→6 · p7 =
[ n
n+1 0
n 1
]
·
[ n n
n 0 1
]
=
[ n n
n+1 0 0
n 0 1
]
p6 ·MP (6n+1,2)7→6 −MP (6n+1,1)7→6 · p7 =
[ n n
n+1 0 0
n 0 1
]
−
[ n n
n+1 0 0
n 0 1
]
=
[2n
2n+1 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 n
n 0 1
]
·
[n+1
n+1 1
n 0
]
=
[n+1
n 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 2n
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=
[2n+1
2n 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+1 3n+1
3n+1 0 1
]
·
[3n+1
3n+1 1
3n+1 0
]
=
[3n+1
3n+1 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n 2n+1
2n+1 0 1
]
·
[2n
2n 1
2n+1 0
]
=
[2n
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n 2n+1
2n+1 0 1
]
·
[2n
2n 1
2n+1 0
]
=
[2n
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
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126 Tree module property of P (6n+ 2, 2)
126.1 Tree module property of P (2, 2) 
The representation of P (2, 2):
dimP (2, 2) = (0, 1, 3, 2, 1, 2, 1)
P (2, 2) =
(
M1→2 = 0, M2→3 =
(
0
1
1
)
, M4→3 =
(
1 0
0 1
0 0
)
, M5→4 =
(
0
1
)
, M6→3 =
(
1 0
0 0
0 1
)
, M7→6 =
(
1
1
))
The length of P (2, 2) is: 0 + 1 + 3 + 2 + 1 + 2 + 1 = 10.
The total number of ones in the matrices of the representation: 9.
A = M(EndkQ(P (2, 2))) ∈M19,20(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (2, 2).
A =

0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
∼

1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
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∼
1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
←−
−1
+
∼

1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 91 91 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1
←−←−
∼

1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 91 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−+
∼

1 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 91 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(P (2, 2)) = corank(A) = 1 in every field k, therefore P (2, 2) has the (field independent) tree module property.
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126.2 Tree module property of P (8, 2) 
The matrices of the representation have full (column) rank P
1. MP (8,2)1→2 =

1 0
1 0
0 1
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. MP (8,2)2→3 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. MP (8,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
4. MP (8,2)5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. MP (8,2)6→3 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. MP (8,2)7→6 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (8,2)
7→6 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

c1↔c2−−−−→

0 0 0
1 0 0
0 1 0
0 0 0
1 0 0
0 0 1

126.2.1 0→ P (5, 1) f→ P (8, 2) g→ P (10, 1)→ 0 
PdimP (5, 1) + dimP (10, 1) = (0, 2, 3, 2, 1, 2, 1) + (2, 3, 6, 4, 2, 4, 2)
= (2, 5, 9, 6, 3, 6, 3) = dimP (8, 2)
Pdimk Ext
1
kQ(P (10, 1), P (5, 1)) = dimk HomkQ(P (10, 1), P (5, 1))− 〈dimP (10, 1),dimP (5, 1)〉
= 0− 〈(2, 3, 6, 4, 2, 4, 2), (0, 2, 3, 2, 1, 2, 1)〉
= 2 · 2 + 3 · 3 + 4 · 3 + 2 · 2 + 4 · 3 + 2 · 2− (2 · 0 + 3 · 2 + 6 · 3 + 4 · 2 + 2 · 1 + 4 · 2 + 2 · 1)
= 4 + 9 + 12 + 4 + 12 + 4− (0 + 6 + 18 + 8 + 2 + 8 + 2)
= 1
Matrices of the embedding f : P (5, 1)→ P (8, 2) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
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2. f2 =

0 0
0 0
1 0
0 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 0 0
0 1 0
0 0 0
0 0 1

∈M9,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0
0 0
0 0
1 0
0 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0
0 0
0 0
1 0
0 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (8, 2)→ P (10, 1) P
1. g1 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
1 0 0 0 00 0 0 91 0
1 91 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
1 0 0 0 00 0 0 91 0
1 91 0 0 0
 r3←r3−r1−−−−−−→
1 0 0 0 00 0 0 91 0
0 91 0 0 0
 r2↔r3−−−−→
1 0 0 0 00 91 0 0 0
0 0 0 91 0

3. g3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

∈M6,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

r3←r3−r1
r4←r4−r1
r6←r6−r1−−−−−−→

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
0 91 0 0 0 0 0 0 0
0 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
0 0 91 0 0 0 0 0 0

r2↔r3−−−−→

1 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
0 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
0 0 91 0 0 0 0 0 0

r5←r5−r2−−−−−−→

1 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
0 0 91 0 0 91 0 1 0
0 0 0 1 0 0 0 0 0
0 0 91 0 0 0 0 0 0

r3↔r4−−−−→

1 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
0 0 91 0 0 91 0 1 0
0 0 0 0 0 91 0 0 0
0 0 0 1 0 0 0 0 0
0 0 91 0 0 0 0 0 0

r6←r6−r3−−−−−−→

1 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
0 0 91 0 0 91 0 1 0
0 0 0 0 0 91 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 91 0

r4↔r5−−−−→

1 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
0 0 91 0 0 91 0 1 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 91 0 0 0
0 0 0 0 0 1 0 91 0

r6←r6+r5−−−−−−→

1 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
0 0 91 0 0 91 0 1 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0

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4. g4 =

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 r4←r4−r1−−−−−−→

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
0 0 91 0 0 0
 =

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 91 0
2 0 91 0 0 0
 r2↔r3−−−−→

1 2 1 1 1
1 1 0 0 0 0
2 0 91 0 0 0
1 0 0 0 91 0

5. g5 =
[
1 0 0
0 0 91
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0
 r3←r3−r1−−−−−−→

91 0 0 0 0 0
0 91 0 0 1 0
0 0 1 0 0 0
0 91 0 0 0 0
 r4←r4−r2−−−−−−→

91 0 0 0 0 0
0 91 0 0 1 0
0 0 1 0 0 0
0 0 0 0 91 0

7. g7 =
[
1 0 0
0 91 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (5, 1)→ P (8, 2) P
1. f2 ·MP (5,1)1→2 −MP (8,2)1→2 · f1 = 0
f2 ·MP (5,1)1→2 =

1 1
2 0 0
1 1 0
1 0 0
1 0 1
 ·
[ 0
2 0
]
=

1 1
2 0 0
1 1 0
1 0 0
1 0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
M
P (8,2)
1→2 · f1 =

1 0
1 0
0 1
0 1
0 0
 ·
[ 0
2 0
]
=

1 0
1 0
0 1
0 1
0 0
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
f2 ·MP (5,1)1→2 −MP (8,2)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MP (5,1)2→3 −MP (8,2)2→3 · f2 = 0
f3 ·MP (5,1)2→3 =

1 1 1
4 0 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·
1 01 1
0 1
 =

1 1
4 0 0
1 1 0
1 0 0
1 1 1
1 0 0
1 0 1

M
P (8,2)
2→3 · f2 =

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·

1 1
2 0 0
1 1 0
1 0 0
1 0 1
 =

1 1
2 0 0
2 0 0
1 1 0
1 0 0
1 1 1
1 0 0
1 0 1

=

1 1
4 0 0
1 1 0
1 0 0
1 1 1
1 0 0
1 0 1

f3 ·MP (5,1)2→3 −MP (8,2)2→3 · f2 =

1 1
4 0 0
1 1 0
1 0 0
1 1 1
1 0 0
1 0 1

−

1 1
4 0 0
1 1 0
1 0 0
1 1 1
1 0 0
1 0 1

=
[ 2
9 0
]
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3. f3 ·MP (5,1)4→3 −MP (8,2)4→3 · f4 = 0
f3 ·MP (5,1)4→3 =

1 1 1
4 0 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·
[ 2
2 1
1 0
]
=

1 1 1
4 0 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·
1 00 1
0 0
 =

1 1
4 0 0
1 1 0
1 0 0
1 0 1
1 0 0
1 0 0

=

1 1
4 0 0
1 1 0
1 0 0
1 0 1
2 0 0

M
P (8,2)
4→3 · f4 =

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 ·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

3 1 1 1
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

1 1
3 0 0
1 0 0
1 1 0
1 0 0
1 0 1
2 0 0

=

1 1
4 0 0
1 1 0
1 0 0
1 0 1
2 0 0

f3 ·MP (5,1)4→3 −MP (8,2)4→3 · f4 =

1 1
4 0 0
1 1 0
1 0 0
1 0 1
2 0 0
−

1 1
4 0 0
1 1 0
1 0 0
1 0 1
2 0 0
 =
[ 2
9 0
]
4. f4 ·MP (5,1)5→4 −MP (8,2)5→4 · f5 = 0
f4 ·MP (5,1)5→4 =

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 ·
[
1
0
]
=

1
3 0
1 1
1 0
1 0
 =

1
3 0
1 1
2 0

M
P (8,2)
5→4 · f5 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 ·
01
0
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
 ·
01
0
 =

1
1 0
2 0
1 1
1 0
1 0
 =

1
3 0
1 1
2 0

f4 ·MP (5,1)5→4 −MP (8,2)5→4 · f5 =

1
3 0
1 1
2 0
−

1
3 0
1 1
2 0
 = [ 16 0 ]
5. f3 ·MP (5,1)6→3 −MP (8,2)6→3 · f6 = 0
f3 ·MP (5,1)6→3 =

1 1 1
4 0 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·
[ 2
1 0
2 1
]
=

1 1 1
4 0 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·
0 01 0
0 1
 =

1 1
4 0 0
1 0 0
1 0 0
1 1 0
1 0 0
1 0 1

=

1 1
6 0 0
1 1 0
1 0 0
1 0 1

M
P (8,2)
6→3 · f6 =

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 ·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

3 1 1 1
1 0 0 0 0
3 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

1 1
1 0 0
3 0 0
2 0 0
1 1 0
1 0 0
1 0 1

=

1 1
6 0 0
1 1 0
1 0 0
1 0 1

f3 ·MP (5,1)6→3 −MP (8,2)6→3 · f6 =

1 1
6 0 0
1 1 0
1 0 0
1 0 1
−

1 1
6 0 0
1 1 0
1 0 0
1 0 1
 =
[ 2
9 0
]
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6. f6 ·MP (5,1)7→6 −MP (8,2)7→6 · f7 = 0
f6 ·MP (5,1)7→6 =

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 ·
[
0
1
]
=

1
3 0
1 0
1 0
1 1
 =
[ 1
5 0
1 1
]
M
P (8,2)
7→6 · f7 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

·
[ 1
2 0
1 1
]
=

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

·
00
1
 =

0
0
0
0
0
1

=
[ 1
5 0
1 1
]
f6 ·MP (5,1)7→6 −MP (8,2)7→6 · f7 =
[ 1
5 0
1 1
]
−
[ 1
5 0
1 1
]
=
[ 1
6 0
]
Relations of the projection g : P (8, 2)→ P (10, 1) P
1. g2 ·MP (8,2)1→2 −MP (10,1)1→2 · g1 = 0
g2 ·MP (8,2)1→2 =
1 0 0 0 00 0 0 91 0
1 91 0 0 0
 ·

1 0
1 0
0 1
0 1
0 0
 =
1 00 91
0 0

M
P (10,1)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[
1 0
0 91
]
=
1 00 1
0 0
 · [1 0
0 91
]
=
1 00 91
0 0

g2 ·MP (8,2)1→2 −MP (10,1)1→2 · g1 =
1 00 91
0 0
−
1 00 91
0 0
 = [ 23 0 ]
2. g3 ·MP (8,2)2→3 −MP (10,1)2→3 · g2 = 0
g3 ·MP (8,2)2→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

=

1 0 0 0 0
0 0 0 91 0
1 91 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

1 1 1 1 1
1 1 0 0 0 0
1 0 0 0 91 0
1 1 91 0 0 0
3 0 0 0 0 0

M
P (10,1)
2→3 · g2 =
[ 3
3 1
3 0
]
·
1 0 0 0 00 0 0 91 0
1 91 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
1 0 0 0 00 0 0 91 0
1 91 0 0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 0 0 91 0
1 1 91 0 0 0
3 0 0 0 0 0

g3 ·MP (8,2)2→3 −MP (10,1)2→3 · g2 =

1 1 1 1 1
1 1 0 0 0 0
1 0 0 0 91 0
1 1 91 0 0 0
3 0 0 0 0 0
−

1 1 1 1 1
1 1 0 0 0 0
1 0 0 0 91 0
1 1 91 0 0 0
3 0 0 0 0 0
 =
[ 5
6 0
]
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3. g3 ·MP (8,2)4→3 −MP (10,1)4→3 · g4 = 0
g3 ·MP (8,2)4→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

=

1 0 0 0 0 0
0 0 0 0 91 0
1 91 0 0 0 0
1 0 91 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0

M
P (10,1)
4→3 · g4 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 =

1 0 0 0 0 0
0 0 0 0 91 0
1 91 0 0 0 0
1 0 91 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0

g3 ·MP (8,2)4→3 −MP (10,1)4→3 · g4 =

1 0 0 0 0 0
0 0 0 0 91 0
1 91 0 0 0 0
1 0 91 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0

−

1 0 0 0 0 0
0 0 0 0 91 0
1 91 0 0 0 0
1 0 91 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0

=
[ 6
6 0
]
4. g4 ·MP (8,2)5→4 −MP (10,1)5→4 · g5 = 0
g4 ·MP (8,2)5→4 =

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 ·

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 =

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 ·

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0

=

1 0 0
0 0 91
0 0 0
1 0 0

M
P (10,1)
5→4 · g5 =

1 0
0 1
0 0
1 0
 ·
[
1 0 0
0 0 91
]
=

1 0 0
0 0 91
0 0 0
1 0 0

g4 ·MP (8,2)5→4 −MP (10,1)5→4 · g5 =

1 0 0
0 0 91
0 0 0
1 0 0
−

1 0 0
0 0 91
0 0 0
1 0 0
 =
[ 3
4 0
]
5. g3 ·MP (8,2)6→3 −MP (10,1)6→3 · g6 = 0
g3 ·MP (8,2)6→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 0
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0

=

1 1 1 1 1 1
2 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 1 0
1 91 0 1 0 0 0
1 0 91 0 0 0 0

M
P (10,1)
6→3 · g6 =
[ 4
2 0
4 1
]
·

91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0
 =

1 1 1 1 1 1
2 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 1 0
1 91 0 1 0 0 0
1 0 91 0 0 0 0

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g3 ·MP (8,2)6→3 −MP (10,1)6→3 · g6 =

1 1 1 1 1 1
2 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 1 0
1 91 0 1 0 0 0
1 0 91 0 0 0 0
−

1 1 1 1 1 1
2 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 1 0
1 91 0 1 0 0 0
1 0 91 0 0 0 0
 =
[ 6
6 0
]
6. g6 ·MP (8,2)7→6 −MP (10,1)7→6 · g7 = 0
g6 ·MP (8,2)7→6 =

91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0
 ·

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

=

0 0 0
0 0 0
1 0 0
0 91 0
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 91 0

M
P (10,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[
1 0 0
0 91 0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1 0 0
0 91 0
]
=

1 1 1
2 0 0 0
1 1 0 0
1 0 91 0

g6 ·MP (8,2)7→6 −MP (10,1)7→6 · g7 =

1 1 1
2 0 0 0
1 1 0 0
1 0 91 0
−

1 1 1
2 0 0 0
1 1 0 0
1 0 91 0
 = [ 34 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
1 0 0 0 00 0 0 91 0
1 91 0 0 0
 ·

1 1
2 0 0
1 1 0
1 0 0
1 0 1
 =
1 0 0 0 00 0 0 91 0
1 91 0 0 0
 ·

0 0
0 0
1 0
0 0
0 1
 =
[ 2
3 0
]
3. g3 · f3 = 0
g3 · f3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

1 1 1
4 0 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

=

1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0

·

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 0 0
0 1 0
0 0 0
0 0 1

=
[ 3
6 0
]
4. g4 · f4 = 0
g4 · f4 =

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 ·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

1 0 0 0 0 0
0 0 0 0 91 0
0 91 0 0 0 0
1 0 91 0 0 0
 ·

0 0
0 0
0 0
1 0
0 0
0 1

=
[ 2
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0 0
0 0 91
]
·
01
0
 = [ 12 0 ]
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6. g6 · f6 = 0
g6 · f6 =

91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0
 ·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

91 0 0 0 0 0
0 91 0 0 1 0
91 0 1 0 0 0
0 91 0 0 0 0
 ·

0 0
0 0
0 0
1 0
0 0
0 1

=
[ 2
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1 0 0
0 91 0
]
·
[ 1
2 0
1 1
]
=
[
1 0 0
0 91 0
]
·
00
1
 = [ 12 0 ]
126.2.2 0→ P (7, 1) f→ P (8, 2) g→ P (8, 1)→ 0 
PdimP (7, 1) + dimP (8, 1) = (1, 2, 4, 3, 1, 3, 1) + (1, 3, 5, 3, 2, 3, 2)
= (2, 5, 9, 6, 3, 6, 3) = dimP (8, 2)
Pdimk Ext
1
kQ(P (8, 1), P (7, 1)) = dimk HomkQ(P (8, 1), P (7, 1))− 〈dimP (8, 1),dimP (7, 1)〉
= 0− 〈(1, 3, 5, 3, 2, 3, 2), (1, 2, 4, 3, 1, 3, 1)〉
= 1 · 2 + 3 · 4 + 3 · 4 + 2 · 3 + 3 · 4 + 2 · 3− (1 · 1 + 3 · 2 + 5 · 4 + 3 · 3 + 2 · 1 + 3 · 3 + 2 · 1)
= 2 + 12 + 12 + 6 + 12 + 6− (1 + 6 + 20 + 9 + 2 + 9 + 2)
= 1
Matrices of the embedding f : P (7, 1)→ P (8, 2) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (8, 2)→ P (8, 1) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (7, 1)→ P (8, 2) P
1. f2 ·MP (7,1)1→2 −MP (8,2)1→2 · f1 = 0
f2 ·MP (7,1)1→2 =
[ 2
2 1
3 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [1
1
]
=

1
1 1
1 1
3 0

M
P (8,2)
1→2 · f1 =

1 0
1 0
0 1
0 1
0 0
 ·
[
1
0
]
=

1
1
0
0
0
 =

1
1 1
1 1
3 0

f2 ·MP (7,1)1→2 −MP (8,2)1→2 · f1 =

1
1 1
1 1
3 0
−

1
1 1
1 1
3 0
 = [ 15 0 ]
2. f3 ·MP (7,1)2→3 −MP (8,2)2→3 · f2 = 0
f3 ·MP (7,1)2→3 =
[ 4
4 1
5 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
5 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
5 0

M
P (8,2)
2→3 · f2 =

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·
[ 2
2 1
3 0
]
=

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·

2
2 1
1 0
1 0
1 0
 =

2
2 1
2 1
1 0
1 0
1 0
1 0
1 0

=

2
2 1
2 1
5 0

f3 ·MP (7,1)2→3 −MP (8,2)2→3 · f2 =

2
2 1
2 1
5 0
−

2
2 1
2 1
5 0
 = [ 29 0 ]
3. f3 ·MP (7,1)4→3 −MP (8,2)4→3 · f4 = 0
f3 ·MP (7,1)4→3 =
[ 4
4 1
5 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
5 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
5 0
 = [
3
3 1
6 0
]
M
P (8,2)
4→3 · f4 =

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 ·
[ 3
3 1
3 0
]
=

3
3 1
1 0
3 0
2 0
 =
[ 3
3 1
6 0
]
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f3 ·MP (7,1)4→3 −MP (8,2)4→3 · f4 =
[ 3
3 1
6 0
]
−
[ 3
3 1
6 0
]
=
[ 3
9 0
]
4. f4 ·MP (7,1)5→4 −MP (8,2)5→4 · f5 = 0
f4 ·MP (7,1)5→4 =
[ 3
3 1
3 0
]
·
[ 1
1 1
2 0
]
=

1 2
1 1 0
2 0 1
3 0 0
 · [
1
1 1
2 0
]
=

1
1 1
2 0
3 0
 = [
1
1 1
5 0
]
M
P (8,2)
5→4 · f5 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 ·
[ 1
1 1
2 0
]
=

1
1 1
2 0
2 0
1 0
 =
[ 1
1 1
5 0
]
f4 ·MP (7,1)5→4 −MP (8,2)5→4 · f5 =
[ 1
1 1
5 0
]
−
[ 1
1 1
5 0
]
=
[ 1
6 0
]
5. f3 ·MP (7,1)6→3 −MP (8,2)6→3 · f6 = 0
f3 ·MP (7,1)6→3 =
[ 4
4 1
5 0
]
·
[ 3
1 0
3 1
]
=

1 3
1 1 0
3 0 1
5 0 0
 · [
3
1 0
3 1
]
=

3
1 0
3 1
5 0

M
P (8,2)
6→3 · f6 =

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 ·
[ 3
3 1
3 0
]
=

3
1 0
3 1
2 0
3 0
 =

3
1 0
3 1
5 0

f3 ·MP (7,1)6→3 −MP (8,2)6→3 · f6 =

3
1 0
3 1
5 0
−

3
1 0
3 1
5 0
 = [ 39 0 ]
6. f6 ·MP (7,1)7→6 −MP (8,2)7→6 · f7 = 0
f6 ·MP (7,1)7→6 =
[ 3
3 1
3 0
]
·
[ 1
2 0
1 1
]
=

2 1
2 1 0
1 0 1
3 0 0
 · [
1
2 0
1 1
]
=

1
2 0
1 1
3 0

M
P (8,2)
7→6 · f7 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

·
[ 1
1 1
2 0
]
=

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

·
10
0
 =

0
0
1
0
0
0

=

1
2 0
1 1
3 0

f6 ·MP (7,1)7→6 −MP (8,2)7→6 · f7 =

1
2 0
1 1
3 0
−

1
2 0
1 1
3 0
 = [ 16 0 ]
Relations of the projection g : P (8, 2)→ P (8, 1) P
1. g2 ·MP (8,2)1→2 −MP (8,1)1→2 · g1 = 0
g2 ·MP (8,2)1→2 =
[ 2 3
3 0 1
]
·

1 0
1 0
0 1
0 1
0 0
 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ·

1 0
1 0
0 1
0 1
0 0
 =
0 10 1
0 0

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M
P (8,1)
1→2 · g1 =
11
0
 · [0 1] =
0 10 1
0 0

g2 ·MP (8,2)1→2 −MP (8,1)1→2 · g1 =
0 10 1
0 0
−
0 10 1
0 0
 = [ 23 0 ]
2. g3 ·MP (8,2)2→3 −MP (8,1)2→3 · g2 = 0
g3 ·MP (8,2)2→3 =
[ 4 5
5 0 1
]
·

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

2 2 1 1 1 1 1
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
P (8,1)
2→3 · g2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 2 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

g3 ·MP (8,2)2→3 −MP (8,1)2→3 · g2 =

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
−

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
 =
[ 5
5 0
]
3. g3 ·MP (8,2)4→3 −MP (8,1)4→3 · g4 = 0
g3 ·MP (8,2)4→3 =
[ 4 5
5 0 1
]
·

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 =
[ 3 1 3 2
3 0 0 1 0
2 0 0 0 1
]
·

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 =
[ 3 3
3 0 1
2 0 0
]
M
P (8,1)
4→3 · g4 =
[ 3
3 1
2 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
2 0 0
]
g3 ·MP (8,2)4→3 −MP (8,1)4→3 · g4 =
[ 3 3
3 0 1
2 0 0
]
−
[ 3 3
3 0 1
2 0 0
]
=
[ 6
5 0
]
4. g4 ·MP (8,2)5→4 −MP (8,1)5→4 · g5 = 0
g4 ·MP (8,2)5→4 =
[ 3 3
3 0 1
]
·

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 =
[ 1 2 2 1
2 0 0 1 0
1 0 0 0 1
]
·

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 =
[ 1 2
2 0 1
1 0 0
]
M
P (8,1)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
1 0 0
]
g4 ·MP (8,2)5→4 −MP (8,1)5→4 · g5 =
[ 1 2
2 0 1
1 0 0
]
−
[ 1 2
2 0 1
1 0 0
]
=
[ 3
3 0
]
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5. g3 ·MP (8,2)6→3 −MP (8,1)6→3 · g6 = 0
g3 ·MP (8,2)6→3 =
[ 4 5
5 0 1
]
·

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 =
[ 1 3 2 3
2 0 0 1 0
3 0 0 0 1
]
·

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 =
[ 3 3
2 0 0
3 0 1
]
M
P (8,1)
6→3 · g6 =
[ 3
2 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
2 0 0
3 0 1
]
g3 ·MP (8,2)6→3 −MP (8,1)6→3 · g6 =
[ 3 3
2 0 0
3 0 1
]
−
[ 3 3
2 0 0
3 0 1
]
=
[ 6
5 0
]
6. g6 ·MP (8,2)7→6 −MP (8,1)7→6 · g7 = 0
g6 ·MP (8,2)7→6 =
[ 3 3
3 0 1
]
·

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

=
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ·

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

=
0 0 00 1 0
0 0 1
 = [
1 2
1 0 0
2 0 1
]
M
P (8,1)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
1 0 0
2 0 1
]
g6 ·MP (8,2)7→6 −MP (8,1)7→6 · g7 =
[ 1 2
1 0 0
2 0 1
]
−
[ 1 2
1 0 0
2 0 1
]
=
[ 3
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 5
5 0 1
]
·
[ 4
4 1
5 0
]
=
[ 4
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
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126.3 Tree module property of P (14, 2) 
The matrices of the representation have full (column) rank P
1. MP (14,2)1→2 =

1 0 0 0
0 1 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
2. MP (14,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M15,9(k) is already in column echelon form and has maximal column rank.
3. MP (14,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k) is already in column echelon form and has maximal column rank.
4. MP (14,2)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
5. MP (14,2)6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k) is already in column echelon form and has maximal column rank.
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6. MP (14,2)7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (14,2)
7→6 =

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

c1↔c2−−−−→

1 2 2
2 0 0 0
1 1 0 0
2 0 1 0
2 0 0 0
1 1 0 0
2 0 0 1

126.3.1 0→ P (11, 1) f→ P (14, 2) g→ P (16, 1)→ 0 
PdimP (11, 1) + dimP (16, 1) = (1, 4, 6, 4, 2, 4, 2) + (3, 5, 9, 6, 3, 6, 3)
= (4, 9, 15, 10, 5, 10, 5) = dimP (14, 2)
Pdimk Ext
1
kQ(P (16, 1), P (11, 1)) = dimk HomkQ(P (16, 1), P (11, 1))− 〈dimP (16, 1),dimP (11, 1)〉
= 0− 〈(3, 5, 9, 6, 3, 6, 3), (1, 4, 6, 4, 2, 4, 2)〉
= 3 · 4 + 5 · 6 + 6 · 6 + 3 · 4 + 6 · 6 + 3 · 4− (3 · 1 + 5 · 4 + 9 · 6 + 6 · 4 + 3 · 2 + 6 · 4 + 3 · 2)
= 12 + 30 + 36 + 12 + 36 + 12− (3 + 20 + 54 + 24 + 6 + 24 + 6)
= 1
Matrices of the embedding f : P (11, 1)→ P (14, 2) P
1. f1 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2
4 0 0
2 1′ 0
1 0 0
2 0 1′

3. f3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

∈M15,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

2 2 2
7 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

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4. f4 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

∈M10,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′

5. f5 =

0 0
0 0
0 1
1 0
0 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

2
2 0
2 1′
1 0

6. f6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

∈M10,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′

7. f7 =

0 0
0 0
0 0
0 1
1 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =
[ 2
3 0
2 1′
]
Matrices of the projection g : P (14, 2)→ P (16, 1) P
1. g1 =
1 0 0 00 1 0 0
0 0 91 0
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0
1 0 91 0 0 0 0 0 0
0 1 0 91 0 0 0 0 0
 ∈M5,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
 r3←r3−r1−−−−−−→

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 0 91 0 0 0
 r2↔r3−−−−→

2 2 2 1 2
2 1 0 0 0 0
2 0 91 0 0 0
1 0 0 0 91 0

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3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 91 0 0 1 0 0
0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0 0 0 0 0

∈M9,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

r4←r4−r1
r5←r5−r1
r8←r8−r1−−−−−−→

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

r5←r5−r2
r6←r6−r2
r9←r9−r2−−−−−−→

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0

=

2 2 1 2 2 1 2 1 2
2 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
2 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
2 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r2↔r3−−−−→

2 2 1 2 2 1 2 1 2
2 1 0 0 0 0 0 0 0 0
2 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 91 0 1 0
2 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r5←r5−r2−−−−−−→

2 2 1 2 2 1 2 1 2
2 1 0 0 0 0 0 0 0 0
2 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 91 0 1 0
2 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r3↔r4−−−−→

2 2 1 2 2 1 2 1 2
2 1 0 0 0 0 0 0 0 0
2 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r6←r6−r3−−−−−−→

2 2 1 2 2 1 2 1 2
2 1 0 0 0 0 0 0 0 0
2 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0

r4↔r5−−−−→

2 2 1 2 2 1 2 1 2
2 1 0 0 0 0 0 0 0 0
2 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 1 0 91 0

r6←r6+r5−−−−−−→

2 2 1 2 2 1 2 1 2
2 1 0 0 0 0 0 0 0 0
2 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0

4. g4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0

∈M6,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
2 1 0 91 0 0 0
 r4←r4−r1−−−−−−→

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
2 0 0 91 0 0 0
 =

2 3 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
3 0 91 0 0 0
 r2↔r3−−−−→

2 3 2 1 2
2 1 0 0 0 0
3 0 91 0 0 0
1 0 0 0 91 0

5. g5 =
1 0 0 0 00 1 0 0 0
0 0 0 0 91
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
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6. g6 =

91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 1 0 0
91 0 0 1 0 0 0 0 0 0
0 91 0 0 1 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0

∈M6,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
 r3←r3−r1−−−−−−→

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 0 0 1 0 0 0
1 0 91 0 0 0 0
 r4←r4−r2−−−−−−→

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 0 0 1 0 0 0
1 0 0 0 0 91 0

7. g7 =
1 0 0 0 00 1 0 0 0
0 0 91 0 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (11, 1)→ P (14, 2) P
1. f2 ·MP (11,1)1→2 −MP (14,2)1→2 · f1 = 0
f2 ·MP (11,1)1→2 =

2 2
4 0 0
2 1′ 0
1 0 0
2 0 1′
 ·

1
1 1
2 0
1 1
 =

1 1 1 1
4 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 0

·

1
0
0
1
 =

1
4 0
1 0
1 1
1 0
1 1
1 0

=

1
5 0
1 1
1 0
1 1
1 0

M
P (14,2)
1→2 · f1 =

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 ·
[ 1
3 0
1 1
]
=

2 1 1
2 1 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

·

1
2 0
1 0
1 1
 =

1
2 0
2 0
1 0
1 1
1 0
1 1
1 0

=

1
5 0
1 1
1 0
1 1
1 0

f2 ·MP (11,1)1→2 −MP (14,2)1→2 · f1 =

1
5 0
1 1
1 0
1 1
1 0
−

1
5 0
1 1
1 0
1 1
1 0
 =
[ 1
9 0
]
2. f3 ·MP (11,1)2→3 −MP (14,2)2→3 · f2 = 0
f3 ·MP (11,1)2→3 =

2 2 2
7 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

·

2 2
2 1 0
2 1 1
2 0 1
 =

2 2
7 0 0
2 1′ 0
1 0 0
2 1′ 1′
1 0 0
2 0 1′

M
P (14,2)
2→3 · f2 =

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

2 2
4 0 0
2 1′ 0
1 0 0
2 0 1′
 =

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

2 2
1 0 0
2 0 0
1 0 0
2 1′ 0
1 0 0
2 0 1′

=

2 2
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0
2 1′ 0
1 0 0
2 1′ 1′
1 0 0
2 0 1′

=

2 2
7 0 0
2 1′ 0
1 0 0
2 1′ 1′
1 0 0
2 0 1′

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f3 ·MP (11,1)2→3 −MP (14,2)2→3 · f2 =

1 1 1 1
7 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 0 0 0
1 0 1 0 1
1 1 0 1 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 0

−

1 1 1 1
7 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 0 0 0
1 0 1 0 1
1 1 0 1 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 0

=
[ 4
15 0
]
3. f3 ·MP (11,1)4→3 −MP (14,2)4→3 · f4 = 0
f3 ·MP (11,1)4→3 =

2 2 2
7 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

·
[ 4
4 1
2 0
]
=

2 2 2
7 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

·

2 2
2 1 0
2 0 1
2 0 0
 =

2 2
7 0 0
2 1′ 0
1 0 0
2 0 1′
1 0 0
2 0 0

=

2 2
7 0 0
2 1′ 0
1 0 0
2 0 1′
3 0 0

M
P (14,2)
4→3 · f4 =

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 ·

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 =

5 2 1 2
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

·

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 2
5 0 0
2 0 0
2 1′ 0
1 0 0
2 0 1′
3 0 0

=

2 2
7 0 0
2 1′ 0
1 0 0
2 0 1′
3 0 0

f3 ·MP (11,1)4→3 −MP (14,2)4→3 · f4 =

2 2
7 0 0
2 1′ 0
1 0 0
2 0 1′
3 0 0
−

2 2
7 0 0
2 1′ 0
1 0 0
2 0 1′
3 0 0
 =
[ 4
15 0
]
4. f4 ·MP (11,1)5→4 −MP (14,2)5→4 · f5 = 0
f4 ·MP (11,1)5→4 =

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 ·
[ 2
2 1
2 0
]
=

2
5 0
2 1′
1 0
2 0
 =

2
5 0
2 1′
3 0

M
P (14,2)
5→4 · f5 =

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 ·

2
2 0
2 1′
1 0
 =

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
2 0 0 0
 ·

2
2 0
2 1′
1 0
 =

2
2 0
3 0
2 1′
1 0
2 0
 =

2
5 0
2 1′
3 0

f4 ·MP (11,1)5→4 −MP (14,2)5→4 · f5 =

2
5 0
2 1′
3 0
−

2
5 0
2 1′
3 0
 = [ 210 0 ]
5. f3 ·MP (11,1)6→3 −MP (14,2)6→3 · f6 = 0
f3 ·MP (11,1)6→3 =

2 2 2
7 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

·
[ 4
2 0
4 1
]
=

2 2 2
7 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

·

2 2
2 0 0
2 1 0
2 0 1
 =

2 2
7 0 0
2 0 0
1 0 0
2 1′ 0
1 0 0
2 0 1′

=

2 2
10 0 0
2 1′ 0
1 0 0
2 0 1′

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M
P (14,2)
6→3 · f6 =

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 ·

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 =

5 2 1 2
2 0 0 0 0
5 1 0 0 0
3 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1

·

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 2
2 0 0
5 0 0
3 0 0
2 1′ 0
1 0 0
2 0 1′

=

2 2
10 0 0
2 1′ 0
1 0 0
2 0 1′

f3 ·MP (11,1)6→3 −MP (14,2)6→3 · f6 =

2 2
10 0 0
2 1′ 0
1 0 0
2 0 1′
−

2 2
10 0 0
2 1′ 0
1 0 0
2 0 1′
 =
[ 4
15 0
]
6. f6 ·MP (11,1)7→6 −MP (14,2)7→6 · f7 = 0
f6 ·MP (11,1)7→6 =

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 ·
[ 2
2 0
2 1
]
=

2
5 0
2 0
1 0
2 1′
 =
[ 2
8 0
2 1′
]
M
P (14,2)
7→6 · f7 =

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

·
[ 2
3 0
2 1′
]
=

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

·

2
2 0
1 0
2 1′
 =

2
2 0
1 0
2 0
2 0
1 0
2 1′

=
[ 2
8 0
2 1′
]
f6 ·MP (11,1)7→6 −MP (14,2)7→6 · f7 =
[ 2
8 0
2 1′
]
−
[ 2
8 0
2 1′
]
=
[ 2
10 0
]
Relations of the projection g : P (14, 2)→ P (16, 1) P
1. g2 ·MP (14,2)1→2 −MP (16,1)1→2 · g1 = 0
g2 ·MP (14,2)1→2 =

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
 ·

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 =

2 2 1 1 1 1 1
2 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0
2 1 91 0 0 0 0 0
 ·

2 1 1
2 1 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

=

2 1 1
2 1 0 0
1 0 91 0
2 0 0 0

M
P (16,1)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 2 1 1
2 1 0 0
1 0 91 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2 1 1
2 1 0 0
1 0 91 0
]
=

2 1 1
2 1 0 0
1 0 91 0
2 0 0 0

g2 ·MP (14,2)1→2 −MP (16,1)1→2 · g1 =

2 1 1
2 1 0 0
1 0 91 0
2 0 0 0
−

2 1 1
2 1 0 0
1 0 91 0
2 0 0 0
 = [ 45 0 ]
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2. g3 ·MP (14,2)2→3 −MP (16,1)2→3 · g2 = 0
g3 ·MP (14,2)2→3 =

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

1 1 1 1 2 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0
1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
4 0 0 0 0 0

M
P (16,1)
2→3 · g2 =
[ 5
5 1
4 0
]
·

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
4 0 0 0
 ·

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
 =

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
4 0 0 0 0 0

g3 ·MP (14,2)2→3 −MP (16,1)2→3 · g2 =

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
4 0 0 0 0 0
−

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
4 0 0 0 0 0
 =
[ 9
9 0
]
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3. g3 ·MP (14,2)4→3 −MP (16,1)4→3 · g4 = 0
g3 ·MP (14,2)4→3 =

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

5 5
5 1 0
2 0 0
5 0 1
3 0 0

=

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0

=

1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 91 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0

M
P (16,1)
4→3 · g4 =

3 3
3 1 0
3 1 1
3 0 1
 ·

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
2 1 0 91 0 0 0
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0

=

1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 91 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0

g3 ·MP (14,2)4→3 −MP (16,1)4→3 · g4 =

1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 91 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0

−

1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 91 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0

=
[10
9 0
]
4. g4 ·MP (14,2)5→4 −MP (16,1)5→4 · g5 = 0
g4 ·MP (14,2)5→4 =

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
2 1 0 91 0 0 0
 ·

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 =

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
2 1 0 91 0 0 0
 ·

2 2 1
2 1 0 0
1 0 0 0
2 0 0 0
2 0 1 0
1 0 0 1
2 0 0 0

=

2 2 1
2 1 0 0
1 0 0 91
1 0 0 0
2 1 0 0

M
P (16,1)
5→4 · g5 =

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
[ 2 2 1
2 1 0 0
1 0 0 91
]
=

2 2 1
2 1 0 0
1 0 0 91
1 0 0 0
2 1 0 0

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g4 ·MP (14,2)5→4 −MP (16,1)5→4 · g5 =

2 2 1
2 1 0 0
1 0 0 91
1 0 0 0
2 1 0 0
−

2 2 1
2 1 0 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 5
6 0
]
5. g3 ·MP (14,2)6→3 −MP (16,1)6→3 · g6 = 0
g3 ·MP (14,2)6→3 =

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

5 5
2 0 0
5 1 0
3 0 0
5 0 1

=

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

1 1 1 1 1 2 1 2
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1

=

1 1 1 1 1 2 1 2
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0
1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0

=

2 1 2 2 1 2
3 0 0 0 0 0 0
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0

M
P (16,1)
6→3 · g6 =
[ 6
3 0
6 1
]
·

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
 =

2 1 2 1
3 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
 =

2 1 2 2 1 2
3 0 0 0 0 0 0
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0

g3 ·MP (14,2)6→3 −MP (16,1)6→3 · g6 =

2 1 2 2 1 2
3 0 0 0 0 0 0
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
−

2 1 2 2 1 2
3 0 0 0 0 0 0
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
 =
[10
9 0
]
6. g6 ·MP (14,2)7→6 −MP (16,1)7→6 · g7 = 0
g6 ·MP (14,2)7→6 =

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

=

2 1 2
2 0 0 0
1 0 0 0
2 1 0 0
1 0 91 0
 =

2 1 2
3 0 0 0
2 1 0 0
1 0 91 0

M
P (16,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 2 1 2
2 1 0 0
1 0 91 0
]
=

2 1
3 0 0
2 1 0
1 0 1
 · [
2 1 2
2 1 0 0
1 0 91 0
]
=

2 1 2
3 0 0 0
2 1 0 0
1 0 91 0

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g6 ·MP (14,2)7→6 −MP (16,1)7→6 · g7 =

2 1 2
3 0 0 0
2 1 0 0
1 0 91 0
−

2 1 2
3 0 0 0
2 1 0 0
1 0 91 0
 = [ 56 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1 1
2 1 0 0
1 0 91 0
]
·
[ 1
3 0
1 1
]
=
[ 2 1 1
2 1 0 0
1 0 91 0
]
·

1
2 0
1 0
1 1
 = [ 13 0 ]
2. g2 · f2 = 0
g2 · f2 =

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
 ·

2 2
4 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 2 2 1 2
2 1 0 0 0 0
1 0 0 0 91 0
2 1 91 0 0 0
 ·

2 2
2 0 0
2 0 0
2 1′ 0
1 0 0
2 0 1′
 =
[ 4
5 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

2 2 2
7 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

=

1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

·

2 2 2
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
2 0 0 1′

=
[ 6
9 0
]
4. g4 · f4 = 0
g4 · f4 =

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
2 1 0 91 0 0 0
 ·

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
2 1 0 91 0 0 0
 ·

2 2
2 0 0
1 0 0
2 0 0
2 1′ 0
1 0 0
2 0 1′

=
[ 4
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2 1
2 1 0 0
1 0 0 91
]
·

2
2 0
2 1′
1 0
 = [ 23 0 ]
6. g6 · f6 = 0
g6 · f6 =

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

2 2
5 0 0
2 1′ 0
1 0 0
2 0 1′
 =

2 1 2 2 1 2
2 91 0 0 0 0 0
1 0 91 0 0 1 0
2 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

2 2
2 0 0
1 0 0
2 0 0
2 1′ 0
1 0 0
2 0 1′

=
[ 4
6 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 2 1 2
2 1 0 0
1 0 91 0
]
·
[ 2
3 0
2 1′
]
=
[ 2 1 2
2 1 0 0
1 0 91 0
]
·

2
2 0
1 0
2 1′
 = [ 23 0 ]
126.3.2 0→ P (13, 1) f→ P (14, 2) g→ P (14, 1)→ 0 
PdimP (13, 1) + dimP (14, 1) = (2, 4, 7, 5, 2, 5, 2) + (2, 5, 8, 5, 3, 5, 3)
= (4, 9, 15, 10, 5, 10, 5) = dimP (14, 2)
Pdimk Ext
1
kQ(P (14, 1), P (13, 1)) = dimk HomkQ(P (14, 1), P (13, 1))− 〈dimP (14, 1),dimP (13, 1)〉
= 0− 〈(2, 5, 8, 5, 3, 5, 3), (2, 4, 7, 5, 2, 5, 2)〉
= 2 · 4 + 5 · 7 + 5 · 7 + 3 · 5 + 5 · 7 + 3 · 5− (2 · 2 + 5 · 4 + 8 · 7 + 5 · 5 + 3 · 2 + 5 · 5 + 3 · 2)
= 8 + 35 + 35 + 15 + 35 + 15− (4 + 20 + 56 + 25 + 6 + 25 + 6)
= 1
Matrices of the embedding f : P (13, 1)→ P (14, 2) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (14, 2)→ P (14, 1) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M5,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,15(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (13, 1)→ P (14, 2) P
1. f2 ·MP (13,1)1→2 −MP (14,2)1→2 · f1 = 0
f2 ·MP (13,1)1→2 =
[ 4
4 1
5 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
5 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
5 0

M
P (14,2)
1→2 · f1 =

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 ·
[ 2
2 1
2 0
]
=

2
2 1
2 1
2 0
2 0
1 0
 =

2
2 1
2 1
5 0

f2 ·MP (13,1)1→2 −MP (14,2)1→2 · f1 =

2
2 1
2 1
5 0
−

2
2 1
2 1
5 0
 = [ 29 0 ]
2. f3 ·MP (13,1)2→3 −MP (14,2)2→3 · f2 = 0
f3 ·MP (13,1)2→3 =
[ 7
7 1
8 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1 2 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
8 0 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
8 0 0 0

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M
P (14,2)
2→3 · f2 =

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·
[ 4
4 1
5 0
]
=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0

=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0

=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
8 0 0 0

f3 ·MP (13,1)2→3 −MP (14,2)2→3 · f2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
8 0 0 0

−

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
8 0 0 0

=
[ 4
15 0
]
3. f3 ·MP (13,1)4→3 −MP (14,2)4→3 · f4 = 0
f3 ·MP (13,1)4→3 =
[ 7
7 1
8 0
]
·
[ 5
5 1
2 0
]
=

5 2
5 1 0
2 0 1
8 0 0
 · [
5
5 1
2 0
]
=

5
5 1
2 0
8 0
 = [
5
5 1
10 0
]
M
P (14,2)
4→3 · f4 =

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 ·
[ 5
5 1
5 0
]
=

5
5 1
2 0
5 0
3 0
 =
[ 5
5 1
10 0
]
f3 ·MP (13,1)4→3 −MP (14,2)4→3 · f4 =
[ 5
5 1
10 0
]
−
[ 5
5 1
10 0
]
=
[ 5
15 0
]
4. f4 ·MP (13,1)5→4 −MP (14,2)5→4 · f5 = 0
f4 ·MP (13,1)5→4 =
[ 5
5 1
5 0
]
·
[ 2
2 1
3 0
]
=

2 3
2 1 0
3 0 1
5 0 0
 · [
2
2 1
3 0
]
=

2
2 1
3 0
5 0
 = [
2
2 1
8 0
]
M
P (14,2)
5→4 · f5 =

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 ·
[ 2
2 1
3 0
]
=

2
2 1
3 0
3 0
2 0
 =
[ 2
2 1
8 0
]
f4 ·MP (13,1)5→4 −MP (14,2)5→4 · f5 =
[ 2
2 1
8 0
]
−
[ 2
2 1
8 0
]
=
[ 2
10 0
]
5. f3 ·MP (13,1)6→3 −MP (14,2)6→3 · f6 = 0
f3 ·MP (13,1)6→3 =
[ 7
7 1
8 0
]
·
[ 5
2 0
5 1
]
=

2 5
2 1 0
5 0 1
8 0 0
 · [
5
2 0
5 1
]
=

5
2 0
5 1
8 0

M
P (14,2)
6→3 · f6 =

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 ·
[ 5
5 1
5 0
]
=

5
2 0
5 1
3 0
5 0
 =

5
2 0
5 1
8 0

f3 ·MP (13,1)6→3 −MP (14,2)6→3 · f6 =

5
2 0
5 1
8 0
−

5
2 0
5 1
8 0
 = [ 515 0 ]
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6. f6 ·MP (13,1)7→6 −MP (14,2)7→6 · f7 = 0
f6 ·MP (13,1)7→6 =
[ 5
5 1
5 0
]
·
[ 2
3 0
2 1
]
=

3 2
3 1 0
2 0 1
5 0 0
 · [
2
3 0
2 1
]
=

2
3 0
2 1
5 0

M
P (14,2)
7→6 · f7 =

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

·
[ 2
2 1
3 0
]
=

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

·

2
2 1
1 0
2 0
 =

2
2 0
1 0
2 1
2 0
1 0
2 0

=

2
3 0
2 1
5 0

f6 ·MP (13,1)7→6 −MP (14,2)7→6 · f7 =

2
3 0
2 1
5 0
−

2
3 0
2 1
5 0
 = [ 210 0 ]
Relations of the projection g : P (14, 2)→ P (14, 1) P
1. g2 ·MP (14,2)1→2 −MP (14,1)1→2 · g1 = 0
g2 ·MP (14,2)1→2 =
[ 4 5
5 0 1
]
·

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 =

2 2 2 2 1
2 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 ·

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 =

2 2
2 0 1
2 0 1
1 0 0

M
P (14,1)
1→2 · g1 =

2
2 1
2 1
1 0
 · [ 2 22 0 1 ] =

2 2
2 0 1
2 0 1
1 0 0

g2 ·MP (14,2)1→2 −MP (14,1)1→2 · g1 =

2 2
2 0 1
2 0 1
1 0 0
−

2 2
2 0 1
2 0 1
1 0 0
 = [ 45 0 ]
2. g3 ·MP (14,2)2→3 −MP (14,1)2→3 · g2 = 0
g3 ·MP (14,2)2→3 =
[ 7 8
8 0 1
]
·

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 2 1 2 1 2 1 2 1 2
2 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1
 ·

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 2 1 2 1 2
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 =

4 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
P (14,1)
2→3 · g2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 4 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

4 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

4 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

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g3 ·MP (14,2)2→3 −MP (14,1)2→3 · g2 =

4 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

4 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[ 9
8 0
]
3. g3 ·MP (14,2)4→3 −MP (14,1)4→3 · g4 = 0
g3 ·MP (14,2)4→3 =
[ 7 8
8 0 1
]
·

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 =
[ 5 2 5 3
5 0 0 1 0
3 0 0 0 1
]
·

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 =
[ 5 5
5 0 1
3 0 0
]
M
P (14,1)
4→3 · g4 =
[ 5
5 1
3 0
]
·
[ 5 5
5 0 1
]
=
[ 5 5
5 0 1
3 0 0
]
g3 ·MP (14,2)4→3 −MP (14,1)4→3 · g4 =
[ 5 5
5 0 1
3 0 0
]
−
[ 5 5
5 0 1
3 0 0
]
=
[10
8 0
]
4. g4 ·MP (14,2)5→4 −MP (14,1)5→4 · g5 = 0
g4 ·MP (14,2)5→4 =
[ 5 5
5 0 1
]
·

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 =
[ 2 3 3 2
3 0 0 1 0
2 0 0 0 1
]
·

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 =
[ 2 3
3 0 1
2 0 0
]
M
P (14,1)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 1
2 0 0
]
g4 ·MP (14,2)5→4 −MP (14,1)5→4 · g5 =
[ 2 3
3 0 1
2 0 0
]
−
[ 2 3
3 0 1
2 0 0
]
=
[ 5
5 0
]
5. g3 ·MP (14,2)6→3 −MP (14,1)6→3 · g6 = 0
g3 ·MP (14,2)6→3 =
[ 7 8
8 0 1
]
·

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 =
[ 2 5 3 5
3 0 0 1 0
5 0 0 0 1
]
·

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 =
[ 5 5
3 0 0
5 0 1
]
M
P (14,1)
6→3 · g6 =
[ 5
3 0
5 1
]
·
[ 5 5
5 0 1
]
=
[ 5 5
3 0 0
5 0 1
]
g3 ·MP (14,2)6→3 −MP (14,1)6→3 · g6 =
[ 5 5
3 0 0
5 0 1
]
−
[ 5 5
3 0 0
5 0 1
]
=
[10
8 0
]
6. g6 ·MP (14,2)7→6 −MP (14,1)7→6 · g7 = 0
g6 ·MP (14,2)7→6 =
[ 5 5
5 0 1
]
·

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

=

2 1 2 2 1 2
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

=

2 1 2
2 0 0 0
1 0 1 0
2 0 0 1
 = [
2 3
2 0 0
3 0 1
]
M
P (14,1)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 2 3
3 0 1
]
=
[ 2 3
2 0 0
3 0 1
]
g6 ·MP (14,2)7→6 −MP (14,1)7→6 · g7 =
[ 2 3
2 0 0
3 0 1
]
−
[ 2 3
2 0 0
3 0 1
]
=
[ 5
5 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 5
5 0 1
]
·
[ 4
4 1
5 0
]
=
[ 4
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 8
8 0 1
]
·
[ 7
7 1
8 0
]
=
[ 7
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
126.4 Tree module property of P (20, 2) 
The matrices of the representation have full (column) rank P
1. MP (20,2)1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
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2. MP (20,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,13(k) is already in column echelon form and has maximal column rank.
3. MP (20,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) is already in column echelon form and has maximal column rank.
4. MP (20,2)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
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5. MP (20,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k) is already in column echelon form and has maximal column rank.
6. MP (20,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (20,2)
7→6 =

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

c1↔c2−−−−→

1 3 3
3 0 0 0
1 1 0 0
3 0 1 0
3 0 0 0
1 1 0 0
3 0 0 1

126.4.1 0→ P (17, 1) f→ P (20, 2) g→ P (22, 1)→ 0 
PdimP (17, 1) + dimP (22, 1) = (2, 6, 9, 6, 3, 6, 3) + (4, 7, 12, 8, 4, 8, 4)
= (6, 13, 21, 14, 7, 14, 7) = dimP (20, 2)
Pdimk Ext
1
kQ(P (22, 1), P (17, 1)) = dimk HomkQ(P (22, 1), P (17, 1))− 〈dimP (22, 1),dimP (17, 1)〉
= 0− 〈(4, 7, 12, 8, 4, 8, 4), (2, 6, 9, 6, 3, 6, 3)〉
= 4 · 6 + 7 · 9 + 8 · 9 + 4 · 6 + 8 · 9 + 4 · 6− (4 · 2 + 7 · 6 + 12 · 9 + 8 · 6 + 4 · 3 + 8 · 6 + 4 · 3)
= 24 + 63 + 72 + 24 + 72 + 24− (8 + 42 + 108 + 48 + 12 + 48 + 12)
= 1
Matrices of the embedding f : P (17, 1)→ P (20, 2) P
1. f1 =

0 0
0 0
0 0
0 0
0 1
1 0

∈M6,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =
[ 2
4 0
2 1′
]
935
2. f2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3
6 0 0
3 1′ 0
1 0 0
3 0 1′

3. f3 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0

∈M21,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

3 3 3
10 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

4. f4 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M14,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′

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5. f5 =

0 0 0
0 0 0
0 0 0
0 0 1
0 1 0
1 0 0
0 0 0

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

3
3 0
3 1′
1 0

6. f6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

∈M14,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′

7. f7 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0
1 0 0

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =
[ 3
4 0
3 1′
]
Matrices of the projection g : P (20, 2)→ P (22, 1) P
1. g1 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0 0 0 0

∈M7,13(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
 r3←r3−r1−−−−−−→

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 0 91 0 0 0
 r2↔r3−−−−→

3 3 3 1 3
3 1 0 0 0 0
3 0 91 0 0 0
1 0 0 0 91 0

3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M12,21(k) can be brought to row echelon form (as shown below) and has maximal row
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rank.
g3 =

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

r5←r5−r1
r6←r6−r1
r10←r10−r1−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

r6←r6−r2
r7←r7−r2
r11←r11−r2−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

=

2 1 2 1 1 2 1 3 1 3 1 3
2 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 1 0
2 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0

r5←r5−r2
r6←r6−r2
r9←r9−r2−−−−−−→

2 1 2 1 1 2 1 3 1 3 1 3
2 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 91 0 1 0
2 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0

=

3 3 1 3 3 1 3 1 3
3 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
3 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
3 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r2↔r3−−−−→

3 3 1 3 3 1 3 1 3
3 1 0 0 0 0 0 0 0 0
3 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 91 0 1 0
3 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r5←r5−r2−−−−−−→

3 3 1 3 3 1 3 1 3
3 1 0 0 0 0 0 0 0 0
3 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 91 0 1 0
3 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r3↔r4−−−−→
938

3 3 1 3 3 1 3 1 3
3 1 0 0 0 0 0 0 0 0
3 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r6←r6−r3−−−−−−→

3 3 1 3 3 1 3 1 3
3 1 0 0 0 0 0 0 0 0
3 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0

r4↔r5−−−−→

3 3 1 3 3 1 3 1 3
3 1 0 0 0 0 0 0 0 0
3 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 1 0 91 0

r6←r6+r5−−−−−−→

3 3 1 3 3 1 3 1 3
3 1 0 0 0 0 0 0 0 0
3 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0

4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0

∈M8,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
3 1 0 91 0 0 0
 r4←r4−r1−−−−−−→

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
3 0 0 91 0 0 0
 =

3 4 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
4 0 91 0 0 0
 r2↔r3−−−−→

3 4 3 1 3
3 1 0 0 0 0
4 0 91 0 0 0
1 0 0 0 91 0

5. g5 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 91
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 1 0 0 0
91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0

∈M8,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
 r3←r3−r1−−−−−−→

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 0 0 1 0 0 0
1 0 91 0 0 0 0
 r4←r4−r2−−−−−−→

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 0 0 1 0 0 0
1 0 0 0 0 91 0

7. g7 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 91 0 0 0
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (17, 1)→ P (20, 2) P
1. f2 ·MP (17,1)1→2 −MP (20,2)1→2 · f1 = 0
f2 ·MP (17,1)1→2 =

3 3
6 0 0
3 1′ 0
1 0 0
3 0 1′
 ·

2
2 1
2 0
2 1
 =

2 1 1 2
6 0 0 0 0
1 0 1 0 0
2 1′ 0 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 1 0

·

2
2 1
1 0
1 0
2 1
 =

2
6 0
1 0
2 1′
1 0
2 1′
1 0

=

2
7 0
2 1′
1 0
2 1′
1 0

M
P (20,2)
1→2 · f1 =

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 ·
[ 2
4 0
2 1′
]
=

3 1 2
3 1 0 0
3 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

·

2
3 0
1 0
2 1′
 =

2
3 0
3 0
1 0
2 1′
1 0
2 1′
1 0

=

2
7 0
2 1′
1 0
2 1′
1 0

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f2 ·MP (17,1)1→2 −MP (20,2)1→2 · f1 =

2
7 0
2 1′
1 0
2 1′
1 0
−

2
7 0
2 1′
1 0
2 1′
1 0
 =
[ 2
13 0
]
2. f3 ·MP (17,1)2→3 −MP (20,2)2→3 · f2 = 0
f3 ·MP (17,1)2→3 =

3 3 3
10 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

·

3 3
3 1 0
3 1 1
3 0 1
 =

3 3
10 0 0
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′

M
P (20,2)
2→3 · f2 =

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

3 3
6 0 0
3 1′ 0
1 0 0
3 0 1′
 =

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

3 3
2 0 0
2 0 0
2 0 0
3 1′ 0
1 0 0
3 0 1′

=

3 3
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′

=

3 3
10 0 0
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′

f3 ·MP (17,1)2→3 −MP (20,2)2→3 · f2 =

3 3
10 0 0
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′

−

3 3
10 0 0
3 1′ 0
1 0 0
3 1′ 1′
1 0 0
3 0 1′

=
[ 6
21 0
]
3. f3 ·MP (17,1)4→3 −MP (20,2)4→3 · f4 = 0
f3 ·MP (17,1)4→3 =

3 3 3
10 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

·
[ 6
6 1
3 0
]
=

3 3 3
10 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

·

3 3
3 1 0
3 0 1
3 0 0
 =

3 3
10 0 0
3 1′ 0
1 0 0
3 0 1′
1 0 0
3 0 0

=

3 3
10 0 0
3 1′ 0
1 0 0
3 0 1′
4 0 0

M
P (20,2)
4→3 · f4 =

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 ·

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 =

7 3 1 3
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
4 0 0 0 0

·

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 3
7 0 0
3 0 0
3 1′ 0
1 0 0
3 0 1′
4 0 0

=

3 3
10 0 0
3 1′ 0
1 0 0
3 0 1′
4 0 0

f3 ·MP (17,1)4→3 −MP (20,2)4→3 · f4 =

3 3
10 0 0
3 1′ 0
1 0 0
3 0 1′
4 0 0
−

3 3
10 0 0
3 1′ 0
1 0 0
3 0 1′
4 0 0
 =
[ 6
21 0
]
4. f4 ·MP (17,1)5→4 −MP (20,2)5→4 · f5 = 0
f4 ·MP (17,1)5→4 =

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 ·
[ 3
3 1
3 0
]
=

3
7 0
3 1′
1 0
3 0
 =

3
7 0
3 1′
4 0

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M
P (20,2)
5→4 · f5 =

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 ·

3
3 0
3 1′
1 0
 =

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
3 0 0 0
 ·

3
3 0
3 1′
1 0
 =

3
3 0
4 0
3 1′
1 0
3 0
 =

3
7 0
3 1′
4 0

f4 ·MP (17,1)5→4 −MP (20,2)5→4 · f5 =

3
7 0
3 1′
4 0
−

3
7 0
3 1′
4 0
 = [ 314 0 ]
5. f3 ·MP (17,1)6→3 −MP (20,2)6→3 · f6 = 0
f3 ·MP (17,1)6→3 =

3 3 3
10 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

·
[ 6
3 0
6 1
]
=

3 3 3
10 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

·

3 3
3 0 0
3 1 0
3 0 1
 =

3 3
10 0 0
3 0 0
1 0 0
3 1′ 0
1 0 0
3 0 1′

=

3 3
14 0 0
3 1′ 0
1 0 0
3 0 1′

M
P (20,2)
6→3 · f6 =

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 ·

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 =

7 3 1 3
3 0 0 0 0
7 1 0 0 0
4 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1

·

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 3
3 0 0
7 0 0
4 0 0
3 1′ 0
1 0 0
3 0 1′

=

3 3
14 0 0
3 1′ 0
1 0 0
3 0 1′

f3 ·MP (17,1)6→3 −MP (20,2)6→3 · f6 =

3 3
14 0 0
3 1′ 0
1 0 0
3 0 1′
−

3 3
14 0 0
3 1′ 0
1 0 0
3 0 1′
 =
[ 6
21 0
]
6. f6 ·MP (17,1)7→6 −MP (20,2)7→6 · f7 = 0
f6 ·MP (17,1)7→6 =

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 ·
[ 3
3 0
3 1
]
=

3
7 0
3 0
1 0
3 1′
 =
[ 3
11 0
3 1′
]
M
P (20,2)
7→6 · f7 =

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

·
[ 3
4 0
3 1′
]
=

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

·

3
3 0
1 0
3 1′
 =

3
3 0
1 0
3 0
3 0
1 0
3 1′

=
[ 3
11 0
3 1′
]
f6 ·MP (17,1)7→6 −MP (20,2)7→6 · f7 =
[ 3
11 0
3 1′
]
−
[ 3
11 0
3 1′
]
=
[ 3
14 0
]
Relations of the projection g : P (20, 2)→ P (22, 1) P
1. g2 ·MP (20,2)1→2 −MP (22,1)1→2 · g1 = 0
g2 ·MP (20,2)1→2 =

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
 ·

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 =

3 3 1 2 1 2 1
3 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0
3 1 91 0 0 0 0 0
 ·

3 1 2
3 1 0 0
3 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

=

3 1 2
3 1 0 0
1 0 91 0
3 0 0 0

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M
P (22,1)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 3 1 2
3 1 0 0
1 0 91 0
]
=

3 1
3 1 0
1 0 1
3 0 0
 · [
3 1 2
3 1 0 0
1 0 91 0
]
=

3 1 2
3 1 0 0
1 0 91 0
3 0 0 0

g2 ·MP (20,2)1→2 −MP (22,1)1→2 · g1 =

3 1 2
3 1 0 0
1 0 91 0
3 0 0 0
−

3 1 2
3 1 0 0
1 0 91 0
3 0 0 0
 = [ 67 0 ]
2. g3 ·MP (20,2)2→3 −MP (22,1)2→3 · g2 = 0
g3 ·MP (20,2)2→3 =

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 1 0 0 0 1 0 0 0 0
1 0 1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

=

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
5 0 0 0 0 0

M
P (22,1)
2→3 · g2 =
[ 7
7 1
5 0
]
·

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
5 0 0 0
 ·

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
 =

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
5 0 0 0 0 0

g3 ·MP (20,2)2→3 −MP (22,1)2→3 · g2 =

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
5 0 0 0 0 0
−

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
5 0 0 0 0 0
 =
[13
12 0
]
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3. g3 ·MP (20,2)4→3 −MP (22,1)4→3 · g4 = 0
g3 ·MP (20,2)4→3 =

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

7 7
7 1 0
3 0 0
7 0 1
4 0 0

=

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0

M
P (22,1)
4→3 · g4 =

4 4
4 1 0
4 1 1
4 0 1
 ·

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
3 1 0 91 0 0 0
 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0

=

1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0

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g3 ·MP (20,2)4→3 −MP (22,1)4→3 · g4 =

1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0

−

1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0

=
[14
12 0
]
4. g4 ·MP (20,2)5→4 −MP (22,1)5→4 · g5 = 0
g4 ·MP (20,2)5→4 =

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
3 1 0 91 0 0 0
 ·

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 =

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
3 1 0 91 0 0 0
 ·

3 3 1
3 1 0 0
1 0 0 0
3 0 0 0
3 0 1 0
1 0 0 1
3 0 0 0

=

3 3 1
3 1 0 0
1 0 0 91
1 0 0 0
3 1 0 0

M
P (22,1)
5→4 · g5 =

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·
[ 3 3 1
3 1 0 0
1 0 0 91
]
=

3 3 1
3 1 0 0
1 0 0 91
1 0 0 0
3 1 0 0

g4 ·MP (20,2)5→4 −MP (22,1)5→4 · g5 =

3 3 1
3 1 0 0
1 0 0 91
1 0 0 0
3 1 0 0
−

3 3 1
3 1 0 0
1 0 0 91
1 0 0 0
3 1 0 0
 =
[ 7
8 0
]
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5. g3 ·MP (20,2)6→3 −MP (22,1)6→3 · g6 = 0
g3 ·MP (20,2)6→3 =

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

7 7
3 0 0
7 1 0
4 0 0
7 0 1

=

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 3 1 3
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 3 1 3
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 1 0
1 91 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 0 0 0

=

3 1 3 3 1 3
4 0 0 0 0 0 0
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0

M
P (22,1)
6→3 · g6 =
[ 8
4 0
8 1
]
·

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
 =

3 1 3 1
4 0 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
 ·

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
 =

3 1 3 3 1 3
4 0 0 0 0 0 0
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0

g3 ·MP (20,2)6→3 −MP (22,1)6→3 · g6 =

3 1 3 3 1 3
4 0 0 0 0 0 0
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
−

3 1 3 3 1 3
4 0 0 0 0 0 0
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
 =
[14
12 0
]
6. g6 ·MP (20,2)7→6 −MP (22,1)7→6 · g7 = 0
g6 ·MP (20,2)7→6 =

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=

3 1 3
3 0 0 0
1 0 0 0
3 1 0 0
1 0 91 0
 =

3 1 3
4 0 0 0
3 1 0 0
1 0 91 0

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M
P (22,1)
7→6 · g7 =
[ 4
4 0
4 1
]
·
[ 3 1 3
3 1 0 0
1 0 91 0
]
=

3 1
4 0 0
3 1 0
1 0 1
 · [
3 1 3
3 1 0 0
1 0 91 0
]
=

3 1 3
4 0 0 0
3 1 0 0
1 0 91 0

g6 ·MP (20,2)7→6 −MP (22,1)7→6 · g7 =

3 1 3
4 0 0 0
3 1 0 0
1 0 91 0
−

3 1 3
4 0 0 0
3 1 0 0
1 0 91 0
 = [ 78 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1 2
3 1 0 0
1 0 91 0
]
·
[ 2
4 0
2 1′
]
=
[ 3 1 2
3 1 0 0
1 0 91 0
]
·

2
3 0
1 0
2 1′
 = [ 24 0 ]
2. g2 · f2 = 0
g2 · f2 =

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
 ·

3 3
6 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 3 3 1 3
3 1 0 0 0 0
1 0 0 0 91 0
3 1 91 0 0 0
 ·

3 3
3 0 0
3 0 0
3 1′ 0
1 0 0
3 0 1′
 =
[ 6
7 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

3 3 3
10 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

=

1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0

·

3 3 3
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
3 0 0 1′

=
[ 9
12 0
]
4. g4 · f4 = 0
g4 · f4 =

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
3 1 0 91 0 0 0
 ·

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
3 1 0 91 0 0 0
 ·

3 3
3 0 0
1 0 0
3 0 0
3 1′ 0
1 0 0
3 0 1′

=
[ 6
8 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 3 3 1
3 1 0 0
1 0 0 91
]
·

3
3 0
3 1′
1 0
 = [ 34 0 ]
6. g6 · f6 = 0
g6 · f6 =

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

3 3
7 0 0
3 1′ 0
1 0 0
3 0 1′
 =

3 1 3 3 1 3
3 91 0 0 0 0 0
1 0 91 0 0 1 0
3 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

3 3
3 0 0
1 0 0
3 0 0
3 1′ 0
1 0 0
3 0 1′

=
[ 6
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 1 3
3 1 0 0
1 0 91 0
]
·
[ 3
4 0
3 1′
]
=
[ 3 1 3
3 1 0 0
1 0 91 0
]
·

3
3 0
1 0
3 1′
 = [ 34 0 ]
126.4.2 0→ P (19, 1) f→ P (20, 2) g→ P (20, 1)→ 0 
PdimP (19, 1) + dimP (20, 1) = (3, 6, 10, 7, 3, 7, 3) + (3, 7, 11, 7, 4, 7, 4)
= (6, 13, 21, 14, 7, 14, 7) = dimP (20, 2)
Pdimk Ext
1
kQ(P (20, 1), P (19, 1)) = dimk HomkQ(P (20, 1), P (19, 1))− 〈dimP (20, 1),dimP (19, 1)〉
= 0− 〈(3, 7, 11, 7, 4, 7, 4), (3, 6, 10, 7, 3, 7, 3)〉
= 3 · 6 + 7 · 10 + 7 · 10 + 4 · 7 + 7 · 10 + 4 · 7− (3 · 3 + 7 · 6 + 11 · 10 + 7 · 7 + 4 · 3 + 7 · 7 + 4 · 3)
= 18 + 70 + 70 + 28 + 70 + 28− (9 + 42 + 110 + 49 + 12 + 49 + 12)
= 1
Matrices of the embedding f : P (19, 1)→ P (20, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M21,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (20, 2)→ P (20, 1) P
1. g1 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,21(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (19, 1)→ P (20, 2) P
1. f2 ·MP (19,1)1→2 −MP (20,2)1→2 · f1 = 0
f2 ·MP (19,1)1→2 =
[ 6
6 1
7 0
]
·
[ 3
3 1
3 1
]
=

3 3
3 1 0
3 0 1
7 0 0
 · [
3
3 1
3 1
]
=

3
3 1
3 1
7 0

M
P (20,2)
1→2 · f1 =

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 ·
[ 3
3 1
3 0
]
=

3
3 1
3 1
3 0
3 0
1 0
 =

3
3 1
3 1
7 0

f2 ·MP (19,1)1→2 −MP (20,2)1→2 · f1 =

3
3 1
3 1
7 0
−

3
3 1
3 1
7 0
 = [ 313 0 ]
2. f3 ·MP (19,1)2→3 −MP (20,2)2→3 · f2 = 0
f3 ·MP (19,1)2→3 =
[10
10 1
11 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2 2 2
2 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
11 0 0 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
11 0 0 0

949
M
P (20,2)
2→3 · f2 =

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·
[ 6
6 1
7 0
]
=

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
3 0 0 0
1 0 0 0
3 0 0 0

=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
3 0 0 0
1 0 0 0
3 0 0 0
1 0 0 0
3 0 0 0

=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
11 0 0 0

f3 ·MP (19,1)2→3 −MP (20,2)2→3 · f2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
11 0 0 0

−

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
11 0 0 0

=
[ 6
21 0
]
3. f3 ·MP (19,1)4→3 −MP (20,2)4→3 · f4 = 0
f3 ·MP (19,1)4→3 =
[10
10 1
11 0
]
·
[ 7
7 1
3 0
]
=

7 3
7 1 0
3 0 1
11 0 0
 · [
7
7 1
3 0
]
=

7
7 1
3 0
11 0
 = [
7
7 1
14 0
]
M
P (20,2)
4→3 · f4 =

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 ·
[ 7
7 1
7 0
]
=

7
7 1
3 0
7 0
4 0
 =
[ 7
7 1
14 0
]
f3 ·MP (19,1)4→3 −MP (20,2)4→3 · f4 =
[ 7
7 1
14 0
]
−
[ 7
7 1
14 0
]
=
[ 7
21 0
]
4. f4 ·MP (19,1)5→4 −MP (20,2)5→4 · f5 = 0
f4 ·MP (19,1)5→4 =
[ 7
7 1
7 0
]
·
[ 3
3 1
4 0
]
=

3 4
3 1 0
4 0 1
7 0 0
 · [
3
3 1
4 0
]
=

3
3 1
4 0
7 0
 = [
3
3 1
11 0
]
M
P (20,2)
5→4 · f5 =

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 ·
[ 3
3 1
4 0
]
=

3
3 1
4 0
4 0
3 0
 =
[ 3
3 1
11 0
]
f4 ·MP (19,1)5→4 −MP (20,2)5→4 · f5 =
[ 3
3 1
11 0
]
−
[ 3
3 1
11 0
]
=
[ 3
14 0
]
5. f3 ·MP (19,1)6→3 −MP (20,2)6→3 · f6 = 0
f3 ·MP (19,1)6→3 =
[10
10 1
11 0
]
·
[ 7
3 0
7 1
]
=

3 7
3 1 0
7 0 1
11 0 0
 · [
7
3 0
7 1
]
=

7
3 0
7 1
11 0

M
P (20,2)
6→3 · f6 =

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 ·
[ 7
7 1
7 0
]
=

7
3 0
7 1
4 0
7 0
 =

7
3 0
7 1
11 0

f3 ·MP (19,1)6→3 −MP (20,2)6→3 · f6 =

7
3 0
7 1
11 0
−

7
3 0
7 1
11 0
 = [ 721 0 ]
950
6. f6 ·MP (19,1)7→6 −MP (20,2)7→6 · f7 = 0
f6 ·MP (19,1)7→6 =
[ 7
7 1
7 0
]
·
[ 3
4 0
3 1
]
=

4 3
4 1 0
3 0 1
7 0 0
 · [
3
4 0
3 1
]
=

3
4 0
3 1
7 0

M
P (20,2)
7→6 · f7 =

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

·
[ 3
3 1
4 0
]
=

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

·

3
3 1
1 0
3 0
 =

3
3 0
1 0
3 1
3 0
1 0
3 0

=

3
4 0
3 1
7 0

f6 ·MP (19,1)7→6 −MP (20,2)7→6 · f7 =

3
4 0
3 1
7 0
−

3
4 0
3 1
7 0
 = [ 314 0 ]
Relations of the projection g : P (20, 2)→ P (20, 1) P
1. g2 ·MP (20,2)1→2 −MP (20,1)1→2 · g1 = 0
g2 ·MP (20,2)1→2 =
[ 6 7
7 0 1
]
·

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 =

3 3 3 3 1
3 0 0 1 0 0
3 0 0 0 1 0
1 0 0 0 0 1
 ·

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 =

3 3
3 0 1
3 0 1
1 0 0

M
P (20,1)
1→2 · g1 =

3
3 1
3 1
1 0
 · [ 3 33 0 1 ] =

3 3
3 0 1
3 0 1
1 0 0

g2 ·MP (20,2)1→2 −MP (20,1)1→2 · g1 =

3 3
3 0 1
3 0 1
1 0 0
−

3 3
3 0 1
3 0 1
1 0 0
 = [ 67 0 ]
2. g3 ·MP (20,2)2→3 −MP (20,1)2→3 · g2 = 0
g3 ·MP (20,2)2→3 =
[10 11
11 0 1
]
·

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

2 2 2 2 2 3 1 3 1 3
3 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1
 ·

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

2 2 2 3 1 3
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1
 =

6 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
P (20,1)
2→3 · g2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[ 6 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

6 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

6 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

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g3 ·MP (20,2)2→3 −MP (20,1)2→3 · g2 =

6 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
−

6 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
 =
[13
11 0
]
3. g3 ·MP (20,2)4→3 −MP (20,1)4→3 · g4 = 0
g3 ·MP (20,2)4→3 =
[10 11
11 0 1
]
·

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 =
[ 7 3 7 4
7 0 0 1 0
4 0 0 0 1
]
·

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 =
[ 7 7
7 0 1
4 0 0
]
M
P (20,1)
4→3 · g4 =
[ 7
7 1
4 0
]
·
[ 7 7
7 0 1
]
=
[ 7 7
7 0 1
4 0 0
]
g3 ·MP (20,2)4→3 −MP (20,1)4→3 · g4 =
[ 7 7
7 0 1
4 0 0
]
−
[ 7 7
7 0 1
4 0 0
]
=
[14
11 0
]
4. g4 ·MP (20,2)5→4 −MP (20,1)5→4 · g5 = 0
g4 ·MP (20,2)5→4 =
[ 7 7
7 0 1
]
·

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 =
[ 3 4 4 3
4 0 0 1 0
3 0 0 0 1
]
·

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 =
[ 3 4
4 0 1
3 0 0
]
M
P (20,1)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 1
3 0 0
]
g4 ·MP (20,2)5→4 −MP (20,1)5→4 · g5 =
[ 3 4
4 0 1
3 0 0
]
−
[ 3 4
4 0 1
3 0 0
]
=
[ 7
7 0
]
5. g3 ·MP (20,2)6→3 −MP (20,1)6→3 · g6 = 0
g3 ·MP (20,2)6→3 =
[10 11
11 0 1
]
·

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 =
[ 3 7 4 7
4 0 0 1 0
7 0 0 0 1
]
·

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 =
[ 7 7
4 0 0
7 0 1
]
M
P (20,1)
6→3 · g6 =
[ 7
4 0
7 1
]
·
[ 7 7
7 0 1
]
=
[ 7 7
4 0 0
7 0 1
]
g3 ·MP (20,2)6→3 −MP (20,1)6→3 · g6 =
[ 7 7
4 0 0
7 0 1
]
−
[ 7 7
4 0 0
7 0 1
]
=
[14
11 0
]
6. g6 ·MP (20,2)7→6 −MP (20,1)7→6 · g7 = 0
g6 ·MP (20,2)7→6 =
[ 7 7
7 0 1
]
·

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=

3 1 3 3 1 3
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=

3 1 3
3 0 0 0
1 0 1 0
3 0 0 1
 = [
3 4
3 0 0
4 0 1
]
M
P (20,1)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
3 0 0
4 0 1
]
g6 ·MP (20,2)7→6 −MP (20,1)7→6 · g7 =
[ 3 4
3 0 0
4 0 1
]
−
[ 3 4
3 0 0
4 0 1
]
=
[ 7
7 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 7
7 0 1
]
·
[ 6
6 1
7 0
]
=
[ 6
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[10 11
11 0 1
]
·
[10
10 1
11 0
]
=
[10
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
126.5 Tree module property of P (6n+ 2, 2) 
The matrices of the representation have full (column) rank P
1. MP (6n+2,2)1→2 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
2. MP (6n+2,2)2→3 =

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+1(k) is already in column echelon form and has maximal column rank.
3. MP (6n+2,2)4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+3,4n+2(k) is already in column echelon form and has maximal column rank.
4. MP (6n+2,2)5→4 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
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5. MP (6n+2,2)6→3 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ∈M6n+3,4n+2(k) is already in column echelon form and has maximal column rank.
6. MP (6n+2,2)7→6 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

∈M4n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+2,2)
7→6 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

c1↔c2−−−−→

1 n n
n 0 0 0
1 1 0 0
n 0 1 0
n 0 0 0
1 1 0 0
n 0 0 1

126.5.1 0→ P (6n− 1, 1) f→ P (6n+ 2, 2) g→ P (6n+ 4, 1)→ 0 
PdimP (6n− 1, 1) + dimP (6n+ 4, 1) = (n− 1, 2n, 3n, 2n, n, 2n, n) + (n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
= (2n, 4n+ 1, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimP (6n+ 2, 2)
Pdimk Ext
1
kQ(P (6n+ 4, 1), P (6n− 1, 1)) = dimk HomkQ(P (6n+ 4, 1), P (6n− 1, 1))− 〈dimP (6n+ 4, 1),dimP (6n− 1, 1)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1), (n− 1, 2n, 3n, 2n, n, 2n, n)〉
= (n+ 1) · 2n+ (2n+ 1) · 3n+ (2n+ 2) · 3n+ (n+ 1) · 2n+ (2n+ 2) · 3n+ (n+ 1) · 2n
− ((n+ 1) · (n− 1) + (2n+ 1) · 2n+ (3n+ 3) · 3n+ (2n+ 2) · 2n+ (n+ 1) · n+ (2n+ 2) · 2n+ (n+ 1) · n)
= 2n2 + 2n+ 6n2 + 3n+ 6n2 + 6n+ 2n2 + 2n+ 6n2 + 6n+ 2n2 + 2n− (n2 − 1 + 4n2 + 2n+ 9n2 + 9n+ 4n2 + 4n+ n2 + n+ 4n2 + 4n+ n2 + n)
= 1
Representation of P (6n− 1, 1) = P (6n+ 5, 1)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 1) = (n− 1, 2n, 3n, 2n, n, 2n, n)
Matrices of the representation:
1. MP (6n−1,1)1→2 =

n−1
n−1 1
2 0
n−1 1
 ∈M2n,n−1(k)
2. MP (6n−1,1)2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. MP (6n−1,1)4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
4. MP (6n−1,1)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. MP (6n−1,1)6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. MP (6n−1,1)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
Matrices of the embedding f : P (6n− 1, 1)→ P (6n+ 2, 2) P
1. f1 =
[n−1
n+1 0
n−1 1′
]
∈M2n,n−1(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
2n 0 0
n 1′ 0
1 0 0
n 0 1′
 ∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
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3. f3 =

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

∈M6n+3,3n(k) is already in column echelon form and has maximal column rank.
4. f4 =

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 ∈M4n+2,2n(k) is already in column echelon form and has maximal column rank.
5. f5 =

n
n 0
n 1′
1 0
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 ∈M4n+2,2n(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ n
n+1 0
n 1′
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 2, 2)→ P (6n+ 4, 1) P
1. g1 =
[ n 1 n−1
n 1 0 0
1 0 91 0
]
∈Mn+1,2n(k) is already in row echelon form and has maximal row rank.
2. g2 =

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
 ∈M2n+1,4n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
 r3←r3−r1−−−−−−→

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 0 91 0 0 0
 r2↔r3−−−−→

n n n 1 n
n 1 0 0 0 0
n 0 91 0 0 0
1 0 0 0 91 0

3. g3 =

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n 5n+3
n+2 0 0
n 1 0
1 0 0
n 1 0
 ∈M3n+3,6n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n 5n+3
n+2 0 0
n 1 0
1 0 0
n 1 0

=

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n n 1 n n 1 n 1 n
n+2 0 0 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−→R1 = rows: 1 ... nR2 = rows: n+3 ... 2n+2

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n n 1 n n 1 n 1 n
n+2 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→R1 = rows: 1 ... nR2 = rows: 2n+4 ... 3n+3
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
n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n n 1 n n 1 n 1 n
n+2 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0
 =

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r3←r3−r1−−−−−−→

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r2↔r3−−−−→

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
n 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r5←r5−r2−−−−−−→

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
n 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r3↔r4−−−−→

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
n 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

r6←r6−r3−−−−−−→

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
n 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0

r4↔r5−−−−→

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
n 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 1 0 91 0

r6←r6+r5−−−−−−→

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
n 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0

4. g4 =

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
 ∈M2n+2,4n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
 r4←r4−r1−−−−−−→

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 0 0 91 0 0 0
 =

n n+1 n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n+1 0 91 0 0 0
 r2↔r3−−−−→

n n+1 n 1 n
n 1 0 0 0 0
n+1 0 91 0 0 0
1 0 0 0 91 0

5. g5 =
[ n n 1
n 1 0 0
1 0 0 91
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 ∈M2n+2,4n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 r3←r3−r1−−−−−−→

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 0 0 1 0 0 0
1 0 91 0 0 0 0
 r4←r4−r2−−−−−−→

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 0 0 1 0 0 0
1 0 0 0 0 91 0

7. g7 =
[ n 1 n
n 1 0 0
1 0 91 0
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 1, 1)→ P (6n+ 2, 2) P
1. f2 ·MP (6n−1,1)1→2 −MP (6n+2,2)1→2 · f1 = 0
f2 ·MP (6n−1,1)1→2 =

n n
2n 0 0
n 1′ 0
1 0 0
n 0 1′
 ·

n−1
n−1 1
2 0
n−1 1
 =

n−1 1 1 n−1
2n 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0

·

n−1
n−1 1
1 0
1 0
n−1 1
 =

n−1
2n 0
1 0
n−1 1′
1 0
n−1 1′
1 0

=

n−1
2n+1 0
n−1 1′
1 0
n−1 1′
1 0

956
M
P (6n+2,2)
1→2 · f1 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ·
[n−1
n+1 0
n−1 1′
]
=

n 1 n−1
n 1 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

·

n−1
n 0
1 0
n−1 1′
 =

n−1
n 0
n 0
1 0
n−1 1′
1 0
n−1 1′
1 0

=

n−1
2n+1 0
n−1 1′
1 0
n−1 1′
1 0

f2 ·MP (6n−1,1)1→2 −MP (6n+2,2)1→2 · f1 =

n−1
2n+1 0
n−1 1′
1 0
n−1 1′
1 0
−

n−1
2n+1 0
n−1 1′
1 0
n−1 1′
1 0
 =
[n−1
4n+1 0
]
2. f3 ·MP (6n−1,1)2→3 −MP (6n+2,2)2→3 · f2 = 0
f3 ·MP (6n−1,1)2→3 =

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] =

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

·

n n
n 1 0
n 0 1
n 0 0
+

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

·

n n
n 0 0
n 1 0
n 0 1

=

n n
3n+1 0 0
n 1′ 0
1 0 0
n 0 1′
1 0 0
n 0 0

+

n n
3n+1 0 0
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′

=

n n
3n+1 0 0
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′

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2→3 · f2 =


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1


·

n n
2n 0 0
n 1′ 0
1 0 0
n 0 1′
 =

2n n 1 n
2n 1 0 0 0
n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0

·

n n
2n 0 0
n 1′ 0
1 0 0
n 0 1′
+

2n n 1 n
n+1 0 0 0 0
2n 1 0 0 0
n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1

·

n n
2n 0 0
n 1′ 0
1 0 0
n 0 1′

=

n n
2n 0 0
n+1 0 0
n 1′ 0
1 0 0
n 0 1′
n+1 0 0

+

n n
n+1 0 0
2n 0 0
n+1 0 0
n 1′ 0
1 0 0
n 0 1′

=

n n
n+1 0 0
n−1 0 0
n+1 0 0
n 1′ 0
1 0 0
n 0 1′
1 0 0
n 0 0

+

n n
n+1 0 0
n−1 0 0
n+1 0 0
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′

=

n n
3n+1 0 0
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′

f3 ·MP (6n−1,1)2→3 −MP (6n+2,2)2→3 · f2 =

n n
3n+1 0 0
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′

−

n n
3n+1 0 0
n 1′ 0
1 0 0
n 1′ 1′
1 0 0
n 0 1′

=
[2n
6n+3 0
]
3. f3 ·MP (6n−1,1)4→3 −MP (6n+2,2)4→3 · f4 = 0
f3 ·MP (6n−1,1)4→3 =

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

·
[2n
2n 1
n 0
]
=

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

·

n n
n 1 0
n 0 1
n 0 0
 =

n n
3n+1 0 0
n 1′ 0
1 0 0
n 0 1′
1 0 0
n 0 0

=

n n
3n+1 0 0
n 1′ 0
1 0 0
n 0 1′
n+1 0 0

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4→3 · f4 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ·

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

2n+1 n 1 n
2n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0

·

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n
2n+1 0 0
n 0 0
n 1′ 0
1 0 0
n 0 1′
n+1 0 0

=

n n
3n+1 0 0
n 1′ 0
1 0 0
n 0 1′
n+1 0 0

f3 ·MP (6n−1,1)4→3 −MP (6n+2,2)4→3 · f4 =

n n
3n+1 0 0
n 1′ 0
1 0 0
n 0 1′
n+1 0 0
−

n n
3n+1 0 0
n 1′ 0
1 0 0
n 0 1′
n+1 0 0
 =
[2n
6n+3 0
]
4. f4 ·MP (6n−1,1)5→4 −MP (6n+2,2)5→4 · f5 = 0
f4 ·MP (6n−1,1)5→4 =

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 ·
[ n
n 1
n 0
]
=

n
2n+1 0
n 1′
1 0
n 0
 =

n
2n+1 0
n 1′
n+1 0

M
P (6n+2,2)
5→4 · f5 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ·

n
n 0
n 1′
1 0
 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
n 0 0 0
 ·

n
n 0
n 1′
1 0
 =

n
n 0
n+1 0
n 1′
1 0
n 0
 =

n
2n+1 0
n 1′
n+1 0

f4 ·MP (6n−1,1)5→4 −MP (6n+2,2)5→4 · f5 =

n
2n+1 0
n 1′
n+1 0
−

n
2n+1 0
n 1′
n+1 0
 = [ n4n+2 0 ]
5. f3 ·MP (6n−1,1)6→3 −MP (6n+2,2)6→3 · f6 = 0
f3 ·MP (6n−1,1)6→3 =

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

·
[2n
n 0
2n 1
]
=

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

·

n n
n 0 0
n 1 0
n 0 1
 =

n n
3n+1 0 0
n 0 0
1 0 0
n 1′ 0
1 0 0
n 0 1′

=

n n
4n+2 0 0
n 1′ 0
1 0 0
n 0 1′

M
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6→3 · f6 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ·

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

2n+1 n 1 n
n 0 0 0 0
2n+1 1 0 0 0
n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1

·

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n
n 0 0
2n+1 0 0
n+1 0 0
n 1′ 0
1 0 0
n 0 1′

=

n n
4n+2 0 0
n 1′ 0
1 0 0
n 0 1′

f3 ·MP (6n−1,1)6→3 −MP (6n+2,2)6→3 · f6 =

n n
4n+2 0 0
n 1′ 0
1 0 0
n 0 1′
−

n n
4n+2 0 0
n 1′ 0
1 0 0
n 0 1′
 =
[2n
6n+3 0
]
6. f6 ·MP (6n−1,1)7→6 −MP (6n+2,2)7→6 · f7 = 0
f6 ·MP (6n−1,1)7→6 =

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 ·
[ n
n 0
n 1
]
=

n
2n+1 0
n 0
1 0
n 1′
 =
[ n
3n+2 0
n 1′
]
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P (6n+2,2)
7→6 · f7 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

·
[ n
n+1 0
n 1′
]
=

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

·

n
n 0
1 0
n 1′
 =

n
n 0
1 0
n 0
n 0
1 0
n 1′

=
[ n
3n+2 0
n 1′
]
f6 ·MP (6n−1,1)7→6 −MP (6n+2,2)7→6 · f7 =
[ n
3n+2 0
n 1′
]
−
[ n
3n+2 0
n 1′
]
=
[ n
4n+2 0
]
Relations of the projection g : P (6n+ 2, 2)→ P (6n+ 4, 1) P
1. g2 ·MP (6n+2,2)1→2 −MP (6n+4,1)1→2 · g1 = 0
g2 ·MP (6n+2,2)1→2 =

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
 ·

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 =

n n 1 n−1 1 n−1 1
n 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0
n 1 91 0 0 0 0 0
 ·

n 1 n−1
n 1 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n 1 n−1
n 1 0 0
1 0 91 0
n 0 0 0

M
P (6n+4,1)
1→2 · g1 =
[n+1
n+1 1
n 0
]
·
[ n 1 n−1
n 1 0 0
1 0 91 0
]
=

n 1
n 1 0
1 0 1
n 0 0
 · [
n 1 n−1
n 1 0 0
1 0 91 0
]
=

n 1 n−1
n 1 0 0
1 0 91 0
n 0 0 0

g2 ·MP (6n+2,2)1→2 −MP (6n+4,1)1→2 · g1 =

n 1 n−1
n 1 0 0
1 0 91 0
n 0 0 0
−

n 1 n−1
n 1 0 0
1 0 91 0
n 0 0 0
 = [2n2n+1 0 ]
2. g3 ·MP (6n+2,2)2→3 −MP (6n+4,1)2→3 · g2 = 0
g3 ·MP (6n+2,2)2→3 =


n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n 5n+3
n+2 0 0
n 1 0
1 0 0
n 1 0


·


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1


=

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

·

n n n 1 n
n 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
1 0 0 0 0 0
n 0 0 0 0 0

+

1 n−1 1 n−1 1 1 n−1 n 1 n 1 n
1 1 0 0 0 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0
n−1 0 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 91 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0
n−1 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0

·

n−1 1 1 n−1 n 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

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+
n n n+1 2n+1 n+1
n+2 0 0 0 0 0
n 1 0 0 0 0
1 0 0 0 0 0
n 1 0 0 0 0
 ·

n n 2n+1
n 1 0 0
n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0
+

n 1 2n n+1 2n+1
n+2 0 0 0 0 0
n 1 0 0 0 0
1 0 0 0 0 0
n 1 0 0 0 0
 ·

2n 2n+1
n 0 0
1 0 0
2n 1 0
n+1 0 0
2n+1 0 1

=

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
1 0 0 0 91 0
n 0 91 0 0 0
1 0 0 0 0 0

+

n−1 1 1 n−1 n 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 91 0 0 0 0 0 0
1 0 91 0 0 0 1 0
1 0 0 1 0 0 0 0
n−1 91 0 0 1 0 0 0
1 0 91 0 0 0 0 0

+

n n 2n+1
n+2 0 0 0
n 1 0 0
1 0 0 0
n 1 0 0
+

2n 2n+1
n+2 0 0
n 0 0
1 0 0
n 0 0

=

1 n−1 1 n−1 n 1 n
1 1 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 91 0
1 0 0 91 0 0 0 0
n−1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0

+

n−1 1 1 n−1 n 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 91 0 0 0 0 0 0
1 0 91 0 0 0 1 0
1 0 0 1 0 0 0 0
n−1 91 0 0 1 0 0 0
1 0 91 0 0 0 0 0

+

n−1 1 n 2n+1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0

+

2n 2n+1
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

=

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
n+2 0 0 0 0 0

M
P (6n+4,1)
2→3 · g2 =
[2n+1
2n+1 1
n+2 0
]
·

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+2 0 0 0
 ·

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
 =

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
n+2 0 0 0 0 0

g3 ·MP (6n+2,2)2→3 −MP (6n+4,1)2→3 · g2 =

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
n+2 0 0 0 0 0
−

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
n+2 0 0 0 0 0
 =
[4n+1
3n+3 0
]
3. g3 ·MP (6n+2,2)4→3 −MP (6n+4,1)4→3 · g4 = 0
g3 ·MP (6n+2,2)4→3 =


n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n 5n+3
n+2 0 0
n 1 0
1 0 0
n 1 0


·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0

=

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

·

n n 1 n 1 n
n 1 0 0 0 0 0
n 0 1 0 0 0 0
1 0 0 1 0 0 0
n 0 0 0 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

n n+1 n 2n+1 n+1
n+2 0 0 0 0 0
n 1 0 0 0 0
1 0 0 0 0 0
n 1 0 0 0 0
 ·

n n+1 2n+1
n 1 0 0
n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

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=
n n 1 n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
n 1 91 0 0 0 0
1 0 0 91 0 91 0
n 0 91 0 0 0 0
1 0 0 91 0 0 0

+

n n+1 2n+1
n+2 0 0 0
n 1 0 0
1 0 0 0
n 1 0 0
 =

1 n−1 1 n−1 1 n 1 n
1 1 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0 0
n−1 0 1 0 91 0 0 0 0
1 0 0 0 0 91 0 91 0
1 0 0 91 0 0 0 0 0
n−1 0 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0

+

n−1 1 n 1 n 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0

=

n n 1 n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
n 1 91 0 0 0 0
1 0 0 91 0 91 0
n 0 91 0 0 0 0
1 0 0 91 0 0 0

+

n 3n+2
n+2 0 0
n 1 0
1 0 0
n 1 0

M
P (6n+4,1)
4→3 · g4 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0

=

n 1 1 n
n 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
 ·

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
+

n 1 1 n
n+1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0

=

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
n+1 0 0 0 0 0 0
+

n 1 n n 1 n
n+1 0 0 0 0 0 0
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0

=

n−1 1 1 n−1 1 n 1 n
n−1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 0 0 91 0 0 0 0 0
n−1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0

+

1 n−1 1 1 n−1 n 1 n
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0
1 0 0 91 0 0 0 0 0
1 1 0 0 91 0 0 0 0
n−1 0 1 0 0 91 0 0 0

=

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
n+1 0 0 0 0 0 0
+

n 1 n n 1 n
n+1 0 0 0 0 0 0
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0

g3 ·MP (6n+2,2)4→3 −MP (6n+4,1)4→3 · g4 =


n n 1 n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
n 1 91 0 0 0 0
1 0 0 91 0 91 0
n 0 91 0 0 0 0
1 0 0 91 0 0 0

+

n 3n+2
n+2 0 0
n 1 0
1 0 0
n 1 0


−


n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
n+1 0 0 0 0 0 0
+

n 1 n n 1 n
n+1 0 0 0 0 0 0
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0


=

[ n 3n+2
n 1 0
2n+3 0 0
]
+

3n+1 1 n
n 0 0 0
1 0 91 0
2n+2 0 0 0
+

n 3n+2
n+1 0 0
n 1 0
n+2 0 0
+

n n 2n+2
n+1 0 0 0
n 0 91 0
n+2 0 0 0
+

2n 1 2n+1
2n+1 0 0 0
1 0 91 0
n+1 0 0 0
+

3n+1 1 n
2n+1 0 0 0
1 0 91 0
n+1 0 0 0

961
+
n n 2n+2
2n+2 0 0 0
n 0 91 0
1 0 0 0
+ [
2n 1 2n+1
3n+2 0 0 0
1 0 91 0
]
+

n 3n+2
n+2 0 0
n 1 0
n+1 0 0
+ [
n 3n+2
2n+3 0 0
n 1 0
]

−

[ n 3n+2
n 1 0
2n+3 0 0
]
+

3n+1 1 n
n 0 0 0
1 0 91 0
2n+2 0 0 0
+

n 3n+2
n+1 0 0
n 1 0
n+2 0 0
+

n n 2n+2
n+1 0 0 0
n 0 91 0
n+2 0 0 0
+

2n 1 2n+1
2n+1 0 0 0
1 0 91 0
n+1 0 0 0
+

3n+1 1 n
2n+1 0 0 0
1 0 91 0
n+1 0 0 0

+

n n 2n+2
2n+2 0 0 0
n 0 91 0
1 0 0 0
+ [
2n 1 2n+1
3n+2 0 0 0
1 0 91 0
]
+

n 3n+2
n+2 0 0
n 1 0
n+1 0 0
+ [
n 3n+2
2n+3 0 0
n 1 0
]

=
[4n+2
3n+3 0
]
4. g4 ·MP (6n+2,2)5→4 −MP (6n+4,1)5→4 · g5 = 0
g4 ·MP (6n+2,2)5→4 =

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
 ·

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 =

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
 ·

n n 1
n 1 0 0
1 0 0 0
n 0 0 0
n 0 1 0
1 0 0 1
n 0 0 0

=

n n 1
n 1 0 0
1 0 0 91
1 0 0 0
n 1 0 0

M
P (6n+4,1)
5→4 · g5 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·
[ n n 1
n 1 0 0
1 0 0 91
]
=

n n 1
n 1 0 0
1 0 0 91
1 0 0 0
n 1 0 0

g4 ·MP (6n+2,2)5→4 −MP (6n+4,1)5→4 · g5 =

n n 1
n 1 0 0
1 0 0 91
1 0 0 0
n 1 0 0
−

n n 1
n 1 0 0
1 0 0 91
1 0 0 0
n 1 0 0
 =
[2n+1
2n+2 0
]
5. g3 ·MP (6n+2,2)6→3 −MP (6n+4,1)6→3 · g6 = 0
g3 ·MP (6n+2,2)6→3 =


n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n 5n+3
n+2 0 0
n 1 0
1 0 0
n 1 0


·

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1

=

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

·

n 1 n n 1 n
n 0 0 0 0 0 0
n 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1

+

n 2n+1 n+1 2n+1
n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 0 0 0
 ·

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1

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=
n 1 n n 1 n
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0

+

2n+1 2n+1
n+2 0 0
n 0 0
1 0 0
n 0 0

=

1 n−1 1 1 n−1 n 1 n
n 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
n−1 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0
1 91 0 0 1 0 0 0 0
n−1 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0

+

n 1 n n 1 n
n 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

n 1 n n 1 n
n+1 0 0 0 0 0 0
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0

M
P (6n+4,1)
6→3 · g6 =
[2n+2
n+1 0
2n+2 1
]
·

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 =

n 1 n 1
n+1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
 ·

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 =

n 1 n n 1 n
n+1 0 0 0 0 0 0
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0

g3 ·MP (6n+2,2)6→3 −MP (6n+4,1)6→3 · g6 =

n 1 n n 1 n
n+1 0 0 0 0 0 0
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
−

n 1 n n 1 n
n+1 0 0 0 0 0 0
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 =
[4n+2
3n+3 0
]
6. g6 ·MP (6n+2,2)7→6 −MP (6n+4,1)7→6 · g7 = 0
g6 ·MP (6n+2,2)7→6 =

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

=

n 1 n
n 0 0 0
1 0 0 0
n 1 0 0
1 0 91 0
 =

n 1 n
n+1 0 0 0
n 1 0 0
1 0 91 0

M
P (6n+4,1)
7→6 · g7 =
[n+1
n+1 0
n+1 1
]
·
[ n 1 n
n 1 0 0
1 0 91 0
]
=

n 1
n+1 0 0
n 1 0
1 0 1
 · [
n 1 n
n 1 0 0
1 0 91 0
]
=

n 1 n
n+1 0 0 0
n 1 0 0
1 0 91 0

g6 ·MP (6n+2,2)7→6 −MP (6n+4,1)7→6 · g7 =

n 1 n
n+1 0 0 0
n 1 0 0
1 0 91 0
−

n 1 n
n+1 0 0 0
n 1 0 0
1 0 91 0
 = [2n+12n+2 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n 1 n−1
n 1 0 0
1 0 91 0
]
·
[n−1
n+1 0
n−1 1′
]
=
[ n 1 n−1
n 1 0 0
1 0 91 0
]
·

n−1
n 0
1 0
n−1 1′
 = [n−1n+1 0 ]
2. g2 · f2 = 0
g2 · f2 =

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
 ·

n n
2n 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n n n 1 n
n 1 0 0 0 0
1 0 0 0 91 0
n 1 91 0 0 0
 ·

n n
n 0 0
n 0 0
n 1′ 0
1 0 0
n 0 1′
 =
[2n
2n+1 0
]
963
3. g3 · f3 = 0
g3 · f3 =


n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

+

n 5n+3
n+2 0 0
n 1 0
1 0 0
n 1 0


·

n n n
3n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

=

n n 1 n n 1 n 1 n
n 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n 1 91 0 0 0 0 0 0 0
1 0 0 91 0 0 91 0 1 0
n 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0

·

n n n
n 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

+

n 2n+1 n 1 n 1 n
n+2 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0
 ·

n n n
n 0 0 0
2n+1 0 0 0
n 1′ 0 0
1 0 0 0
n 0 1′ 0
1 0 0 0
n 0 0 1′

=

n n n
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0

+

n n n
n+2 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
 =

n n n
n 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0

+

n n n
n 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=
[3n
3n+3 0
]
4. g4 · f4 = 0
g4 · f4 =

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
 ·

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
n 1 0 91 0 0 0
 ·

n n
n 0 0
1 0 0
n 0 0
n 1′ 0
1 0 0
n 0 1′

=
[2n
2n+2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n n 1
n 1 0 0
1 0 0 91
]
·

n
n 0
n 1′
1 0
 = [ nn+1 0 ]
6. g6 · f6 = 0
g6 · f6 =

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

n n
2n+1 0 0
n 1′ 0
1 0 0
n 0 1′
 =

n 1 n n 1 n
n 91 0 0 0 0 0
1 0 91 0 0 1 0
n 91 0 1 0 0 0
1 0 91 0 0 0 0
 ·

n n
n 0 0
1 0 0
n 0 0
n 1′ 0
1 0 0
n 0 1′

=
[2n
2n+2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n 1 n
n 1 0 0
1 0 91 0
]
·
[ n
n+1 0
n 1′
]
=
[ n 1 n
n 1 0 0
1 0 91 0
]
·

n
n 0
1 0
n 1′
 = [ nn+1 0 ]
126.5.2 0→ P (6n+ 1, 1) i→ P (6n+ 2, 2) p→ P (6n+ 2, 1)→ 0 
PdimP (6n+ 1, 1) + dimP (6n+ 2, 1) = (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n) + (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
= (2n, 4n+ 1, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimP (6n+ 2, 2)
P
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dimk Ext
1
kQ(P (6n+ 2, 1), P (6n+ 1, 1)) = dimk HomkQ(P (6n+ 2, 1), P (6n+ 1, 1))− 〈dimP (6n+ 2, 1),dimP (6n+ 1, 1)〉
= 0− 〈(n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1), (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n)〉
= n · 2n+ (2n+ 1) · (3n+ 1) + (2n+ 1) · (3n+ 1) + (n+ 1) · (2n+ 1) + (2n+ 1) · (3n+ 1) + (n+ 1) · (2n+ 1)
− (n · n+ (2n+ 1) · 2n+ (3n+ 2) · (3n+ 1) + (2n+ 1) · (2n+ 1) + (n+ 1) · n+ (2n+ 1) · (2n+ 1) + (n+ 1) · n)
= 2n2 + 6n2 + 5n+ 1 + 6n2 + 5n+ 1 + 2n2 + 3n+ 1 + 6n2 + 5n+ 1 + 2n2 + 3n+ 1
− (n2 + 4n2 + 2n+ 9n2 + 9n+ 2 + 4n2 + 4n+ 1 + n2 + n+ 4n2 + 4n+ 1 + n2 + n)
= 1
Matrices of the embedding i : P (6n+ 1, 1)→ P (6n+ 2, 2) P
1. i1 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n
2n 1
2n+1 0
]
∈M4n+1,2n(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+1
3n+1 1
3n+2 0
]
∈M6n+3,3n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
2n+1 0
]
∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
2n+1 0
]
∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 2, 2)→ P (6n+ 2, 1) P
1. p1 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n 2n+1
2n+1 0 1
]
∈M2n+1,4n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+1 3n+2
3n+2 0 1
]
∈M3n+2,6n+3(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 2n+1
2n+1 0 1
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 2n+1
2n+1 0 1
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 1, 1)→ P (6n+ 2, 2) P
1. i2 ·MP (6n+1,1)1→2 −MP (6n+2,2)1→2 · i1 = 0
i2 ·MP (6n+1,1)1→2 =
[2n
2n 1
2n+1 0
]
·
[ n
n 1
n 1
]
=

n n
n 1 0
n 0 1
2n+1 0 0
 · [
n
n 1
n 1
]
=

n
n 1
n 1
2n+1 0

M
P (6n+2,2)
1→2 · i1 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ·
[ n
n 1
n 0
]
=

n
n 1
n 1
n 0
n 0
1 0
 =

n
n 1
n 1
2n+1 0

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i2 ·MP (6n+1,1)1→2 −MP (6n+2,2)1→2 · i1 =

n
n 1
n 1
2n+1 0
−

n
n 1
n 1
2n+1 0
 = [ n4n+1 0 ]
2. i3 ·MP (6n+1,1)2→3 −MP (6n+2,2)2→3 · i2 = 0
i3 ·MP (6n+1,1)2→3 =
[3n+1
3n+1 1
3n+2 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] =

2n n+1
2n 1 0
n+1 0 1
3n+2 0 0
 · [
2n
2n 1
n+1 0
]
+

n+1 2n
n+1 1 0
2n 0 1
3n+2 0 0
 · [
2n
n+1 0
2n 1
]
=

2n
2n 1
n+1 0
3n+2 0
+

2n
n+1 0
2n 1
3n+2 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
3n+2 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
3n+2 0 0
 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+2 0 0 0

M
P (6n+2,2)
2→3 · i2 =


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1


·
[2n
2n 1
2n+1 0
]
=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ·
[2n
2n 1
2n+1 0
]
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
 ·
[2n
2n 1
2n+1 0
]
=

2n
2n 1
n+1 0
2n+1 0
n+1 0
+

2n
n+1 0
2n 1
n+1 0
2n+1 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
n+1 0 0
n 0 0
n+1 0 0

+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
n+1 0 0
n 0 0
n+1 0 0

=

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+2 0 0 0

i3 ·MP (6n+1,1)2→3 −MP (6n+2,2)2→3 · i2 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+2 0 0 0

−

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
3n+2 0 0 0

=
[2n
6n+3 0
]
3. i3 ·MP (6n+1,1)4→3 −MP (6n+2,2)4→3 · i4 = 0
i3 ·MP (6n+1,1)4→3 =
[3n+1
3n+1 1
3n+2 0
]
·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
2n+1 1 0
n 0 1
3n+2 0 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1
2n+1 1
n 0
3n+2 0
 = [
2n+1
2n+1 1
4n+2 0
]
M
P (6n+2,2)
4→3 · i4 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ·
[2n+1
2n+1 1
2n+1 0
]
=

2n+1
2n+1 1
n 0
2n+1 0
n+1 0
 =
[2n+1
2n+1 1
4n+2 0
]
i3 ·MP (6n+1,1)4→3 −MP (6n+2,2)4→3 · i4 =
[2n+1
2n+1 1
4n+2 0
]
−
[2n+1
2n+1 1
4n+2 0
]
=
[2n+1
6n+3 0
]
4. i4 ·MP (6n+1,1)5→4 −MP (6n+2,2)5→4 · i5 = 0
i4 ·MP (6n+1,1)5→4 =
[2n+1
2n+1 1
2n+1 0
]
·
[ n
n 1
n+1 0
]
=

n n+1
n 1 0
n+1 0 1
2n+1 0 0
 · [
n
n 1
n+1 0
]
=

n
n 1
n+1 0
2n+1 0
 = [
n
n 1
3n+2 0
]
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M
P (6n+2,2)
5→4 · i5 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ·
[ n
n 1
n+1 0
]
=

n
n 1
n+1 0
n+1 0
n 0
 =
[ n
n 1
3n+2 0
]
i4 ·MP (6n+1,1)5→4 −MP (6n+2,2)5→4 · i5 =
[ n
n 1
3n+2 0
]
−
[ n
n 1
3n+2 0
]
=
[ n
4n+2 0
]
5. i3 ·MP (6n+1,1)6→3 −MP (6n+2,2)6→3 · i6 = 0
i3 ·MP (6n+1,1)6→3 =
[3n+1
3n+1 1
3n+2 0
]
·
[2n+1
n 0
2n+1 1
]
=

n 2n+1
n 1 0
2n+1 0 1
3n+2 0 0
 · [
2n+1
n 0
2n+1 1
]
=

2n+1
n 0
2n+1 1
3n+2 0

M
P (6n+2,2)
6→3 · i6 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ·
[2n+1
2n+1 1
2n+1 0
]
=

2n+1
n 0
2n+1 1
n+1 0
2n+1 0
 =

2n+1
n 0
2n+1 1
3n+2 0

i3 ·MP (6n+1,1)6→3 −MP (6n+2,2)6→3 · i6 =

2n+1
n 0
2n+1 1
3n+2 0
−

2n+1
n 0
2n+1 1
3n+2 0
 = [2n+16n+3 0 ]
6. i6 ·MP (6n+1,1)7→6 −MP (6n+2,2)7→6 · i7 = 0
i6 ·MP (6n+1,1)7→6 =
[2n+1
2n+1 1
2n+1 0
]
·
[ n
n+1 0
n 1
]
=

n+1 n
n+1 1 0
n 0 1
2n+1 0 0
 · [
n
n+1 0
n 1
]
=

n
n+1 0
n 1
2n+1 0

M
P (6n+2,2)
7→6 · i7 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

·
[ n
n 1
n+1 0
]
=

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

·

n
n 1
1 0
n 0
 =

n
n 0
1 0
n 1
n 0
1 0
n 0

=

n
n+1 0
n 1
2n+1 0

i6 ·MP (6n+1,1)7→6 −MP (6n+2,2)7→6 · i7 =

n
n+1 0
n 1
2n+1 0
−

n
n+1 0
n 1
2n+1 0
 = [ n4n+2 0 ]
Relations of the projection p : P (6n+ 2, 2)→ P (6n+ 2, 1) P
1. p2 ·MP (6n+2,2)1→2 −MP (6n+2,1)1→2 · p1 = 0
p2 ·MP (6n+2,2)1→2 =
[2n 2n+1
2n+1 0 1
]
·

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 =

n n n n 1
n 0 0 1 0 0
n 0 0 0 1 0
1 0 0 0 0 1
 ·

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 =

n n
n 0 1
n 0 1
1 0 0

M
P (6n+2,1)
1→2 · p1 =

n
n 1
n 1
1 0
 · [ n nn 0 1 ] =

n n
n 0 1
n 0 1
1 0 0

p2 ·MP (6n+2,2)1→2 −MP (6n+2,1)1→2 · p1 =

n n
n 0 1
n 0 1
1 0 0
−

n n
n 0 1
n 0 1
1 0 0
 = [2n2n+1 0 ]
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2. p3 ·MP (6n+2,2)2→3 −MP (6n+2,1)2→3 · p2 = 0
p3 ·MP (6n+2,2)2→3 =
[3n+1 3n+2
3n+2 0 1
]
·


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1


=
[2n n+1 2n+1 n+1
2n+1 0 0 1 0
n+1 0 0 0 1
]
·

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+
[n+1 2n n+1 2n+1
n+1 0 0 1 0
2n+1 0 0 0 1
]
·

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1

=
[2n 2n+1
2n+1 0 1
n+1 0 0
]
+
[2n 2n+1
n+1 0 0
2n+1 0 1
]
=

2n n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

2n n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

2n n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
P (6n+2,1)
2→3 · p2 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[2n 2n+1
2n+1 0 1
]
=
[2n+1
2n+1 1
n+1 0
]
·
[2n 2n+1
2n+1 0 1
]
+
[2n+1
n+1 0
2n+1 1
]
·
[2n 2n+1
2n+1 0 1
]
=
[2n 2n+1
2n+1 0 1
n+1 0 0
]
+
[2n 2n+1
n+1 0 0
2n+1 0 1
]
=

2n n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

2n n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

2n n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

p3 ·MP (6n+2,2)2→3 −MP (6n+2,1)2→3 · p2 =

2n n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
−

2n n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
 =
[4n+1
3n+2 0
]
3. p3 ·MP (6n+2,2)4→3 −MP (6n+2,1)4→3 · p4 = 0
p3 ·MP (6n+2,2)4→3 =
[3n+1 3n+2
3n+2 0 1
]
·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 =
[2n+1 n 2n+1 n+1
2n+1 0 0 1 0
n+1 0 0 0 1
]
·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 =
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
M
P (6n+2,1)
4→3 · p4 =
[2n+1
2n+1 1
n+1 0
]
·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
p3 ·MP (6n+2,2)4→3 −MP (6n+2,1)4→3 · p4 =
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
−
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
=
[4n+2
3n+2 0
]
4. p4 ·MP (6n+2,2)5→4 −MP (6n+2,1)5→4 · p5 = 0
p4 ·MP (6n+2,2)5→4 =
[2n+1 2n+1
2n+1 0 1
]
·

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 =
[ n n+1 n+1 n
n+1 0 0 1 0
n 0 0 0 1
]
·

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 =
[ n n+1
n+1 0 1
n 0 0
]
M
P (6n+2,1)
5→4 · p5 =
[n+1
n+1 1
n 0
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n+1 0 1
n 0 0
]
p4 ·MP (6n+2,2)5→4 −MP (6n+2,1)5→4 · p5 =
[ n n+1
n+1 0 1
n 0 0
]
−
[ n n+1
n+1 0 1
n 0 0
]
=
[2n+1
2n+1 0
]
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5. p3 ·MP (6n+2,2)6→3 −MP (6n+2,1)6→3 · p6 = 0
p3 ·MP (6n+2,2)6→3 =
[3n+1 3n+2
3n+2 0 1
]
·

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 =
[ n 2n+1 n+1 2n+1
n+1 0 0 1 0
2n+1 0 0 0 1
]
·

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 =
[2n+1 2n+1
n+1 0 0
2n+1 0 1
]
M
P (6n+2,1)
6→3 · p6 =
[2n+1
n+1 0
2n+1 1
]
·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1 2n+1
n+1 0 0
2n+1 0 1
]
p3 ·MP (6n+2,2)6→3 −MP (6n+2,1)6→3 · p6 =
[2n+1 2n+1
n+1 0 0
2n+1 0 1
]
−
[2n+1 2n+1
n+1 0 0
2n+1 0 1
]
=
[4n+2
3n+2 0
]
6. p6 ·MP (6n+2,2)7→6 −MP (6n+2,1)7→6 · p7 = 0
p6 ·MP (6n+2,2)7→6 =
[2n+1 2n+1
2n+1 0 1
]
·

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

=

n 1 n n 1 n
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

=

n 1 n
n 0 0 0
1 0 1 0
n 0 0 1
 = [
n n+1
n 0 0
n+1 0 1
]
M
P (6n+2,1)
7→6 · p7 =
[n+1
n 0
n+1 1
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n 0 0
n+1 0 1
]
p6 ·MP (6n+2,2)7→6 −MP (6n+2,1)7→6 · p7 =
[ n n+1
n 0 0
n+1 0 1
]
−
[ n n+1
n 0 0
n+1 0 1
]
=
[2n+1
2n+1 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n 2n+1
2n+1 0 1
]
·
[2n
2n 1
2n+1 0
]
=
[2n
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+1 3n+2
3n+2 0 1
]
·
[3n+1
3n+1 1
3n+2 0
]
=
[3n+1
3n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+1 2n+1
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=
[2n+1
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
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6. p6 · i6 = 0
p6 · i6 =
[2n+1 2n+1
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=
[2n+1
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
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127 Tree module property of P (6n+ 3, 2)
127.1 Tree module property of P (3, 2) 
The representation of P (3, 2):
dimP (3, 2) = (1, 3, 4, 2, 1, 2, 1)
P (3, 2) =
M1→2 = ( 10
0
)
, M2→3 =
 1 0 00 1 0
0 0 0
0 0 1
 , M4→3 =
 0 00 0
1 0
0 1
 , M5→4 = ( 11 ) , M6→3 =
 0 11 0
0 1
0 0
 , M7→6 = ( 11 )

The length of P (3, 2) is: 1 + 3 + 4 + 2 + 1 + 2 + 1 = 14.
The total number of ones in the matrices of the representation: 13.
A = M(EndkQ(P (3, 2))) ∈M35,36(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (3, 2).
A =

yy
0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

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∼
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0
91 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

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∼

y y
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(P (3, 2)) = corank(A) = 1 in every field k, therefore P (3, 2) has the (field independent) tree module property.
127.2 Tree module property of P (9, 2) 
The matrices of the representation have full (column) rank P
1. MP (9,2)1→2 =

1 0 0
1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. MP (9,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
3. MP (9,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
4. MP (9,2)5→4 =

1 0 0
0 1 0
0 0 0
0 0 1
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
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5. MP (9,2)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 1 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
6. MP (9,2)7→6 =

0 0 1
1 0 0
0 1 0
0 0 1
0 0 1
0 0 0

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (9,2)
7→6 =

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0

c1↔c2−−−−→

1 2
1 1 0
2 0 1
1 1 0
1 1 0
1 0 0

127.2.1 0→ P (7, 7) f→ P (9, 2) g→ P (10, 5)→ 0 
PdimP (7, 7) + dimP (10, 5) = (1, 3, 4, 3, 1, 2, 1) + (2, 4, 6, 3, 2, 4, 2)
= (3, 7, 10, 6, 3, 6, 3) = dimP (9, 2)
Pdimk Ext
1
kQ(P (10, 5), P (7, 7)) = dimk HomkQ(P (10, 5), P (7, 7))− 〈dimP (10, 5),dimP (7, 7)〉
= 0− 〈(2, 4, 6, 3, 2, 4, 2), (1, 3, 4, 3, 1, 2, 1)〉
= 2 · 3 + 4 · 4 + 3 · 4 + 2 · 3 + 4 · 4 + 2 · 2− (2 · 1 + 4 · 3 + 6 · 4 + 3 · 3 + 2 · 1 + 4 · 2 + 2 · 1)
= 6 + 16 + 12 + 6 + 16 + 4− (2 + 12 + 24 + 9 + 2 + 8 + 2)
= 1
Matrices of the embedding f : P (7, 7)→ P (9, 2) P
1. f1 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 1 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1 1
1 0 1 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

c1↔c2−−−−→

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 1 0 0
1 0 0 1
1 0 0 0

3. f3 =

91 0 1 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M10,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

c3←c3+c1−−−−−−→

1 1 1 1
1 91 0 0 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

c2↔c3−−−−→

1 1 1 1
1 91 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 1 1 0 0
1 0 0 1 0
1 0 1 0 0
1 0 0 0 1
1 0 0 0 0

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4. f4 =

91 0 1
0 0 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

91 0 1
0 0 0
0 0 1
1 0 0
0 1 0
0 0 1

c3←c3+c1−−−−−−→

91 0 0
0 0 0
0 0 1
1 0 1
0 1 0
0 0 1

c2↔c3−−−−→

91 0 0
0 0 0
0 1 0
1 1 0
0 0 1
0 1 0

5. f5 =
910
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 0
0 0
1 0
0 1
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (9, 2)→ P (10, 5) P
1. g1 =
[
1 0 1
91 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[
1 0 1
91 0 0
]
r2←r2+r1−−−−−−→
[
1 0 1
0 0 1
]
2. g2 =

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 r4←r4+r2−−−−−−→

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 1

3. g3 =

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

∈M6,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

r4↔r6−−−−→

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 1 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1

4. g4 =
1 0 0 1 0 910 91 0 0 0 0
0 0 1 0 0 91
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 1
0 91 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 r2↔r4−−−−→

1 0 0 91 0 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 0 0 1

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7. g7 =
[
0 1 0
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 1
2 1′ 0
]
Relations of the embedding f : P (7, 7)→ P (9, 2) P
1. f2 ·MP (7,7)1→2 −MP (9,2)1→2 · f1 = 0
f2 ·MP (7,7)1→2 =

1 1 1
1 0 1 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

·
[ 1
2 0
1 1
]
=

1 1 1
1 0 1 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

·
00
1
 =

1
1 0
2 0
1 0
1 0
1 1
1 0

=

1
5 0
1 1
1 0

M
P (9,2)
1→2 · f1 =

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 ·
01
0
 =

1 1 1
1 1 0 0
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
01
0
 =

1
1 0
1 0
3 0
1 1
1 0
 =

1
5 0
1 1
1 0

f2 ·MP (7,7)1→2 −MP (9,2)1→2 · f1 =

1
5 0
1 1
1 0
−

1
5 0
1 1
1 0
 = [ 17 0 ]
2. f3 ·MP (7,7)2→3 −MP (9,2)2→3 · f2 = 0
f3 ·MP (7,7)2→3 =

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·
[ 3
1 0
3 1
]
=

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·

0 0 0
1 0 0
0 1 0
0 0 1
 =

1 1 1
1 0 1 0
1 0 0 0
1 0 1 0
2 0 0 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=

1 1 1
1 0 1 0
1 0 0 0
1 0 1 0
3 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

M
P (9,2)
2→3 · f2 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

·

1 1 1
1 0 1 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

0 1 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

=

0 1 0
0 0 0
0 1 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

=

1 1 1
1 0 1 0
1 0 0 0
1 0 1 0
3 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

f3 ·MP (7,7)2→3 −MP (9,2)2→3 · f2 =

1 1 1
1 0 1 0
1 0 0 0
1 0 1 0
3 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

−

1 1 1
1 0 1 0
1 0 0 0
1 0 1 0
3 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=
[ 3
10 0
]
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3. f3 ·MP (7,7)4→3 −MP (9,2)4→3 · f4 = 0
f3 ·MP (7,7)4→3 =

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·
[ 3
3 1
1 0
]
=

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
 =

1 1 1
1 91 0 1
1 0 0 0
1 0 0 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0

=

1 1 1
1 91 0 1
1 0 0 0
1 0 0 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

M
P (9,2)
4→3 · f4 =

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 ·

91 0 1
0 0 0
0 0 1
1 0 0
0 1 0
0 0 1

=

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
2 0 0 0 0 0 0

·

91 0 1
0 0 0
0 0 1
1 0 0
0 1 0
0 0 1

=

1 1 1
1 91 0 1
1 0 0 0
1 0 0 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

f3 ·MP (7,7)4→3 −MP (9,2)4→3 · f4 =

1 1 1
1 91 0 1
1 0 0 0
1 0 0 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

−

1 1 1
1 91 0 1
1 0 0 0
1 0 0 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=
[ 3
10 0
]
4. f4 ·MP (7,7)5→4 −MP (9,2)5→4 · f5 = 0
f4 ·MP (7,7)5→4 =

91 0 1
0 0 0
0 0 1
1 0 0
0 1 0
0 0 1

·
[ 1
1 1
2 0
]
=

91 0 1
0 0 0
0 0 1
1 0 0
0 1 0
0 0 1

·
10
0
 =

91
0
0
1
0
0

=

1
1 91
2 0
1 1
2 0

M
P (9,2)
5→4 · f5 =

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 ·
910
1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0
 ·
910
1
 =

1
1 91
1 0
1 0
1 1
2 0
 =

1
1 91
2 0
1 1
2 0

f4 ·MP (7,7)5→4 −MP (9,2)5→4 · f5 =

1
1 91
2 0
1 1
2 0
−

1
1 91
2 0
1 1
2 0
 =
[ 1
6 0
]
5. f3 ·MP (7,7)6→3 −MP (9,2)6→3 · f6 = 0
f3 ·MP (7,7)6→3 =

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·
[ 2
2 1
2 1
]
=

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·

1 0
0 1
1 0
0 1
 =

1 1
1 0 0
1 0 0
1 1 0
2 0 0
1 1 0
1 0 1
1 1 0
1 0 1
1 0 0

=

1 1
2 0 0
1 1 0
2 0 0
1 1 0
1 0 1
1 1 0
1 0 1
1 0 0

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M
P (9,2)
6→3 · f6 =

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0
 =

1 2 1 1 1
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0
 =

1 1
2 0 0
1 1 0
2 0 0
1 1 0
1 0 1
1 1 0
1 0 1
1 0 0

f3 ·MP (7,7)6→3 −MP (9,2)6→3 · f6 =

1 1
2 0 0
1 1 0
2 0 0
1 1 0
1 0 1
1 1 0
1 0 1
1 0 0

−

1 1
2 0 0
1 1 0
2 0 0
1 1 0
1 0 1
1 1 0
1 0 1
1 0 0

=
[ 2
10 0
]
6. f6 ·MP (7,7)7→6 −MP (9,2)7→6 · f7 = 0
f6 ·MP (7,7)7→6 =

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0
 ·
[
1
1
]
=

1
1 1
2 0
1 1
1 1
1 0

M
P (9,2)
7→6 · f7 =

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 ·
[ 1
2 0
1 1
]
=

1
1 1
2 0
1 1
1 1
1 0

f6 ·MP (7,7)7→6 −MP (9,2)7→6 · f7 =

1
1 1
2 0
1 1
1 1
1 0
−

1
1 1
2 0
1 1
1 1
1 0
 =
[ 1
6 0
]
Relations of the projection g : P (9, 2)→ P (10, 5) P
1. g2 ·MP (9,2)1→2 −MP (10,5)1→2 · g1 = 0
g2 ·MP (9,2)1→2 =

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 ·

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 =

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 ·

1 0 0
1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

=

1 0 1
91 0 0
0 0 0
1 0 1

M
P (10,5)
1→2 · g1 =

1 0
0 1
0 0
1 0
 ·
[
1 0 1
91 0 0
]
=

1 0 1
91 0 0
0 0 0
1 0 1

g2 ·MP (9,2)1→2 −MP (10,5)1→2 · g1 =

1 0 1
91 0 0
0 0 0
1 0 1
−

1 0 1
91 0 0
0 0 0
1 0 1
 =
[ 3
4 0
]
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2. g3 ·MP (9,2)2→3 −MP (10,5)2→3 · g2 = 0
g3 ·MP (9,2)2→3 =

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

=

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

1 0 0 0 91 0 1
0 91 0 0 0 0 0
1 0 1 0 91 0 1
0 0 0 0 0 0 1
0 0 1 0 0 0 0
0 1 0 0 0 0 1

M
P (10,5)
2→3 · g2 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 =

1 0 0 0 91 0 1
0 91 0 0 0 0 0
1 0 1 0 91 0 1
0 0 0 0 0 0 1
0 0 1 0 0 0 0
0 1 0 0 0 0 1

g3 ·MP (9,2)2→3 −MP (10,5)2→3 · g2 =

1 0 0 0 91 0 1
0 91 0 0 0 0 0
1 0 1 0 91 0 1
0 0 0 0 0 0 1
0 0 1 0 0 0 0
0 1 0 0 0 0 1

−

1 0 0 0 91 0 1
0 91 0 0 0 0 0
1 0 1 0 91 0 1
0 0 0 0 0 0 1
0 0 1 0 0 0 0
0 1 0 0 0 0 1

=
[ 7
6 0
]
3. g3 ·MP (9,2)4→3 −MP (10,5)4→3 · g4 = 0
g3 ·MP (9,2)4→3 =

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 =

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

=

1 0 0 1 0 91
0 91 0 0 0 0
0 0 1 0 0 91
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

1 1 1 1 1 1
1 1 0 0 1 0 91
1 0 91 0 0 0 0
1 0 0 1 0 0 91
3 0 0 0 0 0 0

M
P (10,5)
4→3 · g4 =
[ 3
3 1
3 0
]
·
1 0 0 1 0 910 91 0 0 0 0
0 0 1 0 0 91
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
1 0 0 1 0 910 91 0 0 0 0
0 0 1 0 0 91
 =

1 1 1 1 1 1
1 1 0 0 1 0 91
1 0 91 0 0 0 0
1 0 0 1 0 0 91
3 0 0 0 0 0 0

g3 ·MP (9,2)4→3 −MP (10,5)4→3 · g4 =

1 1 1 1 1 1
1 1 0 0 1 0 91
1 0 91 0 0 0 0
1 0 0 1 0 0 91
3 0 0 0 0 0 0
−

1 1 1 1 1 1
1 1 0 0 1 0 91
1 0 91 0 0 0 0
1 0 0 1 0 0 91
3 0 0 0 0 0 0
 =
[ 6
6 0
]
4. g4 ·MP (9,2)5→4 −MP (10,5)5→4 · g5 = 0
g4 ·MP (9,2)5→4 =
1 0 0 1 0 910 91 0 0 0 0
0 0 1 0 0 91
 ·

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 =
1 0 0 1 0 910 91 0 0 0 0
0 0 1 0 0 91
 ·

1 0 0
0 1 0
0 0 0
0 0 1
0 0 0
0 0 0

=
1 0 10 91 0
0 0 0

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M
P (10,5)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[
1 0 1
0 91 0
]
=
1 00 1
0 0
 · [1 0 1
0 91 0
]
=
1 0 10 91 0
0 0 0

g4 ·MP (9,2)5→4 −MP (10,5)5→4 · g5 =
1 0 10 91 0
0 0 0
−
1 0 10 91 0
0 0 0
 = [ 33 0 ]
5. g3 ·MP (9,2)6→3 −MP (10,5)6→3 · g6 = 0
g3 ·MP (9,2)6→3 =

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 1 0 1
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1

=

1 1 1 1 1 1
2 0 0 0 0 0 0
1 1 0 0 91 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 1 0 0 0 1

M
P (10,5)
6→3 · g6 =
[ 4
2 0
4 1
]
·

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 =

1 1 1 1 1 1
2 0 0 0 0 0 0
1 1 0 0 91 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 1 0 0 0 1

g3 ·MP (9,2)6→3 −MP (10,5)6→3 · g6 =

1 1 1 1 1 1
2 0 0 0 0 0 0
1 1 0 0 91 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 1 0 0 0 1
−

1 1 1 1 1 1
2 0 0 0 0 0 0
1 1 0 0 91 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 1 0 0 0 1
 =
[ 6
6 0
]
6. g6 ·MP (9,2)7→6 −MP (10,5)7→6 · g7 = 0
g6 ·MP (9,2)7→6 =

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 ·

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 =

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 ·

0 0 1
1 0 0
0 1 0
0 0 1
0 0 1
0 0 0

=

0 0 0
0 0 0
0 1 0
1 0 0
 =
[ 2 1
2 0 0
2 1′ 0
]
M
P (10,5)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 2 1
2 1′ 0
]
=
[ 2 1
2 0 0
2 1′ 0
]
g6 ·MP (9,2)7→6 −MP (10,5)7→6 · g7 =
[ 2 1
2 0 0
2 1′ 0
]
−
[ 2 1
2 0 0
2 1′ 0
]
=
[ 3
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0 1
91 0 0
]
·
01
0
 = [ 12 0 ]
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2. g2 · f2 = 0
g2 · f2 =

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 ·

1 1 1
1 0 1 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=

1 0 0 0 91 0 1
0 91 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 1
 ·

0 1 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

=
[ 3
4 0
]
3. g3 · f3 = 0
g3 · f3 =

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

1 1 1 1
1 91 0 1 0
1 0 0 0 0
1 0 0 1 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

=

1 0 0 0 0 1 0 91 0 1
0 91 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1

·

91 0 1 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

=
[ 4
6 0
]
4. g4 · f4 = 0
g4 · f4 =
1 0 0 1 0 910 91 0 0 0 0
0 0 1 0 0 91
 ·

91 0 1
0 0 0
0 0 1
1 0 0
0 1 0
0 0 1

=
[ 3
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0 1
0 91 0
]
·
910
1
 = [ 12 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 ·

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0
 =

1 0 0 91 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 0 1
 ·

1 0
0 0
0 0
1 0
0 1
0 0

=
[ 2
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
2 1′ 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
127.2.2 0→ P (8, 1) f→ P (9, 2) g→ P (9, 1)→ 0 
PdimP (8, 1) + dimP (9, 1) = (1, 3, 5, 3, 2, 3, 2) + (2, 4, 5, 3, 1, 3, 1)
= (3, 7, 10, 6, 3, 6, 3) = dimP (9, 2)
Pdimk Ext
1
kQ(P (9, 1), P (8, 1)) = dimk HomkQ(P (9, 1), P (8, 1))− 〈dimP (9, 1),dimP (8, 1)〉
= 0− 〈(2, 4, 5, 3, 1, 3, 1), (1, 3, 5, 3, 2, 3, 2)〉
= 2 · 3 + 4 · 5 + 3 · 5 + 1 · 3 + 3 · 5 + 1 · 3− (2 · 1 + 4 · 3 + 5 · 5 + 3 · 3 + 1 · 2 + 3 · 3 + 1 · 2)
= 6 + 20 + 15 + 3 + 15 + 3− (2 + 12 + 25 + 9 + 2 + 9 + 2)
= 1
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Matrices of the embedding f : P (8, 1)→ P (9, 2) P
1. f1 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (9, 2)→ P (9, 1) P
1. g1 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (8, 1)→ P (9, 2) P
1. f2 ·MP (8,1)1→2 −MP (9,2)1→2 · f1 = 0
f2 ·MP (8,1)1→2 =
[ 3
3 1
4 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
4 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
4 0
 =

1
1 1
1 1
5 0

M
P (9,2)
1→2 · f1 =

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 ·
[ 1
1 1
2 0
]
=

1
1 1
1 1
3 0
2 0
 =

1
1 1
1 1
5 0

f2 ·MP (8,1)1→2 −MP (9,2)1→2 · f1 =

1
1 1
1 1
5 0
−

1
1 1
1 1
5 0
 = [ 17 0 ]
2. f3 ·MP (8,1)2→3 −MP (9,2)2→3 · f2 = 0
f3 ·MP (8,1)2→3 =
[ 5
5 1
5 0
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
5 0 0 0

M
P (9,2)
2→3 · f2 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

·
[ 3
3 1
4 0
]
=

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
4 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
1 0 0 0
4 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
5 0 0 0

f3 ·MP (8,1)2→3 −MP (9,2)2→3 · f2 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
5 0 0 0

−

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
5 0 0 0

=
[ 3
10 0
]
3. f3 ·MP (8,1)4→3 −MP (9,2)4→3 · f4 = 0
f3 ·MP (8,1)4→3 =
[ 5
5 1
5 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
5 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
5 0
 = [
3
3 1
7 0
]
M
P (9,2)
4→3 · f4 =

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 ·
[ 3
3 1
3 0
]
=

3
3 1
2 0
3 0
2 0
 =
[ 3
3 1
7 0
]
f3 ·MP (8,1)4→3 −MP (9,2)4→3 · f4 =
[ 3
3 1
7 0
]
−
[ 3
3 1
7 0
]
=
[ 3
10 0
]
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4. f4 ·MP (8,1)5→4 −MP (9,2)5→4 · f5 = 0
f4 ·MP (8,1)5→4 =
[ 3
3 1
3 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
3 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
3 0
 = [
2
2 1
4 0
]
M
P (9,2)
5→4 · f5 =

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 ·
[ 2
2 1
1 0
]
=

2
2 1
1 0
1 0
2 0
 =
[ 2
2 1
4 0
]
f4 ·MP (8,1)5→4 −MP (9,2)5→4 · f5 =
[ 2
2 1
4 0
]
−
[ 2
2 1
4 0
]
=
[ 2
6 0
]
5. f3 ·MP (8,1)6→3 −MP (9,2)6→3 · f6 = 0
f3 ·MP (8,1)6→3 =
[ 5
5 1
5 0
]
·
[ 3
2 0
3 1
]
=

2 3
2 1 0
3 0 1
5 0 0
 · [
3
2 0
3 1
]
=

3
2 0
3 1
5 0

M
P (9,2)
6→3 · f6 =

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·
[ 3
3 1
3 0
]
=

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·

3
3 1
1 0
1 0
1 0
 =

3
2 0
3 1
1 0
1 0
1 0
1 0
1 0

=

3
2 0
3 1
5 0

f3 ·MP (8,1)6→3 −MP (9,2)6→3 · f6 =

3
2 0
3 1
5 0
−

3
2 0
3 1
5 0
 = [ 310 0 ]
6. f6 ·MP (8,1)7→6 −MP (9,2)7→6 · f7 = 0
f6 ·MP (8,1)7→6 =
[ 3
3 1
3 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
3 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
3 0

M
P (9,2)
7→6 · f7 =

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 ·
[ 2
2 1
1 0
]
=

2
1 0
2 1
1 0
1 0
1 0
 =

2
1 0
2 1
3 0

f6 ·MP (8,1)7→6 −MP (9,2)7→6 · f7 =

2
1 0
2 1
3 0
−

2
1 0
2 1
3 0
 = [ 26 0 ]
Relations of the projection g : P (9, 2)→ P (9, 1) P
1. g2 ·MP (9,2)1→2 −MP (9,1)1→2 · g1 = 0
g2 ·MP (9,2)1→2 =
[ 3 4
4 0 1
]
·

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 =
[ 1 1 1 2 2
2 0 0 0 1 0
2 0 0 0 0 1
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 0
2 0 1
 =
[ 1 2
2 0 0
2 0 1
]
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M
P (9,1)
1→2 · g1 =
[ 2
2 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 0
2 0 1
]
g2 ·MP (9,2)1→2 −MP (9,1)1→2 · g1 =
[ 1 2
2 0 0
2 0 1
]
−
[ 1 2
2 0 0
2 0 1
]
=
[ 3
4 0
]
2. g3 ·MP (9,2)2→3 −MP (9,1)2→3 · g2 = 0
g3 ·MP (9,2)2→3 =
[ 5 5
5 0 1
]
·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

=
[ 1 1 1 1 1 1 4
1 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
]
·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

=
[ 1 1 1 4
1 0 0 0 0
4 0 0 0 1
]
=
[ 3 4
1 0 0
4 0 1
]
M
P (9,1)
2→3 · g2 =
[ 4
1 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
1 0 0
4 0 1
]
g3 ·MP (9,2)2→3 −MP (9,1)2→3 · g2 =
[ 3 4
1 0 0
4 0 1
]
−
[ 3 4
1 0 0
4 0 1
]
=
[ 7
5 0
]
3. g3 ·MP (9,2)4→3 −MP (9,1)4→3 · g4 = 0
g3 ·MP (9,2)4→3 =
[ 5 5
5 0 1
]
·

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 =
[ 3 2 3 2
3 0 0 1 0
2 0 0 0 1
]
·

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 =
[ 3 3
3 0 1
2 0 0
]
M
P (9,1)
4→3 · g4 =
[ 3
3 1
2 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
2 0 0
]
g3 ·MP (9,2)4→3 −MP (9,1)4→3 · g4 =
[ 3 3
3 0 1
2 0 0
]
−
[ 3 3
3 0 1
2 0 0
]
=
[ 6
5 0
]
4. g4 ·MP (9,2)5→4 −MP (9,1)5→4 · g5 = 0
g4 ·MP (9,2)5→4 =
[ 3 3
3 0 1
]
·

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 =
[ 2 1 1 2
1 0 0 1 0
2 0 0 0 1
]
·

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 =
[ 2 1
1 0 1
2 0 0
]
M
P (9,1)
5→4 · g5 =
[ 1
1 1
2 0
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
2 0 0
]
g4 ·MP (9,2)5→4 −MP (9,1)5→4 · g5 =
[ 2 1
1 0 1
2 0 0
]
−
[ 2 1
1 0 1
2 0 0
]
=
[ 3
3 0
]
5. g3 ·MP (9,2)6→3 −MP (9,1)6→3 · g6 = 0
g3 ·MP (9,2)6→3 =
[ 5 5
5 0 1
]
·

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

2 3 1 1 1 1 1
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

3 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

998
M
P (9,1)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 3 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

3 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

3 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

g3 ·MP (9,2)6→3 −MP (9,1)6→3 · g6 =

3 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
−

3 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
 =
[ 6
5 0
]
6. g6 ·MP (9,2)7→6 −MP (9,1)7→6 · g7 = 0
g6 ·MP (9,2)7→6 =
[ 3 3
3 0 1
]
·

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 =

1 2 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 ·

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 =

2 1
1 0 1
1 0 1
1 0 0

M
P (9,1)
7→6 · g7 =
11
0
 · [ 2 11 0 1 ] =

2 1
1 0 1
1 0 1
1 0 0

g6 ·MP (9,2)7→6 −MP (9,1)7→6 · g7 =

2 1
1 0 1
1 0 1
1 0 0
−

2 1
1 0 1
1 0 1
1 0 0
 = [ 33 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
127.3 Tree module property of P (15, 2) 
The matrices of the representation have full (column) rank P
1. MP (15,2)1→2 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k) is already in column echelon form and has maximal column rank.
2. MP (15,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k) is already in column echelon form and has maximal column rank.
3. MP (15,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k) is already in column echelon form and has maximal column rank.
4. MP (15,2)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
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5. MP (15,2)6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k) is already in column echelon form and has maximal column rank.
6. MP (15,2)7→6 =

0 0 0 0 0
0 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (15,2)
7→6 =

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

c1↔c2−−−−→

1 3 1
1 0 0 0
1 1 0 0
3 0 1 0
1 1 0 0
1 0 0 1
1 1 0 0
1 0 0 1
1 0 0 0

127.3.1 0→ P (13, 7) f→ P (15, 2) g→ P (16, 5)→ 0 
PdimP (13, 7) + dimP (16, 5) = (2, 5, 7, 5, 2, 4, 2) + (3, 6, 9, 5, 3, 6, 3)
= (5, 11, 16, 10, 5, 10, 5) = dimP (15, 2)
Pdimk Ext
1
kQ(P (16, 5), P (13, 7)) = dimk HomkQ(P (16, 5), P (13, 7))− 〈dimP (16, 5),dimP (13, 7)〉
= 0− 〈(3, 6, 9, 5, 3, 6, 3), (2, 5, 7, 5, 2, 4, 2)〉
= 3 · 5 + 6 · 7 + 5 · 7 + 3 · 5 + 6 · 7 + 3 · 4− (3 · 2 + 6 · 5 + 9 · 7 + 5 · 5 + 3 · 2 + 6 · 4 + 3 · 2)
= 15 + 42 + 35 + 15 + 42 + 12− (6 + 30 + 63 + 25 + 6 + 24 + 6)
= 1
Matrices of the embedding f : P (13, 7)→ P (15, 2) P
1. f1 =

0 0
0 1
91 0
0 91
0 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

0 0
0 1
91 0
0 91
0 0

c1↔c2−−−−→

0 0
1 0
0 91
91 0
0 0

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2. f2 =

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

∈M11,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

c1↔c3−−−−→

91 0 0 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 91 0 0
0 91 0 0 0
91 0 0 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

c5←c5+c2−−−−−−→

91 0 0 0 0
0 91 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 91 0 0
0 91 0 0 91
91 0 0 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

c3↔c5−−−−→

91 0 0 0 0
0 91 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 91
0 91 91 0 0
91 0 0 0 0
0 0 0 91 0
0 0 91 0 0
0 0 0 0 0

c4↔c5−−−−→

91 0 0 0 0
0 91 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 91 0
0 91 91 0 0
91 0 0 0 0
0 0 0 0 91
0 0 91 0 0
0 0 0 0 0

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3. f3 =

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

∈M16,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

c1↔c2−−−−→

1 0 0 0 91 0 0
0 1 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 91 0 0 0 0 0
91 0 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

c5←c5+c1−−−−−−→

1 0 0 0 0 0 0
0 1 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 91 0 0 0 0 0
91 0 0 0 91 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 91 0 91 0 0 1
91 0 0 0 91 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

c3↔c5−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 91 0 0 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 91 0 91 0 0 1
91 0 91 0 0 0 0
0 0 0 0 91 0 0
0 0 0 91 0 0 0
0 0 91 0 0 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

c7←c7+c3−−−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 91 0 91 0 0 1
91 0 91 0 0 0 91
0 0 0 0 91 0 0
0 0 0 91 0 0 0
0 0 91 0 0 0 91
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

c7←c7+c4−−−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 91 0 91 0 0 0
91 0 91 0 0 0 91
0 0 0 0 91 0 0
0 0 0 91 0 0 91
0 0 91 0 0 0 91
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

c5↔c7−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 91 0 91 0 0 0
91 0 91 0 91 0 0
0 0 0 0 0 0 91
0 0 0 91 91 0 0
0 0 91 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0
0 0 0 0 0 0 0

c6↔c7−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 91 0 91 0 0 0
91 0 91 0 91 0 0
0 0 0 0 0 91 0
0 0 0 91 91 0 0
0 0 91 0 91 0 0
0 0 0 0 0 0 91
0 0 0 0 91 0 0
0 0 0 0 0 0 0

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4. f4 =

0 1 0 0 91
1 0 0 91 0
0 0 0 0 0
0 0 0 0 91
0 0 0 91 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91

∈M10,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
2 91 0 0
1 0 91 0
2 0 0 91

c3←c3+c1−−−−−−→

2 1 2
2 1′ 0 0
1 0 0 0
2 0 0 91′
2 91 0 91
1 0 91 0
2 0 0 91

c2↔c3−−−−→

2 2 1
2 1′ 0 0
1 0 0 0
2 0 91′ 0
2 91 91 0
1 0 0 91
2 0 91 0

5. f5 =

0 1
1 0
0 0
91 0
0 91
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

2
2 1′
1 0
2 91

6. f6 =

0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

∈M10,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

c1↔c2−−−−→

91 0 0 1
0 91 0 0
0 0 0 0
0 0 0 1
0 0 0 0
0 91 0 0
91 0 0 0
0 0 91 0
0 0 0 91
0 0 0 0

c4←c4+c1−−−−−−→

91 0 0 0
0 91 0 0
0 0 0 0
0 0 0 1
0 0 0 0
0 91 0 0
91 0 0 91
0 0 91 0
0 0 0 91
0 0 0 0

c3↔c4−−−−→

91 0 0 0
0 91 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 91 0 0
91 0 91 0
0 0 0 91
0 0 91 0
0 0 0 0

7. f7 =

0 0
0 1
0 0
91 0
0 91
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

0 0
0 1
0 0
91 0
0 91

c1↔c2−−−−→

0 0
1 0
0 0
0 91
91 0

Matrices of the projection g : P (15, 2)→ P (16, 5) P
1. g1 =
 0 1 0 1 01 0 0 0 1
91 0 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
 0 1 0 1 01 0 0 0 1
91 0 0 0 0
 r1↔r2−−−−→
 1 0 0 0 10 1 0 1 0
91 0 0 0 0
 r3←r3+r1−−−−−−→
1 0 0 0 10 1 0 1 0
0 0 0 0 1

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2. g2 =

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

∈M6,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

r1↔r2−−−−→

1 0 0 0 0 0 0 91 0 0 1
0 1 0 0 0 0 91 0 0 1 0
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

r6←r6+r3−−−−−−→

1 0 0 0 0 0 0 91 0 0 1
0 1 0 0 0 0 91 0 0 1 0
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

r4↔r5−−−−→

1 0 0 0 0 0 0 91 0 0 1
0 1 0 0 0 0 91 0 0 1 0
0 0 91 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1

3. g3 =

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

∈M9,16(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

r1↔r2−−−−→

1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

r4↔r5−−−−→

1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

r6↔r9−−−−→

1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

r7↔r8−−−−→

1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

4. g4 =

0 1 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91
0 0 91 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 91 0
0 0 0 1 0 0 0 0 0 91
 ∈M5,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91

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5. g5 =
0 1 0 1 01 0 0 0 1
0 0 91 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 1 2
2 1′ 0 1
1 0 91 0
]
6. g6 =

0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

∈M6,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

r1↔r2−−−−→

1 0 0 0 0 0 91 0 1 0
0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

r3↔r6−−−−→

1 0 0 0 0 0 91 0 1 0
0 1 0 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

r4↔r5−−−−→

1 0 0 0 0 0 91 0 1 0
0 1 0 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1

7. g7 =
0 0 1 0 00 1 0 0 1
1 0 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
0 0 1 0 00 1 0 0 1
1 0 0 0 0
 r1↔r3−−−−→
1 0 0 0 00 1 0 0 1
0 0 1 0 0

Relations of the embedding f : P (13, 7)→ P (15, 2) P
1. f2 ·MP (13,7)1→2 −MP (15,2)1→2 · f1 = 0
f2 ·MP (13,7)1→2 =

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

·
[ 2
3 0
2 1
]
=

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

·

0 0
0 0
0 0
1 0
0 1
 =

0 0
0 1
0 0
0 1
0 0
0 0
0 0
0 0
91 0
0 91
0 0

=

1 1
1 0 0
1 0 1
1 0 0
1 0 1
4 0 0
1 91 0
1 0 91
1 0 0

M
P (15,2)
1→2 · f1 =

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 ·

0 0
0 1
91 0
0 91
0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
4 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

0 0
0 1
91 0
0 91
0 0
 =

1 1
1 0 0
1 0 1
1 0 0
1 0 1
4 0 0
1 91 0
1 0 91
1 0 0

f2 ·MP (13,7)1→2 −MP (15,2)1→2 · f1 =

1 1
1 0 0
1 0 1
1 0 0
1 0 1
4 0 0
1 91 0
1 0 91
1 0 0

−

1 1
1 0 0
1 0 1
1 0 0
1 0 1
4 0 0
1 91 0
1 0 91
1 0 0

=
[ 2
11 0
]
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2. f3 ·MP (13,7)2→3 −MP (15,2)2→3 · f2 = 0
f3 ·MP (13,7)2→3 =

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

·
[ 5
2 0
5 1
]
=

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

·

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 91 0 1
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

=

1 1 1 1 1
1 0 0 91 0 0
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 91 0 1
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 0 0 1
3 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91
1 0 0 0 0 0

M
P (15,2)
2→3 · f2 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

·

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

·

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

=

1 1 1 1 1
1 0 0 91 0 0
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 91 0 1
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 0 0 1
1 0 0 0 0 0
2 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91
1 0 0 0 0 0

=

1 1 1 1 1
1 0 0 91 0 0
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 91 0 1
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 0 0 1
3 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91
1 0 0 0 0 0

f3 ·MP (13,7)2→3 −MP (15,2)2→3 · f2 =

1 1 1 1 1
1 0 0 91 0 0
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 91 0 1
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 0 0 1
3 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91
1 0 0 0 0 0

−

1 1 1 1 1
1 0 0 91 0 0
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 91 0 1
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 0 0 1
3 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91
1 0 0 0 0 0

=
[ 5
16 0
]
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3. f3 ·MP (13,7)4→3 −MP (15,2)4→3 · f4 = 0
f3 ·MP (13,7)4→3 =

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

·
[ 5
5 1
2 0
]
=

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=

0 1 0 0 91
1 0 0 91 0
0 0 0 0 0
0 0 0 0 91
0 0 0 91 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
3 0 0 0
2 91 0 0
1 0 91 0
2 0 0 91
3 0 0 0

M
P (15,2)
4→3 · f4 =

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 ·

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
2 91 0 0
1 0 91 0
2 0 0 91

=

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
3 0 0 0 0 0 0

·

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
2 91 0 0
1 0 91 0
2 0 0 91

=

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
3 0 0 0
2 91 0 0
1 0 91 0
2 0 0 91
3 0 0 0

f3 ·MP (13,7)4→3 −MP (15,2)4→3 · f4 =

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
3 0 0 0
2 91 0 0
1 0 91 0
2 0 0 91
3 0 0 0

−

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
3 0 0 0
2 91 0 0
1 0 91 0
2 0 0 91
3 0 0 0

=
[ 5
16 0
]
4. f4 ·MP (13,7)5→4 −MP (15,2)5→4 · f5 = 0
f4 ·MP (13,7)5→4 =

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
2 91 0 0
1 0 91 0
2 0 0 91

·
[ 2
2 1
3 0
]
=

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
2 91 0 0
1 0 91 0
2 0 0 91

·

2
2 1
1 0
2 0
 =

2
2 1′
1 0
2 0
2 91
1 0
2 0

=

2
2 1′
3 0
2 91
3 0

M
P (15,2)
5→4 · f5 =

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 ·

2
2 1′
1 0
2 91
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0
 ·

2
2 1′
1 0
2 91
 =

2
2 1′
1 0
2 0
2 91
3 0
 =

2
2 1′
3 0
2 91
3 0

f4 ·MP (13,7)5→4 −MP (15,2)5→4 · f5 =

2
2 1′
3 0
2 91
3 0
−

2
2 1′
3 0
2 91
3 0
 =
[ 2
10 0
]
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5. f3 ·MP (13,7)6→3 −MP (15,2)6→3 · f6 = 0
f3 ·MP (13,7)6→3 =

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=

0 0 0 0
0 0 0 0
0 0 0 0
0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
91 0 0 91
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

=

1 1 1 1
3 0 0 0 0
1 0 91 0 1
1 91 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
1 91 0 0 91
1 0 91 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 0 0

M
P (15,2)
6→3 · f6 =

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·

0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

=

1 1 1 1 1 1 1 1 1 1
3 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

=

1 1 1 1
3 0 0 0 0
1 0 91 0 1
1 91 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
1 91 0 0 91
1 0 91 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 0 0

f3 ·MP (13,7)6→3 −MP (15,2)6→3 · f6 =

1 1 1 1
3 0 0 0 0
1 0 91 0 1
1 91 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
1 91 0 0 91
1 0 91 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 0 0

−

1 1 1 1
3 0 0 0 0
1 0 91 0 1
1 91 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
1 91 0 0 91
1 0 91 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 0 0

=
[ 4
16 0
]
6. f6 ·MP (13,7)7→6 −MP (15,2)7→6 · f7 = 0
f6 ·MP (13,7)7→6 =

0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

·
[ 2
2 1
2 1
]
=

0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

·

1 0
0 1
1 0
0 1
 =

0 0
91 0
0 0
0 1
0 0
91 0
0 91
91 0
0 91
0 0

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M
P (15,2)
7→6 · f7 =

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

·

0 0
0 1
0 0
91 0
0 91
 =

0 0 0 0 0
0 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

·

0 0
0 1
0 0
91 0
0 91
 =

0 0
91 0
0 0
0 1
0 0
91 0
0 91
91 0
0 91
0 0

f6 ·MP (13,7)7→6 −MP (15,2)7→6 · f7 =

0 0
91 0
0 0
0 1
0 0
91 0
0 91
91 0
0 91
0 0

−

0 0
91 0
0 0
0 1
0 0
91 0
0 91
91 0
0 91
0 0

=
[ 2
10 0
]
Relations of the projection g : P (15, 2)→ P (16, 5) P
1. g2 ·MP (15,2)1→2 −MP (16,5)1→2 · g1 = 0
g2 ·MP (15,2)1→2 =

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

·

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 =

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

·

1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 1 0 1 0
1 0 0 0 1
91 0 0 0 0
0 0 0 0 0
0 1 0 1 0
1 0 0 0 1

M
P (16,5)
1→2 · g1 =

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
 0 1 0 1 01 0 0 0 1
91 0 0 0 0
 =

1 0 0
0 1 0
0 0 1
0 0 0
1 0 0
0 1 0

·
 0 1 0 1 01 0 0 0 1
91 0 0 0 0
 =

0 1 0 1 0
1 0 0 0 1
91 0 0 0 0
0 0 0 0 0
0 1 0 1 0
1 0 0 0 1

g2 ·MP (15,2)1→2 −MP (16,5)1→2 · g1 =

0 1 0 1 0
1 0 0 0 1
91 0 0 0 0
0 0 0 0 0
0 1 0 1 0
1 0 0 0 1

−

0 1 0 1 0
1 0 0 0 1
91 0 0 0 0
0 0 0 0 0
0 1 0 1 0
1 0 0 0 1

=
[ 5
6 0
]
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2. g3 ·MP (15,2)2→3 −MP (16,5)2→3 · g2 = 0
g3 ·MP (15,2)2→3 =

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

=

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

=

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 1 0 0 1 0 91 0 0 1 0
1 0 0 1 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

M
P (16,5)
2→3 · g2 =

3 3
3 1 0
3 1 1
3 0 1
 ·

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

=

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

=

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 1 0 0 1 0 91 0 0 1 0
1 0 0 1 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

g3 ·MP (15,2)2→3 −MP (16,5)2→3 · g2 =

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 1 0 0 1 0 91 0 0 1 0
1 0 0 1 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

−

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 1 0 0 1 0 91 0 0 1 0
1 0 0 1 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

=
[11
9 0
]
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3. g3 ·MP (15,2)4→3 −MP (16,5)4→3 · g4 = 0
g3 ·MP (15,2)4→3 =

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

5 5
5 1 0
3 0 0
5 0 1
3 0 0

=

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

=

0 1 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91
0 0 91 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 91 0
0 0 0 1 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

=

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
4 0 0 0 0 0 0

M
P (16,5)
4→3 · g4 =
[ 5
5 1
4 0
]
·

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
4 0 0 0
 ·

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
 =

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
4 0 0 0 0 0 0

g3 ·MP (15,2)4→3 −MP (16,5)4→3 · g4 =

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
4 0 0 0 0 0 0
−

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
4 0 0 0 0 0 0
 =
[10
9 0
]
4. g4 ·MP (15,2)5→4 −MP (16,5)5→4 · g5 = 0
g4 ·MP (15,2)5→4 =

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
 ·

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 =

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
 ·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0
2 0 0 0

=

2 1 2
2 1′ 0 1
1 0 91 0
2 0 0 0

M
P (16,5)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 2 1 2
2 1′ 0 1
1 0 91 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2 1 2
2 1′ 0 1
1 0 91 0
]
=

2 1 2
2 1′ 0 1
1 0 91 0
2 0 0 0

g4 ·MP (15,2)5→4 −MP (16,5)5→4 · g5 =

2 1 2
2 1′ 0 1
1 0 91 0
2 0 0 0
−

2 1 2
2 1′ 0 1
1 0 91 0
2 0 0 0
 = [ 55 0 ]
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5. g3 ·MP (15,2)6→3 −MP (16,5)6→3 · g6 = 0
g3 ·MP (15,2)6→3 =

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

=

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1
3 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 1 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

M
P (16,5)
6→3 · g6 =
[ 6
3 0
6 1
]
·

0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

=

1 1 1 1 1 1
3 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1
3 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 1 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

g3 ·MP (15,2)6→3 −MP (16,5)6→3 · g6 =

1 1 1 1 1 1 1 1 1 1
3 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 1 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

−

1 1 1 1 1 1 1 1 1 1
3 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 1 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

=
[10
9 0
]
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6. g6 ·MP (15,2)7→6 −MP (16,5)7→6 · g7 = 0
g6 ·MP (15,2)7→6 =

0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

·

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

=

0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

·

0 0 0 0 0
0 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

=

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 1
1 0 0 0 0

=

1 1 1 1 1
3 0 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 1 0 0 0 0

M
P (16,5)
7→6 · g7 =
[ 3
3 0
3 1
]
·
0 0 1 0 00 1 0 0 1
1 0 0 0 0
 =

1 1 1
3 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
0 0 1 0 00 1 0 0 1
1 0 0 0 0
 =

1 1 1 1 1
3 0 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 1 0 0 0 0

g6 ·MP (15,2)7→6 −MP (16,5)7→6 · g7 =

1 1 1 1 1
3 0 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 1 0 0 0 0
−

1 1 1 1 1
3 0 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 1 0 0 0 0
 =
[ 5
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
 0 1 0 1 01 0 0 0 1
91 0 0 0 0
 ·

0 0
0 1
91 0
0 91
0 0
 =
[ 2
3 0
]
2. g2 · f2 = 0
g2 · f2 =

0 1 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 1

·

0 0 91 0 0
0 91 0 0 1
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91
0 0 0 0 0

=
[ 5
6 0
]
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3. g3 · f3 = 0
g3 · f3 =

0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

0 1 0 0 91 0 0
1 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 91 0 1
0 0 0 91 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

=
[ 7
9 0
]
4. g4 · f4 = 0
g4 · f4 =

2 1 2 2 1 2
2 1′ 0 0 1 0 91
1 0 91 0 0 0 0
2 0 0 1′ 0 0 91
 ·

2 1 2
2 1′ 0 91′
1 0 0 0
2 0 0 91′
2 91 0 0
1 0 91 0
2 0 0 91

=
[ 5
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1 2
2 1′ 0 1
1 0 91 0
]
·

2
2 1′
1 0
2 91
 = [ 23 0 ]
6. g6 · f6 = 0
g6 · f6 =

0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

·

0 91 0 1
91 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
91 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91
0 0 0 0

=
[ 4
6 0
]
7. g7 · f7 = 0
g7 · f7 =
0 0 1 0 00 1 0 0 1
1 0 0 0 0
 ·

0 0
0 1
0 0
91 0
0 91
 =
[ 2
3 0
]
127.3.2 0→ P (14, 1) f→ P (15, 2) g→ P (15, 1)→ 0 
PdimP (14, 1) + dimP (15, 1) = (2, 5, 8, 5, 3, 5, 3) + (3, 6, 8, 5, 2, 5, 2)
= (5, 11, 16, 10, 5, 10, 5) = dimP (15, 2)
Pdimk Ext
1
kQ(P (15, 1), P (14, 1)) = dimk HomkQ(P (15, 1), P (14, 1))− 〈dimP (15, 1),dimP (14, 1)〉
= 0− 〈(3, 6, 8, 5, 2, 5, 2), (2, 5, 8, 5, 3, 5, 3)〉
= 3 · 5 + 6 · 8 + 5 · 8 + 2 · 5 + 5 · 8 + 2 · 5− (3 · 2 + 6 · 5 + 8 · 8 + 5 · 5 + 2 · 3 + 5 · 5 + 2 · 3)
= 15 + 48 + 40 + 10 + 40 + 10− (6 + 30 + 64 + 25 + 6 + 25 + 6)
= 1
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Matrices of the embedding f : P (14, 1)→ P (15, 2) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (15, 2)→ P (15, 1) P
1. g1 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M6,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,16(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (14, 1)→ P (15, 2) P
1. f2 ·MP (14,1)1→2 −MP (15,2)1→2 · f1 = 0
f2 ·MP (14,1)1→2 =
[ 5
5 1
6 0
]
·

2
2 1
2 1
1 0
 =

2 2 1
2 1 0 0
2 0 1 0
1 0 0 1
6 0 0 0
 ·

2
2 1
2 1
1 0
 =

2
2 1
2 1
1 0
6 0
 =

2
2 1
2 1
7 0

M
P (15,2)
1→2 · f1 =

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 ·
[ 2
2 1
3 0
]
=

2
2 1
2 1
4 0
3 0
 =

2
2 1
2 1
7 0

f2 ·MP (14,1)1→2 −MP (15,2)1→2 · f1 =

2
2 1
2 1
7 0
−

2
2 1
2 1
7 0
 = [ 211 0 ]
2. f3 ·MP (14,1)2→3 −MP (15,2)2→3 · f2 = 0
f3 ·MP (14,1)2→3 =
[ 8
8 1
8 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
2 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
8 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
8 0 0 0

M
P (15,2)
2→3 · f2 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

·
[ 5
5 1
6 0
]
=

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
6 0 0 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
2 0 0 0
6 0 0 0

=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
8 0 0 0

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f3 ·MP (14,1)2→3 −MP (15,2)2→3 · f2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
8 0 0 0

−

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
8 0 0 0

=
[ 5
16 0
]
3. f3 ·MP (14,1)4→3 −MP (15,2)4→3 · f4 = 0
f3 ·MP (14,1)4→3 =
[ 8
8 1
8 0
]
·
[ 5
5 1
3 0
]
=

5 3
5 1 0
3 0 1
8 0 0
 · [
5
5 1
3 0
]
=

5
5 1
3 0
8 0
 = [
5
5 1
11 0
]
M
P (15,2)
4→3 · f4 =

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 ·
[ 5
5 1
5 0
]
=

5
5 1
3 0
5 0
3 0
 =
[ 5
5 1
11 0
]
f3 ·MP (14,1)4→3 −MP (15,2)4→3 · f4 =
[ 5
5 1
11 0
]
−
[ 5
5 1
11 0
]
=
[ 5
16 0
]
4. f4 ·MP (14,1)5→4 −MP (15,2)5→4 · f5 = 0
f4 ·MP (14,1)5→4 =
[ 5
5 1
5 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
5 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
5 0
 = [
3
3 1
7 0
]
M
P (15,2)
5→4 · f5 =

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 ·
[ 3
3 1
2 0
]
=

3
3 1
2 0
2 0
3 0
 =
[ 3
3 1
7 0
]
f4 ·MP (14,1)5→4 −MP (15,2)5→4 · f5 =
[ 3
3 1
7 0
]
−
[ 3
3 1
7 0
]
=
[ 3
10 0
]
5. f3 ·MP (14,1)6→3 −MP (15,2)6→3 · f6 = 0
f3 ·MP (14,1)6→3 =
[ 8
8 1
8 0
]
·
[ 5
3 0
5 1
]
=

3 5
3 1 0
5 0 1
8 0 0
 · [
5
3 0
5 1
]
=

5
3 0
5 1
8 0

M
P (15,2)
6→3 · f6 =

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·
[ 5
5 1
5 0
]
=

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·

5
5 1
2 0
1 0
2 0
 =

5
3 0
5 1
2 0
1 0
2 0
1 0
2 0

=

5
3 0
5 1
8 0

f3 ·MP (14,1)6→3 −MP (15,2)6→3 · f6 =

5
3 0
5 1
8 0
−

5
3 0
5 1
8 0
 = [ 516 0 ]
6. f6 ·MP (14,1)7→6 −MP (15,2)7→6 · f7 = 0
f6 ·MP (14,1)7→6 =
[ 5
5 1
5 0
]
·
[ 3
2 0
3 1
]
=

2 3
2 1 0
3 0 1
5 0 0
 · [
3
2 0
3 1
]
=

3
2 0
3 1
5 0

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M
P (15,2)
7→6 · f7 =

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

·
[ 3
3 1
2 0
]
=

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

·

3
3 1
1 0
1 0
 =

3
1 0
1 0
3 1
1 0
1 0
1 0
1 0
1 0

=

3
2 0
3 1
5 0

f6 ·MP (14,1)7→6 −MP (15,2)7→6 · f7 =

3
2 0
3 1
5 0
−

3
2 0
3 1
5 0
 = [ 310 0 ]
Relations of the projection g : P (15, 2)→ P (15, 1) P
1. g2 ·MP (15,2)1→2 −MP (15,1)1→2 · g1 = 0
g2 ·MP (15,2)1→2 =
[ 5 6
6 0 1
]
·

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 =
[ 2 2 1 3 3
3 0 0 0 1 0
3 0 0 0 0 1
]
·

2 3
2 1 0
2 1 0
1 0 0
3 0 0
3 0 1
 =
[ 2 3
3 0 0
3 0 1
]
M
P (15,1)
1→2 · g1 =
[ 3
3 0
3 1
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 0
3 0 1
]
g2 ·MP (15,2)1→2 −MP (15,1)1→2 · g1 =
[ 2 3
3 0 0
3 0 1
]
−
[ 2 3
3 0 0
3 0 1
]
=
[ 5
6 0
]
2. g3 ·MP (15,2)2→3 −MP (15,1)2→3 · g2 = 0
g3 ·MP (15,2)2→3 =
[ 8 8
8 0 1
]
·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

=
[ 2 1 2 1 2 2 6
2 0 0 0 0 0 1 0
6 0 0 0 0 0 0 1
]
·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

=
[ 2 1 2 6
2 0 0 0 0
6 0 0 0 1
]
=
[ 5 6
2 0 0
6 0 1
]
M
P (15,1)
2→3 · g2 =
[ 6
2 0
6 1
]
·
[ 5 6
6 0 1
]
=
[ 5 6
2 0 0
6 0 1
]
g3 ·MP (15,2)2→3 −MP (15,1)2→3 · g2 =
[ 5 6
2 0 0
6 0 1
]
−
[ 5 6
2 0 0
6 0 1
]
=
[11
8 0
]
3. g3 ·MP (15,2)4→3 −MP (15,1)4→3 · g4 = 0
g3 ·MP (15,2)4→3 =
[ 8 8
8 0 1
]
·

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 =
[ 5 3 5 3
5 0 0 1 0
3 0 0 0 1
]
·

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 =
[ 5 5
5 0 1
3 0 0
]
M
P (15,1)
4→3 · g4 =
[ 5
5 1
3 0
]
·
[ 5 5
5 0 1
]
=
[ 5 5
5 0 1
3 0 0
]
g3 ·MP (15,2)4→3 −MP (15,1)4→3 · g4 =
[ 5 5
5 0 1
3 0 0
]
−
[ 5 5
5 0 1
3 0 0
]
=
[10
8 0
]
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4. g4 ·MP (15,2)5→4 −MP (15,1)5→4 · g5 = 0
g4 ·MP (15,2)5→4 =
[ 5 5
5 0 1
]
·

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 =
[ 3 2 2 3
2 0 0 1 0
3 0 0 0 1
]
·

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 =
[ 3 2
2 0 1
3 0 0
]
M
P (15,1)
5→4 · g5 =
[ 2
2 1
3 0
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
3 0 0
]
g4 ·MP (15,2)5→4 −MP (15,1)5→4 · g5 =
[ 3 2
2 0 1
3 0 0
]
−
[ 3 2
2 0 1
3 0 0
]
=
[ 5
5 0
]
5. g3 ·MP (15,2)6→3 −MP (15,1)6→3 · g6 = 0
g3 ·MP (15,2)6→3 =
[ 8 8
8 0 1
]
·

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

3 5 2 1 2 1 2
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

5 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
P (15,1)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 5 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

5 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

5 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

g3 ·MP (15,2)6→3 −MP (15,1)6→3 · g6 =

5 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

5 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[10
8 0
]
6. g6 ·MP (15,2)7→6 −MP (15,1)7→6 · g7 = 0
g6 ·MP (15,2)7→6 =
[ 5 5
5 0 1
]
·

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

=

1 1 3 1 1 1 1 1
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

=

3 1 1
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0
 =

3 2
2 0 1
2 0 1
1 0 0

M
P (15,1)
7→6 · g7 =

2
2 1
2 1
1 0
 · [ 3 22 0 1 ] =

3 2
2 0 1
2 0 1
1 0 0

g6 ·MP (15,2)7→6 −MP (15,1)7→6 · g7 =

3 2
2 0 1
2 0 1
1 0 0
−

3 2
2 0 1
2 0 1
1 0 0
 = [ 55 0 ]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 6
6 0 1
]
·
[ 5
5 1
6 0
]
=
[ 5
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 8
8 0 1
]
·
[ 8
8 1
8 0
]
=
[ 8
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
127.4 Tree module property of P (21, 2) 
The matrices of the representation have full (column) rank P
1. MP (21,2)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k) is already in column echelon form and has maximal column rank.
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2. MP (21,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k) is already in column echelon form and has maximal column rank.
3. MP (21,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k) is already in column echelon form and has maximal column rank.
4. MP (21,2)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
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5. MP (21,2)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k) is already in column echelon form and has maximal column rank.
6. MP (21,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M14,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (21,2)
7→6 =

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

c1↔c2−−−−→

1 4 2
2 0 0 0
1 1 0 0
4 0 1 0
1 1 0 0
2 0 0 1
1 1 0 0
2 0 0 1
1 0 0 0

127.4.1 0→ P (19, 7) f→ P (21, 2) g→ P (22, 5)→ 0 
PdimP (19, 7) + dimP (22, 5) = (3, 7, 10, 7, 3, 6, 3) + (4, 8, 12, 7, 4, 8, 4)
= (7, 15, 22, 14, 7, 14, 7) = dimP (21, 2)
Pdimk Ext
1
kQ(P (22, 5), P (19, 7)) = dimk HomkQ(P (22, 5), P (19, 7))− 〈dimP (22, 5),dimP (19, 7)〉
= 0− 〈(4, 8, 12, 7, 4, 8, 4), (3, 7, 10, 7, 3, 6, 3)〉
= 4 · 7 + 8 · 10 + 7 · 10 + 4 · 7 + 8 · 10 + 4 · 6− (4 · 3 + 8 · 7 + 12 · 10 + 7 · 7 + 4 · 3 + 8 · 6 + 4 · 3)
= 28 + 80 + 70 + 28 + 80 + 24− (12 + 56 + 120 + 49 + 12 + 48 + 12)
= 1
Matrices of the embedding f : P (19, 7)→ P (21, 2) P
1. f1 =

0 0 0
0 0 1
0 1 0
91 0 0
0 91 0
0 0 91
0 0 0

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

1 2
1 0 0
2 0 1′
1 91 0
2 0 91
1 0 0

c1↔c2−−−−→

2 1
1 0 0
2 1′ 0
1 0 91
2 91 0
1 0 0

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2. f2 =

0 0 0 91 0 0 0
0 0 91 0 0 0 1
0 91 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

∈M15,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 2 1 1 2
1 0 0 91 0 0
2 0 91′ 0 0 1′
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 0 0
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
1 0 0 0 0 0

c1↔c3−−−−→

1 2 1 1 2
1 91 0 0 0 0
2 0 91′ 0 0 1′
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 0 0
1 0 0 91 0 0
2 0 91 0 0 0
1 91 0 0 0 0
1 0 0 0 91 0
2 0 0 0 0 91
1 0 0 0 0 0

c5←c5+c2−−−−−−→

1 2 1 1 2
1 91 0 0 0 0
2 0 91′ 0 0 0
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 0 0
1 0 0 91 0 0
2 0 91 0 0 91
1 91 0 0 0 0
1 0 0 0 91 0
2 0 0 0 0 91
1 0 0 0 0 0

c3↔c5−−−−→

1 2 2 1 1
1 91 0 0 0 0
2 0 91′ 0 0 0
1 0 0 0 0 0
2 0 0 1′ 0 0
1 0 0 0 0 0
1 0 0 0 0 91
2 0 91 91 0 0
1 91 0 0 0 0
1 0 0 0 91 0
2 0 0 91 0 0
1 0 0 0 0 0

c4↔c5−−−−→

1 2 2 1 1
1 91 0 0 0 0
2 0 91′ 0 0 0
1 0 0 0 0 0
2 0 0 1′ 0 0
1 0 0 0 0 0
1 0 0 0 91 0
2 0 91 91 0 0
1 91 0 0 0 0
1 0 0 0 0 91
2 0 0 91 0 0
1 0 0 0 0 0

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3. f3 =

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

∈M22,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c1↔c3−−−−→

1 0 0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c7←c7+c1−−−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
91 0 0 0 0 0 91 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c6←c6+c2
c10←c10−c2−−−−−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 91 0 0 0 91 0 0 0 1
91 0 0 0 0 0 91 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c5←c5+c3
c9←c9−c3−−−−−−→
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
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 91 0 0 0 1 0
0 91 0 0 0 91 0 0 0 1
91 0 0 0 0 0 91 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c4↔c7−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 91 0 0 0 1 0
0 91 0 0 0 91 0 0 0 1
91 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c10←c10+c4−−−−−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 91 0 0 0 1 0
0 91 0 0 0 91 0 0 0 1
91 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 91 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c5↔c6−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 1
0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 91 0 0 1 0
0 91 0 0 91 0 0 0 0 1
91 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c9←c9+c5
c10←c10+c5−−−−−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 91 0 0 1 0
0 91 0 0 91 0 0 0 91 0
91 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 91 91
0 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c9←c9+c6−−−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 91 0 0 0 0
0 91 0 0 91 0 0 0 91 0
91 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0 91 0
0 0 0 0 91 0 0 0 91 91
0 0 0 91 0 0 0 0 0 91
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

c7↔c10−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 91 0 0 0 0
0 91 0 0 91 0 0 0 91 0
91 0 0 91 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 91 0 0 91 0
0 0 0 0 91 0 91 0 91 0
0 0 0 91 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0

c8↔c9−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 91 0 0 0 0
0 91 0 0 91 0 0 91 0 0
91 0 0 91 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 91 0 91 0 0
0 0 0 0 91 0 91 91 0 0
0 0 0 91 0 0 91 0 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0

c9↔c10−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 91 0 0 0 0
0 91 0 0 91 0 0 91 0 0
91 0 0 91 0 0 91 0 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 91 0 91 0 0
0 0 0 0 91 0 91 91 0 0
0 0 0 91 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0

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4. f4 =

0 0 1 0 0 0 91
0 1 0 0 0 91 0
1 0 0 0 91 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 91
0 0 0 0 0 91 0
0 0 0 0 91 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91

∈M14,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
3 91 0 0
1 0 91 0
3 0 0 91

c3←c3+c1−−−−−−→

3 1 3
3 1′ 0 0
1 0 0 0
3 0 0 91′
3 91 0 91
1 0 91 0
3 0 0 91

c2↔c3−−−−→

3 3 1
3 1′ 0 0
1 0 0 0
3 0 91′ 0
3 91 91 0
1 0 0 91
3 0 91 0

5. f5 =

0 0 1
0 1 0
1 0 0
0 0 0
91 0 0
0 91 0
0 0 91

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

3
3 1′
1 0
3 91

6. f6 =

0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 0 0 91 0 0
0 0 0 0 91 0
0 0 0 0 0 91
0 0 0 0 0 0

∈M14,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 2 1 2
2 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
2 0 91 0 0
1 0 0 91 0
2 0 0 0 91
1 0 0 0 0

c1↔c2−−−−→

2 1 1 2
2 91′ 0 0 1′
1 0 91 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 0 0
1 0 91 0 0
2 91 0 0 0
1 0 0 91 0
2 0 0 0 91
1 0 0 0 0

c4←c4+c1−−−−−−→

2 1 1 2
2 91′ 0 0 0
1 0 91 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 0 0
1 0 91 0 0
2 91 0 0 91
1 0 0 91 0
2 0 0 0 91
1 0 0 0 0

c3↔c4−−−−→

2 1 2 1
2 91′ 0 0 0
1 0 91 0 0
1 0 0 0 0
2 0 0 1′ 0
1 0 0 0 0
1 0 91 0 0
2 91 0 91 0
1 0 0 0 91
2 0 0 91 0
1 0 0 0 0

1027
7. f7 =

0 0 0
0 0 1
0 1 0
0 0 0
91 0 0
0 91 0
0 0 91

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

1 2
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91

c1↔c2−−−−→

2 1
1 0 0
2 1′ 0
1 0 0
1 0 91
2 91 0

Matrices of the projection g : P (21, 2)→ P (22, 5) P
1. g1 =

0 0 1 0 1 0 0
0 1 0 0 0 1 0
1 0 0 0 0 0 1
91 0 0 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 r1↔r2−−−−→

1 2 1 2 1
1 1 0 0 0 1
2 0 1′ 0 1 0
1 91 0 0 0 0
 r3←r3+r1−−−−−−→

1 2 1 2 1
1 1 0 0 0 1
2 0 1′ 0 1 0
1 0 0 0 0 1

2. g2 =

0 0 1 0 0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

∈M8,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 2 1 2 1 1 2 1 1 2 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

r1↔r2−−−−→

1 2 1 2 1 1 2 1 1 2 1
1 1 0 0 0 0 0 0 91 0 0 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

r6←r6+r3−−−−−−→

1 2 1 2 1 1 2 1 1 2 1
1 1 0 0 0 0 0 0 91 0 0 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

r4↔r5−−−−→

1 2 1 2 1 1 2 1 1 2 1
1 1 0 0 0 0 0 0 91 0 0 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1

3. g3 =

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M12,22(k) can be brought to row echelon form (as shown below) and has maximal row
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rank.
g3 =

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

r1↔r3−−−−→

1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

r5↔r7−−−−→

1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

r8↔r12−−−−−→

1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

r9↔r11−−−−−→

1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

4. g4 =

0 0 1 0 0 0 0 1 0 0 0 91 0 0
0 1 0 0 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91
0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 91 0 0
0 0 0 0 0 1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 0 0 0 0 0 0 91

∈M7,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91

5. g5 =

0 0 1 0 1 0 0
0 1 0 0 0 1 0
1 0 0 0 0 0 1
0 0 0 91 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3 1 3
3 1′ 0 1
1 0 91 0
]
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6. g6 =

0 0 1 0 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 0 0 0 91 0 0 1 0 0
1 0 0 0 0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1

∈M8,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

2 1 1 2 1 1 2 1 2 1
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

r1↔r2−−−−→

2 1 1 2 1 1 2 1 2 1
2 1′ 0 0 0 0 0 91 0 1 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

r3↔r6−−−−→

2 1 1 2 1 1 2 1 2 1
2 1′ 0 0 0 0 0 91 0 1 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

r4↔r5−−−−→

2 1 1 2 1 1 2 1 2 1
2 1′ 0 0 0 0 0 91 0 1 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 0 0 0 1
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1

7. g7 =

0 0 0 1 0 0 0
0 0 1 0 0 1 0
0 1 0 0 0 0 1
1 0 0 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

1 2 1 1 2
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0
 r1↔r3−−−−→

1 2 1 1 2
1 1 0 0 0 0
2 0 1′ 0 0 1
1 0 0 1 0 0

Relations of the embedding f : P (19, 7)→ P (21, 2) P
1. f2 ·MP (19,7)1→2 −MP (21,2)1→2 · f1 = 0
f2 ·MP (19,7)1→2 =

1 2 1 1 2
1 0 0 91 0 0
2 0 91′ 0 0 1′
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 0 0
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
1 0 0 0 0 0

·
[ 3
4 0
3 1
]
=

1 2 1 1 2
1 0 0 91 0 0
2 0 91′ 0 0 1′
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 0 0
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
1 0 0 0 0 0

·

1 2
1 0 0
2 0 0
1 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
2 0 1′
1 0 0
2 0 1′
1 0 0
1 0 0
2 0 0
1 0 0
1 91 0
2 0 91
1 0 0

=

1 2
1 0 0
2 0 1′
1 0 0
2 0 1′
5 0 0
1 91 0
2 0 91
1 0 0

M
P (21,2)
1→2 · f1 =

3 4
3 1 0
3 1 0
5 0 0
4 0 1
 ·

1 2
1 0 0
2 0 1′
1 91 0
2 0 91
1 0 0
 =

1 2 1 2 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
5 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

1 2
1 0 0
2 0 1′
1 91 0
2 0 91
1 0 0
 =

1 2
1 0 0
2 0 1′
1 0 0
2 0 1′
5 0 0
1 91 0
2 0 91
1 0 0

f2 ·MP (19,7)1→2 −MP (21,2)1→2 · f1 =

1 2
1 0 0
2 0 1′
1 0 0
2 0 1′
5 0 0
1 91 0
2 0 91
1 0 0

−

1 2
1 0 0
2 0 1′
1 0 0
2 0 1′
5 0 0
1 91 0
2 0 91
1 0 0

=
[ 3
15 0
]
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2. f3 ·MP (19,7)2→3 −MP (21,2)2→3 · f2 = 0
f3 ·MP (19,7)2→3 =

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

·
[ 7
3 0
7 1
]
=

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

0 0 0 91 0 0 0
0 0 91 0 0 0 1
0 91 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 91 0 0 1
0 0 91 0 0 1 1
0 91 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1
1 0 0 91 0 0 1 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

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M
P (21,2)
2→3 · f2 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

·

1 2 1 1 2
1 0 0 91 0 0
2 0 91′ 0 0 1′
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 0 0
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
1 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

0 0 0 91 0 0 0
0 0 91 0 0 0 1
0 91 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1
1 0 0 91 0 0 1 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1
1 0 0 91 0 0 1 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

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f3 ·MP (19,7)2→3 −MP (21,2)2→3 · f2 =

1 1 1 1 1 1 1
1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1
1 0 0 91 0 0 1 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1
1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1
1 0 0 91 0 0 1 1
1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

=
[ 7
22 0
]
3. f3 ·MP (19,7)4→3 −MP (21,2)4→3 · f4 = 0
f3 ·MP (19,7)4→3 =

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

·
[ 7
7 1
3 0
]
=

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

0 0 1 0 0 0 91
0 1 0 0 0 91 0
1 0 0 0 91 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 91
0 0 0 0 0 91 0
0 0 0 0 91 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
4 0 0 0
3 91 0 0
1 0 91 0
3 0 0 91
4 0 0 0

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M
P (21,2)
4→3 · f4 =

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 ·

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
3 91 0 0
1 0 91 0
3 0 0 91

=

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
4 0 0 0 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
4 0 0 0 0 0 0

·

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
3 91 0 0
1 0 91 0
3 0 0 91

=

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
4 0 0 0
3 91 0 0
1 0 91 0
3 0 0 91
4 0 0 0

f3 ·MP (19,7)4→3 −MP (21,2)4→3 · f4 =

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
4 0 0 0
3 91 0 0
1 0 91 0
3 0 0 91
4 0 0 0

−

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
4 0 0 0
3 91 0 0
1 0 91 0
3 0 0 91
4 0 0 0

=
[ 7
22 0
]
4. f4 ·MP (19,7)5→4 −MP (21,2)5→4 · f5 = 0
f4 ·MP (19,7)5→4 =

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
3 91 0 0
1 0 91 0
3 0 0 91

·
[ 3
3 1
4 0
]
=

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
3 91 0 0
1 0 91 0
3 0 0 91

·

3
3 1
1 0
3 0
 =

3
3 1′
1 0
3 0
3 91
1 0
3 0

=

3
3 1′
4 0
3 91
4 0

M
P (21,2)
5→4 · f5 =

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 ·

3
3 1′
1 0
3 91
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0
 ·

3
3 1′
1 0
3 91
 =

3
3 1′
1 0
3 0
3 91
4 0
 =

3
3 1′
4 0
3 91
4 0

f4 ·MP (19,7)5→4 −MP (21,2)5→4 · f5 =

3
3 1′
4 0
3 91
4 0
−

3
3 1′
4 0
3 91
4 0
 =
[ 3
14 0
]
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5. f3 ·MP (19,7)6→3 −MP (21,2)6→3 · f6 = 0
f3 ·MP (19,7)6→3 =

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 0 0 91 0 0
91 0 0 0 91 0
0 91 0 0 0 91
0 0 91 0 0 0
0 0 0 91 0 0
0 0 0 0 91 0
0 0 0 0 0 91
0 0 0 0 0 0

=

1 1 1 1 1 1
4 0 0 0 0 0 0
1 0 0 91 0 0 1
1 0 91 0 0 1 0
1 91 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 91 0 0 0 91 0
1 0 91 0 0 0 91
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 91
1 0 0 0 0 0 0

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6→3 · f6 =

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

·

1 2 1 2
2 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
2 0 91 0 0
1 0 0 91 0
2 0 0 0 91
1 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

0 0 91 0 0 1
0 91 0 0 1 0
91 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 0 0 91 0 0
0 0 0 0 91 0
0 0 0 0 0 91
0 0 0 0 0 0

=

1 1 1 1 1 1
4 0 0 0 0 0 0
1 0 0 91 0 0 1
1 0 91 0 0 1 0
1 91 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 91 0 0 0 91 0
1 0 91 0 0 0 91
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 91
1 0 0 0 0 0 0

f3 ·MP (19,7)6→3 −MP (21,2)6→3 · f6 =

1 1 1 1 1 1
4 0 0 0 0 0 0
1 0 0 91 0 0 1
1 0 91 0 0 1 0
1 91 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 91 0 0 0 91 0
1 0 91 0 0 0 91
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 91
1 0 0 0 0 0 0

−

1 1 1 1 1 1
4 0 0 0 0 0 0
1 0 0 91 0 0 1
1 0 91 0 0 1 0
1 91 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 91 0 0 0 91 0
1 0 91 0 0 0 91
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 91
1 0 0 0 0 0 0

=
[ 6
22 0
]
6. f6 ·MP (19,7)7→6 −MP (21,2)7→6 · f7 = 0
f6 ·MP (19,7)7→6 =

1 2 1 2
2 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
2 0 91 0 0
1 0 0 91 0
2 0 0 0 91
1 0 0 0 0

·
[ 3
3 1
3 1
]
=

1 2 1 2
2 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
2 0 91 0 0
1 0 0 91 0
2 0 0 0 91
1 0 0 0 0

·

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 =

1 2
2 0 0
1 91 0
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91
1 91 0
2 0 91
1 0 0

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7→6 · f7 =

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

·

1 2
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91
 =

1 2 1 1 2
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

·

1 2
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91
 =

1 2
2 0 0
1 91 0
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91
1 91 0
2 0 91
1 0 0

f6 ·MP (19,7)7→6 −MP (21,2)7→6 · f7 =

1 2
2 0 0
1 91 0
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91
1 91 0
2 0 91
1 0 0

−

1 2
2 0 0
1 91 0
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91
1 91 0
2 0 91
1 0 0

=
[ 3
14 0
]
Relations of the projection g : P (21, 2)→ P (22, 5) P
1. g2 ·MP (21,2)1→2 −MP (22,5)1→2 · g1 = 0
g2 ·MP (21,2)1→2 =

1 2 1 2 1 1 2 1 1 2 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

·

3 4
3 1 0
3 1 0
5 0 0
4 0 1

=

1 2 1 2 1 1 2 1 1 2 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

·

1 2 1 2 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
2 0 1′ 0 1 0
1 1 0 0 0 1

M
P (22,5)
1→2 · g1 =

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
2 1 0 0
1 0 1 0

·

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 =

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
2 0 1′ 0 1 0
1 1 0 0 0 1

g2 ·MP (21,2)1→2 −MP (22,5)1→2 · g1 =

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
2 0 1′ 0 1 0
1 1 0 0 0 1

−

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
2 0 1′ 0 1 0
1 1 0 0 0 1

=
[ 7
8 0
]
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2. g3 ·MP (21,2)2→3 −MP (22,5)2→3 · g2 = 0
g3 ·MP (21,2)2→3 =

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

=

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

=

0 0 1 0 0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 91 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 91 0 0 1 1 0
1 0 0 0 1 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

M
P (22,5)
2→3 · g2 =

4 4
4 1 0
4 1 1
4 0 1
 ·

1 2 1 2 1 1 2 1 1 2 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

=

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

0 0 1 0 0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

=

0 0 1 0 0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 91 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 91 0 0 1 1 0
1 0 0 0 1 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

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g3 ·MP (21,2)2→3 −MP (22,5)2→3 · g2 =

0 0 1 0 0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 91 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 91 0 0 1 1 0
1 0 0 0 1 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

−

0 0 1 0 0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 91 0 0 0 1 0 0
0 1 0 0 0 1 0 0 0 91 0 0 1 1 0
1 0 0 0 1 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

=
[15
12 0
]
3. g3 ·MP (21,2)4→3 −MP (22,5)4→3 · g4 = 0
g3 ·MP (21,2)4→3 =

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

7 7
7 1 0
4 0 0
7 0 1
4 0 0

=

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

0 0 1 0 0 0 0 1 0 0 0 91 0 0
0 1 0 0 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91
0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 91 0 0
0 0 0 0 0 1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
5 0 0 0 0 0 0

M
P (22,5)
4→3 · g4 =
[ 7
7 1
5 0
]
·

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
5 0 0 0
 ·

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
 =

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
5 0 0 0 0 0 0

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g3 ·MP (21,2)4→3 −MP (22,5)4→3 · g4 =

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
5 0 0 0 0 0 0
−

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
5 0 0 0 0 0 0
 =
[14
12 0
]
4. g4 ·MP (21,2)5→4 −MP (22,5)5→4 · g5 = 0
g4 ·MP (21,2)5→4 =

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
 ·

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 =

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
 ·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 0
3 0 0 1
1 0 0 0
3 0 0 0

=

3 1 3
3 1′ 0 1
1 0 91 0
3 0 0 0

M
P (22,5)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 3 1 3
3 1′ 0 1
1 0 91 0
]
=

3 1
3 1 0
1 0 1
3 0 0
 · [
3 1 3
3 1′ 0 1
1 0 91 0
]
=

3 1 3
3 1′ 0 1
1 0 91 0
3 0 0 0

g4 ·MP (21,2)5→4 −MP (22,5)5→4 · g5 =

3 1 3
3 1′ 0 1
1 0 91 0
3 0 0 0
−

3 1 3
3 1′ 0 1
1 0 91 0
3 0 0 0
 = [ 77 0 ]
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5. g3 ·MP (21,2)6→3 −MP (22,5)6→3 · g6 = 0
g3 ·MP (21,2)6→3 =

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

=

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 0 0 0 91 0 0 1 0 0
1 0 0 0 0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1

=

2 1 1 2 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

M
P (22,5)
6→3 · g6 =
[ 8
4 0
8 1
]
·

2 1 1 2 1 1 2 1 2 1
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

=

1 2 1 1 2 1
4 0 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

2 1 1 2 1 1 2 1 2 1
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

=

2 1 1 2 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

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g3 ·MP (21,2)6→3 −MP (22,5)6→3 · g6 =

2 1 1 2 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

−

2 1 1 2 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

=
[14
12 0
]
6. g6 ·MP (21,2)7→6 −MP (22,5)7→6 · g7 = 0
g6 ·MP (21,2)7→6 =

2 1 1 2 1 1 2 1 2 1
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

=

2 1 1 2 1 1 2 1 2 1
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·

1 2 1 1 2
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

=

1 2 1 1 2
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0

=

1 2 1 1 2
4 0 0 0 0 0
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0

M
P (22,5)
7→6 · g7 =
[ 4
4 0
4 1
]
·

1 2 1 1 2
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0
 =

1 2 1
4 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
 ·

1 2 1 1 2
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0
 =

1 2 1 1 2
4 0 0 0 0 0
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0

g6 ·MP (21,2)7→6 −MP (22,5)7→6 · g7 =

1 2 1 1 2
4 0 0 0 0 0
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0
−

1 2 1 1 2
4 0 0 0 0 0
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0
 =
[ 7
8 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

1 2 1 2 1
2 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 ·

1 2
1 0 0
2 0 1′
1 91 0
2 0 91
1 0 0
 =
[ 3
4 0
]
2. g2 · f2 = 0
g2 · f2 =

1 2 1 2 1 1 2 1 1 2 1
2 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

·

1 2 1 1 2
1 0 0 91 0 0
2 0 91′ 0 0 1′
1 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 0 0
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
1 0 0 0 0 0

=
[ 7
8 0
]
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3. g3 · f3 = 0
g3 · f3 =

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

0 0 1 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 91 0 0 1 1
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0

=
[10
12 0
]
4. g4 · f4 = 0
g4 · f4 =

3 1 3 3 1 3
3 1′ 0 0 1 0 91
1 0 91 0 0 0 0
3 0 0 1′ 0 0 91
 ·

3 1 3
3 1′ 0 91′
1 0 0 0
3 0 0 91′
3 91 0 0
1 0 91 0
3 0 0 91

=
[ 7
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 1 3
3 1′ 0 1
1 0 91 0
]
·

3
3 1′
1 0
3 91
 = [ 34 0 ]
6. g6 · f6 = 0
g6 · f6 =

2 1 1 2 1 1 2 1 2 1
1 0 1 0 0 0 91 0 0 0 0
2 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·

1 2 1 2
2 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
2 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
2 0 91 0 0
1 0 0 91 0
2 0 0 0 91
1 0 0 0 0

=
[ 6
8 0
]
7. g7 · f7 = 0
g7 · f7 =

1 2 1 1 2
1 0 0 1 0 0
2 0 1′ 0 0 1
1 1 0 0 0 0
 ·

1 2
1 0 0
2 0 1′
1 0 0
1 91 0
2 0 91
 =
[ 3
4 0
]
127.4.2 0→ P (20, 1) f→ P (21, 2) g→ P (21, 1)→ 0 
PdimP (20, 1) + dimP (21, 1) = (3, 7, 11, 7, 4, 7, 4) + (4, 8, 11, 7, 3, 7, 3)
= (7, 15, 22, 14, 7, 14, 7) = dimP (21, 2)
Pdimk Ext
1
kQ(P (21, 1), P (20, 1)) = dimk HomkQ(P (21, 1), P (20, 1))− 〈dimP (21, 1),dimP (20, 1)〉
= 0− 〈(4, 8, 11, 7, 3, 7, 3), (3, 7, 11, 7, 4, 7, 4)〉
= 4 · 7 + 8 · 11 + 7 · 11 + 3 · 7 + 7 · 11 + 3 · 7− (4 · 3 + 8 · 7 + 11 · 11 + 7 · 7 + 3 · 4 + 7 · 7 + 3 · 4)
= 28 + 88 + 77 + 21 + 77 + 21− (12 + 56 + 121 + 49 + 12 + 49 + 12)
= 1
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Matrices of the embedding f : P (20, 1)→ P (21, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M22,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (21, 2)→ P (21, 1) P
1. g1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,22(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (20, 1)→ P (21, 2) P
1. f2 ·MP (20,1)1→2 −MP (21,2)1→2 · f1 = 0
f2 ·MP (20,1)1→2 =
[ 7
7 1
8 0
]
·

3
3 1
3 1
1 0
 =

3 3 1
3 1 0 0
3 0 1 0
1 0 0 1
8 0 0 0
 ·

3
3 1
3 1
1 0
 =

3
3 1
3 1
1 0
8 0
 =

3
3 1
3 1
9 0

M
P (21,2)
1→2 · f1 =

3 4
3 1 0
3 1 0
5 0 0
4 0 1
 ·
[ 3
3 1
4 0
]
=

3
3 1
3 1
5 0
4 0
 =

3
3 1
3 1
9 0

f2 ·MP (20,1)1→2 −MP (21,2)1→2 · f1 =

3
3 1
3 1
9 0
−

3
3 1
3 1
9 0
 = [ 315 0 ]
2. f3 ·MP (20,1)2→3 −MP (21,2)2→3 · f2 = 0
f3 ·MP (20,1)2→3 =
[11
11 1
11 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3 1 3
3 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
11 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
11 0 0 0

M
P (21,2)
2→3 · f2 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

·
[ 7
7 1
8 0
]
=

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
8 0 0 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
3 0 0 0
8 0 0 0

=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
11 0 0 0

f3 ·MP (20,1)2→3 −MP (21,2)2→3 · f2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
11 0 0 0

−

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
11 0 0 0

=
[ 7
22 0
]
3. f3 ·MP (20,1)4→3 −MP (21,2)4→3 · f4 = 0
f3 ·MP (20,1)4→3 =
[11
11 1
11 0
]
·
[ 7
7 1
4 0
]
=

7 4
7 1 0
4 0 1
11 0 0
 · [
7
7 1
4 0
]
=

7
7 1
4 0
11 0
 = [
7
7 1
15 0
]
M
P (21,2)
4→3 · f4 =

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 ·
[ 7
7 1
7 0
]
=

7
7 1
4 0
7 0
4 0
 =
[ 7
7 1
15 0
]
f3 ·MP (20,1)4→3 −MP (21,2)4→3 · f4 =
[ 7
7 1
15 0
]
−
[ 7
7 1
15 0
]
=
[ 7
22 0
]
1046
4. f4 ·MP (20,1)5→4 −MP (21,2)5→4 · f5 = 0
f4 ·MP (20,1)5→4 =
[ 7
7 1
7 0
]
·
[ 4
4 1
3 0
]
=

4 3
4 1 0
3 0 1
7 0 0
 · [
4
4 1
3 0
]
=

4
4 1
3 0
7 0
 = [
4
4 1
10 0
]
M
P (21,2)
5→4 · f5 =

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 ·
[ 4
4 1
3 0
]
=

4
4 1
3 0
3 0
4 0
 =
[ 4
4 1
10 0
]
f4 ·MP (20,1)5→4 −MP (21,2)5→4 · f5 =
[ 4
4 1
10 0
]
−
[ 4
4 1
10 0
]
=
[ 4
14 0
]
5. f3 ·MP (20,1)6→3 −MP (21,2)6→3 · f6 = 0
f3 ·MP (20,1)6→3 =
[11
11 1
11 0
]
·
[ 7
4 0
7 1
]
=

4 7
4 1 0
7 0 1
11 0 0
 · [
7
4 0
7 1
]
=

7
4 0
7 1
11 0

M
P (21,2)
6→3 · f6 =

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

·
[ 7
7 1
7 0
]
=

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

·

7
7 1
3 0
1 0
3 0
 =

7
4 0
7 1
3 0
1 0
3 0
1 0
3 0

=

7
4 0
7 1
11 0

f3 ·MP (20,1)6→3 −MP (21,2)6→3 · f6 =

7
4 0
7 1
11 0
−

7
4 0
7 1
11 0
 = [ 722 0 ]
6. f6 ·MP (20,1)7→6 −MP (21,2)7→6 · f7 = 0
f6 ·MP (20,1)7→6 =
[ 7
7 1
7 0
]
·
[ 4
3 0
4 1
]
=

3 4
3 1 0
4 0 1
7 0 0
 · [
4
3 0
4 1
]
=

4
3 0
4 1
7 0

M
P (21,2)
7→6 · f7 =

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

·
[ 4
4 1
3 0
]
=

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

·

4
4 1
1 0
2 0
 =

4
2 0
1 0
4 1
1 0
2 0
1 0
2 0
1 0

=

4
3 0
4 1
7 0

f6 ·MP (20,1)7→6 −MP (21,2)7→6 · f7 =

4
3 0
4 1
7 0
−

4
3 0
4 1
7 0
 = [ 414 0 ]
Relations of the projection g : P (21, 2)→ P (21, 1) P
1. g2 ·MP (21,2)1→2 −MP (21,1)1→2 · g1 = 0
g2 ·MP (21,2)1→2 =
[ 7 8
8 0 1
]
·

3 4
3 1 0
3 1 0
5 0 0
4 0 1
 =
[ 3 3 1 4 4
4 0 0 0 1 0
4 0 0 0 0 1
]
·

3 4
3 1 0
3 1 0
1 0 0
4 0 0
4 0 1
 =
[ 3 4
4 0 0
4 0 1
]
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M
P (21,1)
1→2 · g1 =
[ 4
4 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 0
4 0 1
]
g2 ·MP (21,2)1→2 −MP (21,1)1→2 · g1 =
[ 3 4
4 0 0
4 0 1
]
−
[ 3 4
4 0 0
4 0 1
]
=
[ 7
8 0
]
2. g3 ·MP (21,2)2→3 −MP (21,1)2→3 · g2 = 0
g3 ·MP (21,2)2→3 =
[11 11
11 0 1
]
·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

=
[ 3 1 3 1 3 3 8
3 0 0 0 0 0 1 0
8 0 0 0 0 0 0 1
]
·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

=
[ 3 1 3 8
3 0 0 0 0
8 0 0 0 1
]
=
[ 7 8
3 0 0
8 0 1
]
M
P (21,1)
2→3 · g2 =
[ 8
3 0
8 1
]
·
[ 7 8
8 0 1
]
=
[ 7 8
3 0 0
8 0 1
]
g3 ·MP (21,2)2→3 −MP (21,1)2→3 · g2 =
[ 7 8
3 0 0
8 0 1
]
−
[ 7 8
3 0 0
8 0 1
]
=
[15
11 0
]
3. g3 ·MP (21,2)4→3 −MP (21,1)4→3 · g4 = 0
g3 ·MP (21,2)4→3 =
[11 11
11 0 1
]
·

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 =
[ 7 4 7 4
7 0 0 1 0
4 0 0 0 1
]
·

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 =
[ 7 7
7 0 1
4 0 0
]
M
P (21,1)
4→3 · g4 =
[ 7
7 1
4 0
]
·
[ 7 7
7 0 1
]
=
[ 7 7
7 0 1
4 0 0
]
g3 ·MP (21,2)4→3 −MP (21,1)4→3 · g4 =
[ 7 7
7 0 1
4 0 0
]
−
[ 7 7
7 0 1
4 0 0
]
=
[14
11 0
]
4. g4 ·MP (21,2)5→4 −MP (21,1)5→4 · g5 = 0
g4 ·MP (21,2)5→4 =
[ 7 7
7 0 1
]
·

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 =
[ 4 3 3 4
3 0 0 1 0
4 0 0 0 1
]
·

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 =
[ 4 3
3 0 1
4 0 0
]
M
P (21,1)
5→4 · g5 =
[ 3
3 1
4 0
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 1
4 0 0
]
g4 ·MP (21,2)5→4 −MP (21,1)5→4 · g5 =
[ 4 3
3 0 1
4 0 0
]
−
[ 4 3
3 0 1
4 0 0
]
=
[ 7
7 0
]
5. g3 ·MP (21,2)6→3 −MP (21,1)6→3 · g6 = 0
g3 ·MP (21,2)6→3 =
[11 11
11 0 1
]
·

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

4 7 3 1 3 1 3
3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

7 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

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M
P (21,1)
6→3 · g6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[ 7 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

7 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

7 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

g3 ·MP (21,2)6→3 −MP (21,1)6→3 · g6 =

7 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
−

7 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
 =
[14
11 0
]
6. g6 ·MP (21,2)7→6 −MP (21,1)7→6 · g7 = 0
g6 ·MP (21,2)7→6 =
[ 7 7
7 0 1
]
·

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

=

2 1 4 1 2 1 2 1
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

=

4 1 2
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0
 =

4 3
3 0 1
3 0 1
1 0 0

M
P (21,1)
7→6 · g7 =

3
3 1
3 1
1 0
 · [ 4 33 0 1 ] =

4 3
3 0 1
3 0 1
1 0 0

g6 ·MP (21,2)7→6 −MP (21,1)7→6 · g7 =

4 3
3 0 1
3 0 1
1 0 0
−

4 3
3 0 1
3 0 1
1 0 0
 = [ 77 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 8
8 0 1
]
·
[ 7
7 1
8 0
]
=
[ 7
8 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 11
11 0 1
]
·
[11
11 1
11 0
]
=
[11
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
127.5 Tree module property of P (6n+ 3, 2) 
The matrices of the representation have full (column) rank P
1. MP (6n+3,2)1→2 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n+3,2)2→3 =

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0
 ∈M6n+4,4n+3(k) is already in column echelon form and has maximal column rank.
3. MP (6n+3,2)4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ∈M6n+4,4n+2(k) is already in column echelon form and has maximal column rank.
4. MP (6n+3,2)5→4 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. MP (6n+3,2)6→3 =

4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+3,2)
6→3 =

2n+1 n 1 n
n+1 0 0 0 0
2n+1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

6. MP (6n+3,2)7→6 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

∈M4n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+3,2)
7→6 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

c1↔c2−−−−→

1 n+1 n−1
n−1 0 0 0
1 1 0 0
n+1 0 1 0
1 1 0 0
n−1 0 0 1
1 1 0 0
n−1 0 0 1
1 0 0 0

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127.5.1 0→ P (6n+ 1, 7) f→ P (6n+ 3, 2) g→ P (6n+ 4, 5)→ 0 
PdimP (6n+ 1, 7) + dimP (6n+ 4, 5) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n, n) + (n+ 1, 2n+ 2, 3n+ 3, 2n+ 1, n+ 1, 2n+ 2, n+ 1)
= (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimP (6n+ 3, 2)
Pdimk Ext
1
kQ(P (6n+ 4, 5), P (6n+ 1, 7)) = dimk HomkQ(P (6n+ 4, 5), P (6n+ 1, 7))− 〈dimP (6n+ 4, 5),dimP (6n+ 1, 7)〉
= 0− 〈(n+ 1, 2n+ 2, 3n+ 3, 2n+ 1, n+ 1, 2n+ 2, n+ 1), (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n, n)〉
= (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 1) + (2n+ 1) · (3n+ 1) + (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 1) + (n+ 1) · 2n
− ((n+ 1) · n+ (2n+ 2) · (2n+ 1) + (3n+ 3) · (3n+ 1) + (2n+ 1) · (2n+ 1) + (n+ 1) · n+ (2n+ 2) · 2n+ (n+ 1) · n)
= 2n2 + 3n+ 1 + 6n2 + 8n+ 2 + 6n2 + 5n+ 1 + 2n2 + 3n+ 1 + 6n2 + 8n+ 2 + 2n2 + 2n
− (n2 + n+ 4n2 + 6n+ 2 + 9n2 + 12n+ 3 + 4n2 + 4n+ 1 + n2 + n+ 4n2 + 4n+ n2 + n)
= 1
Matrices of the embedding f : P (6n+ 1, 7)→ P (6n+ 3, 2) P
1. f1 =

1 n−1
1 0 0
n−1 0 1′
1 91 0
n−1 0 91
1 0 0
 ∈M2n+1,n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

1 n−1
1 0 0
n−1 0 1′
1 91 0
n−1 0 91
1 0 0

c1↔c2−−−−→

n−1 1
1 0 0
n−1 1′ 0
1 0 91
n−1 91 0
1 0 0

2. f2 =

1 n n
n 0 91′ 0
n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
2n+3 0 0
 ∈M4n+3,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 n−1 1 1 n−1
1 0 0 91 0 0
n−1 0 91′ 0 0 1′
1 0 0 0 0 0
n−1 0 0 0 0 1′
1 0 0 0 0 0
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

c1↔c3−−−−→

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 91′ 0 0 1′
1 0 0 0 0 0
n−1 0 0 0 0 1′
1 0 0 0 0 0
1 0 0 91 0 0
n−1 0 91 0 0 0
1 91 0 0 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

c5←c5+c2−−−−−−→

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 91′ 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 1′
1 0 0 0 0 0
1 0 0 91 0 0
n−1 0 91 0 0 91
1 91 0 0 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

c3↔c5−−−−→

1 n−1 n−1 1 1
1 91 0 0 0 0
n−1 0 91′ 0 0 0
1 0 0 0 0 0
n−1 0 0 1′ 0 0
1 0 0 0 0 0
1 0 0 0 0 91
n−1 0 91 91 0 0
1 91 0 0 0 0
1 0 0 0 91 0
n−1 0 0 91 0 0
1 0 0 0 0 0

c4↔c5−−−−→

1 n−1 n−1 1 1
1 91 0 0 0 0
n−1 0 91′ 0 0 0
1 0 0 0 0 0
n−1 0 0 1′ 0 0
1 0 0 0 0 0
1 0 0 0 91 0
n−1 0 91 91 0 0
1 91 0 0 0 0
1 0 0 0 0 91
n−1 0 0 91 0 0
1 0 0 0 0 0

3. f3 =

3n+1
3n+2 0
3n+1 91
1 0
 +

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
 +

2n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
 +

2n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0

∈ M6n+4,3n+1(k) can be brought to column echelon form (as shown below) and has
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maximal column rank.
f3 =

1 n−1 1 1 n−1 1 n−1
n−1 0 1′ 0 0 91′ 0 0
1 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 91′ 0 1′
1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1′
1 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
n−1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
n−1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

+

2n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
4n+3 0 0

=

1 n−2 1 1 1 n−2 1 1 n−2 1
1 0 0 1 0 0 0 91 0 0 0
n−2 0 1′ 0 0 0 91′ 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1
n−2 0 0 0 0 0 91′ 0 0 1′ 0
1 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
n−2 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n−2 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0

+

2n+2 1 n−2
1 0 0 0
n−2 0 0 1′
1 0 1 0
1 0 0 0
1 0 0 0
n−2 0 0 1′
1 0 1 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0

R1↔R2−−−−−−−−−−−−−−−−→
R1 = rows: 1 ... 3n+2
R2 = rows: 3n+3 ... 6n+4

1 n−2 1 1 1 n−2 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0
n−2 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
n−2 0 1′ 0 0 0 91′ 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1
n−2 0 0 0 0 0 91′ 0 0 1′ 0
1 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
n−2 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 0 0

+

2n+2 1 n−2
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 1′
1 0 1 0
1 0 0 0
1 0 0 0
n−2 0 0 1′
1 0 1 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0

=

1 n−1 1 1 n−1 1 n−1
1 91 0 0 0 0 0 0
n−1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
n−1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0
n−1 0 1′ 0 0 91′ 0 0
1 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 91′ 0 1′
1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1′
1 0 0 0 0 0 0 0

+

2n+2 n−1
3n+3 0 0
n−1 0 1′
2 0 0
n−1 0 1′
n+1 0 0

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4. f4 =

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n 91 0 0
1 0 91 0
n 0 0 91

∈M4n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n 91 0 0
1 0 91 0
n 0 0 91

c3←c3+c1−−−−−−→

n 1 n
n 1′ 0 0
1 0 0 0
n 0 0 91′
n 91 0 91
1 0 91 0
n 0 0 91

c2↔c3−−−−→

n n 1
n 1′ 0 0
1 0 0 0
n 0 91′ 0
n 91 91 0
1 0 0 91
n 0 91 0

5. f5 =

n
n 1′
1 0
n 91
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

2n
2n+1 0
2n 91
1 0
+

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
2n+2 0 0 0 0
 ∈M4n+2,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

c1↔c2−−−−→

n−1 1 1 n−1
n−1 91′ 0 0 1′
1 0 91 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
1 0 91 0 0
n−1 91 0 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

c4←c4+c1−−−−−−→

n−1 1 1 n−1
n−1 91′ 0 0 0
1 0 91 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
1 0 91 0 0
n−1 91 0 0 91
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

c3↔c4−−−−→

n−1 1 n−1 1
n−1 91′ 0 0 0
1 0 91 0 0
1 0 0 0 0
n−1 0 0 1′ 0
1 0 0 0 0
1 0 91 0 0
n−1 91 0 91 0
1 0 0 0 91
n−1 0 0 91 0
1 0 0 0 0

7. f7 =

1 n−1
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
 ∈M2n+1,n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

1 n−1
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91

c1↔c2−−−−→

n−1 1
1 0 0
n−1 1′ 0
1 0 0
1 0 91
n−1 91 0

Matrices of the projection g : P (6n+ 3, 2)→ P (6n+ 4, 5) P
1. g1 =

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 ∈Mn+1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 r1↔r2−−−−→

1 n−1 1 n−1 1
1 1 0 0 0 1
n−1 0 1′ 0 1 0
1 91 0 0 0 0
 r3←r3+r1−−−−−−→

1 n−1 1 n−1 1
1 1 0 0 0 1
n−1 0 1′ 0 1 0
1 0 0 0 0 1

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2. g2 =

n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
+

n 1 3n+2
n 0 0 0
1 0 91 0
n+1 0 0 0
 ∈M2n+2,4n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

r1↔r2−−−−→

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
1 1 0 0 0 0 0 0 91 0 0 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

r6←r6+r3−−−−−−→

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
1 1 0 0 0 0 0 0 91 0 0 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

r4↔r5−−−−→

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
1 1 0 0 0 0 0 0 91 0 0 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1

3. g3 =

n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

+

5n+4 n
n+2 0 0
n 0 1
n+1 0 0
 ∈ M3n+3,6n+4(k) can be brought to row echelon form (as shown below) and has maximal row
rank.
g3 =

n−1 1 1 n−1 1 n−1 1 1 1 n−1 1 1 n−1 1 1 n−1
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
n−1 1′ 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
n−1 0 0 0 1′ 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0 1

+

5n+4 n−1 1
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

r1↔r2−−−−→

n−1 1 1 n−1 1 n−1 1 1 1 n−1 1 1 n−1 1 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
n−1 0 0 0 1′ 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0 1

+

5n+4 n−1 1
n−1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

r4↔r5−−−−→

n−1 1 1 n−1 1 n−1 1 1 1 n−1 1 1 n−1 1 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0 1

+

5n+4 n−1 1
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 0
1 0 0 1
1 0 0 0
1 0 0 0
n−1 0 0 0

r6↔r9−−−−→
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
n−1 1 1 n−1 1 n−1 1 1 1 n−1 1 1 n−1 1 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
n−1 0 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

5n+4 n−1 1
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 1

r7↔r8−−−−→

n−1 1 1 n−1 1 n−1 1 1 1 n−1 1 1 n−1 1 1 n−1
n−1 1′ 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
n−1 0 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

5n+4 n−1 1
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 1 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 1

4. g4 =

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
 ∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n 1 n
n 1′ 0 1
1 0 91 0
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

∈M2n+2,4n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

r1↔r2−−−−→

n−1 1 1 n−1 1 1 n−1 1 n−1 1
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

r3↔r6−−−−→

n−1 1 1 n−1 1 1 n−1 1 n−1 1
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

r4↔r5−−−−→

n−1 1 1 n−1 1 1 n−1 1 n−1 1
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 0 0 0 1
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1

7. g7 =

1 n−1 1 1 n−1
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0
 ∈Mn+1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

1 n−1 1 1 n−1
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0
 r1↔r3−−−−→

1 n−1 1 1 n−1
1 1 0 0 0 0
n−1 0 1′ 0 0 1
1 0 0 1 0 0

1055
Relations of the embedding f : P (6n+ 1, 7)→ P (6n+ 3, 2) P
1. f2 ·MP (6n+1,7)1→2 −MP (6n+3,2)1→2 · f1 = 0
f2 ·MP (6n+1,7)1→2 =


1 n n
n 0 91′ 0
n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
2n+3 0 0


·
[ n
n+1 0
n 1
]
=

1 n n
n 0 91′ 0
n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

·

n
1 0
n 0
n 1
+

n+1 1 n−1
1 0 0 0
n−1 0 0 1′
1 0 0 0
n−1 0 0 1′
2n+3 0 0 0
 ·

1 n−1
n+1 0 0
1 1 0
n−1 0 1

=

n
n 0
n+1 0
1 0
n 0
n 91
1 0

+

1 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
2n+3 0 0
 =

1 n−1
1 0 0
n−1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n 0 0
1 91 0
n−1 0 91
1 0 0

+

1 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
1 0 0
1 0 0
n 0 0
1 0 0
n−1 0 0
1 0 0

=

1 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
n+2 0 0
1 91 0
n−1 0 91
1 0 0

M
P (6n+3,2)
1→2 · f1 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ·

1 n−1
1 0 0
n−1 0 1′
1 91 0
n−1 0 91
1 0 0
 =

1 n−1 1 n−1 1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n+2 0 0 0 0 0
1 0 0 1 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

·

1 n−1
1 0 0
n−1 0 1′
1 91 0
n−1 0 91
1 0 0
 =

1 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
n+2 0 0
1 91 0
n−1 0 91
1 0 0

f2 ·MP (6n+1,7)1→2 −MP (6n+3,2)1→2 · f1 =

1 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
n+2 0 0
1 91 0
n−1 0 91
1 0 0

−

1 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
n+2 0 0
1 91 0
n−1 0 91
1 0 0

=
[ n
4n+3 0
]
2. f3 ·MP (6n+1,7)2→3 −MP (6n+3,2)2→3 · f2 = 0
f3 ·MP (6n+1,7)2→3 =


3n+1
3n+2 0
3n+1 91
1 0
+

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
+

2n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

2n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0


·
[2n+1
n 0
2n+1 1
]
=

n 2n+1
3n+2 0 0
n 91 0
2n+1 0 91
1 0 0
 ·
[2n+1
n 0
2n+1 1
]
+

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
 ·

1 n n
n 0 0 0
1 1 0 0
n 0 1 0
n 0 0 1
+

n n+2 n−1
n+1 0 0 0
n−1 0 0 1′
4n+4 0 0 0
 ·

n+2 n−1
n 0 0
n+2 1 0
n−1 0 1
+

n n+2 n−1
1 0 0 0
n−1 0 0 1′
2 0 0 0
n−1 0 0 1′
1 0 0 0
n−1 0 0 1′
3n+3 0 0 0

·

n+2 n−1
n 0 0
n+2 1 0
n−1 0 1

=

2n+1
3n+2 0
n 0
2n+1 91
1 0
+

1 n n
n 0 91′ 0
1 0 0 0
n 0 91′ 0
4n+3 0 0 0
+

n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0

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=
1 n 1 n−1
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 91 0 0 0
n 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

+

1 1 n−2 1 1 n−1
1 0 0 0 91 0 0
n−2 0 0 91′ 0 0 0
1 0 91 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 91 0 0
n−2 0 0 91′ 0 0 0
1 0 91 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 n 1 n−2 1
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 1
n−2 0 0 0 1′ 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

1 n 1 1 n−2
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=

1 1 n−1 1 n−1
n−1 0 0 91′ 0 0
1 0 91 0 0 0
1 0 0 0 0 0
n−1 0 0 91′ 0 1′
1 0 91 0 0 0
2n+1 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

+

n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0

M
P (6n+3,2)
2→3 · f2 =


2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0


·


1 n n
n 0 91′ 0
n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
2n+3 0 0


=

n n+1 1 n n 1
n 1 0 0 0 0 0
n+1 0 1 0 0 0 0
2n+1 0 0 0 0 0 0
1 0 0 1 0 0 0
n 0 0 0 1 0 0
n 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 n n
n 0 91′ 0
n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

1 n−1 1 n−1 1 2n+2
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 1 0
2n+1 0 0 0 0 0 0
2n+2 0 0 0 0 0 1

·

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
1 0 0
2n+2 0 0

+

n n+1 1 n n 1
n+1 0 0 0 0 0 0
n 1 0 0 0 0 0
n+1 0 1 0 0 0 0
3n+2 0 0 0 0 0 0
 ·

1 n n
n 0 91′ 0
n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

1 n−1 1 n−1 1 2n+2
n+1 0 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 1 0
3n+2 0 0 0 0 0 0

·

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
1 0 0
2n+2 0 0

=

1 n n
n 0 91′ 0
n+1 0 0 0
2n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
1 0 0
2n+1 0 0
2n+2 0 0

+

1 n n
n+1 0 0 0
n 0 91′ 0
n+1 0 0 0
3n+2 0 0 0
+

n+2 n−1
n+1 0 0
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
1 0 0
3n+2 0 0

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=
1 n−2 1 1 1 n−1
1 0 0 0 91 0 0
1 0 0 91 0 0 0
n−2 0 91′ 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 91 0 0 0 0 0
n−2 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 91 0
n−1 0 0 0 0 0 91
1 0 0 0 0 0 0

+

1 n 1 n−2 1
1 0 0 0 0 0
1 0 0 0 0 1
n−2 0 0 0 1′ 0
1 0 0 0 0 0
1 0 0 0 0 1
n−2 0 0 0 1′ 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

1 1 n−2 1 1 n−1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 91 0 0
n−2 0 0 91′ 0 0 0
1 0 91 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 n 1 1 n−2
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=

1 n−1 1 1 n−1
1 0 0 91 0 0
n−1 0 91′ 0 0 1′
1 0 0 0 0 0
n−1 0 0 0 0 1′
2n+2 0 0 0 0 0
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

+

1 n−1 1 1 n−1
n+1 0 0 0 0 0
1 0 0 91 0 0
n−1 0 91′ 0 0 1′
1 0 0 0 0 0
n−1 0 0 0 0 1′
3n+3 0 0 0 0 0

f3 ·MP (6n+1,7)2→3 −MP (6n+3,2)2→3 · f2 =


1 1 n−1 1 n−1
n−1 0 0 91′ 0 0
1 0 91 0 0 0
1 0 0 0 0 0
n−1 0 0 91′ 0 1′
1 0 91 0 0 0
2n+1 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
n−1 0 0 91 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

+

n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0


−


1 n−1 1 1 n−1
1 0 0 91 0 0
n−1 0 91′ 0 0 1′
1 0 0 0 0 0
n−1 0 0 0 0 1′
2n+2 0 0 0 0 0
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

+

1 n−1 1 1 n−1
n+1 0 0 0 0 0
1 0 0 91 0 0
n−1 0 91′ 0 0 1′
1 0 0 0 0 0
n−1 0 0 0 0 1′
3n+3 0 0 0 0 0


=

[ 2 n−1 n
n−1 0 91′ 0
5n+5 0 0 0
]
+

1 1 2n−1
n−1 0 0 0
1 0 91 0
5n+4 0 0 0
+

2 n−1 n
n+1 0 0 0
n−1 0 91′ 0
4n+4 0 0 0
+

n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

1 1 2n−1
2n 0 0 0
1 0 91 0
4n+3 0 0 0
+

1 2n
4n+2 0 0
1 91 0
2n+1 0 0

+

1 1 2n−1
4n+3 0 0 0
1 0 91 0
2n 0 0 0
+

2 n−1 n
4n+4 0 0 0
n−1 0 91 0
n+1 0 0 0
+

n+1 1 n−1
5n+3 0 0 0
1 0 91 0
n 0 0 0
+

n+2 n−1
5n+4 0 0
n−1 0 91
1 0 0
+

n+2 n−1
1 0 0
n−1 0 1′
5n+4 0 0
+

n+2 n−1
n+2 0 0
n−1 0 1′
4n+3 0 0

+

n+2 n−1
2n+2 0 0
n−1 0 1′
3n+3 0 0


−

[ 2 n−1 n
n−1 0 91′ 0
5n+5 0 0 0
]
+

1 1 2n−1
n−1 0 0 0
1 0 91 0
5n+4 0 0 0
+

2 n−1 n
n+1 0 0 0
n−1 0 91′ 0
4n+4 0 0 0
+

n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

1 1 2n−1
2n 0 0 0
1 0 91 0
4n+3 0 0 0

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+
1 2n
4n+2 0 0
1 91 0
2n+1 0 0
+

1 1 2n−1
4n+3 0 0 0
1 0 91 0
2n 0 0 0
+

2 n−1 n
4n+4 0 0 0
n−1 0 91 0
n+1 0 0 0
+

n+1 1 n−1
5n+3 0 0 0
1 0 91 0
n 0 0 0
+

n+2 n−1
5n+4 0 0
n−1 0 91
1 0 0
+

n+2 n−1
1 0 0
n−1 0 1′
5n+4 0 0

+

n+2 n−1
n+2 0 0
n−1 0 1′
4n+3 0 0
+

n+2 n−1
2n+2 0 0
n−1 0 1′
3n+3 0 0


=
[2n+1
6n+4 0
]
3. f3 ·MP (6n+1,7)4→3 −MP (6n+3,2)4→3 · f4 = 0
f3 ·MP (6n+1,7)4→3 =


3n+1
3n+2 0
3n+1 91
1 0
+

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
+

2n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

2n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0


·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
3n+2 0 0
2n+1 91 0
n 0 91
1 0 0
 ·
[2n+1
2n+1 1
n 0
]
+

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
 ·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0
+

2n+1 1 n−1
n+1 0 0 0
n−1 0 0 1′
4n+4 0 0 0
 ·

2n+1
2n+1 1
1 0
n−1 0
+

2n+1 1 n−1
1 0 0 0
n−1 0 0 1′
2 0 0 0
n−1 0 0 1′
1 0 0 0
n−1 0 0 1′
3n+3 0 0 0

·

2n+1
2n+1 1
1 0
n−1 0

=

2n+1
3n+2 0
2n+1 91
n 0
1 0
+

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
4n+3 0 0 0
+

2n+1
n+1 0
n−1 0
4n+4 0
+

2n+1
1 0
n−1 0
2 0
n−1 0
1 0
n−1 0
3n+3 0

=

n 1 n
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 91 0 0
1 0 91 0
n 0 0 91
n 0 0 0
1 0 0 0

+

1 n−2 1 1 1 n−2 1
1 0 0 1 0 0 0 91
n−2 0 1′ 0 0 0 91′ 0
1 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91
n−2 0 0 0 0 0 91′ 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

n 1 n
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
n 0 0 0
1 0 0 0

+

n 1 n
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
n 0 0 0
1 0 0 0

=

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n+1 0 0 0
n 91 0 0
1 0 91 0
n 0 0 91
n+1 0 0 0

M
P (6n+3,2)
4→3 · f4 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ·

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n 91 0 0
1 0 91 0
n 0 0 91

=

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
n+1 0 0 0 0 0 0

·

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n 91 0 0
1 0 91 0
n 0 0 91

=

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n+1 0 0 0
n 91 0 0
1 0 91 0
n 0 0 91
n+1 0 0 0

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f3 ·MP (6n+1,7)4→3 −MP (6n+3,2)4→3 · f4 =

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n+1 0 0 0
n 91 0 0
1 0 91 0
n 0 0 91
n+1 0 0 0

−

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n+1 0 0 0
n 91 0 0
1 0 91 0
n 0 0 91
n+1 0 0 0

=
[2n+1
6n+4 0
]
4. f4 ·MP (6n+1,7)5→4 −MP (6n+3,2)5→4 · f5 = 0
f4 ·MP (6n+1,7)5→4 =

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n 91 0 0
1 0 91 0
n 0 0 91

·
[ n
n 1
n+1 0
]
=

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n 91 0 0
1 0 91 0
n 0 0 91

·

n
n 1
1 0
n 0
 =

n
n 1′
1 0
n 0
n 91
1 0
n 0

=

n
n 1′
n+1 0
n 91
n+1 0

M
P (6n+3,2)
5→4 · f5 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ·

n
n 1′
1 0
n 91
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0
 ·

n
n 1′
1 0
n 91
 =

n
n 1′
1 0
n 0
n 91
n+1 0
 =

n
n 1′
n+1 0
n 91
n+1 0

f4 ·MP (6n+1,7)5→4 −MP (6n+3,2)5→4 · f5 =

n
n 1′
n+1 0
n 91
n+1 0
−

n
n 1′
n+1 0
n 91
n+1 0
 =
[ n
4n+2 0
]
5. f3 ·MP (6n+1,7)6→3 −MP (6n+3,2)6→3 · f6 = 0
f3 ·MP (6n+1,7)6→3 =


3n+1
3n+2 0
3n+1 91
1 0
+

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
+

2n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

2n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0


·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] =

2n n+1
3n+2 0 0
2n 91 0
n+1 0 91
1 0 0
 ·
[2n
2n 1
n+1 0
]
+

n+1 2n
3n+2 0 0
n+1 91 0
2n 0 91
1 0 0
 ·
[2n
n+1 0
2n 1
]
+

n−1 1 1 n−1 1 n
1 0 1 0 0 91 0
n−1 1′ 0 0 91′ 0 0
1 0 0 0 0 0 0
1 0 0 0 0 91 0
n−1 0 0 0 91′ 0 0
4n+3 0 0 0 0 0 0

·

n−1 1 1 n−1
n−1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0
n 0 0 0 0

+

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
 ·

n n
n 0 0
1 0 0
n 1 0
n 0 1

+

2n 2 n−1
n+1 0 0 0
n−1 0 0 1′
4n+4 0 0 0
 ·

2n
2n 1
2 0
n−1 0
+

n+1 n+1 n−1
n+1 0 0 0
n−1 0 0 1′
4n+4 0 0 0
 ·

n+1 n−1
n+1 0 0
n+1 1 0
n−1 0 1
+

2n 2 n−1
1 0 0 0
n−1 0 0 1′
2 0 0 0
n−1 0 0 1′
1 0 0 0
n−1 0 0 1′
3n+3 0 0 0

·

2n
2n 1
2 0
n−1 0
+

n+1 n+1 n−1
1 0 0 0
n−1 0 0 1′
2 0 0 0
n−1 0 0 1′
1 0 0 0
n−1 0 0 1′
3n+3 0 0 0

·

n+1 n−1
n+1 0 0
n+1 1 0
n−1 0 1

=

2n
3n+2 0
2n 91
n+1 0
1 0
+

2n
3n+2 0
n+1 0
2n 91
1 0
+

n−1 1 1 n−1
1 0 1 0 0
n−1 1′ 0 0 91′
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 91′
4n+3 0 0 0 0

+

n n
n 91′ 0
1 0 0
n 91′ 0
4n+3 0 0
+

2n
n+1 0
n−1 0
4n+4 0
+

n+1 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

2n
1 0
n−1 0
2 0
n−1 0
1 0
n−1 0
3n+3 0

+

n+1 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0

1060
=
n−1 1 1 n−1
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

+

n−1 1 1 n−1
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

+

1 n−2 1 1 1 n−2
1 0 0 1 0 0 0
n−2 0 1′ 0 0 0 91′
1 1 0 0 0 91 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 91′
1 0 0 0 0 91 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 n−2 1 1 n−1
1 0 0 91 0 0
n−2 0 91′ 0 0 0
1 91 0 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
n−2 0 91′ 0 0 0
1 91 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

n−1 1 1 n−1
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

+

n−1 1 1 n−2 1
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 1
n−2 0 0 0 1′ 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

n−1 1 1 n−1
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

+

n−1 1 1 1 n−2
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
n−2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=

n−1 1 1 n−1
n+1 0 0 0 0
1 0 91 0 0
n−1 91′ 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
n−1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
n−1 91 0 0 91
1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

+

n+1 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0

M
P (6n+3,2)
6→3 · f6 =


4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]

·


2n
2n+1 0
2n 91
1 0
+

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
2n+2 0 0 0 0


=

2n+1 2n 1
n+1 0 0 0
2n+1 1 0 0
2n 0 1 0
1 0 0 1
n+1 0 0 0
 ·

2n
2n+1 0
2n 91
1 0
+

n−1 1 1 n−1 2n+2
n+1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 0 0 1 0
2n+2 0 0 0 0 1
n+1 0 0 0 0 0

·

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
2n+2 0 0 0 0
+

2n+1 2n 1
4n+3 0 0 0
2n 0 1 0
1 0 0 1
 ·

2n
2n+1 0
2n 91
1 0

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+[n−1 1 1 n−1 1 2n+1
4n+3 0 0 0 0 0 0
2n+1 0 0 0 0 0 1
]
·

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
2n+1 0 0 0 0

=

2n
n+1 0
2n+1 0
2n 91
1 0
n+1 0
+

1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
2n+2 0 0 0 0
n+1 0 0 0 0

+

2n
4n+3 0
2n 91
1 0
+ [
1 n−1 1 n−1
4n+3 0 0 0 0
2n+1 0 0 0 0
]
=

1 n−1 1 1 n−2
n+1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
n−2 0 0 0 0 91
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

+

1 n−2 1 1 n−1
n+1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 91 0 0 0 0
n−2 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

+

1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

=

1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
n+2 0 0 0 0

+

2n
4n+3 0
2n 91
1 0

f3 ·MP (6n+1,7)6→3 −MP (6n+3,2)6→3 · f6 =


n−1 1 1 n−1
n+1 0 0 0 0
1 0 91 0 0
n−1 91′ 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
n−1 91 0 0 0
1 0 91 0 0
1 0 0 91 0
n−1 91 0 0 91
1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

+

n+1 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0


−


1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
n+2 0 0 0 0

+

2n
4n+3 0
2n 91
1 0


=


n−1 1 n
n+1 0 0 0
1 0 91 0
5n+2 0 0 0
+

n−1 n+1
n+2 0 0
n−1 91′ 0
4n+3 0 0
+

n+1 n−1
2n+2 0 0
n−1 0 1′
3n+3 0 0
+

n−1 n+1
3n+2 0 0
n−1 91 0
2n+3 0 0
+

n−1 1 n
4n+1 0 0 0
1 0 91 0
2n+2 0 0 0
+

n 1 n−1
4n+2 0 0 0
1 0 91 0
2n+1 0 0 0

+

n−1 n+1
4n+3 0 0
n−1 91 0
n+2 0 0
+

n+1 n−1
4n+3 0 0
n−1 0 91
n+2 0 0
+

n−1 1 n
5n+2 0 0 0
1 0 91 0
n+1 0 0 0
+

n 1 n−1
5n+3 0 0 0
1 0 91 0
n 0 0 0
+

n+1 n−1
5n+4 0 0
n−1 0 91
1 0 0
+

n+1 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0


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−

n−1 1 n
n+1 0 0 0
1 0 91 0
5n+2 0 0 0
+

n−1 n+1
n+2 0 0
n−1 91′ 0
4n+3 0 0
+

n+1 n−1
2n+2 0 0
n−1 0 1′
3n+3 0 0
+

n−1 n+1
3n+2 0 0
n−1 91 0
2n+3 0 0
+

n−1 1 n
4n+1 0 0 0
1 0 91 0
2n+2 0 0 0
+

n 1 n−1
4n+2 0 0 0
1 0 91 0
2n+1 0 0 0

+

n−1 n+1
4n+3 0 0
n−1 91 0
n+2 0 0
+

n+1 n−1
4n+3 0 0
n−1 0 91
n+2 0 0
+

n−1 1 n
5n+2 0 0 0
1 0 91 0
n+1 0 0 0
+

n 1 n−1
5n+3 0 0 0
1 0 91 0
n 0 0 0
+

n+1 n−1
5n+4 0 0
n−1 0 91
1 0 0
+

n+1 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0


=
[2n
6n+4 0
]
6. f6 ·MP (6n+1,7)7→6 −MP (6n+3,2)7→6 · f7 = 0
f6 ·MP (6n+1,7)7→6 =


2n
2n+1 0
2n 91
1 0
+

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
2n+2 0 0 0 0


·
[ n
n 1
n 1
]
=

n n
2n+1 0 0
n 91 0
n 0 91
1 0 0
 ·
[ n
n 1
n 1
]
+

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
2n+2 0 0 0 0
 ·

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1

=

n
2n+1 0
n 91
n 91
1 0
+

1 n−1
n−1 0 0
1 91 0
1 0 0
n−1 0 1′
2n+2 0 0
 =

1 n−1
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 91 0
n−1 0 91
1 91 0
n−1 0 91
1 0 0

+

1 n−1
n−1 0 0
1 91 0
1 0 0
n−1 0 1′
1 0 0
1 0 0
n−1 0 0
1 0 0
n−1 0 0
1 0 0

=

1 n−1
n−1 0 0
1 91 0
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
1 91 0
n−1 0 91
1 0 0

M
P (6n+3,2)
7→6 · f7 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

·

1 n−1
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
 =

1 n−1 1 1 n−1
n−1 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

·

1 n−1
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
 =

1 n−1
n−1 0 0
1 91 0
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
1 91 0
n−1 0 91
1 0 0

f6 ·MP (6n+1,7)7→6 −MP (6n+3,2)7→6 · f7 =

1 n−1
n−1 0 0
1 91 0
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
1 91 0
n−1 0 91
1 0 0

−

1 n−1
n−1 0 0
1 91 0
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
1 91 0
n−1 0 91
1 0 0

=
[ n
4n+2 0
]
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Relations of the projection g : P (6n+ 3, 2)→ P (6n+ 4, 5) P
1. g2 ·MP (6n+3,2)1→2 −MP (6n+4,5)1→2 · g1 = 0
g2 ·MP (6n+3,2)1→2 =


n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
+

n 1 3n+2
n 0 0 0
1 0 91 0
n+1 0 0 0


·

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1

=

n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
 ·

n 1 n
n 1 0 0
n 1 0 0
1 0 0 0
1 0 0 0
n 0 0 0
1 0 1 0
n 0 0 1

+

1 n−1 1 n−1 n+2 n+1
n 0 0 0 0 0 0
1 0 0 91 0 0 0
n+1 0 0 0 0 0 0
 ·

1 n−1 n+1
1 1 0 0
n−1 0 1 0
1 1 0 0
n−1 0 1 0
n+2 0 0 0
n+1 0 0 1

=

n 1 n
n 1′ 0 1
1 0 0 0
1 0 0 0
n 1′ 0 1
+

1 n−1 n+1
n 0 0 0
1 91 0 0
n+1 0 0 0
 =

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 1′ 0 1 0
1 1 0 0 0 1

+

1 n−1 1 n−1 1
n−1 0 0 0 0 0
1 0 0 0 0 0
1 91 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
n−1 0 1′ 0 1 0
1 1 0 0 0 1

M
P (6n+4,5)
1→2 · g1 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 =

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
n−1 1 0 0
1 0 1 0

·

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 =

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
n−1 0 1′ 0 1 0
1 1 0 0 0 1

g2 ·MP (6n+3,2)1→2 −MP (6n+4,5)1→2 · g1 =

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
n−1 0 1′ 0 1 0
1 1 0 0 0 1

−

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
1 0 0 0 0 0
n−1 0 1′ 0 1 0
1 1 0 0 0 1

=
[2n+1
2n+2 0
]
2. g3 ·MP (6n+3,2)2→3 −MP (6n+4,5)2→3 · g2 = 0
g3 ·MP (6n+3,2)2→3 =


n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

+

5n+4 n
n+2 0 0
n 0 1
n+1 0 0


·


2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0


=

n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

·

n 1 n 1 n 1 n
n 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n 0 0 1 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

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+
n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

·

n n 1 2n+2
n 0 0 0 0
1 0 0 0 0
n 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

2n+1 2n+1 n+2 n
n+2 0 0 0 0
n 0 0 0 1
n+1 0 0 0 0
 ·

2n+1 n+2 n
2n+1 1 0 0
2n+1 0 0 0
n+2 0 1 0
n 0 0 1

+

n+1 2n+1 2n+2 n
n+2 0 0 0 0
n 0 0 0 1
n+1 0 0 0 0
 ·

2n+1 2n+2
n+1 0 0
2n+1 1 0
2n+2 0 0
n 0 0
 =

n 1 n 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 91 0 0 0 0 0
n 0 0 1′ 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1

+

n n 1 2n+2
n 0 0 0 0
1 0 0 0 0
n 1′ 0 0 0
1 0 0 0 0
1 0 0 1 0
n 0 1′ 0 0

+

2n+1 n+2 n
n+2 0 0 0
n 0 0 1
n+1 0 0 0
+

2n+1 2n+2
n+2 0 0
n 0 0
n+1 0 0

=

1 n−3 1 1 1 1 n−3 1 1 1 1 1 n−3 1 1 1 1 n−3 1
1 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0
n−3 0 1′ 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 1 0 0
n−3 0 0 0 0 0 0 1′ 0 0 0 0 0 91 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 91 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

+

1 n−3 1 1 1 n−3 1 1 1 1 1 n−1 1 1 n−1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 1′ 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 1 n−1 1 1 n−3 1 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

n 1 n 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 91 0 0 0 0 0
n 0 0 1′ 0 91 0 1
2 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1
+

n−1 1 n+1 n+2 n−1 1
n+1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 1′ 0 0 0 1 0
1 0 0 0 0 0 1
n+1 0 0 1′ 0 0 0

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M
P (6n+4,5)
2→3 · g2 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·


n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
+

n 1 3n+2
n 0 0 0
1 0 91 0
n+1 0 0 0


=

n 1 1 n
n 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
 ·

n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
+

n 1 n+1
n 1 0 0
1 0 1 0
n+1 0 0 1
n+1 0 0 0
 ·

n 1 3n+2
n 0 0 0
1 0 91 0
n+1 0 0 0

+

n 1 1 n
n+1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
+

n 1 n+1
n+1 0 0 0
n 1 0 0
1 0 1 0
n+1 0 0 1
 ·

n 1 3n+2
n 0 0 0
1 0 91 0
n+1 0 0 0

=

n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
n+1 0 0 0 0 0 0 0
+

n 1 3n+2
n 0 0 0
1 0 91 0
n+1 0 0 0
n+1 0 0 0
+

n n 1 1 n 1 n
n+1 0 0 0 0 0 0 0
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
+

n 1 3n+2
n+1 0 0 0
n 0 0 0
1 0 91 0
n+1 0 0 0

=

1 1 n−2 1 1 n−2 1 1 n−2 1 1 1 n−2 1 1
n−2 0 0 1′ 0 0 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0 0 91 0 0 0 1 0
1 1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 1′ 0 0 0 0 0 0 1 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1 1 1 n−2 1 1 1 n−2 1
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 91 0 0 0 1 0 0
n−2 0 1′ 0 0 0 0 0 0 0 91 0 0 0 1 0
1 1 0 0 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
n−2 0 0 0 0 1′ 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1

+

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0 0 0 0 0

+

n n 1 1 n 1 n
n+1 0 0 0 0 0 0 0
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1

1066
g3 ·MP (6n+3,2)2→3 −MP (6n+4,5)2→3 · g2 =


n 1 n 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 91 0 0 0 0 0
n 0 0 1′ 0 91 0 1
2 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1
+

n−1 1 n+1 n+2 n−1 1
n+1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 1′ 0 0 0 1 0
1 0 0 0 0 0 1
n+1 0 0 1′ 0 0 0


−


1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0 0 0 0 0

+

n n 1 1 n 1 n
n+1 0 0 0 0 0 0 0
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1


=

[ n 3n+3
n 1′ 0
2n+3 0 0
]
+
[2n+2 n n+1
n 0 91 0
2n+3 0 0 0
]
+
[3n+3 n
n 0 1
2n+3 0 0
]
+

n 1 3n+2
n 0 0 0
1 0 91 0
2n+2 0 0 0
+

n+1 n 2n+2
n+1 0 0 0
n 0 1′ 0
n+2 0 0 0
+

2n+2 n n+1
n+1 0 0 0
n 0 91 0
n+2 0 0 0

+

3n+3 n
n+1 0 0
n 0 1
n+2 0 0
+ [
3n+3 n
2n+3 0 0
n 0 1
]
+

n−1 1 3n+3
n+1 0 0 0
1 0 1 0
2n+1 0 0 0
+

n−1 3n+4
n+2 0 0
n−1 1′ 0
n+2 0 0
+

3n+3 n−1 1
n+2 0 0 0
n−1 0 1 0
n+2 0 0 0
+

4n+2 1
2n+1 0 0
1 0 1
n+1 0 0
+ [
n n+1 2n+2
2n+2 0 0 0
n+1 0 1′ 0
]

−

[ n 3n+3
n 1′ 0
2n+3 0 0
]
+
[2n+2 n n+1
n 0 91 0
2n+3 0 0 0
]
+
[3n+3 n
n 0 1
2n+3 0 0
]
+

n 1 3n+2
n 0 0 0
1 0 91 0
2n+2 0 0 0
+

n+1 n 2n+2
n+1 0 0 0
n 0 1′ 0
n+2 0 0 0
+

2n+2 n n+1
n+1 0 0 0
n 0 91 0
n+2 0 0 0

+

3n+3 n
n+1 0 0
n 0 1
n+2 0 0
+ [
3n+3 n
2n+3 0 0
n 0 1
]
+

n−1 1 3n+3
n+1 0 0 0
1 0 1 0
2n+1 0 0 0
+

n−1 3n+4
n+2 0 0
n−1 1′ 0
n+2 0 0
+

3n+3 n−1 1
n+2 0 0 0
n−1 0 1 0
n+2 0 0 0
+

4n+2 1
2n+1 0 0
1 0 1
n+1 0 0
+ [
n n+1 2n+2
2n+2 0 0 0
n+1 0 1′ 0
]

=
[4n+3
3n+3 0
]
3. g3 ·MP (6n+3,2)4→3 −MP (6n+4,5)4→3 · g4 = 0
g3 ·MP (6n+3,2)4→3 =


n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

+

5n+4 n
n+2 0 0
n 0 1
n+1 0 0


·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0

=

n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

·

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

2n+1 n+1 2n+1 1 n
n+2 0 0 0 0 0
n 0 0 0 0 1
n+1 0 0 0 0 0
 ·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
1 0 0
n 0 0

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=
n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

2n+1 2n+1
n+2 0 0
n 0 0
n+1 0 0

=

n−1 1 1 n−1 1 1 n−1 1 1 n−1
1 0 1 0 0 0 1 0 0 91 0
n−1 1′ 0 0 0 0 0 1 0 0 91
1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 91 0
n−1 0 0 0 1′ 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0

+

n 1 n n 1 n
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

=

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
n+2 0 0 0 0 0 0

M
P (6n+4,5)
4→3 · g4 =
[2n+1
2n+1 1
n+2 0
]
·

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+2 0 0 0
 ·

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
 =

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
n+2 0 0 0 0 0 0

g3 ·MP (6n+3,2)4→3 −MP (6n+4,5)4→3 · g4 =

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
n+2 0 0 0 0 0 0
−

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
n+2 0 0 0 0 0 0
 =
[4n+2
3n+3 0
]
4. g4 ·MP (6n+3,2)5→4 −MP (6n+4,5)5→4 · g5 = 0
g4 ·MP (6n+3,2)5→4 =

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
 ·

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 =

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
 ·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 0
n 0 0 1
1 0 0 0
n 0 0 0

=

n 1 n
n 1′ 0 1
1 0 91 0
n 0 0 0

M
P (6n+4,5)
5→4 · g5 =
[n+1
n+1 1
n 0
]
·
[ n 1 n
n 1′ 0 1
1 0 91 0
]
=

n 1
n 1 0
1 0 1
n 0 0
 · [
n 1 n
n 1′ 0 1
1 0 91 0
]
=

n 1 n
n 1′ 0 1
1 0 91 0
n 0 0 0

g4 ·MP (6n+3,2)5→4 −MP (6n+4,5)5→4 · g5 =

n 1 n
n 1′ 0 1
1 0 91 0
n 0 0 0
−

n 1 n
n 1′ 0 1
1 0 91 0
n 0 0 0
 = [2n+12n+1 0 ]
5. g3 ·MP (6n+3,2)6→3 −MP (6n+4,5)6→3 · g6 = 0
g3 ·MP (6n+3,2)6→3 =


n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

+

5n+4 n
n+2 0 0
n 0 1
n+1 0 0


·


4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]

=

n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

·

n n 1 n 1 n
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 1 0 0 0 0 0
n 0 1 0 0 0 0
1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
1 0 0 0 0 0 0
n 0 0 0 0 0 0

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+
n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

·

2n+1 n 1 n
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1

+

n+1 4n+2 1 n
n+2 0 0 0 0
n 0 0 0 1
n+1 0 0 0 0
 ·

4n+2
n+1 0
4n+2 1
1 0
n 0

+

4n+3 n+1 n
n+2 0 0 0
n 0 0 1
n+1 0 0 0
 ·

2n+1 n+1 n
4n+3 0 0 0
n+1 0 1 0
n 0 0 1
 =

n n 1 n 1 n
n 0 0 0 1 0 91
1 0 0 0 0 0 0
n 1′ 0 0 0 0 91
1 0 0 0 0 0 0
1 0 0 1 0 0 0
n 0 1′ 0 0 0 0

+

2n+1 n 1 n
n 0 91 0 1
1 0 0 0 0
n 0 91 0 1
1 0 0 0 0
1 0 0 0 0
n 0 0 0 1

+

4n+2
n+2 0
n 0
n+1 0
+

2n+1 n+1 n
n+2 0 0 0
n 0 0 1
n+1 0 0 0

=

n−1 1 n−1 1 1 1 n−1 1 1 n−1
1 0 0 0 0 0 1 0 0 91 0
n−1 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 91 0
n−1 1′ 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
n−1 0 0 1′ 0 0 0 0 0 0 0

+

n n 1 1 n−1 1 1 n−1
1 0 0 0 91 0 0 1 0
n−1 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0
n−1 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 1

+

n n 1 n 1 n
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

+

n n 1 n 1 n−1 1
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0

=

n−1 1 1 n−1 1 1 n−1 1 n−1 1
n+1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

M
P (6n+4,5)
6→3 · g6 =
[2n+2
n+1 0
2n+2 1
]
·

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

=

1 n−1 1 1 n−1 1
n+1 0 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
n−1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

=

n−1 1 1 n−1 1 1 n−1 1 n−1 1
n+1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

g3 ·MP (6n+3,2)6→3 −MP (6n+4,5)6→3 · g6 =

n−1 1 1 n−1 1 1 n−1 1 n−1 1
n+1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

−

n−1 1 1 n−1 1 1 n−1 1 n−1 1
n+1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

=
[4n+2
3n+3 0
]
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6. g6 ·MP (6n+3,2)7→6 −MP (6n+4,5)7→6 · g7 = 0
g6 ·MP (6n+3,2)7→6 =

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·

1 n−1 1 1 n−1
n−1 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

=

1 n−1 1 1 n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0

=

1 n−1 1 1 n−1
n+1 0 0 0 0 0
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0

M
P (6n+4,5)
7→6 · g7 =
[n+1
n+1 0
n+1 1
]
·

1 n−1 1 1 n−1
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0
 =

1 n−1 1
n+1 0 0 0
1 1 0 0
n−1 0 1 0
1 0 0 1
 ·

1 n−1 1 1 n−1
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0
 =

1 n−1 1 1 n−1
n+1 0 0 0 0 0
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0

g6 ·MP (6n+3,2)7→6 −MP (6n+4,5)7→6 · g7 =

1 n−1 1 1 n−1
n+1 0 0 0 0 0
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0
−

1 n−1 1 1 n−1
n+1 0 0 0 0 0
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0
 =
[2n+1
2n+2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

1 n−1 1 n−1 1
n−1 0 1′ 0 1 0
1 1 0 0 0 1
1 91 0 0 0 0
 ·

1 n−1
1 0 0
n−1 0 1′
1 91 0
n−1 0 91
1 0 0
 =
[ n
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =


n n 1 1 n 1 n
n 1′ 0 0 0 91 0 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 1
+

n 1 3n+2
n 0 0 0
1 0 91 0
n+1 0 0 0


·


1 n n
n 0 91′ 0
n+1 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
2n+3 0 0


=

1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

·

1 n−1 1 1 n−1
1 0 0 91 0 0
n−1 0 91′ 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
1 0 0 0 0 0

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1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−1 0 1′ 0 0 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0 1

·

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

n 1 n 1 n n 1
n 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
n+1 0 0 0 0 0 0 0
 ·

1 n n
n 0 91′ 0
1 0 0 0
n 0 0 0
1 91 0 0
n 0 91 0
n 0 0 91
1 0 0 0

+

1 n−1 1 n−1 2n+3
n 0 0 0 0 0
1 0 0 91 0 0
n+1 0 0 0 0 0
 ·

n+2 n−1
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
2n+3 0 0
 =

1 n−1 1 1 n−1
n−1 0 0 0 0 91
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 91
1 0 0 0 0 0

+

n+2 n−1
n−1 0 1
1 0 0
1 0 0
1 0 0
n−1 0 1
1 0 0

+

1 n n
n 0 0 0
1 0 0 0
n+1 0 0 0
+

n+2 n−1
n 0 0
1 0 0
n+1 0 0

=

1 n−1 1 1 n−1
n−1 0 0 0 0 91
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 91
1 0 0 0 0 0

+

1 n−1 1 1 n−1
n−1 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 1
1 0 0 0 0 0

+

1 n−1 1 1 n−1
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

1 n−1 1 1 n−1
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=
[2n+1
2n+2 0
]
3. g3 · f3 = 0
g3 · f3 =


n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

+

5n+4 n
n+2 0 0
n 0 1
n+1 0 0


·


3n+1
3n+2 0
3n+1 91
1 0
+

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
4n+3 0 0 0 0
+

2n+2 n−1
n+1 0 0
n−1 0 1′
4n+4 0 0
+

2n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
3n+3 0 0


=

1 n−1 1 1 n−1 1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 0 0 0 0 91 0 0 1 0
1 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1′ 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

n−1 1 1 n−1 1 1 n−1
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
n−1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

+

n 1 n n 1 n 1 n 1 n
n 1′ 0 0 0 0 1 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
n 0 0 1′ 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 1

·

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0

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n−1 1 1 n−1 1 n−1 1 1 1 n−1 1 1 n−1 1 1 n−1
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 1 0
n−1 1′ 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 91 0 0 1 0
n−1 0 0 0 1′ 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 1′ 0 0 0 0 0 0 0 0 0 1

·

2n+2 n−1
n−1 0 0
1 0 0
1 0 0
n−1 0 1′
1 0 0
n−1 0 0
1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0

+

1 n−1 1 1 n−1 1 n−1 1 n−1 1 1 n−1 1 1 n−1 1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 91 0 0 1 0
1 1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 0 0 0 0 91 0 0 1 0
1 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1′ 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1

·

2n+2 n−1
1 0 0
n−1 0 1′
1 0 0
1 0 0
n−1 0 1′
1 0 0
n−1 0 1′
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 0
1 0 0

+

3n+2 2n+2 n−1 1
n+2 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1
n+1 0 0 0 0
 ·

2n+2 n−1
3n+2 0 0
2n+2 91 0
n−1 0 91
1 0 0
+

n 1 n 3n+3 n
n+2 0 0 0 0 0
n 0 0 0 0 1
n+1 0 0 0 0 0
 ·

n 1 n n
n 1′ 0 91′ 0
1 0 0 0 0
n 0 0 91′ 0
3n+3 0 0 0 0
n 0 0 0 0
+

n+1 n−1 3n+4 n
n+2 0 0 0 0
n 0 0 0 1
n+1 0 0 0 0
 ·

2n+2 n−1
n+1 0 0
n−1 0 1′
3n+4 0 0
n 0 0

+

1 n−1 2 n−1 1 n−1 2n+3 n
n+2 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0 0
 ·

2n+2 n−1
1 0 0
n−1 0 1′
2 0 0
n−1 0 1′
1 0 0
n−1 0 1′
2n+3 0 0
n 0 0

=

n−1 1 1 n−1 1 1 n−1
n−1 91 0 0 1 0 0 91
1 0 91 0 0 1 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 1 0 0 91
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0

+

n 1 n n
n 1 0 91 0
1 0 0 0 0
n 0 0 91 0
1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

2n+2 n−1
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 0 1
1 0 0
1 0 0
1 0 0
n−1 0 0

+

2n+2 n−1
n−1 0 1
1 0 0
1 0 0
n−1 0 1
1 0 0
1 0 0
1 0 0
n−1 0 1
1 0 0

+

2n+2 n−1
n+2 0 0
n−1 0 91
1 0 0
n+1 0 0
+

n 1 n n
n+2 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
+

2n+2 n−1
n+2 0 0
n 0 0
n+1 0 0
+

2n+2 n−1
n+2 0 0
n 0 0
n+1 0 0

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=
1 n−2 1 1 1 n−2 1 1 1 n−2
1 91 0 0 0 1 0 0 0 91 0
n−2 0 91 0 0 0 1 0 0 0 91
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 91 0
n−2 0 0 0 0 0 1 0 0 0 91
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n−2 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0

+

1 n−2 1 1 1 n−2 1 1 n−1
1 1 0 0 0 91 0 0 0 0
n−2 0 1 0 0 0 91 0 0 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 1 n−2
1 0 0 0 0 0 0 1 0
n−2 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0
n−2 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0
n−2 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 n−1
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 n−1
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 1 n−1
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=
[3n+1
3n+3 0
]
4. g4 · f4 = 0
g4 · f4 =

n 1 n n 1 n
n 1′ 0 0 1 0 91
1 0 91 0 0 0 0
n 0 0 1′ 0 0 91
 ·

n 1 n
n 1′ 0 91′
1 0 0 0
n 0 0 91′
n 91 0 0
1 0 91 0
n 0 0 91

=
[2n+1
2n+1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n 1 n
n 1′ 0 1
1 0 91 0
]
·

n
n 1′
1 0
n 91
 = [ nn+1 0 ]
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6. g6 · f6 = 0
g6 · f6 =

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·


2n
2n+1 0
2n 91
1 0
+

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
2n+2 0 0 0 0


=

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·

1 n−1 1 n−1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 91 0 0 0
n−1 0 91 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

+

n−1 1 1 n−1 1 1 n−1 1 n−1 1
1 0 1 0 0 0 91 0 0 0 0
n−1 1′ 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 1′ 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0 0 1

·

1 n−1 1 n−1
n−1 0 91′ 0 1′
1 91 0 0 0
1 0 0 0 0
n−1 0 0 0 1′
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

=

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 91
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 91
1 0 0 0 0

+

1 n−1 1 n−1
1 91 0 0 0
n−1 0 91 0 1
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 1
1 0 0 0 0

=
[2n
2n+2 0
]
7. g7 · f7 = 0
g7 · f7 =

1 n−1 1 1 n−1
1 0 0 1 0 0
n−1 0 1′ 0 0 1
1 1 0 0 0 0
 ·

1 n−1
1 0 0
n−1 0 1′
1 0 0
1 91 0
n−1 0 91
 =
[ n
n+1 0
]
127.5.2 0→ P (6n+ 2, 1) i→ P (6n+ 3, 2) p→ P (6n+ 3, 1)→ 0 
PdimP (6n+ 2, 1) + dimP (6n+ 3, 1) = (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1) + (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n)
= (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimP (6n+ 3, 2)
Pdimk Ext
1
kQ(P (6n+ 3, 1), P (6n+ 2, 1)) = dimk HomkQ(P (6n+ 3, 1), P (6n+ 2, 1))− 〈dimP (6n+ 3, 1),dimP (6n+ 2, 1)〉
= 0− 〈(n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n), (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)〉
= (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 2) + (2n+ 1) · (3n+ 2) + n · (2n+ 1) + (2n+ 1) · (3n+ 2) + n · (2n+ 1)
− ((n+ 1) · n+ (2n+ 2) · (2n+ 1) + (3n+ 2) · (3n+ 2) + (2n+ 1) · (2n+ 1) + n · (n+ 1) + (2n+ 1) · (2n+ 1) + n · (n+ 1))
= 2n2 + 3n+ 1 + 6n2 + 10n+ 4 + 6n2 + 7n+ 2 + 2n2 + n+ 6n2 + 7n+ 2 + 2n2 + n
− (n2 + n+ 4n2 + 6n+ 2 + 9n2 + 12n+ 4 + 4n2 + 4n+ 1 + n2 + n+ 4n2 + 4n+ 1 + n2 + n)
= 1
Matrices of the embedding i : P (6n+ 2, 1)→ P (6n+ 3, 2) P
1. i1 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
2n+2 0
]
∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+2
3n+2 1
3n+2 0
]
∈M6n+4,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
2n+1 0
]
∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
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5. i5 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
2n+1 0
]
∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 3, 2)→ P (6n+ 3, 1) P
1. p1 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 2n+2
2n+2 0 1
]
∈M2n+2,4n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 3n+2
3n+2 0 1
]
∈M3n+2,6n+4(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 2n+1
2n+1 0 1
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
5. p5 =
[n+1 n
n 0 1
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 2n+1
2n+1 0 1
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 n
n 0 1
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 2, 1)→ P (6n+ 3, 2) P
1. i2 ·MP (6n+2,1)1→2 −MP (6n+3,2)1→2 · i1 = 0
i2 ·MP (6n+2,1)1→2 =
[2n+1
2n+1 1
2n+2 0
]
·

n
n 1
n 1
1 0
 =

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
2n+2 0 0 0
 ·

n
n 1
n 1
1 0
 =

n
n 1
n 1
1 0
2n+2 0
 =

n
n 1
n 1
2n+3 0

M
P (6n+3,2)
1→2 · i1 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ·
[ n
n 1
n+1 0
]
=

n
n 1
n 1
n+2 0
n+1 0
 =

n
n 1
n 1
2n+3 0

i2 ·MP (6n+2,1)1→2 −MP (6n+3,2)1→2 · i1 =

n
n 1
n 1
2n+3 0
−

n
n 1
n 1
2n+3 0
 = [ n4n+3 0 ]
2. i3 ·MP (6n+2,1)2→3 −MP (6n+3,2)2→3 · i2 = 0
i3 ·MP (6n+2,1)2→3 =
[3n+2
3n+2 1
3n+2 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+2 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+1 2n+1
n+1 1 0
2n+1 0 1
3n+2 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

2n+1
2n+1 1
n+1 0
3n+2 0
+

2n+1
n+1 0
2n+1 1
3n+2 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
3n+2 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
3n+2 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+2 0 0 0

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M
P (6n+3,2)
2→3 · i2 =


2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0


·
[2n+1
2n+1 1
2n+2 0
]
=

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
 · [
2n+1
2n+1 1
2n+2 0
]
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0
 · [
2n+1
2n+1 1
2n+2 0
]
=

2n+1
2n+1 1
2n+1 0
2n+2 0
+

2n+1
n+1 0
2n+1 1
3n+2 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
n 0 0
2n+2 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
n 0 0
2n+2 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+2 0 0 0

i3 ·MP (6n+2,1)2→3 −MP (6n+3,2)2→3 · i2 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+2 0 0 0

−

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+2 0 0 0

=
[2n+1
6n+4 0
]
3. i3 ·MP (6n+2,1)4→3 −MP (6n+3,2)4→3 · i4 = 0
i3 ·MP (6n+2,1)4→3 =
[3n+2
3n+2 1
3n+2 0
]
·
[2n+1
2n+1 1
n+1 0
]
=

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+2 0 0
 · [
2n+1
2n+1 1
n+1 0
]
=

2n+1
2n+1 1
n+1 0
3n+2 0
 = [
2n+1
2n+1 1
4n+3 0
]
M
P (6n+3,2)
4→3 · i4 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ·
[2n+1
2n+1 1
2n+1 0
]
=

2n+1
2n+1 1
n+1 0
2n+1 0
n+1 0
 =
[2n+1
2n+1 1
4n+3 0
]
i3 ·MP (6n+2,1)4→3 −MP (6n+3,2)4→3 · i4 =
[2n+1
2n+1 1
4n+3 0
]
−
[2n+1
2n+1 1
4n+3 0
]
=
[2n+1
6n+4 0
]
4. i4 ·MP (6n+2,1)5→4 −MP (6n+3,2)5→4 · i5 = 0
i4 ·MP (6n+2,1)5→4 =
[2n+1
2n+1 1
2n+1 0
]
·
[n+1
n+1 1
n 0
]
=

n+1 n
n+1 1 0
n 0 1
2n+1 0 0
 · [
n+1
n+1 1
n 0
]
=

n+1
n+1 1
n 0
2n+1 0
 = [
n+1
n+1 1
3n+1 0
]
M
P (6n+3,2)
5→4 · i5 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ·
[n+1
n+1 1
n 0
]
=

n+1
n+1 1
n 0
n 0
n+1 0
 =
[n+1
n+1 1
3n+1 0
]
i4 ·MP (6n+2,1)5→4 −MP (6n+3,2)5→4 · i5 =
[n+1
n+1 1
3n+1 0
]
−
[n+1
n+1 1
3n+1 0
]
=
[n+1
4n+2 0
]
5. i3 ·MP (6n+2,1)6→3 −MP (6n+3,2)6→3 · i6 = 0
i3 ·MP (6n+2,1)6→3 =
[3n+2
3n+2 1
3n+2 0
]
·
[2n+1
n+1 0
2n+1 1
]
=

n+1 2n+1
n+1 1 0
2n+1 0 1
3n+2 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

2n+1
n+1 0
2n+1 1
3n+2 0

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M
P (6n+3,2)
6→3 · i6 =


4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]

·
[2n+1
2n+1 1
2n+1 0
]
=

2n+1 2n+1
n+1 0 0
2n+1 1 0
2n+1 0 1
n+1 0 0
 ·
[2n+1
2n+1 1
2n+1 0
]
+
[2n+1 2n+1
4n+3 0 0
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=

2n+1
n+1 0
2n+1 1
2n+1 0
n+1 0
+
[2n+1
4n+3 0
2n+1 0
]
=

2n+1
n+1 0
2n+1 1
n+1 0
n 0
n+1 0
+

2n+1
n+1 0
2n+1 0
n+1 0
n 0
n+1 0
 =

2n+1
n+1 0
2n+1 1
3n+2 0

i3 ·MP (6n+2,1)6→3 −MP (6n+3,2)6→3 · i6 =

2n+1
n+1 0
2n+1 1
3n+2 0
−

2n+1
n+1 0
2n+1 1
3n+2 0
 = [2n+16n+4 0 ]
6. i6 ·MP (6n+2,1)7→6 −MP (6n+3,2)7→6 · i7 = 0
i6 ·MP (6n+2,1)7→6 =
[2n+1
2n+1 1
2n+1 0
]
·
[n+1
n 0
n+1 1
]
=

n n+1
n 1 0
n+1 0 1
2n+1 0 0
 · [
n+1
n 0
n+1 1
]
=

n+1
n 0
n+1 1
2n+1 0

M
P (6n+3,2)
7→6 · i7 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

·
[n+1
n+1 1
n 0
]
=

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

·

n+1
n+1 1
1 0
n−1 0
 =

n+1
n−1 0
1 0
n+1 1
1 0
n−1 0
1 0
n−1 0
1 0

=

n+1
n 0
n+1 1
2n+1 0

i6 ·MP (6n+2,1)7→6 −MP (6n+3,2)7→6 · i7 =

n+1
n 0
n+1 1
2n+1 0
−

n+1
n 0
n+1 1
2n+1 0
 = [n+14n+2 0 ]
Relations of the projection p : P (6n+ 3, 2)→ P (6n+ 3, 1) P
1. p2 ·MP (6n+3,2)1→2 −MP (6n+3,1)1→2 · p1 = 0
p2 ·MP (6n+3,2)1→2 =
[2n+1 2n+2
2n+2 0 1
]
·

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 =
[ n n 1 n+1 n+1
n+1 0 0 0 1 0
n+1 0 0 0 0 1
]
·

n n+1
n 1 0
n 1 0
1 0 0
n+1 0 0
n+1 0 1
 =
[ n n+1
n+1 0 0
n+1 0 1
]
M
P (6n+3,1)
1→2 · p1 =
[n+1
n+1 0
n+1 1
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n+1 0 0
n+1 0 1
]
p2 ·MP (6n+3,2)1→2 −MP (6n+3,1)1→2 · p1 =
[ n n+1
n+1 0 0
n+1 0 1
]
−
[ n n+1
n+1 0 0
n+1 0 1
]
=
[2n+1
2n+2 0
]
2. p3 ·MP (6n+3,2)2→3 −MP (6n+3,1)2→3 · p2 = 0
p3 ·MP (6n+3,2)2→3 =
[3n+2 3n+2
3n+2 0 1
]
·


2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0


=
[2n+1 n+1 n 2n+2
n 0 0 1 0
2n+2 0 0 0 1
]
·

2n+1 2n+2
2n+1 1 0
n+1 0 0
n 0 0
2n+2 0 1
+
[n+1 2n+1 3n+2
3n+2 0 0 1
]
·

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0

=
[2n+1 2n+2
n 0 0
2n+2 0 1
]
+
[2n+1 2n+2
3n+2 0 0
]
=
[2n+1 2n+2
n 0 0
2n+2 0 1
]
+
[2n+1 2n+2
n 0 0
2n+2 0 0
]
=
[2n+1 2n+2
n 0 0
2n+2 0 1
]
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M
P (6n+3,1)
2→3 · p2 =
[2n+2
n 0
2n+2 1
]
·
[2n+1 2n+2
2n+2 0 1
]
=
[2n+1 2n+2
n 0 0
2n+2 0 1
]
p3 ·MP (6n+3,2)2→3 −MP (6n+3,1)2→3 · p2 =
[2n+1 2n+2
n 0 0
2n+2 0 1
]
−
[2n+1 2n+2
n 0 0
2n+2 0 1
]
=
[4n+3
3n+2 0
]
3. p3 ·MP (6n+3,2)4→3 −MP (6n+3,1)4→3 · p4 = 0
p3 ·MP (6n+3,2)4→3 =
[3n+2 3n+2
3n+2 0 1
]
·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 =
[2n+1 n+1 2n+1 n+1
2n+1 0 0 1 0
n+1 0 0 0 1
]
·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 =
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
M
P (6n+3,1)
4→3 · p4 =
[2n+1
2n+1 1
n+1 0
]
·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
p3 ·MP (6n+3,2)4→3 −MP (6n+3,1)4→3 · p4 =
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
−
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
=
[4n+2
3n+2 0
]
4. p4 ·MP (6n+3,2)5→4 −MP (6n+3,1)5→4 · p5 = 0
p4 ·MP (6n+3,2)5→4 =
[2n+1 2n+1
2n+1 0 1
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 =
[n+1 n n n+1
n 0 0 1 0
n+1 0 0 0 1
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 =
[n+1 n
n 0 1
n+1 0 0
]
M
P (6n+3,1)
5→4 · p5 =
[ n
n 1
n+1 0
]
·
[n+1 n
n 0 1
]
=
[n+1 n
n 0 1
n+1 0 0
]
p4 ·MP (6n+3,2)5→4 −MP (6n+3,1)5→4 · p5 =
[n+1 n
n 0 1
n+1 0 0
]
−
[n+1 n
n 0 1
n+1 0 0
]
=
[2n+1
2n+1 0
]
5. p3 ·MP (6n+3,2)6→3 −MP (6n+3,1)6→3 · p6 = 0
p3 ·MP (6n+3,2)6→3 =
[3n+2 3n+2
3n+2 0 1
]
·


4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]

=
[n+1 2n+1 2n+1 n+1
2n+1 0 0 1 0
n+1 0 0 0 1
]
·

2n+1 2n+1
n+1 0 0
2n+1 1 0
2n+1 0 1
n+1 0 0
+
[3n+2 n+1 2n+1
n+1 0 1 0
2n+1 0 0 1
]
·

2n+1 2n+1
3n+2 0 0
n+1 0 0
2n+1 0 1

=
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
+
[2n+1 2n+1
n+1 0 0
2n+1 0 1
]
=

2n+1 n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

2n+1 n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

2n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
P (6n+3,1)
6→3 · p6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1
2n+1 1
n+1 0
]
·
[2n+1 2n+1
2n+1 0 1
]
+
[2n+1
n+1 0
2n+1 1
]
·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1 2n+1
2n+1 0 1
n+1 0 0
]
+
[2n+1 2n+1
n+1 0 0
2n+1 0 1
]
=

2n+1 n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

2n+1 n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

2n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

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p3 ·MP (6n+3,2)6→3 −MP (6n+3,1)6→3 · p6 =

2n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
−

2n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
 =
[4n+2
3n+2 0
]
6. p6 ·MP (6n+3,2)7→6 −MP (6n+3,1)7→6 · p7 = 0
p6 ·MP (6n+3,2)7→6 =
[2n+1 2n+1
2n+1 0 1
]
·

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n−1 1 n+1 1 n−1 1 n−1 1
1 0 0 0 1 0 0 0 0
n−1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
n−1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n+1 1 n−1
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0
 =

n+1 n
n 0 1
n 0 1
1 0 0

M
P (6n+3,1)
7→6 · p7 =

n
n 1
n 1
1 0
 · [n+1 nn 0 1 ] =

n+1 n
n 0 1
n 0 1
1 0 0

p6 ·MP (6n+3,2)7→6 −MP (6n+3,1)7→6 · p7 =

n+1 n
n 0 1
n 0 1
1 0 0
−

n+1 n
n 0 1
n 0 1
1 0 0
 = [2n+12n+1 0 ]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 2n+2
2n+2 0 1
]
·
[2n+1
2n+1 1
2n+2 0
]
=
[2n+1
2n+2 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 3n+2
3n+2 0 1
]
·
[3n+2
3n+2 1
3n+2 0
]
=
[3n+2
3n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+1 2n+1
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=
[2n+1
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[n+1 n
n 0 1
]
·
[n+1
n+1 1
n 0
]
=
[n+1
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 2n+1
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=
[2n+1
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 n
n 0 1
]
·
[n+1
n+1 1
n 0
]
=
[n+1
n 0
]
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128 Tree module property of P (6n+ 4, 2)
128.1 Tree module property of P (4, 2) 
The matrices of the representation have full (column) rank P
1. MP (4,2)1→2 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. MP (4,2)2→3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. MP (4,2)4→3 =

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
4. MP (4,2)5→4 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. MP (4,2)6→3 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. MP (4,2)7→6 =
10
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
128.1.1 0→ P (1, 1) f→ P (4, 2) g→ P (6, 1)→ 0 
PdimP (1, 1) + dimP (6, 1) = (0, 0, 1, 1, 0, 1, 0) + (2, 3, 4, 2, 1, 2, 1)
= (2, 3, 5, 3, 1, 3, 1) = dimP (4, 2)
Pdimk Ext
1
kQ(P (6, 1), P (1, 1)) = dimk HomkQ(P (6, 1), P (1, 1))− 〈dimP (6, 1),dimP (1, 1)〉
= 0− 〈(2, 3, 4, 2, 1, 2, 1), (0, 0, 1, 1, 0, 1, 0)〉
= 2 · 0 + 3 · 1 + 2 · 1 + 1 · 1 + 2 · 1 + 1 · 1− (2 · 0 + 3 · 0 + 4 · 1 + 2 · 1 + 1 · 0 + 2 · 1 + 1 · 0)
= 0 + 3 + 2 + 1 + 2 + 1− (0 + 0 + 4 + 2 + 0 + 2 + 0)
= 1
Matrices of the embedding f : P (1, 1)→ P (4, 2) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
3. f3 =

0
0
0
1
1
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
01
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
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Matrices of the projection g : P (4, 2)→ P (6, 1) P
1. g1 =
[
1 91
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
91 1 910 0 91
91 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
91 1 910 0 91
91 0 0
 r3←r3−r1−−−−−−→
91 1 910 0 91
0 91 1
 r2↔r3−−−−→
91 1 910 91 1
0 0 91

3. g3 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 r3←r3−r1−−−−−−→

91 1 91 0 0
0 0 91 0 0
0 91 1 91 1
0 0 0 91 1
 r2↔r3−−−−→

91 1 91 0 0
0 91 1 91 1
0 0 91 0 0
0 0 0 91 1

4. g4 =
[
91 91 0
0 91 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 91 1
0 91 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (1, 1)→ P (4, 2) P
1. f2 ·MP (1,1)1→2 −MP (4,2)1→2 · f1 = 0
f2 ·MP (1,1)1→2 =
[ 0
3 0
]
·
[ 0
0 0
]
=
[ 0
3 0
]
M
P (4,2)
1→2 · f1 =
[ 2
1 0
2 1
]
·
[ 0
2 0
]
=
[ 0
3 0
]
f2 ·MP (1,1)1→2 −MP (4,2)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MP (1,1)2→3 −MP (4,2)2→3 · f2 = 0
f3 ·MP (1,1)2→3 =

1
3 0
1 1
1 1
 · [ 01 0 ] = [ 05 0 ]
M
P (4,2)
2→3 · f2 =
[ 3
3 1
2 0
]
·
[ 0
3 0
]
=
[ 0
5 0
]
f3 ·MP (1,1)2→3 −MP (4,2)2→3 · f2 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
3. f3 ·MP (1,1)4→3 −MP (4,2)4→3 · f4 = 0
f3 ·MP (1,1)4→3 =

1
3 0
1 1
1 1
 · [1] =

1
3 0
1 1
1 1

M
P (4,2)
4→3 · f4 =

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ·
[ 1
2 0
1 1
]
=

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ·
00
1
 =

0
0
0
1
1
 =

1
3 0
1 1
1 1

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f3 ·MP (1,1)4→3 −MP (4,2)4→3 · f4 =

1
3 0
1 1
1 1
−

1
3 0
1 1
1 1
 = [ 15 0 ]
4. f4 ·MP (1,1)5→4 −MP (4,2)5→4 · f5 = 0
f4 ·MP (1,1)5→4 =
[ 1
2 0
1 1
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
P (4,2)
5→4 · f5 =
01
0
 · [ 01 0 ] = [ 03 0 ]
f4 ·MP (1,1)5→4 −MP (4,2)5→4 · f5 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
5. f3 ·MP (1,1)6→3 −MP (4,2)6→3 · f6 = 0
f3 ·MP (1,1)6→3 =

1
3 0
1 1
1 1
 · [1] =

1
3 0
1 1
1 1

M
P (4,2)
6→3 · f6 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
01
1
 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ·
01
1
 =

0
0
0
1
1
 =

1
3 0
1 1
1 1

f3 ·MP (1,1)6→3 −MP (4,2)6→3 · f6 =

1
3 0
1 1
1 1
−

1
3 0
1 1
1 1
 = [ 15 0 ]
6. f6 ·MP (1,1)7→6 −MP (4,2)7→6 · f7 = 0
f6 ·MP (1,1)7→6 =
01
1
 · [ 01 0 ] = [ 03 0 ]
M
P (4,2)
7→6 · f7 =
10
1
 · [ 01 0 ] = [ 03 0 ]
f6 ·MP (1,1)7→6 −MP (4,2)7→6 · f7 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
Relations of the projection g : P (4, 2)→ P (6, 1) P
1. g2 ·MP (4,2)1→2 −MP (6,1)1→2 · g1 = 0
g2 ·MP (4,2)1→2 =
91 1 910 0 91
91 0 0
 · [
2
1 0
2 1
]
=
91 1 910 0 91
91 0 0
 ·
0 01 0
0 1
 =
1 910 91
0 0

M
P (6,1)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[
1 91
0 91
]
=
1 00 1
0 0
 · [1 91
0 91
]
=
1 910 91
0 0

g2 ·MP (4,2)1→2 −MP (6,1)1→2 · g1 =
1 910 91
0 0
−
1 910 91
0 0
 = [ 23 0 ]
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2. g3 ·MP (4,2)2→3 −MP (6,1)2→3 · g2 = 0
g3 ·MP (4,2)2→3 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ·
[ 3
3 1
2 0
]
=

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

91 1 91
0 0 91
91 0 0
0 0 0

M
P (6,1)
2→3 · g2 =
[ 3
3 1
1 0
]
·
91 1 910 0 91
91 0 0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
91 1 910 0 91
91 0 0
 =

91 1 91
0 0 91
91 0 0
0 0 0

g3 ·MP (4,2)2→3 −MP (6,1)2→3 · g2 =

91 1 91
0 0 91
91 0 0
0 0 0
−

91 1 91
0 0 91
91 0 0
0 0 0
 =
[ 3
4 0
]
3. g3 ·MP (4,2)4→3 −MP (6,1)4→3 · g4 = 0
g3 ·MP (4,2)4→3 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ·

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 =

91 91 0
0 91 0
91 91 0
0 91 0

M
P (6,1)
4→3 · g4 =
[ 2
2 1
2 1
]
·
[
91 91 0
0 91 0
]
=

1 0
0 1
1 0
0 1
 ·
[
91 91 0
0 91 0
]
=

91 91 0
0 91 0
91 91 0
0 91 0

g3 ·MP (4,2)4→3 −MP (6,1)4→3 · g4 =

91 91 0
0 91 0
91 91 0
0 91 0
−

91 91 0
0 91 0
91 91 0
0 91 0
 =
[ 3
4 0
]
4. g4 ·MP (4,2)5→4 −MP (6,1)5→4 · g5 = 0
g4 ·MP (4,2)5→4 =
[
91 91 0
0 91 0
]
·
01
0
 = [9191
]
M
P (6,1)
5→4 · g5 =
[
1
1
]
·
[
91
]
=
[
91
91
]
g4 ·MP (4,2)5→4 −MP (6,1)5→4 · g5 =
[
91
91
]
−
[
91
91
]
=
[ 1
2 0
]
5. g3 ·MP (4,2)6→3 −MP (6,1)6→3 · g6 = 0
g3 ·MP (4,2)6→3 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ·

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 =

0 0 0
0 0 0
91 91 1
0 91 1
 =

1 1 1
2 0 0 0
1 91 91 1
1 0 91 1

M
P (6,1)
6→3 · g6 =
[ 2
2 0
2 1
]
·
[
91 91 1
0 91 1
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [91 91 1
0 91 1
]
=

1 1 1
2 0 0 0
1 91 91 1
1 0 91 1

g3 ·MP (4,2)6→3 −MP (6,1)6→3 · g6 =

1 1 1
2 0 0 0
1 91 91 1
1 0 91 1
−

1 1 1
2 0 0 0
1 91 91 1
1 0 91 1
 = [ 34 0 ]
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6. g6 ·MP (4,2)7→6 −MP (6,1)7→6 · g7 = 0
g6 ·MP (4,2)7→6 =
[
91 91 1
0 91 1
]
·
10
1
 = [0
1
]
M
P (6,1)
7→6 · g7 =
[
0
1
]
·
[
1
]
=
[
0
1
]
g6 ·MP (4,2)7→6 −MP (6,1)7→6 · g7 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 91
0 91
]
·
[ 0
2 0
]
=
[
1 91
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
91 1 910 0 91
91 0 0
 · [ 03 0 ] =
91 1 910 0 91
91 0 0
 ·

0
1 0
1 0
1 0
 = [ 03 0 ]
3. g3 · f3 = 0
g3 · f3 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ·

1
3 0
1 1
1 1
 =

91 1 91 0 0
0 0 91 0 0
91 0 0 91 1
0 0 0 91 1
 ·

0
0
0
1
1
 =
[ 1
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[
91 91 0
0 91 0
]
·
[ 1
2 0
1 1
]
=
[
91 91 0
0 91 0
]
·
00
1
 = [ 12 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 91 1
0 91 1
]
·
01
1
 = [ 12 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
128.1.2 0→ P (3, 1) f→ P (4, 2) g→ P (4, 1)→ 0 
PdimP (3, 1) + dimP (4, 1) = (1, 2, 2, 1, 0, 1, 0) + (1, 1, 3, 2, 1, 2, 1)
= (2, 3, 5, 3, 1, 3, 1) = dimP (4, 2)
Pdimk Ext
1
kQ(P (4, 1), P (3, 1)) = dimk HomkQ(P (4, 1), P (3, 1))− 〈dimP (4, 1),dimP (3, 1)〉
= 0− 〈(1, 1, 3, 2, 1, 2, 1), (1, 2, 2, 1, 0, 1, 0)〉
= 1 · 2 + 1 · 2 + 2 · 2 + 1 · 1 + 2 · 2 + 1 · 1− (1 · 1 + 1 · 2 + 3 · 2 + 2 · 1 + 1 · 0 + 2 · 1 + 1 · 0)
= 2 + 2 + 4 + 1 + 4 + 1− (1 + 2 + 6 + 2 + 0 + 2 + 0)
= 1
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Matrices of the embedding f : P (3, 1)→ P (4, 2) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
4. f4 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : P (4, 2)→ P (4, 1) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 1)→ P (4, 2) P
1. f2 ·MP (3,1)1→2 −MP (4,2)1→2 · f1 = 0
f2 ·MP (3,1)1→2 =
[ 2
2 1
1 0
]
·
[
0
1
]
=
1 00 1
0 0
 · [0
1
]
=
01
0

M
P (4,2)
1→2 · f1 =
[ 2
1 0
2 1
]
·
[
1
0
]
=
0 01 0
0 1
 · [1
0
]
=
01
0

f2 ·MP (3,1)1→2 −MP (4,2)1→2 · f1 =
01
0
−
01
0
 = [ 13 0 ]
2. f3 ·MP (3,1)2→3 −MP (4,2)2→3 · f2 = 0
f3 ·MP (3,1)2→3 =
[ 2
2 1
3 0
]
·
[ 2
2 1
]
=
[ 2
2 1
3 0
]
M
P (4,2)
2→3 · f2 =
[ 3
3 1
2 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
2 0
 = [
2
2 1
3 0
]
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f3 ·MP (3,1)2→3 −MP (4,2)2→3 · f2 =
[ 2
2 1
3 0
]
−
[ 2
2 1
3 0
]
=
[ 2
5 0
]
3. f3 ·MP (3,1)4→3 −MP (4,2)4→3 · f4 = 0
f3 ·MP (3,1)4→3 =
[ 2
2 1
3 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [1
0
]
=

1
1 1
1 0
3 0
 = [
1
1 1
4 0
]
M
P (4,2)
4→3 · f4 =

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ·
[ 1
1 1
2 0
]
=

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ·
10
0
 =

1
0
0
0
0
 =
[ 1
1 1
4 0
]
f3 ·MP (3,1)4→3 −MP (4,2)4→3 · f4 =
[ 1
1 1
4 0
]
−
[ 1
1 1
4 0
]
=
[ 1
5 0
]
4. f4 ·MP (3,1)5→4 −MP (4,2)5→4 · f5 = 0
f4 ·MP (3,1)5→4 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
P (4,2)
5→4 · f5 =
01
0
 · [ 01 0 ] = [ 03 0 ]
f4 ·MP (3,1)5→4 −MP (4,2)5→4 · f5 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
5. f3 ·MP (3,1)6→3 −MP (4,2)6→3 · f6 = 0
f3 ·MP (3,1)6→3 =
[ 2
2 1
3 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [1
1
]
=

1
1 1
1 1
3 0

M
P (4,2)
6→3 · f6 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
[ 1
1 1
2 0
]
=

1
1 1
1 1
1 0
2 0
 =

1
1 1
1 1
3 0

f3 ·MP (3,1)6→3 −MP (4,2)6→3 · f6 =

1
1 1
1 1
3 0
−

1
1 1
1 1
3 0
 = [ 15 0 ]
6. f6 ·MP (3,1)7→6 −MP (4,2)7→6 · f7 = 0
f6 ·MP (3,1)7→6 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
P (4,2)
7→6 · f7 =
10
1
 · [ 01 0 ] = [ 03 0 ]
f6 ·MP (3,1)7→6 −MP (4,2)7→6 · f7 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
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Relations of the projection g : P (4, 2)→ P (4, 1) P
1. g2 ·MP (4,2)1→2 −MP (4,1)1→2 · g1 = 0
g2 ·MP (4,2)1→2 =
[ 2 1
1 0 1
]
·
[ 2
1 0
2 1
]
=
[
0 0 1
]
·
0 01 0
0 1
 = [0 1]
M
P (4,1)
1→2 · g1 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g2 ·MP (4,2)1→2 −MP (4,1)1→2 · g1 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
2. g3 ·MP (4,2)2→3 −MP (4,1)2→3 · g2 = 0
g3 ·MP (4,2)2→3 =
[ 2 3
3 0 1
]
·
[ 3
3 1
2 0
]
=
[ 2 1 2
1 0 1 0
2 0 0 1
]
·

2 1
2 1 0
1 0 1
2 0 0
 = [
2 1
1 0 1
2 0 0
]
M
P (4,1)
2→3 · g2 =
[ 1
1 1
2 0
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
2 0 0
]
g3 ·MP (4,2)2→3 −MP (4,1)2→3 · g2 =
[ 2 1
1 0 1
2 0 0
]
−
[ 2 1
1 0 1
2 0 0
]
=
[ 3
3 0
]
3. g3 ·MP (4,2)4→3 −MP (4,1)4→3 · g4 = 0
g3 ·MP (4,2)4→3 =
[ 2 3
3 0 1
]
·

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ·

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 =
0 1 00 1 1
0 0 1

M
P (4,1)
4→3 · g4 =
1 01 1
0 1
 · [ 1 22 0 1 ] =
1 01 1
0 1
 · [0 1 0
0 0 1
]
=
0 1 00 1 1
0 0 1

g3 ·MP (4,2)4→3 −MP (4,1)4→3 · g4 =
0 1 00 1 1
0 0 1
−
0 1 00 1 1
0 0 1
 = [ 33 0 ]
4. g4 ·MP (4,2)5→4 −MP (4,1)5→4 · g5 = 0
g4 ·MP (4,2)5→4 =
[ 1 2
2 0 1
]
·
01
0
 = [0 1 0
0 0 1
]
·
01
0
 = [1
0
]
M
P (4,1)
5→4 · g5 =
[
1
0
]
·
[
1
]
=
[
1
0
]
g4 ·MP (4,2)5→4 −MP (4,1)5→4 · g5 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
5. g3 ·MP (4,2)6→3 −MP (4,1)6→3 · g6 = 0
g3 ·MP (4,2)6→3 =
[ 2 3
3 0 1
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =
[ 1 1 1 2
1 0 0 1 0
2 0 0 0 1
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =
[ 1 2
1 0 0
2 0 1
]
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M
P (4,1)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
1 0 0
2 0 1
]
g3 ·MP (4,2)6→3 −MP (4,1)6→3 · g6 =
[ 1 2
1 0 0
2 0 1
]
−
[ 1 2
1 0 0
2 0 1
]
=
[ 3
3 0
]
6. g6 ·MP (4,2)7→6 −MP (4,1)7→6 · g7 = 0
g6 ·MP (4,2)7→6 =
[ 1 2
2 0 1
]
·
10
1
 = [0 1 0
0 0 1
]
·
10
1
 = [0
1
]
M
P (4,1)
7→6 · g7 =
[
0
1
]
·
[
1
]
=
[
0
1
]
g6 ·MP (4,2)7→6 −MP (4,1)7→6 · g7 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
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128.2 Tree module property of P (10, 2) 
The matrices of the representation have full (column) rank P
1. MP (10,2)1→2 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. MP (10,2)2→3 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
3. MP (10,2)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
4. MP (10,2)5→4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0
0 1 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
5. MP (10,2)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
6. MP (10,2)7→6 =

1 0 0
1 0 1
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (10,2)
7→6 =

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1

c2↔c3−−−−→

1 1 1
1 1 0 0
1 1 1 0
3 0 0 0
1 0 0 1
1 0 1 0

128.2.1 0→ P (7, 1) f→ P (10, 2) g→ P (12, 1)→ 0 
PdimP (7, 1) + dimP (12, 1) = (1, 2, 4, 3, 1, 3, 1) + (3, 5, 7, 4, 2, 4, 2)
= (4, 7, 11, 7, 3, 7, 3) = dimP (10, 2)
P
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dimk Ext
1
kQ(P (12, 1), P (7, 1)) = dimk HomkQ(P (12, 1), P (7, 1))− 〈dimP (12, 1),dimP (7, 1)〉
= 0− 〈(3, 5, 7, 4, 2, 4, 2), (1, 2, 4, 3, 1, 3, 1)〉
= 3 · 2 + 5 · 4 + 4 · 4 + 2 · 3 + 4 · 4 + 2 · 3− (3 · 1 + 5 · 2 + 7 · 4 + 4 · 3 + 2 · 1 + 4 · 3 + 2 · 1)
= 6 + 20 + 16 + 6 + 16 + 6− (3 + 10 + 28 + 12 + 2 + 12 + 2)
= 1
Matrices of the embedding f : P (7, 1)→ P (10, 2) P
1. f1 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
0 0
0 0
0 0
1 0
0 0
1 91

∈M7,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0
0 0 0
0 0 0
1 0 0
0 0 0
0 91 0
1 0 91

∈M7,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0
0 0 0
0 0 0
91 0 0
0 91 0
91 0 1
0 91 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (10, 2)→ P (12, 1) P
1. g1 =
1 0 0 910 1 0 0
0 0 0 91
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0

r4←r4−r1−−−−−−→

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
0 0 91 0 0 1 0
0 91 0 0 0 0 0

r5←r5−r2−−−−−−→

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
0 0 91 0 0 1 0
0 0 0 91 0 0 0

r3↔r4−−−−→

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 91 0 0 1 0
0 0 0 0 0 91 0
0 0 0 91 0 0 0

r4↔r5−−−−→

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 91 0 0 1 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0

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3. g3 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

∈M7,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

1 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

r4←r4−r1
r5←r5−r1
r7←r7−r1−−−−−−→

1 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
0 91 1 0 91 0 0 0 91 0 1
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
0 0 1 0 91 0 0 0 0 0 0

r4←r4−r2−−−−−−→

1 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
0 0 1 91 91 0 1 0 91 0 1
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
0 0 1 0 91 0 0 0 0 0 0

r3↔r4−−−−→

1 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 91 0 0 0 0
0 0 1 91 91 0 1 0 91 0 1
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
0 0 1 0 91 0 0 0 0 0 0

r7←r7−r3−−−−−−→

1 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 91 0 0 0 0
0 0 1 91 91 0 1 0 91 0 1
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
0 0 0 1 0 0 91 0 1 0 91

r4↔r7−−−−→

1 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 91 0 0 0 0
0 0 1 91 91 0 1 0 91 0 1
0 0 0 1 0 0 91 0 1 0 91
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
0 0 0 0 0 0 91 0 0 0 0

r6↔r7−−−−→

1 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 91 0 0 0 0
0 0 1 91 91 0 1 0 91 0 1
0 0 0 1 0 0 91 0 1 0 91
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1

4. g4 =

0 91 0 0 91 0 0
1 0 91 0 0 0 0
0 0 0 0 91 0 0
1 0 0 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0
 r1↔r2−−−−→

1 1 1 1 1 2
1 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0
 r4←r4−r1−−−−−−→

1 1 1 1 1 2
1 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
1 0 0 1 0 0 0
 r3↔r4−−−−→

1 1 1 1 1 2
1 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0

5. g5 =
[
0 0 91
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[
0 0 91
1 0 0
]
r1↔r2−−−−→
[
1 0 0
0 0 91
]
6. g6 =

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 r4←r4−r1−−−−−−→

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
0 1 0 0 1 0 91
 r2↔r4−−−−→

1 91 0 0 91 0 1
0 1 0 0 1 0 91
0 0 0 0 91 0 1
0 0 91 0 0 0 0
 r3↔r4−−−−→

1 91 0 0 91 0 1
0 1 0 0 1 0 91
0 0 91 0 0 0 0
0 0 0 0 91 0 1

7. g7 =
[
0 0 1
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[
0 0 1
1 0 0
]
r1↔r2−−−−→
[
1 0 0
0 0 1
]
Relations of the embedding f : P (7, 1)→ P (10, 2) P
1. f2 ·MP (7,1)1→2 −MP (10,2)1→2 · f1 = 0
f2 ·MP (7,1)1→2 =

1 1
4 0 0
1 1 0
1 0 0
1 1 91
 ·
[
1
1
]
=

1
4 0
1 1
1 0
1 0
 =

1
4 0
1 1
2 0

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M
P (10,2)
1→2 · f1 =

4
2 0
4 1
1 0
 ·

1
2 0
1 1
1 0
 =

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
 ·

1
2 0
1 1
1 0
 =

1
2 0
2 0
1 1
1 0
1 0
 =

1
4 0
1 1
2 0

f2 ·MP (7,1)1→2 −MP (10,2)1→2 · f1 =

1
4 0
1 1
2 0
−

1
4 0
1 1
2 0
 = [ 17 0 ]
2. f3 ·MP (7,1)2→3 −MP (10,2)2→3 · f2 = 0
f3 ·MP (7,1)2→3 =

1 1 1 1
5 0 0 0 0
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 1 0 91 0
1 0 91 0 1
1 1 0 91 0

·
[ 2
2 1
2 1
]
=

1 1 1 1
5 0 0 0 0
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 1 0 91 0
1 0 91 0 1
1 1 0 91 0

·

1 0
0 1
1 0
0 1
 =

1 1
5 0 0
1 1 0
1 0 0
1 1 91
1 0 0
1 0 0
1 0 0

=

1 1
5 0 0
1 1 0
1 0 0
1 1 91
3 0 0

M
P (10,2)
2→3 · f2 =

7
1 0
7 1
3 0
 ·

1 1
4 0 0
1 1 0
1 0 0
1 1 91
 =

4 1 1 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0

·

1 1
4 0 0
1 1 0
1 0 0
1 1 91
 =

1 1
1 0 0
4 0 0
1 1 0
1 0 0
1 1 91
3 0 0

=

1 1
5 0 0
1 1 0
1 0 0
1 1 91
3 0 0

f3 ·MP (7,1)2→3 −MP (10,2)2→3 · f2 =

1 1
5 0 0
1 1 0
1 0 0
1 1 91
3 0 0
−

1 1
5 0 0
1 1 0
1 0 0
1 1 91
3 0 0
 =
[ 2
11 0
]
3. f3 ·MP (7,1)4→3 −MP (10,2)4→3 · f4 = 0
f3 ·MP (7,1)4→3 =

1 1 1 1
5 0 0 0 0
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 1 0 91 0
1 0 91 0 1
1 1 0 91 0

·
[ 3
3 1
1 0
]
=

1 1 1 1
5 0 0 0 0
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 1 0 91 0
1 0 91 0 1
1 1 0 91 0

·

1 0 0
0 1 0
0 0 1
0 0 0
 =

1 1 1
5 0 0 0
1 1 0 0
1 0 0 0
1 1 91 0
1 1 0 91
1 0 91 0
1 1 0 91

M
P (10,2)
4→3 · f4 =

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

1 1 1
3 0 0 0
1 1 0 0
1 0 0 0
1 0 91 0
1 1 0 91
 =

3 1 1 1 1
3 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1
3 0 0 0
1 1 0 0
1 0 0 0
1 0 91 0
1 1 0 91
 =

1 1 1
3 0 0 0
2 0 0 0
1 1 0 0
1 0 0 0
1 1 91 0
1 1 0 91
1 0 91 0
1 1 0 91

=

1 1 1
5 0 0 0
1 1 0 0
1 0 0 0
1 1 91 0
1 1 0 91
1 0 91 0
1 1 0 91

f3 ·MP (7,1)4→3 −MP (10,2)4→3 · f4 =

1 1 1
5 0 0 0
1 1 0 0
1 0 0 0
1 1 91 0
1 1 0 91
1 0 91 0
1 1 0 91

−

1 1 1
5 0 0 0
1 1 0 0
1 0 0 0
1 1 91 0
1 1 0 91
1 0 91 0
1 1 0 91

=
[ 3
11 0
]
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4. f4 ·MP (7,1)5→4 −MP (10,2)5→4 · f5 = 0
f4 ·MP (7,1)5→4 =

1 1 1
3 0 0 0
1 1 0 0
1 0 0 0
1 0 91 0
1 1 0 91
 ·
[ 1
1 1
2 0
]
=

1 1 1
3 0 0 0
1 1 0 0
1 0 0 0
1 0 91 0
1 1 0 91
 ·
10
0
 =

1
3 0
1 1
1 0
1 0
1 1
 =

1
3 0
1 1
2 0
1 1

M
P (10,2)
5→4 · f5 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

·
01
0
 =

1
1 0
2 0
1 1
1 0
1 0
1 1

=

1
3 0
1 1
2 0
1 1

f4 ·MP (7,1)5→4 −MP (10,2)5→4 · f5 =

1
3 0
1 1
2 0
1 1
−

1
3 0
1 1
2 0
1 1
 =
[ 1
7 0
]
5. f3 ·MP (7,1)6→3 −MP (10,2)6→3 · f6 = 0
f3 ·MP (7,1)6→3 =

1 1 1 1
5 0 0 0 0
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 1 0 91 0
1 0 91 0 1
1 1 0 91 0

·
[ 3
1 0
3 1
]
=

1 1 1 1
5 0 0 0 0
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 1 0 91 0
1 0 91 0 1
1 1 0 91 0

·

0 0 0
1 0 0
0 1 0
0 0 1
 =

1 1 1
5 0 0 0
1 0 0 0
1 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

=

1 1 1
7 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

M
P (10,2)
6→3 · f6 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

1 1 1
3 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
 =

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

0 0 0
0 0 0
0 0 0
91 0 0
0 91 0
91 0 1
0 91 0

=

1 1 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
2 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

=

1 1 1
7 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0

f3 ·MP (7,1)6→3 −MP (10,2)6→3 · f6 =

1 1 1
7 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
−

1 1 1
7 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
 =
[ 3
11 0
]
6. f6 ·MP (7,1)7→6 −MP (10,2)7→6 · f7 = 0
f6 ·MP (7,1)7→6 =

1 1 1
3 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
 ·
[ 1
2 0
1 1
]
=

1 1 1
3 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
 ·
00
1
 =

1
3 0
1 0
1 0
1 1
1 0
 =

1
5 0
1 1
1 0

M
P (10,2)
7→6 · f7 =

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1
 ·
01
0
 =

1
1 0
1 0
3 0
1 1
1 0
 =

1
5 0
1 1
1 0

f6 ·MP (7,1)7→6 −MP (10,2)7→6 · f7 =

1
5 0
1 1
1 0
−

1
5 0
1 1
1 0
 = [ 17 0 ]
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Relations of the projection g : P (10, 2)→ P (12, 1) P
1. g2 ·MP (10,2)1→2 −MP (12,1)1→2 · g1 = 0
g2 ·MP (10,2)1→2 =

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
 ·

4
2 0
4 1
1 0
 =

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
 ·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

=

1 0 0 91
0 1 0 0
0 0 0 91
0 0 0 0
0 0 0 0
 =

1 1 1 1
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0

M
P (12,1)
1→2 · g1 =
[ 3
3 1
2 0
]
·
1 0 0 910 1 0 0
0 0 0 91
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 0 0 910 1 0 0
0 0 0 91
 =

1 1 1 1
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0

g2 ·MP (10,2)1→2 −MP (12,1)1→2 · g1 =

1 1 1 1
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0
−

1 1 1 1
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0
 =
[ 4
5 0
]
2. g3 ·MP (10,2)2→3 −MP (12,1)2→3 · g2 = 0
g3 ·MP (10,2)2→3 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

7
1 0
7 1
3 0
 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
1 91 0 1 0 0 91 0
1 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0

M
P (12,1)
2→3 · g2 =
[ 5
5 1
2 0
]
·

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
 =

1 1 1 1 1 1 1
1 91 0 1 0 0 91 0
1 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0

g3 ·MP (10,2)2→3 −MP (12,1)2→3 · g2 =

1 1 1 1 1 1 1
1 91 0 1 0 0 91 0
1 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1
1 91 0 1 0 0 91 0
1 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0

=
[ 7
7 0
]
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3. g3 ·MP (10,2)4→3 −MP (12,1)4→3 · g4 = 0
g3 ·MP (10,2)4→3 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

0 91 0 0 91 0 0
1 0 91 0 0 0 0
0 0 0 0 91 0 0
1 91 0 0 91 0 0
1 0 91 0 0 0 0
0 0 0 0 91 0 0
1 0 0 0 0 0 0

=

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0

M
P (12,1)
4→3 · g4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0
 =

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0

g3 ·MP (10,2)4→3 −MP (12,1)4→3 · g4 =

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0

−

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0

=
[ 7
7 0
]
4. g4 ·MP (10,2)5→4 −MP (12,1)5→4 · g5 = 0
g4 ·MP (10,2)5→4 =

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0
 ·

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

=

0 91 0 0 91 0 0
1 0 91 0 0 0 0
0 0 0 0 91 0 0
1 0 0 0 0 0 0
 ·

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0
0 1 0

=

0 0 91
1 0 0
0 0 91
1 0 0

M
P (12,1)
5→4 · g5 =
[ 2
2 1
2 1
]
·
[
0 0 91
1 0 0
]
=

1 0
0 1
1 0
0 1
 ·
[
0 0 91
1 0 0
]
=

0 0 91
1 0 0
0 0 91
1 0 0

g4 ·MP (10,2)5→4 −MP (12,1)5→4 · g5 =

0 0 91
1 0 0
0 0 91
1 0 0
−

0 0 91
1 0 0
0 0 91
1 0 0
 =
[ 3
4 0
]
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5. g3 ·MP (10,2)6→3 −MP (12,1)6→3 · g6 = 0
g3 ·MP (10,2)6→3 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0

=

1 1 1 1 1 1 1
3 0 0 0 0 0 0 0
1 1 91 0 0 91 0 1
1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0

M
P (12,1)
6→3 · g6 =
[ 4
3 0
4 1
]
·

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 =

1 1 1 1
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 =

1 1 1 1 1 1 1
3 0 0 0 0 0 0 0
1 1 91 0 0 91 0 1
1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0

g3 ·MP (10,2)6→3 −MP (12,1)6→3 · g6 =

1 1 1 1 1 1 1
3 0 0 0 0 0 0 0
1 1 91 0 0 91 0 1
1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0
−

1 1 1 1 1 1 1
3 0 0 0 0 0 0 0
1 1 91 0 0 91 0 1
1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0
 =
[ 7
7 0
]
6. g6 ·MP (10,2)7→6 −MP (12,1)7→6 · g7 = 0
g6 ·MP (10,2)7→6 =

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 ·

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 ·

1 0 0
1 0 1
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

=

0 0 0
0 0 0
0 0 1
1 0 0
 =

1 1 1
2 0 0 0
1 0 0 1
1 1 0 0

M
P (12,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[
0 0 1
1 0 0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [0 0 1
1 0 0
]
=

1 1 1
2 0 0 0
1 0 0 1
1 1 0 0

g6 ·MP (10,2)7→6 −MP (12,1)7→6 · g7 =

1 1 1
2 0 0 0
1 0 0 1
1 1 0 0
−

1 1 1
2 0 0 0
1 0 0 1
1 1 0 0
 = [ 34 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
1 0 0 910 1 0 0
0 0 0 91
 ·

1
2 0
1 1
1 0
 =
1 0 0 910 1 0 0
0 0 0 91
 ·

0
0
1
0
 =
[ 1
3 0
]
2. g2 · f2 = 0
g2 · f2 =

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
 ·

1 1
4 0 0
1 1 0
1 0 0
1 1 91
 =

91 0 1 0 0 91 0
0 91 0 1 0 0 0
0 0 0 0 0 91 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
 ·

0 0
0 0
0 0
0 0
1 0
0 0
1 91

=
[ 2
5 0
]
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3. g3 · f3 = 0
g3 · f3 =

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1
5 0 0 0 0
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 1 0 91 0
1 0 91 0 1
1 1 0 91 0

=

0 91 0 1 0 0 91 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1
1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
1 91 0 0
1 0 91 0
0 91 0 1
1 0 91 0

=
[ 4
7 0
]
4. g4 · f4 = 0
g4 · f4 =

1 1 1 1 1 2
1 0 91 0 0 91 0
1 1 0 91 0 0 0
1 0 0 0 0 91 0
1 1 0 0 0 0 0
 ·

1 1 1
3 0 0 0
1 1 0 0
1 0 0 0
1 0 91 0
1 1 0 91
 =

0 91 0 0 91 0 0
1 0 91 0 0 0 0
0 0 0 0 91 0 0
1 0 0 0 0 0 0
 ·

0 0 0
0 0 0
0 0 0
1 0 0
0 0 0
0 91 0
1 0 91

=
[ 3
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 0 91
1 0 0
]
·
01
0
 = [ 12 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 ·

1 1 1
3 0 0 0
1 91 0 0
1 0 91 0
1 91 0 1
1 0 91 0
 =

1 91 0 0 91 0 1
0 0 91 0 0 0 0
0 0 0 0 91 0 1
1 0 0 0 0 0 0
 ·

0 0 0
0 0 0
0 0 0
91 0 0
0 91 0
91 0 1
0 91 0

=
[ 3
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 0 1
1 0 0
]
·
01
0
 = [ 12 0 ]
128.2.2 0→ P (9, 1) f→ P (10, 2) g→ P (10, 1)→ 0 
PdimP (9, 1) + dimP (10, 1) = (2, 4, 5, 3, 1, 3, 1) + (2, 3, 6, 4, 2, 4, 2)
= (4, 7, 11, 7, 3, 7, 3) = dimP (10, 2)
Pdimk Ext
1
kQ(P (10, 1), P (9, 1)) = dimk HomkQ(P (10, 1), P (9, 1))− 〈dimP (10, 1),dimP (9, 1)〉
= 0− 〈(2, 3, 6, 4, 2, 4, 2), (2, 4, 5, 3, 1, 3, 1)〉
= 2 · 4 + 3 · 5 + 4 · 5 + 2 · 3 + 4 · 5 + 2 · 3− (2 · 2 + 3 · 4 + 6 · 5 + 4 · 3 + 2 · 1 + 4 · 3 + 2 · 1)
= 8 + 15 + 20 + 6 + 20 + 6− (4 + 12 + 30 + 12 + 2 + 12 + 2)
= 1
Matrices of the embedding f : P (9, 1)→ P (10, 2) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (10, 2)→ P (10, 1) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M6,11(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (9, 1)→ P (10, 2) P
1. f2 ·MP (9,1)1→2 −MP (10,2)1→2 · f1 = 0
f2 ·MP (9,1)1→2 =
[ 4
4 1
3 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
3 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
3 0

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M
P (10,2)
1→2 · f1 =

4
2 0
4 1
1 0
 · [
2
2 1
2 0
]
=

2 2
2 0 0
2 1 0
2 0 1
1 0 0
 ·
[ 2
2 1
2 0
]
=

2
2 0
2 1
2 0
1 0
 =

2
2 0
2 1
3 0

f2 ·MP (9,1)1→2 −MP (10,2)1→2 · f1 =

2
2 0
2 1
3 0
−

2
2 0
2 1
3 0
 = [ 27 0 ]
2. f3 ·MP (9,1)2→3 −MP (10,2)2→3 · f2 = 0
f3 ·MP (9,1)2→3 =
[ 5
5 1
6 0
]
·
[ 4
1 0
4 1
]
=

1 4
1 1 0
4 0 1
6 0 0
 · [
4
1 0
4 1
]
=

4
1 0
4 1
6 0

M
P (10,2)
2→3 · f2 =

7
1 0
7 1
3 0
 · [
4
4 1
3 0
]
=

4 3
1 0 0
4 1 0
3 0 1
3 0 0
 ·
[ 4
4 1
3 0
]
=

4
1 0
4 1
3 0
3 0
 =

4
1 0
4 1
6 0

f3 ·MP (9,1)2→3 −MP (10,2)2→3 · f2 =

4
1 0
4 1
6 0
−

4
1 0
4 1
6 0
 = [ 411 0 ]
3. f3 ·MP (9,1)4→3 −MP (10,2)4→3 · f4 = 0
f3 ·MP (9,1)4→3 =
[ 5
5 1
6 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
6 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
6 0
 = [
3
3 1
8 0
]
M
P (10,2)
4→3 · f4 =

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·
[ 3
3 1
4 0
]
=

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

3
3 1
2 0
2 0
 =

3
3 1
2 0
2 0
2 0
2 0
 =
[ 3
3 1
8 0
]
f3 ·MP (9,1)4→3 −MP (10,2)4→3 · f4 =
[ 3
3 1
8 0
]
−
[ 3
3 1
8 0
]
=
[ 3
11 0
]
4. f4 ·MP (9,1)5→4 −MP (10,2)5→4 · f5 = 0
f4 ·MP (9,1)5→4 =
[ 3
3 1
4 0
]
·
[ 1
1 1
2 0
]
=

1 2
1 1 0
2 0 1
4 0 0
 · [
1
1 1
2 0
]
=

1
1 1
2 0
4 0
 = [
1
1 1
6 0
]
M
P (10,2)
5→4 · f5 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

·
[ 1
1 1
2 0
]
=

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

·
10
0
 =

1
1 1
2 0
1 0
1 0
1 0
1 0

=
[ 1
1 1
6 0
]
f4 ·MP (9,1)5→4 −MP (10,2)5→4 · f5 =
[ 1
1 1
6 0
]
−
[ 1
1 1
6 0
]
=
[ 1
7 0
]
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5. f3 ·MP (9,1)6→3 −MP (10,2)6→3 · f6 = 0
f3 ·MP (9,1)6→3 =
[ 5
5 1
6 0
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
6 0 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
6 0 0 0

M
P (10,2)
6→3 · f6 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·
[ 3
3 1
4 0
]
=

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
4 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
2 0 0 0
4 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
6 0 0 0

f3 ·MP (9,1)6→3 −MP (10,2)6→3 · f6 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
6 0 0 0

−

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
6 0 0 0

=
[ 3
11 0
]
6. f6 ·MP (9,1)7→6 −MP (10,2)7→6 · f7 = 0
f6 ·MP (9,1)7→6 =
[ 3
3 1
4 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
4 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
4 0
 =

1
1 1
1 1
5 0

M
P (10,2)
7→6 · f7 =

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 1
1 1
2 0
]
=

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1
 ·
10
0
 =

1
1 1
1 1
3 0
1 0
1 0
 =

1
1 1
1 1
5 0

f6 ·MP (9,1)7→6 −MP (10,2)7→6 · f7 =

1
1 1
1 1
5 0
−

1
1 1
1 1
5 0
 = [ 17 0 ]
Relations of the projection g : P (10, 2)→ P (10, 1) P
1. g2 ·MP (10,2)1→2 −MP (10,1)1→2 · g1 = 0
g2 ·MP (10,2)1→2 =
[ 4 3
3 0 1
]
·

4
2 0
4 1
1 0
 = [
2 2 2 1
2 0 0 1 0
1 0 0 0 1
]
·

2 2
2 0 0
2 1 0
2 0 1
1 0 0
 =
[ 2 2
2 0 1
1 0 0
]
M
P (10,1)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
1 0 0
]
g2 ·MP (10,2)1→2 −MP (10,1)1→2 · g1 =
[ 2 2
2 0 1
1 0 0
]
−
[ 2 2
2 0 1
1 0 0
]
=
[ 4
3 0
]
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2. g3 ·MP (10,2)2→3 −MP (10,1)2→3 · g2 = 0
g3 ·MP (10,2)2→3 =
[ 5 6
6 0 1
]
·

7
1 0
7 1
3 0
 = [
1 4 3 3
3 0 0 1 0
3 0 0 0 1
]
·

4 3
1 0 0
4 1 0
3 0 1
3 0 0
 =
[ 4 3
3 0 1
3 0 0
]
M
P (10,1)
2→3 · g2 =
[ 3
3 1
3 0
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 1
3 0 0
]
g3 ·MP (10,2)2→3 −MP (10,1)2→3 · g2 =
[ 4 3
3 0 1
3 0 0
]
−
[ 4 3
3 0 1
3 0 0
]
=
[ 7
6 0
]
3. g3 ·MP (10,2)4→3 −MP (10,1)4→3 · g4 = 0
g3 ·MP (10,2)4→3 =
[ 5 6
6 0 1
]
·

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

3 2 2 2 2
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
 ·

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

3 2 2
2 0 1 0
2 0 1 1
2 0 0 1

M
P (10,1)
4→3 · g4 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 3 44 0 1 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
3 2 2
2 0 1 0
2 0 0 1
]
=

3 2 2
2 0 1 0
2 0 1 1
2 0 0 1

g3 ·MP (10,2)4→3 −MP (10,1)4→3 · g4 =

3 2 2
2 0 1 0
2 0 1 1
2 0 0 1
−

3 2 2
2 0 1 0
2 0 1 1
2 0 0 1
 = [ 76 0 ]
4. g4 ·MP (10,2)5→4 −MP (10,1)5→4 · g5 = 0
g4 ·MP (10,2)5→4 =
[ 3 4
4 0 1
]
·

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

=

1 2 1 1 1 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

=

0 1 0
0 0 1
0 0 0
0 1 0

M
P (10,1)
5→4 · g5 =

1 0
0 1
0 0
1 0
 ·
[ 1 2
2 0 1
]
=

1 0
0 1
0 0
1 0
 ·
[
0 1 0
0 0 1
]
=

0 1 0
0 0 1
0 0 0
0 1 0

g4 ·MP (10,2)5→4 −MP (10,1)5→4 · g5 =

0 1 0
0 0 1
0 0 0
0 1 0
−

0 1 0
0 0 1
0 0 0
0 1 0
 =
[ 3
4 0
]
5. g3 ·MP (10,2)6→3 −MP (10,1)6→3 · g6 = 0
g3 ·MP (10,2)6→3 =
[ 5 6
6 0 1
]
·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=
[ 1 1 1 1 1 2 4
2 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
]
·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=
[ 1 1 1 4
2 0 0 0 0
4 0 0 0 1
]
=
[ 3 4
2 0 0
4 0 1
]
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M
P (10,1)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
2 0 0
4 0 1
]
g3 ·MP (10,2)6→3 −MP (10,1)6→3 · g6 =
[ 3 4
2 0 0
4 0 1
]
−
[ 3 4
2 0 0
4 0 1
]
=
[ 7
6 0
]
6. g6 ·MP (10,2)7→6 −MP (10,1)7→6 · g7 = 0
g6 ·MP (10,2)7→6 =
[ 3 4
4 0 1
]
·

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 1 2 1 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 1
1 1 0 0
1 1 0 1
1 0 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

1 1 1
2 0 0 0
1 0 1 0
1 0 0 1
 = [
1 2
2 0 0
2 0 1
]
M
P (10,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 0
2 0 1
]
g6 ·MP (10,2)7→6 −MP (10,1)7→6 · g7 =
[ 1 2
2 0 0
2 0 1
]
−
[ 1 2
2 0 0
2 0 1
]
=
[ 3
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 6
6 0 1
]
·
[ 5
5 1
6 0
]
=
[ 5
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
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128.3 Tree module property of P (16, 2) 
The matrices of the representation have full (column) rank P
1. MP (16,2)1→2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
2. MP (16,2)2→3 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M17,11(k) is already in column echelon form and has maximal column rank.
3. MP (16,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k) is already in column echelon form and has maximal column rank.
4. MP (16,2)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
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5. MP (16,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k) is already in column echelon form and has maximal column rank.
6. MP (16,2)7→6 =

1 0 0 0 0
0 1 0 0 0
1 0 0 0 1
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (16,2)
7→6 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

c3↔c4−−−−→

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
4 0 0 0 0
2 0 0 0 1
1 0 0 1 0

128.3.1 0→ P (13, 1) f→ P (16, 2) g→ P (18, 1)→ 0 
PdimP (13, 1) + dimP (18, 1) = (2, 4, 7, 5, 2, 5, 2) + (4, 7, 10, 6, 3, 6, 3)
= (6, 11, 17, 11, 5, 11, 5) = dimP (16, 2)
Pdimk Ext
1
kQ(P (18, 1), P (13, 1)) = dimk HomkQ(P (18, 1), P (13, 1))− 〈dimP (18, 1),dimP (13, 1)〉
= 0− 〈(4, 7, 10, 6, 3, 6, 3), (2, 4, 7, 5, 2, 5, 2)〉
= 4 · 4 + 7 · 7 + 6 · 7 + 3 · 5 + 6 · 7 + 3 · 5− (4 · 2 + 7 · 4 + 10 · 7 + 6 · 5 + 3 · 2 + 6 · 5 + 3 · 2)
= 16 + 49 + 42 + 15 + 42 + 15− (8 + 28 + 70 + 30 + 6 + 30 + 6)
= 1
Matrices of the embedding f : P (13, 1)→ P (16, 2) P
1. f1 =

0 0
0 0
0 0
1 0
0 1
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
1 0 91 0
0 1 0 91

∈M11,4(k) is already in column echelon form and has maximal column rank.
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3. f3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

∈M17,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91

∈M11,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
0 0 91 0 0
91 0 0 1 0
0 91 0 0 1
0 0 91 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (16, 2)→ P (18, 1) P
1. g1 =

1 0 0 0 0 91
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 91
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
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2. g2 =

91 0 0 1 0 0 0 0 91 0 0
0 91 0 0 1 0 0 0 0 0 0
0 0 91 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0
91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0

∈M7,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0

r4←r4−r1−−−−−−→

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 91 0 0 1 0
2 0 91 0 0 0 0 0

r5←r5−r2−−−−−−→

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 91 0 0 1 0
2 0 0 0 91 0 0 0

r3↔r4−−−−→

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 91 0 0 1 0
1 0 0 0 0 0 91 0
2 0 0 0 91 0 0 0

r4↔r5−−−−→

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 91 0 0 1 0
2 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0

3. g3 =

0 0 91 0 0 1 0 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M10,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

r5←r5−r1
r6←r6−r1
r9←r9−r1−−−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 91 1 0 0 91 0 0 0 0 91 0 1
1 0 1 0 0 0 0 91 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

r2↔r3−−−−→
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
1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 91 1 0 0 91 0 0 0 0 91 0 1
1 0 1 0 0 0 0 91 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

r6←r6−r2
r7←r7−r2
r10←r10−r2−−−−−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 91 1 0 0 91 0 0 0 0 91 0 1
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0

r5←r5−r3−−−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0

r4↔r5−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0

r9←r9−r4−−−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 1 0 0 0 91 0 1 0 91
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0

r5↔r6−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 1 0 0 0 91 0 1 0 91
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0

r10←r10−r5−−−−−−−−→
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
1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 1 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0

r6↔r9−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0

r7↔r10−−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r8↔r10−−−−−→

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 91 0 0 1 0 91 0 1
1 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1

4. g4 =

0 0 91 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0

∈M6,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

2 1 2 2 1 3
1 0 91 0 0 91 0
2 1 0 91 0 0 0
1 0 0 0 0 91 0
2 1 0 0 0 0 0
 r1↔r2−−−−→

2 1 2 2 1 3
2 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
2 1 0 0 0 0 0
 r4←r4−r1−−−−−−→

2 1 2 2 1 3
2 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
2 0 0 1 0 0 0
 r3↔r4−−−−→

2 1 2 2 1 3
2 1 0 91 0 0 0
1 0 91 0 0 91 0
2 0 0 1 0 0 0
1 0 0 0 0 91 0

5. g5 =
0 0 0 0 911 0 0 0 0
0 1 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 2 1
1 0 0 91
2 1 0 0
]
r1↔r2−−−−→
[ 2 2 1
2 1 0 0
1 0 0 91
]
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6. g6 =

1 0 91 0 0 0 0 91 0 0 1
0 1 0 91 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0

∈M6,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

r5←r5−r1−−−−−−→

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 0 0 1 0 0 0 1 0 91
1 0 1 0 0 0 0 0 0 0

r6←r6−r2−−−−−−→

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 0 0 1 0 0 0 1 0 91
1 0 0 0 1 0 0 0 0 0

r3↔r5−−−−→

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 1 0 91
1 0 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 0 0 0
1 0 0 0 1 0 0 0 0 0

r4↔r6−−−−→

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 1 0 91
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1

7. g7 =
0 0 0 0 11 0 0 0 0
0 1 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 2 1
1 0 0 1
2 1 0 0
]
r1↔r2−−−−→
[ 2 2 1
2 1 0 0
1 0 0 1
]
Relations of the embedding f : P (13, 1)→ P (16, 2) P
1. f2 ·MP (13,1)1→2 −MP (16,2)1→2 · f1 = 0
f2 ·MP (13,1)1→2 =

2 2
6 0 0
2 1 0
1 0 0
2 1 91
 ·
[ 2
2 1
2 1
]
=

2
6 0
2 1
1 0
2 0
 =

2
6 0
2 1
3 0

M
P (16,2)
1→2 · f1 =

6
3 0
6 1
2 0
 ·

2
3 0
2 1
1 0
 =

3 2 1
3 0 0 0
3 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0
 ·

2
3 0
2 1
1 0
 =

2
3 0
3 0
2 1
1 0
2 0
 =

2
6 0
2 1
3 0

f2 ·MP (13,1)1→2 −MP (16,2)1→2 · f1 =

2
6 0
2 1
3 0
−

2
6 0
2 1
3 0
 = [ 211 0 ]
2. f3 ·MP (13,1)2→3 −MP (16,2)2→3 · f2 = 0
f3 ·MP (13,1)2→3 =

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 1 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 1 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=

1 1 1 1
8 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 1 0 91 0
1 0 1 0 91
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

=

2 2
8 0 0
2 1 0
1 0 0
2 1 91
4 0 0

M
P (16,2)
2→3 · f2 =

11
2 0
11 1
4 0
 ·

2 2
6 0 0
2 1 0
1 0 0
2 1 91
 =

6 2 1 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
4 0 0 0 0

·

2 2
6 0 0
2 1 0
1 0 0
2 1 91
 =

2 2
2 0 0
6 0 0
2 1 0
1 0 0
2 1 91
4 0 0

=

2 2
8 0 0
2 1 0
1 0 0
2 1 91
4 0 0

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f3 ·MP (13,1)2→3 −MP (16,2)2→3 · f2 =

2 2
8 0 0
2 1 0
1 0 0
2 1 91
4 0 0
−

2 2
8 0 0
2 1 0
1 0 0
2 1 91
4 0 0
 =
[ 4
17 0
]
3. f3 ·MP (13,1)4→3 −MP (16,2)4→3 · f4 = 0
f3 ·MP (13,1)4→3 =

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 1 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0

·
[ 5
5 1
2 0
]
=

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 1 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=

1 1 1 1 1
8 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91

M
P (16,2)
4→3 · f4 =

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

2 1 2
5 0 0 0
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =

5 1 1 1 1 1 1
5 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 1 0 0 1 0 0
1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1 1 1
5 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91

=

1 1 1 1 1
5 0 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91

=

1 1 1 1 1
8 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91

f3 ·MP (13,1)4→3 −MP (16,2)4→3 · f4 =

1 1 1 1 1
8 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91

−

1 1 1 1 1
8 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91

=
[ 5
17 0
]
4. f4 ·MP (13,1)5→4 −MP (16,2)5→4 · f5 = 0
f4 ·MP (13,1)5→4 =

2 1 2
5 0 0 0
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 ·
[ 2
2 1
3 0
]
=

2 1 2
5 0 0 0
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 ·

2
2 1
1 0
2 0
 =

2
5 0
2 1
1 0
1 0
2 1
 =

2
5 0
2 1
2 0
2 1

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M
P (16,2)
5→4 · f5 =

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

·

2
2 0
2 1
1 0
 =

2
2 0
3 0
2 1
1 0
1 0
2 1

=

2
5 0
2 1
2 0
2 1

f4 ·MP (13,1)5→4 −MP (16,2)5→4 · f5 =

2
5 0
2 1
2 0
2 1
−

2
5 0
2 1
2 0
2 1
 =
[ 2
11 0
]
5. f3 ·MP (13,1)6→3 −MP (16,2)6→3 · f6 = 0
f3 ·MP (13,1)6→3 =

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 1 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0

·
[ 5
2 0
5 1
]
=

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 1 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0

·

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

1 1 1 1 1
8 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 91 0 0 0 0
1 0 91 0 0 0
1 0 0 91 0 0
1 91 0 0 1 0
1 0 91 0 0 1
1 0 0 91 0 0

=

2 1 2
11 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

M
P (16,2)
6→3 · f6 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

2 1 2
5 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =

2 1 2 2 1 2 1
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

2 1 2
2 0 0 0
1 0 0 0
2 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

=

2 1 2
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
3 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

=

2 1 2
11 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

f3 ·MP (13,1)6→3 −MP (16,2)6→3 · f6 =

2 1 2
11 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
−

2 1 2
11 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =
[ 5
17 0
]
6. f6 ·MP (13,1)7→6 −MP (16,2)7→6 · f7 = 0
f6 ·MP (13,1)7→6 =

2 1 2
5 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 ·
[ 2
3 0
2 1
]
=

2 1 2
5 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 ·

2
2 0
1 0
2 1
 =

2
5 0
2 0
1 0
2 1
1 0
 =

2
8 0
2 1
1 0

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M
P (16,2)
7→6 · f7 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·

2
2 0
2 1
1 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·

2
1 0
1 0
2 1
1 0
 =

2
1 0
1 0
1 0
1 0
4 0
2 1
1 0

=

2
8 0
2 1
1 0

f6 ·MP (13,1)7→6 −MP (16,2)7→6 · f7 =

2
8 0
2 1
1 0
−

2
8 0
2 1
1 0
 = [ 211 0 ]
Relations of the projection g : P (16, 2)→ P (18, 1) P
1. g2 ·MP (16,2)1→2 −MP (18,1)1→2 · g1 = 0
g2 ·MP (16,2)1→2 =

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
 ·

6
3 0
6 1
2 0
 =

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
 ·

1 2 2 1
1 0 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
1 0 0 0 0
2 0 0 0 0
 =

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
3 0 0 0 0

M
P (18,1)
1→2 · g1 =
[ 4
4 1
3 0
]
·

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
3 0 0 0
 ·

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
 =

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
3 0 0 0 0

g2 ·MP (16,2)1→2 −MP (18,1)1→2 · g1 =

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
3 0 0 0 0
−

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
3 0 0 0 0
 =
[ 6
7 0
]
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2. g3 ·MP (16,2)2→3 −MP (18,1)2→3 · g2 = 0
g3 ·MP (16,2)2→3 =

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

·

11
2 0
11 1
4 0

=

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 2 1 2
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 2 1 2
1 91 0 0 1 0 0 0 91 0
1 0 91 0 0 1 0 0 0 0
1 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

=

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
3 0 0 0 0 0 0 0

M
P (18,1)
2→3 ·g2 =
[ 7
7 1
3 0
]
·

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
=

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

·

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
=

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
3 0 0 0 0 0 0 0

g3 ·MP (16,2)2→3 −MP (18,1)2→3 · g2 =

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
3 0 0 0 0 0 0 0

−

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
3 0 0 0 0 0 0 0

=
[11
10 0
]
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3. g3 ·MP (16,2)4→3 −MP (18,1)4→3 · g4 = 0
g3 ·MP (16,2)4→3 =

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

·

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1

=

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 2 1 2 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 2 1 2 1
1 0 0 91 0 0 0 91 0 0
1 1 0 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0
1 1 0 91 0 0 0 91 0 0
1 1 1 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 2 1 3
1 0 0 91 0 0 0 91 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 91 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

M
P (18,1)
4→3 · g4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

2 1 2 2 1 3
1 0 91 0 0 91 0
2 1 0 91 0 0 0
1 0 0 0 0 91 0
2 1 0 0 0 0 0

=

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

1 1 1 1 1 2 1 3
1 0 0 91 0 0 0 91 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

=

1 1 1 1 1 2 1 3
1 0 0 91 0 0 0 91 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 91 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

g3 ·MP (16,2)4→3 −MP (18,1)4→3 · g4 =

1 1 1 1 1 2 1 3
1 0 0 91 0 0 0 91 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 91 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

−

1 1 1 1 1 2 1 3
1 0 0 91 0 0 0 91 0
1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 91 0 0 0 91 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

=
[11
10 0
]
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4. g4 ·MP (16,2)5→4 −MP (18,1)5→4 · g5 = 0
g4 ·MP (16,2)5→4 =

2 1 2 2 1 3
1 0 91 0 0 91 0
2 1 0 91 0 0 0
1 0 0 0 0 91 0
2 1 0 0 0 0 0
 ·

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

=

2 1 2 2 1 1 2
1 0 91 0 0 91 0 0
2 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0
2 1 0 0 0 0 0 0
 ·

2 2 1
2 1 0 0
1 0 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

=

2 2 1
1 0 0 91
2 1 0 0
1 0 0 91
2 1 0 0

M
P (18,1)
5→4 · g5 =
[ 3
3 1
3 1
]
·
[ 2 2 1
1 0 0 91
2 1 0 0
]
=

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 ·
[ 2 2 1
1 0 0 91
2 1 0 0
]
=

2 2 1
1 0 0 91
2 1 0 0
1 0 0 91
2 1 0 0

g4 ·MP (16,2)5→4 −MP (18,1)5→4 · g5 =

2 2 1
1 0 0 91
2 1 0 0
1 0 0 91
2 1 0 0
−

2 2 1
1 0 0 91
2 1 0 0
1 0 0 91
2 1 0 0
 =
[ 5
6 0
]
5. g3 ·MP (16,2)6→3 −MP (18,1)6→3 · g6 = 0
g3 ·MP (16,2)6→3 =

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 2 1 2 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 2 1 2 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

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M
P (18,1)
6→3 · g6 =
[ 6
4 0
6 1
]
·

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 1
4 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

g3 ·MP (16,2)6→3 −MP (18,1)6→3 · g6 =

1 1 1 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

−

1 1 1 1 1 2 1 2 1
4 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

=
[11
10 0
]
6. g6 ·MP (16,2)7→6 −MP (18,1)7→6 · g7 = 0
g6 ·MP (16,2)7→6 =

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 1 0 0 0
1 0 1 0 0

=

2 2 1
3 0 0 0
1 0 0 1
2 1 0 0

M
P (18,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 2 2 1
1 0 0 1
2 1 0 0
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
2 2 1
1 0 0 1
2 1 0 0
]
=

2 2 1
3 0 0 0
1 0 0 1
2 1 0 0

g6 ·MP (16,2)7→6 −MP (18,1)7→6 · g7 =

2 2 1
3 0 0 0
1 0 0 1
2 1 0 0
−

2 2 1
3 0 0 0
1 0 0 1
2 1 0 0
 = [ 56 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
 ·

2
3 0
2 1
1 0
 =

1 2 2 1
1 1 0 0 91
2 0 1 0 0
1 0 0 0 91
 ·

2
1 0
2 0
2 1
1 0
 =
[ 2
4 0
]
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2. g2 · f2 = 0
g2 · f2 =

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
 ·

2 2
6 0 0
2 1 0
1 0 0
2 1 91
 =

1 2 1 2 2 1 2
1 91 0 1 0 0 91 0
2 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
2 0 91 0 0 0 0 0
 ·

2 2
1 0 0
2 0 0
1 0 0
2 0 0
2 1 0
1 0 0
2 1 91

=
[ 4
7 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 2 1 2 1 2 1
1 0 0 91 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 1 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0
1 1 0 0 91 0 0 1
1 0 1 0 0 91 0 0

=

0 0 91 0 0 1 0 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 1 0 0 91 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1
0 1 0 0 91 0 0

=
[ 7
10 0
]
4. g4 · f4 = 0
g4 · f4 =

2 1 2 2 1 3
1 0 91 0 0 91 0
2 1 0 91 0 0 0
1 0 0 0 0 91 0
2 1 0 0 0 0 0
 ·

2 1 2
5 0 0 0
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91
 =

2 1 2 2 1 1 2
1 0 91 0 0 91 0 0
2 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0
2 1 0 0 0 0 0 0
 ·

2 1 2
2 0 0 0
1 0 0 0
2 0 0 0
2 1 0 0
1 0 0 0
1 0 91 0
2 1 0 91

=
[ 5
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2 1
1 0 0 91
2 1 0 0
]
·

2
2 0
2 1
1 0
 = [ 23 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

·

2 1 2
5 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0
 =

1 1 1 1 1 2 1 2 1
1 1 0 91 0 0 0 91 0 1
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

·

2 1 2
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
2 91 0 0
1 0 91 0
2 91 0 1
1 0 91 0

=
[ 5
6 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 2 2 1
1 0 0 1
2 1 0 0
]
·

2
2 0
2 1
1 0
 = [ 23 0 ]
128.3.2 0→ P (15, 1) f→ P (16, 2) g→ P (16, 1)→ 0 
PdimP (15, 1) + dimP (16, 1) = (3, 6, 8, 5, 2, 5, 2) + (3, 5, 9, 6, 3, 6, 3)
= (6, 11, 17, 11, 5, 11, 5) = dimP (16, 2)
Pdimk Ext
1
kQ(P (16, 1), P (15, 1)) = dimk HomkQ(P (16, 1), P (15, 1))− 〈dimP (16, 1),dimP (15, 1)〉
= 0− 〈(3, 5, 9, 6, 3, 6, 3), (3, 6, 8, 5, 2, 5, 2)〉
= 3 · 6 + 5 · 8 + 6 · 8 + 3 · 5 + 6 · 8 + 3 · 5− (3 · 3 + 5 · 6 + 9 · 8 + 6 · 5 + 3 · 2 + 6 · 5 + 3 · 2)
= 18 + 40 + 48 + 15 + 48 + 15− (9 + 30 + 72 + 30 + 6 + 30 + 6)
= 1
Matrices of the embedding f : P (15, 1)→ P (16, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M17,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (16, 2)→ P (16, 1) P
1. g1 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,17(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M6,11(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M6,11(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (15, 1)→ P (16, 2) P
1. f2 ·MP (15,1)1→2 −MP (16,2)1→2 · f1 = 0
f2 ·MP (15,1)1→2 =
[ 6
6 1
5 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
5 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
5 0

M
P (16,2)
1→2 · f1 =

6
3 0
6 1
2 0
 · [
3
3 1
3 0
]
=

3 3
3 0 0
3 1 0
3 0 1
2 0 0
 ·
[ 3
3 1
3 0
]
=

3
3 0
3 1
3 0
2 0
 =

3
3 0
3 1
5 0

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f2 ·MP (15,1)1→2 −MP (16,2)1→2 · f1 =

3
3 0
3 1
5 0
−

3
3 0
3 1
5 0
 = [ 311 0 ]
2. f3 ·MP (15,1)2→3 −MP (16,2)2→3 · f2 = 0
f3 ·MP (15,1)2→3 =
[ 8
8 1
9 0
]
·
[ 6
2 0
6 1
]
=

2 6
2 1 0
6 0 1
9 0 0
 · [
6
2 0
6 1
]
=

6
2 0
6 1
9 0

M
P (16,2)
2→3 · f2 =

11
2 0
11 1
4 0
 · [
6
6 1
5 0
]
=

6 5
2 0 0
6 1 0
5 0 1
4 0 0
 ·
[ 6
6 1
5 0
]
=

6
2 0
6 1
5 0
4 0
 =

6
2 0
6 1
9 0

f3 ·MP (15,1)2→3 −MP (16,2)2→3 · f2 =

6
2 0
6 1
9 0
−

6
2 0
6 1
9 0
 = [ 617 0 ]
3. f3 ·MP (15,1)4→3 −MP (16,2)4→3 · f4 = 0
f3 ·MP (15,1)4→3 =
[ 8
8 1
9 0
]
·
[ 5
5 1
3 0
]
=

5 3
5 1 0
3 0 1
9 0 0
 · [
5
5 1
3 0
]
=

5
5 1
3 0
9 0
 = [
5
5 1
12 0
]
M
P (16,2)
4→3 · f4 =

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·
[ 5
5 1
6 0
]
=

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

5
5 1
3 0
3 0
 =

5
5 1
3 0
3 0
3 0
3 0
 =
[ 5
5 1
12 0
]
f3 ·MP (15,1)4→3 −MP (16,2)4→3 · f4 =
[ 5
5 1
12 0
]
−
[ 5
5 1
12 0
]
=
[ 5
17 0
]
4. f4 ·MP (15,1)5→4 −MP (16,2)5→4 · f5 = 0
f4 ·MP (15,1)5→4 =
[ 5
5 1
6 0
]
·
[ 2
2 1
3 0
]
=

2 3
2 1 0
3 0 1
6 0 0
 · [
2
2 1
3 0
]
=

2
2 1
3 0
6 0
 = [
2
2 1
9 0
]
M
P (16,2)
5→4 · f5 =

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

·
[ 2
2 1
3 0
]
=

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

·

2
2 1
2 0
1 0
 =

2
2 1
3 0
2 0
1 0
1 0
2 0

=
[ 2
2 1
9 0
]
f4 ·MP (15,1)5→4 −MP (16,2)5→4 · f5 =
[ 2
2 1
9 0
]
−
[ 2
2 1
9 0
]
=
[ 2
11 0
]
5. f3 ·MP (15,1)6→3 −MP (16,2)6→3 · f6 = 0
f3 ·MP (15,1)6→3 =
[ 8
8 1
9 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
2 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
9 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
9 0 0 0

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M
P (16,2)
6→3 · f6 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·
[ 5
5 1
6 0
]
=

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
6 0 0 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
3 0 0 0
6 0 0 0

=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
9 0 0 0

f3 ·MP (15,1)6→3 −MP (16,2)6→3 · f6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
9 0 0 0

−

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
9 0 0 0

=
[ 5
17 0
]
6. f6 ·MP (15,1)7→6 −MP (16,2)7→6 · f7 = 0
f6 ·MP (15,1)7→6 =
[ 5
5 1
6 0
]
·

2
2 1
2 1
1 0
 =

2 2 1
2 1 0 0
2 0 1 0
1 0 0 1
6 0 0 0
 ·

2
2 1
2 1
1 0
 =

2
2 1
2 1
1 0
6 0
 =

2
2 1
2 1
7 0

M
P (16,2)
7→6 · f7 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·
[ 2
2 1
3 0
]
=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·

1 1
1 1 0
1 0 1
2 0 0
1 0 0
 =

1 1
1 1 0
1 0 1
1 1 0
1 0 1
4 0 0
2 0 0
1 0 0

=

2
2 1
2 1
7 0

f6 ·MP (15,1)7→6 −MP (16,2)7→6 · f7 =

2
2 1
2 1
7 0
−

2
2 1
2 1
7 0
 = [ 211 0 ]
Relations of the projection g : P (16, 2)→ P (16, 1) P
1. g2 ·MP (16,2)1→2 −MP (16,1)1→2 · g1 = 0
g2 ·MP (16,2)1→2 =
[ 6 5
5 0 1
]
·

6
3 0
6 1
2 0
 = [
3 3 3 2
3 0 0 1 0
2 0 0 0 1
]
·

3 3
3 0 0
3 1 0
3 0 1
2 0 0
 =
[ 3 3
3 0 1
2 0 0
]
M
P (16,1)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
2 0 0
]
g2 ·MP (16,2)1→2 −MP (16,1)1→2 · g1 =
[ 3 3
3 0 1
2 0 0
]
−
[ 3 3
3 0 1
2 0 0
]
=
[ 6
5 0
]
2. g3 ·MP (16,2)2→3 −MP (16,1)2→3 · g2 = 0
g3 ·MP (16,2)2→3 =
[ 8 9
9 0 1
]
·

11
2 0
11 1
4 0
 = [
2 6 5 4
5 0 0 1 0
4 0 0 0 1
]
·

6 5
2 0 0
6 1 0
5 0 1
4 0 0
 =
[ 6 5
5 0 1
4 0 0
]
M
P (16,1)
2→3 · g2 =
[ 5
5 1
4 0
]
·
[ 6 5
5 0 1
]
=
[ 6 5
5 0 1
4 0 0
]
g3 ·MP (16,2)2→3 −MP (16,1)2→3 · g2 =
[ 6 5
5 0 1
4 0 0
]
−
[ 6 5
5 0 1
4 0 0
]
=
[11
9 0
]
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3. g3 ·MP (16,2)4→3 −MP (16,1)4→3 · g4 = 0
g3 ·MP (16,2)4→3 =
[ 8 9
9 0 1
]
·

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

5 3 3 3 3
3 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 1
 ·

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

5 3 3
3 0 1 0
3 0 1 1
3 0 0 1

M
P (16,1)
4→3 · g4 =

3 3
3 1 0
3 1 1
3 0 1
 · [ 5 66 0 1 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
5 3 3
3 0 1 0
3 0 0 1
]
=

5 3 3
3 0 1 0
3 0 1 1
3 0 0 1

g3 ·MP (16,2)4→3 −MP (16,1)4→3 · g4 =

5 3 3
3 0 1 0
3 0 1 1
3 0 0 1
−

5 3 3
3 0 1 0
3 0 1 1
3 0 0 1
 = [119 0 ]
4. g4 ·MP (16,2)5→4 −MP (16,1)5→4 · g5 = 0
g4 ·MP (16,2)5→4 =
[ 5 6
6 0 1
]
·

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

=

2 3 2 1 1 2
2 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

=

2 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

M
P (16,1)
5→4 · g5 =

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
[ 2 3
3 0 1
]
=

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
[ 2 2 1
2 0 1 0
1 0 0 1
]
=

2 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

g4 ·MP (16,2)5→4 −MP (16,1)5→4 · g5 =

2 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0
−

2 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0
 =
[ 5
6 0
]
5. g3 ·MP (16,2)6→3 −MP (16,1)6→3 · g6 = 0
g3 ·MP (16,2)6→3 =
[ 8 9
9 0 1
]
·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=
[ 2 1 2 1 2 3 6
3 0 0 0 0 0 1 0
6 0 0 0 0 0 0 1
]
·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=
[ 2 1 2 6
3 0 0 0 0
6 0 0 0 1
]
=
[ 5 6
3 0 0
6 0 1
]
M
P (16,1)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[ 5 6
6 0 1
]
=
[ 5 6
3 0 0
6 0 1
]
g3 ·MP (16,2)6→3 −MP (16,1)6→3 · g6 =
[ 5 6
3 0 0
6 0 1
]
−
[ 5 6
3 0 0
6 0 1
]
=
[11
9 0
]
6. g6 ·MP (16,2)7→6 −MP (16,1)7→6 · g7 = 0
g6 ·MP (16,2)7→6 =
[ 5 6
6 0 1
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=

1 1 1 1 1 3 2 1
3 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
1 0 0 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
 = [
2 3
3 0 0
3 0 1
]
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M
P (16,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 0
3 0 1
]
g6 ·MP (16,2)7→6 −MP (16,1)7→6 · g7 =
[ 2 3
3 0 0
3 0 1
]
−
[ 2 3
3 0 0
3 0 1
]
=
[ 5
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 5
5 0 1
]
·
[ 6
6 1
5 0
]
=
[ 6
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 9
9 0 1
]
·
[ 8
8 1
9 0
]
=
[ 8
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 6
6 0 1
]
·
[ 5
5 1
6 0
]
=
[ 5
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 6
6 0 1
]
·
[ 5
5 1
6 0
]
=
[ 5
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
128.4 Tree module property of P (22, 2) 
The matrices of the representation have full (column) rank P
1. MP (22,2)1→2 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) is already in column echelon form and has maximal column rank.
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2. MP (22,2)2→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k) is already in column echelon form and has maximal column rank.
3. MP (22,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k) is already in column echelon form and has maximal column rank.
4. MP (22,2)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
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5. MP (22,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k) is already in column echelon form and has maximal column rank.
6. MP (22,2)7→6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 1
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (22,2)
7→6 =

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

c3↔c4−−−−→

1 2 1 3
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
5 0 0 0 0
3 0 0 0 1
1 0 0 1 0

128.4.1 0→ P (19, 1) f→ P (22, 2) g→ P (24, 1)→ 0 
PdimP (19, 1) + dimP (24, 1) = (3, 6, 10, 7, 3, 7, 3) + (5, 9, 13, 8, 4, 8, 4)
= (8, 15, 23, 15, 7, 15, 7) = dimP (22, 2)
Pdimk Ext
1
kQ(P (24, 1), P (19, 1)) = dimk HomkQ(P (24, 1), P (19, 1))− 〈dimP (24, 1),dimP (19, 1)〉
= 0− 〈(5, 9, 13, 8, 4, 8, 4), (3, 6, 10, 7, 3, 7, 3)〉
= 5 · 6 + 9 · 10 + 8 · 10 + 4 · 7 + 8 · 10 + 4 · 7− (5 · 3 + 9 · 6 + 13 · 10 + 8 · 7 + 4 · 3 + 8 · 7 + 4 · 3)
= 30 + 90 + 80 + 28 + 80 + 28− (15 + 54 + 130 + 56 + 12 + 56 + 12)
= 1
Matrices of the embedding f : P (19, 1)→ P (22, 2) P
1. f1 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91

∈M15,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

∈M23,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

∈M15,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1
0 0 0 91 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (22, 2)→ P (24, 1) P
1. g1 =

1 0 0 0 0 0 0 91
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 0 0 0 1 0 0 0 0 0 0 91 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0

∈M9,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0

r4←r4−r1−−−−−−→

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 91 0 0 1 0
3 0 91 0 0 0 0 0

r5←r5−r2−−−−−−→

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 91 0 0 1 0
3 0 0 0 91 0 0 0

r3↔r4−−−−→

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 91 0 0 1 0
1 0 0 0 0 0 91 0
3 0 0 0 91 0 0 0

r4↔r5−−−−→

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 91 0 0 1 0
3 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0

3. g3 =

0 0 0 91 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M13,23(k) can be brought to row echelon form (as shown below) and has maximal
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row rank.
g3 =

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

r6←r6−r1
r7←r7−r1
r11←r11−r1−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 91 1 0 0 0 91 0 0 0 0 0 91 0 1
1 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

r2↔r3−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 91 1 0 0 0 91 0 0 0 0 0 91 0 1
1 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

r7←r7−r2
r8←r8−r2
r12←r12−r2−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 91 1 0 0 0 91 0 0 0 0 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

r3↔r4−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 91 1 0 0 0 91 0 0 0 0 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

r8←r8−r3
r9←r9−r3
r13←r13−r3−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 91 1 0 0 0 91 0 0 0 0 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0

r6←r6−r4−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0

r5↔r6−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0

r11←r11−r5−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0

r6↔r7−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0

r12←r12−r6−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0

r7↔r8−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0

r13←r13−r7−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

r8↔r11−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

r9↔r12−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

r10↔r13−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1

r11↔r12−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 1 0 91 0 1
1 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1

4. g4 =

0 0 0 91 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M8,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

3 1 3 3 1 4
1 0 91 0 0 91 0
3 1 0 91 0 0 0
1 0 0 0 0 91 0
3 1 0 0 0 0 0
 r1↔r2−−−−→

3 1 3 3 1 4
3 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
3 1 0 0 0 0 0
 r4←r4−r1−−−−−−→

3 1 3 3 1 4
3 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
3 0 0 1 0 0 0
 r3↔r4−−−−→

3 1 3 3 1 4
3 1 0 91 0 0 0
1 0 91 0 0 91 0
3 0 0 1 0 0 0
1 0 0 0 0 91 0

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5. g5 =

0 0 0 0 0 0 91
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3 3 1
1 0 0 91
3 1 0 0
]
r1↔r2−−−−→
[ 3 3 1
3 1 0 0
1 0 0 91
]
6. g6 =

1 0 0 91 0 0 0 0 0 0 91 0 0 0 1
0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M8,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

r5←r5−r1−−−−−−→

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 0 0 1 0 0 0 1 0 91
2 0 1 0 0 0 0 0 0 0

r6←r6−r2−−−−−−→

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 0 0 1 0 0 0 1 0 91
2 0 0 0 1 0 0 0 0 0

r3↔r5−−−−→

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 1 0 91
1 0 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 0 0 0
2 0 0 0 1 0 0 0 0 0

r4↔r6−−−−→

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 1 0 91
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1

7. g7 =

0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 3 3 1
1 0 0 1
3 1 0 0
]
r1↔r2−−−−→
[ 3 3 1
3 1 0 0
1 0 0 1
]
Relations of the embedding f : P (19, 1)→ P (22, 2) P
1. f2 ·MP (19,1)1→2 −MP (22,2)1→2 · f1 = 0
f2 ·MP (19,1)1→2 =

3 3
8 0 0
3 1 0
1 0 0
3 1 91
 ·
[ 3
3 1
3 1
]
=

3
8 0
3 1
1 0
3 0
 =

3
8 0
3 1
4 0

M
P (22,2)
1→2 · f1 =

8
4 0
8 1
3 0
 ·

3
4 0
3 1
1 0
 =

4 3 1
4 0 0 0
4 1 0 0
3 0 1 0
1 0 0 1
3 0 0 0
 ·

3
4 0
3 1
1 0
 =

3
4 0
4 0
3 1
1 0
3 0
 =

3
8 0
3 1
4 0

f2 ·MP (19,1)1→2 −MP (22,2)1→2 · f1 =

3
8 0
3 1
4 0
−

3
8 0
3 1
4 0
 = [ 315 0 ]
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2. f3 ·MP (19,1)2→3 −MP (22,2)2→3 · f2 = 0
f3 ·MP (19,1)2→3 =

1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 0 91 0 0 0 1
1 0 0 1 0 0 0 91 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1

=

1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 0 91 0 0 0 1
1 0 0 1 0 0 0 91 0 0 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 1 1 1 1 1
11 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 0 0
1 1 0 0 91 0 0
1 0 1 0 0 91 0
1 0 0 1 0 0 91
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

3 3
11 0 0
3 1 0
1 0 0
3 1 91
5 0 0

M
P (22,2)
2→3 · f2 =

15
3 0
15 1
5 0
 ·

3 3
8 0 0
3 1 0
1 0 0
3 1 91
 =

8 3 1 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
5 0 0 0 0

·

3 3
8 0 0
3 1 0
1 0 0
3 1 91
 =

3 3
3 0 0
8 0 0
3 1 0
1 0 0
3 1 91
5 0 0

=

3 3
11 0 0
3 1 0
1 0 0
3 1 91
5 0 0

f3 ·MP (19,1)2→3 −MP (22,2)2→3 · f2 =

3 3
11 0 0
3 1 0
1 0 0
3 1 91
5 0 0
−

3 3
11 0 0
3 1 0
1 0 0
3 1 91
5 0 0
 =
[ 6
23 0
]
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3. f3 ·MP (19,1)4→3 −MP (22,2)4→3 · f4 = 0
f3 ·MP (19,1)4→3 =

1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 0 91 0 0 0 1
1 0 0 1 0 0 0 91 0 0 0

·
[ 7
7 1
3 0
]
=

1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 0 91 0 0 0 1
1 0 0 1 0 0 0 91 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91

M
P (22,2)
4→3 · f4 =

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1
 ·

3 1 3
7 0 0 0
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =

7 1 1 1 1 1 1 1 1
7 1 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0
1 0 0 0 0 1 0 0 0 1
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1
7 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91

=

1 1 1 1 1 1 1
7 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91

=

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91

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f3 ·MP (19,1)4→3 −MP (22,2)4→3 · f4 =

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91

−

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91

=
[ 7
23 0
]
4. f4 ·MP (19,1)5→4 −MP (22,2)5→4 · f5 = 0
f4 ·MP (19,1)5→4 =

3 1 3
7 0 0 0
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 ·
[ 3
3 1
4 0
]
=

3 1 3
7 0 0 0
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 ·

3
3 1
1 0
3 0
 =

3
7 0
3 1
1 0
1 0
3 1
 =

3
7 0
3 1
2 0
3 1

M
P (22,2)
5→4 · f5 =

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

·

3
3 0
3 1
1 0
 =

3
3 0
4 0
3 1
1 0
1 0
3 1

=

3
7 0
3 1
2 0
3 1

f4 ·MP (19,1)5→4 −MP (22,2)5→4 · f5 =

3
7 0
3 1
2 0
3 1
−

3
7 0
3 1
2 0
3 1
 =
[ 3
15 0
]
5. f3 ·MP (19,1)6→3 −MP (22,2)6→3 · f6 = 0
f3 ·MP (19,1)6→3 =

1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 0 91 0 0 0 1
1 0 0 1 0 0 0 91 0 0 0

·
[ 7
3 0
7 1
]
=

1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 0 91 0 0 0 1
1 0 0 1 0 0 0 91 0 0 0

·

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0
1 0 91 0 0 0 1 0
1 0 0 91 0 0 0 1
1 0 0 0 91 0 0 0

=

3 1 3
15 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

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M
P (22,2)
6→3 · f6 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

·

3 1 3
7 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =

3 1 3 3 1 3 1
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
4 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

3 1 3
3 0 0 0
1 0 0 0
3 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

=

3 1 3
3 0 0 0
1 0 0 0
3 0 0 0
1 0 0 0
3 0 0 0
4 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

=

3 1 3
15 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

f3 ·MP (19,1)6→3 −MP (22,2)6→3 · f6 =

3 1 3
15 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
−

3 1 3
15 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =
[ 7
23 0
]
6. f6 ·MP (19,1)7→6 −MP (22,2)7→6 · f7 = 0
f6 ·MP (19,1)7→6 =

3 1 3
7 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 ·
[ 3
4 0
3 1
]
=

3 1 3
7 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 ·

3
3 0
1 0
3 1
 =

3
7 0
3 0
1 0
3 1
1 0
 =

3
11 0
3 1
1 0

M
P (22,2)
7→6 · f7 =

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·

3
3 0
3 1
1 0
 =

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·

3
1 0
2 0
3 1
1 0
 =

3
1 0
2 0
1 0
2 0
5 0
3 1
1 0

=

3
11 0
3 1
1 0

f6 ·MP (19,1)7→6 −MP (22,2)7→6 · f7 =

3
11 0
3 1
1 0
−

3
11 0
3 1
1 0
 = [ 315 0 ]
Relations of the projection g : P (22, 2)→ P (24, 1) P
1. g2 ·MP (22,2)1→2 −MP (24,1)1→2 · g1 = 0
g2 ·MP (22,2)1→2 =

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
 ·

8
4 0
8 1
3 0
 =

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
 ·

1 3 3 1
1 0 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0

=

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
1 0 0 0 0
3 0 0 0 0
 =

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
4 0 0 0 0

M
P (24,1)
1→2 · g1 =
[ 5
5 1
4 0
]
·

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
 =

1 3 1
1 1 0 0
3 0 1 0
1 0 0 1
4 0 0 0
 ·

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
 =

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
4 0 0 0 0

g2 ·MP (22,2)1→2 −MP (24,1)1→2 · g1 =

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
4 0 0 0 0
−

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
4 0 0 0 0
 =
[ 8
9 0
]
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2. g3 ·MP (22,2)2→3 −MP (24,1)2→3 · g2 = 0
g3 ·MP (22,2)2→3 =

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

15
3 0
15 1
5 0

=

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 3 1 3
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 3 1 3
1 91 0 0 0 1 0 0 0 0 91 0
1 0 91 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
4 0 0 0 0 0 0 0

M
P (24,1)
2→3 ·g2 =
[ 9
9 1
4 0
]
·

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
=

1 3 1 1 3
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
4 0 0 0 0 0

·

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
=

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
4 0 0 0 0 0 0 0

g3 ·MP (22,2)2→3 −MP (24,1)2→3 · g2 =

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
4 0 0 0 0 0 0 0

−

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
4 0 0 0 0 0 0 0

=
[15
13 0
]
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3. g3 ·MP (22,2)4→3 −MP (24,1)4→3 · g4 = 0
g3 ·MP (22,2)4→3 =

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 3 1 3 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 0 0 1 0 1
3 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 3 1 3 1
1 0 0 0 91 0 0 0 0 91 0 0
1 1 0 0 0 91 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 1 0 0 91 0 0 0 0 91 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 3 1 4
1 0 0 0 91 0 0 0 0 91 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 91 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0

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M
P (24,1)
4→3 · g4 =

3 2 3
3 1 0 0
2 0 1 0
3 1 0 1
2 0 1 0
3 0 0 1
 ·

3 1 3 3 1 4
1 0 91 0 0 91 0
3 1 0 91 0 0 0
1 0 0 0 0 91 0
3 1 0 0 0 0 0
 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 3 1 4
1 0 0 0 91 0 0 0 0 91 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 3 1 4
1 0 0 0 91 0 0 0 0 91 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 91 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0

g3 ·MP (22,2)4→3 −MP (24,1)4→3 · g4 =

1 1 1 1 1 1 1 3 1 4
1 0 0 0 91 0 0 0 0 91 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 91 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1 3 1 4
1 0 0 0 91 0 0 0 0 91 0
1 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 91 0 0 0 0 91 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0

=
[15
13 0
]
4. g4 ·MP (22,2)5→4 −MP (24,1)5→4 · g5 = 0
g4 ·MP (22,2)5→4 =

3 1 3 3 1 4
1 0 91 0 0 91 0
3 1 0 91 0 0 0
1 0 0 0 0 91 0
3 1 0 0 0 0 0
 ·

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

=

3 1 3 3 1 1 3
1 0 91 0 0 91 0 0
3 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0
3 1 0 0 0 0 0 0
 ·

3 3 1
3 1 0 0
1 0 0 0
3 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

=

3 3 1
1 0 0 91
3 1 0 0
1 0 0 91
3 1 0 0

M
P (24,1)
5→4 · g5 =
[ 4
4 1
4 1
]
·
[ 3 3 1
1 0 0 91
3 1 0 0
]
=

1 3
1 1 0
3 0 1
1 1 0
3 0 1
 ·
[ 3 3 1
1 0 0 91
3 1 0 0
]
=

3 3 1
1 0 0 91
3 1 0 0
1 0 0 91
3 1 0 0

g4 ·MP (22,2)5→4 −MP (24,1)5→4 · g5 =

3 3 1
1 0 0 91
3 1 0 0
1 0 0 91
3 1 0 0
−

3 3 1
1 0 0 91
3 1 0 0
1 0 0 91
3 1 0 0
 =
[ 7
8 0
]
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5. g3 ·MP (22,2)6→3 −MP (24,1)6→3 · g6 = 0
g3 ·MP (22,2)6→3 =

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 3 1 3 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 1 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 3 1 3 1
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 91 0 1
1 0 1 0 0 91 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

=

1 2 1 2 1 3 1 3 1
5 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

M
P (24,1)
6→3 · g6 =
[ 8
5 0
8 1
]
·

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

=

1 2 1 1 1 2
5 0 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

=

1 2 1 2 1 3 1 3 1
5 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

1140
g3 ·MP (22,2)6→3 −MP (24,1)6→3 · g6 =

1 2 1 2 1 3 1 3 1
5 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

−

1 2 1 2 1 3 1 3 1
5 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

=
[15
13 0
]
6. g6 ·MP (22,2)7→6 −MP (24,1)7→6 · g7 = 0
g6 ·MP (22,2)7→6 =

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

·

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

·

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
1 0 0 0 0
3 0 0 0 0
1 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=

1 2 3 1
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 1 0 0 0
2 0 1 0 0

=

3 3 1
4 0 0 0
1 0 0 1
3 1 0 0

M
P (24,1)
7→6 · g7 =
[ 4
4 0
4 1
]
·
[ 3 3 1
1 0 0 1
3 1 0 0
]
=

1 3
4 0 0
1 1 0
3 0 1
 · [
3 3 1
1 0 0 1
3 1 0 0
]
=

3 3 1
4 0 0 0
1 0 0 1
3 1 0 0

g6 ·MP (22,2)7→6 −MP (24,1)7→6 · g7 =

3 3 1
4 0 0 0
1 0 0 1
3 1 0 0
−

3 3 1
4 0 0 0
1 0 0 1
3 1 0 0
 = [ 78 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
 ·

3
4 0
3 1
1 0
 =

1 3 3 1
1 1 0 0 91
3 0 1 0 0
1 0 0 0 91
 ·

3
1 0
3 0
3 1
1 0
 =
[ 3
5 0
]
2. g2 · f2 = 0
g2 · f2 =

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
 ·

3 3
8 0 0
3 1 0
1 0 0
3 1 91
 =

1 3 1 3 3 1 3
1 91 0 1 0 0 91 0
3 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
3 0 91 0 0 0 0 0
 ·

3 3
1 0 0
3 0 0
1 0 0
3 0 0
3 1 0
1 0 0
3 1 91

=
[ 6
9 0
]
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3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 1
1 0 0 0 91 0 0 0 1 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0
1 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 0 91 0 0 0 1
1 0 0 1 0 0 0 91 0 0 0

=

0 0 0 91 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1
0 0 1 0 0 0 91 0 0 0

=
[10
13 0
]
4. g4 · f4 = 0
g4 · f4 =

3 1 3 3 1 4
1 0 91 0 0 91 0
3 1 0 91 0 0 0
1 0 0 0 0 91 0
3 1 0 0 0 0 0
 ·

3 1 3
7 0 0 0
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91
 =

3 1 3 3 1 1 3
1 0 91 0 0 91 0 0
3 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0
3 1 0 0 0 0 0 0
 ·

3 1 3
3 0 0 0
1 0 0 0
3 0 0 0
3 1 0 0
1 0 0 0
1 0 91 0
3 1 0 91

=
[ 7
8 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3 1
1 0 0 91
3 1 0 0
]
·

3
3 0
3 1
1 0
 = [ 34 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

·

3 1 3
7 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0
 =

1 2 1 2 1 3 1 3 1
1 1 0 91 0 0 0 91 0 1
2 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0

·

3 1 3
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
3 91 0 0
1 0 91 0
3 91 0 1
1 0 91 0

=
[ 7
8 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 3 3 1
1 0 0 1
3 1 0 0
]
·

3
3 0
3 1
1 0
 = [ 34 0 ]
128.4.2 0→ P (21, 1) f→ P (22, 2) g→ P (22, 1)→ 0 
PdimP (21, 1) + dimP (22, 1) = (4, 8, 11, 7, 3, 7, 3) + (4, 7, 12, 8, 4, 8, 4)
= (8, 15, 23, 15, 7, 15, 7) = dimP (22, 2)
Pdimk Ext
1
kQ(P (22, 1), P (21, 1)) = dimk HomkQ(P (22, 1), P (21, 1))− 〈dimP (22, 1),dimP (21, 1)〉
= 0− 〈(4, 7, 12, 8, 4, 8, 4), (4, 8, 11, 7, 3, 7, 3)〉
= 4 · 8 + 7 · 11 + 8 · 11 + 4 · 7 + 8 · 11 + 4 · 7− (4 · 4 + 7 · 8 + 12 · 11 + 8 · 7 + 4 · 3 + 8 · 7 + 4 · 3)
= 32 + 77 + 88 + 28 + 88 + 28− (16 + 56 + 132 + 56 + 12 + 56 + 12)
= 1
Matrices of the embedding f : P (21, 1)→ P (22, 2) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M23,11(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (22, 2)→ P (22, 1) P
1. g1 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M12,23(k) is already in row echelon form and has maximal row rank.
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4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,15(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,15(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (21, 1)→ P (22, 2) P
1. f2 ·MP (21,1)1→2 −MP (22,2)1→2 · f1 = 0
f2 ·MP (21,1)1→2 =
[ 8
8 1
7 0
]
·
[ 4
4 0
4 1
]
=

4 4
4 1 0
4 0 1
7 0 0
 · [
4
4 0
4 1
]
=

4
4 0
4 1
7 0

M
P (22,2)
1→2 · f1 =

8
4 0
8 1
3 0
 · [
4
4 1
4 0
]
=

4 4
4 0 0
4 1 0
4 0 1
3 0 0
 ·
[ 4
4 1
4 0
]
=

4
4 0
4 1
4 0
3 0
 =

4
4 0
4 1
7 0

f2 ·MP (21,1)1→2 −MP (22,2)1→2 · f1 =

4
4 0
4 1
7 0
−

4
4 0
4 1
7 0
 = [ 415 0 ]
2. f3 ·MP (21,1)2→3 −MP (22,2)2→3 · f2 = 0
f3 ·MP (21,1)2→3 =
[11
11 1
12 0
]
·
[ 8
3 0
8 1
]
=

3 8
3 1 0
8 0 1
12 0 0
 · [
8
3 0
8 1
]
=

8
3 0
8 1
12 0

M
P (22,2)
2→3 · f2 =

15
3 0
15 1
5 0
 · [
8
8 1
7 0
]
=

8 7
3 0 0
8 1 0
7 0 1
5 0 0
 ·
[ 8
8 1
7 0
]
=

8
3 0
8 1
7 0
5 0
 =

8
3 0
8 1
12 0

f3 ·MP (21,1)2→3 −MP (22,2)2→3 · f2 =

8
3 0
8 1
12 0
−

8
3 0
8 1
12 0
 = [ 823 0 ]
3. f3 ·MP (21,1)4→3 −MP (22,2)4→3 · f4 = 0
f3 ·MP (21,1)4→3 =
[11
11 1
12 0
]
·
[ 7
7 1
4 0
]
=

7 4
7 1 0
4 0 1
12 0 0
 · [
7
7 1
4 0
]
=

7
7 1
4 0
12 0
 = [
7
7 1
16 0
]
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M
P (22,2)
4→3 · f4 =

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1
 ·
[ 7
7 1
8 0
]
=

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1
 ·

7
7 1
4 0
4 0
 =

7
7 1
4 0
4 0
4 0
4 0
 =
[ 7
7 1
16 0
]
f3 ·MP (21,1)4→3 −MP (22,2)4→3 · f4 =
[ 7
7 1
16 0
]
−
[ 7
7 1
16 0
]
=
[ 7
23 0
]
4. f4 ·MP (21,1)5→4 −MP (22,2)5→4 · f5 = 0
f4 ·MP (21,1)5→4 =
[ 7
7 1
8 0
]
·
[ 3
3 1
4 0
]
=

3 4
3 1 0
4 0 1
8 0 0
 · [
3
3 1
4 0
]
=

3
3 1
4 0
8 0
 = [
3
3 1
12 0
]
M
P (22,2)
5→4 · f5 =

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

·
[ 3
3 1
4 0
]
=

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

·

3
3 1
3 0
1 0
 =

3
3 1
4 0
3 0
1 0
1 0
3 0

=
[ 3
3 1
12 0
]
f4 ·MP (21,1)5→4 −MP (22,2)5→4 · f5 =
[ 3
3 1
12 0
]
−
[ 3
3 1
12 0
]
=
[ 3
15 0
]
5. f3 ·MP (21,1)6→3 −MP (22,2)6→3 · f6 = 0
f3 ·MP (21,1)6→3 =
[11
11 1
12 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3 1 3
3 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
12 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
12 0 0 0

M
P (22,2)
6→3 · f6 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

·
[ 7
7 1
8 0
]
=

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
8 0 0 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
4 0 0 0
8 0 0 0

=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
12 0 0 0

f3 ·MP (21,1)6→3 −MP (22,2)6→3 · f6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
12 0 0 0

−

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
12 0 0 0

=
[ 7
23 0
]
6. f6 ·MP (21,1)7→6 −MP (22,2)7→6 · f7 = 0
f6 ·MP (21,1)7→6 =
[ 7
7 1
8 0
]
·

3
3 1
3 1
1 0
 =

3 3 1
3 1 0 0
3 0 1 0
1 0 0 1
8 0 0 0
 ·

3
3 1
3 1
1 0
 =

3
3 1
3 1
1 0
8 0
 =

3
3 1
3 1
9 0

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M
P (22,2)
7→6 · f7 =

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·
[ 3
3 1
4 0
]
=

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·

1 2
1 1 0
2 0 1
3 0 0
1 0 0
 =

1 2
1 1 0
2 0 1
1 1 0
2 0 1
5 0 0
3 0 0
1 0 0

=

3
3 1
3 1
9 0

f6 ·MP (21,1)7→6 −MP (22,2)7→6 · f7 =

3
3 1
3 1
9 0
−

3
3 1
3 1
9 0
 = [ 315 0 ]
Relations of the projection g : P (22, 2)→ P (22, 1) P
1. g2 ·MP (22,2)1→2 −MP (22,1)1→2 · g1 = 0
g2 ·MP (22,2)1→2 =
[ 8 7
7 0 1
]
·

8
4 0
8 1
3 0
 = [
4 4 4 3
4 0 0 1 0
3 0 0 0 1
]
·

4 4
4 0 0
4 1 0
4 0 1
3 0 0
 =
[ 4 4
4 0 1
3 0 0
]
M
P (22,1)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 4 4
4 0 1
]
=
[ 4 4
4 0 1
3 0 0
]
g2 ·MP (22,2)1→2 −MP (22,1)1→2 · g1 =
[ 4 4
4 0 1
3 0 0
]
−
[ 4 4
4 0 1
3 0 0
]
=
[ 8
7 0
]
2. g3 ·MP (22,2)2→3 −MP (22,1)2→3 · g2 = 0
g3 ·MP (22,2)2→3 =
[11 12
12 0 1
]
·

15
3 0
15 1
5 0
 = [
3 8 7 5
7 0 0 1 0
5 0 0 0 1
]
·

8 7
3 0 0
8 1 0
7 0 1
5 0 0
 =
[ 8 7
7 0 1
5 0 0
]
M
P (22,1)
2→3 · g2 =
[ 7
7 1
5 0
]
·
[ 8 7
7 0 1
]
=
[ 8 7
7 0 1
5 0 0
]
g3 ·MP (22,2)2→3 −MP (22,1)2→3 · g2 =
[ 8 7
7 0 1
5 0 0
]
−
[ 8 7
7 0 1
5 0 0
]
=
[15
12 0
]
3. g3 ·MP (22,2)4→3 −MP (22,1)4→3 · g4 = 0
g3 ·MP (22,2)4→3 =
[11 12
12 0 1
]
·

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1
 =

7 4 4 4 4
4 0 0 1 0 0
4 0 0 0 1 0
4 0 0 0 0 1
 ·

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1
 =

7 4 4
4 0 1 0
4 0 1 1
4 0 0 1

M
P (22,1)
4→3 · g4 =

4 4
4 1 0
4 1 1
4 0 1
 · [ 7 88 0 1 ] =

4 4
4 1 0
4 1 1
4 0 1
 · [
7 4 4
4 0 1 0
4 0 0 1
]
=

7 4 4
4 0 1 0
4 0 1 1
4 0 0 1

g3 ·MP (22,2)4→3 −MP (22,1)4→3 · g4 =

7 4 4
4 0 1 0
4 0 1 1
4 0 0 1
−

7 4 4
4 0 1 0
4 0 1 1
4 0 0 1
 = [1512 0 ]
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4. g4 ·MP (22,2)5→4 −MP (22,1)5→4 · g5 = 0
g4 ·MP (22,2)5→4 =
[ 7 8
8 0 1
]
·

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

=

3 4 3 1 1 3
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

=

3 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

M
P (22,1)
5→4 · g5 =

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·
[ 3 4
4 0 1
]
=

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·
[ 3 3 1
3 0 1 0
1 0 0 1
]
=

3 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

g4 ·MP (22,2)5→4 −MP (22,1)5→4 · g5 =

3 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0
−

3 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0
 =
[ 7
8 0
]
5. g3 ·MP (22,2)6→3 −MP (22,1)6→3 · g6 = 0
g3 ·MP (22,2)6→3 =
[11 12
12 0 1
]
·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

=
[ 3 1 3 1 3 4 8
4 0 0 0 0 0 1 0
8 0 0 0 0 0 0 1
]
·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

=
[ 3 1 3 8
4 0 0 0 0
8 0 0 0 1
]
=
[ 7 8
4 0 0
8 0 1
]
M
P (22,1)
6→3 · g6 =
[ 8
4 0
8 1
]
·
[ 7 8
8 0 1
]
=
[ 7 8
4 0 0
8 0 1
]
g3 ·MP (22,2)6→3 −MP (22,1)6→3 · g6 =
[ 7 8
4 0 0
8 0 1
]
−
[ 7 8
4 0 0
8 0 1
]
=
[15
12 0
]
6. g6 ·MP (22,2)7→6 −MP (22,1)7→6 · g7 = 0
g6 ·MP (22,2)7→6 =
[ 7 8
8 0 1
]
·

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=

1 2 1 2 1 4 3 1
4 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
1 0 0 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=

1 2 3 1
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
 = [
3 4
4 0 0
4 0 1
]
M
P (22,1)
7→6 · g7 =
[ 4
4 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 0
4 0 1
]
g6 ·MP (22,2)7→6 −MP (22,1)7→6 · g7 =
[ 3 4
4 0 0
4 0 1
]
−
[ 3 4
4 0 0
4 0 1
]
=
[ 7
8 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 8 7
7 0 1
]
·
[ 8
8 1
7 0
]
=
[ 8
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 12
12 0 1
]
·
[11
11 1
12 0
]
=
[11
12 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 8
8 0 1
]
·
[ 7
7 1
8 0
]
=
[ 7
8 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 8
8 0 1
]
·
[ 7
7 1
8 0
]
=
[ 7
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
128.5 Tree module property of P (6n+ 4, 2) 
The matrices of the representation have full (column) rank P
1. MP (6n+4,2)1→2 =

2n+2
n+1 0
2n+2 1
n 0
 ∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
2. MP (6n+4,2)2→3 =

4n+3
n 0
4n+3 1
n+2 0
 ∈M6n+5,4n+3(k) is already in column echelon form and has maximal column rank.
3. MP (6n+4,2)4→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]
∈M6n+5,4n+3(k) is already in column echelon form and has maximal column rank.
4. MP (6n+4,2)5→4 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
5. MP (6n+4,2)6→3 =

2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0
 ∈M6n+5,4n+3(k) is already in column echelon form and has maximal column rank.
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6. MP (6n+4,2)7→6 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

∈M4n+3,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+4,2)
7→6 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

c3↔c4−−−−→

1 n−1 1 n
1 1 0 0 0
n−1 0 1 0 0
1 1 0 1 0
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 0 1
1 0 0 1 0

128.5.1 0→ P (6n+ 1, 1) f→ P (6n+ 4, 2) g→ P (6n+ 6, 1)→ 0 
PdimP (6n+ 1, 1) + dimP (6n+ 6, 1) = (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n) + (n+ 2, 2n+ 3, 3n+ 4, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
= (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 3, 2n+ 1, 4n+ 3, 2n+ 1) = dimP (6n+ 4, 2)
Pdimk Ext
1
kQ(P (6n+ 6, 1), P (6n+ 1, 1)) = dimk HomkQ(P (6n+ 6, 1), P (6n+ 1, 1))− 〈dimP (6n+ 6, 1),dimP (6n+ 1, 1)〉
= 0− 〈(n+ 2, 2n+ 3, 3n+ 4, 2n+ 2, n+ 1, 2n+ 2, n+ 1), (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n)〉
= (n+ 2) · 2n+ (2n+ 3) · (3n+ 1) + (2n+ 2) · (3n+ 1) + (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 1) + (n+ 1) · (2n+ 1)
− ((n+ 2) · n+ (2n+ 3) · 2n+ (3n+ 4) · (3n+ 1) + (2n+ 2) · (2n+ 1) + (n+ 1) · n+ (2n+ 2) · (2n+ 1) + (n+ 1) · n)
= 2n2 + 4n+ 6n2 + 11n+ 3 + 6n2 + 8n+ 2 + 2n2 + 3n+ 1 + 6n2 + 8n+ 2 + 2n2 + 3n+ 1
− (n2 + 2n+ 4n2 + 6n+ 9n2 + 15n+ 4 + 4n2 + 6n+ 2 + n2 + n+ 4n2 + 6n+ 2 + n2 + n)
= 1
Representation of P (6n+ 6, 1) = P (6n, 1)[n 7→ n+ 1] 
Dimension vector: dimP (6n+ 6, 1) = (n+ 2, 2n+ 3, 3n+ 4, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. MP (6n+6,1)1→2 =
[n+2
n+2 1
n+1 0
]
∈M2n+3,n+2(k)
2. MP (6n+6,1)2→3 =
[2n+3
2n+3 1
n+1 0
]
∈M3n+4,2n+3(k)
3. MP (6n+6,1)4→3 =
[2n+2
2n+2 1
n+2 0
]
+
[2n+2
n+2 0
2n+2 1
]
∈M3n+4,2n+2(k)
4. MP (6n+6,1)5→4 =
[n+1
n+1 1
n+1 1
]
∈M2n+2,n+1(k)
5. MP (6n+6,1)6→3 =
[2n+2
n+2 0
2n+2 1
]
∈M3n+4,2n+2(k)
6. MP (6n+6,1)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
Matrices of the embedding f : P (6n+ 1, 1)→ P (6n+ 4, 2) P
1. f1 =

n
n+1 0
n 1
1 0
 ∈M2n+2,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n
2n+2 0 0
n 1 0
1 0 0
n 1 91
 ∈M4n+3,2n(k) is already in column echelon form and has maximal column rank.
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3. f3 =

n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n 2n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0
 ∈M6n+5,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n n 1 n
4n+4 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 0 0 0

4. f4 =

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
 ∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
5. f5 =

n
n 0
n 1
1 0
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
 ∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
7. f7 =

n
n 0
n 1
1 0
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 4, 2)→ P (6n+ 6, 1) P
1. g1 =

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
 ∈Mn+2,2n+2(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
 ∈M2n+3,4n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0

r4←r4−r1−−−−−−→

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 91 0 0 1 0
n 0 91 0 0 0 0 0

r5←r5−r2−−−−−−→

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 91 0 0 1 0
n 0 0 0 91 0 0 0

r3↔r4−−−−→

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 91 0 0 1 0
1 0 0 0 0 0 91 0
n 0 0 0 91 0 0 0

r4↔r5−−−−→

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 91 0 0 1 0
n 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0

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3. g3 =

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 5n+5
n+2 0 0
n 1 0
n+2 0 0
 ∈ M3n+4,6n+5(k) can be brought to row echelon form (as shown below) and has maximal
row rank.
g3 =

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 5n+5
n+2 0 0
n 1 0
n+2 0 0

=

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 2n+5 ... 3n+4
R2 = rows: n+3 ... 2n+2

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0

=

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

n 1 n 1 n n 1 n 1 n 1
n 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

r5←r5−r1
r7←r7−r1−−−−−−→

n 1 n 1 n n 1 n 1 n 1
n 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 0 0 1 0 91 0 0 0 0 0 0

r4←r4−r2−−−−−−→

n 1 n 1 n n 1 n 1 n 1
n 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 91 0 0 1 0 91 0 1
n 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 0 0 1 0 91 0 0 0 0 0 0

r3↔r7−−−−→

n 1 n 1 n n 1 n 1 n 1
n 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 91 0 0 0 0
n 0 0 1 0 91 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 91 0 1
n 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
1 0 0 0 0 0 0 91 0 0 0 0

r6↔r7−−−−→

n 1 n 1 n n 1 n 1 n 1
n 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 91 0 0 0 0
n 0 0 1 0 91 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 91 0 1
n 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1

4. g4 =

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
 ∈M2n+2,4n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
 r1↔r2−−−−→

n 1 n n 1 n+1
n 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
 r4←r4−r1−−−−−−→

n 1 n n 1 n+1
n 1 0 91 0 0 0
1 0 91 0 0 91 0
1 0 0 0 0 91 0
n 0 0 1 0 0 0
 r3↔r4−−−−→

n 1 n n 1 n+1
n 1 0 91 0 0 0
1 0 91 0 0 91 0
n 0 0 1 0 0 0
1 0 0 0 0 91 0

1152
5. g5 =
[ n n 1
1 0 0 91
n 1 0 0
]
∈Mn+1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ n n 1
1 0 0 91
n 1 0 0
]
r1↔r2−−−−→
[ n n 1
n 1 0 0
1 0 0 91
]
6. g6 =

n n 1 2n+2
n 1 91 0 0
1 0 0 91 0
1 0 0 0 0
n 1 0 0 0
+

3n+1 1 n 1
1 0 91 0 1
n 0 0 0 0
1 0 91 0 1
n 0 0 0 0
 ∈M2n+2,4n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 n−1 1 n−1 1 n 1 n 1
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0

r5←r5−r1−−−−−−→

1 n−1 1 n−1 1 n 1 n 1
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 0 0 1 0 0 0 1 0 91
n−1 0 1 0 0 0 0 0 0 0

r6←r6−r2−−−−−−→

1 n−1 1 n−1 1 n 1 n 1
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 0 0 1 0 0 0 1 0 91
n−1 0 0 0 1 0 0 0 0 0

r3↔r5−−−−→

1 n−1 1 n−1 1 n 1 n 1
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 1 0 91
1 0 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 0 0 0
n−1 0 0 0 1 0 0 0 0 0

r4↔r6−−−−→

1 n−1 1 n−1 1 n 1 n 1
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 1 0 91
n−1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1

7. g7 =
[ n n 1
1 0 0 1
n 1 0 0
]
∈Mn+1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ n n 1
1 0 0 1
n 1 0 0
]
r1↔r2−−−−→
[ n n 1
n 1 0 0
1 0 0 1
]
Relations of the embedding f : P (6n+ 1, 1)→ P (6n+ 4, 2) P
1. f2 ·MP (6n+1,1)1→2 −MP (6n+4,2)1→2 · f1 = 0
f2 ·MP (6n+1,1)1→2 =

n n
2n+2 0 0
n 1 0
1 0 0
n 1 91
 ·
[ n
n 1
n 1
]
=

n
2n+2 0
n 1
1 0
n 0
 =

n
2n+2 0
n 1
n+1 0

M
P (6n+4,2)
1→2 · f1 =

2n+2
n+1 0
2n+2 1
n 0
 ·

n
n+1 0
n 1
1 0
 =

n+1 n 1
n+1 0 0 0
n+1 1 0 0
n 0 1 0
1 0 0 1
n 0 0 0
 ·

n
n+1 0
n 1
1 0
 =

n
n+1 0
n+1 0
n 1
1 0
n 0
 =

n
2n+2 0
n 1
n+1 0

f2 ·MP (6n+1,1)1→2 −MP (6n+4,2)1→2 · f1 =

n
2n+2 0
n 1
n+1 0
−

n
2n+2 0
n 1
n+1 0
 = [ n4n+3 0 ]
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2. f3 ·MP (6n+1,1)2→3 −MP (6n+4,2)2→3 · f2 = 0
f3 ·MP (6n+1,1)2→3 =


n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n 2n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0


·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] =

n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

·

n n
n 1 0
n 0 1
1 0 0
n 0 0

+

1 n−1 1 n−1 1 1 n−1
3n+2 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 91 0 0 1 0
n−1 0 0 0 91 0 0 1
1 0 0 0 0 91 0 0

·

n−1 1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

+

n n n+1
4n+4 0 0 0
n 1 0 0
1 0 0 0
n 1 0 0
 ·

n n
n 1 0
n 0 1
n+1 0 0
+

n 1 2n
4n+4 0 0 0
n 1 0 0
1 0 0 0
n 1 0 0
 ·

2n
n 0
1 0
2n 1

=

n n
3n+2 0 0
n 1 0
1 0 0
n 1 91
1 0 0
n 0 91
1 0 0

+

n−1 1 1 n−1
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 91 0 0 0
1 0 91 0 0
1 0 0 1 0
n−1 91 0 0 1
1 0 91 0 0

+

n n
4n+4 0 0
n 1 0
1 0 0
n 1 0
+

2n
4n+4 0
n 0
1 0
n 0

=

1 n−1 1 n−1
3n+2 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 0 0
1 1 0 91 0
n−1 0 1 0 91
1 0 0 0 0
1 0 0 91 0
n−1 0 0 0 91
1 0 0 0 0

+

n−1 1 1 n−1
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 91 0 0 0
1 0 91 0 0
1 0 0 1 0
n−1 91 0 0 1
1 0 91 0 0

+

n−1 1 n
3n+2 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
n−1 1 0 0
1 0 1 0

+

2n
3n+2 0
1 0
n−1 0
1 0
1 0
n−1 0
1 0
1 0
n−1 0
1 0

=

n n
3n+2 0 0
n 1 0
1 0 0
n 1 91
n+2 0 0

M
P (6n+4,2)
2→3 · f2 =

4n+3
n 0
4n+3 1
n+2 0
 ·

n n
2n+2 0 0
n 1 0
1 0 0
n 1 91
 =

2n+2 n 1 n
n 0 0 0 0
2n+2 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+2 0 0 0 0

·

n n
2n+2 0 0
n 1 0
1 0 0
n 1 91
 =

n n
n 0 0
2n+2 0 0
n 1 0
1 0 0
n 1 91
n+2 0 0

=

n n
3n+2 0 0
n 1 0
1 0 0
n 1 91
n+2 0 0

f3 ·MP (6n+1,1)2→3 −MP (6n+4,2)2→3 · f2 =

n n
3n+2 0 0
n 1 0
1 0 0
n 1 91
n+2 0 0
−

n n
3n+2 0 0
n 1 0
1 0 0
n 1 91
n+2 0 0
 =
[2n
6n+5 0
]
1154
3. f3 ·MP (6n+1,1)4→3 −MP (6n+4,2)4→3 · f4 = 0
f3 ·MP (6n+1,1)4→3 =


n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n 2n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0


·
[2n+1
2n+1 1
n 0
]
=

n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

·

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
n 0 0 0
+

n n+1 n
4n+4 0 0 0
n 1 0 0
1 0 0 0
n 1 0 0
 ·

n n+1
n 1 0
n+1 0 1
n 0 0

=

n n 1
3n+2 0 0 0
n 1 0 0
1 0 0 0
n 1 91 0
1 0 0 91
n 0 91 0
1 0 0 91

+

n n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0
 =

1 n−1 1 n−1 1
3n+2 0 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
n−1 0 1 0 91 0
1 0 0 0 0 91
1 0 0 91 0 0
n−1 0 0 0 91 0
1 0 0 0 0 91

+

n−1 1 n 1
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0

=

n n 1
3n+2 0 0 0
n 1 0 0
1 0 0 0
n 1 91 0
1 0 0 91
n 0 91 0
1 0 0 91

+

n n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0

M
P (6n+4,2)
4→3 · f4 =


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]

·

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91

=

2n+1 n 1 1 n
2n+1 1 0 0 0 0
n+1 0 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n+1 0 0 0 0 0

·

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
+

2n+1 n 1 1 n
4n+3 0 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
 ·

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91

=

n 1 n
2n+1 0 0 0
n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
n+1 0 0 0

+

n 1 n
4n+3 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
 =

n−1 1 1 n−1 1
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0

+

1 n−1 1 1 n−1
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
n−1 0 1 0 0 91

=

n 1 n
3n+2 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
n+1 0 0 0

+

n 1 n
4n+3 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91

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f3 ·MP (6n+1,1)4→3 −MP (6n+4,2)4→3 · f4 =


n n 1
3n+2 0 0 0
n 1 0 0
1 0 0 0
n 1 91 0
1 0 0 91
n 0 91 0
1 0 0 91

+

n n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0


−


n 1 n
3n+2 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
n+1 0 0 0

+

n 1 n
4n+3 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91


=


n n+1
3n+2 0 0
n 1 0
2n+3 0 0
+

n n+1
4n+3 0 0
n 1 0
n+2 0 0
+

n n 1
4n+3 0 0 0
n 0 91 0
n+2 0 0 0
+

2n 1
5n+3 0 0
1 0 91
n+1 0 0
+

n n 1
5n+4 0 0 0
n 0 91 0
1 0 0 0
+ [
2n 1
6n+4 0 0
1 0 91
]
+

n n+1
4n+4 0 0
n 1 0
n+1 0 0

+
[ n n+1
5n+5 0 0
n 1 0
]

−


n n+1
3n+2 0 0
n 1 0
2n+3 0 0
+

n n+1
4n+3 0 0
n 1 0
n+2 0 0
+

n n 1
4n+3 0 0 0
n 0 91 0
n+2 0 0 0
+

2n 1
5n+3 0 0
1 0 91
n+1 0 0
+

n n 1
5n+4 0 0 0
n 0 91 0
1 0 0 0

+
[2n 1
6n+4 0 0
1 0 91
]
+

n n+1
4n+4 0 0
n 1 0
n+1 0 0
+ [
n n+1
5n+5 0 0
n 1 0
]

=
[2n+1
6n+5 0
]
4. f4 ·MP (6n+1,1)5→4 −MP (6n+4,2)5→4 · f5 = 0
f4 ·MP (6n+1,1)5→4 =

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
 ·
[ n
n 1
n+1 0
]
=

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
 ·

n
n 1
1 0
n 0
 =

n
2n+1 0
n 1
1 0
1 0
n 1
 =

n
2n+1 0
n 1
2 0
n 1

M
P (6n+4,2)
5→4 · f5 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

·

n
n 0
n 1
1 0
 =

n
n 0
n+1 0
n 1
1 0
1 0
n 1

=

n
2n+1 0
n 1
2 0
n 1

f4 ·MP (6n+1,1)5→4 −MP (6n+4,2)5→4 · f5 =

n
2n+1 0
n 1
2 0
n 1
−

n
2n+1 0
n 1
2 0
n 1
 =
[ n
4n+3 0
]
5. f3 ·MP (6n+1,1)6→3 −MP (6n+4,2)6→3 · f6 = 0
f3 ·MP (6n+1,1)6→3 =


n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n 2n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0


·
[2n+1
n 0
2n+1 1
]
=

n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

·

n 1 n
n 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
+

n 2n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0
 ·
[2n+1
n 0
2n+1 1
]
=

n 1 n
3n+2 0 0 0
n 0 0 0
1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

+

2n+1
4n+4 0
n 0
1 0
n 0
 =

1 n−1 1 1 n−1
3n+2 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 91 0 0
1 91 0 0 1 0
n−1 0 91 0 0 1
1 0 0 91 0 0

+

n 1 n
3n+2 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n 1 n
4n+3 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

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M
P (6n+4,2)
6→3 · f6 =


2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0


·

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

=

2n+1 n 1 n 1
2n+1 1 0 0 0 0
2n+2 0 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
1 0 0 0 0 1

·

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
+

2n+1 n 1 n 1
n+1 0 0 0 0 0
2n+1 1 0 0 0 0
3n+3 0 0 0 0 0
 ·

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

=

n 1 n
2n+1 0 0 0
2n+2 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

+

n 1 n
n+1 0 0 0
2n+1 0 0 0
3n+3 0 0 0
 =

n 1 n
n+1 0 0 0
n 0 0 0
n+1 0 0 0
n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

+

n 1 n
n+1 0 0 0
n 0 0 0
n+1 0 0 0
n+1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0

=

n 1 n
4n+3 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

f3 ·MP (6n+1,1)6→3 −MP (6n+4,2)6→3 · f6 =

n 1 n
4n+3 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
−

n 1 n
4n+3 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
 =
[2n+1
6n+5 0
]
6. f6 ·MP (6n+1,1)7→6 −MP (6n+4,2)7→6 · f7 = 0
f6 ·MP (6n+1,1)7→6 =

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
 ·
[ n
n+1 0
n 1
]
=

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0
 ·

n
n 0
1 0
n 1
 =

n
2n+1 0
n 0
1 0
n 1
1 0
 =

n
3n+2 0
n 1
1 0

M
P (6n+4,2)
7→6 · f7 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·

n
n 0
n 1
1 0
 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·

n
1 0
n−1 0
n 1
1 0
 =

n
1 0
n−1 0
1 0
n−1 0
n+2 0
n 1
1 0

=

n
3n+2 0
n 1
1 0

f6 ·MP (6n+1,1)7→6 −MP (6n+4,2)7→6 · f7 =

n
3n+2 0
n 1
1 0
−

n
3n+2 0
n 1
1 0
 = [ n4n+3 0 ]
Relations of the projection g : P (6n+ 4, 2)→ P (6n+ 6, 1) P
1. g2 ·MP (6n+4,2)1→2 −MP (6n+6,1)1→2 · g1 = 0
g2 ·MP (6n+4,2)1→2 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
 ·

2n+2
n+1 0
2n+2 1
n 0
 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
 ·

1 n n 1
1 0 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0

=

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
1 0 0 0 0
n 0 0 0 0
 =

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
n+1 0 0 0 0

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M
P (6n+6,1)
1→2 · g1 =
[n+2
n+2 1
n+1 0
]
·

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
 =

1 n 1
1 1 0 0
n 0 1 0
1 0 0 1
n+1 0 0 0
 ·

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
 =

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
n+1 0 0 0 0

g2 ·MP (6n+4,2)1→2 −MP (6n+6,1)1→2 · g1 =

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
n+1 0 0 0 0
−

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
n+1 0 0 0 0
 =
[2n+2
2n+3 0
]
2. g3 ·MP (6n+4,2)2→3 −MP (6n+6,1)2→3 · g2 = 0
g3 ·MP (6n+4,2)2→3 =


n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 5n+5
n+2 0 0
n 1 0
n+2 0 0


·

4n+3
n 0
4n+3 1
n+2 0

=

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

·

1 n 1 n n 1 n
n 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
n 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

n 4n+3 n+2
n+2 0 0 0
n 1 0 0
n+2 0 0 0
 ·

4n+3
n 0
4n+3 1
n+2 0

=

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

4n+3
n+2 0
n 0
n+2 0

=

1 n−1 1 1 n−1 1 n 1 n
1 91 0 0 1 0 0 0 91 0
n−1 0 91 0 0 1 0 0 0 0
1 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0 0 0
n−1 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0

+

1 n 1 n n 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

=

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
n+1 0 0 0 0 0 0 0

M
P (6n+6,1)
2→3 · g2 =
[2n+3
2n+3 1
n+1 0
]
·

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0

=

1 n 1 1 n
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n+1 0 0 0 0 0

·

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
n+1 0 0 0 0 0 0 0

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g3 ·MP (6n+4,2)2→3 −MP (6n+6,1)2→3 · g2 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
n+1 0 0 0 0 0 0 0

−

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
n+1 0 0 0 0 0 0 0

=
[4n+3
3n+4 0
]
3. g3 ·MP (6n+4,2)4→3 −MP (6n+6,1)4→3 · g4 = 0
g3 ·MP (6n+4,2)4→3 =


n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 5n+5
n+2 0 0
n 1 0
n+2 0 0


·


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]

=

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

·

n 1 n n 1 n 1
n 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

·

2n+1 n 1 n 1
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
1 0 0 0 0 1

+

n n+1 n+1 2n+2 n+1
n+2 0 0 0 0 0
n 1 0 0 0 0
n+2 0 0 0 0 0
 ·

n n+1 2n+2
n 1 0 0
n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+

n 3n+3 2n+2
n+2 0 0 0
n 1 0 0
n+2 0 0 0
 ·

2n+1 2n+2
n 0 0
3n+3 0 0
2n+2 0 1
 =

n 1 n n 1 n 1
1 0 91 0 0 91 0 0
n 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0
1 0 91 0 0 0 0 91
n 1 0 91 0 0 0 0
1 0 0 0 0 0 0 91
n 1 0 0 0 0 0 0

+

2n+1 n 1 n 1
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 91 0 1
n 0 0 0 0 0
1 0 0 91 0 1
n 0 0 0 0 0

+

n n+1 2n+2
n+2 0 0 0
n 1 0 0
n+2 0 0 0
+

2n+1 2n+2
n+2 0 0
n 0 0
n+2 0 0

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=
n−1 1 1 n−1 1 n 1 n 1
1 0 0 91 0 0 0 91 0 0
n−1 1 0 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0
1 0 0 91 0 0 0 0 0 91
n−1 1 0 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91
n−1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

+

n 1 n n 1 n 1
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

1 n−1 1 n n 1 n 1
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n 1 n n 1 n 1
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0

+

n 3n+3
n+2 0 0
n 1 0
n+2 0 0

M
P (6n+6,1)
4→3 · g4 =

[2n+2
2n+2 1
n+2 0
]
+
[2n+2
n+2 0
2n+2 1
] ·

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0

=

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+2 0 0 0 0
 ·

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
+

1 n 1 n
n+2 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0

=

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
n+2 0 0 0 0 0 0
+

n 1 n n 1 n+1
n+2 0 0 0 0 0 0
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0

=

1 n−1 1 1 n−1 n 1 n+1
1 0 0 91 0 0 0 91 0
1 1 0 0 91 0 0 0 0
n−1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
1 1 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 n 1 n+1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 91 0
n−1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0
n−1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

=

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
n+2 0 0 0 0 0 0
+

n 1 n n 1 n+1
n+2 0 0 0 0 0 0
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0

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g3 ·MP (6n+4,2)4→3 −MP (6n+6,1)4→3 · g4 =


n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0

+

n 3n+3
n+2 0 0
n 1 0
n+2 0 0


−


n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
n+2 0 0 0 0 0 0
+

n 1 n n 1 n+1
n+2 0 0 0 0 0 0
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0


=

[ n 1 3n+2
1 0 91 0
3n+3 0 0 0
]
+
[3n+1 1 n+1
1 0 91 0
3n+3 0 0 0
]
+

n 3n+3
1 0 0
n 1 0
2n+3 0 0
+

n+1 n 2n+2
1 0 0 0
n 0 91 0
2n+3 0 0 0
+

3n+1 1 n+1
n+1 0 0 0
1 0 91 0
2n+2 0 0 0
+

n 1 3n+2
n+2 0 0 0
1 0 91 0
2n+1 0 0 0

+

3n+1 1 n+1
n+2 0 0 0
1 0 91 0
2n+1 0 0 0
+

n 3n+3
n+3 0 0
n 1 0
n+1 0 0
+

n+1 n 2n+2
n+3 0 0 0
n 0 91 0
n+1 0 0 0
+

3n+1 1 n+1
2n+3 0 0 0
1 0 91 0
n 0 0 0
+ [
n 3n+3
2n+4 0 0
n 1 0
]
+

n 3n+3
n+2 0 0
n 1 0
n+2 0 0


−

[ n 1 3n+2
1 0 91 0
3n+3 0 0 0
]
+
[3n+1 1 n+1
1 0 91 0
3n+3 0 0 0
]
+

n 3n+3
1 0 0
n 1 0
2n+3 0 0
+

n+1 n 2n+2
1 0 0 0
n 0 91 0
2n+3 0 0 0
+

3n+1 1 n+1
n+1 0 0 0
1 0 91 0
2n+2 0 0 0
+

n 1 3n+2
n+2 0 0 0
1 0 91 0
2n+1 0 0 0

+

3n+1 1 n+1
n+2 0 0 0
1 0 91 0
2n+1 0 0 0
+

n 3n+3
n+3 0 0
n 1 0
n+1 0 0
+

n+1 n 2n+2
n+3 0 0 0
n 0 91 0
n+1 0 0 0
+

3n+1 1 n+1
2n+3 0 0 0
1 0 91 0
n 0 0 0
+ [
n 3n+3
2n+4 0 0
n 1 0
]
+

n 3n+3
n+2 0 0
n 1 0
n+2 0 0


=
[4n+3
3n+4 0
]
4. g4 ·MP (6n+4,2)5→4 −MP (6n+6,1)5→4 · g5 = 0
g4 ·MP (6n+4,2)5→4 =

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
 ·

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

=

n 1 n n 1 1 n
1 0 91 0 0 91 0 0
n 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0
n 1 0 0 0 0 0 0
 ·

n n 1
n 1 0 0
1 0 0 0
n 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

=

n n 1
1 0 0 91
n 1 0 0
1 0 0 91
n 1 0 0

M
P (6n+6,1)
5→4 · g5 =
[n+1
n+1 1
n+1 1
]
·
[ n n 1
1 0 0 91
n 1 0 0
]
=

1 n
1 1 0
n 0 1
1 1 0
n 0 1
 ·
[ n n 1
1 0 0 91
n 1 0 0
]
=

n n 1
1 0 0 91
n 1 0 0
1 0 0 91
n 1 0 0

g4 ·MP (6n+4,2)5→4 −MP (6n+6,1)5→4 · g5 =

n n 1
1 0 0 91
n 1 0 0
1 0 0 91
n 1 0 0
−

n n 1
1 0 0 91
n 1 0 0
1 0 0 91
n 1 0 0
 =
[2n+1
2n+2 0
]
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5. g3 ·MP (6n+4,2)6→3 −MP (6n+6,1)6→3 · g6 = 0
g3 ·MP (6n+4,2)6→3 =


n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 5n+5
n+2 0 0
n 1 0
n+2 0 0


·


2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0


=

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

·

n 1 n n 1 n 1
n 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

+

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

·

n 1 n 2n+2
n 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0

+

n n+1 2n+2 2n+2
n+2 0 0 0 0
n 1 0 0 0
n+2 0 0 0 0
 ·

n n+1 2n+2
n 1 0 0
n+1 0 1 0
2n+2 0 0 0
2n+2 0 0 1

+

n 1 2n+1 3n+3
n+2 0 0 0 0
n 1 0 0 0
n+2 0 0 0 0
 ·

2n+1 2n+2
n 0 0
1 0 0
2n+1 1 0
3n+3 0 0
 =

n 1 n n 1 n 1
1 0 91 0 0 0 0 0
n 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1
n 1 0 91 0 0 0 0
1 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0

+

n 1 n 2n+2
1 0 1 0 0
n 91 0 1 0
1 0 0 0 0
1 0 0 0 0
n 91 0 0 0
1 0 0 0 0
n 0 0 0 0

+

n n+1 2n+2
n+2 0 0 0
n 1 0 0
n+2 0 0 0
+

2n+1 2n+2
n+2 0 0
n 0 0
n+2 0 0

=

n−1 1 1 n−1 1 n 1 n 1
1 0 0 91 0 0 0 0 0 0
n−1 1 0 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 91 0 1
n−1 1 0 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
n−1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 n 1 n 1
1 0 0 1 0 0 0 0 0 0
n−1 91 0 0 1 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−1 91 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

+

1 n−1 1 n n 1 n 1
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n 1 n n 1 n 1
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 n−1 1 n−1 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0

1162
M
P (6n+6,1)
6→3 · g6 =
[2n+2
n+2 0
2n+2 1
]
·


n n 1 2n+2
n 1 91 0 0
1 0 0 91 0
1 0 0 0 0
n 1 0 0 0
+

3n+1 1 n 1
1 0 91 0 1
n 0 0 0 0
1 0 91 0 1
n 0 0 0 0


=

n 1 1 n
n+2 0 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n n 1 2n+2
n 1 91 0 0
1 0 0 91 0
1 0 0 0 0
n 1 0 0 0
+

1 n 1 n
n+2 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

3n+1 1 n 1
1 0 91 0 1
n 0 0 0 0
1 0 91 0 1
n 0 0 0 0

=

n n 1 2n+2
n+2 0 0 0 0
n 1 91 0 0
1 0 0 91 0
1 0 0 0 0
n 1 0 0 0
+

3n+1 1 n 1
n+2 0 0 0 0
1 0 91 0 1
n 0 0 0 0
1 0 91 0 1
n 0 0 0 0

=

1 n−1 1 n−1 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0

+

n n 1 n 1 n 1
n+2 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0

=

1 n−1 1 n−1 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0

g3 ·MP (6n+4,2)6→3 −MP (6n+6,1)6→3 · g6 =

1 n−1 1 n−1 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0

−

1 n−1 1 n−1 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 91 0 1
n−1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 1
1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0

=
[4n+3
3n+4 0
]
6. g6 ·MP (6n+4,2)7→6 −MP (6n+6,1)7→6 · g7 = 0
g6 ·MP (6n+4,2)7→6 =


n n 1 2n+2
n 1 91 0 0
1 0 0 91 0
1 0 0 0 0
n 1 0 0 0
+

3n+1 1 n 1
1 0 91 0 1
n 0 0 0 0
1 0 91 0 1
n 0 0 0 0


·

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=

1 n−1 1 n−1 1 n+1 n 1
1 1 0 91 0 0 0 0 0
n−1 0 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0

·

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
1 0 0 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1

+

1 n−1 1 n−1 n+1 1 n 1
1 0 0 0 0 0 91 0 1
n 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 1
n 0 0 0 0 0 0 0 0
 ·

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+1 0 0 0 0
1 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=

1 n−1 n 1
1 0 0 0 91
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0

+

1 n−1 n 1
1 0 0 0 1
n 0 0 0 0
1 0 0 0 1
n 0 0 0 0
 =

1 n−1 n 1
1 0 0 0 91
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0

+

1 n−1 n 1
1 0 0 0 1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

=

n n 1
n+1 0 0 0
1 0 0 1
n 1 0 0

M
P (6n+6,1)
7→6 · g7 =
[n+1
n+1 0
n+1 1
]
·
[ n n 1
1 0 0 1
n 1 0 0
]
=

1 n
n+1 0 0
1 1 0
n 0 1
 · [
n n 1
1 0 0 1
n 1 0 0
]
=

n n 1
n+1 0 0 0
1 0 0 1
n 1 0 0

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g6 ·MP (6n+4,2)7→6 −MP (6n+6,1)7→6 · g7 =

n n 1
n+1 0 0 0
1 0 0 1
n 1 0 0
−

n n 1
n+1 0 0 0
1 0 0 1
n 1 0 0
 = [2n+12n+2 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
 ·

n
n+1 0
n 1
1 0
 =

1 n n 1
1 1 0 0 91
n 0 1 0 0
1 0 0 0 91
 ·

n
1 0
n 0
n 1
1 0
 =
[ n
n+2 0
]
2. g2 · f2 = 0
g2 · f2 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
 ·

n n
2n+2 0 0
n 1 0
1 0 0
n 1 91
 =

1 n 1 n n 1 n
1 91 0 1 0 0 91 0
n 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0
n 0 91 0 0 0 0 0
 ·

n n
1 0 0
n 0 0
1 0 0
n 0 0
n 1 0
1 0 0
n 1 91

=
[2n
2n+3 0
]
3. g3 · f3 = 0
g3 · f3 =


n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

+

n 5n+5
n+2 0 0
n 1 0
n+2 0 0


·


n n 1 n
3n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n 2n+1
4n+4 0 0
n 1 0
1 0 0
n 1 0


=

n 1 n 1 n n 1 n 1 n 1
1 0 91 0 1 0 0 91 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 91 0 1
n 1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1
n 1 0 0 0 0 0 0 0 0 0 0

·

n n 1 n
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n 1 n 1 n n 1 1 n−1 1 1 n−1 1
1 0 91 0 1 0 0 91 0 0 0 0 0 0
n 1 0 91 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 91 0 0 1
n 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 1
n 1 0 0 0 0 0 0 0 0 0 0 0 0

·

n−1 1 2n+1
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 0
n−1 1 0 0
1 0 1 0

+

n 2n+2 n 1 n 1 n 1
n+2 0 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0
 ·

n n 1 n
n 0 0 0 0
2n+2 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 1 91 0 0
1 0 0 91 0
n 0 91 0 1
1 0 0 91 0

+

n 3n+4 n 1 n
n+2 0 0 0 0 0
n 1 0 0 0 0
n+2 0 0 0 0 0
 ·

n 2n+1
n 0 0
3n+4 0 0
n 1 0
1 0 0
n 1 0

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=
n n 1 n
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

n−1 1 2n+1
1 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0

+

n n 1 n
n+2 0 0 0 0
n 0 0 0 0
n+2 0 0 0 0
+

n 2n+1
n+2 0 0
n 0 0
n+2 0 0

=

n−1 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n−1 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n−1 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n−1 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

=
[3n+1
3n+4 0
]
4. g4 · f4 = 0
g4 · f4 =

n 1 n n 1 n+1
1 0 91 0 0 91 0
n 1 0 91 0 0 0
1 0 0 0 0 91 0
n 1 0 0 0 0 0
 ·

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91
 =

n 1 n n 1 1 n
1 0 91 0 0 91 0 0
n 1 0 91 0 0 0 0
1 0 0 0 0 91 0 0
n 1 0 0 0 0 0 0
 ·

n 1 n
n 0 0 0
1 0 0 0
n 0 0 0
n 1 0 0
1 0 0 0
1 0 91 0
n 1 0 91

=
[2n+1
2n+2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n n 1
1 0 0 91
n 1 0 0
]
·

n
n 0
n 1
1 0
 = [ nn+1 0 ]
6. g6 · f6 = 0
g6 · f6 =


n n 1 2n+2
n 1 91 0 0
1 0 0 91 0
1 0 0 0 0
n 1 0 0 0
+

3n+1 1 n 1
1 0 91 0 1
n 0 0 0 0
1 0 91 0 1
n 0 0 0 0


·

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

=

n n 1 n 1 n 1
n 1 91 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0
 ·

n 1 n
n 0 0 0
n 0 0 0
1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

+

2n+1 n 1 n 1
1 0 0 91 0 1
n 0 0 0 0 0
1 0 0 91 0 1
n 0 0 0 0 0
 ·

n 1 n
2n+1 0 0 0
n 91 0 0
1 0 91 0
n 91 0 1
1 0 91 0

=

n 1 n
n 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
+

n 1 n
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
 =

n 1 n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
+

n 1 n
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
 =
[2n+1
2n+2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n n 1
1 0 0 1
n 1 0 0
]
·

n
n 0
n 1
1 0
 = [ nn+1 0 ]
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128.5.2 0→ P (6n+ 3, 1) i→ P (6n+ 4, 2) p→ P (6n+ 4, 1)→ 0 
PdimP (6n+ 3, 1) + dimP (6n+ 4, 1) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n) + (n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
= (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 3, 2n+ 1, 4n+ 3, 2n+ 1) = dimP (6n+ 4, 2)
Pdimk Ext
1
kQ(P (6n+ 4, 1), P (6n+ 3, 1)) = dimk HomkQ(P (6n+ 4, 1), P (6n+ 3, 1))− 〈dimP (6n+ 4, 1),dimP (6n+ 3, 1)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1), (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n)〉
= (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 2) + (2n+ 2) · (3n+ 2) + (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 2) + (n+ 1) · (2n+ 1)
− ((n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 2) + (3n+ 3) · (3n+ 2) + (2n+ 2) · (2n+ 1) + (n+ 1) · n+ (2n+ 2) · (2n+ 1) + (n+ 1) · n)
= 2n2 + 4n+ 2 + 6n2 + 7n+ 2 + 6n2 + 10n+ 4 + 2n2 + 3n+ 1 + 6n2 + 10n+ 4 + 2n2 + 3n+ 1
− (n2 + 2n+ 1 + 4n2 + 6n+ 2 + 9n2 + 15n+ 6 + 4n2 + 6n+ 2 + n2 + n+ 4n2 + 6n+ 2 + n2 + n)
= 1
Matrices of the embedding i : P (6n+ 3, 1)→ P (6n+ 4, 2) P
1. i1 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+2
2n+2 1
2n+1 0
]
∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+2
3n+2 1
3n+3 0
]
∈M6n+5,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
2n+2 0
]
∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
2n+2 0
]
∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 4, 2)→ P (6n+ 4, 1) P
1. p1 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+2 2n+1
2n+1 0 1
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 3n+3
3n+3 0 1
]
∈M3n+3,6n+5(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 2n+2
2n+2 0 1
]
∈M2n+2,4n+3(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 2n+2
2n+2 0 1
]
∈M2n+2,4n+3(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 3, 1)→ P (6n+ 4, 2) P
1. i2 ·MP (6n+3,1)1→2 −MP (6n+4,2)1→2 · i1 = 0
i2 ·MP (6n+3,1)1→2 =
[2n+2
2n+2 1
2n+1 0
]
·
[n+1
n+1 0
n+1 1
]
=

n+1 n+1
n+1 1 0
n+1 0 1
2n+1 0 0
 · [
n+1
n+1 0
n+1 1
]
=

n+1
n+1 0
n+1 1
2n+1 0

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M
P (6n+4,2)
1→2 · i1 =

2n+2
n+1 0
2n+2 1
n 0
 · [
n+1
n+1 1
n+1 0
]
=

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n 0 0
 ·
[n+1
n+1 1
n+1 0
]
=

n+1
n+1 0
n+1 1
n+1 0
n 0
 =

n+1
n+1 0
n+1 1
2n+1 0

i2 ·MP (6n+3,1)1→2 −MP (6n+4,2)1→2 · i1 =

n+1
n+1 0
n+1 1
2n+1 0
−

n+1
n+1 0
n+1 1
2n+1 0
 = [n+14n+3 0 ]
2. i3 ·MP (6n+3,1)2→3 −MP (6n+4,2)2→3 · i2 = 0
i3 ·MP (6n+3,1)2→3 =
[3n+2
3n+2 1
3n+3 0
]
·
[2n+2
n 0
2n+2 1
]
=

n 2n+2
n 1 0
2n+2 0 1
3n+3 0 0
 · [
2n+2
n 0
2n+2 1
]
=

2n+2
n 0
2n+2 1
3n+3 0

M
P (6n+4,2)
2→3 · i2 =

4n+3
n 0
4n+3 1
n+2 0
 · [
2n+2
2n+2 1
2n+1 0
]
=

2n+2 2n+1
n 0 0
2n+2 1 0
2n+1 0 1
n+2 0 0
 ·
[2n+2
2n+2 1
2n+1 0
]
=

2n+2
n 0
2n+2 1
2n+1 0
n+2 0
 =

2n+2
n 0
2n+2 1
3n+3 0

i3 ·MP (6n+3,1)2→3 −MP (6n+4,2)2→3 · i2 =

2n+2
n 0
2n+2 1
3n+3 0
−

2n+2
n 0
2n+2 1
3n+3 0
 = [2n+26n+5 0 ]
3. i3 ·MP (6n+3,1)4→3 −MP (6n+4,2)4→3 · i4 = 0
i3 ·MP (6n+3,1)4→3 =
[3n+2
3n+2 1
3n+3 0
]
·
[2n+1
2n+1 1
n+1 0
]
=

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+3 0 0
 · [
2n+1
2n+1 1
n+1 0
]
=

2n+1
2n+1 1
n+1 0
3n+3 0
 = [
2n+1
2n+1 1
4n+4 0
]
M
P (6n+4,2)
4→3 · i4 =


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]

·
[2n+1
2n+1 1
2n+2 0
]
=

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
 ·
[2n+1
2n+1 1
2n+2 0
]
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]
·
[2n+1
2n+1 1
2n+2 0
]
=

2n+1
2n+1 1
n+1 0
2n+2 0
n+1 0
+
[2n+1
4n+3 0
2n+2 0
]
=

2n+1
2n+1 1
n+1 0
n+1 0
n+1 0
n+1 0
+

2n+1
2n+1 0
n+1 0
n+1 0
n+1 0
n+1 0
 =
[2n+1
2n+1 1
4n+4 0
]
i3 ·MP (6n+3,1)4→3 −MP (6n+4,2)4→3 · i4 =
[2n+1
2n+1 1
4n+4 0
]
−
[2n+1
2n+1 1
4n+4 0
]
=
[2n+1
6n+5 0
]
4. i4 ·MP (6n+3,1)5→4 −MP (6n+4,2)5→4 · i5 = 0
i4 ·MP (6n+3,1)5→4 =
[2n+1
2n+1 1
2n+2 0
]
·
[ n
n 1
n+1 0
]
=

n n+1
n 1 0
n+1 0 1
2n+2 0 0
 · [
n
n 1
n+1 0
]
=

n
n 1
n+1 0
2n+2 0
 = [
n
n 1
3n+3 0
]
M
P (6n+4,2)
5→4 · i5 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

·
[ n
n 1
n+1 0
]
=

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

·

n
n 1
n 0
1 0
 =

n
n 1
n+1 0
n 0
1 0
1 0
n 0

=
[ n
n 1
3n+3 0
]
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i4 ·MP (6n+3,1)5→4 −MP (6n+4,2)5→4 · i5 =
[ n
n 1
3n+3 0
]
−
[ n
n 1
3n+3 0
]
=
[ n
4n+3 0
]
5. i3 ·MP (6n+3,1)6→3 −MP (6n+4,2)6→3 · i6 = 0
i3 ·MP (6n+3,1)6→3 =
[3n+2
3n+2 1
3n+3 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+3 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+1 2n+1
n+1 1 0
2n+1 0 1
3n+3 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

2n+1
2n+1 1
n+1 0
3n+3 0
+

2n+1
n+1 0
2n+1 1
3n+3 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
3n+3 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
3n+3 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+3 0 0 0

M
P (6n+4,2)
6→3 · i6 =


2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0


·
[2n+1
2n+1 1
2n+2 0
]
=

2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
 · [
2n+1
2n+1 1
2n+2 0
]
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0
 · [
2n+1
2n+1 1
2n+2 0
]
=

2n+1
2n+1 1
2n+2 0
2n+2 0
+

2n+1
n+1 0
2n+1 1
3n+3 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
n+1 0 0
2n+2 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
n+1 0 0
2n+2 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+3 0 0 0

i3 ·MP (6n+3,1)6→3 −MP (6n+4,2)6→3 · i6 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+3 0 0 0

−

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+3 0 0 0

=
[2n+1
6n+5 0
]
6. i6 ·MP (6n+3,1)7→6 −MP (6n+4,2)7→6 · i7 = 0
i6 ·MP (6n+3,1)7→6 =
[2n+1
2n+1 1
2n+2 0
]
·

n
n 1
n 1
1 0
 =

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
2n+2 0 0 0
 ·

n
n 1
n 1
1 0
 =

n
n 1
n 1
1 0
2n+2 0
 =

n
n 1
n 1
2n+3 0

M
P (6n+4,2)
7→6 · i7 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·
[ n
n 1
n+1 0
]
=

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·

1 n−1
1 1 0
n−1 0 1
n 0 0
1 0 0
 =

1 n−1
1 1 0
n−1 0 1
1 1 0
n−1 0 1
n+2 0 0
n 0 0
1 0 0

=

n
n 1
n 1
2n+3 0

i6 ·MP (6n+3,1)7→6 −MP (6n+4,2)7→6 · i7 =

n
n 1
n 1
2n+3 0
−

n
n 1
n 1
2n+3 0
 = [ n4n+3 0 ]
Relations of the projection p : P (6n+ 4, 2)→ P (6n+ 4, 1) P
1. p2 ·MP (6n+4,2)1→2 −MP (6n+4,1)1→2 · p1 = 0
p2 ·MP (6n+4,2)1→2 =
[2n+2 2n+1
2n+1 0 1
]
·

2n+2
n+1 0
2n+2 1
n 0
 = [
n+1 n+1 n+1 n
n+1 0 0 1 0
n 0 0 0 1
]
·

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n 0 0
 =
[n+1 n+1
n+1 0 1
n 0 0
]
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M
P (6n+4,1)
1→2 · p1 =
[n+1
n+1 1
n 0
]
·
[n+1 n+1
n+1 0 1
]
=
[n+1 n+1
n+1 0 1
n 0 0
]
p2 ·MP (6n+4,2)1→2 −MP (6n+4,1)1→2 · p1 =
[n+1 n+1
n+1 0 1
n 0 0
]
−
[n+1 n+1
n+1 0 1
n 0 0
]
=
[2n+2
2n+1 0
]
2. p3 ·MP (6n+4,2)2→3 −MP (6n+4,1)2→3 · p2 = 0
p3 ·MP (6n+4,2)2→3 =
[3n+2 3n+3
3n+3 0 1
]
·

4n+3
n 0
4n+3 1
n+2 0
 = [
n 2n+2 2n+1 n+2
2n+1 0 0 1 0
n+2 0 0 0 1
]
·

2n+2 2n+1
n 0 0
2n+2 1 0
2n+1 0 1
n+2 0 0
 =
[2n+2 2n+1
2n+1 0 1
n+2 0 0
]
M
P (6n+4,1)
2→3 · p2 =
[2n+1
2n+1 1
n+2 0
]
·
[2n+2 2n+1
2n+1 0 1
]
=
[2n+2 2n+1
2n+1 0 1
n+2 0 0
]
p3 ·MP (6n+4,2)2→3 −MP (6n+4,1)2→3 · p2 =
[2n+2 2n+1
2n+1 0 1
n+2 0 0
]
−
[2n+2 2n+1
2n+1 0 1
n+2 0 0
]
=
[4n+3
3n+3 0
]
3. p3 ·MP (6n+4,2)4→3 −MP (6n+4,1)4→3 · p4 = 0
p3 ·MP (6n+4,2)4→3 =
[3n+2 3n+3
3n+3 0 1
]
·


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]

=
[2n+1 n+1 2n+2 n+1
2n+2 0 0 1 0
n+1 0 0 0 1
]
·

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[3n+2 n+1 2n+2
n+1 0 1 0
2n+2 0 0 1
]
·

2n+1 2n+2
3n+2 0 0
n+1 0 0
2n+2 0 1

=
[2n+1 2n+2
2n+2 0 1
n+1 0 0
]
+
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
=

2n+1 n+1 n+1
n+1 0 1 0
n+1 0 0 1
n+1 0 0 0
+

2n+1 n+1 n+1
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
 =

2n+1 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1

M
P (6n+4,1)
4→3 · p4 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·
[2n+1 2n+2
2n+2 0 1
]
=
[2n+2
2n+2 1
n+1 0
]
·
[2n+1 2n+2
2n+2 0 1
]
+
[2n+2
n+1 0
2n+2 1
]
·
[2n+1 2n+2
2n+2 0 1
]
=
[2n+1 2n+2
2n+2 0 1
n+1 0 0
]
+
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
=

2n+1 n+1 n+1
n+1 0 1 0
n+1 0 0 1
n+1 0 0 0
+

2n+1 n+1 n+1
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
 =

2n+1 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1

p3 ·MP (6n+4,2)4→3 −MP (6n+4,1)4→3 · p4 =

2n+1 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1
−

2n+1 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1
 = [4n+33n+3 0 ]
4. p4 ·MP (6n+4,2)5→4 −MP (6n+4,1)5→4 · p5 = 0
p4 ·MP (6n+4,2)5→4 =
[2n+1 2n+2
2n+2 0 1
]
·

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

=

n n+1 n 1 1 n
n 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

=

n n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

M
P (6n+4,1)
5→4 · p5 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·
[ n n+1
n+1 0 1
]
=

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·
[ n n 1
n 0 1 0
1 0 0 1
]
=

n n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

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p4 ·MP (6n+4,2)5→4 −MP (6n+4,1)5→4 · p5 =

n n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0
−

n n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0
 =
[2n+1
2n+2 0
]
5. p3 ·MP (6n+4,2)6→3 −MP (6n+4,1)6→3 · p6 = 0
p3 ·MP (6n+4,2)6→3 =
[3n+2 3n+3
3n+3 0 1
]
·


2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0


=
[2n+1 n+1 n+1 2n+2
n+1 0 0 1 0
2n+2 0 0 0 1
]
·

2n+1 2n+2
2n+1 1 0
n+1 0 0
n+1 0 0
2n+2 0 1
+
[n+1 2n+1 3n+3
3n+3 0 0 1
]
·

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0

=
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
+
[2n+1 2n+2
3n+3 0 0
]
=
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
+
[2n+1 2n+2
n+1 0 0
2n+2 0 0
]
=
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
M
P (6n+4,1)
6→3 · p6 =
[2n+2
n+1 0
2n+2 1
]
·
[2n+1 2n+2
2n+2 0 1
]
=
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
p3 ·MP (6n+4,2)6→3 −MP (6n+4,1)6→3 · p6 =
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
−
[2n+1 2n+2
n+1 0 0
2n+2 0 1
]
=
[4n+3
3n+3 0
]
6. p6 ·MP (6n+4,2)7→6 −MP (6n+4,1)7→6 · p7 = 0
p6 ·MP (6n+4,2)7→6 =
[2n+1 2n+2
2n+2 0 1
]
·

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=

1 n−1 1 n−1 1 n+1 n 1
n+1 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
1 0 0 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=

1 n−1 n 1
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
 = [
n n+1
n+1 0 0
n+1 0 1
]
M
P (6n+4,1)
7→6 · p7 =
[n+1
n+1 0
n+1 1
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n+1 0 0
n+1 0 1
]
p6 ·MP (6n+4,2)7→6 −MP (6n+4,1)7→6 · p7 =
[ n n+1
n+1 0 0
n+1 0 1
]
−
[ n n+1
n+1 0 0
n+1 0 1
]
=
[2n+1
2n+2 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+2 2n+1
2n+1 0 1
]
·
[2n+2
2n+2 1
2n+1 0
]
=
[2n+2
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 3n+3
3n+3 0 1
]
·
[3n+2
3n+2 1
3n+3 0
]
=
[3n+2
3n+3 0
]
1170
4. p4 · i4 = 0
p4 · i4 =
[2n+1 2n+2
2n+2 0 1
]
·
[2n+1
2n+1 1
2n+2 0
]
=
[2n+1
2n+2 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 2n+2
2n+2 0 1
]
·
[2n+1
2n+1 1
2n+2 0
]
=
[2n+1
2n+2 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
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129 Tree module property of P (6n+ 5, 2)
129.1 Tree module property of P (5, 2) 
The matrices of the representation have full (column) rank P
1. MP (5,2)1→2 =
10
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. MP (5,2)2→3 =

1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
3. MP (5,2)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. MP (5,2)5→4 =

0 0
1 0
0 1
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. MP (5,2)6→3 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. MP (5,2)7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
129.1.1 0→ P (3, 7) f→ P (5, 2) g→ P (6, 5)→ 0 
PdimP (3, 7) + dimP (6, 5) = (0, 1, 2, 1, 0, 2, 1) + (1, 2, 4, 3, 2, 2, 1)
= (1, 3, 6, 4, 2, 4, 2) = dimP (5, 2)
Pdimk Ext
1
kQ(P (6, 5), P (3, 7)) = dimk HomkQ(P (6, 5), P (3, 7))− 〈dimP (6, 5),dimP (3, 7)〉
= 0− 〈(1, 2, 4, 3, 2, 2, 1), (0, 1, 2, 1, 0, 2, 1)〉
= 1 · 1 + 2 · 2 + 3 · 2 + 2 · 1 + 2 · 2 + 1 · 2− (1 · 0 + 2 · 1 + 4 · 2 + 3 · 1 + 2 · 0 + 2 · 2 + 1 · 1)
= 1 + 4 + 6 + 2 + 4 + 2− (0 + 2 + 8 + 3 + 0 + 4 + 1)
= 1
Matrices of the embedding f : P (3, 7)→ P (5, 2) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
0 0
1 91
0 0
1 0
0 0

∈M6,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0

c2←c2+c1−−−−−−→

1 1
2 0 0
1 1 0
1 0 0
1 1 1
1 0 0

4. f4 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
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5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

0 0
1 91
0 0
1 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

0 0
1 91
0 0
1 0
 c2←c2+c1−−−−−−→

0 0
1 0
0 0
1 1

7. f7 =
[
91
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (5, 2)→ P (6, 5) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
3. g3 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 r3←r3−r1−−−−−−→

1 91 0 0 0 0
0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 91 0 1
 r2↔r3−−−−→

1 91 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 91 0 1
 r3↔r4−−−−→

1 91 0 0 0 0
0 1 0 0 0 0
0 0 0 91 0 1
0 0 0 0 0 1

4. g4 =
1 91 0 00 0 0 1
1 0 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
1 91 0 00 0 0 1
1 0 0 0
 r3←r3−r1−−−−−−→
1 91 0 00 0 0 1
0 1 0 0
 r2↔r3−−−−→
1 91 0 00 1 0 0
0 0 0 1

5. g5 =
[
91 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
1 0 0 0
0 0 91 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 7)→ P (5, 2) P
1. f2 ·MP (3,7)1→2 −MP (5,2)1→2 · f1 = 0
f2 ·MP (3,7)1→2 =
01
0
 · [ 01 0 ] = [ 03 0 ]
M
P (5,2)
1→2 · f1 =
10
1
 · [ 01 0 ] = [ 03 0 ]
f2 ·MP (3,7)1→2 −MP (5,2)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MP (3,7)2→3 −MP (5,2)2→3 · f2 = 0
f3 ·MP (3,7)2→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[
1
1
]
=

1
2 0
1 0
1 0
1 1
1 0
 =

1
4 0
1 1
1 0

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M
P (5,2)
2→3 · f2 =

1 2
1 1 0
3 0 0
2 0 1
 ·
01
0
 =

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
01
0
 =

1
1 0
3 0
1 1
1 0
 =

1
4 0
1 1
1 0

f3 ·MP (3,7)2→3 −MP (5,2)2→3 · f2 =

1
4 0
1 1
1 0
−

1
4 0
1 1
1 0
 = [ 16 0 ]
3. f3 ·MP (3,7)4→3 −MP (5,2)4→3 · f4 = 0
f3 ·MP (3,7)4→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[
1
0
]
=

1
2 0
1 1
1 0
1 1
1 0

M
P (5,2)
4→3 · f4 =

2 2
2 1 0
2 0 1
2 0 1
 ·

1
2 0
1 1
1 0
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
 ·

1
2 0
1 1
1 0
 =

1
2 0
1 1
1 0
1 1
1 0

f3 ·MP (3,7)4→3 −MP (5,2)4→3 · f4 =

1
2 0
1 1
1 0
1 1
1 0
−

1
2 0
1 1
1 0
1 1
1 0
 =
[ 1
6 0
]
4. f4 ·MP (3,7)5→4 −MP (5,2)5→4 · f5 = 0
f4 ·MP (3,7)5→4 =

1
2 0
1 1
1 0
 · [ 01 0 ] = [ 04 0 ]
M
P (5,2)
5→4 · f5 =

0 0
1 0
0 1
0 1
 ·
[ 0
2 0
]
=

0 0
1 0
0 1
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f4 ·MP (3,7)5→4 −MP (5,2)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
5. f3 ·MP (3,7)6→3 −MP (5,2)6→3 · f6 = 0
f3 ·MP (3,7)6→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[ 2
2 1
]
=

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[
1 0
0 1
]
=

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0

M
P (5,2)
6→3 · f6 =

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 ·

0 0
1 91
0 0
1 0
 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

·

0 0
1 91
0 0
1 0
 =

0 0
0 0
1 91
0 0
1 0
0 0

=

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0

f3 ·MP (3,7)6→3 −MP (5,2)6→3 · f6 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
−

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 =
[ 2
6 0
]
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6. f6 ·MP (3,7)7→6 −MP (5,2)7→6 · f7 = 0
f6 ·MP (3,7)7→6 =

0 0
1 91
0 0
1 0
 ·
[
0
1
]
=

0
91
0
0
 =

1
1 0
1 91
2 0

M
P (5,2)
7→6 · f7 =

2
1 0
2 1
1 0
 · [91
0
]
=

0 0
1 0
0 1
0 0
 ·
[
91
0
]
=

0
91
0
0
 =

1
1 0
1 91
2 0

f6 ·MP (3,7)7→6 −MP (5,2)7→6 · f7 =

1
1 0
1 91
2 0
−

1
1 0
1 91
2 0
 = [ 14 0 ]
Relations of the projection g : P (5, 2)→ P (6, 5) P
1. g2 ·MP (5,2)1→2 −MP (6,5)1→2 · g1 = 0
g2 ·MP (5,2)1→2 =
[
1 0 0
0 0 1
]
·
10
1
 = [1
1
]
M
P (6,5)
1→2 · g1 =
[
1
1
]
·
[
1
]
=
[
1
1
]
g2 ·MP (5,2)1→2 −MP (6,5)1→2 · g1 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
2. g3 ·MP (5,2)2→3 −MP (6,5)2→3 · g2 = 0
g3 ·MP (5,2)2→3 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

1 2
1 1 0
3 0 0
2 0 1
 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

=

1 0 0
0 0 1
1 0 0
0 0 1

M
P (6,5)
2→3 · g2 =
[ 2
2 1
2 1
]
·
[
1 0 0
0 0 1
]
=

1 0
0 1
1 0
0 1
 ·
[
1 0 0
0 0 1
]
=

1 0 0
0 0 1
1 0 0
0 0 1

g3 ·MP (5,2)2→3 −MP (6,5)2→3 · g2 =

1 0 0
0 0 1
1 0 0
0 0 1
−

1 0 0
0 0 1
1 0 0
0 0 1
 =
[ 3
4 0
]
3. g3 ·MP (5,2)4→3 −MP (6,5)4→3 · g4 = 0
g3 ·MP (5,2)4→3 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

2 2
2 1 0
2 0 1
2 0 1
 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

=

1 91 0 0
0 0 0 1
1 0 0 0
0 0 0 0

M
P (6,5)
4→3 · g4 =
[ 3
3 1
1 0
]
·
1 91 0 00 0 0 1
1 0 0 0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
1 91 0 00 0 0 1
1 0 0 0
 =

1 91 0 0
0 0 0 1
1 0 0 0
0 0 0 0

g3 ·MP (5,2)4→3 −MP (6,5)4→3 · g4 =

1 91 0 0
0 0 0 1
1 0 0 0
0 0 0 0
−

1 91 0 0
0 0 0 1
1 0 0 0
0 0 0 0
 =
[ 4
4 0
]
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4. g4 ·MP (5,2)5→4 −MP (6,5)5→4 · g5 = 0
g4 ·MP (5,2)5→4 =
1 91 0 00 0 0 1
1 0 0 0
 ·

0 0
1 0
0 1
0 1
 =
91 00 1
0 0

M
P (6,5)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[
91 0
0 1
]
=
1 00 1
0 0
 · [91 0
0 1
]
=
91 00 1
0 0

g4 ·MP (5,2)5→4 −MP (6,5)5→4 · g5 =
91 00 1
0 0
−
91 00 1
0 0
 = [ 23 0 ]
5. g3 ·MP (5,2)6→3 −MP (6,5)6→3 · g6 = 0
g3 ·MP (5,2)6→3 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

=

0 0 0 0
0 0 0 0
1 0 0 0
0 0 91 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 0 91 0

M
P (6,5)
6→3 · g6 =
[ 2
2 0
2 1
]
·
[
1 0 0 0
0 0 91 0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1 0 0 0
0 0 91 0
]
=

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 0 91 0

g3 ·MP (5,2)6→3 −MP (6,5)6→3 · g6 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 0 91 0
−

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 0 91 0
 = [ 44 0 ]
6. g6 ·MP (5,2)7→6 −MP (6,5)7→6 · g7 = 0
g6 ·MP (5,2)7→6 =
[
1 0 0 0
0 0 91 0
]
·

2
1 0
2 1
1 0
 = [1 0 0 0
0 0 91 0
]
·

0 0
1 0
0 1
0 0
 =
[
0 0
0 91
]
M
P (6,5)
7→6 · g7 =
[
0
1
]
·
[
0 91
]
=
[
0 0
0 91
]
g6 ·MP (5,2)7→6 −MP (6,5)7→6 · g7 =
[
0 0
0 91
]
−
[
0 0
0 91
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0 0
0 0 1
]
·
01
0
 = [ 12 0 ]
3. g3 · f3 = 0
g3 · f3 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 =

1 91 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 91 0 1
 ·

0 0
0 0
1 91
0 0
1 0
0 0

=
[ 2
4 0
]
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4. g4 · f4 = 0
g4 · f4 =
1 91 0 00 0 0 1
1 0 0 0
 ·

1
2 0
1 1
1 0
 =
1 91 0 00 0 0 1
1 0 0 0
 ·

0
0
1
0
 =
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
91 0
0 1
]
·
[ 0
2 0
]
=
[
91 0
0 1
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 0 0 0
0 0 91 0
]
·

0 0
1 91
0 0
1 0
 =
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 91
]
·
[
91
0
]
=
[
0
]
129.1.2 0→ P (3, 5) f→ P (5, 2) g→ P (6, 7)→ 0 
PdimP (3, 5) + dimP (6, 7) = (0, 1, 2, 2, 1, 1, 0) + (1, 2, 4, 2, 1, 3, 2)
= (1, 3, 6, 4, 2, 4, 2) = dimP (5, 2)
Pdimk Ext
1
kQ(P (6, 7), P (3, 5)) = dimk HomkQ(P (6, 7), P (3, 5))− 〈dimP (6, 7),dimP (3, 5)〉
= 0− 〈(1, 2, 4, 2, 1, 3, 2), (0, 1, 2, 2, 1, 1, 0)〉
= 1 · 1 + 2 · 2 + 2 · 2 + 1 · 2 + 3 · 2 + 2 · 1− (1 · 0 + 2 · 1 + 4 · 2 + 2 · 2 + 1 · 1 + 3 · 1 + 2 · 0)
= 1 + 4 + 4 + 2 + 6 + 2− (0 + 2 + 8 + 4 + 1 + 3 + 0)
= 1
Matrices of the embedding f : P (3, 5)→ P (5, 2) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
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Matrices of the projection g : P (5, 2)→ P (6, 7) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 5)→ P (5, 2) P
1. f2 ·MP (3,5)1→2 −MP (5,2)1→2 · f1 = 0
f2 ·MP (3,5)1→2 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
P (5,2)
1→2 · f1 =
10
1
 · [ 01 0 ] = [ 03 0 ]
f2 ·MP (3,5)1→2 −MP (5,2)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MP (3,5)2→3 −MP (5,2)2→3 · f2 = 0
f3 ·MP (3,5)2→3 =
[ 2
2 1
4 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
4 0 0
 · [1
0
]
=

1
1 1
1 0
4 0
 = [
1
1 1
5 0
]
M
P (5,2)
2→3 · f2 =

1 2
1 1 0
3 0 0
2 0 1
 · [
1
1 1
2 0
]
=

1
1 1
3 0
2 0
 = [
1
1 1
5 0
]
f3 ·MP (3,5)2→3 −MP (5,2)2→3 · f2 =
[ 1
1 1
5 0
]
−
[ 1
1 1
5 0
]
=
[ 1
6 0
]
3. f3 ·MP (3,5)4→3 −MP (5,2)4→3 · f4 = 0
f3 ·MP (3,5)4→3 =
[ 2
2 1
4 0
]
·
[ 2
2 1
]
=
[ 2
2 1
4 0
]
M
P (5,2)
4→3 · f4 =

2 2
2 1 0
2 0 1
2 0 1
 · [
2
2 1
2 0
]
=

2
2 1
2 0
2 0
 = [
2
2 1
4 0
]
f3 ·MP (3,5)4→3 −MP (5,2)4→3 · f4 =
[ 2
2 1
4 0
]
−
[ 2
2 1
4 0
]
=
[ 2
6 0
]
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4. f4 ·MP (3,5)5→4 −MP (5,2)5→4 · f5 = 0
f4 ·MP (3,5)5→4 =
[ 2
2 1
2 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [0
1
]
=

1
1 0
1 1
2 0

M
P (5,2)
5→4 · f5 =

0 0
1 0
0 1
0 1
 ·
[
1
0
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

f4 ·MP (3,5)5→4 −MP (5,2)5→4 · f5 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
5. f3 ·MP (3,5)6→3 −MP (5,2)6→3 · f6 = 0
f3 ·MP (3,5)6→3 =
[ 2
2 1
4 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
4 0 0
 · [1
1
]
=

1
1 1
1 1
4 0

M
P (5,2)
6→3 · f6 =

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 ·
[ 1
1 1
3 0
]
=

1
1 1
1 1
3 0
1 0
 =

1
1 1
1 1
4 0

f3 ·MP (3,5)6→3 −MP (5,2)6→3 · f6 =

1
1 1
1 1
4 0
−

1
1 1
1 1
4 0
 = [ 16 0 ]
6. f6 ·MP (3,5)7→6 −MP (5,2)7→6 · f7 = 0
f6 ·MP (3,5)7→6 =
[ 1
1 1
3 0
]
·
[ 0
1 0
]
=
[ 0
4 0
]
M
P (5,2)
7→6 · f7 =

2
1 0
2 1
1 0
 · [ 02 0 ] = [ 04 0 ]
f6 ·MP (3,5)7→6 −MP (5,2)7→6 · f7 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
Relations of the projection g : P (5, 2)→ P (6, 7) P
1. g2 ·MP (5,2)1→2 −MP (6,7)1→2 · g1 = 0
g2 ·MP (5,2)1→2 =
[ 1 2
2 0 1
]
·
10
1
 = [0 1 0
0 0 1
]
·
10
1
 = [0
1
]
M
P (6,7)
1→2 · g1 =
[
0
1
]
·
[
1
]
=
[
0
1
]
g2 ·MP (5,2)1→2 −MP (6,7)1→2 · g1 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
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2. g3 ·MP (5,2)2→3 −MP (6,7)2→3 · g2 = 0
g3 ·MP (5,2)2→3 =
[ 2 4
4 0 1
]
·

1 2
1 1 0
3 0 0
2 0 1
 = [
1 1 2 2
2 0 0 1 0
2 0 0 0 1
]
·

1 2
1 1 0
1 0 0
2 0 0
2 0 1
 =
[ 1 2
2 0 0
2 0 1
]
M
P (6,7)
2→3 · g2 =
[ 2
2 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 0
2 0 1
]
g3 ·MP (5,2)2→3 −MP (6,7)2→3 · g2 =
[ 1 2
2 0 0
2 0 1
]
−
[ 1 2
2 0 0
2 0 1
]
=
[ 3
4 0
]
3. g3 ·MP (5,2)4→3 −MP (6,7)4→3 · g4 = 0
g3 ·MP (5,2)4→3 =
[ 2 4
4 0 1
]
·

2 2
2 1 0
2 0 1
2 0 1
 = [
2 2 2
2 0 1 0
2 0 0 1
]
·

2 2
2 1 0
2 0 1
2 0 1
 = [
2 2
2 0 1
2 0 1
]
M
P (6,7)
4→3 · g4 =
[ 2
2 1
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
2 0 1
]
g3 ·MP (5,2)4→3 −MP (6,7)4→3 · g4 =
[ 2 2
2 0 1
2 0 1
]
−
[ 2 2
2 0 1
2 0 1
]
=
[ 4
4 0
]
4. g4 ·MP (5,2)5→4 −MP (6,7)5→4 · g5 = 0
g4 ·MP (5,2)5→4 =
[ 2 2
2 0 1
]
·

0 0
1 0
0 1
0 1
 =
[
0 0 1 0
0 0 0 1
]
·

0 0
1 0
0 1
0 1
 =
[
0 1
0 1
]
M
P (6,7)
5→4 · g5 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g4 ·MP (5,2)5→4 −MP (6,7)5→4 · g5 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
5. g3 ·MP (5,2)6→3 −MP (6,7)6→3 · g6 = 0
g3 ·MP (5,2)6→3 =
[ 2 4
4 0 1
]
·

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 =
[ 1 1 3 1
3 0 0 1 0
1 0 0 0 1
]
·

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 =
[ 1 3
3 0 1
1 0 0
]
M
P (6,7)
6→3 · g6 =
[ 3
3 1
1 0
]
·
[ 1 3
3 0 1
]
=
[ 1 3
3 0 1
1 0 0
]
g3 ·MP (5,2)6→3 −MP (6,7)6→3 · g6 =
[ 1 3
3 0 1
1 0 0
]
−
[ 1 3
3 0 1
1 0 0
]
=
[ 4
4 0
]
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6. g6 ·MP (5,2)7→6 −MP (6,7)7→6 · g7 = 0
g6 ·MP (5,2)7→6 =
[ 1 3
3 0 1
]
·

2
1 0
2 1
1 0
 = [
1 2 1
2 0 1 0
1 0 0 1
]
·

2
1 0
2 1
1 0
 = [
2
2 1
1 0
]
M
P (6,7)
7→6 · g7 =
[ 2
2 1
1 0
]
·
[ 2
2 1
]
=
[ 2
2 1
1 0
]
g6 ·MP (5,2)7→6 −MP (6,7)7→6 · g7 =
[ 2
2 1
1 0
]
−
[ 2
2 1
1 0
]
=
[ 2
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
129.2 Tree module property of P (11, 2) 
The matrices of the representation have full (column) rank P
1. MP (11,2)1→2 =

1 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
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2. MP (11,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k) is already in column echelon form and has maximal column rank.
3. MP (11,2)4→3 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k) is already in column echelon form and has maximal column rank.
4. MP (11,2)5→4 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. MP (11,2)6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
6. MP (11,2)7→6 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
129.2.1 0→ P (9, 7) f→ P (11, 2) g→ P (12, 5)→ 0 
PdimP (9, 7) + dimP (12, 5) = (1, 3, 5, 3, 1, 4, 2) + (2, 4, 7, 5, 3, 4, 2)
= (3, 7, 12, 8, 4, 8, 4) = dimP (11, 2)
Pdimk Ext
1
kQ(P (12, 5), P (9, 7)) = dimk HomkQ(P (12, 5), P (9, 7))− 〈dimP (12, 5),dimP (9, 7)〉
= 0− 〈(2, 4, 7, 5, 3, 4, 2), (1, 3, 5, 3, 1, 4, 2)〉
= 2 · 3 + 4 · 5 + 5 · 5 + 3 · 3 + 4 · 5 + 2 · 4− (2 · 1 + 4 · 3 + 7 · 5 + 5 · 3 + 3 · 1 + 4 · 4 + 2 · 2)
= 6 + 20 + 25 + 9 + 20 + 8− (2 + 12 + 35 + 15 + 3 + 16 + 4)
= 1
Matrices of the embedding f : P (9, 7)→ P (11, 2) P
1. f1 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
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2. f2 =

0 0 0
0 0 0
0 0 0
1 91 0
0 0 91
0 0 0
1 0 0

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

c2←c2+c1−−−−−−→

1 1 1
3 0 0 0
1 1 0 0
1 0 0 91
1 0 0 0
1 1 1 0

c2↔c3−−−−→

1 1 1
3 0 0 0
1 1 0 0
1 0 91 0
1 0 0 0
1 1 0 1

3. f3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

∈M12,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1
5 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

c1↔c2−−−−→

1 1 1 1 1
5 0 0 0 0 0
1 91 0 0 1 0
1 0 1 91 0 1
1 0 0 0 0 0
1 91 1 0 0 0
1 0 1 91 0 0
1 0 0 0 0 0
1 0 1 0 0 0

c4←c4+c1−−−−−−→

1 1 1 1 1
5 0 0 0 0 0
1 91 0 0 0 0
1 0 1 91 0 1
1 0 0 0 0 0
1 91 1 0 91 0
1 0 1 91 0 0
1 0 0 0 0 0
1 0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

1 1 1 1 1
5 0 0 0 0 0
1 91 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 91 1 1 91 91
1 0 1 0 0 91
1 0 0 0 0 0
1 0 1 1 0 91

c4←c4+c3
c5←c5+c3−−−−−−→

1 1 1 1 1
5 0 0 0 0 0
1 91 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 91 1 1 0 0
1 0 1 0 0 91
1 0 0 0 0 0
1 0 1 1 1 0

c4↔c5−−−−→

1 1 1 1 1
5 0 0 0 0 0
1 91 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 91 1 1 0 0
1 0 1 0 91 0
1 0 0 0 0 0
1 0 1 1 0 1

4. f4 =

0 0 0
0 0 0
0 0 0
0 0 0
0 91 0
1 0 91
0 0 0
1 0 0

∈M8,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0

c1↔c2−−−−→

1 1 1
4 0 0 0
1 91 0 0
1 0 1 91
1 0 0 0
1 0 1 0

c3←c3+c2−−−−−−→

1 1 1
4 0 0 0
1 91 0 0
1 0 1 0
1 0 0 0
1 0 1 1

5. f5 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0 0 0
0 0 0 0
0 0 0 0
91 0 1 0
0 91 0 1
0 0 0 0
91 0 0 0
0 91 0 0

∈M8,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2
3 0 0
2 91 1
1 0 0
2 91 0
 c2←c2+c1−−−−−−→

2 2
3 0 0
2 91 0
1 0 0
2 91 91

7. f7 =

0 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (11, 2)→ P (12, 5) P
1. g1 =
[
0 1 0
91 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[
0 1 0
91 0 0
]
r1↔r2−−−−→
[
91 0 0
0 1 0
]
2. g2 =

0 1 0 0 0 0 0
91 0 1 0 0 0 0
0 0 0 0 0 1 0
91 0 0 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0
 r1↔r2−−−−→

1 1 1 2 1 1
1 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

1 1 1 2 1 1
1 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
1 0 0 91 0 0 0
 r3↔r4−−−−→

1 1 1 2 1 1
1 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 0 1 0

3. g3 =

0 1 0 91 0 0 0 0 0 0 0 0
91 0 1 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
91 1 0 0 0 0 0 0 0 0 0 0
91 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 1 0
91 0 0 0 0 0 0 0 0 0 0 0

∈M7,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 1 2 1 2 1 1
1 0 1 0 91 0 0 0 0 0 0
1 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 2 1 2 1 1
1 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

r4←r4−r1
r5←r5−r1
r7←r7−r1−−−−−−→

1 1 1 1 1 2 1 2 1 1
1 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 91 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 0 0 91 0 1 0 0 0 0 0

r4←r4−r2−−−−−−→
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
1 1 1 1 1 2 1 2 1 1
1 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 1 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 0 0 91 0 1 0 0 0 0 0

r3↔r4−−−−→

1 1 1 1 1 2 1 2 1 1
1 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 91 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 0 0 91 0 1 0 0 0 0 0

r7←r7−r3−−−−−−→

1 1 1 1 1 2 1 2 1 1
1 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 91 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 0 0 0 0

r4↔r7−−−−→

1 1 1 1 1 2 1 2 1 1
1 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 91 1 1 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0

4. g4 =

1 0 91 0 0 0 0 0
0 1 0 91 0 0 0 0
0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
 r3←r3−r1−−−−−−→

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 0 1 0 0 0
 r2↔r3−−−−→

2 2 2 1 1
2 1 91 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0

5. g5 =
91 0 0 00 91 0 0
0 0 1 0
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 91 0 0
91 0 0 0 0 0 0 0
 ∈M4,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 0 91 0 0 0 0
 r2↔r4−−−−→

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 91 0 0 0 0
1 0 0 0 0 91 0
1 0 0 1 0 0 0
 r3↔r4−−−−→

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 91 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0

7. g7 =
[
0 0 0 91
91 0 0 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 2 1
1 0 0 91
1 91 0 0
]
r1↔r2−−−−→
[ 1 2 1
1 91 0 0
1 0 0 91
]
Relations of the embedding f : P (9, 7)→ P (11, 2) P
1. f2 ·MP (9,7)1→2 −MP (11,2)1→2 · f1 = 0
f2 ·MP (9,7)1→2 =

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 ·
11
0
 =

1
3 0
1 0
1 0
1 0
1 1
 =
[ 1
6 0
1 1
]
M
P (11,2)
1→2 · f1 =

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 1
2 0
1 1
]
=

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
00
1
 =

1
1 0
1 0
3 0
1 0
1 1
 =
[ 1
6 0
1 1
]
f2 ·MP (9,7)1→2 −MP (11,2)1→2 · f1 =
[ 1
6 0
1 1
]
−
[ 1
6 0
1 1
]
=
[ 1
7 0
]
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2. f3 ·MP (9,7)2→3 −MP (11,2)2→3 · f2 = 0
f3 ·MP (9,7)2→3 =

1 1 1 1 1
5 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
5 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

=

1 1 1
8 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

M
P (11,2)
2→3 · f2 =

3 4
3 1 0
5 0 0
4 0 1
 ·

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =

3 1 1 1 1
3 1 0 0 0 0
5 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =

1 1 1
3 0 0 0
5 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

=

1 1 1
8 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0

f3 ·MP (9,7)2→3 −MP (11,2)2→3 · f2 =

1 1 1
8 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
−

1 1 1
8 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =
[ 3
12 0
]
3. f3 ·MP (9,7)4→3 −MP (11,2)4→3 · f4 = 0
f3 ·MP (9,7)4→3 =

1 1 1 1 1
5 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·
[ 3
3 1
2 0
]
=

1 1 1 1 1
5 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

1 1 1
5 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

M
P (11,2)
4→3 · f4 =

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 =

4 1 1 1 1
1 0 0 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 =

1 1 1
1 0 0 0
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

=

1 1 1
5 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

f3 ·MP (9,7)4→3 −MP (11,2)4→3 · f4 =

1 1 1
5 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

−

1 1 1
5 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 91 0
1 1 0 91
1 0 0 0
1 1 0 0

=
[ 3
12 0
]
4. f4 ·MP (9,7)5→4 −MP (11,2)5→4 · f5 = 0
f4 ·MP (9,7)5→4 =

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 ·
[ 1
1 1
2 0
]
=

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 ·
10
0
 =

1
4 0
1 0
1 1
1 0
1 1
 =

1
5 0
1 1
1 0
1 1

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M
P (11,2)
5→4 · f5 =

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 ·
[ 1
3 0
1 1
]
=

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

·

1
2 0
1 0
1 1
 =

1
2 0
2 0
1 0
1 1
1 0
1 1

=

1
5 0
1 1
1 0
1 1

f4 ·MP (9,7)5→4 −MP (11,2)5→4 · f5 =

1
5 0
1 1
1 0
1 1
−

1
5 0
1 1
1 0
1 1
 =
[ 1
8 0
]
5. f3 ·MP (9,7)6→3 −MP (11,2)6→3 · f6 = 0
f3 ·MP (9,7)6→3 =

1 1 1 1 1
5 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·
[ 4
1 0
4 1
]
=

1 1 1 1 1
5 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =

1 1 1 1
5 0 0 0 0
1 91 0 1 0
1 0 91 0 1
1 0 0 0 0
1 91 0 0 0
1 0 91 0 0
1 0 0 0 0
1 0 0 0 0

=

2 2
5 0 0
2 91 1
1 0 0
2 91 0
2 0 0

M
P (11,2)
6→3 · f6 =

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·

2 2
3 0 0
2 91 1
1 0 0
2 91 0
 =

1 1 1 2 1 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 1 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 0 0

·

2 2
1 0 0
1 0 0
1 0 0
2 91 1
1 0 0
2 91 0

=

2 2
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
2 91 1
1 0 0
2 91 0
2 0 0

=

2 2
5 0 0
2 91 1
1 0 0
2 91 0
2 0 0

f3 ·MP (9,7)6→3 −MP (11,2)6→3 · f6 =

2 2
5 0 0
2 91 1
1 0 0
2 91 0
2 0 0
−

2 2
5 0 0
2 91 1
1 0 0
2 91 0
2 0 0
 =
[ 4
12 0
]
6. f6 ·MP (9,7)7→6 −MP (11,2)7→6 · f7 = 0
f6 ·MP (9,7)7→6 =

2 2
3 0 0
2 91 1
1 0 0
2 91 0
 ·
[ 2
2 0
2 1
]
=

2
3 0
2 1
1 0
2 0
 =

2
3 0
2 1
3 0

M
P (11,2)
7→6 · f7 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 ·

2
1 0
2 1
1 0
 =

1 2 1
1 1 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
2 0 0 0

·

2
1 0
2 1
1 0
 =

2
1 0
1 0
1 0
2 1
1 0
2 0

=

2
3 0
2 1
3 0

f6 ·MP (9,7)7→6 −MP (11,2)7→6 · f7 =

2
3 0
2 1
3 0
−

2
3 0
2 1
3 0
 = [ 28 0 ]
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Relations of the projection g : P (11, 2)→ P (12, 5) P
1. g2 ·MP (11,2)1→2 −MP (12,5)1→2 · g1 = 0
g2 ·MP (11,2)1→2 =

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0
 ·

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0
 ·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

0 1 0
91 0 0
0 1 0
91 0 0

M
P (12,5)
1→2 · g1 =
[ 2
2 1
2 1
]
·
[
0 1 0
91 0 0
]
=

1 0
0 1
1 0
0 1
 ·
[
0 1 0
91 0 0
]
=

0 1 0
91 0 0
0 1 0
91 0 0

g2 ·MP (11,2)1→2 −MP (12,5)1→2 · g1 =

0 1 0
91 0 0
0 1 0
91 0 0
−

0 1 0
91 0 0
0 1 0
91 0 0
 =
[ 3
4 0
]
2. g3 ·MP (11,2)2→3 −MP (12,5)2→3 · g2 = 0
g3 ·MP (11,2)2→3 =

1 1 1 1 1 2 1 2 1 1
1 0 1 0 91 0 0 0 0 0 0
1 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

·

3 4
3 1 0
5 0 0
4 0 1

=

1 1 1 1 1 2 1 2 1 1
1 0 1 0 91 0 0 0 0 0 0
1 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

·

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0

M
P (12,5)
2→3 · g2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0
 =

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0

g3 ·MP (11,2)2→3 −MP (12,5)2→3 · g2 =

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0

−

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0

=
[ 7
7 0
]
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3. g3 ·MP (11,2)4→3 −MP (12,5)4→3 · g4 = 0
g3 ·MP (11,2)4→3 =

1 1 1 1 1 2 1 2 1 1
1 0 1 0 91 0 0 0 0 0 0
1 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

·

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

0 1 0 91 0 0 0 0 0 0 0 0
91 0 1 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
91 1 0 0 0 0 0 0 0 0 0 0
91 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 1 0
91 0 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

=

1 0 91 0 0 0 0 0
0 1 0 91 0 0 0 0
0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

=

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
2 0 0 0 0 0

M
P (12,5)
4→3 · g4 =
[ 5
5 1
2 0
]
·

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
 ·

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
 =

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
2 0 0 0 0 0

g3 ·MP (11,2)4→3 −MP (12,5)4→3 · g4 =

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
2 0 0 0 0 0
−

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
2 0 0 0 0 0
 =
[ 8
7 0
]
4. g4 ·MP (11,2)5→4 −MP (12,5)5→4 · g5 = 0
g4 ·MP (11,2)5→4 =

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
 ·

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 =

2 2 1 1 1 1
2 1 91 0 0 0 0
1 0 0 0 0 1 0
2 1 0 0 0 0 0
 ·

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

=

2 1 1
2 91 0 0
1 0 1 0
2 0 0 0

M
P (12,5)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 2 1 1
2 91 0 0
1 0 1 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
2 1 1
2 91 0 0
1 0 1 0
]
=

2 1 1
2 91 0 0
1 0 1 0
2 0 0 0

g4 ·MP (11,2)5→4 −MP (12,5)5→4 · g5 =

2 1 1
2 91 0 0
1 0 1 0
2 0 0 0
−

2 1 1
2 91 0 0
1 0 1 0
2 0 0 0
 = [ 45 0 ]
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5. g3 ·MP (11,2)6→3 −MP (12,5)6→3 · g6 = 0
g3 ·MP (11,2)6→3 =

1 1 1 1 1 2 1 2 1 1
1 0 1 0 91 0 0 0 0 0 0
1 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

·

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=

1 1 1 1 1 2 1 2 1 1
1 0 1 0 91 0 0 0 0 0 0
1 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

·

1 1 1 2 1 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 1 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

1 1 1 2 1 2
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0

=

1 1 1 2 1 2
3 0 0 0 0 0 0
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0

M
P (12,5)
6→3 · g6 =
[ 4
3 0
4 1
]
·

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 =

1 1 1 1
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 =

1 1 1 2 1 2
3 0 0 0 0 0 0
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0

g3 ·MP (11,2)6→3 −MP (12,5)6→3 · g6 =

1 1 1 2 1 2
3 0 0 0 0 0 0
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
−

1 1 1 2 1 2
3 0 0 0 0 0 0
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 =
[ 8
7 0
]
6. g6 ·MP (11,2)7→6 −MP (12,5)7→6 · g7 = 0
g6 ·MP (11,2)7→6 =

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 ·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 =

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 ·

1 2 1
1 1 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
2 0 0 0

=

1 2 1
1 0 0 0
1 0 0 0
1 0 0 91
1 91 0 0
 =

1 2 1
2 0 0 0
1 0 0 91
1 91 0 0

M
P (12,5)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 1 2 1
1 0 0 91
1 91 0 0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [
1 2 1
1 0 0 91
1 91 0 0
]
=

1 2 1
2 0 0 0
1 0 0 91
1 91 0 0

g6 ·MP (11,2)7→6 −MP (12,5)7→6 · g7 =

1 2 1
2 0 0 0
1 0 0 91
1 91 0 0
−

1 2 1
2 0 0 0
1 0 0 91
1 91 0 0
 = [ 44 0 ]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1 0
91 0 0
]
·
[ 1
2 0
1 1
]
=
[
0 1 0
91 0 0
]
·
00
1
 = [ 12 0 ]
2. g2 · f2 = 0
g2 · f2 =

1 1 1 2 1 1
1 0 1 0 0 0 0
1 91 0 1 0 0 0
1 0 0 0 0 1 0
1 91 0 0 0 0 0
 ·

1 1 1
3 0 0 0
1 1 91 0
1 0 0 91
1 0 0 0
1 1 0 0
 =

0 1 0 0 0 0 0
91 0 1 0 0 0 0
0 0 0 0 0 1 0
91 0 0 0 0 0 0
 ·

0 0 0
0 0 0
0 0 0
1 91 0
0 0 91
0 0 0
1 0 0

=
[ 3
4 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 2 1 2 1 1
1 0 1 0 91 0 0 0 0 0 0
1 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1
5 0 0 0 0 0
1 0 91 0 1 0
1 1 0 91 0 1
1 0 0 0 0 0
1 1 91 0 0 0
1 1 0 91 0 0
1 0 0 0 0 0
1 1 0 0 0 0

=

0 1 0 91 0 0 0 0 0 0 0 0
91 0 1 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
91 1 0 0 0 0 0 0 0 0 0 0
91 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 1 0
91 0 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 91 0 1 0
1 0 91 0 1
0 0 0 0 0
1 91 0 0 0
1 0 91 0 0
0 0 0 0 0
1 0 0 0 0

=
[ 5
7 0
]
4. g4 · f4 = 0
g4 · f4 =

2 2 2 1 1
2 1 91 0 0 0
1 0 0 0 1 0
2 1 0 0 0 0
 ·

1 1 1
4 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0
 =

2 2 1 1 1 1
2 1 91 0 0 0 0
1 0 0 0 0 1 0
2 1 0 0 0 0 0
 ·

1 1 1
2 0 0 0
2 0 0 0
1 0 91 0
1 1 0 91
1 0 0 0
1 1 0 0

=
[ 3
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1 1
2 91 0 0
1 0 1 0
]
·
[ 1
3 0
1 1
]
=
[ 2 1 1
2 91 0 0
1 0 1 0
]
·

1
2 0
1 0
1 1
 = [ 13 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 ·

2 2
3 0 0
2 91 1
1 0 0
2 91 0
 =

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 91 0 0 0 0 0
 ·

2 2
1 0 0
1 0 0
1 0 0
2 91 1
1 0 0
2 91 0

=
[ 4
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2 1
1 0 0 91
1 91 0 0
]
·

2
1 0
2 1
1 0
 = [ 22 0 ]
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129.2.2 0→ P (9, 5) f→ P (11, 2) g→ P (12, 7)→ 0 
PdimP (9, 5) + dimP (12, 7) = (1, 3, 5, 4, 2, 3, 1) + (2, 4, 7, 4, 2, 5, 3)
= (3, 7, 12, 8, 4, 8, 4) = dimP (11, 2)
Pdimk Ext
1
kQ(P (12, 7), P (9, 5)) = dimk HomkQ(P (12, 7), P (9, 5))− 〈dimP (12, 7),dimP (9, 5)〉
= 0− 〈(2, 4, 7, 4, 2, 5, 3), (1, 3, 5, 4, 2, 3, 1)〉
= 2 · 3 + 4 · 5 + 4 · 5 + 2 · 4 + 5 · 5 + 3 · 3− (2 · 1 + 4 · 3 + 7 · 5 + 4 · 4 + 2 · 2 + 5 · 3 + 3 · 1)
= 6 + 20 + 20 + 8 + 25 + 9− (2 + 12 + 35 + 16 + 4 + 15 + 3)
= 1
Matrices of the embedding f : P (9, 5)→ P (11, 2) P
1. f1 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M12,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (11, 2)→ P (12, 7) P
1. g1 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M7,12(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (9, 5)→ P (11, 2) P
1. f2 ·MP (9,5)1→2 −MP (11,2)1→2 · f1 = 0
f2 ·MP (9,5)1→2 =
[ 3
3 1
4 0
]
·
[ 1
1 1
2 0
]
=

1 2
1 1 0
2 0 1
4 0 0
 · [
1
1 1
2 0
]
=

1
1 1
2 0
4 0
 = [
1
1 1
6 0
]
M
P (11,2)
1→2 · f1 =

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 1
1 1
2 0
]
=

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
10
0
 =

1
1 1
1 0
3 0
1 0
1 0
 =
[ 1
1 1
6 0
]
f2 ·MP (9,5)1→2 −MP (11,2)1→2 · f1 =
[ 1
1 1
6 0
]
−
[ 1
1 1
6 0
]
=
[ 1
7 0
]
2. f3 ·MP (9,5)2→3 −MP (11,2)2→3 · f2 = 0
f3 ·MP (9,5)2→3 =
[ 5
5 1
7 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
7 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
7 0
 = [
3
3 1
9 0
]
M
P (11,2)
2→3 · f2 =

3 4
3 1 0
5 0 0
4 0 1
 · [
3
3 1
4 0
]
=

3
3 1
5 0
4 0
 = [
3
3 1
9 0
]
f3 ·MP (9,5)2→3 −MP (11,2)2→3 · f2 =
[ 3
3 1
9 0
]
−
[ 3
3 1
9 0
]
=
[ 3
12 0
]
3. f3 ·MP (9,5)4→3 −MP (11,2)4→3 · f4 = 0
f3 ·MP (9,5)4→3 =
[ 5
5 1
7 0
]
·
[ 4
1 0
4 1
]
=

1 4
1 1 0
4 0 1
7 0 0
 · [
4
1 0
4 1
]
=

4
1 0
4 1
7 0

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M
P (11,2)
4→3 · f4 =

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·
[ 4
4 1
4 0
]
=

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

4
4 1
1 0
2 0
1 0
 =

4
1 0
4 1
1 0
2 0
1 0
2 0
1 0

=

4
1 0
4 1
7 0

f3 ·MP (9,5)4→3 −MP (11,2)4→3 · f4 =

4
1 0
4 1
7 0
−

4
1 0
4 1
7 0
 = [ 412 0 ]
4. f4 ·MP (9,5)5→4 −MP (11,2)5→4 · f5 = 0
f4 ·MP (9,5)5→4 =
[ 4
4 1
4 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
4 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
4 0

M
P (11,2)
5→4 · f5 =

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 ·
[ 2
2 1
2 0
]
=

2
2 0
2 1
2 0
2 0
 =

2
2 0
2 1
4 0

f4 ·MP (9,5)5→4 −MP (11,2)5→4 · f5 =

2
2 0
2 1
4 0
−

2
2 0
2 1
4 0
 = [ 28 0 ]
5. f3 ·MP (9,5)6→3 −MP (11,2)6→3 · f6 = 0
f3 ·MP (9,5)6→3 =
[ 5
5 1
7 0
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
7 0 0 0

M
P (11,2)
6→3 · f6 =

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·
[ 3
3 1
5 0
]
=

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
5 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
5 0 0 0
2 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
7 0 0 0

f3 ·MP (9,5)6→3 −MP (11,2)6→3 · f6 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
7 0 0 0

−

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
7 0 0 0

=
[ 3
12 0
]
6. f6 ·MP (9,5)7→6 −MP (11,2)7→6 · f7 = 0
f6 ·MP (9,5)7→6 =
[ 3
3 1
5 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
5 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
5 0
 =

1
1 1
1 1
6 0

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M
P (11,2)
7→6 · f7 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 ·
[ 1
1 1
3 0
]
=

1
1 1
1 1
1 0
3 0
2 0
 =

1
1 1
1 1
6 0

f6 ·MP (9,5)7→6 −MP (11,2)7→6 · f7 =

1
1 1
1 1
6 0
−

1
1 1
1 1
6 0
 = [ 18 0 ]
Relations of the projection g : P (11, 2)→ P (12, 7) P
1. g2 ·MP (11,2)1→2 −MP (12,7)1→2 · g1 = 0
g2 ·MP (11,2)1→2 =
[ 3 4
4 0 1
]
·

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 1 2 1 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

1 1 1
2 0 0 0
1 0 1 0
1 0 0 1
 = [
1 2
2 0 0
2 0 1
]
M
P (12,7)
1→2 · g1 =
[ 2
2 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 0
2 0 1
]
g2 ·MP (11,2)1→2 −MP (12,7)1→2 · g1 =
[ 1 2
2 0 0
2 0 1
]
−
[ 1 2
2 0 0
2 0 1
]
=
[ 3
4 0
]
2. g3 ·MP (11,2)2→3 −MP (12,7)2→3 · g2 = 0
g3 ·MP (11,2)2→3 =
[ 5 7
7 0 1
]
·

3 4
3 1 0
5 0 0
4 0 1
 = [
3 2 3 4
3 0 0 1 0
4 0 0 0 1
]
·

3 4
3 1 0
2 0 0
3 0 0
4 0 1
 =
[ 3 4
3 0 0
4 0 1
]
M
P (12,7)
2→3 · g2 =
[ 4
3 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
3 0 0
4 0 1
]
g3 ·MP (11,2)2→3 −MP (12,7)2→3 · g2 =
[ 3 4
3 0 0
4 0 1
]
−
[ 3 4
3 0 0
4 0 1
]
=
[ 7
7 0
]
3. g3 ·MP (11,2)4→3 −MP (12,7)4→3 · g4 = 0
g3 ·MP (11,2)4→3 =
[ 5 7
7 0 1
]
·

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 4 1 2 1 2 1
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
P (12,7)
4→3 · g4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 4 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·MP (11,2)4→3 −MP (12,7)4→3 · g4 =

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

4 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[ 8
7 0
]
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4. g4 ·MP (11,2)5→4 −MP (12,7)5→4 · g5 = 0
g4 ·MP (11,2)5→4 =
[ 4 4
4 0 1
]
·

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 =
[ 2 2 2 2
2 0 0 1 0
2 0 0 0 1
]
·

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 =
[ 2 2
2 0 1
2 0 1
]
M
P (12,7)
5→4 · g5 =
[ 2
2 1
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
2 0 1
]
g4 ·MP (11,2)5→4 −MP (12,7)5→4 · g5 =
[ 2 2
2 0 1
2 0 1
]
−
[ 2 2
2 0 1
2 0 1
]
=
[ 4
4 0
]
5. g3 ·MP (11,2)6→3 −MP (12,7)6→3 · g6 = 0
g3 ·MP (11,2)6→3 =
[ 5 7
7 0 1
]
·

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=
[ 1 1 1 1 1 5 2
5 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=
[ 1 1 1 5
5 0 0 0 1
2 0 0 0 0
]
=
[ 3 5
5 0 1
2 0 0
]
M
P (12,7)
6→3 · g6 =
[ 5
5 1
2 0
]
·
[ 3 5
5 0 1
]
=
[ 3 5
5 0 1
2 0 0
]
g3 ·MP (11,2)6→3 −MP (12,7)6→3 · g6 =
[ 3 5
5 0 1
2 0 0
]
−
[ 3 5
5 0 1
2 0 0
]
=
[ 8
7 0
]
6. g6 ·MP (11,2)7→6 −MP (12,7)7→6 · g7 = 0
g6 ·MP (11,2)7→6 =
[ 3 5
5 0 1
]
·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 =
[ 1 1 1 3 2
3 0 0 0 1 0
2 0 0 0 0 1
]
·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 =
[ 1 3
3 0 1
2 0 0
]
M
P (12,7)
7→6 · g7 =
[ 3
3 1
2 0
]
·
[ 1 3
3 0 1
]
=
[ 1 3
3 0 1
2 0 0
]
g6 ·MP (11,2)7→6 −MP (12,7)7→6 · g7 =
[ 1 3
3 0 1
2 0 0
]
−
[ 1 3
3 0 1
2 0 0
]
=
[ 4
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
1196
3. g3 · f3 = 0
g3 · f3 =
[ 5 7
7 0 1
]
·
[ 5
5 1
7 0
]
=
[ 5
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
129.3 Tree module property of P (17, 2) 
The matrices of the representation have full (column) rank P
1. MP (17,2)1→2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k) is already in column echelon form and has maximal column rank.
2. MP (17,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M18,11(k) is already in column echelon form and has maximal column rank.
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3. MP (17,2)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k) is already in column echelon form and has maximal column rank.
4. MP (17,2)5→4 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) is already in column echelon form and has maximal column rank.
5. MP (17,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k) is already in column echelon form and has maximal column rank.
6. MP (17,2)7→6 =

1 0 0 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
129.3.1 0→ P (15, 7) f→ P (17, 2) g→ P (18, 5)→ 0 
PdimP (15, 7) + dimP (18, 5) = (2, 5, 8, 5, 2, 6, 3) + (3, 6, 10, 7, 4, 6, 3)
= (5, 11, 18, 12, 6, 12, 6) = dimP (17, 2)
Pdimk Ext
1
kQ(P (18, 5), P (15, 7)) = dimk HomkQ(P (18, 5), P (15, 7))− 〈dimP (18, 5),dimP (15, 7)〉
= 0− 〈(3, 6, 10, 7, 4, 6, 3), (2, 5, 8, 5, 2, 6, 3)〉
= 3 · 5 + 6 · 8 + 7 · 8 + 4 · 5 + 6 · 8 + 3 · 6− (3 · 2 + 6 · 5 + 10 · 8 + 7 · 5 + 4 · 2 + 6 · 6 + 3 · 3)
= 15 + 48 + 56 + 20 + 48 + 18− (6 + 30 + 80 + 35 + 8 + 36 + 9)
= 1
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Matrices of the embedding f : P (15, 7)→ P (17, 2) P
1. f1 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 91 0 0
0 1 0 91 0
0 0 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M11,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2 1
5 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

c2←c2+c1−−−−−−→

2 2 1
5 0 0 0
2 1 0 0
1 0 0 91
1 0 0 0
2 1 1 0

c2↔c3−−−−→

2 1 2
5 0 0 0
2 1 0 0
1 0 91 0
1 0 0 0
2 1 0 1

3. f3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

∈M18,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

c1↔c3−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 1 0 0
1 0 0 1 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0
1 0 1 1 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0

c6←c6+c1−−−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 0 1 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 91 0 0
1 0 1 1 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0

c2↔c3−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 91 0 0 1 0
1 0 0 1 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 1 0 0 0 91 0 0
1 0 1 1 91 0 0 0 0
1 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0

c4←c4+c2
c7←c7−c2−−−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 91 91 0
1 0 1 1 0 0 0 91 0
1 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
1 0 0 1 0 0 0 0 0

c5←c5+c3
c8←c8−c3−−−−−−→
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
1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 91 91 0
1 0 1 1 0 1 0 91 91
1 0 0 1 0 0 0 0 91
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 91 0
1 0 0 1 0 1 0 0 91

c6←c6+c4
c7←c7+c4−−−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 91 91
1 0 0 1 0 0 0 0 91
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0
1 0 0 1 0 1 0 0 91

c7←c7+c5
c8←c8+c5−−−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 0 0
1 0 0 1 0 0 0 0 91
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0
1 0 0 1 0 1 0 1 0

c6↔c8−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 0 0
1 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 1
1 0 0 1 0 1 0 1 0

c7↔c8−−−−→

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 1 0 1 0 0 0 0
1 0 1 1 0 1 0 0 0
1 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 1 0 0 1 0
1 0 0 1 0 1 0 0 1

4. f4 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 91 0 0
1 0 0 91 0
0 1 0 0 91
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

∈M12,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0

c1↔c2−−−−→

1 2 2
6 0 0 0
1 91 0 0
2 0 1 91
1 0 0 0
2 0 1 0

c3←c3+c2−−−−−−→

1 2 2
6 0 0 0
1 91 0 0
2 0 1 0
1 0 0 0
2 0 1 1

5. f5 =

0 0
0 0
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 0
91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0

∈M12,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

3 3
5 0 0
3 91 1
1 0 0
3 91 0
 c2←c2+c1−−−−−−→

3 3
5 0 0
3 91 0
1 0 0
3 91 91

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7. f7 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (17, 2)→ P (18, 5) P
1. g1 =
 0 0 1 0 091 0 0 0 0
0 91 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 1 2
1 0 1 0
2 91 0 0
]
r1↔r2−−−−→
[ 2 1 2
2 91 0 0
1 0 1 0
]
2. g2 =

0 0 1 0 0 0 0 0 0 0 0
91 0 0 1 0 0 0 0 0 0 0
0 91 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
91 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0

∈M6,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

2 1 2 3 1 2
1 0 1 0 0 0 0
2 91 0 1 0 0 0
1 0 0 0 0 1 0
2 91 0 0 0 0 0
 r1↔r2−−−−→

2 1 2 3 1 2
2 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
2 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

2 1 2 3 1 2
2 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
2 0 0 91 0 0 0
 r3↔r4−−−−→

2 1 2 3 1 2
2 91 0 1 0 0 0
1 0 1 0 0 0 0
2 0 0 91 0 0 0
1 0 0 0 0 1 0

3. g3 =

0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
91 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M10,18(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

r5←r5−r1
r6←r6−r1
r9←r9−r1−−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 1 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

r2↔r3−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 1 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

r6←r6−r2
r7←r7−r2
r10←r10−r2−−−−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 1 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 0 0

r5←r5−r3−−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 0 0

r4↔r5−−−−→
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
1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 0 0

r9←r9−r4−−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 0 0

r5↔r6−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 0 0

r10←r10−r5−−−−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0

r6↔r9−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0

r7↔r10−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0

r8↔r10−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0

r9↔r10−−−−−→

1 1 1 1 1 1 1 1 3 1 3 1 2
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0

4. g4 =

1 0 0 91 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0

∈M7,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
 r3←r3−r1−−−−−−→

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 0 1 0 0 0
 r2↔r3−−−−→

3 3 3 1 2
3 1 91 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0

5. g5 =

91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 0 0 1 0 0
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
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6. g6 =

91 0 1 0 0 0 0 0 0 0 0 0
0 91 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0

∈M6,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 0 91 0 0 0 0
 r2↔r4−−−−→

2 2 1 3 1 3
2 91 1 0 0 0 0
2 0 91 0 0 0 0
1 0 0 0 0 91 0
1 0 0 1 0 0 0
 r3↔r4−−−−→

2 2 1 3 1 3
2 91 1 0 0 0 0
2 0 91 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0

7. g7 =
 0 0 0 0 0 9191 0 0 0 0 0
0 91 0 0 0 0
 ∈M3,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 3 1
1 0 0 91
2 91 0 0
]
r1↔r2−−−−→
[ 2 3 1
2 91 0 0
1 0 0 91
]
Relations of the embedding f : P (15, 7)→ P (17, 2) P
1. f2 ·MP (15,7)1→2 −MP (17,2)1→2 · f1 = 0
f2 ·MP (15,7)1→2 =

2 2 1
5 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
2 1
1 0
 =

2
5 0
2 0
1 0
1 0
2 1
 =
[ 2
9 0
2 1
]
M
P (17,2)
1→2 · f1 =

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·
[ 2
3 0
2 1
]
=

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

2
2 0
1 0
2 1
 =

2
2 0
1 0
5 0
1 0
2 1
 =
[ 2
9 0
2 1
]
f2 ·MP (15,7)1→2 −MP (17,2)1→2 · f1 =
[ 2
9 0
2 1
]
−
[ 2
9 0
2 1
]
=
[ 2
11 0
]
2. f3 ·MP (15,7)2→3 −MP (17,2)2→3 · f2 = 0
f3 ·MP (15,7)2→3 =

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1

=

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

1 1 1 1 1
8 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 91 0 0
1 0 1 0 91 0
1 0 0 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=

2 2 1
12 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

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M
P (17,2)
2→3 · f2 =

5 6
5 1 0
7 0 0
6 0 1
 ·

2 2 1
5 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

5 2 1 1 2
5 1 0 0 0 0
7 0 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 2 1
5 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

2 2 1
5 0 0 0
7 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

=

2 2 1
12 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

f3 ·MP (15,7)2→3 −MP (17,2)2→3 · f2 =

2 2 1
12 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
−

2 2 1
12 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =
[ 5
18 0
]
3. f3 ·MP (15,7)4→3 −MP (17,2)4→3 · f4 = 0
f3 ·MP (15,7)4→3 =

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·
[ 5
5 1
3 0
]
=

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

=

1 1 1 1 1
8 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

M
P (17,2)
4→3 · f4 =

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =

6 1 1 1 1 1 1
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1 1 1
6 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=

1 1 1 1 1
2 0 0 0 0 0
6 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=

1 1 1 1 1
8 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

f3 ·MP (15,7)4→3 −MP (17,2)4→3 · f4 =

1 1 1 1 1
8 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

−

1 1 1 1 1
8 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 91 0 0
1 1 1 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0

=
[ 5
18 0
]
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4. f4 ·MP (15,7)5→4 −MP (17,2)5→4 · f5 = 0
f4 ·MP (15,7)5→4 =

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·
[ 2
2 1
3 0
]
=

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 ·

2
2 1
1 0
2 0
 =

2
6 0
1 0
2 1
1 0
2 1
 =

2
7 0
2 1
1 0
2 1

M
P (17,2)
5→4 · f5 =

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 ·
[ 2
4 0
2 1
]
=

3 1 2
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1

·

2
3 0
1 0
2 1
 =

2
3 0
3 0
1 0
2 1
1 0
2 1

=

2
7 0
2 1
1 0
2 1

f4 ·MP (15,7)5→4 −MP (17,2)5→4 · f5 =

2
7 0
2 1
1 0
2 1
−

2
7 0
2 1
1 0
2 1
 =
[ 2
12 0
]
5. f3 ·MP (15,7)6→3 −MP (17,2)6→3 · f6 = 0
f3 ·MP (15,7)6→3 =

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·
[ 6
2 0
6 1
]
=

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 1 1 1 1 1
8 0 0 0 0 0 0
1 91 0 0 1 0 0
1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 0 0 0
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

3 3
8 0 0
3 91 1
1 0 0
3 91 0
3 0 0

M
P (17,2)
6→3 · f6 =

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·

3 3
5 0 0
3 91 1
1 0 0
3 91 0
 =

2 1 2 3 1 3
2 1 0 0 0 0 0
1 0 1 0 0 0 0
2 1 0 1 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
3 0 0 0 0 0 0

·

3 3
2 0 0
1 0 0
2 0 0
3 91 1
1 0 0
3 91 0

=

3 3
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
3 91 1
1 0 0
3 91 0
3 0 0

=

3 3
8 0 0
3 91 1
1 0 0
3 91 0
3 0 0

f3 ·MP (15,7)6→3 −MP (17,2)6→3 · f6 =

3 3
8 0 0
3 91 1
1 0 0
3 91 0
3 0 0
−

3 3
8 0 0
3 91 1
1 0 0
3 91 0
3 0 0
 =
[ 6
18 0
]
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6. f6 ·MP (15,7)7→6 −MP (17,2)7→6 · f7 = 0
f6 ·MP (15,7)7→6 =

3 3
5 0 0
3 91 1
1 0 0
3 91 0
 ·
[ 3
3 0
3 1
]
=

3
5 0
3 1
1 0
3 0
 =

3
5 0
3 1
4 0

M
P (17,2)
7→6 · f7 =

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 ·

3
2 0
3 1
1 0
 =

2 3 1
2 1 0 0
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 1
3 0 0 0

·

3
2 0
3 1
1 0
 =

3
2 0
2 0
1 0
3 1
1 0
3 0

=

3
5 0
3 1
4 0

f6 ·MP (15,7)7→6 −MP (17,2)7→6 · f7 =

3
5 0
3 1
4 0
−

3
5 0
3 1
4 0
 = [ 312 0 ]
Relations of the projection g : P (17, 2)→ P (18, 5) P
1. g2 ·MP (17,2)1→2 −MP (18,5)1→2 · g1 = 0
g2 ·MP (17,2)1→2 =

2 1 2 3 1 2
1 0 1 0 0 0 0
2 91 0 1 0 0 0
1 0 0 0 0 1 0
2 91 0 0 0 0 0
 ·

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 =

2 1 2 3 1 2
1 0 1 0 0 0 0
2 91 0 1 0 0 0
1 0 0 0 0 1 0
2 91 0 0 0 0 0
 ·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

2 1 2
1 0 1 0
2 91 0 0
1 0 1 0
2 91 0 0

M
P (18,5)
1→2 · g1 =
[ 3
3 1
3 1
]
·
[ 2 1 2
1 0 1 0
2 91 0 0
]
=

1 2
1 1 0
2 0 1
1 1 0
2 0 1
 ·
[ 2 1 2
1 0 1 0
2 91 0 0
]
=

2 1 2
1 0 1 0
2 91 0 0
1 0 1 0
2 91 0 0

g2 ·MP (17,2)1→2 −MP (18,5)1→2 · g1 =

2 1 2
1 0 1 0
2 91 0 0
1 0 1 0
2 91 0 0
−

2 1 2
1 0 1 0
2 91 0 0
1 0 1 0
2 91 0 0
 =
[ 5
6 0
]
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2. g3 ·MP (17,2)2→3 −MP (18,5)2→3 · g2 = 0
g3 ·MP (17,2)2→3 =

1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

·

5 6
5 1 0
7 0 0
6 0 1

=

1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1

=

1 1 1 1 1 3 1 2
1 0 0 1 0 0 0 0 0
1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0
1 91 91 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

M
P (18,5)
2→3 · g2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

2 1 2 3 1 2
1 0 1 0 0 0 0
2 91 0 1 0 0 0
1 0 0 0 0 1 0
2 91 0 0 0 0 0

=

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

1 1 1 1 1 3 1 2
1 0 0 1 0 0 0 0 0
1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

=

1 1 1 1 1 3 1 2
1 0 0 1 0 0 0 0 0
1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0
1 91 91 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

g3 ·MP (17,2)2→3 −MP (18,5)2→3 · g2 =

1 1 1 1 1 3 1 2
1 0 0 1 0 0 0 0 0
1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0
1 91 91 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

−

1 1 1 1 1 3 1 2
1 0 0 1 0 0 0 0 0
1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0
1 91 91 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

=
[11
10 0
]
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3. g3 ·MP (17,2)4→3 −MP (18,5)4→3 · g4 = 0
g3 ·MP (17,2)4→3 =

1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

·

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 1 1 1 1 1 1 1 2 1 1 2 1 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 2 1 1 2
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 2 1 1 2
1 1 0 0 91 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

=

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
3 0 0 0 0 0

M
P (18,5)
4→3 · g4 =
[ 7
7 1
3 0
]
·

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0
 ·

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
 =

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
3 0 0 0 0 0

g3 ·MP (17,2)4→3 −MP (18,5)4→3 · g4 =

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
3 0 0 0 0 0
−

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
3 0 0 0 0 0
 =
[12
10 0
]
4. g4 ·MP (17,2)5→4 −MP (18,5)5→4 · g5 = 0
g4 ·MP (17,2)5→4 =

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
 ·

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 =

3 3 1 2 1 2
3 1 91 0 0 0 0
1 0 0 0 0 1 0
3 1 0 0 0 0 0
 ·

3 1 2
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1

=

3 1 2
3 91 0 0
1 0 1 0
3 0 0 0

M
P (18,5)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 3 1 2
3 91 0 0
1 0 1 0
]
=

3 1
3 1 0
1 0 1
3 0 0
 · [
3 1 2
3 91 0 0
1 0 1 0
]
=

3 1 2
3 91 0 0
1 0 1 0
3 0 0 0

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g4 ·MP (17,2)5→4 −MP (18,5)5→4 · g5 =

3 1 2
3 91 0 0
1 0 1 0
3 0 0 0
−

3 1 2
3 91 0 0
1 0 1 0
3 0 0 0
 = [ 67 0 ]
5. g3 ·MP (17,2)6→3 −MP (18,5)6→3 · g6 = 0
g3 ·MP (17,2)6→3 =

1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

·

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=

1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 1 0 0 1 0 0 0 0
1 0 1 0 0 1 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0

=

1 1 1 1 1 3 1 3
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

=

2 2 1 3 1 3
4 0 0 0 0 0 0
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0

M
P (18,5)
6→3 · g6 =
[ 6
4 0
6 1
]
·

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 =

2 1 1 2
4 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 =

2 2 1 3 1 3
4 0 0 0 0 0 0
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0

g3 ·MP (17,2)6→3 −MP (18,5)6→3 · g6 =

2 2 1 3 1 3
4 0 0 0 0 0 0
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
−

2 2 1 3 1 3
4 0 0 0 0 0 0
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 =
[12
10 0
]
6. g6 ·MP (17,2)7→6 −MP (18,5)7→6 · g7 = 0
g6 ·MP (17,2)7→6 =

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 ·

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 =

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 ·

2 3 1
2 1 0 0
2 1 0 0
1 0 0 0
3 0 1 0
1 0 0 1
3 0 0 0

=

2 3 1
2 0 0 0
1 0 0 0
1 0 0 91
2 91 0 0
 =

2 3 1
3 0 0 0
1 0 0 91
2 91 0 0

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M
P (18,5)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 2 3 1
1 0 0 91
2 91 0 0
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
2 3 1
1 0 0 91
2 91 0 0
]
=

2 3 1
3 0 0 0
1 0 0 91
2 91 0 0

g6 ·MP (17,2)7→6 −MP (18,5)7→6 · g7 =

2 3 1
3 0 0 0
1 0 0 91
2 91 0 0
−

2 3 1
3 0 0 0
1 0 0 91
2 91 0 0
 = [ 66 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1 2
1 0 1 0
2 91 0 0
]
·
[ 2
3 0
2 1
]
=
[ 2 1 2
1 0 1 0
2 91 0 0
]
·

2
2 0
1 0
2 1
 = [ 23 0 ]
2. g2 · f2 = 0
g2 · f2 =

2 1 2 3 1 2
1 0 1 0 0 0 0
2 91 0 1 0 0 0
1 0 0 0 0 1 0
2 91 0 0 0 0 0
 ·

2 2 1
5 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0
 =

2 1 2 2 1 1 2
1 0 1 0 0 0 0 0
2 91 0 1 0 0 0 0
1 0 0 0 0 0 1 0
2 91 0 0 0 0 0 0
 ·

2 2 1
2 0 0 0
1 0 0 0
2 0 0 0
2 1 91 0
1 0 0 91
1 0 0 0
2 1 0 0

=
[ 5
6 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 0 1 0 0 91 0 0 0 0 0 0 0
1 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 1 0 0 0 0 0 0 0 0 0 0
1 91 91 0 1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0
1 1 0 0 91 0 0 1 0
1 0 1 0 0 91 0 0 1
1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
1 1 1 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0

=

0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
91 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1
0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
1 1 0 91 0 0 0 0
0 1 0 0 91 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

=
[ 8
10 0
]
4. g4 · f4 = 0
g4 · f4 =

3 3 3 1 2
3 1 91 0 0 0
1 0 0 0 1 0
3 1 0 0 0 0
 ·

2 1 2
6 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0
 =

3 3 1 2 1 2
3 1 91 0 0 0 0
1 0 0 0 0 1 0
3 1 0 0 0 0 0
 ·

2 1 2
3 0 0 0
3 0 0 0
1 0 91 0
2 1 0 91
1 0 0 0
2 1 0 0

=
[ 5
7 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 3 1 2
3 91 0 0
1 0 1 0
]
·
[ 2
4 0
2 1
]
=
[ 3 1 2
3 91 0 0
1 0 1 0
]
·

2
3 0
1 0
2 1
 = [ 24 0 ]
6. g6 · f6 = 0
g6 · f6 =

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 ·

3 3
5 0 0
3 91 1
1 0 0
3 91 0
 =

2 2 1 3 1 3
2 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
2 91 0 0 0 0 0
 ·

3 3
2 0 0
2 0 0
1 0 0
3 91 1
1 0 0
3 91 0

=
[ 6
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3 1
1 0 0 91
2 91 0 0
]
·

3
2 0
3 1
1 0
 = [ 33 0 ]
129.3.2 0→ P (15, 5) f→ P (17, 2) g→ P (18, 7)→ 0 
PdimP (15, 5) + dimP (18, 7) = (2, 5, 8, 6, 3, 5, 2) + (3, 6, 10, 6, 3, 7, 4)
= (5, 11, 18, 12, 6, 12, 6) = dimP (17, 2)
Pdimk Ext
1
kQ(P (18, 7), P (15, 5)) = dimk HomkQ(P (18, 7), P (15, 5))− 〈dimP (18, 7),dimP (15, 5)〉
= 0− 〈(3, 6, 10, 6, 3, 7, 4), (2, 5, 8, 6, 3, 5, 2)〉
= 3 · 5 + 6 · 8 + 6 · 8 + 3 · 6 + 7 · 8 + 4 · 5− (3 · 2 + 6 · 5 + 10 · 8 + 6 · 6 + 3 · 3 + 7 · 5 + 4 · 2)
= 15 + 48 + 48 + 18 + 56 + 20− (6 + 30 + 80 + 36 + 9 + 35 + 8)
= 1
Matrices of the embedding f : P (15, 5)→ P (17, 2) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M18,8(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M12,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (17, 2)→ P (18, 7) P
1. g1 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M6,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,18(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M6,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M7,12(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (15, 5)→ P (17, 2) P
1. f2 ·MP (15,5)1→2 −MP (17,2)1→2 · f1 = 0
f2 ·MP (15,5)1→2 =
[ 5
5 1
6 0
]
·
[ 2
2 1
3 0
]
=

2 3
2 1 0
3 0 1
6 0 0
 · [
2
2 1
3 0
]
=

2
2 1
3 0
6 0
 = [
2
2 1
9 0
]
M
P (17,2)
1→2 · f1 =

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·
[ 2
2 1
3 0
]
=

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

2
2 1
1 0
2 0
 =

2
2 1
1 0
5 0
1 0
2 0
 =
[ 2
2 1
9 0
]
f2 ·MP (15,5)1→2 −MP (17,2)1→2 · f1 =
[ 2
2 1
9 0
]
−
[ 2
2 1
9 0
]
=
[ 2
11 0
]
2. f3 ·MP (15,5)2→3 −MP (17,2)2→3 · f2 = 0
f3 ·MP (15,5)2→3 =
[ 8
8 1
10 0
]
·
[ 5
5 1
3 0
]
=

5 3
5 1 0
3 0 1
10 0 0
 · [
5
5 1
3 0
]
=

5
5 1
3 0
10 0
 = [
5
5 1
13 0
]
M
P (17,2)
2→3 · f2 =

5 6
5 1 0
7 0 0
6 0 1
 · [
5
5 1
6 0
]
=

5
5 1
7 0
6 0
 = [
5
5 1
13 0
]
f3 ·MP (15,5)2→3 −MP (17,2)2→3 · f2 =
[ 5
5 1
13 0
]
−
[ 5
5 1
13 0
]
=
[ 5
18 0
]
3. f3 ·MP (15,5)4→3 −MP (17,2)4→3 · f4 = 0
f3 ·MP (15,5)4→3 =
[ 8
8 1
10 0
]
·
[ 6
2 0
6 1
]
=

2 6
2 1 0
6 0 1
10 0 0
 · [
6
2 0
6 1
]
=

6
2 0
6 1
10 0

M
P (17,2)
4→3 · f4 =

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·
[ 6
6 1
6 0
]
=

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

6
6 1
2 0
2 0
2 0
 =

6
2 0
6 1
2 0
2 0
2 0
2 0
2 0

=

6
2 0
6 1
10 0

f3 ·MP (15,5)4→3 −MP (17,2)4→3 · f4 =

6
2 0
6 1
10 0
−

6
2 0
6 1
10 0
 = [ 618 0 ]
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4. f4 ·MP (15,5)5→4 −MP (17,2)5→4 · f5 = 0
f4 ·MP (15,5)5→4 =
[ 6
6 1
6 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
6 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
6 0

M
P (17,2)
5→4 · f5 =

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 ·
[ 3
3 1
3 0
]
=

3
3 0
3 1
3 0
3 0
 =

3
3 0
3 1
6 0

f4 ·MP (15,5)5→4 −MP (17,2)5→4 · f5 =

3
3 0
3 1
6 0
−

3
3 0
3 1
6 0
 = [ 312 0 ]
5. f3 ·MP (15,5)6→3 −MP (17,2)6→3 · f6 = 0
f3 ·MP (15,5)6→3 =
[ 8
8 1
10 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
2 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
10 0 0 0

M
P (17,2)
6→3 · f6 =

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·
[ 5
5 1
7 0
]
=

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
7 0 0 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
7 0 0 0
3 0 0 0

=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
10 0 0 0

f3 ·MP (15,5)6→3 −MP (17,2)6→3 · f6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
10 0 0 0

−

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
10 0 0 0

=
[ 5
18 0
]
6. f6 ·MP (15,5)7→6 −MP (17,2)7→6 · f7 = 0
f6 ·MP (15,5)7→6 =
[ 5
5 1
7 0
]
·

2
2 1
2 1
1 0
 =

2 2 1
2 1 0 0
2 0 1 0
1 0 0 1
7 0 0 0
 ·

2
2 1
2 1
1 0
 =

2
2 1
2 1
1 0
7 0
 =

2
2 1
2 1
8 0

M
P (17,2)
7→6 · f7 =

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 ·
[ 2
2 1
4 0
]
=

2
2 1
2 1
1 0
4 0
3 0
 =

2
2 1
2 1
8 0

f6 ·MP (15,5)7→6 −MP (17,2)7→6 · f7 =

2
2 1
2 1
8 0
−

2
2 1
2 1
8 0
 = [ 212 0 ]
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Relations of the projection g : P (17, 2)→ P (18, 7) P
1. g2 ·MP (17,2)1→2 −MP (18,7)1→2 · g1 = 0
g2 ·MP (17,2)1→2 =
[ 5 6
6 0 1
]
·

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 =

2 1 2 3 1 2
3 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

2 1 2
3 0 0 0
1 0 1 0
2 0 0 1
 = [
2 3
3 0 0
3 0 1
]
M
P (18,7)
1→2 · g1 =
[ 3
3 0
3 1
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 0
3 0 1
]
g2 ·MP (17,2)1→2 −MP (18,7)1→2 · g1 =
[ 2 3
3 0 0
3 0 1
]
−
[ 2 3
3 0 0
3 0 1
]
=
[ 5
6 0
]
2. g3 ·MP (17,2)2→3 −MP (18,7)2→3 · g2 = 0
g3 ·MP (17,2)2→3 =
[ 8 10
10 0 1
]
·

5 6
5 1 0
7 0 0
6 0 1
 = [
5 3 4 6
4 0 0 1 0
6 0 0 0 1
]
·

5 6
5 1 0
3 0 0
4 0 0
6 0 1
 =
[ 5 6
4 0 0
6 0 1
]
M
P (18,7)
2→3 · g2 =
[ 6
4 0
6 1
]
·
[ 5 6
6 0 1
]
=
[ 5 6
4 0 0
6 0 1
]
g3 ·MP (17,2)2→3 −MP (18,7)2→3 · g2 =
[ 5 6
4 0 0
6 0 1
]
−
[ 5 6
4 0 0
6 0 1
]
=
[11
10 0
]
3. g3 ·MP (17,2)4→3 −MP (18,7)4→3 · g4 = 0
g3 ·MP (17,2)4→3 =
[ 8 10
10 0 1
]
·

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

2 6 2 2 2 2 2
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
P (18,7)
4→3 · g4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 6 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·MP (17,2)4→3 −MP (18,7)4→3 · g4 =

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

6 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[12
10 0
]
4. g4 ·MP (17,2)5→4 −MP (18,7)5→4 · g5 = 0
g4 ·MP (17,2)5→4 =
[ 6 6
6 0 1
]
·

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 =
[ 3 3 3 3
3 0 0 1 0
3 0 0 0 1
]
·

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 =
[ 3 3
3 0 1
3 0 1
]
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M
P (18,7)
5→4 · g5 =
[ 3
3 1
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
3 0 1
]
g4 ·MP (17,2)5→4 −MP (18,7)5→4 · g5 =
[ 3 3
3 0 1
3 0 1
]
−
[ 3 3
3 0 1
3 0 1
]
=
[ 6
6 0
]
5. g3 ·MP (17,2)6→3 −MP (18,7)6→3 · g6 = 0
g3 ·MP (17,2)6→3 =
[ 8 10
10 0 1
]
·

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=
[ 2 1 2 1 2 7 3
7 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=
[ 2 1 2 7
7 0 0 0 1
3 0 0 0 0
]
=
[ 5 7
7 0 1
3 0 0
]
M
P (18,7)
6→3 · g6 =
[ 7
7 1
3 0
]
·
[ 5 7
7 0 1
]
=
[ 5 7
7 0 1
3 0 0
]
g3 ·MP (17,2)6→3 −MP (18,7)6→3 · g6 =
[ 5 7
7 0 1
3 0 0
]
−
[ 5 7
7 0 1
3 0 0
]
=
[12
10 0
]
6. g6 ·MP (17,2)7→6 −MP (18,7)7→6 · g7 = 0
g6 ·MP (17,2)7→6 =
[ 5 7
7 0 1
]
·

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 =
[ 2 2 1 4 3
4 0 0 0 1 0
3 0 0 0 0 1
]
·

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 =
[ 2 4
4 0 1
3 0 0
]
M
P (18,7)
7→6 · g7 =
[ 4
4 1
3 0
]
·
[ 2 4
4 0 1
]
=
[ 2 4
4 0 1
3 0 0
]
g6 ·MP (17,2)7→6 −MP (18,7)7→6 · g7 =
[ 2 4
4 0 1
3 0 0
]
−
[ 2 4
4 0 1
3 0 0
]
=
[ 6
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 6
6 0 1
]
·
[ 5
5 1
6 0
]
=
[ 5
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 10
10 0 1
]
·
[ 8
8 1
10 0
]
=
[ 8
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 6
6 0 1
]
·
[ 6
6 1
6 0
]
=
[ 6
6 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 7
7 0 1
]
·
[ 5
5 1
7 0
]
=
[ 5
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
129.4 Tree module property of P (23, 2) 
The matrices of the representation have full (column) rank P
1. MP (23,2)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k) is already in column echelon form and has maximal column rank.
2. MP (23,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,15(k) is already in column echelon form and has maximal column rank.
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3. MP (23,2)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M24,16(k) is already in column echelon form and has maximal column rank.
4. MP (23,2)5→4 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k) is already in column echelon form and has maximal column rank.
5. MP (23,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M24,16(k) is already in column echelon form and has maximal column rank.
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6. MP (23,2)7→6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
129.4.1 0→ P (21, 7) f→ P (23, 2) g→ P (24, 5)→ 0 
PdimP (21, 7) + dimP (24, 5) = (3, 7, 11, 7, 3, 8, 4) + (4, 8, 13, 9, 5, 8, 4)
= (7, 15, 24, 16, 8, 16, 8) = dimP (23, 2)
Pdimk Ext
1
kQ(P (24, 5), P (21, 7)) = dimk HomkQ(P (24, 5), P (21, 7))− 〈dimP (24, 5),dimP (21, 7)〉
= 0− 〈(4, 8, 13, 9, 5, 8, 4), (3, 7, 11, 7, 3, 8, 4)〉
= 4 · 7 + 8 · 11 + 9 · 11 + 5 · 7 + 8 · 11 + 4 · 8− (4 · 3 + 8 · 7 + 13 · 11 + 9 · 7 + 5 · 3 + 8 · 8 + 4 · 4)
= 28 + 88 + 99 + 35 + 88 + 32− (12 + 56 + 143 + 63 + 15 + 64 + 16)
= 1
Matrices of the embedding f : P (21, 7)→ P (23, 2) P
1. f1 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 91 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
0 0 0 0 0 0 91
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

∈M15,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 3 1
7 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0

c2←c2+c1−−−−−−→

3 3 1
7 0 0 0
3 1 0 0
1 0 0 91
1 0 0 0
3 1 1 0

c2↔c3−−−−→

3 1 3
7 0 0 0
3 1 0 0
1 0 91 0
1 0 0 0
3 1 0 1

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3. f3 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0

∈M24,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

c1↔c4−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

c8←c8+c1−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 1 0 0 0 91 0 0 0
1 0 1 0 1 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

c2↔c4−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 1 0 0
1 0 0 0 1 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 0 0 0 91 0 0 0
1 0 1 0 1 91 0 0 0 0 0 0
1 0 0 1 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

c5←c5+c2
c9←c9−c2−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 91 91 0 0
1 0 1 0 1 0 0 0 0 91 0 0
1 0 0 1 1 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 91 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

c3↔c4−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 1 0
1 0 0 0 1 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 91 91 0 0
1 0 1 1 0 0 0 0 0 91 0 0
1 0 0 1 1 0 91 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 91 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0

c6←c6+c3
c10←c10−c3−−−−−−−−→
1220

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 91 91 0 0
1 0 1 1 0 0 1 0 0 91 91 0
1 0 0 1 1 0 0 0 0 0 91 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 91 0 0
1 0 0 1 0 0 1 0 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0

c7←c7+c4
c11←c11−c4−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 91 91 0 0
1 0 1 1 0 0 1 0 0 91 91 0
1 0 0 1 1 0 0 1 0 0 91 91
1 0 0 0 1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 91 0 0
1 0 0 1 0 0 1 0 0 0 91 0
1 0 0 0 1 0 0 1 0 0 0 91

c8←c8+c5
c9←c9+c5−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 1 0 0 91 91 0
1 0 0 1 1 0 0 1 0 0 91 91
1 0 0 0 1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 1 0 0 0
1 0 0 1 0 0 1 0 0 0 91 0
1 0 0 0 1 0 0 1 0 0 0 91

c9←c9+c6
c10←c10+c6−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 1 0 0 0 0 0
1 0 0 1 1 0 0 1 0 0 91 91
1 0 0 0 1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 1 0 0 0 91

c10←c10+c7
c11←c11+c7−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 1 0 0 0 0 0
1 0 0 1 1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 1 0 0 1 0

c8↔c11−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 1 0 0 0 0 0
1 0 0 1 1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0 0 1
1 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 1 0 0 1 0 0 1 0

c9↔c11−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 1 0 0 0 0 0
1 0 0 1 1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 1 0 0 0 0 1
1 0 0 0 1 0 0 1 0 0 1 0

c10↔c11−−−−−→

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 91 1 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 1 0 0 0 0 0
1 0 0 1 1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0
1 0 0 1 0 0 1 0 0 0 1 0
1 0 0 0 1 0 0 1 0 0 0 1

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4. f4 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

∈M16,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 1 3
8 0 0 0
1 0 91 0
3 1 0 91
1 0 0 0
3 1 0 0

c1↔c2−−−−→

1 3 3
8 0 0 0
1 91 0 0
3 0 1 91
1 0 0 0
3 0 1 0

c3←c3+c2−−−−−−→

1 3 3
8 0 0 0
1 91 0 0
3 0 1 0
1 0 0 0
3 0 1 1

5. f5 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M8,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
91 0 0 0 1 0 0 0
0 91 0 0 0 1 0 0
0 0 91 0 0 0 1 0
0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0
0 0 91 0 0 0 0 0
0 0 0 91 0 0 0 0

∈M16,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

4 4
7 0 0
4 91 1
1 0 0
4 91 0
 c2←c2+c1−−−−−−→

4 4
7 0 0
4 91 0
1 0 0
4 91 91

7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (23, 2)→ P (24, 5) P
1. g1 =

0 0 0 1 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 3 1 3
1 0 1 0
3 91 0 0
]
r1↔r2−−−−→
[ 3 1 3
3 91 0 0
1 0 1 0
]
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2. g2 =

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0

∈M8,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

3 1 3 4 1 3
1 0 1 0 0 0 0
3 91 0 1 0 0 0
1 0 0 0 0 1 0
3 91 0 0 0 0 0
 r1↔r2−−−−→

3 1 3 4 1 3
3 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
3 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

3 1 3 4 1 3
3 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
3 0 0 91 0 0 0
 r3↔r4−−−−→

3 1 3 4 1 3
3 91 0 1 0 0 0
1 0 1 0 0 0 0
3 0 0 91 0 0 0
1 0 0 0 0 1 0

3. g3 =

0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M13,24(k) can be brought to row echelon form (as shown below) and has
maximal row rank.
g3 =

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

r6←r6−r1
r7←r7−r1
r11←r11−r1−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 91 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

r2↔r3−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 91 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

r7←r7−r2
r8←r8−r2
r12←r12−r2−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

r3↔r4−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

r8←r8−r3
r9←r9−r3
r13←r13−r3−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0

r6←r6−r4−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0

r5↔r6−−−−→
1224

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0

r11←r11−r5−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0

r6↔r7−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0

r12←r12−r6−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0

r7↔r8−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0

r13←r13−r7−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r8↔r11−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r9↔r12−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r10↔r13−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0

r11↔r12−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0

r12↔r13−−−−−→

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

4. g4 =

1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M9,16(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
 r3←r3−r1−−−−−−→

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 0 1 0 0 0
 r2↔r3−−−−→

4 4 4 1 3
4 1 91 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0

5. g5 =

91 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0
0 0 91 0 0 0 0 0
0 0 0 91 0 0 0 0
0 0 0 0 1 0 0 0
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M8,16(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 0 91 0 0 0 0
 r2↔r4−−−−→

3 3 1 4 1 4
3 91 1 0 0 0 0
3 0 91 0 0 0 0
1 0 0 0 0 91 0
1 0 0 1 0 0 0
 r3↔r4−−−−→

3 3 1 4 1 4
3 91 1 0 0 0 0
3 0 91 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0

7. g7 =

0 0 0 0 0 0 0 91
91 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0
0 0 91 0 0 0 0 0
 ∈M4,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 3 4 1
1 0 0 91
3 91 0 0
]
r1↔r2−−−−→
[ 3 4 1
3 91 0 0
1 0 0 91
]
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Relations of the embedding f : P (21, 7)→ P (23, 2) P
1. f2 ·MP (21,7)1→2 −MP (23,2)1→2 · f1 = 0
f2 ·MP (21,7)1→2 =

3 3 1
7 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0
 ·

3
3 1
3 1
1 0
 =

3
7 0
3 0
1 0
1 0
3 1
 =
[ 3
12 0
3 1
]
M
P (23,2)
1→2 · f1 =

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 3
4 0
3 1
]
=

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

3
3 0
1 0
3 1
 =

3
3 0
1 0
7 0
1 0
3 1
 =
[ 3
12 0
3 1
]
f2 ·MP (21,7)1→2 −MP (23,2)1→2 · f1 =
[ 3
12 0
3 1
]
−
[ 3
12 0
3 1
]
=
[ 3
15 0
]
2. f3 ·MP (21,7)2→3 −MP (23,2)2→3 · f2 = 0
f3 ·MP (21,7)2→3 =

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 0 1 0 0 91 0 0
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0

=

3 3 1
16 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0

M
P (23,2)
2→3 · f2 =

7 8
7 1 0
9 0 0
8 0 1
 ·

3 3 1
7 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0
 =

7 3 1 1 3
7 1 0 0 0 0
9 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·

3 3 1
7 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0
 =

3 3 1
7 0 0 0
9 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0

=

3 3 1
16 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0

f3 ·MP (21,7)2→3 −MP (23,2)2→3 · f2 =

3 3 1
16 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0
−

3 3 1
16 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0
 =
[ 7
24 0
]
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3. f3 ·MP (21,7)4→3 −MP (23,2)4→3 · f4 = 0
f3 ·MP (21,7)4→3 =

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

·
[ 7
7 1
4 0
]
=

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0

M
P (23,2)
4→3 · f4 =

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

·

3 1 3
8 0 0 0
1 0 91 0
3 1 0 91
1 0 0 0
3 1 0 0
 =

8 1 1 1 1 1 1 1 1
3 0 0 0 0 0 0 0 0 0
8 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 1 0 0
1 0 0 1 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 1
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1
8 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0

=

1 1 1 1 1 1 1
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0

=

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0

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f3 ·MP (21,7)4→3 −MP (23,2)4→3 · f4 =

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0

−

1 1 1 1 1 1 1
11 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0
1 1 1 0 0 91 0 0
1 0 1 1 0 0 91 0
1 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0

=
[ 7
24 0
]
4. f4 ·MP (21,7)5→4 −MP (23,2)5→4 · f5 = 0
f4 ·MP (21,7)5→4 =

3 1 3
8 0 0 0
1 0 91 0
3 1 0 91
1 0 0 0
3 1 0 0
 ·
[ 3
3 1
4 0
]
=

3 1 3
8 0 0 0
1 0 91 0
3 1 0 91
1 0 0 0
3 1 0 0
 ·

3
3 1
1 0
3 0
 =

3
8 0
1 0
3 1
1 0
3 1
 =

3
9 0
3 1
1 0
3 1

M
P (23,2)
5→4 · f5 =

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 ·
[ 3
5 0
3 1
]
=

4 1 3
4 0 0 0
4 1 0 0
1 0 1 0
3 0 0 1
1 0 1 0
3 0 0 1

·

3
4 0
1 0
3 1
 =

3
4 0
4 0
1 0
3 1
1 0
3 1

=

3
9 0
3 1
1 0
3 1

f4 ·MP (21,7)5→4 −MP (23,2)5→4 · f5 =

3
9 0
3 1
1 0
3 1
−

3
9 0
3 1
1 0
3 1
 =
[ 3
16 0
]
5. f3 ·MP (21,7)6→3 −MP (23,2)6→3 · f6 = 0
f3 ·MP (21,7)6→3 =

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

·
[ 8
3 0
8 1
]
=

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0
1 0 91 0 0 0 1 0 0
1 0 0 91 0 0 0 1 0
1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0
1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

=

4 4
11 0 0
4 91 1
1 0 0
4 91 0
4 0 0

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M
P (23,2)
6→3 · f6 =

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

·

4 4
7 0 0
4 91 1
1 0 0
4 91 0
 =

3 1 3 4 1 4
3 1 0 0 0 0 0
1 0 1 0 0 0 0
3 1 0 1 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
4 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
4 0 0 0 0 0 0

·

4 4
3 0 0
1 0 0
3 0 0
4 91 1
1 0 0
4 91 0

=

4 4
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0
4 91 1
1 0 0
4 91 0
4 0 0

=

4 4
11 0 0
4 91 1
1 0 0
4 91 0
4 0 0

f3 ·MP (21,7)6→3 −MP (23,2)6→3 · f6 =

4 4
11 0 0
4 91 1
1 0 0
4 91 0
4 0 0
−

4 4
11 0 0
4 91 1
1 0 0
4 91 0
4 0 0
 =
[ 8
24 0
]
6. f6 ·MP (21,7)7→6 −MP (23,2)7→6 · f7 = 0
f6 ·MP (21,7)7→6 =

4 4
7 0 0
4 91 1
1 0 0
4 91 0
 ·
[ 4
4 0
4 1
]
=

4
7 0
4 1
1 0
4 0
 =

4
7 0
4 1
5 0

M
P (23,2)
7→6 · f7 =

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 ·

4
3 0
4 1
1 0
 =

3 4 1
3 1 0 0
3 1 0 0
1 0 0 0
4 0 1 0
1 0 0 1
4 0 0 0

·

4
3 0
4 1
1 0
 =

4
3 0
3 0
1 0
4 1
1 0
4 0

=

4
7 0
4 1
5 0

f6 ·MP (21,7)7→6 −MP (23,2)7→6 · f7 =

4
7 0
4 1
5 0
−

4
7 0
4 1
5 0
 = [ 416 0 ]
Relations of the projection g : P (23, 2)→ P (24, 5) P
1. g2 ·MP (23,2)1→2 −MP (24,5)1→2 · g1 = 0
g2 ·MP (23,2)1→2 =

3 1 3 4 1 3
1 0 1 0 0 0 0
3 91 0 1 0 0 0
1 0 0 0 0 1 0
3 91 0 0 0 0 0
 ·

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 =

3 1 3 4 1 3
1 0 1 0 0 0 0
3 91 0 1 0 0 0
1 0 0 0 0 1 0
3 91 0 0 0 0 0
 ·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 0
4 0 0 0
1 0 1 0
3 0 0 1

=

3 1 3
1 0 1 0
3 91 0 0
1 0 1 0
3 91 0 0

M
P (24,5)
1→2 · g1 =
[ 4
4 1
4 1
]
·
[ 3 1 3
1 0 1 0
3 91 0 0
]
=

1 3
1 1 0
3 0 1
1 1 0
3 0 1
 ·
[ 3 1 3
1 0 1 0
3 91 0 0
]
=

3 1 3
1 0 1 0
3 91 0 0
1 0 1 0
3 91 0 0

g2 ·MP (23,2)1→2 −MP (24,5)1→2 · g1 =

3 1 3
1 0 1 0
3 91 0 0
1 0 1 0
3 91 0 0
−

3 1 3
1 0 1 0
3 91 0 0
1 0 1 0
3 91 0 0
 =
[ 7
8 0
]
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2. g3 ·MP (23,2)2→3 −MP (24,5)2→3 · g2 = 0
g3 ·MP (23,2)2→3 =

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

·

7 8
7 1 0
9 0 0
8 0 1

=

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 4 1 3
1 0 0 0 1 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0

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M
P (24,5)
2→3 · g2 =

3 2 3
3 1 0 0
2 0 1 0
3 1 0 1
2 0 1 0
3 0 0 1
 ·

3 1 3 4 1 3
1 0 1 0 0 0 0
3 91 0 1 0 0 0
1 0 0 0 0 1 0
3 91 0 0 0 0 0
 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 4 1 3
1 0 0 0 1 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 4 1 3
1 0 0 0 1 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0

g3 ·MP (23,2)2→3 −MP (24,5)2→3 · g2 =

1 1 1 1 1 1 1 4 1 3
1 0 0 0 1 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1 4 1 3
1 0 0 0 1 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0

=
[15
13 0
]
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3. g3 ·MP (23,2)4→3 −MP (24,5)4→3 · g4 = 0
g3 ·MP (23,2)4→3 =

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

·

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 3 1 1 3 1 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 3 1 1 3
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 3 1 1 3
1 1 0 0 0 91 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0

=

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
4 0 0 0 0 0

M
P (24,5)
4→3 · g4 =
[ 9
9 1
4 0
]
·

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
 =

4 1 4
4 1 0 0
1 0 1 0
4 0 0 1
4 0 0 0
 ·

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
 =

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
4 0 0 0 0 0

1234
g3 ·MP (23,2)4→3 −MP (24,5)4→3 · g4 =

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
4 0 0 0 0 0
−

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
4 0 0 0 0 0
 =
[16
13 0
]
4. g4 ·MP (23,2)5→4 −MP (24,5)5→4 · g5 = 0
g4 ·MP (23,2)5→4 =

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
 ·

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 =

4 4 1 3 1 3
4 1 91 0 0 0 0
1 0 0 0 0 1 0
4 1 0 0 0 0 0
 ·

4 1 3
4 0 0 0
4 1 0 0
1 0 1 0
3 0 0 1
1 0 1 0
3 0 0 1

=

4 1 3
4 91 0 0
1 0 1 0
4 0 0 0

M
P (24,5)
5→4 · g5 =
[ 5
5 1
4 0
]
·
[ 4 1 3
4 91 0 0
1 0 1 0
]
=

4 1
4 1 0
1 0 1
4 0 0
 · [
4 1 3
4 91 0 0
1 0 1 0
]
=

4 1 3
4 91 0 0
1 0 1 0
4 0 0 0

g4 ·MP (23,2)5→4 −MP (24,5)5→4 · g5 =

4 1 3
4 91 0 0
1 0 1 0
4 0 0 0
−

4 1 3
4 91 0 0
1 0 1 0
4 0 0 0
 = [ 89 0 ]
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5. g3 ·MP (23,2)6→3 −MP (24,5)6→3 · g6 = 0
g3 ·MP (23,2)6→3 =

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

·

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 4 1 4
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 4 1 4
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0

=

3 3 1 4 1 4
5 0 0 0 0 0 0
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0

M
P (24,5)
6→3 · g6 =
[ 8
5 0
8 1
]
·

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 =

3 1 1 3
5 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 =

3 3 1 4 1 4
5 0 0 0 0 0 0
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0

g3 ·MP (23,2)6→3 −MP (24,5)6→3 · g6 =

3 3 1 4 1 4
5 0 0 0 0 0 0
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
−

3 3 1 4 1 4
5 0 0 0 0 0 0
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 =
[16
13 0
]
6. g6 ·MP (23,2)7→6 −MP (24,5)7→6 · g7 = 0
g6 ·MP (23,2)7→6 =

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 ·

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 =

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 ·

3 4 1
3 1 0 0
3 1 0 0
1 0 0 0
4 0 1 0
1 0 0 1
4 0 0 0

=

3 4 1
3 0 0 0
1 0 0 0
1 0 0 91
3 91 0 0
 =

3 4 1
4 0 0 0
1 0 0 91
3 91 0 0

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M
P (24,5)
7→6 · g7 =
[ 4
4 0
4 1
]
·
[ 3 4 1
1 0 0 91
3 91 0 0
]
=

1 3
4 0 0
1 1 0
3 0 1
 · [
3 4 1
1 0 0 91
3 91 0 0
]
=

3 4 1
4 0 0 0
1 0 0 91
3 91 0 0

g6 ·MP (23,2)7→6 −MP (24,5)7→6 · g7 =

3 4 1
4 0 0 0
1 0 0 91
3 91 0 0
−

3 4 1
4 0 0 0
1 0 0 91
3 91 0 0
 = [ 88 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1 3
1 0 1 0
3 91 0 0
]
·
[ 3
4 0
3 1
]
=
[ 3 1 3
1 0 1 0
3 91 0 0
]
·

3
3 0
1 0
3 1
 = [ 34 0 ]
2. g2 · f2 = 0
g2 · f2 =

3 1 3 4 1 3
1 0 1 0 0 0 0
3 91 0 1 0 0 0
1 0 0 0 0 1 0
3 91 0 0 0 0 0
 ·

3 3 1
7 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0
 =

3 1 3 3 1 1 3
1 0 1 0 0 0 0 0
3 91 0 1 0 0 0 0
1 0 0 0 0 0 1 0
3 91 0 0 0 0 0 0
 ·

3 3 1
3 0 0 0
1 0 0 0
3 0 0 0
3 1 91 0
1 0 0 91
1 0 0 0
3 1 0 0

=
[ 7
8 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0

=

0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0

=
[11
13 0
]
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4. g4 · f4 = 0
g4 · f4 =

4 4 4 1 3
4 1 91 0 0 0
1 0 0 0 1 0
4 1 0 0 0 0
 ·

3 1 3
8 0 0 0
1 0 91 0
3 1 0 91
1 0 0 0
3 1 0 0
 =

4 4 1 3 1 3
4 1 91 0 0 0 0
1 0 0 0 0 1 0
4 1 0 0 0 0 0
 ·

3 1 3
4 0 0 0
4 0 0 0
1 0 91 0
3 1 0 91
1 0 0 0
3 1 0 0

=
[ 7
9 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 1 3
4 91 0 0
1 0 1 0
]
·
[ 3
5 0
3 1
]
=
[ 4 1 3
4 91 0 0
1 0 1 0
]
·

3
4 0
1 0
3 1
 = [ 35 0 ]
6. g6 · f6 = 0
g6 · f6 =

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 ·

4 4
7 0 0
4 91 1
1 0 0
4 91 0
 =

3 3 1 4 1 4
3 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
3 91 0 0 0 0 0
 ·

4 4
3 0 0
3 0 0
1 0 0
4 91 1
1 0 0
4 91 0

=
[ 8
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 4 1
1 0 0 91
3 91 0 0
]
·

4
3 0
4 1
1 0
 = [ 44 0 ]
129.4.2 0→ P (21, 5) f→ P (23, 2) g→ P (24, 7)→ 0 
PdimP (21, 5) + dimP (24, 7) = (3, 7, 11, 8, 4, 7, 3) + (4, 8, 13, 8, 4, 9, 5)
= (7, 15, 24, 16, 8, 16, 8) = dimP (23, 2)
Pdimk Ext
1
kQ(P (24, 7), P (21, 5)) = dimk HomkQ(P (24, 7), P (21, 5))− 〈dimP (24, 7),dimP (21, 5)〉
= 0− 〈(4, 8, 13, 8, 4, 9, 5), (3, 7, 11, 8, 4, 7, 3)〉
= 4 · 7 + 8 · 11 + 8 · 11 + 4 · 8 + 9 · 11 + 5 · 7− (4 · 3 + 8 · 7 + 13 · 11 + 8 · 8 + 4 · 4 + 9 · 7 + 5 · 3)
= 28 + 88 + 88 + 32 + 99 + 35− (12 + 56 + 143 + 64 + 16 + 63 + 15)
= 1
Matrices of the embedding f : P (21, 5)→ P (23, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M24,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M16,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (23, 2)→ P (24, 7) P
1. g1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,24(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,16(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,16(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (21, 5)→ P (23, 2) P
1. f2 ·MP (21,5)1→2 −MP (23,2)1→2 · f1 = 0
f2 ·MP (21,5)1→2 =
[ 7
7 1
8 0
]
·
[ 3
3 1
4 0
]
=

3 4
3 1 0
4 0 1
8 0 0
 · [
3
3 1
4 0
]
=

3
3 1
4 0
8 0
 = [
3
3 1
12 0
]
M
P (23,2)
1→2 · f1 =

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 3
3 1
4 0
]
=

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

3
3 1
1 0
3 0
 =

3
3 1
1 0
7 0
1 0
3 0
 =
[ 3
3 1
12 0
]
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f2 ·MP (21,5)1→2 −MP (23,2)1→2 · f1 =
[ 3
3 1
12 0
]
−
[ 3
3 1
12 0
]
=
[ 3
15 0
]
2. f3 ·MP (21,5)2→3 −MP (23,2)2→3 · f2 = 0
f3 ·MP (21,5)2→3 =
[11
11 1
13 0
]
·
[ 7
7 1
4 0
]
=

7 4
7 1 0
4 0 1
13 0 0
 · [
7
7 1
4 0
]
=

7
7 1
4 0
13 0
 = [
7
7 1
17 0
]
M
P (23,2)
2→3 · f2 =

7 8
7 1 0
9 0 0
8 0 1
 · [
7
7 1
8 0
]
=

7
7 1
9 0
8 0
 = [
7
7 1
17 0
]
f3 ·MP (21,5)2→3 −MP (23,2)2→3 · f2 =
[ 7
7 1
17 0
]
−
[ 7
7 1
17 0
]
=
[ 7
24 0
]
3. f3 ·MP (21,5)4→3 −MP (23,2)4→3 · f4 = 0
f3 ·MP (21,5)4→3 =
[11
11 1
13 0
]
·
[ 8
3 0
8 1
]
=

3 8
3 1 0
8 0 1
13 0 0
 · [
8
3 0
8 1
]
=

8
3 0
8 1
13 0

M
P (23,2)
4→3 · f4 =

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

·
[ 8
8 1
8 0
]
=

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

·

8
8 1
3 0
2 0
3 0
 =

8
3 0
8 1
3 0
2 0
3 0
2 0
3 0

=

8
3 0
8 1
13 0

f3 ·MP (21,5)4→3 −MP (23,2)4→3 · f4 =

8
3 0
8 1
13 0
−

8
3 0
8 1
13 0
 = [ 824 0 ]
4. f4 ·MP (21,5)5→4 −MP (23,2)5→4 · f5 = 0
f4 ·MP (21,5)5→4 =
[ 8
8 1
8 0
]
·
[ 4
4 0
4 1
]
=

4 4
4 1 0
4 0 1
8 0 0
 · [
4
4 0
4 1
]
=

4
4 0
4 1
8 0

M
P (23,2)
5→4 · f5 =

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 ·
[ 4
4 1
4 0
]
=

4
4 0
4 1
4 0
4 0
 =

4
4 0
4 1
8 0

f4 ·MP (21,5)5→4 −MP (23,2)5→4 · f5 =

4
4 0
4 1
8 0
−

4
4 0
4 1
8 0
 = [ 416 0 ]
5. f3 ·MP (21,5)6→3 −MP (23,2)6→3 · f6 = 0
f3 ·MP (21,5)6→3 =
[11
11 1
13 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3 1 3
3 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
13 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
13 0 0 0

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M
P (23,2)
6→3 · f6 =

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

·
[ 7
7 1
9 0
]
=

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
9 0 0 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
9 0 0 0
4 0 0 0

=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
13 0 0 0

f3 ·MP (21,5)6→3 −MP (23,2)6→3 · f6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
13 0 0 0

−

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
13 0 0 0

=
[ 7
24 0
]
6. f6 ·MP (21,5)7→6 −MP (23,2)7→6 · f7 = 0
f6 ·MP (21,5)7→6 =
[ 7
7 1
9 0
]
·

3
3 1
3 1
1 0
 =

3 3 1
3 1 0 0
3 0 1 0
1 0 0 1
9 0 0 0
 ·

3
3 1
3 1
1 0
 =

3
3 1
3 1
1 0
9 0
 =

3
3 1
3 1
10 0

M
P (23,2)
7→6 · f7 =

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 ·
[ 3
3 1
5 0
]
=

3
3 1
3 1
1 0
5 0
4 0
 =

3
3 1
3 1
10 0

f6 ·MP (21,5)7→6 −MP (23,2)7→6 · f7 =

3
3 1
3 1
10 0
−

3
3 1
3 1
10 0
 = [ 316 0 ]
Relations of the projection g : P (23, 2)→ P (24, 7) P
1. g2 ·MP (23,2)1→2 −MP (24,7)1→2 · g1 = 0
g2 ·MP (23,2)1→2 =
[ 7 8
8 0 1
]
·

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 =

3 1 3 4 1 3
4 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 0
4 0 0 0
1 0 1 0
3 0 0 1

=

3 1 3
4 0 0 0
1 0 1 0
3 0 0 1
 = [
3 4
4 0 0
4 0 1
]
M
P (24,7)
1→2 · g1 =
[ 4
4 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 0
4 0 1
]
g2 ·MP (23,2)1→2 −MP (24,7)1→2 · g1 =
[ 3 4
4 0 0
4 0 1
]
−
[ 3 4
4 0 0
4 0 1
]
=
[ 7
8 0
]
2. g3 ·MP (23,2)2→3 −MP (24,7)2→3 · g2 = 0
g3 ·MP (23,2)2→3 =
[11 13
13 0 1
]
·

7 8
7 1 0
9 0 0
8 0 1
 = [
7 4 5 8
5 0 0 1 0
8 0 0 0 1
]
·

7 8
7 1 0
4 0 0
5 0 0
8 0 1
 =
[ 7 8
5 0 0
8 0 1
]
M
P (24,7)
2→3 · g2 =
[ 8
5 0
8 1
]
·
[ 7 8
8 0 1
]
=
[ 7 8
5 0 0
8 0 1
]
g3 ·MP (23,2)2→3 −MP (24,7)2→3 · g2 =
[ 7 8
5 0 0
8 0 1
]
−
[ 7 8
5 0 0
8 0 1
]
=
[15
13 0
]
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3. g3 ·MP (23,2)4→3 −MP (24,7)4→3 · g4 = 0
g3 ·MP (23,2)4→3 =
[11 13
13 0 1
]
·

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

=

3 8 3 2 3 2 3
3 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

=

8 3 2 3
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

M
P (24,7)
4→3 · g4 =

3 2 3
3 1 0 0
2 0 1 0
3 1 0 1
2 0 1 0
3 0 0 1
 ·
[ 8 8
8 0 1
]
=

3 2 3
3 1 0 0
2 0 1 0
3 1 0 1
2 0 1 0
3 0 0 1
 ·

8 3 2 3
3 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 =

8 3 2 3
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

g3 ·MP (23,2)4→3 −MP (24,7)4→3 · g4 =

8 3 2 3
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1
−

8 3 2 3
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1
 =
[16
13 0
]
4. g4 ·MP (23,2)5→4 −MP (24,7)5→4 · g5 = 0
g4 ·MP (23,2)5→4 =
[ 8 8
8 0 1
]
·

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 =
[ 4 4 4 4
4 0 0 1 0
4 0 0 0 1
]
·

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 =
[ 4 4
4 0 1
4 0 1
]
M
P (24,7)
5→4 · g5 =
[ 4
4 1
4 1
]
·
[ 4 4
4 0 1
]
=
[ 4 4
4 0 1
4 0 1
]
g4 ·MP (23,2)5→4 −MP (24,7)5→4 · g5 =
[ 4 4
4 0 1
4 0 1
]
−
[ 4 4
4 0 1
4 0 1
]
=
[ 8
8 0
]
5. g3 ·MP (23,2)6→3 −MP (24,7)6→3 · g6 = 0
g3 ·MP (23,2)6→3 =
[11 13
13 0 1
]
·

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

=
[ 3 1 3 1 3 9 4
9 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
]
·

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

=
[ 3 1 3 9
9 0 0 0 1
4 0 0 0 0
]
=
[ 7 9
9 0 1
4 0 0
]
M
P (24,7)
6→3 · g6 =
[ 9
9 1
4 0
]
·
[ 7 9
9 0 1
]
=
[ 7 9
9 0 1
4 0 0
]
g3 ·MP (23,2)6→3 −MP (24,7)6→3 · g6 =
[ 7 9
9 0 1
4 0 0
]
−
[ 7 9
9 0 1
4 0 0
]
=
[16
13 0
]
6. g6 ·MP (23,2)7→6 −MP (24,7)7→6 · g7 = 0
g6 ·MP (23,2)7→6 =
[ 7 9
9 0 1
]
·

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 =
[ 3 3 1 5 4
5 0 0 0 1 0
4 0 0 0 0 1
]
·

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 =
[ 3 5
5 0 1
4 0 0
]
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M
P (24,7)
7→6 · g7 =
[ 5
5 1
4 0
]
·
[ 3 5
5 0 1
]
=
[ 3 5
5 0 1
4 0 0
]
g6 ·MP (23,2)7→6 −MP (24,7)7→6 · g7 =
[ 3 5
5 0 1
4 0 0
]
−
[ 3 5
5 0 1
4 0 0
]
=
[ 8
9 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 8
8 0 1
]
·
[ 7
7 1
8 0
]
=
[ 7
8 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 13
13 0 1
]
·
[11
11 1
13 0
]
=
[11
13 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 8
8 0 1
]
·
[ 8
8 1
8 0
]
=
[ 8
8 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 9
9 0 1
]
·
[ 7
7 1
9 0
]
=
[ 7
9 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
129.5 Tree module property of P (6n+ 5, 2) 
The matrices of the representation have full (column) rank P
1. MP (6n+5,2)1→2 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n+5,2)2→3 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 ∈M6n+6,4n+3(k) is already in column echelon form and has maximal column rank.
1244
3. MP (6n+5,2)4→3 =

4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]
∈M6n+6,4n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+5,2)
4→3 =

2n+2 n 2 n
n 0 0 0 0
2n+2 1 0 0 0
n 0 1 0 0
2 0 0 1 0
n 0 1 0 1
2 0 0 1 0
n 0 0 0 1

4. MP (6n+5,2)5→4 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ∈M4n+4,2n+2(k) is already in column echelon form and has maximal column rank.
5. MP (6n+5,2)6→3 =

2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0
 ∈M6n+6,4n+4(k) is already in column echelon form and has maximal column rank.
6. MP (6n+5,2)7→6 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ∈M4n+4,2n+2(k) is already in column echelon form and has maximal column rank.
129.5.1 0→ P (6n+ 3, 7) f→ P (6n+ 5, 2) g→ P (6n+ 6, 5)→ 0 
PdimP (6n+ 3, 7) + dimP (6n+ 6, 5) = (n, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1) + (n+ 1, 2n+ 2, 3n+ 4, 2n+ 3, n+ 2, 2n+ 2, n+ 1)
= (2n+ 1, 4n+ 3, 6n+ 6, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2) = dimP (6n+ 5, 2)
Pdimk Ext
1
kQ(P (6n+ 6, 5), P (6n+ 3, 7)) = dimk HomkQ(P (6n+ 6, 5), P (6n+ 3, 7))− 〈dimP (6n+ 6, 5),dimP (6n+ 3, 7)〉
= 0− 〈(n+ 1, 2n+ 2, 3n+ 4, 2n+ 3, n+ 2, 2n+ 2, n+ 1), (n, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1)〉
= (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 2) + (2n+ 3) · (3n+ 2) + (n+ 2) · (2n+ 1) + (2n+ 2) · (3n+ 2) + (n+ 1) · (2n+ 2)
− ((n+ 1) · n+ (2n+ 2) · (2n+ 1) + (3n+ 4) · (3n+ 2) + (2n+ 3) · (2n+ 1) + (n+ 2) · n+ (2n+ 2) · (2n+ 2) + (n+ 1) · (n+ 1))
= 2n2 + 3n+ 1 + 6n2 + 10n+ 4 + 6n2 + 13n+ 6 + 2n2 + 5n+ 2 + 6n2 + 10n+ 4 + 2n2 + 4n+ 2
− (n2 + n+ 4n2 + 6n+ 2 + 9n2 + 18n+ 8 + 4n2 + 8n+ 3 + n2 + 2n+ 4n2 + 8n+ 4 + n2 + 2n+ 1)
= 1
Representation of P (6n+ 6, 5) = P (6n, 5)[n 7→ n+ 1] 
Dimension vector: dimP (6n+ 6, 5) = (n+ 1, 2n+ 2, 3n+ 4, 2n+ 3, n+ 2, 2n+ 2, n+ 1)
Matrices of the representation:
1. MP (6n+6,5)1→2 =
[n+1
n+1 1
n+1 1
]
∈M2n+2,n+1(k)
2. MP (6n+6,5)2→3 =
[2n+2
2n+2 1
n+2 0
]
+
[2n+2
n+2 0
2n+2 1
]
∈M3n+4,2n+2(k)
3. MP (6n+6,5)4→3 =
[2n+3
2n+3 1
n+1 0
]
∈M3n+4,2n+3(k)
4. MP (6n+6,5)5→4 =
[n+2
n+2 1
n+1 0
]
∈M2n+3,n+2(k)
5. MP (6n+6,5)6→3 =
[2n+2
n+2 0
2n+2 1
]
∈M3n+4,2n+2(k)
6. MP (6n+6,5)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
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Matrices of the embedding f : P (6n+ 3, 7)→ P (6n+ 5, 2) P
1. f1 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n 1
2n+1 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0
 ∈M4n+3,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n n 1
2n+1 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0

c2←c2+c1−−−−−−→

n n 1
2n+1 0 0 0
n 1 0 0
1 0 0 91
1 0 0 0
n 1 1 0

c2↔c3−−−−→

n 1 n
2n+1 0 0 0
n 1 0 0
1 0 91 0
1 0 0 0
n 1 0 1

3. f3 =

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 2n+2
4n+4 0 0
n 1 0
n+2 0 0
 ∈M6n+6,3n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 2n+2
4n+4 0 0
n 1 0
n+2 0 0
 =

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 1 n 1 n
4n+4 0 0 0 0 0
n 1 0 0 0 0
n+2 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 5n+7 ... 6n+6
R2 = rows: 4n+5 ... 5n+4

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 1 n 1 n
4n+4 0 0 0 0 0
n 0 0 0 0 0
n+2 0 0 0 0 0
 =

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

c1↔c2−−−−→

1 n n 1 n
3n+2 0 0 0 0 0
1 91 0 0 1 0
n 0 1 91 0 1
1 0 0 0 0 0
1 91 0 0 0 0
n 0 1 91 0 0
1 0 0 0 0 0
n 0 1 0 0 0

c4←c4+c1−−−−−−→

1 n n 1 n
3n+2 0 0 0 0 0
1 91 0 0 0 0
n 0 1 91 0 1
1 0 0 0 0 0
1 91 0 0 91 0
n 0 1 91 0 0
1 0 0 0 0 0
n 0 1 0 0 0

c3←c3+c2
c5←c5−c2−−−−−−→

1 n n 1 n
3n+2 0 0 0 0 0
1 91 0 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 91 0 0 91 0
n 0 1 0 0 91
1 0 0 0 0 0
n 0 1 1 0 91

c3↔c4−−−−→

1 n 1 n n
3n+2 0 0 0 0 0
1 91 0 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 91 0 91 0 0
n 0 1 0 0 91
1 0 0 0 0 0
n 0 1 0 1 91

c4↔c5−−−−→

1 n 1 n n
3n+2 0 0 0 0 0
1 91 0 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 91 0 91 0 0
n 0 1 0 91 0
1 0 0 0 0 0
n 0 1 0 91 1

4. f4 =

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
 ∈M4n+4,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

c1↔c2−−−−→

1 n n
2n+2 0 0 0
1 91 0 0
n 0 1 91
1 0 0 0
n 0 1 0

c3←c3+c2−−−−−−→

1 n n
2n+2 0 0 0
1 91 0 0
n 0 1 0
1 0 0 0
n 0 1 1

5. f5 =
[ n
n+2 0
n 1
]
∈M2n+2,n(k) is already in column echelon form and has maximal column rank.
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6. f6 =

n+1 n+1
2n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
 ∈M4n+4,2n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n+1 n+1
2n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
 c2←c2+c1−−−−−−→

n+1 n+1
2n+1 0 0
n+1 91 0
1 0 0
n+1 91 91

7. f7 =

n+1
n 0
n+1 1
1 0
 ∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6n+ 5, 2)→ P (6n+ 6, 5) P
1. g1 =
[ n 1 n
1 0 1 0
n 91 0 0
]
∈Mn+1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ n 1 n
1 0 1 0
n 91 0 0
]
r1↔r2−−−−→
[ n 1 n
n 91 0 0
1 0 1 0
]
2. g2 =

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
 ∈M2n+2,4n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
 r1↔r2−−−−→

n 1 n n+1 1 n
n 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

n 1 n n+1 1 n
n 91 0 1 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 1 0
n 0 0 91 0 0 0
 r3↔r4−−−−→

n 1 n n+1 1 n
n 91 0 1 0 0 0
1 0 1 0 0 0 0
n 0 0 91 0 0 0
1 0 0 0 0 1 0

3. g3 =

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 5n+6
n+2 0 0
n 91 0
n+2 0 0
 ∈ M3n+4,6n+6(k) can be brought to row echelon form (as shown below) and has maximal row
rank.
g3 =

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 5n+6
n+2 0 0
n 91 0
n+2 0 0

=

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n+1 1 n+1 1 n
n+2 0 0 0 0 0 0 0 0 0 0
n 91 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 2n+5 ... 3n+4
R2 = rows: n+3 ... 2n+2

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n+1 1 n+1 1 n
n+2 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0

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=
n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

n 1 n 1 n n+1 1 n+1 1 n
n 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

r5←r5−r1
r7←r7−r1−−−−−−→

n 1 n 1 n n+1 1 n+1 1 n
n 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 0 0 91 0 1 0 0 0 0 0

r4←r4−r2−−−−−−→

n 1 n 1 n n+1 1 n+1 1 n
n 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0 0
n 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 0 0 91 0 1 0 0 0 0 0

r3↔r7−−−−→

n 1 n 1 n n+1 1 n+1 1 n
n 91 0 1 0 91 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 0
n 0 0 91 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
n 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0

4. g4 =

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
 ∈M2n+3,4n+4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
 r3←r3−r1−−−−−−→

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 0 1 0 0 0
 r2↔r3−−−−→

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
n+1 0 1 0 0 0
1 0 0 0 1 0

5. g5 =
[n+1 1 n
n+1 91 0 0
1 0 1 0
]
∈Mn+2,2n+2(k) is already in row echelon form and has maximal row rank.
6. g6 =

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 ∈M2n+2,4n+4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 r4←r4−r1−−−−−−→

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 0 91 0 0 0 0
 r2↔r4−−−−→

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
n 0 91 0 0 0 0
1 0 0 0 0 91 0
1 0 0 1 0 0 0
 r3↔r4−−−−→

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
n 0 91 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0

7. g7 =
[ n n+1 1
1 0 0 91
n 91 0 0
]
∈Mn+1,2n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ n n+1 1
1 0 0 91
n 91 0 0
]
r1↔r2−−−−→
[ n n+1 1
n 91 0 0
1 0 0 91
]
Relations of the embedding f : P (6n+ 3, 7)→ P (6n+ 5, 2) P
1. f2 ·MP (6n+3,7)1→2 −MP (6n+5,2)1→2 · f1 = 0
f2 ·MP (6n+3,7)1→2 =

n n 1
2n+1 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0
 ·

n
n 1
n 1
1 0
 =

n
2n+1 0
n 0
1 0
1 0
n 1
 =
[ n
3n+3 0
n 1
]
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P (6n+5,2)
1→2 · f1 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·
[ n
n+1 0
n 1
]
=

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

n
n 0
1 0
n 1
 =

n
n 0
1 0
2n+1 0
1 0
n 1
 =
[ n
3n+3 0
n 1
]
f2 ·MP (6n+3,7)1→2 −MP (6n+5,2)1→2 · f1 =
[ n
3n+3 0
n 1
]
−
[ n
3n+3 0
n 1
]
=
[ n
4n+3 0
]
2. f3 ·MP (6n+3,7)2→3 −MP (6n+5,2)2→3 · f2 = 0
f3 ·MP (6n+3,7)2→3 =


n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 2n+2
4n+4 0 0
n 1 0
n+2 0 0


·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
=

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
+

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

·

n 1 n
n 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1

+

n n+1 n+1
4n+4 0 0 0
n 1 0 0
n+2 0 0 0
 ·

n n+1
n 1 0
n+1 0 1
n+1 0 0
+

n 1 2n+1
4n+4 0 0 0
n 1 0 0
n+2 0 0 0
 ·

2n+1
n 0
1 0
2n+1 1
 =

n 1 n
3n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

+

n 1 n
3n+2 0 0 0
1 0 1 0
n 91 0 1
1 0 0 0
1 0 0 0
n 91 0 0
1 0 0 0
n 0 0 0

+

n n+1
4n+4 0 0
n 1 0
n+2 0 0
+

2n+1
4n+4 0
n 0
n+2 0

=

n−1 1 1 n−1 1
3n+2 0 0 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 1 0 0 0

+

n−1 1 1 n−1 1
3n+2 0 0 0 0 0
1 0 0 1 0 0
n−1 91 0 0 1 0
1 0 91 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
n−1 91 0 0 0 0
1 0 91 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

1 n−1 1 n
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

+

n 1 n
3n+2 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n n 1
4n+4 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0

M
P (6n+5,2)
2→3 · f2 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 ·

n n 1
2n+1 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0
 =

2n+1 n 1 1 n
2n+1 1 0 0 0 0
2n+3 0 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·

n n 1
2n+1 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0
 =

n n 1
2n+1 0 0 0
2n+3 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0

=

n n 1
4n+4 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0

f3 ·MP (6n+3,7)2→3 −MP (6n+5,2)2→3 · f2 =

n n 1
4n+4 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0
−

n n 1
4n+4 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0
 =
[2n+1
6n+6 0
]
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3. f3 ·MP (6n+3,7)4→3 −MP (6n+5,2)4→3 · f4 = 0
f3 ·MP (6n+3,7)4→3 =


n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 2n+2
4n+4 0 0
n 1 0
n+2 0 0


·
[2n+1
2n+1 1
n+1 0
]
=

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
+

n n+1 n+1
4n+4 0 0 0
n 1 0 0
n+2 0 0 0
 ·

n n+1
n 1 0
n+1 0 1
n+1 0 0

=

n 1 n
3n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

+

n n+1
4n+4 0 0
n 1 0
n+2 0 0
 =

n−1 1 1 n−1 1
3n+2 0 0 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 1 0 0 0

+

1 n−1 1 n
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

=

n 1 n
3n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

+

n n+1
4n+4 0 0
n 1 0
n+2 0 0

M
P (6n+5,2)
4→3 · f4 =


4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]

·

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

=

2n+2 1 n 1 n
n 0 0 0 0 0
2n+2 1 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n+2 0 0 0 0 0

·

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
+

2n+2 1 n 1 n
4n+4 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
 ·

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

=

n 1 n
n 0 0 0
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
n+2 0 0 0

+

n 1 n
4n+4 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
 =

1 n−1 1 1 n−1
n 0 0 0 0 0
2n+2 0 0 0 0 0
1 0 0 91 0 0
1 1 0 0 91 0
n−1 0 1 0 0 91
1 0 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

+

n−1 1 1 n−1 1
n 0 0 0 0 0
2n+2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 1 0 0 91
1 0 0 0 0 0
n−1 1 0 0 0 0
1 0 1 0 0 0

=

n 1 n
3n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
n+2 0 0 0

+

n 1 n
4n+4 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

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f3 ·MP (6n+3,7)4→3 −MP (6n+5,2)4→3 · f4 =


n 1 n
3n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

+

n n+1
4n+4 0 0
n 1 0
n+2 0 0


−


n 1 n
3n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
n+2 0 0 0

+

n 1 n
4n+4 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0


=


n 1 n
3n+2 0 0 0
1 0 91 0
3n+3 0 0 0
+

n n+1
3n+3 0 0
n 1 0
2n+3 0 0
+

n+1 n
3n+3 0 0
n 0 91
2n+3 0 0
+

n 1 n
4n+4 0 0 0
1 0 91 0
2n+1 0 0 0
+

n n+1
4n+5 0 0
n 1 0
n+1 0 0
+

n+1 n
4n+5 0 0
n 0 91
n+1 0 0
+ [
n n+1
5n+6 0 0
n 1 0
]
+

n n+1
4n+4 0 0
n 1 0
n+2 0 0


−


n 1 n
3n+2 0 0 0
1 0 91 0
3n+3 0 0 0
+

n n+1
3n+3 0 0
n 1 0
2n+3 0 0
+

n+1 n
3n+3 0 0
n 0 91
2n+3 0 0
+

n 1 n
4n+4 0 0 0
1 0 91 0
2n+1 0 0 0
+

n n+1
4n+5 0 0
n 1 0
n+1 0 0

+

n+1 n
4n+5 0 0
n 0 91
n+1 0 0
+ [
n n+1
5n+6 0 0
n 1 0
]
+

n n+1
4n+4 0 0
n 1 0
n+2 0 0


=
[2n+1
6n+6 0
]
4. f4 ·MP (6n+3,7)5→4 −MP (6n+5,2)5→4 · f5 = 0
f4 ·MP (6n+3,7)5→4 =

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
 ·
[ n
n 1
n+1 0
]
=

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
 ·

n
n 1
1 0
n 0
 =

n
2n+2 0
1 0
n 1
1 0
n 1
 =

n
2n+3 0
n 1
1 0
n 1

M
P (6n+5,2)
5→4 · f5 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ·
[ n
n+2 0
n 1
]
=

n+1 1 n
n+1 0 0 0
n+1 1 0 0
1 0 1 0
n 0 0 1
1 0 1 0
n 0 0 1

·

n
n+1 0
1 0
n 1
 =

n
n+1 0
n+1 0
1 0
n 1
1 0
n 1

=

n
2n+3 0
n 1
1 0
n 1

f4 ·MP (6n+3,7)5→4 −MP (6n+5,2)5→4 · f5 =

n
2n+3 0
n 1
1 0
n 1
−

n
2n+3 0
n 1
1 0
n 1
 =
[ n
4n+4 0
]
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5. f3 ·MP (6n+3,7)6→3 −MP (6n+5,2)6→3 · f6 = 0
f3 ·MP (6n+3,7)6→3 =


n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 2n+2
4n+4 0 0
n 1 0
n+2 0 0


·
[2n+2
n 0
2n+2 1
]
=

n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

·

1 n 1 n
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
+

n 2n+2
4n+4 0 0
n 1 0
n+2 0 0
 · [
2n+2
n 0
2n+2 1
]
=

1 n 1 n
3n+2 0 0 0 0
1 91 0 1 0
n 0 91 0 1
1 0 0 0 0
1 91 0 0 0
n 0 91 0 0
1 0 0 0 0
n 0 0 0 0

+

2n+2
4n+4 0
n 0
n+2 0
 =

1 n−1 1 1 n−1 1
3n+2 0 0 0 0 0 0
1 91 0 0 1 0 0
n−1 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 0 0 0
1 91 0 0 0 0 0
n−1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

1 n 1 n
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

=

n+1 n+1
3n+2 0 0
n+1 91 1
1 0 0
n+1 91 0
n+1 0 0

M
P (6n+5,2)
6→3 · f6 =


2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0


·

n+1 n+1
2n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
 =

2n+1 n+1 1 n+1
2n+1 1 0 0 0
n+1 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

·

n+1 n+1
2n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
+

2n+1 n+1 1 n+1
n+1 0 0 0 0
2n+1 1 0 0 0
3n+4 0 0 0 0
 ·

n+1 n+1
2n+1 0 0
n+1 91 1
1 0 0
n+1 91 0

=

n+1 n+1
2n+1 0 0
n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
n+1 0 0

+

n+1 n+1
n+1 0 0
2n+1 0 0
3n+4 0 0
 =

n+1 n+1
n+1 0 0
n 0 0
n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
n+1 0 0

+

n+1 n+1
n+1 0 0
n 0 0
n+1 0 0
n+1 0 0
1 0 0
n+1 0 0
n+1 0 0

=

n+1 n+1
3n+2 0 0
n+1 91 1
1 0 0
n+1 91 0
n+1 0 0

f3 ·MP (6n+3,7)6→3 −MP (6n+5,2)6→3 · f6 =

n+1 n+1
3n+2 0 0
n+1 91 1
1 0 0
n+1 91 0
n+1 0 0
−

n+1 n+1
3n+2 0 0
n+1 91 1
1 0 0
n+1 91 0
n+1 0 0
 =
[2n+2
6n+6 0
]
6. f6 ·MP (6n+3,7)7→6 −MP (6n+5,2)7→6 · f7 = 0
f6 ·MP (6n+3,7)7→6 =

n+1 n+1
2n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
 ·
[n+1
n+1 0
n+1 1
]
=

n+1
2n+1 0
n+1 1
1 0
n+1 0
 =

n+1
2n+1 0
n+1 1
n+2 0

M
P (6n+5,2)
7→6 · f7 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ·

n+1
n 0
n+1 1
1 0
 =

n n+1 1
n 1 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
1 0 0 1
n+1 0 0 0

·

n+1
n 0
n+1 1
1 0
 =

n+1
n 0
n 0
1 0
n+1 1
1 0
n+1 0

=

n+1
2n+1 0
n+1 1
n+2 0

f6 ·MP (6n+3,7)7→6 −MP (6n+5,2)7→6 · f7 =

n+1
2n+1 0
n+1 1
n+2 0
−

n+1
2n+1 0
n+1 1
n+2 0
 = [n+14n+4 0 ]
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Relations of the projection g : P (6n+ 5, 2)→ P (6n+ 6, 5) P
1. g2 ·MP (6n+5,2)1→2 −MP (6n+6,5)1→2 · g1 = 0
g2 ·MP (6n+5,2)1→2 =

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
 ·

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 =

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
 ·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 0
n+1 0 0 0
1 0 1 0
n 0 0 1

=

n 1 n
1 0 1 0
n 91 0 0
1 0 1 0
n 91 0 0

M
P (6n+6,5)
1→2 · g1 =
[n+1
n+1 1
n+1 1
]
·
[ n 1 n
1 0 1 0
n 91 0 0
]
=

1 n
1 1 0
n 0 1
1 1 0
n 0 1
 ·
[ n 1 n
1 0 1 0
n 91 0 0
]
=

n 1 n
1 0 1 0
n 91 0 0
1 0 1 0
n 91 0 0

g2 ·MP (6n+5,2)1→2 −MP (6n+6,5)1→2 · g1 =

n 1 n
1 0 1 0
n 91 0 0
1 0 1 0
n 91 0 0
−

n 1 n
1 0 1 0
n 91 0 0
1 0 1 0
n 91 0 0
 =
[2n+1
2n+2 0
]
2. g3 ·MP (6n+5,2)2→3 −MP (6n+6,5)2→3 · g2 = 0
g3 ·MP (6n+5,2)2→3 =


n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 5n+6
n+2 0 0
n 91 0
n+2 0 0


·

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1

=

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

·

n 1 n n+1 1 n
n 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
1 0 0 0 0 0 0
n+1 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1

+

n n+1 2n+3 2n+2
n+2 0 0 0 0
n 91 0 0 0
n+2 0 0 0 0
 ·

n n+1 2n+2
n 1 0 0
n+1 0 1 0
2n+3 0 0 0
2n+2 0 0 1

=

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0

+

n n+1 2n+2
n+2 0 0 0
n 91 0 0
n+2 0 0 0
 =

n−1 1 1 n−1 1 n+1 1 n
1 0 0 1 0 0 0 0 0
n−1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 0
n−1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
n−1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

+

1 n−1 1 n n+1 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
n−1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0

+

n 3n+3
n+2 0 0
n 91 0
n+2 0 0

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M
P (6n+6,5)
2→3 · g2 =

[2n+2
2n+2 1
n+2 0
]
+
[2n+2
n+2 0
2n+2 1
] ·

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0

=

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n+2 0 0 0 0
 ·

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
+

1 n 1 n
n+2 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0

=

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
n+2 0 0 0 0 0 0
+

n 1 n n+1 1 n
n+2 0 0 0 0 0 0
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0

=

1 n−1 1 1 n−1 n+1 1 n
1 0 0 1 0 0 0 0 0
1 91 0 0 1 0 0 0 0
n−1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0
n−1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n−1 1 1 n−1 1 n+1 1 n
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n−1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
n−1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

=

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
n+2 0 0 0 0 0 0
+

n 1 n n+1 1 n
n+2 0 0 0 0 0 0
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0

g3 ·MP (6n+5,2)2→3 −MP (6n+6,5)2→3 · g2 =


n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0

+

n 3n+3
n+2 0 0
n 91 0
n+2 0 0


−


n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
n+2 0 0 0 0 0 0
+

n 1 n n+1 1 n
n+2 0 0 0 0 0 0
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0


=

[ n 1 3n+2
1 0 1 0
3n+3 0 0 0
]
+

n 3n+3
1 0 0
n 91 0
2n+3 0 0
+

n+1 n 2n+2
1 0 0 0
n 0 1 0
2n+3 0 0 0
+

3n+2 1 n
n+1 0 0 0
1 0 1 0
2n+2 0 0 0
+

n 1 3n+2
n+2 0 0 0
1 0 1 0
2n+1 0 0 0
+

n 3n+3
n+3 0 0
n 91 0
n+1 0 0

+

n+1 n 2n+2
n+3 0 0 0
n 0 1 0
n+1 0 0 0
+

3n+2 1 n
2n+3 0 0 0
1 0 1 0
n 0 0 0
+ [
n 3n+3
2n+4 0 0
n 91 0
]
+

n 3n+3
n+2 0 0
n 91 0
n+2 0 0


−

[ n 1 3n+2
1 0 1 0
3n+3 0 0 0
]
+

n 3n+3
1 0 0
n 91 0
2n+3 0 0
+

n+1 n 2n+2
1 0 0 0
n 0 1 0
2n+3 0 0 0
+

3n+2 1 n
n+1 0 0 0
1 0 1 0
2n+2 0 0 0
+

n 1 3n+2
n+2 0 0 0
1 0 1 0
2n+1 0 0 0
+

n 3n+3
n+3 0 0
n 91 0
n+1 0 0

+

n+1 n 2n+2
n+3 0 0 0
n 0 1 0
n+1 0 0 0
+

3n+2 1 n
2n+3 0 0 0
1 0 1 0
n 0 0 0
+ [
n 3n+3
2n+4 0 0
n 91 0
]
+

n 3n+3
n+2 0 0
n 91 0
n+2 0 0


=
[4n+3
3n+4 0
]
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3. g3 ·MP (6n+5,2)4→3 −MP (6n+6,5)4→3 · g4 = 0
g3 ·MP (6n+5,2)4→3 =


n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 5n+6
n+2 0 0
n 91 0
n+2 0 0


·


4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]

=

n 1 n 1 n n+1 1 n 1 1 n
1 0 1 0 91 0 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0
n 91 0 0 0 0 0 0 0 0 0 0

·

1 n 1 n n+1 1 n
n 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
n 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
n+1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

·

2n+2 n+1 1 n
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 1

+

n 4n+4 n+2
n+2 0 0 0
n 91 0 0
n+2 0 0 0
 ·

4n+4
n 0
4n+4 1
n+2 0

+

n 3n+4 2n+2
n+2 0 0 0
n 91 0 0
n+2 0 0 0
 ·

2n+2 2n+2
n 0 0
3n+4 0 0
2n+2 0 1
 =

1 n 1 n n+1 1 n
1 1 0 91 0 0 0 0
n 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
n 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0
n 0 0 0 0 0 0 0

+

2n+2 n+1 1 n
1 0 0 0 0
n 0 0 0 0
1 0 0 1 0
1 0 0 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 0

+

4n+4
n+2 0
n 0
n+2 0
+

2n+2 2n+2
n+2 0 0
n 0 0
n+2 0 0

=

1 n−1 1 1 n−1 1 n+1 1 n
1 1 0 0 91 0 0 0 0 0
n−1 0 1 0 0 91 0 0 0 0
1 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0
n 0 0 0 0 0 0 0 0 0

+

1 n 1 n n+1 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0

+

1 n 1 n n+1 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

1 n 1 n n+1 1 n
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

=

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0

M
P (6n+6,5)
4→3 · g4 =
[2n+3
2n+3 1
n+1 0
]
·

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
 =

n+1 1 n+1
n+1 1 0 0
1 0 1 0
n+1 0 0 1
n+1 0 0 0
 ·

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
 =

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0

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g3 ·MP (6n+5,2)4→3 −MP (6n+6,5)4→3 · g4 =

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0
−

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0
 =
[4n+4
3n+4 0
]
4. g4 ·MP (6n+5,2)5→4 −MP (6n+6,5)5→4 · g5 = 0
g4 ·MP (6n+5,2)5→4 =

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
 ·

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 =

n+1 n+1 1 n 1 n
n+1 1 91 0 0 0 0
1 0 0 0 0 1 0
n+1 1 0 0 0 0 0
 ·

n+1 1 n
n+1 0 0 0
n+1 1 0 0
1 0 1 0
n 0 0 1
1 0 1 0
n 0 0 1

=

n+1 1 n
n+1 91 0 0
1 0 1 0
n+1 0 0 0

M
P (6n+6,5)
5→4 · g5 =
[n+2
n+2 1
n+1 0
]
·
[n+1 1 n
n+1 91 0 0
1 0 1 0
]
=

n+1 1
n+1 1 0
1 0 1
n+1 0 0
 · [
n+1 1 n
n+1 91 0 0
1 0 1 0
]
=

n+1 1 n
n+1 91 0 0
1 0 1 0
n+1 0 0 0

g4 ·MP (6n+5,2)5→4 −MP (6n+6,5)5→4 · g5 =

n+1 1 n
n+1 91 0 0
1 0 1 0
n+1 0 0 0
−

n+1 1 n
n+1 91 0 0
1 0 1 0
n+1 0 0 0
 = [2n+22n+3 0 ]
5. g3 ·MP (6n+5,2)6→3 −MP (6n+6,5)6→3 · g6 = 0
g3 ·MP (6n+5,2)6→3 =


n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 5n+6
n+2 0 0
n 91 0
n+2 0 0


·


2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0


=

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

·

n 1 n n+1 1 n+1
n 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 1 0 0
1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

·

n 1 n 2n+3
n 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
1 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

n n+1 n+1 2n+3 n+1
n+2 0 0 0 0 0
n 91 0 0 0 0
n+2 0 0 0 0 0
 ·

n n+1 2n+3
n 1 0 0
n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

n 1 2n+1 3n+4
n+2 0 0 0 0
n 91 0 0 0
n+2 0 0 0 0
 ·

2n+1 2n+3
n 0 0
1 0 0
2n+1 1 0
3n+4 0 0
 =

n 1 n n+1 1 n+1
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0

+

n 1 n 2n+3
1 0 91 0 0
n 1 0 91 0
1 0 0 0 0
1 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n 0 0 0 0

+

n n+1 2n+3
n+2 0 0 0
n 91 0 0
n+2 0 0 0
+

2n+1 2n+3
n+2 0 0
n 0 0
n+2 0 0

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=
n−1 1 1 n−1 1 n+1 1 n+1
1 0 0 1 0 0 0 0 0
n−1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n−1 91 0 0 1 0 0 0 0
1 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 91 0
n−1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0

+

n−1 1 1 n−1 1 n+1 1 n+1
1 0 0 91 0 0 0 0 0
n−1 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

1 n−1 1 n n+1 1 n+1
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0
n−1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

n 1 n n+1 1 n+1
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

n n 1 n+1 1 n+1
n+2 0 0 0 0 0 0
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0

M
P (6n+6,5)
6→3 · g6 =
[2n+2
n+2 0
2n+2 1
]
·

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 =

n 1 1 n
n+2 0 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 =

n n 1 n+1 1 n+1
n+2 0 0 0 0 0 0
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0

g3 ·MP (6n+5,2)6→3 −MP (6n+6,5)6→3 · g6 =

n n 1 n+1 1 n+1
n+2 0 0 0 0 0 0
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
−

n n 1 n+1 1 n+1
n+2 0 0 0 0 0 0
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 =
[4n+4
3n+4 0
]
6. g6 ·MP (6n+5,2)7→6 −MP (6n+6,5)7→6 · g7 = 0
g6 ·MP (6n+5,2)7→6 =

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 ·

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 =

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 ·

n n+1 1
n 1 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
1 0 0 1
n+1 0 0 0

=

n n+1 1
n 0 0 0
1 0 0 0
1 0 0 91
n 91 0 0
 =

n n+1 1
n+1 0 0 0
1 0 0 91
n 91 0 0

M
P (6n+6,5)
7→6 · g7 =
[n+1
n+1 0
n+1 1
]
·
[ n n+1 1
1 0 0 91
n 91 0 0
]
=

1 n
n+1 0 0
1 1 0
n 0 1
 · [
n n+1 1
1 0 0 91
n 91 0 0
]
=

n n+1 1
n+1 0 0 0
1 0 0 91
n 91 0 0

g6 ·MP (6n+5,2)7→6 −MP (6n+6,5)7→6 · g7 =

n n+1 1
n+1 0 0 0
1 0 0 91
n 91 0 0
−

n n+1 1
n+1 0 0 0
1 0 0 91
n 91 0 0
 = [2n+22n+2 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n 1 n
1 0 1 0
n 91 0 0
]
·
[ n
n+1 0
n 1
]
=
[ n 1 n
1 0 1 0
n 91 0 0
]
·

n
n 0
1 0
n 1
 = [ nn+1 0 ]
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2. g2 · f2 = 0
g2 · f2 =

n 1 n n+1 1 n
1 0 1 0 0 0 0
n 91 0 1 0 0 0
1 0 0 0 0 1 0
n 91 0 0 0 0 0
 ·

n n 1
2n+1 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0
 =

n 1 n n 1 1 n
1 0 1 0 0 0 0 0
n 91 0 1 0 0 0 0
1 0 0 0 0 0 1 0
n 91 0 0 0 0 0 0
 ·

n n 1
n 0 0 0
1 0 0 0
n 0 0 0
n 1 91 0
1 0 0 91
1 0 0 0
n 1 0 0

=
[2n+1
2n+2 0
]
3. g3 · f3 = 0
g3 · f3 =


n 1 n 1 n n+1 1 n+1 1 n
1 0 1 0 91 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0
n 91 0 0 0 0 0 0 0 0 0

+

n 5n+6
n+2 0 0
n 91 0
n+2 0 0


·


n 1 n 1 n
3n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 2n+2
4n+4 0 0
n 1 0
n+2 0 0


=

n 1 n 1 n 1 n 1 1 n 1 n
1 0 1 0 91 0 0 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0
n 91 0 0 0 0 0 0 0 0 0 0 0

·

n 1 n 1 n
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 1 n 1 n n+1 1 n 1 1 n
1 0 1 0 91 0 0 0 0 0 0 0
n 91 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 0 0 0
n 91 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0
n 91 0 0 0 0 0 0 0 0 0 0

·

n 2n+2
n 0 0
1 0 0
n 0 0
1 0 0
n 0 0
n+1 0 0
1 0 0
n 1 0
1 0 0
1 0 0
n 0 0

+

n 2n+2 1 n 1 1 n 1 n
n+2 0 0 0 0 0 0 0 0 0
n 91 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0
 ·

n 1 n 1 n
n 0 0 0 0 0
2n+2 0 0 0 0 0
1 0 91 0 1 0
n 1 0 91 0 1
1 0 0 0 0 0
1 0 91 0 0 0
n 1 0 91 0 0
1 0 0 0 0 0
n 1 0 0 0 0

+

n 3n+4 n n+2
n+2 0 0 0 0
n 91 0 0 0
n+2 0 0 0 0
 ·

n 2n+2
n 0 0
3n+4 0 0
n 1 0
n+2 0 0
 =

n 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n 2n+2
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0
1 0 0
n 0 0

+

n 1 n 1 n
n+2 0 0 0 0 0
n 0 0 0 0 0
n+2 0 0 0 0 0
+

n 2n+2
n+2 0 0
n 0 0
n+2 0 0

=

n 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n 1 n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

=
[3n+2
3n+4 0
]
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4. g4 · f4 = 0
g4 · f4 =

n+1 n+1 n+1 1 n
n+1 1 91 0 0 0
1 0 0 0 1 0
n+1 1 0 0 0 0
 ·

n 1 n
2n+2 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0
 =

n+1 n+1 1 n 1 n
n+1 1 91 0 0 0 0
1 0 0 0 0 1 0
n+1 1 0 0 0 0 0
 ·

n 1 n
n+1 0 0 0
n+1 0 0 0
1 0 91 0
n 1 0 91
1 0 0 0
n 1 0 0

=
[2n+1
2n+3 0
]
5. g5 · f5 = 0
g5 · f5 =
[n+1 1 n
n+1 91 0 0
1 0 1 0
]
·
[ n
n+2 0
n 1
]
=
[n+1 1 n
n+1 91 0 0
1 0 1 0
]
·

n
n+1 0
1 0
n 1
 = [ nn+2 0 ]
6. g6 · f6 = 0
g6 · f6 =

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 ·

n+1 n+1
2n+1 0 0
n+1 91 1
1 0 0
n+1 91 0
 =

n n 1 n+1 1 n+1
n 91 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
n 91 0 0 0 0 0
 ·

n+1 n+1
n 0 0
n 0 0
1 0 0
n+1 91 1
1 0 0
n+1 91 0

=
[2n+2
2n+2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n n+1 1
1 0 0 91
n 91 0 0
]
·

n+1
n 0
n+1 1
1 0
 = [n+1n+1 0 ]
129.5.2 0→ P (6n+ 3, 5) i→ P (6n+ 5, 2) p→ P (6n+ 6, 7)→ 0 
PdimP (6n+ 3, 5) + dimP (6n+ 6, 7) = (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n) + (n+ 1, 2n+ 2, 3n+ 4, 2n+ 2, n+ 1, 2n+ 3, n+ 2)
= (2n+ 1, 4n+ 3, 6n+ 6, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2) = dimP (6n+ 5, 2)
Pdimk Ext
1
kQ(P (6n+ 6, 7), P (6n+ 3, 5)) = dimk HomkQ(P (6n+ 6, 7), P (6n+ 3, 5))− 〈dimP (6n+ 6, 7),dimP (6n+ 3, 5)〉
= 0− 〈(n+ 1, 2n+ 2, 3n+ 4, 2n+ 2, n+ 1, 2n+ 3, n+ 2), (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n)〉
= (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 2) + (2n+ 2) · (3n+ 2) + (n+ 1) · (2n+ 2) + (2n+ 3) · (3n+ 2) + (n+ 2) · (2n+ 1)
− ((n+ 1) · n+ (2n+ 2) · (2n+ 1) + (3n+ 4) · (3n+ 2) + (2n+ 2) · (2n+ 2) + (n+ 1) · (n+ 1) + (2n+ 3) · (2n+ 1) + (n+ 2) · n)
= 2n2 + 3n+ 1 + 6n2 + 10n+ 4 + 6n2 + 10n+ 4 + 2n2 + 4n+ 2 + 6n2 + 13n+ 6 + 2n2 + 5n+ 2
− (n2 + n+ 4n2 + 6n+ 2 + 9n2 + 18n+ 8 + 4n2 + 8n+ 4 + n2 + 2n+ 1 + 4n2 + 8n+ 3 + n2 + 2n)
= 1
Representation of P (6n+ 6, 7) = P (6n, 7)[n 7→ n+ 1] 
Dimension vector: dimP (6n+ 6, 7) = (n+ 1, 2n+ 2, 3n+ 4, 2n+ 2, n+ 1, 2n+ 3, n+ 2)
Matrices of the representation:
1. MP (6n+6,7)1→2 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k)
2. MP (6n+6,7)2→3 =
[2n+2
n+2 0
2n+2 1
]
∈M3n+4,2n+2(k)
3. MP (6n+6,7)4→3 =
[2n+2
2n+2 1
n+2 0
]
+
[2n+2
n+2 0
2n+2 1
]
∈M3n+4,2n+2(k)
4. MP (6n+6,7)5→4 =
[n+1
n+1 1
n+1 1
]
∈M2n+2,n+1(k)
5. MP (6n+6,7)6→3 =
[2n+3
2n+3 1
n+1 0
]
∈M3n+4,2n+3(k)
6. MP (6n+6,7)7→6 =
[n+2
n+2 1
n+1 0
]
∈M2n+3,n+2(k)
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Matrices of the embedding i : P (6n+ 3, 5)→ P (6n+ 5, 2) P
1. i1 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
2n+2 0
]
∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+2
3n+2 1
3n+4 0
]
∈M6n+6,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+2
2n+2 1
2n+2 0
]
∈M4n+4,2n+2(k) is already in column echelon form and has maximal column rank.
5. i5 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
2n+3 0
]
∈M4n+4,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
n+2 0
]
∈M2n+2,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 5, 2)→ P (6n+ 6, 7) P
1. p1 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 2n+2
2n+2 0 1
]
∈M2n+2,4n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 3n+4
3n+4 0 1
]
∈M3n+4,6n+6(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+2 2n+2
2n+2 0 1
]
∈M2n+2,4n+4(k) is already in row echelon form and has maximal row rank.
5. p5 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 2n+3
2n+3 0 1
]
∈M2n+3,4n+4(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n n+2
n+2 0 1
]
∈Mn+2,2n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 3, 5)→ P (6n+ 5, 2) P
1. i2 ·MP (6n+3,5)1→2 −MP (6n+5,2)1→2 · i1 = 0
i2 ·MP (6n+3,5)1→2 =
[2n+1
2n+1 1
2n+2 0
]
·
[ n
n 1
n+1 0
]
=

n n+1
n 1 0
n+1 0 1
2n+2 0 0
 · [
n
n 1
n+1 0
]
=

n
n 1
n+1 0
2n+2 0
 = [
n
n 1
3n+3 0
]
M
P (6n+5,2)
1→2 · i1 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·
[ n
n 1
n+1 0
]
=

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

n
n 1
1 0
n 0
 =

n
n 1
1 0
2n+1 0
1 0
n 0
 =
[ n
n 1
3n+3 0
]
i2 ·MP (6n+3,5)1→2 −MP (6n+5,2)1→2 · i1 =
[ n
n 1
3n+3 0
]
−
[ n
n 1
3n+3 0
]
=
[ n
4n+3 0
]
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2. i3 ·MP (6n+3,5)2→3 −MP (6n+5,2)2→3 · i2 = 0
i3 ·MP (6n+3,5)2→3 =
[3n+2
3n+2 1
3n+4 0
]
·
[2n+1
2n+1 1
n+1 0
]
=

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+4 0 0
 · [
2n+1
2n+1 1
n+1 0
]
=

2n+1
2n+1 1
n+1 0
3n+4 0
 = [
2n+1
2n+1 1
4n+5 0
]
M
P (6n+5,2)
2→3 · i2 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 · [
2n+1
2n+1 1
2n+2 0
]
=

2n+1
2n+1 1
2n+3 0
2n+2 0
 = [
2n+1
2n+1 1
4n+5 0
]
i3 ·MP (6n+3,5)2→3 −MP (6n+5,2)2→3 · i2 =
[2n+1
2n+1 1
4n+5 0
]
−
[2n+1
2n+1 1
4n+5 0
]
=
[2n+1
6n+6 0
]
3. i3 ·MP (6n+3,5)4→3 −MP (6n+5,2)4→3 · i4 = 0
i3 ·MP (6n+3,5)4→3 =
[3n+2
3n+2 1
3n+4 0
]
·
[2n+2
n 0
2n+2 1
]
=

n 2n+2
n 1 0
2n+2 0 1
3n+4 0 0
 · [
2n+2
n 0
2n+2 1
]
=

2n+2
n 0
2n+2 1
3n+4 0

M
P (6n+5,2)
4→3 · i4 =


4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]

·
[2n+2
2n+2 1
2n+2 0
]
=

2n+2 2n+2
n 0 0
2n+2 1 0
2n+2 0 1
n+2 0 0
 ·
[2n+2
2n+2 1
2n+2 0
]
+
[2n+2 2n+2
4n+4 0 0
2n+2 0 1
]
·
[2n+2
2n+2 1
2n+2 0
]
=

2n+2
n 0
2n+2 1
2n+2 0
n+2 0
+
[2n+2
4n+4 0
2n+2 0
]
=

2n+2
n 0
2n+2 1
n+2 0
n 0
n+2 0
+

2n+2
n 0
2n+2 0
n+2 0
n 0
n+2 0
 =

2n+2
n 0
2n+2 1
3n+4 0

i3 ·MP (6n+3,5)4→3 −MP (6n+5,2)4→3 · i4 =

2n+2
n 0
2n+2 1
3n+4 0
−

2n+2
n 0
2n+2 1
3n+4 0
 = [2n+26n+6 0 ]
4. i4 ·MP (6n+3,5)5→4 −MP (6n+5,2)5→4 · i5 = 0
i4 ·MP (6n+3,5)5→4 =
[2n+2
2n+2 1
2n+2 0
]
·
[n+1
n+1 0
n+1 1
]
=

n+1 n+1
n+1 1 0
n+1 0 1
2n+2 0 0
 · [
n+1
n+1 0
n+1 1
]
=

n+1
n+1 0
n+1 1
2n+2 0

M
P (6n+5,2)
5→4 · i5 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ·
[n+1
n+1 1
n+1 0
]
=

n+1
n+1 0
n+1 1
n+1 0
n+1 0
 =

n+1
n+1 0
n+1 1
2n+2 0

i4 ·MP (6n+3,5)5→4 −MP (6n+5,2)5→4 · i5 =

n+1
n+1 0
n+1 1
2n+2 0
−

n+1
n+1 0
n+1 1
2n+2 0
 = [n+14n+4 0 ]
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5. i3 ·MP (6n+3,5)6→3 −MP (6n+5,2)6→3 · i6 = 0
i3 ·MP (6n+3,5)6→3 =
[3n+2
3n+2 1
3n+4 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+4 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+1 2n+1
n+1 1 0
2n+1 0 1
3n+4 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

2n+1
2n+1 1
n+1 0
3n+4 0
+

2n+1
n+1 0
2n+1 1
3n+4 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
3n+4 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
3n+4 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+4 0 0 0

M
P (6n+5,2)
6→3 · i6 =


2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0


·
[2n+1
2n+1 1
2n+3 0
]
=

2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
 ·
[2n+1
2n+1 1
2n+3 0
]
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0
 · [
2n+1
2n+1 1
2n+3 0
]
=

2n+1
2n+1 1
n+1 0
2n+3 0
n+1 0
+

2n+1
n+1 0
2n+1 1
3n+4 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
2n+3 0 0
n+1 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
2n+3 0 0
n+1 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+4 0 0 0

i3 ·MP (6n+3,5)6→3 −MP (6n+5,2)6→3 · i6 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+4 0 0 0

−

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
3n+4 0 0 0

=
[2n+1
6n+6 0
]
6. i6 ·MP (6n+3,5)7→6 −MP (6n+5,2)7→6 · i7 = 0
i6 ·MP (6n+3,5)7→6 =
[2n+1
2n+1 1
2n+3 0
]
·

n
n 1
n 1
1 0
 =

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
2n+3 0 0 0
 ·

n
n 1
n 1
1 0
 =

n
n 1
n 1
1 0
2n+3 0
 =

n
n 1
n 1
2n+4 0

M
P (6n+5,2)
7→6 · i7 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ·
[ n
n 1
n+2 0
]
=

n
n 1
n 1
1 0
n+2 0
n+1 0
 =

n
n 1
n 1
2n+4 0

i6 ·MP (6n+3,5)7→6 −MP (6n+5,2)7→6 · i7 =

n
n 1
n 1
2n+4 0
−

n
n 1
n 1
2n+4 0
 = [ n4n+4 0 ]
Relations of the projection p : P (6n+ 5, 2)→ P (6n+ 6, 7) P
1. p2 ·MP (6n+5,2)1→2 −MP (6n+6,7)1→2 · p1 = 0
p2 ·MP (6n+5,2)1→2 =
[2n+1 2n+2
2n+2 0 1
]
·

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 =

n 1 n n+1 1 n
n+1 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 0
n+1 0 0 0
1 0 1 0
n 0 0 1

=

n 1 n
n+1 0 0 0
1 0 1 0
n 0 0 1
 = [
n n+1
n+1 0 0
n+1 0 1
]
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M
P (6n+6,7)
1→2 · p1 =
[n+1
n+1 0
n+1 1
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n+1 0 0
n+1 0 1
]
p2 ·MP (6n+5,2)1→2 −MP (6n+6,7)1→2 · p1 =
[ n n+1
n+1 0 0
n+1 0 1
]
−
[ n n+1
n+1 0 0
n+1 0 1
]
=
[2n+1
2n+2 0
]
2. p3 ·MP (6n+5,2)2→3 −MP (6n+6,7)2→3 · p2 = 0
p3 ·MP (6n+5,2)2→3 =
[3n+2 3n+4
3n+4 0 1
]
·

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 = [
2n+1 n+1 n+2 2n+2
n+2 0 0 1 0
2n+2 0 0 0 1
]
·

2n+1 2n+2
2n+1 1 0
n+1 0 0
n+2 0 0
2n+2 0 1
 =
[2n+1 2n+2
n+2 0 0
2n+2 0 1
]
M
P (6n+6,7)
2→3 · p2 =
[2n+2
n+2 0
2n+2 1
]
·
[2n+1 2n+2
2n+2 0 1
]
=
[2n+1 2n+2
n+2 0 0
2n+2 0 1
]
p3 ·MP (6n+5,2)2→3 −MP (6n+6,7)2→3 · p2 =
[2n+1 2n+2
n+2 0 0
2n+2 0 1
]
−
[2n+1 2n+2
n+2 0 0
2n+2 0 1
]
=
[4n+3
3n+4 0
]
3. p3 ·MP (6n+5,2)4→3 −MP (6n+6,7)4→3 · p4 = 0
p3 ·MP (6n+5,2)4→3 =
[3n+2 3n+4
3n+4 0 1
]
·


4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]

=
[ n 2n+2 2n+2 n+2
2n+2 0 0 1 0
n+2 0 0 0 1
]
·

2n+2 2n+2
n 0 0
2n+2 1 0
2n+2 0 1
n+2 0 0
+
[3n+2 n+2 2n+2
n+2 0 1 0
2n+2 0 0 1
]
·

2n+2 2n+2
3n+2 0 0
n+2 0 0
2n+2 0 1

=
[2n+2 2n+2
2n+2 0 1
n+2 0 0
]
+
[2n+2 2n+2
n+2 0 0
2n+2 0 1
]
=

2n+2 n+2 n
n+2 0 1 0
n 0 0 1
n+2 0 0 0
+

2n+2 n n+2
n+2 0 0 0
n 0 1 0
n+2 0 0 1
 =

2n+2 n 2 n
n 0 1 0 0
2 0 0 1 0
n 0 1 0 1
2 0 0 1 0
n 0 0 0 1

M
P (6n+6,7)
4→3 · p4 =

[2n+2
2n+2 1
n+2 0
]
+
[2n+2
n+2 0
2n+2 1
] ·
[2n+2 2n+2
2n+2 0 1
]
=
[2n+2
2n+2 1
n+2 0
]
·
[2n+2 2n+2
2n+2 0 1
]
+
[2n+2
n+2 0
2n+2 1
]
·
[2n+2 2n+2
2n+2 0 1
]
=
[2n+2 2n+2
2n+2 0 1
n+2 0 0
]
+
[2n+2 2n+2
n+2 0 0
2n+2 0 1
]
=

2n+2 n+2 n
n+2 0 1 0
n 0 0 1
n+2 0 0 0
+

2n+2 n n+2
n+2 0 0 0
n 0 1 0
n+2 0 0 1
 =

2n+2 n 2 n
n 0 1 0 0
2 0 0 1 0
n 0 1 0 1
2 0 0 1 0
n 0 0 0 1

p3 ·MP (6n+5,2)4→3 −MP (6n+6,7)4→3 · p4 =

2n+2 n 2 n
n 0 1 0 0
2 0 0 1 0
n 0 1 0 1
2 0 0 1 0
n 0 0 0 1
−

2n+2 n 2 n
n 0 1 0 0
2 0 0 1 0
n 0 1 0 1
2 0 0 1 0
n 0 0 0 1
 =
[4n+4
3n+4 0
]
4. p4 ·MP (6n+5,2)5→4 −MP (6n+6,7)5→4 · p5 = 0
p4 ·MP (6n+5,2)5→4 =
[2n+2 2n+2
2n+2 0 1
]
·

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 =
[n+1 n+1 n+1 n+1
n+1 0 0 1 0
n+1 0 0 0 1
]
·

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 =
[n+1 n+1
n+1 0 1
n+1 0 1
]
M
P (6n+6,7)
5→4 · p5 =
[n+1
n+1 1
n+1 1
]
·
[n+1 n+1
n+1 0 1
]
=
[n+1 n+1
n+1 0 1
n+1 0 1
]
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p4 ·MP (6n+5,2)5→4 −MP (6n+6,7)5→4 · p5 =
[n+1 n+1
n+1 0 1
n+1 0 1
]
−
[n+1 n+1
n+1 0 1
n+1 0 1
]
=
[2n+2
2n+2 0
]
5. p3 ·MP (6n+5,2)6→3 −MP (6n+6,7)6→3 · p6 = 0
p3 ·MP (6n+5,2)6→3 =
[3n+2 3n+4
3n+4 0 1
]
·


2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0


=
[2n+1 n+1 2n+3 n+1
2n+3 0 0 1 0
n+1 0 0 0 1
]
·

2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+
[n+1 2n+1 3n+4
3n+4 0 0 1
]
·

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0

=
[2n+1 2n+3
2n+3 0 1
n+1 0 0
]
+
[2n+1 2n+3
3n+4 0 0
]
=
[2n+1 2n+3
2n+3 0 1
n+1 0 0
]
+
[2n+1 2n+3
2n+3 0 0
n+1 0 0
]
=
[2n+1 2n+3
2n+3 0 1
n+1 0 0
]
M
P (6n+6,7)
6→3 · p6 =
[2n+3
2n+3 1
n+1 0
]
·
[2n+1 2n+3
2n+3 0 1
]
=
[2n+1 2n+3
2n+3 0 1
n+1 0 0
]
p3 ·MP (6n+5,2)6→3 −MP (6n+6,7)6→3 · p6 =
[2n+1 2n+3
2n+3 0 1
n+1 0 0
]
−
[2n+1 2n+3
2n+3 0 1
n+1 0 0
]
=
[4n+4
3n+4 0
]
6. p6 ·MP (6n+5,2)7→6 −MP (6n+6,7)7→6 · p7 = 0
p6 ·MP (6n+5,2)7→6 =
[2n+1 2n+3
2n+3 0 1
]
·

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 =
[ n n 1 n+2 n+1
n+2 0 0 0 1 0
n+1 0 0 0 0 1
]
·

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 =
[ n n+2
n+2 0 1
n+1 0 0
]
M
P (6n+6,7)
7→6 · p7 =
[n+2
n+2 1
n+1 0
]
·
[ n n+2
n+2 0 1
]
=
[ n n+2
n+2 0 1
n+1 0 0
]
p6 ·MP (6n+5,2)7→6 −MP (6n+6,7)7→6 · p7 =
[ n n+2
n+2 0 1
n+1 0 0
]
−
[ n n+2
n+2 0 1
n+1 0 0
]
=
[2n+2
2n+3 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 2n+2
2n+2 0 1
]
·
[2n+1
2n+1 1
2n+2 0
]
=
[2n+1
2n+2 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 3n+4
3n+4 0 1
]
·
[3n+2
3n+2 1
3n+4 0
]
=
[3n+2
3n+4 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+2 2n+2
2n+2 0 1
]
·
[2n+2
2n+2 1
2n+2 0
]
=
[2n+2
2n+2 0
]
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5. p5 · i5 = 0
p5 · i5 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 2n+3
2n+3 0 1
]
·
[2n+1
2n+1 1
2n+3 0
]
=
[2n+1
2n+3 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n n+2
n+2 0 1
]
·
[ n
n 1
n+2 0
]
=
[ n
n+2 0
]
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130 Tree module property of P (6n, 3)
130.1 Tree module property of P (0, 3) 
The representation of P (0, 3):
dimP (0, 3) = (0, 0, 1, 0, 0, 0, 0)
P (0, 3) = (M1→2 = 0, M2→3 = 0, M4→3 = 0, M5→4 = 0, M6→3 = 0, M7→6 = 0)
The length of P (0, 3) is: 0 + 0 + 1 + 0 + 0 + 0 + 0 = 1.
The total number of ones in the matrices of the representation: 0.
This representation is simple, hence indecomposable and has the (field independent) tree module propery.
130.2 Tree module property of P (6, 3) 
The matrices of the representation have full (column) rank P
1. MP (6,3)1→2 =

1 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. MP (6,3)2→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
3. MP (6,3)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
4. MP (6,3)5→4 =

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. MP (6,3)6→3 =

1 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
6. MP (6,3)7→6 =

0 0 1
1 0 0
0 1 0
0 0 0
0 0 0
0 0 1

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6,3)
7→6 =

2 1
1 0 1
2 1 0
2 0 0
1 0 1
 c1↔c2−−−−→

1 2
1 1 0
2 0 1
2 0 0
1 1 0

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130.2.1 0→ P (5, 2) f→ P (6, 3) g→ P (6, 1)→ 0 
PdimP (5, 2) + dimP (6, 1) = (1, 3, 6, 4, 2, 4, 2) + (2, 3, 4, 2, 1, 2, 1)
= (3, 6, 10, 6, 3, 6, 3) = dimP (6, 3)
Pdimk Ext
1
kQ(P (6, 1), P (5, 2)) = dimk HomkQ(P (6, 1), P (5, 2))− 〈dimP (6, 1),dimP (5, 2)〉
= 0− 〈(2, 3, 4, 2, 1, 2, 1), (1, 3, 6, 4, 2, 4, 2)〉
= 2 · 3 + 3 · 6 + 2 · 6 + 1 · 4 + 2 · 6 + 1 · 4− (2 · 1 + 3 · 3 + 4 · 6 + 2 · 4 + 1 · 2 + 2 · 4 + 1 · 2)
= 6 + 18 + 12 + 4 + 12 + 4− (2 + 9 + 24 + 8 + 2 + 8 + 2)
= 1
Matrices of the embedding f : P (5, 2)→ P (6, 3) P
1. f1 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6, 3)→ P (6, 1) P
1. g1 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (5, 2)→ P (6, 3) P
1. f2 ·MP (5,2)1→2 −MP (6,3)1→2 · f1 = 0
f2 ·MP (5,2)1→2 =
[ 3
3 1
3 0
]
·
10
1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
10
1
 =

1
1 1
1 0
1 1
3 0

M
P (6,3)
1→2 · f1 =

1 2
1 1 0
1 0 0
1 1 0
2 0 1
1 0 0
 ·
[ 1
1 1
2 0
]
=

1
1 1
1 0
1 1
2 0
1 0
 =

1
1 1
1 0
1 1
3 0

f2 ·MP (5,2)1→2 −MP (6,3)1→2 · f1 =

1
1 1
1 0
1 1
3 0
−

1
1 1
1 0
1 1
3 0
 =
[ 1
6 0
]
2. f3 ·MP (5,2)2→3 −MP (6,3)2→3 · f2 = 0
f3 ·MP (5,2)2→3 =
[ 6
6 1
4 0
]
·

1 2
1 1 0
3 0 0
2 0 1
 =

1 3 2
1 1 0 0
3 0 1 0
2 0 0 1
4 0 0 0
 ·

1 2
1 1 0
3 0 0
2 0 1
 =

1 2
1 1 0
3 0 0
2 0 1
4 0 0

M
P (6,3)
2→3 · f2 =

1 5
1 1 0
3 0 0
5 0 1
1 0 0
 ·
[ 3
3 1
3 0
]
=

1 2 3
1 1 0 0
3 0 0 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·

1 2
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
3 0 0
2 0 1
3 0 0
1 0 0
 =

1 2
1 1 0
3 0 0
2 0 1
4 0 0

f3 ·MP (5,2)2→3 −MP (6,3)2→3 · f2 =

1 2
1 1 0
3 0 0
2 0 1
4 0 0
−

1 2
1 1 0
3 0 0
2 0 1
4 0 0
 =
[ 3
10 0
]
3. f3 ·MP (5,2)4→3 −MP (6,3)4→3 · f4 = 0
f3 ·MP (5,2)4→3 =
[ 6
6 1
4 0
]
·

2 2
2 1 0
2 0 1
2 0 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
4 0 0 0
 ·

2 2
2 1 0
2 0 1
2 0 1
 =

2 2
2 1 0
2 0 1
2 0 1
4 0 0

M
P (6,3)
4→3 · f4 =

2 2 2
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
 ·
[ 4
4 1
2 0
]
=

2 2 2
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
 ·

2 2
2 1 0
2 0 1
2 0 0
 =

2 2
2 1 0
2 0 1
2 0 1
2 0 0
2 0 0
 =

2 2
2 1 0
2 0 1
2 0 1
4 0 0

f3 ·MP (5,2)4→3 −MP (6,3)4→3 · f4 =

2 2
2 1 0
2 0 1
2 0 1
4 0 0
−

2 2
2 1 0
2 0 1
2 0 1
4 0 0
 =
[ 4
10 0
]
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4. f4 ·MP (5,2)5→4 −MP (6,3)5→4 · f5 = 0
f4 ·MP (5,2)5→4 =
[ 4
4 1
2 0
]
·

0 0
1 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

0 0
1 0
0 1
0 1
 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
2 0 0

M
P (6,3)
5→4 · f5 =

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

·
[ 2
2 1
1 0
]
=

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

·
1 00 1
0 0
 =

0 0
1 0
0 1
0 1
0 0
0 0

=

1 1
1 0 0
1 1 0
1 0 1
1 0 1
2 0 0

f4 ·MP (5,2)5→4 −MP (6,3)5→4 · f5 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
2 0 0
−

1 1
1 0 0
1 1 0
1 0 1
1 0 1
2 0 0
 =
[ 2
6 0
]
5. f3 ·MP (5,2)6→3 −MP (6,3)6→3 · f6 = 0
f3 ·MP (5,2)6→3 =
[ 6
6 1
4 0
]
·

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 =

1 1 3 1
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
1 0 0
4 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
5 0 0

M
P (6,3)
6→3 · f6 =

1 3 2
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
2 0 0 1
 ·
[ 4
4 1
2 0
]
=

1 3 2
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
2 0 0 1
 ·

1 3
1 1 0
3 0 1
2 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
3 0 0
2 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
5 0 0

f3 ·MP (5,2)6→3 −MP (6,3)6→3 · f6 =

1 3
1 1 0
1 1 0
3 0 1
5 0 0
−

1 3
1 1 0
1 1 0
3 0 1
5 0 0
 =
[ 4
10 0
]
6. f6 ·MP (5,2)7→6 −MP (6,3)7→6 · f7 = 0
f6 ·MP (5,2)7→6 =
[ 4
4 1
2 0
]
·

2
1 0
2 1
1 0
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0
 ·

2
1 0
2 1
1 0
 =

2
1 0
2 1
1 0
2 0
 =

2
1 0
2 1
3 0

M
P (6,3)
7→6 · f7 =

2 1
1 0 1
2 1 0
2 0 0
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
1 0
2 1
2 0
1 0
 =

2
1 0
2 1
3 0

f6 ·MP (5,2)7→6 −MP (6,3)7→6 · f7 =

2
1 0
2 1
3 0
−

2
1 0
2 1
3 0
 = [ 26 0 ]
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Relations of the projection g : P (6, 3)→ P (6, 1) P
1. g2 ·MP (6,3)1→2 −MP (6,1)1→2 · g1 = 0
g2 ·MP (6,3)1→2 =
[ 3 3
3 0 1
]
·

1 2
1 1 0
1 0 0
1 1 0
2 0 1
1 0 0
 =
[ 1 1 1 2 1
2 0 0 0 1 0
1 0 0 0 0 1
]
·

1 2
1 1 0
1 0 0
1 1 0
2 0 1
1 0 0
 =
[ 1 2
2 0 1
1 0 0
]
M
P (6,1)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
1 0 0
]
g2 ·MP (6,3)1→2 −MP (6,1)1→2 · g1 =
[ 1 2
2 0 1
1 0 0
]
−
[ 1 2
2 0 1
1 0 0
]
=
[ 3
3 0
]
2. g3 ·MP (6,3)2→3 −MP (6,1)2→3 · g2 = 0
g3 ·MP (6,3)2→3 =
[ 6 4
4 0 1
]
·

1 5
1 1 0
3 0 0
5 0 1
1 0 0
 =
[ 1 3 2 3 1
3 0 0 0 1 0
1 0 0 0 0 1
]
·

1 2 3
1 1 0 0
3 0 0 0
2 0 1 0
3 0 0 1
1 0 0 0
 =
[ 1 2 3
3 0 0 1
1 0 0 0
]
=
[ 3 3
3 0 1
1 0 0
]
M
P (6,1)
2→3 · g2 =
[ 3
3 1
1 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
1 0 0
]
g3 ·MP (6,3)2→3 −MP (6,1)2→3 · g2 =
[ 3 3
3 0 1
1 0 0
]
−
[ 3 3
3 0 1
1 0 0
]
=
[ 6
4 0
]
3. g3 ·MP (6,3)4→3 −MP (6,1)4→3 · g4 = 0
g3 ·MP (6,3)4→3 =
[ 6 4
4 0 1
]
·

2 2 2
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
 =
[ 2 2 2 2 2
2 0 0 0 1 0
2 0 0 0 0 1
]
·

2 2 2
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
 =
[ 2 2 2
2 0 0 1
2 0 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
M
P (6,1)
4→3 · g4 =
[ 2
2 1
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
g3 ·MP (6,3)4→3 −MP (6,1)4→3 · g4 =
[ 4 2
2 0 1
2 0 1
]
−
[ 4 2
2 0 1
2 0 1
]
=
[ 6
4 0
]
4. g4 ·MP (6,3)5→4 −MP (6,1)5→4 · g5 = 0
g4 ·MP (6,3)5→4 =
[ 4 2
2 0 1
]
·

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

=
[
0 0 0 0 1 0
0 0 0 0 0 1
]
·

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

=
[
0 0 1
0 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
M
P (6,1)
5→4 · g5 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g4 ·MP (6,3)5→4 −MP (6,1)5→4 · g5 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
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5. g3 ·MP (6,3)6→3 −MP (6,1)6→3 · g6 = 0
g3 ·MP (6,3)6→3 =
[ 6 4
4 0 1
]
·

1 3 2
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
2 0 0 1
 =
[ 1 1 3 1 2 2
2 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 3 2
1 1 0 0
1 1 0 0
3 0 1 0
1 0 0 0
2 0 0 0
2 0 0 1

=
[ 1 3 2
2 0 0 0
2 0 0 1
]
=
[ 4 2
2 0 0
2 0 1
]
M
P (6,1)
6→3 · g6 =
[ 2
2 0
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 0
2 0 1
]
g3 ·MP (6,3)6→3 −MP (6,1)6→3 · g6 =
[ 4 2
2 0 0
2 0 1
]
−
[ 4 2
2 0 0
2 0 1
]
=
[ 6
4 0
]
6. g6 ·MP (6,3)7→6 −MP (6,1)7→6 · g7 = 0
g6 ·MP (6,3)7→6 =
[ 4 2
2 0 1
]
·

2 1
1 0 1
2 1 0
2 0 0
1 0 1
 =
[ 1 2 1 1 1
1 0 0 0 1 0
1 0 0 0 0 1
]
·

2 1
1 0 1
2 1 0
1 0 0
1 0 0
1 0 1
 =
[ 2 1
1 0 0
1 0 1
]
M
P (6,1)
7→6 · g7 =
[
0
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 0
1 0 1
]
g6 ·MP (6,3)7→6 −MP (6,1)7→6 · g7 =
[ 2 1
1 0 0
1 0 1
]
−
[ 2 1
1 0 0
1 0 1
]
=
[ 3
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
130.2.2 0→ P (5, 6) f→ P (6, 3) g→ P (6, 7)→ 0 
PdimP (5, 6) + dimP (6, 7) = (2, 4, 6, 4, 2, 3, 1) + (1, 2, 4, 2, 1, 3, 2)
= (3, 6, 10, 6, 3, 6, 3) = dimP (6, 3)
Pdimk Ext
1
kQ(P (6, 7), P (5, 6)) = dimk HomkQ(P (6, 7), P (5, 6))− 〈dimP (6, 7),dimP (5, 6)〉
= 0− 〈(1, 2, 4, 2, 1, 3, 2), (2, 4, 6, 4, 2, 3, 1)〉
= 1 · 4 + 2 · 6 + 2 · 6 + 1 · 4 + 3 · 6 + 2 · 3− (1 · 2 + 2 · 4 + 4 · 6 + 2 · 4 + 1 · 2 + 3 · 3 + 2 · 1)
= 4 + 12 + 12 + 4 + 18 + 6− (2 + 8 + 24 + 8 + 2 + 9 + 2)
= 1
Matrices of the embedding f : P (5, 6)→ P (6, 3) P
1. f1 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
1 91 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
1 91 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
5. f5 =
91 00 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (6, 3)→ P (6, 7) P
1. g1 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0 0 0
0 0 1 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0 0 0
0 0 0 1 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 0 0 00 0 1 0 0 0
0 0 0 1 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0
0 1 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (5, 6)→ P (6, 3) P
1. f2 ·MP (5,6)1→2 −MP (6,3)1→2 · f1 = 0
f2 ·MP (5,6)1→2 =

1 3
1 1 0
2 0 0
3 0 1
 ·

2
1 0
2 1
1 0
 =

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
 ·

2
1 0
2 1
1 0
 =

2
1 0
2 0
2 1
1 0
 =

2
3 0
2 1
1 0

M
P (6,3)
1→2 · f1 =

1 2
1 1 0
1 0 0
1 1 0
2 0 1
1 0 0
 ·
[ 2
1 0
2 1
]
=

2
1 0
1 0
1 0
2 1
1 0
 =

2
3 0
2 1
1 0

f2 ·MP (5,6)1→2 −MP (6,3)1→2 · f1 =

2
3 0
2 1
1 0
−

2
3 0
2 1
1 0
 = [ 26 0 ]
2. f3 ·MP (5,6)2→3 −MP (6,3)2→3 · f2 = 0
f3 ·MP (5,6)2→3 =

1 1 4
1 1 0 0
1 1 91 0
4 0 0 0
4 0 0 1
 ·

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 =

1 1 3 1
1 1 0 0 0
1 1 91 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
 ·

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 =

1 3
1 1 0
1 0 0
4 0 0
3 0 1
1 0 0
 =

1 3
1 1 0
5 0 0
3 0 1
1 0 0

M
P (6,3)
2→3 · f2 =

1 5
1 1 0
3 0 0
5 0 1
1 0 0
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 2 3
1 1 0 0
3 0 0 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
3 0 0
2 0 0
3 0 1
1 0 0
 =

1 3
1 1 0
5 0 0
3 0 1
1 0 0

f3 ·MP (5,6)2→3 −MP (6,3)2→3 · f2 =

1 3
1 1 0
5 0 0
3 0 1
1 0 0
−

1 3
1 1 0
5 0 0
3 0 1
1 0 0
 =
[ 4
10 0
]
3. f3 ·MP (5,6)4→3 −MP (6,3)4→3 · f4 = 0
f3 ·MP (5,6)4→3 =

1 1 4
1 1 0 0
1 1 91 0
4 0 0 0
4 0 0 1
 ·

2 2
2 1 0
2 0 1
2 0 1
 =

1 1 2 2
1 1 0 0 0
1 1 91 0 0
4 0 0 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
2 0 0 1
 =

1 1 2
1 1 0 0
1 1 91 0
4 0 0 0
2 0 0 1
2 0 0 1

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M
P (6,3)
4→3 · f4 =

2 2 2
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
 ·

1 1 2
1 1 0 0
1 1 91 0
2 0 0 0
2 0 0 1
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1 1 2
1 1 0 0
1 1 91 0
2 0 0 0
2 0 0 1
 =

1 1 2
1 1 0 0
1 1 91 0
2 0 0 0
2 0 0 0
2 0 0 1
2 0 0 1

=

1 1 2
1 1 0 0
1 1 91 0
4 0 0 0
2 0 0 1
2 0 0 1

f3 ·MP (5,6)4→3 −MP (6,3)4→3 · f4 =

1 1 2
1 1 0 0
1 1 91 0
4 0 0 0
2 0 0 1
2 0 0 1
−

1 1 2
1 1 0 0
1 1 91 0
4 0 0 0
2 0 0 1
2 0 0 1
 =
[ 4
10 0
]
4. f4 ·MP (5,6)5→4 −MP (6,3)5→4 · f5 = 0
f4 ·MP (5,6)5→4 =

1 1 2
1 1 0 0
1 1 91 0
2 0 0 0
2 0 0 1
 ·

0 0
1 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
1 1 91 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
 ·

0 0
1 0
0 1
0 1
 =

1 1
1 0 0
1 91 0
2 0 0
1 0 1
1 0 1

M
P (6,3)
5→4 · f5 =

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

·
91 00 0
0 1
 =

0 0
91 0
0 0
0 0
0 1
0 1

=

1 1
1 0 0
1 91 0
2 0 0
1 0 1
1 0 1

f4 ·MP (5,6)5→4 −MP (6,3)5→4 · f5 =

1 1
1 0 0
1 91 0
2 0 0
1 0 1
1 0 1
−

1 1
1 0 0
1 91 0
2 0 0
1 0 1
1 0 1
 =
[ 2
6 0
]
5. f3 ·MP (5,6)6→3 −MP (6,3)6→3 · f6 = 0
f3 ·MP (5,6)6→3 =

1 1 4
1 1 0 0
1 1 91 0
4 0 0 0
4 0 0 1
 ·

1 2
1 1 0
3 0 0
2 0 1
 =

1 1 2 2
1 1 0 0 0
1 1 91 0 0
4 0 0 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2
1 1 0
1 0 0
2 0 0
2 0 1
 =

1 2
1 1 0
1 1 0
4 0 0
2 0 0
2 0 1
 =

1 2
1 1 0
1 1 0
6 0 0
2 0 1

M
P (6,3)
6→3 · f6 =

1 3 2
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
2 0 0 1
 ·

1 2
1 1 0
3 0 0
2 0 1
 =

1 2
1 1 0
1 1 0
3 0 0
3 0 0
2 0 1
 =

1 2
1 1 0
1 1 0
6 0 0
2 0 1

f3 ·MP (5,6)6→3 −MP (6,3)6→3 · f6 =

1 2
1 1 0
1 1 0
6 0 0
2 0 1
−

1 2
1 1 0
1 1 0
6 0 0
2 0 1
 =
[ 3
10 0
]
6. f6 ·MP (5,6)7→6 −MP (6,3)7→6 · f7 = 0
f6 ·MP (5,6)7→6 =

1 2
1 1 0
3 0 0
2 0 1
 ·
10
1
 =

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
10
1
 =

1
1 1
3 0
1 0
1 1
 =

1
1 1
4 0
1 1

1274
M
P (6,3)
7→6 · f7 =

2 1
1 0 1
2 1 0
2 0 0
1 0 1
 ·
[ 1
2 0
1 1
]
=

1
1 1
2 0
2 0
1 1
 =

1
1 1
4 0
1 1

f6 ·MP (5,6)7→6 −MP (6,3)7→6 · f7 =

1
1 1
4 0
1 1
−

1
1 1
4 0
1 1
 = [ 16 0 ]
Relations of the projection g : P (6, 3)→ P (6, 7) P
1. g2 ·MP (6,3)1→2 −MP (6,7)1→2 · g1 = 0
g2 ·MP (6,3)1→2 =
[ 1 2 3
2 0 1 0
]
·

1 2
1 1 0
1 0 0
1 1 0
2 0 1
1 0 0
 =
[ 1 1 1 2 1
1 0 1 0 0 0
1 0 0 1 0 0
]
·

1 2
1 1 0
1 0 0
1 1 0
2 0 1
1 0 0
 =
[ 1 2
1 0 0
1 1 0
]
M
P (6,7)
1→2 · g1 =
[
0
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 0 0
1 1 0
]
g2 ·MP (6,3)1→2 −MP (6,7)1→2 · g1 =
[ 1 2
1 0 0
1 1 0
]
−
[ 1 2
1 0 0
1 1 0
]
=
[ 3
2 0
]
2. g3 ·MP (6,3)2→3 −MP (6,7)2→3 · g2 = 0
g3 ·MP (6,3)2→3 =
[ 2 4 4
4 0 1 0
]
·

1 5
1 1 0
3 0 0
5 0 1
1 0 0
 =
[ 1 1 2 2 3 1
2 0 0 1 0 0 0
2 0 0 0 1 0 0
]
·

1 2 3
1 1 0 0
1 0 0 0
2 0 0 0
2 0 1 0
3 0 0 1
1 0 0 0

=
[ 1 2 3
2 0 0 0
2 0 1 0
]
M
P (6,7)
2→3 · g2 =
[ 2
2 0
2 1
]
·
[ 1 2 3
2 0 1 0
]
=
[ 1 2 3
2 0 0 0
2 0 1 0
]
g3 ·MP (6,3)2→3 −MP (6,7)2→3 · g2 =
[ 1 2 3
2 0 0 0
2 0 1 0
]
−
[ 1 2 3
2 0 0 0
2 0 1 0
]
=
[ 6
4 0
]
3. g3 ·MP (6,3)4→3 −MP (6,7)4→3 · g4 = 0
g3 ·MP (6,3)4→3 =
[ 2 4 4
4 0 1 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
 =
[ 2 2 2 2 2
2 0 1 0 0 0
2 0 0 1 0 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
 =
[ 2 2 2
2 0 1 0
2 0 1 0
]
M
P (6,7)
4→3 · g4 =
[ 2
2 1
2 1
]
·
[ 2 2 2
2 0 1 0
]
=
[ 2 2 2
2 0 1 0
2 0 1 0
]
g3 ·MP (6,3)4→3 −MP (6,7)4→3 · g4 =
[ 2 2 2
2 0 1 0
2 0 1 0
]
−
[ 2 2 2
2 0 1 0
2 0 1 0
]
=
[ 6
4 0
]
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4. g4 ·MP (6,3)5→4 −MP (6,7)5→4 · g5 = 0
g4 ·MP (6,3)5→4 =
[ 2 2 2
2 0 1 0
]
·

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

=
[
0 0 1 0 0 0
0 0 0 1 0 0
]
·

0 0 0
1 0 0
0 1 0
0 1 0
0 0 1
0 0 1

=
[
0 1 0
0 1 0
]
M
P (6,7)
5→4 · g5 =
[
1
1
]
·
[
0 1 0
]
=
[
0 1 0
0 1 0
]
g4 ·MP (6,3)5→4 −MP (6,7)5→4 · g5 =
[
0 1 0
0 1 0
]
−
[
0 1 0
0 1 0
]
=
[ 3
2 0
]
5. g3 ·MP (6,3)6→3 −MP (6,7)6→3 · g6 = 0
g3 ·MP (6,3)6→3 =
[ 2 4 4
4 0 1 0
]
·

1 3 2
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
2 0 0 1
 =
[ 1 1 3 1 2 2
3 0 0 1 0 0 0
1 0 0 0 1 0 0
]
·

1 3 2
1 1 0 0
1 1 0 0
3 0 1 0
1 0 0 0
2 0 0 0
2 0 0 1

=
[ 1 3 2
3 0 1 0
1 0 0 0
]
M
P (6,7)
6→3 · g6 =
[ 3
3 1
1 0
]
·
[ 1 3 2
3 0 1 0
]
=
[ 1 3 2
3 0 1 0
1 0 0 0
]
g3 ·MP (6,3)6→3 −MP (6,7)6→3 · g6 =
[ 1 3 2
3 0 1 0
1 0 0 0
]
−
[ 1 3 2
3 0 1 0
1 0 0 0
]
=
[ 6
4 0
]
6. g6 ·MP (6,3)7→6 −MP (6,7)7→6 · g7 = 0
g6 ·MP (6,3)7→6 =
[ 1 3 2
3 0 1 0
]
·

2 1
1 0 1
2 1 0
2 0 0
1 0 1
 =
[ 1 2 1 1 1
2 0 1 0 0 0
1 0 0 1 0 0
]
·

2 1
1 0 1
2 1 0
1 0 0
1 0 0
1 0 1
 =
[ 2 1
2 1 0
1 0 0
]
M
P (6,7)
7→6 · g7 =
[ 2
2 1
1 0
]
·
[ 2 1
2 1 0
]
=
[ 2 1
2 1 0
1 0 0
]
g6 ·MP (6,3)7→6 −MP (6,7)7→6 · g7 =
[ 2 1
2 1 0
1 0 0
]
−
[ 2 1
2 1 0
1 0 0
]
=
[ 3
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 3
2 0 1 0
]
·

1 3
1 1 0
2 0 0
3 0 1
 = [ 42 0 ]
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3. g3 · f3 = 0
g3 · f3 =
[ 2 4 4
4 0 1 0
]
·

1 1 4
1 1 0 0
1 1 91 0
4 0 0 0
4 0 0 1
 =
[ 1 1 4 4
4 0 0 1 0
]
·

1 1 4
1 1 0 0
1 1 91 0
4 0 0 0
4 0 0 1
 =
[ 6
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 2 2
2 0 1 0
]
·

1 1 2
1 1 0 0
1 1 91 0
2 0 0 0
2 0 0 1
 =
[ 1 1 2 2
2 0 0 1 0
]
·

1 1 2
1 1 0 0
1 1 91 0
2 0 0 0
2 0 0 1
 =
[ 4
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1 0
]
·
91 00 0
0 1
 = [ 21 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3 2
3 0 1 0
]
·

1 2
1 1 0
3 0 0
2 0 1
 = [ 33 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
2 1 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
130.3 Tree module property of P (12, 3) 
The matrices of the representation have full (column) rank P
1. MP (12,3)1→2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
2. MP (12,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M19,12(k) is already in column echelon form and has maximal column rank.
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3. MP (12,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k) is already in column echelon form and has maximal column rank.
4. MP (12,3)5→4 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) is already in column echelon form and has maximal column rank.
5. MP (12,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M19,12(k) is already in column echelon form and has maximal column rank.
6. MP (12,3)7→6 =

1 0 0 0 0 0
1 0 0 0 0 1
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (12,3)
7→6 =

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
1 0 0 0 1

c2↔c4−−−−→

1 1 1 3
1 1 0 0 0
1 1 1 0 0
1 0 0 0 0
3 0 0 0 1
4 0 0 0 0
1 0 0 1 0
1 0 1 0 0

c3↔c4−−−−→

1 1 3 1
1 1 0 0 0
1 1 1 0 0
1 0 0 0 0
3 0 0 1 0
4 0 0 0 0
1 0 0 0 1
1 0 1 0 0

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130.3.1 0→ P (11, 2) f→ P (12, 3) g→ P (12, 1)→ 0 
PdimP (11, 2) + dimP (12, 1) = (3, 7, 12, 8, 4, 8, 4) + (3, 5, 7, 4, 2, 4, 2)
= (6, 12, 19, 12, 6, 12, 6) = dimP (12, 3)
Pdimk Ext
1
kQ(P (12, 1), P (11, 2)) = dimk HomkQ(P (12, 1), P (11, 2))− 〈dimP (12, 1),dimP (11, 2)〉
= 0− 〈(3, 5, 7, 4, 2, 4, 2), (3, 7, 12, 8, 4, 8, 4)〉
= 3 · 7 + 5 · 12 + 4 · 12 + 2 · 8 + 4 · 12 + 2 · 8− (3 · 3 + 5 · 7 + 7 · 12 + 4 · 8 + 2 · 4 + 4 · 8 + 2 · 4)
= 21 + 60 + 48 + 16 + 48 + 16− (9 + 35 + 84 + 32 + 8 + 32 + 8)
= 1
Matrices of the embedding f : P (11, 2)→ P (12, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M12,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M19,12(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (12, 3)→ P (12, 1) P
1. g1 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,12(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,19(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,12(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (11, 2)→ P (12, 3) P
1. f2 ·MP (11,2)1→2 −MP (12,3)1→2 · f1 = 0
f2 ·MP (11,2)1→2 =
[ 7
7 1
5 0
]
·

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 3 1 1
1 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0

·

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

M
P (12,3)
1→2 · f1 =

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

·
[ 3
3 1
3 0
]
=

1 1 1 3
1 1 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
3 0 0 0 1
2 0 0 0 0

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0
2 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

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f2 ·MP (11,2)1→2 −MP (12,3)1→2 · f1 =

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

−

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

=
[ 3
12 0
]
2. f3 ·MP (11,2)2→3 −MP (12,3)2→3 · f2 = 0
f3 ·MP (11,2)2→3 =
[12
12 1
7 0
]
·

3 4
3 1 0
5 0 0
4 0 1
 =

3 5 4
3 1 0 0
5 0 1 0
4 0 0 1
7 0 0 0
 ·

3 4
3 1 0
5 0 0
4 0 1
 =

3 4
3 1 0
5 0 0
4 0 1
7 0 0

M
P (12,3)
2→3 · f2 =

3 9
3 1 0
5 0 0
9 0 1
2 0 0
 ·
[ 7
7 1
5 0
]
=

3 4 5
3 1 0 0
5 0 0 0
4 0 1 0
5 0 0 1
2 0 0 0
 ·

3 4
3 1 0
4 0 1
5 0 0
 =

3 4
3 1 0
5 0 0
4 0 1
5 0 0
2 0 0
 =

3 4
3 1 0
5 0 0
4 0 1
7 0 0

f3 ·MP (11,2)2→3 −MP (12,3)2→3 · f2 =

3 4
3 1 0
5 0 0
4 0 1
7 0 0
−

3 4
3 1 0
5 0 0
4 0 1
7 0 0
 =
[ 7
19 0
]
3. f3 ·MP (11,2)4→3 −MP (12,3)4→3 · f4 = 0
f3 ·MP (11,2)4→3 =
[12
12 1
7 0
]
·

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 4 1 2 1 2 1
1 1 0 0 0 0 0 0
4 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0

·

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

M
P (12,3)
4→3 · f4 =

4 1 2 1 1 2 1
1 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·
[ 8
8 1
4 0
]
=

4 1 2 1 1 2 1
1 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

4 1 2 1
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0

=

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0

=

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

f3 ·MP (11,2)4→3 −MP (12,3)4→3 · f4 =

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

−

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

=
[ 8
19 0
]
4. f4 ·MP (11,2)5→4 −MP (12,3)5→4 · f5 = 0
f4 ·MP (11,2)5→4 =
[ 8
8 1
4 0
]
·

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 =

2 2 2 2
2 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
4 0 0 0 0
 ·

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 =

2 2
2 0 0
2 1 0
2 0 1
2 0 1
4 0 0

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M
P (12,3)
5→4 · f5 =

2 2 2
2 0 0 0
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1

·
[ 4
4 1
2 0
]
=

2 2 2
2 0 0 0
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1

·

2 2
2 1 0
2 0 1
2 0 0
 =

2 2
2 0 0
2 1 0
2 0 1
2 0 1
2 0 0
2 0 0

=

2 2
2 0 0
2 1 0
2 0 1
2 0 1
4 0 0

f4 ·MP (11,2)5→4 −MP (12,3)5→4 · f5 =

2 2
2 0 0
2 1 0
2 0 1
2 0 1
4 0 0
−

2 2
2 0 0
2 1 0
2 0 1
2 0 1
4 0 0
 =
[ 4
12 0
]
5. f3 ·MP (11,2)6→3 −MP (12,3)6→3 · f6 = 0
f3 ·MP (11,2)6→3 =
[12
12 1
7 0
]
·

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=

1 1 1 1 1 5 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
5 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0

·

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0
7 0 0 0 0

=

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
9 0 0 0 0

M
P (12,3)
6→3 · f6 =

1 1 1 5 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
5 0 0 0 0 0
4 0 0 0 0 1

·
[ 8
8 1
4 0
]
=

1 1 1 5 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
5 0 0 0 0 0
4 0 0 0 0 1

·

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
4 0 0 0 0
 =

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
5 0 0 0 0
4 0 0 0 0

=

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
9 0 0 0 0

f3 ·MP (11,2)6→3 −MP (12,3)6→3 · f6 =

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
9 0 0 0 0

−

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
9 0 0 0 0

=
[ 8
19 0
]
6. f6 ·MP (11,2)7→6 −MP (12,3)7→6 · f7 = 0
f6 ·MP (11,2)7→6 =
[ 8
8 1
4 0
]
·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 =

1 1 1 3 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
2 0 0 0 0 1
4 0 0 0 0 0

·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
4 0 0

=

1 3
1 1 0
1 1 0
1 0 0
3 0 1
6 0 0

M
P (12,3)
7→6 · f7 =

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·
[ 4
4 1
2 0
]
=

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

1 3
1 1 0
3 0 1
1 0 0
1 0 0
 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
4 0 0
1 0 0
1 0 0

=

1 3
1 1 0
1 1 0
1 0 0
3 0 1
6 0 0

f6 ·MP (11,2)7→6 −MP (12,3)7→6 · f7 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
6 0 0
−

1 3
1 1 0
1 1 0
1 0 0
3 0 1
6 0 0
 =
[ 4
12 0
]
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Relations of the projection g : P (12, 3)→ P (12, 1) P
1. g2 ·MP (12,3)1→2 −MP (12,1)1→2 · g1 = 0
g2 ·MP (12,3)1→2 =
[ 7 5
5 0 1
]
·

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

=
[ 1 1 3 1 1 3 2
3 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

1 1 1 3
1 1 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
3 0 0 0 1
2 0 0 0 0

=
[ 1 1 1 3
3 0 0 0 1
2 0 0 0 0
]
=
[ 3 3
3 0 1
2 0 0
]
M
P (12,1)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
2 0 0
]
g2 ·MP (12,3)1→2 −MP (12,1)1→2 · g1 =
[ 3 3
3 0 1
2 0 0
]
−
[ 3 3
3 0 1
2 0 0
]
=
[ 6
5 0
]
2. g3 ·MP (12,3)2→3 −MP (12,1)2→3 · g2 = 0
g3 ·MP (12,3)2→3 =
[12 7
7 0 1
]
·

3 9
3 1 0
5 0 0
9 0 1
2 0 0
 =
[ 3 5 4 5 2
5 0 0 0 1 0
2 0 0 0 0 1
]
·

3 4 5
3 1 0 0
5 0 0 0
4 0 1 0
5 0 0 1
2 0 0 0
 =
[ 3 4 5
5 0 0 1
2 0 0 0
]
=
[ 7 5
5 0 1
2 0 0
]
M
P (12,1)
2→3 · g2 =
[ 5
5 1
2 0
]
·
[ 7 5
5 0 1
]
=
[ 7 5
5 0 1
2 0 0
]
g3 ·MP (12,3)2→3 −MP (12,1)2→3 · g2 =
[ 7 5
5 0 1
2 0 0
]
−
[ 7 5
5 0 1
2 0 0
]
=
[12
7 0
]
3. g3 ·MP (12,3)4→3 −MP (12,1)4→3 · g4 = 0
g3 ·MP (12,3)4→3 =
[12 7
7 0 1
]
·

4 1 2 1 1 2 1
1 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 4 1 2 1 2 1 1 2 1 2 1
1 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1
 ·

4 1 2 1 1 2 1
1 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

4 1 2 1 1 2 1
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 =

8 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
P (12,1)
4→3 · g4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 8 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

8 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

8 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

1283
g3 ·MP (12,3)4→3 −MP (12,1)4→3 · g4 =

8 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

8 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[12
7 0
]
4. g4 ·MP (12,3)5→4 −MP (12,1)5→4 · g5 = 0
g4 ·MP (12,3)5→4 =
[ 8 4
4 0 1
]
·

2 2 2
2 0 0 0
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1

=
[ 2 2 2 2 2 2
2 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

2 2 2
2 0 0 0
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1

=
[ 2 2 2
2 0 0 1
2 0 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
M
P (12,1)
5→4 · g5 =
[ 2
2 1
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
g4 ·MP (12,3)5→4 −MP (12,1)5→4 · g5 =
[ 4 2
2 0 1
2 0 1
]
−
[ 4 2
2 0 1
2 0 1
]
=
[ 6
4 0
]
5. g3 ·MP (12,3)6→3 −MP (12,1)6→3 · g6 = 0
g3 ·MP (12,3)6→3 =
[12 7
7 0 1
]
·

1 1 1 5 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
5 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 1 1 1 1 5 2 3 4
3 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
]
·

1 1 1 5 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
3 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 1 1 5 4
3 0 0 0 0 0
4 0 0 0 0 1
]
=
[ 8 4
3 0 0
4 0 1
]
M
P (12,1)
6→3 · g6 =
[ 4
3 0
4 1
]
·
[ 8 4
4 0 1
]
=
[ 8 4
3 0 0
4 0 1
]
g3 ·MP (12,3)6→3 −MP (12,1)6→3 · g6 =
[ 8 4
3 0 0
4 0 1
]
−
[ 8 4
3 0 0
4 0 1
]
=
[12
7 0
]
6. g6 ·MP (12,3)7→6 −MP (12,1)7→6 · g7 = 0
g6 ·MP (12,3)7→6 =
[ 8 4
4 0 1
]
·

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

1 1 1 3 2 2 1 1
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

1 3 1 1
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
 = [
4 2
2 0 0
2 0 1
]
M
P (12,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 0
2 0 1
]
g6 ·MP (12,3)7→6 −MP (12,1)7→6 · g7 =
[ 4 2
2 0 0
2 0 1
]
−
[ 4 2
2 0 0
2 0 1
]
=
[ 6
4 0
]
1284
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 5
5 0 1
]
·
[ 7
7 1
5 0
]
=
[ 7
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[12 7
7 0 1
]
·
[12
12 1
7 0
]
=
[12
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 4
4 0 1
]
·
[ 8
8 1
4 0
]
=
[ 8
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 8 4
4 0 1
]
·
[ 8
8 1
4 0
]
=
[ 8
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
130.3.2 0→ P (11, 6) f→ P (12, 3) g→ P (12, 7)→ 0 
PdimP (11, 6) + dimP (12, 7) = (4, 8, 12, 8, 4, 7, 3) + (2, 4, 7, 4, 2, 5, 3)
= (6, 12, 19, 12, 6, 12, 6) = dimP (12, 3)
Pdimk Ext
1
kQ(P (12, 7), P (11, 6)) = dimk HomkQ(P (12, 7), P (11, 6))− 〈dimP (12, 7),dimP (11, 6)〉
= 0− 〈(2, 4, 7, 4, 2, 5, 3), (4, 8, 12, 8, 4, 7, 3)〉
= 2 · 8 + 4 · 12 + 4 · 12 + 2 · 8 + 5 · 12 + 3 · 7− (2 · 4 + 4 · 8 + 7 · 12 + 4 · 8 + 2 · 4 + 5 · 7 + 3 · 3)
= 16 + 48 + 48 + 16 + 60 + 21− (8 + 32 + 84 + 32 + 8 + 35 + 9)
= 1
Matrices of the embedding f : P (11, 6)→ P (12, 3) P
1. f1 =

1 1 0 0
0 0 0 0
0 0 0 0
0 91 0 0
0 0 91 0
0 0 0 91

∈M6,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

1 1 2
1 1 1 0
2 0 0 0
1 0 91 0
2 0 0 91
 c2←c2−c1−−−−−−→

1 1 2
1 1 0 0
2 0 0 0
1 0 91 0
2 0 0 91
 =

1 3
1 1 0
2 0 0
3 0 91

1285
2. f2 =

1 0 0 1 0 0 91 0
0 0 91 0 0 0 0 0
1 91 0 0 0 0 91 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0
0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 91

∈M12,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

c4←c4−c1
c6←c6+c1−−−−−−→

1 1 1 1 2 1 1
1 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0
1 1 91 0 91 0 0 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 1 4
1 1 0 0 0 0
1 0 0 91 0 0
1 1 91 0 91 0
4 0 0 0 0 0
1 0 0 0 91 0
4 0 0 0 0 91

c2↔c3−−−−→

1 1 1 1 4
1 1 0 0 0 0
1 0 91 0 0 0
1 1 0 91 91 0
4 0 0 0 0 0
1 0 0 0 91 0
4 0 0 0 0 91

c4←c4−c3−−−−−−→

1 1 1 1 4
1 1 0 0 0 0
1 0 91 0 0 0
1 1 0 91 0 0
4 0 0 0 0 0
1 0 0 0 91 0
4 0 0 0 0 91

=

1 1 1 5
1 1 0 0 0
1 0 91 0 0
1 1 0 91 0
4 0 0 0 0
5 0 0 0 91

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3. f3 =

1 0 0 0 0 1 0 0 91 0 0 1
1 0 91 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 91 0 1 1
1 0 91 0 1 0 0 0 0 0 0 0
0 91 0 1 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 91

∈M19,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c6←c6−c1
c8←c8+c1
c11←c11−c1−−−−−−−−→

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 91 0 1 0 0 91
1 1 91 0 0 0 91 0 0 0 1 0
1 1 0 91 0 1 91 0 1 0 0 91
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c2↔c3−−−−→

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 1 91 0 0 0 91 0 1 0 0 91
1 1 0 91 0 0 91 0 0 0 1 0
1 1 91 0 0 1 91 0 1 0 0 91
1 0 0 91 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c6←c6−c2
c8←c8+c2
c11←c11−c2−−−−−−−−→

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 91 0 0 0 1 0
1 1 91 0 0 1 0 0 0 0 0 0
1 0 0 91 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 4 1 1
1 1 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 0 0
1 1 0 91 0 0 91 0 1 0
1 1 91 0 0 1 0 0 0 0
1 0 0 91 1 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
4 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

c6←c6−c3
c8←c8+c3−−−−−−→

1 1 1 1 1 1 4 1 1
1 1 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0
1 1 91 0 0 1 0 0 0 0
1 0 0 91 1 0 1 0 0 0
7 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
4 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 6
1 1 0 0 0 0 0 0
1 1 91 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 91 0 0 1 0 0
1 0 0 91 1 0 1 0
7 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0
6 0 0 0 0 0 0 91

c4↔c5−−−−→

1 1 1 1 1 1 6
1 1 0 0 0 0 0 0
1 1 91 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 91 0 1 0 0 0
1 0 0 91 0 1 1 0
7 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0
6 0 0 0 0 0 0 91

c6←c6−c5−−−−−−→

1 1 1 1 1 1 6
1 1 0 0 0 0 0 0
1 1 91 0 0 0 0 0
1 1 0 91 0 0 0 0
1 1 91 0 1 0 0 0
1 0 0 91 0 1 0 0
7 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0
6 0 0 0 0 0 0 91

=

1 1 1 1 1 7
1 1 0 0 0 0 0
1 1 91 0 0 0 0
1 1 0 91 0 0 0
1 1 91 0 1 0 0
1 0 0 91 0 1 0
7 0 0 0 0 0 0
7 0 0 0 0 0 91

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4. f4 =

0 91 0 0 0 0 0 0
91 0 0 0 91 0 1 0
0 91 0 1 0 0 0 0
91 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0
0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 91

∈M12,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1 1 1 1 1 1 1
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

c1↔c2−−−−→

1 1 1 1 1 1 1 1
1 91 0 0 0 0 0 0 0
1 0 91 0 0 91 0 1 0
1 91 0 0 1 0 0 0 0
1 0 91 1 0 0 0 1 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

c5←c5−c2
c7←c7+c2−−−−−−→

1 1 1 1 1 1 1 1
1 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 91 0 0 1 0 0 0 0
1 0 91 1 0 1 0 0 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=

1 1 1 1 1 3
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 91 0 0 1 0 0
1 0 91 1 0 1 0
4 0 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 0 0 0 91

c3↔c4−−−−→

1 1 1 1 1 3
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 91 0 1 0 0 0
1 0 91 0 1 1 0
4 0 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 0 0 0 91

c5←c5−c4−−−−−−→

1 1 1 1 1 3
1 91 0 0 0 0 0
1 0 91 0 0 0 0
1 91 0 1 0 0 0
1 0 91 0 1 0 0
4 0 0 0 0 0 0
1 0 0 0 0 91 0
3 0 0 0 0 0 91

=

2 2 4
2 91 0 0
2 91 1 0
4 0 0 0
4 0 0 91

5. f5 =

0 1 0 0
1 0 1 0
0 0 0 0
0 0 0 0
0 0 91 0
0 0 0 91

∈M6,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

1 1 1 1
1 0 1 0 0
1 1 0 1 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91

c1↔c2−−−−→

1 1 1 1
1 1 0 0 0
1 0 1 1 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91

c3←c3−c2−−−−−−→

1 1 1 1
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91
 =

2 2
2 1 0
2 0 0
2 0 91

1288
6. f6 =

1 0 0 91 0 0 1
1 0 91 0 0 0 0
0 91 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 0 0 0 0 91

∈M12,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

c4←c4+c1
c7←c7−c1−−−−−−→

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
1 1 0 91 1 0 0 91
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

c2↔c3−−−−→

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
1 1 91 0 1 0 0 91
1 0 0 91 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

c4←c4+c2
c7←c7−c2−−−−−−→

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
1 1 91 0 0 0 0 0
1 0 0 91 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 2 1 1
1 1 0 0 0 0 0
1 1 91 0 0 0 0
1 0 0 91 0 1 0
5 0 0 0 0 0 0
2 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 91

c5←c5+c3−−−−−−→

1 1 1 2 1 1
1 1 0 0 0 0 0
1 1 91 0 0 0 0
1 0 0 91 0 0 0
5 0 0 0 0 0 0
2 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 91

=

1 1 1 4
1 1 0 0 0
1 1 91 0 0
1 0 0 91 0
5 0 0 0 0
4 0 0 0 91

7. f7 =

1 0 1
0 0 0
0 0 0
0 0 0
0 91 0
0 0 91

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

1 1 1
1 1 0 1
3 0 0 0
1 0 91 0
1 0 0 91
 c3←c3−c1−−−−−−→

1 1 1
1 1 0 0
3 0 0 0
1 0 91 0
1 0 0 91
 =

1 2
1 1 0
3 0 0
2 0 91

Matrices of the projection g : P (12, 3)→ P (12, 7) P
1. g1 =
[
0 1 0 0 0 0
0 0 1 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
 ∈M4,12(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M7,19(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
 ∈M4,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0 0 0
0 0 0 1 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
 ∈M5,12(k) is already in row echelon form and has maximal row rank.
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7. g7 =
0 1 0 0 0 00 0 1 0 0 0
0 0 0 1 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (11, 6)→ P (12, 3) P
1. f2 ·MP (11,6)1→2 −MP (12,3)1→2 · f1 = 0
f2 ·MP (11,6)1→2 =

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0

=

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

·

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0

=

1 1 2
1 1 1 0
1 0 0 0
1 0 0 0
4 0 0 0
1 0 91 0
2 0 0 91
1 0 0 0
1 0 0 0

=

1 1 2
1 1 1 0
6 0 0 0
1 0 91 0
2 0 0 91
2 0 0 0

M
P (12,3)
1→2 · f1 =

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

·

1 1 2
1 1 1 0
2 0 0 0
1 0 91 0
2 0 0 91
 =

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
3 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

1 1 2
1 1 1 0
1 0 0 0
1 0 0 0
1 0 91 0
2 0 0 91
 =

1 1 2
1 1 1 0
1 0 0 0
3 0 0 0
1 0 0 0
1 0 0 0
1 0 91 0
2 0 0 91
2 0 0 0

=

1 1 2
1 1 1 0
6 0 0 0
1 0 91 0
2 0 0 91
2 0 0 0

f2 ·MP (11,6)1→2 −MP (12,3)1→2 · f1 =

1 1 2
1 1 1 0
6 0 0 0
1 0 91 0
2 0 0 91
2 0 0 0
−

1 1 2
1 1 1 0
6 0 0 0
1 0 91 0
2 0 0 91
2 0 0 0
 =
[ 4
12 0
]
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2. f3 ·MP (11,6)2→3 −MP (12,3)2→3 · f2 = 0
f3 ·MP (11,6)2→3 =

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

·

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

·

1 1 1 1 2 1 1
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
7 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
9 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
2 0 0 0 0 0 0 0

M
P (12,3)
2→3 · f2 =

3 9
3 1 0
5 0 0
9 0 1
2 0 0
 ·

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 4 1 2 1 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
5 0 0 0 0 0 0 0 0
4 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0

·

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
5 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
2 0 0 0 0 0 0 0

=

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
9 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
2 0 0 0 0 0 0 0

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f3 ·MP (11,6)2→3 −MP (12,3)2→3 · f2 =

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
9 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
2 0 0 0 0 0 0 0

−

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
9 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
2 0 0 0 0 0 0 0

=
[ 8
19 0
]
3. f3 ·MP (11,6)4→3 −MP (12,3)4→3 · f4 = 0
f3 ·MP (11,6)4→3 =

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

·

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

·

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
7 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0 91
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

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M
P (12,3)
4→3 · f4 =

4 1 2 1 1 2 1
1 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=

1 1 1 1 1 2 1 1 1 1 1
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0 91
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
7 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0 91
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

f3 ·MP (11,6)4→3 −MP (12,3)4→3 · f4 =

1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
7 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0 91
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

−

1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
7 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0 91
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=
[ 8
19 0
]
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4. f4 ·MP (11,6)5→4 −MP (12,3)5→4 · f5 = 0
f4 ·MP (11,6)5→4 =

1 1 1 1 1 1 1 1
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

·

2 2
2 0 0
2 1 0
2 0 1
2 0 1

=

1 1 1 1 1 1 1 1
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
1 0 0 0 0
1 0 0 0 0
1 0 1 0 0
1 1 0 1 0
4 0 0 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91

=

1 1 1 1
2 0 0 0 0
1 0 1 0 0
1 1 0 1 0
4 0 0 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91

M
P (12,3)
5→4 · f5 =

2 2 2
2 0 0 0
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1

·

1 1 1 1
1 0 1 0 0
1 1 0 1 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91
 =

1 1 2 1 1
2 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1 1
1 0 1 0 0
1 1 0 1 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91
 =

1 1 1 1
2 0 0 0 0
1 0 1 0 0
1 1 0 1 0
2 0 0 0 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91

=

1 1 1 1
2 0 0 0 0
1 0 1 0 0
1 1 0 1 0
4 0 0 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91

f4 ·MP (11,6)5→4 −MP (12,3)5→4 · f5 =

1 1 1 1
2 0 0 0 0
1 0 1 0 0
1 1 0 1 0
4 0 0 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91

−

1 1 1 1
2 0 0 0 0
1 0 1 0 0
1 1 0 1 0
4 0 0 0 0
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91

=
[ 4
12 0
]
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5. f3 ·MP (11,6)6→3 −MP (12,3)6→3 · f6 = 0
f3 ·MP (11,6)6→3 =

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

·

3 4
3 1 0
5 0 0
4 0 1

=

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

·

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 1 91 0 91 0 1 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
7 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 1 91 0 91 0 1 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
10 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

M
P (12,3)
6→3 · f6 =

1 1 1 5 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
5 0 0 0 0 0
4 0 0 0 0 1

·

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 5 1 1 1 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
5 0 0 0 1 0 0 0 0
5 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 1 91 0 91 0 1 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 1 91 0 91 0 1 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
10 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

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f3 ·MP (11,6)6→3 −MP (12,3)6→3 · f6 =

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 1 91 0 91 0 1 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
10 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

−

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 1 91 0 91 0 1 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
10 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=
[ 7
19 0
]
6. f6 ·MP (11,6)7→6 −MP (12,3)7→6 · f7 = 0
f6 ·MP (11,6)7→6 =

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

·

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1

=

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

·

1 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

=

1 1 1
1 1 0 1
1 1 0 0
1 0 0 0
5 0 0 0
1 0 0 0
1 0 0 0
1 0 91 0
1 0 0 91

=

1 1 1
1 1 0 1
1 1 0 0
8 0 0 0
1 0 91 0
1 0 0 91

M
P (12,3)
7→6 · f7 =

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

1 1 1
1 1 0 1
3 0 0 0
1 0 91 0
1 0 0 91
 =

1 1 1
1 1 0 1
1 1 0 0
1 0 0 0
3 0 0 0
4 0 0 0
1 0 91 0
1 0 0 91

=

1 1 1
1 1 0 1
1 1 0 0
8 0 0 0
1 0 91 0
1 0 0 91

f6 ·MP (11,6)7→6 −MP (12,3)7→6 · f7 =

1 1 1
1 1 0 1
1 1 0 0
8 0 0 0
1 0 91 0
1 0 0 91
−

1 1 1
1 1 0 1
1 1 0 0
8 0 0 0
1 0 91 0
1 0 0 91
 =
[ 3
12 0
]
Relations of the projection g : P (12, 3)→ P (12, 7) P
1. g2 ·MP (12,3)1→2 −MP (12,7)1→2 · g1 = 0
g2 ·MP (12,3)1→2 =
[ 3 4 5
4 0 1 0
]
·

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

=

1 1 1 2 1 1 3 2
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
 ·

1 1 1 3
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 1 0
3 0 0 0 1
2 0 0 0 0

=

1 1 1 3
2 0 0 0 0
1 0 1 0 0
1 0 0 1 0
 = [
1 2 3
2 0 0 0
2 0 1 0
]
M
P (12,7)
1→2 · g1 =
[ 2
2 0
2 1
]
·
[ 1 2 3
2 0 1 0
]
=
[ 1 2 3
2 0 0 0
2 0 1 0
]
g2 ·MP (12,3)1→2 −MP (12,7)1→2 · g1 =
[ 1 2 3
2 0 0 0
2 0 1 0
]
−
[ 1 2 3
2 0 0 0
2 0 1 0
]
=
[ 6
4 0
]
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2. g3 ·MP (12,3)2→3 −MP (12,7)2→3 · g2 = 0
g3 ·MP (12,3)2→3 =
[ 5 7 7
7 0 1 0
]
·

3 9
3 1 0
5 0 0
9 0 1
2 0 0
 =
[ 3 2 3 4 5 2
3 0 0 1 0 0 0
4 0 0 0 1 0 0
]
·

3 4 5
3 1 0 0
2 0 0 0
3 0 0 0
4 0 1 0
5 0 0 1
2 0 0 0

=
[ 3 4 5
3 0 0 0
4 0 1 0
]
M
P (12,7)
2→3 · g2 =
[ 4
3 0
4 1
]
·
[ 3 4 5
4 0 1 0
]
=
[ 3 4 5
3 0 0 0
4 0 1 0
]
g3 ·MP (12,3)2→3 −MP (12,7)2→3 · g2 =
[ 3 4 5
3 0 0 0
4 0 1 0
]
−
[ 3 4 5
3 0 0 0
4 0 1 0
]
=
[12
7 0
]
3. g3 ·MP (12,3)4→3 −MP (12,7)4→3 · g4 = 0
g3 ·MP (12,3)4→3 =
[ 5 7 7
7 0 1 0
]
·

4 1 2 1 1 2 1
1 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 4 1 2 1 2 1 1 2 1 2 1
1 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
 ·

4 1 2 1 1 2 1
1 0 0 0 0 0 0 0
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

4 1 2 1 1 2 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
 =

4 1 2 1 4
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0

M
P (12,7)
4→3 · g4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 4 4 4
4 0 1 0
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

4 1 2 1 4
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
 =

4 1 2 1 4
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0

g3 ·MP (12,3)4→3 −MP (12,7)4→3 · g4 =

4 1 2 1 4
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
−

4 1 2 1 4
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
 =
[12
7 0
]
4. g4 ·MP (12,3)5→4 −MP (12,7)5→4 · g5 = 0
g4 ·MP (12,3)5→4 =
[ 4 4 4
4 0 1 0
]
·

2 2 2
2 0 0 0
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1

=
[ 2 2 2 2 2 2
2 0 0 1 0 0 0
2 0 0 0 1 0 0
]
·

2 2 2
2 0 0 0
2 1 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1

=
[ 2 2 2
2 0 1 0
2 0 1 0
]
M
P (12,7)
5→4 · g5 =
[ 2
2 1
2 1
]
·
[ 2 2 2
2 0 1 0
]
=
[ 2 2 2
2 0 1 0
2 0 1 0
]
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g4 ·MP (12,3)5→4 −MP (12,7)5→4 · g5 =
[ 2 2 2
2 0 1 0
2 0 1 0
]
−
[ 2 2 2
2 0 1 0
2 0 1 0
]
=
[ 6
4 0
]
5. g3 ·MP (12,3)6→3 −MP (12,7)6→3 · g6 = 0
g3 ·MP (12,3)6→3 =
[ 5 7 7
7 0 1 0
]
·

1 1 1 5 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
5 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 1 1 1 1 5 2 3 4
5 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
]
·

1 1 1 5 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
3 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 1 1 5 4
5 0 0 0 1 0
2 0 0 0 0 0
]
=
[ 3 5 4
5 0 1 0
2 0 0 0
]
M
P (12,7)
6→3 · g6 =
[ 5
5 1
2 0
]
·
[ 3 5 4
5 0 1 0
]
=
[ 3 5 4
5 0 1 0
2 0 0 0
]
g3 ·MP (12,3)6→3 −MP (12,7)6→3 · g6 =
[ 3 5 4
5 0 1 0
2 0 0 0
]
−
[ 3 5 4
5 0 1 0
2 0 0 0
]
=
[12
7 0
]
6. g6 ·MP (12,3)7→6 −MP (12,7)7→6 · g7 = 0
g6 ·MP (12,3)7→6 =
[ 3 5 4
5 0 1 0
]
·

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=
[ 1 1 1 3 2 2 1 1
3 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
]
·

1 3 1 1
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=
[ 1 3 1 1
3 0 1 0 0
2 0 0 0 0
]
=
[ 1 3 2
3 0 1 0
2 0 0 0
]
M
P (12,7)
7→6 · g7 =
[ 3
3 1
2 0
]
·
[ 1 3 2
3 0 1 0
]
=
[ 1 3 2
3 0 1 0
2 0 0 0
]
g6 ·MP (12,3)7→6 −MP (12,7)7→6 · g7 =
[ 1 3 2
3 0 1 0
2 0 0 0
]
−
[ 1 3 2
3 0 1 0
2 0 0 0
]
=
[ 6
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2 3
2 0 1 0
]
·

1 1 2
1 1 1 0
2 0 0 0
1 0 91 0
2 0 0 91
 =
[ 1 2 1 2
2 0 1 0 0
]
·

1 1 2
1 1 1 0
2 0 0 0
1 0 91 0
2 0 0 91
 =
[ 4
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 4 5
4 0 1 0
]
·

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=
[ 1 1 1 4 1 2 1 1
4 0 0 0 1 0 0 0 0
]
·

1 1 1 1 2 1 1
1 1 0 0 1 0 91 0
1 0 0 91 0 0 0 0
1 1 91 0 0 0 91 0
4 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=
[ 8
4 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 5 7 7
7 0 1 0
]
·

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=
[ 1 1 1 1 1 7 1 2 1 1 1 1
7 0 0 0 0 0 1 0 0 0 0 0 0
]
·

1 1 1 1 1 1 2 1 1 1 1
1 1 0 0 0 0 1 0 91 0 0 1
1 1 0 91 0 0 0 0 0 0 0 0
1 1 91 0 0 0 0 0 91 0 1 1
1 1 0 91 0 1 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=
[12
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 4 4
4 0 1 0
]
·

1 1 1 1 1 1 1 1
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=
[ 1 1 1 1 4 1 1 1 1
4 0 0 0 0 1 0 0 0 0
]
·

1 1 1 1 1 1 1 1
1 0 91 0 0 0 0 0 0
1 91 0 0 0 91 0 1 0
1 0 91 0 1 0 0 0 0
1 91 0 1 0 0 0 1 0
4 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=
[ 8
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2 2
2 0 1 0
]
·

1 1 1 1
1 0 1 0 0
1 1 0 1 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91
 =
[ 1 1 2 1 1
2 0 0 1 0 0
]
·

1 1 1 1
1 0 1 0 0
1 1 0 1 0
2 0 0 0 0
1 0 0 91 0
1 0 0 0 91
 =
[ 4
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 5 4
5 0 1 0
]
·

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=
[ 1 1 1 5 1 1 1 1
5 0 0 0 1 0 0 0 0
]
·

1 1 1 1 1 1 1
1 1 0 0 91 0 0 1
1 1 0 91 0 0 0 0
1 0 91 0 0 0 1 0
5 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=
[ 7
5 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 1 3 2
3 0 1 0
]
·

1 1 1
1 1 0 1
3 0 0 0
1 0 91 0
1 0 0 91
 =
[ 1 3 1 1
3 0 1 0 0
]
·

1 1 1
1 1 0 1
3 0 0 0
1 0 91 0
1 0 0 91
 =
[ 3
3 0
]
130.4 Tree module property of P (18, 3) 
The matrices of the representation have full (column) rank P
1. MP (18,3)1→2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M18,9(k) is already in column echelon form and has maximal column rank.
2. MP (18,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M28,18(k) is already in column echelon form and has maximal column rank.
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3. MP (18,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,18(k) is already in column echelon form and has maximal column rank.
4. MP (18,3)5→4 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k) is already in column echelon form and has maximal column rank.
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5. MP (18,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,18(k) is already in column echelon form and has maximal column rank.
6. MP (18,3)7→6 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (18,3)
7→6 =

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
6 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

c3↔c5−−−−→

1 1 1 2 4
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 0 0 1
6 0 0 0 0 0
2 0 0 0 1 0
1 0 0 1 0 0

c4↔c5−−−−→

1 1 1 4 2
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 0 1 0
6 0 0 0 0 0
2 0 0 0 0 1
1 0 0 1 0 0

130.4.1 0→ P (17, 2) f→ P (18, 3) g→ P (18, 1)→ 0 
PdimP (17, 2) + dimP (18, 1) = (5, 11, 18, 12, 6, 12, 6) + (4, 7, 10, 6, 3, 6, 3)
= (9, 18, 28, 18, 9, 18, 9) = dimP (18, 3)
Pdimk Ext
1
kQ(P (18, 1), P (17, 2)) = dimk HomkQ(P (18, 1), P (17, 2))− 〈dimP (18, 1),dimP (17, 2)〉
= 0− 〈(4, 7, 10, 6, 3, 6, 3), (5, 11, 18, 12, 6, 12, 6)〉
= 4 · 11 + 7 · 18 + 6 · 18 + 3 · 12 + 6 · 18 + 3 · 12− (4 · 5 + 7 · 11 + 10 · 18 + 6 · 12 + 3 · 6 + 6 · 12 + 3 · 6)
= 44 + 126 + 108 + 36 + 108 + 36− (20 + 77 + 180 + 72 + 18 + 72 + 18)
= 1
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Matrices of the embedding f : P (17, 2)→ P (18, 3) P
1. f1 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M18,11(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M28,18(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (18, 3)→ P (18, 1) P
1. g1 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,18(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,28(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,18(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,18(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (17, 2)→ P (18, 3) P
1. f2 ·MP (17,2)1→2 −MP (18,3)1→2 · f1 = 0
f2 ·MP (17,2)1→2 =
[11
11 1
7 0
]
·

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 =

2 1 5 1 2
2 1 0 0 0 0
1 0 1 0 0 0
5 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
7 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

M
P (18,3)
1→2 · f1 =

2 1 6
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

·
[ 5
5 1
4 0
]
=

2 1 2 4
2 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 1
3 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
4 0 0 0
 =

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
4 0 0 0
3 0 0 0

=

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

f2 ·MP (17,2)1→2 −MP (18,3)1→2 · f1 =

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

−

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

=
[ 5
18 0
]
2. f3 ·MP (17,2)2→3 −MP (18,3)2→3 · f2 = 0
f3 ·MP (17,2)2→3 =
[18
18 1
10 0
]
·

5 6
5 1 0
7 0 0
6 0 1
 =

5 7 6
5 1 0 0
7 0 1 0
6 0 0 1
10 0 0 0
 ·

5 6
5 1 0
7 0 0
6 0 1
 =

5 6
5 1 0
7 0 0
6 0 1
10 0 0

M
P (18,3)
2→3 · f2 =

5 13
5 1 0
7 0 0
13 0 1
3 0 0
 ·
[11
11 1
7 0
]
=

5 6 7
5 1 0 0
7 0 0 0
6 0 1 0
7 0 0 1
3 0 0 0
 ·

5 6
5 1 0
6 0 1
7 0 0
 =

5 6
5 1 0
7 0 0
6 0 1
7 0 0
3 0 0
 =

5 6
5 1 0
7 0 0
6 0 1
10 0 0

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f3 ·MP (17,2)2→3 −MP (18,3)2→3 · f2 =

5 6
5 1 0
7 0 0
6 0 1
10 0 0
−

5 6
5 1 0
7 0 0
6 0 1
10 0 0
 =
[11
28 0
]
3. f3 ·MP (17,2)4→3 −MP (18,3)4→3 · f4 = 0
f3 ·MP (17,2)4→3 =
[18
18 1
10 0
]
·

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

2 6 2 2 2 2 2
2 1 0 0 0 0 0 0
6 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
10 0 0 0 0 0 0 0

·

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

M
P (18,3)
4→3 · f4 =

6 2 2 2 2 2 2
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·
[12
12 1
6 0
]
=

6 2 2 2 2 2 2
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

6 2 2 2
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 0 0
2 0 0 0 0
2 0 0 0 0

=

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
2 0 0 0 0
2 0 0 0 0
2 0 0 0 0
2 0 0 0 0
2 0 0 0 0

=

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

f3 ·MP (17,2)4→3 −MP (18,3)4→3 · f4 =

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

−

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

=
[12
28 0
]
4. f4 ·MP (17,2)5→4 −MP (18,3)5→4 · f5 = 0
f4 ·MP (17,2)5→4 =
[12
12 1
6 0
]
·

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 =

3 3 3 3
3 1 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
6 0 0 0 0
 ·

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 =

3 3
3 0 0
3 1 0
3 0 1
3 0 1
6 0 0

M
P (18,3)
5→4 · f5 =

3 3 3
3 0 0 0
3 1 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1

·
[ 6
6 1
3 0
]
=

3 3 3
3 0 0 0
3 1 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1

·

3 3
3 1 0
3 0 1
3 0 0
 =

3 3
3 0 0
3 1 0
3 0 1
3 0 1
3 0 0
3 0 0

=

3 3
3 0 0
3 1 0
3 0 1
3 0 1
6 0 0

f4 ·MP (17,2)5→4 −MP (18,3)5→4 · f5 =

3 3
3 0 0
3 1 0
3 0 1
3 0 1
6 0 0
−

3 3
3 0 0
3 1 0
3 0 1
3 0 1
6 0 0
 =
[ 6
18 0
]
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5. f3 ·MP (17,2)6→3 −MP (18,3)6→3 · f6 = 0
f3 ·MP (17,2)6→3 =
[18
18 1
10 0
]
·

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=

2 1 2 1 2 7 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
7 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
10 0 0 0 0 0 0 0

·

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0
10 0 0 0 0

=

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
13 0 0 0 0

M
P (18,3)
6→3 · f6 =

2 1 2 7 6
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
7 0 0 0 0 0
6 0 0 0 0 1

·
[12
12 1
6 0
]
=

2 1 2 7 6
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
7 0 0 0 0 0
6 0 0 0 0 1

·

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
6 0 0 0 0
 =

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
7 0 0 0 0
6 0 0 0 0

=

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
13 0 0 0 0

f3 ·MP (17,2)6→3 −MP (18,3)6→3 · f6 =

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
13 0 0 0 0

−

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
13 0 0 0 0

=
[12
28 0
]
6. f6 ·MP (17,2)7→6 −MP (18,3)7→6 · f7 = 0
f6 ·MP (17,2)7→6 =
[12
12 1
6 0
]
·

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 =

2 2 1 4 3
2 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
4 0 0 0 1 0
3 0 0 0 0 1
6 0 0 0 0 0

·

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 =

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
6 0 0

=

2 4
2 1 0
2 1 0
1 0 0
4 0 1
9 0 0

M
P (18,3)
7→6 · f7 =

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
6 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 6
6 1
3 0
]
=

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
6 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

1 1 4
1 1 0 0
1 0 1 0
4 0 0 1
2 0 0 0
1 0 0 0
 =

1 1 4
1 1 0 0
1 0 1 0
1 1 0 0
1 0 1 0
1 0 0 0
4 0 0 1
6 0 0 0
2 0 0 0
1 0 0 0

=

2 4
2 1 0
2 1 0
1 0 0
4 0 1
9 0 0

f6 ·MP (17,2)7→6 −MP (18,3)7→6 · f7 =

2 4
2 1 0
2 1 0
1 0 0
4 0 1
9 0 0
−

2 4
2 1 0
2 1 0
1 0 0
4 0 1
9 0 0
 =
[ 6
18 0
]
Relations of the projection g : P (18, 3)→ P (18, 1) P
1. g2 ·MP (18,3)1→2 −MP (18,1)1→2 · g1 = 0
g2 ·MP (18,3)1→2 =
[11 7
7 0 1
]
·

2 1 6
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

=
[ 2 1 5 1 2 4 3
4 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

2 1 2 4
2 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 1
3 0 0 0 0

=
[ 2 1 2 4
4 0 0 0 1
3 0 0 0 0
]
=
[ 5 4
4 0 1
3 0 0
]
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M
P (18,1)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 5 4
4 0 1
]
=
[ 5 4
4 0 1
3 0 0
]
g2 ·MP (18,3)1→2 −MP (18,1)1→2 · g1 =
[ 5 4
4 0 1
3 0 0
]
−
[ 5 4
4 0 1
3 0 0
]
=
[ 9
7 0
]
2. g3 ·MP (18,3)2→3 −MP (18,1)2→3 · g2 = 0
g3 ·MP (18,3)2→3 =
[18 10
10 0 1
]
·

5 13
5 1 0
7 0 0
13 0 1
3 0 0
 =
[ 5 7 6 7 3
7 0 0 0 1 0
3 0 0 0 0 1
]
·

5 6 7
5 1 0 0
7 0 0 0
6 0 1 0
7 0 0 1
3 0 0 0
 =
[ 5 6 7
7 0 0 1
3 0 0 0
]
=
[11 7
7 0 1
3 0 0
]
M
P (18,1)
2→3 · g2 =
[ 7
7 1
3 0
]
·
[11 7
7 0 1
]
=
[11 7
7 0 1
3 0 0
]
g3 ·MP (18,3)2→3 −MP (18,1)2→3 · g2 =
[11 7
7 0 1
3 0 0
]
−
[11 7
7 0 1
3 0 0
]
=
[18
10 0
]
3. g3 ·MP (18,3)4→3 −MP (18,1)4→3 · g4 = 0
g3 ·MP (18,3)4→3 =
[18 10
10 0 1
]
·

6 2 2 2 2 2 2
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

2 6 2 2 2 2 2 2 2 2 2 2
2 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 1
 ·

6 2 2 2 2 2 2
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

6 2 2 2 2 2 2
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 =

12 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
P (18,1)
4→3 · g4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[12 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

12 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

12 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·MP (18,3)4→3 −MP (18,1)4→3 · g4 =

12 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

12 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[18
10 0
]
4. g4 ·MP (18,3)5→4 −MP (18,1)5→4 · g5 = 0
g4 ·MP (18,3)5→4 =
[12 6
6 0 1
]
·

3 3 3
3 0 0 0
3 1 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1

=
[ 3 3 3 3 3 3
3 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

3 3 3
3 0 0 0
3 1 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1

=
[ 3 3 3
3 0 0 1
3 0 0 1
]
=
[ 6 3
3 0 1
3 0 1
]
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M
P (18,1)
5→4 · g5 =
[ 3
3 1
3 1
]
·
[ 6 3
3 0 1
]
=
[ 6 3
3 0 1
3 0 1
]
g4 ·MP (18,3)5→4 −MP (18,1)5→4 · g5 =
[ 6 3
3 0 1
3 0 1
]
−
[ 6 3
3 0 1
3 0 1
]
=
[ 9
6 0
]
5. g3 ·MP (18,3)6→3 −MP (18,1)6→3 · g6 = 0
g3 ·MP (18,3)6→3 =
[18 10
10 0 1
]
·

2 1 2 7 6
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
7 0 0 0 0 0
6 0 0 0 0 1

=
[ 2 1 2 1 2 7 3 4 6
4 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
]
·

2 1 2 7 6
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
4 0 0 0 0 0
6 0 0 0 0 1

=
[ 2 1 2 7 6
4 0 0 0 0 0
6 0 0 0 0 1
]
=
[12 6
4 0 0
6 0 1
]
M
P (18,1)
6→3 · g6 =
[ 6
4 0
6 1
]
·
[12 6
6 0 1
]
=
[12 6
4 0 0
6 0 1
]
g3 ·MP (18,3)6→3 −MP (18,1)6→3 · g6 =
[12 6
4 0 0
6 0 1
]
−
[12 6
4 0 0
6 0 1
]
=
[18
10 0
]
6. g6 ·MP (18,3)7→6 −MP (18,1)7→6 · g7 = 0
g6 ·MP (18,3)7→6 =
[12 6
6 0 1
]
·

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
6 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 1 1 1 1 4 3 3 2 1
3 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
 ·

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
3 0 0 0 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 1 4 2 1
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 = [
6 3
3 0 0
3 0 1
]
M
P (18,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 6 3
3 0 1
]
=
[ 6 3
3 0 0
3 0 1
]
g6 ·MP (18,3)7→6 −MP (18,1)7→6 · g7 =
[ 6 3
3 0 0
3 0 1
]
−
[ 6 3
3 0 0
3 0 1
]
=
[ 9
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[11 7
7 0 1
]
·
[11
11 1
7 0
]
=
[11
7 0
]
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3. g3 · f3 = 0
g3 · f3 =
[18 10
10 0 1
]
·
[18
18 1
10 0
]
=
[18
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[12 6
6 0 1
]
·
[12
12 1
6 0
]
=
[12
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[12 6
6 0 1
]
·
[12
12 1
6 0
]
=
[12
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
130.4.2 0→ P (17, 6) f→ P (18, 3) g→ P (18, 7)→ 0 
PdimP (17, 6) + dimP (18, 7) = (6, 12, 18, 12, 6, 11, 5) + (3, 6, 10, 6, 3, 7, 4)
= (9, 18, 28, 18, 9, 18, 9) = dimP (18, 3)
Pdimk Ext
1
kQ(P (18, 7), P (17, 6)) = dimk HomkQ(P (18, 7), P (17, 6))− 〈dimP (18, 7),dimP (17, 6)〉
= 0− 〈(3, 6, 10, 6, 3, 7, 4), (6, 12, 18, 12, 6, 11, 5)〉
= 3 · 12 + 6 · 18 + 6 · 18 + 3 · 12 + 7 · 18 + 4 · 11− (3 · 6 + 6 · 12 + 10 · 18 + 6 · 12 + 3 · 6 + 7 · 11 + 4 · 5)
= 36 + 108 + 108 + 36 + 126 + 44− (18 + 72 + 180 + 72 + 18 + 77 + 20)
= 1
Matrices of the embedding f : P (17, 6)→ P (18, 3) P
1. f1 =

0 1 0 1 0 0
1 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 91 0 0 0
0 0 0 91 0 0
0 0 0 0 91 0
0 0 0 0 0 91

∈M9,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
3 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91

c1↔c2−−−−→

1 1 1 1 2
1 1 0 0 1 0
1 0 1 1 0 0
3 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91

c4←c4−c1−−−−−−→

1 1 1 1 2
1 1 0 0 0 0
1 0 1 1 0 0
3 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91

=

1 1 1 3
1 1 0 0 0
1 0 1 1 0
3 0 0 0 0
1 0 0 91 0
3 0 0 0 91

c3←c3−c2−−−−−−→

1 1 1 3
1 1 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 0 91 0
3 0 0 0 91
 =

2 4
2 1 0
3 0 0
4 0 91

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2. f2 =

0 1 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 91 0 0 0 0 0 0 0
0 1 0 91 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 91

∈M18,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

c4←c4−c1
c6←c6+c1−−−−−−→

2 2 1 2 2 2 1
2 1′ 0 0 0 0 0 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 91′ 0 0 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

2 2 1 2 5
2 1′ 0 0 0 0
1 0 0 91 0 0
2 1′ 91′ 0 91′ 0
6 0 0 0 0 0
2 0 0 0 91 0
5 0 0 0 0 91

c2↔c3−−−−→

2 1 2 2 5
2 1′ 0 0 0 0
1 0 91 0 0 0
2 1′ 0 91′ 91′ 0
6 0 0 0 0 0
2 0 0 0 91 0
5 0 0 0 0 91

c4←c4−c3−−−−−−→

2 1 2 2 5
2 1′ 0 0 0 0
1 0 91 0 0 0
2 1′ 0 91′ 0 0
6 0 0 0 0 0
2 0 0 0 91 0
5 0 0 0 0 91

=

2 1 2 7
2 1′ 0 0 0
1 0 91 0 0
2 1′ 0 91′ 0
6 0 0 0 0
7 0 0 0 91

3. f3 =

0 1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 91 0 0 1 1
1 0 91 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 1 0
0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

∈ M28,18(k) can be brought to column echelon form (as shown below) and has maximal
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column rank.
f3 =

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

c1↔c2−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 0 1 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 1 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

c10←c10−c1
c13←c13+c1
c17←c17−c1−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 1 0 0 0 91 0 0 0 0 91 0 0 1 0 0 0 91
1 1 1 0 91 0 0 0 0 0 91 0 0 0 0 0 1 0
1 0 1 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 1 0 0 0 91 0 0 1 0 91 0 0 1 0 0 0 91
1 0 1 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

c9←c9−c2
c12←c12+c2
c16←c16−c2−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 91 0 0 1 0 0 0 91
1 1 1 0 91 0 0 0 0 91 91 0 1 0 0 0 0 0
1 0 1 91 0 0 0 0 0 91 0 0 0 0 0 1 0 0
1 1 0 0 0 91 0 0 1 0 91 0 0 1 0 0 0 91
1 0 1 0 91 0 0 1 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

c3↔c5−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 91 0 0 1 0 0 0 91
1 1 1 0 91 0 0 0 0 91 91 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 0 0 0 0 1 0 0
1 1 0 91 0 0 0 0 1 0 91 0 0 1 0 0 0 91
1 0 1 0 91 0 0 1 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 91 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

c10←c10−c3
c13←c13+c3
c17←c17−c3−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 91 91 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 0 0 0 0 1 0 0
1 1 0 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 91 0 0 1 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 91 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

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=
1 1 1 1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 91 91 0 1 0 0 0
1 0 1 0 0 91 0 0 0 91 0 0 0 0 1 0
1 1 0 91 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 91 0 0 1 0 91 0 0 1 0 0 0
1 0 0 0 0 91 1 0 0 0 0 0 0 0 1 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

c9←c9−c4
c10←c10−c4
c12←c12+c4−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 0 0 0 1 0
1 1 0 91 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 91 0 0 1 0 0 1 0 0 0 0 0
1 0 0 0 0 91 1 0 0 0 0 0 0 0 1 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 5 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 91 0 0 1 0
1 1 0 91 0 0 0 0 1 0 0 0 0 0
1 0 1 0 91 0 0 1 0 0 1 0 0 0
1 0 0 0 0 91 1 0 0 0 0 0 1 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
5 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 0 0 0 0 91

c9←c9−c5
c12←c12+c5−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 5 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 1 0 0 0 0 0
1 0 1 0 91 0 0 1 0 0 1 0 0 0
1 0 0 0 0 91 1 0 0 1 0 0 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
5 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 91 0 0 0 0 1 0 0 0
1 0 1 0 91 0 0 1 0 0 1 0
1 0 0 0 0 91 1 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
8 0 0 0 0 0 0 0 0 0 0 91

c6↔c8−−−−→

1 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 91 0 0 1 0 0 0 0 0
1 0 1 0 91 0 0 1 0 0 1 0
1 0 0 0 0 91 0 0 1 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
8 0 0 0 0 0 0 0 0 0 0 91

c10←c10−c7−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 91 0 0 1 0 0 0 0 0
1 0 1 0 91 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
8 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 9
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
1 1 0 91 0 0 1 0 0 0 0
1 0 1 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 1 0
10 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
9 0 0 0 0 0 0 0 0 0 91

c9←c9−c8−−−−−−→

1 1 1 1 1 1 1 1 1 9
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
1 1 0 91 0 0 1 0 0 0 0
1 0 1 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
9 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 10
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
1 1 0 91 0 0 1 0 0 0
1 0 1 0 91 0 0 1 0 0
1 0 0 0 0 91 0 0 1 0
10 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 91

4. f4 =

0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 91 0 0 1 0
91 0 0 0 0 0 91 0 0 1 0 0
0 0 91 0 0 1 0 0 0 0 0 0
0 91 0 0 1 0 0 0 0 0 1 0
91 0 0 1 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 91

∈M18,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 1 2 1 2 1 2 1
1 0 91 0 0 0 0 0 0
2 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
2 91′ 0 1′ 0 0 0 1′ 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

c1↔c2−−−−→

1 2 2 1 2 1 2 1
1 91 0 0 0 0 0 0 0
2 0 91′ 0 0 91′ 0 1′ 0
1 91 0 0 1 0 0 0 0
2 0 91′ 1′ 0 0 0 1′ 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

c5←c5−c2
c7←c7+c2−−−−−−→

1 2 2 1 2 1 2 1
1 91 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0
1 91 0 0 1 0 0 0 0
2 0 91′ 1′ 0 1′ 0 0 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=

1 2 2 1 2 4
1 91 0 0 0 0 0
2 0 91′ 0 0 0 0
1 91 0 0 1 0 0
2 0 91′ 1′ 0 1′ 0
6 0 0 0 0 0 0
2 0 0 0 0 91 0
4 0 0 0 0 0 91

c3↔c4−−−−→

1 2 1 2 2 4
1 91 0 0 0 0 0
2 0 91′ 0 0 0 0
1 91 0 1 0 0 0
2 0 91′ 0 1′ 1′ 0
6 0 0 0 0 0 0
2 0 0 0 0 91 0
4 0 0 0 0 0 91

c5←c5−c4−−−−−−→

1 2 1 2 2 4
1 91 0 0 0 0 0
2 0 91′ 0 0 0 0
1 91 0 1 0 0 0
2 0 91′ 0 1′ 0 0
6 0 0 0 0 0 0
2 0 0 0 0 91 0
4 0 0 0 0 0 91

=

1 2 1 2 6
1 91 0 0 0 0
2 0 91′ 0 0 0
1 91 0 1 0 0
2 0 91′ 0 1′ 0
6 0 0 0 0 0
6 0 0 0 0 91

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5. f5 =

0 0 1 0 0 0
0 1 0 0 1 0
1 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 91 0 0
0 0 0 0 91 0
0 0 0 0 0 91

∈M9,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

2 1 2 1
1 0 1 0 0
2 1′ 0 1′ 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91

c1↔c2−−−−→

1 2 2 1
1 1 0 0 0
2 0 1′ 1′ 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91

c3←c3−c2−−−−−−→

1 2 2 1
1 1 0 0 0
2 0 1′ 0 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91
 =

1 2 3
1 1 0 0
2 0 1′ 0
3 0 0 0
3 0 0 91

6. f6 =

0 1 0 0 0 0 91 0 0 0 1
1 0 0 0 0 91 0 0 0 1 0
0 1 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 0
0 0 91 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 91

∈M18,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c1↔c2−−−−→

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 91 0 0 0 1
1 0 1 0 0 0 91 0 0 0 1 0
1 1 0 0 0 91 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c7←c7+c1
c11←c11−c1−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0
1 1 0 0 0 91 0 1 0 0 0 91
1 0 1 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c6←c6+c2
c10←c10−c2−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 91 0 1 0 0 0 91
1 0 1 0 91 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c3↔c5−−−−→
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
1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 1 0 0 0 91
1 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c7←c7+c3
c11←c11−c3−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0
1 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0
1 0 1 0 91 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0
7 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 91

c6←c6+c4−−−−−−→

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0
7 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 91

=

2 2 1 3 1 2
2 1 0 0 0 0 0
2 1 91 0 0 0 0
1 0 0 91 0 1 0
7 0 0 0 0 0 0
3 0 0 0 91 0 0
1 0 0 0 0 91 0
2 0 0 0 0 0 91

c5←c5+c3−−−−−−→

2 2 1 3 1 2
2 1 0 0 0 0 0
2 1 91 0 0 0 0
1 0 0 91 0 0 0
7 0 0 0 0 0 0
3 0 0 0 91 0 0
1 0 0 0 0 91 0
2 0 0 0 0 0 91

=

2 2 1 6
2 1 0 0 0
2 1 91 0 0
1 0 0 91 0
7 0 0 0 0
6 0 0 0 91

7. f7 =

0 1 0 0 1
1 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 91

∈M9,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

2 1 2
2 1′ 0 1′
4 0 0 0
1 0 91 0
2 0 0 91
 c3←c3−c1−−−−−−→

2 1 2
2 1′ 0 0
4 0 0 0
1 0 91 0
2 0 0 91
 =

2 3
2 1′ 0
4 0 0
3 0 91

Matrices of the projection g : P (18, 3)→ P (18, 7) P
1. g1 =
0 0 1 0 0 0 0 0 00 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M6,18(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

∈M10,28(k) is already in row echelon form and has maximal row rank.
1317
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

∈M6,18(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 1 0 0 0 0 00 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

∈M7,18(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (17, 6)→ P (18, 3) P
1. f2 ·MP (17,6)1→2 −MP (18,3)1→2 · f1 = 0
f2 ·MP (17,6)1→2 =

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

·

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0

=

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

·

2 2 2
2 1 0 0
2 1 0 0
1 0 0 0
2 0 1 0
2 0 0 1
2 0 0 0
1 0 0 0

=

2 2 2
2 1′ 1′ 0
1 0 0 0
2 0 0 0
6 0 0 0
2 0 91 0
2 0 0 91
2 0 0 0
1 0 0 0

=

2 2 2
2 1′ 1′ 0
9 0 0 0
2 0 91 0
2 0 0 91
3 0 0 0

M
P (18,3)
1→2 · f1 =

2 1 6
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

·

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
3 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91

=

1 1 1 2 1 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
5 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

·

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91

=

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
1 0 0 0 0 0
5 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
3 0 0 0 0 0

=

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
9 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
3 0 0 0 0 0

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f2 ·MP (17,6)1→2 −MP (18,3)1→2 · f1 =

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
9 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
3 0 0 0 0 0

−

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
9 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91
3 0 0 0 0 0

=
[ 6
18 0
]
2. f3 ·MP (17,6)2→3 −MP (18,3)2→3 · f2 = 0
f3 ·MP (17,6)2→3 =

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

·

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

·

1 1 1 1 1 1 1 2 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 2 1 1 1
1 0 1 0 0 0 0 1 0 0 91 0
1 1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 91 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0 91 0
1 1 0 91 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
13 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
3 0 0 0 0 0 0 0

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M
P (18,3)
2→3 · f2 =

5 13
5 1 0
7 0 0
13 0 1
3 0 0
 ·

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

2 1 2 6 2 2 2 1
2 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
7 0 0 0 0 0 0 0 0
6 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0

·

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
7 0 0 0 0 0 0 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
3 0 0 0 0 0 0 0

=

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
13 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
3 0 0 0 0 0 0 0

f3 ·MP (17,6)2→3 −MP (18,3)2→3 · f2 =

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
13 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
3 0 0 0 0 0 0 0

−

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
13 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
3 0 0 0 0 0 0 0

=
[12
28 0
]
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3. f3 ·MP (17,6)4→3 −MP (18,3)4→3 · f4 = 0
f3 ·MP (17,6)4→3 =

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

·

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

·

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

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M
P (18,3)
4→3 · f4 =

6 2 2 2 2 2 2
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

2 1 2 1 2 1 2 1
1 0 91 0 0 0 0 0 0
2 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
2 91′ 0 1′ 0 0 0 1′ 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 2 2 2 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1 1 1 1 1
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

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f3 ·MP (17,6)4→3 −MP (18,3)4→3 · f4 =

1 1 1 1 1 1 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

−

1 1 1 1 1 1 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 91 0 0 1 0
1 91 0 0 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 91 0 0 1 0 0 0 0 0 1 0
1 91 0 0 1 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91

=
[12
28 0
]
4. f4 ·MP (17,6)5→4 −MP (18,3)5→4 · f5 = 0
f4 ·MP (17,6)5→4 =

2 1 2 1 2 1 2 1
1 0 91 0 0 0 0 0 0
2 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
2 91′ 0 1′ 0 0 0 1′ 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

·

3 3
3 0 0
3 1 0
3 0 1
3 0 1

=

2 1 2 1 2 1 2 1
1 0 91 0 0 0 0 0 0
2 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
2 91′ 0 1′ 0 0 0 1′ 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

·

2 1 2 1
2 0 0 0 0
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 1 0
1 0 0 0 1

=

2 1 2 1
1 0 0 0 0
2 0 0 0 0
1 0 1 0 0
2 1′ 0 1′ 0
6 0 0 0 0
2 0 0 91 0
1 0 0 0 91
2 0 0 91 0
1 0 0 0 91

=

2 1 2 1
3 0 0 0 0
1 0 1 0 0
2 1′ 0 1′ 0
6 0 0 0 0
2 0 0 91 0
1 0 0 0 91
2 0 0 91 0
1 0 0 0 91

M
P (18,3)
5→4 · f5 =

3 3 3
3 0 0 0
3 1 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1

·

2 1 2 1
1 0 1 0 0
2 1′ 0 1′ 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91
 =

1 2 3 2 1
3 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

2 1 2 1
1 0 1 0 0
2 1′ 0 1′ 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91
 =

2 1 2 1
3 0 0 0 0
1 0 1 0 0
2 1′ 0 1′ 0
3 0 0 0 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91
2 0 0 91 0
1 0 0 0 91

=

2 1 2 1
3 0 0 0 0
1 0 1 0 0
2 1′ 0 1′ 0
6 0 0 0 0
2 0 0 91 0
1 0 0 0 91
2 0 0 91 0
1 0 0 0 91

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f4 ·MP (17,6)5→4 −MP (18,3)5→4 · f5 =

2 1 2 1
3 0 0 0 0
1 0 1 0 0
2 1′ 0 1′ 0
6 0 0 0 0
2 0 0 91 0
1 0 0 0 91
2 0 0 91 0
1 0 0 0 91

−

2 1 2 1
3 0 0 0 0
1 0 1 0 0
2 1′ 0 1′ 0
6 0 0 0 0
2 0 0 91 0
1 0 0 0 91
2 0 0 91 0
1 0 0 0 91

=
[ 6
18 0
]
5. f3 ·MP (17,6)6→3 −MP (18,3)6→3 · f6 = 0
f3 ·MP (17,6)6→3 =

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

·

5 6
5 1 0
7 0 0
6 0 1

=

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

·

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 1 0 91 0 0 91 0 0 1 1
1 1 0 91 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 1 0 91 0 0 91 0 0 1 1
1 1 0 91 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
14 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

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M
P (18,3)
6→3 · f6 =

2 1 2 7 6
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
7 0 0 0 0 0
6 0 0 0 0 1

·

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 7 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
7 0 0 0 0 0 1 0 0 0 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 1 0 91 0 0 91 0 0 1 1
1 1 0 91 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 1 0 91 0 0 91 0 0 1 1
1 1 0 91 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
14 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

f3 ·MP (17,6)6→3 −MP (18,3)6→3 ·f6 =

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 1 0 91 0 0 91 0 0 1 1
1 1 0 91 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
14 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

−

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 1 0 91 0 0 91 0 0 1 1
1 1 0 91 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
14 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=
[11
28 0
]
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6. f6 ·MP (17,6)7→6 −MP (18,3)7→6 · f7 = 0
f6 ·MP (17,6)7→6 =

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

·

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

1 1 1 1 1
1 0 1 0 0 1
1 1 0 0 1 0
1 0 1 0 0 0
1 1 0 0 1 0
1 0 0 0 0 0
7 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91

=

1 1 1 1 1
1 0 1 0 0 1
1 1 0 0 1 0
1 0 1 0 0 0
1 1 0 0 1 0
11 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91

M
P (18,3)
7→6 · f7 =

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
6 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

2 1 2
2 1′ 0 1′
4 0 0 0
1 0 91 0
2 0 0 91
 =

1 1 4 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 1 0 0 0 0 1
1 0 1 0 0 0 0
1 0 0 0 0 0 0
4 0 0 1 0 0 0
6 0 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 1 1 1 1
1 0 1 0 0 1
1 1 0 0 1 0
4 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91

=

1 1 1 1 1
1 0 1 0 0 1
1 1 0 0 1 0
1 0 1 0 0 0
1 1 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 0
6 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91

=

1 1 1 1 1
1 0 1 0 0 1
1 1 0 0 1 0
1 0 1 0 0 0
1 1 0 0 1 0
11 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91

f6 ·MP (17,6)7→6 −MP (18,3)7→6 · f7 =

1 1 1 1 1
1 0 1 0 0 1
1 1 0 0 1 0
1 0 1 0 0 0
1 1 0 0 1 0
11 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91

−

1 1 1 1 1
1 0 1 0 0 1
1 1 0 0 1 0
1 0 1 0 0 0
1 1 0 0 1 0
11 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 0 0 91

=
[ 5
18 0
]
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Relations of the projection g : P (18, 3)→ P (18, 7) P
1. g2 ·MP (18,3)1→2 −MP (18,7)1→2 · g1 = 0
g2 ·MP (18,3)1→2 =
[ 5 6 7
6 0 1 0
]
·

2 1 6
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

=

2 1 2 3 1 2 4 3
3 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
 ·

2 1 2 4
2 1 0 0 0
1 0 1 0 0
2 0 0 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 1
3 0 0 0 0

=

2 1 2 4
3 0 0 0 0
1 0 1 0 0
2 0 0 1 0
 = [
2 3 4
3 0 0 0
3 0 1 0
]
M
P (18,7)
1→2 · g1 =
[ 3
3 0
3 1
]
·
[ 2 3 4
3 0 1 0
]
=
[ 2 3 4
3 0 0 0
3 0 1 0
]
g2 ·MP (18,3)1→2 −MP (18,7)1→2 · g1 =
[ 2 3 4
3 0 0 0
3 0 1 0
]
−
[ 2 3 4
3 0 0 0
3 0 1 0
]
=
[ 9
6 0
]
2. g3 ·MP (18,3)2→3 −MP (18,7)2→3 · g2 = 0
g3 ·MP (18,3)2→3 =
[ 8 10 10
10 0 1 0
]
·

5 13
5 1 0
7 0 0
13 0 1
3 0 0
 =
[ 5 3 4 6 7 3
4 0 0 1 0 0 0
6 0 0 0 1 0 0
]
·

5 6 7
5 1 0 0
3 0 0 0
4 0 0 0
6 0 1 0
7 0 0 1
3 0 0 0

=
[ 5 6 7
4 0 0 0
6 0 1 0
]
M
P (18,7)
2→3 · g2 =
[ 6
4 0
6 1
]
·
[ 5 6 7
6 0 1 0
]
=
[ 5 6 7
4 0 0 0
6 0 1 0
]
g3 ·MP (18,3)2→3 −MP (18,7)2→3 · g2 =
[ 5 6 7
4 0 0 0
6 0 1 0
]
−
[ 5 6 7
4 0 0 0
6 0 1 0
]
=
[18
10 0
]
3. g3 ·MP (18,3)4→3 −MP (18,7)4→3 · g4 = 0
g3 ·MP (18,3)4→3 =
[ 8 10 10
10 0 1 0
]
·

6 2 2 2 2 2 2
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

2 6 2 2 2 2 2 2 2 2 2 2
2 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0
 ·

6 2 2 2 2 2 2
2 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

6 2 2 2 2 2 2
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
 =

6 2 2 2 6
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0

M
P (18,7)
4→3 · g4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 6 6 6
6 0 1 0
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

6 2 2 2 6
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
 =

6 2 2 2 6
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0

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g3 ·MP (18,3)4→3 −MP (18,7)4→3 · g4 =

6 2 2 2 6
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
−

6 2 2 2 6
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
 =
[18
10 0
]
4. g4 ·MP (18,3)5→4 −MP (18,7)5→4 · g5 = 0
g4 ·MP (18,3)5→4 =
[ 6 6 6
6 0 1 0
]
·

3 3 3
3 0 0 0
3 1 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1

=
[ 3 3 3 3 3 3
3 0 0 1 0 0 0
3 0 0 0 1 0 0
]
·

3 3 3
3 0 0 0
3 1 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1

=
[ 3 3 3
3 0 1 0
3 0 1 0
]
M
P (18,7)
5→4 · g5 =
[ 3
3 1
3 1
]
·
[ 3 3 3
3 0 1 0
]
=
[ 3 3 3
3 0 1 0
3 0 1 0
]
g4 ·MP (18,3)5→4 −MP (18,7)5→4 · g5 =
[ 3 3 3
3 0 1 0
3 0 1 0
]
−
[ 3 3 3
3 0 1 0
3 0 1 0
]
=
[ 9
6 0
]
5. g3 ·MP (18,3)6→3 −MP (18,7)6→3 · g6 = 0
g3 ·MP (18,3)6→3 =
[ 8 10 10
10 0 1 0
]
·

2 1 2 7 6
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
7 0 0 0 0 0
6 0 0 0 0 1

=
[ 2 1 2 1 2 7 3 4 6
7 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
]
·

2 1 2 7 6
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
4 0 0 0 0 0
6 0 0 0 0 1

=
[ 2 1 2 7 6
7 0 0 0 1 0
3 0 0 0 0 0
]
=
[ 5 7 6
7 0 1 0
3 0 0 0
]
M
P (18,7)
6→3 · g6 =
[ 7
7 1
3 0
]
·
[ 5 7 6
7 0 1 0
]
=
[ 5 7 6
7 0 1 0
3 0 0 0
]
g3 ·MP (18,3)6→3 −MP (18,7)6→3 · g6 =
[ 5 7 6
7 0 1 0
3 0 0 0
]
−
[ 5 7 6
7 0 1 0
3 0 0 0
]
=
[18
10 0
]
6. g6 ·MP (18,3)7→6 −MP (18,7)7→6 · g7 = 0
g6 ·MP (18,3)7→6 =
[ 5 7 6
7 0 1 0
]
·

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
6 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 1 1 1 1 4 3 3 2 1
4 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 1 0 0 0
]
·

1 1 4 2 1
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 0 0 1
1 0 1 0 0 0
1 0 0 0 0 0
4 0 0 1 0 0
3 0 0 0 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 1 4 2 1
4 0 0 1 0 0
3 0 0 0 0 0
]
=
[ 2 4 3
4 0 1 0
3 0 0 0
]
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M
P (18,7)
7→6 · g7 =
[ 4
4 1
3 0
]
·
[ 2 4 3
4 0 1 0
]
=
[ 2 4 3
4 0 1 0
3 0 0 0
]
g6 ·MP (18,3)7→6 −MP (18,7)7→6 · g7 =
[ 2 4 3
4 0 1 0
3 0 0 0
]
−
[ 2 4 3
4 0 1 0
3 0 0 0
]
=
[ 9
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3 4
3 0 1 0
]
·

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
3 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91

=
[ 1 1 3 1 1 2
3 0 0 1 0 0 0
]
·

1 1 1 1 2
1 0 1 0 1 0
1 1 0 1 0 0
3 0 0 0 0 0
1 0 0 91 0 0
1 0 0 0 91 0
2 0 0 0 0 91

=
[ 6
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 6 7
6 0 1 0
]
·

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=
[ 2 1 2 6 2 2 2 1
6 0 0 0 1 0 0 0 0
]
·

2 2 1 2 2 2 1
2 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
2 1′ 91′ 0 0 0 91′ 0
6 0 0 0 0 0 0 0
2 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=
[12
6 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 8 10 10
10 0 1 0
]
·

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

=
[ 1 1 1 1 1 1 1 1 10 1 1 2 1 1 1 1 1 1
10 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
]
·

1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
1 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1
1 1 0 91 0 0 0 0 0 0 0 0 91 0 0 1 1 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

=
[18
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 6 6
6 0 1 0
]
·

2 1 2 1 2 1 2 1
1 0 91 0 0 0 0 0 0
2 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
2 91′ 0 1′ 0 0 0 1′ 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=
[ 1 2 1 2 6 2 1 2 1
6 0 0 0 0 1 0 0 0 0
]
·

2 1 2 1 2 1 2 1
1 0 91 0 0 0 0 0 0
2 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
2 91′ 0 1′ 0 0 0 1′ 0
6 0 0 0 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=
[12
6 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 3 3 3
3 0 1 0
]
·

2 1 2 1
1 0 1 0 0
2 1′ 0 1′ 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91
 =
[ 1 2 3 2 1
3 0 0 1 0 0
]
·

2 1 2 1
1 0 1 0 0
2 1′ 0 1′ 0
3 0 0 0 0
2 0 0 91 0
1 0 0 0 91
 =
[ 6
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 7 6
7 0 1 0
]
·

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=
[ 1 1 1 1 1 7 1 1 1 1 1 1
7 0 0 0 0 0 1 0 0 0 0 0 0
]
·

1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 0 0 0 91 0 0 0 1
1 1 0 0 0 0 91 0 0 0 1 0
1 0 1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 1 0
1 0 0 91 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=
[11
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 4 3
4 0 1 0
]
·

2 1 2
2 1′ 0 1′
4 0 0 0
1 0 91 0
2 0 0 91
 =
[ 2 4 1 2
4 0 1 0 0
]
·

2 1 2
2 1′ 0 1′
4 0 0 0
1 0 91 0
2 0 0 91
 =
[ 5
4 0
]
130.5 Tree module property of P (6n, 3) 
The matrices of the representation have full (column) rank P
1. MP (6n,3)1→2 =

n−1 1 2n
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

∈M6n,3n(k) is already in column echelon form and has maximal column rank.
2. MP (6n,3)2→3 =

2n−1 4n+1
2n−1 1 0
2n+1 0 0
4n+1 0 1
n 0 0
 ∈M9n+1,6n(k) is already in column echelon form and has maximal column rank.
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3. MP (6n,3)4→3 =

4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ∈M9n+1,6n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n,3)
4→3 =

2n n−1 2 n−1 n−1 2 n−1
n−1 0 0 0 0 0 0 0
2n 1 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
n−1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
n−1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1

4. MP (6n,3)5→4 =

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

∈M6n,3n(k) is already in column echelon form and has maximal column rank.
5. MP (6n,3)6→3 =

2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
+

2n−1 4n+1
n 0 0
2n−1 1 0
6n+2 0 0
 ∈M9n+1,6n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n,3)
6→3 =

n−1 1 n−1 2n+1 2n
n−1 1 0 0 0 0
1 0 1 0 0 0
n−1 1 0 1 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
2n+1 0 0 0 1 0
2n+1 0 0 0 0 0
2n 0 0 0 0 1

6. MP (6n,3)7→6 =

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

∈M6n,3n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n,3)
7→6 =

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

c3↔c5−−−−→

1 n−2 1 n−1 n+1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 1 0 0
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 0 0 1
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 1 0 0

c4↔c5−−−−→

1 n−2 1 n+1 n−1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 1 0 0
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 0 1 0
2n 0 0 0 0 0
n−1 0 0 0 0 1
1 0 0 1 0 0

130.5.1 0→ P (6n− 1, 2) i→ P (6n, 3) p→ P (6n, 1)→ 0 
PdimP (6n− 1, 2) + dimP (6n, 1) = (2n− 1, 4n− 1, 6n, 4n, 2n, 4n, 2n) + (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n)
= (3n, 6n, 9n+ 1, 6n, 3n, 6n, 3n) = dimP (6n, 3)
P
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dimk Ext
1
kQ(P (6n, 1), P (6n− 1, 2)) = dimk HomkQ(P (6n, 1), P (6n− 1, 2))− 〈dimP (6n, 1),dimP (6n− 1, 2)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n), (2n− 1, 4n− 1, 6n, 4n, 2n, 4n, 2n)〉
= (n+ 1) · (4n− 1) + (2n+ 1) · 6n+ 2n · 6n+ n · 4n+ 2n · 6n+ n · 4n
− ((n+ 1) · (2n− 1) + (2n+ 1) · (4n− 1) + (3n+ 1) · 6n+ 2n · 4n+ n · 2n+ 2n · 4n+ n · 2n)
= 4n2 + 3n− 1 + 12n2 + 6n+ 12n2 + 4n2 + 12n2 + 4n2 − (2n2 + n− 1 + 8n2 + 2n− 1 + 18n2 + 6n+ 8n2 + 2n2 + 8n2 + 2n2)
= 1
Representation of P (6n− 1, 2) = P (6n+ 5, 2)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 2) = (2n− 1, 4n− 1, 6n, 4n, 2n, 4n, 2n)
Matrices of the representation:
1. MP (6n−1,2)1→2 =

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
 ∈M4n−1,2n−1(k)
2. MP (6n−1,2)2→3 =

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
 ∈M6n,4n−1(k)
3. MP (6n−1,2)4→3 =

4n
n−1 0
4n 1
n+1 0
+ [
2n 2n
4n 0 0
2n 0 1
]
∈M6n,4n(k)
4. MP (6n−1,2)5→4 =

n n
n 0 0
n 1 0
n 0 1
n 0 1
 ∈M4n,2n(k)
5. MP (6n−1,2)6→3 =

2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n−1 2n+1
n 0 0
2n−1 1 0
3n+1 0 0
 ∈M6n,4n(k)
6. MP (6n−1,2)7→6 =

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
n 0 0
 ∈M4n,2n(k)
Matrices of the embedding i : P (6n− 1, 2)→ P (6n, 3) P
1. i1 =
[2n−1
2n−1 1
n+1 0
]
∈M3n,2n−1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n−1
4n−1 1
2n+1 0
]
∈M6n,4n−1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n
6n 1
3n+1 0
]
∈M9n+1,6n(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n
4n 1
2n 0
]
∈M6n,4n(k) is already in column echelon form and has maximal column rank.
5. i5 =
[2n
2n 1
n 0
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[4n
4n 1
2n 0
]
∈M6n,4n(k) is already in column echelon form and has maximal column rank.
7. i7 =
[2n
2n 1
n 0
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection p : P (6n, 3)→ P (6n, 1) P
1. p1 =
[2n−1 n+1
n+1 0 1
]
∈Mn+1,3n(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n−1 2n+1
2n+1 0 1
]
∈M2n+1,6n(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n 3n+1
3n+1 0 1
]
∈M3n+1,9n+1(k) is already in row echelon form and has maximal row rank.
4. p4 =
[4n 2n
2n 0 1
]
∈M2n,6n(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n n
n 0 1
]
∈Mn,3n(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n 2n
2n 0 1
]
∈M2n,6n(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n n
n 0 1
]
∈Mn,3n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n− 1, 2)→ P (6n, 3) P
1. i2 ·MP (6n−1,2)1→2 −MP (6n,3)1→2 · i1 = 0
i2 ·MP (6n−1,2)1→2 =
[4n−1
4n−1 1
2n+1 0
]
·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
 =

n−1 1 2n−1 1 n−1
n−1 1 0 0 0 0
1 0 1 0 0 0
2n−1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
2n+1 0 0 0 0 0

·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
 =

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

M
P (6n,3)
1→2 · i1 =

n−1 1 2n
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

·
[2n−1
2n−1 1
n+1 0
]
=

n−1 1 n−1 n+1
n−1 1 0 0 0
1 0 1 0 0
2n−1 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0

·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
n−1 0 0 1
n+1 0 0 0
 =

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
n+1 0 0 0
n 0 0 0

=

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

i2 ·MP (6n−1,2)1→2 −MP (6n,3)1→2 · i1 =

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

−

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

=
[2n−1
6n 0
]
2. i3 ·MP (6n−1,2)2→3 −MP (6n,3)2→3 · i2 = 0
i3 ·MP (6n−1,2)2→3 =
[6n
6n 1
3n+1 0
]
·

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
 =

2n−1 2n+1 2n
2n−1 1 0 0
2n+1 0 1 0
2n 0 0 1
3n+1 0 0 0
 ·

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
 =

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
3n+1 0 0

M
P (6n,3)
2→3 · i2 =

2n−1 4n+1
2n−1 1 0
2n+1 0 0
4n+1 0 1
n 0 0
 ·
[4n−1
4n−1 1
2n+1 0
]
=

2n−1 2n 2n+1
2n−1 1 0 0
2n+1 0 0 0
2n 0 1 0
2n+1 0 0 1
n 0 0 0
 ·

2n−1 2n
2n−1 1 0
2n 0 1
2n+1 0 0
 =

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
2n+1 0 0
n 0 0
 =

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
3n+1 0 0

i3 ·MP (6n−1,2)2→3 −MP (6n,3)2→3 · i2 =

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
3n+1 0 0
−

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
3n+1 0 0
 =
[4n−1
9n+1 0
]
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3. i3 ·MP (6n−1,2)4→3 −MP (6n,3)4→3 · i4 = 0
i3 ·MP (6n−1,2)4→3 =
[6n
6n 1
3n+1 0
]
·


4n
n−1 0
4n 1
n+1 0
+ [
2n 2n
4n 0 0
2n 0 1
]

=

n−1 4n n+1
n−1 1 0 0
4n 0 1 0
n+1 0 0 1
3n+1 0 0 0
 ·

4n
n−1 0
4n 1
n+1 0
+

4n 2n
4n 1 0
2n 0 1
3n+1 0 0
 · [
2n 2n
4n 0 0
2n 0 1
]
=

4n
n−1 0
4n 1
n+1 0
3n+1 0
+

2n 2n
4n 0 0
2n 0 1
3n+1 0 0
 =

2n n+1 n−1
n−1 0 0 0
2n 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
3n+1 0 0 0

+

2n n−1 n+1
n−1 0 0 0
2n 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
3n+1 0 0 0

=

2n n−1 2 n−1
n−1 0 0 0 0
2n 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

M
P (6n,3)
4→3 · i4 =


4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


·
[4n
4n 1
2n 0
]
=

4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
 ·
[4n
4n 1
2n 0
]
+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ·

2n 2n
2n 1 0
2n 0 1
2n 0 0

=

4n
n−1 0
4n 1
n+1 0
2n 0
n+1 0
+

2n 2n
4n 0 0
2n 0 1
n+1 0 0
2n 0 0
 =

2n n+1 n−1
n−1 0 0 0
2n 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
n+1 0 0 0
n−1 0 0 0
n+1 0 0 0

+

2n n−1 n+1
n−1 0 0 0
2n 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
n+1 0 0 0
n−1 0 0 0
n+1 0 0 0

=

2n n−1 2 n−1
n−1 0 0 0 0
2n 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

i3 ·MP (6n−1,2)4→3 −MP (6n,3)4→3 · i4 =

2n n−1 2 n−1
n−1 0 0 0 0
2n 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

−

2n n−1 2 n−1
n−1 0 0 0 0
2n 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

=
[4n
9n+1 0
]
4. i4 ·MP (6n−1,2)5→4 −MP (6n,3)5→4 · i5 = 0
i4 ·MP (6n−1,2)5→4 =
[4n
4n 1
2n 0
]
·

n n
n 0 0
n 1 0
n 0 1
n 0 1
 =

n n n n
n 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n 0 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
n 0 1
 =

n n
n 0 0
n 1 0
n 0 1
n 0 1
2n 0 0

M
P (6n,3)
5→4 · i5 =

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

·
[2n
2n 1
n 0
]
=

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

·

n n
n 1 0
n 0 1
n 0 0
 =

n n
n 0 0
n 1 0
n 0 1
n 0 1
n 0 0
n 0 0

=

n n
n 0 0
n 1 0
n 0 1
n 0 1
2n 0 0

i4 ·MP (6n−1,2)5→4 −MP (6n,3)5→4 · i5 =

n n
n 0 0
n 1 0
n 0 1
n 0 1
2n 0 0
−

n n
n 0 0
n 1 0
n 0 1
n 0 1
2n 0 0
 =
[2n
6n 0
]
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5. i3 ·MP (6n−1,2)6→3 −MP (6n,3)6→3 · i6 = 0
i3 ·MP (6n−1,2)6→3 =
[6n
6n 1
3n+1 0
]
·


2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n−1 2n+1
n 0 0
2n−1 1 0
3n+1 0 0


=

2n−1 n 2n+1 n
2n−1 1 0 0 0
n 0 1 0 0
2n+1 0 0 1 0
n 0 0 0 1
3n+1 0 0 0 0
 ·

2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
n 0 0
+

n 2n−1 3n+1
n 1 0 0
2n−1 0 1 0
3n+1 0 0 1
3n+1 0 0 0
 ·

2n−1 2n+1
n 0 0
2n−1 1 0
3n+1 0 0

=

2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
n 0 0
3n+1 0 0
+

2n−1 2n+1
n 0 0
2n−1 1 0
3n+1 0 0
3n+1 0 0
 =

n n−1 2n+1
n 1 0 0
n−1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0
3n+1 0 0 0

+

n−1 n 2n+1
n 0 0 0
n−1 1 0 0
n 0 1 0
2n+1 0 0 0
n 0 0 0
3n+1 0 0 0

=

n−1 1 n−1 2n+1
n−1 1 0 0 0
1 0 1 0 0
n−1 1 0 1 0
1 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+1 0 0 0 0

M
P (6n,3)
6→3 · i6 =


2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
+

2n−1 4n+1
n 0 0
2n−1 1 0
6n+2 0 0


·
[4n
4n 1
2n 0
]
=

2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
 ·

2n−1 2n+1
2n−1 1 0
2n+1 0 1
2n 0 0
+

2n−1 2n+1 2n
n 0 0 0
2n−1 1 0 0
6n+2 0 0 0
 ·

2n−1 2n+1
2n−1 1 0
2n+1 0 1
2n 0 0

=

2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
2n+1 0 0
2n 0 0
+

2n−1 2n+1
n 0 0
2n−1 1 0
6n+2 0 0
 =

n n−1 2n+1
n 1 0 0
n−1 0 1 0
n 0 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 0 0

+

n−1 n 2n+1
n 0 0 0
n−1 1 0 0
n 0 1 0
2n+1 0 0 0
2n+1 0 0 0
2n 0 0 0

=

n−1 1 n−1 2n+1
n−1 1 0 0 0
1 0 1 0 0
n−1 1 0 1 0
1 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+1 0 0 0 0

i3 ·MP (6n−1,2)6→3 −MP (6n,3)6→3 · i6 =

n−1 1 n−1 2n+1
n−1 1 0 0 0
1 0 1 0 0
n−1 1 0 1 0
1 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+1 0 0 0 0

−

n−1 1 n−1 2n+1
n−1 1 0 0 0
1 0 1 0 0
n−1 1 0 1 0
1 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+1 0 0 0 0

=
[4n
9n+1 0
]
6. i6 ·MP (6n−1,2)7→6 −MP (6n,3)7→6 · i7 = 0
i6 ·MP (6n−1,2)7→6 =
[4n
4n 1
2n 0
]
·

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
n 0 0
 =

n−1 n−1 1 n+1 n
n−1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1
2n 0 0 0 0 0

·

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
n 0 0
 =

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
n 0 0
2n 0 0

=

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
3n 0 0

M
P (6n,3)
7→6 · i7 =

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

·
[2n
2n 1
n 0
]
=

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

·

1 n−2 n+1
1 1 0 0
n−2 0 1 0
n+1 0 0 1
n−1 0 0 0
1 0 0 0
 =

1 n−2 n+1
1 1 0 0
n−2 0 1 0
1 1 0 0
n−2 0 1 0
1 0 0 0
n+1 0 0 1
2n 0 0 0
n−1 0 0 0
1 0 0 0

=

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
3n 0 0

i6 ·MP (6n−1,2)7→6 −MP (6n,3)7→6 · i7 =

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
3n 0 0
−

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
3n 0 0
 =
[2n
6n 0
]
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Relations of the projection p : P (6n, 3)→ P (6n, 1) P
1. p2 ·MP (6n,3)1→2 −MP (6n,1)1→2 · p1 = 0
p2 ·MP (6n,3)1→2 =
[4n−1 2n+1
2n+1 0 1
]
·

n−1 1 2n
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

=
[n−1 1 2n−1 1 n−1 n+1 n
n+1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
]
·

n−1 1 n−1 n+1
n−1 1 0 0 0
1 0 1 0 0
2n−1 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0

=
[n−1 1 n−1 n+1
n+1 0 0 0 1
n 0 0 0 0
]
=
[2n−1 n+1
n+1 0 1
n 0 0
]
M
P (6n,1)
1→2 · p1 =
[n+1
n+1 1
n 0
]
·
[2n−1 n+1
n+1 0 1
]
=
[2n−1 n+1
n+1 0 1
n 0 0
]
p2 ·MP (6n,3)1→2 −MP (6n,1)1→2 · p1 =
[2n−1 n+1
n+1 0 1
n 0 0
]
−
[2n−1 n+1
n+1 0 1
n 0 0
]
=
[3n
2n+1 0
]
2. p3 ·MP (6n,3)2→3 −MP (6n,1)2→3 · p2 = 0
p3 ·MP (6n,3)2→3 =
[6n 3n+1
3n+1 0 1
]
·

2n−1 4n+1
2n−1 1 0
2n+1 0 0
4n+1 0 1
n 0 0
 =
[2n−1 2n+1 2n 2n+1 n
2n+1 0 0 0 1 0
n 0 0 0 0 1
]
·

2n−1 2n 2n+1
2n−1 1 0 0
2n+1 0 0 0
2n 0 1 0
2n+1 0 0 1
n 0 0 0
 =
[2n−1 2n 2n+1
2n+1 0 0 1
n 0 0 0
]
=
[4n−1 2n+1
2n+1 0 1
n 0 0
]
M
P (6n,1)
2→3 · p2 =
[2n+1
2n+1 1
n 0
]
·
[4n−1 2n+1
2n+1 0 1
]
=
[4n−1 2n+1
2n+1 0 1
n 0 0
]
p3 ·MP (6n,3)2→3 −MP (6n,1)2→3 · p2 =
[4n−1 2n+1
2n+1 0 1
n 0 0
]
−
[4n−1 2n+1
2n+1 0 1
n 0 0
]
=
[6n
3n+1 0
]
3. p3 ·MP (6n,3)4→3 −MP (6n,1)4→3 · p4 = 0
p3 ·MP (6n,3)4→3 =
[6n 3n+1
3n+1 0 1
]
·


4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


=
[n−1 4n n+1 2n n+1
2n 0 0 0 1 0
n+1 0 0 0 0 1
]
·

4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
+
[4n 2n n+1 2n
n+1 0 0 1 0
2n 0 0 0 1
]
·

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1

=
[4n 2n
2n 0 1
n+1 0 0
]
+
[2n 2n 2n
n+1 0 0 0
2n 0 0 1
]
=

2n 2n n+1 n−1
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
+

2n 2n n−1 n+1
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
 =

4n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

M
P (6n,1)
4→3 · p4 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[4n 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[4n 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[4n 2n
2n 0 1
]
=
[4n 2n
2n 0 1
n+1 0 0
]
+
[4n 2n
n+1 0 0
2n 0 1
]
=

4n n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

4n n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

4n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

p3 ·MP (6n,3)4→3 −MP (6n,1)4→3 · p4 =

4n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

4n n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[6n
3n+1 0
]
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4. p4 ·MP (6n,3)5→4 −MP (6n,1)5→4 · p5 = 0
p4 ·MP (6n,3)5→4 =
[4n 2n
2n 0 1
]
·

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

=
[ n n n n n n
n 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

=
[ n n n
n 0 0 1
n 0 0 1
]
=
[2n n
n 0 1
n 0 1
]
M
P (6n,1)
5→4 · p5 =
[ n
n 1
n 1
]
·
[2n n
n 0 1
]
=
[2n n
n 0 1
n 0 1
]
p4 ·MP (6n,3)5→4 −MP (6n,1)5→4 · p5 =
[2n n
n 0 1
n 0 1
]
−
[2n n
n 0 1
n 0 1
]
=
[3n
2n 0
]
5. p3 ·MP (6n,3)6→3 −MP (6n,1)6→3 · p6 = 0
p3 ·MP (6n,3)6→3 =
[6n 3n+1
3n+1 0 1
]
·


2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
+

2n−1 4n+1
n 0 0
2n−1 1 0
6n+2 0 0


=
[2n−1 n 2n+1 n n+1 2n
n+1 0 0 0 0 1 0
2n 0 0 0 0 0 1
]
·

2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
n+1 0 0 0
2n 0 0 1

+
[ n 2n−1 3n+1 3n+1
3n+1 0 0 0 1
]
·

2n−1 4n+1
n 0 0
2n−1 1 0
3n+1 0 0
3n+1 0 0

=
[2n−1 2n+1 2n
n+1 0 0 0
2n 0 0 1
]
+
[2n−1 4n+1
3n+1 0 0
]
=
[2n−1 2n+1 2n
n+1 0 0 0
2n 0 0 1
]
+
[2n−1 2n+1 2n
n+1 0 0 0
2n 0 0 0
]
=
[4n 2n
n+1 0 0
2n 0 1
]
M
P (6n,1)
6→3 · p6 =
[2n
n+1 0
2n 1
]
·
[4n 2n
2n 0 1
]
=
[4n 2n
n+1 0 0
2n 0 1
]
p3 ·MP (6n,3)6→3 −MP (6n,1)6→3 · p6 =
[4n 2n
n+1 0 0
2n 0 1
]
−
[4n 2n
n+1 0 0
2n 0 1
]
=
[6n
3n+1 0
]
6. p6 ·MP (6n,3)7→6 −MP (6n,1)7→6 · p7 = 0
p6 ·MP (6n,3)7→6 =
[4n 2n
2n 0 1
]
·

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

=

1 n−2 1 n−2 1 n+1 n n n−1 1
n 0 0 0 0 0 0 0 1 0 0
n−1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
 ·

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

=

1 n−2 n+1 n−1 1
n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1
 = [
2n n
n 0 0
n 0 1
]
M
P (6n,1)
7→6 · p7 =
[ n
n 0
n 1
]
·
[2n n
n 0 1
]
=
[2n n
n 0 0
n 0 1
]
p6 ·MP (6n,3)7→6 −MP (6n,1)7→6 · p7 =
[2n n
n 0 0
n 0 1
]
−
[2n n
n 0 0
n 0 1
]
=
[3n
2n 0
]
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The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n−1 n+1
n+1 0 1
]
·
[2n−1
2n−1 1
n+1 0
]
=
[2n−1
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n−1 2n+1
2n+1 0 1
]
·
[4n−1
4n−1 1
2n+1 0
]
=
[4n−1
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[6n 3n+1
3n+1 0 1
]
·
[6n
6n 1
3n+1 0
]
=
[6n
3n+1 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n 2n
2n 0 1
]
·
[4n
4n 1
2n 0
]
=
[4n
2n 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n n
n 0 1
]
·
[2n
2n 1
n 0
]
=
[2n
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[4n 2n
2n 0 1
]
·
[4n
4n 1
2n 0
]
=
[4n
2n 0
]
7. p7 · i7 = 0
p7 · i7 =
[2n n
n 0 1
]
·
[2n
2n 1
n 0
]
=
[2n
n 0
]
130.5.2 0→ P (6n− 1, 6) f→ P (6n, 3) g→ P (6n, 7)→ 0 
PdimP (6n− 1, 6) + dimP (6n, 7) = (2n, 4n, 6n, 4n, 2n, 4n− 1, 2n− 1) + (n, 2n, 3n+ 1, 2n, n, 2n+ 1, n+ 1)
= (3n, 6n, 9n+ 1, 6n, 3n, 6n, 3n) = dimP (6n, 3)
Pdimk Ext
1
kQ(P (6n, 7), P (6n− 1, 6)) = dimk HomkQ(P (6n, 7), P (6n− 1, 6))− 〈dimP (6n, 7),dimP (6n− 1, 6)〉
= 0− 〈(n, 2n, 3n+ 1, 2n, n, 2n+ 1, n+ 1), (2n, 4n, 6n, 4n, 2n, 4n− 1, 2n− 1)〉
= n · 4n+ 2n · 6n+ 2n · 6n+ n · 4n+ (2n+ 1) · 6n+ (n+ 1) · (4n− 1)
− (n · 2n+ 2n · 4n+ (3n+ 1) · 6n+ 2n · 4n+ n · 2n+ (2n+ 1) · (4n− 1) + (n+ 1) · (2n− 1))
= 4n2 + 12n2 + 12n2 + 4n2 + 12n2 + 6n+ 4n2 + 3n− 1− (2n2 + 8n2 + 18n2 + 6n+ 8n2 + 2n2 + 8n2 + 2n− 1 + 2n2 + n− 1)
= 1
Representation of P (6n− 1, 6) = P (6n+ 5, 6)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 6) = (2n, 4n, 6n, 4n, 2n, 4n− 1, 2n− 1)
Matrices of the representation:
1. MP (6n−1,6)1→2 =

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
n 0 0
 ∈M4n,2n(k)
2. MP (6n−1,6)2→3 =

2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n−1 2n+1
n 0 0
2n−1 1 0
3n+1 0 0
 ∈M6n,4n(k)
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3. MP (6n−1,6)4→3 =

4n
n−1 0
4n 1
n+1 0
+ [
2n 2n
4n 0 0
2n 0 1
]
∈M6n,4n(k)
4. MP (6n−1,6)5→4 =

n n
n 0 0
n 1 0
n 0 1
n 0 1
 ∈M4n,2n(k)
5. MP (6n−1,6)6→3 =

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1
 ∈M6n,4n−1(k)
6. MP (6n−1,6)7→6 =

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1
 ∈M4n−1,2n−1(k)
Matrices of the embedding f : P (6n− 1, 6)→ P (6n, 3) P
1. f1 =
[n−1 n−1 2
n−1 1′ 1′ 0
2n+1 0 0 0
]
+
[n−1 n+1
2n−1 0 0
n+1 0 91
]
∈M3n,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

n−1 n−1 2
n−1 1′ 1′ 0
n 0 0 0
n−1 0 91 0
2 0 0 91
 c2←c2−c1−−−−−−→

n−1 n−1 2
n−1 1′ 0 0
n 0 0 0
n−1 0 91 0
2 0 0 91
 =

n−1 n+1
n−1 1′ 0
n 0 0
n+1 0 91

2. f2 =

n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0
+

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
2n 0 0 0
2n+1 0 0 91
 ∈M6n,4n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n−1 n−1 1 n−1 2 n−1 1
n−1 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
n−1 1′ 91′ 0 0 0 91′ 0
2n 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

c4←c4−c1
c6←c6+c1−−−−−−→

n−1 n−1 1 n−1 2 n−1 1
n−1 1′ 0 0 0 0 0 0
1 0 0 91 0 0 0 0
n−1 1′ 91′ 0 91′ 0 0 0
2n 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

=

n−1 n−1 1 n−1 n+2
n−1 1′ 0 0 0 0
1 0 0 91 0 0
n−1 1′ 91′ 0 91′ 0
2n 0 0 0 0 0
n−1 0 0 0 91 0
n+2 0 0 0 0 91

c2↔c3−−−−→

n−1 1 n−1 n−1 n+2
n−1 1′ 0 0 0 0
1 0 91 0 0 0
n−1 1′ 0 91′ 91′ 0
2n 0 0 0 0 0
n−1 0 0 0 91 0
n+2 0 0 0 0 91

c4←c4−c3−−−−−−→

n−1 1 n−1 n−1 n+2
n−1 1′ 0 0 0 0
1 0 91 0 0 0
n−1 1′ 0 91′ 0 0
2n 0 0 0 0 0
n−1 0 0 0 91 0
n+2 0 0 0 0 91

=

n−1 1 n−1 2n+1
n−1 1′ 0 0 0
1 0 91 0 0
n−1 1′ 0 91′ 0
2n 0 0 0 0
2n+1 0 0 0 91

3. f3 =

n−1 n n 3n+1
n−1 0 0 0 0
n 0 91′ 0 0
n 0 91′ 1′ 0
3n+1 0 0 0 0
3n+1 0 0 0 91
 +

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
 +

n−1 5n+1
n−1 0 0
n−1 1′ 0
7n+3 0 0
 +

5n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
6n+2 0 0 0
 ∈ M9n+1,6n(k) can be brought to column echelon
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form (as shown below) and has maximal column rank.
f3 =

n−2 1 1 n−2 1 1 n−2 1 n−2 1 2 n−2 1 1 1 n−2 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
n−2 1′ 0 0 0 0 0 0 0 1′ 0 0 91′ 0 0 0 1′ 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 1′ 0 0 0 0 0 0 0 0 1′ 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

+

n−1 3n+1 n−1 2 n−1
n 0 0 0 0 0
n−1 1′ 0 91′ 0 1′
7n+2 0 0 0 0 0

=

n−2 1 1 n−2 1 1 n−2 1 n−2 1 2 n−2 1 1 1 n−2 1
1 0 1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 1
n−2 1′ 0 0 0 0 0 0 0 1′ 0 0 91′ 0 0 0 1′ 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 1′ 0 0 0 0 0 0 0 0 1′ 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 1 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91

+

n−2 1 1 n−2 1 1 n−2 1 n−2 1 2 n−2 1 1 1 n−2 1
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
n−2 1′ 0 0 0 0 0 0 0 0 0 0 91′ 0 0 0 1′ 0
7n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
 C1↔C2−−−−−−−−−−−−−−−→C1 = columns: 1 ... 3n−1C2 = columns: 3n ... 6n

n−2 1 2 n−2 1 1 1 n−2 1 n−2 1 1 n−2 1 1 n−2 1
1 0 1 0 0 91 0 0 0 1 0 1 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0 1′ 0 0 91′ 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
n−2 0 0 0 0 0 0 0 1′ 0 1′ 0 0 91′ 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 1 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0

+

n−2 1 2 n−2 1 1 1 n−2 1 n−2 1 1 n−2 1 1 n−2 1
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 1 0 0 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0 1′ 0 0 0 0 0 0 0
7n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
 R1↔R2−−−−−−−−−−−−−−−−→R1 = rows: 1 ... 6nR2 = rows: 6n+1 ... 9n+1
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
n−2 1 2 n−2 1 1 1 n−2 1 n−2 1 1 n−2 1 1 n−2 1
n−2 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 1 0 1 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0 1′ 0 0 91′ 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
n−2 0 0 0 0 0 0 0 1′ 0 1′ 0 0 91′ 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 1 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n−2 1 2 n−2 1 1 1 n−2 1 n−2 1 1 n−2 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 1 0 0 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0 1′ 0 0 0 0 0 0 0
4n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

n−2 1 2 n−2 1 1 1 n−2 1 n−2 1 1 n−2 1 1 n−2 1
n−2 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 1 0 1 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0 1′ 0 0 91′ 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1
n−2 0 0 0 0 0 0 0 1′ 0 1′ 0 0 91′ 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 1 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n−2 1 2 n−2 1 1 1 n−2 1 n−2 1 1 n−2 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 1 0 0 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0 1′ 0 0 0 0 0 0 0
4n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

c10↔c11−−−−−→

n−2 1 2 n−2 1 1 1 n−2 1 1 n−2 1 n−2 1 1 n−2 1
n−2 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 1 1 0 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0 0 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0 0 1′ 0 91′ 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 1
n−2 0 0 0 0 0 0 0 1′ 0 0 1′ 0 91′ 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 1 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

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+
n−2 1 2 n−2 1 1 1 n−2 1 1 n−2 1 n−2 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 1 0 0 0 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0 0 1′ 0 0 0 0 0 0
4n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

c12↔c14−−−−−→

n−2 1 2 n−2 1 1 1 n−2 1 1 n−2 1 n−2 1 1 n−2 1
n−2 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 1 1 0 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0 0 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0 0 1′ 0 91′ 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 1
n−2 0 0 0 0 0 0 0 1′ 0 0 1′ 0 91′ 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 91 1 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n−2 1 2 n−2 1 1 1 n−2 1 1 n−2 1 n−2 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 1 0 0 0 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0 0 1′ 0 0 0 0 0 0
4n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

c15↔c17−−−−−→

n−2 1 2 n−2 1 1 1 n−2 1 1 n−2 1 n−2 1 1 n−2 1
n−2 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 1 1 0 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0 0 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0 0 1′ 0 91′ 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 91 0 0 1 0 0
n−2 0 0 0 0 0 0 0 1′ 0 0 1′ 0 91′ 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 1
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n−2 1 2 n−2 1 1 1 n−2 1 1 n−2 1 n−2 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 1 0 0 0 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0 0 1′ 0 0 0 0 0 0
4n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4. f4 =
[2n 2n
4n 0 0
2n 0 91
]
+

n n 2n
n 91′ 0 0
n 91′ 1′ 0
4n 0 0 0
+

2n n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
4n 0 0 0 0 0
 ∈ M6n,4n(k) can be brought to column echelon form (as shown below) and has maximal column
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rank.
f4 =

n−1 1 n−1 1 n−1 1 n−1 1
1 0 91 0 0 0 0 0 0
n−1 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
n−1 91′ 0 1′ 0 0 0 1′ 0
2n 0 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

c1↔c2−−−−→

1 n−1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0 0
n−1 0 91′ 0 0 91′ 0 1′ 0
1 91 0 0 1 0 0 0 0
n−1 0 91′ 1′ 0 0 0 1′ 0
2n 0 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

c5←c5−c2
c7←c7+c2−−−−−−→

1 n−1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0
1 91 0 0 1 0 0 0 0
n−1 0 91′ 1′ 0 1′ 0 0 0
2n 0 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

=

1 n−1 n−1 1 n−1 n+1
1 91 0 0 0 0 0
n−1 0 91′ 0 0 0 0
1 91 0 0 1 0 0
n−1 0 91′ 1′ 0 1′ 0
2n 0 0 0 0 0 0
n−1 0 0 0 0 91 0
n+1 0 0 0 0 0 91

c3↔c4−−−−→

1 n−1 1 n−1 n−1 n+1
1 91 0 0 0 0 0
n−1 0 91′ 0 0 0 0
1 91 0 1 0 0 0
n−1 0 91′ 0 1′ 1′ 0
2n 0 0 0 0 0 0
n−1 0 0 0 0 91 0
n+1 0 0 0 0 0 91

c5←c5−c4−−−−−−→

1 n−1 1 n−1 n−1 n+1
1 91 0 0 0 0 0
n−1 0 91′ 0 0 0 0
1 91 0 1 0 0 0
n−1 0 91′ 0 1′ 0 0
2n 0 0 0 0 0 0
n−1 0 0 0 0 91 0
n+1 0 0 0 0 0 91

=

1 n−1 1 n−1 2n
1 91 0 0 0 0
n−1 0 91′ 0 0 0
1 91 0 1 0 0
n−1 0 91′ 0 1′ 0
2n 0 0 0 0 0
2n 0 0 0 0 91

5. f5 =
[ n n
2n 0 0
n 0 91
]
+

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 1′ 0
2n 0 0 0 0
 ∈M3n,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 1′ 0
n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91

c1↔c2−−−−→

1 n−1 n−1 1
1 1 0 0 0
n−1 0 1′ 1′ 0
n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91

c3←c3−c2−−−−−−→

1 n−1 n−1 1
1 1 0 0 0
n−1 0 1′ 0 0
n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
 =

1 n−1 n
1 1 0 0
n−1 0 1′ 0
n 0 0 0
n 0 0 91

6. f6 =
[2n−1 2n
4n 0 0
2n 0 91
]
+

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
4n+2 0 0 0
 +

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
4n+1 0 0 0
 + [
n−1 2n−1 n+1
2n−1 0 91′ 0
4n+1 0 0 0
]
∈ M6n,4n−1(k) can be brought to column echelon form (as shown below) and has
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maximal column rank.
f6 =

n−2 1 1 n−2 1 n−2 1 1 1 n−2 1
1 0 1 0 0 0 0 91 0 0 0 1
n−2 1′ 0 0 0 0 91′ 0 0 0 1′ 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 0 1 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c1↔c2−−−−→

1 n−2 1 n−2 1 n−2 1 1 1 n−2 1
1 1 0 0 0 0 0 91 0 0 0 1
n−2 0 1′ 0 0 0 91′ 0 0 0 1′ 0
1 1 0 0 0 91 0 0 0 0 0 0
n−2 0 1′ 0 91′ 0 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 0 1 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c7←c7+c1
c11←c11−c1−−−−−−−−→

1 n−2 1 n−2 1 n−2 1 1 1 n−2 1
1 1 0 0 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 91′ 0 0 0 1′ 0
1 1 0 0 0 91 0 1 0 0 0 91
n−2 0 1′ 0 91′ 0 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 0 1 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c6←c6+c2
c10←c10−c2−−−−−−−−→

1 n−2 1 n−2 1 n−2 1 1 1 n−2 1
1 1 0 0 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0 0 0 0
1 1 0 0 0 91 0 1 0 0 0 91
n−2 0 1′ 0 91′ 0 1′ 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c3↔c5−−−−→

1 n−2 1 n−2 1 n−2 1 1 1 n−2 1
1 1 0 0 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 1 0 0 0 91
n−2 0 1′ 0 91′ 0 1′ 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

c7←c7+c3
c11←c11−c3−−−−−−−−→

1 n−2 1 n−2 1 n−2 1 1 1 n−2 1
1 1 0 0 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0
n−2 0 1′ 0 91′ 0 1′ 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

=

1 n−2 1 n−2 1 n−2 2 1 n−1
1 1 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0
n−2 0 1′ 0 91′ 0 1′ 0 0 0
1 0 0 0 0 91 0 0 1 0
2n+1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 0 0 91

c6←c6+c4−−−−−−→

1 n−2 1 n−2 1 n−2 2 1 n−1
1 1 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0
n−2 0 1′ 0 91′ 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0
2n+1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 0 0 91

=

1 n−2 1 n−2 1 n 1 n−1
1 1 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
n−2 0 1′ 0 91′ 0 0 0 0
1 0 0 0 0 91 0 1 0
2n+1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 0 91

c7←c7+c5−−−−−−→

1 n−2 1 n−2 1 n 1 n−1
1 1 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0
n−2 0 1′ 0 91′ 0 0 0 0
1 0 0 0 0 91 0 0 0
2n+1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 0 91

=

1 n−2 1 n−2 1 2n
1 1 0 0 0 0 0
n−2 0 1′ 0 0 0 0
1 1 0 91 0 0 0
n−2 0 1′ 0 91′ 0 0
1 0 0 0 0 91 0
2n+1 0 0 0 0 0 0
2n 0 0 0 0 0 91

7. f7 =
[n−1 n
2n 0 0
n 0 91
]
+
[n−1 1 n−1
n−1 1′ 0 1′
2n+1 0 0 0
]
∈M3n,2n−1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

n−1 1 n−1
n−1 1′ 0 1′
n+1 0 0 0
1 0 91 0
n−1 0 0 91
 c3←c3−c1−−−−−−→

n−1 1 n−1
n−1 1′ 0 0
n+1 0 0 0
1 0 91 0
n−1 0 0 91
 =

n−1 n
n−1 1′ 0
n+1 0 0
n 0 91

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Matrices of the projection g : P (6n, 3)→ P (6n, 7) P
1. g1 =
[n−1 n n+1
n 0 1 0
]
∈Mn,3n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[2n−1 2n 2n+1
2n 0 1 0
]
∈M2n,6n(k) is already in row echelon form and has maximal row rank.
3. g3 =
[3n−1 3n+1 3n+1
3n+1 0 1 0
]
∈M3n+1,9n+1(k) is already in row echelon form and has maximal row rank.
4. g4 =
[2n 2n 2n
2n 0 1 0
]
∈M2n,6n(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n n n
n 0 1 0
]
∈Mn,3n(k) is already in row echelon form and has maximal row rank.
6. g6 =
[2n−1 2n+1 2n
2n+1 0 1 0
]
∈M2n+1,6n(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n−1 n+1 n
n+1 0 1 0
]
∈Mn+1,3n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6n− 1, 6)→ P (6n, 3) P
1. f2 ·MP (6n−1,6)1→2 −MP (6n,3)1→2 · f1 = 0
f2 ·MP (6n−1,6)1→2 =


n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0
+

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
2n 0 0 0
2n+1 0 0 91


·

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
n 0 0

=

n−1 n−1 1 n−1 2 n−1 1
n−1 1′ 0 0 1′ 0 91′ 0
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 0 91′ 0
4n+1 0 0 0 0 0 0 0
 ·

n−1 n−1 2
n−1 1 0 0
n−1 1 0 0
1 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 0 0
1 0 0 0

+

n−1 n−1 1 n+1 n
n−1 0 0 0 0 0
1 0 0 91 0 0
n−1 0 91′ 0 0 0
2n 0 0 0 0 0
n+1 0 0 0 91 0
n 0 0 0 0 91

·

n−1 n+1
n−1 1 0
n−1 1 0
1 0 0
n+1 0 1
n 0 0

=

n−1 n−1 2
n−1 1′ 1′ 0
1 0 0 0
n−1 1′ 0 0
4n+1 0 0 0
+

n−1 n+1
n−1 0 0
1 0 0
n−1 91′ 0
2n 0 0
n+1 0 91
n 0 0

=

n−1 n−1 2
n−1 1′ 1′ 0
1 0 0 0
n−1 1′ 0 0
2n 0 0 0
n−1 0 0 0
2 0 0 0
n 0 0 0

+

n−1 n−1 2
n−1 0 0 0
1 0 0 0
n−1 91′ 0 0
2n 0 0 0
n−1 0 91 0
2 0 0 91
n 0 0 0

=

n−1 n−1 2
n−1 1′ 1′ 0
3n 0 0 0
n−1 0 91 0
2 0 0 91
n 0 0 0

M
P (6n,3)
1→2 · f1 =

n−1 1 2n
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

·

[n−1 n−1 2
n−1 1′ 1′ 0
2n+1 0 0 0
]
+
[n−1 n+1
2n−1 0 0
n+1 0 91
] =

n−1 1 2n
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

·

n−1 n−1 2
n−1 1′ 1′ 0
1 0 0 0
2n 0 0 0
+

n−1 1 n−1 n+1
n−1 1 0 0 0
1 0 1 0 0
2n−1 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0

·

n−1 n+1
n−1 0 0
1 0 0
n−1 0 0
n+1 0 91

=

n−1 n−1 2
n−1 1′ 1′ 0
1 0 0 0
2n−1 0 0 0
1 0 0 0
2n 0 0 0
n 0 0 0

+

n−1 n+1
n−1 0 0
1 0 0
2n−1 0 0
1 0 0
n−1 0 0
n+1 0 91
n 0 0

=

n−1 n−1 2
n−1 1′ 1′ 0
1 0 0 0
2n−1 0 0 0
1 0 0 0
n−1 0 0 0
n−1 0 0 0
2 0 0 0
n 0 0 0

+

n−1 n−1 2
n−1 0 0 0
1 0 0 0
2n−1 0 0 0
1 0 0 0
n−1 0 0 0
n−1 0 91 0
2 0 0 91
n 0 0 0

=

n−1 n−1 2
n−1 1′ 1′ 0
3n 0 0 0
n−1 0 91 0
2 0 0 91
n 0 0 0

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f2 ·MP (6n−1,6)1→2 −MP (6n,3)1→2 · f1 =

n−1 n−1 2
n−1 1′ 1′ 0
3n 0 0 0
n−1 0 91 0
2 0 0 91
n 0 0 0
−

n−1 n−1 2
n−1 1′ 1′ 0
3n 0 0 0
n−1 0 91 0
2 0 0 91
n 0 0 0
 =
[2n
6n 0
]
2. f3 ·MP (6n−1,6)2→3 −MP (6n,3)2→3 · f2 = 0
f3 ·MP (6n−1,6)2→3 =


n−1 n n 3n+1
n−1 0 0 0 0
n 0 91′ 0 0
n 0 91′ 1′ 0
3n+1 0 0 0 0
3n+1 0 0 0 91
+

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
+

n−1 5n+1
n−1 0 0
n−1 1′ 0
7n+3 0 0
+

5n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
6n+2 0 0 0


·


2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n−1 2n+1
n 0 0
2n−1 1 0
3n+1 0 0


=

n−1 n n 2n+1 n
n−1 0 0 0 0 0
n 0 91′ 0 0 0
n 0 91′ 1′ 0 0
3n+1 0 0 0 0 0
2n+1 0 0 0 91 0
n 0 0 0 0 91

·

n−1 n 2n+1
n−1 1 0 0
n 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0
+

n−1 1 n−1 1 n−1 3n+1
n−1 0 0 0 0 0 0
n−1 0 0 91′ 0 0 0
1 0 91 0 0 0 0
n−1 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0
3n+1 0 0 0 0 0 0
3n+1 0 0 0 0 0 91

·

n−1 1 n−1 2n+1
n−1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
3n+1 0 0 0 0

+

n−1 n n n−1 2 n−1 1 1 n−1
n−1 1′ 0 0 1′ 0 91′ 0 0 1′
1 0 0 0 0 0 0 0 0 0
n−1 1′ 0 0 0 0 91′ 0 0 1′
n−1 1′ 0 0 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0 0 0
 ·

n−1 n n−1 2 n−1 1
n−1 1 0 0 0 0 0
n 0 1 0 0 0 0
n 0 0 0 0 0 0
n−1 0 0 1 0 0 0
2 0 0 0 1 0 0
n−1 0 0 0 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

+

n−1 1 2n−1 n−1 2 n−1 2 n−1
n−1 1′ 0 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0 0
n−1 1′ 0 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0 0
 ·

2n−1 2n+1
n−1 0 0
1 0 0
2n−1 1 0
n−1 0 0
2 0 0
n−1 0 0
2 0 0
n−1 0 0

+

n−1 n n 2n+1 n
n−1 0 0 0 0 0
n−1 1′ 0 0 0 0
7n+3 0 0 0 0 0
 ·

n−1 n 2n+1
n−1 1 0 0
n 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+

n−1 1 2n−1 3n+1
n−1 0 0 0 0
n−1 1′ 0 0 0
7n+3 0 0 0 0
 ·

2n−1 2n+1
n−1 0 0
1 0 0
2n−1 1 0
3n+1 0 0
+

2n−1 n 2n+1 n−1 1
n 0 0 0 0 0
n−1 0 0 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
6n+2 0 0 0 0 0
 ·

2n−1 2n+1
2n−1 1 0
n 0 0
2n+1 0 1
n−1 0 0
1 0 0
+

n 2n−1 2n+1 n−1 1
n 0 0 0 0 0
n−1 0 0 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
6n+2 0 0 0 0 0
 ·

2n−1 2n+1
n 0 0
2n−1 1 0
2n+1 0 0
n−1 0 0
1 0 0

=

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
n 0 91′ 0
3n+1 0 0 0
2n+1 0 0 91
n 0 0 0

+

n−1 1 n−1 2n+1
n−1 0 0 0 0
n−1 91′ 0 0 0
1 0 0 0 0
n−1 91′ 0 1′ 0
1 0 1 0 0
3n+1 0 0 0 0
3n+1 0 0 0 0

+

n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
n−1 1′ 0 0 0 0 0
6n+3 0 0 0 0 0 0

+

2n−1 2n+1
n−1 0 0
1 0 0
n−1 0 0
n−1 0 0
6n+3 0 0
+

n−1 n 2n+1
n−1 0 0 0
n−1 1′ 0 0
7n+3 0 0 0
+

2n−1 2n+1
n−1 0 0
n−1 0 0
7n+3 0 0
+

2n−1 2n+1
n 0 0
n−1 0 0
1 0 0
n−1 0 0
6n+2 0 0
+

2n−1 2n+1
n 0 0
n−1 0 0
1 0 0
n−1 0 0
6n+2 0 0

1347
=
n−1 1 n−1 n−1 2 n−1 1
n−1 0 0 0 0 0 0 0
n−1 0 0 91′ 0 0 0 0
1 0 91 0 0 0 0 0
n−1 0 0 91′ 0 0 0 0
1 0 91 0 0 0 0 0
3n+1 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0

+

n−1 1 n−1 n−1 2 n−1 1
n−1 0 0 0 0 0 0 0
n−1 91′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 91′ 0 1′ 0 0 0 0
1 0 1 0 0 0 0 0
3n+1 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0

+

n−1 1 n−1 n−1 2 n−1 1
n−1 1′ 0 0 1′ 0 91′ 0
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 0 91′ 0
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0

+

n−1 1 n−1 n−1 2 n−1 1
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
+

n−1 1 n−1 n−1 2 n−1 1
n−1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 0 0 0
7n+3 0 0 0 0 0 0 0
+

n−1 1 n−1 n−1 2 n−1 1
n−1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
7n+3 0 0 0 0 0 0 0

+

n−1 1 n−1 n−1 2 n−1 1
n 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
6n+2 0 0 0 0 0 0 0
+

n−1 1 n−1 n−1 2 n−1 1
n 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
6n+2 0 0 0 0 0 0 0
 =

n−1 n−1 1 n−1 2 n−1 1
n−1 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
n−1 1′ 91′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0

M
P (6n,3)
2→3 · f2 =

2n−1 4n+1
2n−1 1 0
2n+1 0 0
4n+1 0 1
n 0 0
 ·


n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0
+

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
2n 0 0 0
2n+1 0 0 91


=

n−1 1 n−1 4n+1
n−1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 0
4n+1 0 0 0 1
n 0 0 0 0

·

n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0
+

n−1 n 2n 2n+1
n−1 1 0 0 0
n 0 1 0 0
2n+1 0 0 0 0
2n 0 0 1 0
2n+1 0 0 0 1
n 0 0 0 0

·

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
2n 0 0 0
2n+1 0 0 91

=

n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
2n+1 0 0 0 0 0 0
4n+1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
2n+1 0 0 0
2n 0 0 0
2n+1 0 0 91
n 0 0 0

=

n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
2n+1 0 0 0 0 0 0
2n 0 0 0 0 0 0
n−1 0 0 0 0 0 0
2 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

n−1 n−1 1 n−1 2 n−1 1
n−1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0
n−1 0 91′ 0 0 0 0 0
2n+1 0 0 0 0 0 0 0
2n 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0

=

n−1 n−1 1 n−1 2 n−1 1
n−1 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
n−1 1′ 91′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0

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f3 ·MP (6n−1,6)2→3 −MP (6n,3)2→3 · f2 =

n−1 n−1 1 n−1 2 n−1 1
n−1 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
n−1 1′ 91′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0

−

n−1 n−1 1 n−1 2 n−1 1
n−1 1′ 0 0 1′ 0 91′ 0
1 0 0 91 0 0 0 0
n−1 1′ 91′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
n 0 0 0 0 0 0 0

=
[4n
9n+1 0
]
3. f3 ·MP (6n−1,6)4→3 −MP (6n,3)4→3 · f4 = 0
f3 ·MP (6n−1,6)4→3 =


n−1 n n 3n+1
n−1 0 0 0 0
n 0 91′ 0 0
n 0 91′ 1′ 0
3n+1 0 0 0 0
3n+1 0 0 0 91
+

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
+

n−1 5n+1
n−1 0 0
n−1 1′ 0
7n+3 0 0
+

5n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
6n+2 0 0 0


·


4n
n−1 0
4n 1
n+1 0
+ [
2n 2n
4n 0 0
2n 0 1
]

=

n−1 n n 2n n+1
n−1 0 0 0 0 0
n 0 91′ 0 0 0
n 0 91′ 1′ 0 0
3n+1 0 0 0 0 0
2n 0 0 0 91 0
n+1 0 0 0 0 91

·

n n 2n
n−1 0 0 0
n 1 0 0
n 0 1 0
2n 0 0 1
n+1 0 0 0
+

n−1 n n n+1 2n
n−1 0 0 0 0 0
n 0 91′ 0 0 0
n 0 91′ 1′ 0 0
3n+1 0 0 0 0 0
n+1 0 0 0 91 0
2n 0 0 0 0 91

·

2n 2n
n−1 0 0
n 0 0
n 0 0
n+1 0 0
2n 0 1

+

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
 ·

2n n−1 2 n−1
n−1 0 0 0 0
2n 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 0 0 1
2 0 0 0 0
n−1 0 0 0 0

+

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
 ·

2n n−1 2 n−1
n−1 0 0 0 0
2n 0 0 0 0
n−1 0 0 0 0
2 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 0 0 1

+

n−1 4n n+1
n−1 0 0 0
n−1 1′ 0 0
7n+3 0 0 0
 ·

4n
n−1 0
4n 1
n+1 0
+

n−1 3n+1 2n
n−1 0 0 0
n−1 1′ 0 0
7n+3 0 0 0
 ·

2n 2n
n−1 0 0
3n+1 0 0
2n 0 1
+

n−1 4n 1 n−1 1
n 0 0 0 0 0
n−1 0 0 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
6n+2 0 0 0 0 0
 ·

4n
n−1 0
4n 1
1 0
n−1 0
1 0

+

4n n n−1 1
n 0 0 0 0
n−1 0 0 1′ 0
1 0 0 0 0
n−1 0 0 1′ 0
6n+2 0 0 0 0
 ·

2n n n−1 1
4n 0 0 0 0
n 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1
 =

n n 2n
n−1 0 0 0
n 91′ 0 0
n 91′ 1′ 0
3n+1 0 0 0
2n 0 0 91
n+1 0 0 0

+

2n 2n
n−1 0 0
n 0 0
n 0 0
3n+1 0 0
n+1 0 0
2n 0 91

+

2n n−1 2 n−1
n−1 0 1′ 0 91′
1 0 0 0 0
n−1 0 0 0 91′
n−1 0 0 0 0
6n+3 0 0 0 0
+

2n n−1 2 n−1
n−1 0 91′ 0 1′
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 0
6n+3 0 0 0 0
+

4n
n−1 0
n−1 0
7n+3 0
+

2n 2n
n−1 0 0
n−1 0 0
7n+3 0 0
+

4n
n 0
n−1 0
1 0
n−1 0
6n+2 0
+

2n n n−1 1
n 0 0 0 0
n−1 0 0 1′ 0
1 0 0 0 0
n−1 0 0 1′ 0
6n+2 0 0 0 0

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=
1 n−3 1 1 1 n−3 1 1 n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−3 0 91′ 0 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0 0 0 0
n−3 0 91′ 0 0 0 1′ 0 0 0 0 0 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n n n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 91 0 0 0 0 0
1 0 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

+

n n 1 n−3 1 1 1 1 n−3 1
1 0 0 0 0 1 0 0 0 0 91
n−3 0 0 0 1′ 0 0 0 0 91′ 0
1 0 0 1 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91
n−3 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

+

n n 1 n−3 1 1 1 1 n−3 1
1 0 0 0 0 91 0 0 0 0 1
n−3 0 0 0 91′ 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 1
n−3 0 0 0 91′ 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

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+
n n n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n n n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n n n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n n n−2 1 1 1 n−3 1 1
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n−3 0 0 0 0 0 0 1′ 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n−3 0 0 0 0 0 0 1′ 0 0
1 0 0 0 0 0 1 0 0 0
3n+1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

=

n−1 1 n−1 1 n−1 2 n−1
n−1 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
n−1 91′ 0 0 0 91′ 0 0
1 0 91 0 1 0 0 0
n−1 91′ 0 1′ 0 0 0 0
3n+1 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
n−1 0 0 0 0 91 0 91
2 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 91

+

3n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
6n+2 0 0 0

M
P (6n,3)
4→3 · f4 =


4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


·

[2n 2n
4n 0 0
2n 0 91
]
+

n n 2n
n 91′ 0 0
n 91′ 1′ 0
4n 0 0 0
+

2n n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
4n 0 0 0 0 0


=

4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
 ·
[2n 2n
4n 0 0
2n 0 91
]
+

n n 2n 2n
n−1 0 0 0 0
n 1 0 0 0
n 0 1 0 0
2n 0 0 1 0
n+1 0 0 0 0
2n 0 0 0 1
n+1 0 0 0 0

·

n n 2n
n 91′ 0 0
n 91′ 1′ 0
2n 0 0 0
2n 0 0 0
+

1 n−1 1 n−1 2n 2n
n−1 0 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2n 0 0 0 0 1 0
n+1 0 0 0 0 0 0
2n 0 0 0 0 0 1
n+1 0 0 0 0 0 0

·

2n n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
2n 0 0 0 0 0
2n 0 0 0 0 0

+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ·

2n 2n
2n 0 0
2n 0 0
2n 0 91
+

n n 2n 2n
4n 0 0 0 0
2n 0 0 1 0
n+1 0 0 0 0
2n 0 0 0 1
 ·

n n 2n
n 91′ 0 0
n 91′ 1′ 0
2n 0 0 0
2n 0 0 0
+

1 n−1 1 n−1 2n 2n
4n 0 0 0 0 0 0
2n 0 0 0 0 1 0
n+1 0 0 0 0 0 0
2n 0 0 0 0 0 1
 ·

2n n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
2n 0 0 0 0 0
2n 0 0 0 0 0

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=
2n 2n
n−1 0 0
4n 0 0
n+1 0 0
2n 0 91
n+1 0 0
+

n n 2n
n−1 0 0 0
n 91′ 0 0
n 91′ 1′ 0
2n 0 0 0
n+1 0 0 0
2n 0 0 0
n+1 0 0 0

+

2n n−1 1 n−1 1
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
2n 0 0 0 0 0
n+1 0 0 0 0 0
2n 0 0 0 0 0
n+1 0 0 0 0 0

+

2n 2n
4n 0 0
2n 0 0
n+1 0 0
2n 0 91
+

n n 2n
4n 0 0 0
2n 0 0 0
n+1 0 0 0
2n 0 0 0
+

2n n−1 1 n−1 1
4n 0 0 0 0 0
2n 0 0 0 0 0
n+1 0 0 0 0 0
2n 0 0 0 0 0

=

n n n−1 1 1 n−2 1
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
n−1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
n−2 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

n−1 1 n−1 1 n−1 1 n−1 1
n−1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
n−1 91′ 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n−1 91′ 0 1′ 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

n n n−1 1 n−1 1
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 91′ 0 1′ 0
1 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

+

n n n−2 1 1 n−1 1
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0
n−1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91

+

n n n−1 1 n−1 1
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

+

n n n−1 1 n−1 1
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0

=

n−1 1 n−1 1 n−1 1 n−1 1
n−1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
n−1 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
n−1 91′ 0 1′ 0 0 0 1′ 0
3n+1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91
n+1 0 0 0 0 0 0 0 0

+
[2n 2n
7n+1 0 0
2n 0 91
]
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f3 ·MP (6n−1,6)4→3 −MP (6n,3)4→3 · f4 =


n−1 1 n−1 1 n−1 2 n−1
n−1 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
n−1 91′ 0 0 0 91′ 0 0
1 0 91 0 1 0 0 0
n−1 91′ 0 1′ 0 0 0 0
3n+1 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0
2 0 0 0 0 0 91 0
n−1 0 0 0 0 91 0 91
2 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 91

+

3n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
6n+2 0 0 0


−


n−1 1 n−1 1 n−1 1 n−1 1
n−1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
n−1 91′ 0 0 0 91′ 0 1′ 0
1 0 91 0 1 0 0 0 0
n−1 91′ 0 1′ 0 0 0 1′ 0
3n+1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91
n+1 0 0 0 0 0 0 0 0

+
[2n 2n
7n+1 0 0
2n 0 91
]

=


n−1 1 3n
n−1 0 0 0
1 0 91 0
8n+1 0 0 0
+

n−1 3n+1
n 0 0
n−1 91′ 0
7n+2 0 0
+

2n n−1 n+1
n 0 0 0
n−1 0 91′ 0
7n+2 0 0 0
+

n−1 1 3n
2n−1 0 0 0
1 0 91 0
7n+1 0 0 0
+

2n−1 1 2n
2n−1 0 0 0
1 0 1 0
7n+1 0 0 0
+

n−1 3n+1
2n 0 0
n−1 91′ 0
6n+2 0 0

+

n n−1 2n+1
2n 0 0 0
n−1 0 1′ 0
6n+2 0 0 0
+

2n n−1 n+1
6n 0 0 0
n−1 0 91 0
2n+2 0 0 0
+

3n−1 2 n−1
7n−1 0 0 0
2 0 91 0
2n 0 0 0
+

2n n−1 n+1
7n+1 0 0 0
n−1 0 91 0
n+1 0 0 0
+

3n+1 n−1
7n+1 0 0
n−1 0 91
n+1 0 0
+

3n−1 2 n−1
8n 0 0 0
2 0 91 0
n−1 0 0 0

+
[3n+1 n−1
8n+2 0 0
n−1 0 91
]
+

3n n−1 1
n 0 0 0
n−1 0 1′ 0
7n+2 0 0 0
+

3n n−1 1
2n 0 0 0
n−1 0 1′ 0
6n+2 0 0 0


−


n−1 1 3n
n−1 0 0 0
1 0 91 0
8n+1 0 0 0
+

n−1 3n+1
n 0 0
n−1 91′ 0
7n+2 0 0
+

2n n−1 n+1
n 0 0 0
n−1 0 91′ 0
7n+2 0 0 0

+

n−1 1 3n
2n−1 0 0 0
1 0 91 0
7n+1 0 0 0
+

2n−1 1 2n
2n−1 0 0 0
1 0 1 0
7n+1 0 0 0
+

n−1 3n+1
2n 0 0
n−1 91′ 0
6n+2 0 0
+

n n−1 2n+1
2n 0 0 0
n−1 0 1′ 0
6n+2 0 0 0
+

2n n−1 n+1
6n 0 0 0
n−1 0 91 0
2n+2 0 0 0
+

3n−1 2 n−1
7n−1 0 0 0
2 0 91 0
2n 0 0 0

+

2n n−1 n+1
7n+1 0 0 0
n−1 0 91 0
n+1 0 0 0
+

3n+1 n−1
7n+1 0 0
n−1 0 91
n+1 0 0
+

3n−1 2 n−1
8n 0 0 0
2 0 91 0
n−1 0 0 0
+ [
3n+1 n−1
8n+2 0 0
n−1 0 91
]
+

3n n−1 1
n 0 0 0
n−1 0 1′ 0
7n+2 0 0 0
+

3n n−1 1
2n 0 0 0
n−1 0 1′ 0
6n+2 0 0 0


=
[4n
9n+1 0
]
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4. f4 ·MP (6n−1,6)5→4 −MP (6n,3)5→4 · f5 = 0
f4 ·MP (6n−1,6)5→4 =

[2n 2n
4n 0 0
2n 0 91
]
+

n n 2n
n 91′ 0 0
n 91′ 1′ 0
4n 0 0 0
+

2n n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
4n 0 0 0 0 0


·

n n
n 0 0
n 1 0
n 0 1
n 0 1

=

n n n n
4n 0 0 0 0
n 0 0 91 0
n 0 0 0 91
 ·

n n
n 0 0
n 1 0
n 0 1
n 0 1
+

n n n n
n 91′ 0 0 0
n 91′ 1′ 0 0
4n 0 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
n 0 1
+

n n n−1 1 n−1 1
1 0 0 0 0 0 0
n−1 0 0 91′ 0 1′ 0
1 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0
4n 0 0 0 0 0 0
 ·

n n−1 1
n 0 0 0
n 1 0 0
n−1 0 1 0
1 0 0 1
n−1 0 1 0
1 0 0 1

=

n n
4n 0 0
n 0 91
n 0 91
+

n n
n 0 0
n 1′ 0
4n 0 0
+

n n−1 1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 1′ 0
4n 0 0 0
 =

n n−1 1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
2n 0 0 0
n−1 0 91 0
1 0 0 91
n−1 0 91 0
1 0 0 91

+

n−1 1 n−1 1
1 0 0 0 0
n−1 0 0 0 0
1 0 1 0 0
n−1 1′ 0 0 0
2n 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

+

n n−1 1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 1′ 0
2n 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 0
n−1 1′ 0 1′ 0
2n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
n−1 0 0 91 0
1 0 0 0 91

M
P (6n,3)
5→4 · f5 =

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

·

[ n n
2n 0 0
n 0 91
]
+

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 1′ 0
2n 0 0 0 0


=

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

·

n n
n 0 0
n 0 0
n 0 91
+

1 n−1 n n
n 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 1′ 0
n 0 0 0 0
n 0 0 0 0

=

n n
n 0 0
n 0 0
n 0 0
n 0 0
n 0 91
n 0 91

+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 0
n−1 1′ 0 1′ 0
n 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n 0 0 0 0

=

n−1 1 n−1 1
n 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
n−1 0 0 91 0
1 0 0 0 91

+

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 0
n−1 1′ 0 1′ 0
n 0 0 0 0
n 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

=

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 0
n−1 1′ 0 1′ 0
2n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
n−1 0 0 91 0
1 0 0 0 91

f4 ·MP (6n−1,6)5→4 −MP (6n,3)5→4 · f5 =

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 0
n−1 1′ 0 1′ 0
2n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
n−1 0 0 91 0
1 0 0 0 91

−

n−1 1 n−1 1
n 0 0 0 0
1 0 1 0 0
n−1 1′ 0 1′ 0
2n 0 0 0 0
n−1 0 0 91 0
1 0 0 0 91
n−1 0 0 91 0
1 0 0 0 91

=
[2n
6n 0
]
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5. f3 ·MP (6n−1,6)6→3 −MP (6n,3)6→3 · f6 = 0
f3 ·MP (6n−1,6)6→3 =


n−1 n n 3n+1
n−1 0 0 0 0
n 0 91′ 0 0
n 0 91′ 1′ 0
3n+1 0 0 0 0
3n+1 0 0 0 91
+

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
+

n−1 5n+1
n−1 0 0
n−1 1′ 0
7n+3 0 0
+

5n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
6n+2 0 0 0


·

2n−1 2n
2n−1 1 0
2n+1 0 0
2n 0 1

=

n−1 n n n+1 2n
n−1 0 0 0 0 0
n 0 91′ 0 0 0
n 0 91′ 1′ 0 0
3n+1 0 0 0 0 0
n+1 0 0 0 91 0
2n 0 0 0 0 91

·

n−1 n 2n
n−1 1 0 0
n 0 1 0
n 0 0 0
n+1 0 0 0
2n 0 0 1
+

n−1 n n n−1 2 n−1 2 n−1
n−1 1′ 0 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0 0
n−1 1′ 0 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0 0
 ·

n−1 n n−1 2 n−1
n−1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 0 0 0
2 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 0 0 1

+

n−1 n 2n+1 2n
n−1 0 0 0 0
n−1 1′ 0 0 0
7n+3 0 0 0 0
 ·

n−1 n 2n
n−1 1 0 0
n 0 1 0
2n+1 0 0 0
2n 0 0 1
+

2n−1 2n+1 n n−1 1
n 0 0 0 0 0
n−1 0 0 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
6n+2 0 0 0 0 0
 ·

2n−1 n n−1 1
2n−1 1 0 0 0
2n+1 0 0 0 0
n 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1

=

n−1 n 2n
n−1 0 0 0
n 0 91′ 0
n 0 91′ 0
3n+1 0 0 0
n+1 0 0 0
2n 0 0 91

+

n−1 n n−1 2 n−1
n−1 1′ 0 91′ 0 1′
1 0 0 0 0 0
n−1 1′ 0 91′ 0 1′
n−1 1′ 0 0 0 0
6n+3 0 0 0 0 0
+

n−1 n 2n
n−1 0 0 0
n−1 1′ 0 0
7n+3 0 0 0
+

2n−1 n n−1 1
n 0 0 0 0
n−1 0 0 1′ 0
1 0 0 0 0
n−1 0 0 1′ 0
6n+2 0 0 0 0

=

n−2 1 n n−2 1 1 1 n−2 1
n−1 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

+

n−2 1 n n−2 1 1 1 n−2 1
1 0 1 0 0 91 0 0 0 1
n−2 1′ 0 0 91′ 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 1
n−2 1′ 0 0 91′ 0 0 0 1′ 0
1 0 1 0 0 0 0 0 0 0
n−2 1′ 0 0 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0 0 0

+

n−2 1 n n−2 1 1 1 n−2 1
n−1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
n−2 1′ 0 0 0 0 0 0 0 0
7n+3 0 0 0 0 0 0 0 0 0
+

n−2 1 n n−2 1 1 1 n−2 1
n 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0
6n+2 0 0 0 0 0 0 0 0 0

=

n−2 1 1 n−2 1 n 1 n−2 1
n−1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0
1 0 0 91 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0
1 0 0 91 0 0 0 1 0 0
4n+2 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

+

n−1 n n−1 2 n−1
n−1 1′ 0 91′ 0 1′
1 0 0 0 0 0
n−1 1′ 0 91′ 0 1′
n−1 1′ 0 0 0 0
6n+3 0 0 0 0 0

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M
P (6n,3)
6→3 · f6 =


2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
+

2n−1 4n+1
n 0 0
2n−1 1 0
6n+2 0 0


·

[2n−1 2n
4n 0 0
2n 0 91
]
+

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
4n+2 0 0 0
+

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
4n+1 0 0 0
+ [
n−1 2n−1 n+1
2n−1 0 91′ 0
4n+1 0 0 0
]

=

2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
 ·

2n−1 2n
2n−1 0 0
2n+1 0 0
2n 0 91
+

n−1 n−1 1 2n+1 2n
n−1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 0 0
2n+1 0 0 0 1 0
2n+1 0 0 0 0 0
2n 0 0 0 0 1

·

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
1 0 0 0
2n+1 0 0 0
2n 0 0 0
+

n n−1 2n+1 2n
n 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
2n+1 0 0 1 0
2n+1 0 0 0 0
2n 0 0 0 1

·

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
2n+1 0 0 0
2n 0 0 0

+

2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
 ·

n−1 2n−1 n+1
2n−1 0 91′ 0
2n+1 0 0 0
2n 0 0 0
+

2n−1 2n+1 2n
n 0 0 0
2n−1 1 0 0
6n+2 0 0 0
 ·

2n−1 2n
2n−1 0 0
2n+1 0 0
2n 0 91
+

n−1 n−1 1 4n+1
n 0 0 0 0
n−1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
6n+2 0 0 0 0
 ·

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
1 0 0 0
4n+1 0 0 0

+

n n−1 4n+1
n 0 0 0
n 1 0 0
n−1 0 1 0
6n+2 0 0 0
 ·

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
4n+1 0 0 0
+

2n−1 4n+1
n 0 0
2n−1 1 0
6n+2 0 0
 · [
n−1 2n−1 n+1
2n−1 0 91′ 0
4n+1 0 0 0
]
=

2n−1 2n
2n−1 0 0
n 0 0
2n+1 0 0
2n+1 0 0
2n 0 91
+

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
1 0 0 0
n 0 0 0
2n+1 0 0 0
2n+1 0 0 0
2n 0 0 0

+

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
n 0 0 0
2n+1 0 0 0
2n+1 0 0 0
2n 0 0 0

+

n−1 2n−1 n+1
2n−1 0 91′ 0
n 0 0 0
2n+1 0 0 0
2n+1 0 0 0
2n 0 0 0
+

2n−1 2n
n 0 0
2n−1 0 0
6n+2 0 0
+

n−1 2n+1 n−1
n 0 0 0
n−1 1′ 0 1′
n−1 1′ 0 0
1 0 0 0
6n+2 0 0 0
+

3n−1 n−1 1
n 0 0 0
n 0 0 0
n−1 0 1′ 0
6n+2 0 0 0
+

n−1 2n−1 n+1
n 0 0 0
2n−1 0 91′ 0
6n+2 0 0 0

=

n−2 1 n n−1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0
n−1 0 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91

+

n−3 1 1 n n−1 1 1 n−3 1 1
1 0 0 1 0 0 0 0 0 0 1
1 0 1 0 0 0 0 0 0 1 0
n−3 1′ 0 0 0 0 0 0 1′ 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−3 1′ 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

1356
+
n−2 1 n n−1 1 1 n−3 1 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n−3 0 0 0 0 0 0 1′ 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

+

n−2 1 1 n−3 1 1 n−3 1 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0
n−3 0 0 0 0 0 0 91′ 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0
n−3 0 0 0 91′ 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n−2 1 n n−1 1 1 n−2 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

1 n−3 1 n n−1 1 1 1 n−3 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 1
n−3 0 1′ 0 0 0 0 0 0 1′ 0
1 1 0 0 0 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0 0 0
n−3 0 1′ 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

1357
+
n−2 1 n n−1 1 1 1 n−3 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 0
2n+1 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

+

n−2 1 1 1 n−3 1 1 n−3 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0
n−3 0 0 0 0 0 0 0 91′ 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
n−3 0 0 0 0 91′ 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0 0 0
2n+1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0

=

n−2 1 1 n−2 1 n−2 1 1 1 n−2 1
1 0 1 0 0 0 0 91 0 0 0 1
n−2 1′ 0 0 0 0 91′ 0 0 0 1′ 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 1 0 0
4n+2 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

+

n−1 1 n−1 n−1 2 n−1
n 0 0 0 0 0 0
n−1 1′ 0 0 91′ 0 1′
n−1 1′ 0 91′ 0 0 0
1 0 91 0 0 0 0
6n+2 0 0 0 0 0 0

f3 ·MP (6n−1,6)6→3 −MP (6n,3)6→3 · f6 =


n−2 1 1 n−2 1 n 1 n−2 1
n−1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 1′ 0
1 0 0 91 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0 0
n−2 0 0 0 91′ 0 0 0 1′ 0
1 0 0 91 0 0 0 1 0 0
4n+2 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

+

n−1 n n−1 2 n−1
n−1 1′ 0 91′ 0 1′
1 0 0 0 0 0
n−1 1′ 0 91′ 0 1′
n−1 1′ 0 0 0 0
6n+3 0 0 0 0 0


−


n−2 1 1 n−2 1 n−2 1 1 1 n−2 1
1 0 1 0 0 0 0 91 0 0 0 1
n−2 1′ 0 0 0 0 91′ 0 0 0 1′ 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 1′ 0 0 91′ 0 0 0 0 0 1′ 0
1 0 0 91 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 1 0 0
4n+2 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91

+

n−1 1 n−1 n−1 2 n−1
n 0 0 0 0 0 0
n−1 1′ 0 0 91′ 0 1′
n−1 1′ 0 91′ 0 0 0
1 0 91 0 0 0 0
6n+2 0 0 0 0 0 0


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=

n−2 1 3n
n−1 0 0 0
1 0 1 0
8n+1 0 0 0
+

2n−2 1 2n
n−1 0 0 0
1 0 91 0
8n+1 0 0 0
+

n−2 3n+1
n 0 0
n−2 1′ 0
7n+3 0 0
+

n n−2 2n+1
n 0 0 0
n−2 0 91′ 0
7n+3 0 0 0
+

3n n−2 1
n 0 0 0
n−2 0 1′ 0
7n+3 0 0 0
+

n−1 1 3n−1
2n−2 0 0 0
1 0 91 0
7n+2 0 0 0

+

3n−1 1 n−1
2n−2 0 0 0
1 0 1 0
7n+2 0 0 0
+

2n−2 1 2n
2n−1 0 0 0
1 0 91 0
7n+1 0 0 0
+

n n−2 2n+1
2n 0 0 0
n−2 0 91′ 0
6n+3 0 0 0
+

3n n−2 1
2n 0 0 0
n−2 0 1′ 0
6n+3 0 0 0
+

n−1 1 3n−1
3n−2 0 0 0
1 0 91 0
6n+2 0 0 0

+

3n−1 1 n−1
3n−2 0 0 0
1 0 1 0
6n+2 0 0 0
+

2n−1 n n
7n+1 0 0 0
n 0 91 0
n 0 0 0
+

3n−1 1 n−1
8n+1 0 0 0
1 0 91 0
n−1 0 0 0
+

3n n−2 1
8n+2 0 0 0
n−2 0 91 0
1 0 0 0
+ [
4n−2 1
9n 0 0
1 0 91
]
+
[n−1 3n
n−1 1′ 0
8n+2 0 0
]
+
[2n−1 n−1 n+1
n−1 0 91′ 0
8n+2 0 0 0
]
+
[3n n−1
n−1 0 1′
8n+2 0 0
]
+

n−1 3n
n 0 0
n−1 1′ 0
7n+2 0 0
+

2n−1 n−1 n+1
n 0 0 0
n−1 0 91′ 0
7n+2 0 0 0
+

3n n−1
n 0 0
n−1 0 1′
7n+2 0 0
+

n−1 3n
2n−1 0 0
n−1 1′ 0
6n+3 0 0


−


n−2 1 3n
n−1 0 0 0
1 0 1 0
8n+1 0 0 0
+

2n−2 1 2n
n−1 0 0 0
1 0 91 0
8n+1 0 0 0
+

n−2 3n+1
n 0 0
n−2 1′ 0
7n+3 0 0
+

n n−2 2n+1
n 0 0 0
n−2 0 91′ 0
7n+3 0 0 0
+

3n n−2 1
n 0 0 0
n−2 0 1′ 0
7n+3 0 0 0
+

n−1 1 3n−1
2n−2 0 0 0
1 0 91 0
7n+2 0 0 0

+

3n−1 1 n−1
2n−2 0 0 0
1 0 1 0
7n+2 0 0 0
+

2n−2 1 2n
2n−1 0 0 0
1 0 91 0
7n+1 0 0 0
+

n n−2 2n+1
2n 0 0 0
n−2 0 91′ 0
6n+3 0 0 0
+

3n n−2 1
2n 0 0 0
n−2 0 1′ 0
6n+3 0 0 0
+

n−1 1 3n−1
3n−2 0 0 0
1 0 91 0
6n+2 0 0 0

+

3n−1 1 n−1
3n−2 0 0 0
1 0 1 0
6n+2 0 0 0
+

2n−1 n n
7n+1 0 0 0
n 0 91 0
n 0 0 0
+

3n−1 1 n−1
8n+1 0 0 0
1 0 91 0
n−1 0 0 0
+

3n n−2 1
8n+2 0 0 0
n−2 0 91 0
1 0 0 0
+ [
4n−2 1
9n 0 0
1 0 91
]
+
[n−1 3n
n−1 1′ 0
8n+2 0 0
]
+
[2n−1 n−1 n+1
n−1 0 91′ 0
8n+2 0 0 0
]
+
[3n n−1
n−1 0 1′
8n+2 0 0
]
+

n−1 3n
n 0 0
n−1 1′ 0
7n+2 0 0
+

2n−1 n−1 n+1
n 0 0 0
n−1 0 91′ 0
7n+2 0 0 0
+

3n n−1
n 0 0
n−1 0 1′
7n+2 0 0
+

n−1 3n
2n−1 0 0
n−1 1′ 0
6n+3 0 0


=
[4n−1
9n+1 0
]
6. f6 ·MP (6n−1,6)7→6 −MP (6n,3)7→6 · f7 = 0
f6 ·MP (6n−1,6)7→6 =

[2n−1 2n
4n 0 0
2n 0 91
]
+

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
4n+2 0 0 0
+

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
4n+1 0 0 0
+ [
n−1 2n−1 n+1
2n−1 0 91′ 0
4n+1 0 0 0
]

·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n−1 n 1 n−1
4n 0 0 0 0 0 0
n 0 0 0 91 0 0
1 0 0 0 0 91 0
n−1 0 0 0 0 0 91
 ·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
n−1 0 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

+

n−1 1 2n−1 1 n−1
n−1 1′ 0 0 0 1′
n−1 1′ 0 0 0 0
4n+2 0 0 0 0 0
 ·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
n−1 0 0 1

+

n−1 1 2n−1 1 n−2 1
n 0 0 0 0 0 0
n−2 0 0 0 0 1′ 0
1 0 0 0 1 0 0
4n+1 0 0 0 0 0 0
 ·

n−1 1 n−2 1
n−1 1 0 0 0
1 0 1 0 0
2n−1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 1

+

n−1 1 2n−2 1 1 n−1
2n−2 0 0 91′ 0 0 0
1 0 91 0 0 0 0
4n+1 0 0 0 0 0 0
 ·

n−1 1 n−1
n−1 1 0 0
1 0 1 0
2n−2 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n−1
4n 0 0 0
n 0 0 0
1 0 91 0
n−1 0 0 91
+

n−1 1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
4n+2 0 0 0
+

n−1 1 n−2 1
n 0 0 0 0
n−2 0 0 1′ 0
1 0 1 0 0
4n+1 0 0 0 0
+

n−1 1 n−1
2n−2 0 0 0
1 0 91 0
4n+1 0 0 0

1359
=
n−2 1 1 n−2 1
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
2n+1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 91 0 0
n−2 0 0 0 91 0
1 0 0 0 0 91

+

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 1 0 0 0
n−2 1′ 0 0 0 0
1 0 0 0 0 0
2n+1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

+

n−2 1 1 n−2 1
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 1′ 0
1 0 0 1 0 0
2n+1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

+

n−2 1 1 n−2 1
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 91 0 0
2n+1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

=

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 1 0 0 0
n−2 1′ 0 0 1′ 0
3n+2 0 0 0 0 0
1 0 0 91 0 0
n−2 0 0 0 91 0
1 0 0 0 0 91

M
P (6n,3)
7→6 · f7 =

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

·

[n−1 n
2n 0 0
n 0 91
]
+
[n−1 1 n−1
n−1 1′ 0 1′
2n+1 0 0 0
]
=

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

·

n−1 n−1 1
1 0 0 0
n−2 0 0 0
n+1 0 0 0
n−1 0 91 0
1 0 0 91
+

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

·

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
n+1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=

n−1 n−1 1
1 0 0 0
n−2 0 0 0
1 0 0 91
n−2 0 0 0
1 0 0 0
n+1 0 0 0
2n 0 0 0
n−1 0 91 0
1 0 0 91

+

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 0 0 0 0
n+1 0 0 0 0 0
2n 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=

n−2 1 1 n−2 1
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 91
n−2 0 0 0 0 0
1 0 0 0 0 0
n+1 0 0 0 0 0
2n 0 0 0 0 0
1 0 0 91 0 0
n−2 0 0 0 91 0
1 0 0 0 0 91

+

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 0 0 0 0
n+1 0 0 0 0 0
2n 0 0 0 0 0
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

=

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 1 0 0 0
n−2 1′ 0 0 1′ 0
3n+2 0 0 0 0 0
1 0 0 91 0 0
n−2 0 0 0 91 0
1 0 0 0 0 91

f6 ·MP (6n−1,6)7→6 −MP (6n,3)7→6 · f7 =

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 1 0 0 0
n−2 1′ 0 0 1′ 0
3n+2 0 0 0 0 0
1 0 0 91 0 0
n−2 0 0 0 91 0
1 0 0 0 0 91

−

n−2 1 1 n−2 1
1 0 1 0 0 1
n−2 1′ 0 0 1′ 0
1 0 1 0 0 0
n−2 1′ 0 0 1′ 0
3n+2 0 0 0 0 0
1 0 0 91 0 0
n−2 0 0 0 91 0
1 0 0 0 0 91

=
[2n−1
6n 0
]
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Relations of the projection g : P (6n, 3)→ P (6n, 7) P
1. g2 ·MP (6n,3)1→2 −MP (6n,7)1→2 · g1 = 0
g2 ·MP (6n,3)1→2 =
[2n−1 2n 2n+1
2n 0 1 0
]
·

n−1 1 2n
n−1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

=

n−1 1 n−1 n 1 n−1 n+1 n
n 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 1 0 0
 ·

n−1 1 n−1 n+1
n−1 1 0 0 0
1 0 1 0 0
n−1 0 0 0 0
n 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0

=

n−1 1 n−1 n+1
n 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
 = [
n−1 n n+1
n 0 0 0
n 0 1 0
]
M
P (6n,7)
1→2 · g1 =
[ n
n 0
n 1
]
·
[n−1 n n+1
n 0 1 0
]
=
[n−1 n n+1
n 0 0 0
n 0 1 0
]
g2 ·MP (6n,3)1→2 −MP (6n,7)1→2 · g1 =
[n−1 n n+1
n 0 0 0
n 0 1 0
]
−
[n−1 n n+1
n 0 0 0
n 0 1 0
]
=
[3n
2n 0
]
2. g3 ·MP (6n,3)2→3 −MP (6n,7)2→3 · g2 = 0
g3 ·MP (6n,3)2→3 =
[3n−1 3n+1 3n+1
3n+1 0 1 0
]
·

2n−1 4n+1
2n−1 1 0
2n+1 0 0
4n+1 0 1
n 0 0
 =
[2n−1 n n+1 2n 2n+1 n
n+1 0 0 1 0 0 0
2n 0 0 0 1 0 0
]
·

2n−1 2n 2n+1
2n−1 1 0 0
n 0 0 0
n+1 0 0 0
2n 0 1 0
2n+1 0 0 1
n 0 0 0

=
[2n−1 2n 2n+1
n+1 0 0 0
2n 0 1 0
]
M
P (6n,7)
2→3 · g2 =
[2n
n+1 0
2n 1
]
·
[2n−1 2n 2n+1
2n 0 1 0
]
=
[2n−1 2n 2n+1
n+1 0 0 0
2n 0 1 0
]
g3 ·MP (6n,3)2→3 −MP (6n,7)2→3 · g2 =
[2n−1 2n 2n+1
n+1 0 0 0
2n 0 1 0
]
−
[2n−1 2n 2n+1
n+1 0 0 0
2n 0 1 0
]
=
[6n
3n+1 0
]
3. g3 ·MP (6n,3)4→3 −MP (6n,7)4→3 · g4 = 0
g3 ·MP (6n,3)4→3 =
[3n−1 3n+1 3n+1
3n+1 0 1 0
]
·


4n 2n
n−1 0 0
4n 1 0
n+1 0 0
2n 0 1
n+1 0 0
+

2n 2n 2n
4n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


=
[n−1 2n 2n n+1 2n n+1
2n 0 0 1 0 0 0
n+1 0 0 0 1 0 0
]
·

2n 2n 2n
n−1 0 0 0
2n 1 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
n+1 0 0 0

+
[3n−1 n+1 2n n+1 2n
n+1 0 1 0 0 0
2n 0 0 1 0 0
]
·

2n 2n 2n
3n−1 0 0 0
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1

=
[2n 2n 2n
2n 0 1 0
n+1 0 0 0
]
+
[2n 2n 2n
n+1 0 0 0
2n 0 1 0
]
=

2n n+1 n−1 2n
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
+

2n n−1 n+1 2n
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
 =

2n n−1 2 n−1 2n
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0

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M
P (6n,7)
4→3 · g4 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[2n 2n 2n
2n 0 1 0
]
=
[2n
2n 1
n+1 0
]
·
[2n 2n 2n
2n 0 1 0
]
+
[2n
n+1 0
2n 1
]
·
[2n 2n 2n
2n 0 1 0
]
=
[2n 2n 2n
2n 0 1 0
n+1 0 0 0
]
+
[2n 2n 2n
n+1 0 0 0
2n 0 1 0
]
=

2n n+1 n−1 2n
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
+

2n n−1 n+1 2n
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
 =

2n n−1 2 n−1 2n
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0

g3 ·MP (6n,3)4→3 −MP (6n,7)4→3 · g4 =

2n n−1 2 n−1 2n
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
−

2n n−1 2 n−1 2n
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
 =
[6n
3n+1 0
]
4. g4 ·MP (6n,3)5→4 −MP (6n,7)5→4 · g5 = 0
g4 ·MP (6n,3)5→4 =
[2n 2n 2n
2n 0 1 0
]
·

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

=
[ n n n n n n
n 0 0 1 0 0 0
n 0 0 0 1 0 0
]
·

n n n
n 0 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1

=
[ n n n
n 0 1 0
n 0 1 0
]
M
P (6n,7)
5→4 · g5 =
[ n
n 1
n 1
]
·
[ n n n
n 0 1 0
]
=
[ n n n
n 0 1 0
n 0 1 0
]
g4 ·MP (6n,3)5→4 −MP (6n,7)5→4 · g5 =
[ n n n
n 0 1 0
n 0 1 0
]
−
[ n n n
n 0 1 0
n 0 1 0
]
=
[3n
2n 0
]
5. g3 ·MP (6n,3)6→3 −MP (6n,7)6→3 · g6 = 0
g3 ·MP (6n,3)6→3 =
[3n−1 3n+1 3n+1
3n+1 0 1 0
]
·


2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1
+

2n−1 4n+1
n 0 0
2n−1 1 0
6n+2 0 0


=
[2n−1 n 2n+1 n n+1 2n
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
]
·

2n−1 2n+1 2n
2n−1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
n+1 0 0 0
2n 0 0 1

+
[ n 2n−1 3n+1 3n+1
3n+1 0 0 1 0
]
·

2n−1 4n+1
n 0 0
2n−1 1 0
3n+1 0 0
3n+1 0 0

=
[2n−1 2n+1 2n
2n+1 0 1 0
n 0 0 0
]
+
[2n−1 4n+1
3n+1 0 0
]
=
[2n−1 2n+1 2n
2n+1 0 1 0
n 0 0 0
]
+
[2n−1 2n+1 2n
2n+1 0 0 0
n 0 0 0
]
=
[2n−1 2n+1 2n
2n+1 0 1 0
n 0 0 0
]
M
P (6n,7)
6→3 · g6 =
[2n+1
2n+1 1
n 0
]
·
[2n−1 2n+1 2n
2n+1 0 1 0
]
=
[2n−1 2n+1 2n
2n+1 0 1 0
n 0 0 0
]
g3 ·MP (6n,3)6→3 −MP (6n,7)6→3 · g6 =
[2n−1 2n+1 2n
2n+1 0 1 0
n 0 0 0
]
−
[2n−1 2n+1 2n
2n+1 0 1 0
n 0 0 0
]
=
[6n
3n+1 0
]
1362
6. g6 ·MP (6n,3)7→6 −MP (6n,7)7→6 · g7 = 0
g6 ·MP (6n,3)7→6 =
[2n−1 2n+1 2n
2n+1 0 1 0
]
·

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
2n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 n−2 1 n−2 1 n+1 n n n−1 1
n+1 0 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 1 0 0 0
]
·

1 n−2 n+1 n−1 1
1 1 0 0 0 0
n−2 0 1 0 0 0
1 1 0 0 0 1
n−2 0 1 0 0 0
1 0 0 0 0 0
n+1 0 0 1 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 n−2 n+1 n−1 1
n+1 0 0 1 0 0
n 0 0 0 0 0
]
=
[n−1 n+1 n
n+1 0 1 0
n 0 0 0
]
M
P (6n,7)
7→6 · g7 =
[n+1
n+1 1
n 0
]
·
[n−1 n+1 n
n+1 0 1 0
]
=
[n−1 n+1 n
n+1 0 1 0
n 0 0 0
]
g6 ·MP (6n,3)7→6 −MP (6n,7)7→6 · g7 =
[n−1 n+1 n
n+1 0 1 0
n 0 0 0
]
−
[n−1 n+1 n
n+1 0 1 0
n 0 0 0
]
=
[3n
2n+1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n−1 n n+1
n 0 1 0
]
·

[n−1 n−1 2
n−1 1′ 1′ 0
2n+1 0 0 0
]
+
[n−1 n+1
2n−1 0 0
n+1 0 91
] =
[n−1 n n+1
n 0 1 0
]
·

n−1 n−1 2
n−1 1′ 1′ 0
n 0 0 0
n+1 0 0 0
+ [n−1 n n+1n 0 1 0 ] ·

n−1 n+1
n−1 0 0
n 0 0
n+1 0 91

=
[n−1 n−1 2
n 0 0 0
]
+
[n−1 n+1
n 0 0
]
=
[n−1 n−1 2
n 0 0 0
]
+
[n−1 n−1 2
n 0 0 0
]
=
[2n
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[2n−1 2n 2n+1
2n 0 1 0
]
·


n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
4n+1 0 0 0 0 0 0
+

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
2n 0 0 0
2n+1 0 0 91


=
[n−1 1 n−1 2n 2n+1
2n 0 0 0 1 0
]
·

n−1 n n−1 2 n−1 1
n−1 1′ 0 1′ 0 91′ 0
1 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0
2n 0 0 0 0 0 0
2n+1 0 0 0 0 0 0
+
[n−1 n 2n 2n+1
2n 0 0 1 0
]
·

n−1 n 2n+1
n−1 0 0 0
n 0 91′ 0
2n 0 0 0
2n+1 0 0 91

=
[n−1 n n−1 2 n−1 1
2n 0 0 0 0 0 0
]
+
[n−1 n 2n+1
2n 0 0 0
]
=
[n−1 n n−1 2 n−1 1
2n 0 0 0 0 0 0
]
+
[n−1 n n−1 2 n−1 1
2n 0 0 0 0 0 0
]
=
[4n
2n 0
]
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3. g3 · f3 = 0
g3 · f3 =
[3n−1 3n+1 3n+1
3n+1 0 1 0
]
·


n−1 n n 3n+1
n−1 0 0 0 0
n 0 91′ 0 0
n 0 91′ 1′ 0
3n+1 0 0 0 0
3n+1 0 0 0 91
+

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
6n+3 0 0 0 0 0 0 0
+

n−1 5n+1
n−1 0 0
n−1 1′ 0
7n+3 0 0
+

5n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
6n+2 0 0 0


=
[n−1 n n 3n+1 3n+1
3n+1 0 0 0 1 0
]
·

n−1 n n 3n+1
n−1 0 0 0 0
n 0 91′ 0 0
n 0 91′ 1′ 0
3n+1 0 0 0 0
3n+1 0 0 0 91
+
[n−1 1 n−1 n−1 1 3n+1 3n+1
3n+1 0 0 0 0 0 1 0
]
·

n−1 2n n−1 2 n−1 2 n−1
n−1 1′ 0 1′ 0 91′ 0 1′
1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 91′ 0 1′
n−1 1′ 0 0 0 0 0 0
1 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0
3n+1 0 0 0 0 0 0 0

+
[n−1 n−1 n+1 3n+1 3n+1
3n+1 0 0 0 1 0
]
·

n−1 5n+1
n−1 0 0
n−1 1′ 0
n+1 0 0
3n+1 0 0
3n+1 0 0
+
[ n n−1 1 n−1 3n+1 3n+1
3n+1 0 0 0 0 1 0
]
·

5n n−1 1
n 0 0 0
n−1 0 1′ 0
1 0 0 0
n−1 0 1′ 0
3n+1 0 0 0
3n+1 0 0 0

=
[n−1 n n 3n+1
3n+1 0 0 0 0
]
+
[n−1 2n n−1 2 n−1 2 n−1
3n+1 0 0 0 0 0 0 0
]
+
[n−1 5n+1
3n+1 0 0
]
+
[5n n−1 1
3n+1 0 0 0
]
=
[n−1 n n n−1 2 n−1 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0
]
+
[n−1 n n n−1 2 n−1 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0
]
+
[n−1 n n n−1 2 n−1 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0
]
+
[n−1 n n n−1 2 n−1 1 1 n−2 1
3n+1 0 0 0 0 0 0 0 0 0 0
]
=
[6n
3n+1 0
]
4. g4 · f4 = 0
g4 · f4 =
[2n 2n 2n
2n 0 1 0
]
·

[2n 2n
4n 0 0
2n 0 91
]
+

n n 2n
n 91′ 0 0
n 91′ 1′ 0
4n 0 0 0
+

2n n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
4n 0 0 0 0 0


=
[2n 2n 2n
2n 0 1 0
]
·

2n 2n
2n 0 0
2n 0 0
2n 0 91
+ [ n n 2n 2n2n 0 0 1 0 ] ·

n n 2n
n 91′ 0 0
n 91′ 1′ 0
2n 0 0 0
2n 0 0 0
+
[ 1 n−1 1 n−1 2n 2n
2n 0 0 0 0 1 0
]
·

2n n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 91′ 0 1′ 0
1 0 0 0 0 0
n−1 0 0 0 1′ 0
2n 0 0 0 0 0
2n 0 0 0 0 0

=
[2n 2n
2n 0 0
]
+
[ n n 2n
2n 0 0 0
]
+
[2n n−1 1 n−1 1
2n 0 0 0 0 0
]
=
[ n n n−1 1 n−1 1
2n 0 0 0 0 0 0
]
+
[ n n n−1 1 n−1 1
2n 0 0 0 0 0 0
]
+
[ n n n−1 1 n−1 1
2n 0 0 0 0 0 0
]
=
[4n
2n 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n n n
n 0 1 0
]
·

[ n n
2n 0 0
n 0 91
]
+

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 1′ 0
2n 0 0 0 0


=
[ n n n
n 0 1 0
]
·

n n
n 0 0
n 0 0
n 0 91
+ [ 1 n−1 n nn 0 0 1 0 ] ·

n−1 1 n−1 1
1 0 1 0 0
n−1 1′ 0 1′ 0
n 0 0 0 0
n 0 0 0 0

=
[ n n
n 0 0
]
+
[n−1 1 n−1 1
n 0 0 0 0
]
=
[n−1 1 n−1 1
n 0 0 0 0
]
+
[n−1 1 n−1 1
n 0 0 0 0
]
=
[2n
n 0
]
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6. g6 · f6 = 0
g6 · f6 =
[2n−1 2n+1 2n
2n+1 0 1 0
]
·

[2n−1 2n
4n 0 0
2n 0 91
]
+

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
4n+2 0 0 0
+

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
4n+1 0 0 0
+ [
n−1 2n−1 n+1
2n−1 0 91′ 0
4n+1 0 0 0
]

=
[2n−1 2n+1 2n
2n+1 0 1 0
]
·

2n−1 2n
2n−1 0 0
2n+1 0 0
2n 0 91
+ [n−1 n−1 1 2n+1 2n2n+1 0 0 0 1 0 ] ·

n−1 2n+1 n−1
n−1 1′ 0 1′
n−1 1′ 0 0
1 0 0 0
2n+1 0 0 0
2n 0 0 0
+
[ n n−1 2n+1 2n
2n+1 0 0 1 0
]
·

3n−1 n−1 1
n 0 0 0
n−1 0 1′ 0
2n+1 0 0 0
2n 0 0 0

+
[2n−1 2n+1 2n
2n+1 0 1 0
]
·

n−1 2n−1 n+1
2n−1 0 91′ 0
2n+1 0 0 0
2n 0 0 0
 = [2n−1 2n2n+1 0 0 ]+ [n−1 2n+1 n−12n+1 0 0 0 ]+ [3n−1 n−1 12n+1 0 0 0 ]+ [n−1 2n−1 n+12n+1 0 0 0 ]
=
[n−1 n n−1 1 1 n−2 1
2n+1 0 0 0 0 0 0 0
]
+
[n−1 n n−1 1 1 n−2 1
2n+1 0 0 0 0 0 0 0
]
+
[n−1 n n−1 1 1 n−2 1
2n+1 0 0 0 0 0 0 0
]
+
[n−1 n n−1 1 1 n−2 1
2n+1 0 0 0 0 0 0 0
]
=
[4n−1
2n+1 0
]
7. g7 · f7 = 0
g7 · f7 =
[n−1 n+1 n
n+1 0 1 0
]
·

[n−1 n
2n 0 0
n 0 91
]
+
[n−1 1 n−1
n−1 1′ 0 1′
2n+1 0 0 0
] =
[n−1 n+1 n
n+1 0 1 0
]
·

n−1 n
n−1 0 0
n+1 0 0
n 0 91
+ [n−1 n+1 nn+1 0 1 0 ] ·

n−1 1 n−1
n−1 1′ 0 1′
n+1 0 0 0
n 0 0 0

=
[n−1 n
n+1 0 0
]
+
[n−1 1 n−1
n+1 0 0 0
]
=
[n−1 1 n−1
n+1 0 0 0
]
+
[n−1 1 n−1
n+1 0 0 0
]
=
[2n−1
n+1 0
]
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131 Tree module property of P (6n+ 1, 3)
131.1 Tree module property of P (1, 3) 
The representation of P (1, 3):
dimP (1, 3) = (0, 1, 2, 1, 0, 1, 0)
P (1, 3) =
(
M1→2 = 0, M2→3 =
(
1
0
)
, M4→3 =
(
0
1
)
, M5→4 = 0, M6→3 =
(
1
1
)
, M7→6 = 0
)
The length of P (1, 3) is: 0 + 1 + 2 + 1 + 0 + 1 + 0 = 5.
The total number of ones in the matrices of the representation: 4.
A = M(EndkQ(P (1, 3))) ∈M6,7(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (1, 3).
A =

1 91 0 0 0 0 0
0 0 0 91 0 0 0
0 0 91 0 0 0 0
0 0 0 0 91 1 0
0 91 91 0 0 0 1
0 0 0 91 91 0 1

←−
←−
←−
←−−−
∼

1 91 0 0 0 0 0
0 91 91 0 0 0 1
0 0 91 0 0 0 0
0 0 0 91 91 0 1
0 0 0 91 0 0 0
0 0 0 0 91 1 0
←−−1+
∼

1 91 0 0 0 0 0
0 91 91 0 0 0 1
0 0 91 0 0 0 0
0 0 0 91 91 0 1
0 0 0 0 1 0 91
0 0 0 0 91 1 0

←−+
∼

1 91 0 0 0 0 0
0 91 91 0 0 0 1
0 0 91 0 0 0 0
0 0 0 91 91 0 1
0 0 0 0 1 0 91
0 0 0 0 0 1 91

As the above computation shows, dim EndkQ(P (1, 3)) = corank(A) = 1 in every field k, therefore P (1, 3) has the (field independent) tree module property.
131.2 Tree module property of P (7, 3) 
The matrices of the representation have full (column) rank P
1. MP (7,3)1→2 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. MP (7,3)2→3 =

1 0 0 0 0 0 0
1 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
3. MP (7,3)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
4. MP (7,3)5→4 =

1 0 0
0 0 0
0 1 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
5. MP (7,3)6→3 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
1366
6. MP (7,3)7→6 =

0 1 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 0
0 0 1

∈M7,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (7,3)
7→6 =

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

c1↔c2−−−−→

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
1 1 0 0
2 0 0 0
1 0 0 1

131.2.1 0→ P (6, 2) f→ P (7, 3) g→ P (7, 1)→ 0 
PdimP (6, 2) + dimP (7, 1) = (2, 5, 7, 4, 2, 4, 2) + (1, 2, 4, 3, 1, 3, 1)
= (3, 7, 11, 7, 3, 7, 3) = dimP (7, 3)
Pdimk Ext
1
kQ(P (7, 1), P (6, 2)) = dimk HomkQ(P (7, 1), P (6, 2))− 〈dimP (7, 1),dimP (6, 2)〉
= 0− 〈(1, 2, 4, 3, 1, 3, 1), (2, 5, 7, 4, 2, 4, 2)〉
= 1 · 5 + 2 · 7 + 3 · 7 + 1 · 4 + 3 · 7 + 1 · 4− (1 · 2 + 2 · 5 + 4 · 7 + 3 · 4 + 1 · 2 + 3 · 4 + 1 · 2)
= 5 + 14 + 21 + 4 + 21 + 4− (2 + 10 + 28 + 12 + 2 + 12 + 2)
= 1
Matrices of the embedding f : P (6, 2)→ P (7, 3) P
1. f1 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (7, 3)→ P (7, 1) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6, 2)→ P (7, 3) P
1. f2 ·MP (6,2)1→2 −MP (7,3)1→2 · f1 = 0
f2 ·MP (6,2)1→2 =
[ 5
5 1
2 0
]
·

2
2 0
2 1
1 0
 =

2 2 1
2 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0
 ·

2
2 0
2 1
1 0
 =

2
2 0
2 1
1 0
2 0
 =

2
2 0
2 1
3 0

M
P (7,3)
1→2 · f1 =

2 1
2 0 0
2 1 0
1 0 0
1 0 1
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
2 0
2 1
1 0
1 0
1 0
 =

2
2 0
2 1
3 0

f2 ·MP (6,2)1→2 −MP (7,3)1→2 · f1 =

2
2 0
2 1
3 0
−

2
2 0
2 1
3 0
 = [ 27 0 ]
2. f3 ·MP (6,2)2→3 −MP (7,3)2→3 · f2 = 0
f3 ·MP (6,2)2→3 =
[ 7
7 1
4 0
]
·

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 =

1 1 1 3 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0

·

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 =

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
4 0 0 0

=

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
5 0 0 0

M
P (7,3)
2→3 · f2 =

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

·
[ 5
5 1
2 0
]
=

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

·

1 1 3
1 1 0 0
1 0 1 0
3 0 0 1
2 0 0 0
 =

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
1 0 0 0
2 0 0 0
2 0 0 0

=

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
5 0 0 0

f3 ·MP (6,2)2→3 −MP (7,3)2→3 · f2 =

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
5 0 0 0
−

1 1 3
1 1 0 0
1 1 1 0
1 0 1 0
3 0 0 1
5 0 0 0
 =
[ 5
11 0
]
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3. f3 ·MP (6,2)4→3 −MP (7,3)4→3 · f4 = 0
f3 ·MP (6,2)4→3 =
[ 7
7 1
4 0
]
·

2 2
2 1 0
1 0 0
2 0 1
2 0 1
 =

2 1 2 2
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
4 0 0 0 0
 ·

2 2
2 1 0
1 0 0
2 0 1
2 0 1
 =

2 2
2 1 0
1 0 0
2 0 1
2 0 1
4 0 0

M
P (7,3)
4→3 · f4 =

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

·
[ 4
4 1
3 0
]
=

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

·

2 2
2 1 0
2 0 1
3 0 0
 =

2 2
2 1 0
1 0 0
2 0 1
2 0 1
3 0 0
1 0 0

=

2 2
2 1 0
1 0 0
2 0 1
2 0 1
4 0 0

f3 ·MP (6,2)4→3 −MP (7,3)4→3 · f4 =

2 2
2 1 0
1 0 0
2 0 1
2 0 1
4 0 0
−

2 2
2 1 0
1 0 0
2 0 1
2 0 1
4 0 0
 =
[ 4
11 0
]
4. f4 ·MP (6,2)5→4 −MP (7,3)5→4 · f5 = 0
f4 ·MP (6,2)5→4 =
[ 4
4 1
3 0
]
·

1 0
0 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 0
0 0
0 1
0 1
 =

1 1
1 1 0
1 0 0
1 0 1
1 0 1
3 0 0

M
P (7,3)
5→4 · f5 =

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

·
[ 2
2 1
1 0
]
=

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

·
1 00 1
0 0
 =

1 1
1 1 0
1 0 0
1 0 1
1 0 1
1 0 0
2 0 0

=

1 1
1 1 0
1 0 0
1 0 1
1 0 1
3 0 0

f4 ·MP (6,2)5→4 −MP (7,3)5→4 · f5 =

1 1
1 1 0
1 0 0
1 0 1
1 0 1
3 0 0
−

1 1
1 1 0
1 0 0
1 0 1
1 0 1
3 0 0
 =
[ 2
7 0
]
5. f3 ·MP (6,2)6→3 −MP (7,3)6→3 · f6 = 0
f3 ·MP (6,2)6→3 =
[ 7
7 1
4 0
]
·

2 2
1 0 0
2 1 0
2 0 0
2 0 1
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
4 0 0 0 0
 ·

2 2
1 0 0
2 1 0
2 0 0
2 0 1
 =

2 2
1 0 0
2 1 0
2 0 0
2 0 1
4 0 0

M
P (7,3)
6→3 · f6 =

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

·
[ 4
4 1
3 0
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

·

2 2
2 1 0
2 0 1
3 0 0
 =

2 2
1 0 0
2 1 0
2 0 0
2 0 1
1 0 0
3 0 0

=

2 2
1 0 0
2 1 0
2 0 0
2 0 1
4 0 0

f3 ·MP (6,2)6→3 −MP (7,3)6→3 · f6 =

2 2
1 0 0
2 1 0
2 0 0
2 0 1
4 0 0
−

2 2
1 0 0
2 1 0
2 0 0
2 0 1
4 0 0
 =
[ 4
11 0
]
1369
6. f6 ·MP (6,2)7→6 −MP (7,3)7→6 · f7 = 0
f6 ·MP (6,2)7→6 =
[ 4
4 1
3 0
]
·

0 1
1 0
0 0
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

0 1
1 0
0 0
0 1
 =

1 1
1 0 1
1 1 0
1 0 0
1 0 1
3 0 0

M
P (7,3)
7→6 · f7 =

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

·
[ 2
2 1
1 0
]
=

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

·
1 00 1
0 0
 =

1 1
1 0 1
1 1 0
1 0 0
1 0 1
2 0 0
1 0 0

=

1 1
1 0 1
1 1 0
1 0 0
1 0 1
3 0 0

f6 ·MP (6,2)7→6 −MP (7,3)7→6 · f7 =

1 1
1 0 1
1 1 0
1 0 0
1 0 1
3 0 0
−

1 1
1 0 1
1 1 0
1 0 0
1 0 1
3 0 0
 =
[ 2
7 0
]
Relations of the projection g : P (7, 3)→ P (7, 1) P
1. g2 ·MP (7,3)1→2 −MP (7,1)1→2 · g1 = 0
g2 ·MP (7,3)1→2 =
[ 5 2
2 0 1
]
·

2 1
2 0 0
2 1 0
1 0 0
1 0 1
1 0 1
 =
[ 2 2 1 1 1
1 0 0 0 1 0
1 0 0 0 0 1
]
·

2 1
2 0 0
2 1 0
1 0 0
1 0 1
1 0 1
 =
[ 2 1
1 0 1
1 0 1
]
M
P (7,1)
1→2 · g1 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g2 ·MP (7,3)1→2 −MP (7,1)1→2 · g1 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
2. g3 ·MP (7,3)2→3 −MP (7,1)2→3 · g2 = 0
g3 ·MP (7,3)2→3 =
[ 7 4
4 0 1
]
·

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

=
[ 1 1 1 3 1 2 2
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

=
[ 1 1 3 2
2 0 0 0 1
2 0 0 0 1
]
=
[ 5 2
2 0 1
2 0 1
]
M
P (7,1)
2→3 · g2 =
[ 2
2 1
2 1
]
·
[ 5 2
2 0 1
]
=
[ 5 2
2 0 1
2 0 1
]
g3 ·MP (7,3)2→3 −MP (7,1)2→3 · g2 =
[ 5 2
2 0 1
2 0 1
]
−
[ 5 2
2 0 1
2 0 1
]
=
[ 7
4 0
]
3. g3 ·MP (7,3)4→3 −MP (7,1)4→3 · g4 = 0
g3 ·MP (7,3)4→3 =
[ 7 4
4 0 1
]
·

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

=
[ 2 1 2 2 3 1
3 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

=
[ 2 2 3
3 0 0 1
1 0 0 0
]
=
[ 4 3
3 0 1
1 0 0
]
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M
P (7,1)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 1
1 0 0
]
g3 ·MP (7,3)4→3 −MP (7,1)4→3 · g4 =
[ 4 3
3 0 1
1 0 0
]
−
[ 4 3
3 0 1
1 0 0
]
=
[ 7
4 0
]
4. g4 ·MP (7,3)5→4 −MP (7,1)5→4 · g5 = 0
g4 ·MP (7,3)5→4 =
[ 4 3
3 0 1
]
·

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

=
[ 1 1 1 1 1 2
1 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

=
[ 1 1 1
1 0 0 1
2 0 0 0
]
=
[ 2 1
1 0 1
2 0 0
]
M
P (7,1)
5→4 · g5 =
[ 1
1 1
2 0
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
2 0 0
]
g4 ·MP (7,3)5→4 −MP (7,1)5→4 · g5 =
[ 2 1
1 0 1
2 0 0
]
−
[ 2 1
1 0 1
2 0 0
]
=
[ 3
3 0
]
5. g3 ·MP (7,3)6→3 −MP (7,1)6→3 · g6 = 0
g3 ·MP (7,3)6→3 =
[ 7 4
4 0 1
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

=
[ 1 2 2 2 1 3
1 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

=
[ 2 2 3
1 0 0 0
3 0 0 1
]
=
[ 4 3
1 0 0
3 0 1
]
M
P (7,1)
6→3 · g6 =
[ 3
1 0
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
1 0 0
3 0 1
]
g3 ·MP (7,3)6→3 −MP (7,1)6→3 · g6 =
[ 4 3
1 0 0
3 0 1
]
−
[ 4 3
1 0 0
3 0 1
]
=
[ 7
4 0
]
6. g6 ·MP (7,3)7→6 −MP (7,1)7→6 · g7 = 0
g6 ·MP (7,3)7→6 =
[ 4 3
3 0 1
]
·

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

=
[ 1 1 1 1 2 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

=
[ 1 1 1
2 0 0 0
1 0 0 1
]
=
[ 2 1
2 0 0
1 0 1
]
M
P (7,1)
7→6 · g7 =
[ 1
2 0
1 1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
2 0 0
1 0 1
]
g6 ·MP (7,3)7→6 −MP (7,1)7→6 · g7 =
[ 2 1
2 0 0
1 0 1
]
−
[ 2 1
2 0 0
1 0 1
]
=
[ 3
3 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 4
4 0 1
]
·
[ 7
7 1
4 0
]
=
[ 7
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
131.2.2 0→ P (5, 1) f→ P (7, 3) g→ P (7, 2)→ 0 
PdimP (5, 1) + dimP (7, 2) = (0, 2, 3, 2, 1, 2, 1) + (3, 5, 8, 5, 2, 5, 2)
= (3, 7, 11, 7, 3, 7, 3) = dimP (7, 3)
Pdimk Ext
1
kQ(P (7, 2), P (5, 1)) = dimk HomkQ(P (7, 2), P (5, 1))− 〈dimP (7, 2),dimP (5, 1)〉
= 0− 〈(3, 5, 8, 5, 2, 5, 2), (0, 2, 3, 2, 1, 2, 1)〉
= 3 · 2 + 5 · 3 + 5 · 3 + 2 · 2 + 5 · 3 + 2 · 2− (3 · 0 + 5 · 2 + 8 · 3 + 5 · 2 + 2 · 1 + 5 · 2 + 2 · 1)
= 6 + 15 + 15 + 4 + 15 + 4− (0 + 10 + 24 + 10 + 2 + 10 + 2)
= 1
Matrices of the embedding f : P (5, 1)→ P (7, 3) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (7, 3)→ P (7, 2) P
1. g1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M8,11(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (5, 1)→ P (7, 3) P
1. f2 ·MP (5,1)1→2 −MP (7,3)1→2 · f1 = 0
f2 ·MP (5,1)1→2 =
[ 2
2 1
5 0
]
·
[ 0
2 0
]
=
[ 0
7 0
]
M
P (7,3)
1→2 · f1 =

2 1
2 0 0
2 1 0
1 0 0
1 0 1
1 0 1
 ·
[ 0
3 0
]
=

2 1
2 0 0
2 1 0
1 0 0
1 0 1
1 0 1
 ·
[ 0
2 0
1 0
]
=
[ 0
7 0
]
f2 ·MP (5,1)1→2 −MP (7,3)1→2 · f1 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
2. f3 ·MP (5,1)2→3 −MP (7,3)2→3 · f2 = 0
f3 ·MP (5,1)2→3 =
[ 3
3 1
8 0
]
·
1 01 1
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
8 0 0 0
 ·
1 01 1
0 1
 =

1 1
1 1 0
1 1 1
1 0 1
8 0 0

M
P (7,3)
2→3 · f2 =

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

·
[ 2
2 1
5 0
]
=

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

·

1 1
1 1 0
1 0 1
3 0 0
2 0 0
 =

1 1
1 1 0
1 1 1
1 0 1
3 0 0
1 0 0
2 0 0
2 0 0

=

1 1
1 1 0
1 1 1
1 0 1
8 0 0

f3 ·MP (5,1)2→3 −MP (7,3)2→3 · f2 =

1 1
1 1 0
1 1 1
1 0 1
8 0 0
−

1 1
1 1 0
1 1 1
1 0 1
8 0 0
 =
[ 2
11 0
]
3. f3 ·MP (5,1)4→3 −MP (7,3)4→3 · f4 = 0
f3 ·MP (5,1)4→3 =
[ 3
3 1
8 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
8 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
8 0
 = [
2
2 1
9 0
]
M
P (7,3)
4→3 · f4 =

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

·
[ 2
2 1
5 0
]
=

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

·

2
2 1
2 0
3 0
 =

2
2 1
1 0
2 0
2 0
3 0
1 0

=
[ 2
2 1
9 0
]
f3 ·MP (5,1)4→3 −MP (7,3)4→3 · f4 =
[ 2
2 1
9 0
]
−
[ 2
2 1
9 0
]
=
[ 2
11 0
]
4. f4 ·MP (5,1)5→4 −MP (7,3)5→4 · f5 = 0
f4 ·MP (5,1)5→4 =
[ 2
2 1
5 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
5 0 0
 · [1
0
]
=

1
1 1
1 0
5 0
 = [
1
1 1
6 0
]
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M
P (7,3)
5→4 · f5 =

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

·
[ 1
1 1
2 0
]
=

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

·
10
0
 =

1
1 1
1 0
1 0
1 0
1 0
2 0

=
[ 1
1 1
6 0
]
f4 ·MP (5,1)5→4 −MP (7,3)5→4 · f5 =
[ 1
1 1
6 0
]
−
[ 1
1 1
6 0
]
=
[ 1
7 0
]
5. f3 ·MP (5,1)6→3 −MP (7,3)6→3 · f6 = 0
f3 ·MP (5,1)6→3 =
[ 3
3 1
8 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
8 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
8 0

M
P (7,3)
6→3 · f6 =

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

·
[ 2
2 1
5 0
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

·

2
2 1
2 0
3 0
 =

2
1 0
2 1
2 0
2 0
1 0
3 0

=

2
1 0
2 1
8 0

f3 ·MP (5,1)6→3 −MP (7,3)6→3 · f6 =

2
1 0
2 1
8 0
−

2
1 0
2 1
8 0
 = [ 211 0 ]
6. f6 ·MP (5,1)7→6 −MP (7,3)7→6 · f7 = 0
f6 ·MP (5,1)7→6 =
[ 2
2 1
5 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
5 0 0
 · [0
1
]
=

1
1 0
1 1
5 0

M
P (7,3)
7→6 · f7 =

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

·
[ 1
1 1
2 0
]
=

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

·
10
0
 =

1
1 0
1 1
1 0
1 0
2 0
1 0

=

1
1 0
1 1
5 0

f6 ·MP (5,1)7→6 −MP (7,3)7→6 · f7 =

1
1 0
1 1
5 0
−

1
1 0
1 1
5 0
 = [ 17 0 ]
Relations of the projection g : P (7, 3)→ P (7, 2) P
1. g2 ·MP (7,3)1→2 −MP (7,2)1→2 · g1 = 0
g2 ·MP (7,3)1→2 =
[ 2 5
5 0 1
]
·

2 1
2 0 0
2 1 0
1 0 0
1 0 1
1 0 1
 =

2 2 1 1 1
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 ·

2 1
2 0 0
2 1 0
1 0 0
1 0 1
1 0 1
 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1

M
P (7,2)
1→2 · g1 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 ·
[ 3
3 1
]
=

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 ·
[ 2 1
2 1 0
1 0 1
]
=

2 1
2 1 0
1 0 0
1 0 1
1 0 1

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g2 ·MP (7,3)1→2 −MP (7,2)1→2 · g1 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1
−

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 =
[ 3
5 0
]
2. g3 ·MP (7,3)2→3 −MP (7,2)2→3 · g2 = 0
g3 ·MP (7,3)2→3 =
[ 3 8
8 0 1
]
·

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

=

1 1 1 3 1 2 2
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 1 3 2
1 1 0 0 0
1 1 1 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1

=

1 1 3 2
3 0 0 1 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 1
 =

2 3 2
3 0 1 0
1 0 0 0
2 0 0 1
2 0 0 1

M
P (7,2)
2→3 · g2 =

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 ·
[ 2 5
5 0 1
]
=

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 ·
[ 2 3 2
3 0 1 0
2 0 0 1
]
=

2 3 2
3 0 1 0
1 0 0 0
2 0 0 1
2 0 0 1

g3 ·MP (7,3)2→3 −MP (7,2)2→3 · g2 =

2 3 2
3 0 1 0
1 0 0 0
2 0 0 1
2 0 0 1
−

2 3 2
3 0 1 0
1 0 0 0
2 0 0 1
2 0 0 1
 =
[ 7
8 0
]
3. g3 ·MP (7,3)4→3 −MP (7,2)4→3 · g4 = 0
g3 ·MP (7,3)4→3 =
[ 3 8
8 0 1
]
·

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

=

2 1 2 2 3 1
2 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

2 2 3
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

=

2 2 3
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

M
P (7,2)
4→3 · g4 =

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 ·
[ 2 5
5 0 1
]
=

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 ·
[ 2 2 3
2 0 1 0
3 0 0 1
]
=

2 2 3
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0

g3 ·MP (7,3)4→3 −MP (7,2)4→3 · g4 =

2 2 3
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
−

2 2 3
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =
[ 7
8 0
]
4. g4 ·MP (7,3)5→4 −MP (7,2)5→4 · g5 = 0
g4 ·MP (7,3)5→4 =
[ 2 5
5 0 1
]
·

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

=

1 1 1 1 1 2
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

=

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

M
P (7,2)
5→4 · g5 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[ 1 2
2 0 1
]
=

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[
0 1 0
0 0 1
]
=

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0

g4 ·MP (7,3)5→4 −MP (7,2)5→4 · g5 =

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0
−

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0
 =
[ 3
5 0
]
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5. g3 ·MP (7,3)6→3 −MP (7,2)6→3 · g6 = 0
g3 ·MP (7,3)6→3 =
[ 3 8
8 0 1
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

=

1 2 2 2 1 3
2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

2 2 3
1 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

=

2 2 3
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

M
P (7,2)
6→3 · g6 =

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 ·
[ 2 5
5 0 1
]
=

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 ·
[ 2 2 3
2 0 1 0
3 0 0 1
]
=

2 2 3
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1

g3 ·MP (7,3)6→3 −MP (7,2)6→3 · g6 =

2 2 3
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
−

2 2 3
2 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
 =
[ 7
8 0
]
6. g6 ·MP (7,3)7→6 −MP (7,2)7→6 · g7 = 0
g6 ·MP (7,3)7→6 =
[ 2 5
5 0 1
]
·

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

=

1 1 1 1 2 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 1
1 0 1 0
1 1 0 0
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

=

1 1 1
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

M
P (7,2)
7→6 · g7 =

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 ·
[ 1 2
2 0 1
]
=

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 ·
[
0 1 0
0 0 1
]
=

1 1 1
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1

g6 ·MP (7,3)7→6 −MP (7,2)7→6 · g7 =

1 1 1
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1
−

1 1 1
1 0 0 1
1 0 1 0
2 0 0 0
1 0 0 1
 =
[ 3
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 3 8
8 0 1
]
·
[ 3
3 1
8 0
]
=
[ 3
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
131.3 Tree module property of P (13, 3) 
The matrices of the representation have full (column) rank P
1. MP (13,3)1→2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k) is already in column echelon form and has maximal column rank.
2. MP (13,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k) is already in column echelon form and has maximal column rank.
3. MP (13,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k) is already in column echelon form and has maximal column rank.
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4. MP (13,3)5→4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) is already in column echelon form and has maximal column rank.
5. MP (13,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k) is already in column echelon form and has maximal column rank.
6. MP (13,3)7→6 =

0 0 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (13,3)
7→6 =

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

c1↔c2−−−−→

1 2 1 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

c3↔c4−−−−→

1 2 1 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 0 1

131.3.1 0→ P (12, 2) f→ P (13, 3) g→ P (13, 1)→ 0 
PdimP (12, 2) + dimP (13, 1) = (4, 9, 13, 8, 4, 8, 4) + (2, 4, 7, 5, 2, 5, 2)
= (6, 13, 20, 13, 6, 13, 6) = dimP (13, 3)
Pdimk Ext
1
kQ(P (13, 1), P (12, 2)) = dimk HomkQ(P (13, 1), P (12, 2))− 〈dimP (13, 1),dimP (12, 2)〉
= 0− 〈(2, 4, 7, 5, 2, 5, 2), (4, 9, 13, 8, 4, 8, 4)〉
= 2 · 9 + 4 · 13 + 5 · 13 + 2 · 8 + 5 · 13 + 2 · 8− (2 · 4 + 4 · 9 + 7 · 13 + 5 · 8 + 2 · 4 + 5 · 8 + 2 · 4)
= 18 + 52 + 65 + 16 + 65 + 16− (8 + 36 + 91 + 40 + 8 + 40 + 8)
= 1
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Matrices of the embedding f : P (12, 2)→ P (13, 3) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M13,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M13,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (13, 3)→ P (13, 1) P
1. g1 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,20(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,13(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,13(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (12, 2)→ P (13, 3) P
1. f2 ·MP (12,2)1→2 −MP (13,3)1→2 · f1 = 0
f2 ·MP (12,2)1→2 =
[ 9
9 1
4 0
]
·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
 =

1 2 1 3 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
2 0 0 0 0 1
4 0 0 0 0 0

·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
 =

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
4 0 0

=

1 3
1 1 0
2 0 0
1 1 0
3 0 1
6 0 0

M
P (13,3)
1→2 · f1 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

·
[ 4
4 1
2 0
]
=

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

·

1 3
1 1 0
3 0 1
2 0 0
 =

1 3
1 1 0
2 0 0
1 1 0
3 0 1
2 0 0
2 0 0
2 0 0

=

1 3
1 1 0
2 0 0
1 1 0
3 0 1
6 0 0

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f2 ·MP (12,2)1→2 −MP (13,3)1→2 · f1 =

1 3
1 1 0
2 0 0
1 1 0
3 0 1
6 0 0
−

1 3
1 1 0
2 0 0
1 1 0
3 0 1
6 0 0
 =
[ 4
13 0
]
2. f3 ·MP (12,2)2→3 −MP (13,3)2→3 · f2 = 0
f3 ·MP (12,2)2→3 =
[13
13 1
7 0
]
·

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
 =

2 2 2 5 2
2 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 1
7 0 0 0 0 0

·

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
 =

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
7 0 0 0

=

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
9 0 0 0

M
P (13,3)
2→3 · f2 =

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 9
9 1
4 0
]
=

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

2 2 5
2 1 0 0
2 0 1 0
5 0 0 1
1 0 0 0
2 0 0 0
1 0 0 0

=

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0

=

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
9 0 0 0

f3 ·MP (12,2)2→3 −MP (13,3)2→3 · f2 =

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
9 0 0 0
−

2 2 5
2 1 0 0
2 1 1 0
2 0 1 0
5 0 0 1
9 0 0 0
 =
[ 9
20 0
]
3. f3 ·MP (12,2)4→3 −MP (13,3)4→3 · f4 = 0
f3 ·MP (12,2)4→3 =
[13
13 1
7 0
]
·

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

4 2 1 2 1 2 1
4 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0

·

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

M
P (13,3)
4→3 · f4 =

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·
[ 8
8 1
5 0
]
=

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·

4 1 2 1
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
5 0 0 0 0
 =

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
5 0 0 0 0
2 0 0 0 0

=

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

f3 ·MP (12,2)4→3 −MP (13,3)4→3 · f4 =

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

−

4 1 2 1
4 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

=
[ 8
20 0
]
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4. f4 ·MP (12,2)5→4 −MP (13,3)5→4 · f5 = 0
f4 ·MP (12,2)5→4 =
[ 8
8 1
5 0
]
·

2 2
2 1 0
2 0 0
2 0 1
2 0 1
 =

2 2 2 2
2 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

2 2
2 1 0
2 0 0
2 0 1
2 0 1
 =

2 2
2 1 0
2 0 0
2 0 1
2 0 1
5 0 0

M
P (13,3)
5→4 · f5 =

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

·
[ 4
4 1
2 0
]
=

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

·

2 2
2 1 0
2 0 1
2 0 0
 =

2 2
2 1 0
2 0 0
2 0 1
2 0 1
2 0 0
3 0 0

=

2 2
2 1 0
2 0 0
2 0 1
2 0 1
5 0 0

f4 ·MP (12,2)5→4 −MP (13,3)5→4 · f5 =

2 2
2 1 0
2 0 0
2 0 1
2 0 1
5 0 0
−

2 2
2 1 0
2 0 0
2 0 1
2 0 1
5 0 0
 =
[ 4
13 0
]
5. f3 ·MP (12,2)6→3 −MP (13,3)6→3 · f6 = 0
f3 ·MP (12,2)6→3 =
[13
13 1
7 0
]
·

4 4
2 0 0
4 1 0
3 0 0
4 0 1
 =

2 4 3 4
2 1 0 0 0
4 0 1 0 0
3 0 0 1 0
4 0 0 0 1
7 0 0 0 0
 ·

4 4
2 0 0
4 1 0
3 0 0
4 0 1
 =

4 4
2 0 0
4 1 0
3 0 0
4 0 1
7 0 0

M
P (13,3)
6→3 · f6 =

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

·
[ 8
8 1
5 0
]
=

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

·

4 4
4 1 0
4 0 1
5 0 0
 =

4 4
2 0 0
4 1 0
3 0 0
4 0 1
2 0 0
5 0 0

=

4 4
2 0 0
4 1 0
3 0 0
4 0 1
7 0 0

f3 ·MP (12,2)6→3 −MP (13,3)6→3 · f6 =

4 4
2 0 0
4 1 0
3 0 0
4 0 1
7 0 0
−

4 4
2 0 0
4 1 0
3 0 0
4 0 1
7 0 0
 =
[ 8
20 0
]
6. f6 ·MP (12,2)7→6 −MP (13,3)7→6 · f7 = 0
f6 ·MP (12,2)7→6 =
[ 8
8 1
5 0
]
·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

1 1 2 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
5 0 0 0 0 0 0

·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

M
P (13,3)
7→6 · f7 =

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 4
4 1
2 0
]
=

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
1 0 0 0
1 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0
1 0 0 0
1 0 0 0

=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

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f6 ·MP (12,2)7→6 −MP (13,3)7→6 · f7 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

−

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

=
[ 4
13 0
]
Relations of the projection g : P (13, 3)→ P (13, 1) P
1. g2 ·MP (13,3)1→2 −MP (13,1)1→2 · g1 = 0
g2 ·MP (13,3)1→2 =
[ 9 4
4 0 1
]
·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

=
[ 1 2 1 3 2 2 2
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

=
[ 1 3 2
2 0 0 1
2 0 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
M
P (13,1)
1→2 · g1 =
[ 2
2 1
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
g2 ·MP (13,3)1→2 −MP (13,1)1→2 · g1 =
[ 4 2
2 0 1
2 0 1
]
−
[ 4 2
2 0 1
2 0 1
]
=
[ 6
4 0
]
2. g3 ·MP (13,3)2→3 −MP (13,1)2→3 · g2 = 0
g3 ·MP (13,3)2→3 =
[13 7
7 0 1
]
·

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

2 2 2 5 2 1 2 1 2 1
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
 ·

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

2 2 5 1 2 1
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1
 =

9 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
P (13,1)
2→3 · g2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 9 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

9 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

9 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·MP (13,3)2→3 −MP (13,1)2→3 · g2 =

9 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

9 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[13
7 0
]
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3. g3 ·MP (13,3)4→3 −MP (13,1)4→3 · g4 = 0
g3 ·MP (13,3)4→3 =
[13 7
7 0 1
]
·

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=
[ 4 2 1 2 1 2 1 5 2
5 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
]
·

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=
[ 4 1 2 1 5
5 0 0 0 0 1
2 0 0 0 0 0
]
=
[ 8 5
5 0 1
2 0 0
]
M
P (13,1)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 8 5
5 0 1
]
=
[ 8 5
5 0 1
2 0 0
]
g3 ·MP (13,3)4→3 −MP (13,1)4→3 · g4 =
[ 8 5
5 0 1
2 0 0
]
−
[ 8 5
5 0 1
2 0 0
]
=
[13
7 0
]
4. g4 ·MP (13,3)5→4 −MP (13,1)5→4 · g5 = 0
g4 ·MP (13,3)5→4 =
[ 8 5
5 0 1
]
·

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

=
[ 2 2 2 2 2 3
2 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

=
[ 2 2 2
2 0 0 1
3 0 0 0
]
=
[ 4 2
2 0 1
3 0 0
]
M
P (13,1)
5→4 · g5 =
[ 2
2 1
3 0
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 1
3 0 0
]
g4 ·MP (13,3)5→4 −MP (13,1)5→4 · g5 =
[ 4 2
2 0 1
3 0 0
]
−
[ 4 2
2 0 1
3 0 0
]
=
[ 6
5 0
]
5. g3 ·MP (13,3)6→3 −MP (13,1)6→3 · g6 = 0
g3 ·MP (13,3)6→3 =
[13 7
7 0 1
]
·

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

=
[ 2 4 3 4 2 5
2 0 0 0 0 1 0
5 0 0 0 0 0 1
]
·

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

=
[ 4 4 5
2 0 0 0
5 0 0 1
]
=
[ 8 5
2 0 0
5 0 1
]
M
P (13,1)
6→3 · g6 =
[ 5
2 0
5 1
]
·
[ 8 5
5 0 1
]
=
[ 8 5
2 0 0
5 0 1
]
g3 ·MP (13,3)6→3 −MP (13,1)6→3 · g6 =
[ 8 5
2 0 0
5 0 1
]
−
[ 8 5
2 0 0
5 0 1
]
=
[13
7 0
]
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6. g6 ·MP (13,3)7→6 −MP (13,1)7→6 · g7 = 0
g6 ·MP (13,3)7→6 =
[ 8 5
5 0 1
]
·

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 1 2 1 1 1 1 3 1 1
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
 ·

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

2 1 1 1 1
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 = [
4 2
3 0 0
2 0 1
]
M
P (13,1)
7→6 · g7 =
[ 2
3 0
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
3 0 0
2 0 1
]
g6 ·MP (13,3)7→6 −MP (13,1)7→6 · g7 =
[ 4 2
3 0 0
2 0 1
]
−
[ 4 2
3 0 0
2 0 1
]
=
[ 6
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 9 4
4 0 1
]
·
[ 9
9 1
4 0
]
=
[ 9
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[13 7
7 0 1
]
·
[13
13 1
7 0
]
=
[13
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 5
5 0 1
]
·
[ 8
8 1
5 0
]
=
[ 8
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 8 5
5 0 1
]
·
[ 8
8 1
5 0
]
=
[ 8
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
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131.3.2 0→ P (11, 1) f→ P (13, 3) g→ P (13, 2)→ 0 
PdimP (11, 1) + dimP (13, 2) = (1, 4, 6, 4, 2, 4, 2) + (5, 9, 14, 9, 4, 9, 4)
= (6, 13, 20, 13, 6, 13, 6) = dimP (13, 3)
Pdimk Ext
1
kQ(P (13, 2), P (11, 1)) = dimk HomkQ(P (13, 2), P (11, 1))− 〈dimP (13, 2),dimP (11, 1)〉
= 0− 〈(5, 9, 14, 9, 4, 9, 4), (1, 4, 6, 4, 2, 4, 2)〉
= 5 · 4 + 9 · 6 + 9 · 6 + 4 · 4 + 9 · 6 + 4 · 4− (5 · 1 + 9 · 4 + 14 · 6 + 9 · 4 + 4 · 2 + 9 · 4 + 4 · 2)
= 20 + 54 + 54 + 16 + 54 + 16− (5 + 36 + 84 + 36 + 8 + 36 + 8)
= 1
Matrices of the embedding f : P (11, 1)→ P (13, 3) P
1. f1 =

1
0
0
0
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M13,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M20,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M13,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M13,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (13, 3)→ P (13, 2) P
1. g1 =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M14,20(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,13(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,13(k) is already in row echelon form and has maximal row rank.
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7. g7 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (11, 1)→ P (13, 3) P
1. f2 ·MP (11,1)1→2 −MP (13,3)1→2 · f1 = 0
f2 ·MP (11,1)1→2 =
[ 4
4 1
9 0
]
·

1
1 1
2 0
1 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
9 0 0 0
 ·

1
1 1
2 0
1 1
 =

1
1 1
2 0
1 1
9 0

M
P (13,3)
1→2 · f1 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

·
[ 1
1 1
5 0
]
=

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

·

1
1 1
3 0
2 0
 =

1
1 1
2 0
1 1
3 0
2 0
2 0
2 0

=

1
1 1
2 0
1 1
9 0

f2 ·MP (11,1)1→2 −MP (13,3)1→2 · f1 =

1
1 1
2 0
1 1
9 0
−

1
1 1
2 0
1 1
9 0
 =
[ 1
13 0
]
2. f3 ·MP (11,1)2→3 −MP (13,3)2→3 · f2 = 0
f3 ·MP (11,1)2→3 =
[ 6
6 1
14 0
]
·

2 2
2 1 0
2 1 1
2 0 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
14 0 0 0
 ·

2 2
2 1 0
2 1 1
2 0 1
 =

2 2
2 1 0
2 1 1
2 0 1
14 0 0

M
P (13,3)
2→3 · f2 =

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 4
4 1
9 0
]
=

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

2 2
2 1 0
2 0 1
5 0 0
1 0 0
2 0 0
1 0 0

=

2 2
2 1 0
2 1 1
2 0 1
5 0 0
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0

=

2 2
2 1 0
2 1 1
2 0 1
14 0 0

f3 ·MP (11,1)2→3 −MP (13,3)2→3 · f2 =

2 2
2 1 0
2 1 1
2 0 1
14 0 0
−

2 2
2 1 0
2 1 1
2 0 1
14 0 0
 =
[ 4
20 0
]
3. f3 ·MP (11,1)4→3 −MP (13,3)4→3 · f4 = 0
f3 ·MP (11,1)4→3 =
[ 6
6 1
14 0
]
·
[ 4
4 1
2 0
]
=

4 2
4 1 0
2 0 1
14 0 0
 · [
4
4 1
2 0
]
=

4
4 1
2 0
14 0
 = [
4
4 1
16 0
]
M
P (13,3)
4→3 · f4 =

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·
[ 4
4 1
9 0
]
=

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·

4
4 1
1 0
2 0
1 0
5 0
 =

4
4 1
2 0
1 0
2 0
1 0
2 0
1 0
5 0
2 0

=
[ 4
4 1
16 0
]
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f3 ·MP (11,1)4→3 −MP (13,3)4→3 · f4 =
[ 4
4 1
16 0
]
−
[ 4
4 1
16 0
]
=
[ 4
20 0
]
4. f4 ·MP (11,1)5→4 −MP (13,3)5→4 · f5 = 0
f4 ·MP (11,1)5→4 =
[ 4
4 1
9 0
]
·
[ 2
2 1
2 0
]
=

2 2
2 1 0
2 0 1
9 0 0
 · [
2
2 1
2 0
]
=

2
2 1
2 0
9 0
 = [
2
2 1
11 0
]
M
P (13,3)
5→4 · f5 =

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

·
[ 2
2 1
4 0
]
=

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

·

2
2 1
2 0
2 0
 =

2
2 1
2 0
2 0
2 0
2 0
3 0

=
[ 2
2 1
11 0
]
f4 ·MP (11,1)5→4 −MP (13,3)5→4 · f5 =
[ 2
2 1
11 0
]
−
[ 2
2 1
11 0
]
=
[ 2
13 0
]
5. f3 ·MP (11,1)6→3 −MP (13,3)6→3 · f6 = 0
f3 ·MP (11,1)6→3 =
[ 6
6 1
14 0
]
·
[ 4
2 0
4 1
]
=

2 4
2 1 0
4 0 1
14 0 0
 · [
4
2 0
4 1
]
=

4
2 0
4 1
14 0

M
P (13,3)
6→3 · f6 =

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

·
[ 4
4 1
9 0
]
=

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

·

4
4 1
4 0
5 0
 =

4
2 0
4 1
3 0
4 0
2 0
5 0

=

4
2 0
4 1
14 0

f3 ·MP (11,1)6→3 −MP (13,3)6→3 · f6 =

4
2 0
4 1
14 0
−

4
2 0
4 1
14 0
 = [ 420 0 ]
6. f6 ·MP (11,1)7→6 −MP (13,3)7→6 · f7 = 0
f6 ·MP (11,1)7→6 =
[ 4
4 1
9 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
9 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
9 0

M
P (13,3)
7→6 · f7 =

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 2
2 1
4 0
]
=

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

2
2 1
1 0
1 0
1 0
1 0
 =

2
1 0
1 0
2 1
1 0
1 0
1 0
1 0
3 0
1 0
1 0

=

2
2 0
2 1
9 0

f6 ·MP (11,1)7→6 −MP (13,3)7→6 · f7 =

2
2 0
2 1
9 0
−

2
2 0
2 1
9 0
 = [ 213 0 ]
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Relations of the projection g : P (13, 3)→ P (13, 2) P
1. g2 ·MP (13,3)1→2 −MP (13,2)1→2 · g1 = 0
g2 ·MP (13,3)1→2 =
[ 4 9
9 0 1
]
·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

=

1 2 1 3 2 2 2
3 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

=

1 3 2
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

M
P (13,2)
1→2 · g1 =

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 ·
[ 1 5
5 0 1
]
=

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 ·
[ 1 3 2
3 0 1 0
2 0 0 1
]
=

1 3 2
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1

g2 ·MP (13,3)1→2 −MP (13,2)1→2 · g1 =

1 3 2
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1
−

1 3 2
3 0 1 0
2 0 0 0
2 0 0 1
2 0 0 1
 =
[ 6
9 0
]
2. g3 ·MP (13,3)2→3 −MP (13,2)2→3 · g2 = 0
g3 ·MP (13,3)2→3 =
[ 6 14
14 0 1
]
·

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

2 2 2 5 2 1 2 1 2 1
5 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

2 2 5 1 2 1
2 1 0 0 0 0 0
2 1 1 0 0 0 0
2 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

2 2 5 1 2 1
5 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

4 5 1 2 1
5 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

M
P (13,2)
2→3 · g2 =

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·
[ 4 9
9 0 1
]
=

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

4 5 1 2 1
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 =

4 5 1 2 1
5 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

g3 ·MP (13,3)2→3 −MP (13,2)2→3 · g2 =

4 5 1 2 1
5 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

−

4 5 1 2 1
5 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=
[13
14 0
]
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3. g3 ·MP (13,3)4→3 −MP (13,2)4→3 · g4 = 0
g3 ·MP (13,3)4→3 =
[ 6 14
14 0 1
]
·

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

4 2 1 2 1 2 1 5 2
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
5 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1

·

4 1 2 1 5
4 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

4 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

M
P (13,2)
4→3 · g4 =

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·
[ 4 9
9 0 1
]
=

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·

4 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
 =

4 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

g3 ·MP (13,3)4→3 −MP (13,2)4→3 · g4 =

4 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

−

4 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=
[13
14 0
]
4. g4 ·MP (13,3)5→4 −MP (13,2)5→4 · g5 = 0
g4 ·MP (13,3)5→4 =
[ 4 9
9 0 1
]
·

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

=

2 2 2 2 2 3
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

2 2 2
2 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

=

2 2 2
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

M
P (13,2)
5→4 · g5 =

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 ·
[ 2 4
4 0 1
]
=

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 ·
[ 2 2 2
2 0 1 0
2 0 0 1
]
=

2 2 2
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0

g4 ·MP (13,3)5→4 −MP (13,2)5→4 · g5 =

2 2 2
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0
−

2 2 2
2 0 1 0
2 0 1 0
2 0 0 1
3 0 0 0
 =
[ 6
9 0
]
5. g3 ·MP (13,3)6→3 −MP (13,2)6→3 · g6 = 0
g3 ·MP (13,3)6→3 =
[ 6 14
14 0 1
]
·

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

=

2 4 3 4 2 5
3 0 0 1 0 0 0
4 0 0 0 1 0 0
2 0 0 0 0 1 0
5 0 0 0 0 0 1
 ·

4 4 5
2 0 0 0
4 1 0 0
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

=

4 4 5
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

M
P (13,2)
6→3 · g6 =

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 ·
[ 4 9
9 0 1
]
=

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 ·
[ 4 4 5
4 0 1 0
5 0 0 1
]
=

4 4 5
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1

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g3 ·MP (13,3)6→3 −MP (13,2)6→3 · g6 =

4 4 5
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
−

4 4 5
3 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
 =
[13
14 0
]
6. g6 ·MP (13,3)7→6 −MP (13,2)7→6 · g7 = 0
g6 ·MP (13,3)7→6 =
[ 4 9
9 0 1
]
·

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 1 2 1 1 1 1 3 1 1
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

2 1 1 1 1
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

2 2 1 1
1 0 0 0 0
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

M
P (13,2)
7→6 · g7 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

·
[ 2 4
4 0 1
]
=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

·

2 2 1 1
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

2 2 1 1
1 0 0 0 0
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

g6 ·MP (13,3)7→6 −MP (13,2)7→6 · g7 =

2 2 1 1
1 0 0 0 0
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

−

2 2 1 1
1 0 0 0 0
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=
[ 6
9 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 5
5 0 1
]
·
[ 1
1 1
5 0
]
=
[ 1
5 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 9
9 0 1
]
·
[ 4
4 1
9 0
]
=
[ 4
9 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 6 14
14 0 1
]
·
[ 6
6 1
14 0
]
=
[ 6
14 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 9
9 0 1
]
·
[ 4
4 1
9 0
]
=
[ 4
9 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 9
9 0 1
]
·
[ 4
4 1
9 0
]
=
[ 4
9 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
131.4 Tree module property of P (19, 3) 
The matrices of the representation have full (column) rank P
1. MP (19,3)1→2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M19,9(k) is already in column echelon form and has maximal column rank.
2. MP (19,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,19(k) is already in column echelon form and has maximal column rank.
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3. MP (19,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M29,19(k) is already in column echelon form and has maximal column rank.
4. MP (19,3)5→4 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M19,9(k) is already in column echelon form and has maximal column rank.
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5. MP (19,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,19(k) is already in column echelon form and has maximal column rank.
6. MP (19,3)7→6 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M19,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (19,3)
7→6 =

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

c1↔c2−−−−→

1 3 2 1 2
2 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

c3↔c4−−−−→

1 3 1 2 2
2 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
2 0 0 0 1 0
4 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 0 1

131.4.1 0→ P (18, 2) f→ P (19, 3) g→ P (19, 1)→ 0 
PdimP (18, 2) + dimP (19, 1) = (6, 13, 19, 12, 6, 12, 6) + (3, 6, 10, 7, 3, 7, 3)
= (9, 19, 29, 19, 9, 19, 9) = dimP (19, 3)
Pdimk Ext
1
kQ(P (19, 1), P (18, 2)) = dimk HomkQ(P (19, 1), P (18, 2))− 〈dimP (19, 1),dimP (18, 2)〉
= 0− 〈(3, 6, 10, 7, 3, 7, 3), (6, 13, 19, 12, 6, 12, 6)〉
= 3 · 13 + 6 · 19 + 7 · 19 + 3 · 12 + 7 · 19 + 3 · 12− (3 · 6 + 6 · 13 + 10 · 19 + 7 · 12 + 3 · 6 + 7 · 12 + 3 · 6)
= 39 + 114 + 133 + 36 + 133 + 36− (18 + 78 + 190 + 84 + 18 + 84 + 18)
= 1
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Matrices of the embedding f : P (18, 2)→ P (19, 3) P
1. f1 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M29,19(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M19,12(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M19,12(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (19, 3)→ P (19, 1) P
1. g1 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,19(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M10,29(k) is already in row echelon form and has maximal row
rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,19(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,19(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (18, 2)→ P (19, 3) P
1. f2 ·MP (18,2)1→2 −MP (19,3)1→2 · f1 = 0
f2 ·MP (18,2)1→2 =
[13
13 1
6 0
]
·

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
 =

2 2 2 4 3
2 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 1 0
3 0 0 0 0 1
6 0 0 0 0 0

·

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
 =

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
6 0 0

=

2 4
2 1 0
2 0 0
2 1 0
4 0 1
9 0 0

M
P (19,3)
1→2 · f1 =

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

·
[ 6
6 1
3 0
]
=

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

·

2 4
2 1 0
4 0 1
3 0 0
 =

2 4
2 1 0
2 0 0
2 1 0
4 0 1
3 0 0
3 0 0
3 0 0

=

2 4
2 1 0
2 0 0
2 1 0
4 0 1
9 0 0

f2 ·MP (18,2)1→2 −MP (19,3)1→2 · f1 =

2 4
2 1 0
2 0 0
2 1 0
4 0 1
9 0 0
−

2 4
2 1 0
2 0 0
2 1 0
4 0 1
9 0 0
 =
[ 6
19 0
]
2. f3 ·MP (18,2)2→3 −MP (19,3)2→3 · f2 = 0
f3 ·MP (18,2)2→3 =
[19
19 1
10 0
]
·

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
 =

3 3 3 7 3
3 1 0 0 0 0
3 0 1 0 0 0
3 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 1
10 0 0 0 0 0

·

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
 =

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
10 0 0 0

=

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
13 0 0 0

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M
P (19,3)
2→3 · f2 =

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·
[13
13 1
6 0
]
=

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·

3 3 7
3 1 0 0
3 0 1 0
7 0 0 1
2 0 0 0
2 0 0 0
2 0 0 0

=

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
3 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0

=

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
13 0 0 0

f3 ·MP (18,2)2→3 −MP (19,3)2→3 · f2 =

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
13 0 0 0
−

3 3 7
3 1 0 0
3 1 1 0
3 0 1 0
7 0 0 1
13 0 0 0
 =
[13
29 0
]
3. f3 ·MP (18,2)4→3 −MP (19,3)4→3 · f4 = 0
f3 ·MP (18,2)4→3 =
[19
19 1
10 0
]
·

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

6 3 2 2 2 2 2
6 1 0 0 0 0 0 0
3 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
10 0 0 0 0 0 0 0

·

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

M
P (19,3)
4→3 · f4 =

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·
[12
12 1
7 0
]
=

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·

6 2 2 2
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
7 0 0 0 0
 =

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
7 0 0 0 0
3 0 0 0 0

=

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

f3 ·MP (18,2)4→3 −MP (19,3)4→3 · f4 =

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

−

6 2 2 2
6 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

=
[12
29 0
]
4. f4 ·MP (18,2)5→4 −MP (19,3)5→4 · f5 = 0
f4 ·MP (18,2)5→4 =
[12
12 1
7 0
]
·

3 3
3 1 0
3 0 0
3 0 1
3 0 1
 =

3 3 3 3
3 1 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

3 3
3 1 0
3 0 0
3 0 1
3 0 1
 =

3 3
3 1 0
3 0 0
3 0 1
3 0 1
7 0 0

M
P (19,3)
5→4 · f5 =

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

·
[ 6
6 1
3 0
]
=

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

·

3 3
3 1 0
3 0 1
3 0 0
 =

3 3
3 1 0
3 0 0
3 0 1
3 0 1
3 0 0
4 0 0

=

3 3
3 1 0
3 0 0
3 0 1
3 0 1
7 0 0

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f4 ·MP (18,2)5→4 −MP (19,3)5→4 · f5 =

3 3
3 1 0
3 0 0
3 0 1
3 0 1
7 0 0
−

3 3
3 1 0
3 0 0
3 0 1
3 0 1
7 0 0
 =
[ 6
19 0
]
5. f3 ·MP (18,2)6→3 −MP (19,3)6→3 · f6 = 0
f3 ·MP (18,2)6→3 =
[19
19 1
10 0
]
·

6 6
3 0 0
6 1 0
4 0 0
6 0 1
 =

3 6 4 6
3 1 0 0 0
6 0 1 0 0
4 0 0 1 0
6 0 0 0 1
10 0 0 0 0
 ·

6 6
3 0 0
6 1 0
4 0 0
6 0 1
 =

6 6
3 0 0
6 1 0
4 0 0
6 0 1
10 0 0

M
P (19,3)
6→3 · f6 =

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

·
[12
12 1
7 0
]
=

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

·

6 6
6 1 0
6 0 1
7 0 0
 =

6 6
3 0 0
6 1 0
4 0 0
6 0 1
3 0 0
7 0 0

=

6 6
3 0 0
6 1 0
4 0 0
6 0 1
10 0 0

f3 ·MP (18,2)6→3 −MP (19,3)6→3 · f6 =

6 6
3 0 0
6 1 0
4 0 0
6 0 1
10 0 0
−

6 6
3 0 0
6 1 0
4 0 0
6 0 1
10 0 0
 =
[12
29 0
]
6. f6 ·MP (18,2)7→6 −MP (19,3)7→6 · f7 = 0
f6 ·MP (18,2)7→6 =
[12
12 1
7 0
]
·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

2 1 3 3 1 2
2 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
7 0 0 0 0 0 0

·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1

=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

M
P (19,3)
7→6 · f7 =

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 6
6 1
3 0
]
=

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

3 1 2
3 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
2 0 0 0
 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
2 0 0 1
4 0 0 0
1 0 0 0
2 0 0 0

=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

f6 ·MP (18,2)7→6 −MP (19,3)7→6 · f7 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

−

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

=
[ 6
19 0
]
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Relations of the projection g : P (19, 3)→ P (19, 1) P
1. g2 ·MP (19,3)1→2 −MP (19,1)1→2 · g1 = 0
g2 ·MP (19,3)1→2 =
[13 6
6 0 1
]
·

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

=
[ 2 2 2 4 3 3 3
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

=
[ 2 4 3
3 0 0 1
3 0 0 1
]
=
[ 6 3
3 0 1
3 0 1
]
M
P (19,1)
1→2 · g1 =
[ 3
3 1
3 1
]
·
[ 6 3
3 0 1
]
=
[ 6 3
3 0 1
3 0 1
]
g2 ·MP (19,3)1→2 −MP (19,1)1→2 · g1 =
[ 6 3
3 0 1
3 0 1
]
−
[ 6 3
3 0 1
3 0 1
]
=
[ 9
6 0
]
2. g3 ·MP (19,3)2→3 −MP (19,1)2→3 · g2 = 0
g3 ·MP (19,3)2→3 =
[19 10
10 0 1
]
·

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

3 3 3 7 3 2 2 2 2 2
2 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1
 ·

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

3 3 7 2 2 2
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 =

13 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
P (19,1)
2→3 · g2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[13 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

13 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

13 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·MP (19,3)2→3 −MP (19,1)2→3 · g2 =

13 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

13 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[19
10 0
]
3. g3 ·MP (19,3)4→3 −MP (19,1)4→3 · g4 = 0
g3 ·MP (19,3)4→3 =
[19 10
10 0 1
]
·

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=
[ 6 3 2 2 2 2 2 7 3
7 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
]
·

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=
[ 6 2 2 2 7
7 0 0 0 0 1
3 0 0 0 0 0
]
=
[12 7
7 0 1
3 0 0
]
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M
P (19,1)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[12 7
7 0 1
]
=
[12 7
7 0 1
3 0 0
]
g3 ·MP (19,3)4→3 −MP (19,1)4→3 · g4 =
[12 7
7 0 1
3 0 0
]
−
[12 7
7 0 1
3 0 0
]
=
[19
10 0
]
4. g4 ·MP (19,3)5→4 −MP (19,1)5→4 · g5 = 0
g4 ·MP (19,3)5→4 =
[12 7
7 0 1
]
·

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

=
[ 3 3 3 3 3 4
3 0 0 0 0 1 0
4 0 0 0 0 0 1
]
·

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

=
[ 3 3 3
3 0 0 1
4 0 0 0
]
=
[ 6 3
3 0 1
4 0 0
]
M
P (19,1)
5→4 · g5 =
[ 3
3 1
4 0
]
·
[ 6 3
3 0 1
]
=
[ 6 3
3 0 1
4 0 0
]
g4 ·MP (19,3)5→4 −MP (19,1)5→4 · g5 =
[ 6 3
3 0 1
4 0 0
]
−
[ 6 3
3 0 1
4 0 0
]
=
[ 9
7 0
]
5. g3 ·MP (19,3)6→3 −MP (19,1)6→3 · g6 = 0
g3 ·MP (19,3)6→3 =
[19 10
10 0 1
]
·

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

=
[ 3 6 4 6 3 7
3 0 0 0 0 1 0
7 0 0 0 0 0 1
]
·

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

=
[ 6 6 7
3 0 0 0
7 0 0 1
]
=
[12 7
3 0 0
7 0 1
]
M
P (19,1)
6→3 · g6 =
[ 7
3 0
7 1
]
·
[12 7
7 0 1
]
=
[12 7
3 0 0
7 0 1
]
g3 ·MP (19,3)6→3 −MP (19,1)6→3 · g6 =
[12 7
3 0 0
7 0 1
]
−
[12 7
3 0 0
7 0 1
]
=
[19
10 0
]
6. g6 ·MP (19,3)7→6 −MP (19,1)7→6 · g7 = 0
g6 ·MP (19,3)7→6 =
[12 7
7 0 1
]
·

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

2 1 3 2 1 1 2 4 1 2
4 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1
 ·

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

3 1 2 1 2
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
 = [
6 3
4 0 0
3 0 1
]
M
P (19,1)
7→6 · g7 =
[ 3
4 0
3 1
]
·
[ 6 3
3 0 1
]
=
[ 6 3
4 0 0
3 0 1
]
g6 ·MP (19,3)7→6 −MP (19,1)7→6 · g7 =
[ 6 3
4 0 0
3 0 1
]
−
[ 6 3
4 0 0
3 0 1
]
=
[ 9
7 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[13 6
6 0 1
]
·
[13
13 1
6 0
]
=
[13
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[19 10
10 0 1
]
·
[19
19 1
10 0
]
=
[19
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[12 7
7 0 1
]
·
[12
12 1
7 0
]
=
[12
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[12 7
7 0 1
]
·
[12
12 1
7 0
]
=
[12
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
131.4.2 0→ P (17, 1) f→ P (19, 3) g→ P (19, 2)→ 0 
PdimP (17, 1) + dimP (19, 2) = (2, 6, 9, 6, 3, 6, 3) + (7, 13, 20, 13, 6, 13, 6)
= (9, 19, 29, 19, 9, 19, 9) = dimP (19, 3)
Pdimk Ext
1
kQ(P (19, 2), P (17, 1)) = dimk HomkQ(P (19, 2), P (17, 1))− 〈dimP (19, 2),dimP (17, 1)〉
= 0− 〈(7, 13, 20, 13, 6, 13, 6), (2, 6, 9, 6, 3, 6, 3)〉
= 7 · 6 + 13 · 9 + 13 · 9 + 6 · 6 + 13 · 9 + 6 · 6− (7 · 2 + 13 · 6 + 20 · 9 + 13 · 6 + 6 · 3 + 13 · 6 + 6 · 3)
= 42 + 117 + 117 + 36 + 117 + 36− (14 + 78 + 180 + 78 + 18 + 78 + 18)
= 1
Matrices of the embedding f : P (17, 1)→ P (19, 3) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0

∈M9,2(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M19,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M29,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M19,6(k) is already in column echelon form and has maximal column rank.
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5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M9,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M19,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M9,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (19, 3)→ P (19, 2) P
1. g1 =

0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M7,9(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,19(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M20,29(k) is already in row echelon form and has maximal row
rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,19(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M6,9(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,19(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M6,9(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (17, 1)→ P (19, 3) P
1. f2 ·MP (17,1)1→2 −MP (19,3)1→2 · f1 = 0
f2 ·MP (17,1)1→2 =
[ 6
6 1
13 0
]
·

2
2 1
2 0
2 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
13 0 0 0
 ·

2
2 1
2 0
2 1
 =

2
2 1
2 0
2 1
13 0

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M
P (19,3)
1→2 · f1 =

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

·
[ 2
2 1
7 0
]
=

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

·

2
2 1
4 0
3 0
 =

2
2 1
2 0
2 1
4 0
3 0
3 0
3 0

=

2
2 1
2 0
2 1
13 0

f2 ·MP (17,1)1→2 −MP (19,3)1→2 · f1 =

2
2 1
2 0
2 1
13 0
−

2
2 1
2 0
2 1
13 0
 =
[ 2
19 0
]
2. f3 ·MP (17,1)2→3 −MP (19,3)2→3 · f2 = 0
f3 ·MP (17,1)2→3 =
[ 9
9 1
20 0
]
·

3 3
3 1 0
3 1 1
3 0 1
 =

3 3 3
3 1 0 0
3 0 1 0
3 0 0 1
20 0 0 0
 ·

3 3
3 1 0
3 1 1
3 0 1
 =

3 3
3 1 0
3 1 1
3 0 1
20 0 0

M
P (19,3)
2→3 · f2 =

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·
[ 6
6 1
13 0
]
=

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·

3 3
3 1 0
3 0 1
7 0 0
2 0 0
2 0 0
2 0 0

=

3 3
3 1 0
3 1 1
3 0 1
7 0 0
3 0 0
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0

=

3 3
3 1 0
3 1 1
3 0 1
20 0 0

f3 ·MP (17,1)2→3 −MP (19,3)2→3 · f2 =

3 3
3 1 0
3 1 1
3 0 1
20 0 0
−

3 3
3 1 0
3 1 1
3 0 1
20 0 0
 =
[ 6
29 0
]
3. f3 ·MP (17,1)4→3 −MP (19,3)4→3 · f4 = 0
f3 ·MP (17,1)4→3 =
[ 9
9 1
20 0
]
·
[ 6
6 1
3 0
]
=

6 3
6 1 0
3 0 1
20 0 0
 · [
6
6 1
3 0
]
=

6
6 1
3 0
20 0
 = [
6
6 1
23 0
]
M
P (19,3)
4→3 · f4 =

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·
[ 6
6 1
13 0
]
=

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·

6
6 1
2 0
2 0
2 0
7 0
 =

6
6 1
3 0
2 0
2 0
2 0
2 0
2 0
7 0
3 0

=
[ 6
6 1
23 0
]
f3 ·MP (17,1)4→3 −MP (19,3)4→3 · f4 =
[ 6
6 1
23 0
]
−
[ 6
6 1
23 0
]
=
[ 6
29 0
]
4. f4 ·MP (17,1)5→4 −MP (19,3)5→4 · f5 = 0
f4 ·MP (17,1)5→4 =
[ 6
6 1
13 0
]
·
[ 3
3 1
3 0
]
=

3 3
3 1 0
3 0 1
13 0 0
 · [
3
3 1
3 0
]
=

3
3 1
3 0
13 0
 = [
3
3 1
16 0
]
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M
P (19,3)
5→4 · f5 =

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

·
[ 3
3 1
6 0
]
=

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

·

3
3 1
3 0
3 0
 =

3
3 1
3 0
3 0
3 0
3 0
4 0

=
[ 3
3 1
16 0
]
f4 ·MP (17,1)5→4 −MP (19,3)5→4 · f5 =
[ 3
3 1
16 0
]
−
[ 3
3 1
16 0
]
=
[ 3
19 0
]
5. f3 ·MP (17,1)6→3 −MP (19,3)6→3 · f6 = 0
f3 ·MP (17,1)6→3 =
[ 9
9 1
20 0
]
·
[ 6
3 0
6 1
]
=

3 6
3 1 0
6 0 1
20 0 0
 · [
6
3 0
6 1
]
=

6
3 0
6 1
20 0

M
P (19,3)
6→3 · f6 =

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

·
[ 6
6 1
13 0
]
=

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

·

6
6 1
6 0
7 0
 =

6
3 0
6 1
4 0
6 0
3 0
7 0

=

6
3 0
6 1
20 0

f3 ·MP (17,1)6→3 −MP (19,3)6→3 · f6 =

6
3 0
6 1
20 0
−

6
3 0
6 1
20 0
 = [ 629 0 ]
6. f6 ·MP (17,1)7→6 −MP (19,3)7→6 · f7 = 0
f6 ·MP (17,1)7→6 =
[ 6
6 1
13 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
13 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
13 0

M
P (19,3)
7→6 · f7 =

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 3
3 1
6 0
]
=

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

3
3 1
1 0
2 0
1 0
2 0
 =

3
2 0
1 0
3 1
2 0
1 0
1 0
2 0
4 0
1 0
2 0

=

3
3 0
3 1
13 0

f6 ·MP (17,1)7→6 −MP (19,3)7→6 · f7 =

3
3 0
3 1
13 0
−

3
3 0
3 1
13 0
 = [ 319 0 ]
Relations of the projection g : P (19, 3)→ P (19, 2) P
1. g2 ·MP (19,3)1→2 −MP (19,2)1→2 · g1 = 0
g2 ·MP (19,3)1→2 =
[ 6 13
13 0 1
]
·

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

=

2 2 2 4 3 3 3
4 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

2 4 3
2 1 0 0
2 0 0 0
2 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

=

2 4 3
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

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M
P (19,2)
1→2 · g1 =

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 ·
[ 2 7
7 0 1
]
=

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 ·
[ 2 4 3
4 0 1 0
3 0 0 1
]
=

2 4 3
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1

g2 ·MP (19,3)1→2 −MP (19,2)1→2 · g1 =

2 4 3
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1
−

2 4 3
4 0 1 0
3 0 0 0
3 0 0 1
3 0 0 1
 =
[ 9
13 0
]
2. g3 ·MP (19,3)2→3 −MP (19,2)2→3 · g2 = 0
g3 ·MP (19,3)2→3 =
[ 9 20
20 0 1
]
·

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

3 3 3 7 3 2 2 2 2 2
7 0 0 0 1 0 0 0 0 0 0
3 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

3 3 7 2 2 2
3 1 0 0 0 0 0
3 1 1 0 0 0 0
3 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

3 3 7 2 2 2
7 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

6 7 2 2 2
7 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

M
P (19,2)
2→3 · g2 =

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·
[ 6 13
13 0 1
]
=

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

6 7 2 2 2
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
 =

6 7 2 2 2
7 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

g3 ·MP (19,3)2→3 −MP (19,2)2→3 · g2 =

6 7 2 2 2
7 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

−

6 7 2 2 2
7 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=
[19
20 0
]
3. g3 ·MP (19,3)4→3 −MP (19,2)4→3 · g4 = 0
g3 ·MP (19,3)4→3 =
[ 9 20
20 0 1
]
·

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

6 3 2 2 2 2 2 7 3
2 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1

·

6 2 2 2 7
6 1 0 0 0 0
3 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

6 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

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M
P (19,2)
4→3 · g4 =

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·
[ 6 13
13 0 1
]
=

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·

6 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
 =

6 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

g3 ·MP (19,3)4→3 −MP (19,2)4→3 · g4 =

6 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

−

6 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=
[19
20 0
]
4. g4 ·MP (19,3)5→4 −MP (19,2)5→4 · g5 = 0
g4 ·MP (19,3)5→4 =
[ 6 13
13 0 1
]
·

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

=

3 3 3 3 3 4
3 0 0 1 0 0 0
3 0 0 0 1 0 0
3 0 0 0 0 1 0
4 0 0 0 0 0 1
 ·

3 3 3
3 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

=

3 3 3
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

M
P (19,2)
5→4 · g5 =

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 ·
[ 3 6
6 0 1
]
=

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 ·
[ 3 3 3
3 0 1 0
3 0 0 1
]
=

3 3 3
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0

g4 ·MP (19,3)5→4 −MP (19,2)5→4 · g5 =

3 3 3
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0
−

3 3 3
3 0 1 0
3 0 1 0
3 0 0 1
4 0 0 0
 =
[ 9
13 0
]
5. g3 ·MP (19,3)6→3 −MP (19,2)6→3 · g6 = 0
g3 ·MP (19,3)6→3 =
[ 9 20
20 0 1
]
·

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

=

3 6 4 6 3 7
4 0 0 1 0 0 0
6 0 0 0 1 0 0
3 0 0 0 0 1 0
7 0 0 0 0 0 1
 ·

6 6 7
3 0 0 0
6 1 0 0
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

=

6 6 7
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

M
P (19,2)
6→3 · g6 =

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 ·
[ 6 13
13 0 1
]
=

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 ·
[ 6 6 7
6 0 1 0
7 0 0 1
]
=

6 6 7
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1

g3 ·MP (19,3)6→3 −MP (19,2)6→3 · g6 =

6 6 7
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
−

6 6 7
4 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
 =
[19
20 0
]
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6. g6 ·MP (19,3)7→6 −MP (19,2)7→6 · g7 = 0
g6 ·MP (19,3)7→6 =
[ 6 13
13 0 1
]
·

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

2 1 3 2 1 1 2 4 1 2
2 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

3 1 2 1 2
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

3 1 2 1 2
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

3 3 1 2
2 0 0 0 0
1 0 0 1 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

M
P (19,2)
7→6 · g7 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

·
[ 3 6
6 0 1
]
=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

·

3 3 1 2
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

3 3 1 2
2 0 0 0 0
1 0 0 1 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

g6 ·MP (19,3)7→6 −MP (19,2)7→6 · g7 =

3 3 1 2
2 0 0 0 0
1 0 0 1 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

−

3 3 1 2
2 0 0 0 0
1 0 0 1 0
3 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 9
13 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 7
7 0 1
]
·
[ 2
2 1
7 0
]
=
[ 2
7 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 13
13 0 1
]
·
[ 6
6 1
13 0
]
=
[ 6
13 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 9 20
20 0 1
]
·
[ 9
9 1
20 0
]
=
[ 9
20 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 13
13 0 1
]
·
[ 6
6 1
13 0
]
=
[ 6
13 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 6
6 0 1
]
·
[ 3
3 1
6 0
]
=
[ 3
6 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 6 13
13 0 1
]
·
[ 6
6 1
13 0
]
=
[ 6
13 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 6
6 0 1
]
·
[ 3
3 1
6 0
]
=
[ 3
6 0
]
131.5 Tree module property of P (6n+ 1, 3) 
The matrices of the representation have full (column) rank P
1. MP (6n+1,3)1→2 =

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

∈M6n+1,3n(k) is already in column echelon form and has maximal column rank.
2. MP (6n+1,3)2→3 =

2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1
 ∈M9n+2,6n+1(k) is already in column echelon form and has maximal column rank.
3. MP (6n+1,3)4→3 =

2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M9n+2,6n+1(k) is already in column echelon form and has maximal column rank.
4. MP (6n+1,3)5→4 =

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

∈M6n+1,3n(k) is already in column echelon form and has maximal column rank.
5. MP (6n+1,3)6→3 =

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

∈M9n+2,6n+1(k) is already in column echelon form and has maximal column rank.
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6. MP (6n+1,3)7→6 =

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

∈M6n+1,3n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+1,3)
7→6 =

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

c1↔c2−−−−→

1 n n−1 1 n−1
n−1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

c3↔c4−−−−→

1 n 1 n−1 n−1
n−1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n−1 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
n−1 0 0 0 1 0
n+1 0 0 0 0 0
1 0 0 1 0 0
n−1 0 0 0 0 1

131.5.1 0→ P (6n, 2) i→ P (6n+ 1, 3) p→ P (6n+ 1, 1)→ 0 
PdimP (6n, 2) + dimP (6n+ 1, 1) = (2n, 4n+ 1, 6n+ 1, 4n, 2n, 4n, 2n) + (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n)
= (3n, 6n+ 1, 9n+ 2, 6n+ 1, 3n, 6n+ 1, 3n) = dimP (6n+ 1, 3)
Pdimk Ext
1
kQ(P (6n+ 1, 1), P (6n, 2)) = dimk HomkQ(P (6n+ 1, 1), P (6n, 2))− 〈dimP (6n+ 1, 1),dimP (6n, 2)〉
= 0− 〈(n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n), (2n, 4n+ 1, 6n+ 1, 4n, 2n, 4n, 2n)〉
= n · (4n+ 1) + 2n · (6n+ 1) + (2n+ 1) · (6n+ 1) + n · 4n+ (2n+ 1) · (6n+ 1) + n · 4n
− (n · 2n+ 2n · (4n+ 1) + (3n+ 1) · (6n+ 1) + (2n+ 1) · 4n+ n · 2n+ (2n+ 1) · 4n+ n · 2n)
= 4n2 + n+ 12n2 + 2n+ 12n2 + 8n+ 1 + 4n2 + 12n2 + 8n+ 1 + 4n2 − (2n2 + 8n2 + 2n+ 18n2 + 9n+ 1 + 8n2 + 4n+ 2n2 + 8n2 + 4n+ 2n2)
= 1
Matrices of the embedding i : P (6n, 2)→ P (6n+ 1, 3) P
1. i1 =
[2n
2n 1
n 0
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n+1
4n+1 1
2n 0
]
∈M6n+1,4n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n+1
6n+1 1
3n+1 0
]
∈M9n+2,6n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n
4n 1
2n+1 0
]
∈M6n+1,4n(k) is already in column echelon form and has maximal column rank.
5. i5 =
[2n
2n 1
n 0
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[4n
4n 1
2n+1 0
]
∈M6n+1,4n(k) is already in column echelon form and has maximal column rank.
7. i7 =
[2n
2n 1
n 0
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 1, 3)→ P (6n+ 1, 1) P
1. p1 =
[2n n
n 0 1
]
∈Mn,3n(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n+1 2n
2n 0 1
]
∈M2n,6n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n+1 3n+1
3n+1 0 1
]
∈M3n+1,9n+2(k) is already in row echelon form and has maximal row rank.
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4. p4 =
[4n 2n+1
2n+1 0 1
]
∈M2n+1,6n+1(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n n
n 0 1
]
∈Mn,3n(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n 2n+1
2n+1 0 1
]
∈M2n+1,6n+1(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n n
n 0 1
]
∈Mn,3n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n, 2)→ P (6n+ 1, 3) P
1. i2 ·MP (6n,2)1→2 −MP (6n+1,3)1→2 · i1 = 0
i2 ·MP (6n,2)1→2 =
[4n+1
4n+1 1
2n 0
]
·

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 =

n−1 2 n−1 n+1 n
n−1 1 0 0 0 0
2 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1
2n 0 0 0 0 0

·

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
2n 0 0

=

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
3n 0 0

M
P (6n+1,3)
1→2 · i1 =

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

·
[2n
2n 1
n 0
]
=

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

·

n−1 n+1
n−1 1 0
n+1 0 1
n 0 0
 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
n 0 0
n 0 0
n 0 0

=

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
3n 0 0

i2 ·MP (6n,2)1→2 −MP (6n+1,3)1→2 · i1 =

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
3n 0 0
−

n−1 n+1
n−1 1 0
2 0 0
n−1 1 0
n+1 0 1
3n 0 0
 =
[2n
6n+1 0
]
2. i3 ·MP (6n,2)2→3 −MP (6n+1,3)2→3 · i2 = 0
i3 ·MP (6n,2)2→3 =
[6n+1
6n+1 1
3n+1 0
]
·


2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0


=

2n n 2n+1 n
2n 1 0 0 0
n 0 1 0 0
2n+1 0 0 1 0
n 0 0 0 1
3n+1 0 0 0 0
 ·

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
+

n 2n 3n+1
n 1 0 0
2n 0 1 0
3n+1 0 0 1
3n+1 0 0 0
 ·

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0

=

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
3n+1 0 0
+

2n 2n+1
n 0 0
2n 1 0
3n+1 0 0
3n+1 0 0
 =

n n 2n+1
n 1 0 0
n 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0
3n+1 0 0 0

+

n n 2n+1
n 0 0 0
n 1 0 0
n 0 1 0
2n+1 0 0 0
n 0 0 0
3n+1 0 0 0

=

n n 2n+1
n 1 0 0
n 1 1 0
n 0 1 0
2n+1 0 0 1
4n+1 0 0 0

1415
M
P (6n+1,3)
2→3 · i2 =


2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1


·
[4n+1
4n+1 1
2n 0
]
=

2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

·

2n 2n+1
2n 1 0
2n+1 0 1
2n 0 0
+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1
 ·

2n 2n+1
2n 1 0
2n+1 0 1
2n 0 0

=

2n 2n+1
2n 1 0
n 0 0
2n+1 0 1
n 0 0
2n 0 0
n+1 0 0

+

2n 2n+1
n 0 0
2n 1 0
4n+2 0 0
2n 0 0
 =

n n 2n+1
n 1 0 0
n 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0
n+1 0 0 0
n−1 0 0 0
n+1 0 0 0

+

n n 2n+1
n 0 0 0
n 1 0 0
n 0 1 0
2n+1 0 0 0
n 0 0 0
n+1 0 0 0
n−1 0 0 0
n+1 0 0 0

=

n n 2n+1
n 1 0 0
n 1 1 0
n 0 1 0
2n+1 0 0 1
4n+1 0 0 0

i3 ·MP (6n,2)2→3 −MP (6n+1,3)2→3 · i2 =

n n 2n+1
n 1 0 0
n 1 1 0
n 0 1 0
2n+1 0 0 1
4n+1 0 0 0
−

n n 2n+1
n 1 0 0
n 1 1 0
n 0 1 0
2n+1 0 0 1
4n+1 0 0 0
 =
[4n+1
9n+2 0
]
3. i3 ·MP (6n,2)4→3 −MP (6n+1,3)4→3 · i4 = 0
i3 ·MP (6n,2)4→3 =
[6n+1
6n+1 1
3n+1 0
]
·


2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n 2n
4n+1 0 0
2n 0 1
]

=

2n n 2n n+1
2n 1 0 0 0
n 0 1 0 0
2n 0 0 1 0
n+1 0 0 0 1
3n+1 0 0 0 0
 ·

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
+

4n+1 2n
4n+1 1 0
2n 0 1
3n+1 0 0
 · [
2n 2n
4n+1 0 0
2n 0 1
]
=

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
3n+1 0 0
+

2n 2n
4n+1 0 0
2n 0 1
3n+1 0 0
 =

2n n+1 n−1
2n 1 0 0
n 0 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
3n+1 0 0 0

+

2n n−1 n+1
2n 0 0 0
n 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
3n+1 0 0 0

=

2n n−1 2 n−1
2n 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

M
P (6n+1,3)
4→3 · i4 =


2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0


·
[4n
4n 1
2n+1 0
]
=

2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

·

2n 2n
2n 1 0
2n 0 1
2n+1 0 0
+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

2n 2n
2n 1 0
2n 0 1
2n+1 0 0

=

2n 2n
2n 1 0
n 0 0
2n 0 1
n+1 0 0
2n+1 0 0
n 0 0

+

2n 2n
4n+1 0 0
2n 0 1
3n+1 0 0
 =

2n n+1 n−1
2n 1 0 0
n 0 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
2n+1 0 0 0
n 0 0 0

+

2n n−1 n+1
2n 0 0 0
n 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
2n+1 0 0 0
n 0 0 0

=

2n n−1 2 n−1
2n 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

i3 ·MP (6n,2)4→3 −MP (6n+1,3)4→3 · i4 =

2n n−1 2 n−1
2n 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

−

2n n−1 2 n−1
2n 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

=
[4n
9n+2 0
]
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4. i4 ·MP (6n,2)5→4 −MP (6n+1,3)5→4 · i5 = 0
i4 ·MP (6n,2)5→4 =
[4n
4n 1
2n+1 0
]
·

n n
n 1 0
n 0 0
n 0 1
n 0 1
 =

n n n n
n 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

n n
n 1 0
n 0 0
n 0 1
n 0 1
 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0

M
P (6n+1,3)
5→4 · i5 =

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

·
[2n
2n 1
n 0
]
=

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

·

n n
n 1 0
n 0 1
n 0 0
 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
n 0 0
n+1 0 0

=

n n
n 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0

i4 ·MP (6n,2)5→4 −MP (6n+1,3)5→4 · i5 =

n n
n 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0
−

n n
n 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0
 =
[2n
6n+1 0
]
5. i3 ·MP (6n,2)6→3 −MP (6n+1,3)6→3 · i6 = 0
i3 ·MP (6n,2)6→3 =
[6n+1
6n+1 1
3n+1 0
]
·

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 =

n 2n n+1 2n
n 1 0 0 0
2n 0 1 0 0
n+1 0 0 1 0
2n 0 0 0 1
3n+1 0 0 0 0
 ·

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
3n+1 0 0

M
P (6n+1,3)
6→3 · i6 =

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

·
[4n
4n 1
2n+1 0
]
=

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

·

2n 2n
2n 1 0
2n 0 1
2n+1 0 0
 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
n 0 0
2n+1 0 0

=

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
3n+1 0 0

i3 ·MP (6n,2)6→3 −MP (6n+1,3)6→3 · i6 =

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
3n+1 0 0
−

2n 2n
n 0 0
2n 1 0
n+1 0 0
2n 0 1
3n+1 0 0
 =
[4n
9n+2 0
]
6. i6 ·MP (6n,2)7→6 −MP (6n+1,3)7→6 · i7 = 0
i6 ·MP (6n,2)7→6 =
[4n
4n 1
2n+1 0
]
·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n n 1 n−1
n−1 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n−1 0 0 0 0 0 1
2n+1 0 0 0 0 0 0

·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1

=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

M
P (6n+1,3)
7→6 · i7 =

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

·
[2n
2n 1
n 0
]
=

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

·

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n−1 0 0 0
 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
n+1 0 0 0
1 0 0 0
n−1 0 0 0

=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

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i6 ·MP (6n,2)7→6 −MP (6n+1,3)7→6 · i7 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

−

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

=
[2n
6n+1 0
]
Relations of the projection p : P (6n+ 1, 3)→ P (6n+ 1, 1) P
1. p2 ·MP (6n+1,3)1→2 −MP (6n+1,1)1→2 · p1 = 0
p2 ·MP (6n+1,3)1→2 =
[4n+1 2n
2n 0 1
]
·

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

=
[n−1 2 n−1 n+1 n n n
n 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
]
·

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

=
[n−1 n+1 n
n 0 0 1
n 0 0 1
]
=
[2n n
n 0 1
n 0 1
]
M
P (6n+1,1)
1→2 · p1 =
[ n
n 1
n 1
]
·
[2n n
n 0 1
]
=
[2n n
n 0 1
n 0 1
]
p2 ·MP (6n+1,3)1→2 −MP (6n+1,1)1→2 · p1 =
[2n n
n 0 1
n 0 1
]
−
[2n n
n 0 1
n 0 1
]
=
[3n
2n 0
]
2. p3 ·MP (6n+1,3)2→3 −MP (6n+1,1)2→3 · p2 = 0
p3 ·MP (6n+1,3)2→3 =
[6n+1 3n+1
3n+1 0 1
]
·


2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1


=
[2n n 2n+1 n 2n n+1
2n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+
[ n 2n 3n+1 n+1 2n
n+1 0 0 0 1 0
2n 0 0 0 0 1
]
·

2n 2n+1 2n
n 0 0 0
2n 1 0 0
3n+1 0 0 0
n+1 0 0 0
2n 0 0 1

=
[2n 2n+1 2n
2n 0 0 1
n+1 0 0 0
]
+
[2n 2n+1 2n
n+1 0 0 0
2n 0 0 1
]
=

2n 2n+1 n+1 n−1
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
+

2n 2n+1 n−1 n+1
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
 =

4n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

M
P (6n+1,1)
2→3 · p2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[4n+1 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[4n+1 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[4n+1 2n
2n 0 1
]
=
[4n+1 2n
2n 0 1
n+1 0 0
]
+
[4n+1 2n
n+1 0 0
2n 0 1
]
=

4n+1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

4n+1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

4n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

p3 ·MP (6n+1,3)2→3 −MP (6n+1,1)2→3 · p2 =

4n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

4n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[6n+1
3n+1 0
]
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3. p3 ·MP (6n+1,3)4→3 −MP (6n+1,1)4→3 · p4 = 0
p3 ·MP (6n+1,3)4→3 =
[6n+1 3n+1
3n+1 0 1
]
·


2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0


=
[2n n 2n n+1 2n+1 n
2n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+
[4n+1 2n 3n+1
3n+1 0 0 1
]
·

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0

=
[2n 2n 2n+1
2n+1 0 0 1
n 0 0 0
]
+
[2n 2n 2n+1
3n+1 0 0 0
]
=
[2n 2n 2n+1
2n+1 0 0 1
n 0 0 0
]
+
[2n 2n 2n+1
2n+1 0 0 0
n 0 0 0
]
=
[4n 2n+1
2n+1 0 1
n 0 0
]
M
P (6n+1,1)
4→3 · p4 =
[2n+1
2n+1 1
n 0
]
·
[4n 2n+1
2n+1 0 1
]
=
[4n 2n+1
2n+1 0 1
n 0 0
]
p3 ·MP (6n+1,3)4→3 −MP (6n+1,1)4→3 · p4 =
[4n 2n+1
2n+1 0 1
n 0 0
]
−
[4n 2n+1
2n+1 0 1
n 0 0
]
=
[6n+1
3n+1 0
]
4. p4 ·MP (6n+1,3)5→4 −MP (6n+1,1)5→4 · p5 = 0
p4 ·MP (6n+1,3)5→4 =
[4n 2n+1
2n+1 0 1
]
·

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

=
[ n n n n n n+1
n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

=
[ n n n
n 0 0 1
n+1 0 0 0
]
=
[2n n
n 0 1
n+1 0 0
]
M
P (6n+1,1)
5→4 · p5 =
[ n
n 1
n+1 0
]
·
[2n n
n 0 1
]
=
[2n n
n 0 1
n+1 0 0
]
p4 ·MP (6n+1,3)5→4 −MP (6n+1,1)5→4 · p5 =
[2n n
n 0 1
n+1 0 0
]
−
[2n n
n 0 1
n+1 0 0
]
=
[3n
2n+1 0
]
5. p3 ·MP (6n+1,3)6→3 −MP (6n+1,1)6→3 · p6 = 0
p3 ·MP (6n+1,3)6→3 =
[6n+1 3n+1
3n+1 0 1
]
·

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

=
[ n 2n n+1 2n n 2n+1
n 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
]
·

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

=
[2n 2n 2n+1
n 0 0 0
2n+1 0 0 1
]
=
[4n 2n+1
n 0 0
2n+1 0 1
]
M
P (6n+1,1)
6→3 · p6 =
[2n+1
n 0
2n+1 1
]
·
[4n 2n+1
2n+1 0 1
]
=
[4n 2n+1
n 0 0
2n+1 0 1
]
p3 ·MP (6n+1,3)6→3 −MP (6n+1,1)6→3 · p6 =
[4n 2n+1
n 0 0
2n+1 0 1
]
−
[4n 2n+1
n 0 0
2n+1 0 1
]
=
[6n+1
3n+1 0
]
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6. p6 ·MP (6n+1,3)7→6 −MP (6n+1,1)7→6 · p7 = 0
p6 ·MP (6n+1,3)7→6 =
[4n 2n+1
2n+1 0 1
]
·

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=

n−1 1 n n−1 1 1 n−1 n+1 1 n−1
n+1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 0 0 1
 ·

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=

n 1 n−1 1 n−1
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
 = [
2n n
n+1 0 0
n 0 1
]
M
P (6n+1,1)
7→6 · p7 =
[ n
n+1 0
n 1
]
·
[2n n
n 0 1
]
=
[2n n
n+1 0 0
n 0 1
]
p6 ·MP (6n+1,3)7→6 −MP (6n+1,1)7→6 · p7 =
[2n n
n+1 0 0
n 0 1
]
−
[2n n
n+1 0 0
n 0 1
]
=
[3n
2n+1 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n n
n 0 1
]
·
[2n
2n 1
n 0
]
=
[2n
n 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n+1 2n
2n 0 1
]
·
[4n+1
4n+1 1
2n 0
]
=
[4n+1
2n 0
]
3. p3 · i3 = 0
p3 · i3 =
[6n+1 3n+1
3n+1 0 1
]
·
[6n+1
6n+1 1
3n+1 0
]
=
[6n+1
3n+1 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n 2n+1
2n+1 0 1
]
·
[4n
4n 1
2n+1 0
]
=
[4n
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n n
n 0 1
]
·
[2n
2n 1
n 0
]
=
[2n
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[4n 2n+1
2n+1 0 1
]
·
[4n
4n 1
2n+1 0
]
=
[4n
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[2n n
n 0 1
]
·
[2n
2n 1
n 0
]
=
[2n
n 0
]
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131.5.2 0→ P (6n− 1, 1) i→ P (6n+ 1, 3) p→ P (6n+ 1, 2)→ 0 
PdimP (6n− 1, 1) + dimP (6n+ 1, 2) = (n− 1, 2n, 3n, 2n, n, 2n, n) + (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n)
= (3n, 6n+ 1, 9n+ 2, 6n+ 1, 3n, 6n+ 1, 3n) = dimP (6n+ 1, 3)
Pdimk Ext
1
kQ(P (6n+ 1, 2), P (6n− 1, 1)) = dimk HomkQ(P (6n+ 1, 2), P (6n− 1, 1))− 〈dimP (6n+ 1, 2),dimP (6n− 1, 1)〉
= 0− 〈(2n+ 1, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n), (n− 1, 2n, 3n, 2n, n, 2n, n)〉
= (2n+ 1) · 2n+ (4n+ 1) · 3n+ (4n+ 1) · 3n+ 2n · 2n+ (4n+ 1) · 3n+ 2n · 2n
− ((2n+ 1) · (n− 1) + (4n+ 1) · 2n+ (6n+ 2) · 3n+ (4n+ 1) · 2n+ 2n · n+ (4n+ 1) · 2n+ 2n · n)
= 4n2 + 2n+ 12n2 + 3n+ 12n2 + 3n+ 4n2 + 12n2 + 3n+ 4n2 − (2n2 − n− 1 + 8n2 + 2n+ 18n2 + 6n+ 8n2 + 2n+ 2n2 + 8n2 + 2n+ 2n2)
= 1
Representation of P (6n− 1, 1) = P (6n+ 5, 1)[n 7→ n− 1] 
Dimension vector: dimP (6n− 1, 1) = (n− 1, 2n, 3n, 2n, n, 2n, n)
Matrices of the representation:
1. MP (6n−1,1)1→2 =

n−1
n−1 1
2 0
n−1 1
 ∈M2n,n−1(k)
2. MP (6n−1,1)2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k)
3. MP (6n−1,1)4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k)
4. MP (6n−1,1)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. MP (6n−1,1)6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k)
6. MP (6n−1,1)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
Matrices of the embedding i : P (6n− 1, 1)→ P (6n+ 1, 3) P
1. i1 =
[n−1
n−1 1
2n+1 0
]
∈M3n,n−1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n
2n 1
4n+1 0
]
∈M6n+1,2n(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n
3n 1
6n+2 0
]
∈M9n+2,3n(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n
2n 1
4n+1 0
]
∈M6n+1,2n(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
2n 0
]
∈M3n,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n
2n 1
4n+1 0
]
∈M6n+1,2n(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
2n 0
]
∈M3n,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 1, 3)→ P (6n+ 1, 2) P
1. p1 =
[n−1 2n+1
2n+1 0 1
]
∈M2n+1,3n(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n 4n+1
4n+1 0 1
]
∈M4n+1,6n+1(k) is already in row echelon form and has maximal row rank.
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3. p3 =
[3n 6n+2
6n+2 0 1
]
∈M6n+2,9n+2(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n 4n+1
4n+1 0 1
]
∈M4n+1,6n+1(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n 2n
2n 0 1
]
∈M2n,3n(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n 4n+1
4n+1 0 1
]
∈M4n+1,6n+1(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n 2n
2n 0 1
]
∈M2n,3n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n− 1, 1)→ P (6n+ 1, 3) P
1. i2 ·MP (6n−1,1)1→2 −MP (6n+1,3)1→2 · i1 = 0
i2 ·MP (6n−1,1)1→2 =
[2n
2n 1
4n+1 0
]
·

n−1
n−1 1
2 0
n−1 1
 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 0 0 1
4n+1 0 0 0
 ·

n−1
n−1 1
2 0
n−1 1
 =

n−1
n−1 1
2 0
n−1 1
4n+1 0

M
P (6n+1,3)
1→2 · i1 =

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

·
[n−1
n−1 1
2n+1 0
]
=

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

·

n−1
n−1 1
n+1 0
n 0
 =

n−1
n−1 1
2 0
n−1 1
n+1 0
n 0
n 0
n 0

=

n−1
n−1 1
2 0
n−1 1
4n+1 0

i2 ·MP (6n−1,1)1→2 −MP (6n+1,3)1→2 · i1 =

n−1
n−1 1
2 0
n−1 1
4n+1 0
−

n−1
n−1 1
2 0
n−1 1
4n+1 0
 =
[n−1
6n+1 0
]
2. i3 ·MP (6n−1,1)2→3 −MP (6n+1,3)2→3 · i2 = 0
i3 ·MP (6n−1,1)2→3 =
[3n
3n 1
6n+2 0
]
·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] =

2n n
2n 1 0
n 0 1
6n+2 0 0
 · [
2n
2n 1
n 0
]
+

n 2n
n 1 0
2n 0 1
6n+2 0 0
 · [
2n
n 0
2n 1
]
=

2n
2n 1
n 0
6n+2 0
+

2n
n 0
2n 1
6n+2 0
 =

n n
n 1 0
n 0 1
n 0 0
6n+2 0 0
+

n n
n 0 0
n 1 0
n 0 1
6n+2 0 0
 =

n n
n 1 0
n 1 1
n 0 1
6n+2 0 0

M
P (6n+1,3)
2→3 · i2 =


2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1


·
[2n
2n 1
4n+1 0
]
=

2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

·

2n
2n 1
2n+1 0
2n 0
+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1
 ·

2n
2n 1
2n+1 0
2n 0

=

2n
2n 1
n 0
2n+1 0
n 0
2n 0
n+1 0

+

2n
n 0
2n 1
4n+2 0
2n 0
 =

n n
n 1 0
n 0 1
n 0 0
2n+1 0 0
n 0 0
n+1 0 0
n−1 0 0
n+1 0 0

+

n n
n 0 0
n 1 0
n 0 1
2n+1 0 0
n 0 0
n+1 0 0
n−1 0 0
n+1 0 0

=

n n
n 1 0
n 1 1
n 0 1
6n+2 0 0

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i3 ·MP (6n−1,1)2→3 −MP (6n+1,3)2→3 · i2 =

n n
n 1 0
n 1 1
n 0 1
6n+2 0 0
−

n n
n 1 0
n 1 1
n 0 1
6n+2 0 0
 =
[2n
9n+2 0
]
3. i3 ·MP (6n−1,1)4→3 −MP (6n+1,3)4→3 · i4 = 0
i3 ·MP (6n−1,1)4→3 =
[3n
3n 1
6n+2 0
]
·
[2n
2n 1
n 0
]
=

2n n
2n 1 0
n 0 1
6n+2 0 0
 · [
2n
2n 1
n 0
]
=

2n
2n 1
n 0
6n+2 0
 = [
2n
2n 1
7n+2 0
]
M
P (6n+1,3)
4→3 · i4 =


2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0


·
[2n
2n 1
4n+1 0
]
=

2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

·

2n
2n 1
2n 0
2n+1 0
+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

2n
2n 1
2n 0
2n+1 0

=

2n
2n 1
n 0
2n 0
n+1 0
2n+1 0
n 0

+

2n
4n+1 0
2n 0
3n+1 0
 =

2n
2n 1
n 0
n+1 0
n−1 0
n+1 0
2n+1 0
n 0

+

2n
2n 0
n 0
n+1 0
n−1 0
n+1 0
2n+1 0
n 0

=
[2n
2n 1
7n+2 0
]
i3 ·MP (6n−1,1)4→3 −MP (6n+1,3)4→3 · i4 =
[2n
2n 1
7n+2 0
]
−
[2n
2n 1
7n+2 0
]
=
[2n
9n+2 0
]
4. i4 ·MP (6n−1,1)5→4 −MP (6n+1,3)5→4 · i5 = 0
i4 ·MP (6n−1,1)5→4 =
[2n
2n 1
4n+1 0
]
·
[ n
n 1
n 0
]
=

n n
n 1 0
n 0 1
4n+1 0 0
 · [
n
n 1
n 0
]
=

n
n 1
n 0
4n+1 0
 = [
n
n 1
5n+1 0
]
M
P (6n+1,3)
5→4 · i5 =

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

·
[ n
n 1
2n 0
]
=

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

·

n
n 1
n 0
n 0
 =

n
n 1
n 0
n 0
n 0
n 0
n+1 0

=
[ n
n 1
5n+1 0
]
i4 ·MP (6n−1,1)5→4 −MP (6n+1,3)5→4 · i5 =
[ n
n 1
5n+1 0
]
−
[ n
n 1
5n+1 0
]
=
[ n
6n+1 0
]
5. i3 ·MP (6n−1,1)6→3 −MP (6n+1,3)6→3 · i6 = 0
i3 ·MP (6n−1,1)6→3 =
[3n
3n 1
6n+2 0
]
·
[2n
n 0
2n 1
]
=

n 2n
n 1 0
2n 0 1
6n+2 0 0
 · [
2n
n 0
2n 1
]
=

2n
n 0
2n 1
6n+2 0

M
P (6n+1,3)
6→3 · i6 =

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

·
[2n
2n 1
4n+1 0
]
=

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

·

2n
2n 1
2n 0
2n+1 0
 =

2n
n 0
2n 1
n+1 0
2n 0
n 0
2n+1 0

=

2n
n 0
2n 1
6n+2 0

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i3 ·MP (6n−1,1)6→3 −MP (6n+1,3)6→3 · i6 =

2n
n 0
2n 1
6n+2 0
−

2n
n 0
2n 1
6n+2 0
 = [2n9n+2 0 ]
6. i6 ·MP (6n−1,1)7→6 −MP (6n+1,3)7→6 · i7 = 0
i6 ·MP (6n−1,1)7→6 =
[2n
2n 1
4n+1 0
]
·
[ n
n 0
n 1
]
=

n n
n 1 0
n 0 1
4n+1 0 0
 · [
n
n 0
n 1
]
=

n
n 0
n 1
4n+1 0

M
P (6n+1,3)
7→6 · i7 =

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

·
[ n
n 1
2n 0
]
=

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

·

n
n 1
1 0
n−1 0
1 0
n−1 0
 =

n
n−1 0
1 0
n 1
n−1 0
1 0
1 0
n−1 0
n+1 0
1 0
n−1 0

=

n
n 0
n 1
4n+1 0

i6 ·MP (6n−1,1)7→6 −MP (6n+1,3)7→6 · i7 =

n
n 0
n 1
4n+1 0
−

n
n 0
n 1
4n+1 0
 = [ n6n+1 0 ]
Relations of the projection p : P (6n+ 1, 3)→ P (6n+ 1, 2) P
1. p2 ·MP (6n+1,3)1→2 −MP (6n+1,2)1→2 · p1 = 0
p2 ·MP (6n+1,3)1→2 =
[2n 4n+1
4n+1 0 1
]
·

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

=

n−1 2 n−1 n+1 n n n
n+1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
 ·

n−1 n+1 n
n−1 1 0 0
2 0 0 0
n−1 1 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

=

n−1 n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

M
P (6n+1,2)
1→2 · p1 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ·
[n−1 2n+1
2n+1 0 1
]
=

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 ·
[n−1 n+1 n
n+1 0 1 0
n 0 0 1
]
=

n−1 n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1

p2 ·MP (6n+1,3)1→2 −MP (6n+1,2)1→2 · p1 =

n−1 n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1
−

n−1 n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n 0 0 1
 =
[3n
4n+1 0
]
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2. p3 ·MP (6n+1,3)2→3 −MP (6n+1,2)2→3 · p2 = 0
p3 ·MP (6n+1,3)2→3 =
[3n 6n+2
6n+2 0 1
]
·


2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1


=

2n n 2n+1 n 2n n+1
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
2n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

2n 2n+1 2n
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0

+
[ n 2n 4n+2 2n
4n+2 0 0 1 0
2n 0 0 0 1
]
·

2n 2n+1 2n
n 0 0 0
2n 1 0 0
4n+2 0 0 0
2n 0 0 1

=

2n 2n+1 2n
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0
+
[2n 2n+1 2n
4n+2 0 0 0
2n 0 0 1
]
=

2n 2n+1 n+1 n−1
2n+1 0 1 0 0
n 0 0 0 0
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
+

2n 2n+1 n−1 n+1
2n+1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
 =

2n 2n+1 n−1 2 n−1
2n+1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1

M
P (6n+1,2)
2→3 · p2 =


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]

·
[2n 4n+1
4n+1 0 1
]
=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
 ·
[2n 2n+1 2n
2n+1 0 1 0
2n 0 0 1
]
+
[2n+1 2n
4n+2 0 0
2n 0 1
]
·
[2n 2n+1 2n
2n+1 0 1 0
2n 0 0 1
]
=

2n 2n+1 2n
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n+1 0 0 0
+
[2n 2n+1 2n
4n+2 0 0 0
2n 0 0 1
]
=

2n 2n+1 n+1 n−1
2n+1 0 1 0 0
n 0 0 0 0
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
+

2n 2n+1 n−1 n+1
2n+1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
 =

2n 2n+1 n−1 2 n−1
2n+1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1

p3 ·MP (6n+1,3)2→3 −MP (6n+1,2)2→3 · p2 =

2n 2n+1 n−1 2 n−1
2n+1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1

−

2n 2n+1 n−1 2 n−1
2n+1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1

=
[6n+1
6n+2 0
]
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3. p3 ·MP (6n+1,3)4→3 −MP (6n+1,2)4→3 · p4 = 0
p3 ·MP (6n+1,3)4→3 =
[3n 6n+2
6n+2 0 1
]
·


2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n 2n 2n+1
4n+1 0 0 0
2n 0 1 0
3n+1 0 0 0


=

2n n 2n n+1 2n+1 n
2n 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

2n 2n 2n+1
2n 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

3n n+1 2n 3n+1
n+1 0 1 0 0
2n 0 0 1 0
3n+1 0 0 0 1
 ·

2n 2n 2n+1
3n 0 0 0
n+1 0 0 0
2n 0 1 0
3n+1 0 0 0

=

2n 2n 2n+1
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
+

2n 2n 2n+1
n+1 0 0 0
2n 0 1 0
3n+1 0 0 0
 =

2n n+1 n−1 2n+1
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
2n+1 0 0 0 1
n 0 0 0 0
+

2n n−1 n+1 2n+1
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
2n+1 0 0 0 0
n 0 0 0 0
 =

2n n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
n 0 0 0 0 0

M
P (6n+1,2)
4→3 · p4 =


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0


·
[2n 4n+1
4n+1 0 1
]
=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
 ·
[2n 2n 2n+1
2n 0 1 0
2n+1 0 0 1
]
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0
 · [
2n 2n 2n+1
2n 0 1 0
2n+1 0 0 1
]
=

2n 2n 2n+1
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
+

2n 2n 2n+1
n+1 0 0 0
2n 0 1 0
3n+1 0 0 0
 =

2n n+1 n−1 2n+1
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
2n+1 0 0 0 1
n 0 0 0 0
+

2n n−1 n+1 2n+1
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
2n+1 0 0 0 0
n 0 0 0 0
 =

2n n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
n 0 0 0 0 0

p3 ·MP (6n+1,3)4→3 −MP (6n+1,2)4→3 · p4 =

2n n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
n 0 0 0 0 0

−

2n n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
n 0 0 0 0 0

=
[6n+1
6n+2 0
]
4. p4 ·MP (6n+1,3)5→4 −MP (6n+1,2)5→4 · p5 = 0
p4 ·MP (6n+1,3)5→4 =
[2n 4n+1
4n+1 0 1
]
·

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

=

n n n n n n+1
n 0 0 1 0 0 0
n 0 0 0 1 0 0
n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

n n n
n 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

=

n n n
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

M
P (6n+1,2)
5→4 · p5 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ·
[ n 2n
2n 0 1
]
=

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 ·
[ n n n
n 0 1 0
n 0 0 1
]
=

n n n
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0

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p4 ·MP (6n+1,3)5→4 −MP (6n+1,2)5→4 · p5 =

n n n
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0
−

n n n
n 0 1 0
n 0 1 0
n 0 0 1
n+1 0 0 0
 =
[3n
4n+1 0
]
5. p3 ·MP (6n+1,3)6→3 −MP (6n+1,2)6→3 · p6 = 0
p3 ·MP (6n+1,3)6→3 =
[3n 6n+2
6n+2 0 1
]
·

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

=

n 2n n+1 2n n 2n+1
n+1 0 0 1 0 0 0
2n 0 0 0 1 0 0
n 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
 ·

2n 2n 2n+1
n 0 0 0
2n 1 0 0
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

=

2n 2n 2n+1
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

M
P (6n+1,2)
6→3 · p6 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ·
[2n 4n+1
4n+1 0 1
]
=

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 ·
[2n 2n 2n+1
2n 0 1 0
2n+1 0 0 1
]
=

2n 2n 2n+1
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

p3 ·MP (6n+1,3)6→3 −MP (6n+1,2)6→3 · p6 =

2n 2n 2n+1
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
−

2n 2n 2n+1
n+1 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 =
[6n+1
6n+2 0
]
6. p6 ·MP (6n+1,3)7→6 −MP (6n+1,2)7→6 · p7 = 0
p6 ·MP (6n+1,3)7→6 =
[2n 4n+1
4n+1 0 1
]
·

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=

n−1 1 n n−1 1 1 n−1 n+1 1 n−1
n−1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0
n+1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 0 0 1

·

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=

n 1 n−1 1 n−1
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=

n n 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n+1 0 0 0 0
1 0 0 1 0
n−1 0 0 0 1

M
P (6n+1,2)
7→6 · p7 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

·
[ n 2n
2n 0 1
]
=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

·

n n 1 n−1
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 =

n n 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n+1 0 0 0 0
1 0 0 1 0
n−1 0 0 0 1

p6 ·MP (6n+1,3)7→6 −MP (6n+1,2)7→6 · p7 =

n n 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n+1 0 0 0 0
1 0 0 1 0
n−1 0 0 0 1

−

n n 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n+1 0 0 0 0
1 0 0 1 0
n−1 0 0 0 1

=
[3n
4n+1 0
]
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The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n−1 2n+1
2n+1 0 1
]
·
[n−1
n−1 1
2n+1 0
]
=
[n−1
2n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n 4n+1
4n+1 0 1
]
·
[2n
2n 1
4n+1 0
]
=
[2n
4n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n 6n+2
6n+2 0 1
]
·
[3n
3n 1
6n+2 0
]
=
[3n
6n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n 4n+1
4n+1 0 1
]
·
[2n
2n 1
4n+1 0
]
=
[2n
4n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n 2n
2n 0 1
]
·
[ n
n 1
2n 0
]
=
[ n
2n 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n 4n+1
4n+1 0 1
]
·
[2n
2n 1
4n+1 0
]
=
[2n
4n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n 2n
2n 0 1
]
·
[ n
n 1
2n 0
]
=
[ n
2n 0
]
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132 Tree module property of P (6n+ 2, 3)
132.1 Tree module property of P (2, 3) 
The representation of P (2, 3):
dimP (2, 3) = (1, 2, 4, 2, 1, 2, 1)
P (2, 3) =
M1→2 = ( 10 ) , M2→3 =
 1 00 0
0 0
0 1
 , M4→3 =
 0 01 0
0 1
0 1
 , M5→4 = ( 10 ) , M6→3 =
 0 10 1
1 0
0 1
 , M7→6 = ( 10 )

The length of P (2, 3) is: 1 + 2 + 4 + 2 + 1 + 2 + 1 = 13.
The total number of ones in the matrices of the representation: 12.
A = M(EndkQ(P (2, 3))) ∈M30,31(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (2, 3).
A =

0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0

←−
←−
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 91 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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y y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 91 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 1 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 1 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 1 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 91 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 91 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 91 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
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y y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 91 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
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1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 91 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 1 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 91 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
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As the above computation shows, dim EndkQ(P (2, 3)) = corank(A) = 1 in every field k, therefore P (2, 3) has the (field independent) tree module property.
132.2 Tree module property of P (8, 3) 
The matrices of the representation have full (column) rank P
1. MP (8,3)1→2 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. MP (8,3)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k) is already in column echelon form and has maximal column rank.
3. MP (8,3)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M13,8(k) is already in column echelon form and has maximal column rank.
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4. MP (8,3)5→4 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. MP (8,3)6→3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M13,8(k) is already in column echelon form and has maximal column rank.
6. MP (8,3)7→6 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (8,3)
7→6 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

c1↔c2−−−−→

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

132.2.1 0→ P (7, 2) f→ P (8, 3) g→ P (8, 1)→ 0 
PdimP (7, 2) + dimP (8, 1) = (3, 5, 8, 5, 2, 5, 2) + (1, 3, 5, 3, 2, 3, 2)
= (4, 8, 13, 8, 4, 8, 4) = dimP (8, 3)
Pdimk Ext
1
kQ(P (8, 1), P (7, 2)) = dimk HomkQ(P (8, 1), P (7, 2))− 〈dimP (8, 1),dimP (7, 2)〉
= 0− 〈(1, 3, 5, 3, 2, 3, 2), (3, 5, 8, 5, 2, 5, 2)〉
= 1 · 5 + 3 · 8 + 3 · 8 + 2 · 5 + 3 · 8 + 2 · 5− (1 · 3 + 3 · 5 + 5 · 8 + 3 · 5 + 2 · 2 + 3 · 5 + 2 · 2)
= 5 + 24 + 24 + 10 + 24 + 10− (3 + 15 + 40 + 15 + 4 + 15 + 4)
= 1
Matrices of the embedding f : P (7, 2)→ P (8, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M13,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (8, 3)→ P (8, 1) P
1. g1 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,13(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (7, 2)→ P (8, 3) P
1. f2 ·MP (7,2)1→2 −MP (8,3)1→2 · f1 = 0
f2 ·MP (7,2)1→2 =
[ 5
5 1
3 0
]
·

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 =

2 1 1 1
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

2 1
2 1 0
1 0 0
1 0 1
1 0 1
 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1
3 0 0

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M
P (8,3)
1→2 · f1 =

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

·
[ 3
3 1
1 0
]
=

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

·

2 1
2 1 0
1 0 1
1 0 0
 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1
1 0 0
1 0 0
1 0 0

=

2 1
2 1 0
1 0 0
1 0 1
1 0 1
3 0 0

f2 ·MP (7,2)1→2 −MP (8,3)1→2 · f1 =

2 1
2 1 0
1 0 0
1 0 1
1 0 1
3 0 0
−

2 1
2 1 0
1 0 0
1 0 1
1 0 1
3 0 0
 =
[ 3
8 0
]
2. f3 ·MP (7,2)2→3 −MP (8,3)2→3 · f2 = 0
f3 ·MP (7,2)2→3 =
[ 8
8 1
5 0
]
·

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 =

3 1 2 2
3 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

3 2
3 1 0
1 0 0
2 0 1
2 0 1
 =

3 2
3 1 0
1 0 0
2 0 1
2 0 1
5 0 0

M
P (8,3)
2→3 · f2 =

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 5
5 1
3 0
]
=

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

3 2
3 1 0
2 0 1
1 0 0
1 0 0
1 0 0
 =

3 2
3 1 0
1 0 0
2 0 1
2 0 1
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0

=

3 2
3 1 0
1 0 0
2 0 1
2 0 1
5 0 0

f3 ·MP (7,2)2→3 −MP (8,3)2→3 · f2 =

3 2
3 1 0
1 0 0
2 0 1
2 0 1
5 0 0
−

3 2
3 1 0
1 0 0
2 0 1
2 0 1
5 0 0
 =
[ 5
13 0
]
3. f3 ·MP (7,2)4→3 −MP (8,3)4→3 · f4 = 0
f3 ·MP (7,2)4→3 =
[ 8
8 1
5 0
]
·

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 =

2 2 3 1
2 1 0 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 1
5 0 0 0 0
 ·

2 3
2 1 0
2 1 0
3 0 1
1 0 0
 =

2 3
2 1 0
2 1 0
3 0 1
1 0 0
5 0 0
 =

2 3
2 1 0
2 1 0
3 0 1
6 0 0

M
P (8,3)
4→3 · f4 =

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

·
[ 5
5 1
3 0
]
=

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

·

2 3
2 1 0
3 0 1
3 0 0
 =

2 3
2 1 0
2 1 0
3 0 1
1 0 0
3 0 0
2 0 0

=

2 3
2 1 0
2 1 0
3 0 1
6 0 0

f3 ·MP (7,2)4→3 −MP (8,3)4→3 · f4 =

2 3
2 1 0
2 1 0
3 0 1
6 0 0
−

2 3
2 1 0
2 1 0
3 0 1
6 0 0
 =
[ 5
13 0
]
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4. f4 ·MP (7,2)5→4 −MP (8,3)5→4 · f5 = 0
f4 ·MP (7,2)5→4 =
[ 5
5 1
3 0
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
3 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
5 0 0

M
P (8,3)
5→4 · f5 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

·
[ 2
2 1
2 0
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
2 0 0
1 0 0

=

1 1
1 1 0
1 1 0
1 0 1
5 0 0

f4 ·MP (7,2)5→4 −MP (8,3)5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
5 0 0
−

1 1
1 1 0
1 1 0
1 0 1
5 0 0
 =
[ 2
8 0
]
5. f3 ·MP (7,2)6→3 −MP (8,3)6→3 · f6 = 0
f3 ·MP (7,2)6→3 =
[ 8
8 1
5 0
]
·

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 =

2 2 1 3
2 1 0 0 0
2 0 1 0 0
1 0 0 1 0
3 0 0 0 1
5 0 0 0 0
 ·

2 3
2 0 0
2 1 0
1 0 0
3 0 1
 =

2 3
2 0 0
2 1 0
1 0 0
3 0 1
5 0 0

M
P (8,3)
6→3 · f6 =

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

·
[ 5
5 1
3 0
]
=

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

·

2 3
2 1 0
3 0 1
3 0 0
 =

2 3
2 0 0
2 1 0
1 0 0
3 0 1
2 0 0
3 0 0

=

2 3
2 0 0
2 1 0
1 0 0
3 0 1
5 0 0

f3 ·MP (7,2)6→3 −MP (8,3)6→3 · f6 =

2 3
2 0 0
2 1 0
1 0 0
3 0 1
5 0 0
−

2 3
2 0 0
2 1 0
1 0 0
3 0 1
5 0 0
 =
[ 5
13 0
]
6. f6 ·MP (7,2)7→6 −MP (8,3)7→6 · f7 = 0
f6 ·MP (7,2)7→6 =
[ 5
5 1
3 0
]
·

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 1
1 0 1
1 1 0
2 0 0
1 0 1
 =

1 1
1 0 1
1 1 0
2 0 0
1 0 1
3 0 0

M
P (8,3)
7→6 · f7 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

·
[ 2
2 1
2 0
]
=

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

·

1 0
0 1
0 0
0 0
 =

0 1
1 0
0 0
0 0
0 1
0 0
0 0
0 0

=

1 1
1 0 1
1 1 0
2 0 0
1 0 1
3 0 0

f6 ·MP (7,2)7→6 −MP (8,3)7→6 · f7 =

1 1
1 0 1
1 1 0
2 0 0
1 0 1
3 0 0
−

1 1
1 0 1
1 1 0
2 0 0
1 0 1
3 0 0
 =
[ 2
8 0
]
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Relations of the projection g : P (8, 3)→ P (8, 1) P
1. g2 ·MP (8,3)1→2 −MP (8,1)1→2 · g1 = 0
g2 ·MP (8,3)1→2 =
[ 5 3
3 0 1
]
·

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

=

2 1 1 1 1 1 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

=

2 1 1
1 0 0 1
1 0 0 1
1 0 0 0
 =

3 1
1 0 1
1 0 1
1 0 0

M
P (8,1)
1→2 · g1 =
11
0
 · [ 3 11 0 1 ] =

3 1
1 0 1
1 0 1
1 0 0

g2 ·MP (8,3)1→2 −MP (8,1)1→2 · g1 =

3 1
1 0 1
1 0 1
1 0 0
−

3 1
1 0 1
1 0 1
1 0 0
 = [ 43 0 ]
2. g3 ·MP (8,3)2→3 −MP (8,1)2→3 · g2 = 0
g3 ·MP (8,3)2→3 =
[ 8 5
5 0 1
]
·

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

3 1 2 2 1 1 1 1 1
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
 ·

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

3 2 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
 =

5 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
P (8,1)
2→3 · g2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 5 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

5 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

5 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

g3 ·MP (8,3)2→3 −MP (8,1)2→3 · g2 =

5 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
−

5 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
 =
[ 8
5 0
]
3. g3 ·MP (8,3)4→3 −MP (8,1)4→3 · g4 = 0
g3 ·MP (8,3)4→3 =
[ 8 5
5 0 1
]
·

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

=
[ 2 2 3 1 3 2
3 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

=
[ 2 3 3
3 0 0 1
2 0 0 0
]
=
[ 5 3
3 0 1
2 0 0
]
M
P (8,1)
4→3 · g4 =
[ 3
3 1
2 0
]
·
[ 5 3
3 0 1
]
=
[ 5 3
3 0 1
2 0 0
]
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g3 ·MP (8,3)4→3 −MP (8,1)4→3 · g4 =
[ 5 3
3 0 1
2 0 0
]
−
[ 5 3
3 0 1
2 0 0
]
=
[ 8
5 0
]
4. g4 ·MP (8,3)5→4 −MP (8,1)5→4 · g5 = 0
g4 ·MP (8,3)5→4 =
[ 5 3
3 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

=
[ 1 1 1 2 2 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

=
[ 1 1 2
2 0 0 1
1 0 0 0
]
=
[ 2 2
2 0 1
1 0 0
]
M
P (8,1)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
1 0 0
]
g4 ·MP (8,3)5→4 −MP (8,1)5→4 · g5 =
[ 2 2
2 0 1
1 0 0
]
−
[ 2 2
2 0 1
1 0 0
]
=
[ 4
3 0
]
5. g3 ·MP (8,3)6→3 −MP (8,1)6→3 · g6 = 0
g3 ·MP (8,3)6→3 =
[ 8 5
5 0 1
]
·

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

=
[ 2 2 1 3 2 3
2 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

=
[ 2 3 3
2 0 0 0
3 0 0 1
]
=
[ 5 3
2 0 0
3 0 1
]
M
P (8,1)
6→3 · g6 =
[ 3
2 0
3 1
]
·
[ 5 3
3 0 1
]
=
[ 5 3
2 0 0
3 0 1
]
g3 ·MP (8,3)6→3 −MP (8,1)6→3 · g6 =
[ 5 3
2 0 0
3 0 1
]
−
[ 5 3
2 0 0
3 0 1
]
=
[ 8
5 0
]
6. g6 ·MP (8,3)7→6 −MP (8,1)7→6 · g7 = 0
g6 ·MP (8,3)7→6 =
[ 5 3
3 0 1
]
·

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ·

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=
0 0 0 00 0 1 0
0 0 0 1
 = [
2 2
1 0 0
2 0 1
]
M
P (8,1)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
g6 ·MP (8,3)7→6 −MP (8,1)7→6 · g7 =
[ 2 2
1 0 0
2 0 1
]
−
[ 2 2
1 0 0
2 0 1
]
=
[ 4
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
1450
2. g2 · f2 = 0
g2 · f2 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 5
5 0 1
]
·
[ 8
8 1
5 0
]
=
[ 8
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
132.2.2 0→ P (6, 1) f→ P (8, 3) g→ P (8, 2)→ 0 
PdimP (6, 1) + dimP (8, 2) = (2, 3, 4, 2, 1, 2, 1) + (2, 5, 9, 6, 3, 6, 3)
= (4, 8, 13, 8, 4, 8, 4) = dimP (8, 3)
Pdimk Ext
1
kQ(P (8, 2), P (6, 1)) = dimk HomkQ(P (8, 2), P (6, 1))− 〈dimP (8, 2),dimP (6, 1)〉
= 0− 〈(2, 5, 9, 6, 3, 6, 3), (2, 3, 4, 2, 1, 2, 1)〉
= 2 · 3 + 5 · 4 + 6 · 4 + 3 · 2 + 6 · 4 + 3 · 2− (2 · 2 + 5 · 3 + 9 · 4 + 6 · 2 + 3 · 1 + 6 · 2 + 3 · 1)
= 6 + 20 + 24 + 6 + 24 + 6− (4 + 15 + 36 + 12 + 3 + 12 + 3)
= 1
Matrices of the embedding f : P (6, 1)→ P (8, 3) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M13,4(k) is already in column echelon form and has maximal column rank.
1451
4. f4 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
5. f5 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (8, 3)→ P (8, 2) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,13(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M6,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M6,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (6, 1)→ P (8, 3) P
1. f2 ·MP (6,1)1→2 −MP (8,3)1→2 · f1 = 0
f2 ·MP (6,1)1→2 =
[ 3
3 1
5 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
5 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
5 0
 = [
2
2 1
6 0
]
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M
P (8,3)
1→2 · f1 =

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

·
[ 2
2 1
2 0
]
=

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

·

2
2 1
1 0
1 0
 =

2
2 1
1 0
1 0
1 0
1 0
1 0
1 0

=
[ 2
2 1
6 0
]
f2 ·MP (6,1)1→2 −MP (8,3)1→2 · f1 =
[ 2
2 1
6 0
]
−
[ 2
2 1
6 0
]
=
[ 2
8 0
]
2. f3 ·MP (6,1)2→3 −MP (8,3)2→3 · f2 = 0
f3 ·MP (6,1)2→3 =
[ 4
4 1
9 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
9 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
9 0
 = [
3
3 1
10 0
]
M
P (8,3)
2→3 · f2 =

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 3
3 1
5 0
]
=

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

3
3 1
2 0
1 0
1 0
1 0
 =

3
3 1
1 0
2 0
2 0
1 0
1 0
1 0
1 0
1 0

=
[ 3
3 1
10 0
]
f3 ·MP (6,1)2→3 −MP (8,3)2→3 · f2 =
[ 3
3 1
10 0
]
−
[ 3
3 1
10 0
]
=
[ 3
13 0
]
3. f3 ·MP (6,1)4→3 −MP (8,3)4→3 · f4 = 0
f3 ·MP (6,1)4→3 =
[ 4
4 1
9 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
9 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
9 0

M
P (8,3)
4→3 · f4 =

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

·
[ 2
2 1
6 0
]
=

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

·

2
2 1
3 0
3 0
 =

2
2 1
2 1
3 0
1 0
3 0
2 0

=

2
2 1
2 1
9 0

f3 ·MP (6,1)4→3 −MP (8,3)4→3 · f4 =

2
2 1
2 1
9 0
−

2
2 1
2 1
9 0
 = [ 213 0 ]
4. f4 ·MP (6,1)5→4 −MP (8,3)5→4 · f5 = 0
f4 ·MP (6,1)5→4 =
[ 2
2 1
6 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
6 0 0
 · [1
1
]
=

1
1 1
1 1
6 0

M
P (8,3)
5→4 · f5 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

·
[ 1
1 1
3 0
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

·

1
1 1
1 0
2 0
 =

1
1 1
1 1
1 0
2 0
2 0
1 0

=

1
1 1
1 1
6 0

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f4 ·MP (6,1)5→4 −MP (8,3)5→4 · f5 =

1
1 1
1 1
6 0
−

1
1 1
1 1
6 0
 = [ 18 0 ]
5. f3 ·MP (6,1)6→3 −MP (8,3)6→3 · f6 = 0
f3 ·MP (6,1)6→3 =
[ 4
4 1
9 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
9 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
9 0

M
P (8,3)
6→3 · f6 =

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

·
[ 2
2 1
6 0
]
=

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

·

2
2 1
3 0
3 0
 =

2
2 0
2 1
1 0
3 0
2 0
3 0

=

2
2 0
2 1
9 0

f3 ·MP (6,1)6→3 −MP (8,3)6→3 · f6 =

2
2 0
2 1
9 0
−

2
2 0
2 1
9 0
 = [ 213 0 ]
6. f6 ·MP (6,1)7→6 −MP (8,3)7→6 · f7 = 0
f6 ·MP (6,1)7→6 =
[ 2
2 1
6 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
6 0 0
 · [0
1
]
=

1
1 0
1 1
6 0

M
P (8,3)
7→6 · f7 =

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

·
[ 1
1 1
3 0
]
=

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

·

1
0
0
0
 =

0
1
0
0
0
0
0
0

=

1
1 0
1 1
6 0

f6 ·MP (6,1)7→6 −MP (8,3)7→6 · f7 =

1
1 0
1 1
6 0
−

1
1 0
1 1
6 0
 = [ 18 0 ]
Relations of the projection g : P (8, 3)→ P (8, 2) P
1. g2 ·MP (8,3)1→2 −MP (8,2)1→2 · g1 = 0
g2 ·MP (8,3)1→2 =
[ 3 5
5 0 1
]
·

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

=

2 1 1 1 1 1 1
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

=

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

M
P (8,2)
1→2 · g1 =

1 0
1 0
0 1
0 1
0 0
 ·
[ 2 2
2 0 1
]
=

1 0
1 0
0 1
0 1
0 0
 ·
[ 2 1 1
1 0 1 0
1 0 0 1
]
=

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

g2 ·MP (8,3)1→2 −MP (8,2)1→2 · g1 =

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0
−

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0
 =
[ 4
5 0
]
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2. g3 ·MP (8,3)2→3 −MP (8,2)2→3 · g2 = 0
g3 ·MP (8,3)2→3 =
[ 4 9
9 0 1
]
·

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

3 1 2 2 1 1 1 1 1
2 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

3 2 1 1 1
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

3 2 1 1 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

M
P (8,2)
2→3 · g2 =

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·
[ 3 5
5 0 1
]
=

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·

3 2 1 1 1
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 =

3 2 1 1 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

g3 ·MP (8,3)2→3 −MP (8,2)2→3 · g2 =

3 2 1 1 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

−

3 2 1 1 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 8
9 0
]
3. g3 ·MP (8,3)4→3 −MP (8,2)4→3 · g4 = 0
g3 ·MP (8,3)4→3 =
[ 4 9
9 0 1
]
·

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

=

2 2 3 1 3 2
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 3 3
2 1 0 0
2 1 0 0
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

=

2 3 3
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

M
P (8,2)
4→3 · g4 =

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 ·
[ 2 6
6 0 1
]
=

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 ·
[ 2 3 3
3 0 1 0
3 0 0 1
]
=

2 3 3
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

g3 ·MP (8,3)4→3 −MP (8,2)4→3 · g4 =

2 3 3
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0
−

2 3 3
3 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0
 =
[ 8
9 0
]
4. g4 ·MP (8,3)5→4 −MP (8,2)5→4 · g5 = 0
g4 ·MP (8,3)5→4 =
[ 2 6
6 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

=

1 1 1 2 2 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

=

1 1 2
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

M
P (8,2)
5→4 · g5 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 ·
[ 1 3
3 0 1
]
=

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 ·
[ 1 1 2
1 0 1 0
2 0 0 1
]
=

1 1 2
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0

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g4 ·MP (8,3)5→4 −MP (8,2)5→4 · g5 =

1 1 2
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0
−

1 1 2
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0
 =
[ 4
6 0
]
5. g3 ·MP (8,3)6→3 −MP (8,2)6→3 · g6 = 0
g3 ·MP (8,3)6→3 =
[ 4 9
9 0 1
]
·

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

=

2 2 1 3 2 3
1 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

2 3 3
2 0 0 0
2 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

=

2 3 3
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

M
P (8,2)
6→3 · g6 =

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 ·
[ 2 6
6 0 1
]
=

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 ·
[ 2 3 3
3 0 1 0
3 0 0 1
]
=

2 3 3
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1

g3 ·MP (8,3)6→3 −MP (8,2)6→3 · g6 =

2 3 3
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
−

2 3 3
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 =
[ 8
9 0
]
6. g6 ·MP (8,3)7→6 −MP (8,2)7→6 · g7 = 0
g6 ·MP (8,3)7→6 =
[ 2 6
6 0 1
]
·

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

0 1 0 0
1 0 0 0
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

M
P (8,2)
7→6 · g7 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

·
[ 1 3
3 0 1
]
=

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

·
0 1 0 00 0 1 0
0 0 0 1
 =

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

g6 ·MP (8,3)7→6 −MP (8,2)7→6 · g7 =

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

−

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=
[ 4
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 9
9 0 1
]
·
[ 4
4 1
9 0
]
=
[ 4
9 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 2 6
6 0 1
]
·
[ 2
2 1
6 0
]
=
[ 2
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 6
6 0 1
]
·
[ 2
2 1
6 0
]
=
[ 2
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
132.3 Tree module property of P (14, 3) 
The matrices of the representation have full (column) rank P
1. MP (14,3)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
2. MP (14,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k) is already in column echelon form and has maximal column rank.
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3. MP (14,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k) is already in column echelon form and has maximal column rank.
4. MP (14,3)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
5. MP (14,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,14(k) is already in column echelon form and has maximal column rank.
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6. MP (14,3)7→6 =

0 0 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (14,3)
7→6 =

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

c1↔c2−−−−→

1 2 1 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

c3↔c4−−−−→

1 2 1 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 0 1

132.3.1 0→ P (13, 2) f→ P (14, 3) g→ P (14, 1)→ 0 
PdimP (13, 2) + dimP (14, 1) = (5, 9, 14, 9, 4, 9, 4) + (2, 5, 8, 5, 3, 5, 3)
= (7, 14, 22, 14, 7, 14, 7) = dimP (14, 3)
Pdimk Ext
1
kQ(P (14, 1), P (13, 2)) = dimk HomkQ(P (14, 1), P (13, 2))− 〈dimP (14, 1),dimP (13, 2)〉
= 0− 〈(2, 5, 8, 5, 3, 5, 3), (5, 9, 14, 9, 4, 9, 4)〉
= 2 · 9 + 5 · 14 + 5 · 14 + 3 · 9 + 5 · 14 + 3 · 9− (2 · 5 + 5 · 9 + 8 · 14 + 5 · 9 + 3 · 4 + 5 · 9 + 3 · 4)
= 18 + 70 + 70 + 27 + 70 + 27− (10 + 45 + 112 + 45 + 12 + 45 + 12)
= 1
Matrices of the embedding f : P (13, 2)→ P (14, 3) P
1. f1 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (14, 3)→ P (14, 1) P
1. g1 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,14(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,22(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,14(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,14(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (13, 2)→ P (14, 3) P
1. f2 ·MP (13,2)1→2 −MP (14,3)1→2 · f1 = 0
f2 ·MP (13,2)1→2 =
[ 9
9 1
5 0
]
·

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 =

3 2 2 2
3 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

3 2
3 1 0
2 0 0
2 0 1
2 0 1
 =

3 2
3 1 0
2 0 0
2 0 1
2 0 1
5 0 0

M
P (14,3)
1→2 · f1 =

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

·
[ 5
5 1
2 0
]
=

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

·

3 2
3 1 0
2 0 1
2 0 0
 =

3 2
3 1 0
2 0 0
2 0 1
2 0 1
2 0 0
2 0 0
1 0 0

=

3 2
3 1 0
2 0 0
2 0 1
2 0 1
5 0 0

f2 ·MP (13,2)1→2 −MP (14,3)1→2 · f1 =

3 2
3 1 0
2 0 0
2 0 1
2 0 1
5 0 0
−

3 2
3 1 0
2 0 0
2 0 1
2 0 1
5 0 0
 =
[ 5
14 0
]
2. f3 ·MP (13,2)2→3 −MP (14,3)2→3 · f2 = 0
f3 ·MP (13,2)2→3 =
[14
14 1
8 0
]
·

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

5 2 1 2 1 2 1
5 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
8 0 0 0 0 0 0 0

·

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

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M
P (14,3)
2→3 · f2 =

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·
[ 9
9 1
5 0
]
=

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

5 1 2 1
5 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
1 0 0 0 0
2 0 0 0 0

=

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
2 0 0 0 0

=

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

f3 ·MP (13,2)2→3 −MP (14,3)2→3 · f2 =

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

−

5 1 2 1
5 1 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

=
[ 9
22 0
]
3. f3 ·MP (13,2)4→3 −MP (14,3)4→3 · f4 = 0
f3 ·MP (13,2)4→3 =
[14
14 1
8 0
]
·

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=

1 2 1 2 1 5 2
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
5 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
8 0 0 0 0 0 0 0

·

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

=

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0
8 0 0 0 0

=

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
10 0 0 0 0

M
P (14,3)
4→3 · f4 =

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

·
[ 9
9 1
5 0
]
=

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

·

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
5 0 0 0 0
 =

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0
5 0 0 0 0
3 0 0 0 0

=

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
10 0 0 0 0

f3 ·MP (13,2)4→3 −MP (14,3)4→3 · f4 =

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
10 0 0 0 0

−

1 2 1 5
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 1
10 0 0 0 0

=
[ 9
22 0
]
4. f4 ·MP (13,2)5→4 −MP (14,3)5→4 · f5 = 0
f4 ·MP (13,2)5→4 =
[ 9
9 1
5 0
]
·

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 =

2 2 2 3
2 1 0 0 0
2 0 1 0 0
2 0 0 1 0
3 0 0 0 1
5 0 0 0 0
 ·

2 2
2 1 0
2 1 0
2 0 1
3 0 0
 =

2 2
2 1 0
2 1 0
2 0 1
3 0 0
5 0 0
 =

2 2
2 1 0
2 1 0
2 0 1
8 0 0

M
P (14,3)
5→4 · f5 =

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

·
[ 4
4 1
3 0
]
=

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

·

2 2
2 1 0
2 0 1
3 0 0
 =

2 2
2 1 0
2 1 0
2 0 1
3 0 0
3 0 0
2 0 0

=

2 2
2 1 0
2 1 0
2 0 1
8 0 0

1462
f4 ·MP (13,2)5→4 −MP (14,3)5→4 · f5 =

2 2
2 1 0
2 1 0
2 0 1
8 0 0
−

2 2
2 1 0
2 1 0
2 0 1
8 0 0
 =
[ 4
14 0
]
5. f3 ·MP (13,2)6→3 −MP (14,3)6→3 · f6 = 0
f3 ·MP (13,2)6→3 =
[14
14 1
8 0
]
·

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 =

3 4 2 5
3 1 0 0 0
4 0 1 0 0
2 0 0 1 0
5 0 0 0 1
8 0 0 0 0
 ·

4 5
3 0 0
4 1 0
2 0 0
5 0 1
 =

4 5
3 0 0
4 1 0
2 0 0
5 0 1
8 0 0

M
P (14,3)
6→3 · f6 =

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

·
[ 9
9 1
5 0
]
=

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

·

4 5
4 1 0
5 0 1
5 0 0
 =

4 5
3 0 0
4 1 0
2 0 0
5 0 1
3 0 0
5 0 0

=

4 5
3 0 0
4 1 0
2 0 0
5 0 1
8 0 0

f3 ·MP (13,2)6→3 −MP (14,3)6→3 · f6 =

4 5
3 0 0
4 1 0
2 0 0
5 0 1
8 0 0
−

4 5
3 0 0
4 1 0
2 0 0
5 0 1
8 0 0
 =
[ 9
22 0
]
6. f6 ·MP (13,2)7→6 −MP (14,3)7→6 · f7 = 0
f6 ·MP (13,2)7→6 =
[ 9
9 1
5 0
]
·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

=

1 1 2 3 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
5 0 0 0 0 0 0

·

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

M
P (14,3)
7→6 · f7 =

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 4
4 1
3 0
]
=

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
2 0 0 0
 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0

=

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

f6 ·MP (13,2)7→6 −MP (14,3)7→6 · f7 =

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

−

2 1 1
1 0 0 0
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
5 0 0 0

=
[ 4
14 0
]
Relations of the projection g : P (14, 3)→ P (14, 1) P
1. g2 ·MP (14,3)1→2 −MP (14,1)1→2 · g1 = 0
g2 ·MP (14,3)1→2 =
[ 9 5
5 0 1
]
·

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

=

3 2 2 2 2 2 1
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

=

3 2 2
2 0 0 1
2 0 0 1
1 0 0 0
 =

5 2
2 0 1
2 0 1
1 0 0

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M
P (14,1)
1→2 · g1 =

2
2 1
2 1
1 0
 · [ 5 22 0 1 ] =

5 2
2 0 1
2 0 1
1 0 0

g2 ·MP (14,3)1→2 −MP (14,1)1→2 · g1 =

5 2
2 0 1
2 0 1
1 0 0
−

5 2
2 0 1
2 0 1
1 0 0
 = [ 75 0 ]
2. g3 ·MP (14,3)2→3 −MP (14,1)2→3 · g2 = 0
g3 ·MP (14,3)2→3 =
[14 8
8 0 1
]
·

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

5 2 1 2 1 2 1 2 1 2 1 2
2 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 1
 ·

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

5 1 2 1 2 1 2
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 =

9 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
P (14,1)
2→3 · g2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 9 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

9 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

9 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

g3 ·MP (14,3)2→3 −MP (14,1)2→3 · g2 =

9 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

9 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[14
8 0
]
3. g3 ·MP (14,3)4→3 −MP (14,1)4→3 · g4 = 0
g3 ·MP (14,3)4→3 =
[14 8
8 0 1
]
·

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 2 1 2 1 5 2 5 3
5 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
]
·

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 2 1 5 5
5 0 0 0 0 1
3 0 0 0 0 0
]
=
[ 9 5
5 0 1
3 0 0
]
M
P (14,1)
4→3 · g4 =
[ 5
5 1
3 0
]
·
[ 9 5
5 0 1
]
=
[ 9 5
5 0 1
3 0 0
]
g3 ·MP (14,3)4→3 −MP (14,1)4→3 · g4 =
[ 9 5
5 0 1
3 0 0
]
−
[ 9 5
5 0 1
3 0 0
]
=
[14
8 0
]
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4. g4 ·MP (14,3)5→4 −MP (14,1)5→4 · g5 = 0
g4 ·MP (14,3)5→4 =
[ 9 5
5 0 1
]
·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

=
[ 2 2 2 3 3 2
3 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

=
[ 2 2 3
3 0 0 1
2 0 0 0
]
=
[ 4 3
3 0 1
2 0 0
]
M
P (14,1)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 1
2 0 0
]
g4 ·MP (14,3)5→4 −MP (14,1)5→4 · g5 =
[ 4 3
3 0 1
2 0 0
]
−
[ 4 3
3 0 1
2 0 0
]
=
[ 7
5 0
]
5. g3 ·MP (14,3)6→3 −MP (14,1)6→3 · g6 = 0
g3 ·MP (14,3)6→3 =
[14 8
8 0 1
]
·

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

=
[ 3 4 2 5 3 5
3 0 0 0 0 1 0
5 0 0 0 0 0 1
]
·

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

=
[ 4 5 5
3 0 0 0
5 0 0 1
]
=
[ 9 5
3 0 0
5 0 1
]
M
P (14,1)
6→3 · g6 =
[ 5
3 0
5 1
]
·
[ 9 5
5 0 1
]
=
[ 9 5
3 0 0
5 0 1
]
g3 ·MP (14,3)6→3 −MP (14,1)6→3 · g6 =
[ 9 5
3 0 0
5 0 1
]
−
[ 9 5
3 0 0
5 0 1
]
=
[14
8 0
]
6. g6 ·MP (14,3)7→6 −MP (14,1)7→6 · g7 = 0
g6 ·MP (14,3)7→6 =
[ 9 5
5 0 1
]
·

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 1 2 2 1 1 1 2 1 2
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1
 ·

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

2 1 1 1 2
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
 = [
4 3
2 0 0
3 0 1
]
M
P (14,1)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
2 0 0
3 0 1
]
g6 ·MP (14,3)7→6 −MP (14,1)7→6 · g7 =
[ 4 3
2 0 0
3 0 1
]
−
[ 4 3
2 0 0
3 0 1
]
=
[ 7
5 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 9 5
5 0 1
]
·
[ 9
9 1
5 0
]
=
[ 9
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[14 8
8 0 1
]
·
[14
14 1
8 0
]
=
[14
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 9 5
5 0 1
]
·
[ 9
9 1
5 0
]
=
[ 9
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 9 5
5 0 1
]
·
[ 9
9 1
5 0
]
=
[ 9
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
132.3.2 0→ P (12, 1) f→ P (14, 3) g→ P (14, 2)→ 0 
PdimP (12, 1) + dimP (14, 2) = (3, 5, 7, 4, 2, 4, 2) + (4, 9, 15, 10, 5, 10, 5)
= (7, 14, 22, 14, 7, 14, 7) = dimP (14, 3)
Pdimk Ext
1
kQ(P (14, 2), P (12, 1)) = dimk HomkQ(P (14, 2), P (12, 1))− 〈dimP (14, 2),dimP (12, 1)〉
= 0− 〈(4, 9, 15, 10, 5, 10, 5), (3, 5, 7, 4, 2, 4, 2)〉
= 4 · 5 + 9 · 7 + 10 · 7 + 5 · 4 + 10 · 7 + 5 · 4− (4 · 3 + 9 · 5 + 15 · 7 + 10 · 4 + 5 · 2 + 10 · 4 + 5 · 2)
= 20 + 63 + 70 + 20 + 70 + 20− (12 + 45 + 105 + 40 + 10 + 40 + 10)
= 1
Matrices of the embedding f : P (12, 1)→ P (14, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M22,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M14,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M14,4(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (14, 3)→ P (14, 2) P
1. g1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,14(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,22(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,14(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,14(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (12, 1)→ P (14, 3) P
1. f2 ·MP (12,1)1→2 −MP (14,3)1→2 · f1 = 0
f2 ·MP (12,1)1→2 =
[ 5
5 1
9 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
9 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
9 0
 = [
3
3 1
11 0
]
M
P (14,3)
1→2 · f1 =

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

·
[ 3
3 1
4 0
]
=

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

·

3
3 1
2 0
2 0
 =

3
3 1
2 0
2 0
2 0
2 0
2 0
1 0

=
[ 3
3 1
11 0
]
f2 ·MP (12,1)1→2 −MP (14,3)1→2 · f1 =
[ 3
3 1
11 0
]
−
[ 3
3 1
11 0
]
=
[ 3
14 0
]
2. f3 ·MP (12,1)2→3 −MP (14,3)2→3 · f2 = 0
f3 ·MP (12,1)2→3 =
[ 7
7 1
15 0
]
·
[ 5
5 1
2 0
]
=

5 2
5 1 0
2 0 1
15 0 0
 · [
5
5 1
2 0
]
=

5
5 1
2 0
15 0
 = [
5
5 1
17 0
]
M
P (14,3)
2→3 · f2 =

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·
[ 5
5 1
9 0
]
=

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

5
5 1
1 0
2 0
1 0
2 0
1 0
2 0

=

5
5 1
2 0
1 0
2 0
1 0
2 0
1 0
2 0
1 0
2 0
1 0
2 0

=
[ 5
5 1
17 0
]
f3 ·MP (12,1)2→3 −MP (14,3)2→3 · f2 =
[ 5
5 1
17 0
]
−
[ 5
5 1
17 0
]
=
[ 5
22 0
]
3. f3 ·MP (12,1)4→3 −MP (14,3)4→3 · f4 = 0
f3 ·MP (12,1)4→3 =
[ 7
7 1
15 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1 2 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
15 0 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
15 0 0 0

M
P (14,3)
4→3 · f4 =

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

·
[ 4
4 1
10 0
]
=

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
5 0 0 0
5 0 0 0
 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
5 0 0 0
2 0 0 0
5 0 0 0
3 0 0 0

=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
15 0 0 0

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f3 ·MP (12,1)4→3 −MP (14,3)4→3 · f4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
15 0 0 0

−

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
15 0 0 0

=
[ 4
22 0
]
4. f4 ·MP (12,1)5→4 −MP (14,3)5→4 · f5 = 0
f4 ·MP (12,1)5→4 =
[ 4
4 1
10 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
10 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
10 0

M
P (14,3)
5→4 · f5 =

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

·
[ 2
2 1
5 0
]
=

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

·

2
2 1
2 0
3 0
 =

2
2 1
2 1
2 0
3 0
3 0
2 0

=

2
2 1
2 1
10 0

f4 ·MP (12,1)5→4 −MP (14,3)5→4 · f5 =

2
2 1
2 1
10 0
−

2
2 1
2 1
10 0
 = [ 214 0 ]
5. f3 ·MP (12,1)6→3 −MP (14,3)6→3 · f6 = 0
f3 ·MP (12,1)6→3 =
[ 7
7 1
15 0
]
·
[ 4
3 0
4 1
]
=

3 4
3 1 0
4 0 1
15 0 0
 · [
4
3 0
4 1
]
=

4
3 0
4 1
15 0

M
P (14,3)
6→3 · f6 =

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

·
[ 4
4 1
10 0
]
=

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

·

4
4 1
5 0
5 0
 =

4
3 0
4 1
2 0
5 0
3 0
5 0

=

4
3 0
4 1
15 0

f3 ·MP (12,1)6→3 −MP (14,3)6→3 · f6 =

4
3 0
4 1
15 0
−

4
3 0
4 1
15 0
 = [ 422 0 ]
6. f6 ·MP (12,1)7→6 −MP (14,3)7→6 · f7 = 0
f6 ·MP (12,1)7→6 =
[ 4
4 1
10 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
10 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
10 0

M
P (14,3)
7→6 · f7 =

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 2
2 1
5 0
]
=

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

2
2 1
1 0
1 0
1 0
2 0
 =

2
1 0
1 0
2 1
2 0
1 0
1 0
1 0
2 0
1 0
2 0

=

2
2 0
2 1
10 0

f6 ·MP (12,1)7→6 −MP (14,3)7→6 · f7 =

2
2 0
2 1
10 0
−

2
2 0
2 1
10 0
 = [ 214 0 ]
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Relations of the projection g : P (14, 3)→ P (14, 2) P
1. g2 ·MP (14,3)1→2 −MP (14,2)1→2 · g1 = 0
g2 ·MP (14,3)1→2 =
[ 5 9
9 0 1
]
·

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

=

3 2 2 2 2 2 1
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

=

3 2 2
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

M
P (14,2)
1→2 · g1 =

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 ·
[ 3 4
4 0 1
]
=

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 ·
[ 3 2 2
2 0 1 0
2 0 0 1
]
=

3 2 2
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0

g2 ·MP (14,3)1→2 −MP (14,2)1→2 · g1 =

3 2 2
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0
−

3 2 2
2 0 1 0
2 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0
 =
[ 7
9 0
]
2. g3 ·MP (14,3)2→3 −MP (14,2)2→3 · g2 = 0
g3 ·MP (14,3)2→3 =
[ 7 15
15 0 1
]
·

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

5 2 1 2 1 2 1 2 1 2 1 2
1 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 1

·

5 1 2 1 2 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

5 1 2 1 2 1 2
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

M
P (14,2)
2→3 · g2 =

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·
[ 5 9
9 0 1
]
=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

5 1 2 1 2 1 2
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

5 1 2 1 2 1 2
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

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g3 ·MP (14,3)2→3 −MP (14,2)2→3 · g2 =

5 1 2 1 2 1 2
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

−

5 1 2 1 2 1 2
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=
[14
15 0
]
3. g3 ·MP (14,3)4→3 −MP (14,2)4→3 · g4 = 0
g3 ·MP (14,3)4→3 =
[ 7 15
15 0 1
]
·

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

=

1 2 1 2 1 5 2 5 3
5 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
5 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
 ·

1 2 1 5 5
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 1 0 0
2 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0

=

1 2 1 5 5
5 0 0 0 1 0
2 0 0 0 0 0
5 0 0 0 0 1
3 0 0 0 0 0
 =

4 5 5
5 0 1 0
2 0 0 0
5 0 0 1
3 0 0 0

M
P (14,2)
4→3 · g4 =

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 ·
[ 4 10
10 0 1
]
=

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 ·
[ 4 5 5
5 0 1 0
5 0 0 1
]
=

4 5 5
5 0 1 0
2 0 0 0
5 0 0 1
3 0 0 0

g3 ·MP (14,3)4→3 −MP (14,2)4→3 · g4 =

4 5 5
5 0 1 0
2 0 0 0
5 0 0 1
3 0 0 0
−

4 5 5
5 0 1 0
2 0 0 0
5 0 0 1
3 0 0 0
 =
[14
15 0
]
4. g4 ·MP (14,3)5→4 −MP (14,2)5→4 · g5 = 0
g4 ·MP (14,3)5→4 =
[ 4 10
10 0 1
]
·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

=

2 2 2 3 3 2
2 0 0 1 0 0 0
3 0 0 0 1 0 0
3 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

=

2 2 3
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

M
P (14,2)
5→4 · g5 =

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 ·
[ 2 5
5 0 1
]
=

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 ·
[ 2 2 3
2 0 1 0
3 0 0 1
]
=

2 2 3
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0

g4 ·MP (14,3)5→4 −MP (14,2)5→4 · g5 =

2 2 3
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0
−

2 2 3
2 0 1 0
3 0 0 0
3 0 0 1
2 0 0 0
 =
[ 7
10 0
]
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5. g3 ·MP (14,3)6→3 −MP (14,2)6→3 · g6 = 0
g3 ·MP (14,3)6→3 =
[ 7 15
15 0 1
]
·

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

=

3 4 2 5 3 5
2 0 0 1 0 0 0
5 0 0 0 1 0 0
3 0 0 0 0 1 0
5 0 0 0 0 0 1
 ·

4 5 5
3 0 0 0
4 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

=

4 5 5
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

M
P (14,2)
6→3 · g6 =

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 ·
[ 4 10
10 0 1
]
=

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 ·
[ 4 5 5
5 0 1 0
5 0 0 1
]
=

4 5 5
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

g3 ·MP (14,3)6→3 −MP (14,2)6→3 · g6 =

4 5 5
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
−

4 5 5
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
 =
[14
15 0
]
6. g6 ·MP (14,3)7→6 −MP (14,2)7→6 · g7 = 0
g6 ·MP (14,3)7→6 =
[ 4 10
10 0 1
]
·

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 1 2 2 1 1 1 2 1 2
2 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

2 1 1 1 2
1 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

2 1 1 1 2
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

2 2 1 2
2 0 0 0 0
1 0 0 1 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1

M
P (14,2)
7→6 · g7 =

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

·
[ 2 5
5 0 1
]
=

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

·

2 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

2 2 1 2
2 0 0 0 0
1 0 0 1 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1

g6 ·MP (14,3)7→6 −MP (14,2)7→6 · g7 =

2 2 1 2
2 0 0 0 0
1 0 0 1 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1

−

2 2 1 2
2 0 0 0 0
1 0 0 1 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1

=
[ 7
10 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 5 9
9 0 1
]
·
[ 5
5 1
9 0
]
=
[ 5
9 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 15
15 0 1
]
·
[ 7
7 1
15 0
]
=
[ 7
15 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 10
10 0 1
]
·
[ 4
4 1
10 0
]
=
[ 4
10 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 10
10 0 1
]
·
[ 4
4 1
10 0
]
=
[ 4
10 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
132.4 Tree module property of P (20, 3) 
The matrices of the representation have full (column) rank P
1. MP (20,3)1→2 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

∈M20,10(k) is already in column echelon form and has maximal column rank.
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2. MP (20,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,20(k) is already in column echelon form and has maximal column rank.
3. MP (20,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M31,20(k) is already in column echelon form and has maximal column rank.
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4. MP (20,3)5→4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M20,10(k) is already in column echelon form and has maximal column rank.
5. MP (20,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,20(k) is already in column echelon form and has maximal column rank.
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6. MP (20,3)7→6 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M20,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (20,3)
7→6 =

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

c1↔c2−−−−→

1 3 2 1 3
2 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

c3↔c4−−−−→

1 3 1 2 3
2 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
2 0 0 0 1 0
3 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 0 1

132.4.1 0→ P (19, 2) f→ P (20, 3) g→ P (20, 1)→ 0 
PdimP (19, 2) + dimP (20, 1) = (7, 13, 20, 13, 6, 13, 6) + (3, 7, 11, 7, 4, 7, 4)
= (10, 20, 31, 20, 10, 20, 10) = dimP (20, 3)
Pdimk Ext
1
kQ(P (20, 1), P (19, 2)) = dimk HomkQ(P (20, 1), P (19, 2))− 〈dimP (20, 1),dimP (19, 2)〉
= 0− 〈(3, 7, 11, 7, 4, 7, 4), (7, 13, 20, 13, 6, 13, 6)〉
= 3 · 13 + 7 · 20 + 7 · 20 + 4 · 13 + 7 · 20 + 4 · 13− (3 · 7 + 7 · 13 + 11 · 20 + 7 · 13 + 4 · 6 + 7 · 13 + 4 · 6)
= 39 + 140 + 140 + 52 + 140 + 52− (21 + 91 + 220 + 91 + 24 + 91 + 24)
= 1
Matrices of the embedding f : P (19, 2)→ P (20, 3) P
1. f1 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M31,20(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,13(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (20, 3)→ P (20, 1) P
1. g1 =
0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M3,10(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,20(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M11,31(k) is already in row echelon form and has maximal
row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,20(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,20(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (19, 2)→ P (20, 3) P
1. f2 ·MP (19,2)1→2 −MP (20,3)1→2 · f1 = 0
f2 ·MP (19,2)1→2 =
[13
13 1
7 0
]
·

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 =

4 3 3 3
4 1 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

4 3
4 1 0
3 0 0
3 0 1
3 0 1
 =

4 3
4 1 0
3 0 0
3 0 1
3 0 1
7 0 0

M
P (20,3)
1→2 · f1 =

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

·
[ 7
7 1
3 0
]
=

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

·

4 3
4 1 0
3 0 1
3 0 0
 =

4 3
4 1 0
3 0 0
3 0 1
3 0 1
3 0 0
3 0 0
1 0 0

=

4 3
4 1 0
3 0 0
3 0 1
3 0 1
7 0 0

f2 ·MP (19,2)1→2 −MP (20,3)1→2 · f1 =

4 3
4 1 0
3 0 0
3 0 1
3 0 1
7 0 0
−

4 3
4 1 0
3 0 0
3 0 1
3 0 1
7 0 0
 =
[ 7
20 0
]
2. f3 ·MP (19,2)2→3 −MP (20,3)2→3 · f2 = 0
f3 ·MP (19,2)2→3 =
[20
20 1
11 0
]
·

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

7 3 2 2 2 2 2
7 1 0 0 0 0 0 0
3 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
11 0 0 0 0 0 0 0

·

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

M
P (20,3)
2→3 · f2 =

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

·
[13
13 1
7 0
]
=

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

·

7 2 2 2
7 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
3 0 0 0 0
1 0 0 0 0
3 0 0 0 0

=

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
3 0 0 0 0
1 0 0 0 0
3 0 0 0 0
1 0 0 0 0
3 0 0 0 0

=

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

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f3 ·MP (19,2)2→3 −MP (20,3)2→3 · f2 =

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

−

7 2 2 2
7 1 0 0 0
3 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

=
[13
31 0
]
3. f3 ·MP (19,2)4→3 −MP (20,3)4→3 · f4 = 0
f3 ·MP (19,2)4→3 =
[20
20 1
11 0
]
·

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=

2 2 2 2 2 7 3
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
7 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
11 0 0 0 0 0 0 0

·

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

=

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0
11 0 0 0 0

=

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
14 0 0 0 0

M
P (20,3)
4→3 · f4 =

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

·
[13
13 1
7 0
]
=

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

·

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
7 0 0 0 0
 =

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0
7 0 0 0 0
4 0 0 0 0

=

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
14 0 0 0 0

f3 ·MP (19,2)4→3 −MP (20,3)4→3 · f4 =

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
14 0 0 0 0

−

2 2 2 7
2 1 0 0 0
2 0 1 0 0
2 1 0 1 0
2 0 1 0 0
2 0 0 1 0
7 0 0 0 1
14 0 0 0 0

=
[13
31 0
]
4. f4 ·MP (19,2)5→4 −MP (20,3)5→4 · f5 = 0
f4 ·MP (19,2)5→4 =
[13
13 1
7 0
]
·

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 =

3 3 3 4
3 1 0 0 0
3 0 1 0 0
3 0 0 1 0
4 0 0 0 1
7 0 0 0 0
 ·

3 3
3 1 0
3 1 0
3 0 1
4 0 0
 =

3 3
3 1 0
3 1 0
3 0 1
4 0 0
7 0 0
 =

3 3
3 1 0
3 1 0
3 0 1
11 0 0

M
P (20,3)
5→4 · f5 =

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

·
[ 6
6 1
4 0
]
=

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

·

3 3
3 1 0
3 0 1
4 0 0
 =

3 3
3 1 0
3 1 0
3 0 1
4 0 0
4 0 0
3 0 0

=

3 3
3 1 0
3 1 0
3 0 1
11 0 0

f4 ·MP (19,2)5→4 −MP (20,3)5→4 · f5 =

3 3
3 1 0
3 1 0
3 0 1
11 0 0
−

3 3
3 1 0
3 1 0
3 0 1
11 0 0
 =
[ 6
20 0
]
5. f3 ·MP (19,2)6→3 −MP (20,3)6→3 · f6 = 0
f3 ·MP (19,2)6→3 =
[20
20 1
11 0
]
·

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 =

4 6 3 7
4 1 0 0 0
6 0 1 0 0
3 0 0 1 0
7 0 0 0 1
11 0 0 0 0
 ·

6 7
4 0 0
6 1 0
3 0 0
7 0 1
 =

6 7
4 0 0
6 1 0
3 0 0
7 0 1
11 0 0

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M
P (20,3)
6→3 · f6 =

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

·
[13
13 1
7 0
]
=

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

·

6 7
6 1 0
7 0 1
7 0 0
 =

6 7
4 0 0
6 1 0
3 0 0
7 0 1
4 0 0
7 0 0

=

6 7
4 0 0
6 1 0
3 0 0
7 0 1
11 0 0

f3 ·MP (19,2)6→3 −MP (20,3)6→3 · f6 =

6 7
4 0 0
6 1 0
3 0 0
7 0 1
11 0 0
−

6 7
4 0 0
6 1 0
3 0 0
7 0 1
11 0 0
 =
[13
31 0
]
6. f6 ·MP (19,2)7→6 −MP (20,3)7→6 · f7 = 0
f6 ·MP (19,2)7→6 =
[13
13 1
7 0
]
·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

=

2 1 3 4 1 2
2 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
4 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
7 0 0 0 0 0 0

·

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1

=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

M
P (20,3)
7→6 · f7 =

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 6
6 1
4 0
]
=

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·

3 1 2
3 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
3 0 0 0
 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 0 0
1 0 1 0
2 0 0 1
3 0 0 0
1 0 0 0
3 0 0 0

=

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

f6 ·MP (19,2)7→6 −MP (20,3)7→6 · f7 =

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

−

3 1 2
2 0 0 0
1 0 1 0
3 1 0 0
4 0 0 0
1 0 1 0
2 0 0 1
7 0 0 0

=
[ 6
20 0
]
Relations of the projection g : P (20, 3)→ P (20, 1) P
1. g2 ·MP (20,3)1→2 −MP (20,1)1→2 · g1 = 0
g2 ·MP (20,3)1→2 =
[13 7
7 0 1
]
·

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

=

4 3 3 3 3 3 1
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

=

4 3 3
3 0 0 1
3 0 0 1
1 0 0 0
 =

7 3
3 0 1
3 0 1
1 0 0

M
P (20,1)
1→2 · g1 =

3
3 1
3 1
1 0
 · [ 7 33 0 1 ] =

7 3
3 0 1
3 0 1
1 0 0

g2 ·MP (20,3)1→2 −MP (20,1)1→2 · g1 =

7 3
3 0 1
3 0 1
1 0 0
−

7 3
3 0 1
3 0 1
1 0 0
 = [107 0 ]
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2. g3 ·MP (20,3)2→3 −MP (20,1)2→3 · g2 = 0
g3 ·MP (20,3)2→3 =
[20 11
11 0 1
]
·

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=

7 3 2 2 2 2 2 3 1 3 1 3
3 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 1
 ·

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=

7 2 2 2 3 1 3
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 =

13 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
P (20,1)
2→3 · g2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[13 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

13 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

13 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

g3 ·MP (20,3)2→3 −MP (20,1)2→3 · g2 =

13 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
−

13 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
 =
[20
11 0
]
3. g3 ·MP (20,3)4→3 −MP (20,1)4→3 · g4 = 0
g3 ·MP (20,3)4→3 =
[20 11
11 0 1
]
·

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

=
[ 2 2 2 2 2 7 3 7 4
7 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
]
·

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

=
[ 2 2 2 7 7
7 0 0 0 0 1
4 0 0 0 0 0
]
=
[13 7
7 0 1
4 0 0
]
M
P (20,1)
4→3 · g4 =
[ 7
7 1
4 0
]
·
[13 7
7 0 1
]
=
[13 7
7 0 1
4 0 0
]
g3 ·MP (20,3)4→3 −MP (20,1)4→3 · g4 =
[13 7
7 0 1
4 0 0
]
−
[13 7
7 0 1
4 0 0
]
=
[20
11 0
]
4. g4 ·MP (20,3)5→4 −MP (20,1)5→4 · g5 = 0
g4 ·MP (20,3)5→4 =
[13 7
7 0 1
]
·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

=
[ 3 3 3 4 4 3
4 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

=
[ 3 3 4
4 0 0 1
3 0 0 0
]
=
[ 6 4
4 0 1
3 0 0
]
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M
P (20,1)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 6 4
4 0 1
]
=
[ 6 4
4 0 1
3 0 0
]
g4 ·MP (20,3)5→4 −MP (20,1)5→4 · g5 =
[ 6 4
4 0 1
3 0 0
]
−
[ 6 4
4 0 1
3 0 0
]
=
[10
7 0
]
5. g3 ·MP (20,3)6→3 −MP (20,1)6→3 · g6 = 0
g3 ·MP (20,3)6→3 =
[20 11
11 0 1
]
·

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

=
[ 4 6 3 7 4 7
4 0 0 0 0 1 0
7 0 0 0 0 0 1
]
·

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

=
[ 6 7 7
4 0 0 0
7 0 0 1
]
=
[13 7
4 0 0
7 0 1
]
M
P (20,1)
6→3 · g6 =
[ 7
4 0
7 1
]
·
[13 7
7 0 1
]
=
[13 7
4 0 0
7 0 1
]
g3 ·MP (20,3)6→3 −MP (20,1)6→3 · g6 =
[13 7
4 0 0
7 0 1
]
−
[13 7
4 0 0
7 0 1
]
=
[20
11 0
]
6. g6 ·MP (20,3)7→6 −MP (20,1)7→6 · g7 = 0
g6 ·MP (20,3)7→6 =
[13 7
7 0 1
]
·

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

2 1 3 3 1 1 2 3 1 3
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1
 ·

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

3 1 2 1 3
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
 = [
6 4
3 0 0
4 0 1
]
M
P (20,1)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 6 4
4 0 1
]
=
[ 6 4
3 0 0
4 0 1
]
g6 ·MP (20,3)7→6 −MP (20,1)7→6 · g7 =
[ 6 4
3 0 0
4 0 1
]
−
[ 6 4
3 0 0
4 0 1
]
=
[10
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 7 3
3 0 1
]
·
[ 7
7 1
3 0
]
=
[ 7
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[13 7
7 0 1
]
·
[13
13 1
7 0
]
=
[13
7 0
]
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3. g3 · f3 = 0
g3 · f3 =
[20 11
11 0 1
]
·
[20
20 1
11 0
]
=
[20
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[13 7
7 0 1
]
·
[13
13 1
7 0
]
=
[13
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[13 7
7 0 1
]
·
[13
13 1
7 0
]
=
[13
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
132.4.2 0→ P (18, 1) f→ P (20, 3) g→ P (20, 2)→ 0 
PdimP (18, 1) + dimP (20, 2) = (4, 7, 10, 6, 3, 6, 3) + (6, 13, 21, 14, 7, 14, 7)
= (10, 20, 31, 20, 10, 20, 10) = dimP (20, 3)
Pdimk Ext
1
kQ(P (20, 2), P (18, 1)) = dimk HomkQ(P (20, 2), P (18, 1))− 〈dimP (20, 2),dimP (18, 1)〉
= 0− 〈(6, 13, 21, 14, 7, 14, 7), (4, 7, 10, 6, 3, 6, 3)〉
= 6 · 7 + 13 · 10 + 14 · 10 + 7 · 6 + 14 · 10 + 7 · 6− (6 · 4 + 13 · 7 + 21 · 10 + 14 · 6 + 7 · 3 + 14 · 6 + 7 · 3)
= 42 + 130 + 140 + 42 + 140 + 42− (24 + 91 + 210 + 84 + 21 + 84 + 21)
= 1
Matrices of the embedding f : P (18, 1)→ P (20, 3) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M10,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M31,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M20,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M20,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (20, 3)→ P (20, 2) P
1. g1 =

0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M6,10(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,20(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M21,31(k) is already in row echelon form and has maximal
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row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M14,20(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M14,20(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (18, 1)→ P (20, 3) P
1. f2 ·MP (18,1)1→2 −MP (20,3)1→2 · f1 = 0
f2 ·MP (18,1)1→2 =
[ 7
7 1
13 0
]
·
[ 4
4 1
3 0
]
=

4 3
4 1 0
3 0 1
13 0 0
 · [
4
4 1
3 0
]
=

4
4 1
3 0
13 0
 = [
4
4 1
16 0
]
M
P (20,3)
1→2 · f1 =

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

·
[ 4
4 1
6 0
]
=

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

·

4
4 1
3 0
3 0
 =

4
4 1
3 0
3 0
3 0
3 0
3 0
1 0

=
[ 4
4 1
16 0
]
f2 ·MP (18,1)1→2 −MP (20,3)1→2 · f1 =
[ 4
4 1
16 0
]
−
[ 4
4 1
16 0
]
=
[ 4
20 0
]
2. f3 ·MP (18,1)2→3 −MP (20,3)2→3 · f2 = 0
f3 ·MP (18,1)2→3 =
[10
10 1
21 0
]
·
[ 7
7 1
3 0
]
=

7 3
7 1 0
3 0 1
21 0 0
 · [
7
7 1
3 0
]
=

7
7 1
3 0
21 0
 = [
7
7 1
24 0
]
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M
P (20,3)
2→3 · f2 =

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

·
[ 7
7 1
13 0
]
=

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

·

7
7 1
2 0
2 0
2 0
3 0
1 0
3 0

=

7
7 1
3 0
2 0
2 0
2 0
2 0
2 0
3 0
1 0
3 0
1 0
3 0

=
[ 7
7 1
24 0
]
f3 ·MP (18,1)2→3 −MP (20,3)2→3 · f2 =
[ 7
7 1
24 0
]
−
[ 7
7 1
24 0
]
=
[ 7
31 0
]
3. f3 ·MP (18,1)4→3 −MP (20,3)4→3 · f4 = 0
f3 ·MP (18,1)4→3 =
[10
10 1
21 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2 2 2
2 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
21 0 0 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
21 0 0 0

M
P (20,3)
4→3 · f4 =

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

·
[ 6
6 1
14 0
]
=

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
7 0 0 0
7 0 0 0
 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
7 0 0 0
3 0 0 0
7 0 0 0
4 0 0 0

=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
21 0 0 0

f3 ·MP (18,1)4→3 −MP (20,3)4→3 · f4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
21 0 0 0

−

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
21 0 0 0

=
[ 6
31 0
]
4. f4 ·MP (18,1)5→4 −MP (20,3)5→4 · f5 = 0
f4 ·MP (18,1)5→4 =
[ 6
6 1
14 0
]
·
[ 3
3 1
3 1
]
=

3 3
3 1 0
3 0 1
14 0 0
 · [
3
3 1
3 1
]
=

3
3 1
3 1
14 0

M
P (20,3)
5→4 · f5 =

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

·
[ 3
3 1
7 0
]
=

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

·

3
3 1
3 0
4 0
 =

3
3 1
3 1
3 0
4 0
4 0
3 0

=

3
3 1
3 1
14 0

f4 ·MP (18,1)5→4 −MP (20,3)5→4 · f5 =

3
3 1
3 1
14 0
−

3
3 1
3 1
14 0
 = [ 320 0 ]
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5. f3 ·MP (18,1)6→3 −MP (20,3)6→3 · f6 = 0
f3 ·MP (18,1)6→3 =
[10
10 1
21 0
]
·
[ 6
4 0
6 1
]
=

4 6
4 1 0
6 0 1
21 0 0
 · [
6
4 0
6 1
]
=

6
4 0
6 1
21 0

M
P (20,3)
6→3 · f6 =

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

·
[ 6
6 1
14 0
]
=

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

·

6
6 1
7 0
7 0
 =

6
4 0
6 1
3 0
7 0
4 0
7 0

=

6
4 0
6 1
21 0

f3 ·MP (18,1)6→3 −MP (20,3)6→3 · f6 =

6
4 0
6 1
21 0
−

6
4 0
6 1
21 0
 = [ 631 0 ]
6. f6 ·MP (18,1)7→6 −MP (20,3)7→6 · f7 = 0
f6 ·MP (18,1)7→6 =
[ 6
6 1
14 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
14 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
14 0

M
P (20,3)
7→6 · f7 =

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 3
3 1
7 0
]
=

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·

3
3 1
1 0
2 0
1 0
3 0
 =

3
2 0
1 0
3 1
3 0
1 0
1 0
2 0
3 0
1 0
3 0

=

3
3 0
3 1
14 0

f6 ·MP (18,1)7→6 −MP (20,3)7→6 · f7 =

3
3 0
3 1
14 0
−

3
3 0
3 1
14 0
 = [ 320 0 ]
Relations of the projection g : P (20, 3)→ P (20, 2) P
1. g2 ·MP (20,3)1→2 −MP (20,2)1→2 · g1 = 0
g2 ·MP (20,3)1→2 =
[ 7 13
13 0 1
]
·

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

=

4 3 3 3 3 3 1
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

4 3 3
4 1 0 0
3 0 0 0
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

=

4 3 3
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

M
P (20,2)
1→2 · g1 =

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 ·
[ 4 6
6 0 1
]
=

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 ·
[ 4 3 3
3 0 1 0
3 0 0 1
]
=

4 3 3
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0

g2 ·MP (20,3)1→2 −MP (20,2)1→2 · g1 =

4 3 3
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0
−

4 3 3
3 0 1 0
3 0 1 0
3 0 0 1
3 0 0 1
1 0 0 0
 =
[10
13 0
]
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2. g3 ·MP (20,3)2→3 −MP (20,2)2→3 · g2 = 0
g3 ·MP (20,3)2→3 =
[10 21
21 0 1
]
·

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=

7 3 2 2 2 2 2 3 1 3 1 3
2 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 1

·

7 2 2 2 3 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=

7 2 2 2 3 1 3
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

M
P (20,2)
2→3 · g2 =

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·
[ 7 13
13 0 1
]
=

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

7 2 2 2 3 1 3
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=

7 2 2 2 3 1 3
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

g3 ·MP (20,3)2→3 −MP (20,2)2→3 · g2 =

7 2 2 2 3 1 3
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

−

7 2 2 2 3 1 3
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=
[20
21 0
]
3. g3 ·MP (20,3)4→3 −MP (20,2)4→3 · g4 = 0
g3 ·MP (20,3)4→3 =
[10 21
21 0 1
]
·

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

=

2 2 2 2 2 7 3 7 4
7 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
 ·

2 2 2 7 7
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 1 0 0
2 0 1 0 0 0
2 0 0 1 0 0
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0

=

2 2 2 7 7
7 0 0 0 1 0
3 0 0 0 0 0
7 0 0 0 0 1
4 0 0 0 0 0
 =

6 7 7
7 0 1 0
3 0 0 0
7 0 0 1
4 0 0 0

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M
P (20,2)
4→3 · g4 =

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 ·
[ 6 14
14 0 1
]
=

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 ·
[ 6 7 7
7 0 1 0
7 0 0 1
]
=

6 7 7
7 0 1 0
3 0 0 0
7 0 0 1
4 0 0 0

g3 ·MP (20,3)4→3 −MP (20,2)4→3 · g4 =

6 7 7
7 0 1 0
3 0 0 0
7 0 0 1
4 0 0 0
−

6 7 7
7 0 1 0
3 0 0 0
7 0 0 1
4 0 0 0
 =
[20
21 0
]
4. g4 ·MP (20,3)5→4 −MP (20,2)5→4 · g5 = 0
g4 ·MP (20,3)5→4 =
[ 6 14
14 0 1
]
·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

=

3 3 3 4 4 3
3 0 0 1 0 0 0
4 0 0 0 1 0 0
4 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

=

3 3 4
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

M
P (20,2)
5→4 · g5 =

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 ·
[ 3 7
7 0 1
]
=

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 ·
[ 3 3 4
3 0 1 0
4 0 0 1
]
=

3 3 4
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0

g4 ·MP (20,3)5→4 −MP (20,2)5→4 · g5 =

3 3 4
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0
−

3 3 4
3 0 1 0
4 0 0 0
4 0 0 1
3 0 0 0
 =
[10
14 0
]
5. g3 ·MP (20,3)6→3 −MP (20,2)6→3 · g6 = 0
g3 ·MP (20,3)6→3 =
[10 21
21 0 1
]
·

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

=

4 6 3 7 4 7
3 0 0 1 0 0 0
7 0 0 0 1 0 0
4 0 0 0 0 1 0
7 0 0 0 0 0 1
 ·

6 7 7
4 0 0 0
6 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

=

6 7 7
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

M
P (20,2)
6→3 · g6 =

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 ·
[ 6 14
14 0 1
]
=

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 ·
[ 6 7 7
7 0 1 0
7 0 0 1
]
=

6 7 7
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

g3 ·MP (20,3)6→3 −MP (20,2)6→3 · g6 =

6 7 7
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
−

6 7 7
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
 =
[20
21 0
]
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6. g6 ·MP (20,3)7→6 −MP (20,2)7→6 · g7 = 0
g6 ·MP (20,3)7→6 =
[ 6 14
14 0 1
]
·

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

2 1 3 3 1 1 2 3 1 3
3 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

·

3 1 2 1 3
2 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

3 1 2 1 3
3 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

3 3 1 3
3 0 0 0 0
1 0 0 1 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1

M
P (20,2)
7→6 · g7 =

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

·
[ 3 7
7 0 1
]
=

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

·

3 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

3 3 1 3
3 0 0 0 0
1 0 0 1 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1

g6 ·MP (20,3)7→6 −MP (20,2)7→6 · g7 =

3 3 1 3
3 0 0 0 0
1 0 0 1 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1

−

3 3 1 3
3 0 0 0 0
1 0 0 1 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1

=
[10
14 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 6
6 0 1
]
·
[ 4
4 1
6 0
]
=
[ 4
6 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 13
13 0 1
]
·
[ 7
7 1
13 0
]
=
[ 7
13 0
]
3. g3 · f3 = 0
g3 · f3 =
[10 21
21 0 1
]
·
[10
10 1
21 0
]
=
[10
21 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 14
14 0 1
]
·
[ 6
6 1
14 0
]
=
[ 6
14 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 6 14
14 0 1
]
·
[ 6
6 1
14 0
]
=
[ 6
14 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
132.5 Tree module property of P (6n+ 2, 3) 
The matrices of the representation have full (column) rank P
1. MP (6n+2,3)1→2 =

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

∈M6n+2,3n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n+2,3)2→3 =

2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ∈M9n+4,6n+2(k) is already in column echelon form and has maximal column rank.
3. MP (6n+2,3)4→3 =

2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0
 ∈M9n+4,6n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+2,3)
4→3 =

n−1 2 n−1 2n+1 2n+1
n−1 1 0 0 0 0
2 0 1 0 0 0
n−1 1 0 1 0 0
2 0 1 0 0 0
n−1 0 0 1 0 0
2n+1 0 0 0 1 0
n 0 0 0 0 0
2n+1 0 0 0 0 1
n+1 0 0 0 0 0

4. MP (6n+2,3)5→4 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

∈M6n+2,3n+1(k) is already in column echelon form and has maximal column rank.
5. MP (6n+2,3)6→3 =

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

∈M9n+4,6n+2(k) is already in column echelon form and has maximal column rank.
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6. MP (6n+2,3)7→6 =

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

∈M6n+2,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+2,3)
7→6 =

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

c1↔c2−−−−→

1 n n−1 1 n
n−1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

c3↔c4−−−−→

1 n 1 n−1 n
n−1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
n−1 0 0 0 1 0
n 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 0 1

132.5.1 0→ P (6n+ 1, 2) i→ P (6n+ 2, 3) p→ P (6n+ 2, 1)→ 0 
PdimP (6n+ 1, 2) + dimP (6n+ 2, 1) = (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n) + (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
= (3n+ 1, 6n+ 2, 9n+ 4, 6n+ 2, 3n+ 1, 6n+ 2, 3n+ 1) = dimP (6n+ 2, 3)
Pdimk Ext
1
kQ(P (6n+ 2, 1), P (6n+ 1, 2)) = dimk HomkQ(P (6n+ 2, 1), P (6n+ 1, 2))− 〈dimP (6n+ 2, 1),dimP (6n+ 1, 2)〉
= 0− 〈(n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1), (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 1, 2n, 4n+ 1, 2n)〉
= n · (4n+ 1) + (2n+ 1) · (6n+ 2) + (2n+ 1) · (6n+ 2) + (n+ 1) · (4n+ 1) + (2n+ 1) · (6n+ 2) + (n+ 1) · (4n+ 1)
− (n · (2n+ 1) + (2n+ 1) · (4n+ 1) + (3n+ 2) · (6n+ 2) + (2n+ 1) · (4n+ 1) + (n+ 1) · 2n+ (2n+ 1) · (4n+ 1) + (n+ 1) · 2n)
= 4n2 + n+ 12n2 + 10n+ 2 + 12n2 + 10n+ 2 + 4n2 + 5n+ 1 + 12n2 + 10n+ 2 + 4n2 + 5n+ 1
− (2n2 + n+ 8n2 + 6n+ 1 + 18n2 + 18n+ 4 + 8n2 + 6n+ 1 + 2n2 + 2n+ 8n2 + 6n+ 1 + 2n2 + 2n)
= 1
Matrices of the embedding i : P (6n+ 1, 2)→ P (6n+ 2, 3) P
1. i1 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n+1
4n+1 1
2n+1 0
]
∈M6n+2,4n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n+2
6n+2 1
3n+2 0
]
∈M9n+4,6n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n+1
4n+1 1
2n+1 0
]
∈M6n+2,4n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[2n
2n 1
n+1 0
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[4n+1
4n+1 1
2n+1 0
]
∈M6n+2,4n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[2n
2n 1
n+1 0
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 2, 3)→ P (6n+ 2, 1) P
1. p1 =
[2n+1 n
n 0 1
]
∈Mn,3n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n+1 2n+1
2n+1 0 1
]
∈M2n+1,6n+2(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n+2 3n+2
3n+2 0 1
]
∈M3n+2,9n+4(k) is already in row echelon form and has maximal row rank.
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4. p4 =
[4n+1 2n+1
2n+1 0 1
]
∈M2n+1,6n+2(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n n+1
n+1 0 1
]
∈Mn+1,3n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n+1 2n+1
2n+1 0 1
]
∈M2n+1,6n+2(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n n+1
n+1 0 1
]
∈Mn+1,3n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 1, 2)→ P (6n+ 2, 3) P
1. i2 ·MP (6n+1,2)1→2 −MP (6n+2,3)1→2 · i1 = 0
i2 ·MP (6n+1,2)1→2 =
[4n+1
4n+1 1
2n+1 0
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 =

n+1 n n n
n+1 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0

M
P (6n+2,3)
1→2 · i1 =

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

·
[2n+1
2n+1 1
n 0
]
=

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

·

n+1 n
n+1 1 0
n 0 1
n 0 0
 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
n 0 0
n 0 0
1 0 0

=

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0

i2 ·MP (6n+1,2)1→2 −MP (6n+2,3)1→2 · i1 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0
−

n+1 n
n+1 1 0
n 0 0
n 0 1
n 0 1
2n+1 0 0
 =
[2n+1
6n+2 0
]
2. i3 ·MP (6n+1,2)2→3 −MP (6n+2,3)2→3 · i2 = 0
i3 ·MP (6n+1,2)2→3 =
[6n+2
6n+2 1
3n+2 0
]
·


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+
[2n+1 2n
4n+2 0 0
2n 0 1
]

=

2n+1 n 2n n+1
2n+1 1 0 0 0
n 0 1 0 0
2n 0 0 1 0
n+1 0 0 0 1
3n+2 0 0 0 0
 ·

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
+

4n+2 2n
4n+2 1 0
2n 0 1
3n+2 0 0
 · [
2n+1 2n
4n+2 0 0
2n 0 1
]
=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
3n+2 0 0
+

2n+1 2n
4n+2 0 0
2n 0 1
3n+2 0 0
 =

2n+1 n+1 n−1
2n+1 1 0 0
n 0 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
3n+2 0 0 0

+

2n+1 n−1 n+1
2n+1 0 0 0
n 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
3n+2 0 0 0

=

2n+1 n−1 2 n−1
2n+1 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

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M
P (6n+2,3)
2→3 · i2 =


2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1


·
[4n+1
4n+1 1
2n+1 0
]
=

2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

·

2n+1 2n
2n+1 1 0
2n 0 1
2n+1 0 0
+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ·

2n+1 2n
2n+1 1 0
2n 0 1
2n+1 0 0

=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n+1 0 0
2n+1 0 0
n+1 0 0

+

2n+1 2n
4n+2 0 0
2n 0 1
n+1 0 0
2n+1 0 0
 =

2n+1 n+1 n−1
2n+1 1 0 0
n 0 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
n+1 0 0 0
n 0 0 0
n+1 0 0 0

+

2n+1 n−1 n+1
2n+1 0 0 0
n 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
n+1 0 0 0
n 0 0 0
n+1 0 0 0

=

2n+1 n−1 2 n−1
2n+1 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

i3 ·MP (6n+1,2)2→3 −MP (6n+2,3)2→3 · i2 =

2n+1 n−1 2 n−1
2n+1 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

−

2n+1 n−1 2 n−1
2n+1 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

=
[4n+1
9n+4 0
]
3. i3 ·MP (6n+1,2)4→3 −MP (6n+2,3)4→3 · i4 = 0
i3 ·MP (6n+1,2)4→3 =
[6n+2
6n+2 1
3n+2 0
]
·


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0


=

2n n+1 2n+1 n
2n 1 0 0 0
n+1 0 1 0 0
2n+1 0 0 1 0
n 0 0 0 1
3n+2 0 0 0 0
 ·

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

n+1 2n 3n+1
n+1 1 0 0
2n 0 1 0
3n+1 0 0 1
3n+2 0 0 0
 ·

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0

=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
3n+2 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
3n+1 0 0
3n+2 0 0
 =

n+1 n−1 2n+1
n+1 1 0 0
n−1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
3n+2 0 0 0

+

n−1 n+1 2n+1
n+1 0 0 0
n−1 1 0 0
n+1 0 1 0
2n+1 0 0 0
n 0 0 0
3n+2 0 0 0

=

n−1 2 n−1 2n+1
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 1 0
2 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+2 0 0 0 0

M
P (6n+2,3)
4→3 · i4 =


2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0


·
[4n+1
4n+1 1
2n+1 0
]
=

2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

·

2n 2n+1
2n 1 0
2n+1 0 1
2n+1 0 0
+

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
6n+3 0 0 0
 ·

2n 2n+1
2n 1 0
2n+1 0 1
2n+1 0 0

=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n 0 0
2n+1 0 0
n+1 0 0

+

2n 2n+1
n+1 0 0
2n 1 0
6n+3 0 0
 =

n+1 n−1 2n+1
n+1 1 0 0
n−1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
2n+1 0 0 0
n+1 0 0 0

+

n−1 n+1 2n+1
n+1 0 0 0
n−1 1 0 0
n+1 0 1 0
2n+1 0 0 0
n 0 0 0
2n+1 0 0 0
n+1 0 0 0

=

n−1 2 n−1 2n+1
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 1 0
2 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+2 0 0 0 0

i3 ·MP (6n+1,2)4→3 −MP (6n+2,3)4→3 · i4 =

n−1 2 n−1 2n+1
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 1 0
2 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+2 0 0 0 0

−

n−1 2 n−1 2n+1
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 1 0
2 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1
4n+2 0 0 0 0

=
[4n+1
9n+4 0
]
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4. i4 ·MP (6n+1,2)5→4 −MP (6n+2,3)5→4 · i5 = 0
i4 ·MP (6n+1,2)5→4 =
[4n+1
4n+1 1
2n+1 0
]
·

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 =

n n n n+1
n 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n+1 0 0 0 1
2n+1 0 0 0 0
 ·

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
2n+1 0 0
 =

n n
n 1 0
n 1 0
n 0 1
3n+2 0 0

M
P (6n+2,3)
5→4 · i5 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

·
[2n
2n 1
n+1 0
]
=

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

·

n n
n 1 0
n 0 1
n+1 0 0
 =

n n
n 1 0
n 1 0
n 0 1
n+1 0 0
n+1 0 0
n 0 0

=

n n
n 1 0
n 1 0
n 0 1
3n+2 0 0

i4 ·MP (6n+1,2)5→4 −MP (6n+2,3)5→4 · i5 =

n n
n 1 0
n 1 0
n 0 1
3n+2 0 0
−

n n
n 1 0
n 1 0
n 0 1
3n+2 0 0
 =
[2n
6n+2 0
]
5. i3 ·MP (6n+1,2)6→3 −MP (6n+2,3)6→3 · i6 = 0
i3 ·MP (6n+1,2)6→3 =
[6n+2
6n+2 1
3n+2 0
]
·

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 =

n+1 2n n 2n+1
n+1 1 0 0 0
2n 0 1 0 0
n 0 0 1 0
2n+1 0 0 0 1
3n+2 0 0 0 0
 ·

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
3n+2 0 0

M
P (6n+2,3)
6→3 · i6 =

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

·
[4n+1
4n+1 1
2n+1 0
]
=

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

·

2n 2n+1
2n 1 0
2n+1 0 1
2n+1 0 0
 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
n+1 0 0
2n+1 0 0

=

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
3n+2 0 0

i3 ·MP (6n+1,2)6→3 −MP (6n+2,3)6→3 · i6 =

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
3n+2 0 0
−

2n 2n+1
n+1 0 0
2n 1 0
n 0 0
2n+1 0 1
3n+2 0 0
 =
[4n+1
9n+4 0
]
6. i6 ·MP (6n+1,2)7→6 −MP (6n+2,3)7→6 · i7 = 0
i6 ·MP (6n+1,2)7→6 =
[4n+1
4n+1 1
2n+1 0
]
·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

=

n−1 1 n n+1 1 n−1
n−1 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n+1 0 0 0 1 0 0
1 0 0 0 0 1 0
n−1 0 0 0 0 0 1
2n+1 0 0 0 0 0 0

·

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1

=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

M
P (6n+2,3)
7→6 · i7 =

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·
[2n
2n 1
n+1 0
]
=

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
1 0 0 0
n 0 0 0
 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0
1 0 0 0
n 0 0 0

=

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

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i6 ·MP (6n+1,2)7→6 −MP (6n+2,3)7→6 · i7 =

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

−

n 1 n−1
n−1 0 0 0
1 0 1 0
n 1 0 0
n+1 0 0 0
1 0 1 0
n−1 0 0 1
2n+1 0 0 0

=
[2n
6n+2 0
]
Relations of the projection p : P (6n+ 2, 3)→ P (6n+ 2, 1) P
1. p2 ·MP (6n+2,3)1→2 −MP (6n+2,1)1→2 · p1 = 0
p2 ·MP (6n+2,3)1→2 =
[4n+1 2n+1
2n+1 0 1
]
·

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

=

n+1 n n n n n 1
n 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

=

n+1 n n
n 0 0 1
n 0 0 1
1 0 0 0
 =

2n+1 n
n 0 1
n 0 1
1 0 0

M
P (6n+2,1)
1→2 · p1 =

n
n 1
n 1
1 0
 · [2n+1 nn 0 1 ] =

2n+1 n
n 0 1
n 0 1
1 0 0

p2 ·MP (6n+2,3)1→2 −MP (6n+2,1)1→2 · p1 =

2n+1 n
n 0 1
n 0 1
1 0 0
−

2n+1 n
n 0 1
n 0 1
1 0 0
 = [3n+12n+1 0 ]
2. p3 ·MP (6n+2,3)2→3 −MP (6n+2,1)2→3 · p2 = 0
p3 ·MP (6n+2,3)2→3 =
[6n+2 3n+2
3n+2 0 1
]
·


2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1


=
[2n+1 n 2n n+1 2n+1 n+1
2n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+
[4n+2 2n n+1 2n+1
n+1 0 0 1 0
2n+1 0 0 0 1
]
·

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1

=
[2n+1 2n 2n+1
2n+1 0 0 1
n+1 0 0 0
]
+
[2n+1 2n 2n+1
n+1 0 0 0
2n+1 0 0 1
]
=

2n+1 2n n+1 n
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
+

2n+1 2n n n+1
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

4n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
P (6n+2,1)
2→3 · p2 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[4n+1 2n+1
2n+1 0 1
]
=
[2n+1
2n+1 1
n+1 0
]
·
[4n+1 2n+1
2n+1 0 1
]
+
[2n+1
n+1 0
2n+1 1
]
·
[4n+1 2n+1
2n+1 0 1
]
=
[4n+1 2n+1
2n+1 0 1
n+1 0 0
]
+
[4n+1 2n+1
n+1 0 0
2n+1 0 1
]
=

4n+1 n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

4n+1 n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

4n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

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p3 ·MP (6n+2,3)2→3 −MP (6n+2,1)2→3 · p2 =

4n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
−

4n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
 =
[6n+2
3n+2 0
]
3. p3 ·MP (6n+2,3)4→3 −MP (6n+2,1)4→3 · p4 = 0
p3 ·MP (6n+2,3)4→3 =
[6n+2 3n+2
3n+2 0 1
]
·


2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0


=
[2n n+1 2n+1 n 2n+1 n+1
2n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+
[n+1 2n 3n+1 3n+2
3n+2 0 0 0 1
]
·

2n 4n+2
n+1 0 0
2n 1 0
3n+1 0 0
3n+2 0 0

=
[2n 2n+1 2n+1
2n+1 0 0 1
n+1 0 0 0
]
+
[2n 4n+2
3n+2 0 0
]
=
[2n 2n+1 2n+1
2n+1 0 0 1
n+1 0 0 0
]
+
[2n 2n+1 2n+1
2n+1 0 0 0
n+1 0 0 0
]
=
[4n+1 2n+1
2n+1 0 1
n+1 0 0
]
M
P (6n+2,1)
4→3 · p4 =
[2n+1
2n+1 1
n+1 0
]
·
[4n+1 2n+1
2n+1 0 1
]
=
[4n+1 2n+1
2n+1 0 1
n+1 0 0
]
p3 ·MP (6n+2,3)4→3 −MP (6n+2,1)4→3 · p4 =
[4n+1 2n+1
2n+1 0 1
n+1 0 0
]
−
[4n+1 2n+1
2n+1 0 1
n+1 0 0
]
=
[6n+2
3n+2 0
]
4. p4 ·MP (6n+2,3)5→4 −MP (6n+2,1)5→4 · p5 = 0
p4 ·MP (6n+2,3)5→4 =
[4n+1 2n+1
2n+1 0 1
]
·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

=
[ n n n n+1 n+1 n
n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

=
[ n n n+1
n+1 0 0 1
n 0 0 0
]
=
[2n n+1
n+1 0 1
n 0 0
]
M
P (6n+2,1)
5→4 · p5 =
[n+1
n+1 1
n 0
]
·
[2n n+1
n+1 0 1
]
=
[2n n+1
n+1 0 1
n 0 0
]
p4 ·MP (6n+2,3)5→4 −MP (6n+2,1)5→4 · p5 =
[2n n+1
n+1 0 1
n 0 0
]
−
[2n n+1
n+1 0 1
n 0 0
]
=
[3n+1
2n+1 0
]
5. p3 ·MP (6n+2,3)6→3 −MP (6n+2,1)6→3 · p6 = 0
p3 ·MP (6n+2,3)6→3 =
[6n+2 3n+2
3n+2 0 1
]
·

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

=
[n+1 2n n 2n+1 n+1 2n+1
n+1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
]
·

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

=
[2n 2n+1 2n+1
n+1 0 0 0
2n+1 0 0 1
]
=
[4n+1 2n+1
n+1 0 0
2n+1 0 1
]
M
P (6n+2,1)
6→3 · p6 =
[2n+1
n+1 0
2n+1 1
]
·
[4n+1 2n+1
2n+1 0 1
]
=
[4n+1 2n+1
n+1 0 0
2n+1 0 1
]
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p3 ·MP (6n+2,3)6→3 −MP (6n+2,1)6→3 · p6 =
[4n+1 2n+1
n+1 0 0
2n+1 0 1
]
−
[4n+1 2n+1
n+1 0 0
2n+1 0 1
]
=
[6n+2
3n+2 0
]
6. p6 ·MP (6n+2,3)7→6 −MP (6n+2,1)7→6 · p7 = 0
p6 ·MP (6n+2,3)7→6 =
[4n+1 2n+1
2n+1 0 1
]
·

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

n−1 1 n n 1 1 n−1 n 1 n
n 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 0 1
 ·

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

n 1 n−1 1 n
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
 = [
2n n+1
n 0 0
n+1 0 1
]
M
P (6n+2,1)
7→6 · p7 =
[n+1
n 0
n+1 1
]
·
[2n n+1
n+1 0 1
]
=
[2n n+1
n 0 0
n+1 0 1
]
p6 ·MP (6n+2,3)7→6 −MP (6n+2,1)7→6 · p7 =
[2n n+1
n 0 0
n+1 0 1
]
−
[2n n+1
n 0 0
n+1 0 1
]
=
[3n+1
2n+1 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n+1 n
n 0 1
]
·
[2n+1
2n+1 1
n 0
]
=
[2n+1
n 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n+1 2n+1
2n+1 0 1
]
·
[4n+1
4n+1 1
2n+1 0
]
=
[4n+1
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[6n+2 3n+2
3n+2 0 1
]
·
[6n+2
6n+2 1
3n+2 0
]
=
[6n+2
3n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n+1 2n+1
2n+1 0 1
]
·
[4n+1
4n+1 1
2n+1 0
]
=
[4n+1
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n n+1
n+1 0 1
]
·
[2n
2n 1
n+1 0
]
=
[2n
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[4n+1 2n+1
2n+1 0 1
]
·
[4n+1
4n+1 1
2n+1 0
]
=
[4n+1
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[2n n+1
n+1 0 1
]
·
[2n
2n 1
n+1 0
]
=
[2n
n+1 0
]
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132.5.2 0→ P (6n, 1) i→ P (6n+ 2, 3) p→ P (6n+ 2, 2)→ 0 
PdimP (6n, 1) + dimP (6n+ 2, 2) = (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n) + (2n, 4n+ 1, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)
= (3n+ 1, 6n+ 2, 9n+ 4, 6n+ 2, 3n+ 1, 6n+ 2, 3n+ 1) = dimP (6n+ 2, 3)
Pdimk Ext
1
kQ(P (6n+ 2, 2), P (6n, 1)) = dimk HomkQ(P (6n+ 2, 2), P (6n, 1))− 〈dimP (6n+ 2, 2),dimP (6n, 1)〉
= 0− 〈(2n, 4n+ 1, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1), (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n, n)〉
= 2n · (2n+ 1) + (4n+ 1) · (3n+ 1) + (4n+ 2) · (3n+ 1) + (2n+ 1) · 2n+ (4n+ 2) · (3n+ 1) + (2n+ 1) · 2n
− (2n · (n+ 1) + (4n+ 1) · (2n+ 1) + (6n+ 3) · (3n+ 1) + (4n+ 2) · 2n+ (2n+ 1) · n+ (4n+ 2) · 2n+ (2n+ 1) · n)
= 4n2 + 2n+ 12n2 + 7n+ 1 + 12n2 + 10n+ 2 + 4n2 + 2n+ 12n2 + 10n+ 2 + 4n2 + 2n
− (2n2 + 2n+ 8n2 + 6n+ 1 + 18n2 + 15n+ 3 + 8n2 + 4n+ 2n2 + n+ 8n2 + 4n+ 2n2 + n)
= 1
Matrices of the embedding i : P (6n, 1)→ P (6n+ 2, 3) P
1. i1 =
[n+1
n+1 1
2n 0
]
∈M3n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
4n+1 0
]
∈M6n+2,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+1
3n+1 1
6n+3 0
]
∈M9n+4,3n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n
2n 1
4n+2 0
]
∈M6n+2,2n(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
2n+1 0
]
∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n
2n 1
4n+2 0
]
∈M6n+2,2n(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
2n+1 0
]
∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 2, 3)→ P (6n+ 2, 2) P
1. p1 =
[n+1 2n
2n 0 1
]
∈M2n,3n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 4n+1
4n+1 0 1
]
∈M4n+1,6n+2(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+1 6n+3
6n+3 0 1
]
∈M6n+3,9n+4(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n 4n+2
4n+2 0 1
]
∈M4n+2,6n+2(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n 2n+1
2n+1 0 1
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n 4n+2
4n+2 0 1
]
∈M4n+2,6n+2(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n 2n+1
2n+1 0 1
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n, 1)→ P (6n+ 2, 3) P
1. i2 ·MP (6n,1)1→2 −MP (6n+2,3)1→2 · i1 = 0
i2 ·MP (6n,1)1→2 =
[2n+1
2n+1 1
4n+1 0
]
·
[n+1
n+1 1
n 0
]
=

n+1 n
n+1 1 0
n 0 1
4n+1 0 0
 · [
n+1
n+1 1
n 0
]
=

n+1
n+1 1
n 0
4n+1 0
 = [
n+1
n+1 1
5n+1 0
]
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M
P (6n+2,3)
1→2 · i1 =

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

·
[n+1
n+1 1
2n 0
]
=

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

·

n+1
n+1 1
n 0
n 0
 =

n+1
n+1 1
n 0
n 0
n 0
n 0
n 0
1 0

=
[n+1
n+1 1
5n+1 0
]
i2 ·MP (6n,1)1→2 −MP (6n+2,3)1→2 · i1 =
[n+1
n+1 1
5n+1 0
]
−
[n+1
n+1 1
5n+1 0
]
=
[n+1
6n+2 0
]
2. i3 ·MP (6n,1)2→3 −MP (6n+2,3)2→3 · i2 = 0
i3 ·MP (6n,1)2→3 =
[3n+1
3n+1 1
6n+3 0
]
·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
2n+1 1 0
n 0 1
6n+3 0 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1
2n+1 1
n 0
6n+3 0
 = [
2n+1
2n+1 1
7n+3 0
]
M
P (6n+2,3)
2→3 · i2 =


2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1


·
[2n+1
2n+1 1
4n+1 0
]
=

2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

·

2n+1
2n+1 1
2n 0
2n+1 0
+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ·

2n+1
2n+1 1
2n 0
2n+1 0

=

2n+1
2n+1 1
n 0
2n 0
n+1 0
2n+1 0
n+1 0

+

2n+1
4n+2 0
2n 0
n+1 0
2n+1 0
 =

2n+1
2n+1 1
n 0
n+1 0
n−1 0
n+1 0
n+1 0
n 0
n+1 0

+

2n+1
2n+1 0
n 0
n+1 0
n−1 0
n+1 0
n+1 0
n 0
n+1 0

=
[2n+1
2n+1 1
7n+3 0
]
i3 ·MP (6n,1)2→3 −MP (6n+2,3)2→3 · i2 =
[2n+1
2n+1 1
7n+3 0
]
−
[2n+1
2n+1 1
7n+3 0
]
=
[2n+1
9n+4 0
]
3. i3 ·MP (6n,1)4→3 −MP (6n+2,3)4→3 · i4 = 0
i3 ·MP (6n,1)4→3 =
[3n+1
3n+1 1
6n+3 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] =

2n n+1
2n 1 0
n+1 0 1
6n+3 0 0
 · [
2n
2n 1
n+1 0
]
+

n+1 2n
n+1 1 0
2n 0 1
6n+3 0 0
 · [
2n
n+1 0
2n 1
]
=

2n
2n 1
n+1 0
6n+3 0
+

2n
n+1 0
2n 1
6n+3 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
6n+3 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
6n+3 0 0
 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+3 0 0 0

1503
M
P (6n+2,3)
4→3 · i4 =


2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0


·
[2n
2n 1
4n+2 0
]
=

2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

·

2n
2n 1
2n+1 0
2n+1 0
+

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0
 · [
2n
2n 1
4n+2 0
]
=

2n
2n 1
n+1 0
2n+1 0
n 0
2n+1 0
n+1 0

+

2n
n+1 0
2n 1
6n+3 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
2n+1 0 0
n 0 0
2n+1 0 0
n+1 0 0

+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
2n+1 0 0
n 0 0
2n+1 0 0
n+1 0 0

=

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+3 0 0 0

i3 ·MP (6n,1)4→3 −MP (6n+2,3)4→3 · i4 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+3 0 0 0

−

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+3 0 0 0

=
[2n
9n+4 0
]
4. i4 ·MP (6n,1)5→4 −MP (6n+2,3)5→4 · i5 = 0
i4 ·MP (6n,1)5→4 =
[2n
2n 1
4n+2 0
]
·
[ n
n 1
n 1
]
=

n n
n 1 0
n 0 1
4n+2 0 0
 · [
n
n 1
n 1
]
=

n
n 1
n 1
4n+2 0

M
P (6n+2,3)
5→4 · i5 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

·
[ n
n 1
2n+1 0
]
=

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

·

n
n 1
n 0
n+1 0
 =

n
n 1
n 1
n 0
n+1 0
n+1 0
n 0

=

n
n 1
n 1
4n+2 0

i4 ·MP (6n,1)5→4 −MP (6n+2,3)5→4 · i5 =

n
n 1
n 1
4n+2 0
−

n
n 1
n 1
4n+2 0
 = [ n6n+2 0 ]
5. i3 ·MP (6n,1)6→3 −MP (6n+2,3)6→3 · i6 = 0
i3 ·MP (6n,1)6→3 =
[3n+1
3n+1 1
6n+3 0
]
·
[2n
n+1 0
2n 1
]
=

n+1 2n
n+1 1 0
2n 0 1
6n+3 0 0
 · [
2n
n+1 0
2n 1
]
=

2n
n+1 0
2n 1
6n+3 0

M
P (6n+2,3)
6→3 · i6 =

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

·
[2n
2n 1
4n+2 0
]
=

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

·

2n
2n 1
2n+1 0
2n+1 0
 =

2n
n+1 0
2n 1
n 0
2n+1 0
n+1 0
2n+1 0

=

2n
n+1 0
2n 1
6n+3 0

i3 ·MP (6n,1)6→3 −MP (6n+2,3)6→3 · i6 =

2n
n+1 0
2n 1
6n+3 0
−

2n
n+1 0
2n 1
6n+3 0
 = [2n9n+4 0 ]
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6. i6 ·MP (6n,1)7→6 −MP (6n+2,3)7→6 · i7 = 0
i6 ·MP (6n,1)7→6 =
[2n
2n 1
4n+2 0
]
·
[ n
n 0
n 1
]
=

n n
n 1 0
n 0 1
4n+2 0 0
 · [
n
n 0
n 1
]
=

n
n 0
n 1
4n+2 0

M
P (6n+2,3)
7→6 · i7 =

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·
[ n
n 1
2n+1 0
]
=

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·

n
n 1
1 0
n−1 0
1 0
n 0
 =

n
n−1 0
1 0
n 1
n 0
1 0
1 0
n−1 0
n 0
1 0
n 0

=

n
n 0
n 1
4n+2 0

i6 ·MP (6n,1)7→6 −MP (6n+2,3)7→6 · i7 =

n
n 0
n 1
4n+2 0
−

n
n 0
n 1
4n+2 0
 = [ n6n+2 0 ]
Relations of the projection p : P (6n+ 2, 3)→ P (6n+ 2, 2) P
1. p2 ·MP (6n+2,3)1→2 −MP (6n+2,2)1→2 · p1 = 0
p2 ·MP (6n+2,3)1→2 =
[2n+1 4n+1
4n+1 0 1
]
·

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

=

n+1 n n n n n 1
n 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

n+1 n n
n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

=

n+1 n n
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

M
P (6n+2,2)
1→2 · p1 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ·
[n+1 2n
2n 0 1
]
=

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 ·
[n+1 n n
n 0 1 0
n 0 0 1
]
=

n+1 n n
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0

p2 ·MP (6n+2,3)1→2 −MP (6n+2,2)1→2 · p1 =

n+1 n n
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0
−

n+1 n n
n 0 1 0
n 0 1 0
n 0 0 1
n 0 0 1
1 0 0 0
 =
[3n+1
4n+1 0
]
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2. p3 ·MP (6n+2,3)2→3 −MP (6n+2,2)2→3 · p2 = 0
p3 ·MP (6n+2,3)2→3 =
[3n+1 6n+3
6n+3 0 1
]
·


2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n+1 2n 2n+1
4n+2 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1


=

2n+1 n 2n n+1 2n+1 n+1
2n 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

2n+1 2n 2n+1
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

3n+1 n+1 2n n+1 2n+1
n+1 0 1 0 0 0
2n 0 0 1 0 0
n+1 0 0 0 1 0
2n+1 0 0 0 0 1
 ·

2n+1 2n 2n+1
3n+1 0 0 0
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1

=

2n+1 2n 2n+1
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0
+

2n+1 2n 2n+1
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
 =

2n+1 n+1 n−1 n+1 n
n+1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1
n+1 0 0 0 0 0

+

2n+1 n−1 n+1 n n+1
n+1 0 0 0 0 0
n−1 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
n 0 0 0 1 0
n+1 0 0 0 0 1

=

2n+1 n−1 2 n−1 n 1 n
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

M
P (6n+2,2)
2→3 · p2 =


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1


·
[2n+1 4n+1
4n+1 0 1
]
=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ·
[2n+1 2n 2n+1
2n 0 1 0
2n+1 0 0 1
]
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
 ·
[2n+1 2n 2n+1
2n 0 1 0
2n+1 0 0 1
]
=

2n+1 2n 2n+1
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0
+

2n+1 2n 2n+1
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
 =

2n+1 n+1 n−1 n+1 n
n+1 0 1 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1
n+1 0 0 0 0 0

+

2n+1 n−1 n+1 n n+1
n+1 0 0 0 0 0
n−1 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
n 0 0 0 1 0
n+1 0 0 0 0 1

=

2n+1 n−1 2 n−1 n 1 n
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

p3 ·MP (6n+2,3)2→3 −MP (6n+2,2)2→3 · p2 =

2n+1 n−1 2 n−1 n 1 n
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

−

2n+1 n−1 2 n−1 n 1 n
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

=
[6n+2
6n+3 0
]
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3. p3 ·MP (6n+2,3)4→3 −MP (6n+2,2)4→3 · p4 = 0
p3 ·MP (6n+2,3)4→3 =
[3n+1 6n+3
6n+3 0 1
]
·


2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0


=

2n n+1 2n+1 n 2n+1 n+1
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
2n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

2n 2n+1 2n+1
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

+
[n+1 2n 6n+3
6n+3 0 0 1
]
·

2n 4n+2
n+1 0 0
2n 1 0
6n+3 0 0

=

2n 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0
+
[2n 4n+2
6n+3 0 0
]
=

2n 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0
+

2n 2n+1 2n+1
2n+1 0 0 0
n 0 0 0
2n+1 0 0 0
n+1 0 0 0
 =

2n 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

M
P (6n+2,2)
4→3 · p4 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ·
[2n 4n+2
4n+2 0 1
]
=

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 ·
[2n 2n+1 2n+1
2n+1 0 1 0
2n+1 0 0 1
]
=

2n 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0

p3 ·MP (6n+2,3)4→3 −MP (6n+2,2)4→3 · p4 =

2n 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0
−

2n 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0
 =
[6n+2
6n+3 0
]
4. p4 ·MP (6n+2,3)5→4 −MP (6n+2,2)5→4 · p5 = 0
p4 ·MP (6n+2,3)5→4 =
[2n 4n+2
4n+2 0 1
]
·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

=

n n n n+1 n+1 n
n 0 0 1 0 0 0
n+1 0 0 0 1 0 0
n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

=

n n n+1
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

M
P (6n+2,2)
5→4 · p5 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ·
[ n 2n+1
2n+1 0 1
]
=

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 ·
[ n n n+1
n 0 1 0
n+1 0 0 1
]
=

n n n+1
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0

p4 ·MP (6n+2,3)5→4 −MP (6n+2,2)5→4 · p5 =

n n n+1
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0
−

n n n+1
n 0 1 0
n+1 0 0 0
n+1 0 0 1
n 0 0 0
 =
[3n+1
4n+2 0
]
5. p3 ·MP (6n+2,3)6→3 −MP (6n+2,2)6→3 · p6 = 0
p3 ·MP (6n+2,3)6→3 =
[3n+1 6n+3
6n+3 0 1
]
·

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

=

n+1 2n n 2n+1 n+1 2n+1
n 0 0 1 0 0 0
2n+1 0 0 0 1 0 0
n+1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
 ·

2n 2n+1 2n+1
n+1 0 0 0
2n 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

=

2n 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

M
P (6n+2,2)
6→3 · p6 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ·
[2n 4n+2
4n+2 0 1
]
=

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 ·
[2n 2n+1 2n+1
2n+1 0 1 0
2n+1 0 0 1
]
=

2n 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

p3 ·MP (6n+2,3)6→3 −MP (6n+2,2)6→3 · p6 =

2n 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
−

2n 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 =
[6n+2
6n+3 0
]
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6. p6 ·MP (6n+2,3)7→6 −MP (6n+2,2)7→6 · p7 = 0
p6 ·MP (6n+2,3)7→6 =
[2n 4n+2
4n+2 0 1
]
·

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

n−1 1 n n 1 1 n−1 n 1 n
n 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 0 1

·

n 1 n−1 1 n
n−1 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

n 1 n−1 1 n
n 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

n n 1 n
n 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

M
P (6n+2,2)
7→6 · p7 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

·
[ n 2n+1
2n+1 0 1
]
=

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

·

n n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 =

n n 1 n
n 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

p6 ·MP (6n+2,3)7→6 −MP (6n+2,2)7→6 · p7 =

n n 1 n
n 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

−

n n 1 n
n 0 0 0 0
1 0 0 1 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

=
[3n+1
4n+2 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 2n
2n 0 1
]
·
[n+1
n+1 1
2n 0
]
=
[n+1
2n 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 4n+1
4n+1 0 1
]
·
[2n+1
2n+1 1
4n+1 0
]
=
[2n+1
4n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+1 6n+3
6n+3 0 1
]
·
[3n+1
3n+1 1
6n+3 0
]
=
[3n+1
6n+3 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n 4n+2
4n+2 0 1
]
·
[2n
2n 1
4n+2 0
]
=
[2n
4n+2 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n 2n+1
2n+1 0 1
]
·
[ n
n 1
2n+1 0
]
=
[ n
2n+1 0
]
1508
6. p6 · i6 = 0
p6 · i6 =
[2n 4n+2
4n+2 0 1
]
·
[2n
2n 1
4n+2 0
]
=
[2n
4n+2 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n 2n+1
2n+1 0 1
]
·
[ n
n 1
2n+1 0
]
=
[ n
2n+1 0
]
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133 Tree module property of P (6n+ 3, 3)
133.1 Tree module property of P (3, 3) 
The representation of P (3, 3):
dimP (3, 3) = (1, 3, 5, 3, 1, 3, 1)
P (3, 3) =
M1→2 = ( 10
0
)
, M2→3 =
 0 0 01 0 00 1 0
0 0 0
0 0 1
 , M4→3 =
 1 0 00 0 00 0 0
0 1 0
0 0 1
 , M5→4 = ( 01
1
)
, M6→3 =
 1 0 00 0 10 1 0
0 0 1
0 0 0
 , M7→6 = ( 11
1
)
The length of P (3, 3) is: 1 + 3 + 5 + 3 + 1 + 3 + 1 = 17.
The total number of ones in the matrices of the representation: 16.
A = M(EndkQ(P (3, 3))) ∈M54,55(k) denotes the matrix of the linear equation system characterizing the endomorphism space of P (3, 3).
A =

0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
←−
←−
←−
←−−−
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∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
←−
←−−−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
←−
←−
←−
←−−−
1511
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
←−
←−
←−
←−−−
←−
←−−−−−−
1512
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−−−−−−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
−1
+
←−
←−
1513
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−−−−−−
1514
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−−−−−−
←−
←−
←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
1515
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−−−−−−
1516
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−
∼

y y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

1517
∼
y y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−−−−−−
1518
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
←−
←−−−−−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−−−−−−
1519
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
∼

y y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

1520
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
∼

y yy y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

1521
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−
←−
←−−−
1522
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
←−
←−−−−−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−
1523
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−
←−−−−−−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
1524
∼
y y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
←−
←−
1525
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
1526
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
−1
+
←−−−−−+
←−
←−−−−−−−−−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−+
1527
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
←−
←−−−
1528
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
←−−+
1529
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 1

←−
←−
←−−+
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
1530
∼
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 91 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(P (3, 3)) = corank(A) = 1 in every field k, therefore P (3, 3) has the (field independent) tree module property.
133.2 Tree module property of P (9, 3) 
The matrices of the representation have full (column) rank P
1. MP (9,3)1→2 =

1 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M9,4(k) is already in column echelon form and has maximal column rank.
2. MP (9,3)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k) is already in column echelon form and has maximal column rank.
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3. MP (9,3)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k) is already in column echelon form and has maximal column rank.
4. MP (9,3)5→4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k) is already in column echelon form and has maximal column rank.
5. MP (9,3)6→3 =

0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k) is already in column echelon form and has maximal column rank.
6. MP (9,3)7→6 =

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (9,3)
7→6 =

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

c1↔c2−−−−→

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 1
1 0 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

c3↔c4−−−−→

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1
0 0 1 0
0 0 1 0
0 0 0 0

133.2.1 0→ P (8, 2) f→ P (9, 3) g→ P (9, 1)→ 0 
PdimP (8, 2) + dimP (9, 1) = (2, 5, 9, 6, 3, 6, 3) + (2, 4, 5, 3, 1, 3, 1)
= (4, 9, 14, 9, 4, 9, 4) = dimP (9, 3)
Pdimk Ext
1
kQ(P (9, 1), P (8, 2)) = dimk HomkQ(P (9, 1), P (8, 2))− 〈dimP (9, 1),dimP (8, 2)〉
= 0− 〈(2, 4, 5, 3, 1, 3, 1), (2, 5, 9, 6, 3, 6, 3)〉
= 2 · 5 + 4 · 9 + 3 · 9 + 1 · 6 + 3 · 9 + 1 · 6− (2 · 2 + 4 · 5 + 5 · 9 + 3 · 6 + 1 · 3 + 3 · 6 + 1 · 3)
= 10 + 36 + 27 + 6 + 27 + 6− (4 + 20 + 45 + 18 + 3 + 18 + 3)
= 1
Matrices of the embedding f : P (8, 2)→ P (9, 3) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M14,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (9, 3)→ P (9, 1) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,14(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
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7. g7 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (8, 2)→ P (9, 3) P
1. f2 ·MP (8,2)1→2 −MP (9,3)1→2 · f1 = 0
f2 ·MP (8,2)1→2 =
[ 5
5 1
4 0
]
·

1 0
1 0
0 1
0 1
0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0

·

1 0
1 0
0 1
0 1
0 0
 =

1 1
1 1 0
1 1 0
1 0 1
1 0 1
1 0 0
4 0 0

=

1 1
1 1 0
1 1 0
1 0 1
1 0 1
5 0 0

M
P (9,3)
1→2 · f1 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

·
[ 2
2 1
2 0
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
1 0 1
3 0 0
2 0 0

=

1 1
1 1 0
1 1 0
1 0 1
1 0 1
5 0 0

f2 ·MP (8,2)1→2 −MP (9,3)1→2 · f1 =

1 1
1 1 0
1 1 0
1 0 1
1 0 1
5 0 0
−

1 1
1 1 0
1 1 0
1 0 1
1 0 1
5 0 0
 =
[ 2
9 0
]
2. f3 ·MP (8,2)2→3 −MP (9,3)2→3 · f2 = 0
f3 ·MP (8,2)2→3 =
[ 9
9 1
5 0
]
·

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

2 2 1 1 1 1 1
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
5 0 0 0 0 0 0 0

·

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

M
P (9,3)
2→3 · f2 =

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

·
[ 5
5 1
4 0
]
=

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

·

2 1 1 1
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 =

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
4 0 0 0 0

=

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

f3 ·MP (8,2)2→3 −MP (9,3)2→3 · f2 =

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

−

2 1 1 1
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

=
[ 5
14 0
]
3. f3 ·MP (8,2)4→3 −MP (9,3)4→3 · f4 = 0
f3 ·MP (8,2)4→3 =
[ 9
9 1
5 0
]
·

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 =

3 1 3 2
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

3 3
3 1 0
1 0 0
3 0 1
2 0 0
 =

3 3
3 1 0
1 0 0
3 0 1
2 0 0
5 0 0
 =

3 3
3 1 0
1 0 0
3 0 1
7 0 0

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M
P (9,3)
4→3 · f4 =

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

·
[ 6
6 1
3 0
]
=

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

·

3 3
3 1 0
3 0 1
3 0 0
 =

3 3
3 1 0
1 0 0
3 0 1
2 0 0
3 0 0
2 0 0

=

3 3
3 1 0
1 0 0
3 0 1
7 0 0

f3 ·MP (8,2)4→3 −MP (9,3)4→3 · f4 =

3 3
3 1 0
1 0 0
3 0 1
7 0 0
−

3 3
3 1 0
1 0 0
3 0 1
7 0 0
 =
[ 6
14 0
]
4. f4 ·MP (8,2)5→4 −MP (9,3)5→4 · f5 = 0
f4 ·MP (8,2)5→4 =
[ 6
6 1
3 0
]
·

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 =

1 2 2 1
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0
3 0 0
 =

1 2
1 1 0
2 0 0
2 0 1
4 0 0

M
P (9,3)
5→4 · f5 =

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

·
[ 3
3 1
1 0
]
=

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

·

1 2
1 1 0
2 0 1
1 0 0
 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0
1 0 0
2 0 0

=

1 2
1 1 0
2 0 0
2 0 1
4 0 0

f4 ·MP (8,2)5→4 −MP (9,3)5→4 · f5 =

1 2
1 1 0
2 0 0
2 0 1
4 0 0
−

1 2
1 1 0
2 0 0
2 0 1
4 0 0
 =
[ 3
9 0
]
5. f3 ·MP (8,2)6→3 −MP (9,3)6→3 · f6 = 0
f3 ·MP (8,2)6→3 =
[ 9
9 1
5 0
]
·

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 =

1 3 2 3
1 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 0 0 1
5 0 0 0 0
 ·

3 3
1 0 0
3 1 0
2 0 0
3 0 1
 =

3 3
1 0 0
3 1 0
2 0 0
3 0 1
5 0 0

M
P (9,3)
6→3 · f6 =

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 6
6 1
3 0
]
=

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

3 3
3 1 0
3 0 1
1 0 0
1 0 0
1 0 0
 =

3 3
1 0 0
3 1 0
2 0 0
3 0 1
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0

=

3 3
1 0 0
3 1 0
2 0 0
3 0 1
5 0 0

f3 ·MP (8,2)6→3 −MP (9,3)6→3 · f6 =

3 3
1 0 0
3 1 0
2 0 0
3 0 1
5 0 0
−

3 3
1 0 0
3 1 0
2 0 0
3 0 1
5 0 0
 =
[ 6
14 0
]
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6. f6 ·MP (8,2)7→6 −MP (9,3)7→6 · f7 = 0
f6 ·MP (8,2)7→6 =
[ 6
6 1
3 0
]
·

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

=

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
3 0 0 0 0 0 0

·

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

=

1 1 1
1 0 0 0
1 0 1 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

M
P (9,3)
7→6 · f7 =

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

·
[ 3
3 1
1 0
]
=

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

·

1 0 0
0 1 0
0 0 1
0 0 0
 =

0 0 0
0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

=

1 1 1
1 0 0 0
1 0 1 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

f6 ·MP (8,2)7→6 −MP (9,3)7→6 · f7 =

1 1 1
1 0 0 0
1 0 1 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

−

1 1 1
1 0 0 0
1 0 1 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

=
[ 3
9 0
]
Relations of the projection g : P (9, 3)→ P (9, 1) P
1. g2 ·MP (9,3)1→2 −MP (9,1)1→2 · g1 = 0
g2 ·MP (9,3)1→2 =
[ 5 4
4 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

=
[ 1 1 1 1 1 2 2
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 0
2 0 0 1

=
[ 1 1 2
2 0 0 0
2 0 0 1
]
=
[ 2 2
2 0 0
2 0 1
]
M
P (9,1)
1→2 · g1 =
[ 2
2 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 0
2 0 1
]
g2 ·MP (9,3)1→2 −MP (9,1)1→2 · g1 =
[ 2 2
2 0 0
2 0 1
]
−
[ 2 2
2 0 0
2 0 1
]
=
[ 4
4 0
]
2. g3 ·MP (9,3)2→3 −MP (9,1)2→3 · g2 = 0
g3 ·MP (9,3)2→3 =
[ 9 5
5 0 1
]
·

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

=
[ 2 2 1 1 1 1 1 1 4
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
]
·

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

=
[ 2 1 1 1 4
1 0 0 0 0 0
4 0 0 0 0 1
]
=
[ 5 4
1 0 0
4 0 1
]
M
P (9,1)
2→3 · g2 =
[ 4
1 0
4 1
]
·
[ 5 4
4 0 1
]
=
[ 5 4
1 0 0
4 0 1
]
g3 ·MP (9,3)2→3 −MP (9,1)2→3 · g2 =
[ 5 4
1 0 0
4 0 1
]
−
[ 5 4
1 0 0
4 0 1
]
=
[ 9
5 0
]
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3. g3 ·MP (9,3)4→3 −MP (9,1)4→3 · g4 = 0
g3 ·MP (9,3)4→3 =
[ 9 5
5 0 1
]
·

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

=
[ 3 1 3 2 3 2
3 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

=
[ 3 3 3
3 0 0 1
2 0 0 0
]
=
[ 6 3
3 0 1
2 0 0
]
M
P (9,1)
4→3 · g4 =
[ 3
3 1
2 0
]
·
[ 6 3
3 0 1
]
=
[ 6 3
3 0 1
2 0 0
]
g3 ·MP (9,3)4→3 −MP (9,1)4→3 · g4 =
[ 6 3
3 0 1
2 0 0
]
−
[ 6 3
3 0 1
2 0 0
]
=
[ 9
5 0
]
4. g4 ·MP (9,3)5→4 −MP (9,1)5→4 · g5 = 0
g4 ·MP (9,3)5→4 =
[ 6 3
3 0 1
]
·

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

=
[ 1 2 2 1 1 2
1 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

=
[ 1 2 1
1 0 0 1
2 0 0 0
]
=
[ 3 1
1 0 1
2 0 0
]
M
P (9,1)
5→4 · g5 =
[ 1
1 1
2 0
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
2 0 0
]
g4 ·MP (9,3)5→4 −MP (9,1)5→4 · g5 =
[ 3 1
1 0 1
2 0 0
]
−
[ 3 1
1 0 1
2 0 0
]
=
[ 4
3 0
]
5. g3 ·MP (9,3)6→3 −MP (9,1)6→3 · g6 = 0
g3 ·MP (9,3)6→3 =
[ 9 5
5 0 1
]
·

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 3 2 3 1 1 1 1 1
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
 ·

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

3 3 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
 =

6 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
P (9,1)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 6 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

6 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

6 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

g3 ·MP (9,3)6→3 −MP (9,1)6→3 · g6 =

6 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
−

6 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
 =
[ 9
5 0
]
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6. g6 ·MP (9,3)7→6 −MP (9,1)7→6 · g7 = 0
g6 ·MP (9,3)7→6 =
[ 6 3
3 0 1
]
·

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

=
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ·

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

=
0 0 0 10 0 0 1
0 0 0 0
 =

3 1
1 0 1
1 0 1
1 0 0

M
P (9,1)
7→6 · g7 =
11
0
 · [ 3 11 0 1 ] =

3 1
1 0 1
1 0 1
1 0 0

g6 ·MP (9,3)7→6 −MP (9,1)7→6 · g7 =

3 1
1 0 1
1 0 1
1 0 0
−

3 1
1 0 1
1 0 1
1 0 0
 = [ 43 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 9 5
5 0 1
]
·
[ 9
9 1
5 0
]
=
[ 9
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
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133.2.2 0→ P (7, 1) f→ P (9, 3) g→ P (9, 2)→ 0 
PdimP (7, 1) + dimP (9, 2) = (1, 2, 4, 3, 1, 3, 1) + (3, 7, 10, 6, 3, 6, 3)
= (4, 9, 14, 9, 4, 9, 4) = dimP (9, 3)
Pdimk Ext
1
kQ(P (9, 2), P (7, 1)) = dimk HomkQ(P (9, 2), P (7, 1))− 〈dimP (9, 2),dimP (7, 1)〉
= 0− 〈(3, 7, 10, 6, 3, 6, 3), (1, 2, 4, 3, 1, 3, 1)〉
= 3 · 2 + 7 · 4 + 6 · 4 + 3 · 3 + 6 · 4 + 3 · 3− (3 · 1 + 7 · 2 + 10 · 4 + 6 · 3 + 3 · 1 + 6 · 3 + 3 · 1)
= 6 + 28 + 24 + 9 + 24 + 9− (3 + 14 + 40 + 18 + 3 + 18 + 3)
= 1
Matrices of the embedding f : P (7, 1)→ P (9, 3) P
1. f1 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0

∈M9,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M14,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M9,3(k) is already in column echelon form and has maximal column rank.
5. f5 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M9,3(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (9, 3)→ P (9, 2) P
1. g1 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M7,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,14(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M6,9(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M6,9(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (7, 1)→ P (9, 3) P
1. f2 ·MP (7,1)1→2 −MP (9,3)1→2 · f1 = 0
f2 ·MP (7,1)1→2 =
[ 2
2 1
7 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
7 0 0
 · [1
1
]
=

1
1 1
1 1
7 0

M
P (9,3)
1→2 · f1 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

·
[ 1
1 1
3 0
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

·

1
1 1
1 0
2 0
 =

1
1 1
1 1
1 0
1 0
3 0
2 0

=

1
1 1
1 1
7 0

f2 ·MP (7,1)1→2 −MP (9,3)1→2 · f1 =

1
1 1
1 1
7 0
−

1
1 1
1 1
7 0
 = [ 19 0 ]
2. f3 ·MP (7,1)2→3 −MP (9,3)2→3 · f2 = 0
f3 ·MP (7,1)2→3 =
[ 4
4 1
10 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
10 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
10 0

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M
P (9,3)
2→3 · f2 =

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

·
[ 2
2 1
7 0
]
=

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

·

2
2 1
1 0
1 0
1 0
4 0
 =

2
2 1
2 1
1 0
1 0
1 0
1 0
1 0
1 0
4 0

=

2
2 1
2 1
10 0

f3 ·MP (7,1)2→3 −MP (9,3)2→3 · f2 =

2
2 1
2 1
10 0
−

2
2 1
2 1
10 0
 = [ 214 0 ]
3. f3 ·MP (7,1)4→3 −MP (9,3)4→3 · f4 = 0
f3 ·MP (7,1)4→3 =
[ 4
4 1
10 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
10 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
10 0
 = [
3
3 1
11 0
]
M
P (9,3)
4→3 · f4 =

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

·
[ 3
3 1
6 0
]
=

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

·

3
3 1
3 0
3 0
 =

3
3 1
1 0
3 0
2 0
3 0
2 0

=
[ 3
3 1
11 0
]
f3 ·MP (7,1)4→3 −MP (9,3)4→3 · f4 =
[ 3
3 1
11 0
]
−
[ 3
3 1
11 0
]
=
[ 3
14 0
]
4. f4 ·MP (7,1)5→4 −MP (9,3)5→4 · f5 = 0
f4 ·MP (7,1)5→4 =
[ 3
3 1
6 0
]
·
[ 1
1 1
2 0
]
=

1 2
1 1 0
2 0 1
6 0 0
 · [
1
1 1
2 0
]
=

1
1 1
2 0
6 0
 = [
1
1 1
8 0
]
M
P (9,3)
5→4 · f5 =

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

·
[ 1
1 1
3 0
]
=

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

·

1
1 1
2 0
1 0
 =

1
1 1
2 0
2 0
1 0
1 0
2 0

=
[ 1
1 1
8 0
]
f4 ·MP (7,1)5→4 −MP (9,3)5→4 · f5 =
[ 1
1 1
8 0
]
−
[ 1
1 1
8 0
]
=
[ 1
9 0
]
5. f3 ·MP (7,1)6→3 −MP (9,3)6→3 · f6 = 0
f3 ·MP (7,1)6→3 =
[ 4
4 1
10 0
]
·
[ 3
1 0
3 1
]
=

1 3
1 1 0
3 0 1
10 0 0
 · [
3
1 0
3 1
]
=

3
1 0
3 1
10 0

M
P (9,3)
6→3 · f6 =

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 3
3 1
6 0
]
=

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

3
3 1
3 0
1 0
1 0
1 0
 =

3
1 0
3 1
2 0
3 0
1 0
1 0
1 0
1 0
1 0

=

3
1 0
3 1
10 0

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f3 ·MP (7,1)6→3 −MP (9,3)6→3 · f6 =

3
1 0
3 1
10 0
−

3
1 0
3 1
10 0
 = [ 314 0 ]
6. f6 ·MP (7,1)7→6 −MP (9,3)7→6 · f7 = 0
f6 ·MP (7,1)7→6 =
[ 3
3 1
6 0
]
·
[ 1
2 0
1 1
]
=

2 1
2 1 0
1 0 1
6 0 0
 · [
1
2 0
1 1
]
=

1
2 0
1 1
6 0

M
P (9,3)
7→6 · f7 =

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

·
[ 1
1 1
3 0
]
=

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

·

1
0
0
0
 =

0
0
1
0
0
0
0
0
0

=

1
2 0
1 1
6 0

f6 ·MP (7,1)7→6 −MP (9,3)7→6 · f7 =

1
2 0
1 1
6 0
−

1
2 0
1 1
6 0
 = [ 19 0 ]
Relations of the projection g : P (9, 3)→ P (9, 2) P
1. g2 ·MP (9,3)1→2 −MP (9,2)1→2 · g1 = 0
g2 ·MP (9,3)1→2 =
[ 2 7
7 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

=

1 1 1 1 3 2
1 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

=

1 1 2
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

M
P (9,2)
1→2 · g1 =

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 ·
[ 1 3
3 0 1
]
=

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 ·
[ 1 1 2
1 0 1 0
2 0 0 1
]
=

1 1 2
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1

g2 ·MP (9,3)1→2 −MP (9,2)1→2 · g1 =

1 1 2
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1
−

1 1 2
1 0 1 0
1 0 1 0
3 0 0 0
2 0 0 1
 =
[ 4
7 0
]
2. g3 ·MP (9,3)2→3 −MP (9,2)2→3 · g2 = 0
g3 ·MP (9,3)2→3 =
[ 4 10
10 0 1
]
·

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

=

2 2 1 1 1 1 1 1 4
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1

·

2 1 1 1 4
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

=

2 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

M
P (9,2)
2→3 · g2 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

·
[ 2 7
7 0 1
]
=

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

·

2 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
 =

2 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

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g3 ·MP (9,3)2→3 −MP (9,2)2→3 · g2 =

2 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

−

2 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1

=
[ 9
10 0
]
3. g3 ·MP (9,3)4→3 −MP (9,2)4→3 · g4 = 0
g3 ·MP (9,3)4→3 =
[ 4 10
10 0 1
]
·

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

=

3 1 3 2 3 2
3 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

3 3 3
3 1 0 0
1 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

=

3 3 3
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

M
P (9,2)
4→3 · g4 =

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 ·
[ 3 6
6 0 1
]
=

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 ·
[ 3 3 3
3 0 1 0
3 0 0 1
]
=

3 3 3
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

g3 ·MP (9,3)4→3 −MP (9,2)4→3 · g4 =

3 3 3
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0
−

3 3 3
3 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0
 =
[ 9
10 0
]
4. g4 ·MP (9,3)5→4 −MP (9,2)5→4 · g5 = 0
g4 ·MP (9,3)5→4 =
[ 3 6
6 0 1
]
·

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

=

1 2 2 1 1 2
2 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

=

1 2 1
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

M
P (9,2)
5→4 · g5 =

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 ·
[ 1 3
3 0 1
]
=

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 ·
[ 1 2 1
2 0 1 0
1 0 0 1
]
=

1 2 1
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0

g4 ·MP (9,3)5→4 −MP (9,2)5→4 · g5 =

1 2 1
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0
−

1 2 1
2 0 1 0
1 0 0 0
1 0 0 1
2 0 0 0
 =
[ 4
6 0
]
5. g3 ·MP (9,3)6→3 −MP (9,2)6→3 · g6 = 0
g3 ·MP (9,3)6→3 =
[ 4 10
10 0 1
]
·

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 3 2 3 1 1 1 1 1
2 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

3 3 1 1 1
1 0 0 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

3 3 1 1 1
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

1543
M
P (9,2)
6→3 · g6 =

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·
[ 3 6
6 0 1
]
=

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

·

3 3 1 1 1
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 =

3 3 1 1 1
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

g3 ·MP (9,3)6→3 −MP (9,2)6→3 · g6 =

3 3 1 1 1
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

−

3 3 1 1 1
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 9
10 0
]
6. g6 ·MP (9,3)7→6 −MP (9,2)7→6 · g7 = 0
g6 ·MP (9,3)7→6 =
[ 3 6
6 0 1
]
·

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

=

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

·

0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

=

0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 0

=

1 2 1
1 0 0 1
2 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

M
P (9,2)
7→6 · g7 =

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 ·
[ 1 3
3 0 1
]
=

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 ·
[ 1 2 1
2 0 1 0
1 0 0 1
]
=

1 2 1
1 0 0 1
2 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0

g6 ·MP (9,3)7→6 −MP (9,2)7→6 · g7 =

1 2 1
1 0 0 1
2 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0
−

1 2 1
1 0 0 1
2 0 1 0
1 0 0 1
1 0 0 1
1 0 0 0
 =
[ 4
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 7
7 0 1
]
·
[ 2
2 1
7 0
]
=
[ 2
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 10
10 0 1
]
·
[ 4
4 1
10 0
]
=
[ 4
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 6
6 0 1
]
·
[ 3
3 1
6 0
]
=
[ 3
6 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 6
6 0 1
]
·
[ 3
3 1
6 0
]
=
[ 3
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
133.3 Tree module property of P (15, 3) 
The matrices of the representation have full (column) rank P
1. MP (15,3)1→2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M15,7(k) is already in column echelon form and has maximal column rank.
2. MP (15,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k) is already in column echelon form and has maximal column rank.
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3. MP (15,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k) is already in column echelon form and has maximal column rank.
4. MP (15,3)5→4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
5. MP (15,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k) is already in column echelon form and has maximal column rank.
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6. MP (15,3)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M15,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (15,3)
7→6 =

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

c1↔c2−−−−→

1 2 2 1 1
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

c3↔c4−−−−→

1 2 1 2 1
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
2 0 0 0 1 0
1 0 0 1 0 0
1 0 0 0 0 1
1 0 0 1 0 0
1 0 0 0 0 1
1 0 0 0 0 0

133.3.1 0→ P (14, 2) f→ P (15, 3) g→ P (15, 1)→ 0 
PdimP (14, 2) + dimP (15, 1) = (4, 9, 15, 10, 5, 10, 5) + (3, 6, 8, 5, 2, 5, 2)
= (7, 15, 23, 15, 7, 15, 7) = dimP (15, 3)
Pdimk Ext
1
kQ(P (15, 1), P (14, 2)) = dimk HomkQ(P (15, 1), P (14, 2))− 〈dimP (15, 1),dimP (14, 2)〉
= 0− 〈(3, 6, 8, 5, 2, 5, 2), (4, 9, 15, 10, 5, 10, 5)〉
= 3 · 9 + 6 · 15 + 5 · 15 + 2 · 10 + 5 · 15 + 2 · 10− (3 · 4 + 6 · 9 + 8 · 15 + 5 · 10 + 2 · 5 + 5 · 10 + 2 · 5)
= 27 + 90 + 75 + 20 + 75 + 20− (12 + 54 + 120 + 50 + 10 + 50 + 10)
= 1
Matrices of the embedding f : P (14, 2)→ P (15, 3) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M15,9(k) is already in column echelon form and has maximal column rank.
1547
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (15, 3)→ P (15, 1) P
1. g1 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,23(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,15(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,15(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (14, 2)→ P (15, 3) P
1. f2 ·MP (14,2)1→2 −MP (15,3)1→2 · f1 = 0
f2 ·MP (14,2)1→2 =
[ 9
9 1
6 0
]
·

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 =

2 2 2 2 1
2 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
6 0 0 0 0 0

·

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
 =

2 2
2 1 0
2 1 0
2 0 1
2 0 1
1 0 0
6 0 0

=

2 2
2 1 0
2 1 0
2 0 1
2 0 1
7 0 0

M
P (15,3)
1→2 · f1 =

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

·
[ 4
4 1
3 0
]
=

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

·

2 2
2 1 0
2 0 1
3 0 0
 =

2 2
2 1 0
2 1 0
2 0 1
2 0 1
4 0 0
3 0 0

=

2 2
2 1 0
2 1 0
2 0 1
2 0 1
7 0 0

f2 ·MP (14,2)1→2 −MP (15,3)1→2 · f1 =

2 2
2 1 0
2 1 0
2 0 1
2 0 1
7 0 0
−

2 2
2 1 0
2 1 0
2 0 1
2 0 1
7 0 0
 =
[ 4
15 0
]
2. f3 ·MP (14,2)2→3 −MP (15,3)2→3 · f2 = 0
f3 ·MP (14,2)2→3 =
[15
15 1
8 0
]
·

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 2 1 2 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1
8 0 0 0 0 0 0 0 0 0 0

·

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1
8 0 0 0 0 0 0

1549
M
P (15,3)
2→3 · f2 =

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

·
[ 9
9 1
6 0
]
=

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

·

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
6 0 0 0 0 0 0

=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 0 0
6 0 0 0 0 0 0

=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1
8 0 0 0 0 0 0

f3 ·MP (14,2)2→3 −MP (15,3)2→3 · f2 =

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1
8 0 0 0 0 0 0

−

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 1 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1
8 0 0 0 0 0 0

=
[ 9
23 0
]
3. f3 ·MP (14,2)4→3 −MP (15,3)4→3 · f4 = 0
f3 ·MP (14,2)4→3 =
[15
15 1
8 0
]
·

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 =

5 2 5 3
5 1 0 0 0
2 0 1 0 0
5 0 0 1 0
3 0 0 0 1
8 0 0 0 0
 ·

5 5
5 1 0
2 0 0
5 0 1
3 0 0
 =

5 5
5 1 0
2 0 0
5 0 1
3 0 0
8 0 0
 =

5 5
5 1 0
2 0 0
5 0 1
11 0 0

M
P (15,3)
4→3 · f4 =

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

·
[10
10 1
5 0
]
=

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

·

5 5
5 1 0
5 0 1
5 0 0
 =

5 5
5 1 0
2 0 0
5 0 1
3 0 0
5 0 0
3 0 0

=

5 5
5 1 0
2 0 0
5 0 1
11 0 0

f3 ·MP (14,2)4→3 −MP (15,3)4→3 · f4 =

5 5
5 1 0
2 0 0
5 0 1
11 0 0
−

5 5
5 1 0
2 0 0
5 0 1
11 0 0
 =
[10
23 0
]
4. f4 ·MP (14,2)5→4 −MP (15,3)5→4 · f5 = 0
f4 ·MP (14,2)5→4 =
[10
10 1
5 0
]
·

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 =

2 3 3 2
2 1 0 0 0
3 0 1 0 0
3 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

2 3
2 1 0
3 0 0
3 0 1
2 0 0
 =

2 3
2 1 0
3 0 0
3 0 1
2 0 0
5 0 0
 =

2 3
2 1 0
3 0 0
3 0 1
7 0 0

1550
M
P (15,3)
5→4 · f5 =

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

·
[ 5
5 1
2 0
]
=

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

·

2 3
2 1 0
3 0 1
2 0 0
 =

2 3
2 1 0
3 0 0
3 0 1
2 0 0
2 0 0
3 0 0

=

2 3
2 1 0
3 0 0
3 0 1
7 0 0

f4 ·MP (14,2)5→4 −MP (15,3)5→4 · f5 =

2 3
2 1 0
3 0 0
3 0 1
7 0 0
−

2 3
2 1 0
3 0 0
3 0 1
7 0 0
 =
[ 5
15 0
]
5. f3 ·MP (14,2)6→3 −MP (15,3)6→3 · f6 = 0
f3 ·MP (14,2)6→3 =
[15
15 1
8 0
]
·

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 =

2 5 3 5
2 1 0 0 0
5 0 1 0 0
3 0 0 1 0
5 0 0 0 1
8 0 0 0 0
 ·

5 5
2 0 0
5 1 0
3 0 0
5 0 1
 =

5 5
2 0 0
5 1 0
3 0 0
5 0 1
8 0 0

M
P (15,3)
6→3 · f6 =

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·
[10
10 1
5 0
]
=

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

5 5
5 1 0
5 0 1
2 0 0
1 0 0
2 0 0
 =

5 5
2 0 0
5 1 0
3 0 0
5 0 1
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0

=

5 5
2 0 0
5 1 0
3 0 0
5 0 1
8 0 0

f3 ·MP (14,2)6→3 −MP (15,3)6→3 · f6 =

5 5
2 0 0
5 1 0
3 0 0
5 0 1
8 0 0
−

5 5
2 0 0
5 1 0
3 0 0
5 0 1
8 0 0
 =
[10
23 0
]
6. f6 ·MP (14,2)7→6 −MP (15,3)7→6 · f7 = 0
f6 ·MP (14,2)7→6 =
[10
10 1
5 0
]
·

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

=

2 1 2 2 1 2
2 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
5 0 0 0 0 0 0

·

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1

=

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

M
P (15,3)
7→6 · f7 =

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

·
[ 5
5 1
2 0
]
=

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0
 =

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
1 0 0 0
1 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0

=

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

1551
f6 ·MP (14,2)7→6 −MP (15,3)7→6 · f7 =

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

−

2 1 2
2 0 0 0
1 0 1 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

=
[ 5
15 0
]
Relations of the projection g : P (15, 3)→ P (15, 1) P
1. g2 ·MP (15,3)1→2 −MP (15,1)1→2 · g1 = 0
g2 ·MP (15,3)1→2 =
[ 9 6
6 0 1
]
·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

=
[ 2 2 2 2 1 3 3
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
1 0 0 0
3 0 0 0
3 0 0 1

=
[ 2 2 3
3 0 0 0
3 0 0 1
]
=
[ 4 3
3 0 0
3 0 1
]
M
P (15,1)
1→2 · g1 =
[ 3
3 0
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 0
3 0 1
]
g2 ·MP (15,3)1→2 −MP (15,1)1→2 · g1 =
[ 4 3
3 0 0
3 0 1
]
−
[ 4 3
3 0 0
3 0 1
]
=
[ 7
6 0
]
2. g3 ·MP (15,3)2→3 −MP (15,1)2→3 · g2 = 0
g3 ·MP (15,3)2→3 =
[15 8
8 0 1
]
·

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

=
[ 1 2 1 2 1 2 1 2 1 2 2 6
2 0 0 0 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 0 0 0 1
]
·

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

=
[ 1 2 1 2 1 2 6
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1
]
=
[ 9 6
2 0 0
6 0 1
]
M
P (15,1)
2→3 · g2 =
[ 6
2 0
6 1
]
·
[ 9 6
6 0 1
]
=
[ 9 6
2 0 0
6 0 1
]
g3 ·MP (15,3)2→3 −MP (15,1)2→3 · g2 =
[ 9 6
2 0 0
6 0 1
]
−
[ 9 6
2 0 0
6 0 1
]
=
[15
8 0
]
3. g3 ·MP (15,3)4→3 −MP (15,1)4→3 · g4 = 0
g3 ·MP (15,3)4→3 =
[15 8
8 0 1
]
·

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

=
[ 5 2 5 3 5 3
5 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

=
[ 5 5 5
5 0 0 1
3 0 0 0
]
=
[10 5
5 0 1
3 0 0
]
M
P (15,1)
4→3 · g4 =
[ 5
5 1
3 0
]
·
[10 5
5 0 1
]
=
[10 5
5 0 1
3 0 0
]
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g3 ·MP (15,3)4→3 −MP (15,1)4→3 · g4 =
[10 5
5 0 1
3 0 0
]
−
[10 5
5 0 1
3 0 0
]
=
[15
8 0
]
4. g4 ·MP (15,3)5→4 −MP (15,1)5→4 · g5 = 0
g4 ·MP (15,3)5→4 =
[10 5
5 0 1
]
·

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

=
[ 2 3 3 2 2 3
2 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

=
[ 2 3 2
2 0 0 1
3 0 0 0
]
=
[ 5 2
2 0 1
3 0 0
]
M
P (15,1)
5→4 · g5 =
[ 2
2 1
3 0
]
·
[ 5 2
2 0 1
]
=
[ 5 2
2 0 1
3 0 0
]
g4 ·MP (15,3)5→4 −MP (15,1)5→4 · g5 =
[ 5 2
2 0 1
3 0 0
]
−
[ 5 2
2 0 1
3 0 0
]
=
[ 7
5 0
]
5. g3 ·MP (15,3)6→3 −MP (15,1)6→3 · g6 = 0
g3 ·MP (15,3)6→3 =
[15 8
8 0 1
]
·

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

2 5 3 5 2 1 2 1 2
2 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
 ·

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

5 5 2 1 2
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
 =

10 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
P (15,1)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[10 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

10 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

10 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

g3 ·MP (15,3)6→3 −MP (15,1)6→3 · g6 =

10 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

10 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[15
8 0
]
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6. g6 ·MP (15,3)7→6 −MP (15,1)7→6 · g7 = 0
g6 ·MP (15,3)7→6 =
[10 5
5 0 1
]
·

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

=

2 1 2 1 1 1 2 1 1 1 1 1
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1
 ·

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

=

2 1 2 1 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0
 =

5 2
2 0 1
2 0 1
1 0 0

M
P (15,1)
7→6 · g7 =

2
2 1
2 1
1 0
 · [ 5 22 0 1 ] =

5 2
2 0 1
2 0 1
1 0 0

g6 ·MP (15,3)7→6 −MP (15,1)7→6 · g7 =

5 2
2 0 1
2 0 1
1 0 0
−

5 2
2 0 1
2 0 1
1 0 0
 = [ 75 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 9 6
6 0 1
]
·
[ 9
9 1
6 0
]
=
[ 9
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[15 8
8 0 1
]
·
[15
15 1
8 0
]
=
[15
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[10 5
5 0 1
]
·
[10
10 1
5 0
]
=
[10
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[10 5
5 0 1
]
·
[10
10 1
5 0
]
=
[10
5 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
133.3.2 0→ P (13, 1) f→ P (15, 3) g→ P (15, 2)→ 0 
PdimP (13, 1) + dimP (15, 2) = (2, 4, 7, 5, 2, 5, 2) + (5, 11, 16, 10, 5, 10, 5)
= (7, 15, 23, 15, 7, 15, 7) = dimP (15, 3)
Pdimk Ext
1
kQ(P (15, 2), P (13, 1)) = dimk HomkQ(P (15, 2), P (13, 1))− 〈dimP (15, 2),dimP (13, 1)〉
= 0− 〈(5, 11, 16, 10, 5, 10, 5), (2, 4, 7, 5, 2, 5, 2)〉
= 5 · 4 + 11 · 7 + 10 · 7 + 5 · 5 + 10 · 7 + 5 · 5− (5 · 2 + 11 · 4 + 16 · 7 + 10 · 5 + 5 · 2 + 10 · 5 + 5 · 2)
= 20 + 77 + 70 + 25 + 70 + 25− (10 + 44 + 112 + 50 + 10 + 50 + 10)
= 1
Matrices of the embedding f : P (13, 1)→ P (15, 3) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M15,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M23,7(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M15,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M15,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (15, 3)→ P (15, 2) P
1. g1 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,15(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M16,23(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,15(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,15(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (13, 1)→ P (15, 3) P
1. f2 ·MP (13,1)1→2 −MP (15,3)1→2 · f1 = 0
f2 ·MP (13,1)1→2 =
[ 4
4 1
11 0
]
·
[ 2
2 1
2 1
]
=

2 2
2 1 0
2 0 1
11 0 0
 · [
2
2 1
2 1
]
=

2
2 1
2 1
11 0

M
P (15,3)
1→2 · f1 =

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

·
[ 2
2 1
5 0
]
=

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

·

2
2 1
2 0
3 0
 =

2
2 1
2 1
2 0
2 0
4 0
3 0

=

2
2 1
2 1
11 0

f2 ·MP (13,1)1→2 −MP (15,3)1→2 · f1 =

2
2 1
2 1
11 0
−

2
2 1
2 1
11 0
 = [ 215 0 ]
1557
2. f3 ·MP (13,1)2→3 −MP (15,3)2→3 · f2 = 0
f3 ·MP (13,1)2→3 =
[ 7
7 1
16 0
]
·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1 2 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
16 0 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
16 0 0 0

M
P (15,3)
2→3 · f2 =

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

·
[ 4
4 1
11 0
]
=

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
6 0 0 0

=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
2 0 0 0
6 0 0 0

=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
16 0 0 0

f3 ·MP (13,1)2→3 −MP (15,3)2→3 · f2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
16 0 0 0

−

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
16 0 0 0

=
[ 4
23 0
]
3. f3 ·MP (13,1)4→3 −MP (15,3)4→3 · f4 = 0
f3 ·MP (13,1)4→3 =
[ 7
7 1
16 0
]
·
[ 5
5 1
2 0
]
=

5 2
5 1 0
2 0 1
16 0 0
 · [
5
5 1
2 0
]
=

5
5 1
2 0
16 0
 = [
5
5 1
18 0
]
M
P (15,3)
4→3 · f4 =

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

·
[ 5
5 1
10 0
]
=

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

·

5
5 1
5 0
5 0
 =

5
5 1
2 0
5 0
3 0
5 0
3 0

=
[ 5
5 1
18 0
]
f3 ·MP (13,1)4→3 −MP (15,3)4→3 · f4 =
[ 5
5 1
18 0
]
−
[ 5
5 1
18 0
]
=
[ 5
23 0
]
4. f4 ·MP (13,1)5→4 −MP (15,3)5→4 · f5 = 0
f4 ·MP (13,1)5→4 =
[ 5
5 1
10 0
]
·
[ 2
2 1
3 0
]
=

2 3
2 1 0
3 0 1
10 0 0
 · [
2
2 1
3 0
]
=

2
2 1
3 0
10 0
 = [
2
2 1
13 0
]
M
P (15,3)
5→4 · f5 =

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

·
[ 2
2 1
5 0
]
=

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

·

2
2 1
3 0
2 0
 =

2
2 1
3 0
3 0
2 0
2 0
3 0

=
[ 2
2 1
13 0
]
f4 ·MP (13,1)5→4 −MP (15,3)5→4 · f5 =
[ 2
2 1
13 0
]
−
[ 2
2 1
13 0
]
=
[ 2
15 0
]
1558
5. f3 ·MP (13,1)6→3 −MP (15,3)6→3 · f6 = 0
f3 ·MP (13,1)6→3 =
[ 7
7 1
16 0
]
·
[ 5
2 0
5 1
]
=

2 5
2 1 0
5 0 1
16 0 0
 · [
5
2 0
5 1
]
=

5
2 0
5 1
16 0

M
P (15,3)
6→3 · f6 =

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 5
5 1
10 0
]
=

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

5
5 1
5 0
2 0
1 0
2 0
 =

5
2 0
5 1
3 0
5 0
2 0
1 0
2 0
1 0
2 0

=

5
2 0
5 1
16 0

f3 ·MP (13,1)6→3 −MP (15,3)6→3 · f6 =

5
2 0
5 1
16 0
−

5
2 0
5 1
16 0
 = [ 523 0 ]
6. f6 ·MP (13,1)7→6 −MP (15,3)7→6 · f7 = 0
f6 ·MP (13,1)7→6 =
[ 5
5 1
10 0
]
·
[ 2
3 0
2 1
]
=

3 2
3 1 0
2 0 1
10 0 0
 · [
2
3 0
2 1
]
=

2
3 0
2 1
10 0

M
P (15,3)
7→6 · f7 =

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

·
[ 2
2 1
5 0
]
=

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

·

2
2 1
1 0
2 0
1 0
1 0
 =

2
2 0
1 0
2 1
1 0
1 0
1 0
2 0
1 0
1 0
1 0
1 0
1 0

=

2
3 0
2 1
10 0

f6 ·MP (13,1)7→6 −MP (15,3)7→6 · f7 =

2
3 0
2 1
10 0
−

2
3 0
2 1
10 0
 = [ 215 0 ]
Relations of the projection g : P (15, 3)→ P (15, 2) P
1. g2 ·MP (15,3)1→2 −MP (15,2)1→2 · g1 = 0
g2 ·MP (15,3)1→2 =
[ 4 11
11 0 1
]
·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

=

2 2 2 2 4 3
2 0 0 1 0 0 0
2 0 0 0 1 0 0
4 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

2 2 3
2 1 0 0
2 1 0 0
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

=

2 2 3
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

M
P (15,2)
1→2 · g1 =

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 ·
[ 2 5
5 0 1
]
=

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 ·
[ 2 2 3
2 0 1 0
3 0 0 1
]
=

2 2 3
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1

g2 ·MP (15,3)1→2 −MP (15,2)1→2 · g1 =

2 2 3
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1
−

2 2 3
2 0 1 0
2 0 1 0
4 0 0 0
3 0 0 1
 =
[ 7
11 0
]
1559
2. g3 ·MP (15,3)2→3 −MP (15,2)2→3 · g2 = 0
g3 ·MP (15,3)2→3 =
[ 7 16
16 0 1
]
·

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

=

1 2 1 2 1 2 1 2 1 2 2 6
2 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 0 0 0 1

·

1 2 1 2 1 2 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

=

1 2 1 2 1 2 6
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
6 0 0 0 0 0 0 1

=

4 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 0
6 0 0 0 0 1

M
P (15,2)
2→3 · g2 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

·
[ 4 11
11 0 1
]
=

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

·

4 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
 =

4 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 0
6 0 0 0 0 1

g3 ·MP (15,3)2→3 −MP (15,2)2→3 · g2 =

4 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 0
6 0 0 0 0 1

−

4 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 0
6 0 0 0 0 1

=
[15
16 0
]
3. g3 ·MP (15,3)4→3 −MP (15,2)4→3 · g4 = 0
g3 ·MP (15,3)4→3 =
[ 7 16
16 0 1
]
·

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

=

5 2 5 3 5 3
5 0 0 1 0 0 0
3 0 0 0 1 0 0
5 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

5 5 5
5 1 0 0
2 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

=

5 5 5
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

M
P (15,2)
4→3 · g4 =

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 ·
[ 5 10
10 0 1
]
=

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 ·
[ 5 5 5
5 0 1 0
5 0 0 1
]
=

5 5 5
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0

g3 ·MP (15,3)4→3 −MP (15,2)4→3 · g4 =

5 5 5
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0
−

5 5 5
5 0 1 0
3 0 0 0
5 0 0 1
3 0 0 0
 =
[15
16 0
]
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4. g4 ·MP (15,3)5→4 −MP (15,2)5→4 · g5 = 0
g4 ·MP (15,3)5→4 =
[ 5 10
10 0 1
]
·

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

=

2 3 3 2 2 3
3 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

2 3 2
2 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

=

2 3 2
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

M
P (15,2)
5→4 · g5 =

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 ·
[ 2 5
5 0 1
]
=

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 ·
[ 2 3 2
3 0 1 0
2 0 0 1
]
=

2 3 2
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0

g4 ·MP (15,3)5→4 −MP (15,2)5→4 · g5 =

2 3 2
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0
−

2 3 2
3 0 1 0
2 0 0 0
2 0 0 1
3 0 0 0
 =
[ 7
10 0
]
5. g3 ·MP (15,3)6→3 −MP (15,2)6→3 · g6 = 0
g3 ·MP (15,3)6→3 =
[ 7 16
16 0 1
]
·

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

2 5 3 5 2 1 2 1 2
3 0 0 1 0 0 0 0 0 0
5 0 0 0 1 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1

·

5 5 2 1 2
2 0 0 0 0 0
5 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

5 5 2 1 2
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

M
P (15,2)
6→3 · g6 =

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·
[ 5 10
10 0 1
]
=

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·

5 5 2 1 2
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
 =

5 5 2 1 2
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

g3 ·MP (15,3)6→3 −MP (15,2)6→3 · g6 =

5 5 2 1 2
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

−

5 5 2 1 2
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=
[15
16 0
]
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6. g6 ·MP (15,3)7→6 −MP (15,2)7→6 · g7 = 0
g6 ·MP (15,3)7→6 =
[ 5 10
10 0 1
]
·

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

=

2 1 2 1 1 1 2 1 1 1 1 1
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1

·

2 1 2 1 1
2 0 0 0 0 0
1 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

=

2 1 2 1 1
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0

=

2 3 1 1
1 0 0 0 0
1 0 0 1 0
3 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

M
P (15,2)
7→6 · g7 =

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

·
[ 2 5
5 0 1
]
=

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

·

2 3 1 1
3 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

2 3 1 1
1 0 0 0 0
1 0 0 1 0
3 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

g6 ·MP (15,3)7→6 −MP (15,2)7→6 · g7 =

2 3 1 1
1 0 0 0 0
1 0 0 1 0
3 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

−

2 3 1 1
1 0 0 0 0
1 0 0 1 0
3 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

=
[ 7
10 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 11
11 0 1
]
·
[ 4
4 1
11 0
]
=
[ 4
11 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 16
16 0 1
]
·
[ 7
7 1
16 0
]
=
[ 7
16 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 10
10 0 1
]
·
[ 5
5 1
10 0
]
=
[ 5
10 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 10
10 0 1
]
·
[ 5
5 1
10 0
]
=
[ 5
10 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
133.4 Tree module property of P (21, 3) 
The matrices of the representation have full (column) rank P
1. MP (21,3)1→2 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M21,10(k) is already in column echelon form and has maximal column rank.
2. MP (21,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,21(k) is already in column echelon form and has maximal column rank.
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3. MP (21,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M32,21(k) is already in column echelon form and has maximal column rank.
4. MP (21,3)5→4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M21,10(k) is already in column echelon form and has maximal column rank.
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5. MP (21,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,21(k) is already in column echelon form and has maximal column rank.
6. MP (21,3)7→6 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

∈M21,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (21,3)
7→6 =

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

c1↔c2−−−−→

1 3 3 1 2
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

c3↔c4−−−−→

1 3 1 3 2
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
3 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
1 0 0 1 0 0
2 0 0 0 0 1
1 0 0 0 0 0

133.4.1 0→ P (20, 2) f→ P (21, 3) g→ P (21, 1)→ 0 
PdimP (20, 2) + dimP (21, 1) = (6, 13, 21, 14, 7, 14, 7) + (4, 8, 11, 7, 3, 7, 3)
= (10, 21, 32, 21, 10, 21, 10) = dimP (21, 3)
P
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dimk Ext
1
kQ(P (21, 1), P (20, 2)) = dimk HomkQ(P (21, 1), P (20, 2))− 〈dimP (21, 1),dimP (20, 2)〉
= 0− 〈(4, 8, 11, 7, 3, 7, 3), (6, 13, 21, 14, 7, 14, 7)〉
= 4 · 13 + 8 · 21 + 7 · 21 + 3 · 14 + 7 · 21 + 3 · 14− (4 · 6 + 8 · 13 + 11 · 21 + 7 · 14 + 3 · 7 + 7 · 14 + 3 · 7)
= 52 + 168 + 147 + 42 + 147 + 42− (24 + 104 + 231 + 98 + 21 + 98 + 21)
= 1
Matrices of the embedding f : P (20, 2)→ P (21, 3) P
1. f1 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,13(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M32,21(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (21, 3)→ P (21, 1) P
1. g1 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,21(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,32(k) is already in row echelon form and has maximal
row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,21(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M3,10(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,21(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M3,10(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (20, 2)→ P (21, 3) P
1. f2 ·MP (20,2)1→2 −MP (21,3)1→2 · f1 = 0
f2 ·MP (20,2)1→2 =
[13
13 1
8 0
]
·

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 =

3 3 3 3 1
3 1 0 0 0 0
3 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 1 0
1 0 0 0 0 1
8 0 0 0 0 0

·

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
 =

3 3
3 1 0
3 1 0
3 0 1
3 0 1
1 0 0
8 0 0

=

3 3
3 1 0
3 1 0
3 0 1
3 0 1
9 0 0

M
P (21,3)
1→2 · f1 =

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

·
[ 6
6 1
4 0
]
=

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

·

3 3
3 1 0
3 0 1
4 0 0
 =

3 3
3 1 0
3 1 0
3 0 1
3 0 1
5 0 0
4 0 0

=

3 3
3 1 0
3 1 0
3 0 1
3 0 1
9 0 0

f2 ·MP (20,2)1→2 −MP (21,3)1→2 · f1 =

3 3
3 1 0
3 1 0
3 0 1
3 0 1
9 0 0
−

3 3
3 1 0
3 1 0
3 0 1
3 0 1
9 0 0
 =
[ 6
21 0
]
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2. f3 ·MP (20,2)2→3 −MP (21,3)2→3 · f2 = 0
f3 ·MP (20,2)2→3 =
[21
21 1
11 0
]
·

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

2 2 2 2 2 3 1 3 1 3
2 1 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1
11 0 0 0 0 0 0 0 0 0 0

·

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1
11 0 0 0 0 0 0

M
P (21,3)
2→3 · f2 =

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

·
[13
13 1
8 0
]
=

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

·

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
8 0 0 0 0 0 0

=

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1
3 0 0 0 0 0 0
8 0 0 0 0 0 0

=

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1
11 0 0 0 0 0 0

f3 ·MP (20,2)2→3 −MP (21,3)2→3 · f2 =

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1
11 0 0 0 0 0 0

−

2 2 2 3 1 3
2 1 0 0 0 0 0
2 0 1 0 0 0 0
2 1 0 1 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1
11 0 0 0 0 0 0

=
[13
32 0
]
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3. f3 ·MP (20,2)4→3 −MP (21,3)4→3 · f4 = 0
f3 ·MP (20,2)4→3 =
[21
21 1
11 0
]
·

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 =

7 3 7 4
7 1 0 0 0
3 0 1 0 0
7 0 0 1 0
4 0 0 0 1
11 0 0 0 0
 ·

7 7
7 1 0
3 0 0
7 0 1
4 0 0
 =

7 7
7 1 0
3 0 0
7 0 1
4 0 0
11 0 0
 =

7 7
7 1 0
3 0 0
7 0 1
15 0 0

M
P (21,3)
4→3 · f4 =

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

·
[14
14 1
7 0
]
=

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

·

7 7
7 1 0
7 0 1
7 0 0
 =

7 7
7 1 0
3 0 0
7 0 1
4 0 0
7 0 0
4 0 0

=

7 7
7 1 0
3 0 0
7 0 1
15 0 0

f3 ·MP (20,2)4→3 −MP (21,3)4→3 · f4 =

7 7
7 1 0
3 0 0
7 0 1
15 0 0
−

7 7
7 1 0
3 0 0
7 0 1
15 0 0
 =
[14
32 0
]
4. f4 ·MP (20,2)5→4 −MP (21,3)5→4 · f5 = 0
f4 ·MP (20,2)5→4 =
[14
14 1
7 0
]
·

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 =

3 4 4 3
3 1 0 0 0
4 0 1 0 0
4 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

3 4
3 1 0
4 0 0
4 0 1
3 0 0
 =

3 4
3 1 0
4 0 0
4 0 1
3 0 0
7 0 0
 =

3 4
3 1 0
4 0 0
4 0 1
10 0 0

M
P (21,3)
5→4 · f5 =

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

·
[ 7
7 1
3 0
]
=

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

·

3 4
3 1 0
4 0 1
3 0 0
 =

3 4
3 1 0
4 0 0
4 0 1
3 0 0
3 0 0
4 0 0

=

3 4
3 1 0
4 0 0
4 0 1
10 0 0

f4 ·MP (20,2)5→4 −MP (21,3)5→4 · f5 =

3 4
3 1 0
4 0 0
4 0 1
10 0 0
−

3 4
3 1 0
4 0 0
4 0 1
10 0 0
 =
[ 7
21 0
]
5. f3 ·MP (20,2)6→3 −MP (21,3)6→3 · f6 = 0
f3 ·MP (20,2)6→3 =
[21
21 1
11 0
]
·

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 =

3 7 4 7
3 1 0 0 0
7 0 1 0 0
4 0 0 1 0
7 0 0 0 1
11 0 0 0 0
 ·

7 7
3 0 0
7 1 0
4 0 0
7 0 1
 =

7 7
3 0 0
7 1 0
4 0 0
7 0 1
11 0 0

M
P (21,3)
6→3 · f6 =

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·
[14
14 1
7 0
]
=

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

7 7
7 1 0
7 0 1
3 0 0
1 0 0
3 0 0
 =

7 7
3 0 0
7 1 0
4 0 0
7 0 1
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0

=

7 7
3 0 0
7 1 0
4 0 0
7 0 1
11 0 0

f3 ·MP (20,2)6→3 −MP (21,3)6→3 · f6 =

7 7
3 0 0
7 1 0
4 0 0
7 0 1
11 0 0
−

7 7
3 0 0
7 1 0
4 0 0
7 0 1
11 0 0
 =
[14
32 0
]
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6. f6 ·MP (20,2)7→6 −MP (21,3)7→6 · f7 = 0
f6 ·MP (20,2)7→6 =
[14
14 1
7 0
]
·

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=

3 1 3 3 1 3
3 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
7 0 0 0 0 0 0

·

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

M
P (21,3)
7→6 · f7 =

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

·
[ 7
7 1
3 0
]
=

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
1 0 0 0
2 0 0 0
 =

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
3 0 0 1
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0

=

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

f6 ·MP (20,2)7→6 −MP (21,3)7→6 · f7 =

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

−

3 1 3
3 0 0 0
1 0 1 0
3 1 0 0
3 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

=
[ 7
21 0
]
Relations of the projection g : P (21, 3)→ P (21, 1) P
1. g2 ·MP (21,3)1→2 −MP (21,1)1→2 · g1 = 0
g2 ·MP (21,3)1→2 =
[13 8
8 0 1
]
·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

=
[ 3 3 3 3 1 4 4
4 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
]
·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
1 0 0 0
4 0 0 0
4 0 0 1

=
[ 3 3 4
4 0 0 0
4 0 0 1
]
=
[ 6 4
4 0 0
4 0 1
]
M
P (21,1)
1→2 · g1 =
[ 4
4 0
4 1
]
·
[ 6 4
4 0 1
]
=
[ 6 4
4 0 0
4 0 1
]
g2 ·MP (21,3)1→2 −MP (21,1)1→2 · g1 =
[ 6 4
4 0 0
4 0 1
]
−
[ 6 4
4 0 0
4 0 1
]
=
[10
8 0
]
2. g3 ·MP (21,3)2→3 −MP (21,1)2→3 · g2 = 0
g3 ·MP (21,3)2→3 =
[21 11
11 0 1
]
·

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

=
[ 2 2 2 2 2 3 1 3 1 3 3 8
3 0 0 0 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 0 0 0 1
]
·

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

=
[ 2 2 2 3 1 3 8
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1
]
=
[13 8
3 0 0
8 0 1
]
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M
P (21,1)
2→3 · g2 =
[ 8
3 0
8 1
]
·
[13 8
8 0 1
]
=
[13 8
3 0 0
8 0 1
]
g3 ·MP (21,3)2→3 −MP (21,1)2→3 · g2 =
[13 8
3 0 0
8 0 1
]
−
[13 8
3 0 0
8 0 1
]
=
[21
11 0
]
3. g3 ·MP (21,3)4→3 −MP (21,1)4→3 · g4 = 0
g3 ·MP (21,3)4→3 =
[21 11
11 0 1
]
·

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

=
[ 7 3 7 4 7 4
7 0 0 0 0 1 0
4 0 0 0 0 0 1
]
·

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

=
[ 7 7 7
7 0 0 1
4 0 0 0
]
=
[14 7
7 0 1
4 0 0
]
M
P (21,1)
4→3 · g4 =
[ 7
7 1
4 0
]
·
[14 7
7 0 1
]
=
[14 7
7 0 1
4 0 0
]
g3 ·MP (21,3)4→3 −MP (21,1)4→3 · g4 =
[14 7
7 0 1
4 0 0
]
−
[14 7
7 0 1
4 0 0
]
=
[21
11 0
]
4. g4 ·MP (21,3)5→4 −MP (21,1)5→4 · g5 = 0
g4 ·MP (21,3)5→4 =
[14 7
7 0 1
]
·

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

=
[ 3 4 4 3 3 4
3 0 0 0 0 1 0
4 0 0 0 0 0 1
]
·

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

=
[ 3 4 3
3 0 0 1
4 0 0 0
]
=
[ 7 3
3 0 1
4 0 0
]
M
P (21,1)
5→4 · g5 =
[ 3
3 1
4 0
]
·
[ 7 3
3 0 1
]
=
[ 7 3
3 0 1
4 0 0
]
g4 ·MP (21,3)5→4 −MP (21,1)5→4 · g5 =
[ 7 3
3 0 1
4 0 0
]
−
[ 7 3
3 0 1
4 0 0
]
=
[10
7 0
]
5. g3 ·MP (21,3)6→3 −MP (21,1)6→3 · g6 = 0
g3 ·MP (21,3)6→3 =
[21 11
11 0 1
]
·

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

3 7 4 7 3 1 3 1 3
3 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
 ·

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

7 7 3 1 3
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
 =

14 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
P (21,1)
6→3 · g6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[14 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

14 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

14 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

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g3 ·MP (21,3)6→3 −MP (21,1)6→3 · g6 =

14 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
−

14 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
 =
[21
11 0
]
6. g6 ·MP (21,3)7→6 −MP (21,1)7→6 · g7 = 0
g6 ·MP (21,3)7→6 =
[14 7
7 0 1
]
·

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

=

3 1 3 2 1 1 3 1 2 1 2 1
1 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1
 ·

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

=

3 1 3 1 2
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0
 =

7 3
3 0 1
3 0 1
1 0 0

M
P (21,1)
7→6 · g7 =

3
3 1
3 1
1 0
 · [ 7 33 0 1 ] =

7 3
3 0 1
3 0 1
1 0 0

g6 ·MP (21,3)7→6 −MP (21,1)7→6 · g7 =

7 3
3 0 1
3 0 1
1 0 0
−

7 3
3 0 1
3 0 1
1 0 0
 = [107 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[13 8
8 0 1
]
·
[13
13 1
8 0
]
=
[13
8 0
]
3. g3 · f3 = 0
g3 · f3 =
[21 11
11 0 1
]
·
[21
21 1
11 0
]
=
[21
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[14 7
7 0 1
]
·
[14
14 1
7 0
]
=
[14
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 7 3
3 0 1
]
·
[ 7
7 1
3 0
]
=
[ 7
3 0
]
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6. g6 · f6 = 0
g6 · f6 =
[14 7
7 0 1
]
·
[14
14 1
7 0
]
=
[14
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 7 3
3 0 1
]
·
[ 7
7 1
3 0
]
=
[ 7
3 0
]
133.4.2 0→ P (19, 1) f→ P (21, 3) g→ P (21, 2)→ 0 
PdimP (19, 1) + dimP (21, 2) = (3, 6, 10, 7, 3, 7, 3) + (7, 15, 22, 14, 7, 14, 7)
= (10, 21, 32, 21, 10, 21, 10) = dimP (21, 3)
Pdimk Ext
1
kQ(P (21, 2), P (19, 1)) = dimk HomkQ(P (21, 2), P (19, 1))− 〈dimP (21, 2),dimP (19, 1)〉
= 0− 〈(7, 15, 22, 14, 7, 14, 7), (3, 6, 10, 7, 3, 7, 3)〉
= 7 · 6 + 15 · 10 + 14 · 10 + 7 · 7 + 14 · 10 + 7 · 7− (7 · 3 + 15 · 6 + 22 · 10 + 14 · 7 + 7 · 3 + 14 · 7 + 7 · 3)
= 42 + 150 + 140 + 49 + 140 + 49− (21 + 90 + 220 + 98 + 21 + 98 + 21)
= 1
Matrices of the embedding f : P (19, 1)→ P (21, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M21,6(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M32,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M21,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M21,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (21, 3)→ P (21, 2) P
1. g1 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,21(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,32(k) is already in row echelon form and has maximal
row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M14,21(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M14,21(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : P (19, 1)→ P (21, 3) P
1. f2 ·MP (19,1)1→2 −MP (21,3)1→2 · f1 = 0
f2 ·MP (19,1)1→2 =
[ 6
6 1
15 0
]
·
[ 3
3 1
3 1
]
=

3 3
3 1 0
3 0 1
15 0 0
 · [
3
3 1
3 1
]
=

3
3 1
3 1
15 0

M
P (21,3)
1→2 · f1 =

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

·
[ 3
3 1
7 0
]
=

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

·

3
3 1
3 0
4 0
 =

3
3 1
3 1
3 0
3 0
5 0
4 0

=

3
3 1
3 1
15 0

f2 ·MP (19,1)1→2 −MP (21,3)1→2 · f1 =

3
3 1
3 1
15 0
−

3
3 1
3 1
15 0
 = [ 321 0 ]
2. f3 ·MP (19,1)2→3 −MP (21,3)2→3 · f2 = 0
f3 ·MP (19,1)2→3 =
[10
10 1
22 0
]
·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2 2 2
2 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
22 0 0 0 0 0

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
22 0 0 0

M
P (21,3)
2→3 · f2 =

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

·
[ 6
6 1
15 0
]
=

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

·

2 2 2
2 1 0 0
2 0 1 0
2 0 0 1
3 0 0 0
1 0 0 0
3 0 0 0
8 0 0 0

=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
3 0 0 0
1 0 0 0
3 0 0 0
1 0 0 0
3 0 0 0
3 0 0 0
8 0 0 0

=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
22 0 0 0

f3 ·MP (19,1)2→3 −MP (21,3)2→3 · f2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
22 0 0 0

−

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
22 0 0 0

=
[ 6
32 0
]
3. f3 ·MP (19,1)4→3 −MP (21,3)4→3 · f4 = 0
f3 ·MP (19,1)4→3 =
[10
10 1
22 0
]
·
[ 7
7 1
3 0
]
=

7 3
7 1 0
3 0 1
22 0 0
 · [
7
7 1
3 0
]
=

7
7 1
3 0
22 0
 = [
7
7 1
25 0
]
M
P (21,3)
4→3 · f4 =

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

·
[ 7
7 1
14 0
]
=

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

·

7
7 1
7 0
7 0
 =

7
7 1
3 0
7 0
4 0
7 0
4 0

=
[ 7
7 1
25 0
]
f3 ·MP (19,1)4→3 −MP (21,3)4→3 · f4 =
[ 7
7 1
25 0
]
−
[ 7
7 1
25 0
]
=
[ 7
32 0
]
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4. f4 ·MP (19,1)5→4 −MP (21,3)5→4 · f5 = 0
f4 ·MP (19,1)5→4 =
[ 7
7 1
14 0
]
·
[ 3
3 1
4 0
]
=

3 4
3 1 0
4 0 1
14 0 0
 · [
3
3 1
4 0
]
=

3
3 1
4 0
14 0
 = [
3
3 1
18 0
]
M
P (21,3)
5→4 · f5 =

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

·
[ 3
3 1
7 0
]
=

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

·

3
3 1
4 0
3 0
 =

3
3 1
4 0
4 0
3 0
3 0
4 0

=
[ 3
3 1
18 0
]
f4 ·MP (19,1)5→4 −MP (21,3)5→4 · f5 =
[ 3
3 1
18 0
]
−
[ 3
3 1
18 0
]
=
[ 3
21 0
]
5. f3 ·MP (19,1)6→3 −MP (21,3)6→3 · f6 = 0
f3 ·MP (19,1)6→3 =
[10
10 1
22 0
]
·
[ 7
3 0
7 1
]
=

3 7
3 1 0
7 0 1
22 0 0
 · [
7
3 0
7 1
]
=

7
3 0
7 1
22 0

M
P (21,3)
6→3 · f6 =

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 7
7 1
14 0
]
=

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

7
7 1
7 0
3 0
1 0
3 0
 =

7
3 0
7 1
4 0
7 0
3 0
1 0
3 0
1 0
3 0

=

7
3 0
7 1
22 0

f3 ·MP (19,1)6→3 −MP (21,3)6→3 · f6 =

7
3 0
7 1
22 0
−

7
3 0
7 1
22 0
 = [ 732 0 ]
6. f6 ·MP (19,1)7→6 −MP (21,3)7→6 · f7 = 0
f6 ·MP (19,1)7→6 =
[ 7
7 1
14 0
]
·
[ 3
4 0
3 1
]
=

4 3
4 1 0
3 0 1
14 0 0
 · [
3
4 0
3 1
]
=

3
4 0
3 1
14 0

M
P (21,3)
7→6 · f7 =

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

·
[ 3
3 1
7 0
]
=

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

·

3
3 1
1 0
3 0
1 0
2 0
 =

3
3 0
1 0
3 1
2 0
1 0
1 0
3 0
1 0
2 0
1 0
2 0
1 0

=

3
4 0
3 1
14 0

f6 ·MP (19,1)7→6 −MP (21,3)7→6 · f7 =

3
4 0
3 1
14 0
−

3
4 0
3 1
14 0
 = [ 321 0 ]
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Relations of the projection g : P (21, 3)→ P (21, 2) P
1. g2 ·MP (21,3)1→2 −MP (21,2)1→2 · g1 = 0
g2 ·MP (21,3)1→2 =
[ 6 15
15 0 1
]
·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

=

3 3 3 3 5 4
3 0 0 1 0 0 0
3 0 0 0 1 0 0
5 0 0 0 0 1 0
4 0 0 0 0 0 1
 ·

3 3 4
3 1 0 0
3 1 0 0
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

=

3 3 4
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

M
P (21,2)
1→2 · g1 =

3 4
3 1 0
3 1 0
5 0 0
4 0 1
 ·
[ 3 7
7 0 1
]
=

3 4
3 1 0
3 1 0
5 0 0
4 0 1
 ·
[ 3 3 4
3 0 1 0
4 0 0 1
]
=

3 3 4
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1

g2 ·MP (21,3)1→2 −MP (21,2)1→2 · g1 =

3 3 4
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1
−

3 3 4
3 0 1 0
3 0 1 0
5 0 0 0
4 0 0 1
 =
[10
15 0
]
2. g3 ·MP (21,3)2→3 −MP (21,2)2→3 · g2 = 0
g3 ·MP (21,3)2→3 =
[10 22
22 0 1
]
·

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

=

2 2 2 2 2 3 1 3 1 3 3 8
3 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 0 0 0 1

·

2 2 2 3 1 3 8
2 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

=

2 2 2 3 1 3 8
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0
8 0 0 0 0 0 0 1

=

6 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 0
8 0 0 0 0 1

M
P (21,2)
2→3 · g2 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

·
[ 6 15
15 0 1
]
=

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

·

6 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
 =

6 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 0
8 0 0 0 0 1

g3 ·MP (21,3)2→3 −MP (21,2)2→3 · g2 =

6 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 0
8 0 0 0 0 1

−

6 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 0
8 0 0 0 0 1

=
[21
22 0
]
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3. g3 ·MP (21,3)4→3 −MP (21,2)4→3 · g4 = 0
g3 ·MP (21,3)4→3 =
[10 22
22 0 1
]
·

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

=

7 3 7 4 7 4
7 0 0 1 0 0 0
4 0 0 0 1 0 0
7 0 0 0 0 1 0
4 0 0 0 0 0 1
 ·

7 7 7
7 1 0 0
3 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

=

7 7 7
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

M
P (21,2)
4→3 · g4 =

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 ·
[ 7 14
14 0 1
]
=

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 ·
[ 7 7 7
7 0 1 0
7 0 0 1
]
=

7 7 7
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0

g3 ·MP (21,3)4→3 −MP (21,2)4→3 · g4 =

7 7 7
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0
−

7 7 7
7 0 1 0
4 0 0 0
7 0 0 1
4 0 0 0
 =
[21
22 0
]
4. g4 ·MP (21,3)5→4 −MP (21,2)5→4 · g5 = 0
g4 ·MP (21,3)5→4 =
[ 7 14
14 0 1
]
·

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

=

3 4 4 3 3 4
4 0 0 1 0 0 0
3 0 0 0 1 0 0
3 0 0 0 0 1 0
4 0 0 0 0 0 1
 ·

3 4 3
3 1 0 0
4 0 0 0
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

=

3 4 3
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

M
P (21,2)
5→4 · g5 =

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 ·
[ 3 7
7 0 1
]
=

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 ·
[ 3 4 3
4 0 1 0
3 0 0 1
]
=

3 4 3
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0

g4 ·MP (21,3)5→4 −MP (21,2)5→4 · g5 =

3 4 3
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0
−

3 4 3
4 0 1 0
3 0 0 0
3 0 0 1
4 0 0 0
 =
[10
14 0
]
5. g3 ·MP (21,3)6→3 −MP (21,2)6→3 · g6 = 0
g3 ·MP (21,3)6→3 =
[10 22
22 0 1
]
·

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

3 7 4 7 3 1 3 1 3
4 0 0 1 0 0 0 0 0 0
7 0 0 0 1 0 0 0 0 0
3 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1

·

7 7 3 1 3
3 0 0 0 0 0
7 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

7 7 3 1 3
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

M
P (21,2)
6→3 · g6 =

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

·
[ 7 14
14 0 1
]
=

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

·

7 7 3 1 3
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
 =

7 7 3 1 3
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

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g3 ·MP (21,3)6→3 −MP (21,2)6→3 · g6 =

7 7 3 1 3
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

−

7 7 3 1 3
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=
[21
22 0
]
6. g6 ·MP (21,3)7→6 −MP (21,2)7→6 · g7 = 0
g6 ·MP (21,3)7→6 =
[ 7 14
14 0 1
]
·

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

=

3 1 3 2 1 1 3 1 2 1 2 1
2 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
3 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1

·

3 1 3 1 2
3 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

=

3 1 3 1 2
2 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

=

3 4 1 2
2 0 0 0 0
1 0 0 1 0
4 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

M
P (21,2)
7→6 · g7 =

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

·
[ 3 7
7 0 1
]
=

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

·

3 4 1 2
4 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

3 4 1 2
2 0 0 0 0
1 0 0 1 0
4 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

g6 ·MP (21,3)7→6 −MP (21,2)7→6 · g7 =

3 4 1 2
2 0 0 0 0
1 0 0 1 0
4 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

−

3 4 1 2
2 0 0 0 0
1 0 0 1 0
4 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

=
[10
14 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 15
15 0 1
]
·
[ 6
6 1
15 0
]
=
[ 6
15 0
]
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3. g3 · f3 = 0
g3 · f3 =
[10 22
22 0 1
]
·
[10
10 1
22 0
]
=
[10
22 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 14
14 0 1
]
·
[ 7
7 1
14 0
]
=
[ 7
14 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 14
14 0 1
]
·
[ 7
7 1
14 0
]
=
[ 7
14 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
133.5 Tree module property of P (6n+ 3, 3) 
The matrices of the representation have full (column) rank P
1. MP (6n+3,3)1→2 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

∈M6n+3,3n+1(k) is already in column echelon form and has maximal column rank.
2. MP (6n+3,3)2→3 =

2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M9n+5,6n+3(k) is already in column echelon form and has maximal column rank.
3. MP (6n+3,3)4→3 =

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

∈M9n+5,6n+3(k) is already in column echelon form and has maximal column rank.
4. MP (6n+3,3)5→4 =

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

∈M6n+3,3n+1(k) is already in column echelon form and has maximal column rank.
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5. MP (6n+3,3)6→3 =

2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[4n+2 2n+1
7n+4 0 0
2n+1 0 1
]
∈M9n+5,6n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+3,3)
6→3 =

2n+1 2n+1 n 1 n
n 0 0 0 0 0
2n+1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1

6. MP (6n+3,3)7→6 =

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

∈M6n+3,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+3,3)
7→6 =

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

c1↔c2−−−−→

1 n n 1 n−1
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

c3↔c4−−−−→

1 n 1 n n−1
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n−1 0 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0
n 0 0 0 1 0
1 0 0 1 0 0
n−1 0 0 0 0 1
1 0 0 1 0 0
n−1 0 0 0 0 1
1 0 0 0 0 0

133.5.1 0→ P (6n+ 2, 2) i→ P (6n+ 3, 3) p→ P (6n+ 3, 1)→ 0 
PdimP (6n+ 2, 2) + dimP (6n+ 3, 1) = (2n, 4n+ 1, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) + (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n)
= (3n+ 1, 6n+ 3, 9n+ 5, 6n+ 3, 3n+ 1, 6n+ 3, 3n+ 1) = dimP (6n+ 3, 3)
Pdimk Ext
1
kQ(P (6n+ 3, 1), P (6n+ 2, 2)) = dimk HomkQ(P (6n+ 3, 1), P (6n+ 2, 2))− 〈dimP (6n+ 3, 1),dimP (6n+ 2, 2)〉
= 0− 〈(n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 1, n), (2n, 4n+ 1, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)〉
= (n+ 1) · (4n+ 1) + (2n+ 2) · (6n+ 3) + (2n+ 1) · (6n+ 3) + n · (4n+ 2) + (2n+ 1) · (6n+ 3) + n · (4n+ 2)
− ((n+ 1) · 2n+ (2n+ 2) · (4n+ 1) + (3n+ 2) · (6n+ 3) + (2n+ 1) · (4n+ 2) + n · (2n+ 1) + (2n+ 1) · (4n+ 2) + n · (2n+ 1))
= 4n2 + 5n+ 1 + 12n2 + 18n+ 6 + 12n2 + 12n+ 3 + 4n2 + 2n+ 12n2 + 12n+ 3 + 4n2 + 2n
− (2n2 + 2n+ 8n2 + 10n+ 2 + 18n2 + 21n+ 6 + 8n2 + 8n+ 2 + 2n2 + n+ 8n2 + 8n+ 2 + 2n2 + n)
= 1
Matrices of the embedding i : P (6n+ 2, 2)→ P (6n+ 3, 3) P
1. i1 =
[2n
2n 1
n+1 0
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n+1
4n+1 1
2n+2 0
]
∈M6n+3,4n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n+3
6n+3 1
3n+2 0
]
∈M9n+5,6n+3(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n+2
4n+2 1
2n+1 0
]
∈M6n+3,4n+2(k) is already in column echelon form and has maximal column rank.
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5. i5 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[4n+2
4n+2 1
2n+1 0
]
∈M6n+3,4n+2(k) is already in column echelon form and has maximal column rank.
7. i7 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 3, 3)→ P (6n+ 3, 1) P
1. p1 =
[2n n+1
n+1 0 1
]
∈Mn+1,3n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n+1 2n+2
2n+2 0 1
]
∈M2n+2,6n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n+3 3n+2
3n+2 0 1
]
∈M3n+2,9n+5(k) is already in row echelon form and has maximal row rank.
4. p4 =
[4n+2 2n+1
2n+1 0 1
]
∈M2n+1,6n+3(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n+1 n
n 0 1
]
∈Mn,3n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n+2 2n+1
2n+1 0 1
]
∈M2n+1,6n+3(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n+1 n
n 0 1
]
∈Mn,3n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 2, 2)→ P (6n+ 3, 3) P
1. i2 ·MP (6n+2,2)1→2 −MP (6n+3,3)1→2 · i1 = 0
i2 ·MP (6n+2,2)1→2 =
[4n+1
4n+1 1
2n+2 0
]
·

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 =

n n n n 1
n 1 0 0 0 0
n 0 1 0 0 0
n 0 0 1 0 0
n 0 0 0 1 0
1 0 0 0 0 1
2n+2 0 0 0 0 0

·

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
1 0 0
2n+2 0 0

=

n n
n 1 0
n 1 0
n 0 1
n 0 1
2n+3 0 0

M
P (6n+3,3)
1→2 · i1 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

·
[2n
2n 1
n+1 0
]
=

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

·

n n
n 1 0
n 0 1
n+1 0 0
 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
n+2 0 0
n+1 0 0

=

n n
n 1 0
n 1 0
n 0 1
n 0 1
2n+3 0 0

i2 ·MP (6n+2,2)1→2 −MP (6n+3,3)1→2 · i1 =

n n
n 1 0
n 1 0
n 0 1
n 0 1
2n+3 0 0
−

n n
n 1 0
n 1 0
n 0 1
n 0 1
2n+3 0 0
 =
[2n
6n+3 0
]
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2. i3 ·MP (6n+2,2)2→3 −MP (6n+3,3)2→3 · i2 = 0
i3 ·MP (6n+2,2)2→3 =
[6n+3
6n+3 1
3n+2 0
]
·


2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1


=

2n n+1 2n+1 n+1
2n 1 0 0 0
n+1 0 1 0 0
2n+1 0 0 1 0
n+1 0 0 0 1
3n+2 0 0 0 0
 ·

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
+

n+1 2n n+1 2n+1
n+1 1 0 0 0
2n 0 1 0 0
n+1 0 0 1 0
2n+1 0 0 0 1
3n+2 0 0 0 0
 ·

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1

=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
3n+2 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0
 =

n+1 n−1 n+1 n
n+1 1 0 0 0
n−1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
3n+2 0 0 0 0

+

n−1 n+1 n n+1
n+1 0 0 0 0
n−1 1 0 0 0
n+1 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
3n+2 0 0 0 0

=

n−1 2 n−1 n 1 n
n−1 1 0 0 0 0 0
2 0 1 0 0 0 0
n−1 1 0 1 0 0 0
2 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1
3n+2 0 0 0 0 0 0

M
P (6n+3,3)
2→3 · i2 =


2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·
[4n+1
4n+1 1
2n+2 0
]
=

2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
 ·

2n 2n+1
2n 1 0
2n+1 0 1
2n+2 0 0
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ·

2n 2n+1
2n 1 0
2n+1 0 1
2n+2 0 0

=

2n 2n+1
2n 1 0
n+1 0 0
2n+1 0 1
2n+1 0 0
2n+2 0 0
+

2n 2n+1
n+1 0 0
2n 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0
 =

n+1 n−1 n+1 n
n+1 1 0 0 0
n−1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
n 0 0 0 0
2n+2 0 0 0 0

+

n−1 n+1 n n+1
n+1 0 0 0 0
n−1 1 0 0 0
n+1 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0
2n+2 0 0 0 0

=

n−1 2 n−1 n 1 n
n−1 1 0 0 0 0 0
2 0 1 0 0 0 0
n−1 1 0 1 0 0 0
2 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1
3n+2 0 0 0 0 0 0

i3 ·MP (6n+2,2)2→3 −MP (6n+3,3)2→3 · i2 =

n−1 2 n−1 n 1 n
n−1 1 0 0 0 0 0
2 0 1 0 0 0 0
n−1 1 0 1 0 0 0
2 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1
3n+2 0 0 0 0 0 0

−

n−1 2 n−1 n 1 n
n−1 1 0 0 0 0 0
2 0 1 0 0 0 0
n−1 1 0 1 0 0 0
2 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1
3n+2 0 0 0 0 0 0

=
[4n+1
9n+5 0
]
3. i3 ·MP (6n+2,2)4→3 −MP (6n+3,3)4→3 · i4 = 0
i3 ·MP (6n+2,2)4→3 =
[6n+3
6n+3 1
3n+2 0
]
·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 =

2n+1 n 2n+1 n+1
2n+1 1 0 0 0
n 0 1 0 0
2n+1 0 0 1 0
n+1 0 0 0 1
3n+2 0 0 0 0
 ·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
3n+2 0 0
 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
4n+3 0 0

M
P (6n+3,3)
4→3 · i4 =

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

·
[4n+2
4n+2 1
2n+1 0
]
=

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

·

2n+1 2n+1
2n+1 1 0
2n+1 0 1
2n+1 0 0
 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n+1 0 0
2n+1 0 0
n+1 0 0

=

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
4n+3 0 0

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i3 ·MP (6n+2,2)4→3 −MP (6n+3,3)4→3 · i4 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
4n+3 0 0
−

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
4n+3 0 0
 =
[4n+2
9n+5 0
]
4. i4 ·MP (6n+2,2)5→4 −MP (6n+3,3)5→4 · i5 = 0
i4 ·MP (6n+2,2)5→4 =
[4n+2
4n+2 1
2n+1 0
]
·

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 =

n n+1 n+1 n
n 1 0 0 0
n+1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
2n+1 0 0
 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
3n+1 0 0

M
P (6n+3,3)
5→4 · i5 =

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

·
[2n+1
2n+1 1
n 0
]
=

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

·

n n+1
n 1 0
n+1 0 1
n 0 0
 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
n 0 0
n 0 0
n+1 0 0

=

n n+1
n 1 0
n+1 0 0
n+1 0 1
3n+1 0 0

i4 ·MP (6n+2,2)5→4 −MP (6n+3,3)5→4 · i5 =

n n+1
n 1 0
n+1 0 0
n+1 0 1
3n+1 0 0
−

n n+1
n 1 0
n+1 0 0
n+1 0 1
3n+1 0 0
 =
[2n+1
6n+3 0
]
5. i3 ·MP (6n+2,2)6→3 −MP (6n+3,3)6→3 · i6 = 0
i3 ·MP (6n+2,2)6→3 =
[6n+3
6n+3 1
3n+2 0
]
·

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 =

n 2n+1 n+1 2n+1
n 1 0 0 0
2n+1 0 1 0 0
n+1 0 0 1 0
2n+1 0 0 0 1
3n+2 0 0 0 0
 ·

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0

M
P (6n+3,3)
6→3 · i6 =


2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[4n+2 2n+1
7n+4 0 0
2n+1 0 1
]

·
[4n+2
4n+2 1
2n+1 0
]
=

2n+1 2n+1 2n+1
n 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0

·

2n+1 2n+1
2n+1 1 0
2n+1 0 1
2n+1 0 0
+ [
4n+2 2n+1
7n+4 0 0
2n+1 0 1
]
·
[4n+2
4n+2 1
2n+1 0
]
=

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
2n+1 0 0
n+1 0 0

+
[4n+2
7n+4 0
2n+1 0
]
=

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
n 0 0
n+1 0 0

+

2n+1 2n+1
n 0 0
2n+1 0 0
n+1 0 0
2n+1 0 0
n+1 0 0
n 0 0
n+1 0 0

=

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0

i3 ·MP (6n+2,2)6→3 −MP (6n+3,3)6→3 · i6 =

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0
−

2n+1 2n+1
n 0 0
2n+1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0
 =
[4n+2
9n+5 0
]
6. i6 ·MP (6n+2,2)7→6 −MP (6n+3,3)7→6 · i7 = 0
i6 ·MP (6n+2,2)7→6 =
[4n+2
4n+2 1
2n+1 0
]
·

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

=

n 1 n n 1 n
n 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
2n+1 0 0 0 0 0 0

·

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1

=

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

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M
P (6n+3,3)
7→6 · i7 =

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

·
[2n+1
2n+1 1
n 0
]
=

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n−1 0 0 0
 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n−1 0 0 0
1 0 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0

=

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

i6 ·MP (6n+2,2)7→6 −MP (6n+3,3)7→6 · i7 =

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

−

n 1 n
n 0 0 0
1 0 1 0
n 1 0 0
n 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

=
[2n+1
6n+3 0
]
Relations of the projection p : P (6n+ 3, 3)→ P (6n+ 3, 1) P
1. p2 ·MP (6n+3,3)1→2 −MP (6n+3,1)1→2 · p1 = 0
p2 ·MP (6n+3,3)1→2 =
[4n+1 2n+2
2n+2 0 1
]
·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

=
[ n n n n 1 n+1 n+1
n+1 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 1
]
·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+1 0 0 0
n+1 0 0 1

=
[ n n n+1
n+1 0 0 0
n+1 0 0 1
]
=
[2n n+1
n+1 0 0
n+1 0 1
]
M
P (6n+3,1)
1→2 · p1 =
[n+1
n+1 0
n+1 1
]
·
[2n n+1
n+1 0 1
]
=
[2n n+1
n+1 0 0
n+1 0 1
]
p2 ·MP (6n+3,3)1→2 −MP (6n+3,1)1→2 · p1 =
[2n n+1
n+1 0 0
n+1 0 1
]
−
[2n n+1
n+1 0 0
n+1 0 1
]
=
[3n+1
2n+2 0
]
2. p3 ·MP (6n+3,3)2→3 −MP (6n+3,1)2→3 · p2 = 0
p3 ·MP (6n+3,3)2→3 =
[6n+3 3n+2
3n+2 0 1
]
·


2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=
[2n n+1 2n+1 n+1 n 2n+2
n 0 0 0 0 1 0
2n+2 0 0 0 0 0 1
]
·

2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
n 0 0 0
2n+2 0 0 1

+
[n+1 2n n+1 2n+1 3n+2
3n+2 0 0 0 0 1
]
·

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0

=
[2n 2n+1 2n+2
n 0 0 0
2n+2 0 0 1
]
+
[2n 2n+1 2n+2
3n+2 0 0 0
]
=
[2n 2n+1 2n+2
n 0 0 0
2n+2 0 0 1
]
+
[2n 2n+1 2n+2
n 0 0 0
2n+2 0 0 0
]
=
[4n+1 2n+2
n 0 0
2n+2 0 1
]
M
P (6n+3,1)
2→3 · p2 =
[2n+2
n 0
2n+2 1
]
·
[4n+1 2n+2
2n+2 0 1
]
=
[4n+1 2n+2
n 0 0
2n+2 0 1
]
p3 ·MP (6n+3,3)2→3 −MP (6n+3,1)2→3 · p2 =
[4n+1 2n+2
n 0 0
2n+2 0 1
]
−
[4n+1 2n+2
n 0 0
2n+2 0 1
]
=
[6n+3
3n+2 0
]
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3. p3 ·MP (6n+3,3)4→3 −MP (6n+3,1)4→3 · p4 = 0
p3 ·MP (6n+3,3)4→3 =
[6n+3 3n+2
3n+2 0 1
]
·

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

=
[2n+1 n 2n+1 n+1 2n+1 n+1
2n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

=
[2n+1 2n+1 2n+1
2n+1 0 0 1
n+1 0 0 0
]
=
[4n+2 2n+1
2n+1 0 1
n+1 0 0
]
M
P (6n+3,1)
4→3 · p4 =
[2n+1
2n+1 1
n+1 0
]
·
[4n+2 2n+1
2n+1 0 1
]
=
[4n+2 2n+1
2n+1 0 1
n+1 0 0
]
p3 ·MP (6n+3,3)4→3 −MP (6n+3,1)4→3 · p4 =
[4n+2 2n+1
2n+1 0 1
n+1 0 0
]
−
[4n+2 2n+1
2n+1 0 1
n+1 0 0
]
=
[6n+3
3n+2 0
]
4. p4 ·MP (6n+3,3)5→4 −MP (6n+3,1)5→4 · p5 = 0
p4 ·MP (6n+3,3)5→4 =
[4n+2 2n+1
2n+1 0 1
]
·

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

=
[ n n+1 n+1 n n n+1
n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

=
[ n n+1 n
n 0 0 1
n+1 0 0 0
]
=
[2n+1 n
n 0 1
n+1 0 0
]
M
P (6n+3,1)
5→4 · p5 =
[ n
n 1
n+1 0
]
·
[2n+1 n
n 0 1
]
=
[2n+1 n
n 0 1
n+1 0 0
]
p4 ·MP (6n+3,3)5→4 −MP (6n+3,1)5→4 · p5 =
[2n+1 n
n 0 1
n+1 0 0
]
−
[2n+1 n
n 0 1
n+1 0 0
]
=
[3n+1
2n+1 0
]
5. p3 ·MP (6n+3,3)6→3 −MP (6n+3,1)6→3 · p6 = 0
p3 ·MP (6n+3,3)6→3 =
[6n+3 3n+2
3n+2 0 1
]
·


2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[4n+2 2n+1
7n+4 0 0
2n+1 0 1
]

=
[ n 2n+1 n+1 2n+1 2n+1 n+1
2n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

2n+1 2n+1 2n+1
n 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0

+
[6n+3 n+1 2n+1
n+1 0 1 0
2n+1 0 0 1
]
·

4n+2 2n+1
6n+3 0 0
n+1 0 0
2n+1 0 1

=
[2n+1 2n+1 2n+1
2n+1 0 0 1
n+1 0 0 0
]
+
[4n+2 2n+1
n+1 0 0
2n+1 0 1
]
=

2n+1 2n+1 n+1 n
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
+

2n+1 2n+1 n n+1
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

4n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
P (6n+3,1)
6→3 · p6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[4n+2 2n+1
2n+1 0 1
]
=
[2n+1
2n+1 1
n+1 0
]
·
[4n+2 2n+1
2n+1 0 1
]
+
[2n+1
n+1 0
2n+1 1
]
·
[4n+2 2n+1
2n+1 0 1
]
=
[4n+2 2n+1
2n+1 0 1
n+1 0 0
]
+
[4n+2 2n+1
n+1 0 0
2n+1 0 1
]
=

4n+2 n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

4n+2 n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

4n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

p3 ·MP (6n+3,3)6→3 −MP (6n+3,1)6→3 · p6 =

4n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
−

4n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
 =
[6n+3
3n+2 0
]
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6. p6 ·MP (6n+3,3)7→6 −MP (6n+3,1)7→6 · p7 = 0
p6 ·MP (6n+3,3)7→6 =
[4n+2 2n+1
2n+1 0 1
]
·

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

=

n 1 n n−1 1 1 n 1 n−1 1 n−1 1
1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
n−1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1
 ·

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

=

n 1 n 1 n−1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0
 =

2n+1 n
n 0 1
n 0 1
1 0 0

M
P (6n+3,1)
7→6 · p7 =

n
n 1
n 1
1 0
 · [2n+1 nn 0 1 ] =

2n+1 n
n 0 1
n 0 1
1 0 0

p6 ·MP (6n+3,3)7→6 −MP (6n+3,1)7→6 · p7 =

2n+1 n
n 0 1
n 0 1
1 0 0
−

2n+1 n
n 0 1
n 0 1
1 0 0
 = [3n+12n+1 0 ]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n n+1
n+1 0 1
]
·
[2n
2n 1
n+1 0
]
=
[2n
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n+1 2n+2
2n+2 0 1
]
·
[4n+1
4n+1 1
2n+2 0
]
=
[4n+1
2n+2 0
]
3. p3 · i3 = 0
p3 · i3 =
[6n+3 3n+2
3n+2 0 1
]
·
[6n+3
6n+3 1
3n+2 0
]
=
[6n+3
3n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n+2 2n+1
2n+1 0 1
]
·
[4n+2
4n+2 1
2n+1 0
]
=
[4n+2
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n+1 n
n 0 1
]
·
[2n+1
2n+1 1
n 0
]
=
[2n+1
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[4n+2 2n+1
2n+1 0 1
]
·
[4n+2
4n+2 1
2n+1 0
]
=
[4n+2
2n+1 0
]
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7. p7 · i7 = 0
p7 · i7 =
[2n+1 n
n 0 1
]
·
[2n+1
2n+1 1
n 0
]
=
[2n+1
n 0
]
133.5.2 0→ P (6n+ 1, 1) i→ P (6n+ 3, 3) p→ P (6n+ 3, 2)→ 0 
PdimP (6n+ 1, 1) + dimP (6n+ 3, 2) = (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n) + (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)
= (3n+ 1, 6n+ 3, 9n+ 5, 6n+ 3, 3n+ 1, 6n+ 3, 3n+ 1) = dimP (6n+ 3, 3)
Pdimk Ext
1
kQ(P (6n+ 3, 2), P (6n+ 1, 1)) = dimk HomkQ(P (6n+ 3, 2), P (6n+ 1, 1))− 〈dimP (6n+ 3, 2),dimP (6n+ 1, 1)〉
= 0− 〈(2n+ 1, 4n+ 3, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1), (n, 2n, 3n+ 1, 2n+ 1, n, 2n+ 1, n)〉
= (2n+ 1) · 2n+ (4n+ 3) · (3n+ 1) + (4n+ 2) · (3n+ 1) + (2n+ 1) · (2n+ 1) + (4n+ 2) · (3n+ 1) + (2n+ 1) · (2n+ 1)
− ((2n+ 1) · n+ (4n+ 3) · 2n+ (6n+ 4) · (3n+ 1) + (4n+ 2) · (2n+ 1) + (2n+ 1) · n+ (4n+ 2) · (2n+ 1) + (2n+ 1) · n)
= 4n2 + 2n+ 12n2 + 13n+ 3 + 12n2 + 10n+ 2 + 4n2 + 4n+ 1 + 12n2 + 10n+ 2 + 4n2 + 4n+ 1
− (2n2 + n+ 8n2 + 6n+ 18n2 + 18n+ 4 + 8n2 + 8n+ 2 + 2n2 + n+ 8n2 + 8n+ 2 + 2n2 + n)
= 1
Matrices of the embedding i : P (6n+ 1, 1)→ P (6n+ 3, 3) P
1. i1 =
[ n
n 1
2n+1 0
]
∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n
2n 1
4n+3 0
]
∈M6n+3,2n(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+1
3n+1 1
6n+4 0
]
∈M9n+5,3n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
4n+2 0
]
∈M6n+3,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
2n+1 0
]
∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
4n+2 0
]
∈M6n+3,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
2n+1 0
]
∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 3, 3)→ P (6n+ 3, 2) P
1. p1 =
[ n 2n+1
2n+1 0 1
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n 4n+3
4n+3 0 1
]
∈M4n+3,6n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+1 6n+4
6n+4 0 1
]
∈M6n+4,9n+5(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 4n+2
4n+2 0 1
]
∈M4n+2,6n+3(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n 2n+1
2n+1 0 1
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 4n+2
4n+2 0 1
]
∈M4n+2,6n+3(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n 2n+1
2n+1 0 1
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding i : P (6n+ 1, 1)→ P (6n+ 3, 3) P
1. i2 ·MP (6n+1,1)1→2 −MP (6n+3,3)1→2 · i1 = 0
i2 ·MP (6n+1,1)1→2 =
[2n
2n 1
4n+3 0
]
·
[ n
n 1
n 1
]
=

n n
n 1 0
n 0 1
4n+3 0 0
 · [
n
n 1
n 1
]
=

n
n 1
n 1
4n+3 0

M
P (6n+3,3)
1→2 · i1 =

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

·
[ n
n 1
2n+1 0
]
=

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

·

n
n 1
n 0
n+1 0
 =

n
n 1
n 1
n 0
n 0
n+2 0
n+1 0

=

n
n 1
n 1
4n+3 0

i2 ·MP (6n+1,1)1→2 −MP (6n+3,3)1→2 · i1 =

n
n 1
n 1
4n+3 0
−

n
n 1
n 1
4n+3 0
 = [ n6n+3 0 ]
2. i3 ·MP (6n+1,1)2→3 −MP (6n+3,3)2→3 · i2 = 0
i3 ·MP (6n+1,1)2→3 =
[3n+1
3n+1 1
6n+4 0
]
·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] =

2n n+1
2n 1 0
n+1 0 1
6n+4 0 0
 · [
2n
2n 1
n+1 0
]
+

n+1 2n
n+1 1 0
2n 0 1
6n+4 0 0
 · [
2n
n+1 0
2n 1
]
=

2n
2n 1
n+1 0
6n+4 0
+

2n
n+1 0
2n 1
6n+4 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
6n+4 0 0
+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
6n+4 0 0
 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+4 0 0 0

M
P (6n+3,3)
2→3 · i2 =


2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·
[2n
2n 1
4n+3 0
]
=

2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
 ·

2n
2n 1
2n+1 0
2n+2 0
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ·

2n
2n 1
2n+1 0
2n+2 0

=

2n
2n 1
n+1 0
2n+1 0
2n+1 0
2n+2 0
+

2n
n+1 0
2n 1
n+1 0
2n+1 0
3n+2 0
 =

n+1 n−1
n+1 1 0
n−1 0 1
n+1 0 0
n+1 0 0
n 0 0
n+1 0 0
n 0 0
2n+2 0 0

+

n−1 n+1
n+1 0 0
n−1 1 0
n+1 0 1
n+1 0 0
n 0 0
n+1 0 0
n 0 0
2n+2 0 0

=

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+4 0 0 0

i3 ·MP (6n+1,1)2→3 −MP (6n+3,3)2→3 · i2 =

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+4 0 0 0

−

n−1 2 n−1
n−1 1 0 0
2 0 1 0
n−1 1 0 1
2 0 1 0
n−1 0 0 1
6n+4 0 0 0

=
[2n
9n+5 0
]
3. i3 ·MP (6n+1,1)4→3 −MP (6n+3,3)4→3 · i4 = 0
i3 ·MP (6n+1,1)4→3 =
[3n+1
3n+1 1
6n+4 0
]
·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
2n+1 1 0
n 0 1
6n+4 0 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1
2n+1 1
n 0
6n+4 0
 = [
2n+1
2n+1 1
7n+4 0
]
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M
P (6n+3,3)
4→3 · i4 =

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

·
[2n+1
2n+1 1
4n+2 0
]
=

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

·

2n+1
2n+1 1
2n+1 0
2n+1 0
 =

2n+1
2n+1 1
n 0
2n+1 0
n+1 0
2n+1 0
n+1 0

=
[2n+1
2n+1 1
7n+4 0
]
i3 ·MP (6n+1,1)4→3 −MP (6n+3,3)4→3 · i4 =
[2n+1
2n+1 1
7n+4 0
]
−
[2n+1
2n+1 1
7n+4 0
]
=
[2n+1
9n+5 0
]
4. i4 ·MP (6n+1,1)5→4 −MP (6n+3,3)5→4 · i5 = 0
i4 ·MP (6n+1,1)5→4 =
[2n+1
2n+1 1
4n+2 0
]
·
[ n
n 1
n+1 0
]
=

n n+1
n 1 0
n+1 0 1
4n+2 0 0
 · [
n
n 1
n+1 0
]
=

n
n 1
n+1 0
4n+2 0
 = [
n
n 1
5n+3 0
]
M
P (6n+3,3)
5→4 · i5 =

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

·
[ n
n 1
2n+1 0
]
=

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

·

n
n 1
n+1 0
n 0
 =

n
n 1
n+1 0
n+1 0
n 0
n 0
n+1 0

=
[ n
n 1
5n+3 0
]
i4 ·MP (6n+1,1)5→4 −MP (6n+3,3)5→4 · i5 =
[ n
n 1
5n+3 0
]
−
[ n
n 1
5n+3 0
]
=
[ n
6n+3 0
]
5. i3 ·MP (6n+1,1)6→3 −MP (6n+3,3)6→3 · i6 = 0
i3 ·MP (6n+1,1)6→3 =
[3n+1
3n+1 1
6n+4 0
]
·
[2n+1
n 0
2n+1 1
]
=

n 2n+1
n 1 0
2n+1 0 1
6n+4 0 0
 · [
2n+1
n 0
2n+1 1
]
=

2n+1
n 0
2n+1 1
6n+4 0

M
P (6n+3,3)
6→3 · i6 =


2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[4n+2 2n+1
7n+4 0 0
2n+1 0 1
]

·
[2n+1
2n+1 1
4n+2 0
]
=

2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
 ·
[2n+1
2n+1 1
4n+2 0
]
+
[2n+1 2n+1 2n+1
7n+4 0 0 0
2n+1 0 0 1
]
·

2n+1
2n+1 1
2n+1 0
2n+1 0

=

2n+1
n 0
2n+1 1
n+1 0
4n+2 0
n+1 0
+
[2n+1
7n+4 0
2n+1 0
]
=

2n+1
n 0
2n+1 1
n+1 0
3n+2 0
n 0
n+1 0

+

2n+1
n 0
2n+1 0
n+1 0
3n+2 0
n 0
n+1 0

=

2n+1
n 0
2n+1 1
6n+4 0

i3 ·MP (6n+1,1)6→3 −MP (6n+3,3)6→3 · i6 =

2n+1
n 0
2n+1 1
6n+4 0
−

2n+1
n 0
2n+1 1
6n+4 0
 = [2n+19n+5 0 ]
6. i6 ·MP (6n+1,1)7→6 −MP (6n+3,3)7→6 · i7 = 0
i6 ·MP (6n+1,1)7→6 =
[2n+1
2n+1 1
4n+2 0
]
·
[ n
n+1 0
n 1
]
=

n+1 n
n+1 1 0
n 0 1
4n+2 0 0
 · [
n
n+1 0
n 1
]
=

n
n+1 0
n 1
4n+2 0

1593
M
P (6n+3,3)
7→6 · i7 =

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

·
[ n
n 1
2n+1 0
]
=

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

·

n
n 1
1 0
n 0
1 0
n−1 0
 =

n
n 0
1 0
n 1
n−1 0
1 0
1 0
n 0
1 0
n−1 0
1 0
n−1 0
1 0

=

n
n+1 0
n 1
4n+2 0

i6 ·MP (6n+1,1)7→6 −MP (6n+3,3)7→6 · i7 =

n
n+1 0
n 1
4n+2 0
−

n
n+1 0
n 1
4n+2 0
 = [ n6n+3 0 ]
Relations of the projection p : P (6n+ 3, 3)→ P (6n+ 3, 2) P
1. p2 ·MP (6n+3,3)1→2 −MP (6n+3,2)1→2 · p1 = 0
p2 ·MP (6n+3,3)1→2 =
[2n 4n+3
4n+3 0 1
]
·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

=

n n n n n+2 n+1
n 0 0 1 0 0 0
n 0 0 0 1 0 0
n+2 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

n n n+1
n 1 0 0
n 1 0 0
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

=

n n n+1
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

M
P (6n+3,2)
1→2 · p1 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ·
[ n 2n+1
2n+1 0 1
]
=

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 ·
[ n n n+1
n 0 1 0
n+1 0 0 1
]
=

n n n+1
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1

p2 ·MP (6n+3,3)1→2 −MP (6n+3,2)1→2 · p1 =

n n n+1
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1
−

n n n+1
n 0 1 0
n 0 1 0
n+2 0 0 0
n+1 0 0 1
 =
[3n+1
4n+3 0
]
2. p3 ·MP (6n+3,3)2→3 −MP (6n+3,2)2→3 · p2 = 0
p3 ·MP (6n+3,3)2→3 =
[3n+1 6n+4
6n+4 0 1
]
·


2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=

2n n+1 2n+1 2n+1 2n+2
2n+1 0 0 1 0 0
2n+1 0 0 0 1 0
2n+2 0 0 0 0 1
 ·

2n 2n+1 2n+2
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

n+1 2n n+1 2n+1 3n+2
n+1 0 0 1 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 1
 ·

2n 2n+1 2n+2
n+1 0 0 0
2n 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0

=

2n 2n+1 2n+2
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 =

2n n+1 n 2n+2
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
n 0 0 0 0
2n+2 0 0 0 1
+

2n n n+1 2n+2
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
n 0 0 0 0
2n+2 0 0 0 0
 =

2n n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 0 0
2n+2 0 0 0 0 1

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M
P (6n+3,2)
2→3 · p2 =


2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0


·
[2n 4n+3
4n+3 0 1
]
=

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
 · [
2n 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 1
]
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0
 · [
2n 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 1
]
=

2n 2n+1 2n+2
2n+1 0 1 0
2n+1 0 0 0
2n+2 0 0 1
+

2n 2n+1 2n+2
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 =

2n n+1 n 2n+2
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
n 0 0 0 0
2n+2 0 0 0 1
+

2n n n+1 2n+2
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
n 0 0 0 0
2n+2 0 0 0 0
 =

2n n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 0 0
2n+2 0 0 0 0 1

p3 ·MP (6n+3,3)2→3 −MP (6n+3,2)2→3 · p2 =

2n n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 0 0
2n+2 0 0 0 0 1

−

2n n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 0 0
2n+2 0 0 0 0 1

=
[6n+3
6n+4 0
]
3. p3 ·MP (6n+3,3)4→3 −MP (6n+3,2)4→3 · p4 = 0
p3 ·MP (6n+3,3)4→3 =
[3n+1 6n+4
6n+4 0 1
]
·

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

=

2n+1 n 2n+1 n+1 2n+1 n+1
2n+1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

2n+1 2n+1 2n+1
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

=

2n+1 2n+1 2n+1
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

M
P (6n+3,2)
4→3 · p4 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ·
[2n+1 4n+2
4n+2 0 1
]
=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 ·
[2n+1 2n+1 2n+1
2n+1 0 1 0
2n+1 0 0 1
]
=

2n+1 2n+1 2n+1
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0

p3 ·MP (6n+3,3)4→3 −MP (6n+3,2)4→3 · p4 =

2n+1 2n+1 2n+1
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0
−

2n+1 2n+1 2n+1
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n+1 0 0 0
 =
[6n+3
6n+4 0
]
4. p4 ·MP (6n+3,3)5→4 −MP (6n+3,2)5→4 · p5 = 0
p4 ·MP (6n+3,3)5→4 =
[2n+1 4n+2
4n+2 0 1
]
·

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

=

n n+1 n+1 n n n+1
n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

n n+1 n
n 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

=

n n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

M
P (6n+3,2)
5→4 · p5 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ·
[ n 2n+1
2n+1 0 1
]
=

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 ·
[ n n+1 n
n+1 0 1 0
n 0 0 1
]
=

n n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0

p4 ·MP (6n+3,3)5→4 −MP (6n+3,2)5→4 · p5 =

n n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0
−

n n+1 n
n+1 0 1 0
n 0 0 0
n 0 0 1
n+1 0 0 0
 =
[3n+1
4n+2 0
]
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5. p3 ·MP (6n+3,3)6→3 −MP (6n+3,2)6→3 · p6 = 0
p3 ·MP (6n+3,3)6→3 =
[3n+1 6n+4
6n+4 0 1
]
·


2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[4n+2 2n+1
7n+4 0 0
2n+1 0 1
]

=

n 2n+1 n+1 4n+2 n+1
n+1 0 0 1 0 0
4n+2 0 0 0 1 0
n+1 0 0 0 0 1
 ·

2n+1 4n+2
n 0 0
2n+1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[3n+1 4n+3 2n+1
4n+3 0 1 0
2n+1 0 0 1
]
·

4n+2 2n+1
3n+1 0 0
4n+3 0 0
2n+1 0 1

=

2n+1 4n+2
n+1 0 0
4n+2 0 1
n+1 0 0
+ [
4n+2 2n+1
4n+3 0 0
2n+1 0 1
]
=

2n+1 2n+1 n+1 n
n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
+

2n+1 2n+1 n n+1
n+1 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

2n+1 2n+1 n 1 n
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1

M
P (6n+3,2)
6→3 · p6 =


4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]

·
[2n+1 4n+2
4n+2 0 1
]
=

4n+2
n+1 0
4n+2 1
n+1 0
 · [2n+1 4n+24n+2 0 1 ]+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]
·
[2n+1 2n+1 2n+1
2n+1 0 1 0
2n+1 0 0 1
]
=

2n+1 4n+2
n+1 0 0
4n+2 0 1
n+1 0 0
+ [
2n+1 2n+1 2n+1
4n+3 0 0 0
2n+1 0 0 1
]
=

2n+1 2n+1 n+1 n
n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
+

2n+1 2n+1 n n+1
n+1 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

2n+1 2n+1 n 1 n
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1

p3 ·MP (6n+3,3)6→3 −MP (6n+3,2)6→3 · p6 =

2n+1 2n+1 n 1 n
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1

−

2n+1 2n+1 n 1 n
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1

=
[6n+3
6n+4 0
]
6. p6 ·MP (6n+3,3)7→6 −MP (6n+3,2)7→6 · p7 = 0
p6 ·MP (6n+3,3)7→6 =
[2n+1 4n+2
4n+2 0 1
]
·

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

=

n 1 n n−1 1 1 n 1 n−1 1 n−1 1
n−1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
n 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
n−1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1

·

n 1 n 1 n−1
n 0 0 0 0 0
1 0 1 0 0 0
n 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

=

n 1 n 1 n−1
n−1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 1 0
n−1 0 0 0 0 1
1 0 0 0 0 0

=

n n+1 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n+1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0

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M
P (6n+3,2)
7→6 · p7 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

·
[ n 2n+1
2n+1 0 1
]
=

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

·

n n+1 1 n−1
n+1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 =

n n+1 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n+1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0

p6 ·MP (6n+3,3)7→6 −MP (6n+3,2)7→6 · p7 =

n n+1 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n+1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0

−

n n+1 1 n−1
n−1 0 0 0 0
1 0 0 1 0
n+1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0

=
[3n+1
4n+2 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n 2n+1
2n+1 0 1
]
·
[ n
n 1
2n+1 0
]
=
[ n
2n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n 4n+3
4n+3 0 1
]
·
[2n
2n 1
4n+3 0
]
=
[2n
4n+3 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+1 6n+4
6n+4 0 1
]
·
[3n+1
3n+1 1
6n+4 0
]
=
[3n+1
6n+4 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+1 4n+2
4n+2 0 1
]
·
[2n+1
2n+1 1
4n+2 0
]
=
[2n+1
4n+2 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n 2n+1
2n+1 0 1
]
·
[ n
n 1
2n+1 0
]
=
[ n
2n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 4n+2
4n+2 0 1
]
·
[2n+1
2n+1 1
4n+2 0
]
=
[2n+1
4n+2 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n 2n+1
2n+1 0 1
]
·
[ n
n 1
2n+1 0
]
=
[ n
2n+1 0
]
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134 Tree module property of P (6n+ 4, 3)
134.1 Tree module property of P (4, 3) 
The matrices of the representation have full (column) rank P
1. MP (4,3)1→2 =

1 0
0 0
0 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. MP (4,3)2→3 =

1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
3. MP (4,3)4→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
4. MP (4,3)5→4 =

1 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. MP (4,3)6→3 =

0 1 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (4,3)
6→3 =

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1

c1↔c2−−−−→

1 1 2
1 1 0 0
1 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

6. MP (4,3)7→6 =

1 0
1 1
0 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
134.1.1 0→ P (3, 2) f→ P (4, 3) g→ P (4, 1)→ 0 
PdimP (3, 2) + dimP (4, 1) = (1, 3, 4, 2, 1, 2, 1) + (1, 1, 3, 2, 1, 2, 1)
= (2, 4, 7, 4, 2, 4, 2) = dimP (4, 3)
Pdimk Ext
1
kQ(P (4, 1), P (3, 2)) = dimk HomkQ(P (4, 1), P (3, 2))− 〈dimP (4, 1),dimP (3, 2)〉
= 0− 〈(1, 1, 3, 2, 1, 2, 1), (1, 3, 4, 2, 1, 2, 1)〉
= 1 · 3 + 1 · 4 + 2 · 4 + 1 · 2 + 2 · 4 + 1 · 2− (1 · 1 + 1 · 3 + 3 · 4 + 2 · 2 + 1 · 1 + 2 · 2 + 1 · 1)
= 3 + 4 + 8 + 2 + 8 + 2− (1 + 3 + 12 + 4 + 1 + 4 + 1)
= 1
Matrices of the embedding f : P (3, 2)→ P (4, 3) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (4, 3)→ P (4, 1) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 2)→ P (4, 3) P
1. f2 ·MP (3,2)1→2 −MP (4,3)1→2 · f1 = 0
f2 ·MP (3,2)1→2 =
[ 3
3 1
1 0
]
·
[ 1
1 1
2 0
]
=

1 2
1 1 0
2 0 1
1 0 0
 · [
1
1 1
2 0
]
=

1
1 1
2 0
1 0
 = [
1
1 1
3 0
]
M
P (4,3)
1→2 · f1 =

1 1
1 1 0
2 0 0
1 0 1
 · [1
0
]
=

1
1 1
2 0
1 0
 = [
1
1 1
3 0
]
f2 ·MP (3,2)1→2 −MP (4,3)1→2 · f1 =
[ 1
1 1
3 0
]
−
[ 1
1 1
3 0
]
=
[ 1
4 0
]
2. f3 ·MP (3,2)2→3 −MP (4,3)2→3 · f2 = 0
f3 ·MP (3,2)2→3 =
[ 4
4 1
3 0
]
·

2 1
2 1 0
1 0 0
1 0 1
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·

2 1
2 1 0
1 0 0
1 0 1
 =

2 1
2 1 0
1 0 0
1 0 1
3 0 0

M
P (4,3)
2→3 · f2 =

2 2
2 1 0
1 0 0
2 0 1
2 0 0
 ·
[ 3
3 1
1 0
]
=

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·

2 1
2 1 0
1 0 1
1 0 0
 =

2 1
2 1 0
1 0 0
1 0 1
1 0 0
2 0 0
 =

2 1
2 1 0
1 0 0
1 0 1
3 0 0

f3 ·MP (3,2)2→3 −MP (4,3)2→3 · f2 =

2 1
2 1 0
1 0 0
1 0 1
3 0 0
−

2 1
2 1 0
1 0 0
1 0 1
3 0 0
 =
[ 3
7 0
]
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3. f3 ·MP (3,2)4→3 −MP (4,3)4→3 · f4 = 0
f3 ·MP (3,2)4→3 =
[ 4
4 1
3 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
3 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
3 0

M
P (4,3)
4→3 · f4 =

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·
[ 2
2 1
2 0
]
=

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

2
2 1
1 0
1 0
 =

2
2 0
2 1
1 0
1 0
1 0
 =

2
2 0
2 1
3 0

f3 ·MP (3,2)4→3 −MP (4,3)4→3 · f4 =

2
2 0
2 1
3 0
−

2
2 0
2 1
3 0
 = [ 27 0 ]
4. f4 ·MP (3,2)5→4 −MP (4,3)5→4 · f5 = 0
f4 ·MP (3,2)5→4 =
[ 2
2 1
2 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [1
1
]
=

1
1 1
1 1
2 0

M
P (4,3)
5→4 · f5 =

1 0
1 0
0 1
0 0
 ·
[
1
0
]
=

1
1
0
0
 =

1
1 1
1 1
2 0

f4 ·MP (3,2)5→4 −MP (4,3)5→4 · f5 =

1
1 1
1 1
2 0
−

1
1 1
1 1
2 0
 = [ 14 0 ]
5. f3 ·MP (3,2)6→3 −MP (4,3)6→3 · f6 = 0
f3 ·MP (3,2)6→3 =
[ 4
4 1
3 0
]
·

0 1
1 0
0 1
0 0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

0 1
1 0
0 1
0 0
 =

1 1
1 0 1
1 1 0
1 0 1
1 0 0
3 0 0
 =

1 1
1 0 1
1 1 0
1 0 1
4 0 0

M
P (4,3)
6→3 · f6 =

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·
[ 2
2 1
2 0
]
=

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 0 1
1 1 0
1 0 1
2 0 0
2 0 0
 =

1 1
1 0 1
1 1 0
1 0 1
4 0 0

f3 ·MP (3,2)6→3 −MP (4,3)6→3 · f6 =

1 1
1 0 1
1 1 0
1 0 1
4 0 0
−

1 1
1 0 1
1 1 0
1 0 1
4 0 0
 =
[ 2
7 0
]
6. f6 ·MP (3,2)7→6 −MP (4,3)7→6 · f7 = 0
f6 ·MP (3,2)7→6 =
[ 2
2 1
2 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [1
1
]
=

1
1 1
1 1
2 0

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M
P (4,3)
7→6 · f7 =

1 0
1 1
0 0
0 1
 ·
[
1
0
]
=

1
1
0
0
 =

1
1 1
1 1
2 0

f6 ·MP (3,2)7→6 −MP (4,3)7→6 · f7 =

1
1 1
1 1
2 0
−

1
1 1
1 1
2 0
 = [ 14 0 ]
Relations of the projection g : P (4, 3)→ P (4, 1) P
1. g2 ·MP (4,3)1→2 −MP (4,1)1→2 · g1 = 0
g2 ·MP (4,3)1→2 =
[ 3 1
1 0 1
]
·

1 1
1 1 0
2 0 0
1 0 1
 = [ 1 2 11 0 0 1 ] ·

1 1
1 1 0
2 0 0
1 0 1
 = [0 1]
M
P (4,1)
1→2 · g1 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g2 ·MP (4,3)1→2 −MP (4,1)1→2 · g1 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
2. g3 ·MP (4,3)2→3 −MP (4,1)2→3 · g2 = 0
g3 ·MP (4,3)2→3 =
[ 4 3
3 0 1
]
·

2 2
2 1 0
1 0 0
2 0 1
2 0 0
 =
[ 2 1 1 1 2
1 0 0 0 1 0
2 0 0 0 0 1
]
·

2 1 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 =
[ 2 1 1
1 0 0 1
2 0 0 0
]
=
[ 3 1
1 0 1
2 0 0
]
M
P (4,1)
2→3 · g2 =
[ 1
1 1
2 0
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
2 0 0
]
g3 ·MP (4,3)2→3 −MP (4,1)2→3 · g2 =
[ 3 1
1 0 1
2 0 0
]
−
[ 3 1
1 0 1
2 0 0
]
=
[ 4
3 0
]
3. g3 ·MP (4,3)4→3 −MP (4,1)4→3 · g4 = 0
g3 ·MP (4,3)4→3 =
[ 4 3
3 0 1
]
·

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

2 2 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 ·

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

2 1 1
1 0 1 0
1 0 1 1
1 0 0 1

M
P (4,1)
4→3 · g4 =
1 01 1
0 1
 · [ 2 22 0 1 ] =
1 01 1
0 1
 · [
2 1 1
1 0 1 0
1 0 0 1
]
=

2 1 1
1 0 1 0
1 0 1 1
1 0 0 1

g3 ·MP (4,3)4→3 −MP (4,1)4→3 · g4 =

2 1 1
1 0 1 0
1 0 1 1
1 0 0 1
−

2 1 1
1 0 1 0
1 0 1 1
1 0 0 1
 = [ 43 0 ]
4. g4 ·MP (4,3)5→4 −MP (4,1)5→4 · g5 = 0
g4 ·MP (4,3)5→4 =
[ 2 2
2 0 1
]
·

1 0
1 0
0 1
0 0
 =
[
0 0 1 0
0 0 0 1
]
·

1 0
1 0
0 1
0 0
 =
[
0 1
0 0
]
1601
M
P (4,1)
5→4 · g5 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g4 ·MP (4,3)5→4 −MP (4,1)5→4 · g5 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
5. g3 ·MP (4,3)6→3 −MP (4,1)6→3 · g6 = 0
g3 ·MP (4,3)6→3 =
[ 4 3
3 0 1
]
·

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 =
[ 1 1 1 1 1 2
1 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
2 0 0 1

=
[ 1 1 2
1 0 0 0
2 0 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
M
P (4,1)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
g3 ·MP (4,3)6→3 −MP (4,1)6→3 · g6 =
[ 2 2
1 0 0
2 0 1
]
−
[ 2 2
1 0 0
2 0 1
]
=
[ 4
3 0
]
6. g6 ·MP (4,3)7→6 −MP (4,1)7→6 · g7 = 0
g6 ·MP (4,3)7→6 =
[ 2 2
2 0 1
]
·

1 0
1 1
0 0
0 1
 =
[
0 0 1 0
0 0 0 1
]
·

1 0
1 1
0 0
0 1
 =
[
0 0
0 1
]
M
P (4,1)
7→6 · g7 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g6 ·MP (4,3)7→6 −MP (4,1)7→6 · g7 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
134.1.2 0→ P (2, 1) f→ P (4, 3) g→ P (4, 2)→ 0 
PdimP (2, 1) + dimP (4, 2) = (0, 1, 2, 1, 1, 1, 1) + (2, 3, 5, 3, 1, 3, 1)
= (2, 4, 7, 4, 2, 4, 2) = dimP (4, 3)
Pdimk Ext
1
kQ(P (4, 2), P (2, 1)) = dimk HomkQ(P (4, 2), P (2, 1))− 〈dimP (4, 2),dimP (2, 1)〉
= 0− 〈(2, 3, 5, 3, 1, 3, 1), (0, 1, 2, 1, 1, 1, 1)〉
= 2 · 1 + 3 · 2 + 3 · 2 + 1 · 1 + 3 · 2 + 1 · 1− (2 · 0 + 3 · 1 + 5 · 2 + 3 · 1 + 1 · 1 + 3 · 1 + 1 · 1)
= 2 + 6 + 6 + 1 + 6 + 1− (0 + 3 + 10 + 3 + 1 + 3 + 1)
= 1
Matrices of the embedding f : P (2, 1)→ P (4, 3) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1
1
91
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 1
0 1
91 1
91 0
0 0
0 0
0 0

∈M7,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
1 0 1
1 0 1
1 91 1
1 91 0
3 0 0

c1↔c2−−−−→

1 1
1 1 0
1 1 0
1 1 91
1 0 91
3 0 0

4. f4 =

91
91
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
91
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1
1
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (4, 3)→ P (4, 2) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 91 91 01 91 0 0
0 0 0 1
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
0 91 91 01 91 0 0
0 0 0 1
 r1↔r2−−−−→
1 91 0 00 91 91 0
0 0 0 1

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3. g3 =

0 91 1 91 0 0 0
1 91 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 3
1 0 91 1 91 0
1 1 91 0 0 0
3 0 0 0 0 1
 r1↔r2−−−−→

1 1 1 1 3
1 1 91 0 0 0
1 0 91 1 91 0
3 0 0 0 0 1

4. g4 =
1 91 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
91 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (2, 1)→ P (4, 3) P
1. f2 ·MP (2,1)1→2 −MP (4,3)1→2 · f1 = 0
f2 ·MP (2,1)1→2 =

1
1
91
0
 ·
[ 0
1 0
]
=
[ 0
4 0
]
M
P (4,3)
1→2 · f1 =

1 1
1 1 0
2 0 0
1 0 1
 · [ 02 0 ] =

1 1
1 1 0
2 0 0
1 0 1
 · [
0
1 0
1 0
]
=
[ 0
4 0
]
f2 ·MP (2,1)1→2 −MP (4,3)1→2 · f1 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
2. f3 ·MP (2,1)2→3 −MP (4,3)2→3 · f2 = 0
f3 ·MP (2,1)2→3 =

1 1
1 0 1
1 0 1
1 91 1
1 91 0
3 0 0
 ·
[
1
1
]
=

1
1 1
1 1
1 0
1 91
3 0

M
P (4,3)
2→3 · f2 =

2 2
2 1 0
1 0 0
2 0 1
2 0 0
 ·

1
1
91
0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·

1
1
91
0
 =

1
1 1
1 1
1 0
1 91
1 0
2 0

=

1
1 1
1 1
1 0
1 91
3 0

f3 ·MP (2,1)2→3 −MP (4,3)2→3 · f2 =

1
1 1
1 1
1 0
1 91
3 0
−

1
1 1
1 1
1 0
1 91
3 0
 =
[ 1
7 0
]
3. f3 ·MP (2,1)4→3 −MP (4,3)4→3 · f4 = 0
f3 ·MP (2,1)4→3 =

1 1
1 0 1
1 0 1
1 91 1
1 91 0
3 0 0
 ·
[
1
0
]
=

1
1 0
1 0
1 91
1 91
3 0
 =

1
2 0
1 91
1 91
3 0

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M
P (4,3)
4→3 · f4 =

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

1
1 91
1 91
2 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·

91
91
0
0
 =

1
2 0
1 91
1 91
1 0
1 0
1 0

=

1
2 0
1 91
1 91
3 0

f3 ·MP (2,1)4→3 −MP (4,3)4→3 · f4 =

1
2 0
1 91
1 91
3 0
−

1
2 0
1 91
1 91
3 0
 =
[ 1
7 0
]
4. f4 ·MP (2,1)5→4 −MP (4,3)5→4 · f5 = 0
f4 ·MP (2,1)5→4 =

1
1 91
1 91
2 0
 · [1] =

1
1 91
1 91
2 0

M
P (4,3)
5→4 · f5 =

1 0
1 0
0 1
0 0
 ·
[
91
0
]
=

91
91
0
0
 =

1
1 91
1 91
2 0

f4 ·MP (2,1)5→4 −MP (4,3)5→4 · f5 =

1
1 91
1 91
2 0
−

1
1 91
1 91
2 0
 = [ 14 0 ]
5. f3 ·MP (2,1)6→3 −MP (4,3)6→3 · f6 = 0
f3 ·MP (2,1)6→3 =

1 1
1 0 1
1 0 1
1 91 1
1 91 0
3 0 0
 ·
[
0
1
]
=

1
1 1
1 1
1 1
1 0
3 0
 =

1
1 1
1 1
1 1
4 0

M
P (4,3)
6→3 · f6 =

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·

1
1 1
1 1
2 0
 =

1
1 1
1 1
1 1
2 0
2 0
 =

1
1 1
1 1
1 1
4 0

f3 ·MP (2,1)6→3 −MP (4,3)6→3 · f6 =

1
1 1
1 1
1 1
4 0
−

1
1 1
1 1
1 1
4 0
 =
[ 1
7 0
]
6. f6 ·MP (2,1)7→6 −MP (4,3)7→6 · f7 = 0
f6 ·MP (2,1)7→6 =

1
1 1
1 1
2 0
 · [1] =

1
1 1
1 1
2 0

M
P (4,3)
7→6 · f7 =

1 0
1 1
0 0
0 1
 ·
[
1
0
]
=

1
1
0
0
 =

1
1 1
1 1
2 0

f6 ·MP (2,1)7→6 −MP (4,3)7→6 · f7 =

1
1 1
1 1
2 0
−

1
1 1
1 1
2 0
 = [ 14 0 ]
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Relations of the projection g : P (4, 3)→ P (4, 2) P
1. g2 ·MP (4,3)1→2 −MP (4,2)1→2 · g1 = 0
g2 ·MP (4,3)1→2 =
0 91 91 01 91 0 0
0 0 0 1
 ·

1 1
1 1 0
2 0 0
1 0 1
 =
0 91 91 01 91 0 0
0 0 0 1
 ·

1 0
0 0
0 0
0 1
 =
0 01 0
0 1
 = [
2
1 0
2 1
]
M
P (4,2)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[ 2
2 1
]
=
[ 2
1 0
2 1
]
g2 ·MP (4,3)1→2 −MP (4,2)1→2 · g1 =
[ 2
1 0
2 1
]
−
[ 2
1 0
2 1
]
=
[ 2
3 0
]
2. g3 ·MP (4,3)2→3 −MP (4,2)2→3 · g2 = 0
g3 ·MP (4,3)2→3 =

1 1 1 1 3
1 0 91 1 91 0
1 1 91 0 0 0
3 0 0 0 0 1
 ·

2 2
2 1 0
1 0 0
2 0 1
2 0 0
 =

1 1 1 1 1 2
1 0 91 1 91 0 0
1 1 91 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=

1 1 1 1
1 0 91 91 0
1 1 91 0 0
1 0 0 0 1
2 0 0 0 0

M
P (4,2)
2→3 · g2 =
[ 3
3 1
2 0
]
·
0 91 91 01 91 0 0
0 0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
0 91 91 01 91 0 0
0 0 0 1
 =

1 1 1 1
1 0 91 91 0
1 1 91 0 0
1 0 0 0 1
2 0 0 0 0

g3 ·MP (4,3)2→3 −MP (4,2)2→3 · g2 =

1 1 1 1
1 0 91 91 0
1 1 91 0 0
1 0 0 0 1
2 0 0 0 0
−

1 1 1 1
1 0 91 91 0
1 1 91 0 0
1 0 0 0 1
2 0 0 0 0
 =
[ 4
5 0
]
3. g3 ·MP (4,3)4→3 −MP (4,2)4→3 · g4 = 0
g3 ·MP (4,3)4→3 =

1 1 1 1 3
1 0 91 1 91 0
1 1 91 0 0 0
3 0 0 0 0 1
 ·

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

0 91 1 91 0 0 0
1 91 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1
0 0 0 1

=

1 91 0 0
0 0 0 0
0 0 1 0
0 0 1 1
0 0 0 1

M
P (4,2)
4→3 · g4 =

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ·
[ 1 1 2
1 1 91 0
2 0 0 1
]
=

1 0 0
0 0 0
0 1 0
0 1 1
0 0 1
 ·
1 91 0 00 0 1 0
0 0 0 1
 =

1 91 0 0
0 0 0 0
0 0 1 0
0 0 1 1
0 0 0 1

g3 ·MP (4,3)4→3 −MP (4,2)4→3 · g4 =

1 91 0 0
0 0 0 0
0 0 1 0
0 0 1 1
0 0 0 1
−

1 91 0 0
0 0 0 0
0 0 1 0
0 0 1 1
0 0 0 1
 =
[ 4
5 0
]
4. g4 ·MP (4,3)5→4 −MP (4,2)5→4 · g5 = 0
g4 ·MP (4,3)5→4 =
[ 1 1 2
1 1 91 0
2 0 0 1
]
·

1 0
1 0
0 1
0 0
 =
1 91 0 00 0 1 0
0 0 0 1
 ·

1 0
1 0
0 1
0 0
 =
0 00 1
0 0

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M
P (4,2)
5→4 · g5 =
01
0
 · [0 1] =
0 00 1
0 0

g4 ·MP (4,3)5→4 −MP (4,2)5→4 · g5 =
0 00 1
0 0
−
0 00 1
0 0
 = [ 23 0 ]
5. g3 ·MP (4,3)6→3 −MP (4,2)6→3 · g6 = 0
g3 ·MP (4,3)6→3 =

1 1 1 1 3
1 0 91 1 91 0
1 1 91 0 0 0
3 0 0 0 0 1
 ·

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 =

1 1 1 1 1 2
1 0 91 1 91 0 0
1 1 91 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 1 2
1 0 1 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
2 0 0 1

=

1 1 2
1 91 1 0
1 91 1 0
1 0 0 0
2 0 0 1

M
P (4,2)
6→3 · g6 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
[ 1 1 2
1 91 1 0
2 0 0 1
]
=

1 1 2
1 91 1 0
1 91 1 0
1 0 0 0
2 0 0 1

g3 ·MP (4,3)6→3 −MP (4,2)6→3 · g6 =

1 1 2
1 91 1 0
1 91 1 0
1 0 0 0
2 0 0 1
−

1 1 2
1 91 1 0
1 91 1 0
1 0 0 0
2 0 0 1
 =
[ 4
5 0
]
6. g6 ·MP (4,3)7→6 −MP (4,2)7→6 · g7 = 0
g6 ·MP (4,3)7→6 =
[ 1 1 2
1 91 1 0
2 0 0 1
]
·

1 0
1 1
0 0
0 1
 =
91 1 0 00 0 1 0
0 0 0 1
 ·

1 0
1 1
0 0
0 1
 =
0 10 0
0 1

M
P (4,2)
7→6 · g7 =
10
1
 · [0 1] =
0 10 0
0 1

g6 ·MP (4,3)7→6 −MP (4,2)7→6 · g7 =
0 10 0
0 1
−
0 10 0
0 1
 = [ 23 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
0 91 91 01 91 0 0
0 0 0 1
 ·

1
1
91
0
 =
[ 1
3 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 3
1 0 91 1 91 0
1 1 91 0 0 0
3 0 0 0 0 1
 ·

1 1
1 0 1
1 0 1
1 91 1
1 91 0
3 0 0
 =
[ 2
5 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 1 1 2
1 1 91 0
2 0 0 1
]
·

1
1 91
1 91
2 0
 = [ 13 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
91
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 1 2
1 91 1 0
2 0 0 1
]
·

1
1 1
1 1
2 0
 = [ 13 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
134.2 Tree module property of P (10, 3) 
The matrices of the representation have full (column) rank P
1. MP (10,3)1→2 =

1 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
2. MP (10,3)2→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k) is already in column echelon form and has maximal column rank.
3. MP (10,3)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k) is already in column echelon form and has maximal column rank.
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4. MP (10,3)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 1 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
5. MP (10,3)6→3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M16,10(k) is already in column echelon form and has maximal column rank.
6. MP (10,3)7→6 =

0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (10,3)
7→6 =

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

c1↔c2−−−−→

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 0
1 1 0 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

c3↔c4−−−−→

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 0
1 1 0 1 0
3 0 0 0 0
1 0 0 0 1
1 0 0 1 0

134.2.1 0→ P (9, 2) f→ P (10, 3) g→ P (10, 1)→ 0 
PdimP (9, 2) + dimP (10, 1) = (3, 7, 10, 6, 3, 6, 3) + (2, 3, 6, 4, 2, 4, 2)
= (5, 10, 16, 10, 5, 10, 5) = dimP (10, 3)
Pdimk Ext
1
kQ(P (10, 1), P (9, 2)) = dimk HomkQ(P (10, 1), P (9, 2))− 〈dimP (10, 1),dimP (9, 2)〉
= 0− 〈(2, 3, 6, 4, 2, 4, 2), (3, 7, 10, 6, 3, 6, 3)〉
= 2 · 7 + 3 · 10 + 4 · 10 + 2 · 6 + 4 · 10 + 2 · 6− (2 · 3 + 3 · 7 + 6 · 10 + 4 · 6 + 2 · 3 + 4 · 6 + 2 · 3)
= 14 + 30 + 40 + 12 + 40 + 12− (6 + 21 + 60 + 24 + 6 + 24 + 6)
= 1
Matrices of the embedding f : P (9, 2)→ P (10, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (10, 3)→ P (10, 1) P
1. g1 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M3,10(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,16(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
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7. g7 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (9, 2)→ P (10, 3) P
1. f2 ·MP (9,2)1→2 −MP (10,3)1→2 · f1 = 0
f2 ·MP (9,2)1→2 =
[ 7
7 1
3 0
]
·

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 =

1 1 3 2
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
3 0 0 0 0
 ·

1 2
1 1 0
1 1 0
3 0 0
2 0 1
 =

1 2
1 1 0
1 1 0
3 0 0
2 0 1
3 0 0

M
P (10,3)
1→2 · f1 =

1 4
1 1 0
1 1 0
3 0 0
4 0 1
1 0 0
 ·
[ 3
3 1
2 0
]
=

1 2 2
1 1 0 0
1 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
1 0 0 0

·

1 2
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
1 1 0
3 0 0
2 0 1
2 0 0
1 0 0

=

1 2
1 1 0
1 1 0
3 0 0
2 0 1
3 0 0

f2 ·MP (9,2)1→2 −MP (10,3)1→2 · f1 =

1 2
1 1 0
1 1 0
3 0 0
2 0 1
3 0 0
−

1 2
1 1 0
1 1 0
3 0 0
2 0 1
3 0 0
 =
[ 3
10 0
]
2. f3 ·MP (9,2)2→3 −MP (10,3)2→3 · f2 = 0
f3 ·MP (9,2)2→3 =
[10
10 1
6 0
]
·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

=

1 1 1 1 1 1 4
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
6 0 0 0 0 0 0 0

·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1

=

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1
6 0 0 0 0

M
P (10,3)
2→3 · f2 =

1 1 1 7
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
7 0 0 0 1
3 0 0 0 0

·
[ 7
7 1
3 0
]
=

1 1 1 4 3
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
4 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
4 0 0 0 1
3 0 0 0 0
 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1
3 0 0 0 0
3 0 0 0 0

=

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1
6 0 0 0 0

f3 ·MP (9,2)2→3 −MP (10,3)2→3 · f2 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1
6 0 0 0 0

−

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
4 0 0 0 1
6 0 0 0 0

=
[ 7
16 0
]
3. f3 ·MP (9,2)4→3 −MP (10,3)4→3 · f4 = 0
f3 ·MP (9,2)4→3 =
[10
10 1
6 0
]
·

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 =

3 2 3 2
3 1 0 0 0
2 0 1 0 0
3 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

3 3
3 1 0
2 0 0
3 0 1
2 0 0
 =

3 3
3 1 0
2 0 0
3 0 1
2 0 0
6 0 0
 =

3 3
3 1 0
2 0 0
3 0 1
8 0 0

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M
P (10,3)
4→3 · f4 =

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·
[ 6
6 1
4 0
]
=

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

3 3
3 1 0
3 0 1
2 0 0
2 0 0
 =

3 3
3 1 0
2 0 0
3 0 1
2 0 0
2 0 0
2 0 0
2 0 0

=

3 3
3 1 0
2 0 0
3 0 1
8 0 0

f3 ·MP (9,2)4→3 −MP (10,3)4→3 · f4 =

3 3
3 1 0
2 0 0
3 0 1
8 0 0
−

3 3
3 1 0
2 0 0
3 0 1
8 0 0
 =
[ 6
16 0
]
4. f4 ·MP (9,2)5→4 −MP (10,3)5→4 · f5 = 0
f4 ·MP (9,2)5→4 =
[ 6
6 1
4 0
]
·

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 =

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
4 0 0 0 0
 ·

2 1
2 1 0
1 0 0
1 0 1
2 0 0
 =

2 1
2 1 0
1 0 0
1 0 1
2 0 0
4 0 0
 =

2 1
2 1 0
1 0 0
1 0 1
6 0 0

M
P (10,3)
5→4 · f5 =

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

·
[ 3
3 1
2 0
]
=

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

·

2 1
2 1 0
1 0 1
1 0 0
1 0 0
 =

2 1
2 1 0
1 0 0
1 0 1
2 0 0
1 0 0
1 0 0
1 0 0
1 0 0

=

2 1
2 1 0
1 0 0
1 0 1
6 0 0

f4 ·MP (9,2)5→4 −MP (10,3)5→4 · f5 =

2 1
2 1 0
1 0 0
1 0 1
6 0 0
−

2 1
2 1 0
1 0 0
1 0 1
6 0 0
 =
[ 3
10 0
]
5. f3 ·MP (9,2)6→3 −MP (10,3)6→3 · f6 = 0
f3 ·MP (9,2)6→3 =
[10
10 1
6 0
]
·

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

2 3 1 1 1 1 1
2 1 0 0 0 0 0 0
3 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
6 0 0 0 0 0 0 0

·

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

M
P (10,3)
6→3 · f6 =

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·
[ 6
6 1
4 0
]
=

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

3 1 1 1
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 =

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
4 0 0 0 0

=

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

f3 ·MP (9,2)6→3 −MP (10,3)6→3 · f6 =

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

−

3 1 1 1
2 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

=
[ 6
16 0
]
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6. f6 ·MP (9,2)7→6 −MP (10,3)7→6 · f7 = 0
f6 ·MP (9,2)7→6 =
[ 6
6 1
4 0
]
·

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 =

1 2 1 1 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0

·

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
 =

2 1
1 0 1
2 1 0
1 0 1
1 0 1
1 0 0
4 0 0

=

2 1
1 0 1
2 1 0
1 0 1
1 0 1
5 0 0

M
P (10,3)
7→6 · f7 =

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·
[ 3
3 1
2 0
]
=

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

2 1
2 1 0
1 0 1
1 0 0
1 0 0
 =

2 1
1 0 1
2 1 0
1 0 1
1 0 1
3 0 0
1 0 0
1 0 0

=

2 1
1 0 1
2 1 0
1 0 1
1 0 1
5 0 0

f6 ·MP (9,2)7→6 −MP (10,3)7→6 · f7 =

2 1
1 0 1
2 1 0
1 0 1
1 0 1
5 0 0
−

2 1
1 0 1
2 1 0
1 0 1
1 0 1
5 0 0
 =
[ 3
10 0
]
Relations of the projection g : P (10, 3)→ P (10, 1) P
1. g2 ·MP (10,3)1→2 −MP (10,1)1→2 · g1 = 0
g2 ·MP (10,3)1→2 =
[ 7 3
3 0 1
]
·

1 4
1 1 0
1 1 0
3 0 0
4 0 1
1 0 0
 =
[ 1 1 3 2 2 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

1 2 2
1 1 0 0
1 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
1 0 0 0

=
[ 1 2 2
2 0 0 1
1 0 0 0
]
=
[ 3 2
2 0 1
1 0 0
]
M
P (10,1)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
1 0 0
]
g2 ·MP (10,3)1→2 −MP (10,1)1→2 · g1 =
[ 3 2
2 0 1
1 0 0
]
−
[ 3 2
2 0 1
1 0 0
]
=
[ 5
3 0
]
2. g3 ·MP (10,3)2→3 −MP (10,1)2→3 · g2 = 0
g3 ·MP (10,3)2→3 =
[10 6
6 0 1
]
·

1 1 1 7
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
7 0 0 0 1
3 0 0 0 0

=
[ 1 1 1 1 1 1 4 3 3
3 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
]
·

1 1 1 4 3
1 1 0 0 0 0
1 0 1 0 0 0
1 1 0 1 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
4 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 1 1 4 3
3 0 0 0 0 1
3 0 0 0 0 0
]
=
[ 7 3
3 0 1
3 0 0
]
M
P (10,1)
2→3 · g2 =
[ 3
3 1
3 0
]
·
[ 7 3
3 0 1
]
=
[ 7 3
3 0 1
3 0 0
]
g3 ·MP (10,3)2→3 −MP (10,1)2→3 · g2 =
[ 7 3
3 0 1
3 0 0
]
−
[ 7 3
3 0 1
3 0 0
]
=
[10
6 0
]
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3. g3 ·MP (10,3)4→3 −MP (10,1)4→3 · g4 = 0
g3 ·MP (10,3)4→3 =
[10 6
6 0 1
]
·

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

3 2 3 2 2 2 2
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

3 3 2 2
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
 =

6 2 2
2 0 1 0
2 0 1 1
2 0 0 1

M
P (10,1)
4→3 · g4 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 6 44 0 1 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
6 2 2
2 0 1 0
2 0 0 1
]
=

6 2 2
2 0 1 0
2 0 1 1
2 0 0 1

g3 ·MP (10,3)4→3 −MP (10,1)4→3 · g4 =

6 2 2
2 0 1 0
2 0 1 1
2 0 0 1
−

6 2 2
2 0 1 0
2 0 1 1
2 0 0 1
 = [106 0 ]
4. g4 ·MP (10,3)5→4 −MP (10,1)5→4 · g5 = 0
g4 ·MP (10,3)5→4 =
[ 6 4
4 0 1
]
·

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

=

2 1 1 2 1 1 1 1
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

=

2 1 1 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0
 =

3 1 1
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

M
P (10,1)
5→4 · g5 =

1 0
0 1
0 0
1 0
 ·
[ 3 2
2 0 1
]
=

1 0
0 1
0 0
1 0
 ·
[ 3 1 1
1 0 1 0
1 0 0 1
]
=

3 1 1
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

g4 ·MP (10,3)5→4 −MP (10,1)5→4 · g5 =

3 1 1
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0
−

3 1 1
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0
 =
[ 5
4 0
]
5. g3 ·MP (10,3)6→3 −MP (10,1)6→3 · g6 = 0
g3 ·MP (10,3)6→3 =
[10 6
6 0 1
]
·

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 2 3 1 1 1 1 1 2 4
2 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
]
·

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 3 1 1 1 4
2 0 0 0 0 0
4 0 0 0 0 1
]
=
[ 6 4
2 0 0
4 0 1
]
M
P (10,1)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 6 4
4 0 1
]
=
[ 6 4
2 0 0
4 0 1
]
g3 ·MP (10,3)6→3 −MP (10,1)6→3 · g6 =
[ 6 4
2 0 0
4 0 1
]
−
[ 6 4
2 0 0
4 0 1
]
=
[10
6 0
]
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6. g6 ·MP (10,3)7→6 −MP (10,1)7→6 · g7 = 0
g6 ·MP (10,3)7→6 =
[ 6 4
4 0 1
]
·

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

1 2 1 1 1 2 1 1
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
1 0 0 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

2 1 1 1
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
 = [
3 2
2 0 0
2 0 1
]
M
P (10,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 0
2 0 1
]
g6 ·MP (10,3)7→6 −MP (10,1)7→6 · g7 =
[ 3 2
2 0 0
2 0 1
]
−
[ 3 2
2 0 0
2 0 1
]
=
[ 5
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 3
3 0 1
]
·
[ 7
7 1
3 0
]
=
[ 7
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[10 6
6 0 1
]
·
[10
10 1
6 0
]
=
[10
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
134.2.2 0→ P (8, 1) f→ P (10, 3) g→ P (10, 2)→ 0 
PdimP (8, 1) + dimP (10, 2) = (1, 3, 5, 3, 2, 3, 2) + (4, 7, 11, 7, 3, 7, 3)
= (5, 10, 16, 10, 5, 10, 5) = dimP (10, 3)
Pdimk Ext
1
kQ(P (10, 2), P (8, 1)) = dimk HomkQ(P (10, 2), P (8, 1))− 〈dimP (10, 2),dimP (8, 1)〉
= 0− 〈(4, 7, 11, 7, 3, 7, 3), (1, 3, 5, 3, 2, 3, 2)〉
= 4 · 3 + 7 · 5 + 7 · 5 + 3 · 3 + 7 · 5 + 3 · 3− (4 · 1 + 7 · 3 + 11 · 5 + 7 · 3 + 3 · 2 + 7 · 3 + 3 · 2)
= 12 + 35 + 35 + 9 + 35 + 9− (4 + 21 + 55 + 21 + 6 + 21 + 6)
= 1
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Matrices of the embedding f : P (8, 1)→ P (10, 3) P
1. f1 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M16,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (10, 3)→ P (10, 2) P
1. g1 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,16(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (8, 1)→ P (10, 3) P
1. f2 ·MP (8,1)1→2 −MP (10,3)1→2 · f1 = 0
f2 ·MP (8,1)1→2 =
[ 3
3 1
7 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
7 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
7 0
 =

1
1 1
1 1
8 0

M
P (10,3)
1→2 · f1 =

1 4
1 1 0
1 1 0
3 0 0
4 0 1
1 0 0
 ·
[ 1
1 1
4 0
]
=

1
1 1
1 1
3 0
4 0
1 0
 =

1
1 1
1 1
8 0

f2 ·MP (8,1)1→2 −MP (10,3)1→2 · f1 =

1
1 1
1 1
8 0
−

1
1 1
1 1
8 0
 = [ 110 0 ]
2. f3 ·MP (8,1)2→3 −MP (10,3)2→3 · f2 = 0
f3 ·MP (8,1)2→3 =
[ 5
5 1
11 0
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
11 0 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
11 0 0 0

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M
P (10,3)
2→3 · f2 =

1 1 1 7
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
7 0 0 0 1
3 0 0 0 0

·
[ 3
3 1
7 0
]
=

1 1 1 7
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
7 0 0 0 1
3 0 0 0 0

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
7 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
1 0 0 0
7 0 0 0
3 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
11 0 0 0

f3 ·MP (8,1)2→3 −MP (10,3)2→3 · f2 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
11 0 0 0

−

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
11 0 0 0

=
[ 3
16 0
]
3. f3 ·MP (8,1)4→3 −MP (10,3)4→3 · f4 = 0
f3 ·MP (8,1)4→3 =
[ 5
5 1
11 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
11 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
11 0
 = [
3
3 1
13 0
]
M
P (10,3)
4→3 · f4 =

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·
[ 3
3 1
7 0
]
=

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

3
3 1
3 0
2 0
2 0
 =

3
3 1
2 0
3 0
2 0
2 0
2 0
2 0

=
[ 3
3 1
13 0
]
f3 ·MP (8,1)4→3 −MP (10,3)4→3 · f4 =
[ 3
3 1
13 0
]
−
[ 3
3 1
13 0
]
=
[ 3
16 0
]
4. f4 ·MP (8,1)5→4 −MP (10,3)5→4 · f5 = 0
f4 ·MP (8,1)5→4 =
[ 3
3 1
7 0
]
·
[ 2
2 1
1 0
]
=

2 1
2 1 0
1 0 1
7 0 0
 · [
2
2 1
1 0
]
=

2
2 1
1 0
7 0
 = [
2
2 1
8 0
]
M
P (10,3)
5→4 · f5 =

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

·
[ 2
2 1
3 0
]
=

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

·

2
2 1
1 0
1 0
1 0
 =

2
2 1
1 0
1 0
2 0
1 0
1 0
1 0
1 0

=
[ 2
2 1
8 0
]
f4 ·MP (8,1)5→4 −MP (10,3)5→4 · f5 =
[ 2
2 1
8 0
]
−
[ 2
2 1
8 0
]
=
[ 2
10 0
]
5. f3 ·MP (8,1)6→3 −MP (10,3)6→3 · f6 = 0
f3 ·MP (8,1)6→3 =
[ 5
5 1
11 0
]
·
[ 3
2 0
3 1
]
=

2 3
2 1 0
3 0 1
11 0 0
 · [
3
2 0
3 1
]
=

3
2 0
3 1
11 0

1618
M
P (10,3)
6→3 · f6 =

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·
[ 3
3 1
7 0
]
=

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

3
3 1
1 0
1 0
1 0
4 0
 =

3
2 0
3 1
1 0
1 0
1 0
1 0
1 0
2 0
4 0

=

3
2 0
3 1
11 0

f3 ·MP (8,1)6→3 −MP (10,3)6→3 · f6 =

3
2 0
3 1
11 0
−

3
2 0
3 1
11 0
 = [ 316 0 ]
6. f6 ·MP (8,1)7→6 −MP (10,3)7→6 · f7 = 0
f6 ·MP (8,1)7→6 =
[ 3
3 1
7 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
7 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
7 0

M
P (10,3)
7→6 · f7 =

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·
[ 2
2 1
3 0
]
=

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

2
2 1
1 0
1 0
1 0
 =

2
1 0
2 1
1 0
1 0
3 0
1 0
1 0

=

2
1 0
2 1
7 0

f6 ·MP (8,1)7→6 −MP (10,3)7→6 · f7 =

2
1 0
2 1
7 0
−

2
1 0
2 1
7 0
 = [ 210 0 ]
Relations of the projection g : P (10, 3)→ P (10, 2) P
1. g2 ·MP (10,3)1→2 −MP (10,2)1→2 · g1 = 0
g2 ·MP (10,3)1→2 =
[ 3 7
7 0 1
]
·

1 4
1 1 0
1 1 0
3 0 0
4 0 1
1 0 0
 =

1 1 1 2 4 1
2 0 0 0 1 0 0
4 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 4
1 1 0
1 1 0
1 0 0
2 0 0
4 0 1
1 0 0

=

1 4
2 0 0
4 0 1
1 0 0

M
P (10,2)
1→2 · g1 =

4
2 0
4 1
1 0
 · [ 1 44 0 1 ] =

1 4
2 0 0
4 0 1
1 0 0

g2 ·MP (10,3)1→2 −MP (10,2)1→2 · g1 =

1 4
2 0 0
4 0 1
1 0 0
−

1 4
2 0 0
4 0 1
1 0 0
 = [ 57 0 ]
2. g3 ·MP (10,3)2→3 −MP (10,2)2→3 · g2 = 0
g3 ·MP (10,3)2→3 =
[ 5 11
11 0 1
]
·

1 1 1 7
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
7 0 0 0 1
3 0 0 0 0

=

1 1 1 1 1 1 7 3
1 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
 ·

1 1 1 7
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
7 0 0 0 1
3 0 0 0 0

=

1 1 1 7
1 0 0 0 0
7 0 0 0 1
3 0 0 0 0
 =

3 7
1 0 0
7 0 1
3 0 0

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M
P (10,2)
2→3 · g2 =

7
1 0
7 1
3 0
 · [ 3 77 0 1 ] =

3 7
1 0 0
7 0 1
3 0 0

g3 ·MP (10,3)2→3 −MP (10,2)2→3 · g2 =

3 7
1 0 0
7 0 1
3 0 0
−

3 7
1 0 0
7 0 1
3 0 0
 = [1011 0 ]
3. g3 ·MP (10,3)4→3 −MP (10,2)4→3 · g4 = 0
g3 ·MP (10,3)4→3 =
[ 5 11
11 0 1
]
·

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

3 2 3 2 2 2 2
3 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

3 3 2 2
3 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

3 3 2 2
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

M
P (10,2)
4→3 · g4 =

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·
[ 3 7
7 0 1
]
=

3 2 2
3 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

3 3 2 2
3 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

3 3 2 2
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

g3 ·MP (10,3)4→3 −MP (10,2)4→3 · g4 =

3 3 2 2
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
−

3 3 2 2
3 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
 =
[10
11 0
]
4. g4 ·MP (10,3)5→4 −MP (10,2)5→4 · g5 = 0
g4 ·MP (10,3)5→4 =
[ 3 7
7 0 1
]
·

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

=

2 1 1 2 1 1 1 1
1 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

2 1 1 1
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

=

2 1 1 1
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

M
P (10,2)
5→4 · g5 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

·
[ 2 3
3 0 1
]
=

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 1 0

·

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

2 1 1 1
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

g4 ·MP (10,3)5→4 −MP (10,2)5→4 · g5 =

2 1 1 1
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

−

2 1 1 1
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0

=
[ 5
7 0
]
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5. g3 ·MP (10,3)6→3 −MP (10,2)6→3 · g6 = 0
g3 ·MP (10,3)6→3 =
[ 5 11
11 0 1
]
·

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=

2 3 1 1 1 1 1 2 4
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1

·

3 1 1 1 4
2 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=

3 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

M
P (10,2)
6→3 · g6 =

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·
[ 3 7
7 0 1
]
=

1 1 1 4
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

3 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
 =

3 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

g3 ·MP (10,3)6→3 −MP (10,2)6→3 · g6 =

3 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

−

3 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[10
11 0
]
6. g6 ·MP (10,3)7→6 −MP (10,2)7→6 · g7 = 0
g6 ·MP (10,3)7→6 =
[ 3 7
7 0 1
]
·

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

1 2 1 1 3 1 1
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

2 1 1 1
1 0 1 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

2 1 1 1
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

M
P (10,2)
7→6 · g7 =

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 2 3
3 0 1
]
=

1 1 1
1 1 0 0
1 1 0 1
3 0 0 0
1 0 1 0
1 0 0 1
 ·

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

2 1 1 1
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

g6 ·MP (10,3)7→6 −MP (10,2)7→6 · g7 =

2 1 1 1
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1
−

2 1 1 1
1 0 1 0 0
1 0 1 0 1
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1
 =
[ 5
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 5 11
11 0 1
]
·
[ 5
5 1
11 0
]
=
[ 5
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
134.3 Tree module property of P (16, 3) 
The matrices of the representation have full (column) rank P
1. MP (16,3)1→2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
2. MP (16,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M25,16(k) is already in column echelon form and has maximal column rank.
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3. MP (16,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,16(k) is already in column echelon form and has maximal column rank.
4. MP (16,3)5→4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
5. MP (16,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,16(k) is already in column echelon form and has maximal column rank.
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6. MP (16,3)7→6 =

0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (16,3)
7→6 =

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

c1↔c2−−−−→

1 3 1 2 1
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 1 0 0 0 0
1 0 0 1 0 0
1 1 0 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

c4↔c5−−−−→

1 3 1 1 2
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 1 0 0 0 0
1 0 0 1 0 0
1 1 0 0 1 0
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 0 1
1 0 0 0 1 0

134.3.1 0→ P (15, 2) f→ P (16, 3) g→ P (16, 1)→ 0 
PdimP (15, 2) + dimP (16, 1) = (5, 11, 16, 10, 5, 10, 5) + (3, 5, 9, 6, 3, 6, 3)
= (8, 16, 25, 16, 8, 16, 8) = dimP (16, 3)
Pdimk Ext
1
kQ(P (16, 1), P (15, 2)) = dimk HomkQ(P (16, 1), P (15, 2))− 〈dimP (16, 1),dimP (15, 2)〉
= 0− 〈(3, 5, 9, 6, 3, 6, 3), (5, 11, 16, 10, 5, 10, 5)〉
= 3 · 11 + 5 · 16 + 6 · 16 + 3 · 10 + 6 · 16 + 3 · 10− (3 · 5 + 5 · 11 + 9 · 16 + 6 · 10 + 3 · 5 + 6 · 10 + 3 · 5)
= 33 + 80 + 96 + 30 + 96 + 30− (15 + 55 + 144 + 60 + 15 + 60 + 15)
= 1
Matrices of the embedding f : P (15, 2)→ P (16, 3) P
1. f1 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M25,16(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M16,10(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (16, 3)→ P (16, 1) P
1. g1 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,16(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,25(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,16(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,16(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (15, 2)→ P (16, 3) P
1. f2 ·MP (15,2)1→2 −MP (16,3)1→2 · f1 = 0
f2 ·MP (15,2)1→2 =
[11
11 1
5 0
]
·

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 =

2 2 4 3
2 1 0 0 0
2 0 1 0 0
4 0 0 1 0
3 0 0 0 1
5 0 0 0 0
 ·

2 3
2 1 0
2 1 0
4 0 0
3 0 1
 =

2 3
2 1 0
2 1 0
4 0 0
3 0 1
5 0 0

M
P (16,3)
1→2 · f1 =

2 6
2 1 0
2 1 0
4 0 0
6 0 1
2 0 0
 ·
[ 5
5 1
3 0
]
=

2 3 3
2 1 0 0
2 1 0 0
4 0 0 0
3 0 1 0
3 0 0 1
2 0 0 0

·

2 3
2 1 0
3 0 1
3 0 0
 =

2 3
2 1 0
2 1 0
4 0 0
3 0 1
3 0 0
2 0 0

=

2 3
2 1 0
2 1 0
4 0 0
3 0 1
5 0 0

f2 ·MP (15,2)1→2 −MP (16,3)1→2 · f1 =

2 3
2 1 0
2 1 0
4 0 0
3 0 1
5 0 0
−

2 3
2 1 0
2 1 0
4 0 0
3 0 1
5 0 0
 =
[ 5
16 0
]
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2. f3 ·MP (15,2)2→3 −MP (16,3)2→3 · f2 = 0
f3 ·MP (15,2)2→3 =
[16
16 1
9 0
]
·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

=

2 1 2 1 2 2 6
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
6 0 0 0 0 0 0 1
9 0 0 0 0 0 0 0

·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1

=

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1
9 0 0 0 0

M
P (16,3)
2→3 · f2 =

2 1 2 11
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
11 0 0 0 1
4 0 0 0 0

·
[11
11 1
5 0
]
=

2 1 2 6 5
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
6 0 0 0 1 0
5 0 0 0 0 1
4 0 0 0 0 0

·

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
6 0 0 0 1
5 0 0 0 0
 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1
5 0 0 0 0
4 0 0 0 0

=

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1
9 0 0 0 0

f3 ·MP (15,2)2→3 −MP (16,3)2→3 · f2 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1
9 0 0 0 0

−

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
6 0 0 0 1
9 0 0 0 0

=
[11
25 0
]
3. f3 ·MP (15,2)4→3 −MP (16,3)4→3 · f4 = 0
f3 ·MP (15,2)4→3 =
[16
16 1
9 0
]
·

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 =

5 3 5 3
5 1 0 0 0
3 0 1 0 0
5 0 0 1 0
3 0 0 0 1
9 0 0 0 0
 ·

5 5
5 1 0
3 0 0
5 0 1
3 0 0
 =

5 5
5 1 0
3 0 0
5 0 1
3 0 0
9 0 0
 =

5 5
5 1 0
3 0 0
5 0 1
12 0 0

M
P (16,3)
4→3 · f4 =

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·
[10
10 1
6 0
]
=

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

5 5
5 1 0
5 0 1
3 0 0
3 0 0
 =

5 5
5 1 0
3 0 0
5 0 1
3 0 0
3 0 0
3 0 0
3 0 0

=

5 5
5 1 0
3 0 0
5 0 1
12 0 0

f3 ·MP (15,2)4→3 −MP (16,3)4→3 · f4 =

5 5
5 1 0
3 0 0
5 0 1
12 0 0
−

5 5
5 1 0
3 0 0
5 0 1
12 0 0
 =
[10
25 0
]
4. f4 ·MP (15,2)5→4 −MP (16,3)5→4 · f5 = 0
f4 ·MP (15,2)5→4 =
[10
10 1
6 0
]
·

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 =

3 2 2 3
3 1 0 0 0
2 0 1 0 0
2 0 0 1 0
3 0 0 0 1
6 0 0 0 0
 ·

3 2
3 1 0
2 0 0
2 0 1
3 0 0
 =

3 2
3 1 0
2 0 0
2 0 1
3 0 0
6 0 0
 =

3 2
3 1 0
2 0 0
2 0 1
9 0 0

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M
P (16,3)
5→4 · f5 =

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

·
[ 5
5 1
3 0
]
=

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

·

3 2
3 1 0
2 0 1
2 0 0
1 0 0
 =

3 2
3 1 0
2 0 0
2 0 1
3 0 0
2 0 0
1 0 0
1 0 0
2 0 0

=

3 2
3 1 0
2 0 0
2 0 1
9 0 0

f4 ·MP (15,2)5→4 −MP (16,3)5→4 · f5 =

3 2
3 1 0
2 0 0
2 0 1
9 0 0
−

3 2
3 1 0
2 0 0
2 0 1
9 0 0
 =
[ 5
16 0
]
5. f3 ·MP (15,2)6→3 −MP (16,3)6→3 · f6 = 0
f3 ·MP (15,2)6→3 =
[16
16 1
9 0
]
·

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

3 5 2 1 2 1 2
3 1 0 0 0 0 0 0
5 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
9 0 0 0 0 0 0 0

·

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

M
P (16,3)
6→3 · f6 =

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·
[10
10 1
6 0
]
=

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

5 2 1 2
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 =

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0
6 0 0 0 0

=

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

f3 ·MP (15,2)6→3 −MP (16,3)6→3 · f6 =

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

−

5 2 1 2
3 0 0 0 0
5 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

=
[10
25 0
]
6. f6 ·MP (15,2)7→6 −MP (16,3)7→6 · f7 = 0
f6 ·MP (15,2)7→6 =
[10
10 1
6 0
]
·

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

=

1 1 3 1 1 1 1 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
6 0 0 0 0 0 0 0 0

·

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0

=

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
1 0 0 0
6 0 0 0

=

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
7 0 0 0

M
P (16,3)
7→6 · f7 =

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 5
5 1
3 0
]
=

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

3 1 1
3 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
 =

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
4 0 0 0
2 0 0 0
1 0 0 0

=

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
7 0 0 0

1628
f6 ·MP (15,2)7→6 −MP (16,3)7→6 · f7 =

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
7 0 0 0

−

3 1 1
1 0 0 0
1 0 1 0
3 1 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1
7 0 0 0

=
[ 5
16 0
]
Relations of the projection g : P (16, 3)→ P (16, 1) P
1. g2 ·MP (16,3)1→2 −MP (16,1)1→2 · g1 = 0
g2 ·MP (16,3)1→2 =
[11 5
5 0 1
]
·

2 6
2 1 0
2 1 0
4 0 0
6 0 1
2 0 0
 =
[ 2 2 4 3 3 2
3 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

2 3 3
2 1 0 0
2 1 0 0
4 0 0 0
3 0 1 0
3 0 0 1
2 0 0 0

=
[ 2 3 3
3 0 0 1
2 0 0 0
]
=
[ 5 3
3 0 1
2 0 0
]
M
P (16,1)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 5 3
3 0 1
]
=
[ 5 3
3 0 1
2 0 0
]
g2 ·MP (16,3)1→2 −MP (16,1)1→2 · g1 =
[ 5 3
3 0 1
2 0 0
]
−
[ 5 3
3 0 1
2 0 0
]
=
[ 8
5 0
]
2. g3 ·MP (16,3)2→3 −MP (16,1)2→3 · g2 = 0
g3 ·MP (16,3)2→3 =
[16 9
9 0 1
]
·

2 1 2 11
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
11 0 0 0 1
4 0 0 0 0

=
[ 2 1 2 1 2 2 6 5 4
5 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
]
·

2 1 2 6 5
2 1 0 0 0 0
1 0 1 0 0 0
2 1 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
6 0 0 0 1 0
5 0 0 0 0 1
4 0 0 0 0 0

=
[ 2 1 2 6 5
5 0 0 0 0 1
4 0 0 0 0 0
]
=
[11 5
5 0 1
4 0 0
]
M
P (16,1)
2→3 · g2 =
[ 5
5 1
4 0
]
·
[11 5
5 0 1
]
=
[11 5
5 0 1
4 0 0
]
g3 ·MP (16,3)2→3 −MP (16,1)2→3 · g2 =
[11 5
5 0 1
4 0 0
]
−
[11 5
5 0 1
4 0 0
]
=
[16
9 0
]
3. g3 ·MP (16,3)4→3 −MP (16,1)4→3 · g4 = 0
g3 ·MP (16,3)4→3 =
[16 9
9 0 1
]
·

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

5 3 5 3 3 3 3
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

5 5 3 3
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
 =

10 3 3
3 0 1 0
3 0 1 1
3 0 0 1

M
P (16,1)
4→3 · g4 =

3 3
3 1 0
3 1 1
3 0 1
 · [10 66 0 1 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
10 3 3
3 0 1 0
3 0 0 1
]
=

10 3 3
3 0 1 0
3 0 1 1
3 0 0 1

g3 ·MP (16,3)4→3 −MP (16,1)4→3 · g4 =

10 3 3
3 0 1 0
3 0 1 1
3 0 0 1
−

10 3 3
3 0 1 0
3 0 1 1
3 0 0 1
 = [169 0 ]
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4. g4 ·MP (16,3)5→4 −MP (16,1)5→4 · g5 = 0
g4 ·MP (16,3)5→4 =
[10 6
6 0 1
]
·

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

=

3 2 2 3 2 1 1 2
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

=

3 2 2 1
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0
 =

5 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

M
P (16,1)
5→4 · g5 =

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
[ 5 3
3 0 1
]
=

2 1
2 1 0
1 0 1
1 0 0
2 1 0
 ·
[ 5 2 1
2 0 1 0
1 0 0 1
]
=

5 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

g4 ·MP (16,3)5→4 −MP (16,1)5→4 · g5 =

5 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0
−

5 2 1
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0
 =
[ 8
6 0
]
5. g3 ·MP (16,3)6→3 −MP (16,1)6→3 · g6 = 0
g3 ·MP (16,3)6→3 =
[16 9
9 0 1
]
·

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 3 5 2 1 2 1 2 3 6
3 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
]
·

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 5 2 1 2 6
3 0 0 0 0 0
6 0 0 0 0 1
]
=
[10 6
3 0 0
6 0 1
]
M
P (16,1)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[10 6
6 0 1
]
=
[10 6
3 0 0
6 0 1
]
g3 ·MP (16,3)6→3 −MP (16,1)6→3 · g6 =
[10 6
3 0 0
6 0 1
]
−
[10 6
3 0 0
6 0 1
]
=
[16
9 0
]
6. g6 ·MP (16,3)7→6 −MP (16,1)7→6 · g7 = 0
g6 ·MP (16,3)7→6 =
[10 6
6 0 1
]
·

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 1 3 1 1 1 1 1 3 2 1
3 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1
 ·

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

3 1 1 2 1
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 = [
5 3
3 0 0
3 0 1
]
M
P (16,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 5 3
3 0 1
]
=
[ 5 3
3 0 0
3 0 1
]
g6 ·MP (16,3)7→6 −MP (16,1)7→6 · g7 =
[ 5 3
3 0 0
3 0 1
]
−
[ 5 3
3 0 0
3 0 1
]
=
[ 8
6 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[11 5
5 0 1
]
·
[11
11 1
5 0
]
=
[11
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[16 9
9 0 1
]
·
[16
16 1
9 0
]
=
[16
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[10 6
6 0 1
]
·
[10
10 1
6 0
]
=
[10
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[10 6
6 0 1
]
·
[10
10 1
6 0
]
=
[10
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
134.3.2 0→ P (14, 1) f→ P (16, 3) g→ P (16, 2)→ 0 
PdimP (14, 1) + dimP (16, 2) = (2, 5, 8, 5, 3, 5, 3) + (6, 11, 17, 11, 5, 11, 5)
= (8, 16, 25, 16, 8, 16, 8) = dimP (16, 3)
Pdimk Ext
1
kQ(P (16, 2), P (14, 1)) = dimk HomkQ(P (16, 2), P (14, 1))− 〈dimP (16, 2),dimP (14, 1)〉
= 0− 〈(6, 11, 17, 11, 5, 11, 5), (2, 5, 8, 5, 3, 5, 3)〉
= 6 · 5 + 11 · 8 + 11 · 8 + 5 · 5 + 11 · 8 + 5 · 5− (6 · 2 + 11 · 5 + 17 · 8 + 11 · 5 + 5 · 3 + 11 · 5 + 5 · 3)
= 30 + 88 + 88 + 25 + 88 + 25− (12 + 55 + 136 + 55 + 15 + 55 + 15)
= 1
Matrices of the embedding f : P (14, 1)→ P (16, 3) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M16,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M25,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M16,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
1632
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M16,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (16, 3)→ P (16, 2) P
1. g1 =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M6,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,16(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M17,25(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,16(k) is already in row echelon form and has maximal row rank.
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5. g5 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,16(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (14, 1)→ P (16, 3) P
1. f2 ·MP (14,1)1→2 −MP (16,3)1→2 · f1 = 0
f2 ·MP (14,1)1→2 =
[ 5
5 1
11 0
]
·

2
2 1
2 1
1 0
 =

2 2 1
2 1 0 0
2 0 1 0
1 0 0 1
11 0 0 0
 ·

2
2 1
2 1
1 0
 =

2
2 1
2 1
1 0
11 0
 =

2
2 1
2 1
12 0

M
P (16,3)
1→2 · f1 =

2 6
2 1 0
2 1 0
4 0 0
6 0 1
2 0 0
 ·
[ 2
2 1
6 0
]
=

2
2 1
2 1
4 0
6 0
2 0
 =

2
2 1
2 1
12 0

f2 ·MP (14,1)1→2 −MP (16,3)1→2 · f1 =

2
2 1
2 1
12 0
−

2
2 1
2 1
12 0
 = [ 216 0 ]
2. f3 ·MP (14,1)2→3 −MP (16,3)2→3 · f2 = 0
f3 ·MP (14,1)2→3 =
[ 8
8 1
17 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
2 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
17 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
17 0 0 0

M
P (16,3)
2→3 · f2 =

2 1 2 11
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
11 0 0 0 1
4 0 0 0 0

·
[ 5
5 1
11 0
]
=

2 1 2 11
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
11 0 0 0 1
4 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
11 0 0 0
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
2 0 0 0
11 0 0 0
4 0 0 0

=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
17 0 0 0

f3 ·MP (14,1)2→3 −MP (16,3)2→3 · f2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
17 0 0 0

−

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
17 0 0 0

=
[ 5
25 0
]
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3. f3 ·MP (14,1)4→3 −MP (16,3)4→3 · f4 = 0
f3 ·MP (14,1)4→3 =
[ 8
8 1
17 0
]
·
[ 5
5 1
3 0
]
=

5 3
5 1 0
3 0 1
17 0 0
 · [
5
5 1
3 0
]
=

5
5 1
3 0
17 0
 = [
5
5 1
20 0
]
M
P (16,3)
4→3 · f4 =

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·
[ 5
5 1
11 0
]
=

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

5
5 1
5 0
3 0
3 0
 =

5
5 1
3 0
5 0
3 0
3 0
3 0
3 0

=
[ 5
5 1
20 0
]
f3 ·MP (14,1)4→3 −MP (16,3)4→3 · f4 =
[ 5
5 1
20 0
]
−
[ 5
5 1
20 0
]
=
[ 5
25 0
]
4. f4 ·MP (14,1)5→4 −MP (16,3)5→4 · f5 = 0
f4 ·MP (14,1)5→4 =
[ 5
5 1
11 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
11 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
11 0
 = [
3
3 1
13 0
]
M
P (16,3)
5→4 · f5 =

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

·
[ 3
3 1
5 0
]
=

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

·

3
3 1
2 0
2 0
1 0
 =

3
3 1
2 0
2 0
3 0
2 0
1 0
1 0
2 0

=
[ 3
3 1
13 0
]
f4 ·MP (14,1)5→4 −MP (16,3)5→4 · f5 =
[ 3
3 1
13 0
]
−
[ 3
3 1
13 0
]
=
[ 3
16 0
]
5. f3 ·MP (14,1)6→3 −MP (16,3)6→3 · f6 = 0
f3 ·MP (14,1)6→3 =
[ 8
8 1
17 0
]
·
[ 5
3 0
5 1
]
=

3 5
3 1 0
5 0 1
17 0 0
 · [
5
3 0
5 1
]
=

5
3 0
5 1
17 0

M
P (16,3)
6→3 · f6 =

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·
[ 5
5 1
11 0
]
=

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

5
5 1
2 0
1 0
2 0
6 0
 =

5
3 0
5 1
2 0
1 0
2 0
1 0
2 0
3 0
6 0

=

5
3 0
5 1
17 0

f3 ·MP (14,1)6→3 −MP (16,3)6→3 · f6 =

5
3 0
5 1
17 0
−

5
3 0
5 1
17 0
 = [ 525 0 ]
1635
6. f6 ·MP (14,1)7→6 −MP (16,3)7→6 · f7 = 0
f6 ·MP (14,1)7→6 =
[ 5
5 1
11 0
]
·
[ 3
2 0
3 1
]
=

2 3
2 1 0
3 0 1
11 0 0
 · [
3
2 0
3 1
]
=

3
2 0
3 1
11 0

M
P (16,3)
7→6 · f7 =

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 3
3 1
5 0
]
=

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

3
3 1
1 0
1 0
2 0
1 0
 =

3
1 0
1 0
3 1
1 0
1 0
1 0
1 0
4 0
2 0
1 0

=

3
2 0
3 1
11 0

f6 ·MP (14,1)7→6 −MP (16,3)7→6 · f7 =

3
2 0
3 1
11 0
−

3
2 0
3 1
11 0
 = [ 316 0 ]
Relations of the projection g : P (16, 3)→ P (16, 2) P
1. g2 ·MP (16,3)1→2 −MP (16,2)1→2 · g1 = 0
g2 ·MP (16,3)1→2 =
[ 5 11
11 0 1
]
·

2 6
2 1 0
2 1 0
4 0 0
6 0 1
2 0 0
 =

2 2 1 3 6 2
3 0 0 0 1 0 0
6 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 6
2 1 0
2 1 0
1 0 0
3 0 0
6 0 1
2 0 0

=

2 6
3 0 0
6 0 1
2 0 0

M
P (16,2)
1→2 · g1 =

6
3 0
6 1
2 0
 · [ 2 66 0 1 ] =

2 6
3 0 0
6 0 1
2 0 0

g2 ·MP (16,3)1→2 −MP (16,2)1→2 · g1 =

2 6
3 0 0
6 0 1
2 0 0
−

2 6
3 0 0
6 0 1
2 0 0
 = [ 811 0 ]
2. g3 ·MP (16,3)2→3 −MP (16,2)2→3 · g2 = 0
g3 ·MP (16,3)2→3 =
[ 8 17
17 0 1
]
·

2 1 2 11
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
11 0 0 0 1
4 0 0 0 0

=

2 1 2 1 2 2 11 4
2 0 0 0 0 0 1 0 0
11 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 1
 ·

2 1 2 11
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
11 0 0 0 1
4 0 0 0 0

=

2 1 2 11
2 0 0 0 0
11 0 0 0 1
4 0 0 0 0
 =

5 11
2 0 0
11 0 1
4 0 0

M
P (16,2)
2→3 · g2 =

11
2 0
11 1
4 0
 · [ 5 1111 0 1 ] =

5 11
2 0 0
11 0 1
4 0 0

g3 ·MP (16,3)2→3 −MP (16,2)2→3 · g2 =

5 11
2 0 0
11 0 1
4 0 0
−

5 11
2 0 0
11 0 1
4 0 0
 = [1617 0 ]
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3. g3 ·MP (16,3)4→3 −MP (16,2)4→3 · g4 = 0
g3 ·MP (16,3)4→3 =
[ 8 17
17 0 1
]
·

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

5 3 5 3 3 3 3
5 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

5 5 3 3
5 1 0 0 0
3 0 0 0 0
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

5 5 3 3
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

M
P (16,2)
4→3 · g4 =

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·
[ 5 11
11 0 1
]
=

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

5 5 3 3
5 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 =

5 5 3 3
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

g3 ·MP (16,3)4→3 −MP (16,2)4→3 · g4 =

5 5 3 3
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
−

5 5 3 3
5 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
 =
[16
17 0
]
4. g4 ·MP (16,3)5→4 −MP (16,2)5→4 · g5 = 0
g4 ·MP (16,3)5→4 =
[ 5 11
11 0 1
]
·

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

=

3 2 2 3 2 1 1 2
2 0 0 1 0 0 0 0 0
3 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1

·

3 2 2 1
3 1 0 0 0
2 0 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

=

3 2 2 1
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

M
P (16,2)
5→4 · g5 =

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

·
[ 3 5
5 0 1
]
=

2 2 1
2 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0
2 0 1 0

·

3 2 2 1
2 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

3 2 2 1
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

g4 ·MP (16,3)5→4 −MP (16,2)5→4 · g5 =

3 2 2 1
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

−

3 2 2 1
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
2 0 0 1 0

=
[ 8
11 0
]
5. g3 ·MP (16,3)6→3 −MP (16,2)6→3 · g6 = 0
g3 ·MP (16,3)6→3 =
[ 8 17
17 0 1
]
·

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=

3 5 2 1 2 1 2 3 6
2 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1

·

5 2 1 2 6
3 0 0 0 0 0
5 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=

5 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

1637
M
P (16,2)
6→3 · g6 =

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·
[ 5 11
11 0 1
]
=

2 1 2 6
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

5 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
 =

5 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

g3 ·MP (16,3)6→3 −MP (16,2)6→3 · g6 =

5 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

−

5 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[16
17 0
]
6. g6 ·MP (16,3)7→6 −MP (16,2)7→6 · g7 = 0
g6 ·MP (16,3)7→6 =
[ 5 11
11 0 1
]
·

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 1 3 1 1 1 1 4 2 1
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

3 1 1 2 1
1 0 0 0 0 0
1 0 1 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

3 1 1 2 1
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

M
P (16,2)
7→6 · g7 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·
[ 3 5
5 0 1
]
=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 1 0 0 1
1 0 1 0 0
4 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·

3 1 1 2 1
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 =

3 1 1 2 1
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

g6 ·MP (16,3)7→6 −MP (16,2)7→6 · g7 =

3 1 1 2 1
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

−

3 1 1 2 1
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 0 1
1 0 0 1 0 0
4 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 8
11 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 6
6 0 1
]
·
[ 2
2 1
6 0
]
=
[ 2
6 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 11
11 0 1
]
·
[ 5
5 1
11 0
]
=
[ 5
11 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 17
17 0 1
]
·
[ 8
8 1
17 0
]
=
[ 8
17 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 5 11
11 0 1
]
·
[ 5
5 1
11 0
]
=
[ 5
11 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 11
11 0 1
]
·
[ 5
5 1
11 0
]
=
[ 5
11 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
134.4 Tree module property of P (22, 3) 
The matrices of the representation have full (column) rank P
1. MP (22,3)1→2 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M22,11(k) is already in column echelon form and has maximal column rank.
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2. MP (22,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M34,22(k) is already in column echelon form and has maximal column rank.
3. MP (22,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M34,22(k) is already in column echelon form and has maximal column rank.
1640
4. MP (22,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0

∈M22,11(k) is already in column echelon form and has maximal column rank.
5. MP (22,3)6→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M34,22(k) is already in column echelon form and has maximal column rank.
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6. MP (22,3)7→6 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M22,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (22,3)
7→6 =

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

c1↔c2−−−−→

1 4 2 3 1
2 0 0 0 0 0
1 1 0 0 0 0
4 0 1 0 0 0
1 1 0 0 0 0
2 0 0 1 0 0
1 1 0 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

c4↔c5−−−−→

1 4 2 1 3
2 0 0 0 0 0
1 1 0 0 0 0
4 0 1 0 0 0
1 1 0 0 0 0
2 0 0 1 0 0
1 1 0 0 1 0
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 0 1
1 0 0 0 1 0

134.4.1 0→ P (21, 2) f→ P (22, 3) g→ P (22, 1)→ 0 
PdimP (21, 2) + dimP (22, 1) = (7, 15, 22, 14, 7, 14, 7) + (4, 7, 12, 8, 4, 8, 4)
= (11, 22, 34, 22, 11, 22, 11) = dimP (22, 3)
Pdimk Ext
1
kQ(P (22, 1), P (21, 2)) = dimk HomkQ(P (22, 1), P (21, 2))− 〈dimP (22, 1),dimP (21, 2)〉
= 0− 〈(4, 7, 12, 8, 4, 8, 4), (7, 15, 22, 14, 7, 14, 7)〉
= 4 · 15 + 7 · 22 + 8 · 22 + 4 · 14 + 8 · 22 + 4 · 14− (4 · 7 + 7 · 15 + 12 · 22 + 8 · 14 + 4 · 7 + 8 · 14 + 4 · 7)
= 60 + 154 + 176 + 56 + 176 + 56− (28 + 105 + 264 + 112 + 28 + 112 + 28)
= 1
Matrices of the embedding f : P (21, 2)→ P (22, 3) P
1. f1 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M34,22(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,14(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (22, 3)→ P (22, 1) P
1. g1 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,22(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M12,34(k) is already in row echelon form and has
maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,22(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,22(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (21, 2)→ P (22, 3) P
1. f2 ·MP (21,2)1→2 −MP (22,3)1→2 · f1 = 0
f2 ·MP (21,2)1→2 =
[15
15 1
7 0
]
·

3 4
3 1 0
3 1 0
5 0 0
4 0 1
 =

3 3 5 4
3 1 0 0 0
3 0 1 0 0
5 0 0 1 0
4 0 0 0 1
7 0 0 0 0
 ·

3 4
3 1 0
3 1 0
5 0 0
4 0 1
 =

3 4
3 1 0
3 1 0
5 0 0
4 0 1
7 0 0

M
P (22,3)
1→2 · f1 =

3 8
3 1 0
3 1 0
5 0 0
8 0 1
3 0 0
 ·
[ 7
7 1
4 0
]
=

3 4 4
3 1 0 0
3 1 0 0
5 0 0 0
4 0 1 0
4 0 0 1
3 0 0 0

·

3 4
3 1 0
4 0 1
4 0 0
 =

3 4
3 1 0
3 1 0
5 0 0
4 0 1
4 0 0
3 0 0

=

3 4
3 1 0
3 1 0
5 0 0
4 0 1
7 0 0

f2 ·MP (21,2)1→2 −MP (22,3)1→2 · f1 =

3 4
3 1 0
3 1 0
5 0 0
4 0 1
7 0 0
−

3 4
3 1 0
3 1 0
5 0 0
4 0 1
7 0 0
 =
[ 7
22 0
]
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2. f3 ·MP (21,2)2→3 −MP (22,3)2→3 · f2 = 0
f3 ·MP (21,2)2→3 =
[22
22 1
12 0
]
·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

=

3 1 3 1 3 3 8
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
8 0 0 0 0 0 0 1
12 0 0 0 0 0 0 0

·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1

=

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1
12 0 0 0 0

M
P (22,3)
2→3 · f2 =

3 1 3 15
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
15 0 0 0 1
5 0 0 0 0

·
[15
15 1
7 0
]
=

3 1 3 8 7
3 1 0 0 0 0
1 0 1 0 0 0
3 1 0 1 0 0
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
8 0 0 0 1 0
7 0 0 0 0 1
5 0 0 0 0 0

·

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
8 0 0 0 1
7 0 0 0 0
 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1
7 0 0 0 0
5 0 0 0 0

=

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1
12 0 0 0 0

f3 ·MP (21,2)2→3 −MP (22,3)2→3 · f2 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1
12 0 0 0 0

−

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
8 0 0 0 1
12 0 0 0 0

=
[15
34 0
]
3. f3 ·MP (21,2)4→3 −MP (22,3)4→3 · f4 = 0
f3 ·MP (21,2)4→3 =
[22
22 1
12 0
]
·

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 =

7 4 7 4
7 1 0 0 0
4 0 1 0 0
7 0 0 1 0
4 0 0 0 1
12 0 0 0 0
 ·

7 7
7 1 0
4 0 0
7 0 1
4 0 0
 =

7 7
7 1 0
4 0 0
7 0 1
4 0 0
12 0 0
 =

7 7
7 1 0
4 0 0
7 0 1
16 0 0

M
P (22,3)
4→3 · f4 =

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

·
[14
14 1
8 0
]
=

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

·

7 7
7 1 0
7 0 1
4 0 0
4 0 0
 =

7 7
7 1 0
4 0 0
7 0 1
4 0 0
4 0 0
4 0 0
4 0 0

=

7 7
7 1 0
4 0 0
7 0 1
16 0 0

f3 ·MP (21,2)4→3 −MP (22,3)4→3 · f4 =

7 7
7 1 0
4 0 0
7 0 1
16 0 0
−

7 7
7 1 0
4 0 0
7 0 1
16 0 0
 =
[14
34 0
]
4. f4 ·MP (21,2)5→4 −MP (22,3)5→4 · f5 = 0
f4 ·MP (21,2)5→4 =
[14
14 1
8 0
]
·

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 =

4 3 3 4
4 1 0 0 0
3 0 1 0 0
3 0 0 1 0
4 0 0 0 1
8 0 0 0 0
 ·

4 3
4 1 0
3 0 0
3 0 1
4 0 0
 =

4 3
4 1 0
3 0 0
3 0 1
4 0 0
8 0 0
 =

4 3
4 1 0
3 0 0
3 0 1
12 0 0

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M
P (22,3)
5→4 · f5 =

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

·
[ 7
7 1
4 0
]
=

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

·

4 3
4 1 0
3 0 1
3 0 0
1 0 0
 =

4 3
4 1 0
3 0 0
3 0 1
4 0 0
3 0 0
1 0 0
1 0 0
3 0 0

=

4 3
4 1 0
3 0 0
3 0 1
12 0 0

f4 ·MP (21,2)5→4 −MP (22,3)5→4 · f5 =

4 3
4 1 0
3 0 0
3 0 1
12 0 0
−

4 3
4 1 0
3 0 0
3 0 1
12 0 0
 =
[ 7
22 0
]
5. f3 ·MP (21,2)6→3 −MP (22,3)6→3 · f6 = 0
f3 ·MP (21,2)6→3 =
[22
22 1
12 0
]
·

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

4 7 3 1 3 1 3
4 1 0 0 0 0 0 0
7 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
12 0 0 0 0 0 0 0

·

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
12 0 0 0 0

M
P (22,3)
6→3 · f6 =

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

·
[14
14 1
8 0
]
=

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

·

7 3 1 3
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
8 0 0 0 0
 =

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
4 0 0 0 0
8 0 0 0 0

=

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
12 0 0 0 0

f3 ·MP (21,2)6→3 −MP (22,3)6→3 · f6 =

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
12 0 0 0 0

−

7 3 1 3
4 0 0 0 0
7 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
12 0 0 0 0

=
[14
34 0
]
6. f6 ·MP (21,2)7→6 −MP (22,3)7→6 · f7 = 0
f6 ·MP (21,2)7→6 =
[14
14 1
8 0
]
·

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

=

2 1 4 1 2 1 2 1
2 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
4 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
8 0 0 0 0 0 0 0 0

·

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0

=

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
1 0 0 0
8 0 0 0

=

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
9 0 0 0

M
P (22,3)
7→6 · f7 =

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

·
[ 7
7 1
4 0
]
=

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

·

4 1 2
4 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
1 0 0 0
 =

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
5 0 0 0
3 0 0 0
1 0 0 0

=

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
9 0 0 0

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f6 ·MP (21,2)7→6 −MP (22,3)7→6 · f7 =

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
9 0 0 0

−

4 1 2
2 0 0 0
1 0 1 0
4 1 0 0
1 0 1 0
2 0 0 1
1 0 1 0
2 0 0 1
9 0 0 0

=
[ 7
22 0
]
Relations of the projection g : P (22, 3)→ P (22, 1) P
1. g2 ·MP (22,3)1→2 −MP (22,1)1→2 · g1 = 0
g2 ·MP (22,3)1→2 =
[15 7
7 0 1
]
·

3 8
3 1 0
3 1 0
5 0 0
8 0 1
3 0 0
 =
[ 3 3 5 4 4 3
4 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

3 4 4
3 1 0 0
3 1 0 0
5 0 0 0
4 0 1 0
4 0 0 1
3 0 0 0

=
[ 3 4 4
4 0 0 1
3 0 0 0
]
=
[ 7 4
4 0 1
3 0 0
]
M
P (22,1)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 7 4
4 0 1
]
=
[ 7 4
4 0 1
3 0 0
]
g2 ·MP (22,3)1→2 −MP (22,1)1→2 · g1 =
[ 7 4
4 0 1
3 0 0
]
−
[ 7 4
4 0 1
3 0 0
]
=
[11
7 0
]
2. g3 ·MP (22,3)2→3 −MP (22,1)2→3 · g2 = 0
g3 ·MP (22,3)2→3 =
[22 12
12 0 1
]
·

3 1 3 15
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
15 0 0 0 1
5 0 0 0 0

=
[ 3 1 3 1 3 3 8 7 5
7 0 0 0 0 0 0 0 1 0
5 0 0 0 0 0 0 0 0 1
]
·

3 1 3 8 7
3 1 0 0 0 0
1 0 1 0 0 0
3 1 0 1 0 0
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
8 0 0 0 1 0
7 0 0 0 0 1
5 0 0 0 0 0

=
[ 3 1 3 8 7
7 0 0 0 0 1
5 0 0 0 0 0
]
=
[15 7
7 0 1
5 0 0
]
M
P (22,1)
2→3 · g2 =
[ 7
7 1
5 0
]
·
[15 7
7 0 1
]
=
[15 7
7 0 1
5 0 0
]
g3 ·MP (22,3)2→3 −MP (22,1)2→3 · g2 =
[15 7
7 0 1
5 0 0
]
−
[15 7
7 0 1
5 0 0
]
=
[22
12 0
]
3. g3 ·MP (22,3)4→3 −MP (22,1)4→3 · g4 = 0
g3 ·MP (22,3)4→3 =
[22 12
12 0 1
]
·

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

=

7 4 7 4 4 4 4
4 0 0 0 0 1 0 0
4 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
 ·

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

=

7 7 4 4
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1
 =

14 4 4
4 0 1 0
4 0 1 1
4 0 0 1

M
P (22,1)
4→3 · g4 =

4 4
4 1 0
4 1 1
4 0 1
 · [14 88 0 1 ] =

4 4
4 1 0
4 1 1
4 0 1
 · [
14 4 4
4 0 1 0
4 0 0 1
]
=

14 4 4
4 0 1 0
4 0 1 1
4 0 0 1

g3 ·MP (22,3)4→3 −MP (22,1)4→3 · g4 =

14 4 4
4 0 1 0
4 0 1 1
4 0 0 1
−

14 4 4
4 0 1 0
4 0 1 1
4 0 0 1
 = [2212 0 ]
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4. g4 ·MP (22,3)5→4 −MP (22,1)5→4 · g5 = 0
g4 ·MP (22,3)5→4 =
[14 8
8 0 1
]
·

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

=

4 3 3 4 3 1 1 3
3 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
 ·

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

=

4 3 3 1
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0
 =

7 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

M
P (22,1)
5→4 · g5 =

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·
[ 7 4
4 0 1
]
=

3 1
3 1 0
1 0 1
1 0 0
3 1 0
 ·
[ 7 3 1
3 0 1 0
1 0 0 1
]
=

7 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

g4 ·MP (22,3)5→4 −MP (22,1)5→4 · g5 =

7 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0
−

7 3 1
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0
 =
[11
8 0
]
5. g3 ·MP (22,3)6→3 −MP (22,1)6→3 · g6 = 0
g3 ·MP (22,3)6→3 =
[22 12
12 0 1
]
·

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

=
[ 4 7 3 1 3 1 3 4 8
4 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
]
·

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

=
[ 7 3 1 3 8
4 0 0 0 0 0
8 0 0 0 0 1
]
=
[14 8
4 0 0
8 0 1
]
M
P (22,1)
6→3 · g6 =
[ 8
4 0
8 1
]
·
[14 8
8 0 1
]
=
[14 8
4 0 0
8 0 1
]
g3 ·MP (22,3)6→3 −MP (22,1)6→3 · g6 =
[14 8
4 0 0
8 0 1
]
−
[14 8
4 0 0
8 0 1
]
=
[22
12 0
]
6. g6 ·MP (22,3)7→6 −MP (22,1)7→6 · g7 = 0
g6 ·MP (22,3)7→6 =
[14 8
8 0 1
]
·

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

=

2 1 4 1 2 1 2 1 4 3 1
4 0 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1
 ·

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
1 0 0 0 0 0
4 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

=

4 1 2 3 1
4 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1
 = [
7 4
4 0 0
4 0 1
]
M
P (22,1)
7→6 · g7 =
[ 4
4 0
4 1
]
·
[ 7 4
4 0 1
]
=
[ 7 4
4 0 0
4 0 1
]
g6 ·MP (22,3)7→6 −MP (22,1)7→6 · g7 =
[ 7 4
4 0 0
4 0 1
]
−
[ 7 4
4 0 0
4 0 1
]
=
[11
8 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 7 4
4 0 1
]
·
[ 7
7 1
4 0
]
=
[ 7
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[15 7
7 0 1
]
·
[15
15 1
7 0
]
=
[15
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[22 12
12 0 1
]
·
[22
22 1
12 0
]
=
[22
12 0
]
4. g4 · f4 = 0
g4 · f4 =
[14 8
8 0 1
]
·
[14
14 1
8 0
]
=
[14
8 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 7 4
4 0 1
]
·
[ 7
7 1
4 0
]
=
[ 7
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[14 8
8 0 1
]
·
[14
14 1
8 0
]
=
[14
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 7 4
4 0 1
]
·
[ 7
7 1
4 0
]
=
[ 7
4 0
]
134.4.2 0→ P (20, 1) f→ P (22, 3) g→ P (22, 2)→ 0 
PdimP (20, 1) + dimP (22, 2) = (3, 7, 11, 7, 4, 7, 4) + (8, 15, 23, 15, 7, 15, 7)
= (11, 22, 34, 22, 11, 22, 11) = dimP (22, 3)
Pdimk Ext
1
kQ(P (22, 2), P (20, 1)) = dimk HomkQ(P (22, 2), P (20, 1))− 〈dimP (22, 2),dimP (20, 1)〉
= 0− 〈(8, 15, 23, 15, 7, 15, 7), (3, 7, 11, 7, 4, 7, 4)〉
= 8 · 7 + 15 · 11 + 15 · 11 + 7 · 7 + 15 · 11 + 7 · 7− (8 · 3 + 15 · 7 + 23 · 11 + 15 · 7 + 7 · 4 + 15 · 7 + 7 · 4)
= 56 + 165 + 165 + 49 + 165 + 49− (24 + 105 + 253 + 105 + 28 + 105 + 28)
= 1
Matrices of the embedding f : P (20, 1)→ P (22, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M22,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M34,11(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M22,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M22,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (22, 3)→ P (22, 2) P
1. g1 =

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M8,11(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,22(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M23,34(k) is already in row echelon form and has
maximal row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,22(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M7,11(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,22(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M7,11(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (20, 1)→ P (22, 3) P
1. f2 ·MP (20,1)1→2 −MP (22,3)1→2 · f1 = 0
f2 ·MP (20,1)1→2 =
[ 7
7 1
15 0
]
·

3
3 1
3 1
1 0
 =

3 3 1
3 1 0 0
3 0 1 0
1 0 0 1
15 0 0 0
 ·

3
3 1
3 1
1 0
 =

3
3 1
3 1
1 0
15 0
 =

3
3 1
3 1
16 0

M
P (22,3)
1→2 · f1 =

3 8
3 1 0
3 1 0
5 0 0
8 0 1
3 0 0
 ·
[ 3
3 1
8 0
]
=

3
3 1
3 1
5 0
8 0
3 0
 =

3
3 1
3 1
16 0

f2 ·MP (20,1)1→2 −MP (22,3)1→2 · f1 =

3
3 1
3 1
16 0
−

3
3 1
3 1
16 0
 = [ 322 0 ]
2. f3 ·MP (20,1)2→3 −MP (22,3)2→3 · f2 = 0
f3 ·MP (20,1)2→3 =
[11
11 1
23 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3 1 3
3 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
23 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
23 0 0 0

M
P (22,3)
2→3 · f2 =

3 1 3 15
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
15 0 0 0 1
5 0 0 0 0

·
[ 7
7 1
15 0
]
=

3 1 3 15
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
15 0 0 0 1
5 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
15 0 0 0
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
3 0 0 0
15 0 0 0
5 0 0 0

=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
23 0 0 0

f3 ·MP (20,1)2→3 −MP (22,3)2→3 · f2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
23 0 0 0

−

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
23 0 0 0

=
[ 7
34 0
]
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3. f3 ·MP (20,1)4→3 −MP (22,3)4→3 · f4 = 0
f3 ·MP (20,1)4→3 =
[11
11 1
23 0
]
·
[ 7
7 1
4 0
]
=

7 4
7 1 0
4 0 1
23 0 0
 · [
7
7 1
4 0
]
=

7
7 1
4 0
23 0
 = [
7
7 1
27 0
]
M
P (22,3)
4→3 · f4 =

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

·
[ 7
7 1
15 0
]
=

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

·

7
7 1
7 0
4 0
4 0
 =

7
7 1
4 0
7 0
4 0
4 0
4 0
4 0

=
[ 7
7 1
27 0
]
f3 ·MP (20,1)4→3 −MP (22,3)4→3 · f4 =
[ 7
7 1
27 0
]
−
[ 7
7 1
27 0
]
=
[ 7
34 0
]
4. f4 ·MP (20,1)5→4 −MP (22,3)5→4 · f5 = 0
f4 ·MP (20,1)5→4 =
[ 7
7 1
15 0
]
·
[ 4
4 1
3 0
]
=

4 3
4 1 0
3 0 1
15 0 0
 · [
4
4 1
3 0
]
=

4
4 1
3 0
15 0
 = [
4
4 1
18 0
]
M
P (22,3)
5→4 · f5 =

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

·
[ 4
4 1
7 0
]
=

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

·

4
4 1
3 0
3 0
1 0
 =

4
4 1
3 0
3 0
4 0
3 0
1 0
1 0
3 0

=
[ 4
4 1
18 0
]
f4 ·MP (20,1)5→4 −MP (22,3)5→4 · f5 =
[ 4
4 1
18 0
]
−
[ 4
4 1
18 0
]
=
[ 4
22 0
]
5. f3 ·MP (20,1)6→3 −MP (22,3)6→3 · f6 = 0
f3 ·MP (20,1)6→3 =
[11
11 1
23 0
]
·
[ 7
4 0
7 1
]
=

4 7
4 1 0
7 0 1
23 0 0
 · [
7
4 0
7 1
]
=

7
4 0
7 1
23 0

M
P (22,3)
6→3 · f6 =

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

·
[ 7
7 1
15 0
]
=

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

·

7
7 1
3 0
1 0
3 0
8 0
 =

7
4 0
7 1
3 0
1 0
3 0
1 0
3 0
4 0
8 0

=

7
4 0
7 1
23 0

f3 ·MP (20,1)6→3 −MP (22,3)6→3 · f6 =

7
4 0
7 1
23 0
−

7
4 0
7 1
23 0
 = [ 734 0 ]
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6. f6 ·MP (20,1)7→6 −MP (22,3)7→6 · f7 = 0
f6 ·MP (20,1)7→6 =
[ 7
7 1
15 0
]
·
[ 4
3 0
4 1
]
=

3 4
3 1 0
4 0 1
15 0 0
 · [
4
3 0
4 1
]
=

4
3 0
4 1
15 0

M
P (22,3)
7→6 · f7 =

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

·
[ 4
4 1
7 0
]
=

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

·

4
4 1
1 0
2 0
3 0
1 0
 =

4
2 0
1 0
4 1
1 0
2 0
1 0
2 0
5 0
3 0
1 0

=

4
3 0
4 1
15 0

f6 ·MP (20,1)7→6 −MP (22,3)7→6 · f7 =

4
3 0
4 1
15 0
−

4
3 0
4 1
15 0
 = [ 422 0 ]
Relations of the projection g : P (22, 3)→ P (22, 2) P
1. g2 ·MP (22,3)1→2 −MP (22,2)1→2 · g1 = 0
g2 ·MP (22,3)1→2 =
[ 7 15
15 0 1
]
·

3 8
3 1 0
3 1 0
5 0 0
8 0 1
3 0 0
 =

3 3 1 4 8 3
4 0 0 0 1 0 0
8 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

3 8
3 1 0
3 1 0
1 0 0
4 0 0
8 0 1
3 0 0

=

3 8
4 0 0
8 0 1
3 0 0

M
P (22,2)
1→2 · g1 =

8
4 0
8 1
3 0
 · [ 3 88 0 1 ] =

3 8
4 0 0
8 0 1
3 0 0

g2 ·MP (22,3)1→2 −MP (22,2)1→2 · g1 =

3 8
4 0 0
8 0 1
3 0 0
−

3 8
4 0 0
8 0 1
3 0 0
 = [1115 0 ]
2. g3 ·MP (22,3)2→3 −MP (22,2)2→3 · g2 = 0
g3 ·MP (22,3)2→3 =
[11 23
23 0 1
]
·

3 1 3 15
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
15 0 0 0 1
5 0 0 0 0

=

3 1 3 1 3 3 15 5
3 0 0 0 0 0 1 0 0
15 0 0 0 0 0 0 1 0
5 0 0 0 0 0 0 0 1
 ·

3 1 3 15
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
15 0 0 0 1
5 0 0 0 0

=

3 1 3 15
3 0 0 0 0
15 0 0 0 1
5 0 0 0 0
 =

7 15
3 0 0
15 0 1
5 0 0

M
P (22,2)
2→3 · g2 =

15
3 0
15 1
5 0
 · [ 7 1515 0 1 ] =

7 15
3 0 0
15 0 1
5 0 0

g3 ·MP (22,3)2→3 −MP (22,2)2→3 · g2 =

7 15
3 0 0
15 0 1
5 0 0
−

7 15
3 0 0
15 0 1
5 0 0
 = [2223 0 ]
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3. g3 ·MP (22,3)4→3 −MP (22,2)4→3 · g4 = 0
g3 ·MP (22,3)4→3 =
[11 23
23 0 1
]
·

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

=

7 4 7 4 4 4 4
7 0 0 1 0 0 0 0
4 0 0 0 1 0 0 0
4 0 0 0 0 1 0 0
4 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
 ·

7 7 4 4
7 1 0 0 0
4 0 0 0 0
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

=

7 7 4 4
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

M
P (22,2)
4→3 · g4 =

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1
 ·
[ 7 15
15 0 1
]
=

7 4 4
7 1 0 0
4 0 0 0
4 0 1 0
4 0 1 1
4 0 0 1
 ·

7 7 4 4
7 0 1 0 0
4 0 0 1 0
4 0 0 0 1
 =

7 7 4 4
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1

g3 ·MP (22,3)4→3 −MP (22,2)4→3 · g4 =

7 7 4 4
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1
−

7 7 4 4
7 0 1 0 0
4 0 0 0 0
4 0 0 1 0
4 0 0 1 1
4 0 0 0 1
 =
[22
23 0
]
4. g4 ·MP (22,3)5→4 −MP (22,2)5→4 · g5 = 0
g4 ·MP (22,3)5→4 =
[ 7 15
15 0 1
]
·

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

=

4 3 3 4 3 1 1 3
3 0 0 1 0 0 0 0 0
4 0 0 0 1 0 0 0 0
3 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1

·

4 3 3 1
4 1 0 0 0
3 0 0 0 0
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

=

4 3 3 1
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

M
P (22,2)
5→4 · g5 =

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

·
[ 4 7
7 0 1
]
=

3 3 1
3 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
1 0 0 0
3 0 1 0

·

4 3 3 1
3 0 1 0 0
3 0 0 1 0
1 0 0 0 1
 =

4 3 3 1
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

g4 ·MP (22,3)5→4 −MP (22,2)5→4 · g5 =

4 3 3 1
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

−

4 3 3 1
3 0 1 0 0
4 0 0 0 0
3 0 0 1 0
1 0 0 0 1
1 0 0 0 0
3 0 0 1 0

=
[11
15 0
]
5. g3 ·MP (22,3)6→3 −MP (22,2)6→3 · g6 = 0
g3 ·MP (22,3)6→3 =
[11 23
23 0 1
]
·

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

=

4 7 3 1 3 1 3 4 8
3 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
3 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1

·

7 3 1 3 8
4 0 0 0 0 0
7 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

=

7 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

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M
P (22,2)
6→3 · g6 =

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

·
[ 7 15
15 0 1
]
=

3 1 3 8
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
4 0 0 0 0
8 0 0 0 1

·

7 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
 =

7 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

g3 ·MP (22,3)6→3 −MP (22,2)6→3 · g6 =

7 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

−

7 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
4 0 0 0 0 0
8 0 0 0 0 1

=
[22
23 0
]
6. g6 ·MP (22,3)7→6 −MP (22,2)7→6 · g7 = 0
g6 ·MP (22,3)7→6 =
[ 7 15
15 0 1
]
·

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

=

2 1 4 1 2 1 2 5 3 1
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
5 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

4 1 2 3 1
2 0 0 0 0 0
1 0 1 0 0 0
4 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

=

4 1 2 3 1
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

M
P (22,2)
7→6 · g7 =

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·
[ 4 7
7 0 1
]
=

1 2 3 1
1 1 0 0 0
2 0 1 0 0
1 1 0 0 1
2 0 1 0 0
5 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·

4 1 2 3 1
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 1 0
1 0 0 0 0 1
 =

4 1 2 3 1
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

g6 ·MP (22,3)7→6 −MP (22,2)7→6 · g7 =

4 1 2 3 1
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

−

4 1 2 3 1
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 1
2 0 0 1 0 0
5 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

=
[11
15 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 8
8 0 1
]
·
[ 3
3 1
8 0
]
=
[ 3
8 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 15
15 0 1
]
·
[ 7
7 1
15 0
]
=
[ 7
15 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 23
23 0 1
]
·
[11
11 1
23 0
]
=
[11
23 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 7 15
15 0 1
]
·
[ 7
7 1
15 0
]
=
[ 7
15 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 7
7 0 1
]
·
[ 4
4 1
7 0
]
=
[ 4
7 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 15
15 0 1
]
·
[ 7
7 1
15 0
]
=
[ 7
15 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 7
7 0 1
]
·
[ 4
4 1
7 0
]
=
[ 4
7 0
]
134.5 Tree module property of P (6n+ 4, 3) 
The matrices of the representation have full (column) rank P
1. MP (6n+4,3)1→2 =

n 2n+2
n 1 0
n 1 0
n+2 0 0
2n+2 0 1
n 0 0
 ∈M6n+4,3n+2(k) is already in column echelon form and has maximal column rank.
2. MP (6n+4,3)2→3 =

2n+1 4n+3
2n+1 1 0
2n+1 0 0
4n+3 0 1
n+2 0 0
+

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0
 ∈M9n+7,6n+4(k) is already in column echelon form and has maximal column rank.
3. MP (6n+4,3)4→3 =

2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[4n+2 2n+2
7n+5 0 0
2n+2 0 1
]
∈M9n+7,6n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+4,3)
4→3 =

2n+1 2n+1 n+1 n+1
2n+1 1 0 0 0
n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 1 1
n+1 0 0 0 1

4. MP (6n+4,3)5→4 =

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

∈M6n+4,3n+2(k) is already in column echelon form and has maximal column rank.
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5. MP (6n+4,3)6→3 =

4n+2 2n+2
n+1 0 0
4n+2 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0
 ∈M9n+7,6n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+4,3)
6→3 =

2n+1 n 1 n 2n+2
n+1 0 0 0 0 0
2n+1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1

6. MP (6n+4,3)7→6 =

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

∈M6n+4,3n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+4,3)
7→6 =

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

c1↔c2−−−−→

1 n+1 n−1 n 1
n−1 0 0 0 0 0
1 1 0 0 0 0
n+1 0 1 0 0 0
1 1 0 0 0 0
n−1 0 0 1 0 0
1 1 0 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

c4↔c5−−−−→

1 n+1 n−1 1 n
n−1 0 0 0 0 0
1 1 0 0 0 0
n+1 0 1 0 0 0
1 1 0 0 0 0
n−1 0 0 1 0 0
1 1 0 0 1 0
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 0 1
1 0 0 0 1 0

134.5.1 0→ P (6n+ 3, 2) i→ P (6n+ 4, 3) p→ P (6n+ 4, 1)→ 0 
PdimP (6n+ 3, 2) + dimP (6n+ 4, 1) = (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) + (n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
= (3n+ 2, 6n+ 4, 9n+ 7, 6n+ 4, 3n+ 2, 6n+ 4, 3n+ 2) = dimP (6n+ 4, 3)
Pdimk Ext
1
kQ(P (6n+ 4, 1), P (6n+ 3, 2)) = dimk HomkQ(P (6n+ 4, 1), P (6n+ 3, 2))− 〈dimP (6n+ 4, 1),dimP (6n+ 3, 2)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1), (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)〉
= (n+ 1) · (4n+ 3) + (2n+ 1) · (6n+ 4) + (2n+ 2) · (6n+ 4) + (n+ 1) · (4n+ 2) + (2n+ 2) · (6n+ 4) + (n+ 1) · (4n+ 2)− ((n+ 1) · (2n+ 1)
+ (2n+ 1) · (4n+ 3) + (3n+ 3) · (6n+ 4) + (2n+ 2) · (4n+ 2) + (n+ 1) · (2n+ 1) + (2n+ 2) · (4n+ 2) + (n+ 1) · (2n+ 1))
= 4n2 + 7n+ 3 + 12n2 + 14n+ 4 + 12n2 + 20n+ 8 + 4n2 + 6n+ 2 + 12n2 + 20n+ 8 + 4n2 + 6n+ 2
− (2n2 + 3n+ 1 + 8n2 + 10n+ 3 + 18n2 + 30n+ 12 + 8n2 + 12n+ 4 + 2n2 + 3n+ 1 + 8n2 + 12n+ 4 + 2n2 + 3n+ 1)
= 1
Matrices of the embedding i : P (6n+ 3, 2)→ P (6n+ 4, 3) P
1. i1 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n+3
4n+3 1
2n+1 0
]
∈M6n+4,4n+3(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n+4
6n+4 1
3n+3 0
]
∈M9n+7,6n+4(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n+2
4n+2 1
2n+2 0
]
∈M6n+4,4n+2(k) is already in column echelon form and has maximal column rank.
5. i5 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
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6. i6 =
[4n+2
4n+2 1
2n+2 0
]
∈M6n+4,4n+2(k) is already in column echelon form and has maximal column rank.
7. i7 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 4, 3)→ P (6n+ 4, 1) P
1. p1 =
[2n+1 n+1
n+1 0 1
]
∈Mn+1,3n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n+3 2n+1
2n+1 0 1
]
∈M2n+1,6n+4(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n+4 3n+3
3n+3 0 1
]
∈M3n+3,9n+7(k) is already in row echelon form and has maximal row rank.
4. p4 =
[4n+2 2n+2
2n+2 0 1
]
∈M2n+2,6n+4(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n+1 n+1
n+1 0 1
]
∈Mn+1,3n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n+2 2n+2
2n+2 0 1
]
∈M2n+2,6n+4(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n+1 n+1
n+1 0 1
]
∈Mn+1,3n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 3, 2)→ P (6n+ 4, 3) P
1. i2 ·MP (6n+3,2)1→2 −MP (6n+4,3)1→2 · i1 = 0
i2 ·MP (6n+3,2)1→2 =
[4n+3
4n+3 1
2n+1 0
]
·

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 =

n n n+2 n+1
n 1 0 0 0
n 0 1 0 0
n+2 0 0 1 0
n+1 0 0 0 1
2n+1 0 0 0 0
 ·

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
2n+1 0 0

M
P (6n+4,3)
1→2 · i1 =

n 2n+2
n 1 0
n 1 0
n+2 0 0
2n+2 0 1
n 0 0
 ·
[2n+1
2n+1 1
n+1 0
]
=

n n+1 n+1
n 1 0 0
n 1 0 0
n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n 0 0 0

·

n n+1
n 1 0
n+1 0 1
n+1 0 0
 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
n+1 0 0
n 0 0

=

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
2n+1 0 0

i2 ·MP (6n+3,2)1→2 −MP (6n+4,3)1→2 · i1 =

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
2n+1 0 0
−

n n+1
n 1 0
n 1 0
n+2 0 0
n+1 0 1
2n+1 0 0
 =
[2n+1
6n+4 0
]
2. i3 ·MP (6n+3,2)2→3 −MP (6n+4,3)2→3 · i2 = 0
i3 ·MP (6n+3,2)2→3 =
[6n+4
6n+4 1
3n+3 0
]
·


2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0


=

2n+1 2n+1 2n+2
2n+1 1 0 0
2n+1 0 1 0
2n+2 0 0 1
3n+3 0 0 0
 ·

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
+

n+1 2n+1 3n+2
n+1 1 0 0
2n+1 0 1 0
3n+2 0 0 1
3n+3 0 0 0
 ·

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0

=

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
3n+3 0 0
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+2 0 0
3n+3 0 0
 =

n+1 n 2n+2
n+1 1 0 0
n 0 1 0
n+1 0 0 0
n 0 0 0
2n+2 0 0 1
3n+3 0 0 0

+

n n+1 2n+2
n+1 0 0 0
n 1 0 0
n+1 0 1 0
n 0 0 0
2n+2 0 0 0
3n+3 0 0 0

=

n 1 n 2n+2
n 1 0 0 0
1 0 1 0 0
n 1 0 1 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
2n+2 0 0 0 1
3n+3 0 0 0 0

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M
P (6n+4,3)
2→3 · i2 =


2n+1 4n+3
2n+1 1 0
2n+1 0 0
4n+3 0 1
n+2 0 0
+

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0


·
[4n+3
4n+3 1
2n+1 0
]
=

2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 0
2n+2 0 1 0
2n+1 0 0 1
n+2 0 0 0
 ·

2n+1 2n+2
2n+1 1 0
2n+2 0 1
2n+1 0 0
+

2n+1 2n+2 2n+1
n+1 0 0 0
2n+1 1 0 0
6n+5 0 0 0
 ·

2n+1 2n+2
2n+1 1 0
2n+2 0 1
2n+1 0 0

=

2n+1 2n+2
2n+1 1 0
2n+1 0 0
2n+2 0 1
2n+1 0 0
n+2 0 0
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
6n+5 0 0
 =

n+1 n 2n+2
n+1 1 0 0
n 0 1 0
n+1 0 0 0
n 0 0 0
2n+2 0 0 1
2n+1 0 0 0
n+2 0 0 0

+

n n+1 2n+2
n+1 0 0 0
n 1 0 0
n+1 0 1 0
n 0 0 0
2n+2 0 0 0
2n+1 0 0 0
n+2 0 0 0

=

n 1 n 2n+2
n 1 0 0 0
1 0 1 0 0
n 1 0 1 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
2n+2 0 0 0 1
3n+3 0 0 0 0

i3 ·MP (6n+3,2)2→3 −MP (6n+4,3)2→3 · i2 =

n 1 n 2n+2
n 1 0 0 0
1 0 1 0 0
n 1 0 1 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
2n+2 0 0 0 1
3n+3 0 0 0 0

−

n 1 n 2n+2
n 1 0 0 0
1 0 1 0 0
n 1 0 1 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
2n+2 0 0 0 1
3n+3 0 0 0 0

=
[4n+3
9n+7 0
]
3. i3 ·MP (6n+3,2)4→3 −MP (6n+4,3)4→3 · i4 = 0
i3 ·MP (6n+3,2)4→3 =
[6n+4
6n+4 1
3n+3 0
]
·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 =

2n+1 n+1 2n+1 n+1
2n+1 1 0 0 0
n+1 0 1 0 0
2n+1 0 0 1 0
n+1 0 0 0 1
3n+3 0 0 0 0
 ·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
3n+3 0 0
 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
4n+4 0 0

M
P (6n+4,3)
4→3 · i4 =


2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[4n+2 2n+2
7n+5 0 0
2n+2 0 1
]

·
[4n+2
4n+2 1
2n+2 0
]
=

2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

·

2n+1 2n+1
2n+1 1 0
2n+1 0 1
2n+2 0 0
+ [
4n+2 2n+2
7n+5 0 0
2n+2 0 1
]
·
[4n+2
4n+2 1
2n+2 0
]
=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
2n+2 0 0
n+1 0 0

+
[4n+2
7n+5 0
2n+2 0
]
=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
n+1 0 0
n+1 0 0
n+1 0 0

+

2n+1 2n+1
2n+1 0 0
n+1 0 0
2n+1 0 0
n+1 0 0
n+1 0 0
n+1 0 0
n+1 0 0

=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
4n+4 0 0

i3 ·MP (6n+3,2)4→3 −MP (6n+4,3)4→3 · i4 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
4n+4 0 0
−

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
4n+4 0 0
 =
[4n+2
9n+7 0
]
4. i4 ·MP (6n+3,2)5→4 −MP (6n+4,3)5→4 · i5 = 0
i4 ·MP (6n+3,2)5→4 =
[4n+2
4n+2 1
2n+2 0
]
·

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 =

n+1 n n n+1
n+1 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n+1 0 0 0 1
2n+2 0 0 0 0
 ·

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
2n+2 0 0
 =

n+1 n
n+1 1 0
n 0 0
n 0 1
3n+3 0 0

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5→4 · i5 =

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

·
[2n+1
2n+1 1
n+1 0
]
=

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

·

n+1 n
n+1 1 0
n 0 1
n 0 0
1 0 0
 =

n+1 n
n+1 1 0
n 0 0
n 0 1
n+1 0 0
n 0 0
1 0 0
1 0 0
n 0 0

=

n+1 n
n+1 1 0
n 0 0
n 0 1
3n+3 0 0

i4 ·MP (6n+3,2)5→4 −MP (6n+4,3)5→4 · i5 =

n+1 n
n+1 1 0
n 0 0
n 0 1
3n+3 0 0
−

n+1 n
n+1 1 0
n 0 0
n 0 1
3n+3 0 0
 =
[2n+1
6n+4 0
]
5. i3 ·MP (6n+3,2)6→3 −MP (6n+4,3)6→3 · i6 = 0
i3 ·MP (6n+3,2)6→3 =
[6n+4
6n+4 1
3n+3 0
]
·


4n+2
n+1 0
4n+2 1
n+1 0
+ [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]

=

n+1 4n+2 n+1
n+1 1 0 0
4n+2 0 1 0
n+1 0 0 1
3n+3 0 0 0
 ·

4n+2
n+1 0
4n+2 1
n+1 0
+

4n+3 2n+1
4n+3 1 0
2n+1 0 1
3n+3 0 0
 · [
2n+1 2n+1
4n+3 0 0
2n+1 0 1
]
=

4n+2
n+1 0
4n+2 1
n+1 0
3n+3 0
+

2n+1 2n+1
4n+3 0 0
2n+1 0 1
3n+3 0 0
 =

2n+1 n+1 n
n+1 0 0 0
2n+1 1 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
3n+3 0 0 0

+

2n+1 n n+1
n+1 0 0 0
2n+1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
3n+3 0 0 0

=

2n+1 n 1 n
n+1 0 0 0 0
2n+1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+3 0 0 0 0

M
P (6n+4,3)
6→3 · i6 =


4n+2 2n+2
n+1 0 0
4n+2 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0


·
[4n+2
4n+2 1
2n+2 0
]
=

4n+2 2n+2
n+1 0 0
4n+2 1 0
2n+2 0 0
2n+2 0 1
 ·
[4n+2
4n+2 1
2n+2 0
]
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0
 ·

2n+1 2n+1
2n+1 1 0
2n+1 0 1
2n+2 0 0

=

4n+2
n+1 0
4n+2 1
2n+2 0
2n+2 0
+

2n+1 2n+1
4n+3 0 0
2n+1 0 1
3n+3 0 0
 =

2n+1 n+1 n
n+1 0 0 0
2n+1 1 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
n+1 0 0 0
2n+2 0 0 0

+

2n+1 n n+1
n+1 0 0 0
2n+1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0
2n+2 0 0 0

=

2n+1 n 1 n
n+1 0 0 0 0
2n+1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+3 0 0 0 0

i3 ·MP (6n+3,2)6→3 −MP (6n+4,3)6→3 · i6 =

2n+1 n 1 n
n+1 0 0 0 0
2n+1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+3 0 0 0 0

−

2n+1 n 1 n
n+1 0 0 0 0
2n+1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+3 0 0 0 0

=
[4n+2
9n+7 0
]
6. i6 ·MP (6n+3,2)7→6 −MP (6n+4,3)7→6 · i7 = 0
i6 ·MP (6n+3,2)7→6 =
[4n+2
4n+2 1
2n+2 0
]
·

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n−1 1 n+1 1 n−1 1 n−1 1
n−1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n+1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
n−1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
n−1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
2n+2 0 0 0 0 0 0 0 0

·

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0

=

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
1 0 0 0
2n+2 0 0 0

=

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
2n+3 0 0 0

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7→6 · i7 =

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

·
[2n+1
2n+1 1
n+1 0
]
=

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

·

n+1 1 n−1
n+1 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0
1 0 0 0
 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
n+2 0 0 0
n 0 0 0
1 0 0 0

=

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
2n+3 0 0 0

i6 ·MP (6n+3,2)7→6 −MP (6n+4,3)7→6 · i7 =

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
2n+3 0 0 0

−

n+1 1 n−1
n−1 0 0 0
1 0 1 0
n+1 1 0 0
1 0 1 0
n−1 0 0 1
1 0 1 0
n−1 0 0 1
2n+3 0 0 0

=
[2n+1
6n+4 0
]
Relations of the projection p : P (6n+ 4, 3)→ P (6n+ 4, 1) P
1. p2 ·MP (6n+4,3)1→2 −MP (6n+4,1)1→2 · p1 = 0
p2 ·MP (6n+4,3)1→2 =
[4n+3 2n+1
2n+1 0 1
]
·

n 2n+2
n 1 0
n 1 0
n+2 0 0
2n+2 0 1
n 0 0
 =
[ n n n+2 n+1 n+1 n
n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

n n+1 n+1
n 1 0 0
n 1 0 0
n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n 0 0 0

=
[ n n+1 n+1
n+1 0 0 1
n 0 0 0
]
=
[2n+1 n+1
n+1 0 1
n 0 0
]
M
P (6n+4,1)
1→2 · p1 =
[n+1
n+1 1
n 0
]
·
[2n+1 n+1
n+1 0 1
]
=
[2n+1 n+1
n+1 0 1
n 0 0
]
p2 ·MP (6n+4,3)1→2 −MP (6n+4,1)1→2 · p1 =
[2n+1 n+1
n+1 0 1
n 0 0
]
−
[2n+1 n+1
n+1 0 1
n 0 0
]
=
[3n+2
2n+1 0
]
2. p3 ·MP (6n+4,3)2→3 −MP (6n+4,1)2→3 · p2 = 0
p3 ·MP (6n+4,3)2→3 =
[6n+4 3n+3
3n+3 0 1
]
·


2n+1 4n+3
2n+1 1 0
2n+1 0 0
4n+3 0 1
n+2 0 0
+

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0


=
[2n+1 2n+1 2n+2 2n+1 n+2
2n+1 0 0 0 1 0
n+2 0 0 0 0 1
]
·

2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 0
2n+2 0 1 0
2n+1 0 0 1
n+2 0 0 0
+
[n+1 2n+1 3n+2 3n+3
3n+3 0 0 0 1
]
·

2n+1 4n+3
n+1 0 0
2n+1 1 0
3n+2 0 0
3n+3 0 0

=
[2n+1 2n+2 2n+1
2n+1 0 0 1
n+2 0 0 0
]
+
[2n+1 4n+3
3n+3 0 0
]
=
[2n+1 2n+2 2n+1
2n+1 0 0 1
n+2 0 0 0
]
+
[2n+1 2n+2 2n+1
2n+1 0 0 0
n+2 0 0 0
]
=
[4n+3 2n+1
2n+1 0 1
n+2 0 0
]
M
P (6n+4,1)
2→3 · p2 =
[2n+1
2n+1 1
n+2 0
]
·
[4n+3 2n+1
2n+1 0 1
]
=
[4n+3 2n+1
2n+1 0 1
n+2 0 0
]
p3 ·MP (6n+4,3)2→3 −MP (6n+4,1)2→3 · p2 =
[4n+3 2n+1
2n+1 0 1
n+2 0 0
]
−
[4n+3 2n+1
2n+1 0 1
n+2 0 0
]
=
[6n+4
3n+3 0
]
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3. p3 ·MP (6n+4,3)4→3 −MP (6n+4,1)4→3 · p4 = 0
p3 ·MP (6n+4,3)4→3 =
[6n+4 3n+3
3n+3 0 1
]
·


2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[4n+2 2n+2
7n+5 0 0
2n+2 0 1
]

=
[2n+1 n+1 2n+1 n+1 2n+2 n+1
2n+2 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[6n+4 n+1 2n+2
n+1 0 1 0
2n+2 0 0 1
]
·

4n+2 2n+2
6n+4 0 0
n+1 0 0
2n+2 0 1

=
[2n+1 2n+1 2n+2
2n+2 0 0 1
n+1 0 0 0
]
+
[4n+2 2n+2
n+1 0 0
2n+2 0 1
]
=

2n+1 2n+1 n+1 n+1
n+1 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0
+

2n+1 2n+1 n+1 n+1
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 0 1
 =

4n+2 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1

M
P (6n+4,1)
4→3 · p4 =

[2n+2
2n+2 1
n+1 0
]
+
[2n+2
n+1 0
2n+2 1
] ·
[4n+2 2n+2
2n+2 0 1
]
=
[2n+2
2n+2 1
n+1 0
]
·
[4n+2 2n+2
2n+2 0 1
]
+
[2n+2
n+1 0
2n+2 1
]
·
[4n+2 2n+2
2n+2 0 1
]
=
[4n+2 2n+2
2n+2 0 1
n+1 0 0
]
+
[4n+2 2n+2
n+1 0 0
2n+2 0 1
]
=

4n+2 n+1 n+1
n+1 0 1 0
n+1 0 0 1
n+1 0 0 0
+

4n+2 n+1 n+1
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
 =

4n+2 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1

p3 ·MP (6n+4,3)4→3 −MP (6n+4,1)4→3 · p4 =

4n+2 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1
−

4n+2 n+1 n+1
n+1 0 1 0
n+1 0 1 1
n+1 0 0 1
 = [6n+43n+3 0 ]
4. p4 ·MP (6n+4,3)5→4 −MP (6n+4,1)5→4 · p5 = 0
p4 ·MP (6n+4,3)5→4 =
[4n+2 2n+2
2n+2 0 1
]
·

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

=

n+1 n n n+1 n 1 1 n
n 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1
 ·

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

=

n+1 n n 1
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0
 =

2n+1 n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

M
P (6n+4,1)
5→4 · p5 =

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·
[2n+1 n+1
n+1 0 1
]
=

n 1
n 1 0
1 0 1
1 0 0
n 1 0
 ·
[2n+1 n 1
n 0 1 0
1 0 0 1
]
=

2n+1 n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

p4 ·MP (6n+4,3)5→4 −MP (6n+4,1)5→4 · p5 =

2n+1 n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0
−

2n+1 n 1
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0
 =
[3n+2
2n+2 0
]
5. p3 ·MP (6n+4,3)6→3 −MP (6n+4,1)6→3 · p6 = 0
p3 ·MP (6n+4,3)6→3 =
[6n+4 3n+3
3n+3 0 1
]
·


4n+2 2n+2
n+1 0 0
4n+2 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0


=
[n+1 4n+2 n+1 n+1 2n+2
n+1 0 0 0 1 0
2n+2 0 0 0 0 1
]
·

4n+2 2n+2
n+1 0 0
4n+2 1 0
n+1 0 0
n+1 0 0
2n+2 0 1
+
[4n+3 2n+1 3n+3
3n+3 0 0 1
]
·

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0

=
[4n+2 2n+2
n+1 0 0
2n+2 0 1
]
+
[2n+1 2n+1 2n+2
3n+3 0 0 0
]
=
[2n+1 2n+1 2n+2
n+1 0 0 0
2n+2 0 0 1
]
+
[2n+1 2n+1 2n+2
n+1 0 0 0
2n+2 0 0 0
]
=
[4n+2 2n+2
n+1 0 0
2n+2 0 1
]
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M
P (6n+4,1)
6→3 · p6 =
[2n+2
n+1 0
2n+2 1
]
·
[4n+2 2n+2
2n+2 0 1
]
=
[4n+2 2n+2
n+1 0 0
2n+2 0 1
]
p3 ·MP (6n+4,3)6→3 −MP (6n+4,1)6→3 · p6 =
[4n+2 2n+2
n+1 0 0
2n+2 0 1
]
−
[4n+2 2n+2
n+1 0 0
2n+2 0 1
]
=
[6n+4
3n+3 0
]
6. p6 ·MP (6n+4,3)7→6 −MP (6n+4,1)7→6 · p7 = 0
p6 ·MP (6n+4,3)7→6 =
[4n+2 2n+2
2n+2 0 1
]
·

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

=

n−1 1 n+1 1 n−1 1 n−1 1 n+1 n 1
n+1 0 0 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1
 ·

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

=

n+1 1 n−1 n 1
n+1 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1
 = [
2n+1 n+1
n+1 0 0
n+1 0 1
]
M
P (6n+4,1)
7→6 · p7 =
[n+1
n+1 0
n+1 1
]
·
[2n+1 n+1
n+1 0 1
]
=
[2n+1 n+1
n+1 0 0
n+1 0 1
]
p6 ·MP (6n+4,3)7→6 −MP (6n+4,1)7→6 · p7 =
[2n+1 n+1
n+1 0 0
n+1 0 1
]
−
[2n+1 n+1
n+1 0 0
n+1 0 1
]
=
[3n+2
2n+2 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n+1 n+1
n+1 0 1
]
·
[2n+1
2n+1 1
n+1 0
]
=
[2n+1
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n+3 2n+1
2n+1 0 1
]
·
[4n+3
4n+3 1
2n+1 0
]
=
[4n+3
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[6n+4 3n+3
3n+3 0 1
]
·
[6n+4
6n+4 1
3n+3 0
]
=
[6n+4
3n+3 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n+2 2n+2
2n+2 0 1
]
·
[4n+2
4n+2 1
2n+2 0
]
=
[4n+2
2n+2 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n+1 n+1
n+1 0 1
]
·
[2n+1
2n+1 1
n+1 0
]
=
[2n+1
n+1 0
]
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6. p6 · i6 = 0
p6 · i6 =
[4n+2 2n+2
2n+2 0 1
]
·
[4n+2
4n+2 1
2n+2 0
]
=
[4n+2
2n+2 0
]
7. p7 · i7 = 0
p7 · i7 =
[2n+1 n+1
n+1 0 1
]
·
[2n+1
2n+1 1
n+1 0
]
=
[2n+1
n+1 0
]
134.5.2 0→ P (6n+ 2, 1) i→ P (6n+ 4, 3) p→ P (6n+ 4, 2)→ 0 
PdimP (6n+ 2, 1) + dimP (6n+ 4, 2) = (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1) + (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 3, 2n+ 1, 4n+ 3, 2n+ 1)
= (3n+ 2, 6n+ 4, 9n+ 7, 6n+ 4, 3n+ 2, 6n+ 4, 3n+ 2) = dimP (6n+ 4, 3)
Pdimk Ext
1
kQ(P (6n+ 4, 2), P (6n+ 2, 1)) = dimk HomkQ(P (6n+ 4, 2), P (6n+ 2, 1))− 〈dimP (6n+ 4, 2),dimP (6n+ 2, 1)〉
= 0− 〈(2n+ 2, 4n+ 3, 6n+ 5, 4n+ 3, 2n+ 1, 4n+ 3, 2n+ 1), (n, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)〉
= (2n+ 2) · (2n+ 1) + (4n+ 3) · (3n+ 2) + (4n+ 3) · (3n+ 2) + (2n+ 1) · (2n+ 1) + (4n+ 3) · (3n+ 2) + (2n+ 1) · (2n+ 1)
− ((2n+ 2) · n+ (4n+ 3) · (2n+ 1) + (6n+ 5) · (3n+ 2) + (4n+ 3) · (2n+ 1) + (2n+ 1) · (n+ 1) + (4n+ 3) · (2n+ 1) + (2n+ 1) · (n+ 1))
= 4n2 + 6n+ 2 + 12n2 + 17n+ 6 + 12n2 + 17n+ 6 + 4n2 + 4n+ 1 + 12n2 + 17n+ 6 + 4n2 + 4n
+ 1− (2n2 + 2n+ 8n2 + 10n+ 3 + 18n2 + 27n+ 10 + 8n2 + 10n+ 3 + 2n2 + 3n+ 1 + 8n2 + 10n+ 3 + 2n2 + 3n+ 1)
= 1
Matrices of the embedding i : P (6n+ 2, 1)→ P (6n+ 4, 3) P
1. i1 =
[ n
n 1
2n+2 0
]
∈M3n+2,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
4n+3 0
]
∈M6n+4,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+2
3n+2 1
6n+5 0
]
∈M9n+7,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
4n+3 0
]
∈M6n+4,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[n+1
n+1 1
2n+1 0
]
∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
4n+3 0
]
∈M6n+4,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
2n+1 0
]
∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 4, 3)→ P (6n+ 4, 2) P
1. p1 =
[ n 2n+2
2n+2 0 1
]
∈M2n+2,3n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 4n+3
4n+3 0 1
]
∈M4n+3,6n+4(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 6n+5
6n+5 0 1
]
∈M6n+5,9n+7(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 4n+3
4n+3 0 1
]
∈M4n+3,6n+4(k) is already in row echelon form and has maximal row rank.
5. p5 =
[n+1 2n+1
2n+1 0 1
]
∈M2n+1,3n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 4n+3
4n+3 0 1
]
∈M4n+3,6n+4(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 2n+1
2n+1 0 1
]
∈M2n+1,3n+2(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding i : P (6n+ 2, 1)→ P (6n+ 4, 3) P
1. i2 ·MP (6n+2,1)1→2 −MP (6n+4,3)1→2 · i1 = 0
i2 ·MP (6n+2,1)1→2 =
[2n+1
2n+1 1
4n+3 0
]
·

n
n 1
n 1
1 0
 =

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
4n+3 0 0 0
 ·

n
n 1
n 1
1 0
 =

n
n 1
n 1
1 0
4n+3 0
 =

n
n 1
n 1
4n+4 0

M
P (6n+4,3)
1→2 · i1 =

n 2n+2
n 1 0
n 1 0
n+2 0 0
2n+2 0 1
n 0 0
 ·
[ n
n 1
2n+2 0
]
=

n
n 1
n 1
n+2 0
2n+2 0
n 0
 =

n
n 1
n 1
4n+4 0

i2 ·MP (6n+2,1)1→2 −MP (6n+4,3)1→2 · i1 =

n
n 1
n 1
4n+4 0
−

n
n 1
n 1
4n+4 0
 = [ n6n+4 0 ]
2. i3 ·MP (6n+2,1)2→3 −MP (6n+4,3)2→3 · i2 = 0
i3 ·MP (6n+2,1)2→3 =
[3n+2
3n+2 1
6n+5 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
6n+5 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+1 2n+1
n+1 1 0
2n+1 0 1
6n+5 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

2n+1
2n+1 1
n+1 0
6n+5 0
+

2n+1
n+1 0
2n+1 1
6n+5 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
6n+5 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
6n+5 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+5 0 0 0

M
P (6n+4,3)
2→3 · i2 =


2n+1 4n+3
2n+1 1 0
2n+1 0 0
4n+3 0 1
n+2 0 0
+

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0


·
[2n+1
2n+1 1
4n+3 0
]
=

2n+1 4n+3
2n+1 1 0
2n+1 0 0
4n+3 0 1
n+2 0 0
 ·
[2n+1
2n+1 1
4n+3 0
]
+

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0
 · [
2n+1
2n+1 1
4n+3 0
]
=

2n+1
2n+1 1
2n+1 0
4n+3 0
n+2 0
+

2n+1
n+1 0
2n+1 1
6n+5 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
n 0 0
4n+3 0 0
n+2 0 0

+

n n+1
n+1 0 0
n 1 0
n+1 0 1
n 0 0
4n+3 0 0
n+2 0 0

=

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+5 0 0 0

i3 ·MP (6n+2,1)2→3 −MP (6n+4,3)2→3 · i2 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+5 0 0 0

−

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+5 0 0 0

=
[2n+1
9n+7 0
]
3. i3 ·MP (6n+2,1)4→3 −MP (6n+4,3)4→3 · i4 = 0
i3 ·MP (6n+2,1)4→3 =
[3n+2
3n+2 1
6n+5 0
]
·
[2n+1
2n+1 1
n+1 0
]
=

2n+1 n+1
2n+1 1 0
n+1 0 1
6n+5 0 0
 · [
2n+1
2n+1 1
n+1 0
]
=

2n+1
2n+1 1
n+1 0
6n+5 0
 = [
2n+1
2n+1 1
7n+6 0
]
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M
P (6n+4,3)
4→3 · i4 =


2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[4n+2 2n+2
7n+5 0 0
2n+2 0 1
]

·
[2n+1
2n+1 1
4n+3 0
]
=

2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

·

2n+1
2n+1 1
2n+1 0
2n+2 0
+ [
2n+1 2n+1 2n+2
7n+5 0 0 0
2n+2 0 0 1
]
·

2n+1
2n+1 1
2n+1 0
2n+2 0

=

2n+1
2n+1 1
n+1 0
2n+1 0
n+1 0
2n+2 0
n+1 0

+
[2n+1
7n+5 0
2n+2 0
]
=

2n+1
2n+1 1
n+1 0
2n+1 0
n+1 0
n+1 0
n+1 0
n+1 0

+

2n+1
2n+1 0
n+1 0
2n+1 0
n+1 0
n+1 0
n+1 0
n+1 0

=
[2n+1
2n+1 1
7n+6 0
]
i3 ·MP (6n+2,1)4→3 −MP (6n+4,3)4→3 · i4 =
[2n+1
2n+1 1
7n+6 0
]
−
[2n+1
2n+1 1
7n+6 0
]
=
[2n+1
9n+7 0
]
4. i4 ·MP (6n+2,1)5→4 −MP (6n+4,3)5→4 · i5 = 0
i4 ·MP (6n+2,1)5→4 =
[2n+1
2n+1 1
4n+3 0
]
·
[n+1
n+1 1
n 0
]
=

n+1 n
n+1 1 0
n 0 1
4n+3 0 0
 · [
n+1
n+1 1
n 0
]
=

n+1
n+1 1
n 0
4n+3 0
 = [
n+1
n+1 1
5n+3 0
]
M
P (6n+4,3)
5→4 · i5 =

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

·
[n+1
n+1 1
2n+1 0
]
=

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

·

n+1
n+1 1
n 0
n 0
1 0
 =

n+1
n+1 1
n 0
n 0
n+1 0
n 0
1 0
1 0
n 0

=
[n+1
n+1 1
5n+3 0
]
i4 ·MP (6n+2,1)5→4 −MP (6n+4,3)5→4 · i5 =
[n+1
n+1 1
5n+3 0
]
−
[n+1
n+1 1
5n+3 0
]
=
[n+1
6n+4 0
]
5. i3 ·MP (6n+2,1)6→3 −MP (6n+4,3)6→3 · i6 = 0
i3 ·MP (6n+2,1)6→3 =
[3n+2
3n+2 1
6n+5 0
]
·
[2n+1
n+1 0
2n+1 1
]
=

n+1 2n+1
n+1 1 0
2n+1 0 1
6n+5 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

2n+1
n+1 0
2n+1 1
6n+5 0

M
P (6n+4,3)
6→3 · i6 =


4n+2 2n+2
n+1 0 0
4n+2 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0


·
[2n+1
2n+1 1
4n+3 0
]
=

2n+1 2n+1 2n+2
n+1 0 0 0
2n+1 1 0 0
2n+1 0 1 0
2n+2 0 0 0
2n+2 0 0 1
 ·

2n+1
2n+1 1
2n+1 0
2n+2 0
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0
 ·

2n+1
2n+1 1
2n+1 0
2n+2 0

=

2n+1
n+1 0
2n+1 1
2n+1 0
2n+2 0
2n+2 0
+

2n+1
4n+3 0
2n+1 0
3n+3 0
 =

2n+1
n+1 0
2n+1 1
n+1 0
n 0
n+1 0
n+1 0
2n+2 0

+

2n+1
n+1 0
2n+1 0
n+1 0
n 0
n+1 0
n+1 0
2n+2 0

=

2n+1
n+1 0
2n+1 1
6n+5 0

i3 ·MP (6n+2,1)6→3 −MP (6n+4,3)6→3 · i6 =

2n+1
n+1 0
2n+1 1
6n+5 0
−

2n+1
n+1 0
2n+1 1
6n+5 0
 = [2n+19n+7 0 ]
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6. i6 ·MP (6n+2,1)7→6 −MP (6n+4,3)7→6 · i7 = 0
i6 ·MP (6n+2,1)7→6 =
[2n+1
2n+1 1
4n+3 0
]
·
[n+1
n 0
n+1 1
]
=

n n+1
n 1 0
n+1 0 1
4n+3 0 0
 · [
n+1
n 0
n+1 1
]
=

n+1
n 0
n+1 1
4n+3 0

M
P (6n+4,3)
7→6 · i7 =

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

·
[n+1
n+1 1
2n+1 0
]
=

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

·

n+1
n+1 1
1 0
n−1 0
n 0
1 0
 =

n+1
n−1 0
1 0
n+1 1
1 0
n−1 0
1 0
n−1 0
n+2 0
n 0
1 0

=

n+1
n 0
n+1 1
4n+3 0

i6 ·MP (6n+2,1)7→6 −MP (6n+4,3)7→6 · i7 =

n+1
n 0
n+1 1
4n+3 0
−

n+1
n 0
n+1 1
4n+3 0
 = [n+16n+4 0 ]
Relations of the projection p : P (6n+ 4, 3)→ P (6n+ 4, 2) P
1. p2 ·MP (6n+4,3)1→2 −MP (6n+4,2)1→2 · p1 = 0
p2 ·MP (6n+4,3)1→2 =
[2n+1 4n+3
4n+3 0 1
]
·

n 2n+2
n 1 0
n 1 0
n+2 0 0
2n+2 0 1
n 0 0
 =

n n 1 n+1 2n+2 n
n+1 0 0 0 1 0 0
2n+2 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n 2n+2
n 1 0
n 1 0
1 0 0
n+1 0 0
2n+2 0 1
n 0 0

=

n 2n+2
n+1 0 0
2n+2 0 1
n 0 0

M
P (6n+4,2)
1→2 · p1 =

2n+2
n+1 0
2n+2 1
n 0
 · [ n 2n+22n+2 0 1 ] =

n 2n+2
n+1 0 0
2n+2 0 1
n 0 0

p2 ·MP (6n+4,3)1→2 −MP (6n+4,2)1→2 · p1 =

n 2n+2
n+1 0 0
2n+2 0 1
n 0 0
−

n 2n+2
n+1 0 0
2n+2 0 1
n 0 0
 = [3n+24n+3 0 ]
2. p3 ·MP (6n+4,3)2→3 −MP (6n+4,2)2→3 · p2 = 0
p3 ·MP (6n+4,3)2→3 =
[3n+2 6n+5
6n+5 0 1
]
·


2n+1 4n+3
2n+1 1 0
2n+1 0 0
4n+3 0 1
n+2 0 0
+

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0


=

2n+1 n+1 n 4n+3 n+2
n 0 0 1 0 0
4n+3 0 0 0 1 0
n+2 0 0 0 0 1
 ·

2n+1 4n+3
2n+1 1 0
n+1 0 0
n 0 0
4n+3 0 1
n+2 0 0
+
[n+1 2n+1 6n+5
6n+5 0 0 1
]
·

2n+1 4n+3
n+1 0 0
2n+1 1 0
6n+5 0 0

=

2n+1 4n+3
n 0 0
4n+3 0 1
n+2 0 0
+ [2n+1 4n+36n+5 0 0 ] =

2n+1 4n+3
n 0 0
4n+3 0 1
n+2 0 0
+

2n+1 4n+3
n 0 0
4n+3 0 0
n+2 0 0
 =

2n+1 4n+3
n 0 0
4n+3 0 1
n+2 0 0

M
P (6n+4,2)
2→3 · p2 =

4n+3
n 0
4n+3 1
n+2 0
 · [2n+1 4n+34n+3 0 1 ] =

2n+1 4n+3
n 0 0
4n+3 0 1
n+2 0 0

p3 ·MP (6n+4,3)2→3 −MP (6n+4,2)2→3 · p2 =

2n+1 4n+3
n 0 0
4n+3 0 1
n+2 0 0
−

2n+1 4n+3
n 0 0
4n+3 0 1
n+2 0 0
 = [6n+46n+5 0 ]
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3. p3 ·MP (6n+4,3)4→3 −MP (6n+4,2)4→3 · p4 = 0
p3 ·MP (6n+4,3)4→3 =
[3n+2 6n+5
6n+5 0 1
]
·


2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[4n+2 2n+2
7n+5 0 0
2n+2 0 1
]

=

2n+1 n+1 2n+1 n+1 2n+2 n+1
2n+1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n+2 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

2n+1 2n+1 2n+2
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0

+
[3n+2 4n+3 2n+2
4n+3 0 1 0
2n+2 0 0 1
]
·

4n+2 2n+2
3n+2 0 0
4n+3 0 0
2n+2 0 1

=

2n+1 2n+1 2n+2
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0
+
[4n+2 2n+2
4n+3 0 0
2n+2 0 1
]
=

2n+1 2n+1 n+1 n+1
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0
+

2n+1 2n+1 n+1 n+1
2n+1 0 0 0 0
n+1 0 0 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 0 1
 =

2n+1 2n+1 n+1 n+1
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 1 1
n+1 0 0 0 1

M
P (6n+4,2)
4→3 · p4 =


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]

·
[2n+1 4n+3
4n+3 0 1
]
=

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n+1 0 0
 ·
[2n+1 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 1
]
+
[2n+1 2n+2
4n+3 0 0
2n+2 0 1
]
·
[2n+1 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 1
]
=

2n+1 2n+1 2n+2
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n+1 0 0 0
+
[2n+1 2n+1 2n+2
4n+3 0 0 0
2n+2 0 0 1
]
=

2n+1 2n+1 n+1 n+1
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0
+

2n+1 2n+1 n+1 n+1
2n+1 0 0 0 0
n+1 0 0 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 0 1
 =

2n+1 2n+1 n+1 n+1
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 1 1
n+1 0 0 0 1

p3 ·MP (6n+4,3)4→3 −MP (6n+4,2)4→3 · p4 =

2n+1 2n+1 n+1 n+1
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 1 1
n+1 0 0 0 1
−

2n+1 2n+1 n+1 n+1
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 1 1
n+1 0 0 0 1
 =
[6n+4
6n+5 0
]
4. p4 ·MP (6n+4,3)5→4 −MP (6n+4,2)5→4 · p5 = 0
p4 ·MP (6n+4,3)5→4 =
[2n+1 4n+3
4n+3 0 1
]
·

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

=

n+1 n n n+1 n 1 1 n
n 0 0 1 0 0 0 0 0
n+1 0 0 0 1 0 0 0 0
n 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1

·

n+1 n n 1
n+1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

=

n+1 n n 1
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

M
P (6n+4,2)
5→4 · p5 =

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

·
[n+1 2n+1
2n+1 0 1
]
=

n n 1
n 1 0 0
n+1 0 0 0
n 0 1 0
1 0 0 1
1 0 0 0
n 0 1 0

·

n+1 n n 1
n 0 1 0 0
n 0 0 1 0
1 0 0 0 1
 =

n+1 n n 1
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

p4 ·MP (6n+4,3)5→4 −MP (6n+4,2)5→4 · p5 =

n+1 n n 1
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

−

n+1 n n 1
n 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n 0 0 1 0

=
[3n+2
4n+3 0
]
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5. p3 ·MP (6n+4,3)6→3 −MP (6n+4,2)6→3 · p6 = 0
p3 ·MP (6n+4,3)6→3 =
[3n+2 6n+5
6n+5 0 1
]
·


4n+2 2n+2
n+1 0 0
4n+2 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+1 2n+2
4n+3 0 0 0
2n+1 0 1 0
3n+3 0 0 0


=

n+1 2n+1 2n+1 2n+2 2n+2
2n+1 0 0 1 0 0
2n+2 0 0 0 1 0
2n+2 0 0 0 0 1
 ·

2n+1 2n+1 2n+2
n+1 0 0 0
2n+1 1 0 0
2n+1 0 1 0
2n+2 0 0 0
2n+2 0 0 1
+

3n+2 n+1 2n+1 3n+3
n+1 0 1 0 0
2n+1 0 0 1 0
3n+3 0 0 0 1
 ·

2n+1 2n+1 2n+2
3n+2 0 0 0
n+1 0 0 0
2n+1 0 1 0
3n+3 0 0 0

=

2n+1 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 0
2n+2 0 0 1
+

2n+1 2n+1 2n+2
n+1 0 0 0
2n+1 0 1 0
3n+3 0 0 0
 =

2n+1 n+1 n 2n+2
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
n+1 0 0 0 0
2n+2 0 0 0 1
+

2n+1 n n+1 2n+2
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 0
 =

2n+1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1

M
P (6n+4,2)
6→3 · p6 =


2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0


·
[2n+1 4n+3
4n+3 0 1
]
=

2n+1 2n+2
2n+1 1 0
2n+2 0 0
2n+2 0 1
 · [
2n+1 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 1
]
+

2n+1 2n+2
n+1 0 0
2n+1 1 0
3n+3 0 0
 · [
2n+1 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 1
]
=

2n+1 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 0
2n+2 0 0 1
+

2n+1 2n+1 2n+2
n+1 0 0 0
2n+1 0 1 0
3n+3 0 0 0
 =

2n+1 n+1 n 2n+2
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
n+1 0 0 0 0
2n+2 0 0 0 1
+

2n+1 n n+1 2n+2
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 0
 =

2n+1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1

p3 ·MP (6n+4,3)6→3 −MP (6n+4,2)6→3 · p6 =

2n+1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1

−

2n+1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1

=
[6n+4
6n+5 0
]
6. p6 ·MP (6n+4,3)7→6 −MP (6n+4,2)7→6 · p7 = 0
p6 ·MP (6n+4,3)7→6 =
[2n+1 4n+3
4n+3 0 1
]
·

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

=

n−1 1 n+1 1 n−1 1 n−1 n+2 n 1
1 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0
n+2 0 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

n+1 1 n−1 n 1
n−1 0 0 0 0 0
1 0 1 0 0 0
n+1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

=

n+1 1 n−1 n 1
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

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M
P (6n+4,2)
7→6 · p7 =

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·
[n+1 2n+1
2n+1 0 1
]
=

1 n−1 n 1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 0 1
n−1 0 1 0 0
n+2 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·

n+1 1 n−1 n 1
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 1 0
1 0 0 0 0 1
 =

n+1 1 n−1 n 1
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

p6 ·MP (6n+4,3)7→6 −MP (6n+4,2)7→6 · p7 =

n+1 1 n−1 n 1
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

−

n+1 1 n−1 n 1
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 0 1
n−1 0 0 1 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

=
[3n+2
4n+3 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n 2n+2
2n+2 0 1
]
·
[ n
n 1
2n+2 0
]
=
[ n
2n+2 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 4n+3
4n+3 0 1
]
·
[2n+1
2n+1 1
4n+3 0
]
=
[2n+1
4n+3 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 6n+5
6n+5 0 1
]
·
[3n+2
3n+2 1
6n+5 0
]
=
[3n+2
6n+5 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+1 4n+3
4n+3 0 1
]
·
[2n+1
2n+1 1
4n+3 0
]
=
[2n+1
4n+3 0
]
5. p5 · i5 = 0
p5 · i5 =
[n+1 2n+1
2n+1 0 1
]
·
[n+1
n+1 1
2n+1 0
]
=
[n+1
2n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 4n+3
4n+3 0 1
]
·
[2n+1
2n+1 1
4n+3 0
]
=
[2n+1
4n+3 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 2n+1
2n+1 0 1
]
·
[n+1
n+1 1
2n+1 0
]
=
[n+1
2n+1 0
]
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135 Tree module property of P (6n+ 5, 3)
135.1 Tree module property of P (5, 3) 
The matrices of the representation have full (column) rank P
1. MP (5,3)1→2 =

0 0
0 0
1 0
0 1
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. MP (5,3)2→3 =

1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
3. MP (5,3)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
4. MP (5,3)5→4 =

0 0
1 0
0 1
0 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
5. MP (5,3)6→3 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
6. MP (5,3)7→6 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
135.1.1 0→ P (3, 5) f→ P (5, 3) g→ P (5, 4)→ 0 
PdimP (3, 5) + dimP (5, 4) = (0, 1, 2, 2, 1, 1, 0) + (2, 4, 6, 3, 1, 4, 2)
= (2, 5, 8, 5, 2, 5, 2) = dimP (5, 3)
Pdimk Ext
1
kQ(P (5, 4), P (3, 5)) = dimk HomkQ(P (5, 4), P (3, 5))− 〈dimP (5, 4),dimP (3, 5)〉
= 0− 〈(2, 4, 6, 3, 1, 4, 2), (0, 1, 2, 2, 1, 1, 0)〉
= 2 · 1 + 4 · 2 + 3 · 2 + 1 · 2 + 4 · 2 + 2 · 1− (2 · 0 + 4 · 1 + 6 · 2 + 3 · 2 + 1 · 1 + 4 · 1 + 2 · 0)
= 2 + 8 + 6 + 2 + 8 + 2− (0 + 4 + 12 + 6 + 1 + 4 + 0)
= 1
Matrices of the embedding f : P (3, 5)→ P (5, 3) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : P (5, 3)→ P (5, 4) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M6,8(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 5)→ P (5, 3) P
1. f2 ·MP (3,5)1→2 −MP (5,3)1→2 · f1 = 0
f2 ·MP (3,5)1→2 =
[ 1
1 1
4 0
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
P (5,3)
1→2 · f1 =

1 1
2 0 0
1 1 0
1 0 1
1 0 1
 ·
[ 0
2 0
]
=

1 1
2 0 0
1 1 0
1 0 1
1 0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
f2 ·MP (3,5)1→2 −MP (5,3)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MP (3,5)2→3 −MP (5,3)2→3 · f2 = 0
f3 ·MP (3,5)2→3 =
[ 2
2 1
6 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
6 0 0
 · [1
0
]
=

1
1 1
1 0
6 0
 = [
1
1 1
7 0
]
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M
P (5,3)
2→3 · f2 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·
[ 1
1 1
4 0
]
=

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1
1 1
1 0
1 0
2 0
 =

1
1 1
1 0
1 0
1 0
2 0
2 0

=
[ 1
1 1
7 0
]
f3 ·MP (3,5)2→3 −MP (5,3)2→3 · f2 =
[ 1
1 1
7 0
]
−
[ 1
1 1
7 0
]
=
[ 1
8 0
]
3. f3 ·MP (3,5)4→3 −MP (5,3)4→3 · f4 = 0
f3 ·MP (3,5)4→3 =
[ 2
2 1
6 0
]
·
[ 2
2 1
]
=
[ 2
2 1
6 0
]
M
P (5,3)
4→3 · f4 =

3 2
3 1 0
3 0 0
2 0 1
 · [
2
2 1
3 0
]
=

2 1 2
2 1 0 0
1 0 1 0
3 0 0 0
2 0 0 1
 ·

2
2 1
1 0
2 0
 =

2
2 1
1 0
3 0
2 0
 =
[ 2
2 1
6 0
]
f3 ·MP (3,5)4→3 −MP (5,3)4→3 · f4 =
[ 2
2 1
6 0
]
−
[ 2
2 1
6 0
]
=
[ 2
8 0
]
4. f4 ·MP (3,5)5→4 −MP (5,3)5→4 · f5 = 0
f4 ·MP (3,5)5→4 =
[ 2
2 1
3 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [0
1
]
=

1
1 0
1 1
3 0

M
P (5,3)
5→4 · f5 =

0 0
1 0
0 1
0 0
0 1
 ·
[
1
0
]
=

0
1
0
0
0
 =

1
1 0
1 1
3 0

f4 ·MP (3,5)5→4 −MP (5,3)5→4 · f5 =

1
1 0
1 1
3 0
−

1
1 0
1 1
3 0
 = [ 15 0 ]
5. f3 ·MP (3,5)6→3 −MP (5,3)6→3 · f6 = 0
f3 ·MP (3,5)6→3 =
[ 2
2 1
6 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
6 0 0
 · [1
1
]
=

1
1 1
1 1
6 0

M
P (5,3)
6→3 · f6 =

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

·
[ 1
1 1
4 0
]
=

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

·

1
1 1
1 0
3 0
 =

1
1 1
1 1
1 0
1 0
3 0
1 0

=

1
1 1
1 1
6 0

f3 ·MP (3,5)6→3 −MP (5,3)6→3 · f6 =

1
1 1
1 1
6 0
−

1
1 1
1 1
6 0
 = [ 18 0 ]
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6. f6 ·MP (3,5)7→6 −MP (5,3)7→6 · f7 = 0
f6 ·MP (3,5)7→6 =
[ 1
1 1
4 0
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
P (5,3)
7→6 · f7 =

2
2 0
2 1
1 0
 · [ 02 0 ] = [ 05 0 ]
f6 ·MP (3,5)7→6 −MP (5,3)7→6 · f7 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
Relations of the projection g : P (5, 3)→ P (5, 4) P
1. g2 ·MP (5,3)1→2 −MP (5,4)1→2 · g1 = 0
g2 ·MP (5,3)1→2 =
[ 1 4
4 0 1
]
·

1 1
2 0 0
1 1 0
1 0 1
1 0 1
 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ·

0 0
0 0
1 0
0 1
0 1
 =

0 0
1 0
0 1
0 1

M
P (5,4)
1→2 · g1 =

0 0
1 0
0 1
0 1
 ·
[ 2
2 1
]
=

0 0
1 0
0 1
0 1
 ·
[
1 0
0 1
]
=

0 0
1 0
0 1
0 1

g2 ·MP (5,3)1→2 −MP (5,4)1→2 · g1 =

0 0
1 0
0 1
0 1
−

0 0
1 0
0 1
0 1
 =
[ 2
4 0
]
2. g3 ·MP (5,3)2→3 −MP (5,4)2→3 · g2 = 0
g3 ·MP (5,3)2→3 =
[ 2 6
6 0 1
]
·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 1 1 1 2 2
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 1 1 2
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1
 =

1 2 2
2 0 1 0
2 0 0 1
2 0 0 1

M
P (5,4)
2→3 · g2 =

2 2
2 1 0
2 0 1
2 0 1
 · [ 1 44 0 1 ] =

2 2
2 1 0
2 0 1
2 0 1
 · [
1 2 2
2 0 1 0
2 0 0 1
]
=

1 2 2
2 0 1 0
2 0 0 1
2 0 0 1

g3 ·MP (5,3)2→3 −MP (5,4)2→3 · g2 =

1 2 2
2 0 1 0
2 0 0 1
2 0 0 1
−

1 2 2
2 0 1 0
2 0 0 1
2 0 0 1
 = [ 56 0 ]
3. g3 ·MP (5,3)4→3 −MP (5,4)4→3 · g4 = 0
g3 ·MP (5,3)4→3 =
[ 2 6
6 0 1
]
·

3 2
3 1 0
3 0 0
2 0 1
 =

2 1 3 2
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
 ·

2 1 2
2 1 0 0
1 0 1 0
3 0 0 0
2 0 0 1
 =

2 1 2
1 0 1 0
3 0 0 0
2 0 0 1

M
P (5,4)
4→3 · g4 =

1 2
1 1 0
3 0 0
2 0 1
 · [ 2 33 0 1 ] =

1 2
1 1 0
3 0 0
2 0 1
 · [
2 1 2
1 0 1 0
2 0 0 1
]
=

2 1 2
1 0 1 0
3 0 0 0
2 0 0 1

g3 ·MP (5,3)4→3 −MP (5,4)4→3 · g4 =

2 1 2
1 0 1 0
3 0 0 0
2 0 0 1
−

2 1 2
1 0 1 0
3 0 0 0
2 0 0 1
 = [ 56 0 ]
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4. g4 ·MP (5,3)5→4 −MP (5,4)5→4 · g5 = 0
g4 ·MP (5,3)5→4 =
[ 2 3
3 0 1
]
·

0 0
1 0
0 1
0 0
0 1
 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ·

0 0
1 0
0 1
0 0
0 1
 =
0 10 0
0 1

M
P (5,4)
5→4 · g5 =
10
1
 · [0 1] =
0 10 0
0 1

g4 ·MP (5,3)5→4 −MP (5,4)5→4 · g5 =
0 10 0
0 1
−
0 10 0
0 1
 = [ 23 0 ]
5. g3 ·MP (5,3)6→3 −MP (5,4)6→3 · g6 = 0
g3 ·MP (5,3)6→3 =
[ 2 6
6 0 1
]
·

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

=

1 1 1 1 3 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

=

1 1 3
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

M
P (5,4)
6→3 · g6 =

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 ·
[ 1 4
4 0 1
]
=

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 ·
[ 1 1 3
1 0 1 0
3 0 0 1
]
=

1 1 3
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

g3 ·MP (5,3)6→3 −MP (5,4)6→3 · g6 =

1 1 3
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0
−

1 1 3
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0
 =
[ 5
6 0
]
6. g6 ·MP (5,3)7→6 −MP (5,4)7→6 · g7 = 0
g6 ·MP (5,3)7→6 =
[ 1 4
4 0 1
]
·

2
2 0
2 1
1 0
 =

1 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

2
1 0
1 0
2 1
1 0
 =

2
1 0
2 1
1 0

M
P (5,4)
7→6 · g7 =

2
1 0
2 1
1 0
 · [ 22 1 ] =

2
1 0
2 1
1 0

g6 ·MP (5,3)7→6 −MP (5,4)7→6 · g7 =

2
1 0
2 1
1 0
−

2
1 0
2 1
1 0
 = [ 24 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 2 6
6 0 1
]
·
[ 2
2 1
6 0
]
=
[ 2
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
135.1.2 0→ P (3, 7) f→ P (5, 3) g→ P (5, 6)→ 0 
PdimP (3, 7) + dimP (5, 6) = (0, 1, 2, 1, 0, 2, 1) + (2, 4, 6, 4, 2, 3, 1)
= (2, 5, 8, 5, 2, 5, 2) = dimP (5, 3)
Pdimk Ext
1
kQ(P (5, 6), P (3, 7)) = dimk HomkQ(P (5, 6), P (3, 7))− 〈dimP (5, 6),dimP (3, 7)〉
= 0− 〈(2, 4, 6, 4, 2, 3, 1), (0, 1, 2, 1, 0, 2, 1)〉
= 2 · 1 + 4 · 2 + 4 · 2 + 2 · 1 + 3 · 2 + 1 · 2− (2 · 0 + 4 · 1 + 6 · 2 + 4 · 1 + 2 · 0 + 3 · 2 + 1 · 1)
= 2 + 8 + 8 + 2 + 6 + 2− (0 + 4 + 12 + 4 + 0 + 6 + 1)
= 1
Matrices of the embedding f : P (3, 7)→ P (5, 3) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

0
0
0
1
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
0 0
0 0
0 0
0 1
0 0
1 0
0 0

∈M8,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0

c1↔c2−−−−→

1 1
4 0 0
1 1 0
1 0 0
1 0 1
1 0 0

4. f4 =

0
0
0
1
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
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6. f6 =

0 0
0 0
0 1
0 0
1 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1
2 0 0
1 0 1
1 0 0
1 1 0
 c1↔c2−−−−→

1 1
2 0 0
1 1 0
1 0 0
1 0 1

7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (5, 3)→ P (5, 6) P
1. g1 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 r4←r4−r2−−−−−−→

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 0 91 0 0
 r3↔r4−−−−→

91 1 0 0 0
0 91 1 0 0
0 0 91 0 0
0 0 0 0 91

3. g3 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

∈M6,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

r2←r2−r1−−−−−−→

91 0 1 0 0 1 0 91
0 1 91 0 0 91 0 1
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

r5←r5−r3−−−−−−→

91 0 1 0 0 1 0 91
0 1 91 0 0 91 0 1
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 0 91 0 0 0 0
0 0 0 0 0 1 0 91

r4↔r5−−−−→

91 0 1 0 0 1 0 91
0 1 91 0 0 91 0 1
0 0 91 1 0 0 0 0
0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 91
0 0 0 0 0 1 0 91

r5↔r6−−−−→

91 0 1 0 0 1 0 91
0 1 91 0 0 91 0 1
0 0 91 1 0 0 0 0
0 0 0 91 0 0 0 0
0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 91

4. g4 =

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
 r2←r2−r1−−−−−−→

91 0 1 0 91
0 1 91 0 1
0 0 91 0 0
0 0 0 0 91

5. g5 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
91 1 0 1 00 91 0 0 0
0 0 0 1 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (3, 7)→ P (5, 3) P
1. f2 ·MP (3,7)1→2 −MP (5,3)1→2 · f1 = 0
f2 ·MP (3,7)1→2 =

1
3 0
1 1
1 0
 · [ 01 0 ] = [ 05 0 ]
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M
P (5,3)
1→2 · f1 =

1 1
2 0 0
1 1 0
1 0 1
1 0 1
 ·
[ 0
2 0
]
=

1 1
2 0 0
1 1 0
1 0 1
1 0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
f2 ·MP (3,7)1→2 −MP (5,3)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MP (3,7)2→3 −MP (5,3)2→3 · f2 = 0
f3 ·MP (3,7)2→3 =

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0
 ·
[
1
1
]
=

1
4 0
1 1
1 0
1 1
1 0

M
P (5,3)
2→3 · f2 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1
3 0
1 1
1 0
 =

1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

·

0
0
0
1
0
 =

0
0
0
0
1
0
1
0

=

1
4 0
1 1
1 0
1 1
1 0

f3 ·MP (3,7)2→3 −MP (5,3)2→3 · f2 =

1
4 0
1 1
1 0
1 1
1 0
−

1
4 0
1 1
1 0
1 1
1 0
 =
[ 1
8 0
]
3. f3 ·MP (3,7)4→3 −MP (5,3)4→3 · f4 = 0
f3 ·MP (3,7)4→3 =

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0
 ·
[
1
0
]
=

1
4 0
1 0
1 0
1 1
1 0
 =

1
6 0
1 1
1 0

M
P (5,3)
4→3 · f4 =

3 2
3 1 0
3 0 0
2 0 1
 ·

1
3 0
1 1
1 0
 =

3 1 1
3 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·

1
3 0
1 1
1 0
 =

1
3 0
3 0
1 1
1 0
 =

1
6 0
1 1
1 0

f3 ·MP (3,7)4→3 −MP (5,3)4→3 · f4 =

1
6 0
1 1
1 0
−

1
6 0
1 1
1 0
 = [ 18 0 ]
4. f4 ·MP (3,7)5→4 −MP (5,3)5→4 · f5 = 0
f4 ·MP (3,7)5→4 =

1
3 0
1 1
1 0
 · [ 01 0 ] = [ 05 0 ]
M
P (5,3)
5→4 · f5 =

0 0
1 0
0 1
0 0
0 1
 ·
[ 0
2 0
]
=

0 0
1 0
0 1
0 0
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
f4 ·MP (3,7)5→4 −MP (5,3)5→4 · f5 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
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5. f3 ·MP (3,7)6→3 −MP (5,3)6→3 · f6 = 0
f3 ·MP (3,7)6→3 =

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0
 ·
[ 2
2 1
]
=

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0
 ·
[
1 0
0 1
]
=

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0

M
P (5,3)
6→3 · f6 =

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

·

1 1
2 0 0
1 0 1
1 0 0
1 1 0
 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

·

0 0
0 0
0 1
0 0
1 0
 =

0 0
0 0
0 0
0 0
0 1
0 0
1 0
0 0

=

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0

f3 ·MP (3,7)6→3 −MP (5,3)6→3 · f6 =

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0
−

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0
 =
[ 2
8 0
]
6. f6 ·MP (3,7)7→6 −MP (5,3)7→6 · f7 = 0
f6 ·MP (3,7)7→6 =

1 1
2 0 0
1 0 1
1 0 0
1 1 0
 ·
[
0
1
]
=

1
2 0
1 1
1 0
1 0
 =

1
2 0
1 1
2 0

M
P (5,3)
7→6 · f7 =

2
2 0
2 1
1 0
 · [1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
1 0 0
 ·
[
1
0
]
=

1
2 0
1 1
1 0
1 0
 =

1
2 0
1 1
2 0

f6 ·MP (3,7)7→6 −MP (5,3)7→6 · f7 =

1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
 = [ 15 0 ]
Relations of the projection g : P (5, 3)→ P (5, 6) P
1. g2 ·MP (5,3)1→2 −MP (5,6)1→2 · g1 = 0
g2 ·MP (5,3)1→2 =

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 ·

1 1
2 0 0
1 1 0
1 0 1
1 0 1
 =

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 ·

0 0
0 0
1 0
0 1
0 1
 =

0 0
1 0
0 91
0 0

M
P (5,6)
1→2 · g1 =

2
1 0
2 1
1 0
 · [1 0
0 91
]
=

0 0
1 0
0 1
0 0
 ·
[
1 0
0 91
]
=

0 0
1 0
0 91
0 0

g2 ·MP (5,3)1→2 −MP (5,6)1→2 · g1 =

0 0
1 0
0 91
0 0
−

0 0
1 0
0 91
0 0
 =
[ 2
4 0
]
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2. g3 ·MP (5,3)2→3 −MP (5,6)2→3 · g2 = 0
g3 ·MP (5,3)2→3 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

=

91 1 0 0 0
91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
0 0 0 0 0

M
P (5,6)
2→3 · g2 =

1 3
1 1 0
1 1 0
3 0 1
1 0 0
 ·

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

·

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 =

91 1 0 0 0
91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
0 0 0 0 0

g3 ·MP (5,3)2→3 −MP (5,6)2→3 · g2 =

91 1 0 0 0
91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
0 0 0 0 0

−

91 1 0 0 0
91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
0 0 0 0 0

=
[ 5
6 0
]
3. g3 ·MP (5,3)4→3 −MP (5,6)4→3 · g4 = 0
g3 ·MP (5,3)4→3 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

3 2
3 1 0
3 0 0
2 0 1
 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

=

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
0 0 91 0 0
0 0 0 0 91

M
P (5,6)
4→3 · g4 =

2 2
2 1 0
2 0 1
2 0 1
 ·

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1

·

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
 =

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
0 0 91 0 0
0 0 0 0 91

g3 ·MP (5,3)4→3 −MP (5,6)4→3 · g4 =

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
0 0 91 0 0
0 0 0 0 91

−

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
0 0 91 0 0
0 0 0 0 91

=
[ 5
6 0
]
4. g4 ·MP (5,3)5→4 −MP (5,6)5→4 · g5 = 0
g4 ·MP (5,3)5→4 =

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
 ·

0 0
1 0
0 1
0 0
0 1
 =

0 0
1 0
0 91
0 91

M
P (5,6)
5→4 · g5 =

0 0
1 0
0 1
0 1
 ·
[
1 0
0 91
]
=

0 0
1 0
0 91
0 91

g4 ·MP (5,3)5→4 −MP (5,6)5→4 · g5 =

0 0
1 0
0 91
0 91
−

0 0
1 0
0 91
0 91
 =
[ 2
4 0
]
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5. g3 ·MP (5,3)6→3 −MP (5,6)6→3 · g6 = 0
g3 ·MP (5,3)6→3 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
3 0 0 1
1 0 0 0

=

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

=

91 1 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 91 0 0 0
0 0 0 1 0

=

1 1 1 1 1
1 91 1 0 1 0
3 0 0 0 0 0
1 0 91 0 0 0
1 0 0 0 1 0

M
P (5,6)
6→3 · g6 =

1 2
1 1 0
3 0 0
2 0 1
 ·
91 1 0 1 00 91 0 0 0
0 0 0 1 0
 =

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
91 1 0 1 00 91 0 0 0
0 0 0 1 0
 =

1 1 1 1 1
1 91 1 0 1 0
3 0 0 0 0 0
1 0 91 0 0 0
1 0 0 0 1 0

g3 ·MP (5,3)6→3 −MP (5,6)6→3 · g6 =

1 1 1 1 1
1 91 1 0 1 0
3 0 0 0 0 0
1 0 91 0 0 0
1 0 0 0 1 0
−

1 1 1 1 1
1 91 1 0 1 0
3 0 0 0 0 0
1 0 91 0 0 0
1 0 0 0 1 0
 =
[ 5
6 0
]
6. g6 ·MP (5,3)7→6 −MP (5,6)7→6 · g7 = 0
g6 ·MP (5,3)7→6 =
91 1 0 1 00 91 0 0 0
0 0 0 1 0
 ·

2
2 0
2 1
1 0
 =
91 1 0 1 00 91 0 0 0
0 0 0 1 0
 ·

0 0
0 0
1 0
0 1
0 0
 =
0 10 0
0 1

M
P (5,6)
7→6 · g7 =
10
1
 · [0 1] =
0 10 0
0 1

g6 ·MP (5,3)7→6 −MP (5,6)7→6 · g7 =
0 10 0
0 1
−
0 10 0
0 1
 = [ 23 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 ·

1
3 0
1 1
1 0
 =

91 1 0 0 0
0 91 1 0 0
0 0 0 0 91
0 91 0 0 0
 ·

0
0
0
1
0
 =
[ 1
4 0
]
3. g3 · f3 = 0
g3 · f3 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

1 1
4 0 0
1 0 1
1 0 0
1 1 0
1 0 0
 =

91 0 1 0 0 1 0 91
91 1 0 0 0 0 0 0
0 0 91 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 91 0 0 0 0 0
0 0 0 0 0 1 0 91

·

0 0
0 0
0 0
0 0
0 1
0 0
1 0
0 0

=
[ 2
6 0
]
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4. g4 · f4 = 0
g4 · f4 =

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
 ·

1
3 0
1 1
1 0
 =

91 0 1 0 91
91 1 0 0 0
0 0 91 0 0
0 0 0 0 91
 ·

0
0
0
1
0
 =
[ 1
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
91 1 0 1 00 91 0 0 0
0 0 0 1 0
 ·

1 1
2 0 0
1 0 1
1 0 0
1 1 0
 =
91 1 0 1 00 91 0 0 0
0 0 0 1 0
 ·

0 0
0 0
0 1
0 0
1 0
 =
[ 2
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
135.2 Tree module property of P (11, 3) 
The matrices of the representation have full (column) rank P
1. MP (11,3)1→2 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M11,5(k) is already in column echelon form and has maximal column rank.
2. MP (11,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k) is already in column echelon form and has maximal column rank.
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3. MP (11,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k) is already in column echelon form and has maximal column rank.
4. MP (11,3)5→4 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M11,5(k) is already in column echelon form and has maximal column rank.
5. MP (11,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M17,11(k) is already in column echelon form and has maximal column rank.
6. MP (11,3)7→6 =

1 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
135.2.1 0→ P (9, 5) f→ P (11, 3) g→ P (11, 4)→ 0 
PdimP (9, 5) + dimP (11, 4) = (1, 3, 5, 4, 2, 3, 1) + (4, 8, 12, 7, 3, 8, 4)
= (5, 11, 17, 11, 5, 11, 5) = dimP (11, 3)
Pdimk Ext
1
kQ(P (11, 4), P (9, 5)) = dimk HomkQ(P (11, 4), P (9, 5))− 〈dimP (11, 4),dimP (9, 5)〉
= 0− 〈(4, 8, 12, 7, 3, 8, 4), (1, 3, 5, 4, 2, 3, 1)〉
= 4 · 3 + 8 · 5 + 7 · 5 + 3 · 4 + 8 · 5 + 4 · 3− (4 · 1 + 8 · 3 + 12 · 5 + 7 · 4 + 3 · 2 + 8 · 3 + 4 · 1)
= 12 + 40 + 35 + 12 + 40 + 12− (4 + 24 + 60 + 28 + 6 + 24 + 4)
= 1
Matrices of the embedding f : P (9, 5)→ P (11, 3) P
1. f1 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M17,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (11, 3)→ P (11, 4) P
1. g1 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M8,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M12,17(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M7,11(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M8,11(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (9, 5)→ P (11, 3) P
1. f2 ·MP (9,5)1→2 −MP (11,3)1→2 · f1 = 0
f2 ·MP (9,5)1→2 =
[ 3
3 1
8 0
]
·
[ 1
1 1
2 0
]
=

1 2
1 1 0
2 0 1
8 0 0
 · [
1
1 1
2 0
]
=

1
1 1
2 0
8 0
 = [
1
1 1
10 0
]
M
P (11,3)
1→2 · f1 =

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1
 ·
[ 1
1 1
4 0
]
=

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1
 ·

1
1 1
2 0
2 0
 =

1
1 1
4 0
2 0
2 0
2 0
 =
[ 1
1 1
10 0
]
f2 ·MP (9,5)1→2 −MP (11,3)1→2 · f1 =
[ 1
1 1
10 0
]
−
[ 1
1 1
10 0
]
=
[ 1
11 0
]
2. f3 ·MP (9,5)2→3 −MP (11,3)2→3 · f2 = 0
f3 ·MP (9,5)2→3 =
[ 5
5 1
12 0
]
·
[ 3
3 1
2 0
]
=

3 2
3 1 0
2 0 1
12 0 0
 · [
3
3 1
2 0
]
=

3
3 1
2 0
12 0
 = [
3
3 1
14 0
]
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M
P (11,3)
2→3 · f2 =

3 1 3 1 2 1
3 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 3
3 1
8 0
]
=

3 1 3 1 2 1
3 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

3
3 1
1 0
3 0
1 0
2 0
1 0

=

3
3 1
1 0
1 0
1 0
1 0
3 0
1 0
2 0
1 0
2 0
1 0

=
[ 3
3 1
14 0
]
f3 ·MP (9,5)2→3 −MP (11,3)2→3 · f2 =
[ 3
3 1
14 0
]
−
[ 3
3 1
14 0
]
=
[ 3
17 0
]
3. f3 ·MP (9,5)4→3 −MP (11,3)4→3 · f4 = 0
f3 ·MP (9,5)4→3 =
[ 5
5 1
12 0
]
·
[ 4
1 0
4 1
]
=

1 4
1 1 0
4 0 1
12 0 0
 · [
4
1 0
4 1
]
=

4
1 0
4 1
12 0

M
P (11,3)
4→3 · f4 =

7 4
1 0 0
7 1 0
5 0 0
4 0 1
 ·
[ 4
4 1
7 0
]
=

4 3 4
1 0 0 0
4 1 0 0
3 0 1 0
5 0 0 0
4 0 0 1
 ·

4
4 1
3 0
4 0
 =

4
1 0
4 1
3 0
5 0
4 0
 =

4
1 0
4 1
12 0

f3 ·MP (9,5)4→3 −MP (11,3)4→3 · f4 =

4
1 0
4 1
12 0
−

4
1 0
4 1
12 0
 = [ 417 0 ]
4. f4 ·MP (9,5)5→4 −MP (11,3)5→4 · f5 = 0
f4 ·MP (9,5)5→4 =
[ 4
4 1
7 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
7 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
7 0

M
P (11,3)
5→4 · f5 =

3 1 1
2 0 0 0
3 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1

·
[ 2
2 1
3 0
]
=

2 1 1 1
2 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

2
2 1
1 0
1 0
1 0
 =

2
2 0
2 1
1 0
1 0
3 0
1 0
1 0

=

2
2 0
2 1
7 0

f4 ·MP (9,5)5→4 −MP (11,3)5→4 · f5 =

2
2 0
2 1
7 0
−

2
2 0
2 1
7 0
 = [ 211 0 ]
5. f3 ·MP (9,5)6→3 −MP (11,3)6→3 · f6 = 0
f3 ·MP (9,5)6→3 =
[ 5
5 1
12 0
]
·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
12 0 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
12 0 0 0

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M
P (11,3)
6→3 · f6 =

1 1 1 1 1 1 5
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

·
[ 3
3 1
8 0
]
=

1 1 1 1 1 1 5
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
1 0 0 0
5 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
5 0 0 0
2 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
12 0 0 0

f3 ·MP (9,5)6→3 −MP (11,3)6→3 · f6 =

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
12 0 0 0

−

1 1 1
1 1 0 0
1 0 1 0
1 1 0 1
1 0 1 0
1 0 0 1
12 0 0 0

=
[ 3
17 0
]
6. f6 ·MP (9,5)7→6 −MP (11,3)7→6 · f7 = 0
f6 ·MP (9,5)7→6 =
[ 3
3 1
8 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
8 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
8 0
 =

1
1 1
1 1
9 0

M
P (11,3)
7→6 · f7 =

1 1 3
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

·
[ 1
1 1
4 0
]
=

1 1 3
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

·

1
1 1
1 0
3 0
 =

1
1 1
1 1
1 0
1 0
1 0
1 0
3 0
2 0

=

1
1 1
1 1
9 0

f6 ·MP (9,5)7→6 −MP (11,3)7→6 · f7 =

1
1 1
1 1
9 0
−

1
1 1
1 1
9 0
 = [ 111 0 ]
Relations of the projection g : P (11, 3)→ P (11, 4) P
1. g2 ·MP (11,3)1→2 −MP (11,4)1→2 · g1 = 0
g2 ·MP (11,3)1→2 =
[ 3 8
8 0 1
]
·

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1
 =

1 2 2 2 2 2
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 2 2
1 1 0 0
2 0 0 0
2 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1

=

1 2 2
2 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1

M
P (11,4)
1→2 · g1 =

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 ·
[ 1 4
4 0 1
]
=

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 ·
[ 1 2 2
2 0 1 0
2 0 0 1
]
=

1 2 2
2 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1

g2 ·MP (11,3)1→2 −MP (11,4)1→2 · g1 =

1 2 2
2 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1
−

1 2 2
2 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1
 =
[ 5
8 0
]
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2. g3 ·MP (11,3)2→3 −MP (11,4)2→3 · g2 = 0
g3 ·MP (11,3)2→3 =
[ 5 12
12 0 1
]
·

3 1 3 1 2 1
3 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

3 1 1 1 1 3 1 2 1 2 1
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

·

3 1 3 1 2 1
3 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

3 1 3 1 2 1
1 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

3 4 1 2 1
1 0 0 0 0 0
4 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

M
P (11,4)
2→3 · g2 =

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·
[ 3 8
8 0 1
]
=

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

3 4 1 2 1
4 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 =

3 4 1 2 1
1 0 0 0 0 0
4 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

g3 ·MP (11,3)2→3 −MP (11,4)2→3 · g2 =

3 4 1 2 1
1 0 0 0 0 0
4 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

−

3 4 1 2 1
1 0 0 0 0 0
4 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=
[11
12 0
]
3. g3 ·MP (11,3)4→3 −MP (11,4)4→3 · g4 = 0
g3 ·MP (11,3)4→3 =
[ 5 12
12 0 1
]
·

7 4
1 0 0
7 1 0
5 0 0
4 0 1
 =

1 4 3 5 4
3 0 0 1 0 0
5 0 0 0 1 0
4 0 0 0 0 1
 ·

4 3 4
1 0 0 0
4 1 0 0
3 0 1 0
5 0 0 0
4 0 0 1
 =

4 3 4
3 0 1 0
5 0 0 0
4 0 0 1

M
P (11,4)
4→3 · g4 =

3 4
3 1 0
5 0 0
4 0 1
 · [ 4 77 0 1 ] =

3 4
3 1 0
5 0 0
4 0 1
 · [
4 3 4
3 0 1 0
4 0 0 1
]
=

4 3 4
3 0 1 0
5 0 0 0
4 0 0 1

g3 ·MP (11,3)4→3 −MP (11,4)4→3 · g4 =

4 3 4
3 0 1 0
5 0 0 0
4 0 0 1
−

4 3 4
3 0 1 0
5 0 0 0
4 0 0 1
 = [1112 0 ]
4. g4 ·MP (11,3)5→4 −MP (11,4)5→4 · g5 = 0
g4 ·MP (11,3)5→4 =
[ 4 7
7 0 1
]
·

3 1 1
2 0 0 0
3 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1

=

2 2 1 1 3 1 1
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

2 1 1 1
2 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

2 1 1 1
1 0 1 0 0
1 0 0 1 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

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M
P (11,4)
5→4 · g5 =

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 2 3
3 0 1
]
=

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

2 1 1 1
1 0 1 0 0
1 0 0 1 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

g4 ·MP (11,3)5→4 −MP (11,4)5→4 · g5 =

2 1 1 1
1 0 1 0 0
1 0 0 1 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1
−

2 1 1 1
1 0 1 0 0
1 0 0 1 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1
 =
[ 5
7 0
]
5. g3 ·MP (11,3)6→3 −MP (11,4)6→3 · g6 = 0
g3 ·MP (11,3)6→3 =
[ 5 12
12 0 1
]
·

1 1 1 1 1 1 5
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 5 2
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
5 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 5
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

=

1 1 1 1 1 1 5
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

=

3 1 1 1 5
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

M
P (11,4)
6→3 · g6 =

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·
[ 3 8
8 0 1
]
=

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·

3 1 1 1 5
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
 =

3 1 1 1 5
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

g3 ·MP (11,3)6→3 −MP (11,4)6→3 · g6 =

3 1 1 1 5
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

−

3 1 1 1 5
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=
[11
12 0
]
6. g6 ·MP (11,3)7→6 −MP (11,4)7→6 · g7 = 0
g6 ·MP (11,3)7→6 =
[ 3 8
8 0 1
]
·

1 1 3
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

=

1 1 1 1 1 1 3 2
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

1 1 3
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

=

1 1 3
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

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M
P (11,4)
7→6 · g7 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 ·
[ 1 4
4 0 1
]
=

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 ·
[ 1 1 3
1 0 1 0
3 0 0 1
]
=

1 1 3
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

g6 ·MP (11,3)7→6 −MP (11,4)7→6 · g7 =

1 1 3
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0
−

1 1 3
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0
 =
[ 5
8 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 8
8 0 1
]
·
[ 3
3 1
8 0
]
=
[ 3
8 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 12
12 0 1
]
·
[ 5
5 1
12 0
]
=
[ 5
12 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 7
7 0 1
]
·
[ 4
4 1
7 0
]
=
[ 4
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 8
8 0 1
]
·
[ 3
3 1
8 0
]
=
[ 3
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
135.2.2 0→ P (9, 7) f→ P (11, 3) g→ P (11, 6)→ 0 
PdimP (9, 7) + dimP (11, 6) = (1, 3, 5, 3, 1, 4, 2) + (4, 8, 12, 8, 4, 7, 3)
= (5, 11, 17, 11, 5, 11, 5) = dimP (11, 3)
Pdimk Ext
1
kQ(P (11, 6), P (9, 7)) = dimk HomkQ(P (11, 6), P (9, 7))− 〈dimP (11, 6),dimP (9, 7)〉
= 0− 〈(4, 8, 12, 8, 4, 7, 3), (1, 3, 5, 3, 1, 4, 2)〉
= 4 · 3 + 8 · 5 + 8 · 5 + 4 · 3 + 7 · 5 + 3 · 4− (4 · 1 + 8 · 3 + 12 · 5 + 8 · 3 + 4 · 1 + 7 · 4 + 3 · 2)
= 12 + 40 + 40 + 12 + 35 + 12− (4 + 24 + 60 + 24 + 4 + 28 + 6)
= 1
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Matrices of the embedding f : P (9, 7)→ P (11, 3) P
1. f1 =

0
0
0
0
1
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0
0 0 0
1 0 0

∈M11,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 c1↔c2−−−−→

2 1
7 0 0
2 1′ 0
1 0 0
1 0 1

3. f3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 0
0 0 0 0 0
1 0 0 0 0

∈M17,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 2 2
10 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

c1↔c3−−−−→

2 2 1
10 0 0 0
2 1′ 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0
1 0 0 1

4. f4 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0
0 0 0
1 0 0

∈M11,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 c1↔c2−−−−→

2 1
7 0 0
2 1′ 0
1 0 0
1 0 1

5. f5 =

0
0
0
0
1
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0
0 0 0 0
0 1 0 0
1 0 0 0

∈M11,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

2 2
6 0 0
2 0 1′
1 0 0
2 1′ 0
 c1↔c2−−−−→

2 2
6 0 0
2 1′ 0
1 0 0
2 0 1′

7. f7 =

0 0
0 0
0 1
1 0
0 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

2
2 0
2 1′
1 0

Matrices of the projection g : P (11, 3)→ P (11, 6) P
1. g1 =

1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0 0 0 1 0 0 0 0
1 0 91 1 91 0 1 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 1 0 0 0 0 0
0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0
0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0

∈M8,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

r2←r2−r1−−−−−−→

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 0 0 91 1 91 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

r2↔r3−−−−→

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 1 91 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

r7←r7−r4−−−−−−→
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
1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 1 91 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

r8←r8−r5−−−−−−→

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 1 91 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0

r6↔r7−−−−→

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 1 91 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0

r7↔r8−−−−→

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 91 1 91 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0

3. g3 =

1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 1 0 0 1 0 0 91 0
1 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 1 0 0 0 0 0 0 0
0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 91 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 1 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M12,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r2←r2−r1
r3←r3−r1
r4←r4−r1−−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 1 1 0 91 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r2↔r3−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 91 0 1 1 0 91 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r5←r5−r2−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 91 0 1 1 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r4←r4−r3−−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r4↔r5−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r6↔r7−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r9←r9−r6
r10←r10−r6
r12←r12−r6−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0

r9←r9−r7−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 1 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0

r8↔r9−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0

r12←r12−r8−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r9↔r12−−−−−→

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 91 0 0 0 0 91 0 1 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0

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4. g4 =

0 91 0 0 0 1 91 0 0 91 0
91 0 0 0 0 0 0 0 0 0 0
0 91 0 1 1 0 91 0 0 0 0
91 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 1 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 0 0 0 0

∈M8,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 1 1 1 1 1 1 2 1 1
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 2 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

r4←r4−r1−−−−−−→

1 1 1 1 1 1 1 2 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 0 91 0 1 1 0 91 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

r3←r3−r2−−−−−−→

1 1 1 1 1 1 1 2 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 0 0 0 1 1 91 0 0 1 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

r3↔r4−−−−→

1 1 1 1 1 1 1 2 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 1 91 0 0 1 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

r5↔r6−−−−→

1 1 1 1 1 1 1 2 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 1 91 0 0 1 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

r8←r8−r5−−−−−−→

1 1 1 1 1 1 1 2 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 1 91 0 0 1 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0

r7↔r8−−−−→

1 1 1 1 1 1 1 2 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 1 91 0 0 1 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0

5. g5 =

0 1 1 0 0
1 0 0 0 0
0 0 0 91 0
0 0 1 0 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

0 1 1 0 0
1 0 0 0 0
0 0 0 91 0
0 0 1 0 0
 r1↔r2−−−−→

1 0 0 0 0
0 1 1 0 0
0 0 0 91 0
0 0 1 0 0
 r3↔r4−−−−→

1 0 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 91 0

1699
6. g6 =

1 0 0 0 0 1 0 0 0 0 0
0 0 91 91 1 0 0 0 1 0 0
1 91 0 0 0 1 0 0 0 0 0
0 0 0 1 91 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0

∈M7,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

r3←r3−r1−−−−−−→

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 0 91 0 0 0 0 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

r2↔r3−−−−→

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 91 91 1 0 0 1 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

r7←r7−r4−−−−−−→

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 91 91 1 0 0 1 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0

r5↔r7−−−−→

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 91 91 1 0 0 1 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 91 0 0 0

r6↔r7−−−−→

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 91 91 1 0 0 1 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0

7. g7 =
1 0 0 0 00 0 0 0 1
0 1 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

1 1 2 1
1 1 0 0 0
1 0 0 0 1
1 0 1 0 0
 r2↔r3−−−−→

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 0 0 0 1
 = [
2 2 1
2 1 0 0
1 0 0 1
]
Relations of the embedding f : P (9, 7)→ P (11, 3) P
1. f2 ·MP (9,7)1→2 −MP (11,3)1→2 · f1 = 0
f2 ·MP (9,7)1→2 =

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 ·
11
0
 =

1 1 1
7 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0
1 1 0 0
 ·
11
0
 =

1
7 0
1 0
1 1
1 0
1 1
 =

1
8 0
1 1
1 0
1 1

M
P (11,3)
1→2 · f1 =

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1
 ·
[ 1
4 0
1 1
]
=

1 2 1 1
1 1 0 0 0
4 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1

·

1
1 0
2 0
1 0
1 1
 =

1
1 0
4 0
2 0
1 0
1 1
1 0
1 1

=

1
8 0
1 1
1 0
1 1

f2 ·MP (9,7)1→2 −MP (11,3)1→2 · f1 =

1
8 0
1 1
1 0
1 1
−

1
8 0
1 1
1 0
1 1
 =
[ 1
11 0
]
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2. f3 ·MP (9,7)2→3 −MP (11,3)2→3 · f2 = 0
f3 ·MP (9,7)2→3 =

1 2 2
10 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1 1 1
10 0 0 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0

·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

1 1 1
10 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0
1 1 0 1
1 0 1 0
1 0 0 0
1 1 0 0

M
P (11,3)
2→3 · f2 =

3 1 3 1 2 1
3 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 =

3 1 3 1 1 1 1
3 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 1 0 0 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1
3 0 0 0
1 0 0 0
3 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0
1 1 0 0

=

1 1 1
3 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
3 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0
1 1 0 1
1 0 1 0
1 0 0 0
1 1 0 0

=

1 1 1
10 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0
1 1 0 1
1 0 1 0
1 0 0 0
1 1 0 0

f3 ·MP (9,7)2→3 −MP (11,3)2→3 · f2 =

1 1 1
10 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0
1 1 0 1
1 0 1 0
1 0 0 0
1 1 0 0

−

1 1 1
10 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0
1 1 0 1
1 0 1 0
1 0 0 0
1 1 0 0

=
[ 3
17 0
]
3. f3 ·MP (9,7)4→3 −MP (11,3)4→3 · f4 = 0
f3 ·MP (9,7)4→3 =

1 2 2
10 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

·
[ 3
3 1
2 0
]
=

1 2 2
10 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

·

1 2
1 1 0
2 0 1
2 0 0
 =

1 2
10 0 0
2 0 0
1 0 0
2 0 1′
1 0 0
1 1 0

=

1 2
13 0 0
2 0 1′
1 0 0
1 1 0

M
P (11,3)
4→3 · f4 =

7 4
1 0 0
7 1 0
5 0 0
4 0 1
 ·

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 =

7 2 1 1
1 0 0 0 0
7 1 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1

·

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 =

1 2
1 0 0
7 0 0
5 0 0
2 0 1′
1 0 0
1 1 0

=

1 2
13 0 0
2 0 1′
1 0 0
1 1 0

f3 ·MP (9,7)4→3 −MP (11,3)4→3 · f4 =

1 2
13 0 0
2 0 1′
1 0 0
1 1 0
−

1 2
13 0 0
2 0 1′
1 0 0
1 1 0
 =
[ 3
17 0
]
4. f4 ·MP (9,7)5→4 −MP (11,3)5→4 · f5 = 0
f4 ·MP (9,7)5→4 =

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 ·
[ 1
1 1
2 0
]
=

1
7 0
2 0
1 0
1 1
 =
[ 1
10 0
1 1
]
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M
P (11,3)
5→4 · f5 =

3 1 1
2 0 0 0
3 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1

·
[ 1
4 0
1 1
]
=

3 1 1
2 0 0 0
3 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1

·

1
3 0
1 0
1 1
 =

1
2 0
3 0
1 0
3 0
1 0
1 1

=
[ 1
10 0
1 1
]
f4 ·MP (9,7)5→4 −MP (11,3)5→4 · f5 =
[ 1
10 0
1 1
]
−
[ 1
10 0
1 1
]
=
[ 1
11 0
]
5. f3 ·MP (9,7)6→3 −MP (11,3)6→3 · f6 = 0
f3 ·MP (9,7)6→3 =

1 2 2
10 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

·
[ 4
1 0
4 1
]
=

1 2 2
10 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

·

2 2
1 0 0
2 1 0
2 0 1
 =

2 2
10 0 0
2 0 1′
1 0 0
2 1′ 0
1 0 0
1 0 0

=

2 2
10 0 0
2 0 1′
1 0 0
2 1′ 0
2 0 0

M
P (11,3)
6→3 · f6 =

1 1 1 1 1 1 5
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

·

2 2
6 0 0
2 0 1′
1 0 0
2 1′ 0
 =

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

·

2 2
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
2 0 1′
1 0 0
2 1′ 0

=

2 2
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
2 0 1′
1 0 0
2 1′ 0
2 0 0

=

2 2
10 0 0
2 0 1′
1 0 0
2 1′ 0
2 0 0

f3 ·MP (9,7)6→3 −MP (11,3)6→3 · f6 =

2 2
10 0 0
2 0 1′
1 0 0
2 1′ 0
2 0 0
−

2 2
10 0 0
2 0 1′
1 0 0
2 1′ 0
2 0 0
 =
[ 4
17 0
]
6. f6 ·MP (9,7)7→6 −MP (11,3)7→6 · f7 = 0
f6 ·MP (9,7)7→6 =

2 2
6 0 0
2 0 1′
1 0 0
2 1′ 0
 ·
[ 2
2 0
2 1
]
=

2
6 0
2 1′
1 0
2 0
 =

2
6 0
2 1′
3 0

M
P (11,3)
7→6 · f7 =

1 1 3
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

·

2
2 0
2 1′
1 0
 =

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·

2
1 0
1 0
2 1′
1 0
 =

2
1 0
1 0
1 0
1 0
1 0
1 0
2 1′
1 0
2 0

=

2
6 0
2 1′
3 0

f6 ·MP (9,7)7→6 −MP (11,3)7→6 · f7 =

2
6 0
2 1′
3 0
−

2
6 0
2 1′
3 0
 = [ 211 0 ]
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Relations of the projection g : P (11, 3)→ P (11, 6) P
1. g2 ·MP (11,3)1→2 −MP (11,6)1→2 · g1 = 0
g2 ·MP (11,3)1→2 =

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

·

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
2 0 0 1

=

1 0 0 0 0 0 1 0 0 0 0
1 0 91 1 91 0 1 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 1 0 0 0 0 0
0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0
0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0

·

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

=

1 0 1 0 0
1 0 1 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
0 0 0 0 0
0 0 0 0 0

=

1 1 1 1 1
1 1 0 1 0 0
1 1 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
2 0 0 0 0 0

M
P (11,6)
1→2 · g1 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
2 0 0
 ·

1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
 =

1 1 1 1
1 1 0 0 0
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·

1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
 =

1 1 1 1 1
1 1 0 1 0 0
1 1 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
2 0 0 0 0 0

g2 ·MP (11,3)1→2 −MP (11,6)1→2 · g1 =

1 1 1 1 1
1 1 0 1 0 0
1 1 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
2 0 0 0 0 0

−

1 1 1 1 1
1 1 0 1 0 0
1 1 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
2 0 0 0 0 0

=
[ 5
8 0
]
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2. g3 ·MP (11,3)2→3 −MP (11,6)2→3 · g2 = 0
g3 ·MP (11,3)2→3 =

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

3 1 3 1 2 1
3 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 1 0 0 1 0 0 91 0
1 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 1 0 0 0 0 0 0 0
0 91 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 91 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 1 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

=

1 0 0 0 0 0 1 0 0 0 0
1 0 91 1 91 0 1 0 0 0 0
1 91 0 0 0 0 1 0 0 0 0
1 0 91 1 91 0 1 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0
0 0 0 91 0 1 0 0 0 0 0
0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0
0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 1 91 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0

M
P (11,6)
2→3 · g2 =

1 1 1 5
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1
2 0 0 0 0

·

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

=

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

=

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 1 91 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0

1704
g3 ·MP (11,3)2→3 −MP (11,6)2→3 · g2 =

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 1 91 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 1 91 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0

=
[11
12 0
]
3. g3 ·MP (11,3)4→3 −MP (11,6)4→3 · g4 = 0
g3 ·MP (11,3)4→3 =

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

7 4
1 0 0
7 1 0
5 0 0
4 0 1

=

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 2 1 1
1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 2 1 1
1 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

1705
M
P (11,6)
4→3 · g4 =

4 1 2 1
1 0 0 0 0
4 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

1 1 1 1 1 1 1 2 1 1
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

=

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 2 1 1
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

=

1 1 1 1 1 1 1 2 1 1
1 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

g3 ·MP (11,3)4→3 −MP (11,6)4→3 · g4 =

1 1 1 1 1 1 1 2 1 1
1 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

−

1 1 1 1 1 1 1 2 1 1
1 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

=
[11
12 0
]
4. g4 ·MP (11,3)5→4 −MP (11,6)5→4 · g5 = 0
g4 ·MP (11,3)5→4 =

1 1 1 1 1 1 1 2 1 1
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

·

3 1 1
2 0 0 0
3 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1

=

1 1 1 1 1 1 1 2 1 1
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

·

1 1 1 1 1
1 0 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

0 0 0 0 0
0 0 0 0 0
0 1 1 0 0
1 0 0 0 0
0 0 0 91 0
0 0 1 0 0
0 0 0 91 0
0 0 1 0 0

=

1 1 1 1 1
2 0 0 0 0 0
1 0 1 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
1 0 0 1 0 0
1 0 0 0 91 0
1 0 0 1 0 0

M
P (11,6)
5→4 · g5 =

2 2
2 0 0
2 1 0
2 0 1
2 0 1
 ·

0 1 1 0 0
1 0 0 0 0
0 0 0 91 0
0 0 1 0 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1

·

0 1 1 0 0
1 0 0 0 0
0 0 0 91 0
0 0 1 0 0
 =

1 1 1 1 1
2 0 0 0 0 0
1 0 1 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
1 0 0 1 0 0
1 0 0 0 91 0
1 0 0 1 0 0

1706
g4 ·MP (11,3)5→4 −MP (11,6)5→4 · g5 =

1 1 1 1 1
2 0 0 0 0 0
1 0 1 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
1 0 0 1 0 0
1 0 0 0 91 0
1 0 0 1 0 0

−

1 1 1 1 1
2 0 0 0 0 0
1 0 1 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
1 0 0 1 0 0
1 0 0 0 91 0
1 0 0 1 0 0

=
[ 5
8 0
]
5. g3 ·MP (11,3)6→3 −MP (11,6)6→3 · g6 = 0
g3 ·MP (11,3)6→3 =

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 5
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

=

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
5 0 0 0 0 0 0 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

M
P (11,6)
6→3 · g6 =

3 4
3 1 0
5 0 0
4 0 1
 ·

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

=

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
5 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

=

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
5 0 0 0 0 0 0 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

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g3 ·MP (11,3)6→3 −MP (11,6)6→3 · g6 =

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
5 0 0 0 0 0 0 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

−

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
5 0 0 0 0 0 0 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

=
[11
12 0
]
6. g6 ·MP (11,3)7→6 −MP (11,6)7→6 · g7 = 0
g6 ·MP (11,3)7→6 =

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

·

1 1 3
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
3 0 0 1
2 0 0 0

=

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=

1 1 2 1
1 1 0 0 0
1 0 0 0 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 1 0 0

=

1 1 2 1
1 1 0 0 0
1 0 0 0 1
3 0 0 0 0
1 0 0 0 1
1 0 1 0 0

M
P (11,6)
7→6 · g7 =

1 1 1
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·

1 1 2 1
1 1 0 0 0
1 0 0 0 1
1 0 1 0 0
 =

1 1 2 1
1 1 0 0 0
1 0 0 0 1
3 0 0 0 0
1 0 0 0 1
1 0 1 0 0

g6 ·MP (11,3)7→6 −MP (11,6)7→6 · g7 =

1 1 2 1
1 1 0 0 0
1 0 0 0 1
3 0 0 0 0
1 0 0 0 1
1 0 1 0 0
−

1 1 2 1
1 1 0 0 0
1 0 0 0 1
3 0 0 0 0
1 0 0 0 1
1 0 1 0 0
 =
[ 5
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
 ·
[ 1
4 0
1 1
]
=

1 0 1 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
 ·

0
0
0
0
1
 =
[ 1
4 0
]
2. g2 · f2 = 0
g2 · f2 =

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

·

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 =

1 1 1 1 1 1 1 2 1 1
1 1 0 0 0 0 0 1 0 0 0
1 1 0 91 1 91 0 1 0 0 0
1 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

·

1 2
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
2 0 1′
1 0 0
1 1 0

=
[ 3
8 0
]
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3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

1 2 2
10 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

=

1 1 1 1 1 1 1 1 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 0 0 1 91 0 1 0 1 0 91 0
1 1 91 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 91 0 1 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

1 2 2
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
2 0 0 1′
1 0 0 0
2 0 1′ 0
1 0 0 0
1 1 0 0

=
[ 5
12 0
]
4. g4 · f4 = 0
g4 · f4 =

1 1 1 1 1 1 1 2 1 1
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

·

1 2
7 0 0
2 0 1′
1 0 0
1 1 0
 =

1 1 1 1 1 1 1 2 1 1
1 0 91 0 0 0 1 91 0 91 0
1 91 0 0 0 0 0 0 0 0 0
1 0 91 0 1 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0 0 0 0

·

1 2
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
2 0 1′
1 0 0
1 1 0

=
[ 3
8 0
]
5. g5 · f5 = 0
g5 · f5 =

0 1 1 0 0
1 0 0 0 0
0 0 0 91 0
0 0 1 0 0
 ·
[ 1
4 0
1 1
]
=

0 1 1 0 0
1 0 0 0 0
0 0 0 91 0
0 0 1 0 0
 ·

0
0
0
0
1
 =
[ 1
4 0
]
6. g6 · f6 = 0
g6 · f6 =

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

·

2 2
6 0 0
2 0 1′
1 0 0
2 1′ 0
 =

1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 1 0 0 0
1 0 0 91 91 1 0 0 1 0
1 1 91 0 0 0 1 0 0 0
1 0 0 0 1 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0

·

2 2
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
2 0 1′
1 0 0
2 1′ 0

=
[ 4
7 0
]
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7. g7 · f7 = 0
g7 · f7 =

1 1 2 1
1 1 0 0 0
1 0 0 0 1
1 0 1 0 0
 ·

2
2 0
2 1′
1 0
 =

1 1 2 1
1 1 0 0 0
1 0 0 0 1
1 0 1 0 0
 ·

2
1 0
1 0
2 1′
1 0
 =
[ 2
3 0
]
135.3 Tree module property of P (17, 3) 
The matrices of the representation have full (column) rank P
1. MP (17,3)1→2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M17,8(k) is already in column echelon form and has maximal column rank.
2. MP (17,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,17(k) is already in column echelon form and has maximal column rank.
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3. MP (17,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,17(k) is already in column echelon form and has maximal column rank.
4. MP (17,3)5→4 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M17,8(k) is already in column echelon form and has maximal column rank.
5. MP (17,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M26,17(k) is already in column echelon form and has maximal column rank.
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6. MP (17,3)7→6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M17,8(k) is already in column echelon form and has maximal column rank.
135.3.1 0→ P (15, 5) f→ P (17, 3) g→ P (17, 4)→ 0 
PdimP (15, 5) + dimP (17, 4) = (2, 5, 8, 6, 3, 5, 2) + (6, 12, 18, 11, 5, 12, 6)
= (8, 17, 26, 17, 8, 17, 8) = dimP (17, 3)
Pdimk Ext
1
kQ(P (17, 4), P (15, 5)) = dimk HomkQ(P (17, 4), P (15, 5))− 〈dimP (17, 4),dimP (15, 5)〉
= 0− 〈(6, 12, 18, 11, 5, 12, 6), (2, 5, 8, 6, 3, 5, 2)〉
= 6 · 5 + 12 · 8 + 11 · 8 + 5 · 6 + 12 · 8 + 6 · 5− (6 · 2 + 12 · 5 + 18 · 8 + 11 · 6 + 5 · 3 + 12 · 5 + 6 · 2)
= 30 + 96 + 88 + 30 + 96 + 30− (12 + 60 + 144 + 66 + 15 + 60 + 12)
= 1
Matrices of the embedding f : P (15, 5)→ P (17, 3) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M17,5(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M26,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M17,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M17,5(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : P (17, 3)→ P (17, 4) P
1. g1 =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M6,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M12,17(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M18,26(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,17(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M12,17(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M6,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (15, 5)→ P (17, 3) P
1. f2 ·MP (15,5)1→2 −MP (17,3)1→2 · f1 = 0
f2 ·MP (15,5)1→2 =
[ 5
5 1
12 0
]
·
[ 2
2 1
3 0
]
=

2 3
2 1 0
3 0 1
12 0 0
 · [
2
2 1
3 0
]
=

2
2 1
3 0
12 0
 = [
2
2 1
15 0
]
M
P (17,3)
1→2 · f1 =

2 3 3
2 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1
 ·
[ 2
2 1
6 0
]
=

2 3 3
2 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1
 ·

2
2 1
3 0
3 0
 =

2
2 1
6 0
3 0
3 0
3 0
 =
[ 2
2 1
15 0
]
f2 ·MP (15,5)1→2 −MP (17,3)1→2 · f1 =
[ 2
2 1
15 0
]
−
[ 2
2 1
15 0
]
=
[ 2
17 0
]
2. f3 ·MP (15,5)2→3 −MP (17,3)2→3 · f2 = 0
f3 ·MP (15,5)2→3 =
[ 8
8 1
18 0
]
·
[ 5
5 1
3 0
]
=

5 3
5 1 0
3 0 1
18 0 0
 · [
5
5 1
3 0
]
=

5
5 1
3 0
18 0
 = [
5
5 1
21 0
]
M
P (17,3)
2→3 · f2 =

5 1 5 2 2 2
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·
[ 5
5 1
12 0
]
=

5 1 5 2 2 2
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·

5
5 1
1 0
5 0
2 0
2 0
2 0

=

5
5 1
2 0
1 0
2 0
1 0
5 0
2 0
2 0
2 0
2 0
2 0

=
[ 5
5 1
21 0
]
f3 ·MP (15,5)2→3 −MP (17,3)2→3 · f2 =
[ 5
5 1
21 0
]
−
[ 5
5 1
21 0
]
=
[ 5
26 0
]
3. f3 ·MP (15,5)4→3 −MP (17,3)4→3 · f4 = 0
f3 ·MP (15,5)4→3 =
[ 8
8 1
18 0
]
·
[ 6
2 0
6 1
]
=

2 6
2 1 0
6 0 1
18 0 0
 · [
6
2 0
6 1
]
=

6
2 0
6 1
18 0

1715
M
P (17,3)
4→3 · f4 =

11 6
2 0 0
11 1 0
7 0 0
6 0 1
 ·
[ 6
6 1
11 0
]
=

6 5 6
2 0 0 0
6 1 0 0
5 0 1 0
7 0 0 0
6 0 0 1
 ·

6
6 1
5 0
6 0
 =

6
2 0
6 1
5 0
7 0
6 0
 =

6
2 0
6 1
18 0

f3 ·MP (15,5)4→3 −MP (17,3)4→3 · f4 =

6
2 0
6 1
18 0
−

6
2 0
6 1
18 0
 = [ 626 0 ]
4. f4 ·MP (15,5)5→4 −MP (17,3)5→4 · f5 = 0
f4 ·MP (15,5)5→4 =
[ 6
6 1
11 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
11 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
11 0

M
P (17,3)
5→4 · f5 =

5 1 2
3 0 0 0
5 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1

·
[ 3
3 1
5 0
]
=

3 2 1 2
3 0 0 0 0
3 1 0 0 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1

·

3
3 1
2 0
1 0
2 0
 =

3
3 0
3 1
2 0
1 0
5 0
1 0
2 0

=

3
3 0
3 1
11 0

f4 ·MP (15,5)5→4 −MP (17,3)5→4 · f5 =

3
3 0
3 1
11 0
−

3
3 0
3 1
11 0
 = [ 317 0 ]
5. f3 ·MP (15,5)6→3 −MP (17,3)6→3 · f6 = 0
f3 ·MP (15,5)6→3 =
[ 8
8 1
18 0
]
·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
2 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
18 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
18 0 0 0

M
P (17,3)
6→3 · f6 =

2 1 2 2 1 2 7
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

·
[ 5
5 1
12 0
]
=

2 1 2 2 1 2 7
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
7 0 0 0

=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
7 0 0 0
3 0 0 0

=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
18 0 0 0

f3 ·MP (15,5)6→3 −MP (17,3)6→3 · f6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
18 0 0 0

−

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
18 0 0 0

=
[ 5
26 0
]
6. f6 ·MP (15,5)7→6 −MP (17,3)7→6 · f7 = 0
f6 ·MP (15,5)7→6 =
[ 5
5 1
12 0
]
·

2
2 1
2 1
1 0
 =

2 2 1
2 1 0 0
2 0 1 0
1 0 0 1
12 0 0 0
 ·

2
2 1
2 1
1 0
 =

2
2 1
2 1
1 0
12 0
 =

2
2 1
2 1
13 0

1716
M
P (17,3)
7→6 · f7 =

2 2 4
2 1 0 0
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

·
[ 2
2 1
6 0
]
=

2 2 4
2 1 0 0
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

·

2
2 1
2 0
4 0
 =

2
2 1
2 1
1 0
2 0
2 0
1 0
4 0
3 0

=

2
2 1
2 1
13 0

f6 ·MP (15,5)7→6 −MP (17,3)7→6 · f7 =

2
2 1
2 1
13 0
−

2
2 1
2 1
13 0
 = [ 217 0 ]
Relations of the projection g : P (17, 3)→ P (17, 4) P
1. g2 ·MP (17,3)1→2 −MP (17,4)1→2 · g1 = 0
g2 ·MP (17,3)1→2 =
[ 5 12
12 0 1
]
·

2 3 3
2 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1
 =

2 3 3 3 3 3
3 0 0 1 0 0 0
3 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

2 3 3
2 1 0 0
3 0 0 0
3 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1

=

2 3 3
3 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1

M
P (17,4)
1→2 · g1 =

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 ·
[ 2 6
6 0 1
]
=

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 ·
[ 2 3 3
3 0 1 0
3 0 0 1
]
=

2 3 3
3 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1

g2 ·MP (17,3)1→2 −MP (17,4)1→2 · g1 =

2 3 3
3 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1
−

2 3 3
3 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1
 =
[ 8
12 0
]
2. g3 ·MP (17,3)2→3 −MP (17,4)2→3 · g2 = 0
g3 ·MP (17,3)2→3 =
[ 8 18
18 0 1
]
·

5 1 5 2 2 2
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

5 2 1 2 1 5 2 2 2 2 2
2 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
5 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 1

·

5 1 5 2 2 2
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

5 1 5 2 2 2
2 0 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

5 6 2 2 2
2 0 0 0 0 0
6 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

M
P (17,4)
2→3 · g2 =

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·
[ 5 12
12 0 1
]
=

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

5 6 2 2 2
6 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
 =

5 6 2 2 2
2 0 0 0 0 0
6 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

1717
g3 ·MP (17,3)2→3 −MP (17,4)2→3 · g2 =

5 6 2 2 2
2 0 0 0 0 0
6 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

−

5 6 2 2 2
2 0 0 0 0 0
6 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=
[17
18 0
]
3. g3 ·MP (17,3)4→3 −MP (17,4)4→3 · g4 = 0
g3 ·MP (17,3)4→3 =
[ 8 18
18 0 1
]
·

11 6
2 0 0
11 1 0
7 0 0
6 0 1
 =

2 6 5 7 6
5 0 0 1 0 0
7 0 0 0 1 0
6 0 0 0 0 1
 ·

6 5 6
2 0 0 0
6 1 0 0
5 0 1 0
7 0 0 0
6 0 0 1
 =

6 5 6
5 0 1 0
7 0 0 0
6 0 0 1

M
P (17,4)
4→3 · g4 =

5 6
5 1 0
7 0 0
6 0 1
 · [ 6 1111 0 1 ] =

5 6
5 1 0
7 0 0
6 0 1
 · [
6 5 6
5 0 1 0
6 0 0 1
]
=

6 5 6
5 0 1 0
7 0 0 0
6 0 0 1

g3 ·MP (17,3)4→3 −MP (17,4)4→3 · g4 =

6 5 6
5 0 1 0
7 0 0 0
6 0 0 1
−

6 5 6
5 0 1 0
7 0 0 0
6 0 0 1
 = [1718 0 ]
4. g4 ·MP (17,3)5→4 −MP (17,4)5→4 · g5 = 0
g4 ·MP (17,3)5→4 =
[ 6 11
11 0 1
]
·

5 1 2
3 0 0 0
5 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1

=

3 3 2 1 5 1 2
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
5 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

3 2 1 2
3 0 0 0 0
3 1 0 0 0
2 0 1 0 0
1 0 0 1 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1

=

3 2 1 2
2 0 1 0 0
1 0 0 1 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1

M
P (17,4)
5→4 · g5 =

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·
[ 3 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

3 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

3 2 1 2
2 0 1 0 0
1 0 0 1 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1

g4 ·MP (17,3)5→4 −MP (17,4)5→4 · g5 =

3 2 1 2
2 0 1 0 0
1 0 0 1 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1
−

3 2 1 2
2 0 1 0 0
1 0 0 1 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1
 =
[ 8
11 0
]
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5. g3 ·MP (17,3)6→3 −MP (17,4)6→3 · g6 = 0
g3 ·MP (17,3)6→3 =
[ 8 18
18 0 1
]
·

2 1 2 2 1 2 7
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

=

2 1 2 1 2 2 1 2 1 2 7 3
2 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 1

·

2 1 2 2 1 2 7
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

=

2 1 2 2 1 2 7
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

=

5 2 1 2 7
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

M
P (17,4)
6→3 · g6 =

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·
[ 5 12
12 0 1
]
=

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·

5 2 1 2 7
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
 =

5 2 1 2 7
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

g3 ·MP (17,3)6→3 −MP (17,4)6→3 · g6 =

5 2 1 2 7
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

−

5 2 1 2 7
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=
[17
18 0
]
6. g6 ·MP (17,3)7→6 −MP (17,4)7→6 · g7 = 0
g6 ·MP (17,3)7→6 =
[ 5 12
12 0 1
]
·

2 2 4
2 1 0 0
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

=

2 2 1 2 2 1 4 3
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
 ·

2 2 4
2 1 0 0
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

=

2 2 4
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

M
P (17,4)
7→6 · g7 =

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 ·
[ 2 6
6 0 1
]
=

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 ·
[ 2 2 4
2 0 1 0
4 0 0 1
]
=

2 2 4
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

g6 ·MP (17,3)7→6 −MP (17,4)7→6 · g7 =

2 2 4
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0
−

2 2 4
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0
 =
[ 8
12 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 6
6 0 1
]
·
[ 2
2 1
6 0
]
=
[ 2
6 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 12
12 0 1
]
·
[ 5
5 1
12 0
]
=
[ 5
12 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 18
18 0 1
]
·
[ 8
8 1
18 0
]
=
[ 8
18 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 11
11 0 1
]
·
[ 6
6 1
11 0
]
=
[ 6
11 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 12
12 0 1
]
·
[ 5
5 1
12 0
]
=
[ 5
12 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 6
6 0 1
]
·
[ 2
2 1
6 0
]
=
[ 2
6 0
]
135.3.2 0→ P (15, 7) f→ P (17, 3) g→ P (17, 6)→ 0 
PdimP (15, 7) + dimP (17, 6) = (2, 5, 8, 5, 2, 6, 3) + (6, 12, 18, 12, 6, 11, 5)
= (8, 17, 26, 17, 8, 17, 8) = dimP (17, 3)
Pdimk Ext
1
kQ(P (17, 6), P (15, 7)) = dimk HomkQ(P (17, 6), P (15, 7))− 〈dimP (17, 6),dimP (15, 7)〉
= 0− 〈(6, 12, 18, 12, 6, 11, 5), (2, 5, 8, 5, 2, 6, 3)〉
= 6 · 5 + 12 · 8 + 12 · 8 + 6 · 5 + 11 · 8 + 5 · 6− (6 · 2 + 12 · 5 + 18 · 8 + 12 · 5 + 6 · 2 + 11 · 6 + 5 · 3)
= 30 + 96 + 96 + 30 + 88 + 30− (12 + 60 + 144 + 60 + 12 + 66 + 15)
= 1
Matrices of the embedding f : P (15, 7)→ P (17, 3) P
1. f1 =

0 0
0 0
0 0
0 0
0 0
0 0
0 1
1 0

∈M8,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =
[ 2
6 0
2 1′
]
1720
2. f2 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 0 0 0 0
0 1 0 0 0
1 0 0 0 0

∈M17,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0
 c1↔c2−−−−→

3 2
11 0 0
3 1′ 0
1 0 0
2 0 1′

3. f3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0

∈M26,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

2 3 3
16 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

c1↔c3−−−−→

3 3 2
16 0 0 0
3 1′ 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0
2 0 0 1′

1721
4. f4 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 0 0 0 0
0 1 0 0 0
1 0 0 0 0

∈M17,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0
 c1↔c2−−−−→

3 2
11 0 0
3 1′ 0
1 0 0
2 0 1′

5. f5 =

0 0
0 0
0 0
0 0
0 0
0 0
0 1
1 0

∈M8,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =
[ 2
6 0
2 1′
]
6. f6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

∈M17,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

3 3
10 0 0
3 0 1′
1 0 0
3 1′ 0
 c1↔c2−−−−→

3 3
10 0 0
3 1′ 0
1 0 0
3 0 1′

7. f7 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0
1 0 0
0 0 0

∈M8,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

3
4 0
3 1′
1 0

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Matrices of the projection g : P (17, 3)→ P (17, 6) P
1. g1 =

0 1 0 1 0 0 0 0
1 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 91 0 0

∈M6,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

2 1 2 1 2
2 1′ 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0

2. g2 =

0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 91 1 91 0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 91 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0

∈M12,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r4←r4−r1−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r3←r3−r2−−−−−−→
1723

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r3↔r5−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r10←r10−r6−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r12←r12−r8−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r9↔r10−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r10↔r11−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r11↔r12−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 0 0 1 0 0 0 91 0 0
1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M18,26(k) can be brought to row echelon form (as shown below) and
1725
has maximal row rank.
g3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r4←r4−r1
r5←r5−r1
r7←r7−r1−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 0 1 0 91 0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r3←r3−r2
r4←r4−r2
r6←r6−r2−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r3↔r5−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 91 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r8←r8−r3−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 91 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r7←r7−r4−−−−−−→
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 91 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r6←r6−r5−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r6↔r8−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r9↔r10−−−−−→
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r13←r13−r9
r14←r14−r9
r17←r17−r9−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r10↔r11−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

r14←r14−r10
r15←r15−r10
r18←r18−r10−−−−−−−−→
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0

r13←r13−r11−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0

r12↔r13−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0

r17←r17−r12−−−−−−−−→
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0

r13↔r14−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0

r18←r18−r13−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r14↔r17−−−−−→
1731

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r15↔r18−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0

r16↔r18−−−−−→
1732

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0

r17↔r18−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 1 91 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0

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4. g4 =

0 0 91 0 0 0 0 0 1 91 0 0 0 0 91 0 0
0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 1 1 0 0 91 0 0 0 0 0 0 0
0 91 0 0 1 0 0 1 0 0 91 0 0 0 0 0 0
91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

∈M12,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r1↔r3−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r6←r6−r1−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r5←r5−r2−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r4←r4−r3−−−−−−→
1734

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r4↔r6−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r7↔r8−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r8↔r9−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r12←r12−r8−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0

r10↔r11−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0

r11↔r12−−−−−→

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

5. g5 =

0 0 1 1 0 0 0 0
0 1 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0

∈M6,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

1 2 2 1 2
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
 r1↔r2−−−−→

1 2 2 1 2
1 1 0 0 0 0
2 0 1′ 1 0 0
1 0 0 0 91 0
2 0 0 1 0 0
 r3↔r4−−−−→

1 2 2 1 2
1 1 0 0 0 0
2 0 1′ 1 0 0
2 0 0 1 0 0
1 0 0 0 91 0

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6. g6 =

0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 91 91 0 1 0 0 0 0 0 1 0 0 0
0 1 0 91 0 0 91 0 1 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

∈M11,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

r1↔r2−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

r5←r5−r1−−−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

r4←r4−r2−−−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 91 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

r3↔r5−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

r10←r10−r6−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0

r8↔r10−−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0

r9↔r11−−−−−→

1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0

7. g7 =

0 1 0 1 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0

r1↔r2−−−−→

1 1 1 1 3 1
1 1 0 0 0 0 0
1 0 1 0 1 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0

r3↔r4−−−−→

1 1 1 1 3 1
1 1 0 0 0 0 0
1 0 1 0 1 0 0
1 0 0 1 0 0 0
1 0 0 0 0 0 1
1 0 0 0 1 0 0

r4↔r5−−−−→

1 1 1 1 3 1
1 1 0 0 0 0 0
1 0 1 0 1 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 1

Relations of the embedding f : P (15, 7)→ P (17, 3) P
1. f2 ·MP (15,7)1→2 −MP (17,3)1→2 · f1 = 0
f2 ·MP (15,7)1→2 =

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0
 ·

2
2 1
2 1
1 0
 =

2 2 1
11 0 0 0
1 0 0 1
2 0 1′ 0
1 0 0 0
2 1′ 0 0
 ·

2
2 1
2 1
1 0
 =

2
11 0
1 0
2 1′
1 0
2 1′
 =

2
12 0
2 1′
1 0
2 1′

M
P (17,3)
1→2 · f1 =

2 3 3
2 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1
 ·
[ 2
6 0
2 1′
]
=

2 3 1 2
2 1 0 0 0
6 0 0 0 0
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 1

·

2
2 0
3 0
1 0
2 1′
 =

2
2 0
6 0
3 0
1 0
2 1′
1 0
2 1′

=

2
12 0
2 1′
1 0
2 1′

f2 ·MP (15,7)1→2 −MP (17,3)1→2 · f1 =

2
12 0
2 1′
1 0
2 1′
−

2
12 0
2 1′
1 0
2 1′
 =
[ 2
17 0
]
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2. f3 ·MP (15,7)2→3 −MP (17,3)2→3 · f2 = 0
f3 ·MP (15,7)2→3 =

2 3 3
16 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2 1 2
16 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 1′ 0 0
1 0 1 0 0 0
1 0 0 0 0 0
2 1′ 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
16 0 0 0
2 0 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 0

M
P (17,3)
2→3 · f2 =

5 1 5 2 2 2
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0
 =

5 1 5 2 1 1 2
5 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
5 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 1 0 0 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

2 1 2
5 0 0 0
1 0 0 0
5 0 0 0
2 0 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 0

=

2 1 2
5 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
5 0 0 0
2 0 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 0

=

2 1 2
16 0 0 0
2 0 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 0

f3 ·MP (15,7)2→3 −MP (17,3)2→3 · f2 =

2 1 2
16 0 0 0
2 0 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 0

−

2 1 2
16 0 0 0
2 0 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 1′
1 0 1 0
1 0 0 0
2 1′ 0 0

=
[ 5
26 0
]
3. f3 ·MP (15,7)4→3 −MP (17,3)4→3 · f4 = 0
f3 ·MP (15,7)4→3 =

2 3 3
16 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

·
[ 5
5 1
3 0
]
=

2 3 3
16 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

·

2 3
2 1 0
3 0 1
3 0 0
 =

2 3
16 0 0
3 0 0
1 0 0
3 0 1′
1 0 0
2 1′ 0

=

2 3
20 0 0
3 0 1′
1 0 0
2 1′ 0

M
P (17,3)
4→3 · f4 =

11 6
2 0 0
11 1 0
7 0 0
6 0 1
 ·

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0
 =

11 3 1 2
2 0 0 0 0
11 1 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1

·

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0
 =

2 3
2 0 0
11 0 0
7 0 0
3 0 1′
1 0 0
2 1′ 0

=

2 3
20 0 0
3 0 1′
1 0 0
2 1′ 0

f3 ·MP (15,7)4→3 −MP (17,3)4→3 · f4 =

2 3
20 0 0
3 0 1′
1 0 0
2 1′ 0
−

2 3
20 0 0
3 0 1′
1 0 0
2 1′ 0
 =
[ 5
26 0
]
4. f4 ·MP (15,7)5→4 −MP (17,3)5→4 · f5 = 0
f4 ·MP (15,7)5→4 =

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0
 ·
[ 2
2 1
3 0
]
=

2
11 0
3 0
1 0
2 1′
 =
[ 2
15 0
2 1′
]
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M
P (17,3)
5→4 · f5 =

5 1 2
3 0 0 0
5 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1

·
[ 2
6 0
2 1′
]
=

5 1 2
3 0 0 0
5 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1

·

2
5 0
1 0
2 1′
 =

2
3 0
5 0
1 0
5 0
1 0
2 1′

=
[ 2
15 0
2 1′
]
f4 ·MP (15,7)5→4 −MP (17,3)5→4 · f5 =
[ 2
15 0
2 1′
]
−
[ 2
15 0
2 1′
]
=
[ 2
17 0
]
5. f3 ·MP (15,7)6→3 −MP (17,3)6→3 · f6 = 0
f3 ·MP (15,7)6→3 =

2 3 3
16 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

·
[ 6
2 0
6 1
]
=

2 3 3
16 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

·

3 3
2 0 0
3 1 0
3 0 1
 =

3 3
16 0 0
3 0 1′
1 0 0
3 1′ 0
1 0 0
2 0 0

=

3 3
16 0 0
3 0 1′
1 0 0
3 1′ 0
3 0 0

M
P (17,3)
6→3 · f6 =

2 1 2 2 1 2 7
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

·

3 3
10 0 0
3 0 1′
1 0 0
3 1′ 0
 =

2 1 2 2 1 2 3 1 3
2 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
2 1 0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 1 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

·

3 3
2 0 0
1 0 0
2 0 0
2 0 0
1 0 0
2 0 0
3 0 1′
1 0 0
3 1′ 0

=

3 3
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
3 0 1′
1 0 0
3 1′ 0
3 0 0

=

3 3
16 0 0
3 0 1′
1 0 0
3 1′ 0
3 0 0

f3 ·MP (15,7)6→3 −MP (17,3)6→3 · f6 =

3 3
16 0 0
3 0 1′
1 0 0
3 1′ 0
3 0 0
−

3 3
16 0 0
3 0 1′
1 0 0
3 1′ 0
3 0 0
 =
[ 6
26 0
]
6. f6 ·MP (15,7)7→6 −MP (17,3)7→6 · f7 = 0
f6 ·MP (15,7)7→6 =

3 3
10 0 0
3 0 1′
1 0 0
3 1′ 0
 ·
[ 3
3 0
3 1
]
=

3
10 0
3 1′
1 0
3 0
 =

3
10 0
3 1′
4 0

M
P (17,3)
7→6 · f7 =

2 2 4
2 1 0 0
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

·

3
4 0
3 1′
1 0
 =

2 2 3 1
2 1 0 0 0
2 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 1 0 0
1 0 0 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0

·

3
2 0
2 0
3 1′
1 0
 =

3
2 0
2 0
1 0
2 0
2 0
1 0
3 1′
1 0
3 0

=

3
10 0
3 1′
4 0

f6 ·MP (15,7)7→6 −MP (17,3)7→6 · f7 =

3
10 0
3 1′
4 0
−

3
10 0
3 1′
4 0
 = [ 317 0 ]
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Relations of the projection g : P (17, 3)→ P (17, 6) P
1. g2 ·MP (17,3)1→2 −MP (17,6)1→2 · g1 = 0
g2 ·MP (17,3)1→2 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

·

2 3 3
2 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
3 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 2 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0

·

1 1 1 1 1 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

1 1 1 1 1 1 2
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 1 1 1 1 1 2
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 91 0
3 0 0 0 0 0 0 0

M
P (17,6)
1→2 · g1 =

2 4
2 1 0
2 1 0
1 0 0
4 0 1
3 0 0
 ·

2 1 2 1 2
2 1′ 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0
 =

2 1 2 1
2 1 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
3 0 0 0 0

·

2 1 2 1 2
2 1′ 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0
 =

2 1 2 1 2
2 1′ 0 1 0 0
2 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0
3 0 0 0 0 0

g2 ·MP (17,3)1→2 −MP (17,6)1→2 · g1 =

1 1 1 1 1 1 2
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 91 0
3 0 0 0 0 0 0 0

−

1 1 1 1 1 1 2
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 91 0
3 0 0 0 0 0 0 0

=
[ 8
12 0
]
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2. g3 ·MP (17,3)2→3 −MP (17,6)2→3 · g2 = 0
g3 ·MP (17,3)2→3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

5 1 5 2 2 2
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 1 1 2 1 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 0 1 0 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 1 1 1 2 1 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

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=
1 1 1 1 1 1 1 1 1 1 1 2 1 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0 0
1 1 1 0 91 0 0 0 91 0 1 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 1 0 91 0 0 0 91 0 1 1 0 0 0
1 1 0 91 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

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M
P (17,6)
2→3 · g2 =

2 1 2 7
2 1 0 0 0
1 0 1 0 0
2 1 0 1 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1
3 0 0 0 0

·

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 1 0 91 0 0 0 91 0 1 1 0 0 0
1 1 0 91 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

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g3 ·MP (17,3)2→3 −MP (17,6)2→3 · g2 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 1 0 91 0 0 0 91 0 1 1 0 0 0
1 1 0 91 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 1 0 91 0 0 0 91 0 1 1 0 0 0
1 1 0 91 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=
[17
18 0
]
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3. g3 ·MP (17,3)4→3 −MP (17,6)4→3 · g4 = 0
g3 ·MP (17,3)4→3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

11 6
2 0 0
11 1 0
7 0 0
6 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

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·
1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

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M
P (17,6)
4→3 · g4 =

6 2 2 2
2 0 0 0 0
6 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1
2 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 1
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

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g3 ·MP (17,3)4→3 −MP (17,6)4→3 · g4 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

−

1 1 1 1 1 1 1 1 1 1 1 3 1 2
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

=
[17
18 0
]
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4. g4 ·MP (17,3)5→4 −MP (17,6)5→4 · g5 = 0
g4 ·MP (17,3)5→4 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

5 1 2
3 0 0 0
5 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

1 1 1 1 1 1 2
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

1 1 1 1 1 1 2
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 1 1 0 0 0
1 0 1 0 0 1 0 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0

=

1 2 2 1 2
3 0 0 0 0 0
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
1 0 0 0 91 0
2 0 0 1 0 0

M
P (17,6)
5→4 · g5 =

3 3
3 0 0
3 1 0
3 0 1
3 0 1
 ·

1 2 2 1 2
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
 =

2 1 1 2
3 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 1

·

1 2 2 1 2
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
 =

1 2 2 1 2
3 0 0 0 0 0
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
1 0 0 0 91 0
2 0 0 1 0 0

g4 ·MP (17,3)5→4 −MP (17,6)5→4 · g5 =

1 2 2 1 2
3 0 0 0 0 0
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
1 0 0 0 91 0
2 0 0 1 0 0

−

1 2 2 1 2
3 0 0 0 0 0
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
1 0 0 0 91 0
2 0 0 1 0 0

=
[ 8
12 0
]
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5. g3 ·MP (17,3)6→3 −MP (17,6)6→3 · g6 = 0
g3 ·MP (17,3)6→3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

2 1 2 2 1 2 7
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

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·
1 1 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

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M
P (17,6)
6→3 · g6 =

5 6
5 1 0
7 0 0
6 0 1
 ·

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

g3 ·MP (17,3)6→3 −MP (17,6)6→3 · g6 =

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

−

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

=
[17
18 0
]
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6. g6 ·MP (17,3)7→6 −MP (17,6)7→6 · g7 = 0
g6 ·MP (17,3)7→6 =

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

·

2 2 4
2 1 0 0
2 1 0 0
1 0 0 0
2 0 1 0
2 0 1 0
1 0 0 0
4 0 0 1
3 0 0 0

=

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

·

1 1 1 1 3 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1
3 0 0 0 0 0 0

=

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0

=

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
5 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0

M
P (17,6)
7→6 · g7 =

2 1 2
2 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
5 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 =

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
5 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0

g6 ·MP (17,3)7→6 −MP (17,6)7→6 · g7 =

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
5 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0

−

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
5 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0

=
[ 8
11 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

2 1 2 1 2
2 1′ 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0
 ·
[ 2
6 0
2 1′
]
=

2 1 2 1 2
2 1′ 0 1 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0
 ·

2
2 0
1 0
2 0
1 0
2 1′
 =
[ 2
6 0
]
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2. g2 · f2 = 0
g2 · f2 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

·

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

·

2 3
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
3 0 1′
1 0 0
2 1′ 0

=
[ 5
12 0
]
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3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

2 3 3
16 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 2
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 1 91 0 0 1 0 0 1 0 91 0
1 1 1 0 91 0 0 0 0 0 0 0 0 91 0 1 1 0 0 0 0 0
1 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0
1 1 0 0 91 0 0 1 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

2 3 3
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
3 0 0 1′
1 0 0 0
3 0 1′ 0
1 0 0 0
2 1′ 0 0

=
[ 8
18 0
]
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4. g4 · f4 = 0
g4 · f4 =

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

2 3
11 0 0
3 0 1′
1 0 0
2 1′ 0

=

1 1 1 1 1 1 1 1 1 1 1 3 1 2
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

2 3
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
3 0 1′
1 0 0
2 1′ 0

=
[ 5
12 0
]
5. g5 · f5 = 0
g5 · f5 =

1 2 2 1 2
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
 ·
[ 2
6 0
2 1′
]
=

1 2 2 1 2
2 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
2 0 0 1 0 0
 ·

2
1 0
2 0
2 0
1 0
2 1′
 =
[ 2
6 0
]
6. g6 · f6 = 0
g6 · f6 =

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

·

3 3
10 0 0
3 0 1′
1 0 0
3 1′ 0

=

1 1 1 1 1 1 1 1 1 1 3 1 3
1 0 1 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 1 0 91 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0

·

3 3
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
3 0 1′
1 0 0
3 1′ 0

=
[ 6
11 0
]
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7. g7 · f7 = 0
g7 · f7 =

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

3
4 0
3 1′
1 0
 =

1 1 1 1 3 1
1 0 1 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

3
1 0
1 0
1 0
1 0
3 1′
1 0

=
[ 3
5 0
]
135.4 Tree module property of P (23, 3) 
The matrices of the representation have full (column) rank P
1. MP (23,3)1→2 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M23,11(k) is already in column echelon form and has maximal column rank.
2. MP (23,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,23(k) is already in column echelon form and has maximal column rank.
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3. MP (23,3)4→3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,23(k) is already in column echelon form and has maximal column rank.
4. MP (23,3)5→4 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M23,11(k) is already in column echelon form and has maximal column rank.
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5. MP (23,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M35,23(k) is already in column echelon form and has maximal column rank.
6. MP (23,3)7→6 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M23,11(k) is already in column echelon form and has maximal column rank.
135.4.1 0→ P (21, 5) f→ P (23, 3) g→ P (23, 4)→ 0 
PdimP (21, 5) + dimP (23, 4) = (3, 7, 11, 8, 4, 7, 3) + (8, 16, 24, 15, 7, 16, 8)
= (11, 23, 35, 23, 11, 23, 11) = dimP (23, 3)
Pdimk Ext
1
kQ(P (23, 4), P (21, 5)) = dimk HomkQ(P (23, 4), P (21, 5))− 〈dimP (23, 4),dimP (21, 5)〉
= 0− 〈(8, 16, 24, 15, 7, 16, 8), (3, 7, 11, 8, 4, 7, 3)〉
= 8 · 7 + 16 · 11 + 15 · 11 + 7 · 8 + 16 · 11 + 8 · 7− (8 · 3 + 16 · 7 + 24 · 11 + 15 · 8 + 7 · 4 + 16 · 7 + 8 · 3)
= 56 + 176 + 165 + 56 + 176 + 56− (24 + 112 + 264 + 120 + 28 + 112 + 24)
= 1
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Matrices of the embedding f : P (21, 5)→ P (23, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M23,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M35,11(k) is already in column echelon form and has maximal column rank.
1761
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M23,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M23,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (23, 3)→ P (23, 4) P
1. g1 =

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M8,11(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M16,23(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M24,35(k) is already in row echelon form and
has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,23(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M7,11(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M16,23(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M8,11(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : P (21, 5)→ P (23, 3) P
1. f2 ·MP (21,5)1→2 −MP (23,3)1→2 · f1 = 0
f2 ·MP (21,5)1→2 =
[ 7
7 1
16 0
]
·
[ 3
3 1
4 0
]
=

3 4
3 1 0
4 0 1
16 0 0
 · [
3
3 1
4 0
]
=

3
3 1
4 0
16 0
 = [
3
3 1
20 0
]
M
P (23,3)
1→2 · f1 =

3 4 4
3 1 0 0
8 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1
 ·
[ 3
3 1
8 0
]
=

3 4 4
3 1 0 0
8 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1
 ·

3
3 1
4 0
4 0
 =

3
3 1
8 0
4 0
4 0
4 0
 =
[ 3
3 1
20 0
]
f2 ·MP (21,5)1→2 −MP (23,3)1→2 · f1 =
[ 3
3 1
20 0
]
−
[ 3
3 1
20 0
]
=
[ 3
23 0
]
2. f3 ·MP (21,5)2→3 −MP (23,3)2→3 · f2 = 0
f3 ·MP (21,5)2→3 =
[11
11 1
24 0
]
·
[ 7
7 1
4 0
]
=

7 4
7 1 0
4 0 1
24 0 0
 · [
7
7 1
4 0
]
=

7
7 1
4 0
24 0
 = [
7
7 1
28 0
]
M
P (23,3)
2→3 · f2 =

7 1 7 3 2 3
7 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 1 0 1
2 0 0 0 0 1 0
3 0 0 0 0 0 1

·
[ 7
7 1
16 0
]
=

7 1 7 3 2 3
7 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 1 0 1
2 0 0 0 0 1 0
3 0 0 0 0 0 1

·

7
7 1
1 0
7 0
3 0
2 0
3 0

=

7
7 1
3 0
1 0
3 0
1 0
7 0
3 0
2 0
3 0
2 0
3 0

=
[ 7
7 1
28 0
]
f3 ·MP (21,5)2→3 −MP (23,3)2→3 · f2 =
[ 7
7 1
28 0
]
−
[ 7
7 1
28 0
]
=
[ 7
35 0
]
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3. f3 ·MP (21,5)4→3 −MP (23,3)4→3 · f4 = 0
f3 ·MP (21,5)4→3 =
[11
11 1
24 0
]
·
[ 8
3 0
8 1
]
=

3 8
3 1 0
8 0 1
24 0 0
 · [
8
3 0
8 1
]
=

8
3 0
8 1
24 0

M
P (23,3)
4→3 · f4 =

15 8
3 0 0
15 1 0
9 0 0
8 0 1
 ·
[ 8
8 1
15 0
]
=

8 7 8
3 0 0 0
8 1 0 0
7 0 1 0
9 0 0 0
8 0 0 1
 ·

8
8 1
7 0
8 0
 =

8
3 0
8 1
7 0
9 0
8 0
 =

8
3 0
8 1
24 0

f3 ·MP (21,5)4→3 −MP (23,3)4→3 · f4 =

8
3 0
8 1
24 0
−

8
3 0
8 1
24 0
 = [ 835 0 ]
4. f4 ·MP (21,5)5→4 −MP (23,3)5→4 · f5 = 0
f4 ·MP (21,5)5→4 =
[ 8
8 1
15 0
]
·
[ 4
4 0
4 1
]
=

4 4
4 1 0
4 0 1
15 0 0
 · [
4
4 0
4 1
]
=

4
4 0
4 1
15 0

M
P (23,3)
5→4 · f5 =

7 1 3
4 0 0 0
7 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1

·
[ 4
4 1
7 0
]
=

4 3 1 3
4 0 0 0 0
4 1 0 0 0
3 0 1 0 0
1 0 0 1 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1

·

4
4 1
3 0
1 0
3 0
 =

4
4 0
4 1
3 0
1 0
7 0
1 0
3 0

=

4
4 0
4 1
15 0

f4 ·MP (21,5)5→4 −MP (23,3)5→4 · f5 =

4
4 0
4 1
15 0
−

4
4 0
4 1
15 0
 = [ 423 0 ]
5. f3 ·MP (21,5)6→3 −MP (23,3)6→3 · f6 = 0
f3 ·MP (21,5)6→3 =
[11
11 1
24 0
]
·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3 1 3
3 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
24 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
24 0 0 0

M
P (23,3)
6→3 · f6 =

3 1 3 3 1 3 9
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

·
[ 7
7 1
16 0
]
=

3 1 3 3 1 3 9
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0
1 0 0 0
3 0 0 0
9 0 0 0

=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
3 0 0 0
1 0 0 0
3 0 0 0
1 0 0 0
3 0 0 0
9 0 0 0
4 0 0 0

=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
24 0 0 0

f3 ·MP (21,5)6→3 −MP (23,3)6→3 · f6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
24 0 0 0

−

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
24 0 0 0

=
[ 7
35 0
]
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6. f6 ·MP (21,5)7→6 −MP (23,3)7→6 · f7 = 0
f6 ·MP (21,5)7→6 =
[ 7
7 1
16 0
]
·

3
3 1
3 1
1 0
 =

3 3 1
3 1 0 0
3 0 1 0
1 0 0 1
16 0 0 0
 ·

3
3 1
3 1
1 0
 =

3
3 1
3 1
1 0
16 0
 =

3
3 1
3 1
17 0

M
P (23,3)
7→6 · f7 =

3 3 5
3 1 0 0
3 1 0 0
1 0 0 0
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

·
[ 3
3 1
8 0
]
=

3 3 5
3 1 0 0
3 1 0 0
1 0 0 0
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

·

3
3 1
3 0
5 0
 =

3
3 1
3 1
1 0
3 0
3 0
1 0
5 0
4 0

=

3
3 1
3 1
17 0

f6 ·MP (21,5)7→6 −MP (23,3)7→6 · f7 =

3
3 1
3 1
17 0
−

3
3 1
3 1
17 0
 = [ 323 0 ]
Relations of the projection g : P (23, 3)→ P (23, 4) P
1. g2 ·MP (23,3)1→2 −MP (23,4)1→2 · g1 = 0
g2 ·MP (23,3)1→2 =
[ 7 16
16 0 1
]
·

3 4 4
3 1 0 0
8 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1
 =

3 4 4 4 4 4
4 0 0 1 0 0 0
4 0 0 0 1 0 0
4 0 0 0 0 1 0
4 0 0 0 0 0 1
 ·

3 4 4
3 1 0 0
4 0 0 0
4 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1

=

3 4 4
4 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1

M
P (23,4)
1→2 · g1 =

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 ·
[ 3 8
8 0 1
]
=

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 ·
[ 3 4 4
4 0 1 0
4 0 0 1
]
=

3 4 4
4 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1

g2 ·MP (23,3)1→2 −MP (23,4)1→2 · g1 =

3 4 4
4 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1
−

3 4 4
4 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1
 =
[11
16 0
]
2. g3 ·MP (23,3)2→3 −MP (23,4)2→3 · g2 = 0
g3 ·MP (23,3)2→3 =
[11 24
24 0 1
]
·

7 1 7 3 2 3
7 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 1 0 1
2 0 0 0 0 1 0
3 0 0 0 0 0 1

=

7 3 1 3 1 7 3 2 3 2 3
3 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
7 0 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 1

·

7 1 7 3 2 3
7 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 1 0 1
2 0 0 0 0 1 0
3 0 0 0 0 0 1

=

7 1 7 3 2 3
3 0 0 0 0 0 0
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 1 0 1
2 0 0 0 0 1 0
3 0 0 0 0 0 1

=

7 8 3 2 3
3 0 0 0 0 0
8 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 1 0
3 0 0 1 0 1
2 0 0 0 1 0
3 0 0 0 0 1

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M
P (23,4)
2→3 · g2 =

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

·
[ 7 16
16 0 1
]
=

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

·

7 8 3 2 3
8 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 1
 =

7 8 3 2 3
3 0 0 0 0 0
8 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 1 0
3 0 0 1 0 1
2 0 0 0 1 0
3 0 0 0 0 1

g3 ·MP (23,3)2→3 −MP (23,4)2→3 · g2 =

7 8 3 2 3
3 0 0 0 0 0
8 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 1 0
3 0 0 1 0 1
2 0 0 0 1 0
3 0 0 0 0 1

−

7 8 3 2 3
3 0 0 0 0 0
8 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 1 0
3 0 0 1 0 1
2 0 0 0 1 0
3 0 0 0 0 1

=
[23
24 0
]
3. g3 ·MP (23,3)4→3 −MP (23,4)4→3 · g4 = 0
g3 ·MP (23,3)4→3 =
[11 24
24 0 1
]
·

15 8
3 0 0
15 1 0
9 0 0
8 0 1
 =

3 8 7 9 8
7 0 0 1 0 0
9 0 0 0 1 0
8 0 0 0 0 1
 ·

8 7 8
3 0 0 0
8 1 0 0
7 0 1 0
9 0 0 0
8 0 0 1
 =

8 7 8
7 0 1 0
9 0 0 0
8 0 0 1

M
P (23,4)
4→3 · g4 =

7 8
7 1 0
9 0 0
8 0 1
 · [ 8 1515 0 1 ] =

7 8
7 1 0
9 0 0
8 0 1
 · [
8 7 8
7 0 1 0
8 0 0 1
]
=

8 7 8
7 0 1 0
9 0 0 0
8 0 0 1

g3 ·MP (23,3)4→3 −MP (23,4)4→3 · g4 =

8 7 8
7 0 1 0
9 0 0 0
8 0 0 1
−

8 7 8
7 0 1 0
9 0 0 0
8 0 0 1
 = [2324 0 ]
4. g4 ·MP (23,3)5→4 −MP (23,4)5→4 · g5 = 0
g4 ·MP (23,3)5→4 =
[ 8 15
15 0 1
]
·

7 1 3
4 0 0 0
7 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1

=

4 4 3 1 7 1 3
3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
7 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

4 3 1 3
4 0 0 0 0
4 1 0 0 0
3 0 1 0 0
1 0 0 1 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1

=

4 3 1 3
3 0 1 0 0
1 0 0 1 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1

M
P (23,4)
5→4 · g5 =

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 4 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

4 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

4 3 1 3
3 0 1 0 0
1 0 0 1 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1

g4 ·MP (23,3)5→4 −MP (23,4)5→4 · g5 =

4 3 1 3
3 0 1 0 0
1 0 0 1 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1
−

4 3 1 3
3 0 1 0 0
1 0 0 1 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1
 =
[11
15 0
]
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5. g3 ·MP (23,3)6→3 −MP (23,4)6→3 · g6 = 0
g3 ·MP (23,3)6→3 =
[11 24
24 0 1
]
·

3 1 3 3 1 3 9
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

=

3 1 3 1 3 3 1 3 1 3 9 4
3 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 1 0 0
9 0 0 0 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 0 0 0 1

·

3 1 3 3 1 3 9
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

=

3 1 3 3 1 3 9
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

=

7 3 1 3 9
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
9 0 0 0 0 1
4 0 0 0 0 0

M
P (23,4)
6→3 · g6 =

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

·
[ 7 16
16 0 1
]
=

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

·

7 3 1 3 9
3 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
9 0 0 0 0 1
 =

7 3 1 3 9
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
9 0 0 0 0 1
4 0 0 0 0 0

g3 ·MP (23,3)6→3 −MP (23,4)6→3 · g6 =

7 3 1 3 9
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
9 0 0 0 0 1
4 0 0 0 0 0

−

7 3 1 3 9
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
9 0 0 0 0 1
4 0 0 0 0 0

=
[23
24 0
]
6. g6 ·MP (23,3)7→6 −MP (23,4)7→6 · g7 = 0
g6 ·MP (23,3)7→6 =
[ 7 16
16 0 1
]
·

3 3 5
3 1 0 0
3 1 0 0
1 0 0 0
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

=

3 3 1 3 3 1 5 4
3 0 0 0 1 0 0 0 0
3 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
5 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 1
 ·

3 3 5
3 1 0 0
3 1 0 0
1 0 0 0
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

=

3 3 5
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

M
P (23,4)
7→6 · g7 =

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 ·
[ 3 8
8 0 1
]
=

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 ·
[ 3 3 5
3 0 1 0
5 0 0 1
]
=

3 3 5
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

g6 ·MP (23,3)7→6 −MP (23,4)7→6 · g7 =

3 3 5
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0
−

3 3 5
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0
 =
[11
16 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 8
8 0 1
]
·
[ 3
3 1
8 0
]
=
[ 3
8 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 16
16 0 1
]
·
[ 7
7 1
16 0
]
=
[ 7
16 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 24
24 0 1
]
·
[11
11 1
24 0
]
=
[11
24 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 15
15 0 1
]
·
[ 8
8 1
15 0
]
=
[ 8
15 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 7
7 0 1
]
·
[ 4
4 1
7 0
]
=
[ 4
7 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 16
16 0 1
]
·
[ 7
7 1
16 0
]
=
[ 7
16 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 8
8 0 1
]
·
[ 3
3 1
8 0
]
=
[ 3
8 0
]
135.4.2 0→ P (21, 7) f→ P (23, 3) g→ P (23, 6)→ 0 
PdimP (21, 7) + dimP (23, 6) = (3, 7, 11, 7, 3, 8, 4) + (8, 16, 24, 16, 8, 15, 7)
= (11, 23, 35, 23, 11, 23, 11) = dimP (23, 3)
Pdimk Ext
1
kQ(P (23, 6), P (21, 7)) = dimk HomkQ(P (23, 6), P (21, 7))− 〈dimP (23, 6),dimP (21, 7)〉
= 0− 〈(8, 16, 24, 16, 8, 15, 7), (3, 7, 11, 7, 3, 8, 4)〉
= 8 · 7 + 16 · 11 + 16 · 11 + 8 · 7 + 15 · 11 + 7 · 8− (8 · 3 + 16 · 7 + 24 · 11 + 16 · 7 + 8 · 3 + 15 · 8 + 7 · 4)
= 56 + 176 + 176 + 56 + 165 + 56− (24 + 112 + 264 + 112 + 24 + 120 + 28)
= 1
Matrices of the embedding f : P (21, 7)→ P (23, 3) P
1. f1 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0
1 0 0

∈M11,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =
[ 3
8 0
3 1′
]
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2. f2 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0

∈M23,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0
 c1↔c2−−−−→

4 3
15 0 0
4 1′ 0
1 0 0
3 0 1′

3. f3 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

∈M35,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

3 4 4
22 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

c1↔c3−−−−→

4 4 3
22 0 0 0
4 1′ 0 0
1 0 0 0
4 0 1′ 0
1 0 0 0
3 0 0 1′

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4. f4 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0

∈M23,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0
 c1↔c2−−−−→

4 3
15 0 0
4 1′ 0
1 0 0
3 0 1′

5. f5 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0
1 0 0

∈M11,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =
[ 3
8 0
3 1′
]
6. f6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0

∈M23,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

4 4
14 0 0
4 0 1′
1 0 0
4 1′ 0
 c1↔c2−−−−→

4 4
14 0 0
4 1′ 0
1 0 0
4 0 1′

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7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 0

∈M11,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

4
6 0
4 1′
1 0

Matrices of the projection g : P (23, 3)→ P (23, 6) P
1. g1 =

0 0 1 0 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0

∈M8,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

3 1 3 1 3
3 1′ 0 1 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0

2. g2 =

0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0

∈ M16,23(k) can be brought to row echelon form (as shown below) and has
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maximal row rank.
g2 =

2 1 1 2 1 1 1 2 1 1 2 4 1 3
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
2 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r1↔r2−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
2 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r4←r4−r1−−−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r3←r3−r2−−−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r3↔r5−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r10←r10−r6−−−−−−−−→
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
2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r12←r12−r8−−−−−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r9↔r10−−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r10↔r11−−−−−→
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
2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r11↔r12−−−−−→

2 1 1 2 1 1 1 2 1 1 2 4 1 3
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

3. g3 =

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0
0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M24,35(k) can be brought to row
echelon form (as shown below) and has maximal row rank.
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g3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r1↔r3−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r6←r6−r1
r7←r7−r1
r10←r10−r1−−−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r5←r5−r2
r6←r6−r2
r9←r9−r2−−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r4←r4−r3
r5←r5−r3
r8←r8−r3−−−−−−→
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
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r4↔r7−−−−→

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1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
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1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r8↔r11−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
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1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r18←r18−r13
r19←r19−r13
r23←r23−r13−−−−−−−−→
1783

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
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1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
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1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r21↔r24−−−−−→
1789

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0

r22↔r23−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0

r23↔r24−−−−−→
1790

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0

4. g4 =

0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 0 0 0 91 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈ M16,23(k) can be brought to row echelon form (as shown below) and has
maximal row rank.
g4 =

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r1↔r3−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r6←r6−r1−−−−−−→
1791

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r5←r5−r2−−−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r4←r4−r3−−−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r4↔r6−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r7↔r8−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→
1792

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r8↔r9−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r12←r12−r8−−−−−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0 0 0

r10↔r11−−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
2 0 0 0 0 0 0 0 0 0 0 1 0 0 0

r11↔r12−−−−−→

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

5. g5 =

0 0 0 1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0
0 1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0

∈M8,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

1 3 3 1 3
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
 r1↔r2−−−−→

1 3 3 1 3
1 1 0 0 0 0
3 0 1′ 1 0 0
1 0 0 0 91 0
3 0 0 1 0 0
 r3↔r4−−−−→

1 3 3 1 3
1 1 0 0 0 0
3 0 1′ 1 0 0
3 0 0 1 0 0
1 0 0 0 91 0

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6. g6 =

0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 91 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 91 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M15,23(k) can be brought to row echelon form (as shown below) and has
maximal row rank.
g6 =

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

r1↔r2−−−−→

1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

r5←r5−r1−−−−−−→

1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

r4←r4−r2−−−−−−→

1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

r3↔r5−−−−→

1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

r10←r10−r6−−−−−−−−→
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
1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→

1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0 0

r8↔r10−−−−−→

1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0 0

r9↔r11−−−−−→

1 2 1 2 1 1 2 1 2 1 4 1 4
1 1 0 0 0 0 0 0 0 0 1 0 0 0
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0

7. g7 =

0 0 1 0 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0

∈M7,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0

r1↔r2−−−−→

1 2 1 2 4 1
1 1 0 0 0 0 0
2 0 1′ 0 1 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0

r3↔r4−−−−→

1 2 1 2 4 1
1 1 0 0 0 0 0
2 0 1′ 0 1 0 0
1 0 0 1 0 0 0
1 0 0 0 0 0 1
2 0 0 0 1 0 0

r4↔r5−−−−→

1 2 1 2 4 1
1 1 0 0 0 0 0
2 0 1′ 0 1 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 0 1

Relations of the embedding f : P (21, 7)→ P (23, 3) P
1. f2 ·MP (21,7)1→2 −MP (23,3)1→2 · f1 = 0
f2 ·MP (21,7)1→2 =

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0
 ·

3
3 1
3 1
1 0
 =

3 3 1
15 0 0 0
1 0 0 1
3 0 1′ 0
1 0 0 0
3 1′ 0 0
 ·

3
3 1
3 1
1 0
 =

3
15 0
1 0
3 1′
1 0
3 1′
 =

3
16 0
3 1′
1 0
3 1′

M
P (23,3)
1→2 · f1 =

3 4 4
3 1 0 0
8 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1
 ·
[ 3
8 0
3 1′
]
=

3 4 1 3
3 1 0 0 0
8 0 0 0 0
4 0 1 0 0
1 0 0 1 0
3 0 0 0 1
1 0 0 1 0
3 0 0 0 1

·

3
3 0
4 0
1 0
3 1′
 =

3
3 0
8 0
4 0
1 0
3 1′
1 0
3 1′

=

3
16 0
3 1′
1 0
3 1′

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f2 ·MP (21,7)1→2 −MP (23,3)1→2 · f1 =

3
16 0
3 1′
1 0
3 1′
−

3
16 0
3 1′
1 0
3 1′
 =
[ 3
23 0
]
2. f3 ·MP (21,7)2→3 −MP (23,3)2→3 · f2 = 0
f3 ·MP (21,7)2→3 =

3 4 4
22 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3 1 3
22 0 0 0 0 0
3 0 0 0 0 1′
1 0 0 0 1 0
1 0 0 0 0 0
3 0 0 1′ 0 0
1 0 1 0 0 0
1 0 0 0 0 0
3 1′ 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
22 0 0 0
3 0 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 0

M
P (23,3)
2→3 · f2 =

7 1 7 3 2 3
7 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 1 0 1
2 0 0 0 0 1 0
3 0 0 0 0 0 1

·

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0
 =

7 1 7 3 1 1 3
7 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
7 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 1 0 0 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

·

3 1 3
7 0 0 0
1 0 0 0
7 0 0 0
3 0 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 0

=

3 1 3
7 0 0 0
3 0 0 0
1 0 0 0
3 0 0 0
1 0 0 0
7 0 0 0
3 0 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 0

=

3 1 3
22 0 0 0
3 0 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 0

f3 ·MP (21,7)2→3 −MP (23,3)2→3 · f2 =

3 1 3
22 0 0 0
3 0 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 0

−

3 1 3
22 0 0 0
3 0 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 1′
1 0 1 0
1 0 0 0
3 1′ 0 0

=
[ 7
35 0
]
3. f3 ·MP (21,7)4→3 −MP (23,3)4→3 · f4 = 0
f3 ·MP (21,7)4→3 =

3 4 4
22 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

·
[ 7
7 1
4 0
]
=

3 4 4
22 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

·

3 4
3 1 0
4 0 1
4 0 0
 =

3 4
22 0 0
4 0 0
1 0 0
4 0 1′
1 0 0
3 1′ 0

=

3 4
27 0 0
4 0 1′
1 0 0
3 1′ 0

M
P (23,3)
4→3 · f4 =

15 8
3 0 0
15 1 0
9 0 0
8 0 1
 ·

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0
 =

15 4 1 3
3 0 0 0 0
15 1 0 0 0
9 0 0 0 0
4 0 1 0 0
1 0 0 1 0
3 0 0 0 1

·

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0
 =

3 4
3 0 0
15 0 0
9 0 0
4 0 1′
1 0 0
3 1′ 0

=

3 4
27 0 0
4 0 1′
1 0 0
3 1′ 0

f3 ·MP (21,7)4→3 −MP (23,3)4→3 · f4 =

3 4
27 0 0
4 0 1′
1 0 0
3 1′ 0
−

3 4
27 0 0
4 0 1′
1 0 0
3 1′ 0
 =
[ 7
35 0
]
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4. f4 ·MP (21,7)5→4 −MP (23,3)5→4 · f5 = 0
f4 ·MP (21,7)5→4 =

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0
 ·
[ 3
3 1
4 0
]
=

3
15 0
4 0
1 0
3 1′
 =
[ 3
20 0
3 1′
]
M
P (23,3)
5→4 · f5 =

7 1 3
4 0 0 0
7 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1

·
[ 3
8 0
3 1′
]
=

7 1 3
4 0 0 0
7 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1

·

3
7 0
1 0
3 1′
 =

3
4 0
7 0
1 0
7 0
1 0
3 1′

=
[ 3
20 0
3 1′
]
f4 ·MP (21,7)5→4 −MP (23,3)5→4 · f5 =
[ 3
20 0
3 1′
]
−
[ 3
20 0
3 1′
]
=
[ 3
23 0
]
5. f3 ·MP (21,7)6→3 −MP (23,3)6→3 · f6 = 0
f3 ·MP (21,7)6→3 =

3 4 4
22 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

·
[ 8
3 0
8 1
]
=

3 4 4
22 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

·

4 4
3 0 0
4 1 0
4 0 1
 =

4 4
22 0 0
4 0 1′
1 0 0
4 1′ 0
1 0 0
3 0 0

=

4 4
22 0 0
4 0 1′
1 0 0
4 1′ 0
4 0 0

M
P (23,3)
6→3 · f6 =

3 1 3 3 1 3 9
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

·

4 4
14 0 0
4 0 1′
1 0 0
4 1′ 0
 =

3 1 3 3 1 3 4 1 4
3 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
3 1 0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 1 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0 0 0

·

4 4
3 0 0
1 0 0
3 0 0
3 0 0
1 0 0
3 0 0
4 0 1′
1 0 0
4 1′ 0

=

4 4
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0
4 0 1′
1 0 0
4 1′ 0
4 0 0

=

4 4
22 0 0
4 0 1′
1 0 0
4 1′ 0
4 0 0

f3 ·MP (21,7)6→3 −MP (23,3)6→3 · f6 =

4 4
22 0 0
4 0 1′
1 0 0
4 1′ 0
4 0 0
−

4 4
22 0 0
4 0 1′
1 0 0
4 1′ 0
4 0 0
 =
[ 8
35 0
]
6. f6 ·MP (21,7)7→6 −MP (23,3)7→6 · f7 = 0
f6 ·MP (21,7)7→6 =

4 4
14 0 0
4 0 1′
1 0 0
4 1′ 0
 ·
[ 4
4 0
4 1
]
=

4
14 0
4 1′
1 0
4 0
 =

4
14 0
4 1′
5 0

M
P (23,3)
7→6 · f7 =

3 3 5
3 1 0 0
3 1 0 0
1 0 0 0
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

·

4
6 0
4 1′
1 0
 =

3 3 4 1
3 1 0 0 0
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
3 0 1 0 0
1 0 0 0 0
4 0 0 1 0
1 0 0 0 1
4 0 0 0 0

·

4
3 0
3 0
4 1′
1 0
 =

4
3 0
3 0
1 0
3 0
3 0
1 0
4 1′
1 0
4 0

=

4
14 0
4 1′
5 0

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f6 ·MP (21,7)7→6 −MP (23,3)7→6 · f7 =

4
14 0
4 1′
5 0
−

4
14 0
4 1′
5 0
 = [ 423 0 ]
Relations of the projection g : P (23, 3)→ P (23, 6) P
1. g2 ·MP (23,3)1→2 −MP (23,6)1→2 · g1 = 0
g2 ·MP (23,3)1→2 =

2 1 1 2 1 1 1 2 1 1 2 4 1 3
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
2 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

·

3 4 4
3 1 0 0
8 0 0 0
4 0 1 0
4 0 0 1
4 0 0 1

=

2 1 1 2 1 1 1 2 1 1 2 1 3 1 3
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0 0
2 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0

·

2 1 1 1 2 1 3
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=

2 1 1 1 2 1 3
1 0 1 0 1 0 0 0
2 1′ 0 0 0 1 0 0
1 0 1 0 1 0 0 0
2 1′ 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0

=

3 1 3 1 3
3 1′ 0 1 0 0
3 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
4 0 0 0 0 0

M
P (23,6)
1→2 · g1 =

3 5
3 1 0
3 1 0
1 0 0
5 0 1
4 0 0
 ·

3 1 3 1 3
3 1′ 0 1 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
 =

3 1 3 1
3 1 0 0 0
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
4 0 0 0 0

·

3 1 3 1 3
3 1′ 0 1 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
 =

3 1 3 1 3
3 1′ 0 1 0 0
3 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
4 0 0 0 0 0

g2 ·MP (23,3)1→2 −MP (23,6)1→2 · g1 =

3 1 3 1 3
3 1′ 0 1 0 0
3 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
4 0 0 0 0 0

−

3 1 3 1 3
3 1′ 0 1 0 0
3 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
4 0 0 0 0 0

=
[11
16 0
]
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2. g3 ·MP (23,3)2→3 −MP (23,6)2→3 · g2 = 0
g3 ·MP (23,3)2→3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

7 1 7 3 2 3
7 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 1 0 1
2 0 0 0 0 1 0
3 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 1 3 1 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 0 1 0 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1799
·
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1800
=
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 1 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 91 0 0 1 1 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 91 0 0 0 1 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 91 0 0 1 1 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 91 0 0 1 1 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 91 0 0 0 1 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1801
M
P (23,6)
2→3 · g2 =

3 1 3 9
3 1 0 0 0
1 0 1 0 0
3 1 0 1 0
1 0 1 0 0
3 0 0 1 0
9 0 0 0 1
4 0 0 0 0

·

2 1 1 2 1 1 1 2 1 1 2 4 1 3
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
2 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1802
·
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 91 0 0 0 1 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 91 0 0 1 1 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 91 0 0 1 1 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 91 0 0 0 1 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1803
g3 ·MP (23,3)2→3 −MP (23,6)2→3 · g2 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 91 0 0 1 1 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 91 0 0 1 1 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 91 0 0 0 1 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 1 0 0 91 0 0 0 91 0 0 1 1 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 91 0 0 1 1 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 91 1 91 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 91 0 0 0 1 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=
[23
24 0
]
1804
3. g3 ·MP (23,3)4→3 −MP (23,6)4→3 · g4 = 0
g3 ·MP (23,3)4→3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

15 8
3 0 0
15 1 0
9 0 0
8 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

1805
·
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1806
=
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 91 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 91 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

1807
M
P (23,6)
4→3 · g4 =

8 3 2 3
3 0 0 0 0
8 1 0 0 0
3 0 1 0 0
2 0 0 1 0
3 0 1 0 1
2 0 0 1 0
3 0 0 0 1

·

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1808
·
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 91 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 91 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

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g3 ·MP (23,3)4→3 −MP (23,6)4→3 · g4 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 91 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 3
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 91 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

=
[23
24 0
]
1810
4. g4 ·MP (23,3)5→4 −MP (23,6)5→4 · g5 = 0
g4 ·MP (23,3)5→4 =

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

7 1 3
4 0 0 0
7 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1

=

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

1 2 1 1 2 1 3
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

=

1 2 1 1 2 1 3
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 1 1 0 0 0
2 0 1′ 0 0 1 0 0
1 1 0 0 0 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 91 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0

=

1 3 3 1 3
4 0 0 0 0 0
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
1 0 0 0 91 0
3 0 0 1 0 0

M
P (23,6)
5→4 · g5 =

4 4
4 0 0
4 1 0
4 0 1
4 0 1
 ·

1 3 3 1 3
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
 =

3 1 1 3
4 0 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 0 1 0
3 0 0 0 1
1 0 0 1 0
3 0 0 0 1

·

1 3 3 1 3
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
 =

1 3 3 1 3
4 0 0 0 0 0
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
1 0 0 0 91 0
3 0 0 1 0 0

g4 ·MP (23,3)5→4 −MP (23,6)5→4 · g5 =

1 3 3 1 3
4 0 0 0 0 0
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
1 0 0 0 91 0
3 0 0 1 0 0

−

1 3 3 1 3
4 0 0 0 0 0
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
1 0 0 0 91 0
3 0 0 1 0 0

=
[11
16 0
]
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5. g3 ·MP (23,3)6→3 −MP (23,6)6→3 · g6 = 0
g3 ·MP (23,3)6→3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

3 1 3 3 1 3 9
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
3 1 0 1 0 0 0 0
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1 0 1 0
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

1812
·
1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4
1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 91 91 0 0 1 0 0 0 0 1 0
1 0 0 1 0 0 91 0 0 91 0 0 1 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 91 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

=

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

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M
P (23,6)
6→3 · g6 =

7 8
7 1 0
9 0 0
8 0 1
 ·

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

=

2 1 1 2 1 1 2 1 1 1 2
2 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 1

·

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

=

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

g3 ·MP (23,3)6→3 −MP (23,6)6→3 · g6 =

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

−

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
9 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

=
[23
24 0
]
1814
6. g6 ·MP (23,3)7→6 −MP (23,6)7→6 · g7 = 0
g6 ·MP (23,3)7→6 =

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

·

3 3 5
3 1 0 0
3 1 0 0
1 0 0 0
3 0 1 0
3 0 1 0
1 0 0 0
5 0 0 1
4 0 0 0

=

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

·

1 2 1 2 4 1
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 0 0
4 0 0 0 0 1 0
1 0 0 0 0 0 1
4 0 0 0 0 0 0

=

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0

=

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
7 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0

M
P (23,6)
7→6 · g7 =

3 1 3
3 1 0 0
1 0 1 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0
 =

2 1 1 1 2
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
7 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0
 =

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
7 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0

g6 ·MP (23,3)7→6 −MP (23,6)7→6 · g7 =

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
7 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0

−

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
7 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0

=
[11
15 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

3 1 3 1 3
3 1′ 0 1 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
 ·
[ 3
8 0
3 1′
]
=

3 1 3 1 3
3 1′ 0 1 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 91 0
 ·

3
3 0
1 0
3 0
1 0
3 1′
 =
[ 3
8 0
]
1815
2. g2 · f2 = 0
g2 · f2 =

2 1 1 2 1 1 1 2 1 1 2 4 1 3
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
2 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

·

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0

=

2 1 1 2 1 1 1 2 1 1 2 4 1 3
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
2 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
2 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 91 0 0 0 0 0 0

·

3 4
2 0 0
1 0 0
1 0 0
2 0 0
1 0 0
1 0 0
1 0 0
2 0 0
1 0 0
1 0 0
2 0 0
4 0 1′
1 0 0
3 1′ 0

=
[ 7
16 0
]
1816
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

3 4 4
22 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 1 4 1 3
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0 1 91 0 0 0 1 0 0 0 1 0 91 0
1 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0 0
1 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 1 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

3 4 4
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
4 0 0 1′
1 0 0 0
4 0 1′ 0
1 0 0 0
3 1′ 0 0

=
[11
24 0
]
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4. g4 · f4 = 0
g4 · f4 =

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

3 4
15 0 0
4 0 1′
1 0 0
3 1′ 0

=

1 2 1 1 2 1 1 2 1 1 2 4 1 3
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
2 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
2 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0

·

3 4
1 0 0
2 0 0
1 0 0
1 0 0
2 0 0
1 0 0
1 0 0
2 0 0
1 0 0
1 0 0
2 0 0
4 0 1′
1 0 0
3 1′ 0

=
[ 7
16 0
]
5. g5 · f5 = 0
g5 · f5 =

1 3 3 1 3
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
 ·
[ 3
8 0
3 1′
]
=

1 3 3 1 3
3 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
3 0 0 1 0 0
 ·

3
1 0
3 0
3 0
1 0
3 1′
 =
[ 3
8 0
]
6. g6 · f6 = 0
g6 · f6 =

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

·

4 4
14 0 0
4 0 1′
1 0 0
4 1′ 0

=

1 2 1 2 1 1 2 1 2 1 4 1 4
2 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
2 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
2 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0

·

4 4
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0
4 0 1′
1 0 0
4 1′ 0

=
[ 8
15 0
]
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7. g7 · f7 = 0
g7 · f7 =

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

4
6 0
4 1′
1 0
 =

1 2 1 2 4 1
2 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

4
1 0
2 0
1 0
2 0
4 1′
1 0

=
[ 4
7 0
]
135.5 Tree module property of P (6n+ 5, 3) 
The matrices of the representation have full (column) rank P
1. MP (6n+5,3)1→2 =

n n+1 n+1
n 1 0 0
2n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
 ∈M6n+5,3n+2(k) is already in column echelon form and has maximal column rank.
2. MP (6n+5,3)2→3 =

2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

+
[4n+3 2n+2
7n+6 0 0
2n+2 0 1
]
∈M9n+8,6n+5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
P (6n+5,3)
2→3 =

2n+1 1 2n+1 n 2 n
2n+1 1 0 0 0 0 0
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 1 0 0 0 0
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
2 0 0 0 0 1 0
n 0 0 0 1 0 1
2 0 0 0 0 1 0
n 0 0 0 0 0 1

3. MP (6n+5,3)4→3 =

4n+3 2n+2
n 0 0
4n+3 1 0
2n+3 0 0
2n+2 0 1
 ∈M9n+8,6n+5(k) is already in column echelon form and has maximal column rank.
4. MP (6n+5,3)5→4 =

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

∈M6n+5,3n+2(k) is already in column echelon form and has maximal column rank.
5. MP (6n+5,3)6→3 =

2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0
 ∈M9n+8,6n+5(k) is already in column echelon form and has maximal column rank.
6. MP (6n+5,3)7→6 =

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

∈M6n+5,3n+2(k) is already in column echelon form and has maximal column rank.
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135.5.1 0→ P (6n+ 3, 5) i→ P (6n+ 5, 3) p→ P (6n+ 5, 4)→ 0 
PdimP (6n+ 3, 5) + dimP (6n+ 5, 4) = (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n) + (2n+ 2, 4n+ 4, 6n+ 6, 4n+ 3, 2n+ 1, 4n+ 4, 2n+ 2)
= (3n+ 2, 6n+ 5, 9n+ 8, 6n+ 5, 3n+ 2, 6n+ 5, 3n+ 2) = dimP (6n+ 5, 3)
Pdimk Ext
1
kQ(P (6n+ 5, 4), P (6n+ 3, 5)) = dimk HomkQ(P (6n+ 5, 4), P (6n+ 3, 5))− 〈dimP (6n+ 5, 4),dimP (6n+ 3, 5)〉
= 0− 〈(2n+ 2, 4n+ 4, 6n+ 6, 4n+ 3, 2n+ 1, 4n+ 4, 2n+ 2), (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n)〉
= (2n+ 2) · (2n+ 1) + (4n+ 4) · (3n+ 2) + (4n+ 3) · (3n+ 2) + (2n+ 1) · (2n+ 2) + (4n+ 4) · (3n+ 2) + (2n+ 2) · (2n+ 1)
− ((2n+ 2) · n+ (4n+ 4) · (2n+ 1) + (6n+ 6) · (3n+ 2) + (4n+ 3) · (2n+ 2) + (2n+ 1) · (n+ 1) + (4n+ 4) · (2n+ 1) + (2n+ 2) · n)
= 4n2 + 6n+ 2 + 12n2 + 20n+ 8 + 12n2 + 17n+ 6 + 4n2 + 6n+ 2 + 12n2 + 20n+ 8 + 4n2 + 6n+ 2
− (2n2 + 2n+ 8n2 + 12n+ 4 + 18n2 + 30n+ 12 + 8n2 + 14n+ 6 + 2n2 + 3n+ 1 + 8n2 + 12n+ 4 + 2n2 + 2n)
= 1
Matrices of the embedding i : P (6n+ 3, 5)→ P (6n+ 5, 3) P
1. i1 =
[ n
n 1
2n+2 0
]
∈M3n+2,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
4n+4 0
]
∈M6n+5,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+2
3n+2 1
6n+6 0
]
∈M9n+8,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+2
2n+2 1
4n+3 0
]
∈M6n+5,2n+2(k) is already in column echelon form and has maximal column rank.
5. i5 =
[n+1
n+1 1
2n+1 0
]
∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
4n+4 0
]
∈M6n+5,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
2n+2 0
]
∈M3n+2,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : P (6n+ 5, 3)→ P (6n+ 5, 4) P
1. p1 =
[ n 2n+2
2n+2 0 1
]
∈M2n+2,3n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 4n+4
4n+4 0 1
]
∈M4n+4,6n+5(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 6n+6
6n+6 0 1
]
∈M6n+6,9n+8(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+2 4n+3
4n+3 0 1
]
∈M4n+3,6n+5(k) is already in row echelon form and has maximal row rank.
5. p5 =
[n+1 2n+1
2n+1 0 1
]
∈M2n+1,3n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 4n+4
4n+4 0 1
]
∈M4n+4,6n+5(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n 2n+2
2n+2 0 1
]
∈M2n+2,3n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : P (6n+ 3, 5)→ P (6n+ 5, 3) P
1. i2 ·MP (6n+3,5)1→2 −MP (6n+5,3)1→2 · i1 = 0
i2 ·MP (6n+3,5)1→2 =
[2n+1
2n+1 1
4n+4 0
]
·
[ n
n 1
n+1 0
]
=

n n+1
n 1 0
n+1 0 1
4n+4 0 0
 · [
n
n 1
n+1 0
]
=

n
n 1
n+1 0
4n+4 0
 = [
n
n 1
5n+5 0
]
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M
P (6n+5,3)
1→2 · i1 =

n n+1 n+1
n 1 0 0
2n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
 ·
[ n
n 1
2n+2 0
]
=

n n+1 n+1
n 1 0 0
2n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
 ·

n
n 1
n+1 0
n+1 0
 =

n
n 1
2n+2 0
n+1 0
n+1 0
n+1 0
 =
[ n
n 1
5n+5 0
]
i2 ·MP (6n+3,5)1→2 −MP (6n+5,3)1→2 · i1 =
[ n
n 1
5n+5 0
]
−
[ n
n 1
5n+5 0
]
=
[ n
6n+5 0
]
2. i3 ·MP (6n+3,5)2→3 −MP (6n+5,3)2→3 · i2 = 0
i3 ·MP (6n+3,5)2→3 =
[3n+2
3n+2 1
6n+6 0
]
·
[2n+1
2n+1 1
n+1 0
]
=

2n+1 n+1
2n+1 1 0
n+1 0 1
6n+6 0 0
 · [
2n+1
2n+1 1
n+1 0
]
=

2n+1
2n+1 1
n+1 0
6n+6 0
 = [
2n+1
2n+1 1
7n+7 0
]
M
P (6n+5,3)
2→3 · i2 =


2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

+
[4n+3 2n+2
7n+6 0 0
2n+2 0 1
]

·
[2n+1
2n+1 1
4n+4 0
]
=

2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

·

2n+1
2n+1 1
1 0
4n+3 0
+ [
2n+1 2n+2 2n+2
7n+6 0 0 0
2n+2 0 0 1
]
·

2n+1
2n+1 1
2n+2 0
2n+2 0

=

2n+1
2n+1 1
n 0
1 0
n 0
1 0
4n+3 0
n+2 0

+
[2n+1
7n+6 0
2n+2 0
]
=

2n+1
2n+1 1
n 0
1 0
n 0
1 0
3n+3 0
n 0
n+2 0

+

2n+1
2n+1 0
n 0
1 0
n 0
1 0
3n+3 0
n 0
n+2 0

=
[2n+1
2n+1 1
7n+7 0
]
i3 ·MP (6n+3,5)2→3 −MP (6n+5,3)2→3 · i2 =
[2n+1
2n+1 1
7n+7 0
]
−
[2n+1
2n+1 1
7n+7 0
]
=
[2n+1
9n+8 0
]
3. i3 ·MP (6n+3,5)4→3 −MP (6n+5,3)4→3 · i4 = 0
i3 ·MP (6n+3,5)4→3 =
[3n+2
3n+2 1
6n+6 0
]
·
[2n+2
n 0
2n+2 1
]
=

n 2n+2
n 1 0
2n+2 0 1
6n+6 0 0
 · [
2n+2
n 0
2n+2 1
]
=

2n+2
n 0
2n+2 1
6n+6 0

M
P (6n+5,3)
4→3 · i4 =

4n+3 2n+2
n 0 0
4n+3 1 0
2n+3 0 0
2n+2 0 1
 ·
[2n+2
2n+2 1
4n+3 0
]
=

2n+2 2n+1 2n+2
n 0 0 0
2n+2 1 0 0
2n+1 0 1 0
2n+3 0 0 0
2n+2 0 0 1
 ·

2n+2
2n+2 1
2n+1 0
2n+2 0
 =

2n+2
n 0
2n+2 1
2n+1 0
2n+3 0
2n+2 0
 =

2n+2
n 0
2n+2 1
6n+6 0

i3 ·MP (6n+3,5)4→3 −MP (6n+5,3)4→3 · i4 =

2n+2
n 0
2n+2 1
6n+6 0
−

2n+2
n 0
2n+2 1
6n+6 0
 = [2n+29n+8 0 ]
4. i4 ·MP (6n+3,5)5→4 −MP (6n+5,3)5→4 · i5 = 0
i4 ·MP (6n+3,5)5→4 =
[2n+2
2n+2 1
4n+3 0
]
·
[n+1
n+1 0
n+1 1
]
=

n+1 n+1
n+1 1 0
n+1 0 1
4n+3 0 0
 · [
n+1
n+1 0
n+1 1
]
=

n+1
n+1 0
n+1 1
4n+3 0

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M
P (6n+5,3)
5→4 · i5 =

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

·
[n+1
n+1 1
2n+1 0
]
=

n+1 n 1 n
n+1 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1

·

n+1
n+1 1
n 0
1 0
n 0
 =

n+1
n+1 0
n+1 1
n 0
1 0
2n+1 0
1 0
n 0

=

n+1
n+1 0
n+1 1
4n+3 0

i4 ·MP (6n+3,5)5→4 −MP (6n+5,3)5→4 · i5 =

n+1
n+1 0
n+1 1
4n+3 0
−

n+1
n+1 0
n+1 1
4n+3 0
 = [n+16n+5 0 ]
5. i3 ·MP (6n+3,5)6→3 −MP (6n+5,3)6→3 · i6 = 0
i3 ·MP (6n+3,5)6→3 =
[3n+2
3n+2 1
6n+6 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
6n+6 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+1 2n+1
n+1 1 0
2n+1 0 1
6n+6 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

2n+1
2n+1 1
n+1 0
6n+6 0
+

2n+1
n+1 0
2n+1 1
6n+6 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
6n+6 0 0
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
6n+6 0 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+6 0 0 0

M
P (6n+5,3)
6→3 · i6 =


2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0


·
[2n+1
2n+1 1
4n+4 0
]
=

2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

·

2n+1
2n+1 1
2n+1 0
2n+3 0
+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0
 ·

2n+1
2n+1 1
2n+1 0
2n+3 0

=

2n+1
2n+1 1
n+1 0
2n+1 0
n+1 0
2n+3 0
n+1 0

+

2n+1
n+1 0
2n+1 1
n+1 0
2n+1 0
3n+4 0
 =

n+1 n
n+1 1 0
n 0 1
n+1 0 0
n+1 0 0
n 0 0
n+1 0 0
2n+3 0 0
n+1 0 0

+

n n+1
n+1 0 0
n 1 0
n+1 0 1
n+1 0 0
n 0 0
n+1 0 0
2n+3 0 0
n+1 0 0

=

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+6 0 0 0

i3 ·MP (6n+3,5)6→3 −MP (6n+5,3)6→3 · i6 =

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+6 0 0 0

−

n 1 n
n 1 0 0
1 0 1 0
n 1 0 1
1 0 1 0
n 0 0 1
6n+6 0 0 0

=
[2n+1
9n+8 0
]
6. i6 ·MP (6n+3,5)7→6 −MP (6n+5,3)7→6 · i7 = 0
i6 ·MP (6n+3,5)7→6 =
[2n+1
2n+1 1
4n+4 0
]
·

n
n 1
n 1
1 0
 =

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
4n+4 0 0 0
 ·

n
n 1
n 1
1 0
 =

n
n 1
n 1
1 0
4n+4 0
 =

n
n 1
n 1
4n+5 0

M
P (6n+5,3)
7→6 · i7 =

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

·
[ n
n 1
2n+2 0
]
=

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

·

n
n 1
n 0
n+2 0
 =

n
n 1
n 1
1 0
n 0
n 0
1 0
n+2 0
n+1 0

=

n
n 1
n 1
4n+5 0

1822
i6 ·MP (6n+3,5)7→6 −MP (6n+5,3)7→6 · i7 =

n
n 1
n 1
4n+5 0
−

n
n 1
n 1
4n+5 0
 = [ n6n+5 0 ]
Relations of the projection p : P (6n+ 5, 3)→ P (6n+ 5, 4) P
1. p2 ·MP (6n+5,3)1→2 −MP (6n+5,4)1→2 · p1 = 0
p2 ·MP (6n+5,3)1→2 =
[2n+1 4n+4
4n+4 0 1
]
·

n n+1 n+1
n 1 0 0
2n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
 =

n n+1 n+1 n+1 n+1 n+1
n+1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

n n+1 n+1
n 1 0 0
n+1 0 0 0
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1

=

n n+1 n+1
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1

M
P (6n+5,4)
1→2 · p1 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ·
[ n 2n+2
2n+2 0 1
]
=

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ·
[ n n+1 n+1
n+1 0 1 0
n+1 0 0 1
]
=

n n+1 n+1
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1

p2 ·MP (6n+5,3)1→2 −MP (6n+5,4)1→2 · p1 =

n n+1 n+1
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
−

n n+1 n+1
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
 =
[3n+2
4n+4 0
]
2. p3 ·MP (6n+5,3)2→3 −MP (6n+5,4)2→3 · p2 = 0
p3 ·MP (6n+5,3)2→3 =
[3n+2 6n+6
6n+6 0 1
]
·


2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

+
[4n+3 2n+2
7n+6 0 0
2n+2 0 1
]

=

2n+1 n 1 n 1 4n+3 n+2
n 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
4n+3 0 0 0 0 0 1 0
n+2 0 0 0 0 0 0 1
 ·

2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

+
[3n+2 4n+4 2n+2
4n+4 0 1 0
2n+2 0 0 1
]
·

4n+3 2n+2
3n+2 0 0
4n+4 0 0
2n+2 0 1

=

2n+1 1 4n+3
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0
+
[4n+3 2n+2
4n+4 0 0
2n+2 0 1
]
=

2n+1 1 2n+1 n+2 n
n 0 0 0 0 0
1 0 1 0 0 0
2n+1 0 0 1 0 0
n+2 0 0 0 1 0
n 0 0 0 0 1
n+2 0 0 0 0 0

+

2n+1 1 2n+1 n n+2
n 0 0 0 0 0
1 0 0 0 0 0
2n+1 0 0 0 0 0
n+2 0 0 0 0 0
n 0 0 0 1 0
n+2 0 0 0 0 1

=

2n+1 2n+2 n 2 n
n 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 1 0 0
2 0 0 0 1 0
n 0 0 1 0 1
2 0 0 0 1 0
n 0 0 0 0 1

M
P (6n+5,4)
2→3 · p2 =


4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]

·
[2n+1 4n+4
4n+4 0 1
]
=

4n+4
n 0
4n+4 1
n+2 0
 · [2n+1 4n+44n+4 0 1 ]+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]
·
[2n+1 2n+2 2n+2
2n+2 0 1 0
2n+2 0 0 1
]
=

2n+1 4n+4
n 0 0
4n+4 0 1
n+2 0 0
+ [
2n+1 2n+2 2n+2
4n+4 0 0 0
2n+2 0 0 1
]
=

2n+1 2n+2 n+2 n
n 0 0 0 0
2n+2 0 1 0 0
n+2 0 0 1 0
n 0 0 0 1
n+2 0 0 0 0
+

2n+1 2n+2 n n+2
n 0 0 0 0
2n+2 0 0 0 0
n+2 0 0 0 0
n 0 0 1 0
n+2 0 0 0 1
 =

2n+1 2n+2 n 2 n
n 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 1 0 0
2 0 0 0 1 0
n 0 0 1 0 1
2 0 0 0 1 0
n 0 0 0 0 1

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p3 ·MP (6n+5,3)2→3 −MP (6n+5,4)2→3 · p2 =

2n+1 2n+2 n 2 n
n 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 1 0 0
2 0 0 0 1 0
n 0 0 1 0 1
2 0 0 0 1 0
n 0 0 0 0 1

−

2n+1 2n+2 n 2 n
n 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 1 0 0
2 0 0 0 1 0
n 0 0 1 0 1
2 0 0 0 1 0
n 0 0 0 0 1

=
[6n+5
6n+6 0
]
3. p3 ·MP (6n+5,3)4→3 −MP (6n+5,4)4→3 · p4 = 0
p3 ·MP (6n+5,3)4→3 =
[3n+2 6n+6
6n+6 0 1
]
·

4n+3 2n+2
n 0 0
4n+3 1 0
2n+3 0 0
2n+2 0 1
 =

n 2n+2 2n+1 2n+3 2n+2
2n+1 0 0 1 0 0
2n+3 0 0 0 1 0
2n+2 0 0 0 0 1
 ·

2n+2 2n+1 2n+2
n 0 0 0
2n+2 1 0 0
2n+1 0 1 0
2n+3 0 0 0
2n+2 0 0 1
 =

2n+2 2n+1 2n+2
2n+1 0 1 0
2n+3 0 0 0
2n+2 0 0 1

M
P (6n+5,4)
4→3 · p4 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 · [2n+2 4n+34n+3 0 1 ] =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 · [
2n+2 2n+1 2n+2
2n+1 0 1 0
2n+2 0 0 1
]
=

2n+2 2n+1 2n+2
2n+1 0 1 0
2n+3 0 0 0
2n+2 0 0 1

p3 ·MP (6n+5,3)4→3 −MP (6n+5,4)4→3 · p4 =

2n+2 2n+1 2n+2
2n+1 0 1 0
2n+3 0 0 0
2n+2 0 0 1
−

2n+2 2n+1 2n+2
2n+1 0 1 0
2n+3 0 0 0
2n+2 0 0 1
 = [6n+56n+6 0 ]
4. p4 ·MP (6n+5,3)5→4 −MP (6n+5,4)5→4 · p5 = 0
p4 ·MP (6n+5,3)5→4 =
[2n+2 4n+3
4n+3 0 1
]
·

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

=

n+1 n+1 n 1 2n+1 1 n
n 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2n+1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
 ·

n+1 n 1 n
n+1 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1

=

n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1

M
P (6n+5,4)
5→4 · p5 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·
[n+1 2n+1
2n+1 0 1
]
=

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 =

n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1

p4 ·MP (6n+5,3)5→4 −MP (6n+5,4)5→4 · p5 =

n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1
−

n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1
 =
[3n+2
4n+3 0
]
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5. p3 ·MP (6n+5,3)6→3 −MP (6n+5,4)6→3 · p6 = 0
p3 ·MP (6n+5,3)6→3 =
[3n+2 6n+6
6n+6 0 1
]
·


2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0


=

2n+1 n+1 2n+1 n+1 2n+3 n+1
2n+1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n+3 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

n+1 2n+1 n+1 2n+1 3n+4
n+1 0 0 1 0 0
2n+1 0 0 0 1 0
3n+4 0 0 0 0 1
 ·

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0

=

2n+1 2n+1 2n+3
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0
+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0
 =

2n+1 n+1 n 2n+3
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+3 0 0 0 1
n+1 0 0 0 0
+

2n+1 n n+1 2n+3
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
2n+3 0 0 0 0
n+1 0 0 0 0
 =

2n+1 n 1 n 2n+3
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+3 0 0 0 0 1
n+1 0 0 0 0 0

M
P (6n+5,4)
6→3 · p6 =


2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0


·
[2n+1 4n+4
4n+4 0 1
]
=

2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
 ·
[2n+1 2n+1 2n+3
2n+1 0 1 0
2n+3 0 0 1
]
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0
 · [
2n+1 2n+1 2n+3
2n+1 0 1 0
2n+3 0 0 1
]
=

2n+1 2n+1 2n+3
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0
+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0
 =

2n+1 n+1 n 2n+3
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+3 0 0 0 1
n+1 0 0 0 0
+

2n+1 n n+1 2n+3
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
2n+3 0 0 0 0
n+1 0 0 0 0
 =

2n+1 n 1 n 2n+3
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+3 0 0 0 0 1
n+1 0 0 0 0 0

p3 ·MP (6n+5,3)6→3 −MP (6n+5,4)6→3 · p6 =

2n+1 n 1 n 2n+3
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+3 0 0 0 0 1
n+1 0 0 0 0 0

−

2n+1 n 1 n 2n+3
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+3 0 0 0 0 1
n+1 0 0 0 0 0

=
[6n+5
6n+6 0
]
6. p6 ·MP (6n+5,3)7→6 −MP (6n+5,4)7→6 · p7 = 0
p6 ·MP (6n+5,3)7→6 =
[2n+1 4n+4
4n+4 0 1
]
·

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

=

n n 1 n n 1 n+2 n+1
n 0 0 0 1 0 0 0 0
n 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
n+2 0 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0 1
 ·

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

=

n n n+2
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

M
P (6n+5,4)
7→6 · p7 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ·
[ n 2n+2
2n+2 0 1
]
=

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ·
[ n n n+2
n 0 1 0
n+2 0 0 1
]
=

n n n+2
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

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p6 ·MP (6n+5,3)7→6 −MP (6n+5,4)7→6 · p7 =

n n n+2
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0
−

n n n+2
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0
 =
[3n+2
4n+4 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n 2n+2
2n+2 0 1
]
·
[ n
n 1
2n+2 0
]
=
[ n
2n+2 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 4n+4
4n+4 0 1
]
·
[2n+1
2n+1 1
4n+4 0
]
=
[2n+1
4n+4 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 6n+6
6n+6 0 1
]
·
[3n+2
3n+2 1
6n+6 0
]
=
[3n+2
6n+6 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+2 4n+3
4n+3 0 1
]
·
[2n+2
2n+2 1
4n+3 0
]
=
[2n+2
4n+3 0
]
5. p5 · i5 = 0
p5 · i5 =
[n+1 2n+1
2n+1 0 1
]
·
[n+1
n+1 1
2n+1 0
]
=
[n+1
2n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 4n+4
4n+4 0 1
]
·
[2n+1
2n+1 1
4n+4 0
]
=
[2n+1
4n+4 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n 2n+2
2n+2 0 1
]
·
[ n
n 1
2n+2 0
]
=
[ n
2n+2 0
]
135.5.2 0→ P (6n+ 3, 7) f→ P (6n+ 5, 3) g→ P (6n+ 5, 6)→ 0 
PdimP (6n+ 3, 7) + dimP (6n+ 5, 6) = (n, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1) + (2n+ 2, 4n+ 4, 6n+ 6, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 1)
= (3n+ 2, 6n+ 5, 9n+ 8, 6n+ 5, 3n+ 2, 6n+ 5, 3n+ 2) = dimP (6n+ 5, 3)
Pdimk Ext
1
kQ(P (6n+ 5, 6), P (6n+ 3, 7)) = dimk HomkQ(P (6n+ 5, 6), P (6n+ 3, 7))− 〈dimP (6n+ 5, 6),dimP (6n+ 3, 7)〉
= 0− 〈(2n+ 2, 4n+ 4, 6n+ 6, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 1), (n, 2n+ 1, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1)〉
= (2n+ 2) · (2n+ 1) + (4n+ 4) · (3n+ 2) + (4n+ 4) · (3n+ 2) + (2n+ 2) · (2n+ 1) + (4n+ 3) · (3n+ 2) + (2n+ 1) · (2n+ 2)
− ((2n+ 2) · n+ (4n+ 4) · (2n+ 1) + (6n+ 6) · (3n+ 2) + (4n+ 4) · (2n+ 1) + (2n+ 2) · n+ (4n+ 3) · (2n+ 2) + (2n+ 1) · (n+ 1))
= 4n2 + 6n+ 2 + 12n2 + 20n+ 8 + 12n2 + 20n+ 8 + 4n2 + 6n+ 2 + 12n2 + 17n+ 6 + 4n2 + 6n+ 2
− (2n2 + 2n+ 8n2 + 12n+ 4 + 18n2 + 30n+ 12 + 8n2 + 12n+ 4 + 2n2 + 2n+ 8n2 + 14n+ 6 + 2n2 + 3n+ 1)
= 1
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Matrices of the embedding f : P (6n+ 3, 7)→ P (6n+ 5, 3) P
1. f1 =
[ n
2n+2 0
n 1′
]
∈M3n+2,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 ∈M6n+5,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 c1↔c2−−−−→

n+1 n
4n+3 0 0
n+1 1′ 0
1 0 0
n 0 1′

3. f3 =

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

∈M9n+8,3n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

c1↔c3−−−−→

n+1 n+1 n
6n+4 0 0 0
n+1 1′ 0 0
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 0 0 1′

4. f4 =

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 ∈M6n+5,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 c1↔c2−−−−→

n+1 n
4n+3 0 0
n+1 1′ 0
1 0 0
n 0 1′

5. f5 =
[ n
2n+2 0
n 1′
]
∈M3n+2,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

n+1 n+1
4n+2 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
 ∈M6n+5,2n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

n+1 n+1
4n+2 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
 c1↔c2−−−−→

n+1 n+1
4n+2 0 0
n+1 1′ 0
1 0 0
n+1 0 1′

7. f7 =

n+1
2n 0
n+1 1′
1 0
 ∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : P (6n+ 5, 3)→ P (6n+ 5, 6) P
1. g1 =
[ n 2n+2
n 1′ 0
n+2 0 0
]
+

n 1 n 1 n
n 0 0 1 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
 ∈M2n+2,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

n 1 n 1 n
n 1′ 0 1 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0

2. g2 =

n 1 n 4n+4
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
2n+3 0 0 0 0
 +

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0

+

2n+1 1 4n+3
n 0 0 0
1 0 1 0
3n+3 0 0 0
 ∈ M4n+4,6n+5(k) can be brought to row echelon form (as shown
below) and has maximal row rank.
g2 =

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r1↔r2−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r4←r4−r1−−−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r3←r3−r2−−−−−−→
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
n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r3↔r5−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r10←r10−r6−−−−−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0

r12←r12−r8−−−−−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r9↔r10−−−−−→
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
n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r10↔r11−−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 0 0 0 0 91 0 0 0

r11↔r12−−−−−→

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

3. g3 =

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0

∈M6n+6,9n+8(k) can
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be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0

=

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 1 0 91 0
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−−→
R1 = rows: 1 ... n
R2 = rows: n+2 ... 2n+1

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 1 0 91 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 5n+7 ... 6n+6
R2 = rows: 4n+5 ... 5n+4

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

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+
n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 1 0 91 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 5n+6 ... 5n+6
R2 = rows: n+1 ... n+1

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

R2←R2+R1−−−−−−−−−−−−−−−−→
R1 = rows: 4n+5 ... 4n+5
R2 = rows: n+1 ... n+1

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r2←r2−r1
r4←r4−r1−−−−−−→

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 1′ 1 0 91 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r2↔r3−−−−→
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
n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
n 0 0 91′ 0 1′ 1 0 91 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r5←r5−r2−−−−−−→

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
n 0 0 91′ 0 1′ 1 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r4←r4−r3−−−−−−→

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
n 0 0 0 0 1′ 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r4↔r5−−−−→

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 1′ 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r6↔r7−−−−→

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 1′ 1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

r10←r10−r6
r12←r12−r6−−−−−−−−→
1833

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 1′ 1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0

r9←r9−r7−−−−−−→

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 1′ 1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0

r8↔r12−−−−−→

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 1′ 1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0

4. g4 =

1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+
[3n+2 1 2n+1 1 n
1 0 1 0 91 0
4n+3 0 0 0 0 0
]
∈ M4n+4,6n+5(k) can be brought to row echelon form (as shown below) and
1834
has maximal row rank.
g4 =

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
n−1 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r1↔r3−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
n−1 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r6←r6−r1−−−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
n−1 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r5←r5−r2−−−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r4←r4−r3−−−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r4↔r6−−−−→
1835

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r7↔r8−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r8↔r9−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0

r12←r12−r8−−−−−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 1 0 0 0

r10↔r11−−−−−→
1836

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
n−1 0 0 0 0 0 0 0 0 0 0 1 0 0 0

r11↔r12−−−−−→

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 1 0 91 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

5. g5 =

1 n n 1 n
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
 ∈M2n+2,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

1 n n 1 n
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
 r1↔r2−−−−→

1 n n 1 n
1 1 0 0 0 0
n 0 1′ 1 0 0
1 0 0 0 91 0
n 0 0 1 0 0
 r3↔r4−−−−→

1 n n 1 n
1 1 0 0 0 0
n 0 1′ 1 0 0
n 0 0 1 0 0
1 0 0 0 91 0

6. g6 =

n n 1 n 1 n n+1 1 n+1
n 1′ 0 0 0 0 1 0 0 0
1 0 0 91 0 1 0 0 1 0
n 1′ 91′ 0 0 0 1 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

+

2n+1 n n+1 2n+3
n 0 0 0 0
n 0 91 0 0
1 0 0 0 0
n+1 0 0 91 0
n+1 0 0 0 0
 ∈M4n+3,6n+5(k) can be brought to row echelon form (as shown below) and has maximal
row rank.
g6 =

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

r1↔r2−−−−→

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

r5←r5−r1−−−−−−→
1837

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

r4←r4−r2−−−−−−→

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

r3↔r5−−−−→

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

r10←r10−r6−−−−−−−−→

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

r11←r11−r7−−−−−−−−→
1838

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 1 0 0 0 0

r8↔r10−−−−−→

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
n−1 0 0 0 0 0 0 0 0 1 0 0 0 0

r9↔r11−−−−−→

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
1 1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 91′ 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0

7. g7 =

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
 ∈M2n+1,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

r1↔r2−−−−→

1 n−1 1 n−1 n+1 1
1 1 0 0 0 0 0
n−1 0 1′ 0 1 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

r3↔r4−−−−→

1 n−1 1 n−1 n+1 1
1 1 0 0 0 0 0
n−1 0 1′ 0 1 0 0
1 0 0 1 0 0 0
1 0 0 0 0 0 1
n−1 0 0 0 1 0 0

r4↔r5−−−−→

1 n−1 1 n−1 n+1 1
1 1 0 0 0 0 0
n−1 0 1′ 0 1 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 0 1

Relations of the embedding f : P (6n+ 3, 7)→ P (6n+ 5, 3) P
1. f2 ·MP (6n+3,7)1→2 −MP (6n+5,3)1→2 · f1 = 0
f2 ·MP (6n+3,7)1→2 =

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 ·

n
n 1
n 1
1 0
 =

n n 1
4n+3 0 0 0
1 0 0 1
n 0 1′ 0
1 0 0 0
n 1′ 0 0
 ·

n
n 1
n 1
1 0
 =

n
4n+3 0
1 0
n 1′
1 0
n 1′
 =

n
4n+4 0
n 1′
1 0
n 1′

M
P (6n+5,3)
1→2 · f1 =

n n+1 n+1
n 1 0 0
2n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1
 ·
[ n
2n+2 0
n 1′
]
=

n n+1 1 n
n 1 0 0 0
2n+2 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
1 0 0 1 0
n 0 0 0 1

·

n
n 0
n+1 0
1 0
n 1′
 =

n
n 0
2n+2 0
n+1 0
1 0
n 1′
1 0
n 1′

=

n
4n+4 0
n 1′
1 0
n 1′

f2 ·MP (6n+3,7)1→2 −MP (6n+5,3)1→2 · f1 =

n
4n+4 0
n 1′
1 0
n 1′
−

n
4n+4 0
n 1′
1 0
n 1′
 =
[ n
6n+5 0
]
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2. f3 ·MP (6n+3,7)2→3 −MP (6n+5,3)2→3 · f2 = 0
f3 ·MP (6n+3,7)2→3 =

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

·

n n+1
n 1 0
n+1 0 1
n+1 0 0
+

n 1 n n+1
6n+4 0 0 0 0
n+1 0 0 0 1′
1 0 0 0 0
n 0 0 1′ 0
1 0 1 0 0
1 0 0 0 0
n 1′ 0 0 0

·

n n+1
n 0 0
1 0 0
n 1 0
n+1 0 1

=

n n+1
6n+4 0 0
n+1 0 0
1 0 0
n+1 0 1′
1 0 0
n 1′ 0

+

n n+1
6n+4 0 0
n+1 0 1′
1 0 0
n 1′ 0
1 0 0
1 0 0
n 0 0

=

n 1 n
6n+4 0 0 0
n+1 0 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 0

+

n n+1
6n+4 0 0
n+1 0 1′
1 0 0
n 1′ 0
1 0 0
1 0 0
n 0 0

=

n 1 n
6n+4 0 0 0
n 0 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 0

M
P (6n+5,3)
2→3 · f2 =


2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

+
[4n+3 2n+2
7n+6 0 0
2n+2 0 1
]

·

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

2n+1 1 2n+1 n+1 1 n
2n+1 1 0 0 0 0 0
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 1 0 0 0 0
2n+1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
n+2 0 0 0 0 0 0

·

n n+1
2n+1 0 0
1 0 0
2n+1 0 0
n+1 0 1′
1 0 0
n 1′ 0

+

4n+3 n+1 1 n
7n+6 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

n n+1
2n+1 0 0
n 0 0
1 0 0
n 0 0
1 0 0
2n+1 0 0
n+1 0 1′
1 0 0
n 1′ 0
n+2 0 0

+

n n+1
7n+6 0 0
n+1 0 1′
1 0 0
n 1′ 0
 =

n n+1
2n+1 0 0
n 0 0
1 0 0
n 0 0
1 0 0
2n+1 0 0
n+1 0 1′
1 0 0
n 1′ 0
1 0 0
1 0 0
n 0 0

+

n 1 n
2n+1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
2n+1 0 0 0
n+1 0 0 0
1 0 0 0
n 0 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 0

=

n 1 n
6n+4 0 0 0
n 0 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 0

f3 ·MP (6n+3,7)2→3 −MP (6n+5,3)2→3 · f2 =

n 1 n
6n+4 0 0 0
n 0 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 0

−

n 1 n
6n+4 0 0 0
n 0 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 1′
1 0 1 0
1 0 0 0
n 1′ 0 0

=
[2n+1
9n+8 0
]
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3. f3 ·MP (6n+3,7)4→3 −MP (6n+5,3)4→3 · f4 = 0
f3 ·MP (6n+3,7)4→3 =

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

·
[2n+1
2n+1 1
n+1 0
]
=

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

·

n n+1
n 1 0
n+1 0 1
n+1 0 0
 =

n n+1
6n+4 0 0
n+1 0 0
1 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

n n+1
7n+6 0 0
n+1 0 1′
1 0 0
n 1′ 0

M
P (6n+5,3)
4→3 · f4 =

4n+3 2n+2
n 0 0
4n+3 1 0
2n+3 0 0
2n+2 0 1
 ·

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 =

4n+3 n+1 1 n
n 0 0 0 0
4n+3 1 0 0 0
2n+3 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 1

·

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 =

n n+1
n 0 0
4n+3 0 0
2n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

n n+1
7n+6 0 0
n+1 0 1′
1 0 0
n 1′ 0

f3 ·MP (6n+3,7)4→3 −MP (6n+5,3)4→3 · f4 =

n n+1
7n+6 0 0
n+1 0 1′
1 0 0
n 1′ 0
−

n n+1
7n+6 0 0
n+1 0 1′
1 0 0
n 1′ 0
 =
[2n+1
9n+8 0
]
4. f4 ·MP (6n+3,7)5→4 −MP (6n+5,3)5→4 · f5 = 0
f4 ·MP (6n+3,7)5→4 =

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0
 ·
[ n
n 1
n+1 0
]
=

n
4n+3 0
n+1 0
1 0
n 1′
 =
[ n
5n+5 0
n 1′
]
M
P (6n+5,3)
5→4 · f5 =

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

·
[ n
2n+2 0
n 1′
]
=

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

·

n
2n+1 0
1 0
n 1′
 =

n
n+1 0
2n+1 0
1 0
2n+1 0
1 0
n 1′

=
[ n
5n+5 0
n 1′
]
f4 ·MP (6n+3,7)5→4 −MP (6n+5,3)5→4 · f5 =
[ n
5n+5 0
n 1′
]
−
[ n
5n+5 0
n 1′
]
=
[ n
6n+5 0
]
5. f3 ·MP (6n+3,7)6→3 −MP (6n+5,3)6→3 · f6 = 0
f3 ·MP (6n+3,7)6→3 =

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

·
[2n+2
n 0
2n+2 1
]
=

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

·

n+1 n+1
n 0 0
n+1 1 0
n+1 0 1
 =

n+1 n+1
6n+4 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
1 0 0
n 0 0

=

n+1 n+1
6n+4 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
n+1 0 0

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M
P (6n+5,3)
6→3 · f6 =


2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0


·

n+1 n+1
4n+2 0 0
n+1 0 1′
1 0 0
n+1 1′ 0

=

2n+1 2n+1 n+1 1 n+1
2n+1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
n+1 0 0 1 0 0
1 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

·

n+1 n+1
2n+1 0 0
2n+1 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
+

2n+1 2n+1 n+1 1 n+1
n+1 0 0 0 0 0
2n+1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
3n+4 0 0 0 0 0
 ·

n+1 n+1
2n+1 0 0
2n+1 0 0
n+1 0 1′
1 0 0
n+1 1′ 0

=

n+1 n+1
2n+1 0 0
n+1 0 0
2n+1 0 0
n+1 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
n+1 0 0

+

n+1 n+1
n+1 0 0
2n+1 0 0
n+1 0 0
2n+1 0 0
3n+4 0 0
 =

n+1 n+1
n+1 0 0
n 0 0
n+1 0 0
n+1 0 0
n 0 0
n+1 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
n+1 0 0

+

n+1 n+1
n+1 0 0
n 0 0
n+1 0 0
n+1 0 0
n 0 0
n+1 0 0
n+1 0 0
1 0 0
n+1 0 0
n+1 0 0

=

n+1 n+1
6n+4 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
n+1 0 0

f3 ·MP (6n+3,7)6→3 −MP (6n+5,3)6→3 · f6 =

n+1 n+1
6n+4 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
n+1 0 0
−

n+1 n+1
6n+4 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
n+1 0 0
 =
[2n+2
9n+8 0
]
6. f6 ·MP (6n+3,7)7→6 −MP (6n+5,3)7→6 · f7 = 0
f6 ·MP (6n+3,7)7→6 =

n+1 n+1
4n+2 0 0
n+1 0 1′
1 0 0
n+1 1′ 0
 ·
[n+1
n+1 0
n+1 1
]
=

n+1
4n+2 0
n+1 1′
1 0
n+1 0
 =

n+1
4n+2 0
n+1 1′
n+2 0

M
P (6n+5,3)
7→6 · f7 =

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

·

n+1
2n 0
n+1 1′
1 0
 =

n n n+1 1
n 1 0 0 0
n 1 0 0 0
1 0 0 0 0
n 0 1 0 0
n 0 1 0 0
1 0 0 0 0
n+1 0 0 1 0
1 0 0 0 1
n+1 0 0 0 0

·

n+1
n 0
n 0
n+1 1′
1 0
 =

n+1
n 0
n 0
1 0
n 0
n 0
1 0
n+1 1′
1 0
n+1 0

=

n+1
4n+2 0
n+1 1′
n+2 0

f6 ·MP (6n+3,7)7→6 −MP (6n+5,3)7→6 · f7 =

n+1
4n+2 0
n+1 1′
n+2 0
−

n+1
4n+2 0
n+1 1′
n+2 0
 = [n+16n+5 0 ]
1842
Relations of the projection g : P (6n+ 5, 3)→ P (6n+ 5, 6) P
1. g2 ·MP (6n+5,3)1→2 −MP (6n+5,6)1→2 · g1 = 0
g2 ·MP (6n+5,3)1→2 =


n 1 n 4n+4
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
2n+3 0 0 0 0
+

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0

+

2n+1 1 4n+3
n 0 0 0
1 0 1 0
3n+3 0 0 0


·

n n+1 n+1
n 1 0 0
2n+2 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1

=

n 1 n n+1 n+1 n+1 n+1
n 1′ 0 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0
1 0 91 0 0 0 0 0
2n+3 0 0 0 0 0 0 0
 ·

n n+1 n+1
n 1 0 0
1 0 0 0
n 0 0 0
n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1

+

n n+1 1 n 1 n 1 n 1 n
n 0 0 0 0 0 1 0 0 0 0
n 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 1 0 0 0 0 0
n 0 0 0 91 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 91 0 0 0 0 0 0 0
n 0 0 0 91 0 0 0 0 0 0

·

n 1 n 1 n
n 1 0 0 0 0
n+1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
1 0 0 0 1 0
n 0 0 0 0 1

+

n n+1 1 n n+1 n+1 n+1
n 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
3n+3 0 0 0 0 0 0 0
 ·

n n+1 n+1
n 1 0 0
n+1 0 0 0
1 0 0 0
n 0 0 0
n+1 0 1 0
n+1 0 0 1
n+1 0 0 1

=

n n+1 n+1
n 1′ 0 0
n 1′ 0 0
1 0 0 0
2n+3 0 0 0
+

n 1 n 1 n
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
1 0 0 0 0 0
n 0 0 0 0 0

+

n n+1 n+1
n 0 0 0
1 0 0 0
3n+3 0 0 0

=

n−1 1 1 n 1 n
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

n 1 1 n−1 1 n
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

n 1 n 1 n
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

=

n 1 n 1 n
n 1′ 0 1 0 0
n 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
n+1 0 0 0 0 0

M
P (6n+5,6)
1→2 · g1 =

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ·

[ n 2n+2
n 1′ 0
n+2 0 0
]
+

n 1 n 1 n
n 0 0 1 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0


=

n n+2
n 1 0
n 1 0
1 0 0
n+2 0 1
n+1 0 0
 ·
[ n 2n+2
n 1′ 0
n+2 0 0
]
+

n 1 n 1
n 1 0 0 0
n 1 0 0 0
1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n+1 0 0 0 0

·

n 1 n 1 n
n 0 0 1 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0

=

n 2n+2
n 1′ 0
n 1′ 0
1 0 0
n+2 0 0
n+1 0 0
+

n 1 n 1 n
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
n+1 0 0 0 0 0

=

n 1 n 1 n
n 1′ 0 0 0 0
n 1′ 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n+1 0 0 0 0 0

+

n 1 n 1 n
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
n+1 0 0 0 0 0

=

n 1 n 1 n
n 1′ 0 1 0 0
n 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
n+1 0 0 0 0 0

1843
g2 ·MP (6n+5,3)1→2 −MP (6n+5,6)1→2 · g1 =

n 1 n 1 n
n 1′ 0 1 0 0
n 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
n+1 0 0 0 0 0

−

n 1 n 1 n
n 1′ 0 1 0 0
n 1′ 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
n+1 0 0 0 0 0

=
[3n+2
4n+4 0
]
2. g3 ·MP (6n+5,3)2→3 −MP (6n+5,6)2→3 · g2 = 0
g3 ·MP (6n+5,3)2→3 =


n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0


·


2n+1 1 4n+3
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
1 0 1 0
4n+3 0 0 1
n+2 0 0 0

+
[4n+3 2n+2
7n+6 0 0
2n+2 0 1
]

=

n−1 1 1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n 1 1 n
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 1 1 0 0 91 0 0 1 0 0 0 0 0 0 0
n−1 1′ 0 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

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·
n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
n−1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

4n+3 n+1 1 n
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 1

+

n n+1 n 1 n 1 n+1 n n+1 1 n 1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 1 0 0 91 0
n 1′ 0 0 0 0 0 0 1 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 1 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

n n+1 1 n+1 n n+1 1 n
n 1 0 0 0 0 0 0 0
n+1 0 1 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n+1 0 0 0 1 0 0 0 0
n 0 0 0 0 1 0 0 0
n+1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0

+

n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0

·

4n+3 n+1 1 n
n 0 0 0 0
2n+2 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n+1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 1

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=
n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 0 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

4n+3 n+1 1 n
n 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 0 91 0
1 0 0 0 0
n 0 0 0 0
1 0 0 91 0
n 0 0 0 0

+

n n+1 1 n+1 n n+1 1 n
n 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0
n 1′ 0 0 0 1 0 0 0
2n+3 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0

+

4n+3 n+1 1 n
n 0 0 0 0
1 0 0 91 0
n 0 0 0 0
2n+3 0 0 0 0
n 0 0 0 0
n+2 0 0 0 0

=

1 n−3 1 1 1 1 n−3 1 1 1 1 1 n−3 1 1 1 1 n−3 1 n+1 1 n
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n−3 0 1′ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 0 91 0 91 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 91 0 0 0 91 0 0 0 0 1 0 0 0 0 0
n−3 0 1′ 0 0 0 0 91′ 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 91 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 91 1 91 0 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 91 0 0 0 91 0 0 0 0 1 0 0 0 0 0
n−3 0 1′ 0 0 0 0 91′ 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 91 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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+
n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

1 1 n−3 1 1 n−1 1 1 1 n−1 1 1 n−3 1 1 n+1 1 n
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
n−3 0 0 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

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+
n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 0 91 0 0 1 0 0 91 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n n+1 1 n+1 n n+1 1 n
n 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0
n 1′ 0 0 0 1 0 0 0
4n+5 0 0 0 0 0 0 0 0

M
P (6n+5,6)
2→3 · g2 =


2n+1 2n+3
2n+1 1 0
n+1 0 0
2n+3 0 1
n+1 0 0
+

2n+1 2n+3
n+1 0 0
2n+1 1 0
3n+4 0 0


·


n 1 n 4n+4
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
2n+3 0 0 0 0
+

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0

+

2n+1 1 4n+3
n 0 0 0
1 0 1 0
3n+3 0 0 0


=

n n 1 2n+3
n 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n+1 0 0 0 0
2n+3 0 0 0 1
n+1 0 0 0 0

·

n 1 n 4n+4
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
2n+3 0 0 0 0
+

n n 1 1 n 1 1 n
n 1 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0
n 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0 0

·

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0

1848
+
n 1 n 2n+3
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+3 0 0 0 1
n+1 0 0 0 0

·

2n+1 1 4n+3
n 0 0 0
1 0 1 0
n 0 0 0
2n+3 0 0 0
+

n n 1 2n+3
n+1 0 0 0 0
n 1 0 0 0
n 0 1 0 0
1 0 0 1 0
3n+4 0 0 0 0
 ·

n 1 n 4n+4
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
2n+3 0 0 0 0

+

n n 1 1 n 1 1 n
n+1 0 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
3n+4 0 0 0 0 0 0 0 0
 ·

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0

+

n 1 n 2n+3
n+1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
3n+4 0 0 0 0
 ·

2n+1 1 4n+3
n 0 0 0
1 0 1 0
n 0 0 0
2n+3 0 0 0

=

n 1 n 4n+4
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
n+1 0 0 0 0
2n+3 0 0 0 0
n+1 0 0 0 0

+

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0

+

2n+1 1 4n+3
n 0 0 0
1 0 1 0
n 0 0 0
n+1 0 0 0
2n+3 0 0 0
n+1 0 0 0

+

n 1 n 4n+4
n+1 0 0 0 0
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
3n+4 0 0 0 0

+

2n+1 1 n 1 n n+1 1 n
n+1 0 0 0 0 0 0 0 0
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
3n+4 0 0 0 0 0 0 0 0
+

2n+1 1 4n+3
n+1 0 0 0
n 0 0 0
1 0 1 0
n 0 0 0
3n+4 0 0 0
 =

n−2 1 1 1 n−2 1 1 1 n 1 n n+1 1 n
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
n−2 1′ 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0 0 0 0 0
n−2 1′ 0 0 0 91′ 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1849
+
n 1 n 1 1 1 n−2 1 1 1 n−2 n+1 1 n
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0
n−2 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0
n−2 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n 1 n n+1 1 n
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0

+

1 n−2 1 1 1 n−2 1 1 n 1 n n+1 1 n
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 91′ 0 0 0 0 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1850
+
n 1 n 1 1 n−2 1 1 1 n−2 1 n+1 1 n
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0
n−2 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n 1 n n+1 1 n
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0

=

n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n 1 n 2n+2
n+1 0 0 0 0 0 0 0 0
n 1′ 0 0 0 0 0 1 0
n 1′ 0 91′ 0 91 0 1 0
1 0 91 0 0 0 0 0 0
3n+4 0 0 0 0 0 0 0 0

1851
g3 ·MP (6n+5,3)2→3 −MP (6n+5,6)2→3 · g2 =


n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 0 91 0 0 1 0 0 91 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n n+1 1 n+1 n n+1 1 n
n 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0
n 1′ 0 0 0 1 0 0 0
4n+5 0 0 0 0 0 0 0 0


−


n−1 1 1 n−1 1 1 1 n−1 1 1 n−1 n+1 1 n
1 0 1 0 0 0 0 0 0 0 1 0 0 0 0
n−1 1′ 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 91 1 91 0 0 1 0 0 0 0
n−1 1′ 0 0 91′ 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n 1 n 2n+2
n+1 0 0 0 0 0 0 0 0
n 1′ 0 0 0 0 0 1 0
n 1′ 0 91′ 0 91 0 1 0
1 0 91 0 0 0 0 0 0
3n+4 0 0 0 0 0 0 0 0


=

[n−1 1 5n+5
1 0 1 0
6n+5 0 0 0
]
+
[3n+3 1 3n+1
1 0 1 0
6n+5 0 0 0
]
+

n−1 5n+6
1 0 0
n−1 1′ 0
5n+6 0 0
+

3n+4 n−1 2n+2
1 0 0 0
n−1 0 1 0
5n+6 0 0 0
+

n−1 1 5n+5
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

2n 1 4n+4
n 0 0 0
1 0 91 0
5n+5 0 0 0

+

2n+2 1 4n+2
n 0 0 0
1 0 91 0
5n+5 0 0 0
+

3n+3 1 3n+1
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

5n+4 1 n
n 0 0 0
1 0 91 0
5n+5 0 0 0
+

n−1 5n+6
n+1 0 0
n−1 1′ 0
4n+6 0 0
+

n+1 n−1 4n+5
n+1 0 0 0
n−1 0 91′ 0
4n+6 0 0 0
+

2n+3 n−1 3n+3
n+1 0 0 0
n−1 0 91 0
4n+6 0 0 0

+

3n+4 n−1 2n+2
n+1 0 0 0
n−1 0 1 0
4n+6 0 0 0
+

n 1 5n+4
2n 0 0 0
1 0 91 0
4n+5 0 0 0
+

n−1 1 5n+5
2n+1 0 0 0
1 0 1 0
4n+4 0 0 0
+

2n 1 4n+4
2n+1 0 0 0
1 0 91 0
4n+4 0 0 0
+

2n+1 1 4n+3
2n+1 0 0 0
1 0 1 0
4n+4 0 0 0
+

2n+2 1 4n+2
2n+1 0 0 0
1 0 91 0
4n+4 0 0 0

+

3n+3 1 3n+1
2n+1 0 0 0
1 0 1 0
4n+4 0 0 0
+

n−1 5n+6
2n+2 0 0
n−1 1′ 0
3n+5 0 0
+

n+1 n−1 4n+5
2n+2 0 0 0
n−1 0 91′ 0
3n+5 0 0 0
+

2n+3 n−1 3n+3
2n+2 0 0 0
n−1 0 91 0
3n+5 0 0 0
+

3n+4 n−1 2n+2
2n+2 0 0 0
n−1 0 1 0
3n+5 0 0 0
+

n 1 5n+4
3n+1 0 0 0
1 0 91 0
3n+4 0 0 0

1852
+
2n+1 1 4n+3
3n+2 0 0 0
1 0 91 0
3n+3 0 0 0
+

3n+2 1 3n+2
3n+2 0 0 0
1 0 1 0
3n+3 0 0 0
+

2n+2 1 4n+2
3n+3 0 0 0
1 0 91 0
3n+2 0 0 0
+

3n+3 1 3n+1
3n+3 0 0 0
1 0 1 0
3n+2 0 0 0
+

2n+3 n−1 3n+3
3n+4 0 0 0
n−1 0 91 0
2n+3 0 0 0
+

3n+4 n−1 2n+2
3n+4 0 0 0
n−1 0 1 0
2n+3 0 0 0

+

5n+4 1 n
4n+3 0 0 0
1 0 91 0
2n+2 0 0 0
+

2n+1 1 4n+3
4n+4 0 0 0
1 0 91 0
2n+1 0 0 0
+

2n+2 1 4n+2
4n+5 0 0 0
1 0 91 0
2n 0 0 0
+

2n+3 n−1 3n+3
4n+6 0 0 0
n−1 0 91 0
n+1 0 0 0
+

2n+1 1 4n+3
n 0 0 0
1 0 1 0
5n+5 0 0 0

+

5n+4 1 n
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

n 5n+5
n+1 0 0
n 1′ 0
4n+5 0 0
+

3n+3 n 2n+2
n+1 0 0 0
n 0 1 0
4n+5 0 0 0


−

[n−1 1 5n+5
1 0 1 0
6n+5 0 0 0
]
+
[3n+3 1 3n+1
1 0 1 0
6n+5 0 0 0
]
+

n−1 5n+6
1 0 0
n−1 1′ 0
5n+6 0 0

+

3n+4 n−1 2n+2
1 0 0 0
n−1 0 1 0
5n+6 0 0 0
+

n−1 1 5n+5
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

2n 1 4n+4
n 0 0 0
1 0 91 0
5n+5 0 0 0
+

2n+2 1 4n+2
n 0 0 0
1 0 91 0
5n+5 0 0 0
+

3n+3 1 3n+1
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

5n+4 1 n
n 0 0 0
1 0 91 0
5n+5 0 0 0

+

n−1 5n+6
n+1 0 0
n−1 1′ 0
4n+6 0 0
+

n+1 n−1 4n+5
n+1 0 0 0
n−1 0 91′ 0
4n+6 0 0 0
+

2n+3 n−1 3n+3
n+1 0 0 0
n−1 0 91 0
4n+6 0 0 0
+

3n+4 n−1 2n+2
n+1 0 0 0
n−1 0 1 0
4n+6 0 0 0
+

n 1 5n+4
2n 0 0 0
1 0 91 0
4n+5 0 0 0
+

n−1 1 5n+5
2n+1 0 0 0
1 0 1 0
4n+4 0 0 0

+

2n 1 4n+4
2n+1 0 0 0
1 0 91 0
4n+4 0 0 0
+

2n+1 1 4n+3
2n+1 0 0 0
1 0 1 0
4n+4 0 0 0
+

2n+2 1 4n+2
2n+1 0 0 0
1 0 91 0
4n+4 0 0 0
+

3n+3 1 3n+1
2n+1 0 0 0
1 0 1 0
4n+4 0 0 0
+

n−1 5n+6
2n+2 0 0
n−1 1′ 0
3n+5 0 0
+

n+1 n−1 4n+5
2n+2 0 0 0
n−1 0 91′ 0
3n+5 0 0 0

+

2n+3 n−1 3n+3
2n+2 0 0 0
n−1 0 91 0
3n+5 0 0 0
+

3n+4 n−1 2n+2
2n+2 0 0 0
n−1 0 1 0
3n+5 0 0 0
+

n 1 5n+4
3n+1 0 0 0
1 0 91 0
3n+4 0 0 0
+

2n+1 1 4n+3
3n+2 0 0 0
1 0 91 0
3n+3 0 0 0
+

3n+2 1 3n+2
3n+2 0 0 0
1 0 1 0
3n+3 0 0 0
+

2n+2 1 4n+2
3n+3 0 0 0
1 0 91 0
3n+2 0 0 0

+

3n+3 1 3n+1
3n+3 0 0 0
1 0 1 0
3n+2 0 0 0
+

2n+3 n−1 3n+3
3n+4 0 0 0
n−1 0 91 0
2n+3 0 0 0
+

3n+4 n−1 2n+2
3n+4 0 0 0
n−1 0 1 0
2n+3 0 0 0
+

5n+4 1 n
4n+3 0 0 0
1 0 91 0
2n+2 0 0 0
+

2n+1 1 4n+3
4n+4 0 0 0
1 0 91 0
2n+1 0 0 0
+

2n+2 1 4n+2
4n+5 0 0 0
1 0 91 0
2n 0 0 0

+

2n+3 n−1 3n+3
4n+6 0 0 0
n−1 0 91 0
n+1 0 0 0
+

2n+1 1 4n+3
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

5n+4 1 n
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

n 5n+5
n+1 0 0
n 1′ 0
4n+5 0 0
+

3n+3 n 2n+2
n+1 0 0 0
n 0 1 0
4n+5 0 0 0


=
[6n+5
6n+6 0
]
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3. g3 ·MP (6n+5,3)4→3 −MP (6n+5,6)4→3 · g4 = 0
g3 ·MP (6n+5,3)4→3 =


n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0


·

4n+3 2n+2
n 0 0
4n+3 1 0
2n+3 0 0
2n+2 0 1
=

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

1 n 1 n n 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0
n 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 0 1

+

n 2n+2 n 1 n 1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 1 0 91 0
n 1′ 0 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0

·

2n+2 n 1 n n+1 1 n
n 0 0 0 0 0 0 0
2n+2 1 0 0 0 0 0 0
n 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n+1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

=

1 n 1 n n 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+

2n+2 n 1 n n+1 1 n
n 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0
n 0 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0
n+2 0 0 0 0 0 0 0

1854
=
1 1 n−2 1 1 1 n−2 1 1 n−2 1 1 1 n−2 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0 0 0
n−2 0 0 91′ 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 1 0 0 0 91 0 0 0 0 0
n−2 0 0 91′ 0 0 0 1′ 0 0 1 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 1 0 0 0 91 0 0 0
1 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

+

1 n 1 n 1 1 n−2 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
n−2 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0

=

1 n 1 n n 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+

2n+2 n 1 2n+1 1 n
n 0 0 0 0 0 0
1 0 0 1 0 91 0
3n+3 0 0 0 0 0 0
n 0 1 0 0 0 0
n+2 0 0 0 0 0 0

1855
M
P (6n+5,6)
4→3 · g4 =


4n+4
n 0
4n+4 1
n+2 0
+ [
2n+2 2n+2
4n+4 0 0
2n+2 0 1
]

·


1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+
[3n+2 1 2n+1 1 n
1 0 1 0 91 0
4n+3 0 0 0 0 0
]

=

n 1 n 1 1 n 1 n
n 0 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
n 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1
n+2 0 0 0 0 0 0 0 0

·

1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+

1 4n+3
n 0 0
1 1 0
4n+3 0 1
n+2 0 0
 ·
[3n+2 1 2n+1 1 n
1 0 1 0 91 0
4n+3 0 0 0 0 0
]
+

n 1 n 1 1 n 1 n
4n+4 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0
n 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1
 ·

1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+
[ 1 2n+1 2n+2
4n+4 0 0 0
2n+2 0 0 1
]
·

3n+2 1 2n+1 1 n
1 0 1 0 91 0
2n+1 0 0 0 0 0
2n+2 0 0 0 0 0
 =

1 n 1 n n 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0

+

3n+2 1 2n+1 1 n
n 0 0 0 0 0
1 0 1 0 91 0
4n+3 0 0 0 0 0
n+2 0 0 0 0 0
+

1 n 1 n n 1 n n+1 1 n
4n+4 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0
+
[3n+2 1 2n+1 1 n
4n+4 0 0 0 0 0
2n+2 0 0 0 0 0
]
=

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 91 0 0 0 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
n−1 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

1 n 1 n n 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

1856
+
1 n 1 n n−1 1 1 n−1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
n−1 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
n−1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0

+

1 n 1 n n 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

=

1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
n−1 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

2n+2 n 1 n n+1 1 n
4n+4 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0
n 0 1 0 91 0 0 0
1 0 0 0 0 0 91 0
n 0 1 0 0 0 0 0

g3 ·MP (6n+5,3)4→3 −MP (6n+5,6)4→3 · g4 =


1 n 1 n n 1 n n+1 1 n
n 0 0 0 0 0 0 0 0 0 0
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+

2n+2 n 1 2n+1 1 n
n 0 0 0 0 0 0
1 0 0 1 0 91 0
3n+3 0 0 0 0 0 0
n 0 1 0 0 0 0
n+2 0 0 0 0 0 0


−


1 n−1 1 1 n−1 1 1 n−1 1 1 n−1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 1 91 0 0 91 0
n−1 0 91′ 0 0 0 0 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 1 0 0 91 0 0 0 0
n−1 0 91′ 0 0 1′ 0 0 1 0 0 91 0 0 0
1 91 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

2n+2 n 1 n n+1 1 n
4n+4 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0
n 0 1 0 91 0 0 0
1 0 0 0 0 0 91 0
n 0 1 0 0 0 0 0


=


1 n 5n+4
n 0 0 0
n 0 91′ 0
4n+6 0 0 0
+

3n+3 n 2n+2
n 0 0 0
n 0 91 0
4n+6 0 0 0
+

1 6n+4
2n 0 0
1 91 0
4n+5 0 0
+

1 n 5n+4
2n+1 0 0 0
n 0 91′ 0
3n+5 0 0 0
+

n+2 n 4n+3
2n+1 0 0 0
n 0 1′ 0
3n+5 0 0 0
+

2n+2 n 3n+3
2n+1 0 0 0
n 0 1 0
3n+5 0 0 0

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+
3n+3 n 2n+2
2n+1 0 0 0
n 0 91 0
3n+5 0 0 0
+

1 6n+4
3n+1 0 0
1 91 0
3n+4 0 0
+

n+1 1 5n+3
3n+1 0 0 0
1 0 1 0
3n+4 0 0 0
+

3n+2 1 3n+2
3n+2 0 0 0
1 0 91 0
3n+3 0 0 0
+

2n+2 n 3n+3
3n+3 0 0 0
n 0 1 0
2n+3 0 0 0
+

3n+3 n 2n+2
3n+3 0 0 0
n 0 91 0
2n+3 0 0 0

+

5n+4 1 n
4n+3 0 0 0
1 0 91 0
2n+2 0 0 0
+

3n+2 1 3n+2
4n+4 0 0 0
1 0 91 0
2n+1 0 0 0
+

2n+2 n 3n+3
4n+5 0 0 0
n 0 1 0
n+1 0 0 0
+

3n+3 n 2n+2
4n+5 0 0 0
n 0 91 0
n+1 0 0 0
+

5n+4 1 n
5n+5 0 0 0
1 0 91 0
n 0 0 0
+ [
2n+2 n 3n+3
5n+6 0 0 0
n 0 1 0
]
+

3n+2 1 3n+2
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

5n+4 1 n
n 0 0 0
1 0 91 0
5n+5 0 0 0
+

2n+2 n 3n+3
4n+4 0 0 0
n 0 1 0
n+2 0 0 0


−


1 n 5n+4
n 0 0 0
n 0 91′ 0
4n+6 0 0 0
+

3n+3 n 2n+2
n 0 0 0
n 0 91 0
4n+6 0 0 0
+

1 6n+4
2n 0 0
1 91 0
4n+5 0 0

+

1 n 5n+4
2n+1 0 0 0
n 0 91′ 0
3n+5 0 0 0
+

n+2 n 4n+3
2n+1 0 0 0
n 0 1′ 0
3n+5 0 0 0
+

2n+2 n 3n+3
2n+1 0 0 0
n 0 1 0
3n+5 0 0 0
+

3n+3 n 2n+2
2n+1 0 0 0
n 0 91 0
3n+5 0 0 0
+

1 6n+4
3n+1 0 0
1 91 0
3n+4 0 0
+

n+1 1 5n+3
3n+1 0 0 0
1 0 1 0
3n+4 0 0 0

+

3n+2 1 3n+2
3n+2 0 0 0
1 0 91 0
3n+3 0 0 0
+

2n+2 n 3n+3
3n+3 0 0 0
n 0 1 0
2n+3 0 0 0
+

3n+3 n 2n+2
3n+3 0 0 0
n 0 91 0
2n+3 0 0 0
+

5n+4 1 n
4n+3 0 0 0
1 0 91 0
2n+2 0 0 0
+

3n+2 1 3n+2
4n+4 0 0 0
1 0 91 0
2n+1 0 0 0
+

2n+2 n 3n+3
4n+5 0 0 0
n 0 1 0
n+1 0 0 0

+

3n+3 n 2n+2
4n+5 0 0 0
n 0 91 0
n+1 0 0 0
+

5n+4 1 n
5n+5 0 0 0
1 0 91 0
n 0 0 0
+ [
2n+2 n 3n+3
5n+6 0 0 0
n 0 1 0
]
+

3n+2 1 3n+2
n 0 0 0
1 0 1 0
5n+5 0 0 0
+

5n+4 1 n
n 0 0 0
1 0 91 0
5n+5 0 0 0
+

2n+2 n 3n+3
4n+4 0 0 0
n 0 1 0
n+2 0 0 0


=
[6n+5
6n+6 0
]
4. g4 ·MP (6n+5,3)5→4 −MP (6n+5,6)5→4 · g5 = 0
g4 ·MP (6n+5,3)5→4 =


1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+
[3n+2 1 2n+1 1 n
1 0 1 0 91 0
4n+3 0 0 0 0 0
]

·

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

=

1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

·

1 n n 1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

+
[n+1 2n+1 1 2n+1 1 n
1 0 0 1 0 91 0
4n+3 0 0 0 0 0 0
]
·

2n+1 1 n
n+1 0 0 0
2n+1 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

=

1 n n 1 n
n 0 0 0 0 0
1 0 0 0 0 0
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
1 0 0 0 91 0
n 0 0 1 0 0

+
[2n+1 1 n
1 0 0 0
4n+3 0 0 0
]
=

1 n n 1 n
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
1 0 0 0 91 0
n 0 0 1 0 0

+

1 n n 1 n
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

=

1 n n 1 n
n+1 0 0 0 0 0
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
1 0 0 0 91 0
n 0 0 1 0 0

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M
P (6n+5,6)
5→4 · g5 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 1
n+1 0 1
 ·

1 n n 1 n
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
 =

n 1 1 n
n+1 0 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
1 0 0 1 0
n 0 0 0 1

·

1 n n 1 n
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
 =

1 n n 1 n
n+1 0 0 0 0 0
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
1 0 0 0 91 0
n 0 0 1 0 0

g4 ·MP (6n+5,3)5→4 −MP (6n+5,6)5→4 · g5 =

1 n n 1 n
n+1 0 0 0 0 0
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
1 0 0 0 91 0
n 0 0 1 0 0

−

1 n n 1 n
n+1 0 0 0 0 0
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
1 0 0 0 91 0
n 0 0 1 0 0

=
[3n+2
4n+4 0
]
5. g3 ·MP (6n+5,3)6→3 −MP (6n+5,6)6→3 · g6 = 0
g3 ·MP (6n+5,3)6→3 =


n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0


·


2n+1 2n+1 2n+3
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+3 0 0 1
n+1 0 0 0

+

2n+1 2n+1 2n+3
n+1 0 0 0
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
3n+4 0 0 0


=

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

n 1 n n 1 n n+1 1 n+1
n 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0

+

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

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·
n 1 n n 1 n 2n+3
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n 0 0 1 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

n n+1 n+1 n 1 n 1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 1 0 91 0
n 1′ 0 0 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0 0

·

n n+1 n 1 n n+1 1 n+1
n 1 0 0 0 0 0 0 0
n+1 0 1 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
n 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0

+

n 1 2n+1 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0 0

·

2n+1 n+1 n 2n+3
n 0 0 0 0
1 0 0 0 0
2n+1 1 0 0 0
n 0 0 0 0
1 0 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
1 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

=

n 1 n n 1 n n+1 1 n+1
n 1′ 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 0 91 0 0 0
1 0 91 0 0 0 0 0 0 0
n 1′ 0 91′ 1 0 91 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
n 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
n 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

+

n 1 n n 1 n 2n+3
n 0 0 0 0 0 1 0
n 91′ 0 0 91 0 1 0
1 0 0 0 0 0 0 0
n 91′ 0 1′ 91 0 1 0
1 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

+

n n+1 n 1 n n+1 1 n+1
n 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0
n 1′ 0 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0

+

2n+1 n+1 n 2n+3
n 0 0 0 0
1 0 0 0 0
n 0 0 1 0
2n+3 0 0 0 0
n 0 0 0 0
n+2 0 0 0 0

=

1 n−2 1 1 1 n−2 1 1 n−2 1 1 1 n−2 1 n+1 1 n+1
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 1′ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 91 0 0 0 0 0
n−2 0 1′ 0 0 0 91′ 0 0 0 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 91 1 0 0 0 91 0 0 0 0 0
n−2 0 1′ 0 0 0 91′ 0 0 1 0 0 0 91 0 0 0 0
1 1 0 0 0 91 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

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+
1 n−2 1 1 1 n−2 1 1 n−2 1 1 1 n−2 1 n+1 1 n+1
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 91 0 0 0 0 91 0 0 0 1 0 0 0 0 0
n−2 0 91′ 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 91 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 91 0 0 0 1 0 0 0 0 0
n−2 0 91′ 0 0 0 1′ 0 0 91 0 0 0 1 0 0 0 0
1 91 0 0 0 1 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

+

1 1 n−2 1 n 1 1 n−2 1 n n+1 1 n+1
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 1 0
n−2 0 0 1′ 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0

+

n 1 n n 1 n−2 1 1 n+1 1 n+1
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

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M
P (6n+5,6)
6→3 · g6 =

2n+1 2n+2
2n+1 1 0
2n+3 0 0
2n+2 0 1
 ·


n n 1 n 1 n n+1 1 n+1
n 1′ 0 0 0 0 1 0 0 0
1 0 0 91 0 1 0 0 1 0
n 1′ 91′ 0 0 0 1 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

+

2n+1 n n+1 2n+3
n 0 0 0 0
n 0 91 0 0
1 0 0 0 0
n+1 0 0 91 0
n+1 0 0 0 0


=

n 1 n n 1 1 n
n 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n 0 0 1 0 0 0 0
2n+3 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1

·

n n 1 n 1 n n+1 1 n+1
n 1′ 0 0 0 0 1 0 0 0
1 0 0 91 0 1 0 0 1 0
n 1′ 91′ 0 0 0 1 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

+

n n 1 n+1 n+1
n 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
2n+3 0 0 0 0 0
n+1 0 0 0 1 0
n+1 0 0 0 0 1

·

2n+1 n n+1 2n+3
n 0 0 0 0
n 0 91 0 0
1 0 0 0 0
n+1 0 0 91 0
n+1 0 0 0 0

=

n n 1 n 1 n n+1 1 n+1
n 1′ 0 0 0 0 1 0 0 0
1 0 0 91 0 1 0 0 1 0
n 1′ 91′ 0 0 0 1 0 0 0
2n+3 0 0 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

+

2n+1 n n+1 2n+3
n 0 0 0 0
n 0 91 0 0
1 0 0 0 0
2n+3 0 0 0 0
n+1 0 0 91 0
n+1 0 0 0 0

=

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 0 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

+

n n 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0
n−1 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 0

=

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

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g3 ·MP (6n+5,3)6→3 −MP (6n+5,6)6→3 · g6 =

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

−

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 91 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 91 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

=
[6n+5
6n+6 0
]
6. g6 ·MP (6n+5,3)7→6 −MP (6n+5,6)7→6 · g7 = 0
g6 ·MP (6n+5,3)7→6 =


n n 1 n 1 n n+1 1 n+1
n 1′ 0 0 0 0 1 0 0 0
1 0 0 91 0 1 0 0 1 0
n 1′ 91′ 0 0 0 1 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

+

2n+1 n n+1 2n+3
n 0 0 0 0
n 0 91 0 0
1 0 0 0 0
n+1 0 0 91 0
n+1 0 0 0 0


·

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

=

1 n−1 1 n−1 1 1 n−1 1 n−1 1 n+1 1 n+1
n−1 0 1′ 0 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 1 0
n−1 0 1′ 0 91′ 0 0 0 0 1 0 0 0 0
1 1 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0 0 0

·

1 n−1 1 n−1 n+1 1
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 0 0
n+1 0 0 0 0 1 0
1 0 0 0 0 0 1
n+1 0 0 0 0 0 0

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+
n n 1 n n 1 n+2 n+1
n 0 0 0 0 0 0 0 0
n 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0
n 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n+1 0 0 0 0 0 0 0 0

·

n n n+2
n 1 0 0
n 1 0 0
1 0 0 0
n 0 1 0
n 0 1 0
1 0 0 0
n+2 0 0 1
n+1 0 0 0

=

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 1 0 0 1
n−1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

+

n n n+2
n 0 0 0
n 0 91 0
1 0 0 0
n 0 91 0
1 0 0 0
n+1 0 0 0

=

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 1 0 0 1
n−1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

+

1 n−1 1 n−1 n+1 1
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 91 0 0 0
n−1 0 0 0 91 0 0
1 0 0 0 0 0 0
1 0 0 91 0 0 0
n−1 0 0 0 91 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

=

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
2n+1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

M
P (6n+5,6)
7→6 · g7 =

n 1 n
n 1 0 0
1 0 1 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

=

n−1 1 1 1 n−1
n−1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

·

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
 =

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
2n+1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

g6 ·MP (6n+5,3)7→6 −MP (6n+5,6)7→6 · g7 =

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
2n+1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

−

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
2n+1 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0

=
[3n+2
4n+3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

[ n 2n+2
n 1′ 0
n+2 0 0
]
+

n 1 n 1 n
n 0 0 1 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0


·
[ n
2n+2 0
n 1′
]
=
[ n n+2 n
n 1′ 0 0
n+2 0 0 0
]
·

n
n 0
n+2 0
n 1′
+

n 1 n 1 n
n 0 0 1 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 91 0
 ·

n
n 0
1 0
n 0
1 0
n 1′
 =
[ n
n 0
n+2 0
]
+

n
n 0
1 0
n 0
1 0
 =

n
n 0
1 0
n 0
1 0
+

n
n 0
1 0
n 0
1 0
 =
[ n
2n+2 0
]
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2. g2 · f2 = 0
g2 · f2 =


n 1 n 4n+4
n 1′ 0 0 0
n 1′ 0 91′ 0
1 0 91 0 0
2n+3 0 0 0 0
+

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0

+

2n+1 1 4n+3
n 0 0 0
1 0 1 0
3n+3 0 0 0


·

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

n 1 n 2n+2 n+1 1 n
n 1′ 0 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0
1 0 91 0 0 0 0 0
2n+3 0 0 0 0 0 0 0
 ·

n n+1
n 0 0
1 0 0
n 0 0
2n+2 0 0
n+1 0 1′
1 0 0
n 1′ 0

+

2n+1 1 n 1 n n+1 1 n
n 0 0 0 0 1 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 0 0 0
n 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 91 0
1 0 91 0 0 0 0 0 0
n 0 0 91 0 0 0 0 0

·

n n+1
2n+1 0 0
1 0 0
n 0 0
1 0 0
n 0 0
n+1 0 1′
1 0 0
n 1′ 0

+

2n+1 1 2n+1 n+1 1 n
n 0 0 0 0 0 0
1 0 1 0 0 0 0
3n+3 0 0 0 0 0 0
 ·

n n+1
2n+1 0 0
1 0 0
2n+1 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

n n+1
n 0 0
n 0 0
1 0 0
2n+3 0 0
+

n n+1
n 0 0
n 0 0
1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0

+

n n+1
n 0 0
1 0 0
3n+3 0 0
=

n n+1
n 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0

+

n n+1
n 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0

+

n n+1
n 0 0
1 0 0
n−1 0 0
1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0

=
[2n+1
4n+4 0
]
3. g3 · f3 = 0
g3 · f3 =


n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

+

n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0


·

n n+1 n+1
6n+4 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

=

n 1 n 1 n n 1 n 1 n n+1 1 n+1 1 n
n 1′ 0 0 0 0 0 0 0 0 1 0 0 0 0 0
n 1′ 0 91′ 0 0 0 0 91 0 1 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
n 1′ 0 91′ 0 1′ 1 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0
n 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

·

n n+1 n+1
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

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+
n 2n+2 n 1 n+1 n n+1 1 n+1 1 n
n 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 91 0
n 1′ 0 0 0 0 1 0 0 0 0 0
2n+3 0 0 0 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0 0
n+2 0 0 0 0 0 0 0 0 0 0 0

·

n n+1 n+1
n 0 0 0
2n+2 0 0 0
n 0 0 0
1 0 0 0
n+1 0 0 0
n 0 0 0
n+1 0 0 1′
1 0 0 0
n+1 0 1′ 0
1 0 0 0
n 1′ 0 0

=

n n+1 n+1
n 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0

+

n n+1 n+1
n 0 0 0
1 0 0 0
n 0 0 0
2n+3 0 0 0
n 0 0 0
n+2 0 0 0

=

n n+1 n+1
n 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0

+

n n+1 n+1
n 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0
1 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n 0 0 0

=
[3n+2
6n+6 0
]
4. g4 · f4 = 0
g4 · f4 =


1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

+
[3n+2 1 2n+1 1 n
1 0 1 0 91 0
4n+3 0 0 0 0 0
]

·

n n+1
4n+3 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

1 n 1 n n 1 n n+1 1 n
n 0 91′ 0 0 0 0 91 0 0 0
1 91 0 0 0 0 0 0 0 0 0
n 0 91′ 0 1′ 1 0 91 0 0 0
1 91 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
n 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0
n 0 0 0 0 1 0 0 0 0 0

·

n n+1
1 0 0
n 0 0
1 0 0
n 0 0
n 0 0
1 0 0
n 0 0
n+1 0 1′
1 0 0
n 1′ 0

+
[3n+2 1 n n+1 1 n
1 0 1 0 0 91 0
4n+3 0 0 0 0 0 0
]
·

n n+1
3n+2 0 0
1 0 0
n 0 0
n+1 0 1′
1 0 0
n 1′ 0

=

n n+1
n 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0
1 0 0
n 0 0

+
[ n n+1
1 0 0
4n+3 0 0
]
=

n n+1
1 0 0
n−1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0
1 0 0
n 0 0

+

n n+1
1 0 0
n−1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0
1 0 0
n 0 0

=
[2n+1
4n+4 0
]
5. g5 · f5 = 0
g5 · f5 =

1 n n 1 n
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
 ·
[ n
2n+2 0
n 1′
]
=

1 n n 1 n
n 0 1′ 1 0 0
1 1 0 0 0 0
1 0 0 0 91 0
n 0 0 1 0 0
 ·

n
1 0
n 0
n 0
1 0
n 1′
 =
[ n
2n+2 0
]
1866
6. g6 · f6 = 0
g6 · f6 =


n n 1 n 1 n n+1 1 n+1
n 1′ 0 0 0 0 1 0 0 0
1 0 0 91 0 1 0 0 1 0
n 1′ 91′ 0 0 0 1 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

+

2n+1 n n+1 2n+3
n 0 0 0 0
n 0 91 0 0
1 0 0 0 0
n+1 0 0 91 0
n+1 0 0 0 0


·

n+1 n+1
4n+2 0 0
n+1 0 1′
1 0 0
n+1 1′ 0

=

n n 1 n 1 n n+1 1 n+1
n 1′ 0 0 0 0 1 0 0 0
1 0 0 91 0 1 0 0 1 0
n 1′ 91′ 0 0 0 1 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 1 0 0 0 0 0

·

n+1 n+1
n 0 0
n 0 0
1 0 0
n 0 0
1 0 0
n 0 0
n+1 0 1′
1 0 0
n+1 1′ 0

+

2n+1 n n+1 n+1 1 n+1
n 0 0 0 0 0 0
n 0 91 0 0 0 0
1 0 0 0 0 0 0
n+1 0 0 91 0 0 0
n+1 0 0 0 0 0 0
 ·

n+1 n+1
2n+1 0 0
n 0 0
n+1 0 0
n+1 0 1′
1 0 0
n+1 1′ 0

=

n+1 n+1
n 0 0
1 0 0
n 0 0
n 0 0
1 0 0
1 0 0
n 0 0

+

n+1 n+1
n 0 0
n 0 0
1 0 0
n+1 0 0
n+1 0 0
 =

n+1 n+1
n 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0

+

n+1 n+1
n 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0
1 0 0
1 0 0
n 0 0

=
[2n+2
4n+3 0
]
7. g7 · f7 = 0
g7 · f7 =

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
 ·

n+1
2n 0
n+1 1′
1 0
 =

1 n−1 1 n−1 n+1 1
n−1 0 1′ 0 1 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
 ·

n+1
1 0
n−1 0
1 0
n−1 0
n+1 1′
1 0

=
[n+1
2n+1 0
]
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136 Tree module property of I(6n, 1)
136.1 Tree module property of I(0, 1) 
The representation of I(0, 1):
dimI(0, 1) = (1, 0, 0, 0, 0, 0, 0)
I(0, 1) = (M1→2 = 0, M2→3 = 0, M4→3 = 0, M5→4 = 0, M6→3 = 0, M7→6 = 0)
The length of I(0, 1) is: 1 + 0 + 0 + 0 + 0 + 0 + 0 = 1.
The total number of ones in the matrices of the representation: 0.
This representation is simple, hence indecomposable and has the (field independent) tree module propery.
136.2 Tree module property of I(6, 1) 
The matrices of the representation have full (column) rank P
1. M I(6,1)1→2 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. M I(6,1)2→3 =
1 01 1
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. M I(6,1)4→3 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
4. M I(6,1)5→4 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. M I(6,1)6→3 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. M I(6,1)7→6 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
136.2.1 0→ R31(1) f→ I(6, 1) g→ I(4, 5)→ 0 
PdimR31(1) + dimI(4, 5) = (1, 1, 1, 0, 0, 1, 0) + (1, 1, 2, 2, 1, 1, 1)
= (2, 2, 3, 2, 1, 2, 1) = dimI(6, 1)
Pdimk Ext
1
kQ(I(4, 5), R
3
1(1)) = dimk HomkQ(I(4, 5), R
3
1(1))− 〈dimI(4, 5),dimR31(1)〉
= 0− 〈(1, 1, 2, 2, 1, 1, 1), (1, 1, 1, 0, 0, 1, 0)〉
= 1 · 1 + 1 · 1 + 2 · 1 + 1 · 0 + 1 · 1 + 1 · 1− (1 · 1 + 1 · 1 + 2 · 1 + 2 · 0 + 1 · 0 + 1 · 1 + 1 · 0)
= 1 + 1 + 2 + 0 + 1 + 1− (1 + 1 + 2 + 0 + 0 + 1 + 0)
= 1
Matrices of the embedding f : R31(1)→ I(6, 1) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
01
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
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Matrices of the projection g : I(6, 1)→ I(4, 5) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
91 1 91
0 1 91
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
91 1
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R31(1)→ I(6, 1) P
1. f2 ·MR
3
1(1)
1→2 −M I(6,1)1→2 · f1 = 0
f2 ·MR
3
1(1)
1→2 =
[
0
1
]
·
[
1
]
=
[
0
1
]
M
I(6,1)
1→2 · f1 =
[ 2
2 1
]
·
[
0
1
]
=
[
1 0
0 1
]
·
[
0
1
]
=
[
0
1
]
f2 ·MR
3
1(1)
1→2 −M I(6,1)1→2 · f1 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
2. f3 ·MR
3
1(1)
2→3 −M I(6,1)2→3 · f2 = 0
f3 ·MR
3
1(1)
2→3 =
01
1
 · [1] =
01
1

M
I(6,1)
2→3 · f2 =
1 01 1
0 1
 · [0
1
]
=
01
1

f3 ·MR
3
1(1)
2→3 −M I(6,1)2→3 · f2 =
01
1
−
01
1
 = [ 13 0 ]
3. f3 ·MR
3
1(1)
4→3 −M I(6,1)4→3 · f4 = 0
f3 ·MR
3
1(1)
4→3 =
01
1
 · [ 01 0 ] = [ 03 0 ]
M
I(6,1)
4→3 · f4 =
[ 2
2 1
1 0
]
·
[ 0
2 0
]
=
[ 0
3 0
]
f3 ·MR
3
1(1)
4→3 −M I(6,1)4→3 · f4 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
4. f4 ·MR
3
1(1)
5→4 −M I(6,1)5→4 · f5 = 0
f4 ·MR
3
1(1)
5→4 =
[ 0
2 0
]
·
[ 0
0 0
]
=
[ 0
2 0
]
M
I(6,1)
5→4 · f5 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MR
3
1(1)
5→4 −M I(6,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
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5. f3 ·MR
3
1(1)
6→3 −M I(6,1)6→3 · f6 = 0
f3 ·MR
3
1(1)
6→3 =
01
1
 · [1] =
01
1

M
I(6,1)
6→3 · f6 =
[ 2
1 0
2 1
]
·
[
1
1
]
=
0 01 0
0 1
 · [1
1
]
=
01
1

f3 ·MR
3
1(1)
6→3 −M I(6,1)6→3 · f6 =
01
1
−
01
1
 = [ 13 0 ]
6. f6 ·MR
3
1(1)
7→6 −M I(6,1)7→6 · f7 = 0
f6 ·MR
3
1(1)
7→6 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(6,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MR
3
1(1)
7→6 −M I(6,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : I(6, 1)→ I(4, 5) P
1. g2 ·M I(6,1)1→2 −M I(4,5)1→2 · g1 = 0
g2 ·M I(6,1)1→2 =
[
1 0
]
·
[ 2
2 1
]
=
[
1 0
]
·
[
1 0
0 1
]
=
[
1 0
]
M
I(4,5)
1→2 · g1 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g2 ·M I(6,1)1→2 −M I(4,5)1→2 · g1 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
2. g3 ·M I(6,1)2→3 −M I(4,5)2→3 · g2 = 0
g3 ·M I(6,1)2→3 =
[
91 1 91
0 1 91
]
·
1 01 1
0 1
 = [0 0
1 0
]
M
I(4,5)
2→3 · g2 =
[
0
1
]
·
[
1 0
]
=
[
0 0
1 0
]
g3 ·M I(6,1)2→3 −M I(4,5)2→3 · g2 =
[
0 0
1 0
]
−
[
0 0
1 0
]
=
[ 2
2 0
]
3. g3 ·M I(6,1)4→3 −M I(4,5)4→3 · g4 = 0
g3 ·M I(6,1)4→3 =
[
91 1 91
0 1 91
]
·
[ 2
2 1
1 0
]
=
[
91 1 91
0 1 91
]
·
1 00 1
0 0
 = [91 1
0 1
]
M
I(4,5)
4→3 · g4 =
[ 2
2 1
]
·
[
91 1
0 1
]
=
[
1 0
0 1
]
·
[
91 1
0 1
]
=
[
91 1
0 1
]
g3 ·M I(6,1)4→3 −M I(4,5)4→3 · g4 =
[
91 1
0 1
]
−
[
91 1
0 1
]
=
[ 2
2 0
]
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4. g4 ·M I(6,1)5→4 −M I(4,5)5→4 · g5 = 0
g4 ·M I(6,1)5→4 =
[
91 1
0 1
]
·
[
1
0
]
=
[
91
0
]
M
I(4,5)
5→4 · g5 =
[
1
0
]
·
[
91
]
=
[
91
0
]
g4 ·M I(6,1)5→4 −M I(4,5)5→4 · g5 =
[
91
0
]
−
[
91
0
]
=
[ 1
2 0
]
5. g3 ·M I(6,1)6→3 −M I(4,5)6→3 · g6 = 0
g3 ·M I(6,1)6→3 =
[
91 1 91
0 1 91
]
·
[ 2
1 0
2 1
]
=
[
91 1 91
0 1 91
]
·
0 01 0
0 1
 = [1 91
1 91
]
M
I(4,5)
6→3 · g6 =
[
1
1
]
·
[
1 91
]
=
[
1 91
1 91
]
g3 ·M I(6,1)6→3 −M I(4,5)6→3 · g6 =
[
1 91
1 91
]
−
[
1 91
1 91
]
=
[ 2
2 0
]
6. g6 ·M I(6,1)7→6 −M I(4,5)7→6 · g7 = 0
g6 ·M I(6,1)7→6 =
[
1 91
]
·
[
0
1
]
=
[
91
]
M
I(4,5)
7→6 · g7 =
[
1
]
·
[
91
]
=
[
91
]
g6 ·M I(6,1)7→6 −M I(4,5)7→6 · g7 =
[
91
]
−
[
91
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0
]
·
[
0
1
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
91 1 91
0 1 91
]
·
01
1
 = [ 12 0 ]
4. g4 · f4 = 0
g4 · f4 =
[
91 1
0 1
]
·
[ 0
2 0
]
=
[
91 1
0 1
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 91
]
·
[
1
1
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
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136.2.2 0→ R31(2) f→ I(6, 1) g→ I(2, 7)→ 0 
PdimR31(2) + dimI(2, 7) = (1, 1, 2, 1, 0, 2, 1) + (1, 1, 1, 1, 1, 0, 0)
= (2, 2, 3, 2, 1, 2, 1) = dimI(6, 1)
Pdimk Ext
1
kQ(I(2, 7), R
3
1(2)) = dimk HomkQ(I(2, 7), R
3
1(2))− 〈dimI(2, 7),dimR31(2)〉
= 0− 〈(1, 1, 1, 1, 1, 0, 0), (1, 1, 2, 1, 0, 2, 1)〉
= 1 · 1 + 1 · 2 + 1 · 2 + 1 · 1 + 0 · 2 + 0 · 2− (1 · 1 + 1 · 1 + 1 · 2 + 1 · 1 + 1 · 0 + 0 · 2 + 0 · 1)
= 1 + 2 + 2 + 1 + 0 + 0− (1 + 1 + 2 + 1 + 0 + 0 + 0)
= 1
Matrices of the embedding f : R31(2)→ I(6, 1) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
0 01 91
1 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =
0 01 91
1 0
 c2←c2+c1−−−−−−→
0 01 0
1 1

4. f4 =
[
0
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1 91
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f6 =
[
1 91
1 0
]
r2←r2−r1−−−−−−→
[
1 91
0 1
]
7. f7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : I(6, 1)→ I(2, 7) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
Relations of the embedding f : R31(2)→ I(6, 1) P
1. f2 ·MR
3
1(2)
1→2 −M I(6,1)1→2 · f1 = 0
f2 ·MR
3
1(2)
1→2 =
[
0
1
]
·
[
1
]
=
[
0
1
]
M
I(6,1)
1→2 · f1 =
[ 2
2 1
]
·
[
0
1
]
=
[
1 0
0 1
]
·
[
0
1
]
=
[
0
1
]
f2 ·MR
3
1(2)
1→2 −M I(6,1)1→2 · f1 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
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2. f3 ·MR
3
1(2)
2→3 −M I(6,1)2→3 · f2 = 0
f3 ·MR
3
1(2)
2→3 =
0 01 91
1 0
 · [1
0
]
=
01
1

M
I(6,1)
2→3 · f2 =
1 01 1
0 1
 · [0
1
]
=
01
1

f3 ·MR
3
1(2)
2→3 −M I(6,1)2→3 · f2 =
01
1
−
01
1
 = [ 13 0 ]
3. f3 ·MR
3
1(2)
4→3 −M I(6,1)4→3 · f4 = 0
f3 ·MR
3
1(2)
4→3 =
0 01 91
1 0
 · [0
1
]
=
 091
0

M
I(6,1)
4→3 · f4 =
[ 2
2 1
1 0
]
·
[
0
91
]
=
1 00 1
0 0
 · [ 091
]
=
 091
0

f3 ·MR
3
1(2)
4→3 −M I(6,1)4→3 · f4 =
 091
0
−
 091
0
 = [ 13 0 ]
4. f4 ·MR
3
1(2)
5→4 −M I(6,1)5→4 · f5 = 0
f4 ·MR
3
1(2)
5→4 =
[
0
91
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(6,1)
5→4 · f5 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MR
3
1(2)
5→4 −M I(6,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·MR
3
1(2)
6→3 −M I(6,1)6→3 · f6 = 0
f3 ·MR
3
1(2)
6→3 =
0 01 91
1 0
 · [ 22 1 ] =
0 01 91
1 0
 · [1 0
0 1
]
=
0 01 91
1 0

M
I(6,1)
6→3 · f6 =
[ 2
1 0
2 1
]
·
[
1 91
1 0
]
=
0 01 0
0 1
 · [1 91
1 0
]
=
0 01 91
1 0

f3 ·MR
3
1(2)
6→3 −M I(6,1)6→3 · f6 =
0 01 91
1 0
−
0 01 91
1 0
 = [ 23 0 ]
6. f6 ·MR
3
1(2)
7→6 −M I(6,1)7→6 · f7 = 0
f6 ·MR
3
1(2)
7→6 =
[
1 91
1 0
]
·
[
1
1
]
=
[
0
1
]
M
I(6,1)
7→6 · f7 =
[
0
1
]
·
[
1
]
=
[
0
1
]
f6 ·MR
3
1(2)
7→6 −M I(6,1)7→6 · f7 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
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Relations of the projection g : I(6, 1)→ I(2, 7) P
1. g2 ·M I(6,1)1→2 −M I(2,7)1→2 · g1 = 0
g2 ·M I(6,1)1→2 =
[
1 0
]
·
[ 2
2 1
]
=
[
1 0
]
·
[
1 0
0 1
]
=
[
1 0
]
M
I(2,7)
1→2 · g1 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g2 ·M I(6,1)1→2 −M I(2,7)1→2 · g1 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
2. g3 ·M I(6,1)2→3 −M I(2,7)2→3 · g2 = 0
g3 ·M I(6,1)2→3 =
[ 1 2
1 1 0
]
·
1 01 1
0 1
 = [1 0 0] ·
1 01 1
0 1
 = [1 0]
M
I(2,7)
2→3 · g2 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g3 ·M I(6,1)2→3 −M I(2,7)2→3 · g2 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
3. g3 ·M I(6,1)4→3 −M I(2,7)4→3 · g4 = 0
g3 ·M I(6,1)4→3 =
[ 1 2
1 1 0
]
·
[ 2
2 1
1 0
]
=
[
1 0 0
]
·
1 00 1
0 0
 = [1 0]
M
I(2,7)
4→3 · g4 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g3 ·M I(6,1)4→3 −M I(2,7)4→3 · g4 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
4. g4 ·M I(6,1)5→4 −M I(2,7)5→4 · g5 = 0
g4 ·M I(6,1)5→4 =
[
1 0
]
·
[
1
0
]
=
[
1
]
M
I(2,7)
5→4 · g5 =
[
1
]
·
[
1
]
=
[
1
]
g4 ·M I(6,1)5→4 −M I(2,7)5→4 · g5 =
[
1
]
−
[
1
]
=
[
0
]
5. g3 ·M I(6,1)6→3 −M I(2,7)6→3 · g6 = 0
g3 ·M I(6,1)6→3 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
M
I(2,7)
6→3 · g6 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g3 ·M I(6,1)6→3 −M I(2,7)6→3 · g6 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
6. g6 ·M I(6,1)7→6 −M I(2,7)7→6 · g7 = 0
g6 ·M I(6,1)7→6 =
[ 2
0 0
]
·
[
0
1
]
=
[ 1 1
0 0 0
]
·
[
0
1
]
=
[ 1
0 0
]
M
I(2,7)
7→6 · g7 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g6 ·M I(6,1)7→6 −M I(2,7)7→6 · g7 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0
]
·
[
0
1
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 2
1 1 0
]
·
0 01 91
1 0
 = [1 0 0] ·
0 01 91
1 0
 = [ 21 0 ]
4. g4 · f4 = 0
g4 · f4 =
[
1 0
]
·
[
0
91
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2
0 0
]
·
[
1 91
1 0
]
=
[ 1 1
0 0 0
]
·
[
1 91
1 0
]
=
[ 2
0 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
136.3 Tree module property of I(12, 1) 
The matrices of the representation have full (column) rank P
1. M I(12,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
2. M I(12,1)2→3 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
3. M I(12,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. M I(12,1)5→4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. M I(12,1)6→3 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. M I(12,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
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136.3.1 0→ R31(1) f→ I(12, 1) g→ I(10, 5)→ 0 
PdimR31(1) + dimI(10, 5) = (1, 1, 1, 0, 0, 1, 0) + (2, 3, 5, 4, 2, 3, 2)
= (3, 4, 6, 4, 2, 4, 2) = dimI(12, 1)
Pdimk Ext
1
kQ(I(10, 5), R
3
1(1)) = dimk HomkQ(I(10, 5), R
3
1(1))− 〈dimI(10, 5),dimR31(1)〉
= 0− 〈(2, 3, 5, 4, 2, 3, 2), (1, 1, 1, 0, 0, 1, 0)〉
= 2 · 1 + 3 · 1 + 4 · 1 + 2 · 0 + 3 · 1 + 2 · 1− (2 · 1 + 3 · 1 + 5 · 1 + 4 · 0 + 2 · 0 + 3 · 1 + 2 · 0)
= 2 + 3 + 4 + 0 + 3 + 2− (2 + 3 + 5 + 0 + 0 + 3 + 0)
= 1
Matrices of the embedding f : R31(1)→ I(12, 1) P
1. f1 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0
0
1
0
1
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

1
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : I(12, 1)→ I(10, 5) P
1. g1 =
[
0 1 0
91 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[
0 1 0
91 0 0
]
r1↔r2−−−−→
[
91 0 0
0 1 0
]
2. g2 =
1 0 0 910 1 0 0
0 0 0 91
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
3. g3 =

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
4. g4 =

91 0 1 0
0 91 0 1
0 0 1 0
0 0 0 1
 ∈M4,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
1 0 91 00 1 0 91
0 0 0 91
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : R31(1)→ I(12, 1) P
1. f2 ·MR
3
1(1)
1→2 −M I(12,1)1→2 · f1 = 0
f2 ·MR
3
1(1)
1→2 =

1
2 0
1 1
1 0
 · [1] =

1
2 0
1 1
1 0

M
I(12,1)
1→2 · f1 =

1 2
1 1 0
2 0 1
1 1 0
 · [
1
2 0
1 1
]
=

1 0 0
0 1 0
0 0 1
1 0 0
 ·
00
1
 =

0
0
1
0
 =

1
2 0
1 1
1 0

f2 ·MR
3
1(1)
1→2 −M I(12,1)1→2 · f1 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
2. f3 ·MR
3
1(1)
2→3 −M I(12,1)2→3 · f2 = 0
f3 ·MR
3
1(1)
2→3 =

1
2 0
1 1
1 0
1 1
1 0
 ·
[
1
]
=

1
2 0
1 1
1 0
1 1
1 0

M
I(12,1)
2→3 · f2 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1
2 0
1 1
1 0
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

0
0
1
0
 =

0
0
1
0
1
0

=

1
2 0
1 1
1 0
1 1
1 0

f3 ·MR
3
1(1)
2→3 −M I(12,1)2→3 · f2 =

1
2 0
1 1
1 0
1 1
1 0
−

1
2 0
1 1
1 0
1 1
1 0
 =
[ 1
6 0
]
3. f3 ·MR
3
1(1)
4→3 −M I(12,1)4→3 · f4 = 0
f3 ·MR
3
1(1)
4→3 =

1
2 0
1 1
1 0
1 1
1 0
 ·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(12,1)
4→3 · f4 =
[ 4
4 1
2 0
]
·
[ 0
4 0
]
=
[ 0
6 0
]
f3 ·MR
3
1(1)
4→3 −M I(12,1)4→3 · f4 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
4. f4 ·MR
3
1(1)
5→4 −M I(12,1)5→4 · f5 = 0
f4 ·MR
3
1(1)
5→4 =
[ 0
4 0
]
·
[ 0
0 0
]
=
[ 0
4 0
]
M
I(12,1)
5→4 · f5 =
[ 2
2 1
2 0
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f4 ·MR
3
1(1)
5→4 −M I(12,1)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
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5. f3 ·MR
3
1(1)
6→3 −M I(12,1)6→3 · f6 = 0
f3 ·MR
3
1(1)
6→3 =

1
2 0
1 1
1 0
1 1
1 0
 ·
[
1
]
=

1
2 0
1 1
1 0
1 1
1 0

M
I(12,1)
6→3 · f6 =
[ 4
2 0
4 1
]
·

1
0
1
0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1
0
1
0
 =

1
2 0
1 1
1 0
1 1
1 0

f3 ·MR
3
1(1)
6→3 −M I(12,1)6→3 · f6 =

1
2 0
1 1
1 0
1 1
1 0
−

1
2 0
1 1
1 0
1 1
1 0
 =
[ 1
6 0
]
6. f6 ·MR
3
1(1)
7→6 −M I(12,1)7→6 · f7 = 0
f6 ·MR
3
1(1)
7→6 =

1
0
1
0
 ·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(12,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f6 ·MR
3
1(1)
7→6 −M I(12,1)7→6 · f7 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
Relations of the projection g : I(12, 1)→ I(10, 5) P
1. g2 ·M I(12,1)1→2 −M I(10,5)1→2 · g1 = 0
g2 ·M I(12,1)1→2 =
1 0 0 910 1 0 0
0 0 0 91
 ·

1 2
1 1 0
2 0 1
1 1 0
 =
1 0 0 910 1 0 0
0 0 0 91
 ·

1 0 0
0 1 0
0 0 1
1 0 0
 =
 0 0 00 1 0
91 0 0

M
I(10,5)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[
0 1 0
91 0 0
]
=
0 01 0
0 1
 · [ 0 1 091 0 0
]
=
 0 0 00 1 0
91 0 0

g2 ·M I(12,1)1→2 −M I(10,5)1→2 · g1 =
 0 0 00 1 0
91 0 0
−
 0 0 00 1 0
91 0 0
 = [ 33 0 ]
2. g3 ·M I(12,1)2→3 −M I(10,5)2→3 · g2 = 0
g3 ·M I(12,1)2→3 =

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

2 2
2 1 0
2 1 1
2 0 1
 =

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

0 0 0 0
0 0 0 0
1 0 0 91
0 1 0 0
0 0 0 91
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91

M
I(10,5)
2→3 · g2 =
[ 3
2 0
3 1
]
·
1 0 0 910 1 0 0
0 0 0 91
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
1 0 0 910 1 0 0
0 0 0 91
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91

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g3 ·M I(12,1)2→3 −M I(10,5)2→3 · g2 =

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91
−

1 1 1 1
2 0 0 0 0
1 1 0 0 91
1 0 1 0 0
1 0 0 0 91
 =
[ 4
5 0
]
3. g3 ·M I(12,1)4→3 −M I(10,5)4→3 · g4 = 0
g3 ·M I(12,1)4→3 =

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·
[ 4
4 1
2 0
]
=

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

=

91 0 1 0
0 91 0 1
0 0 1 0
0 0 0 1
0 0 0 0
 =

2 2
2 91 1
2 0 1
1 0 0

M
I(10,5)
4→3 · g4 =
[ 4
4 1
1 0
]
·
[ 2 2
2 91 1
2 0 1
]
=

2 2
2 1 0
2 0 1
1 0 0
 · [
2 2
2 91 1
2 0 1
]
=

2 2
2 91 1
2 0 1
1 0 0

g3 ·M I(12,1)4→3 −M I(10,5)4→3 · g4 =

2 2
2 91 1
2 0 1
1 0 0
−

2 2
2 91 1
2 0 1
1 0 0
 = [ 45 0 ]
4. g4 ·M I(12,1)5→4 −M I(10,5)5→4 · g5 = 0
g4 ·M I(12,1)5→4 =
[ 2 2
2 91 1
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 91
2 0
]
M
I(10,5)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 2
2 91
]
=
[ 2
2 91
2 0
]
g4 ·M I(12,1)5→4 −M I(10,5)5→4 · g5 =
[ 2
2 91
2 0
]
−
[ 2
2 91
2 0
]
=
[ 2
4 0
]
5. g3 ·M I(12,1)6→3 −M I(10,5)6→3 · g6 = 0
g3 ·M I(12,1)6→3 =

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·
[ 4
2 0
4 1
]
=

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=

1 0 91 0
0 1 0 91
1 0 91 91
0 1 0 91
0 0 0 91

M
I(10,5)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
1 0 91 00 1 0 91
0 0 0 91
 =

1 0 91 0
0 1 0 91
1 0 91 91
0 1 0 91
0 0 0 91

g3 ·M I(12,1)6→3 −M I(10,5)6→3 · g6 =

1 0 91 0
0 1 0 91
1 0 91 91
0 1 0 91
0 0 0 91
−

1 0 91 0
0 1 0 91
1 0 91 91
0 1 0 91
0 0 0 91
 =
[ 4
5 0
]
6. g6 ·M I(12,1)7→6 −M I(10,5)7→6 · g7 = 0
g6 ·M I(12,1)7→6 =
1 0 91 00 1 0 91
0 0 0 91
 · [
2
2 0
2 1
]
=
1 0 91 00 1 0 91
0 0 0 91
 ·

0 0
0 0
1 0
0 1
 =
91 00 91
0 91

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M
I(10,5)
7→6 · g7 =
1 00 1
0 1
 · [ 22 91 ] =
1 00 1
0 1
 · [91 0
0 91
]
=
91 00 91
0 91

g6 ·M I(12,1)7→6 −M I(10,5)7→6 · g7 =
91 00 91
0 91
−
91 00 91
0 91
 = [ 23 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1 0
91 0 0
]
·
[ 1
2 0
1 1
]
=
[
0 1 0
91 0 0
]
·
00
1
 = [ 12 0 ]
2. g2 · f2 = 0
g2 · f2 =
1 0 0 910 1 0 0
0 0 0 91
 ·

1
2 0
1 1
1 0
 =
1 0 0 910 1 0 0
0 0 0 91
 ·

0
0
1
0
 =
[ 1
3 0
]
3. g3 · f3 = 0
g3 · f3 =

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

1
2 0
1 1
1 0
1 1
1 0
 =

91 0 1 0 91 0
0 91 0 1 0 91
0 0 1 0 91 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

0
0
1
0
1
0

=
[ 1
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 2
2 91 1
2 0 1
]
·
[ 0
4 0
]
=
[ 2 2
2 91 1
2 0 1
]
·
[ 0
2 0
2 0
]
=
[ 0
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2
2 91
]
·
[ 0
2 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
1 0 91 00 1 0 91
0 0 0 91
 ·

1
0
1
0
 =
[ 1
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2
2 91
]
·
[ 0
2 0
]
=
[ 0
2 0
]
136.3.2 0→ R31(2) f→ I(12, 1) g→ I(8, 7)→ 0 
PdimR31(2) + dimI(8, 7) = (1, 1, 2, 1, 0, 2, 1) + (2, 3, 4, 3, 2, 2, 1)
= (3, 4, 6, 4, 2, 4, 2) = dimI(12, 1)
Pdimk Ext
1
kQ(I(8, 7), R
3
1(2)) = dimk HomkQ(I(8, 7), R
3
1(2))− 〈dimI(8, 7),dimR31(2)〉
= 0− 〈(2, 3, 4, 3, 2, 2, 1), (1, 1, 2, 1, 0, 2, 1)〉
= 2 · 1 + 3 · 2 + 3 · 2 + 2 · 1 + 2 · 2 + 1 · 2− (2 · 1 + 3 · 1 + 4 · 2 + 3 · 1 + 2 · 0 + 2 · 2 + 1 · 1)
= 2 + 6 + 6 + 2 + 4 + 2− (2 + 3 + 8 + 3 + 0 + 4 + 1)
= 1
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Matrices of the embedding f : R31(2)→ I(12, 1) P
1. f1 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
0 0
1 91
0 0
1 0
0 0

∈M6,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0

c2←c2+c1−−−−−−→

1 1
2 0 0
1 1 0
1 0 0
1 1 1
1 0 0

4. f4 =

0
0
91
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

1 91
0 0
1 0
0 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 91
0 0
1 0
0 0
 c2←c2+c1−−−−−−→

1 0
0 0
1 1
0 0

7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(12, 1)→ I(8, 7) P
1. g1 =
[
0 1 0
91 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[
0 1 0
91 0 0
]
r1↔r2−−−−→
[
91 0 0
0 1 0
]
2. g2 =
1 0 0 910 1 0 0
0 0 0 91
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 r1↔r2−−−−→

1 0 0 0 0 91
0 91 0 1 0 91
0 0 0 1 0 91
0 0 0 0 0 91

4. g4 =
0 91 0 11 0 0 0
0 0 0 1
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
0 91 0 11 0 0 0
0 0 0 1
 r1↔r2−−−−→
1 0 0 00 91 0 1
0 0 0 1

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5. g5 =
[
0 91
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[
0 91
1 0
]
r1↔r2−−−−→
[
1 0
0 91
]
6. g6 =
[
0 1 0 91
0 0 0 91
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R31(2)→ I(12, 1) P
1. f2 ·MR
3
1(2)
1→2 −M I(12,1)1→2 · f1 = 0
f2 ·MR
3
1(2)
1→2 =

1
2 0
1 1
1 0
 · [1] =

1
2 0
1 1
1 0

M
I(12,1)
1→2 · f1 =

1 2
1 1 0
2 0 1
1 1 0
 · [
1
2 0
1 1
]
=

1 0 0
0 1 0
0 0 1
1 0 0
 ·
00
1
 =

0
0
1
0
 =

1
2 0
1 1
1 0

f2 ·MR
3
1(2)
1→2 −M I(12,1)1→2 · f1 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
2. f3 ·MR
3
1(2)
2→3 −M I(12,1)2→3 · f2 = 0
f3 ·MR
3
1(2)
2→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[
1
0
]
=

1
2 0
1 1
1 0
1 1
1 0

M
I(12,1)
2→3 · f2 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1
2 0
1 1
1 0
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

0
0
1
0
 =

0
0
1
0
1
0

=

1
2 0
1 1
1 0
1 1
1 0

f3 ·MR
3
1(2)
2→3 −M I(12,1)2→3 · f2 =

1
2 0
1 1
1 0
1 1
1 0
−

1
2 0
1 1
1 0
1 1
1 0
 =
[ 1
6 0
]
3. f3 ·MR
3
1(2)
4→3 −M I(12,1)4→3 · f4 = 0
f3 ·MR
3
1(2)
4→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[
0
1
]
=

1
2 0
1 91
1 0
1 0
1 0
 =

1
2 0
1 91
3 0

M
I(12,1)
4→3 · f4 =
[ 4
4 1
2 0
]
·

1
2 0
1 91
1 0
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·

1
2 0
1 91
1 0
 =

1
2 0
1 91
1 0
2 0
 =

1
2 0
1 91
3 0

f3 ·MR
3
1(2)
4→3 −M I(12,1)4→3 · f4 =

1
2 0
1 91
3 0
−

1
2 0
1 91
3 0
 = [ 16 0 ]
1882
4. f4 ·MR
3
1(2)
5→4 −M I(12,1)5→4 · f5 = 0
f4 ·MR
3
1(2)
5→4 =

1
2 0
1 91
1 0
 · [ 01 0 ] = [ 04 0 ]
M
I(12,1)
5→4 · f5 =
[ 2
2 1
2 0
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f4 ·MR
3
1(2)
5→4 −M I(12,1)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
5. f3 ·MR
3
1(2)
6→3 −M I(12,1)6→3 · f6 = 0
f3 ·MR
3
1(2)
6→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[ 2
2 1
]
=

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 ·
[
1 0
0 1
]
=

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0

M
I(12,1)
6→3 · f6 =
[ 4
2 0
4 1
]
·

1 91
0 0
1 0
0 0
 =

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 91
0 0
1 0
0 0
 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0

f3 ·MR
3
1(2)
6→3 −M I(12,1)6→3 · f6 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
−

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 =
[ 2
6 0
]
6. f6 ·MR
3
1(2)
7→6 −M I(12,1)7→6 · f7 = 0
f6 ·MR
3
1(2)
7→6 =

1 91
0 0
1 0
0 0
 ·
[
1
1
]
=

0
0
1
0
 =

1
2 0
1 1
1 0

M
I(12,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[
1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1
0
]
=

1
2 0
1 1
1 0

f6 ·MR
3
1(2)
7→6 −M I(12,1)7→6 · f7 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
Relations of the projection g : I(12, 1)→ I(8, 7) P
1. g2 ·M I(12,1)1→2 −M I(8,7)1→2 · g1 = 0
g2 ·M I(12,1)1→2 =
1 0 0 910 1 0 0
0 0 0 91
 ·

1 2
1 1 0
2 0 1
1 1 0
 =
1 0 0 910 1 0 0
0 0 0 91
 ·

1 0 0
0 1 0
0 0 1
1 0 0
 =
 0 0 00 1 0
91 0 0

M
I(8,7)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[
0 1 0
91 0 0
]
=
0 01 0
0 1
 · [ 0 1 091 0 0
]
=
 0 0 00 1 0
91 0 0

g2 ·M I(12,1)1→2 −M I(8,7)1→2 · g1 =
 0 0 00 1 0
91 0 0
−
 0 0 00 1 0
91 0 0
 = [ 33 0 ]
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2. g3 ·M I(12,1)2→3 −M I(8,7)2→3 · g2 = 0
g3 ·M I(12,1)2→3 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

2 2
2 1 0
2 1 1
2 0 1
 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

0 0 0 0
1 0 0 91
0 1 0 0
0 0 0 91

M
I(8,7)
2→3 · g2 =
[ 3
1 0
3 1
]
·
1 0 0 910 1 0 0
0 0 0 91
 =

0 0 0
1 0 0
0 1 0
0 0 1
 ·
1 0 0 910 1 0 0
0 0 0 91
 =

0 0 0 0
1 0 0 91
0 1 0 0
0 0 0 91

g3 ·M I(12,1)2→3 −M I(8,7)2→3 · g2 =

0 0 0 0
1 0 0 91
0 1 0 0
0 0 0 91
−

0 0 0 0
1 0 0 91
0 1 0 0
0 0 0 91
 =
[ 4
4 0
]
3. g3 ·M I(12,1)4→3 −M I(8,7)4→3 · g4 = 0
g3 ·M I(12,1)4→3 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·
[ 4
4 1
2 0
]
=

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

=

0 91 0 1
1 0 0 0
0 0 0 1
0 0 0 0

M
I(8,7)
4→3 · g4 =
[ 3
3 1
1 0
]
·
0 91 0 11 0 0 0
0 0 0 1
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
0 91 0 11 0 0 0
0 0 0 1
 =

0 91 0 1
1 0 0 0
0 0 0 1
0 0 0 0

g3 ·M I(12,1)4→3 −M I(8,7)4→3 · g4 =

0 91 0 1
1 0 0 0
0 0 0 1
0 0 0 0
−

0 91 0 1
1 0 0 0
0 0 0 1
0 0 0 0
 =
[ 4
4 0
]
4. g4 ·M I(12,1)5→4 −M I(8,7)5→4 · g5 = 0
g4 ·M I(12,1)5→4 =
0 91 0 11 0 0 0
0 0 0 1
 · [
2
2 1
2 0
]
=
0 91 0 11 0 0 0
0 0 0 1
 ·

1 0
0 1
0 0
0 0
 =
0 911 0
0 0

M
I(8,7)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[
0 91
1 0
]
=
1 00 1
0 0
 · [0 91
1 0
]
=
0 911 0
0 0

g4 ·M I(12,1)5→4 −M I(8,7)5→4 · g5 =
0 911 0
0 0
−
0 911 0
0 0
 = [ 23 0 ]
5. g3 ·M I(12,1)6→3 −M I(8,7)6→3 · g6 = 0
g3 ·M I(12,1)6→3 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·
[ 4
2 0
4 1
]
=

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=

0 1 0 91
0 0 0 91
0 1 0 91
0 0 0 91

M
I(8,7)
6→3 · g6 =
[ 2
2 1
2 1
]
·
[
0 1 0 91
0 0 0 91
]
=

1 0
0 1
1 0
0 1
 ·
[
0 1 0 91
0 0 0 91
]
=

0 1 0 91
0 0 0 91
0 1 0 91
0 0 0 91

g3 ·M I(12,1)6→3 −M I(8,7)6→3 · g6 =

0 1 0 91
0 0 0 91
0 1 0 91
0 0 0 91
−

0 1 0 91
0 0 0 91
0 1 0 91
0 0 0 91
 =
[ 4
4 0
]
1884
6. g6 ·M I(12,1)7→6 −M I(8,7)7→6 · g7 = 0
g6 ·M I(12,1)7→6 =
[
0 1 0 91
0 0 0 91
]
·
[ 2
2 0
2 1
]
=
[
0 1 0 91
0 0 0 91
]
·

0 0
0 0
1 0
0 1
 =
[
0 91
0 91
]
M
I(8,7)
7→6 · g7 =
[
1
1
]
·
[
0 91
]
=
[
0 91
0 91
]
g6 ·M I(12,1)7→6 −M I(8,7)7→6 · g7 =
[
0 91
0 91
]
−
[
0 91
0 91
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1 0
91 0 0
]
·
[ 1
2 0
1 1
]
=
[
0 1 0
91 0 0
]
·
00
1
 = [ 12 0 ]
2. g2 · f2 = 0
g2 · f2 =
1 0 0 910 1 0 0
0 0 0 91
 ·

1
2 0
1 1
1 0
 =
1 0 0 910 1 0 0
0 0 0 91
 ·

0
0
1
0
 =
[ 1
3 0
]
3. g3 · f3 = 0
g3 · f3 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

1 1
2 0 0
1 1 91
1 0 0
1 1 0
1 0 0
 =

0 91 0 1 0 91
1 0 0 0 0 91
0 0 0 1 0 91
0 0 0 0 0 91
 ·

0 0
0 0
1 91
0 0
1 0
0 0

=
[ 2
4 0
]
4. g4 · f4 = 0
g4 · f4 =
0 91 0 11 0 0 0
0 0 0 1
 ·

1
2 0
1 91
1 0
 =
0 91 0 11 0 0 0
0 0 0 1
 ·

0
0
91
0
 =
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 91
1 0
]
·
[ 0
2 0
]
=
[
0 91
1 0
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 1 0 91
0 0 0 91
]
·

1 91
0 0
1 0
0 0
 =
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 91
]
·
[
1
0
]
=
[
0
]
1885
136.4 Tree module property of I(18, 1) 
The matrices of the representation have full (column) rank P
1. M I(18,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
2. M I(18,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
3. M I(18,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
4. M I(18,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. M I(18,1)6→3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. M I(18,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
136.4.1 0→ R31(1) f→ I(18, 1) g→ I(16, 5)→ 0 
PdimR31(1) + dimI(16, 5) = (1, 1, 1, 0, 0, 1, 0) + (3, 5, 8, 6, 3, 5, 3)
= (4, 6, 9, 6, 3, 6, 3) = dimI(18, 1)
Pdimk Ext
1
kQ(I(16, 5), R
3
1(1)) = dimk HomkQ(I(16, 5), R
3
1(1))− 〈dimI(16, 5),dimR31(1)〉
= 0− 〈(3, 5, 8, 6, 3, 5, 3), (1, 1, 1, 0, 0, 1, 0)〉
= 3 · 1 + 5 · 1 + 6 · 1 + 3 · 0 + 5 · 1 + 3 · 1− (3 · 1 + 5 · 1 + 8 · 1 + 6 · 0 + 3 · 0 + 5 · 1 + 3 · 0)
= 3 + 5 + 6 + 0 + 5 + 3− (3 + 5 + 8 + 0 + 0 + 5 + 0)
= 1
Matrices of the embedding f : R31(1)→ I(18, 1) P
1. f1 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0
0
0
1
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
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3. f3 =

0
0
0
1
0
0
1
0
0

∈M9,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
6 0
]
∈M6,0(k) – rank computation not applicable here.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
1
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
Matrices of the projection g : I(18, 1)→ I(16, 5) P
1. g1 =
 0 0 1 091 0 0 0
0 91 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 1 1
1 0 1 0
2 91 0 0
]
r1↔r2−−−−→
[ 2 1 1
2 91 0 0
1 0 1 0
]
2. g2 =

1 0 0 0 91 0
0 1 0 0 0 91
0 0 1 0 0 0
0 0 0 0 91 0
0 0 0 0 0 91
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
3. g3 =

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

∈M8,9(k) is already in row echelon form and has maximal row rank.
4. g4 =

91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M6,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
91 0 00 91 0
0 0 91
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
91 0 00 91 0
0 0 91
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R31(1)→ I(18, 1) P
1. f2 ·MR
3
1(1)
1→2 −M I(18,1)1→2 · f1 = 0
f2 ·MR
3
1(1)
1→2 =

1
3 0
1 1
2 0
 · [1] =

1
3 0
1 1
2 0

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M
I(18,1)
1→2 · f1 =

2 2
2 1 0
2 0 1
2 1 0
 · [
1
3 0
1 1
]
=

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 ·

1
2 0
1 0
1 1
 =

1
2 0
1 0
1 1
2 0
 =

1
3 0
1 1
2 0

f2 ·MR
3
1(1)
1→2 −M I(18,1)1→2 · f1 =

1
3 0
1 1
2 0
−

1
3 0
1 1
2 0
 = [ 16 0 ]
2. f3 ·MR
3
1(1)
2→3 −M I(18,1)2→3 · f2 = 0
f3 ·MR
3
1(1)
2→3 =

1
3 0
1 1
2 0
1 1
2 0
 ·
[
1
]
=

1
3 0
1 1
2 0
1 1
2 0

M
I(18,1)
2→3 · f2 =

3 3
3 1 0
3 1 1
3 0 1
 ·

1
3 0
1 1
2 0
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·

1
1 0
2 0
1 1
2 0
 =

1
1 0
2 0
1 1
2 0
1 1
2 0

=

1
3 0
1 1
2 0
1 1
2 0

f3 ·MR
3
1(1)
2→3 −M I(18,1)2→3 · f2 =

1
3 0
1 1
2 0
1 1
2 0
−

1
3 0
1 1
2 0
1 1
2 0
 =
[ 1
9 0
]
3. f3 ·MR
3
1(1)
4→3 −M I(18,1)4→3 · f4 = 0
f3 ·MR
3
1(1)
4→3 =

1
3 0
1 1
2 0
1 1
2 0
 ·
[ 0
1 0
]
=
[ 0
9 0
]
M
I(18,1)
4→3 · f4 =
[ 6
6 1
3 0
]
·
[ 0
6 0
]
=
[ 0
9 0
]
f3 ·MR
3
1(1)
4→3 −M I(18,1)4→3 · f4 =
[ 0
9 0
]
−
[ 0
9 0
]
=
[ 0
9 0
]
4. f4 ·MR
3
1(1)
5→4 −M I(18,1)5→4 · f5 = 0
f4 ·MR
3
1(1)
5→4 =
[ 0
6 0
]
·
[ 0
0 0
]
=
[ 0
6 0
]
M
I(18,1)
5→4 · f5 =
[ 3
3 1
3 0
]
·
[ 0
3 0
]
=
[ 0
6 0
]
f4 ·MR
3
1(1)
5→4 −M I(18,1)5→4 · f5 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
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5. f3 ·MR
3
1(1)
6→3 −M I(18,1)6→3 · f6 = 0
f3 ·MR
3
1(1)
6→3 =

1
3 0
1 1
2 0
1 1
2 0
 ·
[
1
]
=

1
3 0
1 1
2 0
1 1
2 0

M
I(18,1)
6→3 · f6 =
[ 6
3 0
6 1
]
·

1
1 1
2 0
1 1
2 0
 =

1 2 1 2
3 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1
1 1
2 0
1 1
2 0
 =

1
3 0
1 1
2 0
1 1
2 0

f3 ·MR
3
1(1)
6→3 −M I(18,1)6→3 · f6 =

1
3 0
1 1
2 0
1 1
2 0
−

1
3 0
1 1
2 0
1 1
2 0
 =
[ 1
9 0
]
6. f6 ·MR
3
1(1)
7→6 −M I(18,1)7→6 · f7 = 0
f6 ·MR
3
1(1)
7→6 =

1
1 1
2 0
1 1
2 0
 ·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(18,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 0
3 0
]
=
[ 0
6 0
]
f6 ·MR
3
1(1)
7→6 −M I(18,1)7→6 · f7 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
Relations of the projection g : I(18, 1)→ I(16, 5) P
1. g2 ·M I(18,1)1→2 −M I(16,5)1→2 · g1 = 0
g2 ·M I(18,1)1→2 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

2 2
2 1 0
2 0 1
2 1 0
 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 =

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0

M
I(16,5)
1→2 · g1 =
[ 3
2 0
3 1
]
·
[ 2 1 1
1 0 1 0
2 91 0 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
2 1 1
1 0 1 0
2 91 0 0
]
=

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0

g2 ·M I(18,1)1→2 −M I(16,5)1→2 · g1 =

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0
−

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0
 = [ 45 0 ]
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2. g3 ·M I(18,1)2→3 −M I(16,5)2→3 · g2 = 0
g3 ·M I(18,1)2→3 =

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

3 3
3 1 0
3 1 1
3 0 1
 =

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 91 0
0 1 0 0 0 91
0 0 1 0 0 0
0 0 0 0 91 0
0 0 0 0 0 91

=

2 1 1 2
3 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91

M
I(16,5)
2→3 · g2 =
[ 5
3 0
5 1
]
·

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 =

2 1 2
3 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 =

2 1 1 2
3 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91

g3 ·M I(18,1)2→3 −M I(16,5)2→3 · g2 =

2 1 1 2
3 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
−

2 1 1 2
3 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 =
[ 6
8 0
]
3. g3 ·M I(18,1)4→3 −M I(16,5)4→3 · g4 = 0
g3 ·M I(18,1)4→3 =

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·
[ 6
6 1
3 0
]
=

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

91 0 0 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

=

3 3
3 91 1
3 0 1
2 0 0

M
I(16,5)
4→3 · g4 =
[ 6
6 1
2 0
]
·
[ 3 3
3 91 1
3 0 1
]
=

3 3
3 1 0
3 0 1
2 0 0
 · [
3 3
3 91 1
3 0 1
]
=

3 3
3 91 1
3 0 1
2 0 0

g3 ·M I(18,1)4→3 −M I(16,5)4→3 · g4 =

3 3
3 91 1
3 0 1
2 0 0
−

3 3
3 91 1
3 0 1
2 0 0
 = [ 68 0 ]
4. g4 ·M I(18,1)5→4 −M I(16,5)5→4 · g5 = 0
g4 ·M I(18,1)5→4 =
[ 3 3
3 91 1
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 91
3 0
]
M
I(16,5)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 3
3 91
]
=
[ 3
3 91
3 0
]
g4 ·M I(18,1)5→4 −M I(16,5)5→4 · g5 =
[ 3
3 91
3 0
]
−
[ 3
3 91
3 0
]
=
[ 3
6 0
]
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5. g3 ·M I(18,1)6→3 −M I(16,5)6→3 · g6 = 0
g3 ·M I(18,1)6→3 =

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·
[ 6
3 0
6 1
]
=

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
1 0 0 91 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

M
I(16,5)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1 2 1 2
1 1 0 91 0
2 0 1 0 91
2 0 0 0 91
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91
 =

1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
1 0 0 91 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

g3 ·M I(18,1)6→3 −M I(16,5)6→3 · g6 =

1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
1 0 0 91 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

−

1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
1 0 0 91 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

=
[ 6
8 0
]
6. g6 ·M I(18,1)7→6 −M I(16,5)7→6 · g7 = 0
g6 ·M I(18,1)7→6 =

1 2 1 2
1 1 0 91 0
2 0 1 0 91
2 0 0 0 91
 · [
3
3 0
3 1
]
=

1 2 1 2
1 1 0 91 0
2 0 1 0 91
2 0 0 0 91
 ·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 91 0
2 0 91
2 0 91

M
I(16,5)
7→6 · g7 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 33 91 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
1 2
1 91 0
2 0 91
]
=

1 2
1 91 0
2 0 91
2 0 91

g6 ·M I(18,1)7→6 −M I(16,5)7→6 · g7 =

1 2
1 91 0
2 0 91
2 0 91
−

1 2
1 91 0
2 0 91
2 0 91
 = [ 35 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1 1
1 0 1 0
2 91 0 0
]
·
[ 1
3 0
1 1
]
=
[ 2 1 1
1 0 1 0
2 91 0 0
]
·

1
2 0
1 0
1 1
 = [ 13 0 ]
2. g2 · f2 = 0
g2 · f2 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

1
3 0
1 1
2 0
 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

1
2 0
1 0
1 1
2 0
 =
[ 1
5 0
]
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3. g3 · f3 = 0
g3 · f3 =

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

1
3 0
1 1
2 0
1 1
2 0
 =

91 0 0 1 0 0 91 0 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 1 0 0 91 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

0
0
0
1
0
0
1
0
0

=
[ 1
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 3
3 91 1
3 0 1
]
·
[ 0
6 0
]
=
[ 3 3
3 91 1
3 0 1
]
·
[ 0
3 0
3 0
]
=
[ 0
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3
3 91
]
·
[ 0
3 0
]
=
[ 0
3 0
]
6. g6 · f6 = 0
g6 · f6 =

1 2 1 2
1 1 0 91 0
2 0 1 0 91
2 0 0 0 91
 ·

1
1 1
2 0
1 1
2 0
 =
[ 1
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3
3 91
]
·
[ 0
3 0
]
=
[ 0
3 0
]
136.4.2 0→ R31(2) f→ I(18, 1) g→ I(14, 7)→ 0 
PdimR
3
1(2) + dimI(14, 7) = (1, 1, 2, 1, 0, 2, 1) + (3, 5, 7, 5, 3, 4, 2)
= (4, 6, 9, 6, 3, 6, 3) = dimI(18, 1)
Pdimk Ext
1
kQ(I(14, 7), R
3
1(2)) = dimk HomkQ(I(14, 7), R
3
1(2))− 〈dimI(14, 7),dimR31(2)〉
= 0− 〈(3, 5, 7, 5, 3, 4, 2), (1, 1, 2, 1, 0, 2, 1)〉
= 3 · 1 + 5 · 2 + 5 · 2 + 3 · 1 + 4 · 2 + 2 · 2− (3 · 1 + 5 · 1 + 7 · 2 + 5 · 1 + 3 · 0 + 4 · 2 + 2 · 1)
= 3 + 10 + 10 + 3 + 8 + 4− (3 + 5 + 14 + 5 + 0 + 8 + 2)
= 1
Matrices of the embedding f : R31(2)→ I(18, 1) P
1. f1 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0
0
0
1
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
0 0
0 0
1 91
0 0
0 0
1 0
0 0
0 0

∈M9,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0

c2←c2+c1−−−−−−→

1 1
3 0 0
1 1 0
2 0 0
1 1 1
2 0 0

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4. f4 =

0
0
0
91
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

1 91
0 0
0 0
1 0
0 0
0 0

∈M6,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1
1 1 91
2 0 0
1 1 0
2 0 0
 c2←c2+c1−−−−−−→

1 1
1 1 0
2 0 0
1 1 1
2 0 0

7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(18, 1)→ I(14, 7) P
1. g1 =
 0 0 1 091 0 0 0
0 91 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 1 1
1 0 1 0
2 91 0 0
]
r1↔r2−−−−→
[ 2 1 1
2 91 0 0
1 0 1 0
]
2. g2 =

1 0 0 0 91 0
0 1 0 0 0 91
0 0 1 0 0 0
0 0 0 0 91 0
0 0 0 0 0 91
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

∈M7,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

r1↔r3−−−−→

1 0 0 0 0 0 0 91 0
0 0 91 0 0 1 0 0 91
0 91 0 0 1 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

r2↔r3−−−−→

1 0 0 0 0 0 0 91 0
0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

4. g4 =

0 91 0 0 1 0
0 0 91 0 0 1
1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M5,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
 r1↔r2−−−−→

1 2 1 2
1 1 0 0 0
2 0 91 0 1
2 0 0 0 1

5. g5 =
0 91 00 0 91
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 1 2
2 0 91
1 1 0
]
r1↔r2−−−−→
[ 1 2
1 1 0
2 0 91
]
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6. g6 =

0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 91 0
0 0 91
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R31(2)→ I(18, 1) P
1. f2 ·MR
3
1(2)
1→2 −M I(18,1)1→2 · f1 = 0
f2 ·MR
3
1(2)
1→2 =

1
3 0
1 1
2 0
 · [1] =

1
3 0
1 1
2 0

M
I(18,1)
1→2 · f1 =

2 2
2 1 0
2 0 1
2 1 0
 · [
1
3 0
1 1
]
=

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 ·

1
2 0
1 0
1 1
 =

1
2 0
1 0
1 1
2 0
 =

1
3 0
1 1
2 0

f2 ·MR
3
1(2)
1→2 −M I(18,1)1→2 · f1 =

1
3 0
1 1
2 0
−

1
3 0
1 1
2 0
 = [ 16 0 ]
2. f3 ·MR
3
1(2)
2→3 −M I(18,1)2→3 · f2 = 0
f3 ·MR
3
1(2)
2→3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0
 ·
[
1
0
]
=

1
3 0
1 1
2 0
1 1
2 0

M
I(18,1)
2→3 · f2 =

3 3
3 1 0
3 1 1
3 0 1
 ·

1
3 0
1 1
2 0
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 1 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·

1
1 0
2 0
1 1
2 0
 =

1
1 0
2 0
1 1
2 0
1 1
2 0

=

1
3 0
1 1
2 0
1 1
2 0

f3 ·MR
3
1(2)
2→3 −M I(18,1)2→3 · f2 =

1
3 0
1 1
2 0
1 1
2 0
−

1
3 0
1 1
2 0
1 1
2 0
 =
[ 1
9 0
]
3. f3 ·MR
3
1(2)
4→3 −M I(18,1)4→3 · f4 = 0
f3 ·MR
3
1(2)
4→3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0
 ·
[
0
1
]
=

1
3 0
1 91
2 0
1 0
2 0
 =

1
3 0
1 91
5 0

M
I(18,1)
4→3 · f4 =
[ 6
6 1
3 0
]
·

1
3 0
1 91
2 0
 =

3 1 2
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
 ·

1
3 0
1 91
2 0
 =

1
3 0
1 91
2 0
3 0
 =

1
3 0
1 91
5 0

f3 ·MR
3
1(2)
4→3 −M I(18,1)4→3 · f4 =

1
3 0
1 91
5 0
−

1
3 0
1 91
5 0
 = [ 19 0 ]
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4. f4 ·MR
3
1(2)
5→4 −M I(18,1)5→4 · f5 = 0
f4 ·MR
3
1(2)
5→4 =

1
3 0
1 91
2 0
 · [ 01 0 ] = [ 06 0 ]
M
I(18,1)
5→4 · f5 =
[ 3
3 1
3 0
]
·
[ 0
3 0
]
=
[ 0
6 0
]
f4 ·MR
3
1(2)
5→4 −M I(18,1)5→4 · f5 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
5. f3 ·MR
3
1(2)
6→3 −M I(18,1)6→3 · f6 = 0
f3 ·MR
3
1(2)
6→3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0
 ·
[ 2
2 1
]
=

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0
 ·
[
1 0
0 1
]
=

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0

M
I(18,1)
6→3 · f6 =
[ 6
3 0
6 1
]
·

1 1
1 1 91
2 0 0
1 1 0
2 0 0
 =

1 2 1 2
3 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 1
1 1 91
2 0 0
1 1 0
2 0 0
 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0

f3 ·MR
3
1(2)
6→3 −M I(18,1)6→3 · f6 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0
−

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0
 =
[ 2
9 0
]
6. f6 ·MR
3
1(2)
7→6 −M I(18,1)7→6 · f7 = 0
f6 ·MR
3
1(2)
7→6 =

1 1
1 1 91
2 0 0
1 1 0
2 0 0
 ·
[
1
1
]
=

1
1 0
2 0
1 1
2 0
 =

1
3 0
1 1
2 0

M
I(18,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 1
1 1
2 0
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
1
1 1
2 0
]
=

1
3 0
1 1
2 0

f6 ·MR
3
1(2)
7→6 −M I(18,1)7→6 · f7 =

1
3 0
1 1
2 0
−

1
3 0
1 1
2 0
 = [ 16 0 ]
Relations of the projection g : I(18, 1)→ I(14, 7) P
1. g2 ·M I(18,1)1→2 −M I(14,7)1→2 · g1 = 0
g2 ·M I(18,1)1→2 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

2 2
2 1 0
2 0 1
2 1 0
 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 =

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0

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M
I(14,7)
1→2 · g1 =
[ 3
2 0
3 1
]
·
[ 2 1 1
1 0 1 0
2 91 0 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
2 1 1
1 0 1 0
2 91 0 0
]
=

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0

g2 ·M I(18,1)1→2 −M I(14,7)1→2 · g1 =

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0
−

2 1 1
2 0 0 0
1 0 1 0
2 91 0 0
 = [ 45 0 ]
2. g3 ·M I(18,1)2→3 −M I(14,7)2→3 · g2 = 0
g3 ·M I(18,1)2→3 =

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

3 3
3 1 0
3 1 1
3 0 1

=

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 91 0
0 1 0 0 0 91
0 0 1 0 0 0
0 0 0 0 91 0
0 0 0 0 0 91

=

2 1 1 2
2 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91

M
I(14,7)
2→3 · g2 =
[ 5
2 0
5 1
]
·

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 =

2 1 2
2 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 =

2 1 1 2
2 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91

g3 ·M I(18,1)2→3 −M I(14,7)2→3 · g2 =

2 1 1 2
2 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
−

2 1 1 2
2 0 0 0 0
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 =
[ 6
7 0
]
3. g3 ·M I(18,1)4→3 −M I(14,7)4→3 · g4 = 0
g3 ·M I(18,1)4→3 =

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·
[ 6
6 1
3 0
]
=

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

0 91 0 0 1 0
0 0 91 0 0 1
1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

=

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
2 0 0 0 0

M
I(14,7)
4→3 · g4 =
[ 5
5 1
2 0
]
·

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
 =

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
 ·

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
 =

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
2 0 0 0 0

g3 ·M I(18,1)4→3 −M I(14,7)4→3 · g4 =

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
2 0 0 0 0
−

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
2 0 0 0 0
 =
[ 6
7 0
]
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4. g4 ·M I(18,1)5→4 −M I(14,7)5→4 · g5 = 0
g4 ·M I(18,1)5→4 =

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
 · [
3
3 1
3 0
]
=

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
 ·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
 =

1 2
2 0 91
1 1 0
2 0 0

M
I(14,7)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 1 2
2 0 91
1 1 0
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
1 2
2 0 91
1 1 0
]
=

1 2
2 0 91
1 1 0
2 0 0

g4 ·M I(18,1)5→4 −M I(14,7)5→4 · g5 =

1 2
2 0 91
1 1 0
2 0 0
−

1 2
2 0 91
1 1 0
2 0 0
 = [ 35 0 ]
5. g3 ·M I(18,1)6→3 −M I(14,7)6→3 · g6 = 0
g3 ·M I(18,1)6→3 =

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·
[ 6
3 0
6 1
]
=

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

M
I(14,7)
6→3 · g6 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 1 2 1 2
2 0 1 0 91
2 0 0 0 91
]
=

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91
 =

0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

g3 ·M I(18,1)6→3 −M I(14,7)6→3 · g6 =

0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

−

0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 91 0
0 1 0 0 91 91
0 0 1 0 0 91
0 0 0 0 91 0
0 0 0 0 0 91

=
[ 6
7 0
]
6. g6 ·M I(18,1)7→6 −M I(14,7)7→6 · g7 = 0
g6 ·M I(18,1)7→6 =
[ 1 2 1 2
2 0 1 0 91
2 0 0 0 91
]
·
[ 3
3 0
3 1
]
=
[ 1 2 1 2
2 0 1 0 91
2 0 0 0 91
]
·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =
[ 1 2
2 0 91
2 0 91
]
M
I(14,7)
7→6 · g7 =
[ 2
2 1
2 1
]
·
[ 1 2
2 0 91
]
=
[ 1 2
2 0 91
2 0 91
]
g6 ·M I(18,1)7→6 −M I(14,7)7→6 · g7 =
[ 1 2
2 0 91
2 0 91
]
−
[ 1 2
2 0 91
2 0 91
]
=
[ 3
4 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1 1
1 0 1 0
2 91 0 0
]
·
[ 1
3 0
1 1
]
=
[ 2 1 1
1 0 1 0
2 91 0 0
]
·

1
2 0
1 0
1 1
 = [ 13 0 ]
2. g2 · f2 = 0
g2 · f2 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

1
3 0
1 1
2 0
 =

2 1 1 2
2 1 0 0 91
1 0 1 0 0
2 0 0 0 91
 ·

1
2 0
1 0
1 1
2 0
 =
[ 1
5 0
]
3. g3 · f3 = 0
g3 · f3 =

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

1 1
3 0 0
1 1 91
2 0 0
1 1 0
2 0 0
 =

0 91 0 0 1 0 0 91 0
0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0
0 0 0 0 1 0 0 91 91
0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91

·

0 0
0 0
0 0
1 91
0 0
0 0
1 0
0 0
0 0

=
[ 2
7 0
]
4. g4 · f4 = 0
g4 · f4 =

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
 ·

1
3 0
1 91
2 0
 =

1 2 1 2
2 0 91 0 1
1 1 0 0 0
2 0 0 0 1
 ·

1
1 0
2 0
1 91
2 0
 =
[ 1
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 91
1 1 0
]
·
[ 0
3 0
]
=
[ 1 2
2 0 91
1 1 0
]
·
[ 0
1 0
2 0
]
=
[ 0
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2 1 2
2 0 1 0 91
2 0 0 0 91
]
·

1 1
1 1 91
2 0 0
1 1 0
2 0 0
 =
[ 2
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 91
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
136.5 Tree module property of I(6n, 1) 
The matrices of the representation have full (column) rank P
1. M I(6n,1)1→2 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 ∈M2n,n+1(k) is already in column echelon form and has maximal column rank.
2. M I(6n,1)2→3 =
[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
3. M I(6n,1)4→3 =
[2n
2n 1
n 0
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
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4. M I(6n,1)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
5. M I(6n,1)6→3 =
[2n
n 0
2n 1
]
∈M3n,2n(k) is already in column echelon form and has maximal column rank.
6. M I(6n,1)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
136.5.1 0→ R31(1) f→ I(6n, 1) g→ I(6n− 2, 5)→ 0 
PdimR31(1) + dimI(6n− 2, 5) = (1, 1, 1, 0, 0, 1, 0) + (n, 2n− 1, 3n− 1, 2n, n, 2n− 1, n)
= (n+ 1, 2n, 3n, 2n, n, 2n, n) = dimI(6n, 1)
Pdimk Ext
1
kQ(I(6n− 2, 5), R31(1)) = dimk HomkQ(I(6n− 2, 5), R31(1))− 〈dimI(6n− 2, 5),dimR31(1)〉
= 0− 〈(n, 2n− 1, 3n− 1, 2n, n, 2n− 1, n), (1, 1, 1, 0, 0, 1, 0)〉
= n · 1 + (2n− 1) · 1 + 2n · 1 + n · 0 + (2n− 1) · 1 + n · 1− (n · 1 + (2n− 1) · 1 + (3n− 1) · 1 + 2n · 0 + n · 0 + (2n− 1) · 1 + n · 0)
= n+ 2n− 1 + 2n+ 0 + 2n− 1 + n− (n+ 2n− 1 + 3n− 1 + 0 + 0 + 2n− 1 + 0)
= 1
Representation of I(6n− 2, 5) = I(6n+ 4, 5)[n 7→ n− 1] 
Dimension vector: dimI(6n− 2, 5) = (n, 2n− 1, 3n− 1, 2n, n, 2n− 1, n)
Matrices of the representation:
1. M I(6n−2,5)1→2 =
[ n
n−1 0
n 1
]
∈M2n−1,n(k)
2. M I(6n−2,5)2→3 =
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
3. M I(6n−2,5)4→3 =
[2n
2n 1
n−1 0
]
∈M3n−1,2n(k)
4. M I(6n−2,5)5→4 =
[ n
n 1
n 0
]
∈M2n,n(k)
5. M I(6n−2,5)6→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
6. M I(6n−2,5)7→6 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n−1,n(k)
Matrices of the embedding f : R31(1)→ I(6n, 1) P
1. f1 =
[ 1
n 0
1 1
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1
n 0
1 1
n−1 0
 ∈M2n,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
n 0
1 1
n−1 0
1 1
n−1 0
 ∈M3n,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
2n 0
]
∈M2n,0(k) – rank computation not applicable here.
5. f5 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
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6. f6 =

1
1 1
n−1 0
1 1
n−1 0
 ∈M2n,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
Matrices of the projection g : I(6n, 1)→ I(6n− 2, 5) P
1. g1 =
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
∈Mn,n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
r1↔r2−−−−→
[n−1 1 1
n−1 91 0 0
1 0 1 0
]
2. g2 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ∈M2n−1,2n(k) is already in row echelon form and has maximal row rank.
3. g3 =

n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
+

2n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91
 ∈M3n−1,3n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 n−2 1 1 n−2 1 1 n−2 1
1 91 0 0 1 0 0 91 0 0
n−2 0 91 0 0 1 0 0 91 0
1 0 0 91 0 0 1 0 0 91
1 0 0 0 1 0 0 91 0 0
n−2 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91
n−2 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

+

2n+1 1 n−2
1 0 0 0
n−2 0 0 0
1 0 0 0
1 0 91 0
n−2 0 0 91
1 0 0 0
n−2 0 0 0
1 0 0 0

4. g4 =
[ n n
n 91 1
n 0 1
]
∈M2n,2n(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n
n 91
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
6. g6 =

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
 ∈M2n−1,2n(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n
n 91
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R31(1)→ I(6n, 1) P
1. f2 ·MR
3
1(1)
1→2 −M I(6n,1)1→2 · f1 = 0
f2 ·MR
3
1(1)
1→2 =

1
n 0
1 1
n−1 0
 · [1] =

1
n 0
1 1
n−1 0

M
I(6n,1)
1→2 · f1 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
1
n 0
1 1
]
=

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 1 0 0
 ·

1
n−1 0
1 0
1 1
 =

1
n−1 0
1 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0

f2 ·MR
3
1(1)
1→2 −M I(6n,1)1→2 · f1 =

1
n 0
1 1
n−1 0
−

1
n 0
1 1
n−1 0
 = [ 12n 0 ]
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2. f3 ·MR
3
1(1)
2→3 −M I(6n,1)2→3 · f2 = 0
f3 ·MR
3
1(1)
2→3 =

1
n 0
1 1
n−1 0
1 1
n−1 0
 ·
[
1
]
=

1
n 0
1 1
n−1 0
1 1
n−1 0

M
I(6n,1)
2→3 · f2 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·

1
n 0
1 1
n−1 0
 =

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0
 ·

1
n 0
1 1
n−1 0
+

n 1 n−1
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
 ·

1
n 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0
n 0
+

1
n 0
n 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0
1 0
n−1 0
+

1
n 0
1 0
n−1 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0
1 1
n−1 0

f3 ·MR
3
1(1)
2→3 −M I(6n,1)2→3 · f2 =

1
n 0
1 1
n−1 0
1 1
n−1 0
−

1
n 0
1 1
n−1 0
1 1
n−1 0
 =
[ 1
3n 0
]
3. f3 ·MR
3
1(1)
4→3 −M I(6n,1)4→3 · f4 = 0
f3 ·MR
3
1(1)
4→3 =

1
n 0
1 1
n−1 0
1 1
n−1 0
 ·
[ 0
1 0
]
=
[ 0
3n 0
]
M
I(6n,1)
4→3 · f4 =
[2n
2n 1
n 0
]
·
[ 0
2n 0
]
=
[ 0
3n 0
]
f3 ·MR
3
1(1)
4→3 −M I(6n,1)4→3 · f4 =
[ 0
3n 0
]
−
[ 0
3n 0
]
=
[ 0
3n 0
]
4. f4 ·MR
3
1(1)
5→4 −M I(6n,1)5→4 · f5 = 0
f4 ·MR
3
1(1)
5→4 =
[ 0
2n 0
]
·
[ 0
0 0
]
=
[ 0
2n 0
]
M
I(6n,1)
5→4 · f5 =
[ n
n 1
n 0
]
·
[ 0
n 0
]
=
[ 0
2n 0
]
f4 ·MR
3
1(1)
5→4 −M I(6n,1)5→4 · f5 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
5. f3 ·MR
3
1(1)
6→3 −M I(6n,1)6→3 · f6 = 0
f3 ·MR
3
1(1)
6→3 =

1
n 0
1 1
n−1 0
1 1
n−1 0
 ·
[
1
]
=

1
n 0
1 1
n−1 0
1 1
n−1 0

M
I(6n,1)
6→3 · f6 =
[2n
n 0
2n 1
]
·

1
1 1
n−1 0
1 1
n−1 0
 =

1 n−1 1 n−1
n 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

1
1 1
n−1 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0
1 1
n−1 0

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f3 ·MR
3
1(1)
6→3 −M I(6n,1)6→3 · f6 =

1
n 0
1 1
n−1 0
1 1
n−1 0
−

1
n 0
1 1
n−1 0
1 1
n−1 0
 =
[ 1
3n 0
]
6. f6 ·MR
3
1(1)
7→6 −M I(6n,1)7→6 · f7 = 0
f6 ·MR
3
1(1)
7→6 =

1
1 1
n−1 0
1 1
n−1 0
 ·
[ 0
1 0
]
=
[ 0
2n 0
]
M
I(6n,1)
7→6 · f7 =
[ n
n 0
n 1
]
·
[ 0
n 0
]
=
[ 0
2n 0
]
f6 ·MR
3
1(1)
7→6 −M I(6n,1)7→6 · f7 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
Relations of the projection g : I(6n, 1)→ I(6n− 2, 5) P
1. g2 ·M I(6n,1)1→2 −M I(6n−2,5)1→2 · g1 = 0
g2 ·M I(6n,1)1→2 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 1 0 0
 =

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0

M
I(6n−2,5)
1→2 · g1 =
[ n
n−1 0
n 1
]
·
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
=

1 n−1
n−1 0 0
1 1 0
n−1 0 1
 · [
n−1 1 1
1 0 1 0
n−1 91 0 0
]
=

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0

g2 ·M I(6n,1)1→2 −M I(6n−2,5)1→2 · g1 =

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0
−

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0
 = [n+12n−1 0 ]
2. g3 ·M I(6n,1)2→3 −M I(6n−2,5)2→3 · g2 = 0
g3 ·M I(6n,1)2→3 =


n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
+

2n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91


·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
]
=

n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
 ·

n n
n 1 0
n 0 1
n 0 0
+

n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
+

2n 1 n−1
n 0 0 0
n−1 0 0 91
1 0 0 0
n−1 0 0 91
 ·

2n
2n 1
1 0
n−1 0
+

n n+1 n−1
n 0 0 0
n−1 0 0 91
1 0 0 0
n−1 0 0 91
 ·

n+1 n−1
n 0 0
n+1 1 0
n−1 0 1

=

n n
n 91 1
n 0 1
n−1 0 0
+

n n
n 1 91
n 1 91
n−1 0 0
+

2n
n 0
n−1 0
1 0
n−1 0
+

n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91

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=
1 n−2 1 1 n−2 1
1 91 0 0 1 0 0
n−2 0 91 0 0 1 0
1 0 0 91 0 0 1
1 0 0 0 1 0 0
n−2 0 0 0 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1
1 1 0 0 91 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
1 1 0 0 91 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0

+

1 n−1 1 n−1
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0

+

1 n−1 1 1 n−2
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 91 0
n−2 0 0 0 0 91
1 0 0 0 0 0
1 0 0 0 91 0
n−2 0 0 0 0 91

=

n−1 1 1 n−1
n 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91

M
I(6n−2,5)
2→3 · g2 =
[2n−1
n 0
2n−1 1
]
·

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 =

n−1 1 n−1
n 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
 ·

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 =

n−1 1 1 n−1
n 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91

g3 ·M I(6n,1)2→3 −M I(6n−2,5)2→3 · g2 =

n−1 1 1 n−1
n 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
−

n−1 1 1 n−1
n 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 =
[2n
3n−1 0
]
3. g3 ·M I(6n,1)4→3 −M I(6n−2,5)4→3 · g4 = 0
g3 ·M I(6n,1)4→3 =


n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
+

2n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91


·
[2n
2n 1
n 0
]
=

n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
 ·

n n
n 1 0
n 0 1
n 0 0
+

2n 1 n−1
n 0 0 0
n−1 0 0 91
1 0 0 0
n−1 0 0 91
 ·

2n
2n 1
1 0
n−1 0

=

n n
n 91 1
n 0 1
n−1 0 0
+

2n
n 0
n−1 0
1 0
n−1 0
 =

n−1 1 n−1 1
n−1 91 0 1 0
1 0 91 0 1
n−1 0 0 1 0
1 0 0 0 1
n−1 0 0 0 0
+

n n
n−1 0 0
1 0 0
n−1 0 0
1 0 0
n−1 0 0
 =

n n
n 91 1
n 0 1
n−1 0 0

M
I(6n−2,5)
4→3 · g4 =
[2n
2n 1
n−1 0
]
·
[ n n
n 91 1
n 0 1
]
=

n n
n 1 0
n 0 1
n−1 0 0
 · [
n n
n 91 1
n 0 1
]
=

n n
n 91 1
n 0 1
n−1 0 0

g3 ·M I(6n,1)4→3 −M I(6n−2,5)4→3 · g4 =

n n
n 91 1
n 0 1
n−1 0 0
−

n n
n 91 1
n 0 1
n−1 0 0
 = [2n3n−1 0 ]
4. g4 ·M I(6n,1)5→4 −M I(6n−2,5)5→4 · g5 = 0
g4 ·M I(6n,1)5→4 =
[ n n
n 91 1
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 91
n 0
]
M
I(6n−2,5)
5→4 · g5 =
[ n
n 1
n 0
]
·
[ n
n 91
]
=
[ n
n 91
n 0
]
g4 ·M I(6n,1)5→4 −M I(6n−2,5)5→4 · g5 =
[ n
n 91
n 0
]
−
[ n
n 91
n 0
]
=
[ n
2n 0
]
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5. g3 ·M I(6n,1)6→3 −M I(6n−2,5)6→3 · g6 = 0
g3 ·M I(6n,1)6→3 =


n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
+

2n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91


·
[2n
n 0
2n 1
]
=

n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
 ·

n n
n 0 0
n 1 0
n 0 1
+

n n+1 n−1
n 0 0 0
n−1 0 0 91
1 0 0 0
n−1 0 0 91
 ·

n+1 n−1
n 0 0
n+1 1 0
n−1 0 1

=

n n
n 1 91
n 1 91
n−1 0 0
+

n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91
 =

1 n−2 1 1 n−2 1
1 1 0 0 91 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
1 1 0 0 91 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0

+

1 n−1 1 1 n−2
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 91 0
n−2 0 0 0 0 91
1 0 0 0 0 0
1 0 0 0 91 0
n−2 0 0 0 0 91

=

n n
n 1 91
n 1 91
n−1 0 0
+

n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91

M
I(6n−2,5)
6→3 · g6 =

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
] ·

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
 =

1 n−1 n−1
1 1 0 0
n−1 0 1 0
n−1 0 0 1
n 0 0 0
 ·

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
+

1 n−1 n−1
n 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 0 1
 ·

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91

=

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
n 0 0 0 0
+

1 n−1 1 n−1
n 0 0 0 0
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
 =

1 1 n−2 1 1 n−2
1 1 0 0 91 0 0
1 0 1 0 0 91 0
n−2 0 0 1 0 0 91
1 0 0 0 0 91 0
n−2 0 0 0 0 0 91
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 1 0 0 91 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
n−2 0 0 0 0 91 0
1 0 0 0 0 0 91

=

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
n 0 0 0 0
+

1 n−1 1 n−1
n 0 0 0 0
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91

g3 ·M I(6n,1)6→3 −M I(6n−2,5)6→3 · g6 =


n n
n 1 91
n 1 91
n−1 0 0
+

n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91


−


1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
n 0 0 0 0
+

1 n−1 1 n−1
n 0 0 0 0
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91


=

[ n n
n 1 0
2n−1 0 0
]
+
[ n n
n 0 91
2n−1 0 0
]
+

n n
n 0 0
n 1 0
n−1 0 0
+

n n
n 0 0
n 0 91
n−1 0 0
+

n+1 n−1
n 0 0
n−1 0 91
n 0 0
+ [
n+1 n−1
2n 0 0
n−1 0 91
]

−

[ n n
n 1 0
2n−1 0 0
]
+
[ n n
n 0 91
2n−1 0 0
]
+

n n
n 0 0
n 1 0
n−1 0 0
+

n n
n 0 0
n 0 91
n−1 0 0
+

n+1 n−1
n 0 0
n−1 0 91
n 0 0
+ [
n+1 n−1
2n 0 0
n−1 0 91
]

=
[2n
3n−1 0
]
6. g6 ·M I(6n,1)7→6 −M I(6n−2,5)7→6 · g7 = 0
g6 ·M I(6n,1)7→6 =

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
 · [
n
n 0
n 1
]
=

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
 ·

1 n−1
1 0 0
n−1 0 0
1 1 0
n−1 0 1
 =

1 n−1
1 91 0
n−1 0 91
n−1 0 91

M
I(6n−2,5)
7→6 · g7 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [ nn 91 ] =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [
1 n−1
1 91 0
n−1 0 91
]
=

1 n−1
1 91 0
n−1 0 91
n−1 0 91

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g6 ·M I(6n,1)7→6 −M I(6n−2,5)7→6 · g7 =

1 n−1
1 91 0
n−1 0 91
n−1 0 91
−

1 n−1
1 91 0
n−1 0 91
n−1 0 91
 = [ n2n−1 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
·
[ 1
n 0
1 1
]
=
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
·

1
n−1 0
1 0
1 1
 = [ 1n 0 ]
2. g2 · f2 = 0
g2 · f2 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

1
n 0
1 1
n−1 0
 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

1
n−1 0
1 0
1 1
n−1 0
 =
[ 1
2n−1 0
]
3. g3 · f3 = 0
g3 · f3 =


n n n
n 91 1 91
n 0 1 91
n−1 0 0 0
+

2n+1 n−1
n 0 0
n−1 0 91
1 0 0
n−1 0 91


·

1
n 0
1 1
n−1 0
1 1
n−1 0
 =

1 n−1 1 n−1 1 n−1
1 91 0 1 0 91 0
n−1 0 91 0 1 0 91
1 0 0 1 0 91 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 0
 ·

1
1 0
n−1 0
1 1
n−1 0
1 1
n−1 0

+

n 1 n−1 1 n−1
n 0 0 0 0 0
n−1 0 0 0 0 91
1 0 0 0 0 0
n−1 0 0 0 0 91
 ·

1
n 0
1 1
n−1 0
1 1
n−1 0

=

1
1 0
n−1 0
1 0
n−1 0
n−1 0
+

1
n 0
n−1 0
1 0
n−1 0
 =

1
1 0
n−1 0
1 0
n−2 0
1 0
n−1 0

+

1
1 0
n−1 0
1 0
n−2 0
1 0
n−1 0

=
[ 1
3n−1 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n n
n 91 1
n 0 1
]
·
[ 0
2n 0
]
=
[ n n
n 91 1
n 0 1
]
·
[ 0
n 0
n 0
]
=
[ 0
2n 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n
n 91
]
·
[ 0
n 0
]
=
[ 0
n 0
]
6. g6 · f6 = 0
g6 · f6 =

1 n−1 1 n−1
1 1 0 91 0
n−1 0 1 0 91
n−1 0 0 0 91
 ·

1
1 1
n−1 0
1 1
n−1 0
 =
[ 1
2n−1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n
n 91
]
·
[ 0
n 0
]
=
[ 0
n 0
]
136.5.2 0→ R31(2) f→ I(6n, 1) g→ I(6n− 4, 7)→ 0 
PdimR
3
1(2) + dimI(6n− 4, 7) = (1, 1, 2, 1, 0, 2, 1) + (n, 2n− 1, 3n− 2, 2n− 1, n, 2n− 2, n− 1)
= (n+ 1, 2n, 3n, 2n, n, 2n, n) = dimI(6n, 1)
Pdimk Ext
1
kQ(I(6n− 4, 7), R31(2)) = dimk HomkQ(I(6n− 4, 7), R31(2))− 〈dimI(6n− 4, 7),dimR31(2)〉
= 0− 〈(n, 2n− 1, 3n− 2, 2n− 1, n, 2n− 2, n− 1), (1, 1, 2, 1, 0, 2, 1)〉
= n · 1 + (2n− 1) · 2 + (2n− 1) · 2 +n · 1 + (2n− 2) · 2 + (n− 1) · 2− (n · 1 + (2n− 1) · 1 + (3n− 2) · 2 + (2n− 1) · 1 +n · 0 + (2n− 2) · 2 + (n− 1) · 1)
= n+ 4n− 2 + 4n− 2 + n+ 4n− 4 + 2n− 2− (n+ 2n− 1 + 6n− 4 + 2n− 1 + 0 + 4n− 4 + n− 1)
= 1
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Representation of I(6n− 4, 7) = I(6n+ 2, 7)[n 7→ n− 1] 
Dimension vector: dimI(6n− 4, 7) = (n, 2n− 1, 3n− 2, 2n− 1, n, 2n− 2, n− 1)
Matrices of the representation:
1. M I(6n−4,7)1→2 =
[ n
n−1 0
n 1
]
∈M2n−1,n(k)
2. M I(6n−4,7)2→3 =
[2n−1
n−1 0
2n−1 1
]
∈M3n−2,2n−1(k)
3. M I(6n−4,7)4→3 =
[2n−1
2n−1 1
n−1 0
]
∈M3n−2,2n−1(k)
4. M I(6n−4,7)5→4 =
[ n
n 1
n−1 0
]
∈M2n−1,n(k)
5. M I(6n−4,7)6→3 =
[2n−2
2n−2 1
n 0
]
+
[2n−2
n 0
2n−2 1
]
∈M3n−2,2n−2(k)
6. M I(6n−4,7)7→6 =
[n−1
n−1 1
n−1 1
]
∈M2n−2,n−1(k)
Matrices of the embedding f : R31(2)→ I(6n, 1) P
1. f1 =
[ 1
n 0
1 1
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1
n 0
1 1
n−1 0
 ∈M2n,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 ∈M3n,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0

c2←c2+c1−−−−−−→

1 1
n 0 0
1 1 0
n−1 0 0
1 1 1
n−1 0 0

4. f4 =

1
n 0
1 91
n−1 0
 ∈M2n,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
6. f6 =

1 1
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 ∈M2n,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 1
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 c2←c2+c1−−−−−−→

1 1
1 1 0
n−1 0 0
1 1 1
n−1 0 0

7. f7 =
[ 1
1 1
n−1 0
]
∈Mn,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(6n, 1)→ I(6n− 4, 7) P
1. g1 =
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
∈Mn,n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
r1↔r2−−−−→
[n−1 1 1
n−1 91 0 0
1 0 1 0
]
2. g2 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ∈M2n−1,2n(k) is already in row echelon form and has maximal row rank.
3. g3 =

1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
+

2n+1 n−1
n−1 0 0
n−1 0 91
n 0 0
 ∈M3n−2,3n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 n−2 1 1 n−2 1 1 n−2 1
n−2 0 91 0 0 1 0 0 91 0
1 0 0 91 0 0 1 0 0 91
1 1 0 0 0 0 0 0 0 0
n−2 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91
n−2 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

+

2n+1 1 n−2
n−2 0 0 0
1 0 0 0
1 0 91 0
n−2 0 0 91
1 0 0 0
n−2 0 0 0
1 0 0 0

r1↔r3−−−−→

1 n−2 1 1 n−2 1 1 n−2 1
1 1 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91
n−2 0 91 0 0 1 0 0 91 0
n−2 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91
n−2 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

+

2n+1 1 n−2
1 0 91 0
1 0 0 0
n−2 0 0 0
n−2 0 0 91
1 0 0 0
n−2 0 0 0
1 0 0 0

r2↔r3−−−−→

1 n−2 1 1 n−2 1 1 n−2 1
1 1 0 0 0 0 0 0 0 0
n−2 0 91 0 0 1 0 0 91 0
1 0 0 91 0 0 1 0 0 91
n−2 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91
n−2 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91

+

2n+1 1 n−2
1 0 91 0
n−2 0 0 0
1 0 0 0
n−2 0 0 91
1 0 0 0
n−2 0 0 0
1 0 0 0

4. g4 =

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 ∈M2n−1,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 r1↔r2−−−−→

1 n−1 1 n−1
1 1 0 0 0
n−1 0 91 0 1
n−1 0 0 0 1

5. g5 =
[ 1 n−1
n−1 0 91
1 1 0
]
∈Mn,n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 1 n−1
n−1 0 91
1 1 0
]
r1↔r2−−−−→
[ 1 n−1
1 1 0
n−1 0 91
]
6. g6 =
[ 1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
]
∈M2n−2,2n(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1 n−1
n−1 0 91
]
∈Mn−1,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R31(2)→ I(6n, 1) P
1. f2 ·MR
3
1(2)
1→2 −M I(6n,1)1→2 · f1 = 0
f2 ·MR
3
1(2)
1→2 =

1
n 0
1 1
n−1 0
 · [1] =

1
n 0
1 1
n−1 0

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M
I(6n,1)
1→2 · f1 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
1
n 0
1 1
]
=

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 1 0 0
 ·

1
n−1 0
1 0
1 1
 =

1
n−1 0
1 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0

f2 ·MR
3
1(2)
1→2 −M I(6n,1)1→2 · f1 =

1
n 0
1 1
n−1 0
−

1
n 0
1 1
n−1 0
 = [ 12n 0 ]
2. f3 ·MR
3
1(2)
2→3 −M I(6n,1)2→3 · f2 = 0
f3 ·MR
3
1(2)
2→3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 ·
[
1
0
]
=

1
n 0
1 1
n−1 0
1 1
n−1 0

M
I(6n,1)
2→3 · f2 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·

1
n 0
1 1
n−1 0
 =

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0
 ·

1
n 0
1 1
n−1 0
+

n 1 n−1
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
 ·

1
n 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0
n 0
+

1
n 0
n 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0
1 0
n−1 0
+

1
n 0
1 0
n−1 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0
1 1
n−1 0

f3 ·MR
3
1(2)
2→3 −M I(6n,1)2→3 · f2 =

1
n 0
1 1
n−1 0
1 1
n−1 0
−

1
n 0
1 1
n−1 0
1 1
n−1 0
 =
[ 1
3n 0
]
3. f3 ·MR
3
1(2)
4→3 −M I(6n,1)4→3 · f4 = 0
f3 ·MR
3
1(2)
4→3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 ·
[
0
1
]
=

1
n 0
1 91
n−1 0
1 0
n−1 0
 =

1
n 0
1 91
2n−1 0

M
I(6n,1)
4→3 · f4 =
[2n
2n 1
n 0
]
·

1
n 0
1 91
n−1 0
 =

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0
 ·

1
n 0
1 91
n−1 0
 =

1
n 0
1 91
n−1 0
n 0
 =

1
n 0
1 91
2n−1 0

f3 ·MR
3
1(2)
4→3 −M I(6n,1)4→3 · f4 =

1
n 0
1 91
2n−1 0
−

1
n 0
1 91
2n−1 0
 = [ 13n 0 ]
4. f4 ·MR
3
1(2)
5→4 −M I(6n,1)5→4 · f5 = 0
f4 ·MR
3
1(2)
5→4 =

1
n 0
1 91
n−1 0
 · [ 01 0 ] = [ 02n 0 ]
M
I(6n,1)
5→4 · f5 =
[ n
n 1
n 0
]
·
[ 0
n 0
]
=
[ 0
2n 0
]
f4 ·MR
3
1(2)
5→4 −M I(6n,1)5→4 · f5 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
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5. f3 ·MR
3
1(2)
6→3 −M I(6n,1)6→3 · f6 = 0
f3 ·MR
3
1(2)
6→3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 ·
[
1 0
0 1
]
=

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0

M
I(6n,1)
6→3 · f6 =
[2n
n 0
2n 1
]
·

1 1
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 =

1 n−1 1 n−1
n 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

1 1
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0

f3 ·MR
3
1(2)
6→3 −M I(6n,1)6→3 · f6 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0
−

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 =
[ 2
3n 0
]
6. f6 ·MR
3
1(2)
7→6 −M I(6n,1)7→6 · f7 = 0
f6 ·MR
3
1(2)
7→6 =

1 1
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 ·
[
1
1
]
=

1
1 0
n−1 0
1 1
n−1 0
 =

1
n 0
1 1
n−1 0

M
I(6n,1)
7→6 · f7 =
[ n
n 0
n 1
]
·
[ 1
1 1
n−1 0
]
=

1 n−1
n 0 0
1 1 0
n−1 0 1
 · [
1
1 1
n−1 0
]
=

1
n 0
1 1
n−1 0

f6 ·MR
3
1(2)
7→6 −M I(6n,1)7→6 · f7 =

1
n 0
1 1
n−1 0
−

1
n 0
1 1
n−1 0
 = [ 12n 0 ]
Relations of the projection g : I(6n, 1)→ I(6n− 4, 7) P
1. g2 ·M I(6n,1)1→2 −M I(6n−4,7)1→2 · g1 = 0
g2 ·M I(6n,1)1→2 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 1 0 0
 =

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0

M
I(6n−4,7)
1→2 · g1 =
[ n
n−1 0
n 1
]
·
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
=

1 n−1
n−1 0 0
1 1 0
n−1 0 1
 · [
n−1 1 1
1 0 1 0
n−1 91 0 0
]
=

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0

g2 ·M I(6n,1)1→2 −M I(6n−4,7)1→2 · g1 =

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0
−

n−1 1 1
n−1 0 0 0
1 0 1 0
n−1 91 0 0
 = [n+12n−1 0 ]
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2. g3 ·M I(6n,1)2→3 −M I(6n−4,7)2→3 · g2 = 0
g3 ·M I(6n,1)2→3 =


1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
+

2n+1 n−1
n−1 0 0
n−1 0 91
n 0 0


·

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] =

1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
 ·

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

+

1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
 ·

1 n−1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

+

2n 1 n−1
n−1 0 0 0
n−1 0 0 91
n 0 0 0
 ·

2n
2n 1
1 0
n−1 0
+

n n+1 n−1
n−1 0 0 0
n−1 0 0 91
n 0 0 0
 ·

n+1 n−1
n 0 0
n+1 1 0
n−1 0 1

=

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
n−1 0 0 0 0
+

1 n−1 1 n−1
n−1 0 1 0 91
1 0 0 0 0
n−1 0 1 0 91
n−1 0 0 0 91
+

2n
n−1 0
n−1 0
n 0
+

n+1 n−1
n−1 0 0
n−1 0 91
n 0 0

=

1 n−2 1 1 n−2 1
n−2 0 91 0 0 1 0
1 0 0 91 0 0 1
1 1 0 0 0 0 0
n−2 0 0 0 0 1 0
1 0 0 0 0 0 1
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
1 0 0 0 0 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
n−2 0 0 0 0 91 0
1 0 0 0 0 0 91

+

1 n−1 1 n−1
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0

+

1 n−1 1 1 n−2
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 91 0
n−2 0 0 0 0 91
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

=

n−1 1 1 n−1
n−1 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91

M
I(6n−4,7)
2→3 · g2 =
[2n−1
n−1 0
2n−1 1
]
·

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 =

n−1 1 n−1
n−1 0 0 0
n−1 1 0 0
1 0 1 0
n−1 0 0 1
 ·

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 =

n−1 1 1 n−1
n−1 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91

g3 ·M I(6n,1)2→3 −M I(6n−4,7)2→3 · g2 =

n−1 1 1 n−1
n−1 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
−

n−1 1 1 n−1
n−1 0 0 0 0
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 =
[2n
3n−2 0
]
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3. g3 ·M I(6n,1)4→3 −M I(6n−4,7)4→3 · g4 = 0
g3 ·M I(6n,1)4→3 =


1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
+

2n+1 n−1
n−1 0 0
n−1 0 91
n 0 0


·
[2n
2n 1
n 0
]
=

1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
 ·

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

+

2n 1 n−1
n−1 0 0 0
n−1 0 0 91
n 0 0 0
 ·

2n
2n 1
1 0
n−1 0

=

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
n−1 0 0 0 0
+

2n
n−1 0
n−1 0
n 0
 =

1 n−2 1 1 n−2 1
n−2 0 91 0 0 1 0
1 0 0 91 0 0 1
1 1 0 0 0 0 0
n−2 0 0 0 0 1 0
1 0 0 0 0 0 1
n−1 0 0 0 0 0 0

+

1 n−1 1 n−1
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0

=

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
n−1 0 0 0 0

M
I(6n−4,7)
4→3 · g4 =
[2n−1
2n−1 1
n−1 0
]
·

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 =

n−1 1 n−1
n−1 1 0 0
1 0 1 0
n−1 0 0 1
n−1 0 0 0
 ·

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 =

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
n−1 0 0 0 0

g3 ·M I(6n,1)4→3 −M I(6n−4,7)4→3 · g4 =

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
n−1 0 0 0 0
−

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
n−1 0 0 0 0
 =
[2n
3n−2 0
]
4. g4 ·M I(6n,1)5→4 −M I(6n−4,7)5→4 · g5 = 0
g4 ·M I(6n,1)5→4 =

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 · [
n
n 1
n 0
]
=

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 ·

1 n−1
1 1 0
n−1 0 1
1 0 0
n−1 0 0
 =

1 n−1
n−1 0 91
1 1 0
n−1 0 0

M
I(6n−4,7)
5→4 · g5 =
[ n
n 1
n−1 0
]
·
[ 1 n−1
n−1 0 91
1 1 0
]
=

n−1 1
n−1 1 0
1 0 1
n−1 0 0
 · [
1 n−1
n−1 0 91
1 1 0
]
=

1 n−1
n−1 0 91
1 1 0
n−1 0 0

g4 ·M I(6n,1)5→4 −M I(6n−4,7)5→4 · g5 =

1 n−1
n−1 0 91
1 1 0
n−1 0 0
−

1 n−1
n−1 0 91
1 1 0
n−1 0 0
 = [ n2n−1 0 ]
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5. g3 ·M I(6n,1)6→3 −M I(6n−4,7)6→3 · g6 = 0
g3 ·M I(6n,1)6→3 =


1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
+

2n+1 n−1
n−1 0 0
n−1 0 91
n 0 0


·
[2n
n 0
2n 1
]
=

1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
 ·

1 n−1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

+

n n+1 n−1
n−1 0 0 0
n−1 0 0 91
n 0 0 0
 ·

n+1 n−1
n 0 0
n+1 1 0
n−1 0 1
 =

1 n−1 1 n−1
n−1 0 1 0 91
1 0 0 0 0
n−1 0 1 0 91
n−1 0 0 0 91
+

n+1 n−1
n−1 0 0
n−1 0 91
n 0 0

=

1 n−2 1 1 n−2 1
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
1 0 0 0 0 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
n−2 0 0 0 0 91 0
1 0 0 0 0 0 91

+

1 n−1 1 1 n−2
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 91 0
n−2 0 0 0 0 91
1 0 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0

=

1 n−1 1 n−1
n−1 0 1 0 91
1 0 0 0 0
n−1 0 1 0 91
n−1 0 0 0 91
+

n+1 n−1
n−1 0 0
n−1 0 91
n 0 0

M
I(6n−4,7)
6→3 · g6 =

[2n−2
2n−2 1
n 0
]
+
[2n−2
n 0
2n−2 1
] ·
[ 1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
]
=

n−1 n−1
n−1 1 0
n−1 0 1
n 0 0
 · [
1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
]
+

n−1 n−1
n 0 0
n−1 1 0
n−1 0 1
 · [
1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
]
=

1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
n 0 0 0 0
+

1 n−1 1 n−1
n 0 0 0 0
n−1 0 1 0 91
n−1 0 0 0 91
 =

1 1 n−2 1 1 n−2
1 0 1 0 0 91 0
n−2 0 0 1 0 0 91
1 0 0 0 0 91 0
n−2 0 0 0 0 0 91
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 1 0 0 91 0
1 0 0 1 0 0 91
n−2 0 0 0 0 91 0
1 0 0 0 0 0 91

=

1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
n 0 0 0 0
+

1 n−1 1 n−1
n 0 0 0 0
n−1 0 1 0 91
n−1 0 0 0 91

g3 ·M I(6n,1)6→3 −M I(6n−4,7)6→3 · g6 =


1 n−1 1 n−1
n−1 0 1 0 91
1 0 0 0 0
n−1 0 1 0 91
n−1 0 0 0 91
+

n+1 n−1
n−1 0 0
n−1 0 91
n 0 0


−


1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
n 0 0 0 0
+

1 n−1 1 n−1
n 0 0 0 0
n−1 0 1 0 91
n−1 0 0 0 91


=

[ 1 n−1 n
n−1 0 1 0
2n−1 0 0 0
]
+
[n+1 n−1
n−1 0 91
2n−1 0 0
]
+

1 n−1 n
n 0 0 0
n−1 0 1 0
n−1 0 0 0
+

n+1 n−1
n 0 0
n−1 0 91
n−1 0 0
+ [
n+1 n−1
2n−1 0 0
n−1 0 91
]
+

n+1 n−1
n−1 0 0
n−1 0 91
n 0 0


−

[ 1 n−1 n
n−1 0 1 0
2n−1 0 0 0
]
+
[n+1 n−1
n−1 0 91
2n−1 0 0
]
+

1 n−1 n
n 0 0 0
n−1 0 1 0
n−1 0 0 0
+

n+1 n−1
n 0 0
n−1 0 91
n−1 0 0
+ [
n+1 n−1
2n−1 0 0
n−1 0 91
]
+

n+1 n−1
n−1 0 0
n−1 0 91
n 0 0


=
[2n
3n−2 0
]
6. g6 ·M I(6n,1)7→6 −M I(6n−4,7)7→6 · g7 = 0
g6 ·M I(6n,1)7→6 =
[ 1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
]
·
[ n
n 0
n 1
]
=
[ 1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
]
·

1 n−1
1 0 0
n−1 0 0
1 1 0
n−1 0 1
 =
[ 1 n−1
n−1 0 91
n−1 0 91
]
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M
I(6n−4,7)
7→6 · g7 =
[n−1
n−1 1
n−1 1
]
·
[ 1 n−1
n−1 0 91
]
=
[ 1 n−1
n−1 0 91
n−1 0 91
]
g6 ·M I(6n,1)7→6 −M I(6n−4,7)7→6 · g7 =
[ 1 n−1
n−1 0 91
n−1 0 91
]
−
[ 1 n−1
n−1 0 91
n−1 0 91
]
=
[ n
2n−2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
·
[ 1
n 0
1 1
]
=
[n−1 1 1
1 0 1 0
n−1 91 0 0
]
·

1
n−1 0
1 0
1 1
 = [ 1n 0 ]
2. g2 · f2 = 0
g2 · f2 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

1
n 0
1 1
n−1 0
 =

n−1 1 1 n−1
n−1 1 0 0 91
1 0 1 0 0
n−1 0 0 0 91
 ·

1
n−1 0
1 0
1 1
n−1 0
 =
[ 1
2n−1 0
]
3. g3 · f3 = 0
g3 · f3 =


1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
+

2n+1 n−1
n−1 0 0
n−1 0 91
n 0 0


·

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0

=

1 n−1 1 n−1 1 n−1
n−1 0 91 0 1 0 91
1 1 0 0 0 0 0
n−1 0 0 0 1 0 91
n−1 0 0 0 0 0 91
 ·

1 1
1 0 0
n−1 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0

+

n 1 n−1 1 n−1
n−1 0 0 0 0 0
n−1 0 0 0 0 91
n 0 0 0 0 0
 ·

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0

=

1 1
n−1 0 0
1 0 0
n−1 0 0
n−1 0 0
+

1 1
n−1 0 0
n−1 0 0
n 0 0
 =

1 1
n−1 0 0
1 0 0
n−2 0 0
1 0 0
n−1 0 0
+

1 1
n−1 0 0
1 0 0
n−2 0 0
1 0 0
n−1 0 0
 =
[ 2
3n−2 0
]
4. g4 · f4 = 0
g4 · f4 =

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 ·

1
n 0
1 91
n−1 0
 =

1 n−1 1 n−1
n−1 0 91 0 1
1 1 0 0 0
n−1 0 0 0 1
 ·

1
1 0
n−1 0
1 91
n−1 0
 =
[ 1
2n−1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 n−1
n−1 0 91
1 1 0
]
·
[ 0
n 0
]
=
[ 1 n−1
n−1 0 91
1 1 0
]
·
[ 0
1 0
n−1 0
]
=
[ 0
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 n−1 1 n−1
n−1 0 1 0 91
n−1 0 0 0 91
]
·

1 1
1 1 91
n−1 0 0
1 1 0
n−1 0 0
 =
[ 2
2n−2 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 1 n−1
n−1 0 91
]
·
[ 1
1 1
n−1 0
]
=
[ 1
n−1 0
]
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137 Tree module property of I(6n+ 1, 1)
137.1 Tree module property of I(1, 1) 
The representation of I(1, 1):
dimI(1, 1) = (0, 1, 0, 0, 0, 0, 0)
I(1, 1) = (M1→2 = 0, M2→3 = 0, M4→3 = 0, M5→4 = 0, M6→3 = 0, M7→6 = 0)
The length of I(1, 1) is: 0 + 1 + 0 + 0 + 0 + 0 + 0 = 1.
The total number of ones in the matrices of the representation: 0.
This representation is simple, hence indecomposable and has the (field independent) tree module propery.
137.2 Tree module property of I(7, 1) 
The matrices of the representation have full (column) rank P
1. M I(7,1)1→2 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. M I(7,1)2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
3. M I(7,1)4→3 =
1 00 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
4. M I(7,1)5→4 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. M I(7,1)6→3 =
1 00 1
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. M I(7,1)7→6 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
137.2.1 0→ R21(1) f→ I(7, 1) g→ I(5, 5)→ 0 
PdimR21(1) + dimI(5, 5) = (0, 1, 1, 1, 1, 0, 0) + (1, 2, 2, 1, 0, 2, 1)
= (1, 3, 3, 2, 1, 2, 1) = dimI(7, 1)
Pdimk Ext
1
kQ(I(5, 5), R
2
1(1)) = dimk HomkQ(I(5, 5), R
2
1(1))− 〈dimI(5, 5),dimR21(1)〉
= 0− 〈(1, 2, 2, 1, 0, 2, 1), (0, 1, 1, 1, 1, 0, 0)〉
= 1 · 1 + 2 · 1 + 1 · 1 + 0 · 1 + 2 · 1 + 1 · 0− (1 · 0 + 2 · 1 + 2 · 1 + 1 · 1 + 0 · 1 + 2 · 0 + 1 · 0)
= 1 + 2 + 1 + 0 + 2 + 0− (0 + 2 + 2 + 1 + 0 + 0 + 0)
= 1
Matrices of the embedding f : R21(1)→ I(7, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
10
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
10
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. f6 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
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Matrices of the projection g : I(7, 1)→ I(5, 5) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0 91
1 1 91
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[
1 0 91
1 1 91
]
r2←r2−r1−−−−−−→
[
1 0 91
0 1 0
]
3. g3 =
[
1 0 91
1 1 91
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
1 0 91
1 1 91
]
r2←r2−r1−−−−−−→
[
1 0 91
0 1 0
]
4. g4 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
6. g6 =
[
1 91
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[
1 91
1 0
]
r2←r2−r1−−−−−−→
[
1 91
0 1
]
7. g7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R21(1)→ I(7, 1) P
1. f2 ·MR
2
1(1)
1→2 −M I(7,1)1→2 · f1 = 0
f2 ·MR
2
1(1)
1→2 =
10
1
 · [ 01 0 ] = [ 03 0 ]
M
I(7,1)
1→2 · f1 =
01
0
 · [ 01 0 ] = [ 03 0 ]
f2 ·MR
2
1(1)
1→2 −M I(7,1)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MR
2
1(1)
2→3 −M I(7,1)2→3 · f2 = 0
f3 ·MR
2
1(1)
2→3 =
10
1
 · [1] =
10
1

M
I(7,1)
2→3 · f2 =
[ 3
3 1
]
·
10
1
 =
1 0 00 1 0
0 0 1
 ·
10
1
 =
10
1

f3 ·MR
2
1(1)
2→3 −M I(7,1)2→3 · f2 =
10
1
−
10
1
 = [ 13 0 ]
3. f3 ·MR
2
1(1)
4→3 −M I(7,1)4→3 · f4 = 0
f3 ·MR
2
1(1)
4→3 =
10
1
 · [1] =
10
1

M
I(7,1)
4→3 · f4 =
1 00 0
0 1
 · [1
1
]
=
10
1

f3 ·MR
2
1(1)
4→3 −M I(7,1)4→3 · f4 =
10
1
−
10
1
 = [ 13 0 ]
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4. f4 ·MR
2
1(1)
5→4 −M I(7,1)5→4 · f5 = 0
f4 ·MR
2
1(1)
5→4 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(7,1)
5→4 · f5 =
[
1
1
]
·
[
1
]
=
[
1
1
]
f4 ·MR
2
1(1)
5→4 −M I(7,1)5→4 · f5 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
5. f3 ·MR
2
1(1)
6→3 −M I(7,1)6→3 · f6 = 0
f3 ·MR
2
1(1)
6→3 =
10
1
 · [ 01 0 ] = [ 03 0 ]
M
I(7,1)
6→3 · f6 =
1 00 1
0 1
 · [ 02 0 ] =
1 00 1
0 1
 · [
0
1 0
1 0
]
=
[ 0
3 0
]
f3 ·MR
2
1(1)
6→3 −M I(7,1)6→3 · f6 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
6. f6 ·MR
2
1(1)
7→6 −M I(7,1)7→6 · f7 = 0
f6 ·MR
2
1(1)
7→6 =
[ 0
2 0
]
·
[ 0
0 0
]
=
[ 0
2 0
]
M
I(7,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MR
2
1(1)
7→6 −M I(7,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : I(7, 1)→ I(5, 5) P
1. g2 ·M I(7,1)1→2 −M I(5,5)1→2 · g1 = 0
g2 ·M I(7,1)1→2 =
[
1 0 91
1 1 91
]
·
01
0
 = [0
1
]
M
I(5,5)
1→2 · g1 =
[
0
1
]
·
[
1
]
=
[
0
1
]
g2 ·M I(7,1)1→2 −M I(5,5)1→2 · g1 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
2. g3 ·M I(7,1)2→3 −M I(5,5)2→3 · g2 = 0
g3 ·M I(7,1)2→3 =
[
1 0 91
1 1 91
]
·
[ 3
3 1
]
=
[
1 0 91
1 1 91
]
·
1 0 00 1 0
0 0 1
 = [1 0 91
1 1 91
]
M
I(5,5)
2→3 · g2 =
[ 2
2 1
]
·
[
1 0 91
1 1 91
]
=
[
1 0
0 1
]
·
[
1 0 91
1 1 91
]
=
[
1 0 91
1 1 91
]
g3 ·M I(7,1)2→3 −M I(5,5)2→3 · g2 =
[
1 0 91
1 1 91
]
−
[
1 0 91
1 1 91
]
=
[ 3
2 0
]
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3. g3 ·M I(7,1)4→3 −M I(5,5)4→3 · g4 = 0
g3 ·M I(7,1)4→3 =
[
1 0 91
1 1 91
]
·
1 00 0
0 1
 = [1 91
1 91
]
M
I(5,5)
4→3 · g4 =
[
1
1
]
·
[
1 91
]
=
[
1 91
1 91
]
g3 ·M I(7,1)4→3 −M I(5,5)4→3 · g4 =
[
1 91
1 91
]
−
[
1 91
1 91
]
=
[ 2
2 0
]
4. g4 ·M I(7,1)5→4 −M I(5,5)5→4 · g5 = 0
g4 ·M I(7,1)5→4 =
[
1 91
]
·
[
1
1
]
=
[
0
]
M
I(5,5)
5→4 · g5 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g4 ·M I(7,1)5→4 −M I(5,5)5→4 · g5 =
[
0
]
−
[
0
]
=
[
0
]
5. g3 ·M I(7,1)6→3 −M I(5,5)6→3 · g6 = 0
g3 ·M I(7,1)6→3 =
[
1 0 91
1 1 91
]
·
1 00 1
0 1
 = [1 91
1 0
]
M
I(5,5)
6→3 · g6 =
[ 2
2 1
]
·
[
1 91
1 0
]
=
[
1 0
0 1
]
·
[
1 91
1 0
]
=
[
1 91
1 0
]
g3 ·M I(7,1)6→3 −M I(5,5)6→3 · g6 =
[
1 91
1 0
]
−
[
1 91
1 0
]
=
[ 2
2 0
]
6. g6 ·M I(7,1)7→6 −M I(5,5)7→6 · g7 = 0
g6 ·M I(7,1)7→6 =
[
1 91
1 0
]
·
[
0
1
]
=
[
91
0
]
M
I(5,5)
7→6 · g7 =
[
1
0
]
·
[
91
]
=
[
91
0
]
g6 ·M I(7,1)7→6 −M I(5,5)7→6 · g7 =
[
91
0
]
−
[
91
0
]
=
[ 1
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0 91
1 1 91
]
·
10
1
 = [ 12 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
1 0 91
1 1 91
]
·
10
1
 = [ 12 0 ]
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4. g4 · f4 = 0
g4 · f4 =
[
1 91
]
·
[
1
1
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 91
1 0
]
·
[ 0
2 0
]
=
[
1 91
1 0
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
137.2.2 0→ R1∞(1) f→ I(7, 1) g→ I(4, 1)→ 0 
PdimR1∞(1) + dimI(4, 1) = (0, 1, 1, 1, 0, 1, 0) + (1, 2, 2, 1, 1, 1, 1)
= (1, 3, 3, 2, 1, 2, 1) = dimI(7, 1)
Pdimk Ext
1
kQ(I(4, 1), R
1
∞(1)) = dimk HomkQ(I(4, 1), R
1
∞(1))− 〈dimI(4, 1),dimR1∞(1)〉
= 0− 〈(1, 2, 2, 1, 1, 1, 1), (0, 1, 1, 1, 0, 1, 0)〉
= 1 · 1 + 2 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1− (1 · 0 + 2 · 1 + 2 · 1 + 1 · 1 + 1 · 0 + 1 · 1 + 1 · 0)
= 1 + 2 + 1 + 1 + 1 + 1− (0 + 2 + 2 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(7, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(7, 1)→ I(4, 1) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : R1∞(1)→ I(7, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(7,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
I(7,1)
1→2 · f1 =
01
0
 · [ 01 0 ] = [ 03 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(7,1)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(7,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
2 0
]
·
[
1
]
=
[ 1
1 1
2 0
]
M
I(7,1)
2→3 · f2 =
[ 3
3 1
]
·
[ 1
1 1
2 0
]
=
[ 1 2
1 1 0
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
1 1
2 0
]
f3 ·MR
1
∞(1)
2→3 −M I(7,1)2→3 · f2 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(7,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
2 0
]
·
[
1
]
=
[ 1
1 1
2 0
]
M
I(7,1)
4→3 · f4 =
1 00 0
0 1
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
f3 ·MR
1
∞(1)
4→3 −M I(7,1)4→3 · f4 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(7,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(7,1)
5→4 · f5 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MR
1
∞(1)
5→4 −M I(7,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(7,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
2 0
]
·
[
1
]
=
[ 1
1 1
2 0
]
M
I(7,1)
6→3 · f6 =
1 00 1
0 1
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
f3 ·MR
1
∞(1)
6→3 −M I(7,1)6→3 · f6 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
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6. f6 ·MR
1
∞(1)
7→6 −M I(7,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(7,1)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MR
1
∞(1)
7→6 −M I(7,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : I(7, 1)→ I(4, 1) P
1. g2 ·M I(7,1)1→2 −M I(4,1)1→2 · g1 = 0
g2 ·M I(7,1)1→2 =
[ 1 2
2 0 1
]
·
01
0
 = [0 1 0
0 0 1
]
·
01
0
 = [1
0
]
M
I(4,1)
1→2 · g1 =
[
1
0
]
·
[
1
]
=
[
1
0
]
g2 ·M I(7,1)1→2 −M I(4,1)1→2 · g1 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
2. g3 ·M I(7,1)2→3 −M I(4,1)2→3 · g2 = 0
g3 ·M I(7,1)2→3 =
[ 1 2
2 0 1
]
·
[ 3
3 1
]
=
[ 1 2
2 0 1
]
·
[ 1 2
1 1 0
2 0 1
]
=
[ 1 2
2 0 1
]
M
I(4,1)
2→3 · g2 =
[ 2
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
]
g3 ·M I(7,1)2→3 −M I(4,1)2→3 · g2 =
[ 1 2
2 0 1
]
−
[ 1 2
2 0 1
]
=
[ 3
2 0
]
3. g3 ·M I(7,1)4→3 −M I(4,1)4→3 · g4 = 0
g3 ·M I(7,1)4→3 =
[ 1 2
2 0 1
]
·
1 00 0
0 1
 = [0 1 0
0 0 1
]
·
1 00 0
0 1
 = [0 0
0 1
]
M
I(4,1)
4→3 · g4 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g3 ·M I(7,1)4→3 −M I(4,1)4→3 · g4 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
4. g4 ·M I(7,1)5→4 −M I(4,1)5→4 · g5 = 0
g4 ·M I(7,1)5→4 =
[
0 1
]
·
[
1
1
]
=
[
1
]
M
I(4,1)
5→4 · g5 =
[
1
]
·
[
1
]
=
[
1
]
g4 ·M I(7,1)5→4 −M I(4,1)5→4 · g5 =
[
1
]
−
[
1
]
=
[
0
]
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5. g3 ·M I(7,1)6→3 −M I(4,1)6→3 · g6 = 0
g3 ·M I(7,1)6→3 =
[ 1 2
2 0 1
]
·
1 00 1
0 1
 = [0 1 0
0 0 1
]
·
1 00 1
0 1
 = [0 1
0 1
]
M
I(4,1)
6→3 · g6 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g3 ·M I(7,1)6→3 −M I(4,1)6→3 · g6 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
6. g6 ·M I(7,1)7→6 −M I(4,1)7→6 · g7 = 0
g6 ·M I(7,1)7→6 =
[
0 1
]
·
[
0
1
]
=
[
1
]
M
I(4,1)
7→6 · g7 =
[
1
]
·
[
1
]
=
[
1
]
g6 ·M I(7,1)7→6 −M I(4,1)7→6 · g7 =
[
1
]
−
[
1
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 1
]
·
[
1
0
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 1
]
·
[
1
0
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
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137.3 Tree module property of I(13, 1) 
The matrices of the representation have full (column) rank P
1. M I(13,1)1→2 =

0 0
1 0
0 1
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. M I(13,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M6,5(k) is already in column echelon form and has maximal column rank.
3. M I(13,1)4→3 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. M I(13,1)5→4 =

1 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. M I(13,1)6→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. M I(13,1)7→6 =

0 0
1 0
0 1
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
137.3.1 0→ R21(1) f→ I(13, 1) g→ I(11, 5)→ 0 
PdimR21(1) + dimI(11, 5) = (0, 1, 1, 1, 1, 0, 0) + (2, 4, 5, 3, 1, 4, 2)
= (2, 5, 6, 4, 2, 4, 2) = dimI(13, 1)
Pdimk Ext
1
kQ(I(11, 5), R
2
1(1)) = dimk HomkQ(I(11, 5), R
2
1(1))− 〈dimI(11, 5),dimR21(1)〉
= 0− 〈(2, 4, 5, 3, 1, 4, 2), (0, 1, 1, 1, 1, 0, 0)〉
= 2 · 1 + 4 · 1 + 3 · 1 + 1 · 1 + 4 · 1 + 2 · 0− (2 · 0 + 4 · 1 + 5 · 1 + 3 · 1 + 1 · 1 + 4 · 0 + 2 · 0)
= 2 + 4 + 3 + 1 + 4 + 0− (0 + 4 + 5 + 3 + 1 + 0 + 0)
= 1
Matrices of the embedding f : R21(1)→ I(13, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
1
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
1
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
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7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : I(13, 1)→ I(11, 5) P
1. g1 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
91 91 1 00 91 0 1
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 1 91
0 0 91 1
0 91 0 0
0 0 0 1
 ∈M4,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

91 0 1 91
0 0 91 1
0 91 0 0
0 0 0 1
 r2↔r3−−−−→

91 0 1 91
0 91 0 0
0 0 91 1
0 0 0 1

7. g7 =
[
91 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R21(1)→ I(13, 1) P
1. f2 ·MR
2
1(1)
1→2 −M I(13,1)1→2 · f1 = 0
f2 ·MR
2
1(1)
1→2 =

1
1 1
3 0
1 1
 · [ 01 0 ] = [ 05 0 ]
M
I(13,1)
1→2 · f1 =

2
1 0
2 1
2 0
 · [ 02 0 ] = [ 05 0 ]
f2 ·MR
2
1(1)
1→2 −M I(13,1)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MR
2
1(1)
2→3 −M I(13,1)2→3 · f2 = 0
f3 ·MR
2
1(1)
2→3 =

1
1 1
3 0
1 1
1 0
 ·
[
1
]
=

1
1 1
3 0
1 1
1 0

M
I(13,1)
2→3 · f2 =
[ 5
5 1
1 0
]
·

1
1 1
3 0
1 1
 =

1 3 1
1 1 0 0
3 0 1 0
1 0 0 1
1 0 0 0
 ·

1
1 1
3 0
1 1
 =

1
1 1
3 0
1 1
1 0

f3 ·MR
2
1(1)
2→3 −M I(13,1)2→3 · f2 =

1
1 1
3 0
1 1
1 0
−

1
1 1
3 0
1 1
1 0
 =
[ 1
6 0
]
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3. f3 ·MR
2
1(1)
4→3 −M I(13,1)4→3 · f4 = 0
f3 ·MR
2
1(1)
4→3 =

1
1 1
3 0
1 1
1 0
 ·
[
1
]
=

1
1 1
3 0
1 1
1 0

M
I(13,1)
4→3 · f4 =

1 3
1 1 0
2 0 0
3 0 1
 ·

1
0
1
0
 =

1 1 1 1
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1
0
1
0
 =

1
1 1
2 0
1 0
1 1
1 0
 =

1
1 1
3 0
1 1
1 0

f3 ·MR
2
1(1)
4→3 −M I(13,1)4→3 · f4 =

1
1 1
3 0
1 1
1 0
−

1
1 1
3 0
1 1
1 0
 =
[ 1
6 0
]
4. f4 ·MR
2
1(1)
5→4 −M I(13,1)5→4 · f5 = 0
f4 ·MR
2
1(1)
5→4 =

1
0
1
0
 ·
[
1
]
=

1
0
1
0

M
I(13,1)
5→4 · f5 =

1 0
0 0
1 0
0 1
 ·
[
1
0
]
=

1
0
1
0

f4 ·MR
2
1(1)
5→4 −M I(13,1)5→4 · f5 =

1
0
1
0
−

1
0
1
0
 =
[ 1
4 0
]
5. f3 ·MR
2
1(1)
6→3 −M I(13,1)6→3 · f6 = 0
f3 ·MR
2
1(1)
6→3 =

1
1 1
3 0
1 1
1 0
 ·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(13,1)
6→3 · f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·
[ 0
4 0
]
=

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

0
1 0
1 0
1 0
1 0
 =
[ 0
6 0
]
f3 ·MR
2
1(1)
6→3 −M I(13,1)6→3 · f6 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
6. f6 ·MR
2
1(1)
7→6 −M I(13,1)7→6 · f7 = 0
f6 ·MR
2
1(1)
7→6 =
[ 0
4 0
]
·
[ 0
0 0
]
=
[ 0
4 0
]
M
I(13,1)
7→6 · f7 =

0 0
1 0
0 1
0 1
 ·
[ 0
2 0
]
=

0 0
1 0
0 1
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f6 ·MR
2
1(1)
7→6 −M I(13,1)7→6 · f7 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
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Relations of the projection g : I(13, 1)→ I(11, 5) P
1. g2 ·M I(13,1)1→2 −M I(11,5)1→2 · g1 = 0
g2 ·M I(13,1)1→2 =

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
 ·

2
1 0
2 1
2 0
 =

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
 ·

0 0
1 0
0 1
0 0
0 0
 =

1 0
1 0
0 91
0 0

M
I(11,5)
1→2 · g1 =

1 0
1 0
0 1
0 0
 ·
[
1 0
0 91
]
=

1 0
1 0
0 91
0 0

g2 ·M I(13,1)1→2 −M I(11,5)1→2 · g1 =

1 0
1 0
0 91
0 0
−

1 0
1 0
0 91
0 0
 =
[ 2
4 0
]
2. g3 ·M I(13,1)2→3 −M I(11,5)2→3 · g2 = 0
g3 ·M I(13,1)2→3 =

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ·
[ 5
5 1
1 0
]
=

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

=

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 0

M
I(11,5)
2→3 · g2 =
[ 4
4 1
1 0
]
·

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ·

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
 =

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 0

g3 ·M I(13,1)2→3 −M I(11,5)2→3 · g2 =

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 0
−

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
0 0 0 0 0
 =
[ 5
5 0
]
3. g3 ·M I(13,1)4→3 −M I(11,5)4→3 · g4 = 0
g3 ·M I(13,1)4→3 =

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ·

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

=

91 91 1 0
0 91 0 1
0 0 0 1
0 91 0 1
0 0 0 1

M
I(11,5)
4→3 · g4 =

1 2
1 1 0
2 0 1
2 0 1
 ·
91 91 1 00 91 0 1
0 0 0 1
 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ·
91 91 1 00 91 0 1
0 0 0 1
 =

91 91 1 0
0 91 0 1
0 0 0 1
0 91 0 1
0 0 0 1

g3 ·M I(13,1)4→3 −M I(11,5)4→3 · g4 =

91 91 1 0
0 91 0 1
0 0 0 1
0 91 0 1
0 0 0 1
−

91 91 1 0
0 91 0 1
0 0 0 1
0 91 0 1
0 0 0 1
 =
[ 4
5 0
]
4. g4 ·M I(13,1)5→4 −M I(11,5)5→4 · g5 = 0
g4 ·M I(13,1)5→4 =
91 91 1 00 91 0 1
0 0 0 1
 ·

1 0
0 0
1 0
0 1
 =
0 00 1
0 1

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M
I(11,5)
5→4 · g5 =
01
1
 · [0 1] =
0 00 1
0 1

g4 ·M I(13,1)5→4 −M I(11,5)5→4 · g5 =
0 00 1
0 1
−
0 00 1
0 1
 = [ 23 0 ]
5. g3 ·M I(13,1)6→3 −M I(11,5)6→3 · g6 = 0
g3 ·M I(13,1)6→3 =

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

91 0 1 91
0 0 0 0
0 0 91 1
0 91 0 0
0 0 0 1

M
I(11,5)
6→3 · g6 =

1 3
1 1 0
1 0 0
3 0 1
 ·

91 0 1 91
0 0 91 1
0 91 0 0
0 0 0 1
 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ·

91 0 1 91
0 0 91 1
0 91 0 0
0 0 0 1
 =

91 0 1 91
0 0 0 0
0 0 91 1
0 91 0 0
0 0 0 1

g3 ·M I(13,1)6→3 −M I(11,5)6→3 · g6 =

91 0 1 91
0 0 0 0
0 0 91 1
0 91 0 0
0 0 0 1
−

91 0 1 91
0 0 0 0
0 0 91 1
0 91 0 0
0 0 0 1
 =
[ 4
5 0
]
6. g6 ·M I(13,1)7→6 −M I(11,5)7→6 · g7 = 0
g6 ·M I(13,1)7→6 =

91 0 1 91
0 0 91 1
0 91 0 0
0 0 0 1
 ·

0 0
1 0
0 1
0 1
 =

0 0
0 0
91 0
0 1
 =

1 1
2 0 0
1 91 0
1 0 1

M
I(11,5)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[
91 0
0 1
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [91 0
0 1
]
=

1 1
2 0 0
1 91 0
1 0 1

g6 ·M I(13,1)7→6 −M I(11,5)7→6 · g7 =

1 1
2 0 0
1 91 0
1 0 1
−

1 1
2 0 0
1 91 0
1 0 1
 = [ 24 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
 ·

1
1 1
3 0
1 1
 =

91 1 0 91 1
0 1 0 91 0
0 0 91 0 0
0 0 0 91 0
 ·

1
0
0
0
1
 =
[ 1
4 0
]
3. g3 · f3 = 0
g3 · f3 =

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ·

1
1 1
3 0
1 1
1 0
 =

91 1 0 91 1 0
0 1 0 91 0 1
0 0 91 0 0 1
0 0 0 91 0 1
0 0 0 0 0 1
 ·

1
0
0
0
1
0

=
[ 1
5 0
]
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4. g4 · f4 = 0
g4 · f4 =
91 91 1 00 91 0 1
0 0 0 1
 ·

1
0
1
0
 =
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =

91 0 1 91
0 0 91 1
0 91 0 0
0 0 0 1
 ·
[ 0
4 0
]
=

91 0 1 91
0 0 91 1
0 91 0 0
0 0 0 1
 ·

0
1 0
1 0
1 0
1 0
 =
[ 0
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[
91 0
0 1
]
·
[ 0
2 0
]
=
[
91 0
0 1
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
137.3.2 0→ R1∞(1) f→ I(13, 1) g→ I(10, 1)→ 0 
PdimR1∞(1) + dimI(10, 1) = (0, 1, 1, 1, 0, 1, 0) + (2, 4, 5, 3, 2, 3, 2)
= (2, 5, 6, 4, 2, 4, 2) = dimI(13, 1)
Pdimk Ext
1
kQ(I(10, 1), R
1
∞(1)) = dimk HomkQ(I(10, 1), R
1
∞(1))− 〈dimI(10, 1),dimR1∞(1)〉
= 0− 〈(2, 4, 5, 3, 2, 3, 2), (0, 1, 1, 1, 0, 1, 0)〉
= 2 · 1 + 4 · 1 + 3 · 1 + 2 · 1 + 3 · 1 + 2 · 1− (2 · 0 + 4 · 1 + 5 · 1 + 3 · 1 + 2 · 0 + 3 · 1 + 2 · 0)
= 2 + 4 + 3 + 2 + 3 + 2− (0 + 4 + 5 + 3 + 0 + 3 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(13, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
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Matrices of the projection g : I(13, 1)→ I(10, 1) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(13, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(13,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
4 0
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
I(13,1)
1→2 · f1 =

2
1 0
2 1
2 0
 · [ 02 0 ] = [ 05 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(13,1)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(13,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
5 0
]
·
[
1
]
=
[ 1
1 1
5 0
]
M
I(13,1)
2→3 · f2 =
[ 5
5 1
1 0
]
·
[ 1
1 1
4 0
]
=

1 4
1 1 0
4 0 1
1 0 0
 · [
1
1 1
4 0
]
=

1
1 1
4 0
1 0
 = [
1
1 1
5 0
]
f3 ·MR
1
∞(1)
2→3 −M I(13,1)2→3 · f2 =
[ 1
1 1
5 0
]
−
[ 1
1 1
5 0
]
=
[ 1
6 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(13,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
5 0
]
·
[
1
]
=
[ 1
1 1
5 0
]
M
I(13,1)
4→3 · f4 =

1 3
1 1 0
2 0 0
3 0 1
 · [
1
1 1
3 0
]
=

1
1 1
2 0
3 0
 = [
1
1 1
5 0
]
f3 ·MR
1
∞(1)
4→3 −M I(13,1)4→3 · f4 =
[ 1
1 1
5 0
]
−
[ 1
1 1
5 0
]
=
[ 1
6 0
]
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4. f4 ·MR
1
∞(1)
5→4 −M I(13,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
3 0
]
·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(13,1)
5→4 · f5 =

1 0
0 0
1 0
0 1
 ·
[ 0
2 0
]
=

1 0
0 0
1 0
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f4 ·MR
1
∞(1)
5→4 −M I(13,1)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(13,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
5 0
]
·
[
1
]
=
[ 1
1 1
5 0
]
M
I(13,1)
6→3 · f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·
[ 1
1 1
3 0
]
=

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

1
0
0
0
 =

1
0
0
0
0
0

=
[ 1
1 1
5 0
]
f3 ·MR
1
∞(1)
6→3 −M I(13,1)6→3 · f6 =
[ 1
1 1
5 0
]
−
[ 1
1 1
5 0
]
=
[ 1
6 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(13,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
3 0
]
·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(13,1)
7→6 · f7 =

0 0
1 0
0 1
0 1
 ·
[ 0
2 0
]
=

0 0
1 0
0 1
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f6 ·MR
1
∞(1)
7→6 −M I(13,1)7→6 · f7 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
Relations of the projection g : I(13, 1)→ I(10, 1) P
1. g2 ·M I(13,1)1→2 −M I(10,1)1→2 · g1 = 0
g2 ·M I(13,1)1→2 =
[ 1 4
4 0 1
]
·

2
1 0
2 1
2 0
 = [
1 2 2
2 0 1 0
2 0 0 1
]
·

2
1 0
2 1
2 0
 = [
2
2 1
2 0
]
M
I(10,1)
1→2 · g1 =
[ 2
2 1
2 0
]
·
[ 2
2 1
]
=
[ 2
2 1
2 0
]
g2 ·M I(13,1)1→2 −M I(10,1)1→2 · g1 =
[ 2
2 1
2 0
]
−
[ 2
2 1
2 0
]
=
[ 2
4 0
]
1930
2. g3 ·M I(13,1)2→3 −M I(10,1)2→3 · g2 = 0
g3 ·M I(13,1)2→3 =
[ 1 5
5 0 1
]
·
[ 5
5 1
1 0
]
=
[ 1 4 1
4 0 1 0
1 0 0 1
]
·

1 4
1 1 0
4 0 1
1 0 0
 = [
1 4
4 0 1
1 0 0
]
M
I(10,1)
2→3 · g2 =
[ 4
4 1
1 0
]
·
[ 1 4
4 0 1
]
=
[ 1 4
4 0 1
1 0 0
]
g3 ·M I(13,1)2→3 −M I(10,1)2→3 · g2 =
[ 1 4
4 0 1
1 0 0
]
−
[ 1 4
4 0 1
1 0 0
]
=
[ 5
5 0
]
3. g3 ·M I(13,1)4→3 −M I(10,1)4→3 · g4 = 0
g3 ·M I(13,1)4→3 =
[ 1 5
5 0 1
]
·

1 3
1 1 0
2 0 0
3 0 1
 = [
1 2 3
2 0 1 0
3 0 0 1
]
·

1 3
1 1 0
2 0 0
3 0 1
 = [
1 3
2 0 0
3 0 1
]
M
I(10,1)
4→3 · g4 =
[ 3
2 0
3 1
]
·
[ 1 3
3 0 1
]
=
[ 1 3
2 0 0
3 0 1
]
g3 ·M I(13,1)4→3 −M I(10,1)4→3 · g4 =
[ 1 3
2 0 0
3 0 1
]
−
[ 1 3
2 0 0
3 0 1
]
=
[ 4
5 0
]
4. g4 ·M I(13,1)5→4 −M I(10,1)5→4 · g5 = 0
g4 ·M I(13,1)5→4 =
[ 1 3
3 0 1
]
·

1 0
0 0
1 0
0 1
 =
0 1 0 00 0 1 0
0 0 0 1
 ·

1 0
0 0
1 0
0 1
 =
0 01 0
0 1
 = [
2
1 0
2 1
]
M
I(10,1)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[ 2
2 1
]
=
[ 2
1 0
2 1
]
g4 ·M I(13,1)5→4 −M I(10,1)5→4 · g5 =
[ 2
1 0
2 1
]
−
[ 2
1 0
2 1
]
=
[ 2
3 0
]
5. g3 ·M I(13,1)6→3 −M I(10,1)6→3 · g6 = 0
g3 ·M I(13,1)6→3 =
[ 1 5
5 0 1
]
·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

M
I(10,1)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 1 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
0 1 0 00 0 1 0
0 0 0 1
 =

0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

g3 ·M I(13,1)6→3 −M I(10,1)6→3 · g6 =

0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1
−

0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1
 =
[ 4
5 0
]
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6. g6 ·M I(13,1)7→6 −M I(10,1)7→6 · g7 = 0
g6 ·M I(13,1)7→6 =
[ 1 3
3 0 1
]
·

0 0
1 0
0 1
0 1
 =
0 1 0 00 0 1 0
0 0 0 1
 ·

0 0
1 0
0 1
0 1
 =
1 00 1
0 1

M
I(10,1)
7→6 · g7 =
1 00 1
0 1
 · [ 22 1 ] =
1 00 1
0 1
 · [1 0
0 1
]
=
1 00 1
0 1

g6 ·M I(13,1)7→6 −M I(10,1)7→6 · g7 =
1 00 1
0 1
−
1 00 1
0 1
 = [ 23 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 5
5 0 1
]
·
[ 1
1 1
5 0
]
=
[ 1
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
137.4 Tree module property of I(19, 1) 
The matrices of the representation have full (column) rank P
1. M I(19,1)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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2. M I(19,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M9,7(k) is already in column echelon form and has maximal column rank.
3. M I(19,1)4→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
4. M I(19,1)5→4 =

1 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. M I(19,1)6→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. M I(19,1)7→6 =

0 0 0
1 0 0
0 1 0
0 0 1
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
137.4.1 0→ R21(1) f→ I(19, 1) g→ I(17, 5)→ 0 
PdimR21(1) + dimI(17, 5) = (0, 1, 1, 1, 1, 0, 0) + (3, 6, 8, 5, 2, 6, 3)
= (3, 7, 9, 6, 3, 6, 3) = dimI(19, 1)
Pdimk Ext
1
kQ(I(17, 5), R
2
1(1)) = dimk HomkQ(I(17, 5), R
2
1(1))− 〈dimI(17, 5),dimR21(1)〉
= 0− 〈(3, 6, 8, 5, 2, 6, 3), (0, 1, 1, 1, 1, 0, 0)〉
= 3 · 1 + 6 · 1 + 5 · 1 + 2 · 1 + 6 · 1 + 3 · 0− (3 · 0 + 6 · 1 + 8 · 1 + 5 · 1 + 2 · 1 + 6 · 0 + 3 · 0)
= 3 + 6 + 5 + 2 + 6 + 0− (0 + 6 + 8 + 5 + 2 + 0 + 0)
= 1
Matrices of the embedding f : R21(1)→ I(19, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
0
1

∈M7,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
0
1
0
0

∈M9,1(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1
0
0
1
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
[ 0
6 0
]
∈M6,0(k) – rank computation not applicable here.
7. f7 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
Matrices of the projection g : I(19, 1)→ I(17, 5) P
1. g1 =
0 1 01 0 0
0 0 91
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 1
2 1′ 0
1 0 91
]
2. g2 =

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

r2↔r3−−−−→

91 0 1 0 0 91 1
0 1 0 0 91 0 0
0 0 1 0 0 91 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

r5↔r6−−−−→

91 0 1 0 0 91 1
0 1 0 0 91 0 0
0 0 1 0 0 91 0
0 0 0 91 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0

3. g3 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

∈M8,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

r2↔r3−−−−→

91 0 1 0 0 91 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 0 0 91 0 0 1
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

r5↔r6−−−−→

91 0 1 0 0 91 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 0 0 91 0 0 1
0 0 0 91 0 0 0 0 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

r7↔r8−−−−→

91 0 1 0 0 91 1 0 0
0 1 0 0 91 0 0 1 0
0 0 1 0 0 91 0 0 1
0 0 0 91 0 0 0 0 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 91 0 1 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

4. g4 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
 ∈M5,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0

r2↔r3−−−−→

91 0 91 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 0 1
0 0 0 0 1 0

r4↔r5−−−−→

91 0 91 1 0 0
0 91 0 0 1 0
0 0 91 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

5. g5 =
[
0 0 1
0 1 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 1 2
2 0 1′
]
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6. g6 =

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

∈M6,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

r2↔r4−−−−→

91 0 0 1 0 91
0 91 0 0 0 0
0 0 91 0 1 0
0 0 0 91 0 1
0 0 0 0 0 1
0 0 0 0 1 0

r5↔r6−−−−→

91 0 0 1 0 91
0 91 0 0 0 0
0 0 91 0 1 0
0 0 0 91 0 1
0 0 0 0 1 0
0 0 0 0 0 1

7. g7 =
91 0 00 0 1
0 1 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 2
1 91 0
2 0 1′
]
Relations of the embedding f : R21(1)→ I(19, 1) P
1. f2 ·MR
2
1(1)
1→2 −M I(19,1)1→2 · f1 = 0
f2 ·MR
2
1(1)
1→2 =

1
1 1
5 0
1 1
 · [ 01 0 ] = [ 07 0 ]
M
I(19,1)
1→2 · f1 =

3
1 0
3 1
3 0
 · [ 03 0 ] = [ 07 0 ]
f2 ·MR
2
1(1)
1→2 −M I(19,1)1→2 · f1 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
2. f3 ·MR
2
1(1)
2→3 −M I(19,1)2→3 · f2 = 0
f3 ·MR
2
1(1)
2→3 =

1
1 1
5 0
1 1
2 0
 ·
[
1
]
=

1
1 1
5 0
1 1
2 0

M
I(19,1)
2→3 · f2 =
[ 7
7 1
2 0
]
·

1
1 1
5 0
1 1
 =

1 5 1
1 1 0 0
5 0 1 0
1 0 0 1
2 0 0 0
 ·

1
1 1
5 0
1 1
 =

1
1 1
5 0
1 1
2 0

f3 ·MR
2
1(1)
2→3 −M I(19,1)2→3 · f2 =

1
1 1
5 0
1 1
2 0
−

1
1 1
5 0
1 1
2 0
 =
[ 1
9 0
]
3. f3 ·MR
2
1(1)
4→3 −M I(19,1)4→3 · f4 = 0
f3 ·MR
2
1(1)
4→3 =

1
1 1
5 0
1 1
2 0
 ·
[
1
]
=

1
1 1
5 0
1 1
2 0

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M
I(19,1)
4→3 · f4 =

1 5
1 1 0
3 0 0
5 0 1
 ·

1
1 1
2 0
1 1
2 0
 =

1 2 1 2
1 1 0 0 0
3 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1
1 1
2 0
1 1
2 0
 =

1
1 1
3 0
2 0
1 1
2 0
 =

1
1 1
5 0
1 1
2 0

f3 ·MR
2
1(1)
4→3 −M I(19,1)4→3 · f4 =

1
1 1
5 0
1 1
2 0
−

1
1 1
5 0
1 1
2 0
 =
[ 1
9 0
]
4. f4 ·MR
2
1(1)
5→4 −M I(19,1)5→4 · f5 = 0
f4 ·MR
2
1(1)
5→4 =

1
1 1
2 0
1 1
2 0
 ·
[
1
]
=

1
1 1
2 0
1 1
2 0

M
I(19,1)
5→4 · f5 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 ·
[ 1
1 1
2 0
]
=

1
1 1
2 0
1 1
2 0

f4 ·MR
2
1(1)
5→4 −M I(19,1)5→4 · f5 =

1
1 1
2 0
1 1
2 0
−

1
1 1
2 0
1 1
2 0
 =
[ 1
6 0
]
5. f3 ·MR
2
1(1)
6→3 −M I(19,1)6→3 · f6 = 0
f3 ·MR
2
1(1)
6→3 =

1
1 1
5 0
1 1
2 0
 ·
[ 0
1 0
]
=
[ 0
9 0
]
M
I(19,1)
6→3 · f6 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·
[ 0
6 0
]
=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·

0
1 0
2 0
1 0
2 0
 =
[ 0
9 0
]
f3 ·MR
2
1(1)
6→3 −M I(19,1)6→3 · f6 =
[ 0
9 0
]
−
[ 0
9 0
]
=
[ 0
9 0
]
6. f6 ·MR
2
1(1)
7→6 −M I(19,1)7→6 · f7 = 0
f6 ·MR
2
1(1)
7→6 =
[ 0
6 0
]
·
[ 0
0 0
]
=
[ 0
6 0
]
M
I(19,1)
7→6 · f7 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 ·
[ 0
3 0
]
=

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 ·
[ 0
1 0
2 0
]
=
[ 0
6 0
]
f6 ·MR
2
1(1)
7→6 −M I(19,1)7→6 · f7 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
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Relations of the projection g : I(19, 1)→ I(17, 5) P
1. g2 ·M I(19,1)1→2 −M I(17,5)1→2 · g1 = 0
g2 ·M I(19,1)1→2 =

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

·

3
1 0
3 1
3 0
 =

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

·

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

=

0 1 0
0 1 0
1 0 0
0 0 91
0 0 0
0 0 0

=

1 1 1
1 0 1 0
1 0 1 0
1 1 0 0
1 0 0 91
2 0 0 0

M
I(17,5)
1→2 · g1 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 2 1
2 1′ 0
1 0 91
]
=

1 1 1
1 1 0 0
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
0 1 01 0 0
0 0 91
 =

1 1 1
1 0 1 0
1 0 1 0
1 1 0 0
1 0 0 91
2 0 0 0

g2 ·M I(19,1)1→2 −M I(17,5)1→2 · g1 =

1 1 1
1 0 1 0
1 0 1 0
1 1 0 0
1 0 0 91
2 0 0 0
−

1 1 1
1 0 1 0
1 0 1 0
1 1 0 0
1 0 0 91
2 0 0 0
 =
[ 3
6 0
]
2. g3 ·M I(19,1)2→3 −M I(17,5)2→3 · g2 = 0
g3 ·M I(19,1)2→3 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·
[ 7
7 1
2 0
]
=

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
2 0 0 0 0 0 0 0

M
I(17,5)
2→3 · g2 =
[ 6
6 1
2 0
]
·

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

=

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
2 0 0 0 0 0 0

·

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

=

1 1 1 1 1 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
2 0 0 0 0 0 0 0

g3 ·M I(19,1)2→3 −M I(17,5)2→3 · g2 =

1 1 1 1 1 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
2 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
2 0 0 0 0 0 0 0

=
[ 7
8 0
]
1937
3. g3 ·M I(19,1)4→3 −M I(17,5)4→3 · g4 = 0
g3 ·M I(19,1)4→3 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·

1 5
1 1 0
3 0 0
5 0 1
 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 91 0 1 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0

M
I(17,5)
4→3 · g4 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 91 0 1 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0

g3 ·M I(19,1)4→3 −M I(17,5)4→3 · g4 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 91 0 1 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0

−

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 91 0 1 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0

=
[ 6
8 0
]
4. g4 ·M I(19,1)5→4 −M I(17,5)5→4 · g5 = 0
g4 ·M I(19,1)5→4 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
 ·

1 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

=

0 0 0
0 0 1
0 1 0
0 0 1
0 1 0

M
I(17,5)
5→4 · g5 =

2
1 0
2 1
2 1
 · [ 1 22 0 1′ ] =

1 2
1 0 0
2 0 1′
2 0 1′

g4 ·M I(19,1)5→4 −M I(17,5)5→4 · g5 =

0 0 0
0 0 1
0 1 0
0 0 1
0 1 0
−

0 0 0
0 0 1
0 1 0
0 0 1
0 1 0
 =
[ 3
5 0
]
5. g3 ·M I(19,1)6→3 −M I(17,5)6→3 · g6 = 0
g3 ·M I(19,1)6→3 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

91 0 0 1 0 91
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

=

1 1 1 1 1 1
1 91 0 0 1 0 91
2 0 0 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

1938
M
I(17,5)
6→3 · g6 =

1 5
1 1 0
2 0 0
5 0 1
 ·

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

=

1 1 1 1 1 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

=

1 1 1 1 1 1
1 91 0 0 1 0 91
2 0 0 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

g3 ·M I(19,1)6→3 −M I(17,5)6→3 · g6 =

1 1 1 1 1 1
1 91 0 0 1 0 91
2 0 0 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

−

1 1 1 1 1 1
1 91 0 0 1 0 91
2 0 0 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

=
[ 6
8 0
]
6. g6 ·M I(19,1)7→6 −M I(17,5)7→6 · g7 = 0
g6 ·M I(19,1)7→6 =

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

·

0 0 0
1 0 0
0 1 0
0 0 1
0 1 0
0 0 1

=

0 0 0
0 0 0
0 0 0
91 0 0
0 0 1
0 1 0

=

1 2
3 0 0
1 91 0
2 0 1′

M
I(17,5)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 1 2
1 91 0
2 0 1′
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
1 2
1 91 0
2 0 1′
]
=

1 2
3 0 0
1 91 0
2 0 1′

g6 ·M I(19,1)7→6 −M I(17,5)7→6 · g7 =

1 2
3 0 0
1 91 0
2 0 1′
−

1 2
3 0 0
1 91 0
2 0 1′
 = [ 36 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
2 1′ 0
1 0 91
]
·
[ 0
3 0
]
=
[ 2 1
2 1′ 0
1 0 91
]
·
[ 0
2 0
1 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

·

1
1 1
5 0
1 1
 =

91 0 1 0 0 91 1
0 0 1 0 0 91 0
0 1 0 0 91 0 0
0 0 0 91 0 0 0
0 0 0 0 0 91 0
0 0 0 0 91 0 0

·

1
0
0
0
0
0
1

=
[ 1
6 0
]
3. g3 · f3 = 0
g3 · f3 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·

1
1 1
5 0
1 1
2 0
 =

91 0 1 0 0 91 1 0 0
0 0 1 0 0 91 0 0 1
0 1 0 0 91 0 0 1 0
0 0 0 91 0 0 0 0 1
0 0 0 0 0 91 0 1 1
0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0

·

1
0
0
0
0
0
1
0
0

=
[ 1
8 0
]
4. g4 · f4 = 0
g4 · f4 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
 ·

1
1 1
2 0
1 1
2 0
 =

91 0 91 1 0 0
0 0 91 0 0 1
0 91 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
 ·

1
0
0
1
0
0

=
[ 1
5 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1′
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

·
[ 0
6 0
]
=

91 0 0 1 0 91
0 0 0 91 0 1
0 0 91 0 1 0
0 91 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

·

0
1 0
1 0
1 0
1 0
1 0
1 0

=
[ 0
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
1 91 0
2 0 1′
]
·
[ 0
3 0
]
=
[ 1 2
1 91 0
2 0 1′
]
·
[ 0
1 0
2 0
]
=
[ 0
3 0
]
137.4.2 0→ R1∞(1) f→ I(19, 1) g→ I(16, 1)→ 0 
PdimR1∞(1) + dimI(16, 1) = (0, 1, 1, 1, 0, 1, 0) + (3, 6, 8, 5, 3, 5, 3)
= (3, 7, 9, 6, 3, 6, 3) = dimI(19, 1)
Pdimk Ext
1
kQ(I(16, 1), R
1
∞(1)) = dimk HomkQ(I(16, 1), R
1
∞(1))− 〈dimI(16, 1),dimR1∞(1)〉
= 0− 〈(3, 6, 8, 5, 3, 5, 3), (0, 1, 1, 1, 0, 1, 0)〉
= 3 · 1 + 6 · 1 + 5 · 1 + 3 · 1 + 5 · 1 + 3 · 1− (3 · 0 + 6 · 1 + 8 · 1 + 5 · 1 + 3 · 0 + 5 · 1 + 3 · 0)
= 3 + 6 + 5 + 3 + 5 + 3− (0 + 6 + 8 + 5 + 0 + 5 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(19, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
0
0
0
0

∈M9,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
0
0
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
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Matrices of the projection g : I(19, 1)→ I(16, 1) P
1. g1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M6,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M8,9(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(19, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(19,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
6 0
]
·
[ 0
1 0
]
=
[ 0
7 0
]
M
I(19,1)
1→2 · f1 =

3
1 0
3 1
3 0
 · [ 03 0 ] = [ 07 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(19,1)1→2 · f1 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(19,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
8 0
]
·
[
1
]
=
[ 1
1 1
8 0
]
M
I(19,1)
2→3 · f2 =
[ 7
7 1
2 0
]
·
[ 1
1 1
6 0
]
=

1 6
1 1 0
6 0 1
2 0 0
 · [
1
1 1
6 0
]
=

1
1 1
6 0
2 0
 = [
1
1 1
8 0
]
f3 ·MR
1
∞(1)
2→3 −M I(19,1)2→3 · f2 =
[ 1
1 1
8 0
]
−
[ 1
1 1
8 0
]
=
[ 1
9 0
]
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3. f3 ·MR
1
∞(1)
4→3 −M I(19,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
8 0
]
·
[
1
]
=
[ 1
1 1
8 0
]
M
I(19,1)
4→3 · f4 =

1 5
1 1 0
3 0 0
5 0 1
 · [
1
1 1
5 0
]
=

1
1 1
3 0
5 0
 = [
1
1 1
8 0
]
f3 ·MR
1
∞(1)
4→3 −M I(19,1)4→3 · f4 =
[ 1
1 1
8 0
]
−
[ 1
1 1
8 0
]
=
[ 1
9 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(19,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
5 0
]
·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(19,1)
5→4 · f5 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 ·
[ 0
3 0
]
=

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 ·
[ 0
1 0
2 0
]
=
[ 0
6 0
]
f4 ·MR
1
∞(1)
5→4 −M I(19,1)5→4 · f5 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(19,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
8 0
]
·
[
1
]
=
[ 1
1 1
8 0
]
M
I(19,1)
6→3 · f6 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·
[ 1
1 1
5 0
]
=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

·

1
1 1
2 0
1 0
2 0
 =

1
1 1
2 0
1 0
2 0
1 0
2 0

=
[ 1
1 1
8 0
]
f3 ·MR
1
∞(1)
6→3 −M I(19,1)6→3 · f6 =
[ 1
1 1
8 0
]
−
[ 1
1 1
8 0
]
=
[ 1
9 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(19,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
5 0
]
·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(19,1)
7→6 · f7 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 ·
[ 0
3 0
]
=

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 ·
[ 0
1 0
2 0
]
=
[ 0
6 0
]
f6 ·MR
1
∞(1)
7→6 −M I(19,1)7→6 · f7 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
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Relations of the projection g : I(19, 1)→ I(16, 1) P
1. g2 ·M I(19,1)1→2 −M I(16,1)1→2 · g1 = 0
g2 ·M I(19,1)1→2 =
[ 1 6
6 0 1
]
·

3
1 0
3 1
3 0
 = [
1 3 3
3 0 1 0
3 0 0 1
]
·

3
1 0
3 1
3 0
 = [
3
3 1
3 0
]
M
I(16,1)
1→2 · g1 =
[ 3
3 1
3 0
]
·
[ 3
3 1
]
=
[ 3
3 1
3 0
]
g2 ·M I(19,1)1→2 −M I(16,1)1→2 · g1 =
[ 3
3 1
3 0
]
−
[ 3
3 1
3 0
]
=
[ 3
6 0
]
2. g3 ·M I(19,1)2→3 −M I(16,1)2→3 · g2 = 0
g3 ·M I(19,1)2→3 =
[ 1 8
8 0 1
]
·
[ 7
7 1
2 0
]
=
[ 1 6 2
6 0 1 0
2 0 0 1
]
·

1 6
1 1 0
6 0 1
2 0 0
 = [
1 6
6 0 1
2 0 0
]
M
I(16,1)
2→3 · g2 =
[ 6
6 1
2 0
]
·
[ 1 6
6 0 1
]
=
[ 1 6
6 0 1
2 0 0
]
g3 ·M I(19,1)2→3 −M I(16,1)2→3 · g2 =
[ 1 6
6 0 1
2 0 0
]
−
[ 1 6
6 0 1
2 0 0
]
=
[ 7
8 0
]
3. g3 ·M I(19,1)4→3 −M I(16,1)4→3 · g4 = 0
g3 ·M I(19,1)4→3 =
[ 1 8
8 0 1
]
·

1 5
1 1 0
3 0 0
5 0 1
 = [
1 3 5
3 0 1 0
5 0 0 1
]
·

1 5
1 1 0
3 0 0
5 0 1
 = [
1 5
3 0 0
5 0 1
]
M
I(16,1)
4→3 · g4 =
[ 5
3 0
5 1
]
·
[ 1 5
5 0 1
]
=
[ 1 5
3 0 0
5 0 1
]
g3 ·M I(19,1)4→3 −M I(16,1)4→3 · g4 =
[ 1 5
3 0 0
5 0 1
]
−
[ 1 5
3 0 0
5 0 1
]
=
[ 6
8 0
]
4. g4 ·M I(19,1)5→4 −M I(16,1)5→4 · g5 = 0
g4 ·M I(19,1)5→4 =
[ 1 5
5 0 1
]
·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2
2 0 0
1 1 0
2 0 1
 = [
3
2 0
3 1
]
M
I(16,1)
5→4 · g5 =
[ 3
2 0
3 1
]
·
[ 3
3 1
]
=
[ 3
2 0
3 1
]
g4 ·M I(19,1)5→4 −M I(16,1)5→4 · g5 =
[ 3
2 0
3 1
]
−
[ 3
2 0
3 1
]
=
[ 3
5 0
]
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5. g3 ·M I(19,1)6→3 −M I(16,1)6→3 · g6 = 0
g3 ·M I(19,1)6→3 =
[ 1 8
8 0 1
]
·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2 1 2
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
I(16,1)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 1 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

1 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

g3 ·M I(19,1)6→3 −M I(16,1)6→3 · g6 =

1 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

1 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[ 6
8 0
]
6. g6 ·M I(19,1)7→6 −M I(16,1)7→6 · g7 = 0
g6 ·M I(19,1)7→6 =
[ 1 5
5 0 1
]
·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 1 2 2
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
1 1 0
2 0 1
2 0 1

M
I(16,1)
7→6 · g7 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 33 1 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
1 2
1 1 0
2 0 1
]
=

1 2
1 1 0
2 0 1
2 0 1

g6 ·M I(19,1)7→6 −M I(16,1)7→6 · g7 =

1 2
1 1 0
2 0 1
2 0 1
−

1 2
1 1 0
2 0 1
2 0 1
 = [ 35 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 6
6 0 1
]
·
[ 1
1 1
6 0
]
=
[ 1
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 8
8 0 1
]
·
[ 1
1 1
8 0
]
=
[ 1
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 5
5 0 1
]
·
[ 1
1 1
5 0
]
=
[ 1
5 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 5
5 0 1
]
·
[ 1
1 1
5 0
]
=
[ 1
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
137.5 Tree module property of I(6n+ 1, 1) 
The matrices of the representation have full (column) rank P
1. M I(6n+1,1)1→2 =

n
1 0
n 1
n 0
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. M I(6n+1,1)2→3 =
[2n+1
2n+1 1
n−1 0
]
∈M3n,2n+1(k) is already in column echelon form and has maximal column rank.
3. M I(6n+1,1)4→3 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 ∈M3n,2n(k) is already in column echelon form and has maximal column rank.
4. M I(6n+1,1)5→4 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 ∈M2n,n(k) is already in column echelon form and has maximal column rank.
5. M I(6n+1,1)6→3 =
[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]
∈M3n,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,1)
6→3 =

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1

6. M I(6n+1,1)7→6 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n,n(k) is already in column echelon form and has maximal column rank.
137.5.1 0→ R21(1) f→ I(6n+ 1, 1) g→ I(6n− 1, 5)→ 0 
PdimR21(1) + dimI(6n− 1, 5) = (0, 1, 1, 1, 1, 0, 0) + (n, 2n, 3n− 1, 2n− 1, n− 1, 2n, n)
= (n, 2n+ 1, 3n, 2n, n, 2n, n) = dimI(6n+ 1, 1)
Pdimk Ext
1
kQ(I(6n− 1, 5), R21(1)) = dimk HomkQ(I(6n− 1, 5), R21(1))− 〈dimI(6n− 1, 5),dimR21(1)〉
= 0− 〈(n, 2n, 3n− 1, 2n− 1, n− 1, 2n, n), (0, 1, 1, 1, 1, 0, 0)〉
= n · 1 + 2n · 1 + (2n− 1) · 1 + (n− 1) · 1 + 2n · 1 + n · 0− (n · 0 + 2n · 1 + (3n− 1) · 1 + (2n− 1) · 1 + (n− 1) · 1 + 2n · 0 + n · 0)
= n+ 2n+ 2n− 1 + n− 1 + 2n+ 0− (0 + 2n+ 3n− 1 + 2n− 1 + n− 1 + 0 + 0)
= 1
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Representation of I(6n− 1, 5) = I(6n+ 5, 5)[n 7→ n− 1] 
Dimension vector: dimI(6n− 1, 5) = (n, 2n, 3n− 1, 2n− 1, n− 1, 2n, n)
Matrices of the representation:
1. M I(6n−1,5)1→2 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n−1 0 0
 ∈M2n,n(k)
2. M I(6n−1,5)2→3 =
[2n
2n 1
n−1 0
]
∈M3n−1,2n(k)
3. M I(6n−1,5)4→3 =
[2n−1
2n−1 1
n 0
]
+
[ 1 2n−2
n+1 0 0
2n−2 0 1
]
∈M3n−1,2n−1(k)
4. M I(6n−1,5)5→4 =

n−1
1 0
n−1 1
n−1 1
 ∈M2n−1,n−1(k)
5. M I(6n−1,5)6→3 =

1 2n−1
1 1 0
n−1 0 0
2n−1 0 1
 ∈M3n−1,2n(k)
6. M I(6n−1,5)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
Matrices of the embedding f : R21(1)→ I(6n+ 1, 1) P
1. f1 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
2. f2 =

1
1 1
2n−1 0
1 1
 ∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
1 1
2n−1 0
1 1
n−1 0
 ∈M3n,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
1 1
n−1 0
1 1
n−1 0
 ∈M2n,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 1
1 1
n−1 0
]
∈Mn,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
[ 0
2n 0
]
∈M2n,0(k) – rank computation not applicable here.
7. f7 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
Matrices of the projection g : I(6n+ 1, 1)→ I(6n− 1, 5) P
1. g1 =
[n−1 1
n−1 1′ 0
1 0 91
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
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2. g2 =

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
+
[ 1 n−2 1 n−1 1 1
1 91 0 1 0 91 1
2n−1 0 0 0 0 0 0
]
∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
n−2 0 1′ 0 0 91′ 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 91′ 0 0

r2↔r3−−−−→

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
n−2 0 1′ 0 0 91′ 0 0
1 0 0 1 0 0 91 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 91′ 0 0

r5↔r6−−−−→

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
n−2 0 1′ 0 0 91′ 0 0
1 0 0 1 0 0 91 0
1 0 0 0 91 0 0 0
n−2 0 0 0 0 91′ 0 0
1 0 0 0 0 0 91 0

3. g3 =

1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
+

n−1 1 n−1 1 1 n−1
1 0 1 0 91 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n 0 0 0 0 0 0
 ∈M3n−1,3n(k) can be brought to row echelon form (as shown below) and has maximal row
rank.
g3 =

1 1 n−3 1 1 1 n−3 1 1 1 n−3 1
1 91 0 0 1 0 0 0 91 1 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 1
n−3 0 0 1′ 0 0 0 91′ 0 0 0 1′ 0
1 0 1 0 0 0 91 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1
n−3 0 0 0 0 0 0 91′ 0 0 0 1′ 0
1 0 0 0 0 0 91 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1
n−3 0 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 0 1 0 0

+

2n+1 n−3 1 1
1 0 0 0 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 0
n−3 0 1′ 0 0
1 0 0 0 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0

r2↔r4−−−−→

1 1 n−3 1 1 1 n−3 1 1 1 n−3 1
1 91 0 0 1 0 0 0 91 1 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0
n−3 0 0 1′ 0 0 0 91′ 0 0 0 1′ 0
1 0 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1
n−3 0 0 0 0 0 0 91′ 0 0 0 1′ 0
1 0 0 0 0 0 91 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1
n−3 0 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 0 1 0 0

+

2n+1 n−3 1 1
1 0 0 0 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 0
n−3 0 1′ 0 0
1 0 0 0 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0

r6↔r8−−−−→

1 1 n−3 1 1 1 n−3 1 1 1 n−3 1
1 91 0 0 1 0 0 0 91 1 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0
n−3 0 0 1′ 0 0 0 91′ 0 0 0 1′ 0
1 0 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0
n−3 0 0 0 0 0 0 91′ 0 0 0 1′ 0
1 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 1
n−3 0 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 0 1 0 0

+

2n+1 n−3 1 1
1 0 0 0 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
n−3 0 1′ 0 0
1 0 0 1 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0

r9↔r11−−−−−→

1 1 n−3 1 1 1 n−3 1 1 1 n−3 1
1 91 0 0 1 0 0 0 91 1 0 0 0
1 0 1 0 0 0 91 0 0 0 1 0 0
n−3 0 0 1′ 0 0 0 91′ 0 0 0 1′ 0
1 0 0 0 1 0 0 0 91 0 0 0 1
1 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0
n−3 0 0 0 0 0 0 91′ 0 0 0 1′ 0
1 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 0 0 0 1 0 0
n−3 0 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 0 0 0 1

+

2n+1 n−3 1 1
1 0 0 0 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 0 0
n−3 0 1′ 0 0
1 0 0 1 0
1 0 0 0 0
n−3 0 0 0 0
1 0 0 0 0

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4. g4 =

1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+ [
1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]
∈M2n−1,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 n−2 1 1 n−2 1
1 91 0 91 1 0 0
1 0 0 91 0 0 1
n−2 0 91′ 0 0 1′ 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

r2↔r3−−−−→

1 n−2 1 1 n−2 1
1 91 0 91 1 0 0
n−2 0 91′ 0 0 1′ 0
1 0 0 91 0 0 1
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

r4↔r5−−−−→

1 n−2 1 1 n−2 1
1 91 0 91 1 0 0
n−2 0 91′ 0 0 1′ 0
1 0 0 91 0 0 1
n−2 0 0 0 0 1′ 0
1 0 0 0 0 0 1

5. g5 =
[ 1 n−1
n−1 0 1′
]
∈Mn−1,n(k) is already in row echelon form and has maximal row rank.
6. g6 =

1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
+
[ 1 n−1 1 n−2 1
1 91 0 1 0 91
2n−1 0 0 0 0 0
]
∈M2n,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
1 0 0 0 91 0 1
n−2 0 0 91′ 0 1′ 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

r2↔r4−−−−→

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
1 0 91 0 0 0 0
n−2 0 0 91′ 0 1′ 0
1 0 0 0 91 0 1
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

r5↔r6−−−−→

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
1 0 91 0 0 0 0
n−2 0 0 91′ 0 1′ 0
1 0 0 0 91 0 1
n−2 0 0 0 0 1′ 0
1 0 0 0 0 0 1

7. g7 =
[ 1 n−1
1 91 0
n−1 0 1′
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R21(1)→ I(6n+ 1, 1) P
1. f2 ·MR
2
1(1)
1→2 −M I(6n+1,1)1→2 · f1 = 0
f2 ·MR
2
1(1)
1→2 =

1
1 1
2n−1 0
1 1
 · [ 01 0 ] = [ 02n+1 0 ]
M
I(6n+1,1)
1→2 · f1 =

n
1 0
n 1
n 0
 · [ 0n 0 ] = [ 02n+1 0 ]
f2 ·MR
2
1(1)
1→2 −M I(6n+1,1)1→2 · f1 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
2. f3 ·MR
2
1(1)
2→3 −M I(6n+1,1)2→3 · f2 = 0
f3 ·MR
2
1(1)
2→3 =

1
1 1
2n−1 0
1 1
n−1 0
 ·
[
1
]
=

1
1 1
2n−1 0
1 1
n−1 0

M
I(6n+1,1)
2→3 · f2 =
[2n+1
2n+1 1
n−1 0
]
·

1
1 1
2n−1 0
1 1
 =

1 2n−1 1
1 1 0 0
2n−1 0 1 0
1 0 0 1
n−1 0 0 0
 ·

1
1 1
2n−1 0
1 1
 =

1
1 1
2n−1 0
1 1
n−1 0

f3 ·MR
2
1(1)
2→3 −M I(6n+1,1)2→3 · f2 =

1
1 1
2n−1 0
1 1
n−1 0
−

1
1 1
2n−1 0
1 1
n−1 0
 =
[ 1
3n 0
]
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3. f3 ·MR
2
1(1)
4→3 −M I(6n+1,1)4→3 · f4 = 0
f3 ·MR
2
1(1)
4→3 =

1
1 1
2n−1 0
1 1
n−1 0
 ·
[
1
]
=

1
1 1
2n−1 0
1 1
n−1 0

M
I(6n+1,1)
4→3 · f4 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 ·

1
1 1
n−1 0
1 1
n−1 0
 =

1 n−1 1 n−1
1 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

1
1 1
n−1 0
1 1
n−1 0
 =

1
1 1
n 0
n−1 0
1 1
n−1 0
 =

1
1 1
2n−1 0
1 1
n−1 0

f3 ·MR
2
1(1)
4→3 −M I(6n+1,1)4→3 · f4 =

1
1 1
2n−1 0
1 1
n−1 0
−

1
1 1
2n−1 0
1 1
n−1 0
 =
[ 1
3n 0
]
4. f4 ·MR
2
1(1)
5→4 −M I(6n+1,1)5→4 · f5 = 0
f4 ·MR
2
1(1)
5→4 =

1
1 1
n−1 0
1 1
n−1 0
 ·
[
1
]
=

1
1 1
n−1 0
1 1
n−1 0

M
I(6n+1,1)
5→4 · f5 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 ·
[ 1
1 1
n−1 0
]
=

1
1 1
n−1 0
1 1
n−1 0

f4 ·MR
2
1(1)
5→4 −M I(6n+1,1)5→4 · f5 =

1
1 1
n−1 0
1 1
n−1 0
−

1
1 1
n−1 0
1 1
n−1 0
 =
[ 1
2n 0
]
5. f3 ·MR
2
1(1)
6→3 −M I(6n+1,1)6→3 · f6 = 0
f3 ·MR
2
1(1)
6→3 =

1
1 1
2n−1 0
1 1
n−1 0
 ·
[ 0
1 0
]
=
[ 0
3n 0
]
M
I(6n+1,1)
6→3 · f6 =

[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
] ·
[ 0
2n 0
]
=
[2n
2n 1
n 0
]
·
[ 0
2n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]
·
[ 0
1 0
2n−1 0
]
=
[ 0
2n 0
n 0
]
+
[ 0
n+1 0
2n−1 0
]
=

0
n+1 0
n−1 0
n 0
+

0
n+1 0
n−1 0
n 0
 = [ 03n 0 ]
f3 ·MR
2
1(1)
6→3 −M I(6n+1,1)6→3 · f6 =
[ 0
3n 0
]
−
[ 0
3n 0
]
=
[ 0
3n 0
]
6. f6 ·MR
2
1(1)
7→6 −M I(6n+1,1)7→6 · f7 = 0
f6 ·MR
2
1(1)
7→6 =
[ 0
2n 0
]
·
[ 0
0 0
]
=
[ 0
2n 0
]
M
I(6n+1,1)
7→6 · f7 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ·
[ 0
n 0
]
=

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ·
[ 0
1 0
n−1 0
]
=
[ 0
2n 0
]
f6 ·MR
2
1(1)
7→6 −M I(6n+1,1)7→6 · f7 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
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Relations of the projection g : I(6n+ 1, 1)→ I(6n− 1, 5) P
1. g2 ·M I(6n+1,1)1→2 −M I(6n−1,5)1→2 · g1 = 0
g2 ·M I(6n+1,1)1→2 =


1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
+
[ 1 n−2 1 n−1 1 1
1 91 0 1 0 91 1
2n−1 0 0 0 0 0 0
]

·

n
1 0
n 1
n 0

=

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
 ·

n−1 1
1 0 0
n−1 1 0
1 0 1
n−1 0 0
1 0 0
+
[ 1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
2n−1 0 0 0 0 0 0 0
]
·

n−2 1 1
1 0 0 0
n−2 1 0 0
1 0 1 0
1 0 0 1
n−2 0 0 0
1 0 0 0
1 0 0 0

=

n−1 1
1 0 0
n−1 1′ 0
1 0 91
n−1 0 0
+
[n−2 1 1
1 0 1 0
2n−1 0 0 0
]
=

n−2 1 1
1 0 0 0
1 0 1 0
n−2 1′ 0 0
1 0 0 91
n−1 0 0 0
+

n−2 1 1
1 0 1 0
1 0 0 0
n−2 0 0 0
1 0 0 0
n−1 0 0 0
 =

n−2 1 1
1 0 1 0
1 0 1 0
n−2 1′ 0 0
1 0 0 91
n−1 0 0 0

M
I(6n−1,5)
1→2 · g1 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n−1 0 0
 ·
[n−1 1
n−1 1′ 0
1 0 91
]
=

1 n−2 1
1 1 0 0
1 1 0 0
n−2 0 1 0
1 0 0 1
n−1 0 0 0
 ·

n−2 1 1
1 0 1 0
n−2 1′ 0 0
1 0 0 91
 =

n−2 1 1
1 0 1 0
1 0 1 0
n−2 1′ 0 0
1 0 0 91
n−1 0 0 0

g2 ·M I(6n+1,1)1→2 −M I(6n−1,5)1→2 · g1 =

n−2 1 1
1 0 1 0
1 0 1 0
n−2 1′ 0 0
1 0 0 91
n−1 0 0 0
−

n−2 1 1
1 0 1 0
1 0 1 0
n−2 1′ 0 0
1 0 0 91
n−1 0 0 0
 =
[ n
2n 0
]
2. g3 ·M I(6n+1,1)2→3 −M I(6n−1,5)2→3 · g2 = 0
g3 ·M I(6n+1,1)2→3 =


1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
+

n−1 1 n−1 1 1 n−1
1 0 1 0 91 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n 0 0 0 0 0 0


·
[2n+1
2n+1 1
n−1 0
]
=

1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
 ·

1 n−1 1 n−1 1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1
n−1 0 0 0 0 0

+

n−1 1 n−1 1 1 n−1
1 0 1 0 91 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n 0 0 0 0 0 0
 ·

n−1 1 n−1 1 1
n−1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
n−1 0 0 0 0 0

1950
=
1 n−1 1 n−1 1
1 91 0 0 0 1
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
n−1 0 0 0 0 0
+

n−1 1 n−1 1 1
1 0 1 0 91 0
n−1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0

=

1 1 n−3 1 1 1 n−3 1 1
1 91 0 0 0 0 0 0 0 1
1 0 0 0 1 0 0 0 91 0
n−3 0 0 1′ 0 0 0 91′ 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0
n−3 0 0 0 0 0 0 91′ 0 0
1 0 0 0 0 0 91 0 0 0
n−1 0 0 0 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0

=

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
n−2 0 1′ 0 0 91′ 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 91′ 0 0
n−1 0 0 0 0 0 0 0

M
I(6n−1,5)
2→3 · g2 =
[2n
2n 1
n−1 0
]
·


1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
+
[ 1 n−2 1 n−1 1 1
1 91 0 1 0 91 1
2n−1 0 0 0 0 0 0
]

=

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n−1 0 0 0 0
 ·

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
+

1 2n−1
1 1 0
2n−1 0 1
n−1 0 0
 · [
1 n−2 1 n−1 1 1
1 91 0 1 0 91 1
2n−1 0 0 0 0 0 0
]
=

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
n−1 0 0 0 0 0
+

1 n−2 1 n−1 1 1
1 91 0 1 0 91 1
2n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

=

1 n−2 1 1 n−2 1 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0
n−2 0 1′ 0 0 91′ 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 91′ 0 0
n−1 0 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0

=

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
n−2 0 1′ 0 0 91′ 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 91′ 0 0
n−1 0 0 0 0 0 0 0

g3 ·M I(6n+1,1)2→3 −M I(6n−1,5)2→3 · g2 =

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
n−2 0 1′ 0 0 91′ 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 91′ 0 0
n−1 0 0 0 0 0 0 0

−

1 n−2 1 1 n−2 1 1
1 91 0 1 0 0 91 1
1 0 0 1 0 0 91 0
n−2 0 1′ 0 0 91′ 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 91′ 0 0
n−1 0 0 0 0 0 0 0

=
[2n+1
3n−1 0
]
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3. g3 ·M I(6n+1,1)4→3 −M I(6n−1,5)4→3 · g4 = 0
g3 ·M I(6n+1,1)4→3 =


1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
+

n−1 1 n−1 1 1 n−1
1 0 1 0 91 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n 0 0 0 0 0 0


·

1 2n−1
1 1 0
n 0 0
2n−1 0 1

=

1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
 ·

1 n−1 1 n−1
1 1 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

+

1 n−2 1 1 n−2 1 1 n−1
1 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 1′
n 0 0 0 0 0 0 0 0
 ·

1 n−2 1 1 n−1
1 1 0 0 0 0
n−2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=

1 n−1 1 n−1
1 91 0 1 0
n−1 0 91′ 0 1′
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+

1 n−2 1 1 n−1
1 0 0 91 0 0
n−1 0 0 0 0 0
n−1 0 0 0 0 1′
n 0 0 0 0 0

=

1 1 n−3 1 1 1 n−3 1
1 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 1
n−3 0 0 91′ 0 0 0 1′ 0
1 0 91 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1
n−3 0 0 91′ 0 0 0 1′ 0
1 0 91 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1
n−3 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 1 0 0

+

1 n−2 1 1 n−3 1 1
1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
n−3 0 0 0 0 1′ 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 n−1 1 n−1
1 91 0 1 0
n−1 0 91′ 0 1′
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+

n−1 1 1 n−1
1 0 91 0 0
n−1 0 0 0 0
n−1 0 0 0 1′
n 0 0 0 0

M
I(6n−1,5)
4→3 · g4 =

[2n−1
2n−1 1
n 0
]
+
[ 1 2n−2
n+1 0 0
2n−2 0 1
] ·


1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+ [
1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]

=

1 n−1 n−1
1 1 0 0
n−1 0 1 0
n−1 0 0 1
n 0 0 0
 ·

1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′

+

1 2n−2
1 1 0
2n−2 0 1
n 0 0
 · [
1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]
+

1 n−1 n−1
n+1 0 0 0
n−1 0 1 0
n−1 0 0 1
 ·

1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+ [
1 2n−2
n+1 0 0
2n−2 0 1
]
·
[ 1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]
=

1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
n 0 0 0 0
+

1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
n 0 0 0 0 0
+

1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+ [
1 n−2 1 1 n−1
n+1 0 0 0 0 0
2n−2 0 0 0 0 0
]
1952
=
1 n−3 1 1 1 n−3 1 1
1 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1
1 0 0 91 0 0 0 1 0
n−3 0 91′ 0 0 0 1′ 0 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0
n−3 0 0 0 0 0 1′ 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

1 n−2 1 1 n−2 1
1 91 0 91 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 1 n−3 1 1 1 n−3 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1
n−3 0 0 91′ 0 0 0 1′ 0
1 0 91 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1
n−3 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 1 0 0

+

1 n−2 1 1 n−2 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0

=

1 n−2 1 1 n−2 1
1 91 0 91 1 0 0
1 0 0 91 0 0 1
n−2 0 91′ 0 0 1′ 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0
n 0 0 0 0 0 0

+

1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′

g3 ·M I(6n+1,1)4→3 −M I(6n−1,5)4→3 · g4 =


1 n−1 1 n−1
1 91 0 1 0
n−1 0 91′ 0 1′
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+

n−1 1 1 n−1
1 0 91 0 0
n−1 0 0 0 0
n−1 0 0 0 1′
n 0 0 0 0


−


1 n−2 1 1 n−2 1
1 91 0 91 1 0 0
1 0 0 91 0 0 1
n−2 0 91′ 0 0 1′ 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0
n 0 0 0 0 0 0

+

1 n−1 1 n−1
n+1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′


=

[ 1 2n−1
1 91 0
3n−2 0 0
]
+
[ n 1 n−1
1 0 1 0
3n−2 0 0 0
]
+

1 n−1 n
1 0 0 0
n−1 0 91′ 0
2n−1 0 0 0
+

n+1 n−1
1 0 0
n−1 0 1′
2n−1 0 0
+

1 n−1 n
n+1 0 0 0
n−1 0 91′ 0
n−1 0 0 0
+

n+1 n−1
n+1 0 0
n−1 0 1′
n−1 0 0
+ [
n+1 n−1
2n 0 0
n−1 0 1′
]
+
[n−1 1 n
1 0 91 0
3n−2 0 0 0
]
+

n+1 n−1
n 0 0
n−1 0 1′
n 0 0


−

[ 1 2n−1
1 91 0
3n−2 0 0
]
+
[ n 1 n−1
1 0 1 0
3n−2 0 0 0
]
+

1 n−1 n
1 0 0 0
n−1 0 91′ 0
2n−1 0 0 0
+

n+1 n−1
1 0 0
n−1 0 1′
2n−1 0 0

+

1 n−1 n
n+1 0 0 0
n−1 0 91′ 0
n−1 0 0 0
+

n+1 n−1
n+1 0 0
n−1 0 1′
n−1 0 0
+ [
n+1 n−1
2n 0 0
n−1 0 1′
]
+
[n−1 1 n
1 0 91 0
3n−2 0 0 0
]
+

n+1 n−1
n 0 0
n−1 0 1′
n 0 0


=
[2n
3n−1 0
]
4. g4 ·M I(6n+1,1)5→4 −M I(6n−1,5)5→4 · g5 = 0
g4 ·M I(6n+1,1)5→4 =


1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+ [
1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]

·

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1

=

1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
 ·

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
+
[ 1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]
·

1 n−1
1 1 0
n−2 0 0
1 0 0
1 1 0
n−1 0 1

=

1 n−1
1 0 0
n−1 0 1′
n−1 0 1′
+ [
1 n−1
1 0 0
2n−2 0 0
]
=

1 n−1
1 0 0
n−1 0 1′
n−1 0 1′
+

1 n−1
1 0 0
n−1 0 0
n−1 0 0
 =

1 n−1
1 0 0
n−1 0 1′
n−1 0 1′

1953
M
I(6n−1,5)
5→4 · g5 =

n−1
1 0
n−1 1
n−1 1
 · [ 1 n−1n−1 0 1′ ] =

1 n−1
1 0 0
n−1 0 1′
n−1 0 1′

g4 ·M I(6n+1,1)5→4 −M I(6n−1,5)5→4 · g5 =

1 n−1
1 0 0
n−1 0 1′
n−1 0 1′
−

1 n−1
1 0 0
n−1 0 1′
n−1 0 1′
 = [ n2n−1 0 ]
5. g3 ·M I(6n+1,1)6→3 −M I(6n−1,5)6→3 · g6 = 0
g3 ·M I(6n+1,1)6→3 =


1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
+

n−1 1 n−1 1 1 n−1
1 0 1 0 91 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n 0 0 0 0 0 0


·

[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]
=

1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
 ·

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

+

1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
 ·

1 n−1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

+

n−1 1 n−1 1 1 n−1
1 0 1 0 91 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n 0 0 0 0 0 0
 ·

n−1 1 n−1 1
n−1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
n−1 0 0 0 0

+

n−1 1 1 n−2 1 1 n−1
1 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1′
n 0 0 0 0 0 0 0
 ·

1 n−2 1 1 n−1
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

=

1 n−1 1 n−1
1 91 0 0 0
n−1 0 1′ 0 91′
1 0 0 91 0
n−1 0 0 0 91′
n−1 0 0 0 0
+

1 n−1 1 n−1
1 0 0 1 0
n−1 0 91′ 0 1′
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+

n−1 1 n−1 1
1 0 1 0 91
n−1 0 0 0 0
n−1 0 0 0 0
n 0 0 0 0
+

1 n−2 1 1 n−1
1 0 0 91 0 0
n−1 0 0 0 0 0
n−1 0 0 0 0 1′
n 0 0 0 0 0

=

1 1 n−3 1 1 1 n−3 1
1 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 91
n−3 0 0 1′ 0 0 0 91′ 0
1 0 1 0 0 0 91 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91
n−3 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

1 1 n−3 1 1 1 n−3 1
1 0 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 1
n−3 0 0 91′ 0 0 0 1′ 0
1 0 91 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1
n−3 0 0 91′ 0 0 0 1′ 0
1 0 91 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1
n−3 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 1 0 0

+

1 n−2 1 1 n−2 1
1 0 0 1 0 0 91
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0

+

1 n−2 1 1 n−3 1 1
1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
n−3 0 0 0 0 1′ 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
n−1 0 0 0 0 0 0
1 0 0 0 91 0 1
n−2 0 0 91′ 0 1′ 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

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M
I(6n−1,5)
6→3 · g6 =

1 2n−1
1 1 0
n−1 0 0
2n−1 0 1
 ·


1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
+
[ 1 n−1 1 n−2 1
1 91 0 1 0 91
2n−1 0 0 0 0 0
]

=

1 n−1 1 n−1
1 1 0 0 0
n−1 0 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
+

1 2n−1
1 1 0
n−1 0 0
2n−1 0 1
 · [
1 n−1 1 n−2 1
1 91 0 1 0 91
2n−1 0 0 0 0 0
]
=

1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
+

1 n−1 1 n−2 1
1 91 0 1 0 91
n−1 0 0 0 0 0
2n−1 0 0 0 0 0

=

1 1 n−2 1 n−2 1
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 91 0 1
n−2 0 0 91′ 0 1′ 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

+

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0

=

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
n−1 0 0 0 0 0 0
1 0 0 0 91 0 1
n−2 0 0 91′ 0 1′ 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

g3 ·M I(6n+1,1)6→3 −M I(6n−1,5)6→3 · g6 =

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
n−1 0 0 0 0 0 0
1 0 0 0 91 0 1
n−2 0 0 91′ 0 1′ 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

−

1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
n−1 0 0 0 0 0 0
1 0 0 0 91 0 1
n−2 0 0 91′ 0 1′ 0
1 0 91 0 0 0 0
1 0 0 0 0 0 1
n−2 0 0 0 0 1′ 0

=
[2n
3n−1 0
]
6. g6 ·M I(6n+1,1)7→6 −M I(6n−1,5)7→6 · g7 = 0
g6 ·M I(6n+1,1)7→6 =


1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
+
[ 1 n−1 1 n−2 1
1 91 0 1 0 91
2n−1 0 0 0 0 0
]

·

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1

=

1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
 ·

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
+
[ 1 1 n−2 1 n−2 1
1 91 0 0 1 0 91
2n−1 0 0 0 0 0 0
]
·

1 n−2 1
1 0 0 0
1 1 0 0
n−2 0 1 0
1 0 0 1
n−2 0 1 0
1 0 0 1

=

1 n−1
1 0 0
n−1 0 0
1 91 0
n−1 0 1′
+
[ 1 n−2 1
1 0 0 0
2n−1 0 0 0
]
=

1 n−2 1
1 0 0 0
n−1 0 0 0
1 91 0 0
1 0 0 1
n−2 0 1′ 0
+

1 n−2 1
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−2 0 0 0
 =

1 n−1
n 0 0
1 91 0
n−1 0 1′

M
I(6n−1,5)
7→6 · g7 =
[ n
n 0
n 1
]
·
[ 1 n−1
1 91 0
n−1 0 1′
]
=

1 n−1
n 0 0
1 1 0
n−1 0 1
 · [
1 n−1
1 91 0
n−1 0 1′
]
=

1 n−1
n 0 0
1 91 0
n−1 0 1′

g6 ·M I(6n+1,1)7→6 −M I(6n−1,5)7→6 · g7 =

1 n−1
n 0 0
1 91 0
n−1 0 1′
−

1 n−1
n 0 0
1 91 0
n−1 0 1′
 = [ n2n 0 ]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n−1 1
n−1 1′ 0
1 0 91
]
·
[ 0
n 0
]
=
[n−1 1
n−1 1′ 0
1 0 91
]
·
[ 0
n−1 0
1 0
]
=
[ 0
n 0
]
2. g2 · f2 = 0
g2 · f2 =


1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
+
[ 1 n−2 1 n−1 1 1
1 91 0 1 0 91 1
2n−1 0 0 0 0 0 0
]

·

1
1 1
2n−1 0
1 1

=

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1′ 0 91′ 0
1 0 0 91 0 0
n−1 0 0 0 91′ 0
 ·

1
1 1
n−1 0
1 0
n−1 0
1 1
+
[ 1 n−2 1 n−1 1 1
1 91 0 1 0 91 1
2n−1 0 0 0 0 0 0
]
·

1
1 1
n−2 0
1 0
n−1 0
1 0
1 1

=

1
1 0
n−1 0
1 0
n−1 0
+
[ 1
1 0
2n−1 0
]
=

1
1 0
n−1 0
1 0
n−1 0
+

1
1 0
n−1 0
1 0
n−1 0
 =
[ 1
2n 0
]
3. g3 · f3 = 0
g3 · f3 =


1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
+

n−1 1 n−1 1 1 n−1
1 0 1 0 91 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n 0 0 0 0 0 0


·

1
1 1
2n−1 0
1 1
n−1 0

=

1 n−1 1 n−1 1 n−1
1 91 0 0 0 1 0
n−1 0 1′ 0 91′ 0 1′
1 0 0 91 0 0 0
n−1 0 0 0 91′ 0 1′
n−1 0 0 0 0 0 1′
 ·

1
1 1
n−1 0
1 0
n−1 0
1 1
n−1 0

+

1 n−2 1 n−1 1 1 n−1
1 0 0 1 0 91 0 0
n−1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 1′
n 0 0 0 0 0 0 0
 ·

1
1 1
n−2 0
1 0
n−1 0
1 0
1 1
n−1 0

=

1
1 0
n−1 0
1 0
n−1 0
n−1 0
+

1
1 0
n−1 0
n−1 0
n 0
 =

1
1 0
n−1 0
1 0
n−2 0
1 0
n−1 0

+

1
1 0
n−1 0
1 0
n−2 0
1 0
n−1 0

=
[ 1
3n−1 0
]
4. g4 · f4 = 0
g4 · f4 =


1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
+ [
1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]

·

1
1 1
n−1 0
1 1
n−1 0

=

1 n−1 1 n−1
1 0 0 0 0
n−1 0 91′ 0 1′
n−1 0 0 0 1′
 ·

1
1 1
n−1 0
1 1
n−1 0
+
[ 1 n−2 1 1 n−1
1 91 0 91 1 0
2n−2 0 0 0 0 0
]
·

1
1 1
n−2 0
1 0
1 1
n−1 0
 =

1
1 0
n−1 0
n−1 0
+ [
1
1 0
2n−2 0
]
=

1
1 0
n−1 0
n−1 0
+

1
1 0
n−1 0
n−1 0
 = [ 12n−1 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1 n−1
n−1 0 1′
]
·
[ 1
1 1
n−1 0
]
=
[ 1
n−1 0
]
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6. g6 · f6 = 0
g6 · f6 =


1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
+
[ 1 n−1 1 n−2 1
1 91 0 1 0 91
2n−1 0 0 0 0 0
]

·
[ 0
2n 0
]
=

1 1 n−1 n−1
1 0 0 0 0
n−1 0 0 91′ 1′
1 0 91 0 0
n−1 0 0 0 1′
 ·

0
1 0
1 0
n−1 0
n−1 0
+
[ 1 n−1 1 n−2 1
1 91 0 1 0 91
2n−1 0 0 0 0 0
]
·

0
1 0
n−1 0
1 0
n−2 0
1 0
 =

0
1 0
n−1 0
1 0
n−1 0
+
[ 0
1 0
2n−1 0
]
=

0
1 0
n−1 0
1 0
n−1 0
+

0
1 0
n−1 0
1 0
n−1 0
 =
[ 0
2n 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n−1
1 91 0
n−1 0 1′
]
·
[ 0
n 0
]
=
[ 1 n−1
1 91 0
n−1 0 1′
]
·
[ 0
1 0
n−1 0
]
=
[ 0
n 0
]
137.5.2 0→ R1∞(1) f→ I(6n+ 1, 1) g→ I(6n− 2, 1)→ 0 
PdimR1∞(1) + dimI(6n− 2, 1) = (0, 1, 1, 1, 0, 1, 0) + (n, 2n, 3n− 1, 2n− 1, n, 2n− 1, n)
= (n, 2n+ 1, 3n, 2n, n, 2n, n) = dimI(6n+ 1, 1)
Pdimk Ext
1
kQ(I(6n− 2, 1), R1∞(1)) = dimk HomkQ(I(6n− 2, 1), R1∞(1))− 〈dimI(6n− 2, 1),dimR1∞(1)〉
= 0− 〈(n, 2n, 3n− 1, 2n− 1, n, 2n− 1, n), (0, 1, 1, 1, 0, 1, 0)〉
= n · 1 + 2n · 1 + (2n− 1) · 1 + n · 1 + (2n− 1) · 1 + n · 1− (n · 0 + 2n · 1 + (3n− 1) · 1 + (2n− 1) · 1 + n · 0 + (2n− 1) · 1 + n · 0)
= n+ 2n+ 2n− 1 + n+ 2n− 1 + n− (0 + 2n+ 3n− 1 + 2n− 1 + 0 + 2n− 1 + 0)
= 1
Representation of I(6n− 2, 1) = I(6n+ 4, 1)[n 7→ n− 1] 
Dimension vector: dimI(6n− 2, 1) = (n, 2n, 3n− 1, 2n− 1, n, 2n− 1, n)
Matrices of the representation:
1. M I(6n−2,1)1→2 =
[ n
n 1
n 0
]
∈M2n,n(k)
2. M I(6n−2,1)2→3 =
[2n
2n 1
n−1 0
]
∈M3n−1,2n(k)
3. M I(6n−2,1)4→3 =
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
4. M I(6n−2,1)5→4 =
[ n
n−1 0
n 1
]
∈M2n−1,n(k)
5. M I(6n−2,1)6→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
6. M I(6n−2,1)7→6 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n−1,n(k)
Matrices of the embedding f : R1∞(1)→ I(6n+ 1, 1) P
1. f1 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
2. f2 =
[ 1
1 1
2n 0
]
∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
[ 1
1 1
3n−1 0
]
∈M3n,1(k) is already in column echelon form and has maximal column rank.
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4. f4 =
[ 1
1 1
2n−1 0
]
∈M2n,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
6. f6 =
[ 1
1 1
2n−1 0
]
∈M2n,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
Matrices of the projection g : I(6n+ 1, 1)→ I(6n− 2, 1) P
1. g1 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n
2n 0 1
]
∈M2n,2n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n−1
3n−1 0 1
]
∈M3n−1,3n(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 2n−1
2n−1 0 1
]
∈M2n−1,2n(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n−1
2n−1 0 1
]
∈M2n−1,2n(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(6n+ 1, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(6n+1,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
2n 0
]
·
[ 0
1 0
]
=
[ 0
2n+1 0
]
M
I(6n+1,1)
1→2 · f1 =

n
1 0
n 1
n 0
 · [ 0n 0 ] = [ 02n+1 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(6n+1,1)1→2 · f1 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(6n+1,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
3n−1 0
]
·
[
1
]
=
[ 1
1 1
3n−1 0
]
M
I(6n+1,1)
2→3 · f2 =
[2n+1
2n+1 1
n−1 0
]
·
[ 1
1 1
2n 0
]
=

1 2n
1 1 0
2n 0 1
n−1 0 0
 · [
1
1 1
2n 0
]
=

1
1 1
2n 0
n−1 0
 = [
1
1 1
3n−1 0
]
f3 ·MR
1
∞(1)
2→3 −M I(6n+1,1)2→3 · f2 =
[ 1
1 1
3n−1 0
]
−
[ 1
1 1
3n−1 0
]
=
[ 1
3n 0
]
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3. f3 ·MR
1
∞(1)
4→3 −M I(6n+1,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
3n−1 0
]
·
[
1
]
=
[ 1
1 1
3n−1 0
]
M
I(6n+1,1)
4→3 · f4 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 · [
1
1 1
2n−1 0
]
=

1
1 1
n 0
2n−1 0
 = [
1
1 1
3n−1 0
]
f3 ·MR
1
∞(1)
4→3 −M I(6n+1,1)4→3 · f4 =
[ 1
1 1
3n−1 0
]
−
[ 1
1 1
3n−1 0
]
=
[ 1
3n 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(6n+1,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
2n−1 0
]
·
[ 0
1 0
]
=
[ 0
2n 0
]
M
I(6n+1,1)
5→4 · f5 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 ·
[ 0
n 0
]
=

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 ·
[ 0
1 0
n−1 0
]
=
[ 0
2n 0
]
f4 ·MR
1
∞(1)
5→4 −M I(6n+1,1)5→4 · f5 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(6n+1,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
3n−1 0
]
·
[
1
]
=
[ 1
1 1
3n−1 0
]
M
I(6n+1,1)
6→3 · f6 =

[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]·
[ 1
1 1
2n−1 0
]
=

1 2n−1
1 1 0
2n−1 0 1
n 0 0
 · [
1
1 1
2n−1 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
]
·
[ 1
1 1
2n−1 0
]
=

1
1 1
2n−1 0
n 0
+ [
1
n+1 0
2n−1 0
]
=

1
1 1
n 0
n−1 0
n 0
+

1
1 0
n 0
n−1 0
n 0
=
[ 1
1 1
3n−1 0
]
f3 ·MR
1
∞(1)
6→3 −M I(6n+1,1)6→3 · f6 =
[ 1
1 1
3n−1 0
]
−
[ 1
1 1
3n−1 0
]
=
[ 1
3n 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(6n+1,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
2n−1 0
]
·
[ 0
1 0
]
=
[ 0
2n 0
]
M
I(6n+1,1)
7→6 · f7 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ·
[ 0
n 0
]
=

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 ·
[ 0
1 0
n−1 0
]
=
[ 0
2n 0
]
f6 ·MR
1
∞(1)
7→6 −M I(6n+1,1)7→6 · f7 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
1959
Relations of the projection g : I(6n+ 1, 1)→ I(6n− 2, 1) P
1. g2 ·M I(6n+1,1)1→2 −M I(6n−2,1)1→2 · g1 = 0
g2 ·M I(6n+1,1)1→2 =
[ 1 2n
2n 0 1
]
·

n
1 0
n 1
n 0
 = [
1 n n
n 0 1 0
n 0 0 1
]
·

n
1 0
n 1
n 0
 = [
n
n 1
n 0
]
M
I(6n−2,1)
1→2 · g1 =
[ n
n 1
n 0
]
·
[ n
n 1
]
=
[ n
n 1
n 0
]
g2 ·M I(6n+1,1)1→2 −M I(6n−2,1)1→2 · g1 =
[ n
n 1
n 0
]
−
[ n
n 1
n 0
]
=
[ n
2n 0
]
2. g3 ·M I(6n+1,1)2→3 −M I(6n−2,1)2→3 · g2 = 0
g3 ·M I(6n+1,1)2→3 =
[ 1 3n−1
3n−1 0 1
]
·
[2n+1
2n+1 1
n−1 0
]
=
[ 1 2n n−1
2n 0 1 0
n−1 0 0 1
]
·

1 2n
1 1 0
2n 0 1
n−1 0 0
 = [
1 2n
2n 0 1
n−1 0 0
]
M
I(6n−2,1)
2→3 · g2 =
[2n
2n 1
n−1 0
]
·
[ 1 2n
2n 0 1
]
=
[ 1 2n
2n 0 1
n−1 0 0
]
g3 ·M I(6n+1,1)2→3 −M I(6n−2,1)2→3 · g2 =
[ 1 2n
2n 0 1
n−1 0 0
]
−
[ 1 2n
2n 0 1
n−1 0 0
]
=
[2n+1
3n−1 0
]
3. g3 ·M I(6n+1,1)4→3 −M I(6n−2,1)4→3 · g4 = 0
g3 ·M I(6n+1,1)4→3 =
[ 1 3n−1
3n−1 0 1
]
·

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 = [
1 n 2n−1
n 0 1 0
2n−1 0 0 1
]
·

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 = [
1 2n−1
n 0 0
2n−1 0 1
]
M
I(6n−2,1)
4→3 · g4 =
[2n−1
n 0
2n−1 1
]
·
[ 1 2n−1
2n−1 0 1
]
=
[ 1 2n−1
n 0 0
2n−1 0 1
]
g3 ·M I(6n+1,1)4→3 −M I(6n−2,1)4→3 · g4 =
[ 1 2n−1
n 0 0
2n−1 0 1
]
−
[ 1 2n−1
n 0 0
2n−1 0 1
]
=
[2n
3n−1 0
]
4. g4 ·M I(6n+1,1)5→4 −M I(6n−2,1)5→4 · g5 = 0
g4 ·M I(6n+1,1)5→4 =
[ 1 2n−1
2n−1 0 1
]
·

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 =

1 n−1 1 n−1
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 =

1 n−1
n−1 0 0
1 1 0
n−1 0 1
 = [
n
n−1 0
n 1
]
M
I(6n−2,1)
5→4 · g5 =
[ n
n−1 0
n 1
]
·
[ n
n 1
]
=
[ n
n−1 0
n 1
]
g4 ·M I(6n+1,1)5→4 −M I(6n−2,1)5→4 · g5 =
[ n
n−1 0
n 1
]
−
[ n
n−1 0
n 1
]
=
[ n
2n−1 0
]
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5. g3 ·M I(6n+1,1)6→3 −M I(6n−2,1)6→3 · g6 = 0
g3 ·M I(6n+1,1)6→3 =
[ 1 3n−1
3n−1 0 1
]
·

[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
] =
[ 1 2n−1 n
2n−1 0 1 0
n 0 0 1
]
·

1 2n−1
1 1 0
2n−1 0 1
n 0 0
+ [
1 n 2n−1
n 0 1 0
2n−1 0 0 1
]
·

1 2n−1
1 0 0
n 0 0
2n−1 0 1

=
[ 1 2n−1
2n−1 0 1
n 0 0
]
+
[ 1 2n−1
n 0 0
2n−1 0 1
]
=

1 n n−1
n 0 1 0
n−1 0 0 1
n 0 0 0
+

1 n−1 n
n 0 0 0
n−1 0 1 0
n 0 0 1
 =

1 n−1 1 n−1
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1

M
I(6n−2,1)
6→3 · g6 =

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
] ·
[ 1 2n−1
2n−1 0 1
]
=
[2n−1
2n−1 1
n 0
]
·
[ 1 2n−1
2n−1 0 1
]
+
[2n−1
n 0
2n−1 1
]
·
[ 1 2n−1
2n−1 0 1
]
=
[ 1 2n−1
2n−1 0 1
n 0 0
]
+
[ 1 2n−1
n 0 0
2n−1 0 1
]
=

1 n n−1
n 0 1 0
n−1 0 0 1
n 0 0 0
+

1 n−1 n
n 0 0 0
n−1 0 1 0
n 0 0 1
 =

1 n−1 1 n−1
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1

g3 ·M I(6n+1,1)6→3 −M I(6n−2,1)6→3 · g6 =

1 n−1 1 n−1
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1
−

1 n−1 1 n−1
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1
 =
[2n
3n−1 0
]
6. g6 ·M I(6n+1,1)7→6 −M I(6n−2,1)7→6 · g7 = 0
g6 ·M I(6n+1,1)7→6 =
[ 1 2n−1
2n−1 0 1
]
·

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 =

1 1 n−1 n−1
1 0 1 0 0
n−1 0 0 1 0
n−1 0 0 0 1
 ·

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1

M
I(6n−2,1)
7→6 · g7 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [ nn 1 ] =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [
1 n−1
1 1 0
n−1 0 1
]
=

1 n−1
1 1 0
n−1 0 1
n−1 0 1

g6 ·M I(6n+1,1)7→6 −M I(6n−2,1)7→6 · g7 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
−

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 = [ n2n−1 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n
2n 0 1
]
·
[ 1
1 1
2n 0
]
=
[ 1
2n 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3n−1
3n−1 0 1
]
·
[ 1
1 1
3n−1 0
]
=
[ 1
3n−1 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 1 2n−1
2n−1 0 1
]
·
[ 1
1 1
2n−1 0
]
=
[ 1
2n−1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n−1
2n−1 0 1
]
·
[ 1
1 1
2n−1 0
]
=
[ 1
2n−1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
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138 Tree module property of I(6n+ 2, 1)
138.1 Tree module property of I(2, 1) 
The representation of I(2, 1):
dimI(2, 1) = (0, 0, 1, 1, 1, 1, 1)
I(2, 1) = (M1→2 = 0, M2→3 = 0, M4→3 = ( 1 ) , M5→4 = ( 1 ) , M6→3 = ( 1 ) , M7→6 = ( 1 ))
The length of I(2, 1) is: 0 + 0 + 1 + 1 + 1 + 1 + 1 = 5.
The total number of ones in the matrices of the representation: 4.
A = M(EndkQ(I(2, 1))) ∈M4,5(k) denotes the matrix of the linear equation system characterizing the endomorphism space of I(2, 1).
A =

91 1 0 0 0
91 0 0 1 0
0 91 1 0 0
0 0 0 91 1
←−
−1
+
∼

91 1 0 0 0
0 91 0 1 0
0 91 1 0 0
0 0 0 91 1
←−−1+ ∼

91 1 0 0 0
0 91 0 1 0
0 0 1 91 0
0 0 0 91 1

As the above computation shows, dim EndkQ(I(2, 1)) = corank(A) = 1 in every field k, therefore I(2, 1) has the (field independent) tree module property.
138.2 Tree module property of I(8, 1) 
The matrices of the representation have full (column) rank P
1. M I(8,1)1→2 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. M I(8,1)2→3 =

1 0
0 1
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
3. M I(8,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
4. M I(8,1)5→4 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
5. M I(8,1)6→3 =

0 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. M I(8,1)7→6 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
138.2.1 0→ R11(1) f→ I(8, 1) g→ I(6, 5)→ 0 
PdimR11(1) + dimI(6, 5) = (0, 0, 1, 1, 0, 1, 1) + (1, 2, 3, 2, 2, 2, 1)
= (1, 2, 4, 3, 2, 3, 2) = dimI(8, 1)
Pdimk Ext
1
kQ(I(6, 5), R
1
1(1)) = dimk HomkQ(I(6, 5), R
1
1(1))− 〈dimI(6, 5),dimR11(1)〉
= 0− 〈(1, 2, 3, 2, 2, 2, 1), (0, 0, 1, 1, 0, 1, 1)〉
= 1 · 0 + 2 · 1 + 2 · 1 + 2 · 1 + 2 · 1 + 1 · 1− (1 · 0 + 2 · 0 + 3 · 1 + 2 · 1 + 2 · 0 + 2 · 1 + 1 · 1)
= 0 + 2 + 2 + 2 + 2 + 1− (0 + 0 + 3 + 2 + 0 + 2 + 1)
= 1
Matrices of the embedding f : R11(1)→ I(8, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
3. f3 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
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6. f6 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(8, 1)→ I(6, 5) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0
1 91
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[
1 0
1 91
]
r2←r2−r1−−−−−−→
[
1 0
0 91
]
3. g3 =
1 0 0 01 91 0 0
0 91 0 1
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
1 0 0 01 91 0 0
0 91 0 1
 r2←r2−r1−−−−−−→
1 0 0 00 91 0 0
0 91 0 1
 r3←r3−r2−−−−−−→
1 0 0 00 91 0 0
0 0 0 1

4. g4 =
[
1 0 0
0 91 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
91 0 0
91 0 1
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[
91 0 0
91 0 1
]
r2←r2−r1−−−−−−→
[
91 0 0
0 0 1
]
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(8, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(8,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
2 0
]
·
[ 0
0 0
]
=
[ 0
2 0
]
M
I(8,1)
1→2 · f1 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f2 ·MR
1
1(1)
1→2 −M I(8,1)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(8,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
2 0
1 1
1 0
 · [ 01 0 ] = [ 04 0 ]
M
I(8,1)
2→3 · f2 =
[ 2
2 1
2 1
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f3 ·MR
1
1(1)
2→3 −M I(8,1)2→3 · f2 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
3. f3 ·MR
1
1(1)
4→3 −M I(8,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
2 0
1 1
1 0
 · [1] =

1
2 0
1 1
1 0

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M
I(8,1)
4→3 · f4 =
[ 3
3 1
1 0
]
·
[ 1
2 0
1 1
]
=

2 1
2 1 0
1 0 1
1 0 0
 · [
1
2 0
1 1
]
=

1
2 0
1 1
1 0

f3 ·MR
1
1(1)
4→3 −M I(8,1)4→3 · f4 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
4. f4 ·MR
1
1(1)
5→4 −M I(8,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
2 0
1 1
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
I(8,1)
5→4 · f5 =
[ 2
2 1
1 0
]
·
[ 0
2 0
]
=
[ 0
3 0
]
f4 ·MR
1
1(1)
5→4 −M I(8,1)5→4 · f5 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(8,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
2 0
1 1
1 0
 · [1] =

1
2 0
1 1
1 0

M
I(8,1)
6→3 · f6 =
[ 3
1 0
3 1
]
·
01
0
 =

0 0 0
1 0 0
0 1 0
0 0 1
 ·
01
0
 =

0
0
1
0
 =

1
2 0
1 1
1 0

f3 ·MR
1
1(1)
6→3 −M I(8,1)6→3 · f6 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
6. f6 ·MR
1
1(1)
7→6 −M I(8,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =
01
0
 · [1] =
01
0

M
I(8,1)
7→6 · f7 =
[ 2
1 0
2 1
]
·
[
1
0
]
=
0 01 0
0 1
 · [1
0
]
=
01
0

f6 ·MR
1
1(1)
7→6 −M I(8,1)7→6 · f7 =
01
0
−
01
0
 = [ 13 0 ]
Relations of the projection g : I(8, 1)→ I(6, 5) P
1. g2 ·M I(8,1)1→2 −M I(6,5)1→2 · g1 = 0
g2 ·M I(8,1)1→2 =
[
1 0
1 91
]
·
[
1
1
]
=
[
1
0
]
M
I(6,5)
1→2 · g1 =
[
1
0
]
·
[
1
]
=
[
1
0
]
g2 ·M I(8,1)1→2 −M I(6,5)1→2 · g1 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
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2. g3 ·M I(8,1)2→3 −M I(6,5)2→3 · g2 = 0
g3 ·M I(8,1)2→3 =
1 0 0 01 91 0 0
0 91 0 1
 · [
2
2 1
2 1
]
=
1 0 0 01 91 0 0
0 91 0 1
 ·

1 0
0 1
1 0
0 1
 =
1 01 91
0 0

M
I(6,5)
2→3 · g2 =
[ 2
2 1
1 0
]
·
[
1 0
1 91
]
=
1 00 1
0 0
 · [1 0
1 91
]
=
1 01 91
0 0

g3 ·M I(8,1)2→3 −M I(6,5)2→3 · g2 =
1 01 91
0 0
−
1 01 91
0 0
 = [ 23 0 ]
3. g3 ·M I(8,1)4→3 −M I(6,5)4→3 · g4 = 0
g3 ·M I(8,1)4→3 =
1 0 0 01 91 0 0
0 91 0 1
 · [
3
3 1
1 0
]
=
1 0 0 01 91 0 0
0 91 0 1
 ·

1 0 0
0 1 0
0 0 1
0 0 0
 =
1 0 01 91 0
0 91 0

M
I(6,5)
4→3 · g4 =
1 01 1
0 1
 · [1 0 0
0 91 0
]
=
1 0 01 91 0
0 91 0

g3 ·M I(8,1)4→3 −M I(6,5)4→3 · g4 =
1 0 01 91 0
0 91 0
−
1 0 01 91 0
0 91 0
 = [ 33 0 ]
4. g4 ·M I(8,1)5→4 −M I(6,5)5→4 · g5 = 0
g4 ·M I(8,1)5→4 =
[
1 0 0
0 91 0
]
·
[ 2
2 1
1 0
]
=
[
1 0 0
0 91 0
]
·
1 00 1
0 0
 = [1 0
0 91
]
M
I(6,5)
5→4 · g5 =
[ 2
2 1
]
·
[
1 0
0 91
]
=
[
1 0
0 1
]
·
[
1 0
0 91
]
=
[
1 0
0 91
]
g4 ·M I(8,1)5→4 −M I(6,5)5→4 · g5 =
[
1 0
0 91
]
−
[
1 0
0 91
]
=
[ 2
2 0
]
5. g3 ·M I(8,1)6→3 −M I(6,5)6→3 · g6 = 0
g3 ·M I(8,1)6→3 =
1 0 0 01 91 0 0
0 91 0 1
 · [
3
1 0
3 1
]
=
1 0 0 01 91 0 0
0 91 0 1
 ·

0 0 0
1 0 0
0 1 0
0 0 1
 =
 0 0 091 0 0
91 0 1

M
I(6,5)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[
91 0 0
91 0 1
]
=
0 01 0
0 1
 · [91 0 091 0 1
]
=
 0 0 091 0 0
91 0 1

g3 ·M I(8,1)6→3 −M I(6,5)6→3 · g6 =
 0 0 091 0 0
91 0 1
−
 0 0 091 0 0
91 0 1
 = [ 33 0 ]
6. g6 ·M I(8,1)7→6 −M I(6,5)7→6 · g7 = 0
g6 ·M I(8,1)7→6 =
[
91 0 0
91 0 1
]
·
[ 2
1 0
2 1
]
=
[
91 0 0
91 0 1
]
·
0 01 0
0 1
 = [0 0
0 1
]
M
I(6,5)
7→6 · g7 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g6 ·M I(8,1)7→6 −M I(6,5)7→6 · g7 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0
1 91
]
·
[ 0
2 0
]
=
[
1 0
1 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
3. g3 · f3 = 0
g3 · f3 =
1 0 0 01 91 0 0
0 91 0 1
 ·

1
2 0
1 1
1 0
 =
1 0 0 01 91 0 0
0 91 0 1
 ·

0
0
1
0
 =
[ 1
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 0 0
0 91 0
]
·
[ 1
2 0
1 1
]
=
[
1 0 0
0 91 0
]
·
00
1
 = [ 12 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 0 0
91 0 1
]
·
01
0
 = [ 12 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
138.2.2 0→ R11(2) f→ I(8, 1) g→ I(4, 7)→ 0 
PdimR11(2) + dimI(4, 7) = (0, 1, 2, 2, 1, 1, 1) + (1, 1, 2, 1, 1, 2, 1)
= (1, 2, 4, 3, 2, 3, 2) = dimI(8, 1)
Pdimk Ext
1
kQ(I(4, 7), R
1
1(2)) = dimk HomkQ(I(4, 7), R
1
1(2))− 〈dimI(4, 7),dimR11(2)〉
= 0− 〈(1, 1, 2, 1, 1, 2, 1), (0, 1, 2, 2, 1, 1, 1)〉
= 1 · 1 + 1 · 2 + 1 · 2 + 1 · 2 + 2 · 2 + 1 · 1− (1 · 0 + 1 · 1 + 2 · 2 + 1 · 2 + 1 · 1 + 2 · 1 + 1 · 1)
= 1 + 2 + 2 + 2 + 4 + 1− (0 + 1 + 4 + 2 + 1 + 2 + 1)
= 1
Matrices of the embedding f : R11(2)→ I(8, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 1
0 0
91 1
0 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 1
0 0
91 1
0 0
 c1↔c2−−−−→

1 0
0 0
1 91
0 0

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4. f4 =
 0 10 0
91 1
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =
 0 10 0
91 1
 c1↔c2−−−−→
1 00 0
1 91

5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
 091
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
91
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(8, 1)→ I(4, 7) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 1
0 1 0 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
0 0 0 1
0 1 0 0
]
r1↔r2−−−−→
[
0 1 0 0
0 0 0 1
]
4. g4 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[
0 0 1
1 0 0
]
r1↔r2−−−−→
[
1 0 0
0 0 1
]
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(2)→ I(8, 1) P
1. f2 ·MR
1
1(2)
1→2 −M I(8,1)1→2 · f1 = 0
f2 ·MR
1
1(2)
1→2 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(8,1)
1→2 · f1 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f2 ·MR
1
1(2)
1→2 −M I(8,1)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·MR
1
1(2)
2→3 −M I(8,1)2→3 · f2 = 0
f3 ·MR
1
1(2)
2→3 =

0 1
0 0
91 1
0 0
 ·
[
0
1
]
=

1
0
1
0

M
I(8,1)
2→3 · f2 =
[ 2
2 1
2 1
]
·
[
1
0
]
=

1 0
0 1
1 0
0 1
 ·
[
1
0
]
=

1
0
1
0

f3 ·MR
1
1(2)
2→3 −M I(8,1)2→3 · f2 =

1
0
1
0
−

1
0
1
0
 =
[ 1
4 0
]
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3. f3 ·MR
1
1(2)
4→3 −M I(8,1)4→3 · f4 = 0
f3 ·MR
1
1(2)
4→3 =

0 1
0 0
91 1
0 0
 ·
[ 2
2 1
]
=

0 1
0 0
91 1
0 0
 ·
[
1 0
0 1
]
=

0 1
0 0
91 1
0 0

M
I(8,1)
4→3 · f4 =
[ 3
3 1
1 0
]
·
 0 10 0
91 1
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
 0 10 0
91 1
 =

0 1
0 0
91 1
0 0

f3 ·MR
1
1(2)
4→3 −M I(8,1)4→3 · f4 =

0 1
0 0
91 1
0 0
−

0 1
0 0
91 1
0 0
 =
[ 2
4 0
]
4. f4 ·MR
1
1(2)
5→4 −M I(8,1)5→4 · f5 = 0
f4 ·MR
1
1(2)
5→4 =
 0 10 0
91 1
 · [1
1
]
=
10
0
 = [
1
1 1
2 0
]
M
I(8,1)
5→4 · f5 =
[ 2
2 1
1 0
]
·
[
1
0
]
=
1 00 1
0 0
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
f4 ·MR
1
1(2)
5→4 −M I(8,1)5→4 · f5 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
5. f3 ·MR
1
1(2)
6→3 −M I(8,1)6→3 · f6 = 0
f3 ·MR
1
1(2)
6→3 =

0 1
0 0
91 1
0 0
 ·
[
1
0
]
=

0
0
91
0
 =

1
2 0
1 91
1 0

M
I(8,1)
6→3 · f6 =
[ 3
1 0
3 1
]
·
 091
0
 =

0 0 0
1 0 0
0 1 0
0 0 1
 ·
 091
0
 =

0
0
91
0
 =

1
2 0
1 91
1 0

f3 ·MR
1
1(2)
6→3 −M I(8,1)6→3 · f6 =

1
2 0
1 91
1 0
−

1
2 0
1 91
1 0
 = [ 14 0 ]
6. f6 ·MR
1
1(2)
7→6 −M I(8,1)7→6 · f7 = 0
f6 ·MR
1
1(2)
7→6 =
 091
0
 · [1] =
 091
0

M
I(8,1)
7→6 · f7 =
[ 2
1 0
2 1
]
·
[
91
0
]
=
0 01 0
0 1
 · [91
0
]
=
 091
0

f6 ·MR
1
1(2)
7→6 −M I(8,1)7→6 · f7 =
 091
0
−
 091
0
 = [ 13 0 ]
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Relations of the projection g : I(8, 1)→ I(4, 7) P
1. g2 ·M I(8,1)1→2 −M I(4,7)1→2 · g1 = 0
g2 ·M I(8,1)1→2 =
[
0 1
]
·
[
1
1
]
=
[
1
]
M
I(4,7)
1→2 · g1 =
[
1
]
·
[
1
]
=
[
1
]
g2 ·M I(8,1)1→2 −M I(4,7)1→2 · g1 =
[
1
]
−
[
1
]
=
[
0
]
2. g3 ·M I(8,1)2→3 −M I(4,7)2→3 · g2 = 0
g3 ·M I(8,1)2→3 =
[
0 0 0 1
0 1 0 0
]
·
[ 2
2 1
2 1
]
=
[
0 0 0 1
0 1 0 0
]
·

1 0
0 1
1 0
0 1
 =
[
0 1
0 1
]
M
I(4,7)
2→3 · g2 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g3 ·M I(8,1)2→3 −M I(4,7)2→3 · g2 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
3. g3 ·M I(8,1)4→3 −M I(4,7)4→3 · g4 = 0
g3 ·M I(8,1)4→3 =
[
0 0 0 1
0 1 0 0
]
·
[ 3
3 1
1 0
]
=
[
0 0 0 1
0 1 0 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
 =
[
0 0 0
0 1 0
]
M
I(4,7)
4→3 · g4 =
[
0
1
]
·
[
0 1 0
]
=
[
0 0 0
0 1 0
]
g3 ·M I(8,1)4→3 −M I(4,7)4→3 · g4 =
[
0 0 0
0 1 0
]
−
[
0 0 0
0 1 0
]
=
[ 3
2 0
]
4. g4 ·M I(8,1)5→4 −M I(4,7)5→4 · g5 = 0
g4 ·M I(8,1)5→4 =
[
0 1 0
]
·
[ 2
2 1
1 0
]
=
[
0 1 0
]
·
1 00 1
0 0
 = [0 1]
M
I(4,7)
5→4 · g5 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g4 ·M I(8,1)5→4 −M I(4,7)5→4 · g5 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
5. g3 ·M I(8,1)6→3 −M I(4,7)6→3 · g6 = 0
g3 ·M I(8,1)6→3 =
[
0 0 0 1
0 1 0 0
]
·
[ 3
1 0
3 1
]
=
[
0 0 0 1
0 1 0 0
]
·

0 0 0
1 0 0
0 1 0
0 0 1
 =
[
0 0 1
1 0 0
]
M
I(4,7)
6→3 · g6 =
[ 2
2 1
]
·
[
0 0 1
1 0 0
]
=
[
1 0
0 1
]
·
[
0 0 1
1 0 0
]
=
[
0 0 1
1 0 0
]
g3 ·M I(8,1)6→3 −M I(4,7)6→3 · g6 =
[
0 0 1
1 0 0
]
−
[
0 0 1
1 0 0
]
=
[ 3
2 0
]
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6. g6 ·M I(8,1)7→6 −M I(4,7)7→6 · g7 = 0
g6 ·M I(8,1)7→6 =
[
0 0 1
1 0 0
]
·
[ 2
1 0
2 1
]
=
[
0 0 1
1 0 0
]
·
0 01 0
0 1
 = [0 1
0 0
]
M
I(4,7)
7→6 · g7 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g6 ·M I(8,1)7→6 −M I(4,7)7→6 · g7 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1
]
·
[
1
0
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 0 0 1
0 1 0 0
]
·

0 1
0 0
91 1
0 0
 =
[ 2
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 1 0
]
·
 0 10 0
91 1
 = [ 21 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 0 1
1 0 0
]
·
 091
0
 = [ 12 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
91
0
]
=
[
0
]
138.3 Tree module property of I(14, 1) 
The matrices of the representation have full (column) rank P
1. M I(14,1)1→2 =

1 0
0 1
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. M I(14,1)2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
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3. M I(14,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
4. M I(14,1)5→4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. M I(14,1)6→3 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
6. M I(14,1)7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
138.3.1 0→ R11(1) f→ I(14, 1) g→ I(12, 5)→ 0 
PdimR11(1) + dimI(12, 5) = (0, 0, 1, 1, 0, 1, 1) + (2, 4, 6, 4, 3, 4, 2)
= (2, 4, 7, 5, 3, 5, 3) = dimI(14, 1)
Pdimk Ext
1
kQ(I(12, 5), R
1
1(1)) = dimk HomkQ(I(12, 5), R
1
1(1))− 〈dimI(12, 5),dimR11(1)〉
= 0− 〈(2, 4, 6, 4, 3, 4, 2), (0, 0, 1, 1, 0, 1, 1)〉
= 2 · 0 + 4 · 1 + 4 · 1 + 3 · 1 + 4 · 1 + 2 · 1− (2 · 0 + 4 · 0 + 6 · 1 + 4 · 1 + 3 · 0 + 4 · 1 + 2 · 1)
= 0 + 4 + 4 + 3 + 4 + 2− (0 + 0 + 6 + 4 + 0 + 4 + 2)
= 1
Matrices of the embedding f : R11(1)→ I(14, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
3. f3 =

0
0
0
0
1
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

0
0
0
0
1
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

0
0
1
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(14, 1)→ I(12, 5) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0
0 1 0 0
1 0 91 0
0 1 0 91
 ∈M4,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 2 2
2 1 0
2 1 91
]
r2←r2−r1−−−−−−→
[ 2 2
2 1 0
2 0 91
]
3. g3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

r3←r3−r1
r4←r4−r1
r6←r6−r1−−−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 91 0 0 0 0
0 1 0 91 0 0 0
0 0 91 0 0 1 0
0 0 0 91 0 0 1

r4←r4−r2−−−−−−→

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 91 0 0 0
0 0 91 0 0 1 0
0 0 0 91 0 0 1

=

2 2 1 2
2 1 0 0 0
2 0 91 0 0
2 0 91 0 1
 r3←r3−r2−−−−−−→

2 2 1 2
2 1 0 0 0
2 0 91 0 0
2 0 0 0 1

4. g4 =

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 r4←r4−r1−−−−−−→

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
0 0 0 91 0
 =
[ 2 2 1
2 1 0 0
2 0 91 0
]
5. g5 =
1 0 00 1 0
0 0 91
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 0 0 0
0 91 0 0 0
91 0 0 1 0
0 91 0 0 1
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 2 1 2
2 91 0 0
2 91 0 1
]
r2←r2−r1−−−−−−→
[ 2 1 2
2 91 0 0
2 0 0 1
]
7. g7 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(14, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(14,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
4 0
]
·
[ 0
0 0
]
=
[ 0
4 0
]
M
I(14,1)
1→2 · f1 =
[ 2
2 1
2 1
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f2 ·MR
1
1(1)
1→2 −M I(14,1)1→2 · f1 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(14,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
4 0
1 1
2 0
 · [ 01 0 ] = [ 07 0 ]
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M
I(14,1)
2→3 · f2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 0
4 0
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

0
1 0
2 0
1 0
 = [ 07 0 ]
f3 ·MR
1
1(1)
2→3 −M I(14,1)2→3 · f2 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
3. f3 ·MR
1
1(1)
4→3 −M I(14,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
4 0
1 1
2 0
 · [1] =

1
4 0
1 1
2 0

M
I(14,1)
4→3 · f4 =
[ 5
5 1
2 0
]
·
[ 1
4 0
1 1
]
=

4 1
4 1 0
1 0 1
2 0 0
 · [
1
4 0
1 1
]
=

1
4 0
1 1
2 0

f3 ·MR
1
1(1)
4→3 −M I(14,1)4→3 · f4 =

1
4 0
1 1
2 0
−

1
4 0
1 1
2 0
 = [ 17 0 ]
4. f4 ·MR
1
1(1)
5→4 −M I(14,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
4 0
1 1
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
I(14,1)
5→4 · f5 =
[ 3
3 1
2 0
]
·
[ 0
3 0
]
=
[ 0
5 0
]
f4 ·MR
1
1(1)
5→4 −M I(14,1)5→4 · f5 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(14,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
4 0
1 1
2 0
 · [1] =

1
4 0
1 1
2 0

M
I(14,1)
6→3 · f6 =
[ 5
2 0
5 1
]
·

1
2 0
1 1
2 0
 =

2 1 2
2 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

1
2 0
1 1
2 0
 =

1
2 0
2 0
1 1
2 0
 =

1
4 0
1 1
2 0

f3 ·MR
1
1(1)
6→3 −M I(14,1)6→3 · f6 =

1
4 0
1 1
2 0
−

1
4 0
1 1
2 0
 = [ 17 0 ]
6. f6 ·MR
1
1(1)
7→6 −M I(14,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =

1
2 0
1 1
2 0
 · [1] =

1
2 0
1 1
2 0

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M
I(14,1)
7→6 · f7 =
[ 3
2 0
3 1
]
·
[ 1
1 1
2 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
1
1 1
2 0
]
=

1
2 0
1 1
2 0

f6 ·MR
1
1(1)
7→6 −M I(14,1)7→6 · f7 =

1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
 = [ 15 0 ]
Relations of the projection g : I(14, 1)→ I(12, 5) P
1. g2 ·M I(14,1)1→2 −M I(12,5)1→2 · g1 = 0
g2 ·M I(14,1)1→2 =
[ 2 2
2 1 0
2 1 91
]
·
[ 2
2 1
2 1
]
=
[ 2
2 1
2 0
]
M
I(12,5)
1→2 · g1 =
[ 2
2 1
2 0
]
·
[ 2
2 1
]
=
[ 2
2 1
2 0
]
g2 ·M I(14,1)1→2 −M I(12,5)1→2 · g1 =
[ 2
2 1
2 0
]
−
[ 2
2 1
2 0
]
=
[ 2
4 0
]
2. g3 ·M I(14,1)2→3 −M I(12,5)2→3 · g2 = 0
g3 ·M I(14,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=

1 0 0 0
0 1 0 0
1 0 91 0
0 1 0 91
0 0 0 0
0 0 0 0

=

2 2
2 1 0
2 1 91
2 0 0

M
I(12,5)
2→3 · g2 =
[ 4
4 1
2 0
]
·
[ 2 2
2 1 0
2 1 91
]
=

2 2
2 1 0
2 0 1
2 0 0
 · [
2 2
2 1 0
2 1 91
]
=

2 2
2 1 0
2 1 91
2 0 0

g3 ·M I(14,1)2→3 −M I(12,5)2→3 · g2 =

2 2
2 1 0
2 1 91
2 0 0
−

2 2
2 1 0
2 1 91
2 0 0
 = [ 46 0 ]
3. g3 ·M I(14,1)4→3 −M I(12,5)4→3 · g4 = 0
g3 ·M I(14,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·
[ 5
5 1
2 0
]
=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=

1 0 0 0 0
0 1 0 0 0
1 0 91 0 0
1 1 0 91 0
0 0 91 0 0
1 0 0 91 0

M
I(12,5)
4→3 · g4 =

2 2
2 1 0
2 1 1
2 0 1
 ·

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 =

1 0 0 0
0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

·

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 =

1 0 0 0 0
0 1 0 0 0
1 0 91 0 0
1 1 0 91 0
0 0 91 0 0
1 0 0 91 0

g3 ·M I(14,1)4→3 −M I(12,5)4→3 · g4 =

1 0 0 0 0
0 1 0 0 0
1 0 91 0 0
1 1 0 91 0
0 0 91 0 0
1 0 0 91 0

−

1 0 0 0 0
0 1 0 0 0
1 0 91 0 0
1 1 0 91 0
0 0 91 0 0
1 0 0 91 0

=
[ 5
6 0
]
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4. g4 ·M I(14,1)5→4 −M I(12,5)5→4 · g5 = 0
g4 ·M I(14,1)5→4 =

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 ·
[ 3
3 1
2 0
]
=

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 ·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

1 0 0
0 1 0
0 0 91
1 0 0

M
I(12,5)
5→4 · g5 =

1 2
1 1 0
2 0 1
1 1 0
 · [
2 1
2 1 0
1 0 91
]
=

1 0 0
0 1 0
0 0 1
1 0 0
 ·
1 0 00 1 0
0 0 91
 =

1 0 0
0 1 0
0 0 91
1 0 0

g4 ·M I(14,1)5→4 −M I(12,5)5→4 · g5 =

1 0 0
0 1 0
0 0 91
1 0 0
−

1 0 0
0 1 0
0 0 91
1 0 0
 =
[ 3
4 0
]
5. g3 ·M I(14,1)6→3 −M I(12,5)6→3 · g6 = 0
g3 ·M I(14,1)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·
[ 5
2 0
5 1
]
=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 0
0 0 0 0 0
91 0 0 0 0
0 91 0 0 0
91 0 0 1 0
0 91 0 0 1

=

2 1 2
2 0 0 0
2 91 0 0
2 91 0 1

M
I(12,5)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 2 1 2
2 91 0 0
2 91 0 1
]
=

2 2
2 0 0
2 1 0
2 0 1
 · [
2 1 2
2 91 0 0
2 91 0 1
]
=

2 1 2
2 0 0 0
2 91 0 0
2 91 0 1

g3 ·M I(14,1)6→3 −M I(12,5)6→3 · g6 =

2 1 2
2 0 0 0
2 91 0 0
2 91 0 1
−

2 1 2
2 0 0 0
2 91 0 0
2 91 0 1
 = [ 56 0 ]
6. g6 ·M I(14,1)7→6 −M I(12,5)7→6 · g7 = 0
g6 ·M I(14,1)7→6 =
[ 2 1 2
2 91 0 0
2 91 0 1
]
·
[ 3
2 0
3 1
]
=
[ 2 1 2
2 91 0 0
2 91 0 1
]
·

1 2
2 0 0
1 1 0
2 0 1
 = [
1 2
2 0 0
2 0 1
]
M
I(12,5)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 0
2 0 1
]
g6 ·M I(14,1)7→6 −M I(12,5)7→6 · g7 =
[ 1 2
2 0 0
2 0 1
]
−
[ 1 2
2 0 0
2 0 1
]
=
[ 3
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 2
2 1 0
2 1 91
]
·
[ 0
4 0
]
=
[ 2 2
2 1 0
2 1 91
]
·
[ 0
2 0
2 0
]
=
[ 0
4 0
]
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3. g3 · f3 = 0
g3 · f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·

1
4 0
1 1
2 0
 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 91 0 0 0 0
1 1 0 91 0 0 0
0 0 91 0 0 1 0
1 0 0 91 0 0 1

·

0
0
0
0
1
0
0

=
[ 1
6 0
]
4. g4 · f4 = 0
g4 · f4 =

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 ·
[ 1
4 0
1 1
]
=

1 0 0 0 0
0 1 0 0 0
0 0 91 0 0
1 0 0 91 0
 ·

0
0
0
0
1
 =
[ 1
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
2 1 0
1 0 91
]
·
[ 0
3 0
]
=
[ 2 1
2 1 0
1 0 91
]
·
[ 0
2 0
1 0
]
=
[ 0
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 2
2 91 0 0
2 91 0 1
]
·

1
2 0
1 1
2 0
 = [ 14 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
138.3.2 0→ R11(2) f→ I(14, 1) g→ I(10, 7)→ 0 
PdimR11(2) + dimI(10, 7) = (0, 1, 2, 2, 1, 1, 1) + (2, 3, 5, 3, 2, 4, 2)
= (2, 4, 7, 5, 3, 5, 3) = dimI(14, 1)
Pdimk Ext
1
kQ(I(10, 7), R
1
1(2)) = dimk HomkQ(I(10, 7), R
1
1(2))− 〈dimI(10, 7),dimR11(2)〉
= 0− 〈(2, 3, 5, 3, 2, 4, 2), (0, 1, 2, 2, 1, 1, 1)〉
= 2 · 1 + 3 · 2 + 3 · 2 + 2 · 2 + 4 · 2 + 2 · 1− (2 · 0 + 3 · 1 + 5 · 2 + 3 · 2 + 2 · 1 + 4 · 1 + 2 · 1)
= 2 + 6 + 6 + 4 + 8 + 2− (0 + 3 + 10 + 6 + 2 + 4 + 2)
= 1
Matrices of the embedding f : R11(2)→ I(14, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

0
1
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
0 1
0 0
0 0
91 1
0 0
0 0

∈M7,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0

c1↔c2−−−−→

1 1
1 0 0
1 1 0
2 0 0
1 1 91
2 0 0

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4. f4 =

0 0
0 1
0 0
0 0
91 1
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
 c1↔c2−−−−→

1 1
1 0 0
1 1 0
2 0 0
1 1 91

5. f5 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0
0
91
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
910
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(14, 1)→ I(10, 7) P
1. g1 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2
2 1′
]
2. g2 =
0 0 0 10 0 1 0
1 0 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 1 1 2
2 0 0 1′
1 1 0 0
]
r1↔r2−−−−→
[ 1 1 2
1 1 0 0
2 0 0 1′
]
3. g3 =

0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 2 1 2
2 0 0 0 0 1′
2 0 0 1′ 0 0
1 1 0 0 0 0
 r1↔r3−−−−→

1 1 2 1 2
1 1 0 0 0 0
2 0 0 1′ 0 0
2 0 0 0 0 1′

4. g4 =
0 0 0 1 00 0 1 0 0
1 0 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 1 1 2 1
2 0 0 1′ 0
1 1 0 0 0
]
r1↔r2−−−−→
[ 1 1 2 1
1 1 0 0 0
2 0 0 1′ 0
]
5. g5 =
[
0 0 1
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[
0 0 1
1 0 0
]
r1↔r2−−−−→
[
1 0 0
0 0 1
]
6. g6 =

0 0 0 0 1
0 0 0 1 0
0 1 0 0 0
1 0 0 0 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 2 1 2
2 0 0 1′
2 1′ 0 0
]
r1↔r2−−−−→
[ 2 1 2
2 1′ 0 0
2 0 0 1′
]
7. g7 =
[
0 0 1
0 1 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 2
2 0 1′
]
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Relations of the embedding f : R11(2)→ I(14, 1) P
1. f2 ·MR
1
1(2)
1→2 −M I(14,1)1→2 · f1 = 0
f2 ·MR
1
1(2)
1→2 =

1
1 0
1 1
2 0
 · [ 01 0 ] = [ 04 0 ]
M
I(14,1)
1→2 · f1 =
[ 2
2 1
2 1
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f2 ·MR
1
1(2)
1→2 −M I(14,1)1→2 · f1 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
2. f3 ·MR
1
1(2)
2→3 −M I(14,1)2→3 · f2 = 0
f3 ·MR
1
1(2)
2→3 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0
 ·
[
0
1
]
=

1
1 0
1 1
2 0
1 1
2 0

M
I(14,1)
2→3 · f2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1
1 0
1 1
2 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

·

0
1
0
0
 =

0
1
0
0
1
0
0

=

1
1 0
1 1
2 0
1 1
2 0

f3 ·MR
1
1(2)
2→3 −M I(14,1)2→3 · f2 =

1
1 0
1 1
2 0
1 1
2 0
−

1
1 0
1 1
2 0
1 1
2 0
 =
[ 1
7 0
]
3. f3 ·MR
1
1(2)
4→3 −M I(14,1)4→3 · f4 = 0
f3 ·MR
1
1(2)
4→3 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0
 ·
[ 2
2 1
]
=

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0
 ·
[
1 0
0 1
]
=

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0

M
I(14,1)
4→3 · f4 =
[ 5
5 1
2 0
]
·

1 1
1 0 0
1 0 1
2 0 0
1 91 1
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

1 1
1 0 0
1 0 1
2 0 0
1 91 1
 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0

f3 ·MR
1
1(2)
4→3 −M I(14,1)4→3 · f4 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0
−

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0
 =
[ 2
7 0
]
4. f4 ·MR
1
1(2)
5→4 −M I(14,1)5→4 · f5 = 0
f4 ·MR
1
1(2)
5→4 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
 ·
[
1
1
]
=

1
1 0
1 1
2 0
1 0
 =

1
1 0
1 1
3 0

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M
I(14,1)
5→4 · f5 =
[ 3
3 1
2 0
]
·
01
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
01
0
 =

1
1 0
1 1
1 0
2 0
 =

1
1 0
1 1
3 0

f4 ·MR
1
1(2)
5→4 −M I(14,1)5→4 · f5 =

1
1 0
1 1
3 0
−

1
1 0
1 1
3 0
 = [ 15 0 ]
5. f3 ·MR
1
1(2)
6→3 −M I(14,1)6→3 · f6 = 0
f3 ·MR
1
1(2)
6→3 =

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0
 ·
[
1
0
]
=

1
1 0
1 0
2 0
1 91
2 0
 =

1
4 0
1 91
2 0

M
I(14,1)
6→3 · f6 =
[ 5
2 0
5 1
]
·

1
2 0
1 91
2 0
 =

2 1 2
2 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

1
2 0
1 91
2 0
 =

1
2 0
2 0
1 91
2 0
 =

1
4 0
1 91
2 0

f3 ·MR
1
1(2)
6→3 −M I(14,1)6→3 · f6 =

1
4 0
1 91
2 0
−

1
4 0
1 91
2 0
 = [ 17 0 ]
6. f6 ·MR
1
1(2)
7→6 −M I(14,1)7→6 · f7 = 0
f6 ·MR
1
1(2)
7→6 =

1
2 0
1 91
2 0
 · [1] =

1
2 0
1 91
2 0

M
I(14,1)
7→6 · f7 =
[ 3
2 0
3 1
]
·
[ 1
1 91
2 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
1
1 91
2 0
]
=

1
2 0
1 91
2 0

f6 ·MR
1
1(2)
7→6 −M I(14,1)7→6 · f7 =

1
2 0
1 91
2 0
−

1
2 0
1 91
2 0
 = [ 15 0 ]
Relations of the projection g : I(14, 1)→ I(10, 7) P
1. g2 ·M I(14,1)1→2 −M I(10,7)1→2 · g1 = 0
g2 ·M I(14,1)1→2 =
[ 1 1 2
2 0 0 1′
1 1 0 0
]
·
[ 2
2 1
2 1
]
=
0 0 0 10 0 1 0
1 0 0 0
 ·

1 0
0 1
1 0
0 1
 =
0 11 0
1 0

M
I(10,7)
1→2 · g1 =
1 00 1
0 1
 · [ 22 1′ ] =
1 00 1
0 1
 · [0 1
1 0
]
=
0 11 0
1 0

g2 ·M I(14,1)1→2 −M I(10,7)1→2 · g1 =
0 11 0
1 0
−
0 11 0
1 0
 = [ 23 0 ]
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2. g3 ·M I(14,1)2→3 −M I(10,7)2→3 · g2 = 0
g3 ·M I(14,1)2→3 =

1 1 2 1 2
2 0 0 0 0 1′
2 0 0 1′ 0 0
1 1 0 0 0 0
 ·

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 =

0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
 ·

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

=

0 0 0 1
0 0 1 0
1 0 0 1
0 0 1 0
1 0 0 0

M
I(10,7)
2→3 · g2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 1 1 2
2 0 0 1′
1 1 0 0
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
0 0 0 10 0 1 0
1 0 0 0
 =

0 0 0 1
0 0 1 0
1 0 0 1
0 0 1 0
1 0 0 0

g3 ·M I(14,1)2→3 −M I(10,7)2→3 · g2 =

0 0 0 1
0 0 1 0
1 0 0 1
0 0 1 0
1 0 0 0
−

0 0 0 1
0 0 1 0
1 0 0 1
0 0 1 0
1 0 0 0
 =
[ 4
5 0
]
3. g3 ·M I(14,1)4→3 −M I(10,7)4→3 · g4 = 0
g3 ·M I(14,1)4→3 =

1 1 2 1 2
2 0 0 0 0 1′
2 0 0 1′ 0 0
1 1 0 0 0 0
 · [
5
5 1
2 0
]
=

1 1 2 1 2
2 0 0 0 0 1′
2 0 0 1′ 0 0
1 1 0 0 0 0
 ·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 =

1 1 2 1
2 0 0 0 0
2 0 0 1′ 0
1 1 0 0 0

M
I(10,7)
4→3 · g4 =
[ 3
2 0
3 1
]
·
[ 1 1 2 1
2 0 0 1′ 0
1 1 0 0 0
]
=

2 1
2 0 0
2 1 0
1 0 1
 · [
1 1 2 1
2 0 0 1′ 0
1 1 0 0 0
]
=

1 1 2 1
2 0 0 0 0
2 0 0 1′ 0
1 1 0 0 0

g3 ·M I(14,1)4→3 −M I(10,7)4→3 · g4 =

1 1 2 1
2 0 0 0 0
2 0 0 1′ 0
1 1 0 0 0
−

1 1 2 1
2 0 0 0 0
2 0 0 1′ 0
1 1 0 0 0
 = [ 55 0 ]
4. g4 ·M I(14,1)5→4 −M I(10,7)5→4 · g5 = 0
g4 ·M I(14,1)5→4 =
[ 1 1 2 1
2 0 0 1′ 0
1 1 0 0 0
]
·
[ 3
3 1
2 0
]
=
0 0 0 1 00 0 1 0 0
1 0 0 0 0
 ·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =
0 0 00 0 1
1 0 0

M
I(10,7)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[
0 0 1
1 0 0
]
=
0 01 0
0 1
 · [0 0 1
1 0 0
]
=
0 0 00 0 1
1 0 0

g4 ·M I(14,1)5→4 −M I(10,7)5→4 · g5 =
0 0 00 0 1
1 0 0
−
0 0 00 0 1
1 0 0
 = [ 33 0 ]
5. g3 ·M I(14,1)6→3 −M I(10,7)6→3 · g6 = 0
g3 ·M I(14,1)6→3 =

1 1 2 1 2
2 0 0 0 0 1′
2 0 0 1′ 0 0
1 1 0 0 0 0
 · [
5
2 0
5 1
]
=

1 1 2 1 2
2 0 0 0 0 1′
2 0 0 1′ 0 0
1 1 0 0 0 0
 ·

2 1 2
1 0 0 0
1 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 =

2 1 2
2 0 0 1′
2 1′ 0 0
1 0 0 0

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M
I(10,7)
6→3 · g6 =
[ 4
4 1
1 0
]
·
[ 2 1 2
2 0 0 1′
2 1′ 0 0
]
=

2 2
2 1 0
2 0 1
1 0 0
 · [
2 1 2
2 0 0 1′
2 1′ 0 0
]
=

2 1 2
2 0 0 1′
2 1′ 0 0
1 0 0 0

g3 ·M I(14,1)6→3 −M I(10,7)6→3 · g6 =

2 1 2
2 0 0 1′
2 1′ 0 0
1 0 0 0
−

2 1 2
2 0 0 1′
2 1′ 0 0
1 0 0 0
 = [ 55 0 ]
6. g6 ·M I(14,1)7→6 −M I(10,7)7→6 · g7 = 0
g6 ·M I(14,1)7→6 =
[ 2 1 2
2 0 0 1′
2 1′ 0 0
]
·
[ 3
2 0
3 1
]
=
[ 2 1 2
2 0 0 1′
2 1′ 0 0
]
·

1 2
2 0 0
1 1 0
2 0 1
 = [
1 2
2 0 1′
2 0 0
]
M
I(10,7)
7→6 · g7 =
[ 2
2 1
2 0
]
·
[ 1 2
2 0 1′
]
=
[ 1 2
2 0 1′
2 0 0
]
g6 ·M I(14,1)7→6 −M I(10,7)7→6 · g7 =
[ 1 2
2 0 1′
2 0 0
]
−
[ 1 2
2 0 1′
2 0 0
]
=
[ 3
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1′
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 1 2
2 0 0 1′
1 1 0 0
]
·

1
1 0
1 1
2 0
 = [ 13 0 ]
3. g3 · f3 = 0
g3 · f3 =

1 1 2 1 2
2 0 0 0 0 1′
2 0 0 1′ 0 0
1 1 0 0 0 0
 ·

1 1
1 0 0
1 0 1
2 0 0
1 91 1
2 0 0
 =
[ 2
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 2 1
2 0 0 1′ 0
1 1 0 0 0
]
·

1 1
1 0 0
1 0 1
2 0 0
1 91 1
 =
[ 2
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 0 1
1 0 0
]
·
01
0
 = [ 12 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 2
2 0 0 1′
2 1′ 0 0
]
·

1
2 0
1 91
2 0
 = [ 14 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1′
]
·
[ 1
1 91
2 0
]
=
[ 1
2 0
]
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138.4 Tree module property of I(20, 1) 
The matrices of the representation have full (column) rank P
1. M I(20,1)1→2 =

1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. M I(20,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
3. M I(20,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
4. M I(20,1)5→4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
5. M I(20,1)6→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
6. M I(20,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
138.4.1 0→ R11(1) f→ I(20, 1) g→ I(18, 5)→ 0 
PdimR11(1) + dimI(18, 5) = (0, 0, 1, 1, 0, 1, 1) + (3, 6, 9, 6, 4, 6, 3)
= (3, 6, 10, 7, 4, 7, 4) = dimI(20, 1)
Pdimk Ext
1
kQ(I(18, 5), R
1
1(1)) = dimk HomkQ(I(18, 5), R
1
1(1))− 〈dimI(18, 5),dimR11(1)〉
= 0− 〈(3, 6, 9, 6, 4, 6, 3), (0, 0, 1, 1, 0, 1, 1)〉
= 3 · 0 + 6 · 1 + 6 · 1 + 4 · 1 + 6 · 1 + 3 · 1− (3 · 0 + 6 · 0 + 9 · 1 + 6 · 1 + 4 · 0 + 6 · 1 + 3 · 1)
= 0 + 6 + 6 + 4 + 6 + 3− (0 + 0 + 9 + 6 + 0 + 6 + 3)
= 1
Matrices of the embedding f : R11(1)→ I(20, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =
[ 0
6 0
]
∈M6,0(k) – rank computation not applicable here.
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3. f3 =

0
0
0
0
0
0
1
0
0
0

∈M10,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

0
0
0
0
0
0
1

∈M7,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
6. f6 =

0
0
0
1
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(20, 1)→ I(18, 5) P
1. g1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91

∈M6,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 3 3
3 1 0
3 1 91
]
r2←r2−r1−−−−−−→
[ 3 3
3 1 0
3 0 91
]
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3. g3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

∈M9,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

r4←r4−r1
r5←r5−r1
r8←r8−r1−−−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

r5←r5−r2
r6←r6−r2
r9←r9−r2−−−−−−→

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 91 0 0 0 1

=

2 1 2 1 1 2 1
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 91 0 0 0 0
1 0 1 0 91 0 0 0
2 0 0 91 0 0 1 0
1 0 0 0 91 0 0 1

r4←r4−r2−−−−−−→

2 1 2 1 1 2 1
2 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
2 0 0 91 0 0 1 0
1 0 0 0 91 0 0 1

=

3 3 1 3
3 1 0 0 0
3 0 91 0 0
3 0 91 0 1
 r3←r3−r2−−−−−−→

3 3 1 3
3 1 0 0 0
3 0 91 0 0
3 0 0 0 1

4. g4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
2 1 0 0 91 0
 r4←r4−r1−−−−−−→

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
2 0 0 0 91 0
 =
[ 3 3 1
3 1 0 0
3 0 91 0
]
5. g5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 91
 ∈M4,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 3 1 3
3 91 0 0
3 91 0 1
]
r2←r2−r1−−−−−−→
[ 3 1 3
3 91 0 0
3 0 0 1
]
7. g7 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(20, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(20,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
6 0
]
·
[ 0
0 0
]
=
[ 0
6 0
]
M
I(20,1)
1→2 · f1 =
[ 3
3 1
3 1
]
·
[ 0
3 0
]
=
[ 0
6 0
]
f2 ·MR
1
1(1)
1→2 −M I(20,1)1→2 · f1 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
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2. f3 ·MR
1
1(1)
2→3 −M I(20,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
6 0
1 1
3 0
 · [ 01 0 ] = [ 010 0 ]
M
I(20,1)
2→3 · f2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 0
6 0
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

0
2 0
2 0
2 0
 = [ 010 0 ]
f3 ·MR
1
1(1)
2→3 −M I(20,1)2→3 · f2 =
[ 0
10 0
]
−
[ 0
10 0
]
=
[ 0
10 0
]
3. f3 ·MR
1
1(1)
4→3 −M I(20,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
6 0
1 1
3 0
 · [1] =

1
6 0
1 1
3 0

M
I(20,1)
4→3 · f4 =
[ 7
7 1
3 0
]
·
[ 1
6 0
1 1
]
=

6 1
6 1 0
1 0 1
3 0 0
 · [
1
6 0
1 1
]
=

1
6 0
1 1
3 0

f3 ·MR
1
1(1)
4→3 −M I(20,1)4→3 · f4 =

1
6 0
1 1
3 0
−

1
6 0
1 1
3 0
 = [ 110 0 ]
4. f4 ·MR
1
1(1)
5→4 −M I(20,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
6 0
1 1
]
·
[ 0
1 0
]
=
[ 0
7 0
]
M
I(20,1)
5→4 · f5 =
[ 4
4 1
3 0
]
·
[ 0
4 0
]
=
[ 0
7 0
]
f4 ·MR
1
1(1)
5→4 −M I(20,1)5→4 · f5 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(20,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
6 0
1 1
3 0
 · [1] =

1
6 0
1 1
3 0

M
I(20,1)
6→3 · f6 =
[ 7
3 0
7 1
]
·

1
3 0
1 1
3 0
 =

3 1 3
3 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 ·

1
3 0
1 1
3 0
 =

1
3 0
3 0
1 1
3 0
 =

1
6 0
1 1
3 0

f3 ·MR
1
1(1)
6→3 −M I(20,1)6→3 · f6 =

1
6 0
1 1
3 0
−

1
6 0
1 1
3 0
 = [ 110 0 ]
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6. f6 ·MR
1
1(1)
7→6 −M I(20,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =

1
3 0
1 1
3 0
 · [1] =

1
3 0
1 1
3 0

M
I(20,1)
7→6 · f7 =
[ 4
3 0
4 1
]
·
[ 1
1 1
3 0
]
=

1 3
3 0 0
1 1 0
3 0 1
 · [
1
1 1
3 0
]
=

1
3 0
1 1
3 0

f6 ·MR
1
1(1)
7→6 −M I(20,1)7→6 · f7 =

1
3 0
1 1
3 0
−

1
3 0
1 1
3 0
 = [ 17 0 ]
Relations of the projection g : I(20, 1)→ I(18, 5) P
1. g2 ·M I(20,1)1→2 −M I(18,5)1→2 · g1 = 0
g2 ·M I(20,1)1→2 =
[ 3 3
3 1 0
3 1 91
]
·
[ 3
3 1
3 1
]
=
[ 3
3 1
3 0
]
M
I(18,5)
1→2 · g1 =
[ 3
3 1
3 0
]
·
[ 3
3 1
]
=
[ 3
3 1
3 0
]
g2 ·M I(20,1)1→2 −M I(18,5)1→2 · g1 =
[ 3
3 1
3 0
]
−
[ 3
3 1
3 0
]
=
[ 3
6 0
]
2. g3 ·M I(20,1)2→3 −M I(18,5)2→3 · g2 = 0
g3 ·M I(20,1)2→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1

=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 91 0 0
0 1 0 0 91 0
0 0 1 0 0 91
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

=

3 3
3 1 0
3 1 91
3 0 0

M
I(18,5)
2→3 · g2 =
[ 6
6 1
3 0
]
·
[ 3 3
3 1 0
3 1 91
]
=

3 3
3 1 0
3 0 1
3 0 0
 · [
3 3
3 1 0
3 1 91
]
=

3 3
3 1 0
3 1 91
3 0 0

g3 ·M I(20,1)2→3 −M I(18,5)2→3 · g2 =

3 3
3 1 0
3 1 91
3 0 0
−

3 3
3 1 0
3 1 91
3 0 0
 = [ 69 0 ]
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3. g3 ·M I(20,1)4→3 −M I(18,5)4→3 · g4 = 0
g3 ·M I(20,1)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·
[ 7
7 1
3 0
]
=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0

M
I(18,5)
4→3 · g4 =

3 3
3 1 0
3 1 1
3 0 1
 ·

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
2 1 0 0 91 0
 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0

g3 ·M I(20,1)4→3 −M I(18,5)4→3 · g4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0

−

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 91 0 0 0
1 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 0 91 0 0 0
1 0 0 0 91 0 0
0 1 0 0 0 91 0

=
[ 7
9 0
]
4. g4 ·M I(20,1)5→4 −M I(18,5)5→4 · g5 = 0
g4 ·M I(20,1)5→4 =

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
2 1 0 0 91 0
 ·
[ 4
4 1
3 0
]
=

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
2 1 0 0 91 0
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0

M
I(18,5)
5→4 · g5 =

2 2
2 1 0
2 0 1
2 1 0
 · [
3 1
3 1 0
1 0 91
]
=

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 91
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0

g4 ·M I(20,1)5→4 −M I(18,5)5→4 · g5 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0
−

2 1 1
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0
 =
[ 4
6 0
]
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5. g3 ·M I(20,1)6→3 −M I(18,5)6→3 · g6 = 0
g3 ·M I(20,1)6→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·
[ 7
3 0
7 1
]
=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
91 0 0 0 1 0 0
0 91 0 0 0 1 0
0 0 91 0 0 0 1

=

3 1 3
3 0 0 0
3 91 0 0
3 91 0 1

M
I(18,5)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[ 3 1 3
3 91 0 0
3 91 0 1
]
=

3 3
3 0 0
3 1 0
3 0 1
 · [
3 1 3
3 91 0 0
3 91 0 1
]
=

3 1 3
3 0 0 0
3 91 0 0
3 91 0 1

g3 ·M I(20,1)6→3 −M I(18,5)6→3 · g6 =

3 1 3
3 0 0 0
3 91 0 0
3 91 0 1
−

3 1 3
3 0 0 0
3 91 0 0
3 91 0 1
 = [ 79 0 ]
6. g6 ·M I(20,1)7→6 −M I(18,5)7→6 · g7 = 0
g6 ·M I(20,1)7→6 =
[ 3 1 3
3 91 0 0
3 91 0 1
]
·
[ 4
3 0
4 1
]
=
[ 3 1 3
3 91 0 0
3 91 0 1
]
·

1 3
3 0 0
1 1 0
3 0 1
 = [
1 3
3 0 0
3 0 1
]
M
I(18,5)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 1 3
3 0 1
]
=
[ 1 3
3 0 0
3 0 1
]
g6 ·M I(20,1)7→6 −M I(18,5)7→6 · g7 =
[ 1 3
3 0 0
3 0 1
]
−
[ 1 3
3 0 0
3 0 1
]
=
[ 4
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 3
3 1 0
3 1 91
]
·
[ 0
6 0
]
=
[ 3 3
3 1 0
3 1 91
]
·
[ 0
3 0
3 0
]
=
[ 0
6 0
]
3. g3 · f3 = 0
g3 · f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·

1
6 0
1 1
3 0
 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
1 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0
0 1 0 0 0 91 0 0 0 1

·

0
0
0
0
0
0
1
0
0
0

=
[ 1
9 0
]
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4. g4 · f4 = 0
g4 · f4 =

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
2 1 0 0 91 0
 ·
[ 1
6 0
1 1
]
=

2 1 1 2 1
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
2 1 0 0 91 0
 ·

1
2 0
1 0
1 0
2 0
1 1
 =
[ 1
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 1
3 1 0
1 0 91
]
·
[ 0
4 0
]
=
[ 3 1
3 1 0
1 0 91
]
·
[ 0
3 0
1 0
]
=
[ 0
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 1 3
3 91 0 0
3 91 0 1
]
·

1
3 0
1 1
3 0
 = [ 16 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
138.4.2 0→ R11(2) f→ I(20, 1) g→ I(16, 7)→ 0 
PdimR11(2) + dimI(16, 7) = (0, 1, 2, 2, 1, 1, 1) + (3, 5, 8, 5, 3, 6, 3)
= (3, 6, 10, 7, 4, 7, 4) = dimI(20, 1)
Pdimk Ext
1
kQ(I(16, 7), R
1
1(2)) = dimk HomkQ(I(16, 7), R
1
1(2))− 〈dimI(16, 7),dimR11(2)〉
= 0− 〈(3, 5, 8, 5, 3, 6, 3), (0, 1, 2, 2, 1, 1, 1)〉
= 3 · 1 + 5 · 2 + 5 · 2 + 3 · 2 + 6 · 2 + 3 · 1− (3 · 0 + 5 · 1 + 8 · 2 + 5 · 2 + 3 · 1 + 6 · 1 + 3 · 1)
= 3 + 10 + 10 + 6 + 12 + 3− (0 + 5 + 16 + 10 + 3 + 6 + 3)
= 1
Matrices of the embedding f : R11(2)→ I(20, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =

0
0
1
0
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
0 0
0 1
0 0
0 0
0 0
91 1
0 0
0 0
0 0

∈M10,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0

c1↔c2−−−−→

1 1
2 0 0
1 1 0
3 0 0
1 1 91
3 0 0

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4. f4 =

0 0
0 0
0 1
0 0
0 0
0 0
91 1

∈M7,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
 c1↔c2−−−−→

1 1
2 0 0
1 1 0
3 0 0
1 1 91

5. f5 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0
0
0
91
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
7. f7 =

91
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(20, 1)→ I(16, 7) P
1. g1 =
0 0 10 1 0
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 3
3 1′
]
2. g2 =

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 1 0 0 0 0
1 0 0 0 0 0
 ∈M5,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 2 1 3
3 0 0 1′
2 1′ 0 0
]
r1↔r2−−−−→
[ 2 1 3
2 1′ 0 0
3 0 0 1′
]
3. g3 =

0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

∈M8,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

2 1 3 1 3
3 0 0 0 0 1′
3 0 0 1′ 0 0
2 1′ 0 0 0 0
 r1↔r3−−−−→

2 1 3 1 3
2 1′ 0 0 0 0
3 0 0 1′ 0 0
3 0 0 0 0 1′

4. g4 =

0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 2 1 3 1
3 0 0 1′ 0
2 1′ 0 0 0
]
r1↔r2−−−−→
[ 2 1 3 1
2 1′ 0 0 0
3 0 0 1′ 0
]
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5. g5 =
0 0 0 10 1 0 0
1 0 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 1 1
1 0 0 1
2 1′ 0 0
]
r1↔r2−−−−→
[ 2 1 1
2 1′ 0 0
1 0 0 1
]
6. g6 =

0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 3 1 3
3 0 0 1′
3 1′ 0 0
]
r1↔r2−−−−→
[ 3 1 3
3 1′ 0 0
3 0 0 1′
]
7. g7 =
0 0 0 10 0 1 0
0 1 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 3
3 0 1′
]
Relations of the embedding f : R11(2)→ I(20, 1) P
1. f2 ·MR
1
1(2)
1→2 −M I(20,1)1→2 · f1 = 0
f2 ·MR
1
1(2)
1→2 =

1
2 0
1 1
3 0
 · [ 01 0 ] = [ 06 0 ]
M
I(20,1)
1→2 · f1 =
[ 3
3 1
3 1
]
·
[ 0
3 0
]
=
[ 0
6 0
]
f2 ·MR
1
1(2)
1→2 −M I(20,1)1→2 · f1 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
2. f3 ·MR
1
1(2)
2→3 −M I(20,1)2→3 · f2 = 0
f3 ·MR
1
1(2)
2→3 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0
 ·
[
0
1
]
=

1
2 0
1 1
3 0
1 1
3 0

M
I(20,1)
2→3 · f2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

1
2 0
1 1
3 0
 =

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 1 0 0 1
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1

·

1
2 0
1 1
1 0
2 0
 =

1
2 0
1 1
1 0
2 0
1 1
1 0
2 0

=

1
2 0
1 1
3 0
1 1
3 0

f3 ·MR
1
1(2)
2→3 −M I(20,1)2→3 · f2 =

1
2 0
1 1
3 0
1 1
3 0
−

1
2 0
1 1
3 0
1 1
3 0
 =
[ 1
10 0
]
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3. f3 ·MR
1
1(2)
4→3 −M I(20,1)4→3 · f4 = 0
f3 ·MR
1
1(2)
4→3 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0
 ·
[ 2
2 1
]
=

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0
 ·
[
1 0
0 1
]
=

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0

M
I(20,1)
4→3 · f4 =
[ 7
7 1
3 0
]
·

1 1
2 0 0
1 0 1
3 0 0
1 91 1
 =

2 1 3 1
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 1
2 0 0
1 0 1
3 0 0
1 91 1
 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0

f3 ·MR
1
1(2)
4→3 −M I(20,1)4→3 · f4 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0
−

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0
 =
[ 2
10 0
]
4. f4 ·MR
1
1(2)
5→4 −M I(20,1)5→4 · f5 = 0
f4 ·MR
1
1(2)
5→4 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
 ·
[
1
1
]
=

1
2 0
1 1
3 0
1 0
 =

1
2 0
1 1
4 0

M
I(20,1)
5→4 · f5 =
[ 4
4 1
3 0
]
·

1
2 0
1 1
1 0
 =

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·

1
2 0
1 1
1 0
 =

1
2 0
1 1
1 0
3 0
 =

1
2 0
1 1
4 0

f4 ·MR
1
1(2)
5→4 −M I(20,1)5→4 · f5 =

1
2 0
1 1
4 0
−

1
2 0
1 1
4 0
 = [ 17 0 ]
5. f3 ·MR
1
1(2)
6→3 −M I(20,1)6→3 · f6 = 0
f3 ·MR
1
1(2)
6→3 =

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0
 ·
[
1
0
]
=

1
2 0
1 0
3 0
1 91
3 0
 =

1
6 0
1 91
3 0

M
I(20,1)
6→3 · f6 =
[ 7
3 0
7 1
]
·

1
3 0
1 91
3 0
 =

3 1 3
3 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 ·

1
3 0
1 91
3 0
 =

1
3 0
3 0
1 91
3 0
 =

1
6 0
1 91
3 0

f3 ·MR
1
1(2)
6→3 −M I(20,1)6→3 · f6 =

1
6 0
1 91
3 0
−

1
6 0
1 91
3 0
 = [ 110 0 ]
6. f6 ·MR
1
1(2)
7→6 −M I(20,1)7→6 · f7 = 0
f6 ·MR
1
1(2)
7→6 =

1
3 0
1 91
3 0
 · [1] =

1
3 0
1 91
3 0

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M
I(20,1)
7→6 · f7 =
[ 4
3 0
4 1
]
·
[ 1
1 91
3 0
]
=

1 3
3 0 0
1 1 0
3 0 1
 · [
1
1 91
3 0
]
=

1
3 0
1 91
3 0

f6 ·MR
1
1(2)
7→6 −M I(20,1)7→6 · f7 =

1
3 0
1 91
3 0
−

1
3 0
1 91
3 0
 = [ 17 0 ]
Relations of the projection g : I(20, 1)→ I(16, 7) P
1. g2 ·M I(20,1)1→2 −M I(16,7)1→2 · g1 = 0
g2 ·M I(20,1)1→2 =
[ 2 1 3
3 0 0 1′
2 1′ 0 0
]
·
[ 3
3 1
3 1
]
=

2 1 2 1
1 0 0 0 1
2 0 0 1′ 0
2 1′ 0 0 0
 ·

2 1
2 1 0
1 0 1
2 1 0
1 0 1
 =

2 1
1 0 1
2 1′ 0
2 1′ 0

M
I(16,7)
1→2 · g1 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 33 1′ ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
2 1
1 0 1
2 1′ 0
]
=

2 1
1 0 1
2 1′ 0
2 1′ 0

g2 ·M I(20,1)1→2 −M I(16,7)1→2 · g1 =

0 0 1
0 1 0
1 0 0
0 1 0
1 0 0
−

0 0 1
0 1 0
1 0 0
0 1 0
1 0 0
 =
[ 3
5 0
]
2. g3 ·M I(20,1)2→3 −M I(16,7)2→3 · g2 = 0
g3 ·M I(20,1)2→3 =

2 1 3 1 3
3 0 0 0 0 1′
3 0 0 1′ 0 0
2 1′ 0 0 0 0
 ·

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 =

2 1 1 2 1 1 2
2 0 0 0 0 0 0 1′
1 0 0 0 0 0 1 0
2 0 0 0 1′ 0 0 0
1 0 0 1 0 0 0 0
2 1′ 0 0 0 0 0 0
 ·

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 1 0 0 1
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1

=

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
2 1′ 0 0 1′
1 0 0 1 0
2 1′ 0 0 0

M
I(16,7)
2→3 · g2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 2 1 3
3 0 0 1′
2 1′ 0 0
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
2 1′ 0 0 0
 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
2 1′ 0 0 1′
1 0 0 1 0
2 1′ 0 0 0

g3 ·M I(20,1)2→3 −M I(16,7)2→3 · g2 =

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
2 1′ 0 0 1′
1 0 0 1 0
2 1′ 0 0 0
−

2 1 1 2
2 0 0 0 1′
1 0 0 1 0
2 1′ 0 0 1′
1 0 0 1 0
2 1′ 0 0 0
 =
[ 6
8 0
]
3. g3 ·M I(20,1)4→3 −M I(16,7)4→3 · g4 = 0
g3 ·M I(20,1)4→3 =

2 1 3 1 3
3 0 0 0 0 1′
3 0 0 1′ 0 0
2 1′ 0 0 0 0
 · [
7
7 1
3 0
]
=

2 1 3 1 3
3 0 0 0 0 1′
3 0 0 1′ 0 0
2 1′ 0 0 0 0
 ·

2 1 3 1
2 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 =

2 1 3 1
3 0 0 0 0
3 0 0 1′ 0
2 1′ 0 0 0

M
I(16,7)
4→3 · g4 =
[ 5
3 0
5 1
]
·
[ 2 1 3 1
3 0 0 1′ 0
2 1′ 0 0 0
]
=

3 2
3 0 0
3 1 0
2 0 1
 · [
2 1 3 1
3 0 0 1′ 0
2 1′ 0 0 0
]
=

2 1 3 1
3 0 0 0 0
3 0 0 1′ 0
2 1′ 0 0 0

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g3 ·M I(20,1)4→3 −M I(16,7)4→3 · g4 =

2 1 3 1
3 0 0 0 0
3 0 0 1′ 0
2 1′ 0 0 0
−

2 1 3 1
3 0 0 0 0
3 0 0 1′ 0
2 1′ 0 0 0
 = [ 78 0 ]
4. g4 ·M I(20,1)5→4 −M I(16,7)5→4 · g5 = 0
g4 ·M I(20,1)5→4 =
[ 2 1 3 1
3 0 0 1′ 0
2 1′ 0 0 0
]
·
[ 4
4 1
3 0
]
=

2 1 1 2 1
2 0 0 0 1′ 0
1 0 0 1 0 0
2 1′ 0 0 0 0
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
 =

2 1 1
2 0 0 0
1 0 0 1
2 1′ 0 0

M
I(16,7)
5→4 · g5 =
[ 3
2 0
3 1
]
·
[ 2 1 1
1 0 0 1
2 1′ 0 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
2 1 1
1 0 0 1
2 1′ 0 0
]
=

2 1 1
2 0 0 0
1 0 0 1
2 1′ 0 0

g4 ·M I(20,1)5→4 −M I(16,7)5→4 · g5 =

2 1 1
2 0 0 0
1 0 0 1
2 1′ 0 0
−

2 1 1
2 0 0 0
1 0 0 1
2 1′ 0 0
 = [ 45 0 ]
5. g3 ·M I(20,1)6→3 −M I(16,7)6→3 · g6 = 0
g3 ·M I(20,1)6→3 =

2 1 3 1 3
3 0 0 0 0 1′
3 0 0 1′ 0 0
2 1′ 0 0 0 0
 · [
7
3 0
7 1
]
=

2 1 3 1 3
3 0 0 0 0 1′
3 0 0 1′ 0 0
2 1′ 0 0 0 0
 ·

3 1 3
2 0 0 0
1 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 =

3 1 3
3 0 0 1′
3 1′ 0 0
2 0 0 0

M
I(16,7)
6→3 · g6 =
[ 6
6 1
2 0
]
·
[ 3 1 3
3 0 0 1′
3 1′ 0 0
]
=

3 3
3 1 0
3 0 1
2 0 0
 · [
3 1 3
3 0 0 1′
3 1′ 0 0
]
=

3 1 3
3 0 0 1′
3 1′ 0 0
2 0 0 0

g3 ·M I(20,1)6→3 −M I(16,7)6→3 · g6 =

3 1 3
3 0 0 1′
3 1′ 0 0
2 0 0 0
−

3 1 3
3 0 0 1′
3 1′ 0 0
2 0 0 0
 = [ 78 0 ]
6. g6 ·M I(20,1)7→6 −M I(16,7)7→6 · g7 = 0
g6 ·M I(20,1)7→6 =
[ 3 1 3
3 0 0 1′
3 1′ 0 0
]
·
[ 4
3 0
4 1
]
=
[ 3 1 3
3 0 0 1′
3 1′ 0 0
]
·

1 3
3 0 0
1 1 0
3 0 1
 = [
1 3
3 0 1′
3 0 0
]
M
I(16,7)
7→6 · g7 =
[ 3
3 1
3 0
]
·
[ 1 3
3 0 1′
]
=
[ 1 3
3 0 1′
3 0 0
]
g6 ·M I(20,1)7→6 −M I(16,7)7→6 · g7 =
[ 1 3
3 0 1′
3 0 0
]
−
[ 1 3
3 0 1′
3 0 0
]
=
[ 4
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
3 1′
]
·
[ 0
3 0
]
=
[ 0
3 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 2 1 3
3 0 0 1′
2 1′ 0 0
]
·

1
2 0
1 1
3 0
 = [ 15 0 ]
3. g3 · f3 = 0
g3 · f3 =

2 1 3 1 3
3 0 0 0 0 1′
3 0 0 1′ 0 0
2 1′ 0 0 0 0
 ·

1 1
2 0 0
1 0 1
3 0 0
1 91 1
3 0 0
 =
[ 2
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 3 1
3 0 0 1′ 0
2 1′ 0 0 0
]
·

1 1
2 0 0
1 0 1
3 0 0
1 91 1
 =
[ 2
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1 1
1 0 0 1
2 1′ 0 0
]
·

1
2 0
1 1
1 0
 = [ 13 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 3 1 3
3 0 0 1′
3 1′ 0 0
]
·

1
3 0
1 91
3 0
 = [ 16 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1′
]
·
[ 1
1 91
3 0
]
=
[ 1
3 0
]
138.5 Tree module property of I(6n+ 2, 1) 
The matrices of the representation have full (column) rank P
1. M I(6n+2,1)1→2 =
[ n
n 1
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
2. M I(6n+2,1)2→3 =
[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
3. M I(6n+2,1)4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
4. M I(6n+2,1)5→4 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
5. M I(6n+2,1)6→3 =
[2n+1
n 0
2n+1 1
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
6. M I(6n+2,1)7→6 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
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138.5.1 0→ R11(1) f→ I(6n+ 2, 1) g→ I(6n, 5)→ 0 
PdimR11(1) + dimI(6n, 5) = (0, 0, 1, 1, 0, 1, 1) + (n, 2n, 3n, 2n, n+ 1, 2n, n)
= (n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1) = dimI(6n+ 2, 1)
Pdimk Ext
1
kQ(I(6n, 5), R
1
1(1)) = dimk HomkQ(I(6n, 5), R
1
1(1))− 〈dimI(6n, 5),dimR11(1)〉
= 0− 〈(n, 2n, 3n, 2n, n+ 1, 2n, n), (0, 0, 1, 1, 0, 1, 1)〉
= n · 0 + 2n · 1 + 2n · 1 + (n+ 1) · 1 + 2n · 1 + n · 1− (n · 0 + 2n · 0 + 3n · 1 + 2n · 1 + (n+ 1) · 0 + 2n · 1 + n · 1)
= 0 + 2n+ 2n+ n+ 1 + 2n+ n− (0 + 0 + 3n+ 2n+ 0 + 2n+ n)
= 1
Matrices of the embedding f : R11(1)→ I(6n+ 2, 1) P
1. f1 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
2. f2 =
[ 0
2n 0
]
∈M2n,0(k) – rank computation not applicable here.
3. f3 =

1
2n 0
1 1
n 0
 ∈M3n+1,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 1
2n 0
1 1
]
∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
6. f6 =

1
n 0
1 1
n 0
 ∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 1
1 1
n 0
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n+ 2, 1)→ I(6n, 5) P
1. g1 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ n n
n 1 0
n 1 91
]
∈M2n,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ n n
n 1 0
n 1 91
]
r2←r2−r1−−−−−−→
[ n n
n 1 0
n 0 91
]
3. g3 =

n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
+

n−1 2n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
 ∈M3n,3n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
+

n−1 2n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
 =

n−1 1 n−1 1 1 n−1 1
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−1 1 0 91 0 0 0 0
1 0 1 0 91 0 0 0
n−1 0 0 91 0 0 1 0
1 0 0 0 91 0 0 1

+

n−1 1 n−1 1 1 n−1 1
n+1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−→R1 = rows: 1 ... n−1R2 = rows: n+2 ... 2n

n−1 1 n−1 1 1 n−1 1
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−1 1 0 91 0 0 0 0
1 0 1 0 91 0 0 0
n−1 0 0 91 0 0 1 0
1 0 0 0 91 0 0 1

+

n−1 1 n−1 1 1 n−1 1
n+1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 1 0 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−→R1 = rows: 1 ... n−1R2 = rows: 2n+2 ... 3n
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
n−1 1 n−1 1 1 n−1 1
n−1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−1 1 0 91 0 0 0 0
1 0 1 0 91 0 0 0
n−1 0 0 91 0 0 1 0
1 0 0 0 91 0 0 1

+

n−1 1 n−1 1 1 n−1 1
n+1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0

=

n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
 r2←r2−r1−−−−−−→

n n 1 n
n 1 0 0 0
n 0 91 0 0
n 0 91 0 1
 r3←r3−r2−−−−−−→

n n 1 n
n 1 0 0 0
n 0 91 0 0
n 0 0 0 1

4. g4 =
[ n n 1
n 1 0 0
n 0 91 0
]
+
[n−1 n+2
n+1 0 0
n−1 1 0
]
∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

n−1 1 1 n−1 1
n−1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
 r4←r4−r1−−−−−−→

n−1 1 1 n−1 1
n−1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
n−1 0 0 0 91 0
 =
[ n n 1
n 1 0 0
n 0 91 0
]
5. g5 =
[ n 1
n 1 0
1 0 91
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ n 1 n
n 91 0 0
n 91 0 1
]
∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ n 1 n
n 91 0 0
n 91 0 1
]
r2←r2−r1−−−−−−→
[ n 1 n
n 91 0 0
n 0 0 1
]
7. g7 =
[ 1 n
n 0 1
]
∈Mn,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(6n+ 2, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(6n+2,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
2n 0
]
·
[ 0
0 0
]
=
[ 0
2n 0
]
M
I(6n+2,1)
1→2 · f1 =
[ n
n 1
n 1
]
·
[ 0
n 0
]
=
[ 0
2n 0
]
f2 ·MR
1
1(1)
1→2 −M I(6n+2,1)1→2 · f1 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(6n+2,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
2n 0
1 1
n 0
 · [ 01 0 ] = [ 03n+1 0 ]
M
I(6n+2,1)
2→3 · f2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[ 0
2n 0
]
=
[2n
2n 1
n+1 0
]
·
[ 0
2n 0
]
+
[2n
n+1 0
2n 1
]
·
[ 0
2n 0
]
=
[ 0
2n 0
n+1 0
]
+
[ 0
n+1 0
2n 0
]
=

0
n+1 0
n−1 0
n+1 0
+

0
n+1 0
n−1 0
n+1 0
 = [ 03n+1 0 ]
f3 ·MR
1
1(1)
2→3 −M I(6n+2,1)2→3 · f2 =
[ 0
3n+1 0
]
−
[ 0
3n+1 0
]
=
[ 0
3n+1 0
]
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3. f3 ·MR
1
1(1)
4→3 −M I(6n+2,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
2n 0
1 1
n 0
 · [1] =

1
2n 0
1 1
n 0

M
I(6n+2,1)
4→3 · f4 =
[2n+1
2n+1 1
n 0
]
·
[ 1
2n 0
1 1
]
=

2n 1
2n 1 0
1 0 1
n 0 0
 · [
1
2n 0
1 1
]
=

1
2n 0
1 1
n 0

f3 ·MR
1
1(1)
4→3 −M I(6n+2,1)4→3 · f4 =

1
2n 0
1 1
n 0
−

1
2n 0
1 1
n 0
 = [ 13n+1 0 ]
4. f4 ·MR
1
1(1)
5→4 −M I(6n+2,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
2n 0
1 1
]
·
[ 0
1 0
]
=
[ 0
2n+1 0
]
M
I(6n+2,1)
5→4 · f5 =
[n+1
n+1 1
n 0
]
·
[ 0
n+1 0
]
=
[ 0
2n+1 0
]
f4 ·MR
1
1(1)
5→4 −M I(6n+2,1)5→4 · f5 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(6n+2,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
2n 0
1 1
n 0
 · [1] =

1
2n 0
1 1
n 0

M
I(6n+2,1)
6→3 · f6 =
[2n+1
n 0
2n+1 1
]
·

1
n 0
1 1
n 0
 =

n 1 n
n 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

1
n 0
1 1
n 0
 =

1
n 0
n 0
1 1
n 0
 =

1
2n 0
1 1
n 0

f3 ·MR
1
1(1)
6→3 −M I(6n+2,1)6→3 · f6 =

1
2n 0
1 1
n 0
−

1
2n 0
1 1
n 0
 = [ 13n+1 0 ]
6. f6 ·MR
1
1(1)
7→6 −M I(6n+2,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =

1
n 0
1 1
n 0
 · [1] =

1
n 0
1 1
n 0

M
I(6n+2,1)
7→6 · f7 =
[n+1
n 0
n+1 1
]
·
[ 1
1 1
n 0
]
=

1 n
n 0 0
1 1 0
n 0 1
 · [
1
1 1
n 0
]
=

1
n 0
1 1
n 0

f6 ·MR
1
1(1)
7→6 −M I(6n+2,1)7→6 · f7 =

1
n 0
1 1
n 0
−

1
n 0
1 1
n 0
 = [ 12n+1 0 ]
1999
Relations of the projection g : I(6n+ 2, 1)→ I(6n, 5) P
1. g2 ·M I(6n+2,1)1→2 −M I(6n,5)1→2 · g1 = 0
g2 ·M I(6n+2,1)1→2 =
[ n n
n 1 0
n 1 91
]
·
[ n
n 1
n 1
]
=
[ n
n 1
n 0
]
M
I(6n,5)
1→2 · g1 =
[ n
n 1
n 0
]
·
[ n
n 1
]
=
[ n
n 1
n 0
]
g2 ·M I(6n+2,1)1→2 −M I(6n,5)1→2 · g1 =
[ n
n 1
n 0
]
−
[ n
n 1
n 0
]
=
[ n
2n 0
]
2. g3 ·M I(6n+2,1)2→3 −M I(6n,5)2→3 · g2 = 0
g3 ·M I(6n+2,1)2→3 =


n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
+

n−1 2n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0


·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] =

n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
 ·

n n
n 1 0
n 0 1
1 0 0
n 0 0

+

1 n−1 1 n−1 1 1 n−1
1 1 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
1 1 0 91 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 91 0 0 1 0
n−1 0 0 0 91 0 0 1

·

n−1 1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1

+

n−1 n+1 n+1
n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
 ·

n−1 n+1
n−1 1 0
n+1 0 1
n+1 0 0
+

n−1 2 2n
n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
 ·

2n
n−1 0
2 0
2n 1

=

n n
n 1 0
n 1 91
n 0 91
+

n−1 1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 91 0 0 0
1 0 0 1 0
n−1 91 0 0 1

+

n−1 n+1
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
+

2n
n+1 0
n−1 0
1 0
n−1 0

=

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 1 0 91 0
n−1 0 1 0 91
1 0 0 91 0
n−1 0 0 0 91

+

n−1 1 1 n−1
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 91 0 0 0
1 0 0 1 0
n−1 91 0 0 1

+

n−1 n+1
1 0 0
n−1 0 0
1 0 0
n−1 1 0
1 0 0
n−1 1 0

+

2n
1 0
n−1 0
1 0
n−1 0
1 0
n−1 0

=

n n
n 1 0
n 1 91
n 0 0

M
I(6n,5)
2→3 · g2 =
[2n
2n 1
n 0
]
·
[ n n
n 1 0
n 1 91
]
=

n n
n 1 0
n 0 1
n 0 0
 · [
n n
n 1 0
n 1 91
]
=

n n
n 1 0
n 1 91
n 0 0

g3 ·M I(6n+2,1)2→3 −M I(6n,5)2→3 · g2 =

n n
n 1 0
n 1 91
n 0 0
−

n n
n 1 0
n 1 91
n 0 0
 = [2n3n 0 ]
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3. g3 ·M I(6n+2,1)4→3 −M I(6n,5)4→3 · g4 = 0
g3 ·M I(6n+2,1)4→3 =


n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
+

n−1 2n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0


·
[2n+1
2n+1 1
n 0
]
=

n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
 ·

n n 1
n 1 0 0
n 0 1 0
1 0 0 1
n 0 0 0
+

n−1 n+2 n
n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
 ·

n−1 n+2
n−1 1 0
n+2 0 1
n 0 0

=

n n 1
n 1 0 0
n 1 91 0
n 0 91 0
+

n−1 n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0
 =

1 n−2 1 1 n−2 1 1
1 1 0 0 0 0 0 0
n−2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 1 0 0 91 0 0 0
n−2 0 1 0 0 91 0 0
1 0 0 1 0 0 91 0
1 0 0 0 91 0 0 0
n−2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0

+

n−2 1 1 n−1 1 1
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
n−2 1 0 0 0 0 0
1 0 1 0 0 0 0

=

n n 1
n 1 0 0
n 1 91 0
n 0 91 0
+

n−1 n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0

M
I(6n,5)
4→3 · g4 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·

[ n n 1
n 1 0 0
n 0 91 0
]
+
[n−1 n+2
n+1 0 0
n−1 1 0
]
=

n n
n 1 0
n 0 1
n 0 0
 · [
n n 1
n 1 0 0
n 0 91 0
]
+

n+1 n−1
n+1 1 0
n−1 0 1
n 0 0
 · [
n−1 n+2
n+1 0 0
n−1 1 0
]
+

n n
n 0 0
n 1 0
n 0 1
 · [
n n 1
n 1 0 0
n 0 91 0
]
+

n+1 n−1
n 0 0
n+1 1 0
n−1 0 1
 · [
n−1 n+2
n+1 0 0
n−1 1 0
]
=

n n 1
n 1 0 0
n 0 91 0
n 0 0 0
+

n−1 n+2
n+1 0 0
n−1 1 0
n 0 0
+

n n 1
n 0 0 0
n 1 0 0
n 0 91 0
+

n−1 n+2
n 0 0
n+1 0 0
n−1 1 0

=

n−1 1 1 n−2 1 1
n−1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 91 0 0 0
n−2 0 0 0 91 0 0
1 0 0 0 0 91 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0

+

n−2 1 1 n 1
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0

+

1 n−2 1 1 n−1 1
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 1 0 0 0 0 0
n−2 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 91 0 0
n−1 0 0 0 0 91 0

+

n−1 1 n 1
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 1 0 0 0

=

n−1 1 1 n−1 1
n−1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n n 1
n 0 0 0
n 1 0 0
n 0 91 0

g3 ·M I(6n+2,1)4→3 −M I(6n,5)4→3 · g4 =


n n 1
n 1 0 0
n 1 91 0
n 0 91 0
+

n−1 n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0


−


n−1 1 1 n−1 1
n−1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
n−1 1 0 0 91 0
1 0 0 0 0 0
n−1 1 0 0 0 0

+

n n 1
n 0 0 0
n 1 0 0
n 0 91 0


=

[ n n+1
n 1 0
2n 0 0
]
+

n n+1
n 0 0
n 1 0
n 0 0
+

n n 1
n 0 0 0
n 0 91 0
n 0 0 0
+ [
n n 1
2n 0 0 0
n 0 91 0
]
+

n−1 n+2
n+1 0 0
n−1 1 0
n 0 0
+ [
n−1 n+2
2n+1 0 0
n−1 1 0
]

−

[ n n+1
n 1 0
2n 0 0
]
+

n n+1
n 0 0
n 1 0
n 0 0
+

n n 1
n 0 0 0
n 0 91 0
n 0 0 0
+ [
n n 1
2n 0 0 0
n 0 91 0
]
+

n−1 n+2
n+1 0 0
n−1 1 0
n 0 0
+ [
n−1 n+2
2n+1 0 0
n−1 1 0
]

=
[2n+1
3n 0
]
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4. g4 ·M I(6n+2,1)5→4 −M I(6n,5)5→4 · g5 = 0
g4 ·M I(6n+2,1)5→4 =

[ n n 1
n 1 0 0
n 0 91 0
]
+
[n−1 n+2
n+1 0 0
n−1 1 0
] ·
[n+1
n+1 1
n 0
]
=

n 1 n−1 1
n 1 0 0 0
1 0 91 0 0
n−1 0 0 91 0
 ·

n 1
n 1 0
1 0 1
n−1 0 0
1 0 0
+
[n−1 2 n
n+1 0 0 0
n−1 1 0 0
]
·

n−1 2
n−1 1 0
2 0 1
n 0 0

=

n 1
n 1 0
1 0 91
n−1 0 0
+ [
n−1 2
n+1 0 0
n−1 1 0
]
=

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 0 0 0
+

n−1 1 1
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
 =

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0

M
I(6n,5)
5→4 · g5 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
n 1
n 1 0
1 0 91
]
=

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 1 0 0
 ·

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 91
 =

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0

g4 ·M I(6n+2,1)5→4 −M I(6n,5)5→4 · g5 =

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0
−

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0
 =
[n+1
2n 0
]
5. g3 ·M I(6n+2,1)6→3 −M I(6n,5)6→3 · g6 = 0
g3 ·M I(6n+2,1)6→3 =


n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
+

n−1 2n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0


·
[2n+1
n 0
2n+1 1
]
=

n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
 ·

n 1 n
n 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
+

n−1 1 2n+1
n+1 0 0 0
n−1 1 0 0
1 0 0 0
n−1 1 0 0
 ·

2n+1
n−1 0
1 0
2n+1 1

=

n 1 n
n 0 0 0
n 91 0 0
n 91 0 1
+

2n+1
n+1 0
n−1 0
1 0
n−1 0
 =

1 n−1 1 1 n−1
n 0 0 0 0 0
1 91 0 0 0 0
n−1 0 91 0 0 0
1 91 0 0 1 0
n−1 0 91 0 0 1
+

n 1 n
n 0 0 0
1 0 0 0
n−1 0 0 0
1 0 0 0
n−1 0 0 0
 =

n 1 n
n 0 0 0
n 91 0 0
n 91 0 1

M
I(6n,5)
6→3 · g6 =
[2n
n 0
2n 1
]
·
[ n 1 n
n 91 0 0
n 91 0 1
]
=

n n
n 0 0
n 1 0
n 0 1
 · [
n 1 n
n 91 0 0
n 91 0 1
]
=

n 1 n
n 0 0 0
n 91 0 0
n 91 0 1

g3 ·M I(6n+2,1)6→3 −M I(6n,5)6→3 · g6 =

n 1 n
n 0 0 0
n 91 0 0
n 91 0 1
−

n 1 n
n 0 0 0
n 91 0 0
n 91 0 1
 = [2n+13n 0 ]
6. g6 ·M I(6n+2,1)7→6 −M I(6n,5)7→6 · g7 = 0
g6 ·M I(6n+2,1)7→6 =
[ n 1 n
n 91 0 0
n 91 0 1
]
·
[n+1
n 0
n+1 1
]
=
[ n 1 n
n 91 0 0
n 91 0 1
]
·

1 n
n 0 0
1 1 0
n 0 1
 = [
1 n
n 0 0
n 0 1
]
M
I(6n,5)
7→6 · g7 =
[ n
n 0
n 1
]
·
[ 1 n
n 0 1
]
=
[ 1 n
n 0 0
n 0 1
]
g6 ·M I(6n+2,1)7→6 −M I(6n,5)7→6 · g7 =
[ 1 n
n 0 0
n 0 1
]
−
[ 1 n
n 0 0
n 0 1
]
=
[n+1
2n 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[ n n
n 1 0
n 1 91
]
·
[ 0
2n 0
]
=
[ n n
n 1 0
n 1 91
]
·
[ 0
n 0
n 0
]
=
[ 0
2n 0
]
3. g3 · f3 = 0
g3 · f3 =


n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
+

n−1 2n+2
n+1 0 0
n−1 1 0
1 0 0
n−1 1 0


·

1
2n 0
1 1
n 0
 =

n n 1 n
n 1 0 0 0
n 1 91 0 0
n 0 91 0 1
 ·

1
n 0
n 0
1 1
n 0
+

n−1 n+1 1 n
n+1 0 0 0 0
n−1 1 0 0 0
1 0 0 0 0
n−1 1 0 0 0
 ·

1
n−1 0
n+1 0
1 1
n 0

=

1
n 0
n 0
n 0
+

1
n+1 0
n−1 0
1 0
n−1 0
 =

1
n 0
1 0
n−1 0
1 0
n−1 0
+

1
n 0
1 0
n−1 0
1 0
n−1 0
 =
[ 1
3n 0
]
4. g4 · f4 = 0
g4 · f4 =

[ n n 1
n 1 0 0
n 0 91 0
]
+
[n−1 n+2
n+1 0 0
n−1 1 0
] ·
[ 1
2n 0
1 1
]
=
[ n n 1
n 1 0 0
n 0 91 0
]
·

1
n 0
n 0
1 1
+ [
n−1 n+1 1
n+1 0 0 0
n−1 1 0 0
]
·

1
n−1 0
n+1 0
1 1
 = [
1
n 0
n 0
]
+
[ 1
n+1 0
n−1 0
]
=

1
n 0
1 0
n−1 0
+

1
n 0
1 0
n−1 0
 = [ 12n 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ n 1
n 1 0
1 0 91
]
·
[ 0
n+1 0
]
=
[ n 1
n 1 0
1 0 91
]
·
[ 0
n 0
1 0
]
=
[ 0
n+1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ n 1 n
n 91 0 0
n 91 0 1
]
·

1
n 0
1 1
n 0
 = [ 12n 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n
n 0 1
]
·
[ 1
1 1
n 0
]
=
[ 1
n 0
]
138.5.2 0→ R11(2) f→ I(6n+ 2, 1) g→ I(6n− 2, 7)→ 0 
PdimR11(2) + dimI(6n− 2, 7) = (0, 1, 2, 2, 1, 1, 1) + (n, 2n− 1, 3n− 1, 2n− 1, n, 2n, n)
= (n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1) = dimI(6n+ 2, 1)
Pdimk Ext
1
kQ(I(6n− 2, 7), R11(2)) = dimk HomkQ(I(6n− 2, 7), R11(2))− 〈dimI(6n− 2, 7),dimR11(2)〉
= 0− 〈(n, 2n− 1, 3n− 1, 2n− 1, n, 2n, n), (0, 1, 2, 2, 1, 1, 1)〉
= n · 1 + (2n− 1) · 2 + (2n− 1) · 2 + n · 2 + 2n · 2 + n · 1− (n · 0 + (2n− 1) · 1 + (3n− 1) · 2 + (2n− 1) · 2 + n · 1 + 2n · 1 + n · 1)
= n+ 4n− 2 + 4n− 2 + 2n+ 4n+ n− (0 + 2n− 1 + 6n− 2 + 4n− 2 + n+ 2n+ n)
= 1
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Representation of I(6n− 2, 7) = I(6n+ 4, 7)[n 7→ n− 1] 
Dimension vector: dimI(6n− 2, 7) = (n, 2n− 1, 3n− 1, 2n− 1, n, 2n, n)
Matrices of the representation:
1. M I(6n−2,7)1→2 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n−1,n(k)
2. M I(6n−2,7)2→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
3. M I(6n−2,7)4→3 =
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
4. M I(6n−2,7)5→4 =
[ n
n−1 0
n 1
]
∈M2n−1,n(k)
5. M I(6n−2,7)6→3 =
[2n
2n 1
n−1 0
]
∈M3n−1,2n(k)
6. M I(6n−2,7)7→6 =
[ n
n 1
n 0
]
∈M2n,n(k)
Matrices of the embedding f : R11(2)→ I(6n+ 2, 1) P
1. f1 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
2. f2 =

1
n−1 0
1 1
n 0
 ∈M2n,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0
 ∈M3n+1,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0

c1↔c2−−−−→

1 1
n−1 0 0
1 1 0
n 0 0
1 1 91
n 0 0

4. f4 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
 ∈M2n+1,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
 c1↔c2−−−−→

1 1
n−1 0 0
1 1 0
n 0 0
1 1 91

5. f5 =

1
n−1 0
1 1
1 0
 ∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1
n 0
1 91
n 0
 ∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 1
1 91
n 0
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(6n+ 2, 1)→ I(6n− 2, 7) P
1. g1 =
[ n
n 1′
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[n−1 1 n
n 0 0 1′
n−1 1′ 0 0
]
∈M2n−1,2n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[n−1 1 n
n 0 0 1′
n−1 1′ 0 0
]
r1↔r2−−−−→
[n−1 1 n
n−1 1′ 0 0
n 0 0 1′
]
3. g3 =

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 ∈M3n−1,3n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 r1↔r3−−−−→

n−1 1 n 1 n
n−1 1′ 0 0 0 0
n 0 0 1′ 0 0
n 0 0 0 0 1′

4. g4 =
[n−1 1 n 1
n 0 0 1′ 0
n−1 1′ 0 0 0
]
∈M2n−1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[n−1 1 n 1
n 0 0 1′ 0
n−1 1′ 0 0 0
]
r1↔r2−−−−→
[n−1 1 n 1
n−1 1′ 0 0 0
n 0 0 1′ 0
]
5. g5 =
[n−1 1 1
1 0 0 1
n−1 1′ 0 0
]
∈Mn,n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[n−1 1 1
1 0 0 1
n−1 1′ 0 0
]
r1↔r2−−−−→
[n−1 1 1
n−1 1′ 0 0
1 0 0 1
]
6. g6 =
[ n 1 n
n 0 0 1′
n 1′ 0 0
]
∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ n 1 n
n 0 0 1′
n 1′ 0 0
]
r1↔r2−−−−→
[ n 1 n
n 1′ 0 0
n 0 0 1′
]
7. g7 =
[ 1 n
n 0 1′
]
∈Mn,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(2)→ I(6n+ 2, 1) P
1. f2 ·MR
1
1(2)
1→2 −M I(6n+2,1)1→2 · f1 = 0
f2 ·MR
1
1(2)
1→2 =

1
n−1 0
1 1
n 0
 · [ 01 0 ] = [ 02n 0 ]
M
I(6n+2,1)
1→2 · f1 =
[ n
n 1
n 1
]
·
[ 0
n 0
]
=
[ 0
2n 0
]
f2 ·MR
1
1(2)
1→2 −M I(6n+2,1)1→2 · f1 =
[ 0
2n 0
]
−
[ 0
2n 0
]
=
[ 0
2n 0
]
2. f3 ·MR
1
1(2)
2→3 −M I(6n+2,1)2→3 · f2 = 0
f3 ·MR
1
1(2)
2→3 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0
 ·
[
0
1
]
=

1
n−1 0
1 1
n 0
1 1
n 0

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M
I(6n+2,1)
2→3 · f2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]·

1
n−1 0
1 1
n 0
=

n−1 1 n
n−1 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

1
n−1 0
1 1
n 0
+

n−1 1 n
n+1 0 0 0
n−1 1 0 0
1 0 1 0
n 0 0 1
 ·

1
n−1 0
1 1
n 0
=

1
n−1 0
1 1
n 0
n+1 0
+

1
n+1 0
n−1 0
1 1
n 0
=

1
n−1 0
1 1
1 0
n−1 0
1 0
n 0

+

1
n−1 0
1 0
1 0
n−1 0
1 1
n 0

=

1
n−1 0
1 1
n 0
1 1
n 0

f3 ·MR
1
1(2)
2→3 −M I(6n+2,1)2→3 · f2 =

1
n−1 0
1 1
n 0
1 1
n 0
−

1
n−1 0
1 1
n 0
1 1
n 0
 =
[ 1
3n+1 0
]
3. f3 ·MR
1
1(2)
4→3 −M I(6n+2,1)4→3 · f4 = 0
f3 ·MR
1
1(2)
4→3 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0
 ·
[
1 0
0 1
]
=

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0

M
I(6n+2,1)
4→3 · f4 =
[2n+1
2n+1 1
n 0
]
·

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
 =

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
 ·

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0

f3 ·MR
1
1(2)
4→3 −M I(6n+2,1)4→3 · f4 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0
−

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0
 =
[ 2
3n+1 0
]
4. f4 ·MR
1
1(2)
5→4 −M I(6n+2,1)5→4 · f5 = 0
f4 ·MR
1
1(2)
5→4 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
 ·
[
1
1
]
=

1
n−1 0
1 1
n 0
1 0
 =

1
n−1 0
1 1
n+1 0

M
I(6n+2,1)
5→4 · f5 =
[n+1
n+1 1
n 0
]
·

1
n−1 0
1 1
1 0
 =

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n 0 0 0
 ·

1
n−1 0
1 1
1 0
 =

1
n−1 0
1 1
1 0
n 0
 =

1
n−1 0
1 1
n+1 0

f4 ·MR
1
1(2)
5→4 −M I(6n+2,1)5→4 · f5 =

1
n−1 0
1 1
n+1 0
−

1
n−1 0
1 1
n+1 0
 = [ 12n+1 0 ]
5. f3 ·MR
1
1(2)
6→3 −M I(6n+2,1)6→3 · f6 = 0
f3 ·MR
1
1(2)
6→3 =

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0
 ·
[
1
0
]
=

1
n−1 0
1 0
n 0
1 91
n 0
 =

1
2n 0
1 91
n 0

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M
I(6n+2,1)
6→3 · f6 =
[2n+1
n 0
2n+1 1
]
·

1
n 0
1 91
n 0
 =

n 1 n
n 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

1
n 0
1 91
n 0
 =

1
n 0
n 0
1 91
n 0
 =

1
2n 0
1 91
n 0

f3 ·MR
1
1(2)
6→3 −M I(6n+2,1)6→3 · f6 =

1
2n 0
1 91
n 0
−

1
2n 0
1 91
n 0
 = [ 13n+1 0 ]
6. f6 ·MR
1
1(2)
7→6 −M I(6n+2,1)7→6 · f7 = 0
f6 ·MR
1
1(2)
7→6 =

1
n 0
1 91
n 0
 · [1] =

1
n 0
1 91
n 0

M
I(6n+2,1)
7→6 · f7 =
[n+1
n 0
n+1 1
]
·
[ 1
1 91
n 0
]
=

1 n
n 0 0
1 1 0
n 0 1
 · [
1
1 91
n 0
]
=

1
n 0
1 91
n 0

f6 ·MR
1
1(2)
7→6 −M I(6n+2,1)7→6 · f7 =

1
n 0
1 91
n 0
−

1
n 0
1 91
n 0
 = [ 12n+1 0 ]
Relations of the projection g : I(6n+ 2, 1)→ I(6n− 2, 7) P
1. g2 ·M I(6n+2,1)1→2 −M I(6n−2,7)1→2 · g1 = 0
g2 ·M I(6n+2,1)1→2 =
[n−1 1 n
n 0 0 1′
n−1 1′ 0 0
]
·
[ n
n 1
n 1
]
=

n−1 1 n−1 1
1 0 0 0 1
n−1 0 0 1′ 0
n−1 1′ 0 0 0
 ·

n−1 1
n−1 1 0
1 0 1
n−1 1 0
1 0 1
 =

n−1 1
1 0 1
n−1 1′ 0
n−1 1′ 0

M
I(6n−2,7)
1→2 · g1 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [ nn 1′ ] =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [
n−1 1
1 0 1
n−1 1′ 0
]
=

n−1 1
1 0 1
n−1 1′ 0
n−1 1′ 0

g2 ·M I(6n+2,1)1→2 −M I(6n−2,7)1→2 · g1 =

n−1 1
1 0 1
n−1 1′ 0
n−1 1′ 0
−

n−1 1
1 0 1
n−1 1′ 0
n−1 1′ 0
 = [ n2n−1 0 ]
2. g3 ·M I(6n+2,1)2→3 −M I(6n−2,7)2→3 · g2 = 0
g3 ·M I(6n+2,1)2→3 =

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 ·

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
]
=

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 ·

n−1 1 n
n−1 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
+

n−1 1 1 n−1 1 n
n 0 0 0 0 0 1′
n−1 0 0 0 1′ 0 0
1 0 0 1 0 0 0
n−1 1′ 0 0 0 0 0
 ·

n−1 1 n
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
1 0 1 0
n 0 0 1

=

n−1 1 n
n 0 0 0
n 0 0 1′
n−1 1′ 0 0
+

n−1 1 n
n 0 0 1′
n−1 1′ 0 0
1 0 0 0
n−1 0 0 0
 =

n−1 1 1 n−1
n 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 0
+

n−1 1 n
n 0 0 1′
n−1 1′ 0 0
1 0 0 0
n−1 0 0 0
 =

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 0

2007
M
I(6n−2,7)
2→3 · g2 =

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
] ·
[n−1 1 n
n 0 0 1′
n−1 1′ 0 0
]
=

n n−1
n 1 0
n−1 0 1
n 0 0
 · [
n−1 1 n
n 0 0 1′
n−1 1′ 0 0
]
+

n n−1
n 0 0
n 1 0
n−1 0 1
 · [
n−1 1 n
n 0 0 1′
n−1 1′ 0 0
]
=

n−1 1 n
n 0 0 1′
n−1 1′ 0 0
n 0 0 0
+

n−1 1 n
n 0 0 0
n 0 0 1′
n−1 1′ 0 0
 =

n−1 1 n
n 0 0 1′
n−1 1′ 0 0
1 0 0 0
n−1 0 0 0
+

n−1 1 1 n−1
n 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 0
 =

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 0

g3 ·M I(6n+2,1)2→3 −M I(6n−2,7)2→3 · g2 =

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 0
−

n−1 1 1 n−1
n−1 0 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 1′
1 0 0 1 0
n−1 1′ 0 0 0
 =
[2n
3n−1 0
]
3. g3 ·M I(6n+2,1)4→3 −M I(6n−2,7)4→3 · g4 = 0
g3 ·M I(6n+2,1)4→3 =

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 · [
2n+1
2n+1 1
n 0
]
=

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 ·

n−1 1 n 1
n−1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
 =

n−1 1 n 1
n 0 0 0 0
n 0 0 1′ 0
n−1 1′ 0 0 0

M
I(6n−2,7)
4→3 · g4 =
[2n−1
n 0
2n−1 1
]
·
[n−1 1 n 1
n 0 0 1′ 0
n−1 1′ 0 0 0
]
=

n n−1
n 0 0
n 1 0
n−1 0 1
 · [
n−1 1 n 1
n 0 0 1′ 0
n−1 1′ 0 0 0
]
=

n−1 1 n 1
n 0 0 0 0
n 0 0 1′ 0
n−1 1′ 0 0 0

g3 ·M I(6n+2,1)4→3 −M I(6n−2,7)4→3 · g4 =

n−1 1 n 1
n 0 0 0 0
n 0 0 1′ 0
n−1 1′ 0 0 0
−

n−1 1 n 1
n 0 0 0 0
n 0 0 1′ 0
n−1 1′ 0 0 0
 = [2n+13n−1 0 ]
4. g4 ·M I(6n+2,1)5→4 −M I(6n−2,7)5→4 · g5 = 0
g4 ·M I(6n+2,1)5→4 =
[n−1 1 n 1
n 0 0 1′ 0
n−1 1′ 0 0 0
]
·
[n+1
n+1 1
n 0
]
=

n−1 1 1 n−1 1
n−1 0 0 0 1′ 0
1 0 0 1 0 0
n−1 1′ 0 0 0 0
 ·

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 0 0 0
1 0 0 0
 =

n−1 1 1
n−1 0 0 0
1 0 0 1
n−1 1′ 0 0

M
I(6n−2,7)
5→4 · g5 =
[ n
n−1 0
n 1
]
·
[n−1 1 1
1 0 0 1
n−1 1′ 0 0
]
=

1 n−1
n−1 0 0
1 1 0
n−1 0 1
 · [
n−1 1 1
1 0 0 1
n−1 1′ 0 0
]
=

n−1 1 1
n−1 0 0 0
1 0 0 1
n−1 1′ 0 0

g4 ·M I(6n+2,1)5→4 −M I(6n−2,7)5→4 · g5 =

n−1 1 1
n−1 0 0 0
1 0 0 1
n−1 1′ 0 0
−

n−1 1 1
n−1 0 0 0
1 0 0 1
n−1 1′ 0 0
 = [n+12n−1 0 ]
5. g3 ·M I(6n+2,1)6→3 −M I(6n−2,7)6→3 · g6 = 0
g3 ·M I(6n+2,1)6→3 =

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 · [
2n+1
n 0
2n+1 1
]
=

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 ·

n 1 n
n−1 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 =

n 1 n
n 0 0 1′
n 1′ 0 0
n−1 0 0 0

2008
M
I(6n−2,7)
6→3 · g6 =
[2n
2n 1
n−1 0
]
·
[ n 1 n
n 0 0 1′
n 1′ 0 0
]
=

n n
n 1 0
n 0 1
n−1 0 0
 · [
n 1 n
n 0 0 1′
n 1′ 0 0
]
=

n 1 n
n 0 0 1′
n 1′ 0 0
n−1 0 0 0

g3 ·M I(6n+2,1)6→3 −M I(6n−2,7)6→3 · g6 =

n 1 n
n 0 0 1′
n 1′ 0 0
n−1 0 0 0
−

n 1 n
n 0 0 1′
n 1′ 0 0
n−1 0 0 0
 = [2n+13n−1 0 ]
6. g6 ·M I(6n+2,1)7→6 −M I(6n−2,7)7→6 · g7 = 0
g6 ·M I(6n+2,1)7→6 =
[ n 1 n
n 0 0 1′
n 1′ 0 0
]
·
[n+1
n 0
n+1 1
]
=
[ n 1 n
n 0 0 1′
n 1′ 0 0
]
·

1 n
n 0 0
1 1 0
n 0 1
 = [
1 n
n 0 1′
n 0 0
]
M
I(6n−2,7)
7→6 · g7 =
[ n
n 1
n 0
]
·
[ 1 n
n 0 1′
]
=
[ 1 n
n 0 1′
n 0 0
]
g6 ·M I(6n+2,1)7→6 −M I(6n−2,7)7→6 · g7 =
[ 1 n
n 0 1′
n 0 0
]
−
[ 1 n
n 0 1′
n 0 0
]
=
[n+1
2n 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
n 1′
]
·
[ 0
n 0
]
=
[ 0
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[n−1 1 n
n 0 0 1′
n−1 1′ 0 0
]
·

1
n−1 0
1 1
n 0
 = [ 12n−1 0 ]
3. g3 · f3 = 0
g3 · f3 =

n−1 1 n 1 n
n 0 0 0 0 1′
n 0 0 1′ 0 0
n−1 1′ 0 0 0 0
 ·

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
n 0 0
 =
[ 2
3n−1 0
]
4. g4 · f4 = 0
g4 · f4 =
[n−1 1 n 1
n 0 0 1′ 0
n−1 1′ 0 0 0
]
·

1 1
n−1 0 0
1 0 1
n 0 0
1 91 1
 =
[ 2
2n−1 0
]
5. g5 · f5 = 0
g5 · f5 =
[n−1 1 1
1 0 0 1
n−1 1′ 0 0
]
·

1
n−1 0
1 1
1 0
 = [ 1n 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ n 1 n
n 0 0 1′
n 1′ 0 0
]
·

1
n 0
1 91
n 0
 = [ 12n 0 ]
2009
7. g7 · f7 = 0
g7 · f7 =
[ 1 n
n 0 1′
]
·
[ 1
1 91
n 0
]
=
[ 1
n 0
]
2010
139 Tree module property of I(6n+ 3, 1)
139.1 Tree module property of I(3, 1) 
The representation of I(3, 1):
dimI(3, 1) = (1, 1, 1, 1, 0, 1, 0)
I(3, 1) = (M1→2 = ( 1 ) , M2→3 = ( 1 ) , M4→3 = ( 1 ) , M5→4 = 0, M6→3 = ( 1 ) , M7→6 = 0)
The length of I(3, 1) is: 1 + 1 + 1 + 1 + 0 + 1 + 0 = 5.
The total number of ones in the matrices of the representation: 4.
A = M(EndkQ(I(3, 1))) ∈M4,5(k) denotes the matrix of the linear equation system characterizing the endomorphism space of I(3, 1).
A =

0 1 91 0 0
0 0 91 1 0
0 0 91 0 1
1 91 0 0 0

←−
←−
∼

1 91 0 0 0
0 0 91 1 0
0 0 91 0 1
0 1 91 0 0
←−
←−
∼

1 91 0 0 0
0 1 91 0 0
0 0 91 0 1
0 0 91 1 0

←−
−1
+
∼

1 91 0 0 0
0 1 91 0 0
0 0 91 0 1
0 0 0 1 91

As the above computation shows, dim EndkQ(I(3, 1)) = corank(A) = 1 in every field k, therefore I(3, 1) has the (field independent) tree module property.
139.2 Tree module property of I(9, 1) 
The matrices of the representation have full (column) rank P
1. M I(9,1)1→2 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. M I(9,1)2→3 =

1 0 0
0 1 0
0 1 1
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
3. M I(9,1)4→3 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
4. M I(9,1)5→4 =
11
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. M I(9,1)6→3 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. M I(9,1)7→6 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
139.2.1 0→ R30(2) f→ I(9, 1) g→ I(5, 5)→ 0 
PdimR30(2) + dimI(5, 5) = (1, 1, 2, 2, 1, 1, 0) + (1, 2, 2, 1, 0, 2, 1)
= (2, 3, 4, 3, 1, 3, 1) = dimI(9, 1)
Pdimk Ext
1
kQ(I(5, 5), R
3
0(2)) = dimk HomkQ(I(5, 5), R
3
0(2))− 〈dimI(5, 5),dimR30(2)〉
= 0− 〈(1, 2, 2, 1, 0, 2, 1), (1, 1, 2, 2, 1, 1, 0)〉
= 1 · 1 + 2 · 2 + 1 · 2 + 0 · 2 + 2 · 2 + 1 · 1− (1 · 1 + 2 · 1 + 2 · 2 + 1 · 2 + 0 · 1 + 2 · 1 + 1 · 0)
= 1 + 4 + 2 + 0 + 4 + 1− (1 + 2 + 4 + 2 + 0 + 2 + 0)
= 1
Matrices of the embedding f : R30(2)→ I(9, 1) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 91
1 91
1 0
0 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 91
1 91
1 0
0 0
 c1↔c2−−−−→

91 0
91 1
0 1
0 0

2011
4. f4 =
0 911 91
1 0
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =
0 911 91
1 0
 c1↔c2−−−−→
91 091 1
0 1

5. f5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. f6 =
911
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(9, 1)→ I(5, 5) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0 0
1 0 1
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[
1 0 0
1 0 1
]
r2←r2−r1−−−−−−→
[
1 0 0
0 0 1
]
3. g3 =
[
1 91 1 91
1 91 1 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[
1 91 1 91
1 91 1 0
]
r2←r2−r1−−−−−−→
[
1 91 1 91
0 0 0 1
]
4. g4 =
[
1 91 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
6. g6 =
[
1 1 91
1 1 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[
1 1 91
1 1 0
]
r2←r2−r1−−−−−−→
[
1 1 91
0 0 1
]
7. g7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R30(2)→ I(9, 1) P
1. f2 ·MR
3
0(2)
1→2 −M I(9,1)1→2 · f1 = 0
f2 ·MR
3
0(2)
1→2 =
01
0
 · [1] =
01
0

M
I(9,1)
1→2 · f1 =
[ 2
1 0
2 1
]
·
[
1
0
]
=
0 01 0
0 1
 · [1
0
]
=
01
0

f2 ·MR
3
0(2)
1→2 −M I(9,1)1→2 · f1 =
01
0
−
01
0
 = [ 13 0 ]
2. f3 ·MR
3
0(2)
2→3 −M I(9,1)2→3 · f2 = 0
f3 ·MR
3
0(2)
2→3 =

0 91
1 91
1 0
0 0
 ·
[
1
0
]
=

0
1
1
0

M
I(9,1)
2→3 · f2 =

1 0 0
0 1 0
0 1 1
0 0 1
 ·
01
0
 =

0
1
1
0

f3 ·MR
3
0(2)
2→3 −M I(9,1)2→3 · f2 =

0
1
1
0
−

0
1
1
0
 =
[ 1
4 0
]
2012
3. f3 ·MR
3
0(2)
4→3 −M I(9,1)4→3 · f4 = 0
f3 ·MR
3
0(2)
4→3 =

0 91
1 91
1 0
0 0
 ·
[ 2
2 1
]
=

0 91
1 91
1 0
0 0
 ·
[
1 0
0 1
]
=

0 91
1 91
1 0
0 0

M
I(9,1)
4→3 · f4 =
[ 3
3 1
1 0
]
·
0 911 91
1 0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
0 911 91
1 0
 =

0 91
1 91
1 0
0 0

f3 ·MR
3
0(2)
4→3 −M I(9,1)4→3 · f4 =

0 91
1 91
1 0
0 0
−

0 91
1 91
1 0
0 0
 =
[ 2
4 0
]
4. f4 ·MR
3
0(2)
5→4 −M I(9,1)5→4 · f5 = 0
f4 ·MR
3
0(2)
5→4 =
0 911 91
1 0
 · [0
1
]
=
9191
0

M
I(9,1)
5→4 · f5 =
11
0
 · [91] =
9191
0

f4 ·MR
3
0(2)
5→4 −M I(9,1)5→4 · f5 =
9191
0
−
9191
0
 = [ 13 0 ]
5. f3 ·MR
3
0(2)
6→3 −M I(9,1)6→3 · f6 = 0
f3 ·MR
3
0(2)
6→3 =

0 91
1 91
1 0
0 0
 ·
[
1
1
]
=

91
0
1
0

M
I(9,1)
6→3 · f6 =

1 2
1 1 0
1 0 0
2 0 1
 ·
911
0
 =

1 0 0
0 0 0
0 1 0
0 0 1
 ·
911
0
 =

91
0
1
0

f3 ·MR
3
0(2)
6→3 −M I(9,1)6→3 · f6 =

91
0
1
0
−

91
0
1
0
 =
[ 1
4 0
]
6. f6 ·MR
3
0(2)
7→6 −M I(9,1)7→6 · f7 = 0
f6 ·MR
3
0(2)
7→6 =
911
0
 · [ 01 0 ] = [ 03 0 ]
M
I(9,1)
7→6 · f7 =
[ 1
2 0
1 1
]
·
[ 0
1 0
]
=
[ 0
3 0
]
f6 ·MR
3
0(2)
7→6 −M I(9,1)7→6 · f7 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
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Relations of the projection g : I(9, 1)→ I(5, 5) P
1. g2 ·M I(9,1)1→2 −M I(5,5)1→2 · g1 = 0
g2 ·M I(9,1)1→2 =
[
1 0 0
1 0 1
]
·
[ 2
1 0
2 1
]
=
[
1 0 0
1 0 1
]
·
0 01 0
0 1
 = [0 0
0 1
]
M
I(5,5)
1→2 · g1 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g2 ·M I(9,1)1→2 −M I(5,5)1→2 · g1 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
2. g3 ·M I(9,1)2→3 −M I(5,5)2→3 · g2 = 0
g3 ·M I(9,1)2→3 =
[
1 91 1 91
1 91 1 0
]
·

1 0 0
0 1 0
0 1 1
0 0 1
 =
[
1 0 0
1 0 1
]
M
I(5,5)
2→3 · g2 =
[ 2
2 1
]
·
[
1 0 0
1 0 1
]
=
[
1 0
0 1
]
·
[
1 0 0
1 0 1
]
=
[
1 0 0
1 0 1
]
g3 ·M I(9,1)2→3 −M I(5,5)2→3 · g2 =
[
1 0 0
1 0 1
]
−
[
1 0 0
1 0 1
]
=
[ 3
2 0
]
3. g3 ·M I(9,1)4→3 −M I(5,5)4→3 · g4 = 0
g3 ·M I(9,1)4→3 =
[
1 91 1 91
1 91 1 0
]
·
[ 3
3 1
1 0
]
=
[
1 91 1 91
1 91 1 0
]
·

1 0 0
0 1 0
0 0 1
0 0 0
 =
[
1 91 1
1 91 1
]
M
I(5,5)
4→3 · g4 =
[
1
1
]
·
[
1 91 1
]
=
[
1 91 1
1 91 1
]
g3 ·M I(9,1)4→3 −M I(5,5)4→3 · g4 =
[
1 91 1
1 91 1
]
−
[
1 91 1
1 91 1
]
=
[ 3
2 0
]
4. g4 ·M I(9,1)5→4 −M I(5,5)5→4 · g5 = 0
g4 ·M I(9,1)5→4 =
[
1 91 1
]
·
11
0
 = [0]
M
I(5,5)
5→4 · g5 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g4 ·M I(9,1)5→4 −M I(5,5)5→4 · g5 =
[
0
]
−
[
0
]
=
[
0
]
5. g3 ·M I(9,1)6→3 −M I(5,5)6→3 · g6 = 0
g3 ·M I(9,1)6→3 =
[
1 91 1 91
1 91 1 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 = [1 91 1 91
1 91 1 0
]
·

1 0 0
0 0 0
0 1 0
0 0 1
 =
[
1 1 91
1 1 0
]
M
I(5,5)
6→3 · g6 =
[ 2
2 1
]
·
[
1 1 91
1 1 0
]
=
[
1 0
0 1
]
·
[
1 1 91
1 1 0
]
=
[
1 1 91
1 1 0
]
g3 ·M I(9,1)6→3 −M I(5,5)6→3 · g6 =
[
1 1 91
1 1 0
]
−
[
1 1 91
1 1 0
]
=
[ 3
2 0
]
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6. g6 ·M I(9,1)7→6 −M I(5,5)7→6 · g7 = 0
g6 ·M I(9,1)7→6 =
[
1 1 91
1 1 0
]
·
[ 1
2 0
1 1
]
=
[
1 1 91
1 1 0
]
·
00
1
 = [91
0
]
M
I(5,5)
7→6 · g7 =
[
1
0
]
·
[
91
]
=
[
91
0
]
g6 ·M I(9,1)7→6 −M I(5,5)7→6 · g7 =
[
91
0
]
−
[
91
0
]
=
[ 1
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 0 0
1 0 1
]
·
01
0
 = [ 12 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
1 91 1 91
1 91 1 0
]
·

0 91
1 91
1 0
0 0
 =
[ 2
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 91 1
]
·
0 911 91
1 0
 = [ 21 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1
0 0
]
·
[
91
]
=
[ 1
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 1 91
1 1 0
]
·
911
0
 = [ 12 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
139.2.2 0→ R1∞(1) f→ I(9, 1) g→ I(6, 1)→ 0 
PdimR1∞(1) + dimI(6, 1) = (0, 1, 1, 1, 0, 1, 0) + (2, 2, 3, 2, 1, 2, 1)
= (2, 3, 4, 3, 1, 3, 1) = dimI(9, 1)
Pdimk Ext
1
kQ(I(6, 1), R
1
∞(1)) = dimk HomkQ(I(6, 1), R
1
∞(1))− 〈dimI(6, 1),dimR1∞(1)〉
= 0− 〈(2, 2, 3, 2, 1, 2, 1), (0, 1, 1, 1, 0, 1, 0)〉
= 2 · 1 + 2 · 1 + 2 · 1 + 1 · 1 + 2 · 1 + 1 · 1− (2 · 0 + 2 · 1 + 3 · 1 + 2 · 1 + 1 · 0 + 2 · 1 + 1 · 0)
= 2 + 2 + 2 + 1 + 2 + 1− (0 + 2 + 3 + 2 + 0 + 2 + 0)
= 1
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Matrices of the embedding f : R1∞(1)→ I(9, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(9, 1)→ I(6, 1) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(9, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(9,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
I(9,1)
1→2 · f1 =
[ 2
1 0
2 1
]
·
[ 0
2 0
]
=
[ 0
3 0
]
f2 ·MR
1
∞(1)
1→2 −M I(9,1)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(9,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
3 0
]
·
[
1
]
=
[ 1
1 1
3 0
]
M
I(9,1)
2→3 · f2 =

1 0 0
0 1 0
0 1 1
0 0 1
 ·
[ 1
1 1
2 0
]
=

1 0 0
0 1 0
0 1 1
0 0 1
 ·
10
0
 =

1
0
0
0
 =
[ 1
1 1
3 0
]
f3 ·MR
1
∞(1)
2→3 −M I(9,1)2→3 · f2 =
[ 1
1 1
3 0
]
−
[ 1
1 1
3 0
]
=
[ 1
4 0
]
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3. f3 ·MR
1
∞(1)
4→3 −M I(9,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
3 0
]
·
[
1
]
=
[ 1
1 1
3 0
]
M
I(9,1)
4→3 · f4 =
[ 3
3 1
1 0
]
·
[ 1
1 1
2 0
]
=

1 2
1 1 0
2 0 1
1 0 0
 · [
1
1 1
2 0
]
=

1
1 1
2 0
1 0
 = [
1
1 1
3 0
]
f3 ·MR
1
∞(1)
4→3 −M I(9,1)4→3 · f4 =
[ 1
1 1
3 0
]
−
[ 1
1 1
3 0
]
=
[ 1
4 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(9,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
I(9,1)
5→4 · f5 =
11
0
 · [ 01 0 ] = [ 03 0 ]
f4 ·MR
1
∞(1)
5→4 −M I(9,1)5→4 · f5 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(9,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
3 0
]
·
[
1
]
=
[ 1
1 1
3 0
]
M
I(9,1)
6→3 · f6 =

1 2
1 1 0
1 0 0
2 0 1
 · [
1
1 1
2 0
]
=

1
1 1
1 0
2 0
 = [
1
1 1
3 0
]
f3 ·MR
1
∞(1)
6→3 −M I(9,1)6→3 · f6 =
[ 1
1 1
3 0
]
−
[ 1
1 1
3 0
]
=
[ 1
4 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(9,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
I(9,1)
7→6 · f7 =
[ 1
2 0
1 1
]
·
[ 0
1 0
]
=
[ 0
3 0
]
f6 ·MR
1
∞(1)
7→6 −M I(9,1)7→6 · f7 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
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Relations of the projection g : I(9, 1)→ I(6, 1) P
1. g2 ·M I(9,1)1→2 −M I(6,1)1→2 · g1 = 0
g2 ·M I(9,1)1→2 =
[ 1 2
2 0 1
]
·
[ 2
1 0
2 1
]
=
[ 2
2 1
]
M
I(6,1)
1→2 · g1 =
[ 2
2 1
]
·
[ 2
2 1
]
=
[ 2
2 1
]
g2 ·M I(9,1)1→2 −M I(6,1)1→2 · g1 =
[ 2
2 1
]
−
[ 2
2 1
]
=
[ 2
2 0
]
2. g3 ·M I(9,1)2→3 −M I(6,1)2→3 · g2 = 0
g3 ·M I(9,1)2→3 =
[ 1 3
3 0 1
]
·

1 0 0
0 1 0
0 1 1
0 0 1
 =
0 1 0 00 0 1 0
0 0 0 1
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =
0 1 00 1 1
0 0 1

M
I(6,1)
2→3 · g2 =
1 01 1
0 1
 · [ 1 22 0 1 ] =
1 01 1
0 1
 · [0 1 0
0 0 1
]
=
0 1 00 1 1
0 0 1

g3 ·M I(9,1)2→3 −M I(6,1)2→3 · g2 =
0 1 00 1 1
0 0 1
−
0 1 00 1 1
0 0 1
 = [ 33 0 ]
3. g3 ·M I(9,1)4→3 −M I(6,1)4→3 · g4 = 0
g3 ·M I(9,1)4→3 =
[ 1 3
3 0 1
]
·
[ 3
3 1
1 0
]
=
[ 1 2 1
2 0 1 0
1 0 0 1
]
·

1 2
1 1 0
2 0 1
1 0 0
 = [
1 2
2 0 1
1 0 0
]
M
I(6,1)
4→3 · g4 =
[ 2
2 1
1 0
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
1 0 0
]
g3 ·M I(9,1)4→3 −M I(6,1)4→3 · g4 =
[ 1 2
2 0 1
1 0 0
]
−
[ 1 2
2 0 1
1 0 0
]
=
[ 3
3 0
]
4. g4 ·M I(9,1)5→4 −M I(6,1)5→4 · g5 = 0
g4 ·M I(9,1)5→4 =
[ 1 2
2 0 1
]
·
11
0
 = [0 1 0
0 0 1
]
·
11
0
 = [1
0
]
M
I(6,1)
5→4 · g5 =
[
1
0
]
·
[
1
]
=
[
1
0
]
g4 ·M I(9,1)5→4 −M I(6,1)5→4 · g5 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
5. g3 ·M I(9,1)6→3 −M I(6,1)6→3 · g6 = 0
g3 ·M I(9,1)6→3 =
[ 1 3
3 0 1
]
·

1 2
1 1 0
1 0 0
2 0 1
 = [
1 1 2
1 0 1 0
2 0 0 1
]
·

1 2
1 1 0
1 0 0
2 0 1
 = [
1 2
1 0 0
2 0 1
]
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M
I(6,1)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
1 0 0
2 0 1
]
g3 ·M I(9,1)6→3 −M I(6,1)6→3 · g6 =
[ 1 2
1 0 0
2 0 1
]
−
[ 1 2
1 0 0
2 0 1
]
=
[ 3
3 0
]
6. g6 ·M I(9,1)7→6 −M I(6,1)7→6 · g7 = 0
g6 ·M I(9,1)7→6 =
[ 1 2
2 0 1
]
·
[ 1
2 0
1 1
]
=
[
0 1 0
0 0 1
]
·
00
1
 = [0
1
]
M
I(6,1)
7→6 · g7 =
[
0
1
]
·
[
1
]
=
[
0
1
]
g6 ·M I(9,1)7→6 −M I(6,1)7→6 · g7 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
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139.3 Tree module property of I(15, 1) 
The matrices of the representation have full (column) rank P
1. M I(15,1)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. M I(15,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
3. M I(15,1)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
4. M I(15,1)5→4 =

1 0
1 0
0 1
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
5. M I(15,1)6→3 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
6. M I(15,1)7→6 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
139.3.1 0→ R30(2) f→ I(15, 1) g→ I(11, 5)→ 0 
PdimR30(2) + dimI(11, 5) = (1, 1, 2, 2, 1, 1, 0) + (2, 4, 5, 3, 1, 4, 2)
= (3, 5, 7, 5, 2, 5, 2) = dimI(15, 1)
Pdimk Ext
1
kQ(I(11, 5), R
3
0(2)) = dimk HomkQ(I(11, 5), R
3
0(2))− 〈dimI(11, 5),dimR30(2)〉
= 0− 〈(2, 4, 5, 3, 1, 4, 2), (1, 1, 2, 2, 1, 1, 0)〉
= 2 · 1 + 4 · 2 + 3 · 2 + 1 · 2 + 4 · 2 + 2 · 1− (2 · 1 + 4 · 1 + 5 · 2 + 3 · 2 + 1 · 1 + 4 · 1 + 2 · 0)
= 2 + 8 + 6 + 2 + 8 + 2− (2 + 4 + 10 + 6 + 1 + 4 + 0)
= 1
Matrices of the embedding f : R30(2)→ I(15, 1) P
1. f1 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0
0
1
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
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3. f3 =

0 0
0 0
1 91
0 0
1 0
0 0
0 0

∈M7,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0

c2←c2+c1−−−−−−→

1 1
2 0 0
1 1 0
1 0 0
1 1 1
2 0 0

4. f4 =

0 0
0 0
1 91
0 0
1 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
 c2←c2+c1−−−−−−→

1 1
2 0 0
1 1 0
1 0 0
1 1 1

5. f5 =
[
0
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0
0
1
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : I(15, 1)→ I(11, 5) P
1. g1 =
[
1 0 0
0 0 91
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 r4←r4−r2−−−−−−→

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 0 0 0 91
 =

1 1 1 2
1 91 1 0 0
1 0 1 0 0
2 0 0 0 91

3. g3 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0

r3←r3−r2
r4←r4−r2
r5←r5−r2−−−−−−→

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 0 91
0 0 0 91 0 1 0

r5←r5−r3−−−−−−→

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 0 91
0 0 0 0 0 1 0

r4↔r5−−−−→

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 91 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 91

4. g4 =
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 r3←r3−r2−−−−−−→
91 1 0 0 00 1 0 0 0
0 0 0 91 0

5. g5 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
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6. g6 =

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 r4←r4−r2−−−−−−→

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 0 0 1 0
 =

2 1 1 1
2 91 0 0 0
1 0 0 0 91
1 0 0 1 0
 r2↔r3−−−−→

2 1 1 1
2 91 0 0 0
1 0 0 1 0
1 0 0 0 91

7. g7 =
[
0 91
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[
0 91
1 0
]
r1↔r2−−−−→
[
1 0
0 91
]
Relations of the embedding f : R30(2)→ I(15, 1) P
1. f2 ·MR
3
0(2)
1→2 −M I(15,1)1→2 · f1 = 0
f2 ·MR
3
0(2)
1→2 =

1
2 0
1 1
2 0
 · [1] =

1
2 0
1 1
2 0

M
I(15,1)
1→2 · f1 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 ·
01
0
 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
 ·
01
0
 =

0
0
1
0
0
 =

1
2 0
1 1
2 0

f2 ·MR
3
0(2)
1→2 −M I(15,1)1→2 · f1 =

1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
 = [ 15 0 ]
2. f3 ·MR
3
0(2)
2→3 −M I(15,1)2→3 · f2 = 0
f3 ·MR
3
0(2)
2→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0
 ·
[
1
0
]
=

1
2 0
1 1
1 0
1 1
2 0

M
I(15,1)
2→3 · f2 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

1
2 0
1 1
2 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

·

0
0
1
0
0
 =

0
0
1
0
1
0
0

=

1
2 0
1 1
1 0
1 1
2 0

f3 ·MR
3
0(2)
2→3 −M I(15,1)2→3 · f2 =

1
2 0
1 1
1 0
1 1
2 0
−

1
2 0
1 1
1 0
1 1
2 0
 =
[ 1
7 0
]
3. f3 ·MR
3
0(2)
4→3 −M I(15,1)4→3 · f4 = 0
f3 ·MR
3
0(2)
4→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0
 ·
[ 2
2 1
]
=

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0
 ·
[
1 0
0 1
]
=

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0

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M
I(15,1)
4→3 · f4 =
[ 5
5 1
2 0
]
·

1 1
2 0 0
1 1 91
1 0 0
1 1 0
 =

2 1 1 1
2 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

1 1
2 0 0
1 1 91
1 0 0
1 1 0
 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0

f3 ·MR
3
0(2)
4→3 −M I(15,1)4→3 · f4 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0
−

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0
 =
[ 2
7 0
]
4. f4 ·MR
3
0(2)
5→4 −M I(15,1)5→4 · f5 = 0
f4 ·MR
3
0(2)
5→4 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
 ·
[
0
1
]
=

1
2 0
1 91
1 0
1 0
 =

1
2 0
1 91
2 0

M
I(15,1)
5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[
0
91
]
=

1
1 0
1 0
1 91
2 0
 =

1
2 0
1 91
2 0

f4 ·MR
3
0(2)
5→4 −M I(15,1)5→4 · f5 =

1
2 0
1 91
2 0
−

1
2 0
1 91
2 0
 = [ 15 0 ]
5. f3 ·MR
3
0(2)
6→3 −M I(15,1)6→3 · f6 = 0
f3 ·MR
3
0(2)
6→3 =

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0
 ·
[
1
1
]
=

1
2 0
1 0
1 0
1 1
2 0
 =

1
4 0
1 1
2 0

M
I(15,1)
6→3 · f6 =

1 4
1 1 0
2 0 0
4 0 1
 ·

1
2 0
1 1
2 0
 =

1 1 1 2
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1
1 0
1 0
1 1
2 0
 =

1
1 0
2 0
1 0
1 1
2 0
 =

1
4 0
1 1
2 0

f3 ·MR
3
0(2)
6→3 −M I(15,1)6→3 · f6 =

1
4 0
1 1
2 0
−

1
4 0
1 1
2 0
 = [ 17 0 ]
6. f6 ·MR
3
0(2)
7→6 −M I(15,1)7→6 · f7 = 0
f6 ·MR
3
0(2)
7→6 =

1
2 0
1 1
2 0
 · [ 01 0 ] = [ 05 0 ]
M
I(15,1)
7→6 · f7 =
[ 2
3 0
2 1
]
·
[ 0
2 0
]
=
[ 0
5 0
]
f6 ·MR
3
0(2)
7→6 −M I(15,1)7→6 · f7 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
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Relations of the projection g : I(15, 1)→ I(11, 5) P
1. g2 ·M I(15,1)1→2 −M I(11,5)1→2 · g1 = 0
g2 ·M I(15,1)1→2 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 ·

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
 =

1 0 0
1 0 0
0 0 91
0 0 0

M
I(11,5)
1→2 · g1 =

1 0
1 0
0 1
0 0
 ·
[
1 0 0
0 0 91
]
=

1 0 0
1 0 0
0 0 91
0 0 0

g2 ·M I(15,1)1→2 −M I(11,5)1→2 · g1 =

1 0 0
1 0 0
0 0 91
0 0 0
−

1 0 0
1 0 0
0 0 91
0 0 0
 =
[ 3
4 0
]
2. g3 ·M I(15,1)2→3 −M I(11,5)2→3 · g2 = 0
g3 ·M I(15,1)2→3 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

=

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
0 0 0 0 0

M
I(11,5)
2→3 · g2 =
[ 4
4 1
1 0
]
·

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ·

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
0 0 0 0 0

g3 ·M I(15,1)2→3 −M I(11,5)2→3 · g2 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
0 0 0 0 0
−

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
0 0 0 0 0
 =
[ 5
5 0
]
3. g3 ·M I(15,1)4→3 −M I(11,5)4→3 · g4 = 0
g3 ·M I(15,1)4→3 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·
[ 5
5 1
2 0
]
=

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

=

91 1 0 0 0
0 1 0 0 0
0 1 0 91 0
0 1 0 0 0
0 1 0 91 0

M
I(11,5)
4→3 · g4 =

1 2
1 1 0
2 0 1
2 0 1
 ·
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ·
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 =

91 1 0 0 0
0 1 0 0 0
0 1 0 91 0
0 1 0 0 0
0 1 0 91 0

g3 ·M I(15,1)4→3 −M I(11,5)4→3 · g4 =

91 1 0 0 0
0 1 0 0 0
0 1 0 91 0
0 1 0 0 0
0 1 0 91 0
−

91 1 0 0 0
0 1 0 0 0
0 1 0 91 0
0 1 0 0 0
0 1 0 91 0
 =
[ 5
5 0
]
4. g4 ·M I(15,1)5→4 −M I(11,5)5→4 · g5 = 0
g4 ·M I(15,1)5→4 =
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 ·

1 0
1 0
0 1
0 0
0 0
 =
0 01 0
1 0

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M
I(11,5)
5→4 · g5 =
01
1
 · [1 0] =
0 01 0
1 0

g4 ·M I(15,1)5→4 −M I(11,5)5→4 · g5 =
0 01 0
1 0
−
0 01 0
1 0
 = [ 23 0 ]
5. g3 ·M I(15,1)6→3 −M I(11,5)6→3 · g6 = 0
g3 ·M I(15,1)6→3 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

91 0 0 0 0
0 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0

M
I(11,5)
6→3 · g6 =

1 3
1 1 0
1 0 0
3 0 1
 ·

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ·

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 =

91 0 0 0 0
0 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0

g3 ·M I(15,1)6→3 −M I(11,5)6→3 · g6 =

91 0 0 0 0
0 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
−

91 0 0 0 0
0 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 =
[ 5
5 0
]
6. g6 ·M I(15,1)7→6 −M I(11,5)7→6 · g7 = 0
g6 ·M I(15,1)7→6 =

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 ·
[ 2
3 0
2 1
]
=

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 ·

0 0
0 0
0 0
1 0
0 1
 =

0 0
0 0
0 91
1 0
 =

1 1
2 0 0
1 0 91
1 1 0

M
I(11,5)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[
0 91
1 0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [0 91
1 0
]
=

1 1
2 0 0
1 0 91
1 1 0

g6 ·M I(15,1)7→6 −M I(11,5)7→6 · g7 =

1 1
2 0 0
1 0 91
1 1 0
−

1 1
2 0 0
1 0 91
1 1 0
 = [ 24 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0 0
0 0 91
]
·
01
0
 = [ 12 0 ]
2. g2 · f2 = 0
g2 · f2 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 ·

1
2 0
1 1
2 0
 =

91 1 0 0 0
0 1 0 0 0
0 0 0 91 0
0 1 0 0 91
 ·

0
0
1
0
0
 =
[ 1
4 0
]
3. g3 · f3 = 0
g3 · f3 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·

1 1
2 0 0
1 1 91
1 0 0
1 1 0
2 0 0
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 91 0 0 0
0 1 0 0 0 0 91
0 1 0 91 0 1 0
 ·

0 0
0 0
1 91
0 0
1 0
0 0
0 0

=
[ 2
5 0
]
2025
4. g4 · f4 = 0
g4 · f4 =
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 ·

1 1
2 0 0
1 1 91
1 0 0
1 1 0
 =
91 1 0 0 00 1 0 0 0
0 1 0 91 0
 ·

0 0
0 0
1 91
0 0
1 0
 =
[ 2
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
]
·
[
0
91
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 ·

1
2 0
1 1
2 0
 =

91 0 0 0 0
0 91 0 0 0
0 0 0 0 91
0 91 0 1 0
 ·

0
0
1
0
0
 =
[ 1
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 91
1 0
]
·
[ 0
2 0
]
=
[
0 91
1 0
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
139.3.2 0→ R1∞(1) f→ I(15, 1) g→ I(12, 1)→ 0 
PdimR1∞(1) + dimI(12, 1) = (0, 1, 1, 1, 0, 1, 0) + (3, 4, 6, 4, 2, 4, 2)
= (3, 5, 7, 5, 2, 5, 2) = dimI(15, 1)
Pdimk Ext
1
kQ(I(12, 1), R
1
∞(1)) = dimk HomkQ(I(12, 1), R
1
∞(1))− 〈dimI(12, 1),dimR1∞(1)〉
= 0− 〈(3, 4, 6, 4, 2, 4, 2), (0, 1, 1, 1, 0, 1, 0)〉
= 3 · 1 + 4 · 1 + 4 · 1 + 2 · 1 + 4 · 1 + 2 · 1− (3 · 0 + 4 · 1 + 6 · 1 + 4 · 1 + 2 · 0 + 4 · 1 + 2 · 0)
= 3 + 4 + 4 + 2 + 4 + 2− (0 + 4 + 6 + 4 + 0 + 4 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(15, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
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Matrices of the projection g : I(15, 1)→ I(12, 1) P
1. g1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M6,7(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(15, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(15,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
4 0
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
I(15,1)
1→2 · f1 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 ·
[ 0
3 0
]
=

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 ·
[ 0
1 0
2 0
]
=
[ 0
5 0
]
f2 ·MR
1
∞(1)
1→2 −M I(15,1)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(15,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
6 0
]
·
[
1
]
=
[ 1
1 1
6 0
]
M
I(15,1)
2→3 · f2 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·
[ 1
1 1
4 0
]
=

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

1
1 1
2 0
2 0
 =

1
1 1
2 0
2 0
2 0
 =
[ 1
1 1
6 0
]
f3 ·MR
1
∞(1)
2→3 −M I(15,1)2→3 · f2 =
[ 1
1 1
6 0
]
−
[ 1
1 1
6 0
]
=
[ 1
7 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(15,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
6 0
]
·
[
1
]
=
[ 1
1 1
6 0
]
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M
I(15,1)
4→3 · f4 =
[ 5
5 1
2 0
]
·
[ 1
1 1
4 0
]
=

1 4
1 1 0
4 0 1
2 0 0
 · [
1
1 1
4 0
]
=

1
1 1
4 0
2 0
 = [
1
1 1
6 0
]
f3 ·MR
1
∞(1)
4→3 −M I(15,1)4→3 · f4 =
[ 1
1 1
6 0
]
−
[ 1
1 1
6 0
]
=
[ 1
7 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(15,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
4 0
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
I(15,1)
5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[ 0
2 0
]
=

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[ 0
1 0
1 0
]
=
[ 0
5 0
]
f4 ·MR
1
∞(1)
5→4 −M I(15,1)5→4 · f5 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(15,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
6 0
]
·
[
1
]
=
[ 1
1 1
6 0
]
M
I(15,1)
6→3 · f6 =

1 4
1 1 0
2 0 0
4 0 1
 · [
1
1 1
4 0
]
=

1
1 1
2 0
4 0
 = [
1
1 1
6 0
]
f3 ·MR
1
∞(1)
6→3 −M I(15,1)6→3 · f6 =
[ 1
1 1
6 0
]
−
[ 1
1 1
6 0
]
=
[ 1
7 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(15,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
4 0
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
I(15,1)
7→6 · f7 =
[ 2
3 0
2 1
]
·
[ 0
2 0
]
=
[ 0
5 0
]
f6 ·MR
1
∞(1)
7→6 −M I(15,1)7→6 · f7 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
Relations of the projection g : I(15, 1)→ I(12, 1) P
1. g2 ·M I(15,1)1→2 −M I(12,1)1→2 · g1 = 0
g2 ·M I(15,1)1→2 =
[ 1 4
4 0 1
]
·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
1 1 0
2 0 1
1 1 0

M
I(12,1)
1→2 · g1 =

1 2
1 1 0
2 0 1
1 1 0
 · [ 33 1 ] =

1 2
1 1 0
2 0 1
1 1 0
 · [
1 2
1 1 0
2 0 1
]
=

1 2
1 1 0
2 0 1
1 1 0

g2 ·M I(15,1)1→2 −M I(12,1)1→2 · g1 =

1 2
1 1 0
2 0 1
1 1 0
−

1 2
1 1 0
2 0 1
1 1 0
 = [ 34 0 ]
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2. g3 ·M I(15,1)2→3 −M I(12,1)2→3 · g2 = 0
g3 ·M I(15,1)2→3 =
[ 1 6
6 0 1
]
·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2
2 0 1 0
2 0 1 1
2 0 0 1

M
I(12,1)
2→3 · g2 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 1 44 0 1 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
1 2 2
2 0 1 0
2 0 0 1
]
=

1 2 2
2 0 1 0
2 0 1 1
2 0 0 1

g3 ·M I(15,1)2→3 −M I(12,1)2→3 · g2 =

1 2 2
2 0 1 0
2 0 1 1
2 0 0 1
−

1 2 2
2 0 1 0
2 0 1 1
2 0 0 1
 = [ 56 0 ]
3. g3 ·M I(15,1)4→3 −M I(12,1)4→3 · g4 = 0
g3 ·M I(15,1)4→3 =
[ 1 6
6 0 1
]
·
[ 5
5 1
2 0
]
=
[ 1 4 2
4 0 1 0
2 0 0 1
]
·

1 4
1 1 0
4 0 1
2 0 0
 = [
1 4
4 0 1
2 0 0
]
M
I(12,1)
4→3 · g4 =
[ 4
4 1
2 0
]
·
[ 1 4
4 0 1
]
=
[ 1 4
4 0 1
2 0 0
]
g3 ·M I(15,1)4→3 −M I(12,1)4→3 · g4 =
[ 1 4
4 0 1
2 0 0
]
−
[ 1 4
4 0 1
2 0 0
]
=
[ 5
6 0
]
4. g4 ·M I(15,1)5→4 −M I(12,1)5→4 · g5 = 0
g4 ·M I(15,1)5→4 =
[ 1 4
4 0 1
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 0 1
2 0 0
 = [
2
2 1
2 0
]
M
I(12,1)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 2
2 1
]
=
[ 2
2 1
2 0
]
g4 ·M I(15,1)5→4 −M I(12,1)5→4 · g5 =
[ 2
2 1
2 0
]
−
[ 2
2 1
2 0
]
=
[ 2
4 0
]
5. g3 ·M I(15,1)6→3 −M I(12,1)6→3 · g6 = 0
g3 ·M I(15,1)6→3 =
[ 1 6
6 0 1
]
·

1 4
1 1 0
2 0 0
4 0 1
 = [
1 2 4
2 0 1 0
4 0 0 1
]
·

1 4
1 1 0
2 0 0
4 0 1
 = [
1 4
2 0 0
4 0 1
]
M
I(12,1)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 1 4
4 0 1
]
=
[ 1 4
2 0 0
4 0 1
]
g3 ·M I(15,1)6→3 −M I(12,1)6→3 · g6 =
[ 1 4
2 0 0
4 0 1
]
−
[ 1 4
2 0 0
4 0 1
]
=
[ 5
6 0
]
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6. g6 ·M I(15,1)7→6 −M I(12,1)7→6 · g7 = 0
g6 ·M I(15,1)7→6 =
[ 1 4
4 0 1
]
·
[ 2
3 0
2 1
]
=
[ 1 2 2
2 0 1 0
2 0 0 1
]
·

2
1 0
2 0
2 1
 = [
2
2 0
2 1
]
M
I(12,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 2
2 1
]
=
[ 2
2 0
2 1
]
g6 ·M I(15,1)7→6 −M I(12,1)7→6 · g7 =
[ 2
2 0
2 1
]
−
[ 2
2 0
2 1
]
=
[ 2
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 6
6 0 1
]
·
[ 1
1 1
6 0
]
=
[ 1
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
139.4 Tree module property of I(21, 1) 
The matrices of the representation have full (column) rank P
1. M I(21,1)1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
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2. M I(21,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
3. M I(21,1)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
4. M I(21,1)5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
5. M I(21,1)6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
6. M I(21,1)7→6 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
139.4.1 0→ R30(2) f→ I(21, 1) g→ I(17, 5)→ 0 
PdimR30(2) + dimI(17, 5) = (1, 1, 2, 2, 1, 1, 0) + (3, 6, 8, 5, 2, 6, 3)
= (4, 7, 10, 7, 3, 7, 3) = dimI(21, 1)
Pdimk Ext
1
kQ(I(17, 5), R
3
0(2)) = dimk HomkQ(I(17, 5), R
3
0(2))− 〈dimI(17, 5),dimR30(2)〉
= 0− 〈(3, 6, 8, 5, 2, 6, 3), (1, 1, 2, 2, 1, 1, 0)〉
= 3 · 1 + 6 · 2 + 5 · 2 + 2 · 2 + 6 · 2 + 3 · 1− (3 · 1 + 6 · 1 + 8 · 2 + 5 · 2 + 2 · 1 + 6 · 1 + 3 · 0)
= 3 + 12 + 10 + 4 + 12 + 3− (3 + 6 + 16 + 10 + 2 + 6 + 0)
= 1
Matrices of the embedding f : R30(2)→ I(21, 1) P
1. f1 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0
0
0
1
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
2031
3. f3 =

0 0
0 0
0 0
1 91
0 0
0 0
1 0
0 0
0 0
0 0

∈M10,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0

c2←c2+c1−−−−−−→

1 1
3 0 0
1 1 0
2 0 0
1 1 1
3 0 0

4. f4 =

0 0
0 0
0 0
1 91
0 0
0 0
1 0

∈M7,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
 c2←c2+c1−−−−−−→

1 1
3 0 0
1 1 0
2 0 0
1 1 1

5. f5 =
 00
91
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0
0
0
1
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
Matrices of the projection g : I(21, 1)→ I(17, 5) P
1. g1 =
1 0 0 00 1 0 0
0 0 0 91
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

r5←r5−r2−−−−−−→

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
0 0 1 0 0 0 91

=

1 1 1 1 2 1
1 91 1 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 0 91 0
1 0 0 1 0 0 91

r5←r5−r3−−−−−−→

1 1 1 1 2 1
1 91 1 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 0 91 0
1 0 0 0 0 0 91
 =

1 1 1 1 3
1 91 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 0 91

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3. g3 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

∈M8,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

r4←r4−r2
r5←r5−r2
r7←r7−r2−−−−−−→

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 0 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

r5←r5−r3
r6←r6−r3
r8←r8−r3−−−−−−→

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 91
0 0 0 0 91 0 0 1 0 0
0 0 0 0 0 91 0 0 1 0

=

1 1 1 1 2 1 2 1
1 91 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91
2 0 0 0 0 91 0 1 0

r6←r6−r4−−−−−−→

1 1 1 1 2 1 2 1
1 91 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91
2 0 0 0 0 0 0 1 0

r5↔r6−−−−→

1 1 1 1 2 1 2 1
1 91 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 0 0 0 91 0 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 91

4. g4 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0

r4←r4−r2−−−−−−→

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 0 1 0 0 91 0

r5←r5−r3−−−−−−→

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 0 0 0 0 91 0
 =

1 1 1 1 2 1
1 91 1 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 0 91 0

5. g5 =
[
1 0 0
0 1 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 0 0 0 91
0 91 0 0 1 0 0
0 0 91 0 0 1 0

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 r4←r4−r2−−−−−−→

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 0 0 1 0
 =

3 1 2 1
3 91 0 0 0
1 0 0 0 91
2 0 0 1 0
 r2↔r3−−−−→

3 1 2 1
3 91 0 0 0
2 0 0 1 0
1 0 0 0 91

7. g7 =
0 0 911 0 0
0 1 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 1
1 0 91
2 1 0
]
r1↔r2−−−−→
[ 2 1
2 1 0
1 0 91
]
Relations of the embedding f : R30(2)→ I(21, 1) P
1. f2 ·MR
3
0(2)
1→2 −M I(21,1)1→2 · f1 = 0
f2 ·MR
3
0(2)
1→2 =

1
3 0
1 1
3 0
 · [1] =

1
3 0
1 1
3 0

M
I(21,1)
1→2 · f1 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 ·

1
2 0
1 1
1 0
 =

2 1 1
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 ·

1
2 0
1 1
1 0
 =

1
1 0
2 0
1 1
1 0
2 0
 =

1
3 0
1 1
3 0

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f2 ·MR
3
0(2)
1→2 −M I(21,1)1→2 · f1 =

1
3 0
1 1
3 0
−

1
3 0
1 1
3 0
 = [ 17 0 ]
2. f3 ·MR
3
0(2)
2→3 −M I(21,1)2→3 · f2 = 0
f3 ·MR
3
0(2)
2→3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0
 ·
[
1
0
]
=

1
3 0
1 1
2 0
1 1
3 0

M
I(21,1)
2→3 · f2 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

1
3 0
1 1
3 0
 =

1 2 1 2 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

1
1 0
2 0
1 1
2 0
1 0
 =

1
1 0
2 0
1 1
2 0
1 1
2 0
1 0

=

1
3 0
1 1
2 0
1 1
3 0

f3 ·MR
3
0(2)
2→3 −M I(21,1)2→3 · f2 =

1
3 0
1 1
2 0
1 1
3 0
−

1
3 0
1 1
2 0
1 1
3 0
 =
[ 1
10 0
]
3. f3 ·MR
3
0(2)
4→3 −M I(21,1)4→3 · f4 = 0
f3 ·MR
3
0(2)
4→3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0
 ·
[ 2
2 1
]
=

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0
 ·
[
1 0
0 1
]
=

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0

M
I(21,1)
4→3 · f4 =
[ 7
7 1
3 0
]
·

1 1
3 0 0
1 1 91
2 0 0
1 1 0
 =

3 1 2 1
3 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 1
3 0 0
1 1 91
2 0 0
1 1 0
 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0

f3 ·MR
3
0(2)
4→3 −M I(21,1)4→3 · f4 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0
−

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0
 =
[ 2
10 0
]
4. f4 ·MR
3
0(2)
5→4 −M I(21,1)5→4 · f5 = 0
f4 ·MR
3
0(2)
5→4 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
 ·
[
0
1
]
=

1
3 0
1 91
2 0
1 0
 =

1
3 0
1 91
3 0

M
I(21,1)
5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 ·
[ 1
2 0
1 91
]
=

1 1 1
1 1 0 0
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
 00
91
 =

1
1 0
1 0
1 0
1 91
3 0
 =

1
3 0
1 91
3 0

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f4 ·MR
3
0(2)
5→4 −M I(21,1)5→4 · f5 =

1
3 0
1 91
3 0
−

1
3 0
1 91
3 0
 = [ 17 0 ]
5. f3 ·MR
3
0(2)
6→3 −M I(21,1)6→3 · f6 = 0
f3 ·MR
3
0(2)
6→3 =

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0
 ·
[
1
1
]
=

1
3 0
1 0
2 0
1 1
3 0
 =

1
6 0
1 1
3 0

M
I(21,1)
6→3 · f6 =

1 6
1 1 0
3 0 0
6 0 1
 ·

1
3 0
1 1
3 0
 =

1 2 1 3
1 1 0 0 0
3 0 0 0 0
2 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

1
1 0
2 0
1 1
3 0
 =

1
1 0
3 0
2 0
1 1
3 0
 =

1
6 0
1 1
3 0

f3 ·MR
3
0(2)
6→3 −M I(21,1)6→3 · f6 =

1
6 0
1 1
3 0
−

1
6 0
1 1
3 0
 = [ 110 0 ]
6. f6 ·MR
3
0(2)
7→6 −M I(21,1)7→6 · f7 = 0
f6 ·MR
3
0(2)
7→6 =

1
3 0
1 1
3 0
 · [ 01 0 ] = [ 07 0 ]
M
I(21,1)
7→6 · f7 =
[ 3
4 0
3 1
]
·
[ 0
3 0
]
=
[ 0
7 0
]
f6 ·MR
3
0(2)
7→6 −M I(21,1)7→6 · f7 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
Relations of the projection g : I(21, 1)→ I(17, 5) P
1. g2 ·M I(21,1)1→2 −M I(17,5)1→2 · g1 = 0
g2 ·M I(21,1)1→2 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

·

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

=

1 0 0 0
1 0 0 0
0 1 0 0
0 0 0 91
0 0 0 0
0 0 0 0

=

1 1 1 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0

M
I(17,5)
1→2 · g1 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 2 1 1
2 1 0 0
1 0 0 91
]
=

1 1 1
1 1 0 0
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 0 0 00 1 0 0
0 0 0 91
 =

1 1 1 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0

g2 ·M I(21,1)1→2 −M I(17,5)1→2 · g1 =

1 1 1 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0
−

1 1 1 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 91
2 0 0 0 0
 =
[ 4
6 0
]
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2. g3 ·M I(21,1)2→3 −M I(17,5)2→3 · g2 = 0
g3 ·M I(21,1)2→3 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 1 1 1 1 1 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
2 0 0 0 0 0 0 0

M
I(17,5)
2→3 · g2 =
[ 6
6 1
2 0
]
·

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

=

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
2 0 0 0 0 0 0

·

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

=

1 1 1 1 1 1 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
2 0 0 0 0 0 0 0

g3 ·M I(21,1)2→3 −M I(17,5)2→3 · g2 =

1 1 1 1 1 1 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
2 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91
2 0 0 0 0 0 0 0

=
[ 7
8 0
]
3. g3 ·M I(21,1)4→3 −M I(17,5)4→3 · g4 = 0
g3 ·M I(21,1)4→3 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·
[ 7
7 1
3 0
]
=

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0

M
I(17,5)
4→3 · g4 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0

g3 ·M I(21,1)4→3 −M I(17,5)4→3 · g4 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0

−

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 1 1 0 0 91 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0

=
[ 7
8 0
]
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4. g4 ·M I(21,1)5→4 −M I(17,5)5→4 · g5 = 0
g4 ·M I(21,1)5→4 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
 ·

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

=

0 0 0
1 0 0
0 1 0
1 0 0
0 1 0
 =

2 1
1 0 0
2 1 0
2 1 0

M
I(17,5)
5→4 · g5 =

2
1 0
2 1
2 1
 · [ 2 12 1 0 ] =

2 1
1 0 0
2 1 0
2 1 0

g4 ·M I(21,1)5→4 −M I(17,5)5→4 · g5 =

2 1
1 0 0
2 1 0
2 1 0
−

2 1
1 0 0
2 1 0
2 1 0
 = [ 35 0 ]
5. g3 ·M I(21,1)6→3 −M I(17,5)6→3 · g6 = 0
g3 ·M I(21,1)6→3 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·

1 6
1 1 0
3 0 0
6 0 1
 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

91 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 91 0 0 0 0 0
0 0 91 0 0 0 0
0 0 0 0 0 0 91
0 91 0 0 1 0 0
0 0 91 0 0 1 0

=

1 2 1 2 1
1 91 0 0 0 0
2 0 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0

M
I(17,5)
6→3 · g6 =

1 5
1 1 0
2 0 0
5 0 1
 ·

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 =

1 2 1 2
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 =

1 2 1 2 1
1 91 0 0 0 0
2 0 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0

g3 ·M I(21,1)6→3 −M I(17,5)6→3 · g6 =

1 2 1 2 1
1 91 0 0 0 0
2 0 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
−

1 2 1 2 1
1 91 0 0 0 0
2 0 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 =
[ 7
8 0
]
6. g6 ·M I(21,1)7→6 −M I(17,5)7→6 · g7 = 0
g6 ·M I(21,1)7→6 =

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 ·
[ 3
4 0
3 1
]
=

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 ·

2 1
1 0 0
2 0 0
1 0 0
2 1 0
1 0 1
 =

2 1
1 0 0
2 0 0
1 0 91
2 1 0
 =

2 1
3 0 0
1 0 91
2 1 0

M
I(17,5)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 2 1
1 0 91
2 1 0
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
2 1
1 0 91
2 1 0
]
=

2 1
3 0 0
1 0 91
2 1 0

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g6 ·M I(21,1)7→6 −M I(17,5)7→6 · g7 =

2 1
3 0 0
1 0 91
2 1 0
−

2 1
3 0 0
1 0 91
2 1 0
 = [ 36 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1 1
2 1 0 0
1 0 0 91
]
·

1
2 0
1 1
1 0
 = [ 13 0 ]
2. g2 · f2 = 0
g2 · f2 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

·

1
3 0
1 1
3 0
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 91 0 0
0 1 0 0 0 91 0
0 0 1 0 0 0 91

·

0
0
0
1
0
0
0

=
[ 1
6 0
]
3. g3 · f3 = 0
g3 · f3 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·

1 1
3 0 0
1 1 91
2 0 0
1 1 0
3 0 0
 =

91 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 91
0 1 0 0 91 0 0 1 0 0
0 0 1 0 0 91 0 0 1 0

·

0 0
0 0
0 0
1 91
0 0
0 0
1 0
0 0
0 0
0 0

=
[ 2
8 0
]
4. g4 · f4 = 0
g4 · f4 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
 ·

1 1
3 0 0
1 1 91
2 0 0
1 1 0
 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
 ·

0 0
0 0
0 0
1 91
0 0
0 0
1 0

=
[ 2
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
2 1 0
]
·
[ 1
2 0
1 91
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 ·

1
3 0
1 1
3 0
 =

1 2 1 2 1
1 91 0 0 0 0
2 0 91 0 0 0
1 0 0 0 0 91
2 0 91 0 1 0
 ·

1
1 0
2 0
1 1
2 0
1 0
 =
[ 1
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 91
2 1 0
]
·
[ 0
3 0
]
=
[ 2 1
1 0 91
2 1 0
]
·
[ 0
2 0
1 0
]
=
[ 0
3 0
]
139.4.2 0→ R1∞(1) f→ I(21, 1) g→ I(18, 1)→ 0 
PdimR
1
∞(1) + dimI(18, 1) = (0, 1, 1, 1, 0, 1, 0) + (4, 6, 9, 6, 3, 6, 3)
= (4, 7, 10, 7, 3, 7, 3) = dimI(21, 1)
Pdimk Ext
1
kQ(I(18, 1), R
1
∞(1)) = dimk HomkQ(I(18, 1), R
1
∞(1))− 〈dimI(18, 1),dimR1∞(1)〉
= 0− 〈(4, 6, 9, 6, 3, 6, 3), (0, 1, 1, 1, 0, 1, 0)〉
= 4 · 1 + 6 · 1 + 6 · 1 + 3 · 1 + 6 · 1 + 3 · 1− (4 · 0 + 6 · 1 + 9 · 1 + 6 · 1 + 3 · 0 + 6 · 1 + 3 · 0)
= 4 + 6 + 6 + 3 + 6 + 3− (0 + 6 + 9 + 6 + 0 + 6 + 0)
= 1
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Matrices of the embedding f : R1∞(1)→ I(21, 1) P
1. f1 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
0
0
0
0
0

∈M10,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
0
0
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
Matrices of the projection g : I(21, 1)→ I(18, 1) P
1. g1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M4,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M6,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M9,10(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M6,7(k) is already in row echelon form and has maximal row rank.
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5. g5 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M6,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(21, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(21,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
6 0
]
·
[ 0
1 0
]
=
[ 0
7 0
]
M
I(21,1)
1→2 · f1 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 ·
[ 0
4 0
]
=

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 ·
[ 0
2 0
2 0
]
=
[ 0
7 0
]
f2 ·MR
1
∞(1)
1→2 −M I(21,1)1→2 · f1 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(21,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
9 0
]
·
[
1
]
=
[ 1
1 1
9 0
]
M
I(21,1)
2→3 · f2 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·
[ 1
1 1
6 0
]
=

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

1
1 1
3 0
3 0
 =

1
1 1
3 0
3 0
3 0
 =
[ 1
1 1
9 0
]
f3 ·MR
1
∞(1)
2→3 −M I(21,1)2→3 · f2 =
[ 1
1 1
9 0
]
−
[ 1
1 1
9 0
]
=
[ 1
10 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(21,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
9 0
]
·
[
1
]
=
[ 1
1 1
9 0
]
M
I(21,1)
4→3 · f4 =
[ 7
7 1
3 0
]
·
[ 1
1 1
6 0
]
=

1 6
1 1 0
6 0 1
3 0 0
 · [
1
1 1
6 0
]
=

1
1 1
6 0
3 0
 = [
1
1 1
9 0
]
f3 ·MR
1
∞(1)
4→3 −M I(21,1)4→3 · f4 =
[ 1
1 1
9 0
]
−
[ 1
1 1
9 0
]
=
[ 1
10 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(21,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
6 0
]
·
[ 0
1 0
]
=
[ 0
7 0
]
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M
I(21,1)
5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 ·
[ 0
3 0
]
=

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 ·
[ 0
1 0
2 0
]
=
[ 0
7 0
]
f4 ·MR
1
∞(1)
5→4 −M I(21,1)5→4 · f5 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(21,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
9 0
]
·
[
1
]
=
[ 1
1 1
9 0
]
M
I(21,1)
6→3 · f6 =

1 6
1 1 0
3 0 0
6 0 1
 · [
1
1 1
6 0
]
=

1
1 1
3 0
6 0
 = [
1
1 1
9 0
]
f3 ·MR
1
∞(1)
6→3 −M I(21,1)6→3 · f6 =
[ 1
1 1
9 0
]
−
[ 1
1 1
9 0
]
=
[ 1
10 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(21,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
6 0
]
·
[ 0
1 0
]
=
[ 0
7 0
]
M
I(21,1)
7→6 · f7 =
[ 3
4 0
3 1
]
·
[ 0
3 0
]
=
[ 0
7 0
]
f6 ·MR
1
∞(1)
7→6 −M I(21,1)7→6 · f7 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
Relations of the projection g : I(21, 1)→ I(18, 1) P
1. g2 ·M I(21,1)1→2 −M I(18,1)1→2 · g1 = 0
g2 ·M I(21,1)1→2 =
[ 1 6
6 0 1
]
·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

1 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
2 1 0
2 0 1
2 1 0

M
I(18,1)
1→2 · g1 =

2 2
2 1 0
2 0 1
2 1 0
 · [ 44 1 ] =

2 2
2 1 0
2 0 1
2 1 0
 · [
2 2
2 1 0
2 0 1
]
=

2 2
2 1 0
2 0 1
2 1 0

g2 ·M I(21,1)1→2 −M I(18,1)1→2 · g1 =

2 2
2 1 0
2 0 1
2 1 0
−

2 2
2 1 0
2 0 1
2 1 0
 = [ 46 0 ]
2. g3 ·M I(21,1)2→3 −M I(18,1)2→3 · g2 = 0
g3 ·M I(21,1)2→3 =
[ 1 9
9 0 1
]
·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3 3
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3
3 0 1 0
3 0 1 1
3 0 0 1

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M
I(18,1)
2→3 · g2 =

3 3
3 1 0
3 1 1
3 0 1
 · [ 1 66 0 1 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
1 3 3
3 0 1 0
3 0 0 1
]
=

1 3 3
3 0 1 0
3 0 1 1
3 0 0 1

g3 ·M I(21,1)2→3 −M I(18,1)2→3 · g2 =

1 3 3
3 0 1 0
3 0 1 1
3 0 0 1
−

1 3 3
3 0 1 0
3 0 1 1
3 0 0 1
 = [ 79 0 ]
3. g3 ·M I(21,1)4→3 −M I(18,1)4→3 · g4 = 0
g3 ·M I(21,1)4→3 =
[ 1 9
9 0 1
]
·
[ 7
7 1
3 0
]
=
[ 1 6 3
6 0 1 0
3 0 0 1
]
·

1 6
1 1 0
6 0 1
3 0 0
 = [
1 6
6 0 1
3 0 0
]
M
I(18,1)
4→3 · g4 =
[ 6
6 1
3 0
]
·
[ 1 6
6 0 1
]
=
[ 1 6
6 0 1
3 0 0
]
g3 ·M I(21,1)4→3 −M I(18,1)4→3 · g4 =
[ 1 6
6 0 1
3 0 0
]
−
[ 1 6
6 0 1
3 0 0
]
=
[ 7
9 0
]
4. g4 ·M I(21,1)5→4 −M I(18,1)5→4 · g5 = 0
g4 ·M I(21,1)5→4 =
[ 1 6
6 0 1
]
·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 1 2 3
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
2 0 1
3 0 0
 = [
3
3 1
3 0
]
M
I(18,1)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 3
3 1
]
=
[ 3
3 1
3 0
]
g4 ·M I(21,1)5→4 −M I(18,1)5→4 · g5 =
[ 3
3 1
3 0
]
−
[ 3
3 1
3 0
]
=
[ 3
6 0
]
5. g3 ·M I(21,1)6→3 −M I(18,1)6→3 · g6 = 0
g3 ·M I(21,1)6→3 =
[ 1 9
9 0 1
]
·

1 6
1 1 0
3 0 0
6 0 1
 = [
1 3 6
3 0 1 0
6 0 0 1
]
·

1 6
1 1 0
3 0 0
6 0 1
 = [
1 6
3 0 0
6 0 1
]
M
I(18,1)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[ 1 6
6 0 1
]
=
[ 1 6
3 0 0
6 0 1
]
g3 ·M I(21,1)6→3 −M I(18,1)6→3 · g6 =
[ 1 6
3 0 0
6 0 1
]
−
[ 1 6
3 0 0
6 0 1
]
=
[ 7
9 0
]
6. g6 ·M I(21,1)7→6 −M I(18,1)7→6 · g7 = 0
g6 ·M I(21,1)7→6 =
[ 1 6
6 0 1
]
·
[ 3
4 0
3 1
]
=
[ 1 3 3
3 0 1 0
3 0 0 1
]
·

3
1 0
3 0
3 1
 = [
3
3 0
3 1
]
M
I(18,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 3
3 1
]
=
[ 3
3 0
3 1
]
g6 ·M I(21,1)7→6 −M I(18,1)7→6 · g7 =
[ 3
3 0
3 1
]
−
[ 3
3 0
3 1
]
=
[ 3
6 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4
4 1
]
·
[ 0
4 0
]
=
[ 0
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 6
6 0 1
]
·
[ 1
1 1
6 0
]
=
[ 1
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 9
9 0 1
]
·
[ 1
1 1
9 0
]
=
[ 1
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 6
6 0 1
]
·
[ 1
1 1
6 0
]
=
[ 1
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 6
6 0 1
]
·
[ 1
1 1
6 0
]
=
[ 1
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
139.5 Tree module property of I(6n+ 3, 1) 
The matrices of the representation have full (column) rank P
1. M I(6n+3,1)1→2 =

n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]
∈M2n+1,n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,1)
1→2 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0

2. M I(6n+3,1)2→3 =
[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
∈M3n+1,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,1)
2→3 =

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1

3. M I(6n+3,1)4→3 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
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4. M I(6n+3,1)5→4 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
5. M I(6n+3,1)6→3 =

1 2n
1 1 0
n 0 0
2n 0 1
 ∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
6. M I(6n+3,1)7→6 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
139.5.1 0→ R30(2) f→ I(6n+ 3, 1) g→ I(6n− 1, 5)→ 0 
PdimR30(2) + dimI(6n− 1, 5) = (1, 1, 2, 2, 1, 1, 0) + (n, 2n, 3n− 1, 2n− 1, n− 1, 2n, n)
= (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n) = dimI(6n+ 3, 1)
Pdimk Ext
1
kQ(I(6n− 1, 5), R30(2)) = dimk HomkQ(I(6n− 1, 5), R30(2))− 〈dimI(6n− 1, 5),dimR30(2)〉
= 0− 〈(n, 2n, 3n− 1, 2n− 1, n− 1, 2n, n), (1, 1, 2, 2, 1, 1, 0)〉
= n · 1 + 2n · 2 + (2n− 1) · 2 + (n− 1) · 2 + 2n · 2 + n · 1− (n · 1 + 2n · 1 + (3n− 1) · 2 + (2n− 1) · 2 + (n− 1) · 1 + 2n · 1 + n · 0)
= n+ 4n+ 4n− 2 + 2n− 2 + 4n+ n− (n+ 2n+ 6n− 2 + 4n− 2 + n− 1 + 2n+ 0)
= 1
Representation of I(6n− 1, 5) = I(6n+ 5, 5)[n 7→ n− 1] 
Dimension vector: dimI(6n− 1, 5) = (n, 2n, 3n− 1, 2n− 1, n− 1, 2n, n)
Matrices of the representation:
1. M I(6n−1,5)1→2 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n−1 0 0
 ∈M2n,n(k)
2. M I(6n−1,5)2→3 =
[2n
2n 1
n−1 0
]
∈M3n−1,2n(k)
3. M I(6n−1,5)4→3 =
[2n−1
2n−1 1
n 0
]
+
[ 1 2n−2
n+1 0 0
2n−2 0 1
]
∈M3n−1,2n−1(k)
4. M I(6n−1,5)5→4 =

n−1
1 0
n−1 1
n−1 1
 ∈M2n−1,n−1(k)
5. M I(6n−1,5)6→3 =

1 2n−1
1 1 0
n−1 0 0
2n−1 0 1
 ∈M3n−1,2n(k)
6. M I(6n−1,5)7→6 =
[ n
n 0
n 1
]
∈M2n,n(k)
Matrices of the embedding f : R30(2)→ I(6n+ 3, 1) P
1. f1 =

1
n−1 0
1 1
1 0
 ∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1
n 0
1 1
n 0
 ∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0
 ∈M3n+1,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0

c2←c2+c1−−−−−−→

1 1
n 0 0
1 1 0
n−1 0 0
1 1 1
n 0 0

4. f4 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
 ∈M2n+1,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
 c2←c2+c1−−−−−−→

1 1
n 0 0
1 1 0
n−1 0 0
1 1 1

5. f5 =
[ 1
n−1 0
1 91
]
∈Mn,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1
n 0
1 1
n 0
 ∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
Matrices of the projection g : I(6n+ 3, 1)→ I(6n− 1, 5) P
1. g1 =
[n−1 1 1
n−1 1 0 0
1 0 0 91
]
∈Mn,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
+
[ 1 1 2n−1
1 0 1 0
2n−1 0 0 0
]
∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 n−2 1 1 1 n−2
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 91 0 0 0 91 0
n−2 0 0 91 0 0 0 91

r5←r5+r2−−−−−−→

1 1 n−2 1 1 1 n−2
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
n−2 0 0 91 0 0 0 91

=

1 1 n−2 1 2 n−2
1 91 1 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
2 0 0 0 0 91 0
n−2 0 0 91 0 0 91

r5←r5+r3−−−−−−→

1 1 n−2 1 2 n−2
1 91 1 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
2 0 0 0 0 91 0
n−2 0 0 0 0 0 91
 =

1 1 n−2 1 n
1 91 1 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
n 0 0 0 0 91

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3. g3 =

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
+

1 1 n−2 2n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0
 ∈M3n−1,3n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
+

1 1 n−2 2n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0

=

1 1 n−2 1 1 n−2 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 1 0 0 91 0 0 1 0 0
n−2 0 0 1 0 0 91 0 0 1 0

+

1 1 n−2 1 1 n−2 1 1 n−2 1
1 0 1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−→
R1 = rows: 2 ... 2
R2 = rows: 1 ... 1

1 1 n−2 1 1 n−2 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 1 0 0 91 0 0 1 0 0
n−2 0 0 1 0 0 91 0 0 1 0

+

1 1 n−2 1 1 n−2 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−→
R1 = rows: 2 ... 2
R2 = rows: n+2 ... n+2

1 1 n−2 1 1 n−2 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 1 0 0 91 0 0 1 0 0
n−2 0 0 1 0 0 91 0 0 1 0

+

1 1 n−2 1 1 n−2 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−→
R1 = rows: 3 ... n
R2 = rows: n+3 ... 2n

1 1 n−2 1 1 n−2 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 1 0 0 91 0 0 1 0 0
n−2 0 0 1 0 0 91 0 0 1 0

+

1 1 n−2 1 1 n−2 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0
 =

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0

r3←r3−r2
r5←r5−r2−−−−−−→

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 0 0 91 0 1 0

r5←r5−r3−−−−−−→

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 0 0 0 0 1 0

r4↔r5−−−−→

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 0 0 91 0 0 0
n−1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 91

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4. g4 =

1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
+

1 n−1 n+1
1 0 0 0
n−1 0 1 0
n−1 0 1 0
 ∈M2n−1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 1 n−2 1 1 n−2 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 1 0 0 91 0 0
n−2 0 0 1 0 0 91 0

r4←r4−r2−−−−−−→

1 1 n−2 1 1 n−2 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
n−2 0 0 1 0 0 91 0

r5←r5−r3−−−−−−→

1 1 n−2 1 1 n−2 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
n−2 0 0 0 0 0 91 0
 =

1 1 n−2 1 n−1 1
1 91 1 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
n−1 0 0 0 0 91 0

5. g5 =
[n−1 1
n−1 1 0
]
∈Mn−1,n(k) is already in row echelon form and has maximal row rank.
6. g6 =

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 ∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 r4←r4−r2−−−−−−→

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 0 0 1 0
 =

n 1 n−1 1
n 91 0 0 0
1 0 0 0 91
n−1 0 0 1 0
 r2↔r3−−−−→

n 1 n−1 1
n 91 0 0 0
n−1 0 0 1 0
1 0 0 0 91

7. g7 =
[n−1 1
1 0 91
n−1 1 0
]
∈Mn,n(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[n−1 1
1 0 91
n−1 1 0
]
r1↔r2−−−−→
[n−1 1
n−1 1 0
1 0 91
]
Relations of the embedding f : R30(2)→ I(6n+ 3, 1) P
1. f2 ·MR
3
0(2)
1→2 −M I(6n+3,1)1→2 · f1 = 0
f2 ·MR
3
0(2)
1→2 =

1
n 0
1 1
n 0
 · [1] =

1
n 0
1 1
n 0

M
I(6n+3,1)
1→2 · f1 =


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

·

1
n−1 0
1 1
1 0
 =

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 0 0 0
 ·

1
n−1 0
1 1
1 0
+ [
n−1 1 1
n+2 0 0 0
n−1 1 0 0
]
·

1
n−1 0
1 1
1 0

=

1
1 0
n−1 0
1 1
1 0
n−1 0
+
[ 1
n+2 0
n−1 0
]
=

1
1 0
n−1 0
1 1
1 0
n−1 0
+

1
1 0
n−1 0
1 0
1 0
n−1 0
 =

1
n 0
1 1
n 0

f2 ·MR
3
0(2)
1→2 −M I(6n+3,1)1→2 · f1 =

1
n 0
1 1
n 0
−

1
n 0
1 1
n 0
 = [ 12n+1 0 ]
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2. f3 ·MR
3
0(2)
2→3 −M I(6n+3,1)2→3 · f2 = 0
f3 ·MR
3
0(2)
2→3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0
 ·
[
1
0
]
=

1
n 0
1 1
n−1 0
1 1
n 0

M
I(6n+3,1)
2→3 · f2 =

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] ·

1
n 0
1 1
n 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0
 ·

1
n 0
1 1
n 0
+

1 n−1 1 n
n+1 0 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

1
1 0
n−1 0
1 1
n 0

=

1
n 0
1 1
n 0
n 0
+

1
n+1 0
n−1 0
1 1
n 0
 =

1
n 0
1 1
n−1 0
1 0
n 0
+

1
n 0
1 0
n−1 0
1 1
n 0
 =

1
n 0
1 1
n−1 0
1 1
n 0

f3 ·MR
3
0(2)
2→3 −M I(6n+3,1)2→3 · f2 =

1
n 0
1 1
n−1 0
1 1
n 0
−

1
n 0
1 1
n−1 0
1 1
n 0
 =
[ 1
3n+1 0
]
3. f3 ·MR
3
0(2)
4→3 −M I(6n+3,1)4→3 · f4 = 0
f3 ·MR
3
0(2)
4→3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0
 ·
[
1 0
0 1
]
=

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0

M
I(6n+3,1)
4→3 · f4 =
[2n+1
2n+1 1
n 0
]
·

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
 =

n 1 n−1 1
n 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
1 0 0 0 1
n 0 0 0 0
 ·

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0

f3 ·MR
3
0(2)
4→3 −M I(6n+3,1)4→3 · f4 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0
−

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0
 =
[ 2
3n+1 0
]
4. f4 ·MR
3
0(2)
5→4 −M I(6n+3,1)5→4 · f5 = 0
f4 ·MR
3
0(2)
5→4 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
 ·
[
0
1
]
=

1
n 0
1 91
n−1 0
1 0
 =

1
n 0
1 91
n 0

M
I(6n+3,1)
5→4 · f5 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ·
[ 1
n−1 0
1 91
]
=

1 n−2 1
1 1 0 0
1 1 0 0
n−2 0 1 0
1 0 0 1
n 0 0 0
 ·

1
1 0
n−2 0
1 91
 =

1
1 0
1 0
n−2 0
1 91
n 0
 =

1
n 0
1 91
n 0

f4 ·MR
3
0(2)
5→4 −M I(6n+3,1)5→4 · f5 =

1
n 0
1 91
n 0
−

1
n 0
1 91
n 0
 = [ 12n+1 0 ]
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5. f3 ·MR
3
0(2)
6→3 −M I(6n+3,1)6→3 · f6 = 0
f3 ·MR
3
0(2)
6→3 =

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0
 ·
[
1
1
]
=

1
n 0
1 0
n−1 0
1 1
n 0
 =

1
2n 0
1 1
n 0

M
I(6n+3,1)
6→3 · f6 =

1 2n
1 1 0
n 0 0
2n 0 1
 ·

1
n 0
1 1
n 0
 =

1 n−1 1 n
1 1 0 0 0
n 0 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

1
1 0
n−1 0
1 1
n 0
 =

1
1 0
n 0
n−1 0
1 1
n 0
 =

1
2n 0
1 1
n 0

f3 ·MR
3
0(2)
6→3 −M I(6n+3,1)6→3 · f6 =

1
2n 0
1 1
n 0
−

1
2n 0
1 1
n 0
 = [ 13n+1 0 ]
6. f6 ·MR
3
0(2)
7→6 −M I(6n+3,1)7→6 · f7 = 0
f6 ·MR
3
0(2)
7→6 =

1
n 0
1 1
n 0
 · [ 01 0 ] = [ 02n+1 0 ]
M
I(6n+3,1)
7→6 · f7 =
[ n
n+1 0
n 1
]
·
[ 0
n 0
]
=
[ 0
2n+1 0
]
f6 ·MR
3
0(2)
7→6 −M I(6n+3,1)7→6 · f7 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
Relations of the projection g : I(6n+ 3, 1)→ I(6n− 1, 5) P
1. g2 ·M I(6n+3,1)1→2 −M I(6n−1,5)1→2 · g1 6= 0
g2 ·M I(6n+3,1)1→2 =


1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
+
[ 1 1 2n−1
1 0 1 0
2n−1 0 0 0
]

·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
 ·

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 0 0 0
+

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
 ·

n−1 2
1 0 0
n−1 0 0
1 0 0
1 0 0
n−1 1 0
+
[ 1 1 n n−1
1 0 1 0 0
2n−1 0 0 0 0
]
·

1 n
1 0 0
1 1 0
n 0 1
n−1 0 0

+
[ 1 1 n n−1
1 0 1 0 0
2n−1 0 0 0 0
]
·

n−1 2
1 0 0
1 0 0
n 0 0
n−1 1 0
 =

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 0 91
n−1 91 0 0
+

n−1 2
1 0 0
n−1 0 0
1 0 0
n−1 91 0
+
[ 1 n
1 1 0
2n−1 0 0
]
+
[n−1 2
1 0 0
2n−1 0 0
]
=

1 n−2 1 1
1 0 0 0 0
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 91
1 91 0 0 0
n−2 0 91 0 0

+

1 n−2 1 1
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 91 0 0 0
n−2 0 91 0 0

+

1 n−2 1 1
1 1 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0

+

1 n−2 1 1
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0

=

1 n−2 1 1
1 1 0 0 0
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 91
1 92 0 0 0
n−2 0 92 0 0

M
I(6n−1,5)
1→2 · g1 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n−1 0 0
 ·
[n−1 1 1
n−1 1 0 0
1 0 0 91
]
=

1 n−2 1
1 1 0 0
1 1 0 0
n−2 0 1 0
1 0 0 1
n−1 0 0 0
 ·

1 n−2 1 1
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 91
 =

1 n−2 1 1
1 1 0 0 0
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 91
n−1 0 0 0 0

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g2 ·M I(6n+3,1)1→2 −M I(6n−1,5)1→2 · g1 =

1 n−2 1 1
1 1 0 0 0
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 91
1 92 0 0 0
n−2 0 92 0 0

−

1 n−2 1 1
1 1 0 0 0
1 1 0 0 0
n−2 0 1 0 0
1 0 0 0 91
n−1 0 0 0 0

=

[ 1 n
1 1 0
2n−1 0 0
]
+

1 n
1 0 0
1 1 0
2n−2 0 0
+

1 n−2 2
2 0 0 0
n−2 0 1 0
n 0 0 0
+

n 1
n 0 0
1 0 91
n−1 0 0
+

1 n
n+1 0 0
1 92 0
n−2 0 0
+ [
1 n−2 2
n+2 0 0 0
n−2 0 92 0
]

−

[ 1 n
1 1 0
2n−1 0 0
]
+

1 n
1 0 0
1 1 0
2n−2 0 0
+

1 n−2 2
2 0 0 0
n−2 0 1 0
n 0 0 0
+

n 1
n 0 0
1 0 91
n−1 0 0
+

1 n
n+1 0 0
1 92 0
n−2 0 0
+ [
1 n−2 2
n+2 0 0 0
n−2 0 92 0
]

=
[n+1
2n 0
]
2. g3 ·M I(6n+3,1)2→3 −M I(6n−1,5)2→3 · g2 6= 0
g3 ·M I(6n+3,1)2→3 =


1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
+

1 1 n−2 2n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0


·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
=

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
 ·

1 n−1 1 n−1 1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1
n−1 0 0 0 0 0
1 0 0 0 0 0

+

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
 ·

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

+

1 1 n−2 n+1 n
1 0 1 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
n−1 0 0 0 0 0
 ·

1 1 n−2 n+1
1 1 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0
+

1 1 n−2 1 2n
1 0 1 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
n−1 0 0 0 0 0
 ·

1 2n
1 0 0
1 0 0
n−2 0 0
1 0 0
2n 0 1

=

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 1 0 0 0
n−1 0 1 0 91 0
1 0 0 0 0 0
n−1 0 1 0 91 0
+

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
+

1 1 n−2 n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0
+

1 2n
1 0 0
n 0 0
1 0 0
n−2 0 0
n−1 0 0

2050
=
1 1 1 n−3 1 1 1 n−3 1
1 91 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 1 0 0 0 91 0 0
n−3 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 1 0 0 0 91 0 0
n−3 0 0 0 1 0 0 0 91 0

+

1 1 1 n−3 1 1 1 n−3 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
n−3 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91
1 0 91 0 0 0 1 0 0 0
1 0 0 91 0 0 0 1 0 0
n−3 0 0 0 91 0 0 0 1 0

+

1 1 n−3 1 1 1 n−2 1
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−3 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0

+

1 1 n−2 1 1 n−2 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0

=

1 1 n−2 1 1 1 n−2
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 1 0 0 0 91 0
n−2 0 0 1 0 0 0 91
n−1 0 0 0 0 0 0 0

M
I(6n−1,5)
2→3 · g2 =
[2n
2n 1
n−1 0
]
·


1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
+
[ 1 1 2n−1
1 0 1 0
2n−1 0 0 0
]

=

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n−1 0 0 0 0
 ·

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
+

1 2n−1
1 1 0
2n−1 0 1
n−1 0 0
 · [
1 1 2n−1
1 0 1 0
2n−1 0 0 0
]
=

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
n−1 0 0 0 0 0
+

1 1 2n−1
1 0 1 0
2n−1 0 0 0
n−1 0 0 0

=

1 1 n−2 1 1 1 n−2
1 91 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 91 0 0 0 91 0
n−2 0 0 91 0 0 0 91
n−1 0 0 0 0 0 0 0

+

1 1 n−2 1 1 1 n−2
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0

=

1 1 n−2 1 1 1 n−2
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 91 0 0 0 91 0
n−2 0 0 91 0 0 0 91
n−1 0 0 0 0 0 0 0

g3 ·M I(6n+3,1)2→3 −M I(6n−1,5)2→3 · g2 =

1 1 n−2 1 1 1 n−2
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 1 0 0 0 91 0
n−2 0 0 1 0 0 0 91
n−1 0 0 0 0 0 0 0

−

1 1 n−2 1 1 1 n−2
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0
1 0 91 0 0 0 91 0
n−2 0 0 91 0 0 0 91
n−1 0 0 0 0 0 0 0

=

[ 1 2n
1 91 0
3n−2 0 0
]
+
[ 1 1 2n−1
1 0 1 0
3n−2 0 0 0
]
+

1 1 2n−1
1 0 0 0
1 0 1 0
3n−3 0 0 0
+

2 n−2 n+1
2 0 0 0
n−2 0 1 0
2n−1 0 0 0
+

n+1 1 n−1
n 0 0 0
1 0 91 0
2n−2 0 0 0
+

1 1 2n−1
n+1 0 0 0
1 0 1 0
2n−3 0 0 0

+

n+2 1 n−2
n+1 0 0 0
1 0 91 0
2n−3 0 0 0
+

2 n−2 n+1
n+2 0 0 0
n−2 0 1 0
n−1 0 0 0
+

n+3 n−2
n+2 0 0
n−2 0 91
n−1 0 0


−

[ 1 2n
1 91 0
3n−2 0 0
]
+
[ 1 1 2n−1
1 0 1 0
3n−2 0 0 0
]
+

1 1 2n−1
1 0 0 0
1 0 1 0
3n−3 0 0 0

2051
+
2 n−2 n+1
2 0 0 0
n−2 0 1 0
2n−1 0 0 0
+

n+1 1 n−1
n 0 0 0
1 0 91 0
2n−2 0 0 0
+

1 1 2n−1
n+1 0 0 0
1 0 1 0
2n−3 0 0 0
+

n+2 1 n−2
n+1 0 0 0
1 0 91 0
2n−3 0 0 0
+

2 n−2 n+1
n+2 0 0 0
n−2 0 1 0
n−1 0 0 0
+

n+3 n−2
n+2 0 0
n−2 0 91
n−1 0 0


=
[2n+1
3n−1 0
]
3. g3 ·M I(6n+3,1)4→3 −M I(6n−1,5)4→3 · g4 = 0
g3 ·M I(6n+3,1)4→3 =


1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
+

1 1 n−2 2n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0


·
[2n+1
2n+1 1
n 0
]
=

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
 ·

1 n−1 1 n−1 1
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1
n−1 0 0 0 0 0
1 0 0 0 0 0

+

1 1 n−2 n+1 n
1 0 1 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
n−1 0 0 0 0 0
 ·

1 1 n−2 n+1
1 1 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0

=

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 1 0 0 0
n−1 0 1 0 91 0
1 0 0 0 0 0
n−1 0 1 0 91 0
+

1 1 n−2 n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0

=

1 1 1 n−3 1 1 1 n−3 1
1 91 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 1 0 0 0 91 0 0
n−3 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 1 0 0 0 91 0 0
n−3 0 0 0 1 0 0 0 91 0

+

1 1 n−3 1 1 1 n−2 1
1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−3 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0

=

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 1 0 0 0
n−1 0 1 0 91 0
1 0 0 0 0 0
n−1 0 1 0 91 0
+

1 1 n−2 n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0

M
I(6n−1,5)
4→3 · g4 =

[2n−1
2n−1 1
n 0
]
+
[ 1 2n−2
n+1 0 0
2n−2 0 1
] ·


1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
+

1 n−1 n+1
1 0 0 0
n−1 0 1 0
n−1 0 1 0


=

1 n−1 n−1
1 1 0 0
n−1 0 1 0
n−1 0 0 1
n 0 0 0
 ·

1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0

+

1 n−1 n−1
1 1 0 0
n−1 0 1 0
n−1 0 0 1
n 0 0 0
 ·

1 n−1 n+1
1 0 0 0
n−1 0 1 0
n−1 0 1 0
+

1 n−1 n−1
n+1 0 0 0
n−1 0 1 0
n−1 0 0 1
 ·

1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
+

1 n−1 n−1
n+1 0 0 0
n−1 0 1 0
n−1 0 0 1
 ·

1 n−1 n+1
1 0 0 0
n−1 0 1 0
n−1 0 1 0

=

1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
n 0 0 0 0 0
+

1 n−1 n+1
1 0 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
+

1 1 n−1 n−1 1
n+1 0 0 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
+

1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n−1 0 1 0

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=
1 1 n−2 1 1 1 n−3 1
1 91 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−3 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

+

1 1 1 n−3 1 n−1 1
1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−3 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−3 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

+

1 1 n−2 1 1 n−3 1 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0
n−3 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 91 0

+

1 1 n−3 1 1 n−1 1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0
n−3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0

=

1 1 n−2 1 1 n−2 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 1 0 0 91 0 0
n−2 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0
n−2 0 0 0 0 0 91 0

+

1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n−1 0 1 0

g3 ·M I(6n+3,1)4→3 −M I(6n−1,5)4→3 · g4 =


1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 1 0 0 0
n−1 0 1 0 91 0
1 0 0 0 0 0
n−1 0 1 0 91 0
+

1 1 n−2 n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0


−


1 1 n−2 1 1 n−2 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 1 0 0 91 0 0
n−2 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0
n−2 0 0 0 0 0 91 0

+

1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n−1 0 1 0


=

[ 1 2n
1 91 0
3n−2 0 0
]
+

1 n−1 n+1
1 0 0 0
n−1 0 1 0
2n−1 0 0 0
+

1 n−1 n+1
n 0 0 0
n−1 0 1 0
n 0 0 0
+

n+1 n−1 1
n 0 0 0
n−1 0 91 0
n 0 0 0
+ [
1 n−1 n+1
2n 0 0 0
n−1 0 1 0
]
+
[n+1 n−1 1
2n 0 0 0
n−1 0 91 0
]
+
[ 1 1 2n−1
1 0 1 0
3n−2 0 0 0
]
+

1 1 2n−1
n+1 0 0 0
1 0 1 0
2n−3 0 0 0
+

2 n−2 n+1
n+2 0 0 0
n−2 0 1 0
n−1 0 0 0


−

[ 1 2n
1 91 0
3n−2 0 0
]
+

1 n−1 n+1
1 0 0 0
n−1 0 1 0
2n−1 0 0 0
+

1 n−1 n+1
n 0 0 0
n−1 0 1 0
n 0 0 0

+

n+1 n−1 1
n 0 0 0
n−1 0 91 0
n 0 0 0
+ [
1 n−1 n+1
2n 0 0 0
n−1 0 1 0
]
+
[n+1 n−1 1
2n 0 0 0
n−1 0 91 0
]
+
[ 1 1 2n−1
1 0 1 0
3n−2 0 0 0
]
+

1 1 2n−1
n+1 0 0 0
1 0 1 0
2n−3 0 0 0
+

2 n−2 n+1
n+2 0 0 0
n−2 0 1 0
n−1 0 0 0


=
[2n+1
3n−1 0
]
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4. g4 ·M I(6n+3,1)5→4 −M I(6n−1,5)5→4 · g5 = 0
g4 ·M I(6n+3,1)5→4 =


1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
+

1 n−1 n+1
1 0 0 0
n−1 0 1 0
n−1 0 1 0


·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0

=

1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n−1 0 0
1 0 0
+

1 1 n−2 1 n
1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
 ·

1 n−2 1
1 1 0 0
1 1 0 0
n−2 0 1 0
1 0 0 1
n 0 0 0

=

1 n−1
1 0 0
n−1 0 0
n−1 0 0
+

1 n−2 1
1 0 0 0
1 1 0 0
n−2 0 1 0
1 1 0 0
n−2 0 1 0
 =

1 n−2 1
1 0 0 0
1 0 0 0
n−2 0 0 0
1 0 0 0
n−2 0 0 0
+

1 n−2 1
1 0 0 0
1 1 0 0
n−2 0 1 0
1 1 0 0
n−2 0 1 0
 =

n−1 1
1 0 0
n−1 1 0
n−1 1 0

M
I(6n−1,5)
5→4 · g5 =

n−1
1 0
n−1 1
n−1 1
 · [n−1 1n−1 1 0 ] =

n−1 1
1 0 0
n−1 1 0
n−1 1 0

g4 ·M I(6n+3,1)5→4 −M I(6n−1,5)5→4 · g5 =

n−1 1
1 0 0
n−1 1 0
n−1 1 0
−

n−1 1
1 0 0
n−1 1 0
n−1 1 0
 = [ n2n−1 0 ]
5. g3 ·M I(6n+3,1)6→3 −M I(6n−1,5)6→3 · g6 = 0
g3 ·M I(6n+3,1)6→3 =


1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
+

1 1 n−2 2n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0


·

1 2n
1 1 0
n 0 0
2n 0 1

=

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
 ·

1 n−1 1 n−1 1
1 1 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

+

1 1 n−2 1 2n
1 0 1 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
n−1 0 0 0 0 0
 ·

1 2n
1 1 0
1 0 0
n−2 0 0
1 0 0
2n 0 1

=

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
+

1 2n
1 0 0
n 0 0
1 0 0
n−2 0 0
n−1 0 0

=

1 1 1 n−3 1 1 1 n−3 1
1 91 0 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0
n−3 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91
1 0 91 0 0 0 1 0 0 0
1 0 0 91 0 0 0 1 0 0
n−3 0 0 0 91 0 0 0 1 0

+

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−3 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−3 0 0 0 0 0

=

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0

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M
I(6n−1,5)
6→3 · g6 =

1 2n−1
1 1 0
n−1 0 0
2n−1 0 1
 ·

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 =

1 n−1 1 n−1
1 1 0 0 0
n−1 0 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 ·

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 =

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0

g3 ·M I(6n+3,1)6→3 −M I(6n−1,5)6→3 · g6 =

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
−

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 =
[2n+1
3n−1 0
]
6. g6 ·M I(6n+3,1)7→6 −M I(6n−1,5)7→6 · g7 = 0
g6 ·M I(6n+3,1)7→6 =

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 ·
[ n
n+1 0
n 1
]
=

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 ·

n−1 1
1 0 0
n−1 0 0
1 0 0
n−1 1 0
1 0 1
 =

n−1 1
1 0 0
n−1 0 0
1 0 91
n−1 1 0
 =

n−1 1
n 0 0
1 0 91
n−1 1 0

M
I(6n−1,5)
7→6 · g7 =
[ n
n 0
n 1
]
·
[n−1 1
1 0 91
n−1 1 0
]
=

1 n−1
n 0 0
1 1 0
n−1 0 1
 · [
n−1 1
1 0 91
n−1 1 0
]
=

n−1 1
n 0 0
1 0 91
n−1 1 0

g6 ·M I(6n+3,1)7→6 −M I(6n−1,5)7→6 · g7 =

n−1 1
n 0 0
1 0 91
n−1 1 0
−

n−1 1
n 0 0
1 0 91
n−1 1 0
 = [ n2n 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n−1 1 1
n−1 1 0 0
1 0 0 91
]
·

1
n−1 0
1 1
1 0
 = [ 1n 0 ]
2. g2 · f2 = 0
g2 · f2 =


1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
+
[ 1 1 2n−1
1 0 1 0
2n−1 0 0 0
]

·

1
n 0
1 1
n 0

=

1 n−1 1 1 n−1
1 91 0 0 0 0
n−1 0 1 0 0 0
1 0 0 0 91 0
n−1 0 91 0 0 91
 ·

1
1 0
n−1 0
1 1
1 0
n−1 0
+
[ 1 1 n−2 1 n
1 0 1 0 0 0
2n−1 0 0 0 0 0
]
·

1
1 0
1 0
n−2 0
1 1
n 0
 =

1
1 0
n−1 0
1 0
n−1 0
+
[ 1
1 0
2n−1 0
]
=

1
1 0
n−1 0
1 0
n−1 0
+

1
1 0
n−1 0
1 0
n−1 0
 =
[ 1
2n 0
]
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3. g3 · f3 = 0
g3 · f3 =


1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
+

1 1 n−2 2n+1
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n−1 0 0 0 0


·

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0

=

1 n−1 1 n−1 1 n−1 1
1 91 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
n−1 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91
n−1 0 1 0 91 0 1 0
 ·

1 1
1 0 0
n−1 0 0
1 1 91
n−1 0 0
1 1 0
n−1 0 0
1 0 0

+

1 1 n−2 1 n−1 1 n
1 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 0
 ·

1 1
1 0 0
1 0 0
n−2 0 0
1 1 91
n−1 0 0
1 1 0
n 0 0

=

1 1
1 0 0
n−1 0 0
n−1 0 0
1 0 0
n−1 0 0
+

1 1
1 0 0
n 0 0
1 0 0
n−2 0 0
n−1 0 0
 =

1 1
1 0 0
n−1 0 0
1 0 0
1 0 0
n−3 0 0
1 0 0
n−1 0 0

+

1 1
1 0 0
n−1 0 0
1 0 0
1 0 0
n−3 0 0
1 0 0
n−1 0 0

=
[ 2
3n−1 0
]
4. g4 · f4 = 0
g4 · f4 =


1 1 n−1 n−1 1
1 91 1 0 0 0
n−1 0 0 0 0 0
n−1 0 0 0 91 0
+

1 n−1 n+1
1 0 0 0
n−1 0 1 0
n−1 0 1 0


·

1 1
n 0 0
1 1 91
n−1 0 0
1 1 0

=

1 1 n−2 1 n−1 1
1 91 1 0 0 0 0
n−1 0 0 0 0 0 0
n−1 0 0 0 0 91 0
 ·

1 1
1 0 0
1 0 0
n−2 0 0
1 1 91
n−1 0 0
1 1 0

+

1 n−1 1 n−1 1
1 0 0 0 0 0
n−1 0 1 0 0 0
n−1 0 1 0 0 0
 ·

1 1
1 0 0
n−1 0 0
1 1 91
n−1 0 0
1 1 0
 =

1 1
1 0 0
n−1 0 0
n−1 0 0
+

1 1
1 0 0
n−1 0 0
n−1 0 0
 = [ 22n−1 0 ]
5. g5 · f5 = 0
g5 · f5 =
[n−1 1
n−1 1 0
]
·
[ 1
n−1 0
1 91
]
=
[ 1
n−1 0
]
6. g6 · f6 = 0
g6 · f6 =

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 ·

1
n 0
1 1
n 0
 =

1 n−1 1 n−1 1
1 91 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 0 91
n−1 0 91 0 1 0
 ·

1
1 0
n−1 0
1 1
n−1 0
1 0
 =
[ 1
2n 0
]
7. g7 · f7 = 0
g7 · f7 =
[n−1 1
1 0 91
n−1 1 0
]
·
[ 0
n 0
]
=
[n−1 1
1 0 91
n−1 1 0
]
·
[ 0
n−1 0
1 0
]
=
[ 0
n 0
]
139.5.2 0→ R1∞(1) f→ I(6n+ 3, 1) g→ I(6n, 1)→ 0 
PdimR
1
∞(1) + dimI(6n, 1) = (0, 1, 1, 1, 0, 1, 0) + (n+ 1, 2n, 3n, 2n, n, 2n, n)
= (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n) = dimI(6n+ 3, 1)
Pdimk Ext
1
kQ(I(6n, 1), R
1
∞(1)) = dimk HomkQ(I(6n, 1), R
1
∞(1))− 〈dimI(6n, 1),dimR1∞(1)〉
= 0− 〈(n+ 1, 2n, 3n, 2n, n, 2n, n), (0, 1, 1, 1, 0, 1, 0)〉
= (n+ 1) · 1 + 2n · 1 + 2n · 1 + n · 1 + 2n · 1 + n · 1− ((n+ 1) · 0 + 2n · 1 + 3n · 1 + 2n · 1 + n · 0 + 2n · 1 + n · 0)
= n+ 1 + 2n+ 2n+ n+ 2n+ n− (0 + 2n+ 3n+ 2n+ 0 + 2n+ 0)
= 1
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Matrices of the embedding f : R1∞(1)→ I(6n+ 3, 1) P
1. f1 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
2. f2 =
[ 1
1 1
2n 0
]
∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
[ 1
1 1
3n 0
]
∈M3n+1,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 1
1 1
2n 0
]
∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
6. f6 =
[ 1
1 1
2n 0
]
∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
Matrices of the projection g : I(6n+ 3, 1)→ I(6n, 1) P
1. g1 =
[n+1
n+1 1
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n
2n 0 1
]
∈M2n,2n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n
3n 0 1
]
∈M3n,3n+1(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 2n
2n 0 1
]
∈M2n,2n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n
2n 0 1
]
∈M2n,2n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(6n+ 3, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(6n+3,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
2n 0
]
·
[ 0
1 0
]
=
[ 0
2n+1 0
]
M
I(6n+3,1)
1→2 · f1 =


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

·
[ 0
n+1 0
]
=

n+1
1 0
n+1 1
n−1 0
 · [ 0n+1 0 ]+ [
n−1 2
n+2 0 0
n−1 1 0
]
·
[ 0
n−1 0
2 0
]
=

0
1 0
n+1 0
n−1 0
+ [
0
n+2 0
n−1 0
]
=

0
1 0
n+1 0
n−1 0
+

0
1 0
n+1 0
n−1 0
 = [ 02n+1 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(6n+3,1)1→2 · f1 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(6n+3,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
3n 0
]
·
[
1
]
=
[ 1
1 1
3n 0
]
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M
I(6n+3,1)
2→3 · f2 =

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] ·
[ 1
1 1
2n 0
]
=

1 2n
1 1 0
2n 0 1
n 0 0
 · [
1
1 1
2n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
·
[ 1
1 1
2n 0
]
=

1
1 1
2n 0
n 0
+ [
1
n+1 0
2n 0
]
=

1
1 1
n 0
n 0
n 0
+

1
1 0
n 0
n 0
n 0
 =
[ 1
1 1
3n 0
]
f3 ·MR
1
∞(1)
2→3 −M I(6n+3,1)2→3 · f2 =
[ 1
1 1
3n 0
]
−
[ 1
1 1
3n 0
]
=
[ 1
3n+1 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(6n+3,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
3n 0
]
·
[
1
]
=
[ 1
1 1
3n 0
]
M
I(6n+3,1)
4→3 · f4 =
[2n+1
2n+1 1
n 0
]
·
[ 1
1 1
2n 0
]
=

1 2n
1 1 0
2n 0 1
n 0 0
 · [
1
1 1
2n 0
]
=

1
1 1
2n 0
n 0
 = [
1
1 1
3n 0
]
f3 ·MR
1
∞(1)
4→3 −M I(6n+3,1)4→3 · f4 =
[ 1
1 1
3n 0
]
−
[ 1
1 1
3n 0
]
=
[ 1
3n+1 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(6n+3,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
2n 0
]
·
[ 0
1 0
]
=
[ 0
2n+1 0
]
M
I(6n+3,1)
5→4 · f5 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ·
[ 0
n 0
]
=

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ·
[ 0
1 0
n−1 0
]
=
[ 0
2n+1 0
]
f4 ·MR
1
∞(1)
5→4 −M I(6n+3,1)5→4 · f5 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(6n+3,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
3n 0
]
·
[
1
]
=
[ 1
1 1
3n 0
]
M
I(6n+3,1)
6→3 · f6 =

1 2n
1 1 0
n 0 0
2n 0 1
 · [
1
1 1
2n 0
]
=

1
1 1
n 0
2n 0
 = [
1
1 1
3n 0
]
f3 ·MR
1
∞(1)
6→3 −M I(6n+3,1)6→3 · f6 =
[ 1
1 1
3n 0
]
−
[ 1
1 1
3n 0
]
=
[ 1
3n+1 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(6n+3,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
2n 0
]
·
[ 0
1 0
]
=
[ 0
2n+1 0
]
M
I(6n+3,1)
7→6 · f7 =
[ n
n+1 0
n 1
]
·
[ 0
n 0
]
=
[ 0
2n+1 0
]
f6 ·MR
1
∞(1)
7→6 −M I(6n+3,1)7→6 · f7 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
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Relations of the projection g : I(6n+ 3, 1)→ I(6n, 1) P
1. g2 ·M I(6n+3,1)1→2 −M I(6n,1)1→2 · g1 = 0
g2 ·M I(6n+3,1)1→2 =
[ 1 2n
2n 0 1
]
·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=
[ 1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
]
·

n+1
1 0
n+1 1
n−1 0
+ [
1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
]
·

n−1 2
1 0 0
n+1 0 0
n−1 1 0

=
[n+1
n+1 1
n−1 0
]
+
[n−1 2
n+1 0 0
n−1 1 0
]
=

n−1 2
n−1 1 0
2 0 1
n−1 0 0
+

n−1 2
n−1 0 0
2 0 0
n−1 1 0
 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0

M
I(6n,1)
1→2 · g1 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [n+1n+1 1 ] =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
n−1 2
n−1 1 0
2 0 1
]
=

n−1 2
n−1 1 0
2 0 1
n−1 1 0

g2 ·M I(6n+3,1)1→2 −M I(6n,1)1→2 · g1 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
−

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 = [n+12n 0 ]
2. g3 ·M I(6n+3,1)2→3 −M I(6n,1)2→3 · g2 = 0
g3 ·M I(6n+3,1)2→3 =
[ 1 3n
3n 0 1
]
·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] =
[ 1 2n n
2n 0 1 0
n 0 0 1
]
·

1 2n
1 1 0
2n 0 1
n 0 0
+ [
1 n 2n
n 0 1 0
2n 0 0 1
]
·

1 2n
1 0 0
n 0 0
2n 0 1

=
[ 1 2n
2n 0 1
n 0 0
]
+
[ 1 2n
n 0 0
2n 0 1
]
=

1 n n
n 0 1 0
n 0 0 1
n 0 0 0
+

1 n n
n 0 0 0
n 0 1 0
n 0 0 1
 =

1 n n
n 0 1 0
n 0 1 1
n 0 0 1

M
I(6n,1)
2→3 · g2 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[ 1 2n
2n 0 1
]
=
[2n
2n 1
n 0
]
·
[ 1 2n
2n 0 1
]
+
[2n
n 0
2n 1
]
·
[ 1 2n
2n 0 1
]
=
[ 1 2n
2n 0 1
n 0 0
]
+
[ 1 2n
n 0 0
2n 0 1
]
=

1 n n
n 0 1 0
n 0 0 1
n 0 0 0
+

1 n n
n 0 0 0
n 0 1 0
n 0 0 1
 =

1 n n
n 0 1 0
n 0 1 1
n 0 0 1

g3 ·M I(6n+3,1)2→3 −M I(6n,1)2→3 · g2 =

1 n n
n 0 1 0
n 0 1 1
n 0 0 1
−

1 n n
n 0 1 0
n 0 1 1
n 0 0 1
 = [2n+13n 0 ]
3. g3 ·M I(6n+3,1)4→3 −M I(6n,1)4→3 · g4 = 0
g3 ·M I(6n+3,1)4→3 =
[ 1 3n
3n 0 1
]
·
[2n+1
2n+1 1
n 0
]
=
[ 1 2n n
2n 0 1 0
n 0 0 1
]
·

1 2n
1 1 0
2n 0 1
n 0 0
 = [
1 2n
2n 0 1
n 0 0
]
M
I(6n,1)
4→3 · g4 =
[2n
2n 1
n 0
]
·
[ 1 2n
2n 0 1
]
=
[ 1 2n
2n 0 1
n 0 0
]
g3 ·M I(6n+3,1)4→3 −M I(6n,1)4→3 · g4 =
[ 1 2n
2n 0 1
n 0 0
]
−
[ 1 2n
2n 0 1
n 0 0
]
=
[2n+1
3n 0
]
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4. g4 ·M I(6n+3,1)5→4 −M I(6n,1)5→4 · g5 = 0
g4 ·M I(6n+3,1)5→4 =
[ 1 2n
2n 0 1
]
·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 1 n−1 n
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
1 1 0
n−1 0 1
n 0 0
 = [
n
n 1
n 0
]
M
I(6n,1)
5→4 · g5 =
[ n
n 1
n 0
]
·
[ n
n 1
]
=
[ n
n 1
n 0
]
g4 ·M I(6n+3,1)5→4 −M I(6n,1)5→4 · g5 =
[ n
n 1
n 0
]
−
[ n
n 1
n 0
]
=
[ n
2n 0
]
5. g3 ·M I(6n+3,1)6→3 −M I(6n,1)6→3 · g6 = 0
g3 ·M I(6n+3,1)6→3 =
[ 1 3n
3n 0 1
]
·

1 2n
1 1 0
n 0 0
2n 0 1
 = [
1 n 2n
n 0 1 0
2n 0 0 1
]
·

1 2n
1 1 0
n 0 0
2n 0 1
 = [
1 2n
n 0 0
2n 0 1
]
M
I(6n,1)
6→3 · g6 =
[2n
n 0
2n 1
]
·
[ 1 2n
2n 0 1
]
=
[ 1 2n
n 0 0
2n 0 1
]
g3 ·M I(6n+3,1)6→3 −M I(6n,1)6→3 · g6 =
[ 1 2n
n 0 0
2n 0 1
]
−
[ 1 2n
n 0 0
2n 0 1
]
=
[2n+1
3n 0
]
6. g6 ·M I(6n+3,1)7→6 −M I(6n,1)7→6 · g7 = 0
g6 ·M I(6n+3,1)7→6 =
[ 1 2n
2n 0 1
]
·
[ n
n+1 0
n 1
]
=
[ 1 n n
n 0 1 0
n 0 0 1
]
·

n
1 0
n 0
n 1
 = [
n
n 0
n 1
]
M
I(6n,1)
7→6 · g7 =
[ n
n 0
n 1
]
·
[ n
n 1
]
=
[ n
n 0
n 1
]
g6 ·M I(6n+3,1)7→6 −M I(6n,1)7→6 · g7 =
[ n
n 0
n 1
]
−
[ n
n 0
n 1
]
=
[ n
2n 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1
n+1 1
]
·
[ 0
n+1 0
]
=
[ 0
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n
2n 0 1
]
·
[ 1
1 1
2n 0
]
=
[ 1
2n 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3n
3n 0 1
]
·
[ 1
1 1
3n 0
]
=
[ 1
3n 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 1 2n
2n 0 1
]
·
[ 1
1 1
2n 0
]
=
[ 1
2n 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n
2n 0 1
]
·
[ 1
1 1
2n 0
]
=
[ 1
2n 0
]
7. g7 · f7 = 0
g7 · f7 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
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140 Tree module property of I(6n+ 4, 1)
140.1 Tree module property of I(4, 1) 
The matrices of the representation have full (column) rank P
1. M I(4,1)1→2 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. M I(4,1)2→3 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
3. M I(4,1)4→3 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
4. M I(4,1)5→4 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
5. M I(4,1)6→3 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. M I(4,1)7→6 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
140.1.1 0→ R21(2) f→ I(4, 1) g→ I(0, 7)→ 0 
PdimR21(2) + dimI(0, 7) = (1, 2, 2, 1, 1, 1, 0) + (0, 0, 0, 0, 0, 0, 1)
= (1, 2, 2, 1, 1, 1, 1) = dimI(4, 1)
Pdimk Ext
1
kQ(I(0, 7), R
2
1(2)) = dimk HomkQ(I(0, 7), R
2
1(2))− 〈dimI(0, 7),dimR21(2)〉
= 0− 〈(0, 0, 0, 0, 0, 0, 1), (1, 2, 2, 1, 1, 1, 0)〉
= 0 · 2 + 0 · 2 + 0 · 2 + 0 · 1 + 0 · 2 + 1 · 1− (0 · 1 + 0 · 2 + 0 · 2 + 0 · 1 + 0 · 1 + 0 · 1 + 1 · 0)
= 0 + 0 + 0 + 0 + 0 + 1− (0 + 0 + 0 + 0 + 0 + 0 + 0)
= 1
Matrices of the embedding f : R21(2)→ I(4, 1) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f2 =
[ 2
2 1′
]
3. f3 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f3 =
[ 2
2 1′
]
4. f4 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
5. f5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. f6 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(4, 1)→ I(0, 7) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
3. g3 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
4. g4 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
5. g5 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
6. g6 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : R21(2)→ I(4, 1) P
1. f2 ·MR
2
1(2)
1→2 −M I(4,1)1→2 · f1 = 0
f2 ·MR
2
1(2)
1→2 =
[ 2
2 1′
]
·
[
0
1
]
=
[
0 1
1 0
]
·
[
0
1
]
=
[
1
0
]
M
I(4,1)
1→2 · f1 =
[
1
0
]
·
[
1
]
=
[
1
0
]
f2 ·MR
2
1(2)
1→2 −M I(4,1)1→2 · f1 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
2. f3 ·MR
2
1(2)
2→3 −M I(4,1)2→3 · f2 = 0
f3 ·MR
2
1(2)
2→3 =
[ 2
2 1′
]
·
[ 2
2 1
]
=
[ 2
2 1′
]
M
I(4,1)
2→3 · f2 =
[ 2
2 1
]
·
[ 2
2 1′
]
=
[ 2
2 1′
]
f3 ·MR
2
1(2)
2→3 −M I(4,1)2→3 · f2 =
[ 2
2 1′
]
−
[ 2
2 1′
]
=
[ 2
2 0
]
3. f3 ·MR
2
1(2)
4→3 −M I(4,1)4→3 · f4 = 0
f3 ·MR
2
1(2)
4→3 =
[ 2
2 1′
]
·
[
1
0
]
=
[
0 1
1 0
]
·
[
1
0
]
=
[
0
1
]
M
I(4,1)
4→3 · f4 =
[
0
1
]
·
[
1
]
=
[
0
1
]
f3 ·MR
2
1(2)
4→3 −M I(4,1)4→3 · f4 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
4. f4 ·MR
2
1(2)
5→4 −M I(4,1)5→4 · f5 = 0
f4 ·MR
2
1(2)
5→4 =
[
1
]
·
[
1
]
=
[
1
]
M
I(4,1)
5→4 · f5 =
[
1
]
·
[
1
]
=
[
1
]
f4 ·MR
2
1(2)
5→4 −M I(4,1)5→4 · f5 =
[
1
]
−
[
1
]
=
[
0
]
5. f3 ·MR
2
1(2)
6→3 −M I(4,1)6→3 · f6 = 0
f3 ·MR
2
1(2)
6→3 =
[ 2
2 1′
]
·
[
1
1
]
=
[
0 1
1 0
]
·
[
1
1
]
=
[
1
1
]
M
I(4,1)
6→3 · f6 =
[
1
1
]
·
[
1
]
=
[
1
1
]
f3 ·MR
2
1(2)
6→3 −M I(4,1)6→3 · f6 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
6. f6 ·MR
2
1(2)
7→6 −M I(4,1)7→6 · f7 = 0
f6 ·MR
2
1(2)
7→6 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
M
I(4,1)
7→6 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
f6 ·MR
2
1(2)
7→6 −M I(4,1)7→6 · f7 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
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Relations of the projection g : I(4, 1)→ I(0, 7) P
1. g2 ·M I(4,1)1→2 −M I(0,7)1→2 · g1 = 0
g2 ·M I(4,1)1→2 =
[ 2
0 0
]
·
[
1
0
]
=
[ 1 1
0 0 0
]
·
[
1
0
]
=
[ 1
0 0
]
M
I(0,7)
1→2 · g1 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g2 ·M I(4,1)1→2 −M I(0,7)1→2 · g1 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
2. g3 ·M I(4,1)2→3 −M I(0,7)2→3 · g2 = 0
g3 ·M I(4,1)2→3 =
[ 2
0 0
]
·
[ 2
2 1
]
=
[ 2
0 0
]
M
I(0,7)
2→3 · g2 =
[ 0
0 0
]
·
[ 2
0 0
]
=
[ 2
0 0
]
g3 ·M I(4,1)2→3 −M I(0,7)2→3 · g2 =
[ 2
0 0
]
−
[ 2
0 0
]
=
[ 2
0 0
]
3. g3 ·M I(4,1)4→3 −M I(0,7)4→3 · g4 = 0
g3 ·M I(4,1)4→3 =
[ 2
0 0
]
·
[
0
1
]
=
[ 1 1
0 0 0
]
·
[
0
1
]
=
[ 1
0 0
]
M
I(0,7)
4→3 · g4 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g3 ·M I(4,1)4→3 −M I(0,7)4→3 · g4 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
4. g4 ·M I(4,1)5→4 −M I(0,7)5→4 · g5 = 0
g4 ·M I(4,1)5→4 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
M
I(0,7)
5→4 · g5 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g4 ·M I(4,1)5→4 −M I(0,7)5→4 · g5 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
5. g3 ·M I(4,1)6→3 −M I(0,7)6→3 · g6 = 0
g3 ·M I(4,1)6→3 =
[ 2
0 0
]
·
[
1
1
]
=
[ 1 1
0 0 0
]
·
[
1
1
]
=
[ 1
0 0
]
M
I(0,7)
6→3 · g6 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g3 ·M I(4,1)6→3 −M I(0,7)6→3 · g6 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
6. g6 ·M I(4,1)7→6 −M I(0,7)7→6 · g7 = 0
g6 ·M I(4,1)7→6 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
M
I(0,7)
7→6 · g7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
g6 ·M I(4,1)7→6 −M I(0,7)7→6 · g7 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2
0 0
]
·
[ 2
2 1′
]
=
[ 2
0 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2
0 0
]
·
[ 2
2 1′
]
=
[ 2
0 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
140.1.2 0→ R20(1) f→ I(4, 1) g→ I(2, 7)→ 0 
PdimR20(1) + dimI(2, 7) = (0, 1, 1, 0, 0, 1, 1) + (1, 1, 1, 1, 1, 0, 0)
= (1, 2, 2, 1, 1, 1, 1) = dimI(4, 1)
Pdimk Ext
1
kQ(I(2, 7), R
2
0(1)) = dimk HomkQ(I(2, 7), R
2
0(1))− 〈dimI(2, 7),dimR20(1)〉
= 0− 〈(1, 1, 1, 1, 1, 0, 0), (0, 1, 1, 0, 0, 1, 1)〉
= 1 · 1 + 1 · 1 + 1 · 1 + 1 · 0 + 0 · 1 + 0 · 1− (1 · 0 + 1 · 1 + 1 · 1 + 1 · 0 + 1 · 0 + 0 · 1 + 0 · 1)
= 1 + 1 + 1 + 0 + 0 + 0− (0 + 1 + 1 + 0 + 0 + 0 + 0)
= 1
Matrices of the embedding f : R20(1)→ I(4, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
7. f7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Matrices of the projection g : I(4, 1)→ I(2, 7) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
Relations of the embedding f : R20(1)→ I(4, 1) P
1. f2 ·MR
2
0(1)
1→2 −M I(4,1)1→2 · f1 = 0
f2 ·MR
2
0(1)
1→2 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(4,1)
1→2 · f1 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f2 ·MR
2
0(1)
1→2 −M I(4,1)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·MR
2
0(1)
2→3 −M I(4,1)2→3 · f2 = 0
f3 ·MR
2
0(1)
2→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(4,1)
2→3 · f2 =
[ 2
2 1
]
·
[
1
1
]
=
[
1 0
0 1
]
·
[
1
1
]
=
[
1
1
]
f3 ·MR
2
0(1)
2→3 −M I(4,1)2→3 · f2 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
3. f3 ·MR
2
0(1)
4→3 −M I(4,1)4→3 · f4 = 0
f3 ·MR
2
0(1)
4→3 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(4,1)
4→3 · f4 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f3 ·MR
2
0(1)
4→3 −M I(4,1)4→3 · f4 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
4. f4 ·MR
2
0(1)
5→4 −M I(4,1)5→4 · f5 = 0
f4 ·MR
2
0(1)
5→4 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
M
I(4,1)
5→4 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
f4 ·MR
2
0(1)
5→4 −M I(4,1)5→4 · f5 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
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5. f3 ·MR
2
0(1)
6→3 −M I(4,1)6→3 · f6 = 0
f3 ·MR
2
0(1)
6→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(4,1)
6→3 · f6 =
[
1
1
]
·
[
1
]
=
[
1
1
]
f3 ·MR
2
0(1)
6→3 −M I(4,1)6→3 · f6 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
6. f6 ·MR
2
0(1)
7→6 −M I(4,1)7→6 · f7 = 0
f6 ·MR
2
0(1)
7→6 =
[
1
]
·
[
1
]
=
[
1
]
M
I(4,1)
7→6 · f7 =
[
1
]
·
[
1
]
=
[
1
]
f6 ·MR
2
0(1)
7→6 −M I(4,1)7→6 · f7 =
[
1
]
−
[
1
]
=
[
0
]
Relations of the projection g : I(4, 1)→ I(2, 7) P
1. g2 ·M I(4,1)1→2 −M I(2,7)1→2 · g1 = 0
g2 ·M I(4,1)1→2 =
[
1 91
]
·
[
1
0
]
=
[
1
]
M
I(2,7)
1→2 · g1 =
[
1
]
·
[
1
]
=
[
1
]
g2 ·M I(4,1)1→2 −M I(2,7)1→2 · g1 =
[
1
]
−
[
1
]
=
[
0
]
2. g3 ·M I(4,1)2→3 −M I(2,7)2→3 · g2 = 0
g3 ·M I(4,1)2→3 =
[
1 91
]
·
[ 2
2 1
]
=
[
1 91
]
·
[
1 0
0 1
]
=
[
1 91
]
M
I(2,7)
2→3 · g2 =
[
1
]
·
[
1 91
]
=
[
1 91
]
g3 ·M I(4,1)2→3 −M I(2,7)2→3 · g2 =
[
1 91
]
−
[
1 91
]
=
[ 2
1 0
]
3. g3 ·M I(4,1)4→3 −M I(2,7)4→3 · g4 = 0
g3 ·M I(4,1)4→3 =
[
1 91
]
·
[
0
1
]
=
[
91
]
M
I(2,7)
4→3 · g4 =
[
1
]
·
[
91
]
=
[
91
]
g3 ·M I(4,1)4→3 −M I(2,7)4→3 · g4 =
[
91
]
−
[
91
]
=
[
0
]
4. g4 ·M I(4,1)5→4 −M I(2,7)5→4 · g5 = 0
g4 ·M I(4,1)5→4 =
[
91
]
·
[
1
]
=
[
91
]
M
I(2,7)
5→4 · g5 =
[
1
]
·
[
91
]
=
[
91
]
g4 ·M I(4,1)5→4 −M I(2,7)5→4 · g5 =
[
91
]
−
[
91
]
=
[
0
]
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5. g3 ·M I(4,1)6→3 −M I(2,7)6→3 · g6 = 0
g3 ·M I(4,1)6→3 =
[
1 91
]
·
[
1
1
]
=
[
0
]
M
I(2,7)
6→3 · g6 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g3 ·M I(4,1)6→3 −M I(2,7)6→3 · g6 =
[
0
]
−
[
0
]
=
[
0
]
6. g6 ·M I(4,1)7→6 −M I(2,7)7→6 · g7 = 0
g6 ·M I(4,1)7→6 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
M
I(2,7)
7→6 · g7 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g6 ·M I(4,1)7→6 −M I(2,7)7→6 · g7 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 91
]
·
[
1
1
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 91
]
·
[
1
1
]
=
[
0
]
4. g4 · f4 = 0
g4 · f4 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
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140.2 Tree module property of I(10, 1) 
The matrices of the representation have full (column) rank P
1. M I(10,1)1→2 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. M I(10,1)2→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
3. M I(10,1)4→3 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
4. M I(10,1)5→4 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
5. M I(10,1)6→3 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. M I(10,1)7→6 =
1 00 1
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
140.2.1 0→ R21(2) f→ I(10, 1) g→ I(6, 7)→ 0 
PdimR21(2) + dimI(6, 7) = (1, 2, 2, 1, 1, 1, 0) + (1, 2, 3, 2, 1, 2, 2)
= (2, 4, 5, 3, 2, 3, 2) = dimI(10, 1)
Pdimk Ext
1
kQ(I(6, 7), R
2
1(2)) = dimk HomkQ(I(6, 7), R
2
1(2))− 〈dimI(6, 7),dimR21(2)〉
= 0− 〈(1, 2, 3, 2, 1, 2, 2), (1, 2, 2, 1, 1, 1, 0)〉
= 1 · 2 + 2 · 2 + 2 · 2 + 1 · 1 + 2 · 2 + 2 · 1− (1 · 1 + 2 · 2 + 3 · 2 + 2 · 1 + 1 · 1 + 2 · 1 + 2 · 0)
= 2 + 4 + 4 + 1 + 4 + 2− (1 + 4 + 6 + 2 + 1 + 2 + 0)
= 1
Matrices of the embedding f : R21(2)→ I(10, 1) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
0 1
0 0
1 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

0 0
0 1
0 0
1 0
 c1↔c2−−−−→

0 0
1 0
0 0
0 1

3. f3 =

0 0
0 1
0 0
1 0
0 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

0 0
0 1
0 0
1 0
0 0

c1↔c2−−−−→

0 0
1 0
0 0
0 1
0 0

4. f4 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : I(10, 1)→ I(6, 7) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1 0
1 0 0 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[
0 0 1 0
1 0 0 0
]
r1↔r2−−−−→
[
1 0 0 0
0 0 1 0
]
3. g3 =
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 r1↔r3−−−−→
1 0 0 0 00 0 1 0 0
0 0 0 0 1

4. g4 =
[
0 0 1
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[
0 0 1
1 0 0
]
r1↔r2−−−−→
[
1 0 0
0 0 1
]
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[
0 0 1
1 0 0
]
r1↔r2−−−−→
[
1 0 0
0 0 1
]
7. g7 =
[
0 1
1 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2
2 1′
]
Relations of the embedding f : R21(2)→ I(10, 1) P
1. f2 ·MR
2
1(2)
1→2 −M I(10,1)1→2 · f1 = 0
f2 ·MR
2
1(2)
1→2 =

0 0
0 1
0 0
1 0
 ·
[
0
1
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

M
I(10,1)
1→2 · f1 =
[ 2
2 1
2 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [0
1
]
=

1
1 0
1 1
2 0

f2 ·MR
2
1(2)
1→2 −M I(10,1)1→2 · f1 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
2. f3 ·MR
2
1(2)
2→3 −M I(10,1)2→3 · f2 = 0
f3 ·MR
2
1(2)
2→3 =

0 0
0 1
0 0
1 0
0 0
 ·
[ 2
2 1
]
=

0 0
0 1
0 0
1 0
0 0
 ·
[
1 0
0 1
]
=

0 0
0 1
0 0
1 0
0 0

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M
I(10,1)
2→3 · f2 =
[ 4
4 1
1 0
]
·

0 0
0 1
0 0
1 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ·

0 0
0 1
0 0
1 0
 =

0 0
0 1
0 0
1 0
0 0

f3 ·MR
2
1(2)
2→3 −M I(10,1)2→3 · f2 =

0 0
0 1
0 0
1 0
0 0
−

0 0
0 1
0 0
1 0
0 0
 =
[ 2
5 0
]
3. f3 ·MR
2
1(2)
4→3 −M I(10,1)4→3 · f4 = 0
f3 ·MR
2
1(2)
4→3 =

0 0
0 1
0 0
1 0
0 0
 ·
[
1
0
]
=

0
0
0
1
0
 =

1
3 0
1 1
1 0

M
I(10,1)
4→3 · f4 =
[ 3
2 0
3 1
]
·
01
0
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·
01
0
 =

1
2 0
1 0
1 1
1 0
 =

1
3 0
1 1
1 0

f3 ·MR
2
1(2)
4→3 −M I(10,1)4→3 · f4 =

1
3 0
1 1
1 0
−

1
3 0
1 1
1 0
 = [ 15 0 ]
4. f4 ·MR
2
1(2)
5→4 −M I(10,1)5→4 · f5 = 0
f4 ·MR
2
1(2)
5→4 =
01
0
 · [1] =
01
0

M
I(10,1)
5→4 · f5 =
[ 2
1 0
2 1
]
·
[
1
0
]
=
0 01 0
0 1
 · [1
0
]
=
01
0

f4 ·MR
2
1(2)
5→4 −M I(10,1)5→4 · f5 =
01
0
−
01
0
 = [ 13 0 ]
5. f3 ·MR
2
1(2)
6→3 −M I(10,1)6→3 · f6 = 0
f3 ·MR
2
1(2)
6→3 =

0 0
0 1
0 0
1 0
0 0
 ·
[
1
1
]
=

0
1
0
1
0

M
I(10,1)
6→3 · f6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
01
0
 =

0
1
0
1
0

f3 ·MR
2
1(2)
6→3 −M I(10,1)6→3 · f6 =

0
1
0
1
0
−

0
1
0
1
0
 =
[ 1
5 0
]
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6. f6 ·MR
2
1(2)
7→6 −M I(10,1)7→6 · f7 = 0
f6 ·MR
2
1(2)
7→6 =
01
0
 · [ 01 0 ] = [ 03 0 ]
M
I(10,1)
7→6 · f7 =
1 00 1
0 1
 · [ 02 0 ] =
1 00 1
0 1
 · [
0
1 0
1 0
]
=
[ 0
3 0
]
f6 ·MR
2
1(2)
7→6 −M I(10,1)7→6 · f7 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
Relations of the projection g : I(10, 1)→ I(6, 7) P
1. g2 ·M I(10,1)1→2 −M I(6,7)1→2 · g1 = 0
g2 ·M I(10,1)1→2 =
[
0 0 1 0
1 0 0 0
]
·
[ 2
2 1
2 0
]
=
[
0 0 1 0
1 0 0 0
]
·

1 0
0 1
0 0
0 0
 =
[
0 0
1 0
]
M
I(6,7)
1→2 · g1 =
[
0
1
]
·
[
1 0
]
=
[
0 0
1 0
]
g2 ·M I(10,1)1→2 −M I(6,7)1→2 · g1 =
[
0 0
1 0
]
−
[
0 0
1 0
]
=
[ 2
2 0
]
2. g3 ·M I(10,1)2→3 −M I(6,7)2→3 · g2 = 0
g3 ·M I(10,1)2→3 =
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 · [
4
4 1
1 0
]
=
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 =
0 0 0 00 0 1 0
1 0 0 0

M
I(6,7)
2→3 · g2 =
[ 2
1 0
2 1
]
·
[
0 0 1 0
1 0 0 0
]
=
0 01 0
0 1
 · [0 0 1 0
1 0 0 0
]
=
0 0 0 00 0 1 0
1 0 0 0

g3 ·M I(10,1)2→3 −M I(6,7)2→3 · g2 =
0 0 0 00 0 1 0
1 0 0 0
−
0 0 0 00 0 1 0
1 0 0 0
 = [ 43 0 ]
3. g3 ·M I(10,1)4→3 −M I(6,7)4→3 · g4 = 0
g3 ·M I(10,1)4→3 =
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 · [
3
2 0
3 1
]
=
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 ·

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 =
0 0 11 0 0
0 0 0

M
I(6,7)
4→3 · g4 =
[ 2
2 1
1 0
]
·
[
0 0 1
1 0 0
]
=
1 00 1
0 0
 · [0 0 1
1 0 0
]
=
0 0 11 0 0
0 0 0

g3 ·M I(10,1)4→3 −M I(6,7)4→3 · g4 =
0 0 11 0 0
0 0 0
−
0 0 11 0 0
0 0 0
 = [ 33 0 ]
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4. g4 ·M I(10,1)5→4 −M I(6,7)5→4 · g5 = 0
g4 ·M I(10,1)5→4 =
[
0 0 1
1 0 0
]
·
[ 2
1 0
2 1
]
=
[
0 0 1
1 0 0
]
·
0 01 0
0 1
 = [0 1
0 0
]
M
I(6,7)
5→4 · g5 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g4 ·M I(10,1)5→4 −M I(6,7)5→4 · g5 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
5. g3 ·M I(10,1)6→3 −M I(6,7)6→3 · g6 = 0
g3 ·M I(10,1)6→3 =
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 ·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =
0 0 11 0 1
1 0 0

M
I(6,7)
6→3 · g6 =
1 01 1
0 1
 · [0 0 1
1 0 0
]
=
0 0 11 0 1
1 0 0

g3 ·M I(10,1)6→3 −M I(6,7)6→3 · g6 =
0 0 11 0 1
1 0 0
−
0 0 11 0 1
1 0 0
 = [ 33 0 ]
6. g6 ·M I(10,1)7→6 −M I(6,7)7→6 · g7 = 0
g6 ·M I(10,1)7→6 =
[
0 0 1
1 0 0
]
·
1 00 1
0 1
 = [0 1
1 0
]
=
[ 2
2 1′
]
M
I(6,7)
7→6 · g7 =
[ 2
2 1
]
·
[ 2
2 1′
]
=
[ 2
2 1′
]
g6 ·M I(10,1)7→6 −M I(6,7)7→6 · g7 =
[ 2
2 1′
]
−
[ 2
2 1′
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 0 1 0
1 0 0 0
]
·

0 0
0 1
0 0
1 0
 =
[ 2
2 0
]
3. g3 · f3 = 0
g3 · f3 =
0 0 0 0 10 0 1 0 0
1 0 0 0 0
 ·

0 0
0 1
0 0
1 0
0 0
 =
[ 2
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 0 1
1 0 0
]
·
01
0
 = [ 12 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 0 1
1 0 0
]
·
01
0
 = [ 12 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2
2 1′
]
·
[ 0
2 0
]
=
[ 0
2 0
]
140.2.2 0→ R20(1) f→ I(10, 1) g→ I(8, 7)→ 0 
PdimR20(1) + dimI(8, 7) = (0, 1, 1, 0, 0, 1, 1) + (2, 3, 4, 3, 2, 2, 1)
= (2, 4, 5, 3, 2, 3, 2) = dimI(10, 1)
Pdimk Ext
1
kQ(I(8, 7), R
2
0(1)) = dimk HomkQ(I(8, 7), R
2
0(1))− 〈dimI(8, 7),dimR20(1)〉
= 0− 〈(2, 3, 4, 3, 2, 2, 1), (0, 1, 1, 0, 0, 1, 1)〉
= 2 · 1 + 3 · 1 + 3 · 1 + 2 · 0 + 2 · 1 + 1 · 1− (2 · 0 + 3 · 1 + 4 · 1 + 3 · 0 + 2 · 0 + 2 · 1 + 1 · 1)
= 2 + 3 + 3 + 0 + 2 + 1− (0 + 3 + 4 + 0 + 0 + 2 + 1)
= 1
Matrices of the embedding f : R20(1)→ I(10, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
1
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(10, 1)→ I(8, 7) P
1. g1 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 911 0 91 0
0 91 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
0 0 0 911 0 91 0
0 91 0 0
 r1↔r2−−−−→
1 0 91 00 0 0 91
0 91 0 0
 r2↔r3−−−−→
1 0 91 00 91 0 0
0 0 0 91

3. g3 =

0 0 0 0 91
0 0 0 91 0
1 0 91 0 0
0 91 0 0 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 2
2 0 0 0 91′
1 1 0 91 0
1 0 91 0 0
 r1↔r2−−−−→

1 1 1 2
1 1 0 91 0
2 0 0 0 91′
1 0 91 0 0
 r2↔r3−−−−→

1 1 1 2
1 1 0 91 0
1 0 91 0 0
2 0 0 0 91′

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4. g4 =
 0 0 910 91 0
91 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 3
3 91′
]
5. g5 =
[
0 91
91 0
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2
2 91′
]
6. g6 =
[
0 0 91
0 91 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 1 2
2 0 91′
]
7. g7 =
[
0 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R20(1)→ I(10, 1) P
1. f2 ·MR
2
0(1)
1→2 −M I(10,1)1→2 · f1 = 0
f2 ·MR
2
0(1)
1→2 =

1
0
1
0
 ·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(10,1)
1→2 · f1 =
[ 2
2 1
2 0
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f2 ·MR
2
0(1)
1→2 −M I(10,1)1→2 · f1 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
2. f3 ·MR
2
0(1)
2→3 −M I(10,1)2→3 · f2 = 0
f3 ·MR
2
0(1)
2→3 =

1
1 1
1 0
1 1
2 0
 ·
[
1
]
=

1
1 1
1 0
1 1
2 0

M
I(10,1)
2→3 · f2 =
[ 4
4 1
1 0
]
·

1
0
1
0
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ·

1
0
1
0
 =

1
0
1
0
0
 =

1
1 1
1 0
1 1
2 0

f3 ·MR
2
0(1)
2→3 −M I(10,1)2→3 · f2 =

1
1 1
1 0
1 1
2 0
−

1
1 1
1 0
1 1
2 0
 =
[ 1
5 0
]
3. f3 ·MR
2
0(1)
4→3 −M I(10,1)4→3 · f4 = 0
f3 ·MR
2
0(1)
4→3 =

1
1 1
1 0
1 1
2 0
 ·
[ 0
1 0
]
=
[ 0
5 0
]
M
I(10,1)
4→3 · f4 =
[ 3
2 0
3 1
]
·
[ 0
3 0
]
=
[ 0
5 0
]
f3 ·MR
2
0(1)
4→3 −M I(10,1)4→3 · f4 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
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4. f4 ·MR
2
0(1)
5→4 −M I(10,1)5→4 · f5 = 0
f4 ·MR
2
0(1)
5→4 =
[ 0
3 0
]
·
[ 0
0 0
]
=
[ 0
3 0
]
M
I(10,1)
5→4 · f5 =
[ 2
1 0
2 1
]
·
[ 0
2 0
]
=
[ 0
3 0
]
f4 ·MR
2
0(1)
5→4 −M I(10,1)5→4 · f5 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
5. f3 ·MR
2
0(1)
6→3 −M I(10,1)6→3 · f6 = 0
f3 ·MR
2
0(1)
6→3 =

1
1 1
1 0
1 1
2 0
 ·
[
1
]
=

1
1 1
1 0
1 1
2 0

M
I(10,1)
6→3 · f6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 1
1 1
2 0
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
10
0
 =

1
0
1
0
0
 =

1
1 1
1 0
1 1
2 0

f3 ·MR
2
0(1)
6→3 −M I(10,1)6→3 · f6 =

1
1 1
1 0
1 1
2 0
−

1
1 1
1 0
1 1
2 0
 =
[ 1
5 0
]
6. f6 ·MR
2
0(1)
7→6 −M I(10,1)7→6 · f7 = 0
f6 ·MR
2
0(1)
7→6 =
[ 1
1 1
2 0
]
·
[
1
]
=
[ 1
1 1
2 0
]
M
I(10,1)
7→6 · f7 =
1 00 1
0 1
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
f6 ·MR
2
0(1)
7→6 −M I(10,1)7→6 · f7 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
Relations of the projection g : I(10, 1)→ I(8, 7) P
1. g2 ·M I(10,1)1→2 −M I(8,7)1→2 · g1 = 0
g2 ·M I(10,1)1→2 =
0 0 0 911 0 91 0
0 91 0 0
 · [
2
2 1
2 0
]
=
0 0 0 911 0 91 0
0 91 0 0
 ·

1 0
0 1
0 0
0 0
 =
0 01 0
0 91

M
I(8,7)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[
1 0
0 91
]
=
0 01 0
0 1
 · [1 0
0 91
]
=
0 01 0
0 91

g2 ·M I(10,1)1→2 −M I(8,7)1→2 · g1 =
0 01 0
0 91
−
0 01 0
0 91
 = [ 23 0 ]
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2. g3 ·M I(10,1)2→3 −M I(8,7)2→3 · g2 = 0
g3 ·M I(10,1)2→3 =

1 1 1 2
2 0 0 0 91′
1 1 0 91 0
1 0 91 0 0
 · [
4
4 1
1 0
]
=

0 0 0 0 91
0 0 0 91 0
1 0 91 0 0
0 91 0 0 0
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 =

0 0 0 0
0 0 0 91
1 0 91 0
0 91 0 0

M
I(8,7)
2→3 · g2 =
[ 3
1 0
3 1
]
·
0 0 0 911 0 91 0
0 91 0 0
 =

0 0 0
1 0 0
0 1 0
0 0 1
 ·
0 0 0 911 0 91 0
0 91 0 0
 =

0 0 0 0
0 0 0 91
1 0 91 0
0 91 0 0

g3 ·M I(10,1)2→3 −M I(8,7)2→3 · g2 =

0 0 0 0
0 0 0 91
1 0 91 0
0 91 0 0
−

0 0 0 0
0 0 0 91
1 0 91 0
0 91 0 0
 =
[ 4
4 0
]
3. g3 ·M I(10,1)4→3 −M I(8,7)4→3 · g4 = 0
g3 ·M I(10,1)4→3 =

1 1 1 2
2 0 0 0 91′
1 1 0 91 0
1 0 91 0 0
 · [
3
2 0
3 1
]
=

1 1 1 2
2 0 0 0 91′
1 1 0 91 0
1 0 91 0 0
 ·

1 2
1 0 0
1 0 0
1 1 0
2 0 1
 =

1 2
2 0 91′
1 91 0
1 0 0
 = [
3
3 91′
1 0
]
M
I(8,7)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 3
3 91′
]
=
[ 3
3 91′
1 0
]
g3 ·M I(10,1)4→3 −M I(8,7)4→3 · g4 =
[ 3
3 91′
1 0
]
−
[ 3
3 91′
1 0
]
=
[ 3
4 0
]
4. g4 ·M I(10,1)5→4 −M I(8,7)5→4 · g5 = 0
g4 ·M I(10,1)5→4 =
[ 3
3 91′
]
·
[ 2
1 0
2 1
]
=
[ 1 2
2 0 91′
1 91 0
]
·
[ 2
1 0
2 1
]
=
[ 2
2 91′
1 0
]
M
I(8,7)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 2
2 91′
]
=
[ 2
2 91′
1 0
]
g4 ·M I(10,1)5→4 −M I(8,7)5→4 · g5 =
[ 2
2 91′
1 0
]
−
[ 2
2 91′
1 0
]
=
[ 2
3 0
]
5. g3 ·M I(10,1)6→3 −M I(8,7)6→3 · g6 = 0
g3 ·M I(10,1)6→3 =

1 1 1 2
2 0 0 0 91′
1 1 0 91 0
1 0 91 0 0
 ·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

0 0 0 0 91
0 0 0 91 0
1 0 91 0 0
0 91 0 0 0
 ·

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 =

0 0 91
0 91 0
0 0 91
0 91 0

M
I(8,7)
6→3 · g6 =
[ 2
2 1
2 1
]
·
[ 1 2
2 0 91′
]
=
[ 1 2
2 0 91′
2 0 91′
]
g3 ·M I(10,1)6→3 −M I(8,7)6→3 · g6 =

0 0 91
0 91 0
0 0 91
0 91 0
−

0 0 91
0 91 0
0 0 91
0 91 0
 =
[ 3
4 0
]
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6. g6 ·M I(10,1)7→6 −M I(8,7)7→6 · g7 = 0
g6 ·M I(10,1)7→6 =
[ 1 2
2 0 91′
]
·
1 00 1
0 1
 = [0 0 91
0 91 0
]
·
1 00 1
0 1
 = [0 91
0 91
]
M
I(8,7)
7→6 · g7 =
[
1
1
]
·
[
0 91
]
=
[
0 91
0 91
]
g6 ·M I(10,1)7→6 −M I(8,7)7→6 · g7 =
[
0 91
0 91
]
−
[
0 91
0 91
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
0 0 0 911 0 91 0
0 91 0 0
 ·

1
0
1
0
 =
[ 1
3 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 2
2 0 0 0 91′
1 1 0 91 0
1 0 91 0 0
 ·

1
1 1
1 0
1 1
2 0
 =
[ 1
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3
3 91′
]
·
[ 0
3 0
]
=
[ 0
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2
2 91′
]
·
[ 0
2 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2
2 0 91′
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 91
]
·
[
1
0
]
=
[
0
]
140.3 Tree module property of I(16, 1) 
The matrices of the representation have full (column) rank P
1. M I(16,1)1→2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
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2. M I(16,1)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k) is already in column echelon form and has maximal column rank.
3. M I(16,1)4→3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
4. M I(16,1)5→4 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. M I(16,1)6→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
6. M I(16,1)7→6 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
140.3.1 0→ R21(2) f→ I(16, 1) g→ I(12, 7)→ 0 
PdimR21(2) + dimI(12, 7) = (1, 2, 2, 1, 1, 1, 0) + (2, 4, 6, 4, 2, 4, 3)
= (3, 6, 8, 5, 3, 5, 3) = dimI(16, 1)
Pdimk Ext
1
kQ(I(12, 7), R
2
1(2)) = dimk HomkQ(I(12, 7), R
2
1(2))− 〈dimI(12, 7),dimR21(2)〉
= 0− 〈(2, 4, 6, 4, 2, 4, 3), (1, 2, 2, 1, 1, 1, 0)〉
= 2 · 2 + 4 · 2 + 4 · 2 + 2 · 1 + 4 · 2 + 3 · 1− (2 · 1 + 4 · 2 + 6 · 2 + 4 · 1 + 2 · 1 + 4 · 1 + 3 · 0)
= 4 + 8 + 8 + 2 + 8 + 3− (2 + 8 + 12 + 4 + 2 + 4 + 0)
= 1
Matrices of the embedding f : R21(2)→ I(16, 1) P
1. f1 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
0 0
0 1
0 0
0 0
1 0

∈M6,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
 c1↔c2−−−−→

1 1
2 0 0
1 1 0
2 0 0
1 0 1

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3. f3 =

0 0
0 0
0 1
0 0
0 0
1 0
0 0
0 0

∈M8,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0

c1↔c2−−−−→

1 1
2 0 0
1 1 0
2 0 0
1 0 1
2 0 0

4. f4 =

0
0
1
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0
0
1
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
Matrices of the projection g : I(16, 1)→ I(12, 7) P
1. g1 =
[
1 0 0
0 1 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 1 0 0
0 0 0 0 1 0
1 0 0 0 0 0
0 1 0 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 2 1 2 1
2 0 0 1 0
2 1 0 0 0
]
r1↔r2−−−−→
[ 2 1 2 1
2 1 0 0 0
2 0 0 1 0
]
3. g3 =

0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

∈M6,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

2 1 2 1 2
2 0 0 0 0 1
2 0 0 1 0 0
2 1 0 0 0 0
 r1↔r3−−−−→

2 1 2 1 2
2 1 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 1

4. g4 =

0 0 0 1 0
0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 2 1 2
2 0 0 1
2 1 0 0
]
r1↔r2−−−−→
[ 2 1 2
2 1 0 0
2 0 0 1
]
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 1 0
0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 2 1 2
2 0 0 1
2 1 0 0
]
r1↔r2−−−−→
[ 2 1 2
2 1 0 0
2 0 0 1
]
7. g7 =
0 1 00 0 1
1 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 2
2 0 1
1 1 0
]
r1↔r2−−−−→
[ 1 2
1 1 0
2 0 1
]
=
[ 3
3 1
]
Relations of the embedding f : R21(2)→ I(16, 1) P
1. f2 ·MR
2
1(2)
1→2 −M I(16,1)1→2 · f1 = 0
f2 ·MR
2
1(2)
1→2 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
 ·
[
0
1
]
=

1
2 0
1 1
2 0
1 0
 =

1
2 0
1 1
3 0

M
I(16,1)
1→2 · f1 =
[ 3
3 1
3 0
]
·
[ 1
2 0
1 1
]
=

2 1
2 1 0
1 0 1
3 0 0
 · [
1
2 0
1 1
]
=

1
2 0
1 1
3 0

f2 ·MR
2
1(2)
1→2 −M I(16,1)1→2 · f1 =

1
2 0
1 1
3 0
−

1
2 0
1 1
3 0
 = [ 16 0 ]
2. f3 ·MR
2
1(2)
2→3 −M I(16,1)2→3 · f2 = 0
f3 ·MR
2
1(2)
2→3 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0
 ·
[ 2
2 1
]
=

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0
 ·
[
1 0
0 1
]
=

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0

M
I(16,1)
2→3 · f2 =
[ 6
6 1
2 0
]
·

1 1
2 0 0
1 0 1
2 0 0
1 1 0
 =

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

1 1
2 0 0
1 0 1
2 0 0
1 1 0
 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0

f3 ·MR
2
1(2)
2→3 −M I(16,1)2→3 · f2 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0
−

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0
 =
[ 2
8 0
]
3. f3 ·MR
2
1(2)
4→3 −M I(16,1)4→3 · f4 = 0
f3 ·MR
2
1(2)
4→3 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0
 ·
[
1
0
]
=

1
2 0
1 0
2 0
1 1
2 0
 =

1
5 0
1 1
2 0

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M
I(16,1)
4→3 · f4 =
[ 5
3 0
5 1
]
·

1
2 0
1 1
2 0
 =

2 1 2
3 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

1
2 0
1 1
2 0
 =

1
3 0
2 0
1 1
2 0
 =

1
5 0
1 1
2 0

f3 ·MR
2
1(2)
4→3 −M I(16,1)4→3 · f4 =

1
5 0
1 1
2 0
−

1
5 0
1 1
2 0
 = [ 18 0 ]
4. f4 ·MR
2
1(2)
5→4 −M I(16,1)5→4 · f5 = 0
f4 ·MR
2
1(2)
5→4 =

1
2 0
1 1
2 0
 · [1] =

1
2 0
1 1
2 0

M
I(16,1)
5→4 · f5 =
[ 3
2 0
3 1
]
·
[ 1
1 1
2 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
1
1 1
2 0
]
=

1
2 0
1 1
2 0

f4 ·MR
2
1(2)
5→4 −M I(16,1)5→4 · f5 =

1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
 = [ 15 0 ]
5. f3 ·MR
2
1(2)
6→3 −M I(16,1)6→3 · f6 = 0
f3 ·MR
2
1(2)
6→3 =

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0
 ·
[
1
1
]
=

1
2 0
1 1
2 0
1 1
2 0

M
I(16,1)
6→3 · f6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1
2 0
1 1
2 0
 =

1
2 0
1 1
2 0
1 1
2 0

f3 ·MR
2
1(2)
6→3 −M I(16,1)6→3 · f6 =

1
2 0
1 1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
1 1
2 0
 =
[ 1
8 0
]
6. f6 ·MR
2
1(2)
7→6 −M I(16,1)7→6 · f7 = 0
f6 ·MR
2
1(2)
7→6 =

1
2 0
1 1
2 0
 · [ 01 0 ] = [ 05 0 ]
M
I(16,1)
7→6 · f7 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 03 0 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
0
1 0
2 0
]
=
[ 0
5 0
]
f6 ·MR
2
1(2)
7→6 −M I(16,1)7→6 · f7 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
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Relations of the projection g : I(16, 1)→ I(12, 7) P
1. g2 ·M I(16,1)1→2 −M I(12,7)1→2 · g1 = 0
g2 ·M I(16,1)1→2 =
[ 2 1 2 1
2 0 0 1 0
2 1 0 0 0
]
·
[ 3
3 1
3 0
]
=
[ 2 1 2 1
2 0 0 1 0
2 1 0 0 0
]
·

2 1
2 1 0
1 0 1
2 0 0
1 0 0
 =
[ 2 1
2 0 0
2 1 0
]
M
I(12,7)
1→2 · g1 =
[ 2
2 0
2 1
]
·
[ 2 1
2 1 0
]
=
[ 2 1
2 0 0
2 1 0
]
g2 ·M I(16,1)1→2 −M I(12,7)1→2 · g1 =
[ 2 1
2 0 0
2 1 0
]
−
[ 2 1
2 0 0
2 1 0
]
=
[ 3
4 0
]
2. g3 ·M I(16,1)2→3 −M I(12,7)2→3 · g2 = 0
g3 ·M I(16,1)2→3 =

2 1 2 1 2
2 0 0 0 0 1
2 0 0 1 0 0
2 1 0 0 0 0
 · [
6
6 1
2 0
]
=

2 1 2 1 2
2 0 0 0 0 1
2 0 0 1 0 0
2 1 0 0 0 0
 ·

2 1 2 1
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 =

2 1 2 1
2 0 0 0 0
2 0 0 1 0
2 1 0 0 0

M
I(12,7)
2→3 · g2 =
[ 4
2 0
4 1
]
·
[ 2 1 2 1
2 0 0 1 0
2 1 0 0 0
]
=

2 2
2 0 0
2 1 0
2 0 1
 · [
2 1 2 1
2 0 0 1 0
2 1 0 0 0
]
=

2 1 2 1
2 0 0 0 0
2 0 0 1 0
2 1 0 0 0

g3 ·M I(16,1)2→3 −M I(12,7)2→3 · g2 =

2 1 2 1
2 0 0 0 0
2 0 0 1 0
2 1 0 0 0
−

2 1 2 1
2 0 0 0 0
2 0 0 1 0
2 1 0 0 0
 = [ 66 0 ]
3. g3 ·M I(16,1)4→3 −M I(12,7)4→3 · g4 = 0
g3 ·M I(16,1)4→3 =

2 1 2 1 2
2 0 0 0 0 1
2 0 0 1 0 0
2 1 0 0 0 0
 · [
5
3 0
5 1
]
=

2 1 2 1 2
2 0 0 0 0 1
2 0 0 1 0 0
2 1 0 0 0 0
 ·

2 1 2
2 0 0 0
1 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 =

2 1 2
2 0 0 1
2 1 0 0
2 0 0 0

M
I(12,7)
4→3 · g4 =
[ 4
4 1
2 0
]
·
[ 2 1 2
2 0 0 1
2 1 0 0
]
=

2 2
2 1 0
2 0 1
2 0 0
 · [
2 1 2
2 0 0 1
2 1 0 0
]
=

2 1 2
2 0 0 1
2 1 0 0
2 0 0 0

g3 ·M I(16,1)4→3 −M I(12,7)4→3 · g4 =

2 1 2
2 0 0 1
2 1 0 0
2 0 0 0
−

2 1 2
2 0 0 1
2 1 0 0
2 0 0 0
 = [ 56 0 ]
4. g4 ·M I(16,1)5→4 −M I(12,7)5→4 · g5 = 0
g4 ·M I(16,1)5→4 =
[ 2 1 2
2 0 0 1
2 1 0 0
]
·
[ 3
2 0
3 1
]
=
[ 2 1 2
2 0 0 1
2 1 0 0
]
·

1 2
2 0 0
1 1 0
2 0 1
 = [
1 2
2 0 1
2 0 0
]
M
I(12,7)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
2 0 0
]
g4 ·M I(16,1)5→4 −M I(12,7)5→4 · g5 =
[ 1 2
2 0 1
2 0 0
]
−
[ 1 2
2 0 1
2 0 0
]
=
[ 3
4 0
]
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5. g3 ·M I(16,1)6→3 −M I(12,7)6→3 · g6 = 0
g3 ·M I(16,1)6→3 =

2 1 2 1 2
2 0 0 0 0 1
2 0 0 1 0 0
2 1 0 0 0 0
 ·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

2 1 2
2 0 0 1
2 1 0 1
2 1 0 0

M
I(12,7)
6→3 · g6 =

2 2
2 1 0
2 1 1
2 0 1
 · [
2 1 2
2 0 0 1
2 1 0 0
]
=

2 1 2
2 0 0 1
2 1 0 1
2 1 0 0

g3 ·M I(16,1)6→3 −M I(12,7)6→3 · g6 =

2 1 2
2 0 0 1
2 1 0 1
2 1 0 0
−

2 1 2
2 0 0 1
2 1 0 1
2 1 0 0
 = [ 56 0 ]
6. g6 ·M I(16,1)7→6 −M I(12,7)7→6 · g7 = 0
g6 ·M I(16,1)7→6 =
[ 2 1 2
2 0 0 1
2 1 0 0
]
·

1 2
1 1 0
2 0 1
2 0 1
 =

0 0 0 1 0
0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
 ·

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 =

0 1 0
0 0 1
1 0 0
0 1 0

M
I(12,7)
7→6 · g7 =

1 2
1 1 0
2 0 1
1 1 0
 · [
1 2
2 0 1
1 1 0
]
=

1 0 0
0 1 0
0 0 1
1 0 0
 ·
0 1 00 0 1
1 0 0
 =

0 1 0
0 0 1
1 0 0
0 1 0

g6 ·M I(16,1)7→6 −M I(12,7)7→6 · g7 =

0 1 0
0 0 1
1 0 0
0 1 0
−

0 1 0
0 0 1
1 0 0
0 1 0
 =
[ 3
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
2 1 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1 2 1
2 0 0 1 0
2 1 0 0 0
]
·

1 1
2 0 0
1 0 1
2 0 0
1 1 0
 =
[ 2
4 0
]
3. g3 · f3 = 0
g3 · f3 =

2 1 2 1 2
2 0 0 0 0 1
2 0 0 1 0 0
2 1 0 0 0 0
 ·

1 1
2 0 0
1 0 1
2 0 0
1 1 0
2 0 0
 =
[ 2
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1 2
2 0 0 1
2 1 0 0
]
·

1
2 0
1 1
2 0
 = [ 14 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1 2
2 0 0 1
2 1 0 0
]
·

1
2 0
1 1
2 0
 = [ 14 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
1 1 0
]
·
[ 0
3 0
]
=
[ 1 2
2 0 1
1 1 0
]
·
[ 0
1 0
2 0
]
=
[ 0
3 0
]
140.3.2 0→ R20(1) f→ I(16, 1) g→ I(14, 7)→ 0 
PdimR20(1) + dimI(14, 7) = (0, 1, 1, 0, 0, 1, 1) + (3, 5, 7, 5, 3, 4, 2)
= (3, 6, 8, 5, 3, 5, 3) = dimI(16, 1)
Pdimk Ext
1
kQ(I(14, 7), R
2
0(1)) = dimk HomkQ(I(14, 7), R
2
0(1))− 〈dimI(14, 7),dimR20(1)〉
= 0− 〈(3, 5, 7, 5, 3, 4, 2), (0, 1, 1, 0, 0, 1, 1)〉
= 3 · 1 + 5 · 1 + 5 · 1 + 3 · 0 + 4 · 1 + 2 · 1− (3 · 0 + 5 · 1 + 7 · 1 + 5 · 0 + 3 · 0 + 4 · 1 + 2 · 1)
= 3 + 5 + 5 + 0 + 4 + 2− (0 + 5 + 7 + 0 + 0 + 4 + 2)
= 1
Matrices of the embedding f : R20(1)→ I(16, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
1
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
1
0
0
0
0

∈M8,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
5 0
]
∈M5,0(k) – rank computation not applicable here.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(16, 1)→ I(14, 7) P
1. g1 =
1 0 00 0 91
0 91 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 1 2
1 1 0
2 0 91′
]
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2. g2 =

0 0 0 0 0 91
0 0 0 0 91 0
1 0 0 91 0 0
0 0 91 0 0 0
0 91 0 0 0 0
 ∈M5,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 2 1 2
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 r1↔r2−−−−→

1 2 1 2
1 1 0 91 0
2 0 0 0 91′
2 0 91′ 0 0
 r2↔r3−−−−→

1 2 1 2
1 1 0 91 0
2 0 91′ 0 0
2 0 0 0 91′

3. g3 =

0 0 0 0 0 0 0 91
0 0 0 0 0 0 91 0
0 0 0 0 0 91 0 0
0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0
0 0 91 0 0 0 0 0
0 91 0 0 0 0 0 0

∈M7,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 2 1 4
4 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 r1↔r2−−−−→

1 2 1 4
1 1 0 91 0
4 0 0 0 91′
2 0 91′ 0 0
 r2↔r3−−−−→

1 2 1 4
1 1 0 91 0
2 0 91′ 0 0
4 0 0 0 91′

4. g4 =

0 0 0 0 91
0 0 0 91 0
0 0 91 0 0
0 91 0 0 0
91 0 0 0 0
 ∈M5,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 5
5 91′
]
5. g5 =
 0 0 910 91 0
91 0 0
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3
3 91′
]
6. g6 =

0 0 0 0 91
0 0 0 91 0
0 0 91 0 0
0 91 0 0 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 1 4
4 0 91′
]
7. g7 =
[
0 0 91
0 91 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 2
2 0 91′
]
Relations of the embedding f : R20(1)→ I(16, 1) P
1. f2 ·MR
2
0(1)
1→2 −M I(16,1)1→2 · f1 = 0
f2 ·MR
2
0(1)
1→2 =

1
1 1
2 0
1 1
2 0
 ·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(16,1)
1→2 · f1 =
[ 3
3 1
3 0
]
·
[ 0
3 0
]
=
[ 0
6 0
]
f2 ·MR
2
0(1)
1→2 −M I(16,1)1→2 · f1 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
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2. f3 ·MR
2
0(1)
2→3 −M I(16,1)2→3 · f2 = 0
f3 ·MR
2
0(1)
2→3 =

1
1 1
2 0
1 1
4 0
 ·
[
1
]
=

1
1 1
2 0
1 1
4 0

M
I(16,1)
2→3 · f2 =
[ 6
6 1
2 0
]
·

1
1 1
2 0
1 1
2 0
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0
 ·

1
1 1
2 0
1 1
2 0
 =

1
1 1
2 0
1 1
2 0
2 0
 =

1
1 1
2 0
1 1
4 0

f3 ·MR
2
0(1)
2→3 −M I(16,1)2→3 · f2 =

1
1 1
2 0
1 1
4 0
−

1
1 1
2 0
1 1
4 0
 =
[ 1
8 0
]
3. f3 ·MR
2
0(1)
4→3 −M I(16,1)4→3 · f4 = 0
f3 ·MR
2
0(1)
4→3 =

1
1 1
2 0
1 1
4 0
 ·
[ 0
1 0
]
=
[ 0
8 0
]
M
I(16,1)
4→3 · f4 =
[ 5
3 0
5 1
]
·
[ 0
5 0
]
=
[ 0
8 0
]
f3 ·MR
2
0(1)
4→3 −M I(16,1)4→3 · f4 =
[ 0
8 0
]
−
[ 0
8 0
]
=
[ 0
8 0
]
4. f4 ·MR
2
0(1)
5→4 −M I(16,1)5→4 · f5 = 0
f4 ·MR
2
0(1)
5→4 =
[ 0
5 0
]
·
[ 0
0 0
]
=
[ 0
5 0
]
M
I(16,1)
5→4 · f5 =
[ 3
2 0
3 1
]
·
[ 0
3 0
]
=
[ 0
5 0
]
f4 ·MR
2
0(1)
5→4 −M I(16,1)5→4 · f5 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
5. f3 ·MR
2
0(1)
6→3 −M I(16,1)6→3 · f6 = 0
f3 ·MR
2
0(1)
6→3 =

1
1 1
2 0
1 1
4 0
 ·
[
1
]
=

1
1 1
2 0
1 1
4 0

M
I(16,1)
6→3 · f6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 1
1 1
4 0
]
=

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

1
0
0
0
0
 =

1
0
0
1
0
0
0
0

=

1
1 1
2 0
1 1
4 0

f3 ·MR
2
0(1)
6→3 −M I(16,1)6→3 · f6 =

1
1 1
2 0
1 1
4 0
−

1
1 1
2 0
1 1
4 0
 =
[ 1
8 0
]
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6. f6 ·MR
2
0(1)
7→6 −M I(16,1)7→6 · f7 = 0
f6 ·MR
2
0(1)
7→6 =
[ 1
1 1
4 0
]
·
[
1
]
=
[ 1
1 1
4 0
]
M
I(16,1)
7→6 · f7 =

1 2
1 1 0
2 0 1
2 0 1
 · [
1
1 1
2 0
]
=

1
1 1
2 0
2 0
 = [
1
1 1
4 0
]
f6 ·MR
2
0(1)
7→6 −M I(16,1)7→6 · f7 =
[ 1
1 1
4 0
]
−
[ 1
1 1
4 0
]
=
[ 1
5 0
]
Relations of the projection g : I(16, 1)→ I(14, 7) P
1. g2 ·M I(16,1)1→2 −M I(14,7)1→2 · g1 = 0
g2 ·M I(16,1)1→2 =

1 2 1 2
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 · [
3
3 1
3 0
]
=

1 2 1 2
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 ·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
 =

1 2
2 0 0
1 1 0
2 0 91′

M
I(14,7)
1→2 · g1 =
[ 3
2 0
3 1
]
·
[ 1 2
1 1 0
2 0 91′
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
1 2
1 1 0
2 0 91′
]
=

1 2
2 0 0
1 1 0
2 0 91′

g2 ·M I(16,1)1→2 −M I(14,7)1→2 · g1 =

1 2
2 0 0
1 1 0
2 0 91′
−

1 2
2 0 0
1 1 0
2 0 91′
 = [ 35 0 ]
2. g3 ·M I(16,1)2→3 −M I(14,7)2→3 · g2 = 0
g3 ·M I(16,1)2→3 =

1 2 1 4
4 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 · [
6
6 1
2 0
]
=

1 2 1 2 2
2 0 0 0 0 91′
2 0 0 0 91′ 0
1 1 0 91 0 0
2 0 91′ 0 0 0
 ·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0
 =

1 2 1 2
2 0 0 0 0
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0

M
I(14,7)
2→3 · g2 =
[ 5
2 0
5 1
]
·

1 2 1 2
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 =

2 1 2
2 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

1 2 1 2
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 =

1 2 1 2
2 0 0 0 0
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0

g3 ·M I(16,1)2→3 −M I(14,7)2→3 · g2 =

1 2 1 2
2 0 0 0 0
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
−

1 2 1 2
2 0 0 0 0
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 =
[ 6
7 0
]
3. g3 ·M I(16,1)4→3 −M I(14,7)4→3 · g4 = 0
g3 ·M I(16,1)4→3 =

1 2 1 4
4 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 · [
5
3 0
5 1
]
=

1 2 1 4
4 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 ·

1 4
1 0 0
2 0 0
1 1 0
4 0 1
 =

1 4
4 0 91′
1 91 0
2 0 0
 = [
5
5 91′
2 0
]
M
I(14,7)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 5
5 91′
]
=
[ 5
5 91′
2 0
]
g3 ·M I(16,1)4→3 −M I(14,7)4→3 · g4 =
[ 5
5 91′
2 0
]
−
[ 5
5 91′
2 0
]
=
[ 5
7 0
]
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4. g4 ·M I(16,1)5→4 −M I(14,7)5→4 · g5 = 0
g4 ·M I(16,1)5→4 =
[ 5
5 91′
]
·
[ 3
2 0
3 1
]
=
[ 2 3
3 0 91′
2 91′ 0
]
·
[ 3
2 0
3 1
]
=
[ 3
3 91′
2 0
]
M
I(14,7)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 3
3 91′
]
=
[ 3
3 91′
2 0
]
g4 ·M I(16,1)5→4 −M I(14,7)5→4 · g5 =
[ 3
3 91′
2 0
]
−
[ 3
3 91′
2 0
]
=
[ 3
5 0
]
5. g3 ·M I(16,1)6→3 −M I(14,7)6→3 · g6 = 0
g3 ·M I(16,1)6→3 =

1 2 1 4
4 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 ·

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 =

0 0 0 0 0 0 0 91
0 0 0 0 0 0 91 0
0 0 0 0 0 91 0 0
0 0 0 0 91 0 0 0
1 0 0 91 0 0 0 0
0 0 91 0 0 0 0 0
0 91 0 0 0 0 0 0

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 91
0 0 0 91 0
0 0 91 0 0
0 91 0 0 91
0 0 0 91 0
0 0 91 0 0
0 91 0 0 0

=

1 1 2 1
1 0 0 0 91
2 0 0 91′ 0
1 0 91 0 91
2 0 0 91′ 0
1 0 91 0 0

M
I(14,7)
6→3 · g6 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 1 4
4 0 91′
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1 1 2 1
1 0 0 0 91
2 0 0 91′ 0
1 0 91 0 0
 =

1 1 2 1
1 0 0 0 91
2 0 0 91′ 0
1 0 91 0 91
2 0 0 91′ 0
1 0 91 0 0

g3 ·M I(16,1)6→3 −M I(14,7)6→3 · g6 =

1 1 2 1
1 0 0 0 91
2 0 0 91′ 0
1 0 91 0 91
2 0 0 91′ 0
1 0 91 0 0
−

1 1 2 1
1 0 0 0 91
2 0 0 91′ 0
1 0 91 0 91
2 0 0 91′ 0
1 0 91 0 0
 =
[ 5
7 0
]
6. g6 ·M I(16,1)7→6 −M I(14,7)7→6 · g7 = 0
g6 ·M I(16,1)7→6 =
[ 1 4
4 0 91′
]
·

1 2
1 1 0
2 0 1
2 0 1
 = [
1 2 2
2 0 0 91′
2 0 91′ 0
]
·

1 2
1 1 0
2 0 1
2 0 1
 = [
1 2
2 0 91′
2 0 91′
]
M
I(14,7)
7→6 · g7 =
[ 2
2 1
2 1
]
·
[ 1 2
2 0 91′
]
=
[ 1 2
2 0 91′
2 0 91′
]
g6 ·M I(16,1)7→6 −M I(14,7)7→6 · g7 =

0 0 91
0 91 0
0 0 91
0 91 0
−

0 0 91
0 91 0
0 0 91
0 91 0
 =
[ 3
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
1 1 0
2 0 91′
]
·
[ 0
3 0
]
=
[ 1 2
1 1 0
2 0 91′
]
·
[ 0
1 0
2 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =

1 2 1 2
2 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 ·

1
1 1
2 0
1 1
2 0
 =
[ 1
5 0
]
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3. g3 · f3 = 0
g3 · f3 =

1 2 1 4
4 0 0 0 91′
1 1 0 91 0
2 0 91′ 0 0
 ·

1
1 1
2 0
1 1
4 0
 =
[ 1
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5
5 91′
]
·
[ 0
5 0
]
=
[ 0
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3
3 91′
]
·
[ 0
3 0
]
=
[ 0
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 4
4 0 91′
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 91′
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
140.4 Tree module property of I(22, 1) 
The matrices of the representation have full (column) rank P
1. M I(22,1)1→2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. M I(22,1)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k) is already in column echelon form and has maximal column rank.
3. M I(22,1)4→3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
4. M I(22,1)5→4 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
2090
5. M I(22,1)6→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
6. M I(22,1)7→6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
140.4.1 0→ R21(2) f→ I(22, 1) g→ I(18, 7)→ 0 
PdimR21(2) + dimI(18, 7) = (1, 2, 2, 1, 1, 1, 0) + (3, 6, 9, 6, 3, 6, 4)
= (4, 8, 11, 7, 4, 7, 4) = dimI(22, 1)
Pdimk Ext
1
kQ(I(18, 7), R
2
1(2)) = dimk HomkQ(I(18, 7), R
2
1(2))− 〈dimI(18, 7),dimR21(2)〉
= 0− 〈(3, 6, 9, 6, 3, 6, 4), (1, 2, 2, 1, 1, 1, 0)〉
= 3 · 2 + 6 · 2 + 6 · 2 + 3 · 1 + 6 · 2 + 4 · 1− (3 · 1 + 6 · 2 + 9 · 2 + 6 · 1 + 3 · 1 + 6 · 1 + 4 · 0)
= 6 + 12 + 12 + 3 + 12 + 4− (3 + 12 + 18 + 6 + 3 + 6 + 0)
= 1
Matrices of the embedding f : R21(2)→ I(22, 1) P
1. f1 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
0 0
0 0
0 1
0 0
0 0
0 0
1 0

∈M8,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
 c1↔c2−−−−→

1 1
3 0 0
1 1 0
3 0 0
1 0 1

3. f3 =

0 0
0 0
0 0
0 1
0 0
0 0
0 0
1 0
0 0
0 0
0 0

∈M11,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0

c1↔c2−−−−→

1 1
3 0 0
1 1 0
3 0 0
1 0 1
3 0 0

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4. f4 =

0
0
0
1
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
5. f5 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0
0
0
1
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
Matrices of the projection g : I(22, 1)→ I(18, 7) P
1. g1 =
1 0 0 00 1 0 0
0 0 1 0
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

∈M6,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 3 1 3 1
3 0 0 1 0
3 1 0 0 0
]
r1↔r2−−−−→
[ 3 1 3 1
3 1 0 0 0
3 0 0 1 0
]
3. g3 =

0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0

∈M9,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

3 1 3 1 3
3 0 0 0 0 1
3 0 0 1 0 0
3 1 0 0 0 0
 r1↔r3−−−−→

3 1 3 1 3
3 1 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 1

4. g4 =

0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 3 1 3
3 0 0 1
3 1 0 0
]
r1↔r2−−−−→
[ 3 1 3
3 1 0 0
3 0 0 1
]
5. g5 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 3 1 3
3 0 0 1
3 1 0 0
]
r1↔r2−−−−→
[ 3 1 3
3 1 0 0
3 0 0 1
]
7. g7 =

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
 ∈M4,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 3
3 0 1
1 1 0
]
r1↔r2−−−−→
[ 1 3
1 1 0
3 0 1
]
=
[ 4
4 1
]
Relations of the embedding f : R21(2)→ I(22, 1) P
1. f2 ·MR
2
1(2)
1→2 −M I(22,1)1→2 · f1 = 0
f2 ·MR
2
1(2)
1→2 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
 ·
[
0
1
]
=

1
3 0
1 1
3 0
1 0
 =

1
3 0
1 1
4 0

M
I(22,1)
1→2 · f1 =
[ 4
4 1
4 0
]
·
[ 1
3 0
1 1
]
=

3 1
3 1 0
1 0 1
4 0 0
 · [
1
3 0
1 1
]
=

1
3 0
1 1
4 0

f2 ·MR
2
1(2)
1→2 −M I(22,1)1→2 · f1 =

1
3 0
1 1
4 0
−

1
3 0
1 1
4 0
 = [ 18 0 ]
2. f3 ·MR
2
1(2)
2→3 −M I(22,1)2→3 · f2 = 0
f3 ·MR
2
1(2)
2→3 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0
 ·
[ 2
2 1
]
=

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0
 ·
[
1 0
0 1
]
=

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0

M
I(22,1)
2→3 · f2 =
[ 8
8 1
3 0
]
·

1 1
3 0 0
1 0 1
3 0 0
1 1 0
 =

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 1
3 0 0
1 0 1
3 0 0
1 1 0
 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0

f3 ·MR
2
1(2)
2→3 −M I(22,1)2→3 · f2 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0
−

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0
 =
[ 2
11 0
]
3. f3 ·MR
2
1(2)
4→3 −M I(22,1)4→3 · f4 = 0
f3 ·MR
2
1(2)
4→3 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0
 ·
[
1
0
]
=

1
3 0
1 0
3 0
1 1
3 0
 =

1
7 0
1 1
3 0

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M
I(22,1)
4→3 · f4 =
[ 7
4 0
7 1
]
·

1
3 0
1 1
3 0
 =

3 1 3
4 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 ·

1
3 0
1 1
3 0
 =

1
4 0
3 0
1 1
3 0
 =

1
7 0
1 1
3 0

f3 ·MR
2
1(2)
4→3 −M I(22,1)4→3 · f4 =

1
7 0
1 1
3 0
−

1
7 0
1 1
3 0
 = [ 111 0 ]
4. f4 ·MR
2
1(2)
5→4 −M I(22,1)5→4 · f5 = 0
f4 ·MR
2
1(2)
5→4 =

1
3 0
1 1
3 0
 · [1] =

1
3 0
1 1
3 0

M
I(22,1)
5→4 · f5 =
[ 4
3 0
4 1
]
·
[ 1
1 1
3 0
]
=

1 3
3 0 0
1 1 0
3 0 1
 · [
1
1 1
3 0
]
=

1
3 0
1 1
3 0

f4 ·MR
2
1(2)
5→4 −M I(22,1)5→4 · f5 =

1
3 0
1 1
3 0
−

1
3 0
1 1
3 0
 = [ 17 0 ]
5. f3 ·MR
2
1(2)
6→3 −M I(22,1)6→3 · f6 = 0
f3 ·MR
2
1(2)
6→3 =

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0
 ·
[
1
1
]
=

1
3 0
1 1
3 0
1 1
3 0

M
I(22,1)
6→3 · f6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

1
3 0
1 1
3 0
 =

1
3 0
1 1
3 0
1 1
3 0

f3 ·MR
2
1(2)
6→3 −M I(22,1)6→3 · f6 =

1
3 0
1 1
3 0
1 1
3 0
−

1
3 0
1 1
3 0
1 1
3 0
 =
[ 1
11 0
]
6. f6 ·MR
2
1(2)
7→6 −M I(22,1)7→6 · f7 = 0
f6 ·MR
2
1(2)
7→6 =

1
3 0
1 1
3 0
 · [ 01 0 ] = [ 07 0 ]
M
I(22,1)
7→6 · f7 =

1 3
1 1 0
3 0 1
3 0 1
 · [ 04 0 ] =

1 3
1 1 0
3 0 1
3 0 1
 · [
0
1 0
3 0
]
=
[ 0
7 0
]
f6 ·MR
2
1(2)
7→6 −M I(22,1)7→6 · f7 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
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Relations of the projection g : I(22, 1)→ I(18, 7) P
1. g2 ·M I(22,1)1→2 −M I(18,7)1→2 · g1 = 0
g2 ·M I(22,1)1→2 =
[ 3 1 3 1
3 0 0 1 0
3 1 0 0 0
]
·
[ 4
4 1
4 0
]
=
[ 3 1 3 1
3 0 0 1 0
3 1 0 0 0
]
·

3 1
3 1 0
1 0 1
3 0 0
1 0 0
 =
[ 3 1
3 0 0
3 1 0
]
M
I(18,7)
1→2 · g1 =
[ 3
3 0
3 1
]
·
[ 3 1
3 1 0
]
=
[ 3 1
3 0 0
3 1 0
]
g2 ·M I(22,1)1→2 −M I(18,7)1→2 · g1 =
[ 3 1
3 0 0
3 1 0
]
−
[ 3 1
3 0 0
3 1 0
]
=
[ 4
6 0
]
2. g3 ·M I(22,1)2→3 −M I(18,7)2→3 · g2 = 0
g3 ·M I(22,1)2→3 =

3 1 3 1 3
3 0 0 0 0 1
3 0 0 1 0 0
3 1 0 0 0 0
 · [
8
8 1
3 0
]
=

3 1 3 1 3
3 0 0 0 0 1
3 0 0 1 0 0
3 1 0 0 0 0
 ·

3 1 3 1
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 =

3 1 3 1
3 0 0 0 0
3 0 0 1 0
3 1 0 0 0

M
I(18,7)
2→3 · g2 =
[ 6
3 0
6 1
]
·
[ 3 1 3 1
3 0 0 1 0
3 1 0 0 0
]
=

3 3
3 0 0
3 1 0
3 0 1
 · [
3 1 3 1
3 0 0 1 0
3 1 0 0 0
]
=

3 1 3 1
3 0 0 0 0
3 0 0 1 0
3 1 0 0 0

g3 ·M I(22,1)2→3 −M I(18,7)2→3 · g2 =

3 1 3 1
3 0 0 0 0
3 0 0 1 0
3 1 0 0 0
−

3 1 3 1
3 0 0 0 0
3 0 0 1 0
3 1 0 0 0
 = [ 89 0 ]
3. g3 ·M I(22,1)4→3 −M I(18,7)4→3 · g4 = 0
g3 ·M I(22,1)4→3 =

3 1 3 1 3
3 0 0 0 0 1
3 0 0 1 0 0
3 1 0 0 0 0
 · [
7
4 0
7 1
]
=

3 1 3 1 3
3 0 0 0 0 1
3 0 0 1 0 0
3 1 0 0 0 0
 ·

3 1 3
3 0 0 0
1 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 =

3 1 3
3 0 0 1
3 1 0 0
3 0 0 0

M
I(18,7)
4→3 · g4 =
[ 6
6 1
3 0
]
·
[ 3 1 3
3 0 0 1
3 1 0 0
]
=

3 3
3 1 0
3 0 1
3 0 0
 · [
3 1 3
3 0 0 1
3 1 0 0
]
=

3 1 3
3 0 0 1
3 1 0 0
3 0 0 0

g3 ·M I(22,1)4→3 −M I(18,7)4→3 · g4 =

3 1 3
3 0 0 1
3 1 0 0
3 0 0 0
−

3 1 3
3 0 0 1
3 1 0 0
3 0 0 0
 = [ 79 0 ]
4. g4 ·M I(22,1)5→4 −M I(18,7)5→4 · g5 = 0
g4 ·M I(22,1)5→4 =
[ 3 1 3
3 0 0 1
3 1 0 0
]
·
[ 4
3 0
4 1
]
=
[ 3 1 3
3 0 0 1
3 1 0 0
]
·

1 3
3 0 0
1 1 0
3 0 1
 = [
1 3
3 0 1
3 0 0
]
M
I(18,7)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 1 3
3 0 1
]
=
[ 1 3
3 0 1
3 0 0
]
g4 ·M I(22,1)5→4 −M I(18,7)5→4 · g5 =
[ 1 3
3 0 1
3 0 0
]
−
[ 1 3
3 0 1
3 0 0
]
=
[ 4
6 0
]
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5. g3 ·M I(22,1)6→3 −M I(18,7)6→3 · g6 = 0
g3 ·M I(22,1)6→3 =

3 1 3 1 3
3 0 0 0 0 1
3 0 0 1 0 0
3 1 0 0 0 0
 ·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

3 1 3
3 0 0 1
3 1 0 1
3 1 0 0

M
I(18,7)
6→3 · g6 =

3 3
3 1 0
3 1 1
3 0 1
 · [
3 1 3
3 0 0 1
3 1 0 0
]
=

3 1 3
3 0 0 1
3 1 0 1
3 1 0 0

g3 ·M I(22,1)6→3 −M I(18,7)6→3 · g6 =

3 1 3
3 0 0 1
3 1 0 1
3 1 0 0
−

3 1 3
3 0 0 1
3 1 0 1
3 1 0 0
 = [ 79 0 ]
6. g6 ·M I(22,1)7→6 −M I(18,7)7→6 · g7 = 0
g6 ·M I(22,1)7→6 =
[ 3 1 3
3 0 0 1
3 1 0 0
]
·

1 3
1 1 0
3 0 1
3 0 1
 =

1 2 1 2 1
2 0 0 0 1 0
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
 ·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
2 0 1 0
1 0 0 1
 =

1 2 1
2 0 1 0
1 0 0 1
1 1 0 0
2 0 1 0

M
I(18,7)
7→6 · g7 =

2 2
2 1 0
2 0 1
2 1 0
 · [
1 3
3 0 1
1 1 0
]
=

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 ·

1 2 1
2 0 1 0
1 0 0 1
1 1 0 0
 =

1 2 1
2 0 1 0
1 0 0 1
1 1 0 0
2 0 1 0

g6 ·M I(22,1)7→6 −M I(18,7)7→6 · g7 =

1 2 1
2 0 1 0
1 0 0 1
1 1 0 0
2 0 1 0
−

1 2 1
2 0 1 0
1 0 0 1
1 1 0 0
2 0 1 0
 =
[ 4
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1
3 1 0
]
·
[ 1
3 0
1 1
]
=
[ 1
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 1 3 1
3 0 0 1 0
3 1 0 0 0
]
·

1 1
3 0 0
1 0 1
3 0 0
1 1 0
 =
[ 2
6 0
]
3. g3 · f3 = 0
g3 · f3 =

3 1 3 1 3
3 0 0 0 0 1
3 0 0 1 0 0
3 1 0 0 0 0
 ·

1 1
3 0 0
1 0 1
3 0 0
1 1 0
3 0 0
 =
[ 2
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1 3
3 0 0 1
3 1 0 0
]
·

1
3 0
1 1
3 0
 = [ 16 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 1 3
3 0 0 1
3 1 0 0
]
·

1
3 0
1 1
3 0
 = [ 16 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1
1 1 0
]
·
[ 0
4 0
]
=
[ 1 3
3 0 1
1 1 0
]
·
[ 0
1 0
3 0
]
=
[ 0
4 0
]
140.4.2 0→ R20(1) f→ I(22, 1) g→ I(20, 7)→ 0 
PdimR20(1) + dimI(20, 7) = (0, 1, 1, 0, 0, 1, 1) + (4, 7, 10, 7, 4, 6, 3)
= (4, 8, 11, 7, 4, 7, 4) = dimI(22, 1)
Pdimk Ext
1
kQ(I(20, 7), R
2
0(1)) = dimk HomkQ(I(20, 7), R
2
0(1))− 〈dimI(20, 7),dimR20(1)〉
= 0− 〈(4, 7, 10, 7, 4, 6, 3), (0, 1, 1, 0, 0, 1, 1)〉
= 4 · 1 + 7 · 1 + 7 · 1 + 4 · 0 + 6 · 1 + 3 · 1− (4 · 0 + 7 · 1 + 10 · 1 + 7 · 0 + 4 · 0 + 6 · 1 + 3 · 1)
= 4 + 7 + 7 + 0 + 6 + 3− (0 + 7 + 10 + 0 + 0 + 6 + 3)
= 1
Matrices of the embedding f : R20(1)→ I(22, 1) P
1. f1 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
1
0
0
0

∈M8,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
1
0
0
0
0
0
0

∈M11,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
7 0
]
∈M7,0(k) – rank computation not applicable here.
5. f5 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(22, 1)→ I(20, 7) P
1. g1 =

1 0 0 0
0 0 0 91
0 0 91 0
0 91 0 0
 ∈M4,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 1 3
1 1 0
3 0 91′
]
2. g2 =

0 0 0 0 0 0 0 91
0 0 0 0 0 0 91 0
0 0 0 0 0 91 0 0
1 0 0 0 91 0 0 0
0 0 0 91 0 0 0 0
0 0 91 0 0 0 0 0
0 91 0 0 0 0 0 0

∈M7,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 3 1 3
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 r1↔r2−−−−→

1 3 1 3
1 1 0 91 0
3 0 0 0 91′
3 0 91′ 0 0
 r2↔r3−−−−→

1 3 1 3
1 1 0 91 0
3 0 91′ 0 0
3 0 0 0 91′

3. g3 =

0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0

∈M10,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 3 1 6
6 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 r1↔r2−−−−→

1 3 1 6
1 1 0 91 0
6 0 0 0 91′
3 0 91′ 0 0
 r2↔r3−−−−→

1 3 1 6
1 1 0 91 0
3 0 91′ 0 0
6 0 0 0 91′

4. g4 =

0 0 0 0 0 0 91
0 0 0 0 0 91 0
0 0 0 0 91 0 0
0 0 0 91 0 0 0
0 0 91 0 0 0 0
0 91 0 0 0 0 0
91 0 0 0 0 0 0

∈M7,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 7
7 91′
]
5. g5 =

0 0 0 91
0 0 91 0
0 91 0 0
91 0 0 0
 ∈M4,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 4
4 91′
]
6. g6 =

0 0 0 0 0 0 91
0 0 0 0 0 91 0
0 0 0 0 91 0 0
0 0 0 91 0 0 0
0 0 91 0 0 0 0
0 91 0 0 0 0 0

∈M6,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 1 6
6 0 91′
]
7. g7 =
0 0 0 910 0 91 0
0 91 0 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 3
3 0 91′
]
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Relations of the embedding f : R20(1)→ I(22, 1) P
1. f2 ·MR
2
0(1)
1→2 −M I(22,1)1→2 · f1 = 0
f2 ·MR
2
0(1)
1→2 =

1
1 1
3 0
1 1
3 0
 ·
[ 0
1 0
]
=
[ 0
8 0
]
M
I(22,1)
1→2 · f1 =
[ 4
4 1
4 0
]
·
[ 0
4 0
]
=
[ 0
8 0
]
f2 ·MR
2
0(1)
1→2 −M I(22,1)1→2 · f1 =
[ 0
8 0
]
−
[ 0
8 0
]
=
[ 0
8 0
]
2. f3 ·MR
2
0(1)
2→3 −M I(22,1)2→3 · f2 = 0
f3 ·MR
2
0(1)
2→3 =

1
1 1
3 0
1 1
6 0
 ·
[
1
]
=

1
1 1
3 0
1 1
6 0

M
I(22,1)
2→3 · f2 =
[ 8
8 1
3 0
]
·

1
1 1
3 0
1 1
3 0
 =

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0
 ·

1
1 1
3 0
1 1
3 0
 =

1
1 1
3 0
1 1
3 0
3 0
 =

1
1 1
3 0
1 1
6 0

f3 ·MR
2
0(1)
2→3 −M I(22,1)2→3 · f2 =

1
1 1
3 0
1 1
6 0
−

1
1 1
3 0
1 1
6 0
 =
[ 1
11 0
]
3. f3 ·MR
2
0(1)
4→3 −M I(22,1)4→3 · f4 = 0
f3 ·MR
2
0(1)
4→3 =

1
1 1
3 0
1 1
6 0
 ·
[ 0
1 0
]
=
[ 0
11 0
]
M
I(22,1)
4→3 · f4 =
[ 7
4 0
7 1
]
·
[ 0
7 0
]
=
[ 0
11 0
]
f3 ·MR
2
0(1)
4→3 −M I(22,1)4→3 · f4 =
[ 0
11 0
]
−
[ 0
11 0
]
=
[ 0
11 0
]
4. f4 ·MR
2
0(1)
5→4 −M I(22,1)5→4 · f5 = 0
f4 ·MR
2
0(1)
5→4 =
[ 0
7 0
]
·
[ 0
0 0
]
=
[ 0
7 0
]
M
I(22,1)
5→4 · f5 =
[ 4
3 0
4 1
]
·
[ 0
4 0
]
=
[ 0
7 0
]
f4 ·MR
2
0(1)
5→4 −M I(22,1)5→4 · f5 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
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5. f3 ·MR
2
0(1)
6→3 −M I(22,1)6→3 · f6 = 0
f3 ·MR
2
0(1)
6→3 =

1
1 1
3 0
1 1
6 0
 ·
[
1
]
=

1
1 1
3 0
1 1
6 0

M
I(22,1)
6→3 · f6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[ 1
1 1
6 0
]
=

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 1 0 0 1 0
2 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1
1 1
2 0
1 0
1 0
2 0
 =

1
1 1
2 0
1 0
1 1
2 0
1 0
1 0
2 0

=

1
1 1
3 0
1 1
6 0

f3 ·MR
2
0(1)
6→3 −M I(22,1)6→3 · f6 =

1
1 1
3 0
1 1
6 0
−

1
1 1
3 0
1 1
6 0
 =
[ 1
11 0
]
6. f6 ·MR
2
0(1)
7→6 −M I(22,1)7→6 · f7 = 0
f6 ·MR
2
0(1)
7→6 =
[ 1
1 1
6 0
]
·
[
1
]
=
[ 1
1 1
6 0
]
M
I(22,1)
7→6 · f7 =

1 3
1 1 0
3 0 1
3 0 1
 · [
1
1 1
3 0
]
=

1
1 1
3 0
3 0
 = [
1
1 1
6 0
]
f6 ·MR
2
0(1)
7→6 −M I(22,1)7→6 · f7 =
[ 1
1 1
6 0
]
−
[ 1
1 1
6 0
]
=
[ 1
7 0
]
Relations of the projection g : I(22, 1)→ I(20, 7) P
1. g2 ·M I(22,1)1→2 −M I(20,7)1→2 · g1 = 0
g2 ·M I(22,1)1→2 =

1 3 1 3
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 · [
4
4 1
4 0
]
=

1 3 1 3
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 ·

1 3
1 1 0
3 0 1
1 0 0
3 0 0
 =

1 3
3 0 0
1 1 0
3 0 91′

M
I(20,7)
1→2 · g1 =
[ 4
3 0
4 1
]
·
[ 1 3
1 1 0
3 0 91′
]
=

1 3
3 0 0
1 1 0
3 0 1
 · [
1 3
1 1 0
3 0 91′
]
=

1 3
3 0 0
1 1 0
3 0 91′

g2 ·M I(22,1)1→2 −M I(20,7)1→2 · g1 =

1 3
3 0 0
1 1 0
3 0 91′
−

1 3
3 0 0
1 1 0
3 0 91′
 = [ 47 0 ]
2. g3 ·M I(22,1)2→3 −M I(20,7)2→3 · g2 = 0
g3 ·M I(22,1)2→3 =

1 3 1 6
6 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 · [
8
8 1
3 0
]
=

1 3 1 3 3
3 0 0 0 0 91′
3 0 0 0 91′ 0
1 1 0 91 0 0
3 0 91′ 0 0 0
 ·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0
 =

1 3 1 3
3 0 0 0 0
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0

2100
M
I(20,7)
2→3 · g2 =
[ 7
3 0
7 1
]
·

1 3 1 3
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 =

3 1 3
3 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 ·

1 3 1 3
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 =

1 3 1 3
3 0 0 0 0
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0

g3 ·M I(22,1)2→3 −M I(20,7)2→3 · g2 =

1 3 1 3
3 0 0 0 0
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
−

1 3 1 3
3 0 0 0 0
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 =
[ 8
10 0
]
3. g3 ·M I(22,1)4→3 −M I(20,7)4→3 · g4 = 0
g3 ·M I(22,1)4→3 =

1 3 1 6
6 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 · [
7
4 0
7 1
]
=

1 3 1 6
6 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 ·

1 6
1 0 0
3 0 0
1 1 0
6 0 1
 =

1 6
6 0 91′
1 91 0
3 0 0
 = [
7
7 91′
3 0
]
M
I(20,7)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[ 7
7 91′
]
=
[ 7
7 91′
3 0
]
g3 ·M I(22,1)4→3 −M I(20,7)4→3 · g4 =
[ 7
7 91′
3 0
]
−
[ 7
7 91′
3 0
]
=
[ 7
10 0
]
4. g4 ·M I(22,1)5→4 −M I(20,7)5→4 · g5 = 0
g4 ·M I(22,1)5→4 =
[ 7
7 91′
]
·
[ 4
3 0
4 1
]
=
[ 3 4
4 0 91′
3 91′ 0
]
·
[ 4
3 0
4 1
]
=
[ 4
4 91′
3 0
]
M
I(20,7)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 4
4 91′
]
=
[ 4
4 91′
3 0
]
g4 ·M I(22,1)5→4 −M I(20,7)5→4 · g5 =
[ 4
4 91′
3 0
]
−
[ 4
4 91′
3 0
]
=
[ 4
7 0
]
5. g3 ·M I(22,1)6→3 −M I(20,7)6→3 · g6 = 0
g3 ·M I(22,1)6→3 =

1 3 1 6
6 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 ·

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 =

1 2 1 1 2 1 1 2
2 0 0 0 0 0 0 0 91′
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0
2 0 0 0 0 91′ 0 0 0
1 1 0 0 91 0 0 0 0
1 0 0 91 0 0 0 0 0
2 0 91′ 0 0 0 0 0 0

·

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 1 0 0 1 0
2 0 1 0 0 1
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 2 1 1 2
2 0 0 0 0 91′
1 0 0 0 91 0
1 0 0 91 0 0
2 0 91′ 0 0 91′
1 0 0 0 91 0
1 0 0 91 0 0
2 0 91′ 0 0 0

=

1 2 2 2
2 0 0 0 91′
2 0 0 91′ 0
2 0 91′ 0 91′
2 0 0 91′ 0
2 0 91′ 0 0

M
I(20,7)
6→3 · g6 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 1 6
6 0 91′
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

1 2 2 2
2 0 0 0 91′
2 0 0 91′ 0
2 0 91′ 0 0
 =

1 2 2 2
2 0 0 0 91′
2 0 0 91′ 0
2 0 91′ 0 91′
2 0 0 91′ 0
2 0 91′ 0 0

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g3 ·M I(22,1)6→3 −M I(20,7)6→3 · g6 =

1 2 2 2
2 0 0 0 91′
2 0 0 91′ 0
2 0 91′ 0 91′
2 0 0 91′ 0
2 0 91′ 0 0
−

1 2 2 2
2 0 0 0 91′
2 0 0 91′ 0
2 0 91′ 0 91′
2 0 0 91′ 0
2 0 91′ 0 0
 =
[ 7
10 0
]
6. g6 ·M I(22,1)7→6 −M I(20,7)7→6 · g7 = 0
g6 ·M I(22,1)7→6 =
[ 1 6
6 0 91′
]
·

1 3
1 1 0
3 0 1
3 0 1
 = [
1 3 3
3 0 0 91′
3 0 91′ 0
]
·

1 3
1 1 0
3 0 1
3 0 1
 = [
1 3
3 0 91′
3 0 91′
]
M
I(20,7)
7→6 · g7 =
[ 3
3 1
3 1
]
·
[ 1 3
3 0 91′
]
=
[ 1 3
3 0 91′
3 0 91′
]
g6 ·M I(22,1)7→6 −M I(20,7)7→6 · g7 =
[ 1 3
3 0 91′
3 0 91′
]
−
[ 1 3
3 0 91′
3 0 91′
]
=
[ 4
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 3
1 1 0
3 0 91′
]
·
[ 0
4 0
]
=
[ 1 3
1 1 0
3 0 91′
]
·
[ 0
1 0
3 0
]
=
[ 0
4 0
]
2. g2 · f2 = 0
g2 · f2 =

1 3 1 3
3 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 ·

1
1 1
3 0
1 1
3 0
 =
[ 1
7 0
]
3. g3 · f3 = 0
g3 · f3 =

1 3 1 6
6 0 0 0 91′
1 1 0 91 0
3 0 91′ 0 0
 ·

1
1 1
3 0
1 1
6 0
 =
[ 1
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7
7 91′
]
·
[ 0
7 0
]
=
[ 0
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4
4 91′
]
·
[ 0
4 0
]
=
[ 0
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 6
6 0 91′
]
·
[ 1
1 1
6 0
]
=
[ 1
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 91′
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
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140.5 Tree module property of I(6n+ 4, 1) 
The matrices of the representation have full (column) rank P
1. M I(6n+4,1)1→2 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. M I(6n+4,1)2→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k) is already in column echelon form and has maximal column rank.
3. M I(6n+4,1)4→3 =
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
4. M I(6n+4,1)5→4 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
5. M I(6n+4,1)6→3 =
[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
6. M I(6n+4,1)7→6 =

1 n
1 1 0
n 0 1
n 0 1
 ∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
140.5.1 0→ R21(2) f→ I(6n+ 4, 1) g→ I(6n, 7)→ 0 
PdimR21(2) + dimI(6n, 7) = (1, 2, 2, 1, 1, 1, 0) + (n, 2n, 3n, 2n, n, 2n, n+ 1)
= (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1) = dimI(6n+ 4, 1)
Pdimk Ext
1
kQ(I(6n, 7), R
2
1(2)) = dimk HomkQ(I(6n, 7), R
2
1(2))− 〈dimI(6n, 7),dimR21(2)〉
= 0− 〈(n, 2n, 3n, 2n, n, 2n, n+ 1), (1, 2, 2, 1, 1, 1, 0)〉
= n · 2 + 2n · 2 + 2n · 2 + n · 1 + 2n · 2 + (n+ 1) · 1− (n · 1 + 2n · 2 + 3n · 2 + 2n · 1 + n · 1 + 2n · 1 + (n+ 1) · 0)
= 2n+ 4n+ 4n+ n+ 4n+ n+ 1− (n+ 4n+ 6n+ 2n+ n+ 2n+ 0)
= 1
Matrices of the embedding f : R21(2)→ I(6n+ 4, 1) P
1. f1 =
[ 1
n 0
1 1
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
 ∈M2n+2,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
 c1↔c2−−−−→

1 1
n 0 0
1 1 0
n 0 0
1 0 1

3. f3 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0
 ∈M3n+2,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0

c1↔c2−−−−→

1 1
n 0 0
1 1 0
n 0 0
1 0 1
n 0 0

4. f4 =

1
n 0
1 1
n 0
 ∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
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5. f5 =
[ 1
1 1
n 0
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1
n 0
1 1
n 0
 ∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(6n+ 4, 1)→ I(6n, 7) P
1. g1 =
[ n 1
n 1 0
]
∈Mn,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ n 1 n 1
n 0 0 1 0
n 1 0 0 0
]
∈M2n,2n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ n 1 n 1
n 0 0 1 0
n 1 0 0 0
]
r1↔r2−−−−→
[ n 1 n 1
n 1 0 0 0
n 0 0 1 0
]
3. g3 =

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 ∈M3n,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 r1↔r3−−−−→

n 1 n 1 n
n 1 0 0 0 0
n 0 0 1 0 0
n 0 0 0 0 1

4. g4 =
[ n 1 n
n 0 0 1
n 1 0 0
]
∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ n 1 n
n 0 0 1
n 1 0 0
]
r1↔r2−−−−→
[ n 1 n
n 1 0 0
n 0 0 1
]
5. g5 =
[ 1 n
n 0 1
]
∈Mn,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ n 1 n
n 0 0 1
n 1 0 0
]
∈M2n,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ n 1 n
n 0 0 1
n 1 0 0
]
r1↔r2−−−−→
[ n 1 n
n 1 0 0
n 0 0 1
]
7. g7 =
[ 1 n
n 0 1
1 1 0
]
∈Mn+1,n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 n
n 0 1
1 1 0
]
r1↔r2−−−−→
[ 1 n
1 1 0
n 0 1
]
=
[n+1
n+1 1
]
Relations of the embedding f : R21(2)→ I(6n+ 4, 1) P
1. f2 ·MR
2
1(2)
1→2 −M I(6n+4,1)1→2 · f1 = 0
f2 ·MR
2
1(2)
1→2 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
 ·
[
0
1
]
=

1
n 0
1 1
n 0
1 0
 =

1
n 0
1 1
n+1 0

M
I(6n+4,1)
1→2 · f1 =
[n+1
n+1 1
n+1 0
]
·
[ 1
n 0
1 1
]
=

n 1
n 1 0
1 0 1
n+1 0 0
 · [
1
n 0
1 1
]
=

1
n 0
1 1
n+1 0

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f2 ·MR
2
1(2)
1→2 −M I(6n+4,1)1→2 · f1 =

1
n 0
1 1
n+1 0
−

1
n 0
1 1
n+1 0
 = [ 12n+2 0 ]
2. f3 ·MR
2
1(2)
2→3 −M I(6n+4,1)2→3 · f2 = 0
f3 ·MR
2
1(2)
2→3 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0
 ·
[
1 0
0 1
]
=

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0

M
I(6n+4,1)
2→3 · f2 =
[2n+2
2n+2 1
n 0
]
·

1 1
n 0 0
1 0 1
n 0 0
1 1 0
 =

n 1 n 1
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
 ·

1 1
n 0 0
1 0 1
n 0 0
1 1 0
 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0

f3 ·MR
2
1(2)
2→3 −M I(6n+4,1)2→3 · f2 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0
−

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0
 =
[ 2
3n+2 0
]
3. f3 ·MR
2
1(2)
4→3 −M I(6n+4,1)4→3 · f4 = 0
f3 ·MR
2
1(2)
4→3 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0
 ·
[
1
0
]
=

1
n 0
1 0
n 0
1 1
n 0
 =

1
2n+1 0
1 1
n 0

M
I(6n+4,1)
4→3 · f4 =
[2n+1
n+1 0
2n+1 1
]
·

1
n 0
1 1
n 0
 =

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

1
n 0
1 1
n 0
 =

1
n+1 0
n 0
1 1
n 0
 =

1
2n+1 0
1 1
n 0

f3 ·MR
2
1(2)
4→3 −M I(6n+4,1)4→3 · f4 =

1
2n+1 0
1 1
n 0
−

1
2n+1 0
1 1
n 0
 = [ 13n+2 0 ]
4. f4 ·MR
2
1(2)
5→4 −M I(6n+4,1)5→4 · f5 = 0
f4 ·MR
2
1(2)
5→4 =

1
n 0
1 1
n 0
 · [1] =

1
n 0
1 1
n 0

M
I(6n+4,1)
5→4 · f5 =
[n+1
n 0
n+1 1
]
·
[ 1
1 1
n 0
]
=

1 n
n 0 0
1 1 0
n 0 1
 · [
1
1 1
n 0
]
=

1
n 0
1 1
n 0

f4 ·MR
2
1(2)
5→4 −M I(6n+4,1)5→4 · f5 =

1
n 0
1 1
n 0
−

1
n 0
1 1
n 0
 = [ 12n+1 0 ]
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5. f3 ·MR
2
1(2)
6→3 −M I(6n+4,1)6→3 · f6 = 0
f3 ·MR
2
1(2)
6→3 =

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0
 ·
[
1
1
]
=

1
n 0
1 1
n 0
1 1
n 0

M
I(6n+4,1)
6→3 · f6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·

1
n 0
1 1
n 0
 =

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 ·

1
n 0
1 1
n 0
+

n 1 n
n+1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

1
n 0
1 1
n 0
 =

1
n 0
1 1
n 0
n+1 0
+

1
n+1 0
n 0
1 1
n 0
 =

1
n 0
1 1
n 0
1 0
n 0
+

1
n 0
1 0
n 0
1 1
n 0
 =

1
n 0
1 1
n 0
1 1
n 0

f3 ·MR
2
1(2)
6→3 −M I(6n+4,1)6→3 · f6 =

1
n 0
1 1
n 0
1 1
n 0
−

1
n 0
1 1
n 0
1 1
n 0
 =
[ 1
3n+2 0
]
6. f6 ·MR
2
1(2)
7→6 −M I(6n+4,1)7→6 · f7 = 0
f6 ·MR
2
1(2)
7→6 =

1
n 0
1 1
n 0
 · [ 01 0 ] = [ 02n+1 0 ]
M
I(6n+4,1)
7→6 · f7 =

1 n
1 1 0
n 0 1
n 0 1
 · [ 0n+1 0 ] =

1 n
1 1 0
n 0 1
n 0 1
 · [
0
1 0
n 0
]
=
[ 0
2n+1 0
]
f6 ·MR
2
1(2)
7→6 −M I(6n+4,1)7→6 · f7 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
Relations of the projection g : I(6n+ 4, 1)→ I(6n, 7) P
1. g2 ·M I(6n+4,1)1→2 −M I(6n,7)1→2 · g1 = 0
g2 ·M I(6n+4,1)1→2 =
[ n 1 n 1
n 0 0 1 0
n 1 0 0 0
]
·
[n+1
n+1 1
n+1 0
]
=
[ n 1 n 1
n 0 0 1 0
n 1 0 0 0
]
·

n 1
n 1 0
1 0 1
n 0 0
1 0 0
 =
[ n 1
n 0 0
n 1 0
]
M
I(6n,7)
1→2 · g1 =
[ n
n 0
n 1
]
·
[ n 1
n 1 0
]
=
[ n 1
n 0 0
n 1 0
]
g2 ·M I(6n+4,1)1→2 −M I(6n,7)1→2 · g1 =
[ n 1
n 0 0
n 1 0
]
−
[ n 1
n 0 0
n 1 0
]
=
[n+1
2n 0
]
2. g3 ·M I(6n+4,1)2→3 −M I(6n,7)2→3 · g2 = 0
g3 ·M I(6n+4,1)2→3 =

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 · [
2n+2
2n+2 1
n 0
]
=

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 ·

n 1 n 1
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
 =

n 1 n 1
n 0 0 0 0
n 0 0 1 0
n 1 0 0 0

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M
I(6n,7)
2→3 · g2 =
[2n
n 0
2n 1
]
·
[ n 1 n 1
n 0 0 1 0
n 1 0 0 0
]
=

n n
n 0 0
n 1 0
n 0 1
 · [
n 1 n 1
n 0 0 1 0
n 1 0 0 0
]
=

n 1 n 1
n 0 0 0 0
n 0 0 1 0
n 1 0 0 0

g3 ·M I(6n+4,1)2→3 −M I(6n,7)2→3 · g2 =

n 1 n 1
n 0 0 0 0
n 0 0 1 0
n 1 0 0 0
−

n 1 n 1
n 0 0 0 0
n 0 0 1 0
n 1 0 0 0
 = [2n+23n 0 ]
3. g3 ·M I(6n+4,1)4→3 −M I(6n,7)4→3 · g4 = 0
g3 ·M I(6n+4,1)4→3 =

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 · [
2n+1
n+1 0
2n+1 1
]
=

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 ·

n 1 n
n 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 =

n 1 n
n 0 0 1
n 1 0 0
n 0 0 0

M
I(6n,7)
4→3 · g4 =
[2n
2n 1
n 0
]
·
[ n 1 n
n 0 0 1
n 1 0 0
]
=

n n
n 1 0
n 0 1
n 0 0
 · [
n 1 n
n 0 0 1
n 1 0 0
]
=

n 1 n
n 0 0 1
n 1 0 0
n 0 0 0

g3 ·M I(6n+4,1)4→3 −M I(6n,7)4→3 · g4 =

n 1 n
n 0 0 1
n 1 0 0
n 0 0 0
−

n 1 n
n 0 0 1
n 1 0 0
n 0 0 0
 = [2n+13n 0 ]
4. g4 ·M I(6n+4,1)5→4 −M I(6n,7)5→4 · g5 = 0
g4 ·M I(6n+4,1)5→4 =
[ n 1 n
n 0 0 1
n 1 0 0
]
·
[n+1
n 0
n+1 1
]
=
[ n 1 n
n 0 0 1
n 1 0 0
]
·

1 n
n 0 0
1 1 0
n 0 1
 = [
1 n
n 0 1
n 0 0
]
M
I(6n,7)
5→4 · g5 =
[ n
n 1
n 0
]
·
[ 1 n
n 0 1
]
=
[ 1 n
n 0 1
n 0 0
]
g4 ·M I(6n+4,1)5→4 −M I(6n,7)5→4 · g5 =
[ 1 n
n 0 1
n 0 0
]
−
[ 1 n
n 0 1
n 0 0
]
=
[n+1
2n 0
]
5. g3 ·M I(6n+4,1)6→3 −M I(6n,7)6→3 · g6 = 0
g3 ·M I(6n+4,1)6→3 =

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 ·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] =

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 ·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
+

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 ·

n 1 n
n 0 0 0
1 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1

=

n 1 n
n 0 0 0
n 0 0 1
n 1 0 0
+

n 1 n
n 0 0 1
n 1 0 0
n 0 0 0
 =

n 1 n
n 0 0 1
n 1 0 1
n 1 0 0

M
I(6n,7)
6→3 · g6 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[ n 1 n
n 0 0 1
n 1 0 0
]
=

n n
n 1 0
n 0 1
n 0 0
 · [
n 1 n
n 0 0 1
n 1 0 0
]
+

n n
n 0 0
n 1 0
n 0 1
 · [
n 1 n
n 0 0 1
n 1 0 0
]
=

n 1 n
n 0 0 1
n 1 0 0
n 0 0 0
+

n 1 n
n 0 0 0
n 0 0 1
n 1 0 0
 =

n 1 n
n 0 0 1
n 1 0 1
n 1 0 0

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g3 ·M I(6n+4,1)6→3 −M I(6n,7)6→3 · g6 =

n 1 n
n 0 0 1
n 1 0 1
n 1 0 0
−

n 1 n
n 0 0 1
n 1 0 1
n 1 0 0
 = [2n+13n 0 ]
6. g6 ·M I(6n+4,1)7→6 −M I(6n,7)7→6 · g7 = 0
g6 ·M I(6n+4,1)7→6 =
[ n 1 n
n 0 0 1
n 1 0 0
]
·

1 n
1 1 0
n 0 1
n 0 1
 =

1 n−1 1 n−1 1
n−1 0 0 0 1 0
1 0 0 0 0 1
1 1 0 0 0 0
n−1 0 1 0 0 0
 ·

1 n−1 1
1 1 0 0
n−1 0 1 0
1 0 0 1
n−1 0 1 0
1 0 0 1
 =

1 n−1 1
n−1 0 1 0
1 0 0 1
1 1 0 0
n−1 0 1 0

M
I(6n,7)
7→6 · g7 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
1 n
n 0 1
1 1 0
]
=

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 1
n−1 1 0 0
 ·

1 n−1 1
n−1 0 1 0
1 0 0 1
1 1 0 0
 =

1 n−1 1
n−1 0 1 0
1 0 0 1
1 1 0 0
n−1 0 1 0

g6 ·M I(6n+4,1)7→6 −M I(6n,7)7→6 · g7 =

1 n−1 1
n−1 0 1 0
1 0 0 1
1 1 0 0
n−1 0 1 0
−

1 n−1 1
n−1 0 1 0
1 0 0 1
1 1 0 0
n−1 0 1 0
 =
[n+1
2n 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n 1
n 1 0
]
·
[ 1
n 0
1 1
]
=
[ 1
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[ n 1 n 1
n 0 0 1 0
n 1 0 0 0
]
·

1 1
n 0 0
1 0 1
n 0 0
1 1 0
 =
[ 2
2n 0
]
3. g3 · f3 = 0
g3 · f3 =

n 1 n 1 n
n 0 0 0 0 1
n 0 0 1 0 0
n 1 0 0 0 0
 ·

1 1
n 0 0
1 0 1
n 0 0
1 1 0
n 0 0
 =
[ 2
3n 0
]
4. g4 · f4 = 0
g4 · f4 =
[ n 1 n
n 0 0 1
n 1 0 0
]
·

1
n 0
1 1
n 0
 = [ 12n 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1 n
n 0 1
]
·
[ 1
1 1
n 0
]
=
[ 1
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ n 1 n
n 0 0 1
n 1 0 0
]
·

1
n 0
1 1
n 0
 = [ 12n 0 ]
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7. g7 · f7 = 0
g7 · f7 =
[ 1 n
n 0 1
1 1 0
]
·
[ 0
n+1 0
]
=
[ 1 n
n 0 1
1 1 0
]
·
[ 0
1 0
n 0
]
=
[ 0
n+1 0
]
140.5.2 0→ R20(1) f→ I(6n+ 4, 1) g→ I(6n+ 2, 7)→ 0 
PdimR20(1) + dimI(6n+ 2, 7) = (0, 1, 1, 0, 0, 1, 1) + (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n, n)
= (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1) = dimI(6n+ 4, 1)
Pdimk Ext
1
kQ(I(6n+ 2, 7), R
2
0(1)) = dimk HomkQ(I(6n+ 2, 7), R
2
0(1))− 〈dimI(6n+ 2, 7),dimR20(1)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n, n), (0, 1, 1, 0, 0, 1, 1)〉
= (n+ 1) · 1 + (2n+ 1) · 1 + (2n+ 1) · 1 + (n+ 1) · 0 + 2n · 1 +n · 1− ((n+ 1) · 0 + (2n+ 1) · 1 + (3n+ 1) · 1 + (2n+ 1) · 0 + (n+ 1) · 0 + 2n · 1 +n · 1)
= n+ 1 + 2n+ 1 + 2n+ 1 + 0 + 2n+ n− (0 + 2n+ 1 + 3n+ 1 + 0 + 0 + 2n+ n)
= 1
Matrices of the embedding f : R20(1)→ I(6n+ 4, 1) P
1. f1 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
2. f2 =

1
1 1
n 0
1 1
n 0
 ∈M2n+2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
1 1
n 0
1 1
2n 0
 ∈M3n+2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 0
2n+1 0
]
∈M2n+1,0(k) – rank computation not applicable here.
5. f5 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
6. f6 =
[ 1
1 1
2n 0
]
∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 1
1 1
n 0
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n+ 4, 1)→ I(6n+ 2, 7) P
1. g1 =
[ 1 n
1 1 0
n 0 91′
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 2n+1
n 0 0
1 1 0
n 0 0
+ [ 1 2n+12n+1 0 91′ ] ∈M2n+1,2n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 n 1 n
n 0 0 0 91′
1 1 0 91 0
n 0 91′ 0 0
 r1↔r2−−−−→

1 n 1 n
1 1 0 91 0
n 0 0 0 91′
n 0 91′ 0 0
 r2↔r3−−−−→

1 n 1 n
1 1 0 91 0
n 0 91′ 0 0
n 0 0 0 91′

3. g3 =

1 3n+1
2n 0 0
1 1 0
n 0 0
+ [ 1 3n+13n+1 0 91′ ] ∈M3n+1,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 n 1 2n
2n 0 0 0 91′
1 1 0 91 0
n 0 91′ 0 0
 r1↔r2−−−−→

1 n 1 2n
1 1 0 91 0
2n 0 0 0 91′
n 0 91′ 0 0
 r2↔r3−−−−→

1 n 1 2n
1 1 0 91 0
n 0 91′ 0 0
2n 0 0 0 91′

4. g4 =
[2n+1
2n+1 91′
]
∈M2n+1,2n+1(k) is already in row echelon form and has maximal row rank.
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5. g5 =
[n+1
n+1 91′
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n
2n 0 91′
]
∈M2n,2n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1 n
n 0 91′
]
∈Mn,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R20(1)→ I(6n+ 4, 1) P
1. f2 ·MR
2
0(1)
1→2 −M I(6n+4,1)1→2 · f1 = 0
f2 ·MR
2
0(1)
1→2 =

1
1 1
n 0
1 1
n 0
 ·
[ 0
1 0
]
=
[ 0
2n+2 0
]
M
I(6n+4,1)
1→2 · f1 =
[n+1
n+1 1
n+1 0
]
·
[ 0
n+1 0
]
=
[ 0
2n+2 0
]
f2 ·MR
2
0(1)
1→2 −M I(6n+4,1)1→2 · f1 =
[ 0
2n+2 0
]
−
[ 0
2n+2 0
]
=
[ 0
2n+2 0
]
2. f3 ·MR
2
0(1)
2→3 −M I(6n+4,1)2→3 · f2 = 0
f3 ·MR
2
0(1)
2→3 =

1
1 1
n 0
1 1
2n 0
 ·
[
1
]
=

1
1 1
n 0
1 1
2n 0

M
I(6n+4,1)
2→3 · f2 =
[2n+2
2n+2 1
n 0
]
·

1
1 1
n 0
1 1
n 0
 =

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0
 ·

1
1 1
n 0
1 1
n 0
 =

1
1 1
n 0
1 1
n 0
n 0
 =

1
1 1
n 0
1 1
2n 0

f3 ·MR
2
0(1)
2→3 −M I(6n+4,1)2→3 · f2 =

1
1 1
n 0
1 1
2n 0
−

1
1 1
n 0
1 1
2n 0
 =
[ 1
3n+2 0
]
3. f3 ·MR
2
0(1)
4→3 −M I(6n+4,1)4→3 · f4 = 0
f3 ·MR
2
0(1)
4→3 =

1
1 1
n 0
1 1
2n 0
 ·
[ 0
1 0
]
=
[ 0
3n+2 0
]
M
I(6n+4,1)
4→3 · f4 =
[2n+1
n+1 0
2n+1 1
]
·
[ 0
2n+1 0
]
=
[ 0
3n+2 0
]
f3 ·MR
2
0(1)
4→3 −M I(6n+4,1)4→3 · f4 =
[ 0
3n+2 0
]
−
[ 0
3n+2 0
]
=
[ 0
3n+2 0
]
4. f4 ·MR
2
0(1)
5→4 −M I(6n+4,1)5→4 · f5 = 0
f4 ·MR
2
0(1)
5→4 =
[ 0
2n+1 0
]
·
[ 0
0 0
]
=
[ 0
2n+1 0
]
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M
I(6n+4,1)
5→4 · f5 =
[n+1
n 0
n+1 1
]
·
[ 0
n+1 0
]
=
[ 0
2n+1 0
]
f4 ·MR
2
0(1)
5→4 −M I(6n+4,1)5→4 · f5 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
5. f3 ·MR
2
0(1)
6→3 −M I(6n+4,1)6→3 · f6 = 0
f3 ·MR
2
0(1)
6→3 =

1
1 1
n 0
1 1
2n 0
 ·
[
1
]
=

1
1 1
n 0
1 1
2n 0

M
I(6n+4,1)
6→3 · f6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[ 1
1 1
2n 0
]
=

1 2n
1 1 0
2n 0 1
n+1 0 0
 · [
1
1 1
2n 0
]
+

1 2n
n+1 0 0
1 1 0
2n 0 1
 · [
1
1 1
2n 0
]
=

1
1 1
2n 0
n+1 0
+

1
n+1 0
1 1
2n 0
 =

1
1 1
n 0
1 0
n−1 0
n+1 0
+

1
1 0
n 0
1 1
n−1 0
n+1 0
 =

1
1 1
n 0
1 1
2n 0

f3 ·MR
2
0(1)
6→3 −M I(6n+4,1)6→3 · f6 =

1
1 1
n 0
1 1
2n 0
−

1
1 1
n 0
1 1
2n 0
 =
[ 1
3n+2 0
]
6. f6 ·MR
2
0(1)
7→6 −M I(6n+4,1)7→6 · f7 = 0
f6 ·MR
2
0(1)
7→6 =
[ 1
1 1
2n 0
]
·
[
1
]
=
[ 1
1 1
2n 0
]
M
I(6n+4,1)
7→6 · f7 =

1 n
1 1 0
n 0 1
n 0 1
 · [
1
1 1
n 0
]
=

1
1 1
n 0
n 0
 = [
1
1 1
2n 0
]
f6 ·MR
2
0(1)
7→6 −M I(6n+4,1)7→6 · f7 =
[ 1
1 1
2n 0
]
−
[ 1
1 1
2n 0
]
=
[ 1
2n+1 0
]
Relations of the projection g : I(6n+ 4, 1)→ I(6n+ 2, 7) P
1. g2 ·M I(6n+4,1)1→2 −M I(6n+2,7)1→2 · g1 = 0
g2 ·M I(6n+4,1)1→2 =


1 2n+1
n 0 0
1 1 0
n 0 0
+ [ 1 2n+12n+1 0 91′ ]

·
[n+1
n+1 1
n+1 0
]
=

1 n n+1
n 0 0 0
1 1 0 0
n 0 0 0
 ·

1 n
1 1 0
n 0 1
n+1 0 0
+ [
1 n n+1
n+1 0 0 91′
n 0 91′ 0
]
·

1 n
1 1 0
n 0 1
n+1 0 0

=

1 n
n 0 0
1 1 0
n 0 0
+ [
1 n
n+1 0 0
n 0 91′
]
=

1 n
n 0 0
1 1 0
n 0 0
+

1 n
n 0 0
1 0 0
n 0 91′
 =

1 n
n 0 0
1 1 0
n 0 91′

M
I(6n+2,7)
1→2 · g1 =
[n+1
n 0
n+1 1
]
·
[ 1 n
1 1 0
n 0 91′
]
=

1 n
n 0 0
1 1 0
n 0 1
 · [
1 n
1 1 0
n 0 91′
]
=

1 n
n 0 0
1 1 0
n 0 91′

g2 ·M I(6n+4,1)1→2 −M I(6n+2,7)1→2 · g1 =

1 n
n 0 0
1 1 0
n 0 91′
−

1 n
n 0 0
1 1 0
n 0 91′
 = [n+12n+1 0 ]
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2. g3 ·M I(6n+4,1)2→3 −M I(6n+2,7)2→3 · g2 = 0
g3 ·M I(6n+4,1)2→3 =


1 3n+1
2n 0 0
1 1 0
n 0 0
+ [ 1 3n+13n+1 0 91′ ]

·
[2n+2
2n+2 1
n 0
]
=

1 2n+1 n
2n 0 0 0
1 1 0 0
n 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 1
n 0 0
+ [
1 2n+1 n
n 0 0 91′
2n+1 0 91′ 0
]
·

1 2n+1
1 1 0
2n+1 0 1
n 0 0

=

1 2n+1
2n 0 0
1 1 0
n 0 0
+ [
1 2n+1
n 0 0
2n+1 0 91′
]
=

1 2n+1
n 0 0
n 0 0
1 1 0
n 0 0
+

1 n 1 n
n 0 0 0 0
n 0 0 0 91′
1 0 0 91 0
n 0 91′ 0 0
 =

1 n 1 n
n 0 0 0 0
n 0 0 0 91′
1 1 0 91 0
n 0 91′ 0 0

M
I(6n+2,7)
2→3 · g2 =
[2n+1
n 0
2n+1 1
]
·


1 2n+1
n 0 0
1 1 0
n 0 0
+ [ 1 2n+12n+1 0 91′ ]

=

n 1 n
n 0 0 0
n 1 0 0
1 0 1 0
n 0 0 1
 ·

1 2n+1
n 0 0
1 1 0
n 0 0
+ [
2n+1
n 0
2n+1 1
]
·
[ 1 2n+1
2n+1 0 91′
]
=

1 2n+1
n 0 0
n 0 0
1 1 0
n 0 0
+
[ 1 2n+1
n 0 0
2n+1 0 91′
]
=

1 2n+1
n 0 0
n 0 0
1 1 0
n 0 0
+

1 n 1 n
n 0 0 0 0
n 0 0 0 91′
1 0 0 91 0
n 0 91′ 0 0
 =

1 n 1 n
n 0 0 0 0
n 0 0 0 91′
1 1 0 91 0
n 0 91′ 0 0

g3 ·M I(6n+4,1)2→3 −M I(6n+2,7)2→3 · g2 =

1 n 1 n
n 0 0 0 0
n 0 0 0 91′
1 1 0 91 0
n 0 91′ 0 0
−

1 n 1 n
n 0 0 0 0
n 0 0 0 91′
1 1 0 91 0
n 0 91′ 0 0
 =
[2n+2
3n+1 0
]
3. g3 ·M I(6n+4,1)4→3 −M I(6n+2,7)4→3 · g4 = 0
g3 ·M I(6n+4,1)4→3 =


1 3n+1
2n 0 0
1 1 0
n 0 0
+ [ 1 3n+13n+1 0 91′ ]

·
[2n+1
n+1 0
2n+1 1
]
=

1 n 2n+1
2n 0 0 0
1 1 0 0
n 0 0 0
 ·

2n+1
1 0
n 0
2n+1 1
+ [
1 n 2n+1
2n+1 0 0 91′
n 0 91′ 0
]
·

2n+1
1 0
n 0
2n+1 1

=

2n+1
2n 0
1 0
n 0
+ [
2n+1
2n+1 91′
n 0
]
=

2n+1
2n 0
1 0
n 0
+

1 2n
2n 0 91′
1 91 0
n 0 0
 = [
2n+1
2n+1 91′
n 0
]
M
I(6n+2,7)
4→3 · g4 =
[2n+1
2n+1 1
n 0
]
·
[2n+1
2n+1 91′
]
=
[2n+1
2n+1 91′
n 0
]
g3 ·M I(6n+4,1)4→3 −M I(6n+2,7)4→3 · g4 =
[2n+1
2n+1 91′
n 0
]
−
[2n+1
2n+1 91′
n 0
]
=
[2n+1
3n+1 0
]
4. g4 ·M I(6n+4,1)5→4 −M I(6n+2,7)5→4 · g5 = 0
g4 ·M I(6n+4,1)5→4 =
[2n+1
2n+1 91′
]
·
[n+1
n 0
n+1 1
]
=
[ n n+1
n+1 0 91′
n 91′ 0
]
·
[n+1
n 0
n+1 1
]
=
[n+1
n+1 91′
n 0
]
M
I(6n+2,7)
5→4 · g5 =
[n+1
n+1 1
n 0
]
·
[n+1
n+1 91′
]
=
[n+1
n+1 91′
n 0
]
g4 ·M I(6n+4,1)5→4 −M I(6n+2,7)5→4 · g5 =
[n+1
n+1 91′
n 0
]
−
[n+1
n+1 91′
n 0
]
=
[n+1
2n+1 0
]
2112
5. g3 ·M I(6n+4,1)6→3 −M I(6n+2,7)6→3 · g6 = 0
g3 ·M I(6n+4,1)6→3 =


1 3n+1
2n 0 0
1 1 0
n 0 0
+ [ 1 3n+13n+1 0 91′ ]

·

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
]
=

1 2n n+1
2n 0 0 0
1 1 0 0
n 0 0 0
 ·

1 2n
1 1 0
2n 0 1
n+1 0 0
+

1 n 2n+1
2n 0 0 0
1 1 0 0
n 0 0 0
 ·

2n+1
1 0
n 0
2n+1 1
+ [
1 2n n+1
n+1 0 0 91′
2n 0 91′ 0
]
·

1 2n
1 1 0
2n 0 1
n+1 0 0
+ [
1 n 2n+1
2n+1 0 0 91′
n 0 91′ 0
]
·

2n+1
1 0
n 0
2n+1 1

=

1 2n
2n 0 0
1 1 0
n 0 0
+

2n+1
2n 0
1 0
n 0
+ [
1 2n
n+1 0 0
2n 0 91′
]
+
[2n+1
2n+1 91′
n 0
]
=

1 2n
n+1 0 0
n−1 0 0
1 1 0
n 0 0
+

1 2n
n+1 0 0
n−1 0 0
1 0 0
n 0 0
+

1 n 1 n−1
n+1 0 0 0 0
n−1 0 0 0 91′
1 0 0 91 0
n 0 91′ 0 0
+

1 n−1 n+1
n+1 0 0 91′
n−1 0 91′ 0
1 91 0 0
n 0 0 0
 =

1 n−1 2 n−1
n−1 0 0 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 0

M
I(6n+2,7)
6→3 · g6 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[ 1 2n
2n 0 91′
]
=
[2n
2n 1
n+1 0
]
·
[ 1 2n
2n 0 91′
]
+
[2n
n+1 0
2n 1
]
·
[ 1 2n
2n 0 91′
]
=
[ 1 2n
2n 0 91′
n+1 0 0
]
+
[ 1 2n
n+1 0 0
2n 0 91′
]
=

1 n−1 n+1
n+1 0 0 91′
n−1 0 91′ 0
n+1 0 0 0
+

1 n+1 n−1
n+1 0 0 0
n−1 0 0 91′
n+1 0 91′ 0
 =

1 n−1 2 n−1
n−1 0 0 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 0

g3 ·M I(6n+4,1)6→3 −M I(6n+2,7)6→3 · g6 =

1 n−1 2 n−1
n−1 0 0 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 0
−

1 n−1 2 n−1
n−1 0 0 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 91′
2 0 0 91′ 0
n−1 0 91′ 0 0
 =
[2n+1
3n+1 0
]
6. g6 ·M I(6n+4,1)7→6 −M I(6n+2,7)7→6 · g7 = 0
g6 ·M I(6n+4,1)7→6 =
[ 1 2n
2n 0 91′
]
·

1 n
1 1 0
n 0 1
n 0 1
 = [
1 n n
n 0 0 91′
n 0 91′ 0
]
·

1 n
1 1 0
n 0 1
n 0 1
 = [
1 n
n 0 91′
n 0 91′
]
M
I(6n+2,7)
7→6 · g7 =
[ n
n 1
n 1
]
·
[ 1 n
n 0 91′
]
=
[ 1 n
n 0 91′
n 0 91′
]
g6 ·M I(6n+4,1)7→6 −M I(6n+2,7)7→6 · g7 =
[ 1 n
n 0 91′
n 0 91′
]
−
[ 1 n
n 0 91′
n 0 91′
]
=
[n+1
2n 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 n
1 1 0
n 0 91′
]
·
[ 0
n+1 0
]
=
[ 1 n
1 1 0
n 0 91′
]
·
[ 0
1 0
n 0
]
=
[ 0
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =


1 2n+1
n 0 0
1 1 0
n 0 0
+ [ 1 2n+12n+1 0 91′ ]

·

1
1 1
n 0
1 1
n 0
 =

1 n 1 n
n 0 0 0 0
1 1 0 0 0
n 0 0 0 0
 ·

1
1 1
n 0
1 1
n 0
+

1 n 1 n
n 0 0 0 91′
1 0 0 91 0
n 0 91′ 0 0
 ·

1
1 1
n 0
1 1
n 0
 =

1
n 0
1 1
n 0
+

1
n 0
1 91
n 0
 = [ 12n+1 0 ]
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3. g3 · f3 = 0
g3 · f3 =


1 3n+1
2n 0 0
1 1 0
n 0 0
+ [ 1 3n+13n+1 0 91′ ]

·

1
1 1
n 0
1 1
2n 0
 =

1 n 1 2n
2n 0 0 0 0
1 1 0 0 0
n 0 0 0 0
 ·

1
1 1
n 0
1 1
2n 0
+

1 n 1 2n
2n 0 0 0 91′
1 0 0 91 0
n 0 91′ 0 0
 ·

1
1 1
n 0
1 1
2n 0
 =

1
2n 0
1 1
n 0
+

1
2n 0
1 91
n 0
 = [ 13n+1 0 ]
4. g4 · f4 = 0
g4 · f4 =
[2n+1
2n+1 91′
]
·
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
5. g5 · f5 = 0
g5 · f5 =
[n+1
n+1 91′
]
·
[ 0
n+1 0
]
=
[ 0
n+1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n
2n 0 91′
]
·
[ 1
1 1
2n 0
]
=
[ 1
2n 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n
n 0 91′
]
·
[ 1
1 1
n 0
]
=
[ 1
n 0
]
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141 Tree module property of I(6n+ 5, 1)
141.1 Tree module property of I(5, 1) 
The matrices of the representation have full (column) rank P
1. M I(5,1)1→2 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. M I(5,1)2→3 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. M I(5,1)4→3 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
4. M I(5,1)5→4 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. M I(5,1)6→3 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. M I(5,1)7→6 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
141.1.1 0→ R11(1) f→ I(5, 1) g→ I(3, 5)→ 0 
PdimR11(1) + dimI(3, 5) = (0, 0, 1, 1, 0, 1, 1) + (0, 1, 1, 1, 1, 1, 0)
= (0, 1, 2, 2, 1, 2, 1) = dimI(5, 1)
Pdimk Ext
1
kQ(I(3, 5), R
1
1(1)) = dimk HomkQ(I(3, 5), R
1
1(1))− 〈dimI(3, 5),dimR11(1)〉
= 0− 〈(0, 1, 1, 1, 1, 1, 0), (0, 0, 1, 1, 0, 1, 1)〉
= 0 · 0 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 0 · 1− (0 · 0 + 1 · 0 + 1 · 1 + 1 · 1 + 1 · 0 + 1 · 1 + 0 · 1)
= 0 + 1 + 1 + 1 + 1 + 0− (0 + 0 + 1 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : R11(1)→ I(5, 1) P
1. f1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. f2 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
3. f3 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : I(5, 1)→ I(3, 5) P
1. g1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. g2 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
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Relations of the embedding f : R11(1)→ I(5, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(5,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
M
I(5,1)
1→2 · f1 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
f2 ·MR
1
1(1)
1→2 −M I(5,1)1→2 · f1 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(5,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(5,1)
2→3 · f2 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f3 ·MR
1
1(1)
2→3 −M I(5,1)2→3 · f2 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
3. f3 ·MR
1
1(1)
4→3 −M I(5,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =
[
1
0
]
·
[
1
]
=
[
1
0
]
M
I(5,1)
4→3 · f4 =
[ 2
2 1
]
·
[
1
0
]
=
[
1 0
0 1
]
·
[
1
0
]
=
[
1
0
]
f3 ·MR
1
1(1)
4→3 −M I(5,1)4→3 · f4 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
4. f4 ·MR
1
1(1)
5→4 −M I(5,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(5,1)
5→4 · f5 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MR
1
1(1)
5→4 −M I(5,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(5,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =
[
1
0
]
·
[
1
]
=
[
1
0
]
M
I(5,1)
6→3 · f6 =
[ 2
2 1
]
·
[
1
0
]
=
[
1 0
0 1
]
·
[
1
0
]
=
[
1
0
]
f3 ·MR
1
1(1)
6→3 −M I(5,1)6→3 · f6 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
6. f6 ·MR
1
1(1)
7→6 −M I(5,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =
[
1
0
]
·
[
1
]
=
[
1
0
]
M
I(5,1)
7→6 · f7 =
[
1
0
]
·
[
1
]
=
[
1
0
]
f6 ·MR
1
1(1)
7→6 −M I(5,1)7→6 · f7 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
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Relations of the projection g : I(5, 1)→ I(3, 5) P
1. g2 ·M I(5,1)1→2 −M I(3,5)1→2 · g1 = 0
g2 ·M I(5,1)1→2 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
M
I(3,5)
1→2 · g1 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
g2 ·M I(5,1)1→2 −M I(3,5)1→2 · g1 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
2. g3 ·M I(5,1)2→3 −M I(3,5)2→3 · g2 = 0
g3 ·M I(5,1)2→3 =
[
0 1
]
·
[
1
1
]
=
[
1
]
M
I(3,5)
2→3 · g2 =
[
1
]
·
[
1
]
=
[
1
]
g3 ·M I(5,1)2→3 −M I(3,5)2→3 · g2 =
[
1
]
−
[
1
]
=
[
0
]
3. g3 ·M I(5,1)4→3 −M I(3,5)4→3 · g4 = 0
g3 ·M I(5,1)4→3 =
[
0 1
]
·
[ 2
2 1
]
=
[
0 1
]
·
[
1 0
0 1
]
=
[
0 1
]
M
I(3,5)
4→3 · g4 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g3 ·M I(5,1)4→3 −M I(3,5)4→3 · g4 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
4. g4 ·M I(5,1)5→4 −M I(3,5)5→4 · g5 = 0
g4 ·M I(5,1)5→4 =
[
0 1
]
·
[
0
1
]
=
[
1
]
M
I(3,5)
5→4 · g5 =
[
1
]
·
[
1
]
=
[
1
]
g4 ·M I(5,1)5→4 −M I(3,5)5→4 · g5 =
[
1
]
−
[
1
]
=
[
0
]
5. g3 ·M I(5,1)6→3 −M I(3,5)6→3 · g6 = 0
g3 ·M I(5,1)6→3 =
[
0 1
]
·
[ 2
2 1
]
=
[
0 1
]
·
[
1 0
0 1
]
=
[
0 1
]
M
I(3,5)
6→3 · g6 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g3 ·M I(5,1)6→3 −M I(3,5)6→3 · g6 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
6. g6 ·M I(5,1)7→6 −M I(3,5)7→6 · g7 = 0
g6 ·M I(5,1)7→6 =
[
0 1
]
·
[
1
0
]
=
[
0
]
M
I(3,5)
7→6 · g7 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g6 ·M I(5,1)7→6 −M I(3,5)7→6 · g7 =
[
0
]
−
[
0
]
=
[
0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 0
0 0
]
·
[ 0
0 0
]
=
[ 0
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 1
]
·
[
1
0
]
=
[
0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 1
]
·
[
1
0
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 1
]
·
[
1
0
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
141.1.2 0→ R1∞(1) f→ I(5, 1) g→ I(2, 1)→ 0 
PdimR1∞(1) + dimI(2, 1) = (0, 1, 1, 1, 0, 1, 0) + (0, 0, 1, 1, 1, 1, 1)
= (0, 1, 2, 2, 1, 2, 1) = dimI(5, 1)
Pdimk Ext
1
kQ(I(2, 1), R
1
∞(1)) = dimk HomkQ(I(2, 1), R
1
∞(1))− 〈dimI(2, 1),dimR1∞(1)〉
= 0− 〈(0, 0, 1, 1, 1, 1, 1), (0, 1, 1, 1, 0, 1, 0)〉
= 0 · 1 + 0 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1− (0 · 0 + 0 · 1 + 1 · 1 + 1 · 1 + 1 · 0 + 1 · 1 + 1 · 0)
= 0 + 0 + 1 + 1 + 1 + 1− (0 + 0 + 1 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(5, 1) P
1. f1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. f2 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
3. f3 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
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Matrices of the projection g : I(5, 1)→ I(2, 1) P
1. g1 =
[ 0
0 0
]
∈M0,0(k) – rank computation not applicable here.
2. g2 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
3. g3 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(5, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(5,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
M
I(5,1)
1→2 · f1 =
[ 0
1 0
]
·
[ 0
0 0
]
=
[ 0
1 0
]
f2 ·MR
1
∞(1)
1→2 −M I(5,1)1→2 · f1 =
[ 0
1 0
]
−
[ 0
1 0
]
=
[ 0
1 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(5,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(5,1)
2→3 · f2 =
[
1
1
]
·
[
1
]
=
[
1
1
]
f3 ·MR
1
∞(1)
2→3 −M I(5,1)2→3 · f2 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(5,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(5,1)
4→3 · f4 =
[ 2
2 1
]
·
[
1
1
]
=
[
1 0
0 1
]
·
[
1
1
]
=
[
1
1
]
f3 ·MR
1
∞(1)
4→3 −M I(5,1)4→3 · f4 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(5,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(5,1)
5→4 · f5 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·MR
1
∞(1)
5→4 −M I(5,1)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
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5. f3 ·MR
1
∞(1)
6→3 −M I(5,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(5,1)
6→3 · f6 =
[ 2
2 1
]
·
[
1
1
]
=
[
1 0
0 1
]
·
[
1
1
]
=
[
1
1
]
f3 ·MR
1
∞(1)
6→3 −M I(5,1)6→3 · f6 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(5,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(5,1)
7→6 · f7 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·MR
1
∞(1)
7→6 −M I(5,1)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
Relations of the projection g : I(5, 1)→ I(2, 1) P
1. g2 ·M I(5,1)1→2 −M I(2,1)1→2 · g1 = 0
g2 ·M I(5,1)1→2 =
[ 1
0 0
]
·
[ 0
1 0
]
=
[ 0
0 0
]
M
I(2,1)
1→2 · g1 =
[ 0
0 0
]
·
[ 0
0 0
]
=
[ 0
0 0
]
g2 ·M I(5,1)1→2 −M I(2,1)1→2 · g1 =
[ 0
0 0
]
−
[ 0
0 0
]
=
[ 0
0 0
]
2. g3 ·M I(5,1)2→3 −M I(2,1)2→3 · g2 = 0
g3 ·M I(5,1)2→3 =
[
1 91
]
·
[
1
1
]
=
[
0
]
M
I(2,1)
2→3 · g2 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g3 ·M I(5,1)2→3 −M I(2,1)2→3 · g2 =
[
0
]
−
[
0
]
=
[
0
]
3. g3 ·M I(5,1)4→3 −M I(2,1)4→3 · g4 = 0
g3 ·M I(5,1)4→3 =
[
1 91
]
·
[ 2
2 1
]
=
[
1 91
]
·
[
1 0
0 1
]
=
[
1 91
]
M
I(2,1)
4→3 · g4 =
[
1
]
·
[
1 91
]
=
[
1 91
]
g3 ·M I(5,1)4→3 −M I(2,1)4→3 · g4 =
[
1 91
]
−
[
1 91
]
=
[ 2
1 0
]
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4. g4 ·M I(5,1)5→4 −M I(2,1)5→4 · g5 = 0
g4 ·M I(5,1)5→4 =
[
1 91
]
·
[
0
1
]
=
[
91
]
M
I(2,1)
5→4 · g5 =
[
1
]
·
[
91
]
=
[
91
]
g4 ·M I(5,1)5→4 −M I(2,1)5→4 · g5 =
[
91
]
−
[
91
]
=
[
0
]
5. g3 ·M I(5,1)6→3 −M I(2,1)6→3 · g6 = 0
g3 ·M I(5,1)6→3 =
[
1 91
]
·
[ 2
2 1
]
=
[
1 91
]
·
[
1 0
0 1
]
=
[
1 91
]
M
I(2,1)
6→3 · g6 =
[
1
]
·
[
1 91
]
=
[
1 91
]
g3 ·M I(5,1)6→3 −M I(2,1)6→3 · g6 =
[
1 91
]
−
[
1 91
]
=
[ 2
1 0
]
6. g6 ·M I(5,1)7→6 −M I(2,1)7→6 · g7 = 0
g6 ·M I(5,1)7→6 =
[
1 91
]
·
[
1
0
]
=
[
1
]
M
I(2,1)
7→6 · g7 =
[
1
]
·
[
1
]
=
[
1
]
g6 ·M I(5,1)7→6 −M I(2,1)7→6 · g7 =
[
1
]
−
[
1
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 0
0 0
]
·
[ 0
0 0
]
=
[ 0
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 91
]
·
[
1
1
]
=
[
0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 91
]
·
[
1
1
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 91
]
·
[
1
1
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
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141.2 Tree module property of I(11, 1) 
The matrices of the representation have full (column) rank P
1. M I(11,1)1→2 =
01
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. M I(11,1)2→3 =

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. M I(11,1)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
4. M I(11,1)5→4 =

1 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. M I(11,1)6→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
6. M I(11,1)7→6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
141.2.1 0→ R11(1) f→ I(11, 1) g→ I(9, 5)→ 0 
PdimR11(1) + dimI(9, 5) = (0, 0, 1, 1, 0, 1, 1) + (1, 3, 4, 3, 2, 3, 1)
= (1, 3, 5, 4, 2, 4, 2) = dimI(11, 1)
Pdimk Ext
1
kQ(I(9, 5), R
1
1(1)) = dimk HomkQ(I(9, 5), R
1
1(1))− 〈dimI(9, 5),dimR11(1)〉
= 0− 〈(1, 3, 4, 3, 2, 3, 1), (0, 0, 1, 1, 0, 1, 1)〉
= 1 · 0 + 3 · 1 + 3 · 1 + 2 · 1 + 3 · 1 + 1 · 1− (1 · 0 + 3 · 0 + 4 · 1 + 3 · 1 + 2 · 0 + 3 · 1 + 1 · 1)
= 0 + 3 + 3 + 2 + 3 + 1− (0 + 0 + 4 + 3 + 0 + 3 + 1)
= 1
Matrices of the embedding f : R11(1)→ I(11, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
3. f3 =

0
0
0
1
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

0
0
0
1
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2122
Matrices of the projection g : I(11, 1)→ I(9, 5) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
91 1 00 1 0
0 1 91
 ∈M3,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
91 1 00 1 0
0 1 91
 r3←r3−r2−−−−−−→
91 1 00 1 0
0 0 91

3. g3 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 r3←r3−r2−−−−−−→

91 1 0 0 0
0 1 0 0 0
0 0 91 0 0
0 0 91 0 1
 r4←r4−r3−−−−−−→

91 1 0 0 0
0 1 0 0 0
0 0 91 0 0
0 0 0 0 1

4. g4 =
91 1 0 00 1 0 0
0 0 91 0
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
0 91
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
91 0 0 00 91 0 0
0 91 0 1
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
91 0 0 00 91 0 0
0 91 0 1
 r3←r3−r2−−−−−−→
91 0 0 00 91 0 0
0 0 0 1
 = [
2 1 1
2 91 0 0
1 0 0 1
]
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(11, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(11,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
3 0
]
·
[ 0
0 0
]
=
[ 0
3 0
]
M
I(11,1)
1→2 · f1 =
01
1
 · [ 01 0 ] = [ 03 0 ]
f2 ·MR
1
1(1)
1→2 −M I(11,1)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(11,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
3 0
1 1
1 0
 · [ 01 0 ] = [ 05 0 ]
M
I(11,1)
2→3 · f2 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 03 0 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
0
1 0
2 0
]
=
[ 0
5 0
]
f3 ·MR
1
1(1)
2→3 −M I(11,1)2→3 · f2 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
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3. f3 ·MR
1
1(1)
4→3 −M I(11,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
3 0
1 1
1 0
 · [1] =

1
3 0
1 1
1 0

M
I(11,1)
4→3 · f4 =
[ 4
4 1
1 0
]
·
[ 1
3 0
1 1
]
=

3 1
3 1 0
1 0 1
1 0 0
 · [
1
3 0
1 1
]
=

1
3 0
1 1
1 0

f3 ·MR
1
1(1)
4→3 −M I(11,1)4→3 · f4 =

1
3 0
1 1
1 0
−

1
3 0
1 1
1 0
 = [ 15 0 ]
4. f4 ·MR
1
1(1)
5→4 −M I(11,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
3 0
1 1
]
·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(11,1)
5→4 · f5 =

1 0
1 0
0 1
0 0
 ·
[ 0
2 0
]
=

1 0
1 0
0 1
0 0
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f4 ·MR
1
1(1)
5→4 −M I(11,1)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(11,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
3 0
1 1
1 0
 · [1] =

1
3 0
1 1
1 0

M
I(11,1)
6→3 · f6 =

1 3
1 1 0
1 0 0
3 0 1
 ·

1
2 0
1 1
1 0
 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ·

0
0
1
0
 =

0
0
0
1
0
 =

1
3 0
1 1
1 0

f3 ·MR
1
1(1)
6→3 −M I(11,1)6→3 · f6 =

1
3 0
1 1
1 0
−

1
3 0
1 1
1 0
 = [ 15 0 ]
6. f6 ·MR
1
1(1)
7→6 −M I(11,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =

1
2 0
1 1
1 0
 · [1] =

1
2 0
1 1
1 0

M
I(11,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[
1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1
0
]
=

1
2 0
1 1
1 0

f6 ·MR
1
1(1)
7→6 −M I(11,1)7→6 · f7 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
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Relations of the projection g : I(11, 1)→ I(9, 5) P
1. g2 ·M I(11,1)1→2 −M I(9,5)1→2 · g1 = 0
g2 ·M I(11,1)1→2 =
91 1 00 1 0
0 1 91
 ·
01
1
 =
11
0

M
I(9,5)
1→2 · g1 =
11
0
 · [1] =
11
0

g2 ·M I(11,1)1→2 −M I(9,5)1→2 · g1 =
11
0
−
11
0
 = [ 13 0 ]
2. g3 ·M I(11,1)2→3 −M I(9,5)2→3 · g2 = 0
g3 ·M I(11,1)2→3 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 =

91 1 0
0 1 0
0 1 91
0 0 0

M
I(9,5)
2→3 · g2 =
[ 3
3 1
1 0
]
·
91 1 00 1 0
0 1 91
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
91 1 00 1 0
0 1 91
 =

91 1 0
0 1 0
0 1 91
0 0 0

g3 ·M I(11,1)2→3 −M I(9,5)2→3 · g2 =

91 1 0
0 1 0
0 1 91
0 0 0
−

91 1 0
0 1 0
0 1 91
0 0 0
 =
[ 3
4 0
]
3. g3 ·M I(11,1)4→3 −M I(9,5)4→3 · g4 = 0
g3 ·M I(11,1)4→3 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·
[ 4
4 1
1 0
]
=

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 =

91 1 0 0
0 1 0 0
0 1 91 0
0 0 91 0

M
I(9,5)
4→3 · g4 =

1 0 0
0 1 0
0 1 1
0 0 1
 ·
91 1 0 00 1 0 0
0 0 91 0
 =

91 1 0 0
0 1 0 0
0 1 91 0
0 0 91 0

g3 ·M I(11,1)4→3 −M I(9,5)4→3 · g4 =

91 1 0 0
0 1 0 0
0 1 91 0
0 0 91 0
−

91 1 0 0
0 1 0 0
0 1 91 0
0 0 91 0
 =
[ 4
4 0
]
4. g4 ·M I(11,1)5→4 −M I(9,5)5→4 · g5 = 0
g4 ·M I(11,1)5→4 =
91 1 0 00 1 0 0
0 0 91 0
 ·

1 0
1 0
0 1
0 0
 =
0 01 0
0 91

M
I(9,5)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[
1 0
0 91
]
=
0 01 0
0 1
 · [1 0
0 91
]
=
0 01 0
0 91

g4 ·M I(11,1)5→4 −M I(9,5)5→4 · g5 =
0 01 0
0 91
−
0 01 0
0 91
 = [ 23 0 ]
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5. g3 ·M I(11,1)6→3 −M I(9,5)6→3 · g6 = 0
g3 ·M I(11,1)6→3 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =

91 0 0 0
0 0 0 0
0 91 0 0
0 91 0 1

M
I(9,5)
6→3 · g6 =

1 2
1 1 0
1 0 0
2 0 1
 ·
91 0 0 00 91 0 0
0 91 0 1
 =

1 0 0
0 0 0
0 1 0
0 0 1
 ·
91 0 0 00 91 0 0
0 91 0 1
 =

91 0 0 0
0 0 0 0
0 91 0 0
0 91 0 1

g3 ·M I(11,1)6→3 −M I(9,5)6→3 · g6 =

91 0 0 0
0 0 0 0
0 91 0 0
0 91 0 1
−

91 0 0 0
0 0 0 0
0 91 0 0
0 91 0 1
 =
[ 4
4 0
]
6. g6 ·M I(11,1)7→6 −M I(9,5)7→6 · g7 = 0
g6 ·M I(11,1)7→6 =
91 0 0 00 91 0 0
0 91 0 1
 · [
2
2 0
2 1
]
=
91 0 0 00 91 0 0
0 91 0 1
 ·

0 0
0 0
1 0
0 1
 =
0 00 0
0 1
 = [
1 1
2 0 0
1 0 1
]
M
I(9,5)
7→6 · g7 =
[ 1
2 0
1 1
]
·
[
0 1
]
=
[ 1 1
2 0 0
1 0 1
]
g6 ·M I(11,1)7→6 −M I(9,5)7→6 · g7 =
[ 1 1
2 0 0
1 0 1
]
−
[ 1 1
2 0 0
1 0 1
]
=
[ 2
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
91 1 00 1 0
0 1 91
 · [ 03 0 ] =
91 1 00 1 0
0 1 91
 ·

0
1 0
1 0
1 0
 = [ 03 0 ]
3. g3 · f3 = 0
g3 · f3 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·

1
3 0
1 1
1 0
 =

91 1 0 0 0
0 1 0 0 0
0 1 91 0 0
0 0 91 0 1
 ·

0
0
0
1
0
 =
[ 1
4 0
]
4. g4 · f4 = 0
g4 · f4 =
91 1 0 00 1 0 0
0 0 91 0
 · [
1
3 0
1 1
]
=
91 1 0 00 1 0 0
0 0 91 0
 ·

0
0
0
1
 =
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
0 91
]
·
[ 0
2 0
]
=
[
1 0
0 91
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
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6. g6 · f6 = 0
g6 · f6 =
91 0 0 00 91 0 0
0 91 0 1
 ·

1
2 0
1 1
1 0
 =
91 0 0 00 91 0 0
0 91 0 1
 ·

0
0
1
0
 =
[ 1
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
141.2.2 0→ R1∞(1) f→ I(11, 1) g→ I(8, 1)→ 0 
PdimR1∞(1) + dimI(8, 1) = (0, 1, 1, 1, 0, 1, 0) + (1, 2, 4, 3, 2, 3, 2)
= (1, 3, 5, 4, 2, 4, 2) = dimI(11, 1)
Pdimk Ext
1
kQ(I(8, 1), R
1
∞(1)) = dimk HomkQ(I(8, 1), R
1
∞(1))− 〈dimI(8, 1),dimR1∞(1)〉
= 0− 〈(1, 2, 4, 3, 2, 3, 2), (0, 1, 1, 1, 0, 1, 0)〉
= 1 · 1 + 2 · 1 + 3 · 1 + 2 · 1 + 3 · 1 + 2 · 1− (1 · 0 + 2 · 1 + 4 · 1 + 3 · 1 + 2 · 0 + 3 · 1 + 2 · 0)
= 1 + 2 + 3 + 2 + 3 + 2− (0 + 2 + 4 + 3 + 0 + 3 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(11, 1) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
Matrices of the projection g : I(11, 1)→ I(8, 1) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : R1∞(1)→ I(11, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(11,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
I(11,1)
1→2 · f1 =
01
1
 · [ 01 0 ] = [ 03 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(11,1)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(11,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
4 0
]
·
[
1
]
=
[ 1
1 1
4 0
]
M
I(11,1)
2→3 · f2 =

1 2
1 1 0
2 0 1
2 0 1
 · [
1
1 1
2 0
]
=

1
1 1
2 0
2 0
 = [
1
1 1
4 0
]
f3 ·MR
1
∞(1)
2→3 −M I(11,1)2→3 · f2 =
[ 1
1 1
4 0
]
−
[ 1
1 1
4 0
]
=
[ 1
5 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(11,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
4 0
]
·
[
1
]
=
[ 1
1 1
4 0
]
M
I(11,1)
4→3 · f4 =
[ 4
4 1
1 0
]
·
[ 1
1 1
3 0
]
=

1 3
1 1 0
3 0 1
1 0 0
 · [
1
1 1
3 0
]
=

1
1 1
3 0
1 0
 = [
1
1 1
4 0
]
f3 ·MR
1
∞(1)
4→3 −M I(11,1)4→3 · f4 =
[ 1
1 1
4 0
]
−
[ 1
1 1
4 0
]
=
[ 1
5 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(11,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
3 0
]
·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(11,1)
5→4 · f5 =

1 0
1 0
0 1
0 0
 ·
[ 0
2 0
]
=

1 0
1 0
0 1
0 0
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f4 ·MR
1
∞(1)
5→4 −M I(11,1)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(11,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
4 0
]
·
[
1
]
=
[ 1
1 1
4 0
]
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M
I(11,1)
6→3 · f6 =

1 3
1 1 0
1 0 0
3 0 1
 · [
1
1 1
3 0
]
=

1
1 1
1 0
3 0
 = [
1
1 1
4 0
]
f3 ·MR
1
∞(1)
6→3 −M I(11,1)6→3 · f6 =
[ 1
1 1
4 0
]
−
[ 1
1 1
4 0
]
=
[ 1
5 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(11,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
3 0
]
·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(11,1)
7→6 · f7 =
[ 2
2 0
2 1
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f6 ·MR
1
∞(1)
7→6 −M I(11,1)7→6 · f7 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
Relations of the projection g : I(11, 1)→ I(8, 1) P
1. g2 ·M I(11,1)1→2 −M I(8,1)1→2 · g1 = 0
g2 ·M I(11,1)1→2 =
[ 1 2
2 0 1
]
·
01
1
 = [0 1 0
0 0 1
]
·
01
1
 = [1
1
]
M
I(8,1)
1→2 · g1 =
[
1
1
]
·
[
1
]
=
[
1
1
]
g2 ·M I(11,1)1→2 −M I(8,1)1→2 · g1 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
2. g3 ·M I(11,1)2→3 −M I(8,1)2→3 · g2 = 0
g3 ·M I(11,1)2→3 =
[ 1 4
4 0 1
]
·

1 2
1 1 0
2 0 1
2 0 1
 = [
1 2 2
2 0 1 0
2 0 0 1
]
·

1 2
1 1 0
2 0 1
2 0 1
 = [
1 2
2 0 1
2 0 1
]
M
I(8,1)
2→3 · g2 =
[ 2
2 1
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
2 0 1
]
g3 ·M I(11,1)2→3 −M I(8,1)2→3 · g2 =
[ 1 2
2 0 1
2 0 1
]
−
[ 1 2
2 0 1
2 0 1
]
=
[ 3
4 0
]
3. g3 ·M I(11,1)4→3 −M I(8,1)4→3 · g4 = 0
g3 ·M I(11,1)4→3 =
[ 1 4
4 0 1
]
·
[ 4
4 1
1 0
]
=
[ 1 3 1
3 0 1 0
1 0 0 1
]
·

1 3
1 1 0
3 0 1
1 0 0
 = [
1 3
3 0 1
1 0 0
]
M
I(8,1)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 1 3
3 0 1
]
=
[ 1 3
3 0 1
1 0 0
]
g3 ·M I(11,1)4→3 −M I(8,1)4→3 · g4 =
[ 1 3
3 0 1
1 0 0
]
−
[ 1 3
3 0 1
1 0 0
]
=
[ 4
4 0
]
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4. g4 ·M I(11,1)5→4 −M I(8,1)5→4 · g5 = 0
g4 ·M I(11,1)5→4 =
[ 1 3
3 0 1
]
·

1 0
1 0
0 1
0 0
 =
0 1 0 00 0 1 0
0 0 0 1
 ·

1 0
1 0
0 1
0 0
 =
1 00 1
0 0
 = [
2
2 1
1 0
]
M
I(8,1)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 2
2 1
]
=
[ 2
2 1
1 0
]
g4 ·M I(11,1)5→4 −M I(8,1)5→4 · g5 =
[ 2
2 1
1 0
]
−
[ 2
2 1
1 0
]
=
[ 2
3 0
]
5. g3 ·M I(11,1)6→3 −M I(8,1)6→3 · g6 = 0
g3 ·M I(11,1)6→3 =
[ 1 4
4 0 1
]
·

1 3
1 1 0
1 0 0
3 0 1
 = [
1 1 3
1 0 1 0
3 0 0 1
]
·

1 3
1 1 0
1 0 0
3 0 1
 = [
1 3
1 0 0
3 0 1
]
M
I(8,1)
6→3 · g6 =
[ 3
1 0
3 1
]
·
[ 1 3
3 0 1
]
=
[ 1 3
1 0 0
3 0 1
]
g3 ·M I(11,1)6→3 −M I(8,1)6→3 · g6 =
[ 1 3
1 0 0
3 0 1
]
−
[ 1 3
1 0 0
3 0 1
]
=
[ 4
4 0
]
6. g6 ·M I(11,1)7→6 −M I(8,1)7→6 · g7 = 0
g6 ·M I(11,1)7→6 =
[ 1 3
3 0 1
]
·
[ 2
2 0
2 1
]
=
[ 1 1 2
1 0 1 0
2 0 0 1
]
·

2
1 0
1 0
2 1
 = [
2
1 0
2 1
]
M
I(8,1)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[ 2
2 1
]
=
[ 2
1 0
2 1
]
g6 ·M I(11,1)7→6 −M I(8,1)7→6 · g7 =
[ 2
1 0
2 1
]
−
[ 2
1 0
2 1
]
=
[ 2
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
141.3 Tree module property of I(17, 1) 
The matrices of the representation have full (column) rank P
1. M I(17,1)1→2 =

0 0
1 0
0 1
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. M I(17,1)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
3. M I(17,1)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k) is already in column echelon form and has maximal column rank.
4. M I(17,1)5→4 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. M I(17,1)6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k) is already in column echelon form and has maximal column rank.
6. M I(17,1)7→6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
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141.3.1 0→ R11(1) f→ I(17, 1) g→ I(15, 5)→ 0 
PdimR11(1) + dimI(15, 5) = (0, 0, 1, 1, 0, 1, 1) + (2, 5, 7, 5, 3, 5, 2)
= (2, 5, 8, 6, 3, 6, 3) = dimI(17, 1)
Pdimk Ext
1
kQ(I(15, 5), R
1
1(1)) = dimk HomkQ(I(15, 5), R
1
1(1))− 〈dimI(15, 5),dimR11(1)〉
= 0− 〈(2, 5, 7, 5, 3, 5, 2), (0, 0, 1, 1, 0, 1, 1)〉
= 2 · 0 + 5 · 1 + 5 · 1 + 3 · 1 + 5 · 1 + 2 · 1− (2 · 0 + 5 · 0 + 7 · 1 + 5 · 1 + 3 · 0 + 5 · 1 + 2 · 1)
= 0 + 5 + 5 + 3 + 5 + 2− (0 + 0 + 7 + 5 + 0 + 5 + 2)
= 1
Matrices of the embedding f : R11(1)→ I(17, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =
[ 0
5 0
]
∈M5,0(k) – rank computation not applicable here.
3. f3 =

0
0
0
0
0
1
0
0

∈M8,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

0
0
0
0
0
1

∈M6,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

0
0
0
1
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(17, 1)→ I(15, 5) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
 ∈M5,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91

r4←r4−r2−−−−−−→

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
0 0 1 0 91

r5←r5−r3−−−−−−→

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 0
0 0 0 0 91
 =

1 1 1 2
1 91 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 91

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3. g3 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

∈M7,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

r4←r4−r2
r5←r5−r2
r7←r7−r2−−−−−−→

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 0
0 0 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 0 0 0 91 0 0 1

r5←r5−r3−−−−−−→

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 91 0 0 1 0
0 0 0 0 91 0 0 1

=

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 91 0 0
2 0 0 0 91 0 1

r5←r5−r4−−−−−−→

1 1 1 2 1 2
1 91 1 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 91 0 0
2 0 0 0 0 0 1

4. g4 =

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0
 ∈M5,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0

r5←r5−r2−−−−−−→

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 0 0 0 91 0
 =

1 1 1 2 1
1 91 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 91 0

5. g5 =
1 0 00 1 0
0 0 91
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

91 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 91 0 0 1 0
0 0 91 0 0 1
 ∈M5,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 91 0 1
 r3←r3−r2−−−−−−→

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 0 0 1
 = [
3 1 2
3 91 0 0
2 0 0 1
]
7. g7 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(17, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(17,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
5 0
]
·
[ 0
0 0
]
=
[ 0
5 0
]
M
I(17,1)
1→2 · f1 =

2
1 0
2 1
2 1
 · [ 02 0 ] = [ 05 0 ]
f2 ·MR
1
1(1)
1→2 −M I(17,1)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(17,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
5 0
1 1
2 0
 · [ 01 0 ] = [ 08 0 ]
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M
I(17,1)
2→3 · f2 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·
[ 0
5 0
]
=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

0
1 0
1 0
2 0
1 0
 =
[ 0
8 0
]
f3 ·MR
1
1(1)
2→3 −M I(17,1)2→3 · f2 =
[ 0
8 0
]
−
[ 0
8 0
]
=
[ 0
8 0
]
3. f3 ·MR
1
1(1)
4→3 −M I(17,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
5 0
1 1
2 0
 · [1] =

1
5 0
1 1
2 0

M
I(17,1)
4→3 · f4 =
[ 6
6 1
2 0
]
·
[ 1
5 0
1 1
]
=

5 1
5 1 0
1 0 1
2 0 0
 · [
1
5 0
1 1
]
=

1
5 0
1 1
2 0

f3 ·MR
1
1(1)
4→3 −M I(17,1)4→3 · f4 =

1
5 0
1 1
2 0
−

1
5 0
1 1
2 0
 = [ 18 0 ]
4. f4 ·MR
1
1(1)
5→4 −M I(17,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
5 0
1 1
]
·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(17,1)
5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 0
3 0
]
=

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 0
1 0
2 0
]
=
[ 0
6 0
]
f4 ·MR
1
1(1)
5→4 −M I(17,1)5→4 · f5 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(17,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
5 0
1 1
2 0
 · [1] =

1
5 0
1 1
2 0

M
I(17,1)
6→3 · f6 =

1 5
1 1 0
2 0 0
5 0 1
 ·

1
3 0
1 1
2 0
 =

1 2 1 2
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1
1 0
2 0
1 1
2 0
 =

1
1 0
2 0
2 0
1 1
2 0
 =

1
5 0
1 1
2 0

f3 ·MR
1
1(1)
6→3 −M I(17,1)6→3 · f6 =

1
5 0
1 1
2 0
−

1
5 0
1 1
2 0
 = [ 18 0 ]
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6. f6 ·MR
1
1(1)
7→6 −M I(17,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =

1
3 0
1 1
2 0
 · [1] =

1
3 0
1 1
2 0

M
I(17,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 1
1 1
2 0
]
=

1 2
3 0 0
1 1 0
2 0 1
 · [
1
1 1
2 0
]
=

1
3 0
1 1
2 0

f6 ·MR
1
1(1)
7→6 −M I(17,1)7→6 · f7 =

1
3 0
1 1
2 0
−

1
3 0
1 1
2 0
 = [ 16 0 ]
Relations of the projection g : I(17, 1)→ I(15, 5) P
1. g2 ·M I(17,1)1→2 −M I(15,5)1→2 · g1 = 0
g2 ·M I(17,1)1→2 =

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
 ·

2
1 0
2 1
2 1
 =

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
 ·

0 0
1 0
0 1
1 0
0 1
 =

1 0
1 0
0 1
0 0
0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0

M
I(15,5)
1→2 · g1 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[ 2
2 1
]
=

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 ·
[
1 0
0 1
]
=

1 1
1 1 0
1 1 0
1 0 1
2 0 0

g2 ·M I(17,1)1→2 −M I(15,5)1→2 · g1 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
−

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =
[ 2
5 0
]
2. g3 ·M I(17,1)2→3 −M I(15,5)2→3 · g2 = 0
g3 ·M I(17,1)2→3 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

=

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
0 0 0 0 0
0 0 0 0 0

=

1 1 1 1 1
1 91 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 0 91
2 0 0 0 0 0

M
I(15,5)
2→3 · g2 =
[ 5
5 1
2 0
]
·

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
 =

1 1 1 1 1
1 91 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 0 91
2 0 0 0 0 0

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g3 ·M I(17,1)2→3 −M I(15,5)2→3 · g2 =

1 1 1 1 1
1 91 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 0 91
2 0 0 0 0 0

−

1 1 1 1 1
1 91 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 0 91
2 0 0 0 0 0

=
[ 5
7 0
]
3. g3 ·M I(17,1)4→3 −M I(15,5)4→3 · g4 = 0
g3 ·M I(17,1)4→3 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·
[ 6
6 1
2 0
]
=

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

=

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 91 0 0
0 1 1 0 91 0
0 0 0 91 0 0
0 1 0 0 91 0

M
I(15,5)
4→3 · g4 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1

·

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0
 =

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 91 0 0
0 1 1 0 91 0
0 0 0 91 0 0
0 1 0 0 91 0

g3 ·M I(17,1)4→3 −M I(15,5)4→3 · g4 =

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 91 0 0
0 1 1 0 91 0
0 0 0 91 0 0
0 1 0 0 91 0

−

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 91 0 0
0 1 1 0 91 0
0 0 0 91 0 0
0 1 0 0 91 0

=
[ 6
7 0
]
4. g4 ·M I(17,1)5→4 −M I(15,5)5→4 · g5 = 0
g4 ·M I(17,1)5→4 =

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0
 ·

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

=

0 0 0
1 0 0
0 1 0
0 0 91
1 0 0

M
I(15,5)
5→4 · g5 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 ·
[ 2 1
2 1 0
1 0 91
]
=

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
 ·
1 0 00 1 0
0 0 91
 =

0 0 0
1 0 0
0 1 0
0 0 91
1 0 0

g4 ·M I(17,1)5→4 −M I(15,5)5→4 · g5 =

0 0 0
1 0 0
0 1 0
0 0 91
1 0 0
−

0 0 0
1 0 0
0 1 0
0 0 91
1 0 0
 =
[ 3
5 0
]
5. g3 ·M I(17,1)6→3 −M I(15,5)6→3 · g6 = 0
g3 ·M I(17,1)6→3 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·

1 5
1 1 0
2 0 0
5 0 1
 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

91 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 91 0 0 0 0
0 0 91 0 0 0
0 91 0 0 1 0
0 0 91 0 0 1

=

1 2 1 2
1 91 0 0 0
2 0 0 0 0
2 0 91 0 0
2 0 91 0 1

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M
I(15,5)
6→3 · g6 =

1 4
1 1 0
2 0 0
4 0 1
 ·

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 91 0 1
 =

1 2 2
1 1 0 0
2 0 0 0
2 0 1 0
2 0 0 1
 ·

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 91 0 1
 =

1 2 1 2
1 91 0 0 0
2 0 0 0 0
2 0 91 0 0
2 0 91 0 1

g3 ·M I(17,1)6→3 −M I(15,5)6→3 · g6 =

1 2 1 2
1 91 0 0 0
2 0 0 0 0
2 0 91 0 0
2 0 91 0 1
−

1 2 1 2
1 91 0 0 0
2 0 0 0 0
2 0 91 0 0
2 0 91 0 1
 =
[ 6
7 0
]
6. g6 ·M I(17,1)7→6 −M I(15,5)7→6 · g7 = 0
g6 ·M I(17,1)7→6 =

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 91 0 1
 · [
3
3 0
3 1
]
=

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 91 0 1
 ·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
2 0 0
2 0 1
 = [
1 2
3 0 0
2 0 1
]
M
I(15,5)
7→6 · g7 =
[ 2
3 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
3 0 0
2 0 1
]
g6 ·M I(17,1)7→6 −M I(15,5)7→6 · g7 =
[ 1 2
3 0 0
2 0 1
]
−
[ 1 2
3 0 0
2 0 1
]
=
[ 3
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
 ·
[ 0
5 0
]
=

91 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 1 0 91 0
0 0 1 0 91
 ·

0
1 0
1 0
1 0
1 0
1 0
 =
[ 0
5 0
]
3. g3 · f3 = 0
g3 · f3 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·

1
5 0
1 1
2 0
 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 91 0 0 0 0
0 1 1 0 91 0 0 0
0 0 0 91 0 0 1 0
0 1 0 0 91 0 0 1

·

0
0
0
0
0
1
0
0

=
[ 1
7 0
]
4. g4 · f4 = 0
g4 · f4 =

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0
 ·
[ 1
5 0
1 1
]
=

91 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 91 0 0
0 1 0 0 91 0
 ·

0
0
0
0
0
1

=
[ 1
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
2 1 0
1 0 91
]
·
[ 0
3 0
]
=
[ 2 1
2 1 0
1 0 91
]
·
[ 0
2 0
1 0
]
=
[ 0
3 0
]
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6. g6 · f6 = 0
g6 · f6 =

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 91 0 1
 ·

1
3 0
1 1
2 0
 =

1 2 1 2
1 91 0 0 0
2 0 91 0 0
2 0 91 0 1
 ·

1
1 0
2 0
1 1
2 0
 =
[ 1
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
141.3.2 0→ R1∞(1) f→ I(17, 1) g→ I(14, 1)→ 0 
PdimR1∞(1) + dimI(14, 1) = (0, 1, 1, 1, 0, 1, 0) + (2, 4, 7, 5, 3, 5, 3)
= (2, 5, 8, 6, 3, 6, 3) = dimI(17, 1)
Pdimk Ext
1
kQ(I(14, 1), R
1
∞(1)) = dimk HomkQ(I(14, 1), R
1
∞(1))− 〈dimI(14, 1),dimR1∞(1)〉
= 0− 〈(2, 4, 7, 5, 3, 5, 3), (0, 1, 1, 1, 0, 1, 0)〉
= 2 · 1 + 4 · 1 + 5 · 1 + 3 · 1 + 5 · 1 + 3 · 1− (2 · 0 + 4 · 1 + 7 · 1 + 5 · 1 + 3 · 0 + 5 · 1 + 3 · 0)
= 2 + 4 + 5 + 3 + 5 + 3− (0 + 4 + 7 + 5 + 0 + 5 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(17, 1) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
0
0
0

∈M8,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
0
0
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
0
0

∈M6,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
Matrices of the projection g : I(17, 1)→ I(14, 1) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M7,8(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M5,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(17, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(17,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
4 0
]
·
[ 0
1 0
]
=
[ 0
5 0
]
M
I(17,1)
1→2 · f1 =

2
1 0
2 1
2 1
 · [ 02 0 ] = [ 05 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(17,1)1→2 · f1 =
[ 0
5 0
]
−
[ 0
5 0
]
=
[ 0
5 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(17,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
7 0
]
·
[
1
]
=
[ 1
1 1
7 0
]
M
I(17,1)
2→3 · f2 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·
[ 1
1 1
4 0
]
=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

·

1
1 1
1 0
2 0
1 0
 =

1
1 1
1 0
2 0
1 0
2 0
1 0

=
[ 1
1 1
7 0
]
f3 ·MR
1
∞(1)
2→3 −M I(17,1)2→3 · f2 =
[ 1
1 1
7 0
]
−
[ 1
1 1
7 0
]
=
[ 1
8 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(17,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
7 0
]
·
[
1
]
=
[ 1
1 1
7 0
]
M
I(17,1)
4→3 · f4 =
[ 6
6 1
2 0
]
·
[ 1
1 1
5 0
]
=

1 5
1 1 0
5 0 1
2 0 0
 · [
1
1 1
5 0
]
=

1
1 1
5 0
2 0
 = [
1
1 1
7 0
]
2139
f3 ·MR
1
∞(1)
4→3 −M I(17,1)4→3 · f4 =
[ 1
1 1
7 0
]
−
[ 1
1 1
7 0
]
=
[ 1
8 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(17,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
5 0
]
·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(17,1)
5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 0
3 0
]
=

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 0
1 0
2 0
]
=
[ 0
6 0
]
f4 ·MR
1
∞(1)
5→4 −M I(17,1)5→4 · f5 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(17,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
7 0
]
·
[
1
]
=
[ 1
1 1
7 0
]
M
I(17,1)
6→3 · f6 =

1 5
1 1 0
2 0 0
5 0 1
 · [
1
1 1
5 0
]
=

1
1 1
2 0
5 0
 = [
1
1 1
7 0
]
f3 ·MR
1
∞(1)
6→3 −M I(17,1)6→3 · f6 =
[ 1
1 1
7 0
]
−
[ 1
1 1
7 0
]
=
[ 1
8 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(17,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
5 0
]
·
[ 0
1 0
]
=
[ 0
6 0
]
M
I(17,1)
7→6 · f7 =
[ 3
3 0
3 1
]
·
[ 0
3 0
]
=
[ 0
6 0
]
f6 ·MR
1
∞(1)
7→6 −M I(17,1)7→6 · f7 =
[ 0
6 0
]
−
[ 0
6 0
]
=
[ 0
6 0
]
Relations of the projection g : I(17, 1)→ I(14, 1) P
1. g2 ·M I(17,1)1→2 −M I(14,1)1→2 · g1 = 0
g2 ·M I(17,1)1→2 =
[ 1 4
4 0 1
]
·

2
1 0
2 1
2 1
 = [
1 2 2
2 0 1 0
2 0 0 1
]
·

2
1 0
2 1
2 1
 = [
2
2 1
2 1
]
M
I(14,1)
1→2 · g1 =
[ 2
2 1
2 1
]
·
[ 2
2 1
]
=
[ 2
2 1
2 1
]
g2 ·M I(17,1)1→2 −M I(14,1)1→2 · g1 =
[ 2
2 1
2 1
]
−
[ 2
2 1
2 1
]
=
[ 2
4 0
]
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2. g3 ·M I(17,1)2→3 −M I(14,1)2→3 · g2 = 0
g3 ·M I(17,1)2→3 =
[ 1 7
7 0 1
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1 2 1
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
I(14,1)
2→3 · g2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 1 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

1 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·M I(17,1)2→3 −M I(14,1)2→3 · g2 =

1 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

1 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[ 5
7 0
]
3. g3 ·M I(17,1)4→3 −M I(14,1)4→3 · g4 = 0
g3 ·M I(17,1)4→3 =
[ 1 7
7 0 1
]
·
[ 6
6 1
2 0
]
=
[ 1 5 2
5 0 1 0
2 0 0 1
]
·

1 5
1 1 0
5 0 1
2 0 0
 = [
1 5
5 0 1
2 0 0
]
M
I(14,1)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 1 5
5 0 1
]
=
[ 1 5
5 0 1
2 0 0
]
g3 ·M I(17,1)4→3 −M I(14,1)4→3 · g4 =
[ 1 5
5 0 1
2 0 0
]
−
[ 1 5
5 0 1
2 0 0
]
=
[ 6
7 0
]
4. g4 ·M I(17,1)5→4 −M I(14,1)5→4 · g5 = 0
g4 ·M I(17,1)5→4 =
[ 1 5
5 0 1
]
·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 1 2 2
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
2 0 1
2 0 0
 = [
3
3 1
2 0
]
M
I(14,1)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 3
3 1
]
=
[ 3
3 1
2 0
]
g4 ·M I(17,1)5→4 −M I(14,1)5→4 · g5 =
[ 3
3 1
2 0
]
−
[ 3
3 1
2 0
]
=
[ 3
5 0
]
5. g3 ·M I(17,1)6→3 −M I(14,1)6→3 · g6 = 0
g3 ·M I(17,1)6→3 =
[ 1 7
7 0 1
]
·

1 5
1 1 0
2 0 0
5 0 1
 = [
1 2 5
2 0 1 0
5 0 0 1
]
·

1 5
1 1 0
2 0 0
5 0 1
 = [
1 5
2 0 0
5 0 1
]
M
I(14,1)
6→3 · g6 =
[ 5
2 0
5 1
]
·
[ 1 5
5 0 1
]
=
[ 1 5
2 0 0
5 0 1
]
g3 ·M I(17,1)6→3 −M I(14,1)6→3 · g6 =
[ 1 5
2 0 0
5 0 1
]
−
[ 1 5
2 0 0
5 0 1
]
=
[ 6
7 0
]
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6. g6 ·M I(17,1)7→6 −M I(14,1)7→6 · g7 = 0
g6 ·M I(17,1)7→6 =
[ 1 5
5 0 1
]
·
[ 3
3 0
3 1
]
=
[ 1 2 3
2 0 1 0
3 0 0 1
]
·

3
1 0
2 0
3 1
 = [
3
2 0
3 1
]
M
I(14,1)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 3
3 1
]
=
[ 3
2 0
3 1
]
g6 ·M I(17,1)7→6 −M I(14,1)7→6 · g7 =
[ 3
2 0
3 1
]
−
[ 3
2 0
3 1
]
=
[ 3
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 7
7 0 1
]
·
[ 1
1 1
7 0
]
=
[ 1
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 5
5 0 1
]
·
[ 1
1 1
5 0
]
=
[ 1
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 5
5 0 1
]
·
[ 1
1 1
5 0
]
=
[ 1
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
141.4 Tree module property of I(23, 1) 
The matrices of the representation have full (column) rank P
1. M I(23,1)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
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2. M I(23,1)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
3. M I(23,1)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k) is already in column echelon form and has maximal column rank.
4. M I(23,1)5→4 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. M I(23,1)6→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k) is already in column echelon form and has maximal column rank.
6. M I(23,1)7→6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
141.4.1 0→ R11(1) f→ I(23, 1) g→ I(21, 5)→ 0 
PdimR11(1) + dimI(21, 5) = (0, 0, 1, 1, 0, 1, 1) + (3, 7, 10, 7, 4, 7, 3)
= (3, 7, 11, 8, 4, 8, 4) = dimI(23, 1)
Pdimk Ext
1
kQ(I(21, 5), R
1
1(1)) = dimk HomkQ(I(21, 5), R
1
1(1))− 〈dimI(21, 5),dimR11(1)〉
= 0− 〈(3, 7, 10, 7, 4, 7, 3), (0, 0, 1, 1, 0, 1, 1)〉
= 3 · 0 + 7 · 1 + 7 · 1 + 4 · 1 + 7 · 1 + 3 · 1− (3 · 0 + 7 · 0 + 10 · 1 + 7 · 1 + 4 · 0 + 7 · 1 + 3 · 1)
= 0 + 7 + 7 + 4 + 7 + 3− (0 + 0 + 10 + 7 + 0 + 7 + 3)
= 1
Matrices of the embedding f : R11(1)→ I(23, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =
[ 0
7 0
]
∈M7,0(k) – rank computation not applicable here.
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3. f3 =

0
0
0
0
0
0
0
1
0
0
0

∈M11,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

0
0
0
0
0
0
0
1

∈M8,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
6. f6 =

0
0
0
0
1
0
0
0

∈M8,1(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(23, 1)→ I(21, 5) P
1. g1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
0 0 0 1 0 0 91

∈M7,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91

r4←r4−r2−−−−−−→

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0
2 0 0 1 0 91

r5←r5−r3−−−−−−→

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 91 0
2 0 0 0 0 91
 =

1 1 2 3
1 91 1 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 91

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3. g3 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

∈M10,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

r5←r5−r2
r6←r6−r2
r9←r9−r2−−−−−−→

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

r6←r6−r3
r7←r7−r3
r10←r10−r3−−−−−−−−→

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0
0 0 0 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 91 0 0 0 1

=

1 1 1 1 2 1 1 2 1
1 91 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
2 0 0 0 0 91 0 0 0 0
1 0 0 0 1 0 91 0 0 0
2 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 91 0 0 1

r6←r6−r4−−−−−−→

1 1 1 1 2 1 1 2 1
1 91 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
2 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
2 0 0 0 0 91 0 0 1 0
1 0 0 0 0 0 91 0 0 1

=

1 1 2 3 1 3
1 91 1 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 91 0 0
3 0 0 0 91 0 1

r5←r5−r4−−−−−−→

1 1 2 3 1 3
1 91 1 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
3 0 0 0 91 0 0
3 0 0 0 0 0 1

4. g4 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

∈M7,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

r6←r6−r2−−−−−−→

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 0 0 0 0 91 0 0
0 0 1 0 0 0 91 0

=

1 1 1 1 2 1 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 91 0 0
1 0 0 1 0 0 91 0

r6←r6−r3−−−−−−→

1 1 1 1 2 1 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0

=

1 1 2 3 1
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 91 0

5. g5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 91
 ∈M4,4(k) is already in row echelon form and has maximal row rank.
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6. g6 =

91 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0
0 0 91 0 0 0 0 0
0 0 0 91 0 0 0 0
0 91 0 0 0 1 0 0
0 0 91 0 0 0 1 0
0 0 0 91 0 0 0 1

∈M7,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 91 0 1
 r3←r3−r2−−−−−−→

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 0 0 1
 = [
4 1 3
4 91 0 0
3 0 0 1
]
7. g7 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(23, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(23,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
7 0
]
·
[ 0
0 0
]
=
[ 0
7 0
]
M
I(23,1)
1→2 · f1 =

3
1 0
3 1
3 1
 · [ 03 0 ] = [ 07 0 ]
f2 ·MR
1
1(1)
1→2 −M I(23,1)1→2 · f1 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(23,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
7 0
1 1
3 0
 · [ 01 0 ] = [ 011 0 ]
M
I(23,1)
2→3 · f2 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·
[ 0
7 0
]
=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

0
1 0
2 0
2 0
2 0
 =
[ 0
11 0
]
f3 ·MR
1
1(1)
2→3 −M I(23,1)2→3 · f2 =
[ 0
11 0
]
−
[ 0
11 0
]
=
[ 0
11 0
]
3. f3 ·MR
1
1(1)
4→3 −M I(23,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
7 0
1 1
3 0
 · [1] =

1
7 0
1 1
3 0

M
I(23,1)
4→3 · f4 =
[ 8
8 1
3 0
]
·
[ 1
7 0
1 1
]
=

7 1
7 1 0
1 0 1
3 0 0
 · [
1
7 0
1 1
]
=

1
7 0
1 1
3 0

f3 ·MR
1
1(1)
4→3 −M I(23,1)4→3 · f4 =

1
7 0
1 1
3 0
−

1
7 0
1 1
3 0
 = [ 111 0 ]
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4. f4 ·MR
1
1(1)
5→4 −M I(23,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
7 0
1 1
]
·
[ 0
1 0
]
=
[ 0
8 0
]
M
I(23,1)
5→4 · f5 =

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 ·
[ 0
4 0
]
=

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 ·
[ 0
1 0
3 0
]
=
[ 0
8 0
]
f4 ·MR
1
1(1)
5→4 −M I(23,1)5→4 · f5 =
[ 0
8 0
]
−
[ 0
8 0
]
=
[ 0
8 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(23,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
7 0
1 1
3 0
 · [1] =

1
7 0
1 1
3 0

M
I(23,1)
6→3 · f6 =

1 7
1 1 0
3 0 0
7 0 1
 ·

1
4 0
1 1
3 0
 =

1 3 1 3
1 1 0 0 0
3 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

1
1 0
3 0
1 1
3 0
 =

1
1 0
3 0
3 0
1 1
3 0
 =

1
7 0
1 1
3 0

f3 ·MR
1
1(1)
6→3 −M I(23,1)6→3 · f6 =

1
7 0
1 1
3 0
−

1
7 0
1 1
3 0
 = [ 111 0 ]
6. f6 ·MR
1
1(1)
7→6 −M I(23,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =

1
4 0
1 1
3 0
 · [1] =

1
4 0
1 1
3 0

M
I(23,1)
7→6 · f7 =
[ 4
4 0
4 1
]
·
[ 1
1 1
3 0
]
=

1 3
4 0 0
1 1 0
3 0 1
 · [
1
1 1
3 0
]
=

1
4 0
1 1
3 0

f6 ·MR
1
1(1)
7→6 −M I(23,1)7→6 · f7 =

1
4 0
1 1
3 0
−

1
4 0
1 1
3 0
 = [ 18 0 ]
Relations of the projection g : I(23, 1)→ I(21, 5) P
1. g2 ·M I(23,1)1→2 −M I(21,5)1→2 · g1 = 0
g2 ·M I(23,1)1→2 =

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
 ·

3
1 0
3 1
3 1
 =

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
2 0 1
 =

1 2
1 1 0
1 1 0
2 0 1
1 0 0
2 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0

M
I(21,5)
1→2 · g1 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 ·
[ 3
3 1
]
=

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 ·
[ 1 2
1 1 0
2 0 1
]
=

1 2
1 1 0
1 1 0
2 0 1
3 0 0

2147
g2 ·M I(23,1)1→2 −M I(21,5)1→2 · g1 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
−

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =
[ 3
7 0
]
2. g3 ·M I(23,1)2→3 −M I(21,5)2→3 · g2 = 0
g3 ·M I(23,1)2→3 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

=

91 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 91 0 0
0 0 1 0 0 91 0
0 0 0 1 0 0 91
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

=

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
3 0 0 0 0 0

M
I(21,5)
2→3 · g2 =
[ 7
7 1
3 0
]
·

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
 =

1 1 2 1 2
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

·

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
 =

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
3 0 0 0 0 0

g3 ·M I(23,1)2→3 −M I(21,5)2→3 · g2 =

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
3 0 0 0 0 0

−

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
3 0 0 0 0 0

=
[ 7
10 0
]
3. g3 ·M I(23,1)4→3 −M I(21,5)4→3 · g4 = 0
g3 ·M I(23,1)4→3 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·
[ 8
8 1
3 0
]
=

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

=

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 91 0 0 0
0 1 1 0 0 91 0 0
0 0 1 1 0 0 91 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

M
I(21,5)
4→3 · g4 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

=

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 91 0 0 0
0 1 1 0 0 91 0 0
0 0 1 1 0 0 91 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

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g3 ·M I(23,1)4→3 −M I(21,5)4→3 · g4 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 91 0 0 0
0 1 1 0 0 91 0 0
0 0 1 1 0 0 91 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

−

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 91 0 0 0
0 1 1 0 0 91 0 0
0 0 1 1 0 0 91 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

=
[ 8
10 0
]
4. g4 ·M I(23,1)5→4 −M I(21,5)5→4 · g5 = 0
g4 ·M I(23,1)5→4 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

·

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

=

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 91
1 0 0 0
0 1 0 0

=

2 1 1
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0

M
I(21,5)
5→4 · g5 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 ·
[ 3 1
3 1 0
1 0 91
]
=

2 1 1
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 1 0 0
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 91
 =

2 1 1
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0

g4 ·M I(23,1)5→4 −M I(21,5)5→4 · g5 =

2 1 1
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0
−

2 1 1
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 91
2 1 0 0
 =
[ 4
7 0
]
5. g3 ·M I(23,1)6→3 −M I(21,5)6→3 · g6 = 0
g3 ·M I(23,1)6→3 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·

1 7
1 1 0
3 0 0
7 0 1
 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

=

91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0
0 0 91 0 0 0 0 0
0 0 0 91 0 0 0 0
0 91 0 0 0 1 0 0
0 0 91 0 0 0 1 0
0 0 0 91 0 0 0 1

=

1 3 1 3
1 91 0 0 0
3 0 0 0 0
3 0 91 0 0
3 0 91 0 1

M
I(21,5)
6→3 · g6 =

1 6
1 1 0
3 0 0
6 0 1
 ·

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 91 0 1
 =

1 3 3
1 1 0 0
3 0 0 0
3 0 1 0
3 0 0 1
 ·

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 91 0 1
 =

1 3 1 3
1 91 0 0 0
3 0 0 0 0
3 0 91 0 0
3 0 91 0 1

g3 ·M I(23,1)6→3 −M I(21,5)6→3 · g6 =

1 3 1 3
1 91 0 0 0
3 0 0 0 0
3 0 91 0 0
3 0 91 0 1
−

1 3 1 3
1 91 0 0 0
3 0 0 0 0
3 0 91 0 0
3 0 91 0 1
 =
[ 8
10 0
]
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6. g6 ·M I(23,1)7→6 −M I(21,5)7→6 · g7 = 0
g6 ·M I(23,1)7→6 =

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 91 0 1
 · [
4
4 0
4 1
]
=

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 91 0 1
 ·

1 3
1 0 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 0 0
3 0 0
3 0 1
 = [
1 3
4 0 0
3 0 1
]
M
I(21,5)
7→6 · g7 =
[ 3
4 0
3 1
]
·
[ 1 3
3 0 1
]
=
[ 1 3
4 0 0
3 0 1
]
g6 ·M I(23,1)7→6 −M I(21,5)7→6 · g7 =
[ 1 3
4 0 0
3 0 1
]
−
[ 1 3
4 0 0
3 0 1
]
=
[ 4
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
 ·
[ 0
7 0
]
=

1 1 2 1 2
1 91 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 91 0
2 0 0 1 0 91
 ·

0
1 0
1 0
2 0
1 0
2 0
 =
[ 0
7 0
]
3. g3 · f3 = 0
g3 · f3 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·

1
7 0
1 1
3 0
 =

91 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0
0 1 1 0 0 91 0 0 0 0 0
0 0 1 1 0 0 91 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0
0 1 0 0 0 91 0 0 0 1 0
0 0 1 0 0 0 91 0 0 0 1

·

0
0
0
0
0
0
0
1
0
0
0

=
[ 1
10 0
]
4. g4 · f4 = 0
g4 · f4 =

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

·
[ 1
7 0
1 1
]
=

91 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 91 0 0 0
0 1 0 0 0 91 0 0
0 0 1 0 0 0 91 0

·

0
0
0
0
0
0
0
1

=
[ 1
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 1
3 1 0
1 0 91
]
·
[ 0
4 0
]
=
[ 3 1
3 1 0
1 0 91
]
·
[ 0
3 0
1 0
]
=
[ 0
4 0
]
6. g6 · f6 = 0
g6 · f6 =

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 91 0 1
 ·

1
4 0
1 1
3 0
 =

1 3 1 3
1 91 0 0 0
3 0 91 0 0
3 0 91 0 1
 ·

1
1 0
3 0
1 1
3 0
 =
[ 1
7 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
141.4.2 0→ R1∞(1) f→ I(23, 1) g→ I(20, 1)→ 0 
PdimR1∞(1) + dimI(20, 1) = (0, 1, 1, 1, 0, 1, 0) + (3, 6, 10, 7, 4, 7, 4)
= (3, 7, 11, 8, 4, 8, 4) = dimI(23, 1)
Pdimk Ext
1
kQ(I(20, 1), R
1
∞(1)) = dimk HomkQ(I(20, 1), R
1
∞(1))− 〈dimI(20, 1),dimR1∞(1)〉
= 0− 〈(3, 6, 10, 7, 4, 7, 4), (0, 1, 1, 1, 0, 1, 0)〉
= 3 · 1 + 6 · 1 + 7 · 1 + 4 · 1 + 7 · 1 + 4 · 1− (3 · 0 + 6 · 1 + 10 · 1 + 7 · 1 + 4 · 0 + 7 · 1 + 4 · 0)
= 3 + 6 + 7 + 4 + 7 + 4− (0 + 6 + 10 + 7 + 0 + 7 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(23, 1) P
1. f1 =
[ 0
3 0
]
∈M3,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
0
0
0

∈M7,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1
0
0
0
0
0
0
0
0
0
0

∈M11,1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1
0
0
0
0
0
0
0

∈M8,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
6. f6 =

1
0
0
0
0
0
0
0

∈M8,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
4 0
]
∈M4,0(k) – rank computation not applicable here.
Matrices of the projection g : I(23, 1)→ I(20, 1) P
1. g1 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M6,7(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M10,11(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M7,8(k) is already in row echelon form and has maximal row rank.
5. g5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M4,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M7,8(k) is already in row echelon form and has maximal row rank.
7. g7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M4,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(23, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(23,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
6 0
]
·
[ 0
1 0
]
=
[ 0
7 0
]
M
I(23,1)
1→2 · f1 =

3
1 0
3 1
3 1
 · [ 03 0 ] = [ 07 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(23,1)1→2 · f1 =
[ 0
7 0
]
−
[ 0
7 0
]
=
[ 0
7 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(23,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
10 0
]
·
[
1
]
=
[ 1
1 1
10 0
]
M
I(23,1)
2→3 · f2 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·
[ 1
1 1
6 0
]
=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

·

1
1 1
2 0
2 0
2 0
 =

1
1 1
2 0
2 0
2 0
2 0
2 0

=
[ 1
1 1
10 0
]
f3 ·MR
1
∞(1)
2→3 −M I(23,1)2→3 · f2 =
[ 1
1 1
10 0
]
−
[ 1
1 1
10 0
]
=
[ 1
11 0
]
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3. f3 ·MR
1
∞(1)
4→3 −M I(23,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
10 0
]
·
[
1
]
=
[ 1
1 1
10 0
]
M
I(23,1)
4→3 · f4 =
[ 8
8 1
3 0
]
·
[ 1
1 1
7 0
]
=

1 7
1 1 0
7 0 1
3 0 0
 · [
1
1 1
7 0
]
=

1
1 1
7 0
3 0
 = [
1
1 1
10 0
]
f3 ·MR
1
∞(1)
4→3 −M I(23,1)4→3 · f4 =
[ 1
1 1
10 0
]
−
[ 1
1 1
10 0
]
=
[ 1
11 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(23,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
7 0
]
·
[ 0
1 0
]
=
[ 0
8 0
]
M
I(23,1)
5→4 · f5 =

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 ·
[ 0
4 0
]
=

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 ·
[ 0
1 0
3 0
]
=
[ 0
8 0
]
f4 ·MR
1
∞(1)
5→4 −M I(23,1)5→4 · f5 =
[ 0
8 0
]
−
[ 0
8 0
]
=
[ 0
8 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(23,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
10 0
]
·
[
1
]
=
[ 1
1 1
10 0
]
M
I(23,1)
6→3 · f6 =

1 7
1 1 0
3 0 0
7 0 1
 · [
1
1 1
7 0
]
=

1
1 1
3 0
7 0
 = [
1
1 1
10 0
]
f3 ·MR
1
∞(1)
6→3 −M I(23,1)6→3 · f6 =
[ 1
1 1
10 0
]
−
[ 1
1 1
10 0
]
=
[ 1
11 0
]
6. f6 ·MR
1
∞(1)
7→6 −M I(23,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
7 0
]
·
[ 0
1 0
]
=
[ 0
8 0
]
M
I(23,1)
7→6 · f7 =
[ 4
4 0
4 1
]
·
[ 0
4 0
]
=
[ 0
8 0
]
f6 ·MR
1
∞(1)
7→6 −M I(23,1)7→6 · f7 =
[ 0
8 0
]
−
[ 0
8 0
]
=
[ 0
8 0
]
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Relations of the projection g : I(23, 1)→ I(20, 1) P
1. g2 ·M I(23,1)1→2 −M I(20,1)1→2 · g1 = 0
g2 ·M I(23,1)1→2 =
[ 1 6
6 0 1
]
·

3
1 0
3 1
3 1
 = [
1 3 3
3 0 1 0
3 0 0 1
]
·

3
1 0
3 1
3 1
 = [
3
3 1
3 1
]
M
I(20,1)
1→2 · g1 =
[ 3
3 1
3 1
]
·
[ 3
3 1
]
=
[ 3
3 1
3 1
]
g2 ·M I(23,1)1→2 −M I(20,1)1→2 · g1 =
[ 3
3 1
3 1
]
−
[ 3
3 1
3 1
]
=
[ 3
6 0
]
2. g3 ·M I(23,1)2→3 −M I(20,1)2→3 · g2 = 0
g3 ·M I(23,1)2→3 =
[ 1 10
10 0 1
]
·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2 2 2
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
I(20,1)
2→3 · g2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 1 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

1 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

1 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·M I(23,1)2→3 −M I(20,1)2→3 · g2 =

1 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

1 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[ 7
10 0
]
3. g3 ·M I(23,1)4→3 −M I(20,1)4→3 · g4 = 0
g3 ·M I(23,1)4→3 =
[ 1 10
10 0 1
]
·
[ 8
8 1
3 0
]
=
[ 1 7 3
7 0 1 0
3 0 0 1
]
·

1 7
1 1 0
7 0 1
3 0 0
 = [
1 7
7 0 1
3 0 0
]
M
I(20,1)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[ 1 7
7 0 1
]
=
[ 1 7
7 0 1
3 0 0
]
g3 ·M I(23,1)4→3 −M I(20,1)4→3 · g4 =
[ 1 7
7 0 1
3 0 0
]
−
[ 1 7
7 0 1
3 0 0
]
=
[ 8
10 0
]
4. g4 ·M I(23,1)5→4 −M I(20,1)5→4 · g5 = 0
g4 ·M I(23,1)5→4 =
[ 1 7
7 0 1
]
·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 1 3 3
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 3
1 1 0
3 0 1
3 0 0
 = [
4
4 1
3 0
]
M
I(20,1)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 4
4 1
]
=
[ 4
4 1
3 0
]
g4 ·M I(23,1)5→4 −M I(20,1)5→4 · g5 =
[ 4
4 1
3 0
]
−
[ 4
4 1
3 0
]
=
[ 4
7 0
]
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5. g3 ·M I(23,1)6→3 −M I(20,1)6→3 · g6 = 0
g3 ·M I(23,1)6→3 =
[ 1 10
10 0 1
]
·

1 7
1 1 0
3 0 0
7 0 1
 = [
1 3 7
3 0 1 0
7 0 0 1
]
·

1 7
1 1 0
3 0 0
7 0 1
 = [
1 7
3 0 0
7 0 1
]
M
I(20,1)
6→3 · g6 =
[ 7
3 0
7 1
]
·
[ 1 7
7 0 1
]
=
[ 1 7
3 0 0
7 0 1
]
g3 ·M I(23,1)6→3 −M I(20,1)6→3 · g6 =
[ 1 7
3 0 0
7 0 1
]
−
[ 1 7
3 0 0
7 0 1
]
=
[ 8
10 0
]
6. g6 ·M I(23,1)7→6 −M I(20,1)7→6 · g7 = 0
g6 ·M I(23,1)7→6 =
[ 1 7
7 0 1
]
·
[ 4
4 0
4 1
]
=
[ 1 3 4
3 0 1 0
4 0 0 1
]
·

4
1 0
3 0
4 1
 = [
4
3 0
4 1
]
M
I(20,1)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 4
4 1
]
=
[ 4
3 0
4 1
]
g6 ·M I(23,1)7→6 −M I(20,1)7→6 · g7 =
[ 4
3 0
4 1
]
−
[ 4
3 0
4 1
]
=
[ 4
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3
3 1
]
·
[ 0
3 0
]
=
[ 0
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 6
6 0 1
]
·
[ 1
1 1
6 0
]
=
[ 1
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 10
10 0 1
]
·
[ 1
1 1
10 0
]
=
[ 1
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 7
7 0 1
]
·
[ 1
1 1
7 0
]
=
[ 1
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4
4 1
]
·
[ 0
4 0
]
=
[ 0
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 7
7 0 1
]
·
[ 1
1 1
7 0
]
=
[ 1
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4
4 1
]
·
[ 0
4 0
]
=
[ 0
4 0
]
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141.5 Tree module property of I(6n+ 5, 1) 
The matrices of the representation have full (column) rank P
1. M I(6n+5,1)1→2 =

n
1 0
n 1
n 1
 ∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. M I(6n+5,1)2→3 =
[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
]
∈M3n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,1)
2→3 =

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

3. M I(6n+5,1)4→3 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k) is already in column echelon form and has maximal column rank.
4. M I(6n+5,1)5→4 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
5. M I(6n+5,1)6→3 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 ∈M3n+2,2n+2(k) is already in column echelon form and has maximal column rank.
6. M I(6n+5,1)7→6 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
141.5.1 0→ R11(1) f→ I(6n+ 5, 1) g→ I(6n+ 3, 5)→ 0 
PdimR11(1) + dimI(6n+ 3, 5) = (0, 0, 1, 1, 0, 1, 1) + (n, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n)
= (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1) = dimI(6n+ 5, 1)
Pdimk Ext
1
kQ(I(6n+ 3, 5), R
1
1(1)) = dimk HomkQ(I(6n+ 3, 5), R
1
1(1))− 〈dimI(6n+ 3, 5),dimR11(1)〉
= 0− 〈(n, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n), (0, 0, 1, 1, 0, 1, 1)〉
= n · 0 + (2n+ 1) · 1 + (2n+ 1) · 1 + (n+ 1) · 1 + (2n+ 1) · 1 +n · 1− (n · 0 + (2n+ 1) · 0 + (3n+ 1) · 1 + (2n+ 1) · 1 + (n+ 1) · 0 + (2n+ 1) · 1 +n · 1)
= 0 + 2n+ 1 + 2n+ 1 + n+ 1 + 2n+ 1 + n− (0 + 0 + 3n+ 1 + 2n+ 1 + 0 + 2n+ 1 + n)
= 1
Matrices of the embedding f : R11(1)→ I(6n+ 5, 1) P
1. f1 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
2. f2 =
[ 0
2n+1 0
]
∈M2n+1,0(k) – rank computation not applicable here.
3. f3 =

1
2n+1 0
1 1
n 0
 ∈M3n+2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 1
2n+1 0
1 1
]
∈M2n+2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
6. f6 =

1
n+1 0
1 1
n 0
 ∈M2n+2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 1
1 1
n 0
]
∈Mn+1,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(6n+ 5, 1)→ I(6n+ 3, 5) P
1. g1 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 n n
1 91 0 0
n 0 1 0
n 0 1 91
+ [
1 1 2n−1
1 0 1 0
2n 0 0 0
]
∈M2n+1,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 n−1 1 n−1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 91 0
n−1 0 0 1 0 91

r4←r4−r2−−−−−−→

1 1 n−1 1 n−1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 0 0 91 0
n−1 0 0 1 0 91

r5←r5−r3−−−−−−→

1 1 n−1 1 n−1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 0 0 91 0
n−1 0 0 0 0 91
 =

1 1 n−1 n
1 91 1 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 91

3. g3 =

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
+

1 1 n−2 2n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

∈M3n+1,3n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
+

1 1 n−2 2n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

=

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
n−2 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 0 1

+

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 0 1 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−→
R1 = rows: 2 ... 2
R2 = rows: 1 ... 1

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
n−2 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 0 1

+

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−→
R1 = rows: 2 ... 2
R2 = rows: n+3 ... n+3

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
n−2 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 0 1

+

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 2 ... 2
R2 = rows: 2n+3 ... 2n+3
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
1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
n−2 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 0 1

+

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−−→
R1 = rows: 3 ... n
R2 = rows: n+4 ... 2n+1

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
n−2 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 0 1

+

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0

R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 3 ... n
R2 = rows: 2n+4 ... 3n+1

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 91 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
n−2 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0
n−2 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 0 91 0 0 0 1

+

1 1 n−2 1 1 n−2 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0 0 0

=

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
 r3←r3−r2−−−−−−→

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 0 91 0 0
n 0 0 91 0 1
 r4←r4−r3−−−−−−→

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 0 91 0 0
n 0 0 0 0 1

4. g4 =

1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
 ∈M2n+1,2n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 1 n−2 1 1 1 n−2 1
1 91 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 1 0 0 0 91 0 0
n−2 0 0 1 0 0 0 91 0

r6←r6−r2−−−−−−→

1 1 n−2 1 1 1 n−2 1
1 91 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0
n−2 0 0 1 0 0 0 91 0

=

1 1 n−2 1 2 n−2 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 91 0 0
n−2 0 0 1 0 0 91 0

r6←r6−r3−−−−−−→

1 1 n−2 1 2 n−2 1
1 91 1 0 0 0 0 0
1 0 1 0 0 0 0 0
n−2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 91 0 0
n−2 0 0 0 0 0 91 0

=

1 1 n−1 n 1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 91 0

5. g5 =
[ n 1
n 1 0
1 0 91
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
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6. g6 =

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 ∈M2n+1,2n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 r3←r3−r2−−−−−−→

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 0 0 1
 = [
n+1 1 n
n+1 91 0 0
n 0 0 1
]
7. g7 =
[ 1 n
n 0 1
]
∈Mn,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R11(1)→ I(6n+ 5, 1) P
1. f2 ·MR
1
1(1)
1→2 −M I(6n+5,1)1→2 · f1 = 0
f2 ·MR
1
1(1)
1→2 =
[ 0
2n+1 0
]
·
[ 0
0 0
]
=
[ 0
2n+1 0
]
M
I(6n+5,1)
1→2 · f1 =

n
1 0
n 1
n 1
 · [ 0n 0 ] = [ 02n+1 0 ]
f2 ·MR
1
1(1)
1→2 −M I(6n+5,1)1→2 · f1 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
2. f3 ·MR
1
1(1)
2→3 −M I(6n+5,1)2→3 · f2 = 0
f3 ·MR
1
1(1)
2→3 =

1
2n+1 0
1 1
n 0
 · [ 01 0 ] = [ 03n+2 0 ]
M
I(6n+5,1)
2→3 · f2 =

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] ·
[ 0
2n+1 0
]
=
[2n+1
2n+1 1
n+1 0
]
·
[ 0
2n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
]
·
[ 0
1 0
2n 0
]
=
[ 0
2n+1 0
n+1 0
]
+
[ 0
n+2 0
2n 0
]
=

0
n+2 0
n−1 0
n+1 0
+

0
n+2 0
n−1 0
n+1 0
 = [ 03n+2 0 ]
f3 ·MR
1
1(1)
2→3 −M I(6n+5,1)2→3 · f2 =
[ 0
3n+2 0
]
−
[ 0
3n+2 0
]
=
[ 0
3n+2 0
]
3. f3 ·MR
1
1(1)
4→3 −M I(6n+5,1)4→3 · f4 = 0
f3 ·MR
1
1(1)
4→3 =

1
2n+1 0
1 1
n 0
 · [1] =

1
2n+1 0
1 1
n 0

M
I(6n+5,1)
4→3 · f4 =
[2n+2
2n+2 1
n 0
]
·
[ 1
2n+1 0
1 1
]
=

2n+1 1
2n+1 1 0
1 0 1
n 0 0
 · [
1
2n+1 0
1 1
]
=

1
2n+1 0
1 1
n 0

f3 ·MR
1
1(1)
4→3 −M I(6n+5,1)4→3 · f4 =

1
2n+1 0
1 1
n 0
−

1
2n+1 0
1 1
n 0
 = [ 13n+2 0 ]
4. f4 ·MR
1
1(1)
5→4 −M I(6n+5,1)5→4 · f5 = 0
f4 ·MR
1
1(1)
5→4 =
[ 1
2n+1 0
1 1
]
·
[ 0
1 0
]
=
[ 0
2n+2 0
]
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M
I(6n+5,1)
5→4 · f5 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ·
[ 0
n+1 0
]
=

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ·
[ 0
1 0
n 0
]
=
[ 0
2n+2 0
]
f4 ·MR
1
1(1)
5→4 −M I(6n+5,1)5→4 · f5 =
[ 0
2n+2 0
]
−
[ 0
2n+2 0
]
=
[ 0
2n+2 0
]
5. f3 ·MR
1
1(1)
6→3 −M I(6n+5,1)6→3 · f6 = 0
f3 ·MR
1
1(1)
6→3 =

1
2n+1 0
1 1
n 0
 · [1] =

1
2n+1 0
1 1
n 0

M
I(6n+5,1)
6→3 · f6 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 ·

1
n+1 0
1 1
n 0
 =

1 n 1 n
1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

1
1 0
n 0
1 1
n 0
 =

1
1 0
n 0
n 0
1 1
n 0
 =

1
2n+1 0
1 1
n 0

f3 ·MR
1
1(1)
6→3 −M I(6n+5,1)6→3 · f6 =

1
2n+1 0
1 1
n 0
−

1
2n+1 0
1 1
n 0
 = [ 13n+2 0 ]
6. f6 ·MR
1
1(1)
7→6 −M I(6n+5,1)7→6 · f7 = 0
f6 ·MR
1
1(1)
7→6 =

1
n+1 0
1 1
n 0
 · [1] =

1
n+1 0
1 1
n 0

M
I(6n+5,1)
7→6 · f7 =
[n+1
n+1 0
n+1 1
]
·
[ 1
1 1
n 0
]
=

1 n
n+1 0 0
1 1 0
n 0 1
 · [
1
1 1
n 0
]
=

1
n+1 0
1 1
n 0

f6 ·MR
1
1(1)
7→6 −M I(6n+5,1)7→6 · f7 =

1
n+1 0
1 1
n 0
−

1
n+1 0
1 1
n 0
 = [ 12n+2 0 ]
Relations of the projection g : I(6n+ 5, 1)→ I(6n+ 3, 5) P
1. g2 ·M I(6n+5,1)1→2 −M I(6n+3,5)1→2 · g1 = 0
g2 ·M I(6n+5,1)1→2 =


1 n n
1 91 0 0
n 0 1 0
n 0 1 91
+ [
1 1 2n−1
1 0 1 0
2n 0 0 0
]

·

n
1 0
n 1
n 1
 =

1 n n
1 91 0 0
n 0 1 0
n 0 1 91
 ·

n
1 0
n 1
n 1
+ [
1 1 n−1 1 n−1
1 0 1 0 0 0
2n 0 0 0 0 0
]
·

1 n−1
1 0 0
1 1 0
n−1 0 1
1 1 0
n−1 0 1

=

n
1 0
n 1
n 0
+ [
1 n−1
1 1 0
2n 0 0
]
=

1 n−1
1 0 0
1 1 0
n−1 0 1
n 0 0
+

1 n−1
1 1 0
1 0 0
n−1 0 0
n 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0

M
I(6n+3,5)
1→2 · g1 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ·
[ n
n 1
]
=

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 ·
[ 1 n−1
1 1 0
n−1 0 1
]
=

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0

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g2 ·M I(6n+5,1)1→2 −M I(6n+3,5)1→2 · g1 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
−

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =
[ n
2n+1 0
]
2. g3 ·M I(6n+5,1)2→3 −M I(6n+3,5)2→3 · g2 = 0
g3 ·M I(6n+5,1)2→3 =


1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
+

1 1 n−2 2n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
]
=

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
 ·

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
+

1 1 n−1 1 n−1 1 1 n−1
1 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−1 0 0 1 0 0 0 0 0
1 0 1 0 91 0 0 0 0
n−1 0 0 1 0 91 0 0 0
1 0 0 0 91 0 0 1 0
n−1 0 0 0 0 91 0 0 1

·

1 n−1 1 1 n−1
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1

+

1 1 n−2 n+1 n+1
1 0 1 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0

·

1 1 n−2 n+1
1 1 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0
+

1 1 n−2 2 2n
1 0 1 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0

·

1 2n
1 0 0
1 0 0
n−2 0 0
2 0 0
2n 0 1

=

1 n n
1 91 0 0
n 0 1 0
n 0 1 91
n 0 0 91
+

1 n−1 1 1 n−1
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 91 0 0 0
1 0 0 0 1 0
n−1 0 91 0 0 1

+

1 1 n−2 n+1
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

+

1 2n
1 0 0
n+1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−2 0 0

=

1 1 1 n−2 1 1 n−2
1 91 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−2 0 0 0 1 0 0 0
1 0 1 0 0 91 0 0
1 0 0 1 0 0 91 0
n−2 0 0 0 1 0 0 91
1 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0
n−2 0 0 0 0 0 0 91

+

1 1 n−2 1 1 1 n−2
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0
n−2 0 0 91 0 0 0 0
1 0 0 0 0 1 0 0
1 0 91 0 0 0 1 0
n−2 0 0 91 0 0 0 1

+

1 1 n−2 n+1
1 0 1 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

+

1 2n
1 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−2 0 0

=

1 1 n−1 1 n−1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 91 0
n−1 0 0 1 0 91
n 0 0 0 0 0

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M
I(6n+3,5)
2→3 · g2 =
[2n+1
2n+1 1
n 0
]
·


1 n n
1 91 0 0
n 0 1 0
n 0 1 91
+ [
1 1 2n−1
1 0 1 0
2n 0 0 0
]

=

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
 ·

1 n n
1 91 0 0
n 0 1 0
n 0 1 91
+

1 2n
1 1 0
2n 0 1
n 0 0
 · [
1 1 2n−1
1 0 1 0
2n 0 0 0
]
=

1 n n
1 91 0 0
n 0 1 0
n 0 1 91
n 0 0 0
+

1 1 2n−1
1 0 1 0
2n 0 0 0
n 0 0 0
 =

1 1 n−1 1 n−1
1 91 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 91 0
n−1 0 0 1 0 91
n 0 0 0 0 0

+

1 1 n−1 1 n−1
1 0 1 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0

=

1 1 n−1 1 n−1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 91 0
n−1 0 0 1 0 91
n 0 0 0 0 0

g3 ·M I(6n+5,1)2→3 −M I(6n+3,5)2→3 · g2 =

1 1 n−1 1 n−1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 91 0
n−1 0 0 1 0 91
n 0 0 0 0 0

−

1 1 n−1 1 n−1
1 91 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 1 0 91 0
n−1 0 0 1 0 91
n 0 0 0 0 0

=
[2n+1
3n+1 0
]
3. g3 ·M I(6n+5,1)4→3 −M I(6n+3,5)4→3 · g4 = 0
g3 ·M I(6n+5,1)4→3 =


1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
+

1 1 n−2 2n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


·
[2n+2
2n+2 1
n 0
]
=

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
 ·

1 n n 1
1 1 0 0 0
n 0 1 0 0
n 0 0 1 0
1 0 0 0 1
n 0 0 0 0
+

1 1 n−2 n+2 n
1 0 1 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0

·

1 1 n−2 n+2
1 1 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n+2 0 0 0 1
n 0 0 0 0

=

1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 1 91 0
n 0 0 91 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

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=
1 1 1 n−3 1 1 1 n−3 1 1
1 91 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0
n−3 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0
n−3 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0

+

1 1 n−3 1 1 1 n−2 1 1
1 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
n−3 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
n−3 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0

=

1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 1 91 0
n 0 0 91 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

M
I(6n+3,5)
4→3 · g4 =

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] ·


1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


=

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
 ·

1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0

+

1 n+1 1 n−2
1 1 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n−2 0 0 0 1
n 0 0 0 0
 ·

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
+

1 n n
n+1 0 0 0
n 0 1 0
n 0 0 1
 ·

1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0
+

1 n+1 1 n−2
n+1 0 0 0 0
n+1 0 1 0 0
1 0 0 1 0
n−2 0 0 0 1
 ·

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

=

1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0
n 0 0 0 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n 0 0 0 0
+

1 n n 1
n+1 0 0 0 0
n 0 1 0 0
n 0 0 91 0
+

1 1 n−2 n+2
n+1 0 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0

=

1 1 n−2 1 1 1 n−3 1 1
1 91 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
n−3 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0

+

1 1 n−3 1 1 n 1
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0

+

1 1 1 n−3 1 1 1 n−2 1
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
n−2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n−3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0
n−2 0 0 0 0 0 0 0 91 0

+

1 1 n−2 1 n 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−2 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−3 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0

=

1 1 n−2 1 1 1 n−2 1
1 91 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 1 0 0 0 91 0 0
n−2 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0

+

1 n n 1
n+1 0 0 0 0
n 0 1 0 0
n 0 0 91 0

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g3 ·M I(6n+5,1)4→3 −M I(6n+3,5)4→3 · g4 =


1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 1 91 0
n 0 0 91 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


−


1 1 n−2 1 1 1 n−2 1
1 91 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 91 0 0 0
1 0 1 0 0 0 91 0 0
n−2 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
n−2 0 0 1 0 0 0 0 0

+

1 n n 1
n+1 0 0 0 0
n 0 1 0 0
n 0 0 91 0


=

[ 1 2n+1
1 91 0
3n 0 0
]
+

1 n n+1
1 0 0 0
n 0 1 0
2n 0 0 0
+

1 n n+1
n+1 0 0 0
n 0 1 0
n 0 0 0
+

n+1 n 1
n+1 0 0 0
n 0 91 0
n 0 0 0
+ [
n+1 n 1
2n+1 0 0 0
n 0 91 0
]
+
[ 1 1 2n
1 0 1 0
3n 0 0 0
]
+

1 1 2n
n+2 0 0 0
1 0 1 0
2n−2 0 0 0
+

2 n−2 n+2
n+3 0 0 0
n−2 0 1 0
n 0 0 0
+

1 1 2n
2n+2 0 0 0
1 0 1 0
n−2 0 0 0
+ [
2 n−2 n+2
2n+3 0 0 0
n−2 0 1 0
]

−

[ 1 2n+1
1 91 0
3n 0 0
]
+

1 n n+1
1 0 0 0
n 0 1 0
2n 0 0 0
+

1 n n+1
n+1 0 0 0
n 0 1 0
n 0 0 0
+

n+1 n 1
n+1 0 0 0
n 0 91 0
n 0 0 0
+ [
n+1 n 1
2n+1 0 0 0
n 0 91 0
]
+
[ 1 1 2n
1 0 1 0
3n 0 0 0
]
+

1 1 2n
n+2 0 0 0
1 0 1 0
2n−2 0 0 0
+

2 n−2 n+2
n+3 0 0 0
n−2 0 1 0
n 0 0 0
+

1 1 2n
2n+2 0 0 0
1 0 1 0
n−2 0 0 0
+ [
2 n−2 n+2
2n+3 0 0 0
n−2 0 1 0
]

=
[2n+2
3n+1 0
]
4. g4 ·M I(6n+5,1)5→4 −M I(6n+3,5)5→4 · g5 = 0
g4 ·M I(6n+5,1)5→4 =


1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


·

1 n
1 1 0
1 1 0
n 0 1
n 0 0

=

1 1 n−1 1 n−1 1
1 91 0 0 0 0 0
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
1 0 0 0 91 0 0
n−1 0 0 0 0 91 0
 ·

1 n−1 1
1 1 0 0
1 1 0 0
n−1 0 1 0
1 0 0 1
n−1 0 0 0
1 0 0 0

+

1 1 n−2 2 n
1 0 1 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
 ·

1 n−2 2
1 1 0 0
1 1 0 0
n−2 0 1 0
2 0 0 1
n 0 0 0

=

1 n−1 1
1 91 0 0
1 1 0 0
n−1 0 1 0
1 0 0 91
n−1 0 0 0
+

1 n−2 2
1 1 0 0
n+1 0 0 0
1 1 0 0
n−2 0 1 0
 =

1 n−2 1 1
1 91 0 0 0
1 1 0 0 0
n−2 0 1 0 0
1 0 0 1 0
1 0 0 0 91
1 0 0 0 0
n−2 0 0 0 0

+

1 n−2 1 1
1 1 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 1 0 0 0
n−2 0 1 0 0

=

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0

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5→4 · g5 =


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

·
[ n 1
n 1 0
1 0 91
]
=

n 1
1 0 0
n 1 0
1 0 1
n−1 0 0
 ·
[ n 1
n 1 0
1 0 91
]
+
[n−1 1 1
n+2 0 0 0
n−1 1 0 0
]
·

n−1 1 1
n−1 1 0 0
1 0 1 0
1 0 0 91

=

n 1
1 0 0
n 1 0
1 0 91
n−1 0 0
+
[n−1 1 1
n+2 0 0 0
n−1 1 0 0
]
=

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 0 0 0
+

n−1 1 1
1 0 0 0
n−1 0 0 0
1 0 0 0
1 0 0 0
n−1 1 0 0
 =

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0

g4 ·M I(6n+5,1)5→4 −M I(6n+3,5)5→4 · g5 =

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0
−

n−1 1 1
1 0 0 0
n−1 1 0 0
1 0 1 0
1 0 0 91
n−1 1 0 0
 =
[n+1
2n+1 0
]
5. g3 ·M I(6n+5,1)6→3 −M I(6n+3,5)6→3 · g6 = 0
g3 ·M I(6n+5,1)6→3 =


1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
+

1 1 n−2 2n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


·

1 2n+1
1 1 0
n 0 0
2n+1 0 1

=

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
 ·

1 n 1 n
1 1 0 0 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
+

1 1 n−2 1 2n+1
1 0 1 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0

·

1 2n+1
1 1 0
1 0 0
n−2 0 0
1 0 0
2n+1 0 1

=

1 n 1 n
1 91 0 0 0
n 0 0 0 0
n 0 91 0 0
n 0 91 0 1
+

1 2n+1
1 0 0
n+1 0 0
1 0 0
n−2 0 0
1 0 0
1 0 0
n−2 0 0

=

1 1 1 n−2 1 1 1 n−2
1 91 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0
1 0 91 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0
n−2 0 0 0 91 0 0 0 0
1 0 91 0 0 0 1 0 0
1 0 0 91 0 0 0 1 0
n−2 0 0 0 91 0 0 0 1

+

1 n 1 n
1 0 0 0 0
n 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−2 0 0 0 0

=

1 n 1 n
1 91 0 0 0
n 0 0 0 0
n 0 91 0 0
n 0 91 0 1

M
I(6n+3,5)
6→3 · g6 =

1 2n
1 1 0
n 0 0
2n 0 1
 ·

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 =

1 n n
1 1 0 0
n 0 0 0
n 0 1 0
n 0 0 1
 ·

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 =

1 n 1 n
1 91 0 0 0
n 0 0 0 0
n 0 91 0 0
n 0 91 0 1

g3 ·M I(6n+5,1)6→3 −M I(6n+3,5)6→3 · g6 =

1 n 1 n
1 91 0 0 0
n 0 0 0 0
n 0 91 0 0
n 0 91 0 1
−

1 n 1 n
1 91 0 0 0
n 0 0 0 0
n 0 91 0 0
n 0 91 0 1
 =
[2n+2
3n+1 0
]
6. g6 ·M I(6n+5,1)7→6 −M I(6n+3,5)7→6 · g7 = 0
g6 ·M I(6n+5,1)7→6 =

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 · [
n+1
n+1 0
n+1 1
]
=

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 ·

1 n
1 0 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 0 0
n 0 0
n 0 1
 = [
1 n
n+1 0 0
n 0 1
]
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7→6 · g7 =
[ n
n+1 0
n 1
]
·
[ 1 n
n 0 1
]
=
[ 1 n
n+1 0 0
n 0 1
]
g6 ·M I(6n+5,1)7→6 −M I(6n+3,5)7→6 · g7 =
[ 1 n
n+1 0 0
n 0 1
]
−
[ 1 n
n+1 0 0
n 0 1
]
=
[n+1
2n+1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
2. g2 · f2 = 0
g2 · f2 =


1 n n
1 91 0 0
n 0 1 0
n 0 1 91
+ [
1 1 2n−1
1 0 1 0
2n 0 0 0
]

·
[ 0
2n+1 0
]
=

1 n n
1 91 0 0
n 0 1 0
n 0 1 91
 ·

0
1 0
n 0
n 0
+ [
1 1 2n−1
1 0 1 0
2n 0 0 0
]
·

0
1 0
1 0
2n−1 0
=

0
1 0
n 0
n 0
+ [
0
1 0
2n 0
]
=

0
1 0
n 0
n 0
+

0
1 0
n 0
n 0
= [ 02n+1 0 ]
3. g3 · f3 = 0
g3 · f3 =


1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
+

1 1 n−2 2n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


·

1
2n+1 0
1 1
n 0

=

1 n n 1 n
1 91 0 0 0 0
n 0 1 0 0 0
n 0 1 91 0 0
n 0 0 91 0 1
 ·

1
1 0
n 0
n 0
1 1
n 0
+

1 1 n−2 n+1 1 n
1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0

·

1
1 0
1 0
n−2 0
n+1 0
1 1
n 0

=

1
1 0
n 0
n 0
n 0
+

1
1 0
n+1 0
1 0
n−2 0
1 0
1 0
n−2 0

=

1
1 0
n 0
1 0
1 0
n−2 0
1 0
1 0
n−2 0

+

1
1 0
n 0
1 0
1 0
n−2 0
1 0
1 0
n−2 0

=
[ 1
3n+1 0
]
4. g4 · f4 = 0
g4 · f4 =


1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0
+

1 1 n−2 n+2
1 0 1 0 0
n+1 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0


·
[ 1
2n+1 0
1 1
]
=

1 n n 1
1 91 0 0 0
n 0 1 0 0
n 0 0 91 0
 ·

1
1 0
n 0
n 0
1 1
+

1 1 n−2 n+1 1
1 0 1 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n−2 0 0 1 0 0
 ·

1
1 0
1 0
n−2 0
n+1 0
1 1
 =

1
1 0
n 0
n 0
+

1
1 0
n+1 0
1 0
n−2 0
 =

1
1 0
n 0
1 0
1 0
n−2 0
+

1
1 0
n 0
1 0
1 0
n−2 0
 =
[ 1
2n+1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n 1
n 1 0
1 0 91
]
·
[ 0
n+1 0
]
=
[ n 1
n 1 0
1 0 91
]
·
[ 0
n 0
1 0
]
=
[ 0
n+1 0
]
6. g6 · f6 = 0
g6 · f6 =

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 ·

1
n+1 0
1 1
n 0
 =

1 n 1 n
1 91 0 0 0
n 0 91 0 0
n 0 91 0 1
 ·

1
1 0
n 0
1 1
n 0
 =
[ 1
2n+1 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ 1 n
n 0 1
]
·
[ 1
1 1
n 0
]
=
[ 1
n 0
]
141.5.2 0→ R1∞(1) f→ I(6n+ 5, 1) g→ I(6n+ 2, 1)→ 0 
PdimR1∞(1) + dimI(6n+ 2, 1) = (0, 1, 1, 1, 0, 1, 0) + (n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
= (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1) = dimI(6n+ 5, 1)
Pdimk Ext
1
kQ(I(6n+ 2, 1), R
1
∞(1)) = dimk HomkQ(I(6n+ 2, 1), R
1
∞(1))− 〈dimI(6n+ 2, 1),dimR1∞(1)〉
= 0− 〈(n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1), (0, 1, 1, 1, 0, 1, 0)〉
= n · 1 + 2n · 1 + (2n+ 1) · 1 + (n+ 1) · 1 + (2n+ 1) · 1 + (n+ 1) · 1− (n · 0 + 2n · 1 + (3n+ 1) · 1 + (2n+ 1) · 1 + (n+ 1) · 0 + (2n+ 1) · 1 + (n+ 1) · 0)
= n+ 2n+ 2n+ 1 + n+ 1 + 2n+ 1 + n+ 1− (0 + 2n+ 3n+ 1 + 2n+ 1 + 0 + 2n+ 1 + 0)
= 1
Matrices of the embedding f : R1∞(1)→ I(6n+ 5, 1) P
1. f1 =
[ 0
n 0
]
∈Mn,0(k) – rank computation not applicable here.
2. f2 =
[ 1
1 1
2n 0
]
∈M2n+1,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
[ 1
1 1
3n+1 0
]
∈M3n+2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[ 1
1 1
2n+1 0
]
∈M2n+2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
6. f6 =
[ 1
1 1
2n+1 0
]
∈M2n+2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
n+1 0
]
∈Mn+1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(6n+ 5, 1)→ I(6n+ 2, 1) P
1. g1 =
[ n
n 1
]
∈Mn,n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n
2n 0 1
]
∈M2n,2n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n+1
3n+1 0 1
]
∈M3n+1,3n+2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 2n+1
2n+1 0 1
]
∈M2n+1,2n+2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n+1
n+1 1
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n+1
2n+1 0 1
]
∈M2n+1,2n+2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1
n+1 1
]
∈Mn+1,n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : R1∞(1)→ I(6n+ 5, 1) P
1. f2 ·MR
1
∞(1)
1→2 −M I(6n+5,1)1→2 · f1 = 0
f2 ·MR
1
∞(1)
1→2 =
[ 1
1 1
2n 0
]
·
[ 0
1 0
]
=
[ 0
2n+1 0
]
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I(6n+5,1)
1→2 · f1 =

n
1 0
n 1
n 1
 · [ 0n 0 ] = [ 02n+1 0 ]
f2 ·MR
1
∞(1)
1→2 −M I(6n+5,1)1→2 · f1 =
[ 0
2n+1 0
]
−
[ 0
2n+1 0
]
=
[ 0
2n+1 0
]
2. f3 ·MR
1
∞(1)
2→3 −M I(6n+5,1)2→3 · f2 = 0
f3 ·MR
1
∞(1)
2→3 =
[ 1
1 1
3n+1 0
]
·
[
1
]
=
[ 1
1 1
3n+1 0
]
M
I(6n+5,1)
2→3 · f2 =

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] ·
[ 1
1 1
2n 0
]
=

1 2n
1 1 0
2n 0 1
n+1 0 0
 · [
1
1 1
2n 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
]
·
[ 1
1 1
2n 0
]
=

1
1 1
2n 0
n+1 0
+ [
1
n+2 0
2n 0
]
=

1
1 1
n+1 0
n−1 0
n+1 0
+

1
1 0
n+1 0
n−1 0
n+1 0
 =
[ 1
1 1
3n+1 0
]
f3 ·MR
1
∞(1)
2→3 −M I(6n+5,1)2→3 · f2 =
[ 1
1 1
3n+1 0
]
−
[ 1
1 1
3n+1 0
]
=
[ 1
3n+2 0
]
3. f3 ·MR
1
∞(1)
4→3 −M I(6n+5,1)4→3 · f4 = 0
f3 ·MR
1
∞(1)
4→3 =
[ 1
1 1
3n+1 0
]
·
[
1
]
=
[ 1
1 1
3n+1 0
]
M
I(6n+5,1)
4→3 · f4 =
[2n+2
2n+2 1
n 0
]
·
[ 1
1 1
2n+1 0
]
=

1 2n+1
1 1 0
2n+1 0 1
n 0 0
 · [
1
1 1
2n+1 0
]
=

1
1 1
2n+1 0
n 0
 = [
1
1 1
3n+1 0
]
f3 ·MR
1
∞(1)
4→3 −M I(6n+5,1)4→3 · f4 =
[ 1
1 1
3n+1 0
]
−
[ 1
1 1
3n+1 0
]
=
[ 1
3n+2 0
]
4. f4 ·MR
1
∞(1)
5→4 −M I(6n+5,1)5→4 · f5 = 0
f4 ·MR
1
∞(1)
5→4 =
[ 1
1 1
2n+1 0
]
·
[ 0
1 0
]
=
[ 0
2n+2 0
]
M
I(6n+5,1)
5→4 · f5 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ·
[ 0
n+1 0
]
=

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 ·
[ 0
1 0
n 0
]
=
[ 0
2n+2 0
]
f4 ·MR
1
∞(1)
5→4 −M I(6n+5,1)5→4 · f5 =
[ 0
2n+2 0
]
−
[ 0
2n+2 0
]
=
[ 0
2n+2 0
]
5. f3 ·MR
1
∞(1)
6→3 −M I(6n+5,1)6→3 · f6 = 0
f3 ·MR
1
∞(1)
6→3 =
[ 1
1 1
3n+1 0
]
·
[
1
]
=
[ 1
1 1
3n+1 0
]
M
I(6n+5,1)
6→3 · f6 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 · [
1
1 1
2n+1 0
]
=

1
1 1
n 0
2n+1 0
 = [
1
1 1
3n+1 0
]
f3 ·MR
1
∞(1)
6→3 −M I(6n+5,1)6→3 · f6 =
[ 1
1 1
3n+1 0
]
−
[ 1
1 1
3n+1 0
]
=
[ 1
3n+2 0
]
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6. f6 ·MR
1
∞(1)
7→6 −M I(6n+5,1)7→6 · f7 = 0
f6 ·MR
1
∞(1)
7→6 =
[ 1
1 1
2n+1 0
]
·
[ 0
1 0
]
=
[ 0
2n+2 0
]
M
I(6n+5,1)
7→6 · f7 =
[n+1
n+1 0
n+1 1
]
·
[ 0
n+1 0
]
=
[ 0
2n+2 0
]
f6 ·MR
1
∞(1)
7→6 −M I(6n+5,1)7→6 · f7 =
[ 0
2n+2 0
]
−
[ 0
2n+2 0
]
=
[ 0
2n+2 0
]
Relations of the projection g : I(6n+ 5, 1)→ I(6n+ 2, 1) P
1. g2 ·M I(6n+5,1)1→2 −M I(6n+2,1)1→2 · g1 = 0
g2 ·M I(6n+5,1)1→2 =
[ 1 2n
2n 0 1
]
·

n
1 0
n 1
n 1
 = [
1 n n
n 0 1 0
n 0 0 1
]
·

n
1 0
n 1
n 1
 = [
n
n 1
n 1
]
M
I(6n+2,1)
1→2 · g1 =
[ n
n 1
n 1
]
·
[ n
n 1
]
=
[ n
n 1
n 1
]
g2 ·M I(6n+5,1)1→2 −M I(6n+2,1)1→2 · g1 =
[ n
n 1
n 1
]
−
[ n
n 1
n 1
]
=
[ n
2n 0
]
2. g3 ·M I(6n+5,1)2→3 −M I(6n+2,1)2→3 · g2 = 0
g3 ·M I(6n+5,1)2→3 =
[ 1 3n+1
3n+1 0 1
]
·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] =
[ 1 2n n+1
2n 0 1 0
n+1 0 0 1
]
·

1 2n
1 1 0
2n 0 1
n+1 0 0
+ [
1 n+1 2n
n+1 0 1 0
2n 0 0 1
]
·

1 2n
1 0 0
n+1 0 0
2n 0 1

=
[ 1 2n
2n 0 1
n+1 0 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
=

1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

M
I(6n+2,1)
2→3 · g2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[ 1 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[ 1 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[ 1 2n
2n 0 1
]
=
[ 1 2n
2n 0 1
n+1 0 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
]
=

1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

g3 ·M I(6n+5,1)2→3 −M I(6n+2,1)2→3 · g2 =

1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[2n+1
3n+1 0
]
3. g3 ·M I(6n+5,1)4→3 −M I(6n+2,1)4→3 · g4 = 0
g3 ·M I(6n+5,1)4→3 =
[ 1 3n+1
3n+1 0 1
]
·
[2n+2
2n+2 1
n 0
]
=
[ 1 2n+1 n
2n+1 0 1 0
n 0 0 1
]
·

1 2n+1
1 1 0
2n+1 0 1
n 0 0
 = [
1 2n+1
2n+1 0 1
n 0 0
]
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M
I(6n+2,1)
4→3 · g4 =
[2n+1
2n+1 1
n 0
]
·
[ 1 2n+1
2n+1 0 1
]
=
[ 1 2n+1
2n+1 0 1
n 0 0
]
g3 ·M I(6n+5,1)4→3 −M I(6n+2,1)4→3 · g4 =
[ 1 2n+1
2n+1 0 1
n 0 0
]
−
[ 1 2n+1
2n+1 0 1
n 0 0
]
=
[2n+2
3n+1 0
]
4. g4 ·M I(6n+5,1)5→4 −M I(6n+2,1)5→4 · g5 = 0
g4 ·M I(6n+5,1)5→4 =
[ 1 2n+1
2n+1 0 1
]
·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 1 n n
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 n
1 1 0
n 0 1
n 0 0
 = [
n+1
n+1 1
n 0
]
M
I(6n+2,1)
5→4 · g5 =
[n+1
n+1 1
n 0
]
·
[n+1
n+1 1
]
=
[n+1
n+1 1
n 0
]
g4 ·M I(6n+5,1)5→4 −M I(6n+2,1)5→4 · g5 =
[n+1
n+1 1
n 0
]
−
[n+1
n+1 1
n 0
]
=
[n+1
2n+1 0
]
5. g3 ·M I(6n+5,1)6→3 −M I(6n+2,1)6→3 · g6 = 0
g3 ·M I(6n+5,1)6→3 =
[ 1 3n+1
3n+1 0 1
]
·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 = [
1 n 2n+1
n 0 1 0
2n+1 0 0 1
]
·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 = [
1 2n+1
n 0 0
2n+1 0 1
]
M
I(6n+2,1)
6→3 · g6 =
[2n+1
n 0
2n+1 1
]
·
[ 1 2n+1
2n+1 0 1
]
=
[ 1 2n+1
n 0 0
2n+1 0 1
]
g3 ·M I(6n+5,1)6→3 −M I(6n+2,1)6→3 · g6 =
[ 1 2n+1
n 0 0
2n+1 0 1
]
−
[ 1 2n+1
n 0 0
2n+1 0 1
]
=
[2n+2
3n+1 0
]
6. g6 ·M I(6n+5,1)7→6 −M I(6n+2,1)7→6 · g7 = 0
g6 ·M I(6n+5,1)7→6 =
[ 1 2n+1
2n+1 0 1
]
·
[n+1
n+1 0
n+1 1
]
=
[ 1 n n+1
n 0 1 0
n+1 0 0 1
]
·

n+1
1 0
n 0
n+1 1
 = [
n+1
n 0
n+1 1
]
M
I(6n+2,1)
7→6 · g7 =
[n+1
n 0
n+1 1
]
·
[n+1
n+1 1
]
=
[n+1
n 0
n+1 1
]
g6 ·M I(6n+5,1)7→6 −M I(6n+2,1)7→6 · g7 =
[n+1
n 0
n+1 1
]
−
[n+1
n 0
n+1 1
]
=
[n+1
2n+1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n
n 1
]
·
[ 0
n 0
]
=
[ 0
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n
2n 0 1
]
·
[ 1
1 1
2n 0
]
=
[ 1
2n 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 1 3n+1
3n+1 0 1
]
·
[ 1
1 1
3n+1 0
]
=
[ 1
3n+1 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2n+1
2n+1 0 1
]
·
[ 1
1 1
2n+1 0
]
=
[ 1
2n+1 0
]
5. g5 · f5 = 0
g5 · f5 =
[n+1
n+1 1
]
·
[ 0
n+1 0
]
=
[ 0
n+1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n+1
2n+1 0 1
]
·
[ 1
1 1
2n+1 0
]
=
[ 1
2n+1 0
]
7. g7 · f7 = 0
g7 · f7 =
[n+1
n+1 1
]
·
[ 0
n+1 0
]
=
[ 0
n+1 0
]
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142 Tree module property of I(6n, 2)
142.1 Tree module property of I(0, 2) 
The representation of I(0, 2):
dimI(0, 2) = (1, 1, 0, 0, 0, 0, 0)
I(0, 2) = (M1→2 = ( 1 ) , M2→3 = 0, M4→3 = 0, M5→4 = 0, M6→3 = 0, M7→6 = 0)
The length of I(0, 2) is: 1 + 1 + 0 + 0 + 0 + 0 + 0 = 2.
The total number of ones in the matrices of the representation: 1.
A = M(EndkQ(I(0, 2))) ∈M1,2(k) denotes the matrix of the linear equation system characterizing the endomorphism space of I(0, 2).
A =
(
1 91
)
As the above computation shows, dim EndkQ(I(0, 2)) = corank(A) = 1 in every field k, therefore I(0, 2) has the (field independent) tree module property.
142.2 Tree module property of I(6, 2) 
The matrices of the representation have full (column) rank P
1. M I(6,2)1→2 =

0 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. M I(6,2)2→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M6,5(k) is already in column echelon form and has maximal column rank.
3. M I(6,2)4→3 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. M I(6,2)5→4 =

1 1
1 0
0 1
0 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6,2)
5→4 =

1 1
1 0
0 1
0 0
 c2←c2−c1−−−−−−→

1 0
1 91
0 1
0 0

5. M I(6,2)6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. M I(6,2)7→6 =

0 0
1 0
0 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
142.2.1 0→ I(7, 1) f→ I(6, 2) g→ I(6, 1)→ 0 
PdimI(7, 1) + dimI(6, 1) = (1, 3, 3, 2, 1, 2, 1) + (2, 2, 3, 2, 1, 2, 1)
= (3, 5, 6, 4, 2, 4, 2) = dimI(6, 2)
Pdimk Ext
1
kQ(I(6, 1), I(7, 1)) = dimk HomkQ(I(6, 1), I(7, 1))− 〈dimI(6, 1),dimI(7, 1)〉
= 0− 〈(2, 2, 3, 2, 1, 2, 1), (1, 3, 3, 2, 1, 2, 1)〉
= 2 · 3 + 2 · 3 + 2 · 3 + 1 · 2 + 2 · 3 + 1 · 2− (2 · 1 + 2 · 3 + 3 · 3 + 2 · 2 + 1 · 1 + 2 · 2 + 1 · 1)
= 6 + 6 + 6 + 2 + 6 + 2− (2 + 6 + 9 + 4 + 1 + 4 + 1)
= 1
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Matrices of the embedding f : I(7, 1)→ I(6, 2) P
1. f1 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6, 2)→ I(6, 1) P
1. g1 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(7, 1)→ I(6, 2) P
1. f2 ·M I(7,1)1→2 −M I(6,2)1→2 · f1 = 0
f2 ·M I(7,1)1→2 =
[ 3
3 1
2 0
]
·
01
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
01
0
 =

1
1 0
1 1
1 0
2 0
 =

1
1 0
1 1
3 0

M
I(6,2)
1→2 · f1 =

1 2
1 0 0
1 1 0
1 0 0
2 0 1
 ·
[ 1
1 1
2 0
]
=

1
1 0
1 1
1 0
2 0
 =

1
1 0
1 1
3 0

f2 ·M I(7,1)1→2 −M I(6,2)1→2 · f1 =

1
1 0
1 1
3 0
−

1
1 0
1 1
3 0
 = [ 15 0 ]
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2. f3 ·M I(7,1)2→3 −M I(6,2)2→3 · f2 = 0
f3 ·M I(7,1)2→3 =
[ 3
3 1
3 0
]
·
[ 3
3 1
]
=
[ 3
3 1
3 0
]
M
I(6,2)
2→3 · f2 =

3 1 1
3 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·
[ 3
3 1
2 0
]
=

3 1 1
3 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

3
3 1
1 0
1 0
 =

3
3 1
1 0
1 0
1 0
 =
[ 3
3 1
3 0
]
f3 ·M I(7,1)2→3 −M I(6,2)2→3 · f2 =
[ 3
3 1
3 0
]
−
[ 3
3 1
3 0
]
=
[ 3
6 0
]
3. f3 ·M I(7,1)4→3 −M I(6,2)4→3 · f4 = 0
f3 ·M I(7,1)4→3 =
[ 3
3 1
3 0
]
·
1 00 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
1 00 0
0 1
 =

1 1
1 1 0
1 0 0
1 0 1
3 0 0

M
I(6,2)
4→3 · f4 =

1 3
1 1 0
1 0 0
3 0 1
1 0 0
 ·
[ 2
2 1
2 0
]
=

1 1 2
1 1 0 0
1 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 ·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 0 0
1 0 1
2 0 0
1 0 0
 =

1 1
1 1 0
1 0 0
1 0 1
3 0 0

f3 ·M I(7,1)4→3 −M I(6,2)4→3 · f4 =

1 1
1 1 0
1 0 0
1 0 1
3 0 0
−

1 1
1 1 0
1 0 0
1 0 1
3 0 0
 =
[ 2
6 0
]
4. f4 ·M I(7,1)5→4 −M I(6,2)5→4 · f5 = 0
f4 ·M I(7,1)5→4 =
[ 2
2 1
2 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [1
1
]
=

1
1 1
1 1
2 0

M
I(6,2)
5→4 · f5 =

1 1
1 0
0 1
0 0
 ·
[
1
0
]
=

1
1
0
0
 =

1
1 1
1 1
2 0

f4 ·M I(7,1)5→4 −M I(6,2)5→4 · f5 =

1
1 1
1 1
2 0
−

1
1 1
1 1
2 0
 = [ 14 0 ]
5. f3 ·M I(7,1)6→3 −M I(6,2)6→3 · f6 = 0
f3 ·M I(7,1)6→3 =
[ 3
3 1
3 0
]
·
1 00 1
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
1 00 1
0 1
 =

1 1
1 1 0
1 0 1
1 0 1
3 0 0

M
I(6,2)
6→3 · f6 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 ·
[ 2
2 1
2 0
]
=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 ·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 0 1
1 0 1
1 0 0
2 0 0
 =

1 1
1 1 0
1 0 1
1 0 1
3 0 0

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f3 ·M I(7,1)6→3 −M I(6,2)6→3 · f6 =

1 1
1 1 0
1 0 1
1 0 1
3 0 0
−

1 1
1 1 0
1 0 1
1 0 1
3 0 0
 =
[ 2
6 0
]
6. f6 ·M I(7,1)7→6 −M I(6,2)7→6 · f7 = 0
f6 ·M I(7,1)7→6 =
[ 2
2 1
2 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [0
1
]
=

1
1 0
1 1
2 0

M
I(6,2)
7→6 · f7 =

0 0
1 0
0 0
0 1
 ·
[
1
0
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

f6 ·M I(7,1)7→6 −M I(6,2)7→6 · f7 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
Relations of the projection g : I(6, 2)→ I(6, 1) P
1. g2 ·M I(6,2)1→2 −M I(6,1)1→2 · g1 = 0
g2 ·M I(6,2)1→2 =
[ 3 2
2 0 1
]
·

1 2
1 0 0
1 1 0
1 0 0
2 0 1
 =
[ 1 1 1 2
2 0 0 0 1
]
·

1 2
1 0 0
1 1 0
1 0 0
2 0 1
 =
[ 1 2
2 0 1
]
M
I(6,1)
1→2 · g1 =
[ 2
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
]
g2 ·M I(6,2)1→2 −M I(6,1)1→2 · g1 =
[ 1 2
2 0 1
]
−
[ 1 2
2 0 1
]
=
[ 3
2 0
]
2. g3 ·M I(6,2)2→3 −M I(6,1)2→3 · g2 = 0
g3 ·M I(6,2)2→3 =
[ 3 3
3 0 1
]
·

3 1 1
3 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

3 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

3 1 1
3 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1

M
I(6,1)
2→3 · g2 =
1 01 1
0 1
 · [ 3 22 0 1 ] =
1 01 1
0 1
 · [
3 1 1
1 0 1 0
1 0 0 1
]
=

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1

g3 ·M I(6,2)2→3 −M I(6,1)2→3 · g2 =

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1
−

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1
 = [ 53 0 ]
3. g3 ·M I(6,2)4→3 −M I(6,1)4→3 · g4 = 0
g3 ·M I(6,2)4→3 =
[ 3 3
3 0 1
]
·

1 3
1 1 0
1 0 0
3 0 1
1 0 0
 =
[ 1 1 1 2 1
2 0 0 0 1 0
1 0 0 0 0 1
]
·

1 1 2
1 1 0 0
1 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 =
[ 1 1 2
2 0 0 1
1 0 0 0
]
=
[ 2 2
2 0 1
1 0 0
]
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M
I(6,1)
4→3 · g4 =
[ 2
2 1
1 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
1 0 0
]
g3 ·M I(6,2)4→3 −M I(6,1)4→3 · g4 =
[ 2 2
2 0 1
1 0 0
]
−
[ 2 2
2 0 1
1 0 0
]
=
[ 4
3 0
]
4. g4 ·M I(6,2)5→4 −M I(6,1)5→4 · g5 = 0
g4 ·M I(6,2)5→4 =
[ 2 2
2 0 1
]
·

1 1
1 0
0 1
0 0
 =
[
0 0 1 0
0 0 0 1
]
·

1 1
1 0
0 1
0 0
 =
[
0 1
0 0
]
M
I(6,1)
5→4 · g5 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g4 ·M I(6,2)5→4 −M I(6,1)5→4 · g5 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
5. g3 ·M I(6,2)6→3 −M I(6,1)6→3 · g6 = 0
g3 ·M I(6,2)6→3 =
[ 3 3
3 0 1
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 =
[ 1 1 1 1 2
1 0 0 0 1 0
2 0 0 0 0 1
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 =
[ 1 1 2
1 0 0 0
2 0 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
M
I(6,1)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
g3 ·M I(6,2)6→3 −M I(6,1)6→3 · g6 =
[ 2 2
1 0 0
2 0 1
]
−
[ 2 2
1 0 0
2 0 1
]
=
[ 4
3 0
]
6. g6 ·M I(6,2)7→6 −M I(6,1)7→6 · g7 = 0
g6 ·M I(6,2)7→6 =
[ 2 2
2 0 1
]
·

0 0
1 0
0 0
0 1
 =
[
0 0 1 0
0 0 0 1
]
·

0 0
1 0
0 0
0 1
 =
[
0 0
0 1
]
M
I(6,1)
7→6 · g7 =
[
0
1
]
·
[
0 1
]
=
[
0 0
0 1
]
g6 ·M I(6,2)7→6 −M I(6,1)7→6 · g7 =
[
0 0
0 1
]
−
[
0 0
0 1
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
142.2.2 0→ I(9, 1) f→ I(6, 2) g→ I(4, 1)→ 0 
PdimI(9, 1) + dimI(4, 1) = (2, 3, 4, 3, 1, 3, 1) + (1, 2, 2, 1, 1, 1, 1)
= (3, 5, 6, 4, 2, 4, 2) = dimI(6, 2)
Pdimk Ext
1
kQ(I(4, 1), I(9, 1)) = dimk HomkQ(I(4, 1), I(9, 1))− 〈dimI(4, 1),dimI(9, 1)〉
= 0− 〈(1, 2, 2, 1, 1, 1, 1), (2, 3, 4, 3, 1, 3, 1)〉
= 1 · 3 + 2 · 4 + 1 · 4 + 1 · 3 + 1 · 4 + 1 · 3− (1 · 2 + 2 · 3 + 2 · 4 + 1 · 3 + 1 · 1 + 1 · 3 + 1 · 1)
= 3 + 8 + 4 + 3 + 4 + 3− (2 + 6 + 8 + 3 + 1 + 3 + 1)
= 1
Matrices of the embedding f : I(9, 1)→ I(6, 2) P
1. f1 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(6, 2)→ I(4, 1) P
1. g1 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0 0
0 0 1 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1 0 0 0 0
0 0 1 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(9, 1)→ I(6, 2) P
1. f2 ·M I(9,1)1→2 −M I(6,2)1→2 · f1 = 0
f2 ·M I(9,1)1→2 =

1 2
1 1 0
2 0 0
2 0 1
 · [
2
1 0
2 1
]
=

2
1 0
2 0
2 1
 = [
2
3 0
2 1
]
M
I(6,2)
1→2 · f1 =

1 2
1 0 0
1 1 0
1 0 0
2 0 1
 ·
[ 2
1 0
2 1
]
=

2
1 0
1 0
1 0
2 1
 =
[ 2
3 0
2 1
]
f2 ·M I(9,1)1→2 −M I(6,2)1→2 · f1 =
[ 2
3 0
2 1
]
−
[ 2
3 0
2 1
]
=
[ 2
5 0
]
2. f3 ·M I(9,1)2→3 −M I(6,2)2→3 · f2 = 0
f3 ·M I(9,1)2→3 =

1 3
1 1 0
2 0 0
3 0 1
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1 1
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1

M
I(6,2)
2→3 · f2 =

3 1 1
3 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

1 2
1 1 0
2 0 0
2 0 1
 =

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
 ·

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1

f3 ·M I(9,1)2→3 −M I(6,2)2→3 · f2 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
−

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =
[ 3
6 0
]
3. f3 ·M I(9,1)4→3 −M I(6,2)4→3 · f4 = 0
f3 ·M I(9,1)4→3 =

1 3
1 1 0
2 0 0
3 0 1
 · [
3
3 1
1 0
]
=

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
 ·

1 2
1 1 0
2 0 1
1 0 0
 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0

M
I(6,2)
4→3 · f4 =

1 3
1 1 0
1 0 0
3 0 1
1 0 0
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 1 2
1 1 0 0
1 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
1 0 0
2 0 1
1 0 0
 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0

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f3 ·M I(9,1)4→3 −M I(6,2)4→3 · f4 =

1 2
1 1 0
2 0 0
2 0 1
1 0 0
−

1 2
1 1 0
2 0 0
2 0 1
1 0 0
 =
[ 3
6 0
]
4. f4 ·M I(9,1)5→4 −M I(6,2)5→4 · f5 = 0
f4 ·M I(9,1)5→4 =

1 2
1 1 0
1 0 0
2 0 1
 ·
11
0
 =

1 0 0
0 0 0
0 1 0
0 0 1
 ·
11
0
 =

1
0
1
0

M
I(6,2)
5→4 · f5 =

1 1
1 0
0 1
0 0
 ·
[
0
1
]
=

1
0
1
0

f4 ·M I(9,1)5→4 −M I(6,2)5→4 · f5 =

1
0
1
0
−

1
0
1
0
 =
[ 1
4 0
]
5. f3 ·M I(9,1)6→3 −M I(6,2)6→3 · f6 = 0
f3 ·M I(9,1)6→3 =

1 3
1 1 0
2 0 0
3 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 1 2
1 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
2 0 0
1 0 0
2 0 1
 =

1 2
1 1 0
3 0 0
2 0 1

M
I(6,2)
6→3 · f6 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
1 0 0
1 0 0
2 0 1
 =

1 2
1 1 0
3 0 0
2 0 1

f3 ·M I(9,1)6→3 −M I(6,2)6→3 · f6 =

1 2
1 1 0
3 0 0
2 0 1
−

1 2
1 1 0
3 0 0
2 0 1
 = [ 36 0 ]
6. f6 ·M I(9,1)7→6 −M I(6,2)7→6 · f7 = 0
f6 ·M I(9,1)7→6 =

1 2
1 1 0
1 0 0
2 0 1
 · [
1
2 0
1 1
]
=

1 0 0
0 0 0
0 1 0
0 0 1
 ·
00
1
 =

0
0
0
1
 =
[ 1
3 0
1 1
]
M
I(6,2)
7→6 · f7 =

0 0
1 0
0 0
0 1
 ·
[
0
1
]
=

0
0
0
1
 =
[ 1
3 0
1 1
]
f6 ·M I(9,1)7→6 −M I(6,2)7→6 · f7 =
[ 1
3 0
1 1
]
−
[ 1
3 0
1 1
]
=
[ 1
4 0
]
Relations of the projection g : I(6, 2)→ I(4, 1) P
1. g2 ·M I(6,2)1→2 −M I(4,1)1→2 · g1 = 0
g2 ·M I(6,2)1→2 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 0 0
1 1 0
1 0 0
2 0 1
 =
[ 1 1 1 2
1 0 1 0 0
1 0 0 1 0
]
·

1 2
1 0 0
1 1 0
1 0 0
2 0 1
 =
[ 1 2
1 1 0
1 0 0
]
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M
I(4,1)
1→2 · g1 =
[
1
0
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
1 0 0
]
g2 ·M I(6,2)1→2 −M I(4,1)1→2 · g1 =
[ 1 2
1 1 0
1 0 0
]
−
[ 1 2
1 1 0
1 0 0
]
=
[ 3
2 0
]
2. g3 ·M I(6,2)2→3 −M I(4,1)2→3 · g2 = 0
g3 ·M I(6,2)2→3 =
[ 1 2 3
2 0 1 0
]
·

3 1 1
3 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =
[ 1 2 1 1 1
2 0 1 0 0 0
]
·

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
 =
[ 1 2 1 1
2 0 1 0 0
]
=
[ 1 2 2
2 0 1 0
]
M
I(4,1)
2→3 · g2 =
[ 2
2 1
]
·
[ 1 2 2
2 0 1 0
]
=
[ 1 2 2
2 0 1 0
]
g3 ·M I(6,2)2→3 −M I(4,1)2→3 · g2 =
[ 1 2 2
2 0 1 0
]
−
[ 1 2 2
2 0 1 0
]
=
[ 5
2 0
]
3. g3 ·M I(6,2)4→3 −M I(4,1)4→3 · g4 = 0
g3 ·M I(6,2)4→3 =
[ 1 2 3
2 0 1 0
]
·

1 3
1 1 0
1 0 0
3 0 1
1 0 0
 =
[ 1 1 1 2 1
1 0 1 0 0 0
1 0 0 1 0 0
]
·

1 1 2
1 1 0 0
1 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 =
[ 1 1 2
1 0 0 0
1 0 1 0
]
M
I(4,1)
4→3 · g4 =
[
0
1
]
·
[ 1 1 2
1 0 1 0
]
=
[ 1 1 2
1 0 0 0
1 0 1 0
]
g3 ·M I(6,2)4→3 −M I(4,1)4→3 · g4 =
[ 1 1 2
1 0 0 0
1 0 1 0
]
−
[ 1 1 2
1 0 0 0
1 0 1 0
]
=
[ 4
2 0
]
4. g4 ·M I(6,2)5→4 −M I(4,1)5→4 · g5 = 0
g4 ·M I(6,2)5→4 =
[ 1 1 2
1 0 1 0
]
·

1 1
1 0
0 1
0 0
 =
[
0 1 0 0
]
·

1 1
1 0
0 1
0 0
 =
[
1 0
]
M
I(4,1)
5→4 · g5 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g4 ·M I(6,2)5→4 −M I(4,1)5→4 · g5 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
5. g3 ·M I(6,2)6→3 −M I(4,1)6→3 · g6 = 0
g3 ·M I(6,2)6→3 =
[ 1 2 3
2 0 1 0
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 =
[ 1 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 =
[ 1 1 2
1 0 1 0
1 0 1 0
]
M
I(4,1)
6→3 · g6 =
[
1
1
]
·
[ 1 1 2
1 0 1 0
]
=
[ 1 1 2
1 0 1 0
1 0 1 0
]
g3 ·M I(6,2)6→3 −M I(4,1)6→3 · g6 =
[ 1 1 2
1 0 1 0
1 0 1 0
]
−
[ 1 1 2
1 0 1 0
1 0 1 0
]
=
[ 4
2 0
]
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6. g6 ·M I(6,2)7→6 −M I(4,1)7→6 · g7 = 0
g6 ·M I(6,2)7→6 =
[ 1 1 2
1 0 1 0
]
·

0 0
1 0
0 0
0 1
 =
[
0 1 0 0
]
·

0 0
1 0
0 0
0 1
 =
[
1 0
]
M
I(4,1)
7→6 · g7 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g6 ·M I(6,2)7→6 −M I(4,1)7→6 · g7 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 1 0
2 0 0
2 0 1
 = [ 32 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 2 3
2 0 1 0
]
·

1 3
1 1 0
2 0 0
3 0 1
 = [ 42 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 2
1 0 1 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 = [ 31 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
]
·
[
0
1
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 1 2
1 0 1 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 = [ 31 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
1 0
]
·
[
0
1
]
=
[
0
]
142.3 Tree module property of I(12, 2) 
The matrices of the representation have full (column) rank P
1. M I(12,2)1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
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2. M I(12,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M12,9(k) is already in column echelon form and has maximal column rank.
3. M I(12,2)4→3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
4. M I(12,2)5→4 =

1 0 1 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(12,2)
5→4 =

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

c3←c3−c1−−−−−−→

1 1 1 1
1 1 0 0 0
1 0 0 0 0
1 1 0 91 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

c2↔c3−−−−→

1 1 1 1
1 1 0 0 0
1 0 0 0 0
1 1 91 0 0
1 0 0 1 0
1 0 1 0 0
1 0 0 0 1
2 0 0 0 0

5. M I(12,2)6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M12,8(k) is already in column echelon form and has maximal column rank.
6. M I(12,2)7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
142.3.1 0→ I(13, 1) f→ I(12, 2) g→ I(12, 1)→ 0 
PdimI(13, 1) + dimI(12, 1) = (2, 5, 6, 4, 2, 4, 2) + (3, 4, 6, 4, 2, 4, 2)
= (5, 9, 12, 8, 4, 8, 4) = dimI(12, 2)
Pdimk Ext
1
kQ(I(12, 1), I(13, 1)) = dimk HomkQ(I(12, 1), I(13, 1))− 〈dimI(12, 1),dimI(13, 1)〉
= 0− 〈(3, 4, 6, 4, 2, 4, 2), (2, 5, 6, 4, 2, 4, 2)〉
= 3 · 5 + 4 · 6 + 4 · 6 + 2 · 4 + 4 · 6 + 2 · 4− (3 · 2 + 4 · 5 + 6 · 6 + 4 · 4 + 2 · 2 + 4 · 4 + 2 · 2)
= 15 + 24 + 24 + 8 + 24 + 8− (6 + 20 + 36 + 16 + 4 + 16 + 4)
= 1
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Matrices of the embedding f : I(13, 1)→ I(12, 2) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(12, 2)→ I(12, 1) P
1. g1 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M6,12(k) is already in row echelon form and has maximal row rank.
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4. g4 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(13, 1)→ I(12, 2) P
1. f2 ·M I(13,1)1→2 −M I(12,2)1→2 · f1 = 0
f2 ·M I(13,1)1→2 =
[ 5
5 1
4 0
]
·

2
1 0
2 1
2 0
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
4 0 0 0
 ·

2
1 0
2 1
2 0
 =

2
1 0
2 1
2 0
4 0
 =

2
1 0
2 1
6 0

M
I(12,2)
1→2 · f1 =

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

·
[ 2
2 1
3 0
]
=

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

·

2
2 1
1 0
2 0
 =

2
1 0
2 1
2 0
1 0
2 0
1 0

=

2
1 0
2 1
6 0

f2 ·M I(13,1)1→2 −M I(12,2)1→2 · f1 =

2
1 0
2 1
6 0
−

2
1 0
2 1
6 0
 = [ 29 0 ]
2. f3 ·M I(13,1)2→3 −M I(12,2)2→3 · f2 = 0
f3 ·M I(13,1)2→3 =
[ 6
6 1
6 0
]
·
[ 5
5 1
1 0
]
=

5 1
5 1 0
1 0 1
6 0 0
 · [
5
5 1
1 0
]
=

5
5 1
1 0
6 0
 = [
5
5 1
7 0
]
M
I(12,2)
2→3 · f2 =

5 2 2
5 1 0 0
1 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·
[ 5
5 1
4 0
]
=

5 2 2
5 1 0 0
1 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

5
5 1
2 0
2 0
 =

5
5 1
1 0
2 0
2 0
2 0
 =
[ 5
5 1
7 0
]
f3 ·M I(13,1)2→3 −M I(12,2)2→3 · f2 =
[ 5
5 1
7 0
]
−
[ 5
5 1
7 0
]
=
[ 5
12 0
]
3. f3 ·M I(13,1)4→3 −M I(12,2)4→3 · f4 = 0
f3 ·M I(13,1)4→3 =
[ 6
6 1
6 0
]
·

1 3
1 1 0
2 0 0
3 0 1
 =

1 2 3
1 1 0 0
2 0 1 0
3 0 0 1
6 0 0 0
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
2 0 0
3 0 1
6 0 0

M
I(12,2)
4→3 · f4 =

1 7
1 1 0
2 0 0
7 0 1
2 0 0
 ·
[ 4
4 1
4 0
]
=

1 3 4
1 1 0 0
2 0 0 0
3 0 1 0
4 0 0 1
2 0 0 0
 ·

1 3
1 1 0
3 0 1
4 0 0
 =

1 3
1 1 0
2 0 0
3 0 1
4 0 0
2 0 0
 =

1 3
1 1 0
2 0 0
3 0 1
6 0 0

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f3 ·M I(13,1)4→3 −M I(12,2)4→3 · f4 =

1 3
1 1 0
2 0 0
3 0 1
6 0 0
−

1 3
1 1 0
2 0 0
3 0 1
6 0 0
 =
[ 4
12 0
]
4. f4 ·M I(13,1)5→4 −M I(12,2)5→4 · f5 = 0
f4 ·M I(13,1)5→4 =
[ 4
4 1
4 0
]
·

1 0
0 0
1 0
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

1 0
0 0
1 0
0 1
 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
4 0 0

M
I(12,2)
5→4 · f5 =

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·
[ 2
2 1
2 0
]
=

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·

1 0
0 1
0 0
0 0
 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
1 0 0
1 0 0
2 0 0

=

1 1
1 1 0
1 0 0
1 1 0
1 0 1
4 0 0

f4 ·M I(13,1)5→4 −M I(12,2)5→4 · f5 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
4 0 0
−

1 1
1 1 0
1 0 0
1 1 0
1 0 1
4 0 0
 =
[ 2
8 0
]
5. f3 ·M I(13,1)6→3 −M I(12,2)6→3 · f6 = 0
f3 ·M I(13,1)6→3 =
[ 6
6 1
6 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
6 0 0 0 0 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

M
I(12,2)
6→3 · f6 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·
[ 4
4 1
4 0
]
=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
4 0 0 0 0

=

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

f3 ·M I(13,1)6→3 −M I(12,2)6→3 · f6 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

−

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0

=
[ 4
12 0
]
6. f6 ·M I(13,1)7→6 −M I(12,2)7→6 · f7 = 0
f6 ·M I(13,1)7→6 =
[ 4
4 1
4 0
]
·

0 0
1 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

0 0
1 0
0 1
0 1
 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0

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M
I(12,2)
7→6 · f7 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

·
[ 2
2 1
2 0
]
=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
2 0 0
2 0 0

=

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0

f6 ·M I(13,1)7→6 −M I(12,2)7→6 · f7 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0
−

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0
 =
[ 2
8 0
]
Relations of the projection g : I(12, 2)→ I(12, 1) P
1. g2 ·M I(12,2)1→2 −M I(12,1)1→2 · g1 = 0
g2 ·M I(12,2)1→2 =
[ 5 4
4 0 1
]
·

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

=

1 2 2 1 2 1
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

=

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0

M
I(12,1)
1→2 · g1 =

1 2
1 1 0
2 0 1
1 1 0
 · [ 2 33 0 1 ] =

1 2
1 1 0
2 0 1
1 1 0
 · [
2 1 2
1 0 1 0
2 0 0 1
]
=

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0

g2 ·M I(12,2)1→2 −M I(12,1)1→2 · g1 =

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0
−

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0
 = [ 54 0 ]
2. g3 ·M I(12,2)2→3 −M I(12,1)2→3 · g2 = 0
g3 ·M I(12,2)2→3 =
[ 6 6
6 0 1
]
·

5 2 2
5 1 0 0
1 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

5 1 2 2 2
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
 ·

5 2 2
5 1 0 0
1 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1

M
I(12,1)
2→3 · g2 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 5 44 0 1 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
5 2 2
2 0 1 0
2 0 0 1
]
=

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1

g3 ·M I(12,2)2→3 −M I(12,1)2→3 · g2 =

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1
−

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1
 = [ 96 0 ]
3. g3 ·M I(12,2)4→3 −M I(12,1)4→3 · g4 = 0
g3 ·M I(12,2)4→3 =
[ 6 6
6 0 1
]
·

1 7
1 1 0
2 0 0
7 0 1
2 0 0
 =
[ 1 2 3 4 2
4 0 0 0 1 0
2 0 0 0 0 1
]
·

1 3 4
1 1 0 0
2 0 0 0
3 0 1 0
4 0 0 1
2 0 0 0
 =
[ 1 3 4
4 0 0 1
2 0 0 0
]
=
[ 4 4
4 0 1
2 0 0
]
M
I(12,1)
4→3 · g4 =
[ 4
4 1
2 0
]
·
[ 4 4
4 0 1
]
=
[ 4 4
4 0 1
2 0 0
]
g3 ·M I(12,2)4→3 −M I(12,1)4→3 · g4 =
[ 4 4
4 0 1
2 0 0
]
−
[ 4 4
4 0 1
2 0 0
]
=
[ 8
6 0
]
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4. g4 ·M I(12,2)5→4 −M I(12,1)5→4 · g5 = 0
g4 ·M I(12,2)5→4 =
[ 4 4
4 0 1
]
·

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=

1 1 1 1 1 1 2
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=

1 1 1 1
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 = [
2 2
2 0 1
2 0 0
]
M
I(12,1)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
2 0 0
]
g4 ·M I(12,2)5→4 −M I(12,1)5→4 · g5 =
[ 2 2
2 0 1
2 0 0
]
−
[ 2 2
2 0 1
2 0 0
]
=
[ 4
4 0
]
5. g3 ·M I(12,2)6→3 −M I(12,1)6→3 · g6 = 0
g3 ·M I(12,2)6→3 =
[ 6 6
6 0 1
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 1 1 1 1 1 2 4
2 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 1
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 1 1 1 4
2 0 0 0 0 0
4 0 0 0 0 1
]
=
[ 4 4
2 0 0
4 0 1
]
M
I(12,1)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 4 4
4 0 1
]
=
[ 4 4
2 0 0
4 0 1
]
g3 ·M I(12,2)6→3 −M I(12,1)6→3 · g6 =
[ 4 4
2 0 0
4 0 1
]
−
[ 4 4
2 0 0
4 0 1
]
=
[ 8
6 0
]
6. g6 ·M I(12,2)7→6 −M I(12,1)7→6 · g7 = 0
g6 ·M I(12,2)7→6 =
[ 4 4
4 0 1
]
·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

=
[ 1 1 1 1 2 2
2 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

=
[ 1 1 2
2 0 0 0
2 0 0 1
]
=
[ 2 2
2 0 0
2 0 1
]
M
I(12,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 0
2 0 1
]
g6 ·M I(12,2)7→6 −M I(12,1)7→6 · g7 =
[ 2 2
2 0 0
2 0 1
]
−
[ 2 2
2 0 0
2 0 1
]
=
[ 4
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 6 6
6 0 1
]
·
[ 6
6 1
6 0
]
=
[ 6
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
142.3.2 0→ I(15, 1) f→ I(12, 2) g→ I(10, 1)→ 0 
PdimI(15, 1) + dimI(10, 1) = (3, 5, 7, 5, 2, 5, 2) + (2, 4, 5, 3, 2, 3, 2)
= (5, 9, 12, 8, 4, 8, 4) = dimI(12, 2)
Pdimk Ext
1
kQ(I(10, 1), I(15, 1)) = dimk HomkQ(I(10, 1), I(15, 1))− 〈dimI(10, 1),dimI(15, 1)〉
= 0− 〈(2, 4, 5, 3, 2, 3, 2), (3, 5, 7, 5, 2, 5, 2)〉
= 2 · 5 + 4 · 7 + 3 · 7 + 2 · 5 + 3 · 7 + 2 · 5− (2 · 3 + 4 · 5 + 5 · 7 + 3 · 5 + 2 · 2 + 3 · 5 + 2 · 2)
= 10 + 28 + 21 + 10 + 21 + 10− (6 + 20 + 35 + 15 + 4 + 15 + 4)
= 1
Matrices of the embedding f : I(15, 1)→ I(12, 2) P
1. f1 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(12, 2)→ I(10, 1) P
1. g1 =
[
1 0 0 0 0
0 1 0 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
 ∈M5,12(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 1 0 0 0 0 0 00 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 0 0 0 0 00 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(15, 1)→ I(12, 2) P
1. f2 ·M I(15,1)1→2 −M I(12,2)1→2 · f1 = 0
f2 ·M I(15,1)1→2 =

1 4
1 1 0
4 0 0
4 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 1 2 1
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
1 0 0
4 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
5 0 0
1 1 0
2 0 1
1 1 0

M
I(12,2)
1→2 · f1 =

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

·
[ 3
2 0
3 1
]
=

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

·

1 2
2 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
2 0 0
2 0 0
1 1 0
2 0 1
1 1 0

=

1 2
5 0 0
1 1 0
2 0 1
1 1 0

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f2 ·M I(15,1)1→2 −M I(12,2)1→2 · f1 =

1 2
5 0 0
1 1 0
2 0 1
1 1 0
−

1 2
5 0 0
1 1 0
2 0 1
1 1 0
 =
[ 3
9 0
]
2. f3 ·M I(15,1)2→3 −M I(12,2)2→3 · f2 = 0
f3 ·M I(15,1)2→3 =

1 6
1 1 0
5 0 0
6 0 1
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2 2
1 1 0 0 0
5 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2
1 1 0 0
5 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1

M
I(12,2)
2→3 · f2 =

5 2 2
5 1 0 0
1 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

1 4
1 1 0
4 0 0
4 0 1
 =

1 4 2 2
1 1 0 0 0
4 0 1 0 0
1 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
 =

1 2 2
1 1 0 0
4 0 0 0
1 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1

=

1 2 2
1 1 0 0
5 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1

f3 ·M I(15,1)2→3 −M I(12,2)2→3 · f2 =

1 2 2
1 1 0 0
5 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
−

1 2 2
1 1 0 0
5 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =
[ 5
12 0
]
3. f3 ·M I(15,1)4→3 −M I(12,2)4→3 · f4 = 0
f3 ·M I(15,1)4→3 =

1 6
1 1 0
5 0 0
6 0 1
 · [
5
5 1
2 0
]
=

1 4 2
1 1 0 0
5 0 0 0
4 0 1 0
2 0 0 1
 ·

1 4
1 1 0
4 0 1
2 0 0
 =

1 4
1 1 0
5 0 0
4 0 1
2 0 0

M
I(12,2)
4→3 · f4 =

1 7
1 1 0
2 0 0
7 0 1
2 0 0
 ·

1 4
1 1 0
3 0 0
4 0 1
 =

1 3 4
1 1 0 0
2 0 0 0
3 0 1 0
4 0 0 1
2 0 0 0
 ·

1 4
1 1 0
3 0 0
4 0 1
 =

1 4
1 1 0
2 0 0
3 0 0
4 0 1
2 0 0
 =

1 4
1 1 0
5 0 0
4 0 1
2 0 0

f3 ·M I(15,1)4→3 −M I(12,2)4→3 · f4 =

1 4
1 1 0
5 0 0
4 0 1
2 0 0
−

1 4
1 1 0
5 0 0
4 0 1
2 0 0
 =
[ 5
12 0
]
4. f4 ·M I(15,1)5→4 −M I(12,2)5→4 · f5 = 0
f4 ·M I(15,1)5→4 =

1 4
1 1 0
3 0 0
4 0 1
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
3 0 0
1 1 0
1 0 1
2 0 0

M
I(12,2)
5→4 · f5 =

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·
[ 2
2 0
2 1
]
=

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

·

0 0
0 0
1 0
0 1
 =

1 1
1 1 0
1 0 0
1 0 0
1 0 0
1 1 0
1 0 1
2 0 0

=

1 1
1 1 0
3 0 0
1 1 0
1 0 1
2 0 0

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f4 ·M I(15,1)5→4 −M I(12,2)5→4 · f5 =

1 1
1 1 0
3 0 0
1 1 0
1 0 1
2 0 0
−

1 1
1 1 0
3 0 0
1 1 0
1 0 1
2 0 0
 =
[ 2
8 0
]
5. f3 ·M I(15,1)6→3 −M I(12,2)6→3 · f6 = 0
f3 ·M I(15,1)6→3 =

1 6
1 1 0
5 0 0
6 0 1
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 2 4
1 1 0 0
5 0 0 0
2 0 1 0
4 0 0 1
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 4
1 1 0
5 0 0
2 0 0
4 0 1
 =

1 4
1 1 0
7 0 0
4 0 1

M
I(12,2)
6→3 · f6 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

1 4
1 1 0
3 0 0
4 0 1
 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

1 4
1 1 0
1 0 0
1 0 0
1 0 0
4 0 1
 =

1 4
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
2 0 0
4 0 1

=

1 4
1 1 0
7 0 0
4 0 1

f3 ·M I(15,1)6→3 −M I(12,2)6→3 · f6 =

1 4
1 1 0
7 0 0
4 0 1
−

1 4
1 1 0
7 0 0
4 0 1
 = [ 512 0 ]
6. f6 ·M I(15,1)7→6 −M I(12,2)7→6 · f7 = 0
f6 ·M I(15,1)7→6 =

1 4
1 1 0
3 0 0
4 0 1
 · [
2
3 0
2 1
]
=

1 2 2
1 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
 ·

2
1 0
2 0
2 1
 =

2
1 0
3 0
2 0
2 1
 =
[ 2
6 0
2 1
]
M
I(12,2)
7→6 · f7 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

·
[ 2
2 0
2 1
]
=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

·

2
1 0
1 0
2 1
 =

2
1 0
1 0
1 0
1 0
2 0
2 1

=
[ 2
6 0
2 1
]
f6 ·M I(15,1)7→6 −M I(12,2)7→6 · f7 =
[ 2
6 0
2 1
]
−
[ 2
6 0
2 1
]
=
[ 2
8 0
]
Relations of the projection g : I(12, 2)→ I(10, 1) P
1. g2 ·M I(12,2)1→2 −M I(10,1)1→2 · g1 = 0
g2 ·M I(12,2)1→2 =
[ 1 4 4
4 0 1 0
]
·

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

=
[ 1 2 2 1 2 1
2 0 1 0 0 0 0
2 0 0 1 0 0 0
]
·

2 1 2
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 1 0

=
[ 2 1 2
2 1 0 0
2 0 0 0
]
=
[ 2 3
2 1 0
2 0 0
]
M
I(10,1)
1→2 · g1 =
[ 2
2 1
2 0
]
·
[ 2 3
2 1 0
]
=
[ 2 3
2 1 0
2 0 0
]
g2 ·M I(12,2)1→2 −M I(10,1)1→2 · g1 =
[ 2 3
2 1 0
2 0 0
]
−
[ 2 3
2 1 0
2 0 0
]
=
[ 5
4 0
]
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2. g3 ·M I(12,2)2→3 −M I(10,1)2→3 · g2 = 0
g3 ·M I(12,2)2→3 =
[ 1 5 6
5 0 1 0
]
·

5 2 2
5 1 0 0
1 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =
[ 1 4 1 2 2 2
4 0 1 0 0 0 0
1 0 0 1 0 0 0
]
·

1 4 2 2
1 1 0 0 0
4 0 1 0 0
1 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=
[ 1 4 2 2
4 0 1 0 0
1 0 0 0 0
]
=
[ 1 4 4
4 0 1 0
1 0 0 0
]
M
I(10,1)
2→3 · g2 =
[ 4
4 1
1 0
]
·
[ 1 4 4
4 0 1 0
]
=
[ 1 4 4
4 0 1 0
1 0 0 0
]
g3 ·M I(12,2)2→3 −M I(10,1)2→3 · g2 =
[ 1 4 4
4 0 1 0
1 0 0 0
]
−
[ 1 4 4
4 0 1 0
1 0 0 0
]
=
[ 9
5 0
]
3. g3 ·M I(12,2)4→3 −M I(10,1)4→3 · g4 = 0
g3 ·M I(12,2)4→3 =
[ 1 5 6
5 0 1 0
]
·

1 7
1 1 0
2 0 0
7 0 1
2 0 0
 =
[ 1 2 3 4 2
2 0 1 0 0 0
3 0 0 1 0 0
]
·

1 3 4
1 1 0 0
2 0 0 0
3 0 1 0
4 0 0 1
2 0 0 0
 =
[ 1 3 4
2 0 0 0
3 0 1 0
]
M
I(10,1)
4→3 · g4 =
[ 3
2 0
3 1
]
·
[ 1 3 4
3 0 1 0
]
=
[ 1 3 4
2 0 0 0
3 0 1 0
]
g3 ·M I(12,2)4→3 −M I(10,1)4→3 · g4 =
[ 1 3 4
2 0 0 0
3 0 1 0
]
−
[ 1 3 4
2 0 0 0
3 0 1 0
]
=
[ 8
5 0
]
4. g4 ·M I(12,2)5→4 −M I(10,1)5→4 · g5 = 0
g4 ·M I(12,2)5→4 =
[ 1 3 4
3 0 1 0
]
·

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=

1 1 1 1 1 1 2
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
 ·

1 1 1 1
1 1 0 1 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=
0 0 0 01 0 0 0
0 1 0 0
 = [
2 2
1 0 0
2 1 0
]
M
I(10,1)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[ 2 2
2 1 0
]
=
[ 2 2
1 0 0
2 1 0
]
g4 ·M I(12,2)5→4 −M I(10,1)5→4 · g5 =
[ 2 2
1 0 0
2 1 0
]
−
[ 2 2
1 0 0
2 1 0
]
=
[ 4
3 0
]
5. g3 ·M I(12,2)6→3 −M I(10,1)6→3 · g6 = 0
g3 ·M I(12,2)6→3 =
[ 1 5 6
5 0 1 0
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=

1 1 1 1 1 1 2 4
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
 ·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0

2192
M
I(10,1)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 1 3 4
3 0 1 0
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
 =

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0

g3 ·M I(12,2)6→3 −M I(10,1)6→3 · g6 =

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
−

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
 =
[ 8
5 0
]
6. g6 ·M I(12,2)7→6 −M I(10,1)7→6 · g7 = 0
g6 ·M I(12,2)7→6 =
[ 1 3 4
3 0 1 0
]
·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

=

1 1 1 1 2 2
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 0
2 0 0 1

=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0

M
I(10,1)
7→6 · g7 =
1 00 1
0 1
 · [ 2 22 1 0 ] =
1 00 1
0 1
 · [
1 1 2
1 1 0 0
1 0 1 0
]
=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0

g6 ·M I(12,2)7→6 −M I(10,1)7→6 · g7 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
−

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
 = [ 43 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3
2 1 0
]
·
[ 3
2 0
3 1
]
=
[ 3
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 4 4
4 0 1 0
]
·

1 4
1 1 0
4 0 0
4 0 1
 = [ 54 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 5 6
5 0 1 0
]
·

1 6
1 1 0
5 0 0
6 0 1
 = [ 75 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 3 4
3 0 1 0
]
·

1 4
1 1 0
3 0 0
4 0 1
 = [ 53 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 1 3 4
3 0 1 0
]
·

1 4
1 1 0
3 0 0
4 0 1
 = [ 53 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
142.4 Tree module property of I(18, 2) 
The matrices of the representation have full (column) rank P
1. M I(18,2)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
2. M I(18,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M18,13(k) is already in column echelon form and has maximal column rank.
3. M I(18,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M18,12(k) is already in column echelon form and has maximal column rank.
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4. M I(18,2)5→4 =

1 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(18,2)
5→4 =

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

c3←c3−c1−−−−−−→

1 2 1 2
1 1 0 0 0
2 0 0 0 0
1 1 0 91 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

c2↔c3−−−−→

1 1 2 2
1 1 0 0 0
2 0 0 0 0
1 1 91 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 1
3 0 0 0 0

5. M I(18,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M18,12(k) is already in column echelon form and has maximal column rank.
6. M I(18,2)7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) is already in column echelon form and has maximal column rank.
142.4.1 0→ I(19, 1) f→ I(18, 2) g→ I(18, 1)→ 0 
PdimI(19, 1) + dimI(18, 1) = (3, 7, 9, 6, 3, 6, 3) + (4, 6, 9, 6, 3, 6, 3)
= (7, 13, 18, 12, 6, 12, 6) = dimI(18, 2)
Pdimk Ext
1
kQ(I(18, 1), I(19, 1)) = dimk HomkQ(I(18, 1), I(19, 1))− 〈dimI(18, 1),dimI(19, 1)〉
= 0− 〈(4, 6, 9, 6, 3, 6, 3), (3, 7, 9, 6, 3, 6, 3)〉
= 4 · 7 + 6 · 9 + 6 · 9 + 3 · 6 + 6 · 9 + 3 · 6− (4 · 3 + 6 · 7 + 9 · 9 + 6 · 6 + 3 · 3 + 6 · 6 + 3 · 3)
= 28 + 54 + 54 + 18 + 54 + 18− (12 + 42 + 81 + 36 + 9 + 36 + 9)
= 1
Matrices of the embedding f : I(19, 1)→ I(18, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M18,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(18, 2)→ I(18, 1) P
1. g1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,18(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M6,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M6,12(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(19, 1)→ I(18, 2) P
1. f2 ·M I(19,1)1→2 −M I(18,2)1→2 · f1 = 0
f2 ·M I(19,1)1→2 =
[ 7
7 1
6 0
]
·

3
1 0
3 1
3 0
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
6 0 0 0
 ·

3
1 0
3 1
3 0
 =

3
1 0
3 1
3 0
6 0
 =

3
1 0
3 1
9 0

M
I(18,2)
1→2 · f1 =

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

·
[ 3
3 1
4 0
]
=

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

·

3
3 1
2 0
2 0
 =

3
1 0
3 1
3 0
2 0
2 0
2 0

=

3
1 0
3 1
9 0

f2 ·M I(19,1)1→2 −M I(18,2)1→2 · f1 =

3
1 0
3 1
9 0
−

3
1 0
3 1
9 0
 = [ 313 0 ]
2. f3 ·M I(19,1)2→3 −M I(18,2)2→3 · f2 = 0
f3 ·M I(19,1)2→3 =
[ 9
9 1
9 0
]
·
[ 7
7 1
2 0
]
=

7 2
7 1 0
2 0 1
9 0 0
 · [
7
7 1
2 0
]
=

7
7 1
2 0
9 0
 = [
7
7 1
11 0
]
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M
I(18,2)
2→3 · f2 =

7 3 3
7 1 0 0
2 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·
[ 7
7 1
6 0
]
=

7 3 3
7 1 0 0
2 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

7
7 1
3 0
3 0
 =

7
7 1
2 0
3 0
3 0
3 0
 =
[ 7
7 1
11 0
]
f3 ·M I(19,1)2→3 −M I(18,2)2→3 · f2 =
[ 7
7 1
11 0
]
−
[ 7
7 1
11 0
]
=
[ 7
18 0
]
3. f3 ·M I(19,1)4→3 −M I(18,2)4→3 · f4 = 0
f3 ·M I(19,1)4→3 =
[ 9
9 1
9 0
]
·

1 5
1 1 0
3 0 0
5 0 1
 =

1 3 5
1 1 0 0
3 0 1 0
5 0 0 1
9 0 0 0
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 5
1 1 0
3 0 0
5 0 1
9 0 0

M
I(18,2)
4→3 · f4 =

1 11
1 1 0
3 0 0
11 0 1
3 0 0
 ·
[ 6
6 1
6 0
]
=

1 5 6
1 1 0 0
3 0 0 0
5 0 1 0
6 0 0 1
3 0 0 0
 ·

1 5
1 1 0
5 0 1
6 0 0
 =

1 5
1 1 0
3 0 0
5 0 1
6 0 0
3 0 0
 =

1 5
1 1 0
3 0 0
5 0 1
9 0 0

f3 ·M I(19,1)4→3 −M I(18,2)4→3 · f4 =

1 5
1 1 0
3 0 0
5 0 1
9 0 0
−

1 5
1 1 0
3 0 0
5 0 1
9 0 0
 =
[ 6
18 0
]
4. f4 ·M I(19,1)5→4 −M I(18,2)5→4 · f5 = 0
f4 ·M I(19,1)5→4 =
[ 6
6 1
6 0
]
·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
6 0 0

M
I(18,2)
5→4 · f5 =

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

·
[ 3
3 1
3 0
]
=

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
1 0 0
2 0 0
3 0 0

=

1 2
1 1 0
2 0 0
1 1 0
2 0 1
6 0 0

f4 ·M I(19,1)5→4 −M I(18,2)5→4 · f5 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
6 0 0
−

1 2
1 1 0
2 0 0
1 1 0
2 0 1
6 0 0
 =
[ 3
12 0
]
5. f3 ·M I(19,1)6→3 −M I(18,2)6→3 · f6 = 0
f3 ·M I(19,1)6→3 =
[ 9
9 1
9 0
]
·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
9 0 0 0 0 0 0

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

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M
I(18,2)
6→3 · f6 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·
[ 6
6 1
6 0
]
=

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0
6 0 0 0 0

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

f3 ·M I(19,1)6→3 −M I(18,2)6→3 · f6 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

−

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0

=
[ 6
18 0
]
6. f6 ·M I(19,1)7→6 −M I(18,2)7→6 · f7 = 0
f6 ·M I(19,1)7→6 =
[ 6
6 1
6 0
]
·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0

M
I(18,2)
7→6 · f7 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

·
[ 3
3 1
3 0
]
=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

·

1 2
1 1 0
2 0 1
3 0 0
 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
3 0 0
3 0 0

=

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0

f6 ·M I(19,1)7→6 −M I(18,2)7→6 · f7 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0
−

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0
 =
[ 3
12 0
]
Relations of the projection g : I(18, 2)→ I(18, 1) P
1. g2 ·M I(18,2)1→2 −M I(18,1)1→2 · g1 = 0
g2 ·M I(18,2)1→2 =
[ 7 6
6 0 1
]
·

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

=

1 3 3 2 2 2
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

=

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0

M
I(18,1)
1→2 · g1 =

2 2
2 1 0
2 0 1
2 1 0
 · [ 3 44 0 1 ] =

2 2
2 1 0
2 0 1
2 1 0
 · [
3 2 2
2 0 1 0
2 0 0 1
]
=

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0

g2 ·M I(18,2)1→2 −M I(18,1)1→2 · g1 =

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0
−

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0
 = [ 76 0 ]
2. g3 ·M I(18,2)2→3 −M I(18,1)2→3 · g2 = 0
g3 ·M I(18,2)2→3 =
[ 9 9
9 0 1
]
·

7 3 3
7 1 0 0
2 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

7 2 3 3 3
3 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 1
 ·

7 3 3
7 1 0 0
2 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1

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M
I(18,1)
2→3 · g2 =

3 3
3 1 0
3 1 1
3 0 1
 · [ 7 66 0 1 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
7 3 3
3 0 1 0
3 0 0 1
]
=

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1

g3 ·M I(18,2)2→3 −M I(18,1)2→3 · g2 =

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1
−

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1
 = [139 0 ]
3. g3 ·M I(18,2)4→3 −M I(18,1)4→3 · g4 = 0
g3 ·M I(18,2)4→3 =
[ 9 9
9 0 1
]
·

1 11
1 1 0
3 0 0
11 0 1
3 0 0
 =
[ 1 3 5 6 3
6 0 0 0 1 0
3 0 0 0 0 1
]
·

1 5 6
1 1 0 0
3 0 0 0
5 0 1 0
6 0 0 1
3 0 0 0
 =
[ 1 5 6
6 0 0 1
3 0 0 0
]
=
[ 6 6
6 0 1
3 0 0
]
M
I(18,1)
4→3 · g4 =
[ 6
6 1
3 0
]
·
[ 6 6
6 0 1
]
=
[ 6 6
6 0 1
3 0 0
]
g3 ·M I(18,2)4→3 −M I(18,1)4→3 · g4 =
[ 6 6
6 0 1
3 0 0
]
−
[ 6 6
6 0 1
3 0 0
]
=
[12
9 0
]
4. g4 ·M I(18,2)5→4 −M I(18,1)5→4 · g5 = 0
g4 ·M I(18,2)5→4 =
[ 6 6
6 0 1
]
·

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

=

1 2 1 2 1 2 3
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

=

1 2 1 2
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0
 = [
3 3
3 0 1
3 0 0
]
M
I(18,1)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
3 0 0
]
g4 ·M I(18,2)5→4 −M I(18,1)5→4 · g5 =
[ 3 3
3 0 1
3 0 0
]
−
[ 3 3
3 0 1
3 0 0
]
=
[ 6
6 0
]
5. g3 ·M I(18,2)6→3 −M I(18,1)6→3 · g6 = 0
g3 ·M I(18,2)6→3 =
[ 9 9
9 0 1
]
·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 1 2 1 2 1 2 3 6
3 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 1
]
·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 1 2 1 2 6
3 0 0 0 0 0
6 0 0 0 0 1
]
=
[ 6 6
3 0 0
6 0 1
]
M
I(18,1)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[ 6 6
6 0 1
]
=
[ 6 6
3 0 0
6 0 1
]
g3 ·M I(18,2)6→3 −M I(18,1)6→3 · g6 =
[ 6 6
3 0 0
6 0 1
]
−
[ 6 6
3 0 0
6 0 1
]
=
[12
9 0
]
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6. g6 ·M I(18,2)7→6 −M I(18,1)7→6 · g7 = 0
g6 ·M I(18,2)7→6 =
[ 6 6
6 0 1
]
·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

=
[ 1 1 2 2 3 3
3 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

=
[ 1 2 3
3 0 0 0
3 0 0 1
]
=
[ 3 3
3 0 0
3 0 1
]
M
I(18,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 0
3 0 1
]
g6 ·M I(18,2)7→6 −M I(18,1)7→6 · g7 =
[ 3 3
3 0 0
3 0 1
]
−
[ 3 3
3 0 0
3 0 1
]
=
[ 6
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 6
6 0 1
]
·
[ 7
7 1
6 0
]
=
[ 7
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 9 9
9 0 1
]
·
[ 9
9 1
9 0
]
=
[ 9
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 6
6 0 1
]
·
[ 6
6 1
6 0
]
=
[ 6
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 6
6 0 1
]
·
[ 6
6 1
6 0
]
=
[ 6
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
142.4.2 0→ I(21, 1) f→ I(18, 2) g→ I(16, 1)→ 0 
PdimI(21, 1) + dimI(16, 1) = (4, 7, 10, 7, 3, 7, 3) + (3, 6, 8, 5, 3, 5, 3)
= (7, 13, 18, 12, 6, 12, 6) = dimI(18, 2)
Pdimk Ext
1
kQ(I(16, 1), I(21, 1)) = dimk HomkQ(I(16, 1), I(21, 1))− 〈dimI(16, 1),dimI(21, 1)〉
= 0− 〈(3, 6, 8, 5, 3, 5, 3), (4, 7, 10, 7, 3, 7, 3)〉
= 3 · 7 + 6 · 10 + 5 · 10 + 3 · 7 + 5 · 10 + 3 · 7− (3 · 4 + 6 · 7 + 8 · 10 + 5 · 7 + 3 · 3 + 5 · 7 + 3 · 3)
= 21 + 60 + 50 + 21 + 50 + 21− (12 + 42 + 80 + 35 + 9 + 35 + 9)
= 1
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Matrices of the embedding f : I(21, 1)→ I(18, 2) P
1. f1 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M18,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k) is already in column echelon form and has maximal column rank.
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7. f7 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(18, 2)→ I(16, 1) P
1. g1 =
1 0 0 0 0 0 00 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

∈M6,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

∈M8,18(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
 ∈M5,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
 ∈M5,12(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(21, 1)→ I(18, 2) P
1. f2 ·M I(21,1)1→2 −M I(18,2)1→2 · f1 = 0
f2 ·M I(21,1)1→2 =

1 6
1 1 0
6 0 0
6 0 1
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

1 2 2 2
1 1 0 0 0
6 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
1 0 0
6 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
7 0 0
2 1 0
2 0 1
2 1 0

M
I(18,2)
1→2 · f1 =

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

·
[ 4
3 0
4 1
]
=

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

·

2 2
3 0 0
2 1 0
2 0 1
 =

2 2
1 0 0
3 0 0
3 0 0
2 1 0
2 0 1
2 1 0

=

2 2
7 0 0
2 1 0
2 0 1
2 1 0

f2 ·M I(21,1)1→2 −M I(18,2)1→2 · f1 =

2 2
7 0 0
2 1 0
2 0 1
2 1 0
−

2 2
7 0 0
2 1 0
2 0 1
2 1 0
 =
[ 4
13 0
]
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2. f3 ·M I(21,1)2→3 −M I(18,2)2→3 · f2 = 0
f3 ·M I(21,1)2→3 =

1 9
1 1 0
8 0 0
9 0 1
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3 3
1 1 0 0 0
8 0 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3
1 1 0 0
8 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1

M
I(18,2)
2→3 · f2 =

7 3 3
7 1 0 0
2 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

1 6
1 1 0
6 0 0
6 0 1
 =

1 6 3 3
1 1 0 0 0
6 0 1 0 0
2 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

1 3 3
1 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
 =

1 3 3
1 1 0 0
6 0 0 0
2 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1

=

1 3 3
1 1 0 0
8 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1

f3 ·M I(21,1)2→3 −M I(18,2)2→3 · f2 =

1 3 3
1 1 0 0
8 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
−

1 3 3
1 1 0 0
8 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =
[ 7
18 0
]
3. f3 ·M I(21,1)4→3 −M I(18,2)4→3 · f4 = 0
f3 ·M I(21,1)4→3 =

1 9
1 1 0
8 0 0
9 0 1
 · [
7
7 1
3 0
]
=

1 6 3
1 1 0 0
8 0 0 0
6 0 1 0
3 0 0 1
 ·

1 6
1 1 0
6 0 1
3 0 0
 =

1 6
1 1 0
8 0 0
6 0 1
3 0 0

M
I(18,2)
4→3 · f4 =

1 11
1 1 0
3 0 0
11 0 1
3 0 0
 ·

1 6
1 1 0
5 0 0
6 0 1
 =

1 5 6
1 1 0 0
3 0 0 0
5 0 1 0
6 0 0 1
3 0 0 0
 ·

1 6
1 1 0
5 0 0
6 0 1
 =

1 6
1 1 0
3 0 0
5 0 0
6 0 1
3 0 0
 =

1 6
1 1 0
8 0 0
6 0 1
3 0 0

f3 ·M I(21,1)4→3 −M I(18,2)4→3 · f4 =

1 6
1 1 0
8 0 0
6 0 1
3 0 0
−

1 6
1 1 0
8 0 0
6 0 1
3 0 0
 =
[ 7
18 0
]
4. f4 ·M I(21,1)5→4 −M I(18,2)5→4 · f5 = 0
f4 ·M I(21,1)5→4 =

1 6
1 1 0
5 0 0
6 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 1 2 3
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
5 0 0
1 1 0
2 0 1
3 0 0

M
I(18,2)
5→4 · f5 =

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

·
[ 3
3 0
3 1
]
=

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
2 0 0
1 0 0
2 0 0
1 1 0
2 0 1
3 0 0

=

1 2
1 1 0
5 0 0
1 1 0
2 0 1
3 0 0

f4 ·M I(21,1)5→4 −M I(18,2)5→4 · f5 =

1 2
1 1 0
5 0 0
1 1 0
2 0 1
3 0 0
−

1 2
1 1 0
5 0 0
1 1 0
2 0 1
3 0 0
 =
[ 3
12 0
]
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5. f3 ·M I(21,1)6→3 −M I(18,2)6→3 · f6 = 0
f3 ·M I(21,1)6→3 =

1 9
1 1 0
8 0 0
9 0 1
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 3 6
1 1 0 0
8 0 0 0
3 0 1 0
6 0 0 1
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 6
1 1 0
8 0 0
3 0 0
6 0 1
 =

1 6
1 1 0
11 0 0
6 0 1

M
I(18,2)
6→3 · f6 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

1 6
1 1 0
5 0 0
6 0 1
 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

1 6
1 1 0
2 0 0
1 0 0
2 0 0
6 0 1
 =

1 6
1 1 0
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
3 0 0
6 0 1

=

1 6
1 1 0
11 0 0
6 0 1

f3 ·M I(21,1)6→3 −M I(18,2)6→3 · f6 =

1 6
1 1 0
11 0 0
6 0 1
−

1 6
1 1 0
11 0 0
6 0 1
 = [ 718 0 ]
6. f6 ·M I(21,1)7→6 −M I(18,2)7→6 · f7 = 0
f6 ·M I(21,1)7→6 =

1 6
1 1 0
5 0 0
6 0 1
 · [
3
4 0
3 1
]
=

1 3 3
1 1 0 0
5 0 0 0
3 0 1 0
3 0 0 1
 ·

3
1 0
3 0
3 1
 =

3
1 0
5 0
3 0
3 1
 =
[ 3
9 0
3 1
]
M
I(18,2)
7→6 · f7 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

·
[ 3
3 0
3 1
]
=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

·

3
1 0
2 0
3 1
 =

3
1 0
1 0
2 0
2 0
3 0
3 1

=
[ 3
9 0
3 1
]
f6 ·M I(21,1)7→6 −M I(18,2)7→6 · f7 =
[ 3
9 0
3 1
]
−
[ 3
9 0
3 1
]
=
[ 3
12 0
]
Relations of the projection g : I(18, 2)→ I(16, 1) P
1. g2 ·M I(18,2)1→2 −M I(16,1)1→2 · g1 = 0
g2 ·M I(18,2)1→2 =
[ 1 6 6
6 0 1 0
]
·

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

=
[ 1 3 3 2 2 2
3 0 1 0 0 0 0
3 0 0 1 0 0 0
]
·

3 2 2
1 0 0 0
3 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
2 0 1 0

=
[ 3 2 2
3 1 0 0
3 0 0 0
]
=
[ 3 4
3 1 0
3 0 0
]
M
I(16,1)
1→2 · g1 =
[ 3
3 1
3 0
]
·
[ 3 4
3 1 0
]
=
[ 3 4
3 1 0
3 0 0
]
g2 ·M I(18,2)1→2 −M I(16,1)1→2 · g1 =
[ 3 4
3 1 0
3 0 0
]
−
[ 3 4
3 1 0
3 0 0
]
=
[ 7
6 0
]
2. g3 ·M I(18,2)2→3 −M I(16,1)2→3 · g2 = 0
g3 ·M I(18,2)2→3 =
[ 1 8 9
8 0 1 0
]
·

7 3 3
7 1 0 0
2 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =
[ 1 6 2 3 3 3
6 0 1 0 0 0 0
2 0 0 1 0 0 0
]
·

1 6 3 3
1 1 0 0 0
6 0 1 0 0
2 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=
[ 1 6 3 3
6 0 1 0 0
2 0 0 0 0
]
=
[ 1 6 6
6 0 1 0
2 0 0 0
]
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M
I(16,1)
2→3 · g2 =
[ 6
6 1
2 0
]
·
[ 1 6 6
6 0 1 0
]
=
[ 1 6 6
6 0 1 0
2 0 0 0
]
g3 ·M I(18,2)2→3 −M I(16,1)2→3 · g2 =
[ 1 6 6
6 0 1 0
2 0 0 0
]
−
[ 1 6 6
6 0 1 0
2 0 0 0
]
=
[13
8 0
]
3. g3 ·M I(18,2)4→3 −M I(16,1)4→3 · g4 = 0
g3 ·M I(18,2)4→3 =
[ 1 8 9
8 0 1 0
]
·

1 11
1 1 0
3 0 0
11 0 1
3 0 0
 =
[ 1 3 5 6 3
3 0 1 0 0 0
5 0 0 1 0 0
]
·

1 5 6
1 1 0 0
3 0 0 0
5 0 1 0
6 0 0 1
3 0 0 0
 =
[ 1 5 6
3 0 0 0
5 0 1 0
]
M
I(16,1)
4→3 · g4 =
[ 5
3 0
5 1
]
·
[ 1 5 6
5 0 1 0
]
=
[ 1 5 6
3 0 0 0
5 0 1 0
]
g3 ·M I(18,2)4→3 −M I(16,1)4→3 · g4 =
[ 1 5 6
3 0 0 0
5 0 1 0
]
−
[ 1 5 6
3 0 0 0
5 0 1 0
]
=
[12
8 0
]
4. g4 ·M I(18,2)5→4 −M I(16,1)5→4 · g5 = 0
g4 ·M I(18,2)5→4 =
[ 1 5 6
5 0 1 0
]
·

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

=

1 2 1 2 1 2 3
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
 ·

1 2 1 2
1 1 0 1 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

=

1 2 1 2
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
 = [
3 3
2 0 0
3 1 0
]
M
I(16,1)
5→4 · g5 =
[ 3
2 0
3 1
]
·
[ 3 3
3 1 0
]
=
[ 3 3
2 0 0
3 1 0
]
g4 ·M I(18,2)5→4 −M I(16,1)5→4 · g5 =
[ 3 3
2 0 0
3 1 0
]
−
[ 3 3
2 0 0
3 1 0
]
=
[ 6
5 0
]
5. g3 ·M I(18,2)6→3 −M I(16,1)6→3 · g6 = 0
g3 ·M I(18,2)6→3 =
[ 1 8 9
8 0 1 0
]
·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=

1 2 1 2 1 2 3 6
2 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
 ·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0

M
I(16,1)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 1 5 6
5 0 1 0
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
 =

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0

g3 ·M I(18,2)6→3 −M I(16,1)6→3 · g6 =

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
−

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
 =
[12
8 0
]
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6. g6 ·M I(18,2)7→6 −M I(16,1)7→6 · g7 = 0
g6 ·M I(18,2)7→6 =
[ 1 5 6
5 0 1 0
]
·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

=

1 1 2 2 3 3
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 0
3 0 0 1

=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0

M
I(16,1)
7→6 · g7 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 3 33 1 0 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
1 2 3
1 1 0 0
2 0 1 0
]
=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0

g6 ·M I(18,2)7→6 −M I(16,1)7→6 · g7 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
−

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
 = [ 65 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
3 1 0
]
·
[ 4
3 0
4 1
]
=
[ 4
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 6 6
6 0 1 0
]
·

1 6
1 1 0
6 0 0
6 0 1
 = [ 76 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 8 9
8 0 1 0
]
·

1 9
1 1 0
8 0 0
9 0 1
 = [108 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 5 6
5 0 1 0
]
·

1 6
1 1 0
5 0 0
6 0 1
 = [ 75 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 5 6
5 0 1 0
]
·

1 6
1 1 0
5 0 0
6 0 1
 = [ 75 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
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142.5 Tree module property of I(6n, 2) 
The matrices of the representation have full (column) rank P
1. M I(6n,2)1→2 =

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
2. M I(6n,2)2→3 =

2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]
∈M6n,4n+1(k) is already in column echelon form and has maximal column rank.
3. M I(6n,2)4→3 =

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 ∈M6n,4n(k) is already in column echelon form and has maximal column rank.
4. M I(6n,2)5→4 =

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

∈M4n,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n,2)
5→4 =

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

c3←c3−c1−−−−−−→

1 n−1 1 n−1
1 1 0 0 0
n−1 0 0 0 0
1 1 0 91 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

c2↔c3−−−−→

1 1 n−1 n−1
1 1 0 0 0
n−1 0 0 0 0
1 1 91 0 0
n−1 0 0 1 0
1 0 1 0 0
n−1 0 0 0 1
n 0 0 0 0

5. M I(6n,2)6→3 =

2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0
 ∈M6n,4n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n,2)
6→3 =

1 n−1 1 n−1 2n
1 1 0 0 0 0
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 1 0 1 0
1 0 0 1 0 0
n−1 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 1

6. M I(6n,2)7→6 =

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

∈M4n,2n(k) is already in column echelon form and has maximal column rank.
142.5.1 0→ I(6n+ 1, 1) i→ I(6n, 2) p→ I(6n, 1)→ 0 
PdimI(6n+ 1, 1) + dimI(6n, 1) = (n, 2n+ 1, 3n, 2n, n, 2n, n) + (n+ 1, 2n, 3n, 2n, n, 2n, n)
= (2n+ 1, 4n+ 1, 6n, 4n, 2n, 4n, 2n) = dimI(6n, 2)
Pdimk Ext
1
kQ(I(6n, 1), I(6n+ 1, 1)) = dimk HomkQ(I(6n, 1), I(6n+ 1, 1))− 〈dimI(6n, 1),dimI(6n+ 1, 1)〉
= 0− 〈(n+ 1, 2n, 3n, 2n, n, 2n, n), (n, 2n+ 1, 3n, 2n, n, 2n, n)〉
= (n+ 1) · (2n+ 1) + 2n · 3n+ 2n · 3n+ n · 2n+ 2n · 3n+ n · 2n− ((n+ 1) · n+ 2n · (2n+ 1) + 3n · 3n+ 2n · 2n+ n · n+ 2n · 2n+ n · n)
= 2n2 + 3n+ 1 + 6n2 + 6n2 + 2n2 + 6n2 + 2n2 − (n2 + n+ 4n2 + 2n+ 9n2 + 4n2 + n2 + 4n2 + n2)
= 1
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Matrices of the embedding i : I(6n+ 1, 1)→ I(6n, 2) P
1. i1 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
2n 0
]
∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n
3n 1
3n 0
]
∈M6n,3n(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n
2n 1
2n 0
]
∈M4n,2n(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n
2n 1
2n 0
]
∈M4n,2n(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n, 2)→ I(6n, 1) P
1. p1 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 2n
2n 0 1
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n 3n
3n 0 1
]
∈M3n,6n(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n 2n
2n 0 1
]
∈M2n,4n(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n 2n
2n 0 1
]
∈M2n,4n(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 1, 1)→ I(6n, 2) P
1. i2 ·M I(6n+1,1)1→2 −M I(6n,2)1→2 · i1 = 0
i2 ·M I(6n+1,1)1→2 =
[2n+1
2n+1 1
2n 0
]
·

n
1 0
n 1
n 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
2n 0 0 0
 ·

n
1 0
n 1
n 0
 =

n
1 0
n 1
n 0
2n 0
 =

n
1 0
n 1
3n 0

M
I(6n,2)
1→2 · i1 =

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

·
[ n
n 1
n+1 0
]
=

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

·

n
n 1
n−1 0
2 0
 =

n
1 0
n 1
n 0
n−1 0
2 0
n−1 0

=

n
1 0
n 1
3n 0

i2 ·M I(6n+1,1)1→2 −M I(6n,2)1→2 · i1 =

n
1 0
n 1
3n 0
−

n
1 0
n 1
3n 0
 = [ n4n+1 0 ]
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2. i3 ·M I(6n+1,1)2→3 −M I(6n,2)2→3 · i2 = 0
i3 ·M I(6n+1,1)2→3 =
[3n
3n 1
3n 0
]
·
[2n+1
2n+1 1
n−1 0
]
=

2n+1 n−1
2n+1 1 0
n−1 0 1
3n 0 0
 · [
2n+1
2n+1 1
n−1 0
]
=

2n+1
2n+1 1
n−1 0
3n 0
 = [
2n+1
2n+1 1
4n−1 0
]
M
I(6n,2)
2→3 · i2 =


2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]

·
[2n+1
2n+1 1
2n 0
]
=

2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
 ·
[2n+1
2n+1 1
2n 0
]
+
[2n+1 2n
4n 0 0
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=

2n+1
2n+1 1
n−1 0
2n 0
n 0
+
[2n+1
4n 0
2n 0
]
=

2n+1
2n+1 1
n−1 0
n 0
n 0
n 0
+

2n+1
2n+1 0
n−1 0
n 0
n 0
n 0
=
[2n+1
2n+1 1
4n−1 0
]
i3 ·M I(6n+1,1)2→3 −M I(6n,2)2→3 · i2 =
[2n+1
2n+1 1
4n−1 0
]
−
[2n+1
2n+1 1
4n−1 0
]
=
[2n+1
6n 0
]
3. i3 ·M I(6n+1,1)4→3 −M I(6n,2)4→3 · i4 = 0
i3 ·M I(6n+1,1)4→3 =
[3n
3n 1
3n 0
]
·

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 =

1 n 2n−1
1 1 0 0
n 0 1 0
2n−1 0 0 1
3n 0 0 0
 ·

1 2n−1
1 1 0
n 0 0
2n−1 0 1
 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
3n 0 0

M
I(6n,2)
4→3 · i4 =

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 ·
[2n
2n 1
2n 0
]
=

1 2n−1 2n
1 1 0 0
n 0 0 0
2n−1 0 1 0
2n 0 0 1
n 0 0 0
 ·

1 2n−1
1 1 0
2n−1 0 1
2n 0 0
 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
2n 0 0
n 0 0
 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
3n 0 0

i3 ·M I(6n+1,1)4→3 −M I(6n,2)4→3 · i4 =

1 2n−1
1 1 0
n 0 0
2n−1 0 1
3n 0 0
−

1 2n−1
1 1 0
n 0 0
2n−1 0 1
3n 0 0
 =
[2n
6n 0
]
4. i4 ·M I(6n+1,1)5→4 −M I(6n,2)5→4 · i5 = 0
i4 ·M I(6n+1,1)5→4 =
[2n
2n 1
2n 0
]
·

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 =

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
2n 0 0 0 0
 ·

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
2n 0 0

M
I(6n,2)
5→4 · i5 =

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

·
[ n
n 1
n 0
]
=

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

·

1 n−1
1 1 0
n−1 0 1
1 0 0
n−1 0 0
 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
1 0 0
n−1 0 0
n 0 0

=

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
2n 0 0

i4 ·M I(6n+1,1)5→4 −M I(6n,2)5→4 · i5 =

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
2n 0 0
−

1 n−1
1 1 0
n−1 0 0
1 1 0
n−1 0 1
2n 0 0
 =
[ n
4n 0
]
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5. i3 ·M I(6n+1,1)6→3 −M I(6n,2)6→3 · i6 = 0
i3 ·M I(6n+1,1)6→3 =
[3n
3n 1
3n 0
]
·

[2n
2n 1
n 0
]
+
[ 1 2n−1
n+1 0 0
2n−1 0 1
] =

2n n
2n 1 0
n 0 1
3n 0 0
 · [
2n
2n 1
n 0
]
+

n+1 2n−1
n+1 1 0
2n−1 0 1
3n 0 0
 · [
1 2n−1
n+1 0 0
2n−1 0 1
]
=

2n
2n 1
n 0
3n 0
+

1 2n−1
n+1 0 0
2n−1 0 1
3n 0 0
 =

1 n n−1
1 1 0 0
n 0 1 0
n−1 0 0 1
n 0 0 0
3n 0 0 0
+

1 n−1 n
1 0 0 0
n 0 0 0
n−1 0 1 0
n 0 0 1
3n 0 0 0
 =

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1
3n 0 0 0 0

M
I(6n,2)
6→3 · i6 =


2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0


·
[2n
2n 1
2n 0
]
=

2n 2n
2n 1 0
2n 0 0
2n 0 1
 · [
2n
2n 1
2n 0
]
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0
 ·

1 2n−1
1 1 0
2n−1 0 1
2n 0 0

=

2n
2n 1
2n 0
2n 0
+

1 2n−1
n+1 0 0
2n−1 0 1
3n 0 0
 =

1 n n−1
1 1 0 0
n 0 1 0
n−1 0 0 1
n 0 0 0
n 0 0 0
2n 0 0 0

+

1 n−1 n
1 0 0 0
n 0 0 0
n−1 0 1 0
n 0 0 1
n 0 0 0
2n 0 0 0

=

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1
3n 0 0 0 0

i3 ·M I(6n+1,1)6→3 −M I(6n,2)6→3 · i6 =

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1
3n 0 0 0 0

−

1 n−1 1 n−1
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 1 0 1
1 0 0 1 0
n−1 0 0 0 1
3n 0 0 0 0

=
[2n
6n 0
]
6. i6 ·M I(6n+1,1)7→6 −M I(6n,2)7→6 · i7 = 0
i6 ·M I(6n+1,1)7→6 =
[2n
2n 1
2n 0
]
·

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 =

1 1 n−1 n−1
1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n−1 0 0 0 1
2n 0 0 0 0
 ·

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
2n 0 0

M
I(6n,2)
7→6 · i7 =

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

·
[ n
n 1
n 0
]
=

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

·

1 n−1
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
n 0 0
n 0 0

=

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
2n 0 0

i6 ·M I(6n+1,1)7→6 −M I(6n,2)7→6 · i7 =

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
2n 0 0
−

1 n−1
1 0 0
1 1 0
n−1 0 1
n−1 0 1
2n 0 0
 =
[ n
4n 0
]
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Relations of the projection p : I(6n, 2)→ I(6n, 1) P
1. p2 ·M I(6n,2)1→2 −M I(6n,1)1→2 · p1 = 0
p2 ·M I(6n,2)1→2 =
[2n+1 2n
2n 0 1
]
·

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

=

1 n n n−1 2 n−1
n−1 0 0 0 1 0 0
2 0 0 0 0 1 0
n−1 0 0 0 0 0 1
 ·

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

=

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0

M
I(6n,1)
1→2 · p1 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [ n n+1n+1 0 1 ] =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
n n−1 2
n−1 0 1 0
2 0 0 1
]
=

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0

p2 ·M I(6n,2)1→2 −M I(6n,1)1→2 · p1 =

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0
−

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0
 = [2n+12n 0 ]
2. p3 ·M I(6n,2)2→3 −M I(6n,1)2→3 · p2 = 0
p3 ·M I(6n,2)2→3 =
[3n 3n
3n 0 1
]
·


2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]

=
[2n+1 n−1 2n n
2n 0 0 1 0
n 0 0 0 1
]
·

2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[3n n 2n
n 0 1 0
2n 0 0 1
]
·

2n+1 2n
3n 0 0
n 0 0
2n 0 1

=
[2n+1 2n
2n 0 1
n 0 0
]
+
[2n+1 2n
n 0 0
2n 0 1
]
=

2n+1 n n
n 0 1 0
n 0 0 1
n 0 0 0
+

2n+1 n n
n 0 0 0
n 0 1 0
n 0 0 1
 =

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1

M
I(6n,1)
2→3 · p2 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[2n+1 2n
2n 0 1
]
=
[2n
2n 1
n 0
]
·
[2n+1 2n
2n 0 1
]
+
[2n
n 0
2n 1
]
·
[2n+1 2n
2n 0 1
]
=
[2n+1 2n
2n 0 1
n 0 0
]
+
[2n+1 2n
n 0 0
2n 0 1
]
=

2n+1 n n
n 0 1 0
n 0 0 1
n 0 0 0
+

2n+1 n n
n 0 0 0
n 0 1 0
n 0 0 1
 =

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1

p3 ·M I(6n,2)2→3 −M I(6n,1)2→3 · p2 =

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1
−

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1
 = [4n+13n 0 ]
3. p3 ·M I(6n,2)4→3 −M I(6n,1)4→3 · p4 = 0
p3 ·M I(6n,2)4→3 =
[3n 3n
3n 0 1
]
·

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 =
[ 1 n 2n−1 2n n
2n 0 0 0 1 0
n 0 0 0 0 1
]
·

1 2n−1 2n
1 1 0 0
n 0 0 0
2n−1 0 1 0
2n 0 0 1
n 0 0 0
 =
[ 1 2n−1 2n
2n 0 0 1
n 0 0 0
]
=
[2n 2n
2n 0 1
n 0 0
]
M
I(6n,1)
4→3 · p4 =
[2n
2n 1
n 0
]
·
[2n 2n
2n 0 1
]
=
[2n 2n
2n 0 1
n 0 0
]
p3 ·M I(6n,2)4→3 −M I(6n,1)4→3 · p4 =
[2n 2n
2n 0 1
n 0 0
]
−
[2n 2n
2n 0 1
n 0 0
]
=
[4n
3n 0
]
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4. p4 ·M I(6n,2)5→4 −M I(6n,1)5→4 · p5 = 0
p4 ·M I(6n,2)5→4 =
[2n 2n
2n 0 1
]
·

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

=

1 n−1 1 n−1 1 n−1 n
1 0 0 0 0 1 0 0
n−1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
 ·

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

=

1 n−1 1 n−1
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0
 = [
n n
n 0 1
n 0 0
]
M
I(6n,1)
5→4 · p5 =
[ n
n 1
n 0
]
·
[ n n
n 0 1
]
=
[ n n
n 0 1
n 0 0
]
p4 ·M I(6n,2)5→4 −M I(6n,1)5→4 · p5 =
[ n n
n 0 1
n 0 0
]
−
[ n n
n 0 1
n 0 0
]
=
[2n
2n 0
]
5. p3 ·M I(6n,2)6→3 −M I(6n,1)6→3 · p6 = 0
p3 ·M I(6n,2)6→3 =
[3n 3n
3n 0 1
]
·


2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0


=
[2n n n 2n
n 0 0 1 0
2n 0 0 0 1
]
·

2n 2n
2n 1 0
n 0 0
n 0 0
2n 0 1
+
[n+1 2n−1 3n
3n 0 0 1
]
·

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0

=
[2n 2n
n 0 0
2n 0 1
]
+
[ 1 2n−1 2n
3n 0 0 0
]
=
[ 1 2n−1 2n
n 0 0 0
2n 0 0 1
]
+
[ 1 2n−1 2n
n 0 0 0
2n 0 0 0
]
=
[2n 2n
n 0 0
2n 0 1
]
M
I(6n,1)
6→3 · p6 =
[2n
n 0
2n 1
]
·
[2n 2n
2n 0 1
]
=
[2n 2n
n 0 0
2n 0 1
]
p3 ·M I(6n,2)6→3 −M I(6n,1)6→3 · p6 =
[2n 2n
n 0 0
2n 0 1
]
−
[2n 2n
n 0 0
2n 0 1
]
=
[4n
3n 0
]
6. p6 ·M I(6n,2)7→6 −M I(6n,1)7→6 · p7 = 0
p6 ·M I(6n,2)7→6 =
[2n 2n
2n 0 1
]
·

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

=
[ 1 1 n−1 n−1 n n
n 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

=
[ 1 n−1 n
n 0 0 0
n 0 0 1
]
=
[ n n
n 0 0
n 0 1
]
M
I(6n,1)
7→6 · p7 =
[ n
n 0
n 1
]
·
[ n n
n 0 1
]
=
[ n n
n 0 0
n 0 1
]
p6 ·M I(6n,2)7→6 −M I(6n,1)7→6 · p7 =
[ n n
n 0 0
n 0 1
]
−
[ n n
n 0 0
n 0 1
]
=
[2n
2n 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
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2. p2 · i2 = 0
p2 · i2 =
[2n+1 2n
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=
[2n+1
2n 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n 3n
3n 0 1
]
·
[3n
3n 1
3n 0
]
=
[3n
3n 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n 2n
2n 0 1
]
·
[2n
2n 1
2n 0
]
=
[2n
2n 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n 2n
2n 0 1
]
·
[2n
2n 1
2n 0
]
=
[2n
2n 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
142.5.2 0→ I(6n+ 3, 1) f→ I(6n, 2) g→ I(6n− 2, 1)→ 0 
PdimI(6n+ 3, 1) + dimI(6n− 2, 1) = (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n) + (n, 2n, 3n− 1, 2n− 1, n, 2n− 1, n)
= (2n+ 1, 4n+ 1, 6n, 4n, 2n, 4n, 2n) = dimI(6n, 2)
Pdimk Ext
1
kQ(I(6n− 2, 1), I(6n+ 3, 1)) = dimk HomkQ(I(6n− 2, 1), I(6n+ 3, 1))− 〈dimI(6n− 2, 1),dimI(6n+ 3, 1)〉
= 0− 〈(n, 2n, 3n− 1, 2n− 1, n, 2n− 1, n), (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n)〉
= n · (2n+ 1) + 2n · (3n+ 1) + (2n− 1) · (3n+ 1) + n · (2n+ 1) + (2n− 1) · (3n+ 1) + n · (2n+ 1)
− (n · (n+ 1) + 2n · (2n+ 1) + (3n− 1) · (3n+ 1) + (2n− 1) · (2n+ 1) + n · n+ (2n− 1) · (2n+ 1) + n · n)
= 2n2 + n+ 6n2 + 2n+ 6n2 − n− 1 + 2n2 + n+ 6n2 − n− 1 + 2n2 + n− (n2 + n+ 4n2 + 2n+ 9n2 − 1 + 4n2 − 1 + n2 + 4n2 − 1 + n2)
= 1
Representation of I(6n− 2, 1) = I(6n+ 4, 1)[n 7→ n− 1] 
Dimension vector: dimI(6n− 2, 1) = (n, 2n, 3n− 1, 2n− 1, n, 2n− 1, n)
Matrices of the representation:
1. M I(6n−2,1)1→2 =
[ n
n 1
n 0
]
∈M2n,n(k)
2. M I(6n−2,1)2→3 =
[2n
2n 1
n−1 0
]
∈M3n−1,2n(k)
3. M I(6n−2,1)4→3 =
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
4. M I(6n−2,1)5→4 =
[ n
n−1 0
n 1
]
∈M2n−1,n(k)
5. M I(6n−2,1)6→3 =
[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
]
∈M3n−1,2n−1(k)
6. M I(6n−2,1)7→6 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 ∈M2n−1,n(k)
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Matrices of the embedding f : I(6n+ 3, 1)→ I(6n, 2) P
1. f1 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 3n
1 1 0
3n−1 0 0
3n 0 1
 ∈M6n,3n+1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 2n
1 1 0
2n−1 0 0
2n 0 1
 ∈M4n,2n+1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ n
n 0
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n
1 1 0
2n−1 0 0
2n 0 1
 ∈M4n,2n+1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ n
n 0
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n, 2)→ I(6n− 2, 1) P
1. g1 =
[ n n+1
n 1 0
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n 2n
2n 0 1 0
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n−1 3n
3n−1 0 1 0
]
∈M3n−1,6n(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 2n−1 2n
2n−1 0 1 0
]
∈M2n−1,4n(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n n
n 1 0
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n−1 2n
2n−1 0 1 0
]
∈M2n−1,4n(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n n
n 1 0
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 3, 1)→ I(6n, 2) P
1. f2 ·M I(6n+3,1)1→2 −M I(6n,2)1→2 · f1 = 0
f2 ·M I(6n+3,1)1→2 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=

1 n+1 n−1
1 1 0 0
2n 0 0 0
n+1 0 1 0
n−1 0 0 1
 ·

n+1
1 0
n+1 1
n−1 0
+

1 n+1 n−1
1 1 0 0
2n 0 0 0
n+1 0 1 0
n−1 0 0 1
 ·

n−1 2
1 0 0
n+1 0 0
n−1 1 0

=

n+1
1 0
2n 0
n+1 1
n−1 0
+

n−1 2
1 0 0
2n 0 0
n+1 0 0
n−1 1 0
 =

n−1 2
1 0 0
2n 0 0
n−1 1 0
2 0 1
n−1 0 0
+

n−1 2
1 0 0
2n 0 0
n−1 0 0
2 0 0
n−1 1 0
 =

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0

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M
I(6n,2)
1→2 · f1 =

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

·
[n+1
n 0
n+1 1
]
=

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

·

n−1 2
n 0 0
n−1 1 0
2 0 1
 =

n−1 2
1 0 0
n 0 0
n 0 0
n−1 1 0
2 0 1
n−1 1 0

=

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0

f2 ·M I(6n+3,1)1→2 −M I(6n,2)1→2 · f1 =

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0
−

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0
 =
[n+1
4n+1 0
]
2. f3 ·M I(6n+3,1)2→3 −M I(6n,2)2→3 · f2 = 0
f3 ·M I(6n+3,1)2→3 =

1 3n
1 1 0
3n−1 0 0
3n 0 1
 ·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] =

1 2n n
1 1 0 0
3n−1 0 0 0
2n 0 1 0
n 0 0 1
 ·

1 2n
1 1 0
2n 0 1
n 0 0
+

1 n 2n
1 1 0 0
3n−1 0 0 0
n 0 1 0
2n 0 0 1
 ·

1 2n
1 0 0
n 0 0
2n 0 1

=

1 2n
1 1 0
3n−1 0 0
2n 0 1
n 0 0
+

1 2n
1 0 0
3n−1 0 0
n 0 0
2n 0 1
 =

1 n n
1 1 0 0
3n−1 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0
+

1 n n
1 0 0 0
3n−1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
 =

1 n n
1 1 0 0
3n−1 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1

M
I(6n,2)
2→3 · f2 =


2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]

·

1 2n
1 1 0
2n 0 0
2n 0 1
 =

1 2n 2n
1 1 0 0
2n 0 1 0
n−1 0 0 0
2n 0 0 1
n 0 0 0
 ·

1 2n
1 1 0
2n 0 0
2n 0 1
+ [
1 2n 2n
4n 0 0 0
2n 0 0 1
]
·

1 2n
1 1 0
2n 0 0
2n 0 1

=

1 2n
1 1 0
2n 0 0
n−1 0 0
2n 0 1
n 0 0
+
[ 1 2n
4n 0 0
2n 0 1
]
=

1 n n
1 1 0 0
2n 0 0 0
n−1 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0

+

1 n n
1 0 0 0
2n 0 0 0
n−1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1

=

1 n n
1 1 0 0
3n−1 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1

f3 ·M I(6n+3,1)2→3 −M I(6n,2)2→3 · f2 =

1 n n
1 1 0 0
3n−1 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
−

1 n n
1 1 0 0
3n−1 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
 =
[2n+1
6n 0
]
3. f3 ·M I(6n+3,1)4→3 −M I(6n,2)4→3 · f4 = 0
f3 ·M I(6n+3,1)4→3 =

1 3n
1 1 0
3n−1 0 0
3n 0 1
 · [
2n+1
2n+1 1
n 0
]
=

1 2n n
1 1 0 0
3n−1 0 0 0
2n 0 1 0
n 0 0 1
 ·

1 2n
1 1 0
2n 0 1
n 0 0
 =

1 2n
1 1 0
3n−1 0 0
2n 0 1
n 0 0

M
I(6n,2)
4→3 · f4 =

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 ·

1 2n
1 1 0
2n−1 0 0
2n 0 1
 =

1 2n−1 2n
1 1 0 0
n 0 0 0
2n−1 0 1 0
2n 0 0 1
n 0 0 0
 ·

1 2n
1 1 0
2n−1 0 0
2n 0 1
 =

1 2n
1 1 0
n 0 0
2n−1 0 0
2n 0 1
n 0 0
 =

1 2n
1 1 0
3n−1 0 0
2n 0 1
n 0 0

f3 ·M I(6n+3,1)4→3 −M I(6n,2)4→3 · f4 =

1 2n
1 1 0
3n−1 0 0
2n 0 1
n 0 0
−

1 2n
1 1 0
3n−1 0 0
2n 0 1
n 0 0
 =
[2n+1
6n 0
]
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4. f4 ·M I(6n+3,1)5→4 −M I(6n,2)5→4 · f5 = 0
f4 ·M I(6n+3,1)5→4 =

1 2n
1 1 0
2n−1 0 0
2n 0 1
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 1 n−1 n
1 1 0 0 0
2n−1 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
1 1 0
2n−1 0 0
1 1 0
n−1 0 1
n 0 0

M
I(6n,2)
5→4 · f5 =

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

·
[ n
n 0
n 1
]
=

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

·

1 n−1
1 0 0
n−1 0 0
1 1 0
n−1 0 1
 =

1 n−1
1 1 0
n−1 0 0
1 0 0
n−1 0 0
1 1 0
n−1 0 1
n 0 0

=

1 n−1
1 1 0
2n−1 0 0
1 1 0
n−1 0 1
n 0 0

f4 ·M I(6n+3,1)5→4 −M I(6n,2)5→4 · f5 =

1 n−1
1 1 0
2n−1 0 0
1 1 0
n−1 0 1
n 0 0
−

1 n−1
1 1 0
2n−1 0 0
1 1 0
n−1 0 1
n 0 0
 =
[ n
4n 0
]
5. f3 ·M I(6n+3,1)6→3 −M I(6n,2)6→3 · f6 = 0
f3 ·M I(6n+3,1)6→3 =

1 3n
1 1 0
3n−1 0 0
3n 0 1
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 n 2n
1 1 0 0
3n−1 0 0 0
n 0 1 0
2n 0 0 1
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 2n
1 1 0
3n−1 0 0
n 0 0
2n 0 1
 =

1 2n
1 1 0
4n−1 0 0
2n 0 1

M
I(6n,2)
6→3 · f6 =


2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0


·

1 2n
1 1 0
2n−1 0 0
2n 0 1
 =

1 2n−1 2n
1 1 0 0
2n−1 0 1 0
2n 0 0 0
2n 0 0 1
 ·

1 2n
1 1 0
2n−1 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0
 ·

1 2n
1 1 0
2n−1 0 0
2n 0 1

=

1 2n
1 1 0
2n−1 0 0
2n 0 0
2n 0 1
+

1 2n
n+1 0 0
2n−1 0 0
3n 0 0
 =

1 2n
1 1 0
n 0 0
n−1 0 0
n 0 0
n 0 0
2n 0 1

+

1 2n
1 0 0
n 0 0
n−1 0 0
n 0 0
n 0 0
2n 0 0

=

1 2n
1 1 0
4n−1 0 0
2n 0 1

f3 ·M I(6n+3,1)6→3 −M I(6n,2)6→3 · f6 =

1 2n
1 1 0
4n−1 0 0
2n 0 1
−

1 2n
1 1 0
4n−1 0 0
2n 0 1
 = [2n+16n 0 ]
6. f6 ·M I(6n+3,1)7→6 −M I(6n,2)7→6 · f7 = 0
f6 ·M I(6n+3,1)7→6 =

1 2n
1 1 0
2n−1 0 0
2n 0 1
 · [
n
n+1 0
n 1
]
=

1 n n
1 1 0 0
2n−1 0 0 0
n 0 1 0
n 0 0 1
 ·

n
1 0
n 0
n 1
 =

n
1 0
2n−1 0
n 0
n 1
 =
[ n
3n 0
n 1
]
M
I(6n,2)
7→6 · f7 =

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

·
[ n
n 0
n 1
]
=

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

·

n
1 0
n−1 0
n 1
 =

n
1 0
1 0
n−1 0
n−1 0
n 0
n 1

=
[ n
3n 0
n 1
]
f6 ·M I(6n+3,1)7→6 −M I(6n,2)7→6 · f7 =
[ n
3n 0
n 1
]
−
[ n
3n 0
n 1
]
=
[ n
4n 0
]
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Relations of the projection g : I(6n, 2)→ I(6n− 2, 1) P
1. g2 ·M I(6n,2)1→2 −M I(6n−2,1)1→2 · g1 = 0
g2 ·M I(6n,2)1→2 =
[ 1 2n 2n
2n 0 1 0
]
·

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

=
[ 1 n n n−1 2 n−1
n 0 1 0 0 0 0
n 0 0 1 0 0 0
]
·

n n−1 2
1 0 0 0
n 1 0 0
n 0 0 0
n−1 0 1 0
2 0 0 1
n−1 0 1 0

=
[ n n−1 2
n 1 0 0
n 0 0 0
]
=
[ n n+1
n 1 0
n 0 0
]
M
I(6n−2,1)
1→2 · g1 =
[ n
n 1
n 0
]
·
[ n n+1
n 1 0
]
=
[ n n+1
n 1 0
n 0 0
]
g2 ·M I(6n,2)1→2 −M I(6n−2,1)1→2 · g1 =
[ n n+1
n 1 0
n 0 0
]
−
[ n n+1
n 1 0
n 0 0
]
=
[2n+1
2n 0
]
2. g3 ·M I(6n,2)2→3 −M I(6n−2,1)2→3 · g2 = 0
g3 ·M I(6n,2)2→3 =
[ 1 3n−1 3n
3n−1 0 1 0
]
·


2n+1 2n
2n+1 1 0
n−1 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n 0 0
2n 0 1
]

=
[ 1 2n n−1 2n n
2n 0 1 0 0 0
n−1 0 0 1 0 0
]
·

1 2n 2n
1 1 0 0
2n 0 1 0
n−1 0 0 0
2n 0 0 1
n 0 0 0
+
[ 1 3n−1 n 2n
3n−1 0 1 0 0
]
·

2n+1 2n
1 0 0
3n−1 0 0
n 0 0
2n 0 1

=
[ 1 2n 2n
2n 0 1 0
n−1 0 0 0
]
+
[2n+1 2n
3n−1 0 0
]
=
[ 1 2n 2n
2n 0 1 0
n−1 0 0 0
]
+
[ 1 2n 2n
2n 0 0 0
n−1 0 0 0
]
=
[ 1 2n 2n
2n 0 1 0
n−1 0 0 0
]
M
I(6n−2,1)
2→3 · g2 =
[2n
2n 1
n−1 0
]
·
[ 1 2n 2n
2n 0 1 0
]
=
[ 1 2n 2n
2n 0 1 0
n−1 0 0 0
]
g3 ·M I(6n,2)2→3 −M I(6n−2,1)2→3 · g2 =
[ 1 2n 2n
2n 0 1 0
n−1 0 0 0
]
−
[ 1 2n 2n
2n 0 1 0
n−1 0 0 0
]
=
[4n+1
3n−1 0
]
3. g3 ·M I(6n,2)4→3 −M I(6n−2,1)4→3 · g4 = 0
g3 ·M I(6n,2)4→3 =
[ 1 3n−1 3n
3n−1 0 1 0
]
·

1 4n−1
1 1 0
n 0 0
4n−1 0 1
n 0 0
 =
[ 1 n 2n−1 2n n
n 0 1 0 0 0
2n−1 0 0 1 0 0
]
·

1 2n−1 2n
1 1 0 0
n 0 0 0
2n−1 0 1 0
2n 0 0 1
n 0 0 0
 =
[ 1 2n−1 2n
n 0 0 0
2n−1 0 1 0
]
M
I(6n−2,1)
4→3 · g4 =
[2n−1
n 0
2n−1 1
]
·
[ 1 2n−1 2n
2n−1 0 1 0
]
=
[ 1 2n−1 2n
n 0 0 0
2n−1 0 1 0
]
g3 ·M I(6n,2)4→3 −M I(6n−2,1)4→3 · g4 =
[ 1 2n−1 2n
n 0 0 0
2n−1 0 1 0
]
−
[ 1 2n−1 2n
n 0 0 0
2n−1 0 1 0
]
=
[4n
3n−1 0
]
4. g4 ·M I(6n,2)5→4 −M I(6n−2,1)5→4 · g5 = 0
g4 ·M I(6n,2)5→4 =
[ 1 2n−1 2n
2n−1 0 1 0
]
·

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

=

1 n−1 1 n−1 1 n−1 n
n−1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
 ·

1 n−1 1 n−1
1 1 0 1 0
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

=

1 n−1 1 n−1
n−1 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
 = [
n n
n−1 0 0
n 1 0
]
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M
I(6n−2,1)
5→4 · g5 =
[ n
n−1 0
n 1
]
·
[ n n
n 1 0
]
=
[ n n
n−1 0 0
n 1 0
]
g4 ·M I(6n,2)5→4 −M I(6n−2,1)5→4 · g5 =
[ n n
n−1 0 0
n 1 0
]
−
[ n n
n−1 0 0
n 1 0
]
=
[2n
2n−1 0
]
5. g3 ·M I(6n,2)6→3 −M I(6n−2,1)6→3 · g6 = 0
g3 ·M I(6n,2)6→3 =
[ 1 3n−1 3n
3n−1 0 1 0
]
·


2n 2n
2n 1 0
2n 0 0
2n 0 1
+

1 2n−1 2n
n+1 0 0 0
2n−1 0 1 0
3n 0 0 0


=
[ 1 2n−1 n n 2n
2n−1 0 1 0 0 0
n 0 0 1 0 0
]
·

1 2n−1 2n
1 1 0 0
2n−1 0 1 0
n 0 0 0
n 0 0 0
2n 0 0 1
+
[ 1 n 2n−1 3n
n 0 1 0 0
2n−1 0 0 1 0
]
·

1 2n−1 2n
1 0 0 0
n 0 0 0
2n−1 0 1 0
3n 0 0 0

=
[ 1 2n−1 2n
2n−1 0 1 0
n 0 0 0
]
+
[ 1 2n−1 2n
n 0 0 0
2n−1 0 1 0
]
=

1 n n−1 2n
n 0 1 0 0
n−1 0 0 1 0
n 0 0 0 0
+

1 n−1 n 2n
n 0 0 0 0
n−1 0 1 0 0
n 0 0 1 0
 =

1 n−1 1 n−1 2n
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 1 0 1 0
1 0 0 1 0 0
n−1 0 0 0 1 0

M
I(6n−2,1)
6→3 · g6 =

[2n−1
2n−1 1
n 0
]
+
[2n−1
n 0
2n−1 1
] ·
[ 1 2n−1 2n
2n−1 0 1 0
]
=
[2n−1
2n−1 1
n 0
]
·
[ 1 2n−1 2n
2n−1 0 1 0
]
+
[2n−1
n 0
2n−1 1
]
·
[ 1 2n−1 2n
2n−1 0 1 0
]
=
[ 1 2n−1 2n
2n−1 0 1 0
n 0 0 0
]
+
[ 1 2n−1 2n
n 0 0 0
2n−1 0 1 0
]
=

1 n n−1 2n
n 0 1 0 0
n−1 0 0 1 0
n 0 0 0 0
+

1 n−1 n 2n
n 0 0 0 0
n−1 0 1 0 0
n 0 0 1 0
 =

1 n−1 1 n−1 2n
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 1 0 1 0
1 0 0 1 0 0
n−1 0 0 0 1 0

g3 ·M I(6n,2)6→3 −M I(6n−2,1)6→3 · g6 =

1 n−1 1 n−1 2n
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 1 0 1 0
1 0 0 1 0 0
n−1 0 0 0 1 0
−

1 n−1 1 n−1 2n
n−1 0 1 0 0 0
1 0 0 1 0 0
n−1 0 1 0 1 0
1 0 0 1 0 0
n−1 0 0 0 1 0
 =
[4n
3n−1 0
]
6. g6 ·M I(6n,2)7→6 −M I(6n−2,1)7→6 · g7 = 0
g6 ·M I(6n,2)7→6 =
[ 1 2n−1 2n
2n−1 0 1 0
]
·

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

=

1 1 n−1 n−1 n n
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
 ·

1 n−1 n
1 0 0 0
1 1 0 0
n−1 0 1 0
n−1 0 1 0
n 0 0 0
n 0 0 1

=

1 n−1 n
1 1 0 0
n−1 0 1 0
n−1 0 1 0

M
I(6n−2,1)
7→6 · g7 =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [ n nn 1 0 ] =

1 n−1
1 1 0
n−1 0 1
n−1 0 1
 · [
1 n−1 n
1 1 0 0
n−1 0 1 0
]
=

1 n−1 n
1 1 0 0
n−1 0 1 0
n−1 0 1 0

g6 ·M I(6n,2)7→6 −M I(6n−2,1)7→6 · g7 =

1 n−1 n
1 1 0 0
n−1 0 1 0
n−1 0 1 0
−

1 n−1 n
1 1 0 0
n−1 0 1 0
n−1 0 1 0
 = [2n2n−1 0 ]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n n+1
n 1 0
]
·
[n+1
n 0
n+1 1
]
=
[n+1
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n 2n
2n 0 1 0
]
·

1 2n
1 1 0
2n 0 0
2n 0 1
 = [2n+12n 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3n−1 3n
3n−1 0 1 0
]
·

1 3n
1 1 0
3n−1 0 0
3n 0 1
 = [3n+13n−1 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2n−1 2n
2n−1 0 1 0
]
·

1 2n
1 1 0
2n−1 0 0
2n 0 1
 = [2n+12n−1 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ n n
n 1 0
]
·
[ n
n 0
n 1
]
=
[ n
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n−1 2n
2n−1 0 1 0
]
·

1 2n
1 1 0
2n−1 0 0
2n 0 1
 = [2n+12n−1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ n n
n 1 0
]
·
[ n
n 0
n 1
]
=
[ n
n 0
]
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143 Tree module property of I(6n+ 1, 2)
143.1 Tree module property of I(1, 2) 
The representation of I(1, 2):
dimI(1, 2) = (0, 1, 1, 1, 1, 1, 1)
I(1, 2) = (M1→2 = 0, M2→3 = ( 1 ) , M4→3 = ( 1 ) , M5→4 = ( 1 ) , M6→3 = ( 1 ) , M7→6 = ( 1 ))
The length of I(1, 2) is: 0 + 1 + 1 + 1 + 1 + 1 + 1 = 6.
The total number of ones in the matrices of the representation: 5.
A = M(EndkQ(I(1, 2))) ∈M5,6(k) denotes the matrix of the linear equation system characterizing the endomorphism space of I(1, 2).
A =

1 91 0 0 0 0
0 91 1 0 0 0
0 91 0 0 1 0
0 0 91 1 0 0
0 0 0 0 91 1
←−
−1
+ ∼

1 91 0 0 0 0
0 91 1 0 0 0
0 0 91 0 1 0
0 0 91 1 0 0
0 0 0 0 91 1
←−−1+ ∼

1 91 0 0 0 0
0 91 1 0 0 0
0 0 91 0 1 0
0 0 0 1 91 0
0 0 0 0 91 1

As the above computation shows, dim EndkQ(I(1, 2)) = corank(A) = 1 in every field k, therefore I(1, 2) has the (field independent) tree module property.
143.2 Tree module property of I(7, 2) 
The matrices of the representation have full (column) rank P
1. M I(7,2)1→2 =

0 1
0 0
1 0
0 1
0 0
 ∈M5,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(7,2)
1→2 =

0 1
0 0
1 0
0 1
0 0

c1↔c2−−−−→

1 0
0 0
0 1
1 0
0 0

2. M I(7,2)2→3 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
3. M I(7,2)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 1 1
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
4. M I(7,2)5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. M I(7,2)6→3 =

1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
6. M I(7,2)7→6 =

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
143.2.1 0→ I(9, 7) f→ I(7, 2) g→ I(6, 5)→ 0 
PdimI(9, 7) + dimI(6, 5) = (1, 3, 4, 3, 1, 3, 2) + (1, 2, 3, 2, 2, 2, 1)
= (2, 5, 7, 5, 3, 5, 3) = dimI(7, 2)
Pdimk Ext
1
kQ(I(6, 5), I(9, 7)) = dimk HomkQ(I(6, 5), I(9, 7))− 〈dimI(6, 5),dimI(9, 7)〉
= 0− 〈(1, 2, 3, 2, 2, 2, 1), (1, 3, 4, 3, 1, 3, 2)〉
= 1 · 3 + 2 · 4 + 2 · 4 + 2 · 3 + 2 · 4 + 1 · 3− (1 · 1 + 2 · 3 + 3 · 4 + 2 · 3 + 2 · 1 + 2 · 3 + 1 · 2)
= 3 + 8 + 8 + 6 + 8 + 3− (1 + 6 + 12 + 6 + 2 + 6 + 2)
= 1
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Matrices of the embedding f : I(9, 7)→ I(7, 2) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(7, 2)→ I(6, 5) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(9, 7)→ I(7, 2) P
1. f2 ·M I(9,7)1→2 −M I(7,2)1→2 · f1 = 0
f2 ·M I(9,7)1→2 =
[ 3
3 1
2 0
]
·
[ 1
2 0
1 1
]
=

2 1
2 1 0
1 0 1
2 0 0
 · [
1
2 0
1 1
]
=

1
2 0
1 1
2 0

M
I(7,2)
1→2 · f1 =

0 1
0 0
1 0
0 1
0 0
 ·
[
1
0
]
=

0
0
1
0
0
 =

1
2 0
1 1
2 0

f2 ·M I(9,7)1→2 −M I(7,2)1→2 · f1 =

1
2 0
1 1
2 0
−

1
2 0
1 1
2 0
 = [ 15 0 ]
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2. f3 ·M I(9,7)2→3 −M I(7,2)2→3 · f2 = 0
f3 ·M I(9,7)2→3 =
[ 4
4 1
3 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 =

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
2 0 1
3 0 0

M
I(7,2)
2→3 · f2 =

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 ·
[ 3
3 1
2 0
]
=

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
2 0 0 1
1 0 0 0
 ·

1 2
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
2 0 0
1 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
3 0 0

f3 ·M I(9,7)2→3 −M I(7,2)2→3 · f2 =

1 2
1 1 0
1 0 0
2 0 1
3 0 0
−

1 2
1 1 0
1 0 0
2 0 1
3 0 0
 =
[ 3
7 0
]
3. f3 ·M I(9,7)4→3 −M I(7,2)4→3 · f4 = 0
f3 ·M I(9,7)4→3 =
[ 4
4 1
3 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
3 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
3 0
 = [
3
3 1
4 0
]
M
I(7,2)
4→3 · f4 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·
[ 3
3 1
2 0
]
=

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

3
3 1
1 0
1 0
 =

3
3 1
1 0
1 0
1 0
1 0
 =
[ 3
3 1
4 0
]
f3 ·M I(9,7)4→3 −M I(7,2)4→3 · f4 =
[ 3
3 1
4 0
]
−
[ 3
3 1
4 0
]
=
[ 3
7 0
]
4. f4 ·M I(9,7)5→4 −M I(7,2)5→4 · f5 = 0
f4 ·M I(9,7)5→4 =
[ 3
3 1
2 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
2 0
 =

1
1 1
1 1
3 0

M
I(7,2)
5→4 · f5 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
[ 1
1 1
2 0
]
=

1
1 1
1 1
1 0
2 0
 =

1
1 1
1 1
3 0

f4 ·M I(9,7)5→4 −M I(7,2)5→4 · f5 =

1
1 1
1 1
3 0
−

1
1 1
1 1
3 0
 = [ 15 0 ]
5. f3 ·M I(9,7)6→3 −M I(7,2)6→3 · f6 = 0
f3 ·M I(9,7)6→3 =
[ 4
4 1
3 0
]
·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

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M
I(7,2)
6→3 · f6 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·
[ 3
3 1
2 0
]
=

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
1 0 0 0
2 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

f3 ·M I(9,7)6→3 −M I(7,2)6→3 · f6 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0
−

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0
 =
[ 3
7 0
]
6. f6 ·M I(9,7)7→6 −M I(7,2)7→6 · f7 = 0
f6 ·M I(9,7)7→6 =
[ 3
3 1
2 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
2 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
2 0

M
I(7,2)
7→6 · f7 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
1 0
2 1
1 0
1 0
 =

2
1 0
2 1
2 0

f6 ·M I(9,7)7→6 −M I(7,2)7→6 · f7 =

2
1 0
2 1
2 0
−

2
1 0
2 1
2 0
 = [ 25 0 ]
Relations of the projection g : I(7, 2)→ I(6, 5) P
1. g2 ·M I(7,2)1→2 −M I(6,5)1→2 · g1 = 0
g2 ·M I(7,2)1→2 =
[ 3 2
2 0 1
]
·

0 1
0 0
1 0
0 1
0 0
 =
[
0 0 0 1 0
0 0 0 0 1
]
·

0 1
0 0
1 0
0 1
0 0
 =
[
0 1
0 0
]
M
I(6,5)
1→2 · g1 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g2 ·M I(7,2)1→2 −M I(6,5)1→2 · g1 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
2. g3 ·M I(7,2)2→3 −M I(6,5)2→3 · g2 = 0
g3 ·M I(7,2)2→3 =
[ 4 3
3 0 1
]
·

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 =
[ 1 1 2 2 1
2 0 0 0 1 0
1 0 0 0 0 1
]
·

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
2 0 0 1
1 0 0 0
 =
[ 1 2 2
2 0 0 1
1 0 0 0
]
=
[ 3 2
2 0 1
1 0 0
]
M
I(6,5)
2→3 · g2 =
[ 2
2 1
1 0
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
1 0 0
]
g3 ·M I(7,2)2→3 −M I(6,5)2→3 · g2 =
[ 3 2
2 0 1
1 0 0
]
−
[ 3 2
2 0 1
1 0 0
]
=
[ 5
3 0
]
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3. g3 ·M I(7,2)4→3 −M I(6,5)4→3 · g4 = 0
g3 ·M I(7,2)4→3 =
[ 4 3
3 0 1
]
·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

3 1 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 ·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1

M
I(6,5)
4→3 · g4 =
1 01 1
0 1
 · [ 3 22 0 1 ] =
1 01 1
0 1
 · [
3 1 1
1 0 1 0
1 0 0 1
]
=

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1

g3 ·M I(7,2)4→3 −M I(6,5)4→3 · g4 =

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1
−

3 1 1
1 0 1 0
1 0 1 1
1 0 0 1
 = [ 53 0 ]
4. g4 ·M I(7,2)5→4 −M I(6,5)5→4 · g5 = 0
g4 ·M I(7,2)5→4 =
[ 3 2
2 0 1
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =
[ 1 1 1 2
2 0 0 0 1
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =
[ 1 2
2 0 1
]
M
I(6,5)
5→4 · g5 =
[ 2
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
]
g4 ·M I(7,2)5→4 −M I(6,5)5→4 · g5 =
[ 1 2
2 0 1
]
−
[ 1 2
2 0 1
]
=
[ 3
2 0
]
5. g3 ·M I(7,2)6→3 −M I(6,5)6→3 · g6 = 0
g3 ·M I(7,2)6→3 =
[ 4 3
3 0 1
]
·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=
[ 1 1 1 1 1 2
1 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=
[ 1 1 1 2
1 0 0 0 0
2 0 0 0 1
]
=
[ 3 2
1 0 0
2 0 1
]
M
I(6,5)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
1 0 0
2 0 1
]
g3 ·M I(7,2)6→3 −M I(6,5)6→3 · g6 =
[ 3 2
1 0 0
2 0 1
]
−
[ 3 2
1 0 0
2 0 1
]
=
[ 5
3 0
]
6. g6 ·M I(7,2)7→6 −M I(6,5)7→6 · g7 = 0
g6 ·M I(7,2)7→6 =
[ 3 2
2 0 1
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =
[ 1 2 1 1
1 0 0 1 0
1 0 0 0 1
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =
[ 2 1
1 0 0
1 0 1
]
M
I(6,5)
7→6 · g7 =
[
0
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 0
1 0 1
]
g6 ·M I(7,2)7→6 −M I(6,5)7→6 · g7 =
[ 2 1
1 0 0
1 0 1
]
−
[ 2 1
1 0 0
1 0 1
]
=
[ 3
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
143.2.2 0→ I(9, 5) f→ I(7, 2) g→ I(6, 7)→ 0 
PdimI(9, 5) + dimI(6, 7) = (1, 3, 4, 3, 2, 3, 1) + (1, 2, 3, 2, 1, 2, 2)
= (2, 5, 7, 5, 3, 5, 3) = dimI(7, 2)
Pdimk Ext
1
kQ(I(6, 7), I(9, 5)) = dimk HomkQ(I(6, 7), I(9, 5))− 〈dimI(6, 7),dimI(9, 5)〉
= 0− 〈(1, 2, 3, 2, 1, 2, 2), (1, 3, 4, 3, 2, 3, 1)〉
= 1 · 3 + 2 · 4 + 2 · 4 + 1 · 3 + 2 · 4 + 2 · 3− (1 · 1 + 2 · 3 + 3 · 4 + 2 · 3 + 1 · 2 + 2 · 3 + 2 · 1)
= 3 + 8 + 8 + 3 + 8 + 6− (1 + 6 + 12 + 6 + 2 + 6 + 2)
= 1
Matrices of the embedding f : I(9, 5)→ I(7, 2) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
2226
4. f4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(7, 2)→ I(6, 7) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0 0
0 0 1 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 1 0 0 0 0 00 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0 0 0
0 0 1 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0 0 0
0 0 1 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0
0 1 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(9, 5)→ I(7, 2) P
1. f2 ·M I(9,5)1→2 −M I(7,2)1→2 · f1 = 0
f2 ·M I(9,5)1→2 =

1 2
1 1 0
2 0 0
2 0 1
 ·
11
0
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
11
0
 =

1
1 1
2 0
1 1
1 0

M
I(7,2)
1→2 · f1 =

0 1
0 0
1 0
0 1
0 0
 ·
[
0
1
]
=

1
0
0
1
0
 =

1
1 1
2 0
1 1
1 0

f2 ·M I(9,5)1→2 −M I(7,2)1→2 · f1 =

1
1 1
2 0
1 1
1 0
−

1
1 1
2 0
1 1
1 0
 =
[ 1
5 0
]
2. f3 ·M I(9,5)2→3 −M I(7,2)2→3 · f2 = 0
f3 ·M I(9,5)2→3 =

1 3
1 1 0
3 0 0
3 0 1
 · [
3
3 1
1 0
]
=

1 2 1
1 1 0 0
3 0 0 0
2 0 1 0
1 0 0 1
 ·

1 2
1 1 0
2 0 1
1 0 0
 =

1 2
1 1 0
3 0 0
2 0 1
1 0 0

M
I(7,2)
2→3 · f2 =

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 ·

1 2
1 1 0
2 0 0
2 0 1
 =

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
2 0 0 1
1 0 0 0
 ·

1 2
1 1 0
2 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
2 0 0
2 0 1
1 0 0
 =

1 2
1 1 0
3 0 0
2 0 1
1 0 0

2227
f3 ·M I(9,5)2→3 −M I(7,2)2→3 · f2 =

1 2
1 1 0
3 0 0
2 0 1
1 0 0
−

1 2
1 1 0
3 0 0
2 0 1
1 0 0
 =
[ 3
7 0
]
3. f3 ·M I(9,5)4→3 −M I(7,2)4→3 · f4 = 0
f3 ·M I(9,5)4→3 =

1 3
1 1 0
3 0 0
3 0 1
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1 1
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1

M
I(7,2)
4→3 · f4 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

1 2
1 1 0
2 0 0
2 0 1
 =

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1

=

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1

f3 ·M I(9,5)4→3 −M I(7,2)4→3 · f4 =

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
−

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =
[ 3
7 0
]
4. f4 ·M I(9,5)5→4 −M I(7,2)5→4 · f5 = 0
f4 ·M I(9,5)5→4 =

1 2
1 1 0
2 0 0
2 0 1
 · [
2
1 0
2 1
]
=

2
1 0
2 0
2 1
 = [
2
3 0
2 1
]
M
I(7,2)
5→4 · f5 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
[ 2
1 0
2 1
]
=

2
1 0
1 0
1 0
2 1
 =
[ 2
3 0
2 1
]
f4 ·M I(9,5)5→4 −M I(7,2)5→4 · f5 =
[ 2
3 0
2 1
]
−
[ 2
3 0
2 1
]
=
[ 2
5 0
]
5. f3 ·M I(9,5)6→3 −M I(7,2)6→3 · f6 = 0
f3 ·M I(9,5)6→3 =

1 3
1 1 0
3 0 0
3 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 1 2
1 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
3 0 0
1 0 0
2 0 1
 =

1 2
1 1 0
4 0 0
2 0 1

M
I(7,2)
6→3 · f6 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·

1 2
1 1 0
2 0 0
2 0 1
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·

1 2
1 1 0
1 0 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
2 0 1

=

1 2
1 1 0
4 0 0
2 0 1

f3 ·M I(9,5)6→3 −M I(7,2)6→3 · f6 =

1 2
1 1 0
4 0 0
2 0 1
−

1 2
1 1 0
4 0 0
2 0 1
 = [ 37 0 ]
2228
6. f6 ·M I(9,5)7→6 −M I(7,2)7→6 · f7 = 0
f6 ·M I(9,5)7→6 =

1 2
1 1 0
2 0 0
2 0 1
 · [
1
2 0
1 1
]
=

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
00
1
 =

1
1 0
2 0
1 0
1 1
 =
[ 1
4 0
1 1
]
M
I(7,2)
7→6 · f7 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 ·
[ 1
2 0
1 1
]
=

1
1 0
2 0
1 0
1 1
 =
[ 1
4 0
1 1
]
f6 ·M I(9,5)7→6 −M I(7,2)7→6 · f7 =
[ 1
4 0
1 1
]
−
[ 1
4 0
1 1
]
=
[ 1
5 0
]
Relations of the projection g : I(7, 2)→ I(6, 7) P
1. g2 ·M I(7,2)1→2 −M I(6,7)1→2 · g1 = 0
g2 ·M I(7,2)1→2 =
[ 1 2 2
2 0 1 0
]
·

0 1
0 0
1 0
0 1
0 0
 =
[
0 1 0 0 0
0 0 1 0 0
]
·

0 1
0 0
1 0
0 1
0 0
 =
[
0 0
1 0
]
M
I(6,7)
1→2 · g1 =
[
0
1
]
·
[
1 0
]
=
[
0 0
1 0
]
g2 ·M I(7,2)1→2 −M I(6,7)1→2 · g1 =
[
0 0
1 0
]
−
[
0 0
1 0
]
=
[ 2
2 0
]
2. g3 ·M I(7,2)2→3 −M I(6,7)2→3 · g2 = 0
g3 ·M I(7,2)2→3 =
[ 1 3 3
3 0 1 0
]
·

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 =
[ 1 1 2 2 1
1 0 1 0 0 0
2 0 0 1 0 0
]
·

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
2 0 0 1
1 0 0 0
 =
[ 1 2 2
1 0 0 0
2 0 1 0
]
M
I(6,7)
2→3 · g2 =
[ 2
1 0
2 1
]
·
[ 1 2 2
2 0 1 0
]
=
[ 1 2 2
1 0 0 0
2 0 1 0
]
g3 ·M I(7,2)2→3 −M I(6,7)2→3 · g2 =
[ 1 2 2
1 0 0 0
2 0 1 0
]
−
[ 1 2 2
1 0 0 0
2 0 1 0
]
=
[ 5
3 0
]
3. g3 ·M I(7,2)4→3 −M I(6,7)4→3 · g4 = 0
g3 ·M I(7,2)4→3 =
[ 1 3 3
3 0 1 0
]
·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =
[ 1 2 1 1 1 1
2 0 1 0 0 0 0
1 0 0 1 0 0 0
]
·

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=
[ 1 2 1 1
2 0 1 0 0
1 0 0 0 0
]
=
[ 1 2 2
2 0 1 0
1 0 0 0
]
M
I(6,7)
4→3 · g4 =
[ 2
2 1
1 0
]
·
[ 1 2 2
2 0 1 0
]
=
[ 1 2 2
2 0 1 0
1 0 0 0
]
g3 ·M I(7,2)4→3 −M I(6,7)4→3 · g4 =
[ 1 2 2
2 0 1 0
1 0 0 0
]
−
[ 1 2 2
2 0 1 0
1 0 0 0
]
=
[ 5
3 0
]
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4. g4 ·M I(7,2)5→4 −M I(6,7)5→4 · g5 = 0
g4 ·M I(7,2)5→4 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =
[ 1 1 1 2
1 0 1 0 0
1 0 0 1 0
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =
[ 1 2
1 1 0
1 0 0
]
M
I(6,7)
5→4 · g5 =
[
1
0
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
1 0 0
]
g4 ·M I(7,2)5→4 −M I(6,7)5→4 · g5 =
[ 1 2
1 1 0
1 0 0
]
−
[ 1 2
1 1 0
1 0 0
]
=
[ 3
2 0
]
5. g3 ·M I(7,2)6→3 −M I(6,7)6→3 · g6 = 0
g3 ·M I(7,2)6→3 =
[ 1 3 3
3 0 1 0
]
·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=

1 1 1 1 1 2
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0

M
I(6,7)
6→3 · g6 =
1 01 1
0 1
 · [ 1 2 22 0 1 0 ] =
1 01 1
0 1
 · [
1 1 1 2
1 0 1 0 0
1 0 0 1 0
]
=

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0

g3 ·M I(7,2)6→3 −M I(6,7)6→3 · g6 =

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
−

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
 = [ 53 0 ]
6. g6 ·M I(7,2)7→6 −M I(6,7)7→6 · g7 = 0
g6 ·M I(7,2)7→6 =
[ 1 2 2
2 0 1 0
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =
[ 1 2 1 1
2 0 1 0 0
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =
[ 2 1
2 1 0
]
M
I(6,7)
7→6 · g7 =
[ 2
2 1
]
·
[ 2 1
2 1 0
]
=
[ 2 1
2 1 0
]
g6 ·M I(7,2)7→6 −M I(6,7)7→6 · g7 =
[ 2 1
2 1 0
]
−
[ 2 1
2 1 0
]
=
[ 3
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 1 0
2 0 0
2 0 1
 = [ 32 0 ]
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3. g3 · f3 = 0
g3 · f3 =
[ 1 3 3
3 0 1 0
]
·

1 3
1 1 0
3 0 0
3 0 1
 = [ 43 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 1 0
2 0 0
2 0 1
 = [ 32 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 1 0
2 0 0
2 0 1
 = [ 32 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
2 1 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
143.3 Tree module property of I(13, 2) 
The matrices of the representation have full (column) rank P
1. M I(13,2)1→2 =

0 0 1 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M9,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(13,2)
1→2 =

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

c1↔c2−−−−→

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 1 0 0
1 0 0 1
2 0 0 0

2. M I(13,2)2→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
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3. M I(13,2)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k) is already in column echelon form and has maximal column rank.
4. M I(13,2)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
5. M I(13,2)6→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k) is already in column echelon form and has maximal column rank.
6. M I(13,2)7→6 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
143.3.1 0→ I(15, 7) f→ I(13, 2) g→ I(12, 5)→ 0 
PdimI(15, 7) + dimI(12, 5) = (2, 5, 7, 5, 2, 5, 3) + (2, 4, 6, 4, 3, 4, 2)
= (4, 9, 13, 9, 5, 9, 5) = dimI(13, 2)
Pdimk Ext
1
kQ(I(12, 5), I(15, 7)) = dimk HomkQ(I(12, 5), I(15, 7))− 〈dimI(12, 5),dimI(15, 7)〉
= 0− 〈(2, 4, 6, 4, 3, 4, 2), (2, 5, 7, 5, 2, 5, 3)〉
= 2 · 5 + 4 · 7 + 4 · 7 + 3 · 5 + 4 · 7 + 2 · 5− (2 · 2 + 4 · 5 + 6 · 7 + 4 · 5 + 3 · 2 + 4 · 5 + 2 · 3)
= 10 + 28 + 28 + 15 + 28 + 10− (4 + 20 + 42 + 20 + 6 + 20 + 6)
= 1
Matrices of the embedding f : I(15, 7)→ I(13, 2) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(13, 2)→ I(12, 5) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,13(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(15, 7)→ I(13, 2) P
1. f2 ·M I(15,7)1→2 −M I(13,2)1→2 · f1 = 0
f2 ·M I(15,7)1→2 =
[ 5
5 1
4 0
]
·
[ 2
3 0
2 1
]
=

3 2
3 1 0
2 0 1
4 0 0
 · [
2
3 0
2 1
]
=

2
3 0
2 1
4 0

M
I(13,2)
1→2 · f1 =

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·
[ 2
2 1
2 0
]
=

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·

2
2 1
1 0
1 0
 =

2
1 0
2 0
2 1
1 0
1 0
2 0

=

2
3 0
2 1
4 0

f2 ·M I(15,7)1→2 −M I(13,2)1→2 · f1 =

2
3 0
2 1
4 0
−

2
3 0
2 1
4 0
 = [ 29 0 ]
2. f3 ·M I(15,7)2→3 −M I(13,2)2→3 · f2 = 0
f3 ·M I(15,7)2→3 =
[ 7
7 1
6 0
]
·

1 4
1 1 0
2 0 0
4 0 1
 =

1 2 4
1 1 0 0
2 0 1 0
4 0 0 1
6 0 0 0
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 4
1 1 0
2 0 0
4 0 1
6 0 0

M
I(13,2)
2→3 · f2 =

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 ·
[ 5
5 1
4 0
]
=

1 4 4
1 1 0 0
2 0 0 0
4 0 1 0
4 0 0 1
2 0 0 0
 ·

1 4
1 1 0
4 0 1
4 0 0
 =

1 4
1 1 0
2 0 0
4 0 1
4 0 0
2 0 0
 =

1 4
1 1 0
2 0 0
4 0 1
6 0 0

f3 ·M I(15,7)2→3 −M I(13,2)2→3 · f2 =

1 4
1 1 0
2 0 0
4 0 1
6 0 0
−

1 4
1 1 0
2 0 0
4 0 1
6 0 0
 =
[ 5
13 0
]
3. f3 ·M I(15,7)4→3 −M I(13,2)4→3 · f4 = 0
f3 ·M I(15,7)4→3 =
[ 7
7 1
6 0
]
·
[ 5
5 1
2 0
]
=

5 2
5 1 0
2 0 1
6 0 0
 · [
5
5 1
2 0
]
=

5
5 1
2 0
6 0
 = [
5
5 1
8 0
]
M
I(13,2)
4→3 · f4 =

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·
[ 5
5 1
4 0
]
=

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

5
5 1
2 0
2 0
 =

5
5 1
2 0
2 0
2 0
2 0
 =
[ 5
5 1
8 0
]
f3 ·M I(15,7)4→3 −M I(13,2)4→3 · f4 =
[ 5
5 1
8 0
]
−
[ 5
5 1
8 0
]
=
[ 5
13 0
]
4. f4 ·M I(15,7)5→4 −M I(13,2)5→4 · f5 = 0
f4 ·M I(15,7)5→4 =
[ 5
5 1
4 0
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
4 0 0 0 0
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
4 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
6 0 0

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M
I(13,2)
5→4 · f5 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·
[ 2
2 1
3 0
]
=

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·

1 1
1 1 0
1 0 1
1 0 0
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
1 0 0
2 0 0
1 0 0

=

1 1
1 1 0
1 1 0
1 0 1
6 0 0

f4 ·M I(15,7)5→4 −M I(13,2)5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
6 0 0
−

1 1
1 1 0
1 1 0
1 0 1
6 0 0
 =
[ 2
9 0
]
5. f3 ·M I(15,7)6→3 −M I(13,2)6→3 · f6 = 0
f3 ·M I(15,7)6→3 =
[ 7
7 1
6 0
]
·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

M
I(13,2)
6→3 · f6 =

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·
[ 5
5 1
4 0
]
=

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
4 0 0 0
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
2 0 0 0
4 0 0 0

=

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

f3 ·M I(15,7)6→3 −M I(13,2)6→3 · f6 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0
−

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0
 =
[ 5
13 0
]
6. f6 ·M I(15,7)7→6 −M I(13,2)7→6 · f7 = 0
f6 ·M I(15,7)7→6 =
[ 5
5 1
4 0
]
·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0

M
I(13,2)
7→6 · f7 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·
[ 3
3 1
2 0
]
=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·

1 2
1 1 0
2 0 1
2 0 0
 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
2 0 0
2 0 0

=

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0

f6 ·M I(15,7)7→6 −M I(13,2)7→6 · f7 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0
−

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0
 =
[ 3
9 0
]
Relations of the projection g : I(13, 2)→ I(12, 5) P
1. g2 ·M I(13,2)1→2 −M I(12,5)1→2 · g1 = 0
g2 ·M I(13,2)1→2 =
[ 5 4
4 0 1
]
·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=

1 2 2 1 1 2
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=

2 1 1
1 0 1 0
1 0 0 1
2 0 0 0
 = [
2 2
2 0 1
2 0 0
]
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M
I(12,5)
1→2 · g1 =
[ 2
2 1
2 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
2 0 0
]
g2 ·M I(13,2)1→2 −M I(12,5)1→2 · g1 =
[ 2 2
2 0 1
2 0 0
]
−
[ 2 2
2 0 1
2 0 0
]
=
[ 4
4 0
]
2. g3 ·M I(13,2)2→3 −M I(12,5)2→3 · g2 = 0
g3 ·M I(13,2)2→3 =
[ 7 6
6 0 1
]
·

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 =
[ 1 2 4 4 2
4 0 0 0 1 0
2 0 0 0 0 1
]
·

1 4 4
1 1 0 0
2 0 0 0
4 0 1 0
4 0 0 1
2 0 0 0
 =
[ 1 4 4
4 0 0 1
2 0 0 0
]
=
[ 5 4
4 0 1
2 0 0
]
M
I(12,5)
2→3 · g2 =
[ 4
4 1
2 0
]
·
[ 5 4
4 0 1
]
=
[ 5 4
4 0 1
2 0 0
]
g3 ·M I(13,2)2→3 −M I(12,5)2→3 · g2 =
[ 5 4
4 0 1
2 0 0
]
−
[ 5 4
4 0 1
2 0 0
]
=
[ 9
6 0
]
3. g3 ·M I(13,2)4→3 −M I(12,5)4→3 · g4 = 0
g3 ·M I(13,2)4→3 =
[ 7 6
6 0 1
]
·

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

5 2 2 2 2
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
 ·

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1

M
I(12,5)
4→3 · g4 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 5 44 0 1 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
5 2 2
2 0 1 0
2 0 0 1
]
=

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1

g3 ·M I(13,2)4→3 −M I(12,5)4→3 · g4 =

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1
−

5 2 2
2 0 1 0
2 0 1 1
2 0 0 1
 = [ 96 0 ]
4. g4 ·M I(13,2)5→4 −M I(12,5)5→4 · g5 = 0
g4 ·M I(13,2)5→4 =
[ 5 4
4 0 1
]
·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2 1 2 1
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
 =

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0

M
I(12,5)
5→4 · g5 =

1 2
1 1 0
2 0 1
1 1 0
 · [ 2 33 0 1 ] =

1 2
1 1 0
2 0 1
1 1 0
 · [
2 1 2
1 0 1 0
2 0 0 1
]
=

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0

g4 ·M I(13,2)5→4 −M I(12,5)5→4 · g5 =

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0
−

2 1 2
1 0 1 0
2 0 0 1
1 0 1 0
 = [ 54 0 ]
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5. g3 ·M I(13,2)6→3 −M I(12,5)6→3 · g6 = 0
g3 ·M I(13,2)6→3 =
[ 7 6
6 0 1
]
·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=
[ 1 2 2 2 2 4
2 0 0 0 0 1 0
4 0 0 0 0 0 1
]
·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=
[ 1 2 2 4
2 0 0 0 0
4 0 0 0 1
]
=
[ 5 4
2 0 0
4 0 1
]
M
I(12,5)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 5 4
4 0 1
]
=
[ 5 4
2 0 0
4 0 1
]
g3 ·M I(13,2)6→3 −M I(12,5)6→3 · g6 =
[ 5 4
2 0 0
4 0 1
]
−
[ 5 4
2 0 0
4 0 1
]
=
[ 9
6 0
]
6. g6 ·M I(13,2)7→6 −M I(12,5)7→6 · g7 = 0
g6 ·M I(13,2)7→6 =
[ 5 4
4 0 1
]
·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=
[ 1 1 2 1 2 2
2 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=
[ 1 2 2
2 0 0 0
2 0 0 1
]
=
[ 3 2
2 0 0
2 0 1
]
M
I(12,5)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 0
2 0 1
]
g6 ·M I(13,2)7→6 −M I(12,5)7→6 · g7 =
[ 3 2
2 0 0
2 0 1
]
−
[ 3 2
2 0 0
2 0 1
]
=
[ 5
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 6
6 0 1
]
·
[ 7
7 1
6 0
]
=
[ 7
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
143.3.2 0→ I(15, 5) f→ I(13, 2) g→ I(12, 7)→ 0 
PdimI(15, 5) + dimI(12, 7) = (2, 5, 7, 5, 3, 5, 2) + (2, 4, 6, 4, 2, 4, 3)
= (4, 9, 13, 9, 5, 9, 5) = dimI(13, 2)
Pdimk Ext
1
kQ(I(12, 7), I(15, 5)) = dimk HomkQ(I(12, 7), I(15, 5))− 〈dimI(12, 7),dimI(15, 5)〉
= 0− 〈(2, 4, 6, 4, 2, 4, 3), (2, 5, 7, 5, 3, 5, 2)〉
= 2 · 5 + 4 · 7 + 4 · 7 + 2 · 5 + 4 · 7 + 3 · 5− (2 · 2 + 4 · 5 + 6 · 7 + 4 · 5 + 2 · 3 + 4 · 5 + 3 · 2)
= 10 + 28 + 28 + 10 + 28 + 15− (4 + 20 + 42 + 20 + 6 + 20 + 6)
= 1
Matrices of the embedding f : I(15, 5)→ I(13, 2) P
1. f1 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
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7. f7 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(13, 2)→ I(12, 7) P
1. g1 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

∈M6,13(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0 0 0
0 1 0 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 0 0 00 1 0 0 0
0 0 1 0 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(15, 5)→ I(13, 2) P
1. f2 ·M I(15,5)1→2 −M I(13,2)1→2 · f1 = 0
f2 ·M I(15,5)1→2 =

1 4
1 1 0
4 0 0
4 0 1
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
4 0 0
1 1 0
1 0 1
2 0 0

M
I(13,2)
1→2 · f1 =

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·
[ 2
2 0
2 1
]
=

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·

1 1
2 0 0
1 1 0
1 0 1
 =

1 1
1 1 0
2 0 0
2 0 0
1 1 0
1 0 1
2 0 0

=

1 1
1 1 0
4 0 0
1 1 0
1 0 1
2 0 0

f2 ·M I(15,5)1→2 −M I(13,2)1→2 · f1 =

1 1
1 1 0
4 0 0
1 1 0
1 0 1
2 0 0
−

1 1
1 1 0
4 0 0
1 1 0
1 0 1
2 0 0
 =
[ 2
9 0
]
2. f3 ·M I(15,5)2→3 −M I(13,2)2→3 · f2 = 0
f3 ·M I(15,5)2→3 =

1 6
1 1 0
6 0 0
6 0 1
 · [
5
5 1
2 0
]
=

1 4 2
1 1 0 0
6 0 0 0
4 0 1 0
2 0 0 1
 ·

1 4
1 1 0
4 0 1
2 0 0
 =

1 4
1 1 0
6 0 0
4 0 1
2 0 0

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M
I(13,2)
2→3 · f2 =

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 ·

1 4
1 1 0
4 0 0
4 0 1
 =

1 4 4
1 1 0 0
2 0 0 0
4 0 1 0
4 0 0 1
2 0 0 0
 ·

1 4
1 1 0
4 0 0
4 0 1
 =

1 4
1 1 0
2 0 0
4 0 0
4 0 1
2 0 0
 =

1 4
1 1 0
6 0 0
4 0 1
2 0 0

f3 ·M I(15,5)2→3 −M I(13,2)2→3 · f2 =

1 4
1 1 0
6 0 0
4 0 1
2 0 0
−

1 4
1 1 0
6 0 0
4 0 1
2 0 0
 =
[ 5
13 0
]
3. f3 ·M I(15,5)4→3 −M I(13,2)4→3 · f4 = 0
f3 ·M I(15,5)4→3 =

1 6
1 1 0
6 0 0
6 0 1
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2 2
1 1 0 0 0
6 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2
1 1 0 0
6 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1

M
I(13,2)
4→3 · f4 =

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

1 4
1 1 0
4 0 0
4 0 1
 =

1 4 2 2
1 1 0 0 0
4 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
 =

1 2 2
1 1 0 0
4 0 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1

=

1 2 2
1 1 0 0
6 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1

f3 ·M I(15,5)4→3 −M I(13,2)4→3 · f4 =

1 2 2
1 1 0 0
6 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
−

1 2 2
1 1 0 0
6 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =
[ 5
13 0
]
4. f4 ·M I(15,5)5→4 −M I(13,2)5→4 · f5 = 0
f4 ·M I(15,5)5→4 =

1 4
1 1 0
4 0 0
4 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 1 2 1
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
1 0 0
4 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
5 0 0
1 1 0
2 0 1
1 1 0

M
I(13,2)
5→4 · f5 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·
[ 3
2 0
3 1
]
=

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·

1 2
1 0 0
1 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
1 0 0
1 0 0
2 0 0
1 1 0
2 0 1
1 1 0

=

1 2
5 0 0
1 1 0
2 0 1
1 1 0

f4 ·M I(15,5)5→4 −M I(13,2)5→4 · f5 =

1 2
5 0 0
1 1 0
2 0 1
1 1 0
−

1 2
5 0 0
1 1 0
2 0 1
1 1 0
 =
[ 3
9 0
]
5. f3 ·M I(15,5)6→3 −M I(13,2)6→3 · f6 = 0
f3 ·M I(15,5)6→3 =

1 6
1 1 0
6 0 0
6 0 1
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 2 4
1 1 0 0
6 0 0 0
2 0 1 0
4 0 0 1
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 4
1 1 0
6 0 0
2 0 0
4 0 1
 =

1 4
1 1 0
8 0 0
4 0 1

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M
I(13,2)
6→3 · f6 =

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

1 4
1 1 0
4 0 0
4 0 1
 =

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

1 4
1 1 0
2 0 0
2 0 0
4 0 1
 =

1 4
1 1 0
2 0 0
2 0 0
2 0 0
2 0 0
4 0 1

=

1 4
1 1 0
8 0 0
4 0 1

f3 ·M I(15,5)6→3 −M I(13,2)6→3 · f6 =

1 4
1 1 0
8 0 0
4 0 1
−

1 4
1 1 0
8 0 0
4 0 1
 = [ 513 0 ]
6. f6 ·M I(15,5)7→6 −M I(13,2)7→6 · f7 = 0
f6 ·M I(15,5)7→6 =

1 4
1 1 0
4 0 0
4 0 1
 · [
2
3 0
2 1
]
=

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
 ·

2
1 0
2 0
2 1
 =

2
1 0
4 0
2 0
2 1
 =
[ 2
7 0
2 1
]
M
I(13,2)
7→6 · f7 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·
[ 2
3 0
2 1
]
=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·

2
1 0
2 0
2 1
 =

2
1 0
1 0
2 0
1 0
2 0
2 1

=
[ 2
7 0
2 1
]
f6 ·M I(15,5)7→6 −M I(13,2)7→6 · f7 =
[ 2
7 0
2 1
]
−
[ 2
7 0
2 1
]
=
[ 2
9 0
]
Relations of the projection g : I(13, 2)→ I(12, 7) P
1. g2 ·M I(13,2)1→2 −M I(12,7)1→2 · g1 = 0
g2 ·M I(13,2)1→2 =
[ 1 4 4
4 0 1 0
]
·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=
[ 1 2 2 1 1 2
2 0 1 0 0 0 0
2 0 0 1 0 0 0
]
·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=
[ 2 1 1
2 0 0 0
2 1 0 0
]
=
[ 2 2
2 0 0
2 1 0
]
M
I(12,7)
1→2 · g1 =
[ 2
2 0
2 1
]
·
[ 2 2
2 1 0
]
=
[ 2 2
2 0 0
2 1 0
]
g2 ·M I(13,2)1→2 −M I(12,7)1→2 · g1 =
[ 2 2
2 0 0
2 1 0
]
−
[ 2 2
2 0 0
2 1 0
]
=
[ 4
4 0
]
2. g3 ·M I(13,2)2→3 −M I(12,7)2→3 · g2 = 0
g3 ·M I(13,2)2→3 =
[ 1 6 6
6 0 1 0
]
·

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 =
[ 1 2 4 4 2
2 0 1 0 0 0
4 0 0 1 0 0
]
·

1 4 4
1 1 0 0
2 0 0 0
4 0 1 0
4 0 0 1
2 0 0 0
 =
[ 1 4 4
2 0 0 0
4 0 1 0
]
M
I(12,7)
2→3 · g2 =
[ 4
2 0
4 1
]
·
[ 1 4 4
4 0 1 0
]
=
[ 1 4 4
2 0 0 0
4 0 1 0
]
g3 ·M I(13,2)2→3 −M I(12,7)2→3 · g2 =
[ 1 4 4
2 0 0 0
4 0 1 0
]
−
[ 1 4 4
2 0 0 0
4 0 1 0
]
=
[ 9
6 0
]
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3. g3 ·M I(13,2)4→3 −M I(12,7)4→3 · g4 = 0
g3 ·M I(13,2)4→3 =
[ 1 6 6
6 0 1 0
]
·

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =
[ 1 4 2 2 2 2
4 0 1 0 0 0 0
2 0 0 1 0 0 0
]
·

1 4 2 2
1 1 0 0 0
4 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=
[ 1 4 2 2
4 0 1 0 0
2 0 0 0 0
]
=
[ 1 4 4
4 0 1 0
2 0 0 0
]
M
I(12,7)
4→3 · g4 =
[ 4
4 1
2 0
]
·
[ 1 4 4
4 0 1 0
]
=
[ 1 4 4
4 0 1 0
2 0 0 0
]
g3 ·M I(13,2)4→3 −M I(12,7)4→3 · g4 =
[ 1 4 4
4 0 1 0
2 0 0 0
]
−
[ 1 4 4
4 0 1 0
2 0 0 0
]
=
[ 9
6 0
]
4. g4 ·M I(13,2)5→4 −M I(12,7)5→4 · g5 = 0
g4 ·M I(13,2)5→4 =
[ 1 4 4
4 0 1 0
]
·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2 1 2 1
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
 ·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
 = [
2 3
2 1 0
2 0 0
]
M
I(12,7)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 2 3
2 1 0
]
=
[ 2 3
2 1 0
2 0 0
]
g4 ·M I(13,2)5→4 −M I(12,7)5→4 · g5 =
[ 2 3
2 1 0
2 0 0
]
−
[ 2 3
2 1 0
2 0 0
]
=
[ 5
4 0
]
5. g3 ·M I(13,2)6→3 −M I(12,7)6→3 · g6 = 0
g3 ·M I(13,2)6→3 =
[ 1 6 6
6 0 1 0
]
·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=

1 2 2 2 2 4
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0

M
I(12,7)
6→3 · g6 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 1 4 44 0 1 0 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
1 2 2 4
2 0 1 0 0
2 0 0 1 0
]
=

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0

g3 ·M I(13,2)6→3 −M I(12,7)6→3 · g6 =

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
−

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
 = [ 96 0 ]
6. g6 ·M I(13,2)7→6 −M I(12,7)7→6 · g7 = 0
g6 ·M I(13,2)7→6 =
[ 1 4 4
4 0 1 0
]
·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=

1 1 2 1 2 2
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0

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M
I(12,7)
7→6 · g7 =

1 2
1 1 0
2 0 1
1 1 0
 · [ 3 23 1 0 ] =

1 2
1 1 0
2 0 1
1 1 0
 · [
1 2 2
1 1 0 0
2 0 1 0
]
=

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0

g6 ·M I(13,2)7→6 −M I(12,7)7→6 · g7 =

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0
−

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0
 = [ 54 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 4 4
4 0 1 0
]
·

1 4
1 1 0
4 0 0
4 0 1
 = [ 54 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 6 6
6 0 1 0
]
·

1 6
1 1 0
6 0 0
6 0 1
 = [ 76 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 4 4
4 0 1 0
]
·

1 4
1 1 0
4 0 0
4 0 1
 = [ 54 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
2 1 0
]
·
[ 3
2 0
3 1
]
=
[ 3
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 4 4
4 0 1 0
]
·

1 4
1 1 0
4 0 0
4 0 1
 = [ 54 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2
3 1 0
]
·
[ 2
3 0
2 1
]
=
[ 2
3 0
]
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143.4 Tree module property of I(19, 2) 
The matrices of the representation have full (column) rank P
1. M I(19,2)1→2 =

0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M13,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(19,2)
1→2 =

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

c1↔c2−−−−→

1 3 2
1 1 0 0
3 0 0 0
3 0 1 0
1 1 0 0
2 0 0 1
3 0 0 0

2. M I(19,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
3. M I(19,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k) is already in column echelon form and has maximal column rank.
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4. M I(19,2)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
5. M I(19,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k) is already in column echelon form and has maximal column rank.
6. M I(19,2)7→6 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
143.4.1 0→ I(21, 7) f→ I(19, 2) g→ I(18, 5)→ 0 
PdimI(21, 7) + dimI(18, 5) = (3, 7, 10, 7, 3, 7, 4) + (3, 6, 9, 6, 4, 6, 3)
= (6, 13, 19, 13, 7, 13, 7) = dimI(19, 2)
Pdimk Ext
1
kQ(I(18, 5), I(21, 7)) = dimk HomkQ(I(18, 5), I(21, 7))− 〈dimI(18, 5),dimI(21, 7)〉
= 0− 〈(3, 6, 9, 6, 4, 6, 3), (3, 7, 10, 7, 3, 7, 4)〉
= 3 · 7 + 6 · 10 + 6 · 10 + 4 · 7 + 6 · 10 + 3 · 7− (3 · 3 + 6 · 7 + 9 · 10 + 6 · 7 + 4 · 3 + 6 · 7 + 3 · 4)
= 21 + 60 + 60 + 28 + 60 + 21− (9 + 42 + 90 + 42 + 12 + 42 + 12)
= 1
Matrices of the embedding f : I(21, 7)→ I(19, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M19,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(19, 2)→ I(18, 5) P
1. g1 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,19(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,13(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,13(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(21, 7)→ I(19, 2) P
1. f2 ·M I(21,7)1→2 −M I(19,2)1→2 · f1 = 0
f2 ·M I(21,7)1→2 =
[ 7
7 1
6 0
]
·
[ 3
4 0
3 1
]
=

4 3
4 1 0
3 0 1
6 0 0
 · [
3
4 0
3 1
]
=

3
4 0
3 1
6 0

M
I(19,2)
1→2 · f1 =

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·
[ 3
3 1
3 0
]
=

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·

3
3 1
1 0
2 0
 =

3
1 0
3 0
3 1
1 0
2 0
3 0

=

3
4 0
3 1
6 0

f2 ·M I(21,7)1→2 −M I(19,2)1→2 · f1 =

3
4 0
3 1
6 0
−

3
4 0
3 1
6 0
 = [ 313 0 ]
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2. f3 ·M I(21,7)2→3 −M I(19,2)2→3 · f2 = 0
f3 ·M I(21,7)2→3 =
[10
10 1
9 0
]
·

1 6
1 1 0
3 0 0
6 0 1
 =

1 3 6
1 1 0 0
3 0 1 0
6 0 0 1
9 0 0 0
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 6
1 1 0
3 0 0
6 0 1
9 0 0

M
I(19,2)
2→3 · f2 =

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 ·
[ 7
7 1
6 0
]
=

1 6 6
1 1 0 0
3 0 0 0
6 0 1 0
6 0 0 1
3 0 0 0
 ·

1 6
1 1 0
6 0 1
6 0 0
 =

1 6
1 1 0
3 0 0
6 0 1
6 0 0
3 0 0
 =

1 6
1 1 0
3 0 0
6 0 1
9 0 0

f3 ·M I(21,7)2→3 −M I(19,2)2→3 · f2 =

1 6
1 1 0
3 0 0
6 0 1
9 0 0
−

1 6
1 1 0
3 0 0
6 0 1
9 0 0
 =
[ 7
19 0
]
3. f3 ·M I(21,7)4→3 −M I(19,2)4→3 · f4 = 0
f3 ·M I(21,7)4→3 =
[10
10 1
9 0
]
·
[ 7
7 1
3 0
]
=

7 3
7 1 0
3 0 1
9 0 0
 · [
7
7 1
3 0
]
=

7
7 1
3 0
9 0
 = [
7
7 1
12 0
]
M
I(19,2)
4→3 · f4 =

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·
[ 7
7 1
6 0
]
=

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

7
7 1
3 0
3 0
 =

7
7 1
3 0
3 0
3 0
3 0
 =
[ 7
7 1
12 0
]
f3 ·M I(21,7)4→3 −M I(19,2)4→3 · f4 =
[ 7
7 1
12 0
]
−
[ 7
7 1
12 0
]
=
[ 7
19 0
]
4. f4 ·M I(21,7)5→4 −M I(19,2)5→4 · f5 = 0
f4 ·M I(21,7)5→4 =
[ 7
7 1
6 0
]
·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 1 2 3
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
6 0 0 0 0
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
6 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
9 0 0

M
I(19,2)
5→4 · f5 =

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·
[ 3
3 1
4 0
]
=

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·

1 2
1 1 0
2 0 1
2 0 0
2 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
2 0 0
2 0 0
2 0 0

=

1 2
1 1 0
1 1 0
2 0 1
9 0 0

f4 ·M I(21,7)5→4 −M I(19,2)5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
9 0 0
−

1 2
1 1 0
1 1 0
2 0 1
9 0 0
 =
[ 3
13 0
]
5. f3 ·M I(21,7)6→3 −M I(19,2)6→3 · f6 = 0
f3 ·M I(21,7)6→3 =
[10
10 1
9 0
]
·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3 3
1 1 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
9 0 0 0 0
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

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M
I(19,2)
6→3 · f6 =

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·
[ 7
7 1
6 0
]
=

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
6 0 0 0
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
3 0 0 0
6 0 0 0

=

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

f3 ·M I(21,7)6→3 −M I(19,2)6→3 · f6 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0
−

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0
 =
[ 7
19 0
]
6. f6 ·M I(21,7)7→6 −M I(19,2)7→6 · f7 = 0
f6 ·M I(21,7)7→6 =
[ 7
7 1
6 0
]
·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0

M
I(19,2)
7→6 · f7 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·
[ 4
4 1
3 0
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·

2 2
2 1 0
2 0 1
3 0 0
 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
3 0 0
3 0 0

=

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0

f6 ·M I(21,7)7→6 −M I(19,2)7→6 · f7 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0
−

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0
 =
[ 4
13 0
]
Relations of the projection g : I(19, 2)→ I(18, 5) P
1. g2 ·M I(19,2)1→2 −M I(18,5)1→2 · g1 = 0
g2 ·M I(19,2)1→2 =
[ 7 6
6 0 1
]
·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=

1 3 3 1 2 3
1 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=

3 1 2
1 0 1 0
2 0 0 1
3 0 0 0
 = [
3 3
3 0 1
3 0 0
]
M
I(18,5)
1→2 · g1 =
[ 3
3 1
3 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
3 0 0
]
g2 ·M I(19,2)1→2 −M I(18,5)1→2 · g1 =
[ 3 3
3 0 1
3 0 0
]
−
[ 3 3
3 0 1
3 0 0
]
=
[ 6
6 0
]
2. g3 ·M I(19,2)2→3 −M I(18,5)2→3 · g2 = 0
g3 ·M I(19,2)2→3 =
[10 9
9 0 1
]
·

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 =
[ 1 3 6 6 3
6 0 0 0 1 0
3 0 0 0 0 1
]
·

1 6 6
1 1 0 0
3 0 0 0
6 0 1 0
6 0 0 1
3 0 0 0
 =
[ 1 6 6
6 0 0 1
3 0 0 0
]
=
[ 7 6
6 0 1
3 0 0
]
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M
I(18,5)
2→3 · g2 =
[ 6
6 1
3 0
]
·
[ 7 6
6 0 1
]
=
[ 7 6
6 0 1
3 0 0
]
g3 ·M I(19,2)2→3 −M I(18,5)2→3 · g2 =
[ 7 6
6 0 1
3 0 0
]
−
[ 7 6
6 0 1
3 0 0
]
=
[13
9 0
]
3. g3 ·M I(19,2)4→3 −M I(18,5)4→3 · g4 = 0
g3 ·M I(19,2)4→3 =
[10 9
9 0 1
]
·

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

7 3 3 3 3
3 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 1
 ·

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1

M
I(18,5)
4→3 · g4 =

3 3
3 1 0
3 1 1
3 0 1
 · [ 7 66 0 1 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
7 3 3
3 0 1 0
3 0 0 1
]
=

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1

g3 ·M I(19,2)4→3 −M I(18,5)4→3 · g4 =

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1
−

7 3 3
3 0 1 0
3 0 1 1
3 0 0 1
 = [139 0 ]
4. g4 ·M I(19,2)5→4 −M I(18,5)5→4 · g5 = 0
g4 ·M I(19,2)5→4 =
[ 7 6
6 0 1
]
·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 1 2 3 2 2 2
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 2 2 2
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
 =

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0

M
I(18,5)
5→4 · g5 =

2 2
2 1 0
2 0 1
2 1 0
 · [ 3 44 0 1 ] =

2 2
2 1 0
2 0 1
2 1 0
 · [
3 2 2
2 0 1 0
2 0 0 1
]
=

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0

g4 ·M I(19,2)5→4 −M I(18,5)5→4 · g5 =

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0
−

3 2 2
2 0 1 0
2 0 0 1
2 0 1 0
 = [ 76 0 ]
5. g3 ·M I(19,2)6→3 −M I(18,5)6→3 · g6 = 0
g3 ·M I(19,2)6→3 =
[10 9
9 0 1
]
·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=
[ 1 3 3 3 3 6
3 0 0 0 0 1 0
6 0 0 0 0 0 1
]
·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=
[ 1 3 3 6
3 0 0 0 0
6 0 0 0 1
]
=
[ 7 6
3 0 0
6 0 1
]
M
I(18,5)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[ 7 6
6 0 1
]
=
[ 7 6
3 0 0
6 0 1
]
g3 ·M I(19,2)6→3 −M I(18,5)6→3 · g6 =
[ 7 6
3 0 0
6 0 1
]
−
[ 7 6
3 0 0
6 0 1
]
=
[13
9 0
]
2250
6. g6 ·M I(19,2)7→6 −M I(18,5)7→6 · g7 = 0
g6 ·M I(19,2)7→6 =
[ 7 6
6 0 1
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=
[ 1 2 2 2 3 3
3 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=
[ 2 2 3
3 0 0 0
3 0 0 1
]
=
[ 4 3
3 0 0
3 0 1
]
M
I(18,5)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 0
3 0 1
]
g6 ·M I(19,2)7→6 −M I(18,5)7→6 · g7 =
[ 4 3
3 0 0
3 0 1
]
−
[ 4 3
3 0 0
3 0 1
]
=
[ 7
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 6
6 0 1
]
·
[ 7
7 1
6 0
]
=
[ 7
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[10 9
9 0 1
]
·
[10
10 1
9 0
]
=
[10
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 6
6 0 1
]
·
[ 7
7 1
6 0
]
=
[ 7
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 6
6 0 1
]
·
[ 7
7 1
6 0
]
=
[ 7
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
143.4.2 0→ I(21, 5) f→ I(19, 2) g→ I(18, 7)→ 0 
PdimI(21, 5) + dimI(18, 7) = (3, 7, 10, 7, 4, 7, 3) + (3, 6, 9, 6, 3, 6, 4)
= (6, 13, 19, 13, 7, 13, 7) = dimI(19, 2)
Pdimk Ext
1
kQ(I(18, 7), I(21, 5)) = dimk HomkQ(I(18, 7), I(21, 5))− 〈dimI(18, 7),dimI(21, 5)〉
= 0− 〈(3, 6, 9, 6, 3, 6, 4), (3, 7, 10, 7, 4, 7, 3)〉
= 3 · 7 + 6 · 10 + 6 · 10 + 3 · 7 + 6 · 10 + 4 · 7− (3 · 3 + 6 · 7 + 9 · 10 + 6 · 7 + 3 · 4 + 6 · 7 + 4 · 3)
= 21 + 60 + 60 + 21 + 60 + 28− (9 + 42 + 90 + 42 + 12 + 42 + 12)
= 1
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Matrices of the embedding f : I(21, 5)→ I(19, 2) P
1. f1 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M19,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(19, 2)→ I(18, 7) P
1. g1 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

∈M6,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

∈M9,19(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

∈M6,13(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 0 0 0 0 00 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

∈M6,13(k) is already in row echelon form and has maximal row rank.
7. g7 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(21, 5)→ I(19, 2) P
1. f2 ·M I(21,5)1→2 −M I(19,2)1→2 · f1 = 0
f2 ·M I(21,5)1→2 =

1 6
1 1 0
6 0 0
6 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 1 2 3
1 1 0 0 0
6 0 0 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
6 0 0
1 1 0
2 0 1
3 0 0

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M
I(19,2)
1→2 · f1 =

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·
[ 3
3 0
3 1
]
=

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·

1 2
3 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
3 0 0
3 0 0
1 1 0
2 0 1
3 0 0

=

1 2
1 1 0
6 0 0
1 1 0
2 0 1
3 0 0

f2 ·M I(21,5)1→2 −M I(19,2)1→2 · f1 =

1 2
1 1 0
6 0 0
1 1 0
2 0 1
3 0 0
−

1 2
1 1 0
6 0 0
1 1 0
2 0 1
3 0 0
 =
[ 3
13 0
]
2. f3 ·M I(21,5)2→3 −M I(19,2)2→3 · f2 = 0
f3 ·M I(21,5)2→3 =

1 9
1 1 0
9 0 0
9 0 1
 · [
7
7 1
3 0
]
=

1 6 3
1 1 0 0
9 0 0 0
6 0 1 0
3 0 0 1
 ·

1 6
1 1 0
6 0 1
3 0 0
 =

1 6
1 1 0
9 0 0
6 0 1
3 0 0

M
I(19,2)
2→3 · f2 =

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 ·

1 6
1 1 0
6 0 0
6 0 1
 =

1 6 6
1 1 0 0
3 0 0 0
6 0 1 0
6 0 0 1
3 0 0 0
 ·

1 6
1 1 0
6 0 0
6 0 1
 =

1 6
1 1 0
3 0 0
6 0 0
6 0 1
3 0 0
 =

1 6
1 1 0
9 0 0
6 0 1
3 0 0

f3 ·M I(21,5)2→3 −M I(19,2)2→3 · f2 =

1 6
1 1 0
9 0 0
6 0 1
3 0 0
−

1 6
1 1 0
9 0 0
6 0 1
3 0 0
 =
[ 7
19 0
]
3. f3 ·M I(21,5)4→3 −M I(19,2)4→3 · f4 = 0
f3 ·M I(21,5)4→3 =

1 9
1 1 0
9 0 0
9 0 1
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3 3
1 1 0 0 0
9 0 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3
1 1 0 0
9 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1

M
I(19,2)
4→3 · f4 =

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

1 6
1 1 0
6 0 0
6 0 1
 =

1 6 3 3
1 1 0 0 0
6 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

1 3 3
1 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
 =

1 3 3
1 1 0 0
6 0 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1

=

1 3 3
1 1 0 0
9 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1

f3 ·M I(21,5)4→3 −M I(19,2)4→3 · f4 =

1 3 3
1 1 0 0
9 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
−

1 3 3
1 1 0 0
9 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =
[ 7
19 0
]
4. f4 ·M I(21,5)5→4 −M I(19,2)5→4 · f5 = 0
f4 ·M I(21,5)5→4 =

1 6
1 1 0
6 0 0
6 0 1
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

1 2 2 2
1 1 0 0 0
6 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
1 0 0
6 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
7 0 0
2 1 0
2 0 1
2 1 0

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M
I(19,2)
5→4 · f5 =

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·
[ 4
3 0
4 1
]
=

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·

2 2
1 0 0
2 0 0
2 1 0
2 0 1
 =

2 2
1 0 0
1 0 0
2 0 0
3 0 0
2 1 0
2 0 1
2 1 0

=

2 2
7 0 0
2 1 0
2 0 1
2 1 0

f4 ·M I(21,5)5→4 −M I(19,2)5→4 · f5 =

2 2
7 0 0
2 1 0
2 0 1
2 1 0
−

2 2
7 0 0
2 1 0
2 0 1
2 1 0
 =
[ 4
13 0
]
5. f3 ·M I(21,5)6→3 −M I(19,2)6→3 · f6 = 0
f3 ·M I(21,5)6→3 =

1 9
1 1 0
9 0 0
9 0 1
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 3 6
1 1 0 0
9 0 0 0
3 0 1 0
6 0 0 1
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 6
1 1 0
9 0 0
3 0 0
6 0 1
 =

1 6
1 1 0
12 0 0
6 0 1

M
I(19,2)
6→3 · f6 =

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

1 6
1 1 0
6 0 0
6 0 1
 =

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

1 6
1 1 0
3 0 0
3 0 0
6 0 1
 =

1 6
1 1 0
3 0 0
3 0 0
3 0 0
3 0 0
6 0 1

=

1 6
1 1 0
12 0 0
6 0 1

f3 ·M I(21,5)6→3 −M I(19,2)6→3 · f6 =

1 6
1 1 0
12 0 0
6 0 1
−

1 6
1 1 0
12 0 0
6 0 1
 = [ 719 0 ]
6. f6 ·M I(21,5)7→6 −M I(19,2)7→6 · f7 = 0
f6 ·M I(21,5)7→6 =

1 6
1 1 0
6 0 0
6 0 1
 · [
3
4 0
3 1
]
=

1 3 3
1 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
 ·

3
1 0
3 0
3 1
 =

3
1 0
6 0
3 0
3 1
 =
[ 3
10 0
3 1
]
M
I(19,2)
7→6 · f7 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·
[ 3
4 0
3 1
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·

3
2 0
2 0
3 1
 =

3
1 0
2 0
2 0
2 0
3 0
3 1

=
[ 3
10 0
3 1
]
f6 ·M I(21,5)7→6 −M I(19,2)7→6 · f7 =
[ 3
10 0
3 1
]
−
[ 3
10 0
3 1
]
=
[ 3
13 0
]
Relations of the projection g : I(19, 2)→ I(18, 7) P
1. g2 ·M I(19,2)1→2 −M I(18,7)1→2 · g1 = 0
g2 ·M I(19,2)1→2 =
[ 1 6 6
6 0 1 0
]
·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=
[ 1 3 3 1 2 3
3 0 1 0 0 0 0
3 0 0 1 0 0 0
]
·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=
[ 3 1 2
3 0 0 0
3 1 0 0
]
=
[ 3 3
3 0 0
3 1 0
]
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M
I(18,7)
1→2 · g1 =
[ 3
3 0
3 1
]
·
[ 3 3
3 1 0
]
=
[ 3 3
3 0 0
3 1 0
]
g2 ·M I(19,2)1→2 −M I(18,7)1→2 · g1 =
[ 3 3
3 0 0
3 1 0
]
−
[ 3 3
3 0 0
3 1 0
]
=
[ 6
6 0
]
2. g3 ·M I(19,2)2→3 −M I(18,7)2→3 · g2 = 0
g3 ·M I(19,2)2→3 =
[ 1 9 9
9 0 1 0
]
·

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 =
[ 1 3 6 6 3
3 0 1 0 0 0
6 0 0 1 0 0
]
·

1 6 6
1 1 0 0
3 0 0 0
6 0 1 0
6 0 0 1
3 0 0 0
 =
[ 1 6 6
3 0 0 0
6 0 1 0
]
M
I(18,7)
2→3 · g2 =
[ 6
3 0
6 1
]
·
[ 1 6 6
6 0 1 0
]
=
[ 1 6 6
3 0 0 0
6 0 1 0
]
g3 ·M I(19,2)2→3 −M I(18,7)2→3 · g2 =
[ 1 6 6
3 0 0 0
6 0 1 0
]
−
[ 1 6 6
3 0 0 0
6 0 1 0
]
=
[13
9 0
]
3. g3 ·M I(19,2)4→3 −M I(18,7)4→3 · g4 = 0
g3 ·M I(19,2)4→3 =
[ 1 9 9
9 0 1 0
]
·

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =
[ 1 6 3 3 3 3
6 0 1 0 0 0 0
3 0 0 1 0 0 0
]
·

1 6 3 3
1 1 0 0 0
6 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=
[ 1 6 3 3
6 0 1 0 0
3 0 0 0 0
]
=
[ 1 6 6
6 0 1 0
3 0 0 0
]
M
I(18,7)
4→3 · g4 =
[ 6
6 1
3 0
]
·
[ 1 6 6
6 0 1 0
]
=
[ 1 6 6
6 0 1 0
3 0 0 0
]
g3 ·M I(19,2)4→3 −M I(18,7)4→3 · g4 =
[ 1 6 6
6 0 1 0
3 0 0 0
]
−
[ 1 6 6
6 0 1 0
3 0 0 0
]
=
[13
9 0
]
4. g4 ·M I(19,2)5→4 −M I(18,7)5→4 · g5 = 0
g4 ·M I(19,2)5→4 =
[ 1 6 6
6 0 1 0
]
·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 1 2 3 2 2 2
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
 ·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
 = [
3 4
3 1 0
3 0 0
]
M
I(18,7)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 3 4
3 1 0
]
=
[ 3 4
3 1 0
3 0 0
]
g4 ·M I(19,2)5→4 −M I(18,7)5→4 · g5 =
[ 3 4
3 1 0
3 0 0
]
−
[ 3 4
3 1 0
3 0 0
]
=
[ 7
6 0
]
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5. g3 ·M I(19,2)6→3 −M I(18,7)6→3 · g6 = 0
g3 ·M I(19,2)6→3 =
[ 1 9 9
9 0 1 0
]
·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=

1 3 3 3 3 6
3 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
 ·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0

M
I(18,7)
6→3 · g6 =

3 3
3 1 0
3 1 1
3 0 1
 · [ 1 6 66 0 1 0 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
1 3 3 6
3 0 1 0 0
3 0 0 1 0
]
=

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0

g3 ·M I(19,2)6→3 −M I(18,7)6→3 · g6 =

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
−

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
 = [139 0 ]
6. g6 ·M I(19,2)7→6 −M I(18,7)7→6 · g7 = 0
g6 ·M I(19,2)7→6 =
[ 1 6 6
6 0 1 0
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=

1 2 2 2 3 3
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0

M
I(18,7)
7→6 · g7 =

2 2
2 1 0
2 0 1
2 1 0
 · [ 4 34 1 0 ] =

2 2
2 1 0
2 0 1
2 1 0
 · [
2 2 3
2 1 0 0
2 0 1 0
]
=

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0

g6 ·M I(19,2)7→6 −M I(18,7)7→6 · g7 =

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0
−

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0
 = [ 76 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 6 6
6 0 1 0
]
·

1 6
1 1 0
6 0 0
6 0 1
 = [ 76 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 9 9
9 0 1 0
]
·

1 9
1 1 0
9 0 0
9 0 1
 = [109 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 6 6
6 0 1 0
]
·

1 6
1 1 0
6 0 0
6 0 1
 = [ 76 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ 3 4
3 1 0
]
·
[ 4
3 0
4 1
]
=
[ 4
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 6 6
6 0 1 0
]
·

1 6
1 1 0
6 0 0
6 0 1
 = [ 76 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3
4 1 0
]
·
[ 3
4 0
3 1
]
=
[ 3
4 0
]
143.5 Tree module property of I(6n+ 1, 2) 
The matrices of the representation have full (column) rank P
1. M I(6n+1,2)1→2 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

∈M4n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,2)
1→2 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

c1↔c2−−−−→

1 n n−1
1 1 0 0
n 0 0 0
n 0 1 0
1 1 0 0
n−1 0 0 1
n 0 0 0

2. M I(6n+1,2)2→3 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ∈M6n+1,4n+1(k) is already in column echelon form and has maximal column rank.
3. M I(6n+1,2)4→3 =

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]
∈M6n+1,4n+1(k) is already in column echelon form and has maximal column rank.
4. M I(6n+1,2)5→4 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
5. M I(6n+1,2)6→3 =

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M6n+1,4n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,2)
6→3 =

1 n n 2n
1 1 0 0 0
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1

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6. M I(6n+1,2)7→6 =

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,2)
7→6 =

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 1 0 0
n 0 0 0
n 0 0 1

143.5.1 0→ I(6n+ 3, 7) i→ I(6n+ 1, 2) p→ I(6n, 5)→ 0 
PdimI(6n+ 3, 7) + dimI(6n, 5) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n+ 1) + (n, 2n, 3n, 2n, n+ 1, 2n, n)
= (2n, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n+ 1) = dimI(6n+ 1, 2)
Pdimk Ext
1
kQ(I(6n, 5), I(6n+ 3, 7)) = dimk HomkQ(I(6n, 5), I(6n+ 3, 7))− 〈dimI(6n, 5),dimI(6n+ 3, 7)〉
= 0− 〈(n, 2n, 3n, 2n, n+ 1, 2n, n), (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n+ 1)〉
= n · (2n+ 1) + 2n · (3n+ 1) + 2n · (3n+ 1) + (n+ 1) · (2n+ 1) + 2n · (3n+ 1) + n · (2n+ 1)
− (n · n+ 2n · (2n+ 1) + 3n · (3n+ 1) + 2n · (2n+ 1) + (n+ 1) · n+ 2n · (2n+ 1) + n · (n+ 1))
= 2n2 + n+ 6n2 + 2n+ 6n2 + 2n+ 2n2 + 3n+ 1 + 6n2 + 2n+ 2n2 + n− (n2 + 4n2 + 2n+ 9n2 + 3n+ 4n2 + 2n+ n2 + n+ 4n2 + 2n+ n2 + n)
= 1
Matrices of the embedding i : I(6n+ 3, 7)→ I(6n+ 1, 2) P
1. i1 =
[ n
n 1
n 0
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
2n 0
]
∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+1
3n+1 1
3n 0
]
∈M6n+1,3n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
2n 0
]
∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
2n 0
]
∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 1, 2)→ I(6n, 5) P
1. p1 =
[ n n
n 0 1
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 2n
2n 0 1
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+1 3n
3n 0 1
]
∈M3n,6n+1(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 2n
2n 0 1
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 2n
2n 0 1
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 n
n 0 1
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding i : I(6n+ 3, 7)→ I(6n+ 1, 2) P
1. i2 ·M I(6n+3,7)1→2 −M I(6n+1,2)1→2 · i1 = 0
i2 ·M I(6n+3,7)1→2 =
[2n+1
2n+1 1
2n 0
]
·
[ n
n+1 0
n 1
]
=

n+1 n
n+1 1 0
n 0 1
2n 0 0
 · [
n
n+1 0
n 1
]
=

n
n+1 0
n 1
2n 0

M
I(6n+1,2)
1→2 · i1 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·
[ n
n 1
n 0
]
=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·

n
n 1
1 0
n−1 0
 =

n
1 0
n 0
n 1
1 0
n−1 0
n 0

=

n
n+1 0
n 1
2n 0

i2 ·M I(6n+3,7)1→2 −M I(6n+1,2)1→2 · i1 =

n
n+1 0
n 1
2n 0
−

n
n+1 0
n 1
2n 0
 = [ n4n+1 0 ]
2. i3 ·M I(6n+3,7)2→3 −M I(6n+1,2)2→3 · i2 = 0
i3 ·M I(6n+3,7)2→3 =
[3n+1
3n+1 1
3n 0
]
·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 n 2n
1 1 0 0
n 0 1 0
2n 0 0 1
3n 0 0 0
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 2n
1 1 0
n 0 0
2n 0 1
3n 0 0

M
I(6n+1,2)
2→3 · i2 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ·
[2n+1
2n+1 1
2n 0
]
=

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 1 0
2n 0 0 1
n 0 0 0
 ·

1 2n
1 1 0
2n 0 1
2n 0 0
 =

1 2n
1 1 0
n 0 0
2n 0 1
2n 0 0
n 0 0
 =

1 2n
1 1 0
n 0 0
2n 0 1
3n 0 0

i3 ·M I(6n+3,7)2→3 −M I(6n+1,2)2→3 · i2 =

1 2n
1 1 0
n 0 0
2n 0 1
3n 0 0
−

1 2n
1 1 0
n 0 0
2n 0 1
3n 0 0
 =
[2n+1
6n+1 0
]
3. i3 ·M I(6n+3,7)4→3 −M I(6n+1,2)4→3 · i4 = 0
i3 ·M I(6n+3,7)4→3 =
[3n+1
3n+1 1
3n 0
]
·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
2n+1 1 0
n 0 1
3n 0 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1
2n+1 1
n 0
3n 0
 = [
2n+1
2n+1 1
4n 0
]
M
I(6n+1,2)
4→3 · i4 =


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

·
[2n+1
2n+1 1
2n 0
]
=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
 ·
[2n+1
2n+1 1
2n 0
]
+
[2n+1 2n
4n+1 0 0
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=

2n+1
2n+1 1
n 0
2n 0
n 0
+
[2n+1
4n+1 0
2n 0
]
=

2n+1
2n+1 1
n 0
n 0
n 0
n 0
+

2n+1
2n+1 0
n 0
n 0
n 0
n 0
 =
[2n+1
2n+1 1
4n 0
]
i3 ·M I(6n+3,7)4→3 −M I(6n+1,2)4→3 · i4 =
[2n+1
2n+1 1
4n 0
]
−
[2n+1
2n+1 1
4n 0
]
=
[2n+1
6n+1 0
]
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4. i4 ·M I(6n+3,7)5→4 −M I(6n+1,2)5→4 · i5 = 0
i4 ·M I(6n+3,7)5→4 =
[2n+1
2n+1 1
2n 0
]
·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 1 n−1 n
1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
2n 0 0 0 0
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
2n 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
3n 0 0

M
I(6n+1,2)
5→4 · i5 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·
[ n
n 1
n+1 0
]
=

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·

1 n−1
1 1 0
n−1 0 1
n−1 0 0
2 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
n−1 0 0
2 0 0
n−1 0 0

=

1 n−1
1 1 0
1 1 0
n−1 0 1
3n 0 0

i4 ·M I(6n+3,7)5→4 −M I(6n+1,2)5→4 · i5 =

1 n−1
1 1 0
1 1 0
n−1 0 1
3n 0 0
−

1 n−1
1 1 0
1 1 0
n−1 0 1
3n 0 0
 =
[ n
4n+1 0
]
5. i3 ·M I(6n+3,7)6→3 −M I(6n+1,2)6→3 · i6 = 0
i3 ·M I(6n+3,7)6→3 =
[3n+1
3n+1 1
3n 0
]
·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] =

2n+1 n
2n+1 1 0
n 0 1
3n 0 0
 · [
2n+1
2n+1 1
n 0
]
+

n+1 2n
n+1 1 0
2n 0 1
3n 0 0
 · [
1 2n
n+1 0 0
2n 0 1
]
=

2n+1
2n+1 1
n 0
3n 0
+

1 2n
n+1 0 0
2n 0 1
3n 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
3n 0 0 0
+

1 n n
1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
3n 0 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

M
I(6n+1,2)
6→3 · i6 =


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


·
[2n+1
2n+1 1
2n 0
]
=

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
 · [
2n+1
2n+1 1
2n 0
]
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ·

1 2n
1 1 0
2n 0 1
2n 0 0

=

2n+1
2n+1 1
2n 0
2n 0
+

1 2n
n+1 0 0
2n 0 1
3n 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
n 0 0 0
2n 0 0 0

+

1 n n
1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0
2n 0 0 0

=

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

i3 ·M I(6n+3,7)6→3 −M I(6n+1,2)6→3 · i6 =

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0
−

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0
 =
[2n+1
6n+1 0
]
2261
6. i6 ·M I(6n+3,7)7→6 −M I(6n+1,2)7→6 · i7 = 0
i6 ·M I(6n+3,7)7→6 =
[2n+1
2n+1 1
2n 0
]
·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
2n 0 0 0
 ·

n+1
1 0
n+1 1
n−1 0
+

n+2 n−1
n+2 1 0
n−1 0 1
2n 0 0
 · [
n−1 2
n+2 0 0
n−1 1 0
]
=

n+1
1 0
n+1 1
n−1 0
2n 0
+

n−1 2
n+2 0 0
n−1 1 0
2n 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 0 0
2n 0 0
+

n−1 2
1 0 0
n−1 0 0
2 0 0
n−1 1 0
2n 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0

M
I(6n+1,2)
7→6 · i7 =


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


·
[n+1
n+1 1
n 0
]
=

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
 ·
[n+1
n+1 1
n 0
]
+

n−1 2 n
n+2 0 0 0
n−1 1 0 0
2n 0 0 0
 ·

n−1 2
n−1 1 0
2 0 1
n 0 0

=

n+1
1 0
n+1 1
2n−1 0
n 0
+

n−1 2
n+2 0 0
n−1 1 0
2n 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 0 0
n 0 0
n 0 0

+

n−1 2
1 0 0
n−1 0 0
2 0 0
n−1 1 0
n 0 0
n 0 0

=

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0

i6 ·M I(6n+3,7)7→6 −M I(6n+1,2)7→6 · i7 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0
−

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0
 =
[n+1
4n+1 0
]
Relations of the projection p : I(6n+ 1, 2)→ I(6n, 5) P
1. p2 ·M I(6n+1,2)1→2 −M I(6n,5)1→2 · p1 = 0
p2 ·M I(6n+1,2)1→2 =
[2n+1 2n
2n 0 1
]
·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=

1 n n 1 n−1 n
1 0 0 0 1 0 0
n−1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=

n 1 n−1
1 0 1 0
n−1 0 0 1
n 0 0 0
 = [
n n
n 0 1
n 0 0
]
M
I(6n,5)
1→2 · p1 =
[ n
n 1
n 0
]
·
[ n n
n 0 1
]
=
[ n n
n 0 1
n 0 0
]
p2 ·M I(6n+1,2)1→2 −M I(6n,5)1→2 · p1 =
[ n n
n 0 1
n 0 0
]
−
[ n n
n 0 1
n 0 0
]
=
[2n
2n 0
]
2. p3 ·M I(6n+1,2)2→3 −M I(6n,5)2→3 · p2 = 0
p3 ·M I(6n+1,2)2→3 =
[3n+1 3n
3n 0 1
]
·

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 =
[ 1 n 2n 2n n
2n 0 0 0 1 0
n 0 0 0 0 1
]
·

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 1 0
2n 0 0 1
n 0 0 0
 =
[ 1 2n 2n
2n 0 0 1
n 0 0 0
]
=
[2n+1 2n
2n 0 1
n 0 0
]
M
I(6n,5)
2→3 · p2 =
[2n
2n 1
n 0
]
·
[2n+1 2n
2n 0 1
]
=
[2n+1 2n
2n 0 1
n 0 0
]
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p3 ·M I(6n+1,2)2→3 −M I(6n,5)2→3 · p2 =
[2n+1 2n
2n 0 1
n 0 0
]
−
[2n+1 2n
2n 0 1
n 0 0
]
=
[4n+1
3n 0
]
3. p3 ·M I(6n+1,2)4→3 −M I(6n,5)4→3 · p4 = 0
p3 ·M I(6n+1,2)4→3 =
[3n+1 3n
3n 0 1
]
·


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

=
[2n+1 n 2n n
2n 0 0 1 0
n 0 0 0 1
]
·

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[3n+1 n 2n
n 0 1 0
2n 0 0 1
]
·

2n+1 2n
3n+1 0 0
n 0 0
2n 0 1

=
[2n+1 2n
2n 0 1
n 0 0
]
+
[2n+1 2n
n 0 0
2n 0 1
]
=

2n+1 n n
n 0 1 0
n 0 0 1
n 0 0 0
+

2n+1 n n
n 0 0 0
n 0 1 0
n 0 0 1
 =

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1

M
I(6n,5)
4→3 · p4 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[2n+1 2n
2n 0 1
]
=
[2n
2n 1
n 0
]
·
[2n+1 2n
2n 0 1
]
+
[2n
n 0
2n 1
]
·
[2n+1 2n
2n 0 1
]
=
[2n+1 2n
2n 0 1
n 0 0
]
+
[2n+1 2n
n 0 0
2n 0 1
]
=

2n+1 n n
n 0 1 0
n 0 0 1
n 0 0 0
+

2n+1 n n
n 0 0 0
n 0 1 0
n 0 0 1
 =

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1

p3 ·M I(6n+1,2)4→3 −M I(6n,5)4→3 · p4 =

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1
−

2n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1
 = [4n+13n 0 ]
4. p4 ·M I(6n+1,2)5→4 −M I(6n,5)5→4 · p5 = 0
p4 ·M I(6n+1,2)5→4 =
[2n+1 2n
2n 0 1
]
·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 1 n−1 n n−1 2 n−1
n−1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
 ·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 n−1 n−1 2
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
 =

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0

M
I(6n,5)
5→4 · p5 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [ n n+1n+1 0 1 ] =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
n n−1 2
n−1 0 1 0
2 0 0 1
]
=

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0

p4 ·M I(6n+1,2)5→4 −M I(6n,5)5→4 · p5 =

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0
−

n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0
 = [2n+12n 0 ]
5. p3 ·M I(6n+1,2)6→3 −M I(6n,5)6→3 · p6 = 0
p3 ·M I(6n+1,2)6→3 =
[3n+1 3n
3n 0 1
]
·


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


=
[2n+1 n n 2n
n 0 0 1 0
2n 0 0 0 1
]
·

2n+1 2n
2n+1 1 0
n 0 0
n 0 0
2n 0 1
+
[n+1 2n 3n
3n 0 0 1
]
·

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0

=
[2n+1 2n
n 0 0
2n 0 1
]
+
[ 1 2n 2n
3n 0 0 0
]
=
[ 1 2n 2n
n 0 0 0
2n 0 0 1
]
+
[ 1 2n 2n
n 0 0 0
2n 0 0 0
]
=
[2n+1 2n
n 0 0
2n 0 1
]
M
I(6n,5)
6→3 · p6 =
[2n
n 0
2n 1
]
·
[2n+1 2n
2n 0 1
]
=
[2n+1 2n
n 0 0
2n 0 1
]
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p3 ·M I(6n+1,2)6→3 −M I(6n,5)6→3 · p6 =
[2n+1 2n
n 0 0
2n 0 1
]
−
[2n+1 2n
n 0 0
2n 0 1
]
=
[4n+1
3n 0
]
6. p6 ·M I(6n+1,2)7→6 −M I(6n,5)7→6 · p7 = 0
p6 ·M I(6n+1,2)7→6 =
[2n+1 2n
2n 0 1
]
·


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


=
[ 1 n+1 n−1 n n
n 0 0 0 1 0
n 0 0 0 0 1
]
·

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 0
n 0 1
+
[n+2 n−1 2n
2n 0 0 1
]
·

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0

=
[n+1 n
n 0 0
n 0 1
]
+
[n−1 n+2
2n 0 0
]
=
[n−1 2 n
n 0 0 0
n 0 0 1
]
+
[n−1 2 n
n 0 0 0
n 0 0 0
]
=
[n+1 n
n 0 0
n 0 1
]
M
I(6n,5)
7→6 · p7 =
[ n
n 0
n 1
]
·
[n+1 n
n 0 1
]
=
[n+1 n
n 0 0
n 0 1
]
p6 ·M I(6n+1,2)7→6 −M I(6n,5)7→6 · p7 =
[n+1 n
n 0 0
n 0 1
]
−
[n+1 n
n 0 0
n 0 1
]
=
[2n+1
2n 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n n
n 0 1
]
·
[ n
n 1
n 0
]
=
[ n
n 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 2n
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=
[2n+1
2n 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+1 3n
3n 0 1
]
·
[3n+1
3n+1 1
3n 0
]
=
[3n+1
3n 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+1 2n
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=
[2n+1
2n 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 2n
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=
[2n+1
2n 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 n
n 0 1
]
·
[n+1
n+1 1
n 0
]
=
[n+1
n 0
]
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143.5.2 0→ I(6n+ 3, 5) f→ I(6n+ 1, 2) g→ I(6n, 7)→ 0 
PdimI(6n+ 3, 5) + dimI(6n, 7) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n) + (n, 2n, 3n, 2n, n, 2n, n+ 1)
= (2n, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n+ 1) = dimI(6n+ 1, 2)
Pdimk Ext
1
kQ(I(6n, 7), I(6n+ 3, 5)) = dimk HomkQ(I(6n, 7), I(6n+ 3, 5))− 〈dimI(6n, 7),dimI(6n+ 3, 5)〉
= 0− 〈(n, 2n, 3n, 2n, n, 2n, n+ 1), (n, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n)〉
= n · (2n+ 1) + 2n · (3n+ 1) + 2n · (3n+ 1) + n · (2n+ 1) + 2n · (3n+ 1) + (n+ 1) · (2n+ 1)
− (n · n+ 2n · (2n+ 1) + 3n · (3n+ 1) + 2n · (2n+ 1) + n · (n+ 1) + 2n · (2n+ 1) + (n+ 1) · n)
= 2n2 + n+ 6n2 + 2n+ 6n2 + 2n+ 2n2 + n+ 6n2 + 2n+ 2n2 + 3n+ 1− (n2 + 4n2 + 2n+ 9n2 + 3n+ 4n2 + 2n+ n2 + n+ 4n2 + 2n+ n2 + n)
= 1
Matrices of the embedding f : I(6n+ 3, 5)→ I(6n+ 1, 2) P
1. f1 =
[ n
n 0
n 1
]
∈M2n,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 3n
1 1 0
3n 0 0
3n 0 1
 ∈M6n+1,3n+1(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n+ 1, 2)→ I(6n, 7) P
1. g1 =
[ n n
n 1 0
]
∈Mn,2n(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n 2n
2n 0 1 0
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n 3n
3n 0 1 0
]
∈M3n,6n+1(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 2n 2n
2n 0 1 0
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n n+1
n 1 0
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n 2n
2n 0 1 0
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1 n
n+1 1 0
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 3, 5)→ I(6n+ 1, 2) P
1. f2 ·M I(6n+3,5)1→2 −M I(6n+1,2)1→2 · f1 = 0
f2 ·M I(6n+3,5)1→2 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 1 n−1 n
1 1 0 0 0
2n 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
1 1 0
2n 0 0
1 1 0
n−1 0 1
n 0 0

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M
I(6n+1,2)
1→2 · f1 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·
[ n
n 0
n 1
]
=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·

1 n−1
n 0 0
1 1 0
n−1 0 1
 =

1 n−1
1 1 0
n 0 0
n 0 0
1 1 0
n−1 0 1
n 0 0

=

1 n−1
1 1 0
2n 0 0
1 1 0
n−1 0 1
n 0 0

f2 ·M I(6n+3,5)1→2 −M I(6n+1,2)1→2 · f1 =

1 n−1
1 1 0
2n 0 0
1 1 0
n−1 0 1
n 0 0
−

1 n−1
1 1 0
2n 0 0
1 1 0
n−1 0 1
n 0 0
 =
[ n
4n+1 0
]
2. f3 ·M I(6n+3,5)2→3 −M I(6n+1,2)2→3 · f2 = 0
f3 ·M I(6n+3,5)2→3 =

1 3n
1 1 0
3n 0 0
3n 0 1
 · [
2n+1
2n+1 1
n 0
]
=

1 2n n
1 1 0 0
3n 0 0 0
2n 0 1 0
n 0 0 1
 ·

1 2n
1 1 0
2n 0 1
n 0 0
 =

1 2n
1 1 0
3n 0 0
2n 0 1
n 0 0

M
I(6n+1,2)
2→3 · f2 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ·

1 2n
1 1 0
2n 0 0
2n 0 1
 =

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 1 0
2n 0 0 1
n 0 0 0
 ·

1 2n
1 1 0
2n 0 0
2n 0 1
 =

1 2n
1 1 0
n 0 0
2n 0 0
2n 0 1
n 0 0
 =

1 2n
1 1 0
3n 0 0
2n 0 1
n 0 0

f3 ·M I(6n+3,5)2→3 −M I(6n+1,2)2→3 · f2 =

1 2n
1 1 0
3n 0 0
2n 0 1
n 0 0
−

1 2n
1 1 0
3n 0 0
2n 0 1
n 0 0
 =
[2n+1
6n+1 0
]
3. f3 ·M I(6n+3,5)4→3 −M I(6n+1,2)4→3 · f4 = 0
f3 ·M I(6n+3,5)4→3 =

1 3n
1 1 0
3n 0 0
3n 0 1
 ·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] =

1 2n n
1 1 0 0
3n 0 0 0
2n 0 1 0
n 0 0 1
 ·

1 2n
1 1 0
2n 0 1
n 0 0
+

1 n 2n
1 1 0 0
3n 0 0 0
n 0 1 0
2n 0 0 1
 ·

1 2n
1 0 0
n 0 0
2n 0 1

=

1 2n
1 1 0
3n 0 0
2n 0 1
n 0 0
+

1 2n
1 0 0
3n 0 0
n 0 0
2n 0 1
 =

1 n n
1 1 0 0
3n 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0
+

1 n n
1 0 0 0
3n 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
 =

1 n n
1 1 0 0
3n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1

M
I(6n+1,2)
4→3 · f4 =


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

·

1 2n
1 1 0
2n 0 0
2n 0 1
 =

1 2n 2n
1 1 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0
 ·

1 2n
1 1 0
2n 0 0
2n 0 1
+ [
1 2n 2n
4n+1 0 0 0
2n 0 0 1
]
·

1 2n
1 1 0
2n 0 0
2n 0 1

=

1 2n
1 1 0
2n 0 0
n 0 0
2n 0 1
n 0 0
+
[ 1 2n
4n+1 0 0
2n 0 1
]
=

1 n n
1 1 0 0
2n 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0

+

1 n n
1 0 0 0
2n 0 0 0
n 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1

=

1 n n
1 1 0 0
3n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1

f3 ·M I(6n+3,5)4→3 −M I(6n+1,2)4→3 · f4 =

1 n n
1 1 0 0
3n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
−

1 n n
1 1 0 0
3n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
 =
[2n+1
6n+1 0
]
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4. f4 ·M I(6n+3,5)5→4 −M I(6n+1,2)5→4 · f5 = 0
f4 ·M I(6n+3,5)5→4 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=

1 n+1 n−1
1 1 0 0
2n 0 0 0
n+1 0 1 0
n−1 0 0 1
 ·

n+1
1 0
n+1 1
n−1 0
+

1 n+1 n−1
1 1 0 0
2n 0 0 0
n+1 0 1 0
n−1 0 0 1
 ·

n−1 2
1 0 0
n+1 0 0
n−1 1 0

=

n+1
1 0
2n 0
n+1 1
n−1 0
+

n−1 2
1 0 0
2n 0 0
n+1 0 0
n−1 1 0
 =

n−1 2
1 0 0
2n 0 0
n−1 1 0
2 0 1
n−1 0 0
+

n−1 2
1 0 0
2n 0 0
n−1 0 0
2 0 0
n−1 1 0
 =

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0

M
I(6n+1,2)
5→4 · f5 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·
[n+1
n 0
n+1 1
]
=

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·

n−1 2
1 0 0
n−1 0 0
n−1 1 0
2 0 1
 =

n−1 2
1 0 0
1 0 0
n−1 0 0
n 0 0
n−1 1 0
2 0 1
n−1 1 0

=

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0

f4 ·M I(6n+3,5)5→4 −M I(6n+1,2)5→4 · f5 =

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0
−

n−1 2
2n+1 0 0
n−1 1 0
2 0 1
n−1 1 0
 =
[n+1
4n+1 0
]
5. f3 ·M I(6n+3,5)6→3 −M I(6n+1,2)6→3 · f6 = 0
f3 ·M I(6n+3,5)6→3 =

1 3n
1 1 0
3n 0 0
3n 0 1
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 n 2n
1 1 0 0
3n 0 0 0
n 0 1 0
2n 0 0 1
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 2n
1 1 0
3n 0 0
n 0 0
2n 0 1
 =

1 2n
1 1 0
4n 0 0
2n 0 1

M
I(6n+1,2)
6→3 · f6 =


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


·

1 2n
1 1 0
2n 0 0
2n 0 1
 =

1 2n 2n
1 1 0 0
2n 0 1 0
2n 0 0 0
2n 0 0 1
 ·

1 2n
1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ·

1 2n
1 1 0
2n 0 0
2n 0 1

=

1 2n
1 1 0
2n 0 0
2n 0 0
2n 0 1
+

1 2n
n+1 0 0
2n 0 0
3n 0 0
 =

1 2n
1 1 0
n 0 0
n 0 0
n 0 0
n 0 0
2n 0 1

+

1 2n
1 0 0
n 0 0
n 0 0
n 0 0
n 0 0
2n 0 0

=

1 2n
1 1 0
4n 0 0
2n 0 1

f3 ·M I(6n+3,5)6→3 −M I(6n+1,2)6→3 · f6 =

1 2n
1 1 0
4n 0 0
2n 0 1
−

1 2n
1 1 0
4n 0 0
2n 0 1
 = [2n+16n+1 0 ]
6. f6 ·M I(6n+3,5)7→6 −M I(6n+1,2)7→6 · f7 = 0
f6 ·M I(6n+3,5)7→6 =

1 2n
1 1 0
2n 0 0
2n 0 1
 · [
n
n+1 0
n 1
]
=

1 n n
1 1 0 0
2n 0 0 0
n 0 1 0
n 0 0 1
 ·

n
1 0
n 0
n 1
 =

n
1 0
2n 0
n 0
n 1
 =
[ n
3n+1 0
n 1
]
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M
I(6n+1,2)
7→6 · f7 =


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


·
[ n
n+1 0
n 1
]
=

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
 ·
[ n
n+1 0
n 1
]
+

n−1 2 n
n+2 0 0 0
n−1 1 0 0
2n 0 0 0
 ·

n
n−1 0
2 0
n 1

=

n
1 0
n+1 0
2n−1 0
n 1
+

n
n+2 0
n−1 0
2n 0
 =

n
1 0
n+1 0
n−1 0
n 0
n 1
+

n
1 0
n+1 0
n−1 0
n 0
n 0
 =
[ n
3n+1 0
n 1
]
f6 ·M I(6n+3,5)7→6 −M I(6n+1,2)7→6 · f7 =
[ n
3n+1 0
n 1
]
−
[ n
3n+1 0
n 1
]
=
[ n
4n+1 0
]
Relations of the projection g : I(6n+ 1, 2)→ I(6n, 7) P
1. g2 ·M I(6n+1,2)1→2 −M I(6n,7)1→2 · g1 = 0
g2 ·M I(6n+1,2)1→2 =
[ 1 2n 2n
2n 0 1 0
]
·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=
[ 1 n n 1 n−1 n
n 0 1 0 0 0 0
n 0 0 1 0 0 0
]
·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=
[ n 1 n−1
n 0 0 0
n 1 0 0
]
=
[ n n
n 0 0
n 1 0
]
M
I(6n,7)
1→2 · g1 =
[ n
n 0
n 1
]
·
[ n n
n 1 0
]
=
[ n n
n 0 0
n 1 0
]
g2 ·M I(6n+1,2)1→2 −M I(6n,7)1→2 · g1 =
[ n n
n 0 0
n 1 0
]
−
[ n n
n 0 0
n 1 0
]
=
[2n
2n 0
]
2. g3 ·M I(6n+1,2)2→3 −M I(6n,7)2→3 · g2 = 0
g3 ·M I(6n+1,2)2→3 =
[ 1 3n 3n
3n 0 1 0
]
·

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 =
[ 1 n 2n 2n n
n 0 1 0 0 0
2n 0 0 1 0 0
]
·

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 1 0
2n 0 0 1
n 0 0 0
 =
[ 1 2n 2n
n 0 0 0
2n 0 1 0
]
M
I(6n,7)
2→3 · g2 =
[2n
n 0
2n 1
]
·
[ 1 2n 2n
2n 0 1 0
]
=
[ 1 2n 2n
n 0 0 0
2n 0 1 0
]
g3 ·M I(6n+1,2)2→3 −M I(6n,7)2→3 · g2 =
[ 1 2n 2n
n 0 0 0
2n 0 1 0
]
−
[ 1 2n 2n
n 0 0 0
2n 0 1 0
]
=
[4n+1
3n 0
]
3. g3 ·M I(6n+1,2)4→3 −M I(6n,7)4→3 · g4 = 0
g3 ·M I(6n+1,2)4→3 =
[ 1 3n 3n
3n 0 1 0
]
·


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

=
[ 1 2n n 2n n
2n 0 1 0 0 0
n 0 0 1 0 0
]
·

1 2n 2n
1 1 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0
+
[ 1 3n n 2n
3n 0 1 0 0
]
·

2n+1 2n
1 0 0
3n 0 0
n 0 0
2n 0 1

=
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
+
[2n+1 2n
3n 0 0
]
=
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
+
[ 1 2n 2n
2n 0 0 0
n 0 0 0
]
=
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
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M
I(6n,7)
4→3 · g4 =
[2n
2n 1
n 0
]
·
[ 1 2n 2n
2n 0 1 0
]
=
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
g3 ·M I(6n+1,2)4→3 −M I(6n,7)4→3 · g4 =
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
−
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
=
[4n+1
3n 0
]
4. g4 ·M I(6n+1,2)5→4 −M I(6n,7)5→4 · g5 = 0
g4 ·M I(6n+1,2)5→4 =
[ 1 2n 2n
2n 0 1 0
]
·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 1 n−1 n n−1 2 n−1
1 0 1 0 0 0 0 0
n−1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
 ·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 n−1 n−1 2
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
 = [
n n+1
n 1 0
n 0 0
]
M
I(6n,7)
5→4 · g5 =
[ n
n 1
n 0
]
·
[ n n+1
n 1 0
]
=
[ n n+1
n 1 0
n 0 0
]
g4 ·M I(6n+1,2)5→4 −M I(6n,7)5→4 · g5 =
[ n n+1
n 1 0
n 0 0
]
−
[ n n+1
n 1 0
n 0 0
]
=
[2n+1
2n 0
]
5. g3 ·M I(6n+1,2)6→3 −M I(6n,7)6→3 · g6 = 0
g3 ·M I(6n+1,2)6→3 =
[ 1 3n 3n
3n 0 1 0
]
·


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


=
[ 1 2n n n 2n
2n 0 1 0 0 0
n 0 0 1 0 0
]
·

1 2n 2n
1 1 0 0
2n 0 1 0
n 0 0 0
n 0 0 0
2n 0 0 1
+
[ 1 n 2n 3n
n 0 1 0 0
2n 0 0 1 0
]
·

1 2n 2n
1 0 0 0
n 0 0 0
2n 0 1 0
3n 0 0 0

=
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
+
[ 1 2n 2n
n 0 0 0
2n 0 1 0
]
=

1 n n 2n
n 0 1 0 0
n 0 0 1 0
n 0 0 0 0
+

1 n n 2n
n 0 0 0 0
n 0 1 0 0
n 0 0 1 0
 =

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0

M
I(6n,7)
6→3 · g6 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[ 1 2n 2n
2n 0 1 0
]
=
[2n
2n 1
n 0
]
·
[ 1 2n 2n
2n 0 1 0
]
+
[2n
n 0
2n 1
]
·
[ 1 2n 2n
2n 0 1 0
]
=
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
+
[ 1 2n 2n
n 0 0 0
2n 0 1 0
]
=

1 n n 2n
n 0 1 0 0
n 0 0 1 0
n 0 0 0 0
+

1 n n 2n
n 0 0 0 0
n 0 1 0 0
n 0 0 1 0
 =

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0

g3 ·M I(6n+1,2)6→3 −M I(6n,7)6→3 · g6 =

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
−

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
 = [4n+13n 0 ]
6. g6 ·M I(6n+1,2)7→6 −M I(6n,7)7→6 · g7 = 0
g6 ·M I(6n+1,2)7→6 =
[ 1 2n 2n
2n 0 1 0
]
·


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


=
[ 1 n+1 n−1 n n
n+1 0 1 0 0 0
n−1 0 0 1 0 0
]
·

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 0
n 0 1
+
[ 1 n+1 n−1 2n
n+1 0 1 0 0
n−1 0 0 1 0
]
·

n−1 n+2
1 0 0
n+1 0 0
n−1 1 0
2n 0 0

=
[n+1 n
n+1 1 0
n−1 0 0
]
+
[n−1 n+2
n+1 0 0
n−1 1 0
]
=

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 0 0 0
+

n−1 2 n
n−1 0 0 0
2 0 0 0
n−1 1 0 0
 =

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0

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M
I(6n,7)
7→6 · g7 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [n+1 nn+1 1 0 ] =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
n−1 2 n
n−1 1 0 0
2 0 1 0
]
=

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0

g6 ·M I(6n+1,2)7→6 −M I(6n,7)7→6 · g7 =

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0
−

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0
 = [2n+12n 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n n
n 1 0
]
·
[ n
n 0
n 1
]
=
[ n
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n 2n
2n 0 1 0
]
·

1 2n
1 1 0
2n 0 0
2n 0 1
 = [2n+12n 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3n 3n
3n 0 1 0
]
·

1 3n
1 1 0
3n 0 0
3n 0 1
 = [3n+13n 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2n 2n
2n 0 1 0
]
·

1 2n
1 1 0
2n 0 0
2n 0 1
 = [2n+12n 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ n n+1
n 1 0
]
·
[n+1
n 0
n+1 1
]
=
[n+1
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n 2n
2n 0 1 0
]
·

1 2n
1 1 0
2n 0 0
2n 0 1
 = [2n+12n 0 ]
7. g7 · f7 = 0
g7 · f7 =
[n+1 n
n+1 1 0
]
·
[ n
n+1 0
n 1
]
=
[ n
n+1 0
]
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144 Tree module property of I(6n+ 2, 2)
144.1 Tree module property of I(2, 2) 
The representation of I(2, 2):
dimI(2, 2) = (1, 1, 2, 2, 1, 2, 1)
I(2, 2) =
(
M1→2 = ( 1 ) , M2→3 =
(
0
1
)
, M4→3 =
(
1 0
0 1
)
, M5→4 =
(
1
0
)
, M6→3 =
(
1 0
0 1
)
, M7→6 =
(
1
1
))
The length of I(2, 2) is: 1 + 1 + 2 + 2 + 1 + 2 + 1 = 10.
The total number of ones in the matrices of the representation: 9.
A = M(EndkQ(I(2, 2))) ∈M15,16(k) denotes the matrix of the linear equation system characterizing the endomorphism space of I(2, 2).
A =

0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
←−
−1
+
←−−−−
−1
+ ∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0
0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
←−
−1
+
←−−−−
−1
+
←−−−−−−−−−−−−−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
−1
+
←−−−−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

←−
←−
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1
←−
←−
∼

y y
1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 1

∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 1
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 91 1

←−
−1
+
∼

1 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 91 0 1
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(I(2, 2)) = corank(A) = 1 in every field k, therefore I(2, 2) has the (field independent) tree module property.
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144.2 Tree module property of I(8, 2) 
The matrices of the representation have full (column) rank P
1. M I(8,2)1→2 =

0 0 0
1 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. M I(8,2)2→3 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(8,2)
2→3 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

c4←c4−c2−−−−−−→

1 0 0 0 0
0 1 0 0 0
0 1 1 91 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

c4←c4+c3−−−−−−→

1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

3. M I(8,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M8,6(k) is already in column echelon form and has maximal column rank.
4. M I(8,2)5→4 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. M I(8,2)6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k) is already in column echelon form and has maximal column rank.
6. M I(8,2)7→6 =

0 0 0
0 0 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
144.2.1 0→ I(9, 1) f→ I(8, 2) g→ I(8, 1)→ 0 
PdimI(9, 1) + dimI(8, 1) = (2, 3, 4, 3, 1, 3, 1) + (1, 2, 4, 3, 2, 3, 2)
= (3, 5, 8, 6, 3, 6, 3) = dimI(8, 2)
Pdimk Ext
1
kQ(I(8, 1), I(9, 1)) = dimk HomkQ(I(8, 1), I(9, 1))− 〈dimI(8, 1),dimI(9, 1)〉
= 0− 〈(1, 2, 4, 3, 2, 3, 2), (2, 3, 4, 3, 1, 3, 1)〉
= 1 · 3 + 2 · 4 + 3 · 4 + 2 · 3 + 3 · 4 + 2 · 3− (1 · 2 + 2 · 3 + 4 · 4 + 3 · 3 + 2 · 1 + 3 · 3 + 2 · 1)
= 3 + 8 + 12 + 6 + 12 + 6− (2 + 6 + 16 + 9 + 2 + 9 + 2)
= 1
Matrices of the embedding f : I(9, 1)→ I(8, 2) P
1. f1 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(8, 2)→ I(8, 1) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(9, 1)→ I(8, 2) P
1. f2 ·M I(9,1)1→2 −M I(8,2)1→2 · f1 = 0
f2 ·M I(9,1)1→2 =
[ 3
3 1
2 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
2 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
2 0

M
I(8,2)
1→2 · f1 =

2 1
1 0 0
2 1 0
1 0 1
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
1 0
2 1
1 0
1 0
 =

2
1 0
2 1
2 0

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f2 ·M I(9,1)1→2 −M I(8,2)1→2 · f1 =

2
1 0
2 1
2 0
−

2
1 0
2 1
2 0
 = [ 25 0 ]
2. f3 ·M I(9,1)2→3 −M I(8,2)2→3 · f2 = 0
f3 ·M I(9,1)2→3 =
[ 4
4 1
4 0
]
·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
4 0 0 0

M
I(8,2)
2→3 · f2 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

·
[ 3
3 1
2 0
]
=

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

·

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 =

1 0 0
0 1 0
0 1 1
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
4 0 0 0

f3 ·M I(9,1)2→3 −M I(8,2)2→3 · f2 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
4 0 0 0
−

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
4 0 0 0
 =
[ 3
8 0
]
3. f3 ·M I(9,1)4→3 −M I(8,2)4→3 · f4 = 0
f3 ·M I(9,1)4→3 =
[ 4
4 1
4 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
4 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
4 0
 = [
3
3 1
5 0
]
M
I(8,2)
4→3 · f4 =

3 3
3 1 0
1 0 0
3 0 1
1 0 0
 ·
[ 3
3 1
3 0
]
=

3
3 1
1 0
3 0
1 0
 =
[ 3
3 1
5 0
]
f3 ·M I(9,1)4→3 −M I(8,2)4→3 · f4 =
[ 3
3 1
5 0
]
−
[ 3
3 1
5 0
]
=
[ 3
8 0
]
4. f4 ·M I(9,1)5→4 −M I(8,2)5→4 · f5 = 0
f4 ·M I(9,1)5→4 =
[ 3
3 1
3 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
3 0
 =

1
1 1
1 1
4 0

M
I(8,2)
5→4 · f5 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
1 0 0
 ·
[ 1
1 1
2 0
]
=

1
1 1
1 1
1 0
2 0
1 0
 =

1
1 1
1 1
4 0

f4 ·M I(9,1)5→4 −M I(8,2)5→4 · f5 =

1
1 1
1 1
4 0
−

1
1 1
1 1
4 0
 = [ 16 0 ]
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5. f3 ·M I(9,1)6→3 −M I(8,2)6→3 · f6 = 0
f3 ·M I(9,1)6→3 =
[ 4
4 1
4 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 =

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
4 0 0 0
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
2 0 1
4 0 0

M
I(8,2)
6→3 · f6 =

1 2 3
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
 ·
[ 3
3 1
3 0
]
=

1 2 3
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
 ·

1 2
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
1 0 0
3 0 0
 =

1 2
1 1 0
1 0 0
2 0 1
4 0 0

f3 ·M I(9,1)6→3 −M I(8,2)6→3 · f6 =

1 2
1 1 0
1 0 0
2 0 1
4 0 0
−

1 2
1 1 0
1 0 0
2 0 1
4 0 0
 =
[ 3
8 0
]
6. f6 ·M I(9,1)7→6 −M I(8,2)7→6 · f7 = 0
f6 ·M I(9,1)7→6 =
[ 3
3 1
3 0
]
·
[ 1
2 0
1 1
]
=

2 1
2 1 0
1 0 1
3 0 0
 · [
1
2 0
1 1
]
=

1
2 0
1 1
3 0

M
I(8,2)
7→6 · f7 =

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 ·
[ 1
1 1
2 0
]
=

1
2 0
1 1
1 0
2 0
 =

1
2 0
1 1
3 0

f6 ·M I(9,1)7→6 −M I(8,2)7→6 · f7 =

1
2 0
1 1
3 0
−

1
2 0
1 1
3 0
 = [ 16 0 ]
Relations of the projection g : I(8, 2)→ I(8, 1) P
1. g2 ·M I(8,2)1→2 −M I(8,1)1→2 · g1 = 0
g2 ·M I(8,2)1→2 =
[ 3 2
2 0 1
]
·

2 1
1 0 0
2 1 0
1 0 1
1 0 1
 =
[ 1 2 1 1
1 0 0 1 0
1 0 0 0 1
]
·

2 1
1 0 0
2 1 0
1 0 1
1 0 1
 =
[ 2 1
1 0 1
1 0 1
]
M
I(8,1)
1→2 · g1 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g2 ·M I(8,2)1→2 −M I(8,1)1→2 · g1 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
2. g3 ·M I(8,2)2→3 −M I(8,1)2→3 · g2 = 0
g3 ·M I(8,2)2→3 =
[ 4 4
4 0 1
]
·

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ·

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

=

0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1
 =
[ 3 2
2 0 1
2 0 1
]
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M
I(8,1)
2→3 · g2 =
[ 2
2 1
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
2 0 1
]
g3 ·M I(8,2)2→3 −M I(8,1)2→3 · g2 =
[ 3 2
2 0 1
2 0 1
]
−
[ 3 2
2 0 1
2 0 1
]
=
[ 5
4 0
]
3. g3 ·M I(8,2)4→3 −M I(8,1)4→3 · g4 = 0
g3 ·M I(8,2)4→3 =
[ 4 4
4 0 1
]
·

3 3
3 1 0
1 0 0
3 0 1
1 0 0
 =
[ 3 1 3 1
3 0 0 1 0
1 0 0 0 1
]
·

3 3
3 1 0
1 0 0
3 0 1
1 0 0
 =
[ 3 3
3 0 1
1 0 0
]
M
I(8,1)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
1 0 0
]
g3 ·M I(8,2)4→3 −M I(8,1)4→3 · g4 =
[ 3 3
3 0 1
1 0 0
]
−
[ 3 3
3 0 1
1 0 0
]
=
[ 6
4 0
]
4. g4 ·M I(8,2)5→4 −M I(8,1)5→4 · g5 = 0
g4 ·M I(8,2)5→4 =
[ 3 3
3 0 1
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
1 0 0
 =
[ 1 1 1 2 1
2 0 0 0 1 0
1 0 0 0 0 1
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
1 0 0
 =
[ 1 2
2 0 1
1 0 0
]
M
I(8,1)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
1 0 0
]
g4 ·M I(8,2)5→4 −M I(8,1)5→4 · g5 =
[ 1 2
2 0 1
1 0 0
]
−
[ 1 2
2 0 1
1 0 0
]
=
[ 3
3 0
]
5. g3 ·M I(8,2)6→3 −M I(8,1)6→3 · g6 = 0
g3 ·M I(8,2)6→3 =
[ 4 4
4 0 1
]
·

1 2 3
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
 =
[ 1 1 2 1 3
1 0 0 0 1 0
3 0 0 0 0 1
]
·

1 2 3
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
 =
[ 1 2 3
1 0 0 0
3 0 0 1
]
=
[ 3 3
1 0 0
3 0 1
]
M
I(8,1)
6→3 · g6 =
[ 3
1 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
1 0 0
3 0 1
]
g3 ·M I(8,2)6→3 −M I(8,1)6→3 · g6 =
[ 3 3
1 0 0
3 0 1
]
−
[ 3 3
1 0 0
3 0 1
]
=
[ 6
4 0
]
6. g6 ·M I(8,2)7→6 −M I(8,1)7→6 · g7 = 0
g6 ·M I(8,2)7→6 =
[ 3 3
3 0 1
]
·

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 =
[ 2 1 1 2
1 0 0 1 0
2 0 0 0 1
]
·

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 =
[ 1 2
1 0 0
2 0 1
]
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M
I(8,1)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
1 0 0
2 0 1
]
g6 ·M I(8,2)7→6 −M I(8,1)7→6 · g7 =
[ 1 2
1 0 0
2 0 1
]
−
[ 1 2
1 0 0
2 0 1
]
=
[ 3
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
144.2.2 0→ I(11, 1) f→ I(8, 2) g→ I(6, 1)→ 0 
PdimI(11, 1) + dimI(6, 1) = (1, 3, 5, 4, 2, 4, 2) + (2, 2, 3, 2, 1, 2, 1)
= (3, 5, 8, 6, 3, 6, 3) = dimI(8, 2)
Pdimk Ext
1
kQ(I(6, 1), I(11, 1)) = dimk HomkQ(I(6, 1), I(11, 1))− 〈dimI(6, 1),dimI(11, 1)〉
= 0− 〈(2, 2, 3, 2, 1, 2, 1), (1, 3, 5, 4, 2, 4, 2)〉
= 2 · 3 + 2 · 5 + 2 · 5 + 1 · 4 + 2 · 5 + 1 · 4− (2 · 1 + 2 · 3 + 3 · 5 + 2 · 4 + 1 · 2 + 2 · 4 + 1 · 2)
= 6 + 10 + 10 + 4 + 10 + 4− (2 + 6 + 15 + 8 + 2 + 8 + 2)
= 1
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Matrices of the embedding f : I(11, 1)→ I(8, 2) P
1. f1 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
7. f7 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(8, 2)→ I(6, 1) P
1. g1 =
[
1 0 0
0 1 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0 0
0 0 1 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 1 0 0 91 0 0 00 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0 91 0 0
0 0 1 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0 0 0 0
0 0 1 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 1)→ I(8, 2) P
1. f2 ·M I(11,1)1→2 −M I(8,2)1→2 · f1 = 0
f2 ·M I(11,1)1→2 =

1 2
1 1 0
2 0 0
2 0 1
 ·
01
1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
01
1
 =

1
1 0
2 0
1 1
1 1
 =

1
3 0
1 1
1 1

M
I(8,2)
1→2 · f1 =

2 1
1 0 0
2 1 0
1 0 1
1 0 1
 ·
[ 1
2 0
1 1
]
=

1
1 0
2 0
1 1
1 1
 =

1
3 0
1 1
1 1

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f2 ·M I(11,1)1→2 −M I(8,2)1→2 · f1 =

1
3 0
1 1
1 1
−

1
3 0
1 1
1 1
 = [ 15 0 ]
2. f3 ·M I(11,1)2→3 −M I(8,2)2→3 · f2 = 0
f3 ·M I(11,1)2→3 =

1 1 3
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
3 0 0 1
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 0 0
0 1 0
0 0 1
0 1 0
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

M
I(8,2)
2→3 · f2 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

·

1 2
1 1 0
2 0 0
2 0 1
 =

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

·

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 =

1 0 0
0 1 0
0 0 0
0 0 0
0 1 0
0 0 1
0 1 0
0 0 1

=

1 1 1
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

f3 ·M I(11,1)2→3 −M I(8,2)2→3 · f2 =

1 1 1
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

−

1 1 1
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
1 0 0 1
1 0 1 0
1 0 0 1

=
[ 3
8 0
]
3. f3 ·M I(11,1)4→3 −M I(8,2)4→3 · f4 = 0
f3 ·M I(11,1)4→3 =

1 1 3
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 4
4 1
1 0
]
=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1

·

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 =

1 1 2
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0

M
I(8,2)
4→3 · f4 =

3 3
3 1 0
1 0 0
3 0 1
1 0 0
 ·

1 1 2
1 1 0 0
1 0 1 0
1 0 0 0
1 0 1 0
2 0 0 1
 =

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

·

1 1 2
1 1 0 0
1 0 1 0
1 0 0 0
1 0 1 0
2 0 0 1
 =

1 1 2
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0

=

1 1 2
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0

f3 ·M I(11,1)4→3 −M I(8,2)4→3 · f4 =

1 1 2
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0

−

1 1 2
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
2 0 0 1
1 0 0 0

=
[ 4
8 0
]
4. f4 ·M I(11,1)5→4 −M I(8,2)5→4 · f5 = 0
f4 ·M I(11,1)5→4 =

1 1 2
1 1 0 0
1 0 1 0
1 0 0 0
1 0 1 0
2 0 0 1
 ·

1 0
1 0
0 1
0 0
 =

1 0 0 0
0 1 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

·

1 0
1 0
0 1
0 0
 =

1 0
1 0
0 0
1 0
0 1
0 0

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M
I(8,2)
5→4 · f5 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
1 0 0
 ·
1 01 0
0 1
 =

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

·
1 01 0
0 1
 =

1 0
1 0
0 0
1 0
0 1
0 0

f4 ·M I(11,1)5→4 −M I(8,2)5→4 · f5 =

1 0
1 0
0 0
1 0
0 1
0 0

−

1 0
1 0
0 0
1 0
0 1
0 0

=
[ 2
6 0
]
5. f3 ·M I(11,1)6→3 −M I(8,2)6→3 · f6 = 0
f3 ·M I(11,1)6→3 =

1 1 3
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
3 0 0 1
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 3
1 1 0
1 0 0
2 0 0
1 0 0
3 0 1
 =

1 3
1 1 0
4 0 0
3 0 1

M
I(8,2)
6→3 · f6 =

1 2 3
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
1 0 0
2 0 0
1 0 0
3 0 1
 =

1 3
1 1 0
4 0 0
3 0 1

f3 ·M I(11,1)6→3 −M I(8,2)6→3 · f6 =

1 3
1 1 0
4 0 0
3 0 1
−

1 3
1 1 0
4 0 0
3 0 1
 = [ 48 0 ]
6. f6 ·M I(11,1)7→6 −M I(8,2)7→6 · f7 = 0
f6 ·M I(11,1)7→6 =

1 3
1 1 0
2 0 0
3 0 1
 · [
2
2 0
2 1
]
=

1 1 2
1 1 0 0
2 0 0 0
1 0 1 0
2 0 0 1
 ·

2
1 0
1 0
2 1
 =

2
1 0
2 0
1 0
2 1
 =
[ 2
4 0
2 1
]
M
I(8,2)
7→6 · f7 =

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 ·
[ 2
1 0
2 1
]
=

2
2 0
1 0
1 0
2 1
 =
[ 2
4 0
2 1
]
f6 ·M I(11,1)7→6 −M I(8,2)7→6 · f7 =
[ 2
4 0
2 1
]
−
[ 2
4 0
2 1
]
=
[ 2
6 0
]
Relations of the projection g : I(8, 2)→ I(6, 1) P
1. g2 ·M I(8,2)1→2 −M I(6,1)1→2 · g1 = 0
g2 ·M I(8,2)1→2 =
[ 1 2 2
2 0 1 0
]
·

2 1
1 0 0
2 1 0
1 0 1
1 0 1
 =
[ 1 2 1 1
2 0 1 0 0
]
·

2 1
1 0 0
2 1 0
1 0 1
1 0 1
 =
[ 2 1
2 1 0
]
M
I(6,1)
1→2 · g1 =
[ 2
2 1
]
·
[ 2 1
2 1 0
]
=
[ 2 1
2 1 0
]
g2 ·M I(8,2)1→2 −M I(6,1)1→2 · g1 =
[ 2 1
2 1 0
]
−
[ 2 1
2 1 0
]
=
[ 3
2 0
]
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2. g3 ·M I(8,2)2→3 −M I(6,1)2→3 · g2 = 0
g3 ·M I(8,2)2→3 =
[ 1 1 2 1 3
1 0 1 0 91 0
2 0 0 1 0 0
]
·

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

=
0 1 0 0 91 0 0 00 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ·

1 0 0 0 0
0 1 0 1 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

=
0 1 0 0 00 1 1 0 0
0 0 1 0 0
 =

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0

M
I(6,1)
2→3 · g2 =
1 01 1
0 1
 · [ 1 2 22 0 1 0 ] =
1 01 1
0 1
 · [
1 1 1 2
1 0 1 0 0
1 0 0 1 0
]
=

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0

g3 ·M I(8,2)2→3 −M I(6,1)2→3 · g2 =

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
−

1 1 1 2
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
 = [ 53 0 ]
3. g3 ·M I(8,2)4→3 −M I(6,1)4→3 · g4 = 0
g3 ·M I(8,2)4→3 =
[ 1 1 2 1 3
1 0 1 0 91 0
2 0 0 1 0 0
]
·

3 3
3 1 0
1 0 0
3 0 1
1 0 0
 =

1 1 1 1 1 2 1
1 0 1 0 0 91 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
 ·

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
1 0 0 0 0 0

M
I(6,1)
4→3 · g4 =
[ 2
2 1
1 0
]
·
[ 1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
]
=
1 00 1
0 0
 · [
1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
]
=

1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
1 0 0 0 0 0

g3 ·M I(8,2)4→3 −M I(6,1)4→3 · g4 =

1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
1 0 0 0 0 0
−

1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
1 0 0 0 0 0
 = [ 63 0 ]
4. g4 ·M I(8,2)5→4 −M I(6,1)5→4 · g5 = 0
g4 ·M I(8,2)5→4 =
[ 1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
1 0 0
 =
[
0 1 0 91 0 0
0 0 1 0 0 0
]
·

1 0 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

=
[
1 91 0
0 0 0
]
M
I(6,1)
5→4 · g5 =
[
1
0
]
·
[
1 91 0
]
=
[
1 91 0
0 0 0
]
g4 ·M I(8,2)5→4 −M I(6,1)5→4 · g5 =
[
1 91 0
0 0 0
]
−
[
1 91 0
0 0 0
]
=
[ 3
2 0
]
5. g3 ·M I(8,2)6→3 −M I(6,1)6→3 · g6 = 0
g3 ·M I(8,2)6→3 =
[ 1 1 2 1 3
1 0 1 0 91 0
2 0 0 1 0 0
]
·

1 2 3
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
3 0 0 1
 =
[ 1 2 3
1 0 0 0
2 0 1 0
]
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M
I(6,1)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[ 1 2 3
2 0 1 0
]
=
[ 1 2 3
1 0 0 0
2 0 1 0
]
g3 ·M I(8,2)6→3 −M I(6,1)6→3 · g6 =
[ 1 2 3
1 0 0 0
2 0 1 0
]
−
[ 1 2 3
1 0 0 0
2 0 1 0
]
=
[ 6
3 0
]
6. g6 ·M I(8,2)7→6 −M I(6,1)7→6 · g7 = 0
g6 ·M I(8,2)7→6 =
[ 1 2 3
2 0 1 0
]
·

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 =
[ 1 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
]
·

1 2
1 0 0
1 0 0
1 1 0
1 0 0
2 0 1
 =
[ 1 2
1 0 0
1 1 0
]
M
I(6,1)
7→6 · g7 =
[
0
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 0 0
1 1 0
]
g6 ·M I(8,2)7→6 −M I(6,1)7→6 · g7 =
[ 1 2
1 0 0
1 1 0
]
−
[ 1 2
1 0 0
1 1 0
]
=
[ 3
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
2 1 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 1 0
2 0 0
2 0 1
 = [ 32 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 2 1 3
1 0 1 0 91 0
2 0 0 1 0 0
]
·

1 1 3
1 1 0 0
1 0 1 0
2 0 0 0
1 0 1 0
3 0 0 1
 =
[ 5
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 1 1 2
1 0 1 0 91 0
1 0 0 1 0 0
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 0 0
1 0 1 0
2 0 0 1
 =
[ 4
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 91 0
]
·
1 01 0
0 1
 = [ 21 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2 3
2 0 1 0
]
·

1 3
1 1 0
2 0 0
3 0 1
 = [ 42 0 ]
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7. g7 · f7 = 0
g7 · f7 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
144.3 Tree module property of I(14, 2) 
The matrices of the representation have full (column) rank P
1. M I(14,2)1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
2. M I(14,2)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M14,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(14,2)
2→3 =

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

c6←c6−c2−−−−−−→

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 91 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

c6←c6+c4−−−−−−→

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 1 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

3. M I(14,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M14,10(k) is already in column echelon form and has maximal column rank.
4. M I(14,2)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
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5. M I(14,2)6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k) is already in column echelon form and has maximal column rank.
6. M I(14,2)7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k) is already in column echelon form and has maximal column rank.
144.3.1 0→ I(15, 1) f→ I(14, 2) g→ I(14, 1)→ 0 
PdimI(15, 1) + dimI(14, 1) = (3, 5, 7, 5, 2, 5, 2) + (2, 4, 7, 5, 3, 5, 3)
= (5, 9, 14, 10, 5, 10, 5) = dimI(14, 2)
Pdimk Ext
1
kQ(I(14, 1), I(15, 1)) = dimk HomkQ(I(14, 1), I(15, 1))− 〈dimI(14, 1),dimI(15, 1)〉
= 0− 〈(2, 4, 7, 5, 3, 5, 3), (3, 5, 7, 5, 2, 5, 2)〉
= 2 · 5 + 4 · 7 + 5 · 7 + 3 · 5 + 5 · 7 + 3 · 5− (2 · 3 + 4 · 5 + 7 · 7 + 5 · 5 + 3 · 2 + 5 · 5 + 3 · 2)
= 10 + 28 + 35 + 15 + 35 + 15− (6 + 20 + 49 + 25 + 6 + 25 + 6)
= 1
Matrices of the embedding f : I(15, 1)→ I(14, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(14, 2)→ I(14, 1) P
1. g1 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(15, 1)→ I(14, 2) P
1. f2 ·M I(15,1)1→2 −M I(14,2)1→2 · f1 = 0
f2 ·M I(15,1)1→2 =
[ 5
5 1
4 0
]
·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0

M
I(14,2)
1→2 · f1 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

·
[ 3
3 1
2 0
]
=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

·

1 2
1 1 0
2 0 1
2 0 0
 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
2 0 0
2 0 0

=

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0

f2 ·M I(15,1)1→2 −M I(14,2)1→2 · f1 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0
−

1 2
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0
 =
[ 3
9 0
]
2. f3 ·M I(15,1)2→3 −M I(14,2)2→3 · f2 = 0
f3 ·M I(15,1)2→3 =
[ 7
7 1
7 0
]
·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
7 0 0 0 0
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
7 0 0 0

M
I(14,2)
2→3 · f2 =

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·
[ 5
5 1
4 0
]
=

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0

=

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0

=

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
7 0 0 0

f3 ·M I(15,1)2→3 −M I(14,2)2→3 · f2 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
7 0 0 0
−

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
7 0 0 0
 =
[ 5
14 0
]
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3. f3 ·M I(15,1)4→3 −M I(14,2)4→3 · f4 = 0
f3 ·M I(15,1)4→3 =
[ 7
7 1
7 0
]
·
[ 5
5 1
2 0
]
=

5 2
5 1 0
2 0 1
7 0 0
 · [
5
5 1
2 0
]
=

5
5 1
2 0
7 0
 = [
5
5 1
9 0
]
M
I(14,2)
4→3 · f4 =

5 5
5 1 0
2 0 0
5 0 1
2 0 0
 ·
[ 5
5 1
5 0
]
=

5
5 1
2 0
5 0
2 0
 =
[ 5
5 1
9 0
]
f3 ·M I(15,1)4→3 −M I(14,2)4→3 · f4 =
[ 5
5 1
9 0
]
−
[ 5
5 1
9 0
]
=
[ 5
14 0
]
4. f4 ·M I(15,1)5→4 −M I(14,2)5→4 · f5 = 0
f4 ·M I(15,1)5→4 =
[ 5
5 1
5 0
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
5 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
7 0 0

M
I(14,2)
5→4 · f5 =

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

·
[ 2
2 1
3 0
]
=

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

·

1 1
1 1 0
1 0 1
3 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
3 0 0
2 0 0

=

1 1
1 1 0
1 1 0
1 0 1
7 0 0

f4 ·M I(15,1)5→4 −M I(14,2)5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
7 0 0
−

1 1
1 1 0
1 1 0
1 0 1
7 0 0
 =
[ 2
10 0
]
5. f3 ·M I(15,1)6→3 −M I(14,2)6→3 · f6 = 0
f3 ·M I(15,1)6→3 =
[ 7
7 1
7 0
]
·

1 4
1 1 0
2 0 0
4 0 1
 =

1 2 4
1 1 0 0
2 0 1 0
4 0 0 1
7 0 0 0
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 4
1 1 0
2 0 0
4 0 1
7 0 0

M
I(14,2)
6→3 · f6 =

1 4 5
1 1 0 0
2 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
 ·
[ 5
5 1
5 0
]
=

1 4 5
1 1 0 0
2 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
 ·

1 4
1 1 0
4 0 1
5 0 0
 =

1 4
1 1 0
2 0 0
4 0 1
2 0 0
5 0 0
 =

1 4
1 1 0
2 0 0
4 0 1
7 0 0

f3 ·M I(15,1)6→3 −M I(14,2)6→3 · f6 =

1 4
1 1 0
2 0 0
4 0 1
7 0 0
−

1 4
1 1 0
2 0 0
4 0 1
7 0 0
 =
[ 5
14 0
]
6. f6 ·M I(15,1)7→6 −M I(14,2)7→6 · f7 = 0
f6 ·M I(15,1)7→6 =
[ 5
5 1
5 0
]
·
[ 2
3 0
2 1
]
=

3 2
3 1 0
2 0 1
5 0 0
 · [
2
3 0
2 1
]
=

2
3 0
2 1
5 0

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M
I(14,2)
7→6 · f7 =

2 3
3 0 0
2 1 0
2 0 0
3 0 1
 ·
[ 2
2 1
3 0
]
=

2
3 0
2 1
2 0
3 0
 =

2
3 0
2 1
5 0

f6 ·M I(15,1)7→6 −M I(14,2)7→6 · f7 =

2
3 0
2 1
5 0
−

2
3 0
2 1
5 0
 = [ 210 0 ]
Relations of the projection g : I(14, 2)→ I(14, 1) P
1. g2 ·M I(14,2)1→2 −M I(14,1)1→2 · g1 = 0
g2 ·M I(14,2)1→2 =
[ 5 4
4 0 1
]
·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

=
[ 1 1 2 1 2 2
2 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

=
[ 1 2 2
2 0 0 1
2 0 0 1
]
=
[ 3 2
2 0 1
2 0 1
]
M
I(14,1)
1→2 · g1 =
[ 2
2 1
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
2 0 1
]
g2 ·M I(14,2)1→2 −M I(14,1)1→2 · g1 =
[ 3 2
2 0 1
2 0 1
]
−
[ 3 2
2 0 1
2 0 1
]
=
[ 5
4 0
]
2. g3 ·M I(14,2)2→3 −M I(14,1)2→3 · g2 = 0
g3 ·M I(14,2)2→3 =
[ 7 7
7 0 1
]
·

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 2 1 2 1
1 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1
 ·

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 2 1
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 =

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
I(14,1)
2→3 · g2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 5 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·M I(14,2)2→3 −M I(14,1)2→3 · g2 =

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

5 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[ 9
7 0
]
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3. g3 ·M I(14,2)4→3 −M I(14,1)4→3 · g4 = 0
g3 ·M I(14,2)4→3 =
[ 7 7
7 0 1
]
·

5 5
5 1 0
2 0 0
5 0 1
2 0 0
 =
[ 5 2 5 2
5 0 0 1 0
2 0 0 0 1
]
·

5 5
5 1 0
2 0 0
5 0 1
2 0 0
 =
[ 5 5
5 0 1
2 0 0
]
M
I(14,1)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 5 5
5 0 1
]
=
[ 5 5
5 0 1
2 0 0
]
g3 ·M I(14,2)4→3 −M I(14,1)4→3 · g4 =
[ 5 5
5 0 1
2 0 0
]
−
[ 5 5
5 0 1
2 0 0
]
=
[10
7 0
]
4. g4 ·M I(14,2)5→4 −M I(14,1)5→4 · g5 = 0
g4 ·M I(14,2)5→4 =
[ 5 5
5 0 1
]
·

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

=
[ 1 1 1 2 3 2
3 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

=
[ 1 1 3
3 0 0 1
2 0 0 0
]
=
[ 2 3
3 0 1
2 0 0
]
M
I(14,1)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 1
2 0 0
]
g4 ·M I(14,2)5→4 −M I(14,1)5→4 · g5 =
[ 2 3
3 0 1
2 0 0
]
−
[ 2 3
3 0 1
2 0 0
]
=
[ 5
5 0
]
5. g3 ·M I(14,2)6→3 −M I(14,1)6→3 · g6 = 0
g3 ·M I(14,2)6→3 =
[ 7 7
7 0 1
]
·

1 4 5
1 1 0 0
2 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
 =
[ 1 2 4 2 5
2 0 0 0 1 0
5 0 0 0 0 1
]
·

1 4 5
1 1 0 0
2 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
 =
[ 1 4 5
2 0 0 0
5 0 0 1
]
=
[ 5 5
2 0 0
5 0 1
]
M
I(14,1)
6→3 · g6 =
[ 5
2 0
5 1
]
·
[ 5 5
5 0 1
]
=
[ 5 5
2 0 0
5 0 1
]
g3 ·M I(14,2)6→3 −M I(14,1)6→3 · g6 =
[ 5 5
2 0 0
5 0 1
]
−
[ 5 5
2 0 0
5 0 1
]
=
[10
7 0
]
6. g6 ·M I(14,2)7→6 −M I(14,1)7→6 · g7 = 0
g6 ·M I(14,2)7→6 =
[ 5 5
5 0 1
]
·

2 3
3 0 0
2 1 0
2 0 0
3 0 1
 =
[ 3 2 2 3
2 0 0 1 0
3 0 0 0 1
]
·

2 3
3 0 0
2 1 0
2 0 0
3 0 1
 =
[ 2 3
2 0 0
3 0 1
]
M
I(14,1)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 2 3
3 0 1
]
=
[ 2 3
2 0 0
3 0 1
]
g6 ·M I(14,2)7→6 −M I(14,1)7→6 · g7 =
[ 2 3
2 0 0
3 0 1
]
−
[ 2 3
2 0 0
3 0 1
]
=
[ 5
5 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
144.3.2 0→ I(17, 1) f→ I(14, 2) g→ I(12, 1)→ 0 
PdimI(17, 1) + dimI(12, 1) = (2, 5, 8, 6, 3, 6, 3) + (3, 4, 6, 4, 2, 4, 2)
= (5, 9, 14, 10, 5, 10, 5) = dimI(14, 2)
Pdimk Ext
1
kQ(I(12, 1), I(17, 1)) = dimk HomkQ(I(12, 1), I(17, 1))− 〈dimI(12, 1),dimI(17, 1)〉
= 0− 〈(3, 4, 6, 4, 2, 4, 2), (2, 5, 8, 6, 3, 6, 3)〉
= 3 · 5 + 4 · 8 + 4 · 8 + 2 · 6 + 4 · 8 + 2 · 6− (3 · 2 + 4 · 5 + 6 · 8 + 4 · 6 + 2 · 3 + 4 · 6 + 2 · 3)
= 15 + 32 + 32 + 12 + 32 + 12− (6 + 20 + 48 + 24 + 6 + 24 + 6)
= 1
Matrices of the embedding f : I(17, 1)→ I(14, 2) P
1. f1 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M14,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(14, 2)→ I(12, 1) P
1. g1 =
1 0 0 0 00 1 0 0 0
0 0 1 0 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M6,14(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 91 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 91 0 0
0 1 0 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
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7. g7 =
[
1 0 0 0 0
0 1 0 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(17, 1)→ I(14, 2) P
1. f2 ·M I(17,1)1→2 −M I(14,2)1→2 · f1 = 0
f2 ·M I(17,1)1→2 =

1 4
1 1 0
4 0 0
4 0 1
 ·

2
1 0
2 1
2 1
 =

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
 ·

2
1 0
2 1
2 1
 =

2
1 0
4 0
2 1
2 1
 =

2
5 0
2 1
2 1

M
I(14,2)
1→2 · f1 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

·
[ 2
3 0
2 1
]
=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

·

2
1 0
2 0
2 1
 =

2
1 0
1 0
2 0
1 0
2 1
2 1

=

2
5 0
2 1
2 1

f2 ·M I(17,1)1→2 −M I(14,2)1→2 · f1 =

2
5 0
2 1
2 1
−

2
5 0
2 1
2 1
 = [ 29 0 ]
2. f3 ·M I(17,1)2→3 −M I(14,2)2→3 · f2 = 0
f3 ·M I(17,1)2→3 =

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 ·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1 2 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
5 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
I(14,2)
2→3 · f2 =

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

1 4
1 1 0
4 0 0
4 0 1

=

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

1 1 2 1
1 1 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

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f3 ·M I(17,1)2→3 −M I(14,2)2→3 · f2 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

−

1 1 2 1
1 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=
[ 5
14 0
]
3. f3 ·M I(17,1)4→3 −M I(14,2)4→3 · f4 = 0
f3 ·M I(17,1)4→3 =

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 ·
[ 6
6 1
2 0
]
=

1 1 4 2
1 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
4 0 0 1 0
2 0 0 0 1

·

1 1 4
1 1 0 0
1 0 1 0
4 0 0 1
2 0 0 0
 =

1 1 4
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

M
I(14,2)
4→3 · f4 =

5 5
5 1 0
2 0 0
5 0 1
2 0 0
 ·

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
 =

1 1 3 1 4
1 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
4 0 0 0 0 1
2 0 0 0 0 0

·

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
 =

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
2 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

=

1 1 4
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

f3 ·M I(17,1)4→3 −M I(14,2)4→3 · f4 =

1 1 4
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

−

1 1 4
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
4 0 0 1
2 0 0 0

=
[ 6
14 0
]
4. f4 ·M I(17,1)5→4 −M I(14,2)5→4 · f5 = 0
f4 ·M I(17,1)5→4 =

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1

·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
1 1 0
3 0 0
1 1 0
2 0 1
2 0 0

M
I(14,2)
5→4 · f5 =

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

·

1 2
1 1 0
1 0 0
1 1 0
2 0 1
 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

·

1 2
1 1 0
1 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
1 1 0
1 0 0
2 0 0
1 1 0
2 0 1
2 0 0

=

1 2
1 1 0
1 1 0
3 0 0
1 1 0
2 0 1
2 0 0

f4 ·M I(17,1)5→4 −M I(14,2)5→4 · f5 =

1 2
1 1 0
1 1 0
3 0 0
1 1 0
2 0 1
2 0 0

−

1 2
1 1 0
1 1 0
3 0 0
1 1 0
2 0 1
2 0 0

=
[ 3
10 0
]
5. f3 ·M I(17,1)6→3 −M I(14,2)6→3 · f6 = 0
f3 ·M I(17,1)6→3 =

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 1 1 5
1 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
5 0 0 0 1

·

1 5
1 1 0
1 0 0
1 0 0
5 0 1
 =

1 5
1 1 0
1 0 0
5 0 0
1 0 0
1 0 0
5 0 1

=

1 5
1 1 0
8 0 0
5 0 1

2293
M
I(14,2)
6→3 · f6 =

1 4 5
1 1 0 0
2 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
 ·

1 5
1 1 0
4 0 0
5 0 1
 =

1 5
1 1 0
2 0 0
4 0 0
2 0 0
5 0 1
 =

1 5
1 1 0
8 0 0
5 0 1

f3 ·M I(17,1)6→3 −M I(14,2)6→3 · f6 =

1 5
1 1 0
8 0 0
5 0 1
−

1 5
1 1 0
8 0 0
5 0 1
 = [ 614 0 ]
6. f6 ·M I(17,1)7→6 −M I(14,2)7→6 · f7 = 0
f6 ·M I(17,1)7→6 =

1 5
1 1 0
4 0 0
5 0 1
 · [
3
3 0
3 1
]
=

1 2 3
1 1 0 0
4 0 0 0
2 0 1 0
3 0 0 1
 ·

3
1 0
2 0
3 1
 =

3
1 0
4 0
2 0
3 1
 =
[ 3
7 0
3 1
]
M
I(14,2)
7→6 · f7 =

2 3
3 0 0
2 1 0
2 0 0
3 0 1
 ·
[ 3
2 0
3 1
]
=

3
3 0
2 0
2 0
3 1
 =
[ 3
7 0
3 1
]
f6 ·M I(17,1)7→6 −M I(14,2)7→6 · f7 =
[ 3
7 0
3 1
]
−
[ 3
7 0
3 1
]
=
[ 3
10 0
]
Relations of the projection g : I(14, 2)→ I(12, 1) P
1. g2 ·M I(14,2)1→2 −M I(12,1)1→2 · g1 = 0
g2 ·M I(14,2)1→2 =
[ 1 4 4
4 0 1 0
]
·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

=

1 1 2 1 2 2
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 1

=

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0

M
I(12,1)
1→2 · g1 =

1 2
1 1 0
2 0 1
1 1 0
 · [ 3 23 1 0 ] =

1 2
1 1 0
2 0 1
1 1 0
 · [
1 2 2
1 1 0 0
2 0 1 0
]
=

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0

g2 ·M I(14,2)1→2 −M I(12,1)1→2 · g1 =

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0
−

1 2 2
1 1 0 0
2 0 1 0
1 1 0 0
 = [ 54 0 ]
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2. g3 ·M I(14,2)2→3 −M I(12,1)2→3 · g2 = 0
g3 ·M I(14,2)2→3 =
[ 1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
·

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 2 1 2 1
1 0 1 0 0 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0

·

1 1 1 1 1 1 2 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 2 1
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 1 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0

=

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0

M
I(12,1)
2→3 · g2 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 1 4 44 0 1 0 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
1 2 2 4
2 0 1 0 0
2 0 0 1 0
]
=

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0

g3 ·M I(14,2)2→3 −M I(12,1)2→3 · g2 =

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
−

1 2 2 4
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
 = [ 96 0 ]
3. g3 ·M I(14,2)4→3 −M I(12,1)4→3 · g4 = 0
g3 ·M I(14,2)4→3 =
[ 1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
·

5 5
5 1 0
2 0 0
5 0 1
2 0 0
 =

1 1 3 2 1 4 2
1 0 1 0 0 91 0 0
3 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
 ·

1 1 3 1 4
1 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
4 0 0 0 0 1
2 0 0 0 0 0

=

1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
2 0 0 0 0 0

M
I(12,1)
4→3 · g4 =
[ 4
4 1
2 0
]
·
[ 1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
]
=

1 3
1 1 0
3 0 1
2 0 0
 · [
1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
]
=

1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
2 0 0 0 0 0

g3 ·M I(14,2)4→3 −M I(12,1)4→3 · g4 =

1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
2 0 0 0 0 0
−

1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
2 0 0 0 0 0
 = [106 0 ]
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4. g4 ·M I(14,2)5→4 −M I(12,1)5→4 · g5 = 0
g4 ·M I(14,2)5→4 =
[ 1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
]
·

1 1 3
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
3 0 0 1
2 0 0 0

=

1 1 1 2 1 2 2
1 0 1 0 0 91 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
 ·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

=

1 1 1 2
1 1 0 91 0
1 0 1 0 0
2 0 0 0 0

M
I(12,1)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 1 1 1 2
1 1 0 91 0
1 0 1 0 0
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [
1 1 1 2
1 1 0 91 0
1 0 1 0 0
]
=

1 1 1 2
1 1 0 91 0
1 0 1 0 0
2 0 0 0 0

g4 ·M I(14,2)5→4 −M I(12,1)5→4 · g5 =

1 1 1 2
1 1 0 91 0
1 0 1 0 0
2 0 0 0 0
−

1 1 1 2
1 1 0 91 0
1 0 1 0 0
2 0 0 0 0
 = [ 54 0 ]
5. g3 ·M I(14,2)6→3 −M I(12,1)6→3 · g6 = 0
g3 ·M I(14,2)6→3 =
[ 1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
·

1 4 5
1 1 0 0
2 0 0 0
4 0 1 0
2 0 0 0
5 0 0 1
 =

1 1 1 4 1 1 5
1 0 1 0 0 91 0 0
1 0 0 1 0 0 0 0
4 0 0 0 1 0 0 0
 ·

1 4 5
1 1 0 0
1 0 0 0
1 0 0 0
4 0 1 0
1 0 0 0
1 0 0 0
5 0 0 1

=

1 4 5
1 0 0 0
1 0 0 0
4 0 1 0
 = [
1 4 5
2 0 0 0
4 0 1 0
]
M
I(12,1)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 1 4 5
4 0 1 0
]
=
[ 1 4 5
2 0 0 0
4 0 1 0
]
g3 ·M I(14,2)6→3 −M I(12,1)6→3 · g6 =
[ 1 4 5
2 0 0 0
4 0 1 0
]
−
[ 1 4 5
2 0 0 0
4 0 1 0
]
=
[10
6 0
]
6. g6 ·M I(14,2)7→6 −M I(12,1)7→6 · g7 = 0
g6 ·M I(14,2)7→6 =
[ 1 4 5
4 0 1 0
]
·

2 3
3 0 0
2 1 0
2 0 0
3 0 1
 =
[ 1 2 2 2 3
2 0 1 0 0 0
2 0 0 1 0 0
]
·

2 3
1 0 0
2 0 0
2 1 0
2 0 0
3 0 1
 =
[ 2 3
2 0 0
2 1 0
]
M
I(12,1)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 2 3
2 1 0
]
=
[ 2 3
2 0 0
2 1 0
]
g6 ·M I(14,2)7→6 −M I(12,1)7→6 · g7 =
[ 2 3
2 0 0
2 1 0
]
−
[ 2 3
2 0 0
2 1 0
]
=
[ 5
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2
3 1 0
]
·
[ 2
3 0
2 1
]
=
[ 2
3 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 1 4 4
4 0 1 0
]
·

1 4
1 1 0
4 0 0
4 0 1
 = [ 54 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
·

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 =
[ 8
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 3 1 4
1 0 1 0 91 0
3 0 0 1 0 0
]
·

1 1 4
1 1 0 0
1 0 1 0
3 0 0 0
1 0 1 0
4 0 0 1
 =
[ 6
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 1 1 2
1 1 0 91 0
1 0 1 0 0
]
·

1 2
1 1 0
1 0 0
1 1 0
2 0 1
 =
[ 3
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 4 5
4 0 1 0
]
·

1 5
1 1 0
4 0 0
5 0 1
 = [ 64 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3
2 1 0
]
·
[ 3
2 0
3 1
]
=
[ 3
2 0
]
144.4 Tree module property of I(20, 2) 
The matrices of the representation have full (column) rank P
1. M I(20,2)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
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2. M I(20,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,13(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(20,2)
2→3 =

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

c6←c6−c2−−−−−−→

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 91 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

c6←c6+c4−−−−−−→

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

3. M I(20,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,14(k) is already in column echelon form and has maximal column rank.
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4. M I(20,2)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
5. M I(20,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k) is already in column echelon form and has maximal column rank.
6. M I(20,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k) is already in column echelon form and has maximal column rank.
144.4.1 0→ I(21, 1) f→ I(20, 2) g→ I(20, 1)→ 0 
PdimI(21, 1) + dimI(20, 1) = (4, 7, 10, 7, 3, 7, 3) + (3, 6, 10, 7, 4, 7, 4)
= (7, 13, 20, 14, 7, 14, 7) = dimI(20, 2)
Pdimk Ext
1
kQ(I(20, 1), I(21, 1)) = dimk HomkQ(I(20, 1), I(21, 1))− 〈dimI(20, 1),dimI(21, 1)〉
= 0− 〈(3, 6, 10, 7, 4, 7, 4), (4, 7, 10, 7, 3, 7, 3)〉
= 3 · 7 + 6 · 10 + 7 · 10 + 4 · 7 + 7 · 10 + 4 · 7− (3 · 4 + 6 · 7 + 10 · 10 + 7 · 7 + 4 · 3 + 7 · 7 + 4 · 3)
= 21 + 60 + 70 + 28 + 70 + 28− (12 + 42 + 100 + 49 + 12 + 49 + 12)
= 1
Matrices of the embedding f : I(21, 1)→ I(20, 2) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M20,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(20, 2)→ I(20, 1) P
1. g1 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,20(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(21, 1)→ I(20, 2) P
1. f2 ·M I(21,1)1→2 −M I(20,2)1→2 · f1 = 0
f2 ·M I(21,1)1→2 =
[ 7
7 1
6 0
]
·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0

M
I(20,2)
1→2 · f1 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

·
[ 4
4 1
3 0
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

·

2 2
2 1 0
2 0 1
3 0 0
 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
3 0 0
3 0 0

=

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0

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f2 ·M I(21,1)1→2 −M I(20,2)1→2 · f1 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0
−

2 2
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0
 =
[ 4
13 0
]
2. f3 ·M I(21,1)2→3 −M I(20,2)2→3 · f2 = 0
f3 ·M I(21,1)2→3 =
[10
10 1
10 0
]
·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3 3
1 1 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
10 0 0 0 0
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
10 0 0 0

M
I(20,2)
2→3 · f2 =

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·
[ 7
7 1
6 0
]
=

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 1 2 1 2
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

=

1 1 2 1 2
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

=

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
10 0 0 0

f3 ·M I(21,1)2→3 −M I(20,2)2→3 · f2 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
10 0 0 0
−

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
10 0 0 0
 =
[ 7
20 0
]
3. f3 ·M I(21,1)4→3 −M I(20,2)4→3 · f4 = 0
f3 ·M I(21,1)4→3 =
[10
10 1
10 0
]
·
[ 7
7 1
3 0
]
=

7 3
7 1 0
3 0 1
10 0 0
 · [
7
7 1
3 0
]
=

7
7 1
3 0
10 0
 = [
7
7 1
13 0
]
M
I(20,2)
4→3 · f4 =

7 7
7 1 0
3 0 0
7 0 1
3 0 0
 ·
[ 7
7 1
7 0
]
=

7
7 1
3 0
7 0
3 0
 =
[ 7
7 1
13 0
]
f3 ·M I(21,1)4→3 −M I(20,2)4→3 · f4 =
[ 7
7 1
13 0
]
−
[ 7
7 1
13 0
]
=
[ 7
20 0
]
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4. f4 ·M I(21,1)5→4 −M I(20,2)5→4 · f5 = 0
f4 ·M I(21,1)5→4 =
[ 7
7 1
7 0
]
·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 1 2 3
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
7 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
10 0 0

M
I(20,2)
5→4 · f5 =

1 2 4
1 1 0 0
1 1 0 0
2 0 1 0
3 0 0 0
4 0 0 1
3 0 0 0

·
[ 3
3 1
4 0
]
=

1 2 4
1 1 0 0
1 1 0 0
2 0 1 0
3 0 0 0
4 0 0 1
3 0 0 0

·

1 2
1 1 0
2 0 1
4 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
4 0 0
3 0 0

=

1 2
1 1 0
1 1 0
2 0 1
10 0 0

f4 ·M I(21,1)5→4 −M I(20,2)5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
10 0 0
−

1 2
1 1 0
1 1 0
2 0 1
10 0 0
 =
[ 3
14 0
]
5. f3 ·M I(21,1)6→3 −M I(20,2)6→3 · f6 = 0
f3 ·M I(21,1)6→3 =
[10
10 1
10 0
]
·

1 6
1 1 0
3 0 0
6 0 1
 =

1 3 6
1 1 0 0
3 0 1 0
6 0 0 1
10 0 0 0
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 6
1 1 0
3 0 0
6 0 1
10 0 0

M
I(20,2)
6→3 · f6 =

1 6 7
1 1 0 0
3 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
 ·
[ 7
7 1
7 0
]
=

1 6 7
1 1 0 0
3 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
 ·

1 6
1 1 0
6 0 1
7 0 0
 =

1 6
1 1 0
3 0 0
6 0 1
3 0 0
7 0 0
 =

1 6
1 1 0
3 0 0
6 0 1
10 0 0

f3 ·M I(21,1)6→3 −M I(20,2)6→3 · f6 =

1 6
1 1 0
3 0 0
6 0 1
10 0 0
−

1 6
1 1 0
3 0 0
6 0 1
10 0 0
 =
[ 7
20 0
]
6. f6 ·M I(21,1)7→6 −M I(20,2)7→6 · f7 = 0
f6 ·M I(21,1)7→6 =
[ 7
7 1
7 0
]
·
[ 3
4 0
3 1
]
=

4 3
4 1 0
3 0 1
7 0 0
 · [
3
4 0
3 1
]
=

3
4 0
3 1
7 0

M
I(20,2)
7→6 · f7 =

3 4
4 0 0
3 1 0
3 0 0
4 0 1
 ·
[ 3
3 1
4 0
]
=

3
4 0
3 1
3 0
4 0
 =

3
4 0
3 1
7 0

f6 ·M I(21,1)7→6 −M I(20,2)7→6 · f7 =

3
4 0
3 1
7 0
−

3
4 0
3 1
7 0
 = [ 314 0 ]
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Relations of the projection g : I(20, 2)→ I(20, 1) P
1. g2 ·M I(20,2)1→2 −M I(20,1)1→2 · g1 = 0
g2 ·M I(20,2)1→2 =
[ 7 6
6 0 1
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

=
[ 1 2 2 2 3 3
3 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

=
[ 2 2 3
3 0 0 1
3 0 0 1
]
=
[ 4 3
3 0 1
3 0 1
]
M
I(20,1)
1→2 · g1 =
[ 3
3 1
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 1
3 0 1
]
g2 ·M I(20,2)1→2 −M I(20,1)1→2 · g1 =
[ 4 3
3 0 1
3 0 1
]
−
[ 4 3
3 0 1
3 0 1
]
=
[ 7
6 0
]
2. g3 ·M I(20,2)2→3 −M I(20,1)2→3 · g2 = 0
g3 ·M I(20,2)2→3 =
[10 10
10 0 1
]
·

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 1 2 1 2 1 2 1 1 2 1 1 2 1 1
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 1 2 1 2 1 1 2 1 1
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
I(20,1)
2→3 · g2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 7 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

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g3 ·M I(20,2)2→3 −M I(20,1)2→3 · g2 =

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

7 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[13
10 0
]
3. g3 ·M I(20,2)4→3 −M I(20,1)4→3 · g4 = 0
g3 ·M I(20,2)4→3 =
[10 10
10 0 1
]
·

7 7
7 1 0
3 0 0
7 0 1
3 0 0
 =
[ 7 3 7 3
7 0 0 1 0
3 0 0 0 1
]
·

7 7
7 1 0
3 0 0
7 0 1
3 0 0
 =
[ 7 7
7 0 1
3 0 0
]
M
I(20,1)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[ 7 7
7 0 1
]
=
[ 7 7
7 0 1
3 0 0
]
g3 ·M I(20,2)4→3 −M I(20,1)4→3 · g4 =
[ 7 7
7 0 1
3 0 0
]
−
[ 7 7
7 0 1
3 0 0
]
=
[14
10 0
]
4. g4 ·M I(20,2)5→4 −M I(20,1)5→4 · g5 = 0
g4 ·M I(20,2)5→4 =
[ 7 7
7 0 1
]
·

1 2 4
1 1 0 0
1 1 0 0
2 0 1 0
3 0 0 0
4 0 0 1
3 0 0 0

=
[ 1 1 2 3 4 3
4 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

1 2 4
1 1 0 0
1 1 0 0
2 0 1 0
3 0 0 0
4 0 0 1
3 0 0 0

=
[ 1 2 4
4 0 0 1
3 0 0 0
]
=
[ 3 4
4 0 1
3 0 0
]
M
I(20,1)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 1
3 0 0
]
g4 ·M I(20,2)5→4 −M I(20,1)5→4 · g5 =
[ 3 4
4 0 1
3 0 0
]
−
[ 3 4
4 0 1
3 0 0
]
=
[ 7
7 0
]
5. g3 ·M I(20,2)6→3 −M I(20,1)6→3 · g6 = 0
g3 ·M I(20,2)6→3 =
[10 10
10 0 1
]
·

1 6 7
1 1 0 0
3 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
 =
[ 1 3 6 3 7
3 0 0 0 1 0
7 0 0 0 0 1
]
·

1 6 7
1 1 0 0
3 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
 =
[ 1 6 7
3 0 0 0
7 0 0 1
]
=
[ 7 7
3 0 0
7 0 1
]
M
I(20,1)
6→3 · g6 =
[ 7
3 0
7 1
]
·
[ 7 7
7 0 1
]
=
[ 7 7
3 0 0
7 0 1
]
g3 ·M I(20,2)6→3 −M I(20,1)6→3 · g6 =
[ 7 7
3 0 0
7 0 1
]
−
[ 7 7
3 0 0
7 0 1
]
=
[14
10 0
]
6. g6 ·M I(20,2)7→6 −M I(20,1)7→6 · g7 = 0
g6 ·M I(20,2)7→6 =
[ 7 7
7 0 1
]
·

3 4
4 0 0
3 1 0
3 0 0
4 0 1
 =
[ 4 3 3 4
3 0 0 1 0
4 0 0 0 1
]
·

3 4
4 0 0
3 1 0
3 0 0
4 0 1
 =
[ 3 4
3 0 0
4 0 1
]
M
I(20,1)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 3 4
4 0 1
]
=
[ 3 4
3 0 0
4 0 1
]
g6 ·M I(20,2)7→6 −M I(20,1)7→6 · g7 =
[ 3 4
3 0 0
4 0 1
]
−
[ 3 4
3 0 0
4 0 1
]
=
[ 7
7 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 6
6 0 1
]
·
[ 7
7 1
6 0
]
=
[ 7
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[10 10
10 0 1
]
·
[10
10 1
10 0
]
=
[10
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
144.4.2 0→ I(23, 1) f→ I(20, 2) g→ I(18, 1)→ 0 
PdimI(23, 1) + dimI(18, 1) = (3, 7, 11, 8, 4, 8, 4) + (4, 6, 9, 6, 3, 6, 3)
= (7, 13, 20, 14, 7, 14, 7) = dimI(20, 2)
Pdimk Ext
1
kQ(I(18, 1), I(23, 1)) = dimk HomkQ(I(18, 1), I(23, 1))− 〈dimI(18, 1),dimI(23, 1)〉
= 0− 〈(4, 6, 9, 6, 3, 6, 3), (3, 7, 11, 8, 4, 8, 4)〉
= 4 · 7 + 6 · 11 + 6 · 11 + 3 · 8 + 6 · 11 + 3 · 8− (4 · 3 + 6 · 7 + 9 · 11 + 6 · 8 + 3 · 4 + 6 · 8 + 3 · 4)
= 28 + 66 + 66 + 24 + 66 + 24− (12 + 42 + 99 + 48 + 12 + 48 + 12)
= 1
Matrices of the embedding f : I(23, 1)→ I(20, 2) P
1. f1 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M20,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M14,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M14,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(20, 2)→ I(18, 1) P
1. g1 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0

∈M6,13(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

∈M9,20(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 91 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M6,14(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 0 91 0 0 00 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M6,14(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 0 0 0 0 00 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(23, 1)→ I(20, 2) P
1. f2 ·M I(23,1)1→2 −M I(20,2)1→2 · f1 = 0
f2 ·M I(23,1)1→2 =

1 6
1 1 0
6 0 0
6 0 1
 ·

3
1 0
3 1
3 1
 =

1 3 3
1 1 0 0
6 0 0 0
3 0 1 0
3 0 0 1
 ·

3
1 0
3 1
3 1
 =

3
1 0
6 0
3 1
3 1
 =

3
7 0
3 1
3 1

M
I(20,2)
1→2 · f1 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

·
[ 3
4 0
3 1
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

·

3
2 0
2 0
3 1
 =

3
1 0
2 0
2 0
2 0
3 1
3 1

=

3
7 0
3 1
3 1

f2 ·M I(23,1)1→2 −M I(20,2)1→2 · f1 =

3
7 0
3 1
3 1
−

3
7 0
3 1
3 1
 = [ 313 0 ]
2. f3 ·M I(23,1)2→3 −M I(20,2)2→3 · f2 = 0
f3 ·M I(23,1)2→3 =

1 1 9
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
9 0 0 1
 ·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 1 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
1 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
8 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
1 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

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M
I(20,2)
2→3 · f2 =

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 6
1 1 0
6 0 0
6 0 1
 =

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
1 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
8 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
1 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

f3 ·M I(23,1)2→3 −M I(20,2)2→3 · f2 =

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
8 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
1 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

−

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
8 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
1 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=
[ 7
20 0
]
3. f3 ·M I(23,1)4→3 −M I(20,2)4→3 · f4 = 0
f3 ·M I(23,1)4→3 =

1 1 9
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
9 0 0 1
 ·
[ 8
8 1
3 0
]
=

1 1 6 3
1 1 0 0 0
1 0 1 0 0
8 0 0 0 0
1 0 1 0 0
6 0 0 1 0
3 0 0 0 1

·

1 1 6
1 1 0 0
1 0 1 0
6 0 0 1
3 0 0 0
 =

1 1 6
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

M
I(20,2)
4→3 · f4 =

7 7
7 1 0
3 0 0
7 0 1
3 0 0
 ·

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 =

1 1 5 1 6
1 1 0 0 0 0
1 0 1 0 0 0
5 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
6 0 0 0 0 1
3 0 0 0 0 0

·

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 =

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
3 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

=

1 1 6
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

f3 ·M I(23,1)4→3 −M I(20,2)4→3 · f4 =

1 1 6
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

−

1 1 6
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
6 0 0 1
3 0 0 0

=
[ 8
20 0
]
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4. f4 ·M I(23,1)5→4 −M I(20,2)5→4 · f5 = 0
f4 ·M I(23,1)5→4 =

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 1 3 3
1 1 0 0 0
1 0 1 0 0
5 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1

·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 3
1 1 0
1 1 0
5 0 0
1 1 0
3 0 1
3 0 0

M
I(20,2)
5→4 · f5 =

1 2 4
1 1 0 0
1 1 0 0
2 0 1 0
3 0 0 0
4 0 0 1
3 0 0 0

·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
 =

1 2 1 3
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0

·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
1 1 0
2 0 0
3 0 0
1 1 0
3 0 1
3 0 0

=

1 3
1 1 0
1 1 0
5 0 0
1 1 0
3 0 1
3 0 0

f4 ·M I(23,1)5→4 −M I(20,2)5→4 · f5 =

1 3
1 1 0
1 1 0
5 0 0
1 1 0
3 0 1
3 0 0

−

1 3
1 1 0
1 1 0
5 0 0
1 1 0
3 0 1
3 0 0

=
[ 4
14 0
]
5. f3 ·M I(23,1)6→3 −M I(20,2)6→3 · f6 = 0
f3 ·M I(23,1)6→3 =

1 1 9
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
9 0 0 1
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 1 2 7
1 1 0 0 0
1 0 1 0 0
8 0 0 0 0
1 0 1 0 0
2 0 0 1 0
7 0 0 0 1

·

1 7
1 1 0
1 0 0
2 0 0
7 0 1
 =

1 7
1 1 0
1 0 0
8 0 0
1 0 0
2 0 0
7 0 1

=

1 7
1 1 0
12 0 0
7 0 1

M
I(20,2)
6→3 · f6 =

1 6 7
1 1 0 0
3 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
 ·

1 7
1 1 0
6 0 0
7 0 1
 =

1 7
1 1 0
3 0 0
6 0 0
3 0 0
7 0 1
 =

1 7
1 1 0
12 0 0
7 0 1

f3 ·M I(23,1)6→3 −M I(20,2)6→3 · f6 =

1 7
1 1 0
12 0 0
7 0 1
−

1 7
1 1 0
12 0 0
7 0 1
 = [ 820 0 ]
6. f6 ·M I(23,1)7→6 −M I(20,2)7→6 · f7 = 0
f6 ·M I(23,1)7→6 =

1 7
1 1 0
6 0 0
7 0 1
 · [
4
4 0
4 1
]
=

1 3 4
1 1 0 0
6 0 0 0
3 0 1 0
4 0 0 1
 ·

4
1 0
3 0
4 1
 =

4
1 0
6 0
3 0
4 1
 =
[ 4
10 0
4 1
]
M
I(20,2)
7→6 · f7 =

3 4
4 0 0
3 1 0
3 0 0
4 0 1
 ·
[ 4
3 0
4 1
]
=

4
4 0
3 0
3 0
4 1
 =
[ 4
10 0
4 1
]
f6 ·M I(23,1)7→6 −M I(20,2)7→6 · f7 =
[ 4
10 0
4 1
]
−
[ 4
10 0
4 1
]
=
[ 4
14 0
]
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Relations of the projection g : I(20, 2)→ I(18, 1) P
1. g2 ·M I(20,2)1→2 −M I(18,1)1→2 · g1 = 0
g2 ·M I(20,2)1→2 =
[ 1 6 6
6 0 1 0
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

=

1 2 2 2 3 3
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 1
3 0 0 1

=

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0

M
I(18,1)
1→2 · g1 =

2 2
2 1 0
2 0 1
2 1 0
 · [ 4 34 1 0 ] =

2 2
2 1 0
2 0 1
2 1 0
 · [
2 2 3
2 1 0 0
2 0 1 0
]
=

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0

g2 ·M I(20,2)1→2 −M I(18,1)1→2 · g1 =

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0
−

2 2 3
2 1 0 0
2 0 1 0
2 1 0 0
 = [ 76 0 ]
2. g3 ·M I(20,2)2→3 −M I(18,1)2→3 · g2 = 0
g3 ·M I(20,2)2→3 =
[ 1 1 8 1 9
1 0 1 0 91 0
8 0 0 1 0 0
]
·

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 1 2 1 2 1 2 1 1 2 1 1 2 1 1
1 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

·

1 1 2 1 2 1 1 2 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 1 2 1 2 1 1 2 1 1
1 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
2 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0

=

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0

M
I(18,1)
2→3 · g2 =

3 3
3 1 0
3 1 1
3 0 1
 · [ 1 6 66 0 1 0 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
1 3 3 6
3 0 1 0 0
3 0 0 1 0
]
=

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0

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g3 ·M I(20,2)2→3 −M I(18,1)2→3 · g2 =

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
−

1 3 3 6
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
 = [139 0 ]
3. g3 ·M I(20,2)4→3 −M I(18,1)4→3 · g4 = 0
g3 ·M I(20,2)4→3 =
[ 1 1 8 1 9
1 0 1 0 91 0
8 0 0 1 0 0
]
·

7 7
7 1 0
3 0 0
7 0 1
3 0 0
 =

1 1 5 3 1 6 3
1 0 1 0 0 91 0 0
5 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
 ·

1 1 5 1 6
1 1 0 0 0 0
1 0 1 0 0 0
5 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
6 0 0 0 0 1
3 0 0 0 0 0

=

1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
3 0 0 0 0 0

M
I(18,1)
4→3 · g4 =
[ 6
6 1
3 0
]
·
[ 1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
=

1 5
1 1 0
5 0 1
3 0 0
 · [
1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
=

1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
3 0 0 0 0 0

g3 ·M I(20,2)4→3 −M I(18,1)4→3 · g4 =

1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
3 0 0 0 0 0
−

1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
3 0 0 0 0 0
 = [149 0 ]
4. g4 ·M I(20,2)5→4 −M I(18,1)5→4 · g5 = 0
g4 ·M I(20,2)5→4 =
[ 1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
·

1 2 4
1 1 0 0
1 1 0 0
2 0 1 0
3 0 0 0
4 0 0 1
3 0 0 0

=

1 1 2 3 1 3 3
1 0 1 0 0 91 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
 ·

1 2 1 3
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0

=

1 2 1 3
1 1 0 91 0
2 0 1 0 0
3 0 0 0 0

M
I(18,1)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 1 2 1 3
1 1 0 91 0
2 0 1 0 0
]
=

1 2
1 1 0
2 0 1
3 0 0
 · [
1 2 1 3
1 1 0 91 0
2 0 1 0 0
]
=

1 2 1 3
1 1 0 91 0
2 0 1 0 0
3 0 0 0 0

g4 ·M I(20,2)5→4 −M I(18,1)5→4 · g5 =

1 2 1 3
1 1 0 91 0
2 0 1 0 0
3 0 0 0 0
−

1 2 1 3
1 1 0 91 0
2 0 1 0 0
3 0 0 0 0
 = [ 76 0 ]
5. g3 ·M I(20,2)6→3 −M I(18,1)6→3 · g6 = 0
g3 ·M I(20,2)6→3 =
[ 1 1 8 1 9
1 0 1 0 91 0
8 0 0 1 0 0
]
·

1 6 7
1 1 0 0
3 0 0 0
6 0 1 0
3 0 0 0
7 0 0 1
 =

1 1 2 6 1 2 7
1 0 1 0 0 91 0 0
2 0 0 1 0 0 0 0
6 0 0 0 1 0 0 0
 ·

1 6 7
1 1 0 0
1 0 0 0
2 0 0 0
6 0 1 0
1 0 0 0
2 0 0 0
7 0 0 1

=

1 6 7
1 0 0 0
2 0 0 0
6 0 1 0
 = [
1 6 7
3 0 0 0
6 0 1 0
]
M
I(18,1)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[ 1 6 7
6 0 1 0
]
=
[ 1 6 7
3 0 0 0
6 0 1 0
]
g3 ·M I(20,2)6→3 −M I(18,1)6→3 · g6 =
[ 1 6 7
3 0 0 0
6 0 1 0
]
−
[ 1 6 7
3 0 0 0
6 0 1 0
]
=
[14
9 0
]
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6. g6 ·M I(20,2)7→6 −M I(18,1)7→6 · g7 = 0
g6 ·M I(20,2)7→6 =
[ 1 6 7
6 0 1 0
]
·

3 4
4 0 0
3 1 0
3 0 0
4 0 1
 =
[ 1 3 3 3 4
3 0 1 0 0 0
3 0 0 1 0 0
]
·

3 4
1 0 0
3 0 0
3 1 0
3 0 0
4 0 1
 =
[ 3 4
3 0 0
3 1 0
]
M
I(18,1)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 3 4
3 1 0
]
=
[ 3 4
3 0 0
3 1 0
]
g6 ·M I(20,2)7→6 −M I(18,1)7→6 · g7 =
[ 3 4
3 0 0
3 1 0
]
−
[ 3 4
3 0 0
3 1 0
]
=
[ 7
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 3
4 1 0
]
·
[ 3
4 0
3 1
]
=
[ 3
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 6 6
6 0 1 0
]
·

1 6
1 1 0
6 0 0
6 0 1
 = [ 76 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 8 1 9
1 0 1 0 91 0
8 0 0 1 0 0
]
·

1 1 9
1 1 0 0
1 0 1 0
8 0 0 0
1 0 1 0
9 0 0 1
 =
[11
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 5 1 6
1 0 1 0 91 0
5 0 0 1 0 0
]
·

1 1 6
1 1 0 0
1 0 1 0
5 0 0 0
1 0 1 0
6 0 0 1
 =
[ 8
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2 1 3
1 1 0 91 0
2 0 1 0 0
]
·

1 3
1 1 0
2 0 0
1 1 0
3 0 1
 =
[ 4
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 6 7
6 0 1 0
]
·

1 7
1 1 0
6 0 0
7 0 1
 = [ 86 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3 4
3 1 0
]
·
[ 4
3 0
4 1
]
=
[ 4
3 0
]
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144.5 Tree module property of I(6n+ 2, 2) 
The matrices of the representation have full (column) rank P
1. M I(6n+2,2)1→2 =

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 ∈M4n+1,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+2,2)
1→2 =

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 1 0 0
n 0 0 1
n 0 0 1

2. M I(6n+2,2)2→3 =

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ∈M6n+2,4n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+2,2)
2→3 =

1 1 n−1 1 n−1 1 n−2 2 1 n−2
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0
n−1 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
n−1 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
n−2 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n−2 0 0 0 0 0 0 0 0 0 1

c6←c6−c2−−−−−−→

1 1 n−1 1 n−1 1 n−2 2 1 n−2
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−1 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 91 0 0 0 0
n−1 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
n−1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
n−2 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n−2 0 0 0 0 0 0 0 0 0 1

c6←c6+c4−−−−−−→

1 1 n−1 1 n−1 1 n−2 2 1 n−2
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n−1 0 0 1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0 0
n−1 0 0 1 0 1 0 0 0 0 0
1 0 0 0 1 0 1 0 0 0 0
n−1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
n−2 0 0 0 0 0 0 1 0 0 1
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n−2 0 0 0 0 0 0 0 0 0 1

3. M I(6n+2,2)4→3 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 ∈M6n+2,4n+2(k) is already in column echelon form and has maximal column rank.
4. M I(6n+2,2)5→4 =

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
2314
5. M I(6n+2,2)6→3 =

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 ∈M6n+2,4n+2(k) is already in column echelon form and has maximal column rank.
6. M I(6n+2,2)7→6 =

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 ∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
144.5.1 0→ I(6n+ 3, 1) i→ I(6n+ 2, 2) p→ I(6n+ 2, 1)→ 0 
PdimI(6n+ 3, 1) + dimI(6n+ 2, 1) = (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n) + (n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
= (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimI(6n+ 2, 2)
Pdimk Ext
1
kQ(I(6n+ 2, 1), I(6n+ 3, 1)) = dimk HomkQ(I(6n+ 2, 1), I(6n+ 3, 1))− 〈dimI(6n+ 2, 1),dimI(6n+ 3, 1)〉
= 0− 〈(n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1), (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n)〉
= n · (2n+ 1) + 2n · (3n+ 1) + (2n+ 1) · (3n+ 1) + (n+ 1) · (2n+ 1) + (2n+ 1) · (3n+ 1) + (n+ 1) · (2n+ 1)
− (n · (n+ 1) + 2n · (2n+ 1) + (3n+ 1) · (3n+ 1) + (2n+ 1) · (2n+ 1) + (n+ 1) · n+ (2n+ 1) · (2n+ 1) + (n+ 1) · n)
= 2n2 + n+ 6n2 + 2n+ 6n2 + 5n+ 1 + 2n2 + 3n+ 1 + 6n2 + 5n+ 1 + 2n2 + 3n+ 1
− (n2 + n+ 4n2 + 2n+ 9n2 + 6n+ 1 + 4n2 + 4n+ 1 + n2 + n+ 4n2 + 4n+ 1 + n2 + n)
= 1
Matrices of the embedding i : I(6n+ 3, 1)→ I(6n+ 2, 2) P
1. i1 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
2n 0
]
∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+1
3n+1 1
3n+1 0
]
∈M6n+2,3n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
2n+1 0
]
∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
2n+1 0
]
∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 2, 2)→ I(6n+ 2, 1) P
1. p1 =
[n+1 n
n 0 1
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 2n
2n 0 1
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+1 3n+1
3n+1 0 1
]
∈M3n+1,6n+2(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 2n+1
2n+1 0 1
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 2n+1
2n+1 0 1
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding i : I(6n+ 3, 1)→ I(6n+ 2, 2) P
1. i2 ·M I(6n+3,1)1→2 −M I(6n+2,2)1→2 · i1 = 0
i2 ·M I(6n+3,1)1→2 =
[2n+1
2n+1 1
2n 0
]
·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
2n 0 0 0
 ·

n+1
1 0
n+1 1
n−1 0
+

n+2 n−1
n+2 1 0
n−1 0 1
2n 0 0
 · [
n−1 2
n+2 0 0
n−1 1 0
]
=

n+1
1 0
n+1 1
n−1 0
2n 0
+

n−1 2
n+2 0 0
n−1 1 0
2n 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 0 0
2n 0 0
+

n−1 2
1 0 0
n−1 0 0
2 0 0
n−1 1 0
2n 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0

M
I(6n+2,2)
1→2 · i1 =


n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


·
[n+1
n+1 1
n 0
]
=

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
 ·
[n+1
n+1 1
n 0
]
+

n−1 2 n
n+2 0 0 0
n−1 1 0 0
2n 0 0 0
 ·

n−1 2
n−1 1 0
2 0 1
n 0 0

=

n+1
1 0
n+1 1
n−1 0
n 0
n 0
+

n−1 2
n+2 0 0
n−1 1 0
2n 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 0 0
n 0 0
n 0 0

+

n−1 2
1 0 0
n−1 0 0
2 0 0
n−1 1 0
n 0 0
n 0 0

=

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0

i2 ·M I(6n+3,1)1→2 −M I(6n+2,2)1→2 · i1 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0
−

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0
 =
[n+1
4n+1 0
]
2. i3 ·M I(6n+3,1)2→3 −M I(6n+2,2)2→3 · i2 = 0
i3 ·M I(6n+3,1)2→3 =
[3n+1
3n+1 1
3n+1 0
]
·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] =

2n+1 n
2n+1 1 0
n 0 1
3n+1 0 0
 · [
2n+1
2n+1 1
n 0
]
+

n+1 2n
n+1 1 0
2n 0 1
3n+1 0 0
 · [
1 2n
n+1 0 0
2n 0 1
]
=

2n+1
2n+1 1
n 0
3n+1 0
+

1 2n
n+1 0 0
2n 0 1
3n+1 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
3n+1 0 0 0
+

1 n n
1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
3n+1 0 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n+1 0 0 0

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M
I(6n+2,2)
2→3 · i2 =


1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


·
[2n+1
2n+1 1
2n 0
]
=

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

·

1 1 2n−1
1 1 0 0
1 0 1 0
2n−1 0 0 1
1 0 0 0
2n−1 0 0 0
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ·

1 2n
1 1 0
2n 0 1
2n 0 0

=

1 1 2n−1
1 1 0 0
1 0 1 0
2n−1 0 0 1
n 0 0 0
1 0 0 0
2n−1 0 0 0
n+1 0 0 0

+

1 2n
n+1 0 0
2n 0 1
n+1 0 0
2n 0 0
 =

1 1 n−1 1 n−1
1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
n−1 0 0 0 0 0
n+1 0 0 0 0 0

+

1 1 n−1 n
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
1 0 0 0 0
n 0 0 0 0
n−1 0 0 0 0
n+1 0 0 0 0

=

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n+1 0 0 0

i3 ·M I(6n+3,1)2→3 −M I(6n+2,2)2→3 · i2 =

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n+1 0 0 0
−

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n+1 0 0 0
 =
[2n+1
6n+2 0
]
3. i3 ·M I(6n+3,1)4→3 −M I(6n+2,2)4→3 · i4 = 0
i3 ·M I(6n+3,1)4→3 =
[3n+1
3n+1 1
3n+1 0
]
·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
2n+1 1 0
n 0 1
3n+1 0 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1
2n+1 1
n 0
3n+1 0
 = [
2n+1
2n+1 1
4n+1 0
]
M
I(6n+2,2)
4→3 · i4 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 ·
[2n+1
2n+1 1
2n+1 0
]
=

2n+1
2n+1 1
n 0
2n+1 0
n 0
 =
[2n+1
2n+1 1
4n+1 0
]
i3 ·M I(6n+3,1)4→3 −M I(6n+2,2)4→3 · i4 =
[2n+1
2n+1 1
4n+1 0
]
−
[2n+1
2n+1 1
4n+1 0
]
=
[2n+1
6n+2 0
]
4. i4 ·M I(6n+3,1)5→4 −M I(6n+2,2)5→4 · i5 = 0
i4 ·M I(6n+3,1)5→4 =
[2n+1
2n+1 1
2n+1 0
]
·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 1 n−1 n
1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
2n+1 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
3n+1 0 0

M
I(6n+2,2)
5→4 · i5 =

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

·
[ n
n 1
n+1 0
]
=

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

·

1 n−1
1 1 0
n−1 0 1
n+1 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
n+1 0 0
n 0 0

=

1 n−1
1 1 0
1 1 0
n−1 0 1
3n+1 0 0

i4 ·M I(6n+3,1)5→4 −M I(6n+2,2)5→4 · i5 =

1 n−1
1 1 0
1 1 0
n−1 0 1
3n+1 0 0
−

1 n−1
1 1 0
1 1 0
n−1 0 1
3n+1 0 0
 =
[ n
4n+2 0
]
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5. i3 ·M I(6n+3,1)6→3 −M I(6n+2,2)6→3 · i6 = 0
i3 ·M I(6n+3,1)6→3 =
[3n+1
3n+1 1
3n+1 0
]
·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 n 2n
1 1 0 0
n 0 1 0
2n 0 0 1
3n+1 0 0 0
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 2n
1 1 0
n 0 0
2n 0 1
3n+1 0 0

M
I(6n+2,2)
6→3 · i6 =

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 ·
[2n+1
2n+1 1
2n+1 0
]
=

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 ·

1 2n
1 1 0
2n 0 1
2n+1 0 0
 =

1 2n
1 1 0
n 0 0
2n 0 1
n 0 0
2n+1 0 0
 =

1 2n
1 1 0
n 0 0
2n 0 1
3n+1 0 0

i3 ·M I(6n+3,1)6→3 −M I(6n+2,2)6→3 · i6 =

1 2n
1 1 0
n 0 0
2n 0 1
3n+1 0 0
−

1 2n
1 1 0
n 0 0
2n 0 1
3n+1 0 0
 =
[2n+1
6n+2 0
]
6. i6 ·M I(6n+3,1)7→6 −M I(6n+2,2)7→6 · i7 = 0
i6 ·M I(6n+3,1)7→6 =
[2n+1
2n+1 1
2n+1 0
]
·
[ n
n+1 0
n 1
]
=

n+1 n
n+1 1 0
n 0 1
2n+1 0 0
 · [
n
n+1 0
n 1
]
=

n
n+1 0
n 1
2n+1 0

M
I(6n+2,2)
7→6 · i7 =

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 ·
[ n
n 1
n+1 0
]
=

n
n+1 0
n 1
n 0
n+1 0
 =

n
n+1 0
n 1
2n+1 0

i6 ·M I(6n+3,1)7→6 −M I(6n+2,2)7→6 · i7 =

n
n+1 0
n 1
2n+1 0
−

n
n+1 0
n 1
2n+1 0
 = [ n4n+2 0 ]
Relations of the projection p : I(6n+ 2, 2)→ I(6n+ 2, 1) P
1. p2 ·M I(6n+2,2)1→2 −M I(6n+2,1)1→2 · p1 = 0
p2 ·M I(6n+2,2)1→2 =
[2n+1 2n
2n 0 1
]
·


n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


=
[ 1 n+1 n−1 n n
n 0 0 0 1 0
n 0 0 0 0 1
]
·

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+
[n+2 n−1 2n
2n 0 0 1
]
·

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0

=
[n+1 n
n 0 1
n 0 1
]
+
[n−1 n+2
2n 0 0
]
=
[n−1 2 n
n 0 0 1
n 0 0 1
]
+
[n−1 2 n
n 0 0 0
n 0 0 0
]
=
[n+1 n
n 0 1
n 0 1
]
M
I(6n+2,1)
1→2 · p1 =
[ n
n 1
n 1
]
·
[n+1 n
n 0 1
]
=
[n+1 n
n 0 1
n 0 1
]
p2 ·M I(6n+2,2)1→2 −M I(6n+2,1)1→2 · p1 =
[n+1 n
n 0 1
n 0 1
]
−
[n+1 n
n 0 1
n 0 1
]
=
[2n+1
2n 0
]
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2. p3 ·M I(6n+2,2)2→3 −M I(6n+2,1)2→3 · p2 = 0
p3 ·M I(6n+2,2)2→3 =
[3n+1 3n+1
3n+1 0 1
]
·


1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


=

1 1 2n−1 n 1 2n−1 n+1
1 0 0 0 0 1 0 0
2n−1 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 1
 ·

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+
[n+1 2n n+1 2n
n+1 0 0 1 0
2n 0 0 0 1
]
·

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1

=

1 1 2n−1 1 2n−1
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0
+ [
1 2n 2n
n+1 0 0 0
2n 0 0 1
]
=

1 1 2n−1 1 n 1 n−2
1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n−2 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
+

1 1 2n−1 1 n−2 n+1
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 0
n−2 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 =

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

M
I(6n+2,1)
2→3 · p2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[2n+1 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[2n+1 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[2n+1 2n
2n 0 1
]
=
[2n+1 2n
2n 0 1
n+1 0 0
]
+
[2n+1 2n
n+1 0 0
2n 0 1
]
=

2n+1 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

2n+1 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

p3 ·M I(6n+2,2)2→3 −M I(6n+2,1)2→3 · p2 =

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

2n+1 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[4n+1
3n+1 0
]
3. p3 ·M I(6n+2,2)4→3 −M I(6n+2,1)4→3 · p4 = 0
p3 ·M I(6n+2,2)4→3 =
[3n+1 3n+1
3n+1 0 1
]
·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 =
[2n+1 n 2n+1 n
2n+1 0 0 1 0
n 0 0 0 1
]
·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 =
[2n+1 2n+1
2n+1 0 1
n 0 0
]
M
I(6n+2,1)
4→3 · p4 =
[2n+1
2n+1 1
n 0
]
·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1 2n+1
2n+1 0 1
n 0 0
]
p3 ·M I(6n+2,2)4→3 −M I(6n+2,1)4→3 · p4 =
[2n+1 2n+1
2n+1 0 1
n 0 0
]
−
[2n+1 2n+1
2n+1 0 1
n 0 0
]
=
[4n+2
3n+1 0
]
4. p4 ·M I(6n+2,2)5→4 −M I(6n+2,1)5→4 · p5 = 0
p4 ·M I(6n+2,2)5→4 =
[2n+1 2n+1
2n+1 0 1
]
·

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

=
[ 1 1 n−1 n n+1 n
n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

=
[ 1 n−1 n+1
n+1 0 0 1
n 0 0 0
]
=
[ n n+1
n+1 0 1
n 0 0
]
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M
I(6n+2,1)
5→4 · p5 =
[n+1
n+1 1
n 0
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n+1 0 1
n 0 0
]
p4 ·M I(6n+2,2)5→4 −M I(6n+2,1)5→4 · p5 =
[ n n+1
n+1 0 1
n 0 0
]
−
[ n n+1
n+1 0 1
n 0 0
]
=
[2n+1
2n+1 0
]
5. p3 ·M I(6n+2,2)6→3 −M I(6n+2,1)6→3 · p6 = 0
p3 ·M I(6n+2,2)6→3 =
[3n+1 3n+1
3n+1 0 1
]
·

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 =
[ 1 n 2n n 2n+1
n 0 0 0 1 0
2n+1 0 0 0 0 1
]
·

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 =
[ 1 2n 2n+1
n 0 0 0
2n+1 0 0 1
]
=
[2n+1 2n+1
n 0 0
2n+1 0 1
]
M
I(6n+2,1)
6→3 · p6 =
[2n+1
n 0
2n+1 1
]
·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1 2n+1
n 0 0
2n+1 0 1
]
p3 ·M I(6n+2,2)6→3 −M I(6n+2,1)6→3 · p6 =
[2n+1 2n+1
n 0 0
2n+1 0 1
]
−
[2n+1 2n+1
n 0 0
2n+1 0 1
]
=
[4n+2
3n+1 0
]
6. p6 ·M I(6n+2,2)7→6 −M I(6n+2,1)7→6 · p7 = 0
p6 ·M I(6n+2,2)7→6 =
[2n+1 2n+1
2n+1 0 1
]
·

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 =
[n+1 n n n+1
n 0 0 1 0
n+1 0 0 0 1
]
·

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 =
[ n n+1
n 0 0
n+1 0 1
]
M
I(6n+2,1)
7→6 · p7 =
[n+1
n 0
n+1 1
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n 0 0
n+1 0 1
]
p6 ·M I(6n+2,2)7→6 −M I(6n+2,1)7→6 · p7 =
[ n n+1
n 0 0
n+1 0 1
]
−
[ n n+1
n 0 0
n+1 0 1
]
=
[2n+1
2n+1 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 n
n 0 1
]
·
[n+1
n+1 1
n 0
]
=
[n+1
n 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 2n
2n 0 1
]
·
[2n+1
2n+1 1
2n 0
]
=
[2n+1
2n 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+1 3n+1
3n+1 0 1
]
·
[3n+1
3n+1 1
3n+1 0
]
=
[3n+1
3n+1 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+1 2n+1
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=
[2n+1
2n+1 0
]
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5. p5 · i5 = 0
p5 · i5 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 2n+1
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=
[2n+1
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
144.5.2 0→ I(6n+ 5, 1) f→ I(6n+ 2, 2) g→ I(6n, 1)→ 0 
PdimI(6n+ 5, 1) + dimI(6n, 1) = (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1) + (n+ 1, 2n, 3n, 2n, n, 2n, n)
= (2n+ 1, 4n+ 1, 6n+ 2, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimI(6n+ 2, 2)
Pdimk Ext
1
kQ(I(6n, 1), I(6n+ 5, 1)) = dimk HomkQ(I(6n, 1), I(6n+ 5, 1))− 〈dimI(6n, 1),dimI(6n+ 5, 1)〉
= 0− 〈(n+ 1, 2n, 3n, 2n, n, 2n, n), (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1)〉
= (n+ 1) · (2n+ 1) + 2n · (3n+ 2) + 2n · (3n+ 2) + n · (2n+ 2) + 2n · (3n+ 2) + n · (2n+ 2)
− ((n+ 1) · n+ 2n · (2n+ 1) + 3n · (3n+ 2) + 2n · (2n+ 2) + n · (n+ 1) + 2n · (2n+ 2) + n · (n+ 1))
= 2n2 + 3n+ 1 + 6n2 + 4n+ 6n2 + 4n+ 2n2 + 2n+ 6n2 + 4n+ 2n2 + 2n− (n2 + n+ 4n2 + 2n+ 9n2 + 6n+ 4n2 + 4n+ n2 + n+ 4n2 + 4n+ n2 + n)
= 1
Matrices of the embedding f : I(6n+ 5, 1)→ I(6n+ 2, 2) P
1. f1 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ∈M4n+1,2n+1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 1 3n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
3n 0 0 1
 ∈M6n+2,3n+2(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
 ∈M4n+2,2n+2(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 n
1 1 0
n−1 0 0
1 1 0
n 0 1
 ∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 ∈M4n+2,2n+2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(6n+ 2, 2)→ I(6n, 1) P
1. g1 =
[n+1 n
n+1 1 0
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n 2n
2n 0 1 0
]
∈M2n,4n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n 3n+1
3n 0 1 0
]
+
[3n+1 1 3n
1 0 91 0
3n−1 0 0 0
]
∈M3n,6n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 1 1 3n−1 1 3n
1 0 1 0 91 0
3n−1 0 0 1 0 0
]
4. g4 =
[ 1 2n 2n+1
2n 0 1 0
]
+
[2n+1 1 2n
1 0 91 0
2n−1 0 0 0
]
∈M2n,4n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 1 1 2n−1 1 2n
1 0 1 0 91 0
2n−1 0 0 1 0 0
]
5. g5 =
[ n n+1
n 1 0
]
+
[ n 1 n
1 0 91 0
n−1 0 0 0
]
∈Mn,2n+1(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 1 n−1 1 n
1 1 0 91 0
n−1 0 1 0 0
]
6. g6 =
[ 1 2n 2n+1
2n 0 1 0
]
∈M2n,4n+2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n n+1
n 1 0
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 5, 1)→ I(6n+ 2, 2) P
1. f2 ·M I(6n+5,1)1→2 −M I(6n+2,2)1→2 · f1 = 0
f2 ·M I(6n+5,1)1→2 =

1 2n
1 1 0
2n 0 0
2n 0 1
 ·

n
1 0
n 1
n 1
 =

1 n n
1 1 0 0
2n 0 0 0
n 0 1 0
n 0 0 1
 ·

n
1 0
n 1
n 1
 =

n
1 0
2n 0
n 1
n 1
 =

n
2n+1 0
n 1
n 1

M
I(6n+2,2)
1→2 · f1 =


n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


·
[ n
n+1 0
n 1
]
=

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
 ·
[ n
n+1 0
n 1
]
+

n−1 2 n
n+2 0 0 0
n−1 1 0 0
2n 0 0 0
 ·

n
n−1 0
2 0
n 1

=

n
1 0
n+1 0
n−1 0
n 1
n 1
+

n
n+2 0
n−1 0
2n 0
 =

n
1 0
n+1 0
n−1 0
n 1
n 1
+

n
1 0
n+1 0
n−1 0
n 0
n 0
 =

n
2n+1 0
n 1
n 1

f2 ·M I(6n+5,1)1→2 −M I(6n+2,2)1→2 · f1 =

n
2n+1 0
n 1
n 1
−

n
2n+1 0
n 1
n 1
 = [ n4n+1 0 ]
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2. f3 ·M I(6n+5,1)2→3 −M I(6n+2,2)2→3 · f2 = 0
f3 ·M I(6n+5,1)2→3 =

1 1 3n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
3n 0 0 1
 ·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] =

1 1 2n−1 n+1
1 1 0 0 0
1 0 1 0 0
3n−1 0 0 0 0
1 0 1 0 0
2n−1 0 0 1 0
n+1 0 0 0 1

·

1 1 2n−1
1 1 0 0
1 0 1 0
2n−1 0 0 1
n+1 0 0 0
+

1 1 n 2n
1 1 0 0 0
1 0 1 0 0
3n−1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 1

·

1 2n
1 0 0
1 0 0
n 0 0
2n 0 1

=

1 1 2n−1
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
2n−1 0 0 1
n+1 0 0 0

+

1 2n
1 0 0
1 0 0
3n−1 0 0
1 0 0
n 0 0
2n 0 1

=

1 1 n 1 n−2
1 1 0 0 0 0
1 0 1 0 0 0
3n−1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−2 0 0 0 0 1
n+1 0 0 0 0 0

+

1 1 n−2 n+1
1 0 0 0 0
1 0 0 0 0
3n−1 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n+1 0 0 0 1

=

1 1 n−2 2 1 n−2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
3n−1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
n−2 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
n−2 0 0 0 0 0 1

M
I(6n+2,2)
2→3 · f2 =


1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


·

1 2n
1 1 0
2n 0 0
2n 0 1

=

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

·

1 1 2n−1
1 1 0 0
1 0 0 0
2n−1 0 0 0
1 0 1 0
2n−1 0 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1
 ·

1 2n
1 1 0
2n 0 0
2n 0 1

=

1 1 2n−1
1 1 0 0
1 0 1 0
2n−1 0 0 0
n 0 0 0
1 0 1 0
2n−1 0 0 1
n+1 0 0 0

+

1 2n
n+1 0 0
2n 0 0
n+1 0 0
2n 0 1
 =

1 1 n 1 n−2
1 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−2 0 0 0 0 1
n+1 0 0 0 0 0

+

1 1 n−2 n+1
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
1 0 1 0 0
n−2 0 0 1 0
n+1 0 0 0 1

=

1 1 n−2 2 1 n−2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
3n−1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
n−2 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
n−2 0 0 0 0 0 1

f3 ·M I(6n+5,1)2→3 −M I(6n+2,2)2→3 · f2 =

1 1 n−2 2 1 n−2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
3n−1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
n−2 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
n−2 0 0 0 0 0 1

−

1 1 n−2 2 1 n−2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
3n−1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 1 0 0 1 0
n−2 0 0 1 0 0 1
2 0 0 0 1 0 0
1 0 0 0 0 1 0
n−2 0 0 0 0 0 1

=
[2n+1
6n+2 0
]
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3. f3 ·M I(6n+5,1)4→3 −M I(6n+2,2)4→3 · f4 = 0
f3 ·M I(6n+5,1)4→3 =

1 1 3n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
3n 0 0 1
 ·
[2n+2
2n+2 1
n 0
]
=

1 1 2n n
1 1 0 0 0
1 0 1 0 0
3n−1 0 0 0 0
1 0 1 0 0
2n 0 0 1 0
n 0 0 0 1

·

1 1 2n
1 1 0 0
1 0 1 0
2n 0 0 1
n 0 0 0
 =

1 1 2n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

M
I(6n+2,2)
4→3 · f4 =

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0
 ·

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
 =

1 1 2n−1 1 2n
1 1 0 0 0 0
1 0 1 0 0 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n 0 0 0 0 0

·

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
 =

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
n 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

=

1 1 2n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

f3 ·M I(6n+5,1)4→3 −M I(6n+2,2)4→3 · f4 =

1 1 2n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

−

1 1 2n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

=
[2n+2
6n+2 0
]
4. f4 ·M I(6n+5,1)5→4 −M I(6n+2,2)5→4 · f5 = 0
f4 ·M I(6n+5,1)5→4 =

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 1 n n
1 1 0 0 0
1 0 1 0 0
2n−1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1

·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 n
1 1 0
1 1 0
2n−1 0 0
1 1 0
n 0 1
n 0 0

M
I(6n+2,2)
5→4 · f5 =

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

·

1 n
1 1 0
n−1 0 0
1 1 0
n 0 1
 =

1 n−1 1 n
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

·

1 n
1 1 0
n−1 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
1 1 0
n−1 0 0
n 0 0
1 1 0
n 0 1
n 0 0

=

1 n
1 1 0
1 1 0
2n−1 0 0
1 1 0
n 0 1
n 0 0

f4 ·M I(6n+5,1)5→4 −M I(6n+2,2)5→4 · f5 =

1 n
1 1 0
1 1 0
2n−1 0 0
1 1 0
n 0 1
n 0 0

−

1 n
1 1 0
1 1 0
2n−1 0 0
1 1 0
n 0 1
n 0 0

=
[n+1
4n+2 0
]
5. f3 ·M I(6n+5,1)6→3 −M I(6n+2,2)6→3 · f6 = 0
f3 ·M I(6n+5,1)6→3 =

1 1 3n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
3n 0 0 1
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 1 n−1 2n+1
1 1 0 0 0
1 0 1 0 0
3n−1 0 0 0 0
1 0 1 0 0
n−1 0 0 1 0
2n+1 0 0 0 1

·

1 2n+1
1 1 0
1 0 0
n−1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
1 0 0
3n−1 0 0
1 0 0
n−1 0 0
2n+1 0 1

=

1 2n+1
1 1 0
4n 0 0
2n+1 0 1

M
I(6n+2,2)
6→3 · f6 =

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
n 0 0
2n 0 0
n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
4n 0 0
2n+1 0 1

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f3 ·M I(6n+5,1)6→3 −M I(6n+2,2)6→3 · f6 =

1 2n+1
1 1 0
4n 0 0
2n+1 0 1
−

1 2n+1
1 1 0
4n 0 0
2n+1 0 1
 = [2n+26n+2 0 ]
6. f6 ·M I(6n+5,1)7→6 −M I(6n+2,2)7→6 · f7 = 0
f6 ·M I(6n+5,1)7→6 =

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 · [
n+1
n+1 0
n+1 1
]
=

1 n n+1
1 1 0 0
2n 0 0 0
n 0 1 0
n+1 0 0 1
 ·

n+1
1 0
n 0
n+1 1
 =

n+1
1 0
2n 0
n 0
n+1 1
 =
[n+1
3n+1 0
n+1 1
]
M
I(6n+2,2)
7→6 · f7 =

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 ·
[n+1
n 0
n+1 1
]
=

n+1
n+1 0
n 0
n 0
n+1 1
 =
[n+1
3n+1 0
n+1 1
]
f6 ·M I(6n+5,1)7→6 −M I(6n+2,2)7→6 · f7 =
[n+1
3n+1 0
n+1 1
]
−
[n+1
3n+1 0
n+1 1
]
=
[n+1
4n+2 0
]
Relations of the projection g : I(6n+ 2, 2)→ I(6n, 1) P
1. g2 ·M I(6n+2,2)1→2 −M I(6n,1)1→2 · g1 = 0
g2 ·M I(6n+2,2)1→2 =
[ 1 2n 2n
2n 0 1 0
]
·


n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


=
[ 1 n+1 n−1 n n
n+1 0 1 0 0 0
n−1 0 0 1 0 0
]
·

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 1
n 0 1
+
[ 1 n+1 n−1 2n
n+1 0 1 0 0
n−1 0 0 1 0
]
·

n−1 n+2
1 0 0
n+1 0 0
n−1 1 0
2n 0 0

=
[n+1 n
n+1 1 0
n−1 0 0
]
+
[n−1 n+2
n+1 0 0
n−1 1 0
]
=

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 0 0 0
+

n−1 2 n
n−1 0 0 0
2 0 0 0
n−1 1 0 0
 =

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0

M
I(6n,1)
1→2 · g1 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [n+1 nn+1 1 0 ] =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
n−1 2 n
n−1 1 0 0
2 0 1 0
]
=

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0

g2 ·M I(6n+2,2)1→2 −M I(6n,1)1→2 · g1 =

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0
−

n−1 2 n
n−1 1 0 0
2 0 1 0
n−1 1 0 0
 = [2n+12n 0 ]
2. g3 ·M I(6n+2,2)2→3 −M I(6n,1)2→3 · g2 = 0
g3 ·M I(6n+2,2)2→3 =

[ 1 3n 3n+1
3n 0 1 0
]
+
[3n+1 1 3n
1 0 91 0
3n−1 0 0 0
] ·


1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n 2n
n+1 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1


=

1 1 2n−1 n 1 2n−1 n+1
1 0 1 0 0 0 0 0
2n−1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
 ·

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+
[ 1 n 2n n+1 2n
n 0 1 0 0 0
2n 0 0 1 0 0
]
·

1 2n 2n
1 0 0 0
n 0 0 0
2n 0 1 0
n+1 0 0 0
2n 0 0 1

2325
+[ 1 1 2n−1 n 1 2n−1 n+1
1 0 0 0 0 91 0 0
3n−1 0 0 0 0 0 0 0
]
·

1 1 2n−1 1 2n−1
1 1 0 0 0 0
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n−1 0 0 0 0 1
n+1 0 0 0 0 0

+
[n+1 2n 1 n 2n
1 0 0 91 0 0
3n−1 0 0 0 0 0
]
·

1 2n 2n
n+1 0 0 0
2n 0 1 0
1 0 0 0
n 0 0 0
2n 0 0 1

=

1 1 2n−1 1 2n−1
1 0 1 0 1 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
+ [
1 2n 2n
n 0 0 0
2n 0 1 0
]
+
[ 1 1 2n−1 1 2n−1
1 0 0 0 91 0
3n−1 0 0 0 0 0
]
+
[ 1 2n 2n
1 0 0 0
3n−1 0 0 0
]
=

1 1 n−1 1 n−1 1 2n−1
1 0 1 0 0 0 1 0
n−1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
n−1 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0
+

1 1 n−1 n 1 2n−1
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n 0 0 0 1 0 0
+

1 1 2n−1 1 2n−1
1 0 0 0 91 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0
+

1 1 2n−1 1 2n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0

=

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0

M
I(6n,1)
2→3 · g2 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[ 1 2n 2n
2n 0 1 0
]
=
[2n
2n 1
n 0
]
·
[ 1 2n 2n
2n 0 1 0
]
+
[2n
n 0
2n 1
]
·
[ 1 2n 2n
2n 0 1 0
]
=
[ 1 2n 2n
2n 0 1 0
n 0 0 0
]
+
[ 1 2n 2n
n 0 0 0
2n 0 1 0
]
=

1 n n 2n
n 0 1 0 0
n 0 0 1 0
n 0 0 0 0
+

1 n n 2n
n 0 0 0 0
n 0 1 0 0
n 0 0 1 0
 =

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0

g3 ·M I(6n+2,2)2→3 −M I(6n,1)2→3 · g2 =

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
−

1 n n 2n
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
 = [4n+13n 0 ]
3. g3 ·M I(6n+2,2)4→3 −M I(6n,1)4→3 · g4 = 0
g3 ·M I(6n+2,2)4→3 =

[ 1 3n 3n+1
3n 0 1 0
]
+
[3n+1 1 3n
1 0 91 0
3n−1 0 0 0
] ·

2n+1 2n+1
2n+1 1 0
n 0 0
2n+1 0 1
n 0 0

=
[ 1 2n n 2n+1 n
2n 0 1 0 0 0
n 0 0 1 0 0
]
·

1 2n 2n+1
1 1 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0
+
[2n+1 n 1 2n n
1 0 0 91 0 0
3n−1 0 0 0 0 0
]
·

2n+1 1 2n
2n+1 1 0 0
n 0 0 0
1 0 1 0
2n 0 0 1
n 0 0 0

=
[ 1 2n 2n+1
2n 0 1 0
n 0 0 0
]
+
[2n+1 1 2n
1 0 91 0
3n−1 0 0 0
]
=

1 1 2n−1 1 2n
1 0 1 0 0 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
+

1 2n 1 2n
1 0 0 91 0
2n−1 0 0 0 0
n 0 0 0 0
 =

1 1 2n−1 1 2n
1 0 1 0 91 0
2n−1 0 0 1 0 0
n 0 0 0 0 0

M
I(6n,1)
4→3 · g4 =
[2n
2n 1
n 0
]
·

[ 1 2n 2n+1
2n 0 1 0
]
+
[2n+1 1 2n
1 0 91 0
2n−1 0 0 0
] =
[2n
2n 1
n 0
]
·
[ 1 2n 2n+1
2n 0 1 0
]
+

1 2n−1
1 1 0
2n−1 0 1
n 0 0
 · [
2n+1 1 2n
1 0 91 0
2n−1 0 0 0
]
=
[ 1 2n 2n+1
2n 0 1 0
n 0 0 0
]
+

2n+1 1 2n
1 0 91 0
2n−1 0 0 0
n 0 0 0
 =

1 1 2n−1 1 2n
1 0 1 0 0 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
+

1 2n 1 2n
1 0 0 91 0
2n−1 0 0 0 0
n 0 0 0 0
 =

1 1 2n−1 1 2n
1 0 1 0 91 0
2n−1 0 0 1 0 0
n 0 0 0 0 0

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g3 ·M I(6n+2,2)4→3 −M I(6n,1)4→3 · g4 =

1 1 2n−1 1 2n
1 0 1 0 91 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
−

1 1 2n−1 1 2n
1 0 1 0 91 0
2n−1 0 0 1 0 0
n 0 0 0 0 0
 = [4n+23n 0 ]
4. g4 ·M I(6n+2,2)5→4 −M I(6n,1)5→4 · g5 = 0
g4 ·M I(6n+2,2)5→4 =

[ 1 2n 2n+1
2n 0 1 0
]
+
[2n+1 1 2n
1 0 91 0
2n−1 0 0 0
] ·

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

=

1 1 n−1 n n+1 n
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n 0 0 0 1 0 0
 ·

1 n−1 n+1
1 1 0 0
1 1 0 0
n−1 0 1 0
n 0 0 0
n+1 0 0 1
n 0 0 0

+
[ 1 1 n−1 n 1 n n
1 0 0 0 0 91 0 0
2n−1 0 0 0 0 0 0 0
]
·

1 n−1 1 n
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

=

1 n−1 n+1
1 1 0 0
n−1 0 1 0
n 0 0 0
+ [
1 n−1 1 n
1 0 0 91 0
2n−1 0 0 0 0
]
=

1 n−1 1 n
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
+

1 n−1 1 n
1 0 0 91 0
n−1 0 0 0 0
n 0 0 0 0
 =

1 n−1 1 n
1 1 0 91 0
n−1 0 1 0 0
n 0 0 0 0

M
I(6n,1)
5→4 · g5 =
[ n
n 1
n 0
]
·

[ n n+1
n 1 0
]
+
[ n 1 n
1 0 91 0
n−1 0 0 0
] =
[ n
n 1
n 0
]
·
[ n n+1
n 1 0
]
+

1 n−1
1 1 0
n−1 0 1
n 0 0
 · [
n 1 n
1 0 91 0
n−1 0 0 0
]
=
[ n n+1
n 1 0
n 0 0
]
+

n 1 n
1 0 91 0
n−1 0 0 0
n 0 0 0
 =

1 n−1 1 n
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
+

n 1 n
1 0 91 0
n−1 0 0 0
n 0 0 0
 =

1 n−1 1 n
1 1 0 91 0
n−1 0 1 0 0
n 0 0 0 0

g4 ·M I(6n+2,2)5→4 −M I(6n,1)5→4 · g5 =

1 n−1 1 n
1 1 0 91 0
n−1 0 1 0 0
n 0 0 0 0
−

1 n−1 1 n
1 1 0 91 0
n−1 0 1 0 0
n 0 0 0 0
 = [2n+12n 0 ]
5. g3 ·M I(6n+2,2)6→3 −M I(6n,1)6→3 · g6 = 0
g3 ·M I(6n+2,2)6→3 =

[ 1 3n 3n+1
3n 0 1 0
]
+
[3n+1 1 3n
1 0 91 0
3n−1 0 0 0
] ·

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1

=
[ 1 n 2n n 2n+1
n 0 1 0 0 0
2n 0 0 1 0 0
]
·

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n+1 0 0 1
+
[ 1 n 2n 1 n−1 2n+1
1 0 0 0 91 0 0
3n−1 0 0 0 0 0 0
]
·

1 2n 2n+1
1 1 0 0
n 0 0 0
2n 0 1 0
1 0 0 0
n−1 0 0 0
2n+1 0 0 1

=
[ 1 2n 2n+1
n 0 0 0
2n 0 1 0
]
+
[ 1 2n 2n+1
1 0 0 0
3n−1 0 0 0
]
=

1 2n 2n+1
1 0 0 0
n−1 0 0 0
2n 0 1 0
+

1 2n 2n+1
1 0 0 0
n−1 0 0 0
2n 0 0 0
 = [
1 2n 2n+1
n 0 0 0
2n 0 1 0
]
M
I(6n,1)
6→3 · g6 =
[2n
n 0
2n 1
]
·
[ 1 2n 2n+1
2n 0 1 0
]
=
[ 1 2n 2n+1
n 0 0 0
2n 0 1 0
]
g3 ·M I(6n+2,2)6→3 −M I(6n,1)6→3 · g6 =
[ 1 2n 2n+1
n 0 0 0
2n 0 1 0
]
−
[ 1 2n 2n+1
n 0 0 0
2n 0 1 0
]
=
[4n+2
3n 0
]
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6. g6 ·M I(6n+2,2)7→6 −M I(6n,1)7→6 · g7 = 0
g6 ·M I(6n+2,2)7→6 =
[ 1 2n 2n+1
2n 0 1 0
]
·

n n+1
n+1 0 0
n 1 0
n 0 0
n+1 0 1
 =
[ 1 n n n n+1
n 0 1 0 0 0
n 0 0 1 0 0
]
·

n n+1
1 0 0
n 0 0
n 1 0
n 0 0
n+1 0 1
 =
[ n n+1
n 0 0
n 1 0
]
M
I(6n,1)
7→6 · g7 =
[ n
n 0
n 1
]
·
[ n n+1
n 1 0
]
=
[ n n+1
n 0 0
n 1 0
]
g6 ·M I(6n+2,2)7→6 −M I(6n,1)7→6 · g7 =
[ n n+1
n 0 0
n 1 0
]
−
[ n n+1
n 0 0
n 1 0
]
=
[2n+1
2n 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1 n
n+1 1 0
]
·
[ n
n+1 0
n 1
]
=
[ n
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n 2n
2n 0 1 0
]
·

1 2n
1 1 0
2n 0 0
2n 0 1
 = [2n+12n 0 ]
3. g3 · f3 = 0
g3 · f3 =

[ 1 3n 3n+1
3n 0 1 0
]
+
[3n+1 1 3n
1 0 91 0
3n−1 0 0 0
] ·

1 1 3n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
3n 0 0 1

=
[ 1 1 3n−1 1 3n
1 0 1 0 0 0
3n−1 0 0 1 0 0
]
·

1 1 3n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
3n 0 0 1
+
[ 1 1 3n−1 1 3n
1 0 0 0 91 0
3n−1 0 0 0 0 0
]
·

1 1 3n
1 1 0 0
1 0 1 0
3n−1 0 0 0
1 0 1 0
3n 0 0 1
 =
[ 1 1 3n
1 0 1 0
3n−1 0 0 0
]
+
[ 1 1 3n
1 0 91 0
3n−1 0 0 0
]
=
[3n+2
3n 0
]
4. g4 · f4 = 0
g4 · f4 =

[ 1 2n 2n+1
2n 0 1 0
]
+
[2n+1 1 2n
1 0 91 0
2n−1 0 0 0
] ·

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1

=
[ 1 1 2n−1 1 2n
1 0 1 0 0 0
2n−1 0 0 1 0 0
]
·

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
+
[ 1 1 2n−1 1 2n
1 0 0 0 91 0
2n−1 0 0 0 0 0
]
·

1 1 2n
1 1 0 0
1 0 1 0
2n−1 0 0 0
1 0 1 0
2n 0 0 1
 =
[ 1 1 2n
1 0 1 0
2n−1 0 0 0
]
+
[ 1 1 2n
1 0 91 0
2n−1 0 0 0
]
=
[2n+2
2n 0
]
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5. g5 · f5 = 0
g5 · f5 =

[ n n+1
n 1 0
]
+
[ n 1 n
1 0 91 0
n−1 0 0 0
] ·

1 n
1 1 0
n−1 0 0
1 1 0
n 0 1

=
[ 1 n−1 1 n
1 1 0 0 0
n−1 0 1 0 0
]
·

1 n
1 1 0
n−1 0 0
1 1 0
n 0 1
+
[ 1 n−1 1 n
1 0 0 91 0
n−1 0 0 0 0
]
·

1 n
1 1 0
n−1 0 0
1 1 0
n 0 1
 =
[ 1 n
1 1 0
n−1 0 0
]
+
[ 1 n
1 91 0
n−1 0 0
]
=
[n+1
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n 2n+1
2n 0 1 0
]
·

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 = [2n+22n 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ n n+1
n 1 0
]
·
[n+1
n 0
n+1 1
]
=
[n+1
n 0
]
2329
145 Tree module property of I(6n+ 3, 2)
145.1 Tree module property of I(3, 2) 
The matrices of the representation have full (column) rank P
1. M I(3,2)1→2 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. M I(3,2)2→3 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
3. M I(3,2)4→3 =
1 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
4. M I(3,2)5→4 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. M I(3,2)6→3 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. M I(3,2)7→6 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
145.1.1 0→ I(5, 5) f→ I(3, 2) g→ I(2, 7)→ 0 
PdimI(5, 5) + dimI(2, 7) = (1, 2, 2, 1, 0, 2, 1) + (1, 1, 1, 1, 1, 0, 0)
= (2, 3, 3, 2, 1, 2, 1) = dimI(3, 2)
Pdimk Ext
1
kQ(I(2, 7), I(5, 5)) = dimk HomkQ(I(2, 7), I(5, 5))− 〈dimI(2, 7),dimI(5, 5)〉
= 0− 〈(1, 1, 1, 1, 1, 0, 0), (1, 2, 2, 1, 0, 2, 1)〉
= 1 · 2 + 1 · 2 + 1 · 2 + 1 · 1 + 0 · 2 + 0 · 2− (1 · 1 + 1 · 2 + 1 · 2 + 1 · 1 + 1 · 0 + 0 · 2 + 0 · 1)
= 2 + 2 + 2 + 1 + 0 + 0− (1 + 2 + 2 + 1 + 0 + 0 + 0)
= 1
Matrices of the embedding f : I(5, 5)→ I(3, 2) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. f3 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
7. f7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Matrices of the projection g : I(3, 2)→ I(2, 7) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
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Relations of the embedding f : I(5, 5)→ I(3, 2) P
1. f2 ·M I(5,5)1→2 −M I(3,2)1→2 · f1 = 0
f2 ·M I(5,5)1→2 =
[ 2
2 1
1 0
]
·
[
0
1
]
=
1 00 1
0 0
 · [0
1
]
=
01
0

M
I(3,2)
1→2 · f1 =
[ 2
1 0
2 1
]
·
[
1
0
]
=
0 01 0
0 1
 · [1
0
]
=
01
0

f2 ·M I(5,5)1→2 −M I(3,2)1→2 · f1 =
01
0
−
01
0
 = [ 13 0 ]
2. f3 ·M I(5,5)2→3 −M I(3,2)2→3 · f2 = 0
f3 ·M I(5,5)2→3 =
[ 2
2 1
1 0
]
·
[ 2
2 1
]
=
[ 2
2 1
1 0
]
M
I(3,2)
2→3 · f2 =
[ 3
3 1
]
·
[ 2
2 1
1 0
]
=
[ 2 1
2 1 0
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
2 1
1 0
]
f3 ·M I(5,5)2→3 −M I(3,2)2→3 · f2 =
[ 2
2 1
1 0
]
−
[ 2
2 1
1 0
]
=
[ 2
3 0
]
3. f3 ·M I(5,5)4→3 −M I(3,2)4→3 · f4 = 0
f3 ·M I(5,5)4→3 =
[ 2
2 1
1 0
]
·
[
1
1
]
=
1 00 1
0 0
 · [1
1
]
=
11
0

M
I(3,2)
4→3 · f4 =
1 01 0
0 1
 · [1
0
]
=
11
0

f3 ·M I(5,5)4→3 −M I(3,2)4→3 · f4 =
11
0
−
11
0
 = [ 13 0 ]
4. f4 ·M I(5,5)5→4 −M I(3,2)5→4 · f5 = 0
f4 ·M I(5,5)5→4 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(3,2)
5→4 · f5 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·M I(5,5)5→4 −M I(3,2)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·M I(5,5)6→3 −M I(3,2)6→3 · f6 = 0
f3 ·M I(5,5)6→3 =
[ 2
2 1
1 0
]
·
[ 2
2 1
]
=
[ 2
2 1
1 0
]
M
I(3,2)
6→3 · f6 =
[ 2
2 1
1 0
]
·
[ 2
2 1
]
=
[ 2
2 1
1 0
]
f3 ·M I(5,5)6→3 −M I(3,2)6→3 · f6 =
[ 2
2 1
1 0
]
−
[ 2
2 1
1 0
]
=
[ 2
3 0
]
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6. f6 ·M I(5,5)7→6 −M I(3,2)7→6 · f7 = 0
f6 ·M I(5,5)7→6 =
[ 2
2 1
]
·
[
1
0
]
=
[
1 0
0 1
]
·
[
1
0
]
=
[
1
0
]
M
I(3,2)
7→6 · f7 =
[
1
0
]
·
[
1
]
=
[
1
0
]
f6 ·M I(5,5)7→6 −M I(3,2)7→6 · f7 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
Relations of the projection g : I(3, 2)→ I(2, 7) P
1. g2 ·M I(3,2)1→2 −M I(2,7)1→2 · g1 = 0
g2 ·M I(3,2)1→2 =
[ 2 1
1 0 1
]
·
[ 2
1 0
2 1
]
=
[
0 0 1
]
·
0 01 0
0 1
 = [0 1]
M
I(2,7)
1→2 · g1 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g2 ·M I(3,2)1→2 −M I(2,7)1→2 · g1 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
2. g3 ·M I(3,2)2→3 −M I(2,7)2→3 · g2 = 0
g3 ·M I(3,2)2→3 =
[ 2 1
1 0 1
]
·
[ 3
3 1
]
=
[ 2 1
1 0 1
]
·
[ 2 1
2 1 0
1 0 1
]
=
[ 2 1
1 0 1
]
M
I(2,7)
2→3 · g2 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g3 ·M I(3,2)2→3 −M I(2,7)2→3 · g2 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
3. g3 ·M I(3,2)4→3 −M I(2,7)4→3 · g4 = 0
g3 ·M I(3,2)4→3 =
[ 2 1
1 0 1
]
·
1 01 0
0 1
 = [0 0 1] ·
1 01 0
0 1
 = [0 1]
M
I(2,7)
4→3 · g4 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g3 ·M I(3,2)4→3 −M I(2,7)4→3 · g4 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
4. g4 ·M I(3,2)5→4 −M I(2,7)5→4 · g5 = 0
g4 ·M I(3,2)5→4 =
[
0 1
]
·
[
1
1
]
=
[
1
]
M
I(2,7)
5→4 · g5 =
[
1
]
·
[
1
]
=
[
1
]
g4 ·M I(3,2)5→4 −M I(2,7)5→4 · g5 =
[
1
]
−
[
1
]
=
[
0
]
2332
5. g3 ·M I(3,2)6→3 −M I(2,7)6→3 · g6 = 0
g3 ·M I(3,2)6→3 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
M
I(2,7)
6→3 · g6 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g3 ·M I(3,2)6→3 −M I(2,7)6→3 · g6 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
6. g6 ·M I(3,2)7→6 −M I(2,7)7→6 · g7 = 0
g6 ·M I(3,2)7→6 =
[ 2
0 0
]
·
[
1
0
]
=
[ 1 1
0 0 0
]
·
[
1
0
]
=
[ 1
0 0
]
M
I(2,7)
7→6 · g7 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g6 ·M I(3,2)7→6 −M I(2,7)7→6 · g7 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 1
]
·
[
1
0
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2
0 0
]
·
[ 2
2 1
]
=
[ 2
0 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
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145.1.2 0→ I(5, 7) f→ I(3, 2) g→ I(2, 5)→ 0 
PdimI(5, 7) + dimI(2, 5) = (1, 2, 2, 2, 1, 1, 0) + (1, 1, 1, 0, 0, 1, 1)
= (2, 3, 3, 2, 1, 2, 1) = dimI(3, 2)
Pdimk Ext
1
kQ(I(2, 5), I(5, 7)) = dimk HomkQ(I(2, 5), I(5, 7))− 〈dimI(2, 5),dimI(5, 7)〉
= 0− 〈(1, 1, 1, 0, 0, 1, 1), (1, 2, 2, 2, 1, 1, 0)〉
= 1 · 2 + 1 · 2 + 0 · 2 + 0 · 2 + 1 · 2 + 1 · 1− (1 · 1 + 1 · 2 + 1 · 2 + 0 · 2 + 0 · 1 + 1 · 1 + 1 · 0)
= 2 + 2 + 0 + 0 + 2 + 1− (1 + 2 + 2 + 0 + 0 + 1 + 0)
= 1
Matrices of the embedding f : I(5, 7)→ I(3, 2) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
0 910 91
1 91
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =
0 910 91
1 91
 c1↔c2−−−−→
91 091 0
91 1

3. f3 =
0 910 91
1 91
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =
0 910 91
1 91
 c1↔c2−−−−→
91 091 0
91 1

4. f4 =
[
0 91
1 91
]
∈M2,2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
f4 =
[
0 91
1 91
]
r1↔r2−−−−→
[
1 91
0 91
]
5. f5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. f6 =
[
91
91
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(3, 2)→ I(2, 5) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
91 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
91 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 2
0 0
]
∈M0,2(k) – rank computation not applicable here.
5. g5 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
6. g6 =
[
91 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(5, 7)→ I(3, 2) P
1. f2 ·M I(5,7)1→2 −M I(3,2)1→2 · f1 = 0
f2 ·M I(5,7)1→2 =
0 910 91
1 91
 · [1
0
]
=
00
1
 = [
1
2 0
1 1
]
M
I(3,2)
1→2 · f1 =
[ 2
1 0
2 1
]
·
[
0
1
]
=
0 01 0
0 1
 · [0
1
]
=
00
1
 = [
1
2 0
1 1
]
f2 ·M I(5,7)1→2 −M I(3,2)1→2 · f1 =
[ 1
2 0
1 1
]
−
[ 1
2 0
1 1
]
=
[ 1
3 0
]
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2. f3 ·M I(5,7)2→3 −M I(3,2)2→3 · f2 = 0
f3 ·M I(5,7)2→3 =
0 910 91
1 91
 · [ 22 1 ] =
0 910 91
1 91
 · [1 0
0 1
]
=
0 910 91
1 91

M
I(3,2)
2→3 · f2 =
[ 3
3 1
]
·
0 910 91
1 91
 =
1 0 00 1 0
0 0 1
 ·
0 910 91
1 91
 =
0 910 91
1 91

f3 ·M I(5,7)2→3 −M I(3,2)2→3 · f2 =
0 910 91
1 91
−
0 910 91
1 91
 = [ 23 0 ]
3. f3 ·M I(5,7)4→3 −M I(3,2)4→3 · f4 = 0
f3 ·M I(5,7)4→3 =
0 910 91
1 91
 · [ 22 1 ] =
0 910 91
1 91
 · [1 0
0 1
]
=
0 910 91
1 91

M
I(3,2)
4→3 · f4 =
1 01 0
0 1
 · [0 91
1 91
]
=
0 910 91
1 91

f3 ·M I(5,7)4→3 −M I(3,2)4→3 · f4 =
0 910 91
1 91
−
0 910 91
1 91
 = [ 23 0 ]
4. f4 ·M I(5,7)5→4 −M I(3,2)5→4 · f5 = 0
f4 ·M I(5,7)5→4 =
[
0 91
1 91
]
·
[
0
1
]
=
[
91
91
]
M
I(3,2)
5→4 · f5 =
[
1
1
]
·
[
91
]
=
[
91
91
]
f4 ·M I(5,7)5→4 −M I(3,2)5→4 · f5 =
[
91
91
]
−
[
91
91
]
=
[ 1
2 0
]
5. f3 ·M I(5,7)6→3 −M I(3,2)6→3 · f6 = 0
f3 ·M I(5,7)6→3 =
0 910 91
1 91
 · [1
1
]
=
9191
0

M
I(3,2)
6→3 · f6 =
[ 2
2 1
1 0
]
·
[
91
91
]
=
1 00 1
0 0
 · [9191
]
=
9191
0

f3 ·M I(5,7)6→3 −M I(3,2)6→3 · f6 =
9191
0
−
9191
0
 = [ 13 0 ]
6. f6 ·M I(5,7)7→6 −M I(3,2)7→6 · f7 = 0
f6 ·M I(5,7)7→6 =
[
91
91
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(3,2)
7→6 · f7 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·M I(5,7)7→6 −M I(3,2)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
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Relations of the projection g : I(3, 2)→ I(2, 5) P
1. g2 ·M I(3,2)1→2 −M I(2,5)1→2 · g1 = 0
g2 ·M I(3,2)1→2 =
[
91 1 0
]
·
[ 2
1 0
2 1
]
=
[
91 1 0
]
·
0 01 0
0 1
 = [1 0]
M
I(2,5)
1→2 · g1 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g2 ·M I(3,2)1→2 −M I(2,5)1→2 · g1 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
2. g3 ·M I(3,2)2→3 −M I(2,5)2→3 · g2 = 0
g3 ·M I(3,2)2→3 =
[
91 1 0
]
·
[ 3
3 1
]
=
[
91 1 0
]
·
1 0 00 1 0
0 0 1
 = [91 1 0]
M
I(2,5)
2→3 · g2 =
[
1
]
·
[
91 1 0
]
=
[
91 1 0
]
g3 ·M I(3,2)2→3 −M I(2,5)2→3 · g2 =
[
91 1 0
]
−
[
91 1 0
]
=
[ 3
1 0
]
3. g3 ·M I(3,2)4→3 −M I(2,5)4→3 · g4 = 0
g3 ·M I(3,2)4→3 =
[
91 1 0
]
·
1 01 0
0 1
 = [ 21 0 ]
M
I(2,5)
4→3 · g4 =
[ 0
1 0
]
·
[ 2
0 0
]
=
[ 2
1 0
]
g3 ·M I(3,2)4→3 −M I(2,5)4→3 · g4 =
[ 2
1 0
]
−
[ 2
1 0
]
=
[ 2
1 0
]
4. g4 ·M I(3,2)5→4 −M I(2,5)5→4 · g5 = 0
g4 ·M I(3,2)5→4 =
[ 2
0 0
]
·
[
1
1
]
=
[ 1 1
0 0 0
]
·
[
1
1
]
=
[ 1
0 0
]
M
I(2,5)
5→4 · g5 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g4 ·M I(3,2)5→4 −M I(2,5)5→4 · g5 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
5. g3 ·M I(3,2)6→3 −M I(2,5)6→3 · g6 = 0
g3 ·M I(3,2)6→3 =
[
91 1 0
]
·
[ 2
2 1
1 0
]
=
[
91 1 0
]
·
1 00 1
0 0
 = [91 1]
M
I(2,5)
6→3 · g6 =
[
1
]
·
[
91 1
]
=
[
91 1
]
g3 ·M I(3,2)6→3 −M I(2,5)6→3 · g6 =
[
91 1
]
−
[
91 1
]
=
[ 2
1 0
]
6. g6 ·M I(3,2)7→6 −M I(2,5)7→6 · g7 = 0
g6 ·M I(3,2)7→6 =
[
91 1
]
·
[
1
0
]
=
[
91
]
M
I(2,5)
7→6 · g7 =
[
1
]
·
[
91
]
=
[
91
]
g6 ·M I(3,2)7→6 −M I(2,5)7→6 · g7 =
[
91
]
−
[
91
]
=
[
0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
91 1 0
]
·
0 910 91
1 91
 = [ 21 0 ]
3. g3 · f3 = 0
g3 · f3 =
[
91 1 0
]
·
0 910 91
1 91
 = [ 21 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 2
0 0
]
·
[
0 91
1 91
]
=
[ 1 1
0 0 0
]
·
[
0 91
1 91
]
=
[ 2
0 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1
0 0
]
·
[
91
]
=
[ 1
0 0
]
6. g6 · f6 = 0
g6 · f6 =
[
91 1
]
·
[
91
91
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
145.2 Tree module property of I(9, 2) 
The matrices of the representation have full (column) rank P
1. M I(9,2)1→2 =

1 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. M I(9,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M9,7(k) is already in column echelon form and has maximal column rank.
3. M I(9,2)4→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
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4. M I(9,2)5→4 =

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(9,2)
5→4 =

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0

5. M I(9,2)6→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. M I(9,2)7→6 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
145.2.1 0→ I(11, 5) f→ I(9, 2) g→ I(8, 7)→ 0 
PdimI(11, 5) + dimI(8, 7) = (2, 4, 5, 3, 1, 4, 2) + (2, 3, 4, 3, 2, 2, 1)
= (4, 7, 9, 6, 3, 6, 3) = dimI(9, 2)
Pdimk Ext
1
kQ(I(8, 7), I(11, 5)) = dimk HomkQ(I(8, 7), I(11, 5))− 〈dimI(8, 7),dimI(11, 5)〉
= 0− 〈(2, 3, 4, 3, 2, 2, 1), (2, 4, 5, 3, 1, 4, 2)〉
= 2 · 4 + 3 · 5 + 3 · 5 + 2 · 3 + 2 · 5 + 1 · 4− (2 · 2 + 3 · 4 + 4 · 5 + 3 · 3 + 2 · 1 + 2 · 4 + 1 · 2)
= 8 + 15 + 15 + 6 + 10 + 4− (4 + 12 + 20 + 9 + 2 + 8 + 2)
= 1
Matrices of the embedding f : I(11, 5)→ I(9, 2) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M9,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(9, 2)→ I(8, 7) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 5)→ I(9, 2) P
1. f2 ·M I(11,5)1→2 −M I(9,2)1→2 · f1 = 0
f2 ·M I(11,5)1→2 =
[ 4
4 1
3 0
]
·

1 0
1 0
0 1
0 0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 0
1 0
0 1
0 0
 =

1 1
1 1 0
1 1 0
1 0 1
1 0 0
3 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
4 0 0

M
I(9,2)
1→2 · f1 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·
[ 2
2 1
2 0
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
4 0 0

f2 ·M I(11,5)1→2 −M I(9,2)1→2 · f1 =

1 1
1 1 0
1 1 0
1 0 1
4 0 0
−

1 1
1 1 0
1 1 0
1 0 1
4 0 0
 =
[ 2
7 0
]
2. f3 ·M I(11,5)2→3 −M I(9,2)2→3 · f2 = 0
f3 ·M I(11,5)2→3 =
[ 5
5 1
4 0
]
·
[ 4
4 1
1 0
]
=

4 1
4 1 0
1 0 1
4 0 0
 · [
4
4 1
1 0
]
=

4
4 1
1 0
4 0
 = [
4
4 1
5 0
]
M
I(9,2)
2→3 · f2 =

4 3
4 1 0
2 0 0
3 0 1
 · [
4
4 1
3 0
]
=

4
4 1
2 0
3 0
 = [
4
4 1
5 0
]
f3 ·M I(11,5)2→3 −M I(9,2)2→3 · f2 =
[ 4
4 1
5 0
]
−
[ 4
4 1
5 0
]
=
[ 4
9 0
]
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3. f3 ·M I(11,5)4→3 −M I(9,2)4→3 · f4 = 0
f3 ·M I(11,5)4→3 =
[ 5
5 1
4 0
]
·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
4 0 0 0
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2
1 1 0
2 0 1
2 0 1
4 0 0

M
I(9,2)
4→3 · f4 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·
[ 3
3 1
3 0
]
=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·

1 2
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
2 0 1
2 0 1
3 0 0
1 0 0
 =

1 2
1 1 0
2 0 1
2 0 1
4 0 0

f3 ·M I(11,5)4→3 −M I(9,2)4→3 · f4 =

1 2
1 1 0
2 0 1
2 0 1
4 0 0
−

1 2
1 1 0
2 0 1
2 0 1
4 0 0
 =
[ 3
9 0
]
4. f4 ·M I(11,5)5→4 −M I(9,2)5→4 · f5 = 0
f4 ·M I(11,5)5→4 =
[ 3
3 1
3 0
]
·
01
1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
01
1
 =

1
1 0
1 1
1 1
3 0

M
I(9,2)
5→4 · f5 =

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 ·
[ 1
1 1
2 0
]
=

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

·
10
0
 =

0
1
1
0
0
0

=

1
1 0
1 1
1 1
3 0

f4 ·M I(11,5)5→4 −M I(9,2)5→4 · f5 =

1
1 0
1 1
1 1
3 0
−

1
1 0
1 1
1 1
3 0
 =
[ 1
6 0
]
5. f3 ·M I(11,5)6→3 −M I(9,2)6→3 · f6 = 0
f3 ·M I(11,5)6→3 =
[ 5
5 1
4 0
]
·

1 3
1 1 0
1 0 0
3 0 1
 =

1 1 3
1 1 0 0
1 0 1 0
3 0 0 1
4 0 0 0
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 3
1 1 0
1 0 0
3 0 1
4 0 0

M
I(9,2)
6→3 · f6 =

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·
[ 4
4 1
2 0
]
=

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·

1 3
1 1 0
3 0 1
2 0 0
 =

1 3
1 1 0
1 0 0
3 0 1
2 0 0
2 0 0
 =

1 3
1 1 0
1 0 0
3 0 1
4 0 0

f3 ·M I(11,5)6→3 −M I(9,2)6→3 · f6 =

1 3
1 1 0
1 0 0
3 0 1
4 0 0
−

1 3
1 1 0
1 0 0
3 0 1
4 0 0
 =
[ 4
9 0
]
6. f6 ·M I(11,5)7→6 −M I(9,2)7→6 · f7 = 0
f6 ·M I(11,5)7→6 =
[ 4
4 1
2 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
2 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
2 0

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M
I(9,2)
7→6 · f7 =

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
2 0
2 1
1 0
1 0
 =

2
2 0
2 1
2 0

f6 ·M I(11,5)7→6 −M I(9,2)7→6 · f7 =

2
2 0
2 1
2 0
−

2
2 0
2 1
2 0
 = [ 26 0 ]
Relations of the projection g : I(9, 2)→ I(8, 7) P
1. g2 ·M I(9,2)1→2 −M I(8,7)1→2 · g1 = 0
g2 ·M I(9,2)1→2 =
[ 4 3
3 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 =
[ 1 1 1 1 1 2
1 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
2 0 0 1

=
[ 1 1 2
1 0 0 0
2 0 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
M
I(8,7)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
g2 ·M I(9,2)1→2 −M I(8,7)1→2 · g1 =
[ 2 2
1 0 0
2 0 1
]
−
[ 2 2
1 0 0
2 0 1
]
=
[ 4
3 0
]
2. g3 ·M I(9,2)2→3 −M I(8,7)2→3 · g2 = 0
g3 ·M I(9,2)2→3 =
[ 5 4
4 0 1
]
·

4 3
4 1 0
2 0 0
3 0 1
 = [
4 1 1 3
1 0 0 1 0
3 0 0 0 1
]
·

4 3
4 1 0
1 0 0
1 0 0
3 0 1
 =
[ 4 3
1 0 0
3 0 1
]
M
I(8,7)
2→3 · g2 =
[ 3
1 0
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
1 0 0
3 0 1
]
g3 ·M I(9,2)2→3 −M I(8,7)2→3 · g2 =
[ 4 3
1 0 0
3 0 1
]
−
[ 4 3
1 0 0
3 0 1
]
=
[ 7
4 0
]
3. g3 ·M I(9,2)4→3 −M I(8,7)4→3 · g4 = 0
g3 ·M I(9,2)4→3 =
[ 5 4
4 0 1
]
·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =
[ 1 2 2 3 1
3 0 0 0 1 0
1 0 0 0 0 1
]
·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =
[ 1 2 3
3 0 0 1
1 0 0 0
]
=
[ 3 3
3 0 1
1 0 0
]
M
I(8,7)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
1 0 0
]
g3 ·M I(9,2)4→3 −M I(8,7)4→3 · g4 =
[ 3 3
3 0 1
1 0 0
]
−
[ 3 3
3 0 1
1 0 0
]
=
[ 6
4 0
]
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4. g4 ·M I(9,2)5→4 −M I(8,7)5→4 · g5 = 0
g4 ·M I(9,2)5→4 =
[ 3 3
3 0 1
]
·

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ·

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

=
0 1 00 0 1
0 0 0
 = [
1 2
2 0 1
1 0 0
]
M
I(8,7)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
1 0 0
]
g4 ·M I(9,2)5→4 −M I(8,7)5→4 · g5 =
[ 1 2
2 0 1
1 0 0
]
−
[ 1 2
2 0 1
1 0 0
]
=
[ 3
3 0
]
5. g3 ·M I(9,2)6→3 −M I(8,7)6→3 · g6 = 0
g3 ·M I(9,2)6→3 =
[ 5 4
4 0 1
]
·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 1 1 3 2 2
2 0 0 0 1 0
2 0 0 0 0 1
]
·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 1 3 2
2 0 0 1
2 0 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
M
I(8,7)
6→3 · g6 =
[ 2
2 1
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 1
2 0 1
]
g3 ·M I(9,2)6→3 −M I(8,7)6→3 · g6 =
[ 4 2
2 0 1
2 0 1
]
−
[ 4 2
2 0 1
2 0 1
]
=
[ 6
4 0
]
6. g6 ·M I(9,2)7→6 −M I(8,7)7→6 · g7 = 0
g6 ·M I(9,2)7→6 =
[ 4 2
2 0 1
]
·

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 =
[ 2 2 1 1
1 0 0 1 0
1 0 0 0 1
]
·

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 =
[ 2 1
1 0 1
1 0 1
]
M
I(8,7)
7→6 · g7 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g6 ·M I(9,2)7→6 −M I(8,7)7→6 · g7 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 4
4 0 1
]
·
[ 5
5 1
4 0
]
=
[ 5
4 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
145.2.2 0→ I(11, 7) f→ I(9, 2) g→ I(8, 5)→ 0 
PdimI(11, 7) + dimI(8, 5) = (2, 4, 5, 4, 2, 3, 1) + (2, 3, 4, 2, 1, 3, 2)
= (4, 7, 9, 6, 3, 6, 3) = dimI(9, 2)
Pdimk Ext
1
kQ(I(8, 5), I(11, 7)) = dimk HomkQ(I(8, 5), I(11, 7))− 〈dimI(8, 5),dimI(11, 7)〉
= 0− 〈(2, 3, 4, 2, 1, 3, 2), (2, 4, 5, 4, 2, 3, 1)〉
= 2 · 4 + 3 · 5 + 2 · 5 + 1 · 4 + 3 · 5 + 2 · 3− (2 · 2 + 3 · 4 + 4 · 5 + 2 · 4 + 1 · 2 + 3 · 3 + 2 · 1)
= 8 + 15 + 10 + 4 + 15 + 6− (4 + 12 + 20 + 8 + 2 + 9 + 2)
= 1
Matrices of the embedding f : I(11, 7)→ I(9, 2) P
1. f1 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M6,4(k) is already in column echelon form and has maximal column rank.
5. f5 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
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7. f7 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(9, 2)→ I(8, 5) P
1. g1 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 1 0 0 0 0 00 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M4,9(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0 0 0 0
0 0 1 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 0 0 00 0 1 0 0 0
0 0 0 1 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0
0 1 0
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 7)→ I(9, 2) P
1. f2 ·M I(11,7)1→2 −M I(9,2)1→2 · f1 = 0
f2 ·M I(11,7)1→2 =

1 3
1 1 0
3 0 0
3 0 1
 · [
2
2 0
2 1
]
=

1 1 2
1 1 0 0
3 0 0 0
1 0 1 0
2 0 0 1
 ·

2
1 0
1 0
2 1
 =

2
1 0
3 0
1 0
2 1
 =
[ 2
5 0
2 1
]
M
I(9,2)
1→2 · f1 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·
[ 2
2 0
2 1
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·

2
1 0
1 0
2 1
 =

2
1 0
1 0
1 0
2 0
2 1
 =
[ 2
5 0
2 1
]
f2 ·M I(11,7)1→2 −M I(9,2)1→2 · f1 =
[ 2
5 0
2 1
]
−
[ 2
5 0
2 1
]
=
[ 2
7 0
]
2. f3 ·M I(11,7)2→3 −M I(9,2)2→3 · f2 = 0
f3 ·M I(11,7)2→3 =

1 4
1 1 0
4 0 0
4 0 1
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 1 3
1 1 0 0
4 0 0 0
1 0 1 0
3 0 0 1
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 3
1 1 0
4 0 0
1 0 0
3 0 1
 =

1 3
1 1 0
5 0 0
3 0 1

M
I(9,2)
2→3 · f2 =

4 3
4 1 0
2 0 0
3 0 1
 ·

1 3
1 1 0
3 0 0
3 0 1
 =

1 3 3
1 1 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 ·

1 3
1 1 0
3 0 0
3 0 1
 =

1 3
1 1 0
3 0 0
2 0 0
3 0 1
 =

1 3
1 1 0
5 0 0
3 0 1

f3 ·M I(11,7)2→3 −M I(9,2)2→3 · f2 =

1 3
1 1 0
5 0 0
3 0 1
−

1 3
1 1 0
5 0 0
3 0 1
 = [ 49 0 ]
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3. f3 ·M I(11,7)4→3 −M I(9,2)4→3 · f4 = 0
f3 ·M I(11,7)4→3 =

1 4
1 1 0
4 0 0
4 0 1
 · [
4
4 1
1 0
]
=

1 3 1
1 1 0 0
4 0 0 0
3 0 1 0
1 0 0 1
 ·

1 3
1 1 0
3 0 1
1 0 0
 =

1 3
1 1 0
4 0 0
3 0 1
1 0 0

M
I(9,2)
4→3 · f4 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
2 0 0
2 0 0
3 0 1
1 0 0
 =

1 3
1 1 0
4 0 0
3 0 1
1 0 0

f3 ·M I(11,7)4→3 −M I(9,2)4→3 · f4 =

1 3
1 1 0
4 0 0
3 0 1
1 0 0
−

1 3
1 1 0
4 0 0
3 0 1
1 0 0
 =
[ 4
9 0
]
4. f4 ·M I(11,7)5→4 −M I(9,2)5→4 · f5 = 0
f4 ·M I(11,7)5→4 =

1 3
1 1 0
2 0 0
3 0 1
 ·

1 0
1 0
0 1
0 0
 =

1 1 1 1
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 0
1 0
0 1
0 0
 =

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0

M
I(9,2)
5→4 · f5 =

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 ·
[ 2
1 0
2 1
]
=

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

·
0 01 0
0 1
 =

1 0
0 0
0 0
1 0
0 1
0 0

=

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0

f4 ·M I(11,7)5→4 −M I(9,2)5→4 · f5 =

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0
−

1 1
1 1 0
2 0 0
1 1 0
1 0 1
1 0 0
 =
[ 2
6 0
]
5. f3 ·M I(11,7)6→3 −M I(9,2)6→3 · f6 = 0
f3 ·M I(11,7)6→3 =

1 4
1 1 0
4 0 0
4 0 1
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2 2
1 1 0 0
4 0 0 0
2 0 1 0
2 0 0 1
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2
1 1 0
4 0 0
2 0 1
2 0 1

M
I(9,2)
6→3 · f6 =

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·

1 2
1 1 0
3 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
3 0 0
2 0 1
2 0 1
 =

1 2
1 1 0
4 0 0
2 0 1
2 0 1

f3 ·M I(11,7)6→3 −M I(9,2)6→3 · f6 =

1 2
1 1 0
4 0 0
2 0 1
2 0 1
−

1 2
1 1 0
4 0 0
2 0 1
2 0 1
 =
[ 3
9 0
]
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6. f6 ·M I(11,7)7→6 −M I(9,2)7→6 · f7 = 0
f6 ·M I(11,7)7→6 =

1 2
1 1 0
3 0 0
2 0 1
 ·
01
1
 =

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
01
1
 =

1
1 0
3 0
1 1
1 1
 =

1
4 0
1 1
1 1

M
I(9,2)
7→6 · f7 =

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 ·
[ 1
2 0
1 1
]
=

1
2 0
2 0
1 1
1 1
 =

1
4 0
1 1
1 1

f6 ·M I(11,7)7→6 −M I(9,2)7→6 · f7 =

1
4 0
1 1
1 1
−

1
4 0
1 1
1 1
 = [ 16 0 ]
Relations of the projection g : I(9, 2)→ I(8, 5) P
1. g2 ·M I(9,2)1→2 −M I(8,5)1→2 · g1 = 0
g2 ·M I(9,2)1→2 =
[ 1 3 3
3 0 1 0
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 =

1 1 1 1 1 2
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
2 0 0 1

=

1 1 2
1 1 0 0
1 0 1 0
1 0 0 0
 = [
2 2
2 1 0
1 0 0
]
M
I(8,5)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[ 2 2
2 1 0
]
=
[ 2 2
2 1 0
1 0 0
]
g2 ·M I(9,2)1→2 −M I(8,5)1→2 · g1 =
[ 2 2
2 1 0
1 0 0
]
−
[ 2 2
2 1 0
1 0 0
]
=
[ 4
3 0
]
2. g3 ·M I(9,2)2→3 −M I(8,5)2→3 · g2 = 0
g3 ·M I(9,2)2→3 =
[ 1 4 4
4 0 1 0
]
·

4 3
4 1 0
2 0 0
3 0 1
 = [
1 3 1 1 3
3 0 1 0 0 0
1 0 0 1 0 0
]
·

1 3 3
1 1 0 0
3 0 1 0
1 0 0 0
1 0 0 0
3 0 0 1
 =
[ 1 3 3
3 0 1 0
1 0 0 0
]
M
I(8,5)
2→3 · g2 =
[ 3
3 1
1 0
]
·
[ 1 3 3
3 0 1 0
]
=
[ 1 3 3
3 0 1 0
1 0 0 0
]
g3 ·M I(9,2)2→3 −M I(8,5)2→3 · g2 =
[ 1 3 3
3 0 1 0
1 0 0 0
]
−
[ 1 3 3
3 0 1 0
1 0 0 0
]
=
[ 7
4 0
]
3. g3 ·M I(9,2)4→3 −M I(8,5)4→3 · g4 = 0
g3 ·M I(9,2)4→3 =
[ 1 4 4
4 0 1 0
]
·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =
[ 1 2 2 3 1
2 0 1 0 0 0
2 0 0 1 0 0
]
·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =
[ 1 2 3
2 0 1 0
2 0 1 0
]
M
I(8,5)
4→3 · g4 =
[ 2
2 1
2 1
]
·
[ 1 2 3
2 0 1 0
]
=
[ 1 2 3
2 0 1 0
2 0 1 0
]
g3 ·M I(9,2)4→3 −M I(8,5)4→3 · g4 =
[ 1 2 3
2 0 1 0
2 0 1 0
]
−
[ 1 2 3
2 0 1 0
2 0 1 0
]
=
[ 6
4 0
]
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4. g4 ·M I(9,2)5→4 −M I(8,5)5→4 · g5 = 0
g4 ·M I(9,2)5→4 =
[ 1 2 3
2 0 1 0
]
·

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 =
[
0 1 0 0 0 0
0 0 1 0 0 0
]
·

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

=
[
1 0 0
1 0 0
]
=
[ 1 2
1 1 0
1 1 0
]
M
I(8,5)
5→4 · g5 =
[
1
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
1 1 0
]
g4 ·M I(9,2)5→4 −M I(8,5)5→4 · g5 =
[ 1 2
1 1 0
1 1 0
]
−
[ 1 2
1 1 0
1 1 0
]
=
[ 3
2 0
]
5. g3 ·M I(9,2)6→3 −M I(8,5)6→3 · g6 = 0
g3 ·M I(9,2)6→3 =
[ 1 4 4
4 0 1 0
]
·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 1 1 3 2 2
1 0 1 0 0 0
3 0 0 1 0 0
]
·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 1 3 2
1 0 0 0
3 0 1 0
]
M
I(8,5)
6→3 · g6 =
[ 3
1 0
3 1
]
·
[ 1 3 2
3 0 1 0
]
=
[ 1 3 2
1 0 0 0
3 0 1 0
]
g3 ·M I(9,2)6→3 −M I(8,5)6→3 · g6 =
[ 1 3 2
1 0 0 0
3 0 1 0
]
−
[ 1 3 2
1 0 0 0
3 0 1 0
]
=
[ 6
4 0
]
6. g6 ·M I(9,2)7→6 −M I(8,5)7→6 · g7 = 0
g6 ·M I(9,2)7→6 =
[ 1 3 2
3 0 1 0
]
·

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 =
[ 1 1 2 1 1
1 0 1 0 0 0
2 0 0 1 0 0
]
·

2 1
1 0 0
1 0 0
2 1 0
1 0 1
1 0 1
 =
[ 2 1
1 0 0
2 1 0
]
M
I(8,5)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[ 2 1
2 1 0
]
=
[ 2 1
1 0 0
2 1 0
]
g6 ·M I(9,2)7→6 −M I(8,5)7→6 · g7 =
[ 2 1
1 0 0
2 1 0
]
−
[ 2 1
1 0 0
2 1 0
]
=
[ 3
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 3 3
3 0 1 0
]
·

1 3
1 1 0
3 0 0
3 0 1
 = [ 43 0 ]
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3. g3 · f3 = 0
g3 · f3 =
[ 1 4 4
4 0 1 0
]
·

1 4
1 1 0
4 0 0
4 0 1
 = [ 54 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2 3
2 0 1 0
]
·

1 3
1 1 0
2 0 0
3 0 1
 = [ 42 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3 2
3 0 1 0
]
·

1 2
1 1 0
3 0 0
2 0 1
 = [ 33 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
2 1 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
145.3 Tree module property of I(15, 2) 
The matrices of the representation have full (column) rank P
1. M I(15,2)1→2 =

1 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
2. M I(15,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M15,11(k) is already in column echelon form and has maximal column rank.
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3. M I(15,2)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k) is already in column echelon form and has maximal column rank.
4. M I(15,2)5→4 =

0 0 1 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(15,2)
5→4 =

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

c1↔c2−−−−→

1 2 2
1 1 0 0
2 0 1 0
2 0 1 0
1 1 0 0
2 0 0 1
2 0 0 0

5. M I(15,2)6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M15,10(k) is already in column echelon form and has maximal column rank.
6. M I(15,2)7→6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 1

∈M10,5(k) is already in column echelon form and has maximal column rank.
145.3.1 0→ I(17, 5) f→ I(15, 2) g→ I(14, 7)→ 0 
PdimI(17, 5) + dimI(14, 7) = (3, 6, 8, 5, 2, 6, 3) + (3, 5, 7, 5, 3, 4, 2)
= (6, 11, 15, 10, 5, 10, 5) = dimI(15, 2)
Pdimk Ext
1
kQ(I(14, 7), I(17, 5)) = dimk HomkQ(I(14, 7), I(17, 5))− 〈dimI(14, 7),dimI(17, 5)〉
= 0− 〈(3, 5, 7, 5, 3, 4, 2), (3, 6, 8, 5, 2, 6, 3)〉
= 3 · 6 + 5 · 8 + 5 · 8 + 3 · 5 + 4 · 8 + 2 · 6− (3 · 3 + 5 · 6 + 7 · 8 + 5 · 5 + 3 · 2 + 4 · 6 + 2 · 3)
= 18 + 40 + 40 + 15 + 32 + 12− (9 + 30 + 56 + 25 + 6 + 24 + 6)
= 1
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Matrices of the embedding f : I(17, 5)→ I(15, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(15, 2)→ I(14, 7) P
1. g1 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
2350
2. g2 =

0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,15(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(17, 5)→ I(15, 2) P
1. f2 ·M I(17,5)1→2 −M I(15,2)1→2 · f1 = 0
f2 ·M I(17,5)1→2 =
[ 6
6 1
5 0
]
·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
5 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
7 0 0

M
I(15,2)
1→2 · f1 =

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·
[ 3
3 1
3 0
]
=

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·

1 2
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
4 0 0
3 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
7 0 0

f2 ·M I(17,5)1→2 −M I(15,2)1→2 · f1 =

1 2
1 1 0
1 1 0
2 0 1
7 0 0
−

1 2
1 1 0
1 1 0
2 0 1
7 0 0
 =
[ 3
11 0
]
2. f3 ·M I(17,5)2→3 −M I(15,2)2→3 · f2 = 0
f3 ·M I(17,5)2→3 =
[ 8
8 1
7 0
]
·
[ 6
6 1
2 0
]
=

6 2
6 1 0
2 0 1
7 0 0
 · [
6
6 1
2 0
]
=

6
6 1
2 0
7 0
 = [
6
6 1
9 0
]
M
I(15,2)
2→3 · f2 =

6 5
6 1 0
4 0 0
5 0 1
 · [
6
6 1
5 0
]
=

6
6 1
4 0
5 0
 = [
6
6 1
9 0
]
f3 ·M I(17,5)2→3 −M I(15,2)2→3 · f2 =
[ 6
6 1
9 0
]
−
[ 6
6 1
9 0
]
=
[ 6
15 0
]
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3. f3 ·M I(17,5)4→3 −M I(15,2)4→3 · f4 = 0
f3 ·M I(17,5)4→3 =
[ 8
8 1
7 0
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1 2 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
7 0 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

M
I(15,2)
4→3 · f4 =

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·
[ 5
5 1
5 0
]
=

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
5 0 0 0 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
5 0 0 0 0
2 0 0 0 0

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

f3 ·M I(17,5)4→3 −M I(15,2)4→3 · f4 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

−

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

=
[ 5
15 0
]
4. f4 ·M I(17,5)5→4 −M I(15,2)5→4 · f5 = 0
f4 ·M I(17,5)5→4 =
[ 5
5 1
5 0
]
·

2
1 0
2 1
2 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
5 0 0 0
 ·

2
1 0
2 1
2 1
 =

2
1 0
2 1
2 1
5 0

M
I(15,2)
5→4 · f5 =

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·
[ 2
2 1
3 0
]
=

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·

2
2 1
1 0
2 0
 =

2
1 0
2 1
2 1
1 0
2 0
2 0

=

2
1 0
2 1
2 1
5 0

f4 ·M I(17,5)5→4 −M I(15,2)5→4 · f5 =

2
1 0
2 1
2 1
5 0
−

2
1 0
2 1
2 1
5 0
 =
[ 2
10 0
]
5. f3 ·M I(17,5)6→3 −M I(15,2)6→3 · f6 = 0
f3 ·M I(17,5)6→3 =
[ 8
8 1
7 0
]
·

1 5
1 1 0
2 0 0
5 0 1
 =

1 2 5
1 1 0 0
2 0 1 0
5 0 0 1
7 0 0 0
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 5
1 1 0
2 0 0
5 0 1
7 0 0

M
I(15,2)
6→3 · f6 =

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 6
6 1
4 0
]
=

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

1 5
1 1 0
5 0 1
1 0 0
2 0 0
1 0 0
 =

1 5
1 1 0
2 0 0
5 0 1
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0

=

1 5
1 1 0
2 0 0
5 0 1
7 0 0

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f3 ·M I(17,5)6→3 −M I(15,2)6→3 · f6 =

1 5
1 1 0
2 0 0
5 0 1
7 0 0
−

1 5
1 1 0
2 0 0
5 0 1
7 0 0
 =
[ 6
15 0
]
6. f6 ·M I(17,5)7→6 −M I(15,2)7→6 · f7 = 0
f6 ·M I(17,5)7→6 =
[ 6
6 1
4 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
4 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
4 0

M
I(15,2)
7→6 · f7 =

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 ·
[ 3
3 1
2 0
]
=

3
3 0
3 1
2 0
2 0
 =

3
3 0
3 1
4 0

f6 ·M I(17,5)7→6 −M I(15,2)7→6 · f7 =

3
3 0
3 1
4 0
−

3
3 0
3 1
4 0
 = [ 310 0 ]
Relations of the projection g : I(15, 2)→ I(14, 7) P
1. g2 ·M I(15,2)1→2 −M I(14,7)1→2 · g1 = 0
g2 ·M I(15,2)1→2 =
[ 6 5
5 0 1
]
·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 =
[ 1 1 2 2 2 3
2 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
2 0 0 0
2 0 0 0
3 0 0 1

=
[ 1 2 3
2 0 0 0
3 0 0 1
]
=
[ 3 3
2 0 0
3 0 1
]
M
I(14,7)
1→2 · g1 =
[ 3
2 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
2 0 0
3 0 1
]
g2 ·M I(15,2)1→2 −M I(14,7)1→2 · g1 =
[ 3 3
2 0 0
3 0 1
]
−
[ 3 3
2 0 0
3 0 1
]
=
[ 6
5 0
]
2. g3 ·M I(15,2)2→3 −M I(14,7)2→3 · g2 = 0
g3 ·M I(15,2)2→3 =
[ 8 7
7 0 1
]
·

6 5
6 1 0
4 0 0
5 0 1
 = [
6 2 2 5
2 0 0 1 0
5 0 0 0 1
]
·

6 5
6 1 0
2 0 0
2 0 0
5 0 1
 =
[ 6 5
2 0 0
5 0 1
]
M
I(14,7)
2→3 · g2 =
[ 5
2 0
5 1
]
·
[ 6 5
5 0 1
]
=
[ 6 5
2 0 0
5 0 1
]
g3 ·M I(15,2)2→3 −M I(14,7)2→3 · g2 =
[ 6 5
2 0 0
5 0 1
]
−
[ 6 5
2 0 0
5 0 1
]
=
[11
7 0
]
3. g3 ·M I(15,2)4→3 −M I(14,7)4→3 · g4 = 0
g3 ·M I(15,2)4→3 =
[ 8 7
7 0 1
]
·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 1 2 1 2 1 5 2
5 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
]
·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 1 2 1 5
5 0 0 0 0 1
2 0 0 0 0 0
]
=
[ 5 5
5 0 1
2 0 0
]
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M
I(14,7)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 5 5
5 0 1
]
=
[ 5 5
5 0 1
2 0 0
]
g3 ·M I(15,2)4→3 −M I(14,7)4→3 · g4 =
[ 5 5
5 0 1
2 0 0
]
−
[ 5 5
5 0 1
2 0 0
]
=
[10
7 0
]
4. g4 ·M I(15,2)5→4 −M I(14,7)5→4 · g5 = 0
g4 ·M I(15,2)5→4 =
[ 5 5
5 0 1
]
·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 2 2 1 2 2
1 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=

2 1 2
1 0 1 0
2 0 0 1
2 0 0 0
 = [
2 3
3 0 1
2 0 0
]
M
I(14,7)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 1
2 0 0
]
g4 ·M I(15,2)5→4 −M I(14,7)5→4 · g5 =
[ 2 3
3 0 1
2 0 0
]
−
[ 2 3
3 0 1
2 0 0
]
=
[ 5
5 0
]
5. g3 ·M I(15,2)6→3 −M I(14,7)6→3 · g6 = 0
g3 ·M I(15,2)6→3 =
[ 8 7
7 0 1
]
·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 5 1 2 1 2 1
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

1 5 1 2 1
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
 =

6 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
I(14,7)
6→3 · g6 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 6 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

6 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

6 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·M I(15,2)6→3 −M I(14,7)6→3 · g6 =

6 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

6 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[10
7 0
]
6. g6 ·M I(15,2)7→6 −M I(14,7)7→6 · g7 = 0
g6 ·M I(15,2)7→6 =
[ 6 4
4 0 1
]
·

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 =
[ 3 3 2 2
2 0 0 1 0
2 0 0 0 1
]
·

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 =
[ 3 2
2 0 1
2 0 1
]
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M
I(14,7)
7→6 · g7 =
[ 2
2 1
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
2 0 1
]
g6 ·M I(15,2)7→6 −M I(14,7)7→6 · g7 =
[ 3 2
2 0 1
2 0 1
]
−
[ 3 2
2 0 1
2 0 1
]
=
[ 5
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 5
5 0 1
]
·
[ 6
6 1
5 0
]
=
[ 6
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 7
7 0 1
]
·
[ 8
8 1
7 0
]
=
[ 8
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
145.3.2 0→ I(17, 7) f→ I(15, 2) g→ I(14, 5)→ 0 
PdimI(17, 7) + dimI(14, 5) = (3, 6, 8, 6, 3, 5, 2) + (3, 5, 7, 4, 2, 5, 3)
= (6, 11, 15, 10, 5, 10, 5) = dimI(15, 2)
Pdimk Ext
1
kQ(I(14, 5), I(17, 7)) = dimk HomkQ(I(14, 5), I(17, 7))− 〈dimI(14, 5),dimI(17, 7)〉
= 0− 〈(3, 5, 7, 4, 2, 5, 3), (3, 6, 8, 6, 3, 5, 2)〉
= 3 · 6 + 5 · 8 + 4 · 8 + 2 · 6 + 5 · 8 + 3 · 5− (3 · 3 + 5 · 6 + 7 · 8 + 4 · 6 + 2 · 3 + 5 · 5 + 3 · 2)
= 18 + 40 + 32 + 12 + 40 + 15− (9 + 30 + 56 + 24 + 6 + 25 + 6)
= 1
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Matrices of the embedding f : I(17, 7)→ I(15, 2) P
1. f1 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
0 0
0 0
1 0
0 1
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(15, 2)→ I(14, 5) P
1. g1 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M7,15(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0 0 0
0 1 0 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 0 0 00 1 0 0 0
0 0 1 0 0
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(17, 7)→ I(15, 2) P
1. f2 ·M I(17,7)1→2 −M I(15,2)1→2 · f1 = 0
f2 ·M I(17,7)1→2 =

1 5
1 1 0
5 0 0
5 0 1
 · [
3
3 0
3 1
]
=

1 2 3
1 1 0 0
5 0 0 0
2 0 1 0
3 0 0 1
 ·

3
1 0
2 0
3 1
 =

3
1 0
5 0
2 0
3 1
 =
[ 3
8 0
3 1
]
M
I(15,2)
1→2 · f1 =

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·
[ 3
3 0
3 1
]
=

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·

3
1 0
2 0
3 1
 =

3
1 0
1 0
2 0
4 0
3 1
 =
[ 3
8 0
3 1
]
f2 ·M I(17,7)1→2 −M I(15,2)1→2 · f1 =
[ 3
8 0
3 1
]
−
[ 3
8 0
3 1
]
=
[ 3
11 0
]
2. f3 ·M I(17,7)2→3 −M I(15,2)2→3 · f2 = 0
f3 ·M I(17,7)2→3 =

1 7
1 1 0
7 0 0
7 0 1
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 2 5
1 1 0 0
7 0 0 0
2 0 1 0
5 0 0 1
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 5
1 1 0
7 0 0
2 0 0
5 0 1
 =

1 5
1 1 0
9 0 0
5 0 1

M
I(15,2)
2→3 · f2 =

6 5
6 1 0
4 0 0
5 0 1
 ·

1 5
1 1 0
5 0 0
5 0 1
 =

1 5 5
1 1 0 0
5 0 1 0
4 0 0 0
5 0 0 1
 ·

1 5
1 1 0
5 0 0
5 0 1
 =

1 5
1 1 0
5 0 0
4 0 0
5 0 1
 =

1 5
1 1 0
9 0 0
5 0 1

f3 ·M I(17,7)2→3 −M I(15,2)2→3 · f2 =

1 5
1 1 0
9 0 0
5 0 1
−

1 5
1 1 0
9 0 0
5 0 1
 = [ 615 0 ]
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3. f3 ·M I(17,7)4→3 −M I(15,2)4→3 · f4 = 0
f3 ·M I(17,7)4→3 =

1 7
1 1 0
7 0 0
7 0 1
 · [
6
6 1
2 0
]
=

1 5 2
1 1 0 0
7 0 0 0
5 0 1 0
2 0 0 1
 ·

1 5
1 1 0
5 0 1
2 0 0
 =

1 5
1 1 0
7 0 0
5 0 1
2 0 0

M
I(15,2)
4→3 · f4 =

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·

1 5
1 1 0
4 0 0
5 0 1
 =

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·

1 5
1 1 0
1 0 0
2 0 0
1 0 0
5 0 1
 =

1 5
1 1 0
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0
5 0 1
2 0 0

=

1 5
1 1 0
7 0 0
5 0 1
2 0 0

f3 ·M I(17,7)4→3 −M I(15,2)4→3 · f4 =

1 5
1 1 0
7 0 0
5 0 1
2 0 0
−

1 5
1 1 0
7 0 0
5 0 1
2 0 0
 =
[ 6
15 0
]
4. f4 ·M I(17,7)5→4 −M I(15,2)5→4 · f5 = 0
f4 ·M I(17,7)5→4 =

1 5
1 1 0
4 0 0
5 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 1 2 2
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
4 0 0
1 1 0
2 0 1
2 0 0

M
I(15,2)
5→4 · f5 =

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·
[ 3
2 0
3 1
]
=

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·

1 2
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
2 0 0
2 0 0
1 1 0
2 0 1
2 0 0

=

1 2
1 1 0
4 0 0
1 1 0
2 0 1
2 0 0

f4 ·M I(17,7)5→4 −M I(15,2)5→4 · f5 =

1 2
1 1 0
4 0 0
1 1 0
2 0 1
2 0 0
−

1 2
1 1 0
4 0 0
1 1 0
2 0 1
2 0 0
 =
[ 3
10 0
]
5. f3 ·M I(17,7)6→3 −M I(15,2)6→3 · f6 = 0
f3 ·M I(17,7)6→3 =

1 7
1 1 0
7 0 0
7 0 1
 ·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1 2 1
1 1 0 0 0 0 0
7 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
7 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
I(15,2)
6→3 · f6 =

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

1 4
1 1 0
5 0 0
4 0 1
 =

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

1 1 2 1
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

1 1 2 1
1 1 0 0 0
2 0 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
7 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

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f3 ·M I(17,7)6→3 −M I(15,2)6→3 · f6 =

1 1 2 1
1 1 0 0 0
7 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

−

1 1 2 1
1 1 0 0 0
7 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=
[ 5
15 0
]
6. f6 ·M I(17,7)7→6 −M I(15,2)7→6 · f7 = 0
f6 ·M I(17,7)7→6 =

1 4
1 1 0
5 0 0
4 0 1
 ·

2
1 0
2 1
2 1
 =

1 2 2
1 1 0 0
5 0 0 0
2 0 1 0
2 0 0 1
 ·

2
1 0
2 1
2 1
 =

2
1 0
5 0
2 1
2 1
 =

2
6 0
2 1
2 1

M
I(15,2)
7→6 · f7 =

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 ·
[ 2
3 0
2 1
]
=

2
3 0
3 0
2 1
2 1
 =

2
6 0
2 1
2 1

f6 ·M I(17,7)7→6 −M I(15,2)7→6 · f7 =

2
6 0
2 1
2 1
−

2
6 0
2 1
2 1
 = [ 210 0 ]
Relations of the projection g : I(15, 2)→ I(14, 5) P
1. g2 ·M I(15,2)1→2 −M I(14,5)1→2 · g1 = 0
g2 ·M I(15,2)1→2 =
[ 1 5 5
5 0 1 0
]
·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 =

1 1 2 2 2 3
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
2 0 0 0
2 0 0 0
3 0 0 1

=

1 2 3
1 1 0 0
2 0 1 0
2 0 0 0
 = [
3 3
3 1 0
2 0 0
]
M
I(14,5)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 3 3
3 1 0
]
=
[ 3 3
3 1 0
2 0 0
]
g2 ·M I(15,2)1→2 −M I(14,5)1→2 · g1 =
[ 3 3
3 1 0
2 0 0
]
−
[ 3 3
3 1 0
2 0 0
]
=
[ 6
5 0
]
2. g3 ·M I(15,2)2→3 −M I(14,5)2→3 · g2 = 0
g3 ·M I(15,2)2→3 =
[ 1 7 7
7 0 1 0
]
·

6 5
6 1 0
4 0 0
5 0 1
 = [
1 5 2 2 5
5 0 1 0 0 0
2 0 0 1 0 0
]
·

1 5 5
1 1 0 0
5 0 1 0
2 0 0 0
2 0 0 0
5 0 0 1
 =
[ 1 5 5
5 0 1 0
2 0 0 0
]
M
I(14,5)
2→3 · g2 =
[ 5
5 1
2 0
]
·
[ 1 5 5
5 0 1 0
]
=
[ 1 5 5
5 0 1 0
2 0 0 0
]
g3 ·M I(15,2)2→3 −M I(14,5)2→3 · g2 =
[ 1 5 5
5 0 1 0
2 0 0 0
]
−
[ 1 5 5
5 0 1 0
2 0 0 0
]
=
[11
7 0
]
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3. g3 ·M I(15,2)4→3 −M I(14,5)4→3 · g4 = 0
g3 ·M I(15,2)4→3 =
[ 1 7 7
7 0 1 0
]
·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 2 1 5 2
1 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
 ·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0

M
I(14,5)
4→3 · g4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 1 4 5
4 0 1 0
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
 =

1 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0

g3 ·M I(15,2)4→3 −M I(14,5)4→3 · g4 =

1 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
−

1 1 2 1 5
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
 =
[10
7 0
]
4. g4 ·M I(15,2)5→4 −M I(14,5)5→4 · g5 = 0
g4 ·M I(15,2)5→4 =
[ 1 4 5
4 0 1 0
]
·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=
[ 1 2 2 1 2 2
2 0 1 0 0 0 0
2 0 0 1 0 0 0
]
·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=
[ 2 1 2
2 1 0 0
2 1 0 0
]
=
[ 2 3
2 1 0
2 1 0
]
M
I(14,5)
5→4 · g5 =
[ 2
2 1
2 1
]
·
[ 2 3
2 1 0
]
=
[ 2 3
2 1 0
2 1 0
]
g4 ·M I(15,2)5→4 −M I(14,5)5→4 · g5 =
[ 2 3
2 1 0
2 1 0
]
−
[ 2 3
2 1 0
2 1 0
]
=
[ 5
4 0
]
5. g3 ·M I(15,2)6→3 −M I(14,5)6→3 · g6 = 0
g3 ·M I(15,2)6→3 =
[ 1 7 7
7 0 1 0
]
·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 2 5 1 2 1 2 1
2 0 1 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0
]
·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 5 1 2 1
2 0 0 0 0 0
5 0 1 0 0 0
]
=
[ 1 5 4
2 0 0 0
5 0 1 0
]
M
I(14,5)
6→3 · g6 =
[ 5
2 0
5 1
]
·
[ 1 5 4
5 0 1 0
]
=
[ 1 5 4
2 0 0 0
5 0 1 0
]
g3 ·M I(15,2)6→3 −M I(14,5)6→3 · g6 =
[ 1 5 4
2 0 0 0
5 0 1 0
]
−
[ 1 5 4
2 0 0 0
5 0 1 0
]
=
[10
7 0
]
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6. g6 ·M I(15,2)7→6 −M I(14,5)7→6 · g7 = 0
g6 ·M I(15,2)7→6 =
[ 1 5 4
5 0 1 0
]
·

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 =
[ 1 2 3 2 2
2 0 1 0 0 0
3 0 0 1 0 0
]
·

3 2
1 0 0
2 0 0
3 1 0
2 0 1
2 0 1
 =
[ 3 2
2 0 0
3 1 0
]
M
I(14,5)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 3 2
3 1 0
]
=
[ 3 2
2 0 0
3 1 0
]
g6 ·M I(15,2)7→6 −M I(14,5)7→6 · g7 =
[ 3 2
2 0 0
3 1 0
]
−
[ 3 2
2 0 0
3 1 0
]
=
[ 5
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 5 5
5 0 1 0
]
·

1 5
1 1 0
5 0 0
5 0 1
 = [ 65 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 7 7
7 0 1 0
]
·

1 7
1 1 0
7 0 0
7 0 1
 = [ 87 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 4 5
4 0 1 0
]
·

1 5
1 1 0
4 0 0
5 0 1
 = [ 64 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
2 1 0
]
·
[ 3
2 0
3 1
]
=
[ 3
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 5 4
5 0 1 0
]
·

1 4
1 1 0
5 0 0
4 0 1
 = [ 55 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2
3 1 0
]
·
[ 2
3 0
2 1
]
=
[ 2
3 0
]
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145.4 Tree module property of I(21, 2) 
The matrices of the representation have full (column) rank P
1. M I(21,2)1→2 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
2. M I(21,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,15(k) is already in column echelon form and has maximal column rank.
3. M I(21,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) is already in column echelon form and has maximal column rank.
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4. M I(21,2)5→4 =

0 0 0 1 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(21,2)
5→4 =

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

c1↔c2−−−−→

1 3 3
1 1 0 0
3 0 1 0
3 0 1 0
1 1 0 0
3 0 0 1
3 0 0 0

5. M I(21,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,14(k) is already in column echelon form and has maximal column rank.
6. M I(21,2)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k) is already in column echelon form and has maximal column rank.
145.4.1 0→ I(23, 5) f→ I(21, 2) g→ I(20, 7)→ 0 
PdimI(23, 5) + dimI(20, 7) = (4, 8, 11, 7, 3, 8, 4) + (4, 7, 10, 7, 4, 6, 3)
= (8, 15, 21, 14, 7, 14, 7) = dimI(21, 2)
Pdimk Ext
1
kQ(I(20, 7), I(23, 5)) = dimk HomkQ(I(20, 7), I(23, 5))− 〈dimI(20, 7),dimI(23, 5)〉
= 0− 〈(4, 7, 10, 7, 4, 6, 3), (4, 8, 11, 7, 3, 8, 4)〉
= 4 · 8 + 7 · 11 + 7 · 11 + 4 · 7 + 6 · 11 + 3 · 8− (4 · 4 + 7 · 8 + 10 · 11 + 7 · 7 + 4 · 3 + 6 · 8 + 3 · 4)
= 32 + 77 + 77 + 28 + 66 + 24− (16 + 56 + 110 + 49 + 12 + 48 + 12)
= 1
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Matrices of the embedding f : I(23, 5)→ I(21, 2) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M21,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M14,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(21, 2)→ I(20, 7) P
1. g1 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,21(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,14(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,14(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(23, 5)→ I(21, 2) P
1. f2 ·M I(23,5)1→2 −M I(21,2)1→2 · f1 = 0
f2 ·M I(23,5)1→2 =
[ 8
8 1
7 0
]
·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 1 3 3
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
3 0 0
7 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
10 0 0

M
I(21,2)
1→2 · f1 =

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·
[ 4
4 1
4 0
]
=

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·

1 3
1 1 0
3 0 1
4 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
6 0 0
4 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
10 0 0

f2 ·M I(23,5)1→2 −M I(21,2)1→2 · f1 =

1 3
1 1 0
1 1 0
3 0 1
10 0 0
−

1 3
1 1 0
1 1 0
3 0 1
10 0 0
 =
[ 4
15 0
]
2. f3 ·M I(23,5)2→3 −M I(21,2)2→3 · f2 = 0
f3 ·M I(23,5)2→3 =
[11
11 1
10 0
]
·
[ 8
8 1
3 0
]
=

8 3
8 1 0
3 0 1
10 0 0
 · [
8
8 1
3 0
]
=

8
8 1
3 0
10 0
 = [
8
8 1
13 0
]
M
I(21,2)
2→3 · f2 =

8 7
8 1 0
6 0 0
7 0 1
 · [
8
8 1
7 0
]
=

8
8 1
6 0
7 0
 = [
8
8 1
13 0
]
f3 ·M I(23,5)2→3 −M I(21,2)2→3 · f2 =
[ 8
8 1
13 0
]
−
[ 8
8 1
13 0
]
=
[ 8
21 0
]
3. f3 ·M I(23,5)4→3 −M I(21,2)4→3 · f4 = 0
f3 ·M I(23,5)4→3 =
[11
11 1
10 0
]
·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2 2 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
10 0 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

M
I(21,2)
4→3 · f4 =

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·
[ 7
7 1
7 0
]
=

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
7 0 0 0 0
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
7 0 0 0 0
3 0 0 0 0

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

f3 ·M I(23,5)4→3 −M I(21,2)4→3 · f4 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

−

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

=
[ 7
21 0
]
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4. f4 ·M I(23,5)5→4 −M I(21,2)5→4 · f5 = 0
f4 ·M I(23,5)5→4 =
[ 7
7 1
7 0
]
·

3
1 0
3 1
3 1
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
7 0 0 0
 ·

3
1 0
3 1
3 1
 =

3
1 0
3 1
3 1
7 0

M
I(21,2)
5→4 · f5 =

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·
[ 3
3 1
4 0
]
=

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·

3
3 1
1 0
3 0
 =

3
1 0
3 1
3 1
1 0
3 0
3 0

=

3
1 0
3 1
3 1
7 0

f4 ·M I(23,5)5→4 −M I(21,2)5→4 · f5 =

3
1 0
3 1
3 1
7 0
−

3
1 0
3 1
3 1
7 0
 =
[ 3
14 0
]
5. f3 ·M I(23,5)6→3 −M I(21,2)6→3 · f6 = 0
f3 ·M I(23,5)6→3 =
[11
11 1
10 0
]
·

1 7
1 1 0
3 0 0
7 0 1
 =

1 3 7
1 1 0 0
3 0 1 0
7 0 0 1
10 0 0 0
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 7
1 1 0
3 0 0
7 0 1
10 0 0

M
I(21,2)
6→3 · f6 =

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·
[ 8
8 1
6 0
]
=

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·

1 7
1 1 0
7 0 1
2 0 0
2 0 0
2 0 0
 =

1 7
1 1 0
3 0 0
7 0 1
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0

=

1 7
1 1 0
3 0 0
7 0 1
10 0 0

f3 ·M I(23,5)6→3 −M I(21,2)6→3 · f6 =

1 7
1 1 0
3 0 0
7 0 1
10 0 0
−

1 7
1 1 0
3 0 0
7 0 1
10 0 0
 =
[ 8
21 0
]
6. f6 ·M I(23,5)7→6 −M I(21,2)7→6 · f7 = 0
f6 ·M I(23,5)7→6 =
[ 8
8 1
6 0
]
·
[ 4
4 0
4 1
]
=

4 4
4 1 0
4 0 1
6 0 0
 · [
4
4 0
4 1
]
=

4
4 0
4 1
6 0

M
I(21,2)
7→6 · f7 =

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 ·
[ 4
4 1
3 0
]
=

4
4 0
4 1
3 0
3 0
 =

4
4 0
4 1
6 0

f6 ·M I(23,5)7→6 −M I(21,2)7→6 · f7 =

4
4 0
4 1
6 0
−

4
4 0
4 1
6 0
 = [ 414 0 ]
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Relations of the projection g : I(21, 2)→ I(20, 7) P
1. g2 ·M I(21,2)1→2 −M I(20,7)1→2 · g1 = 0
g2 ·M I(21,2)1→2 =
[ 8 7
7 0 1
]
·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 =
[ 1 1 3 3 3 4
3 0 0 0 0 1 0
4 0 0 0 0 0 1
]
·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
3 0 0 0
4 0 0 1

=
[ 1 3 4
3 0 0 0
4 0 0 1
]
=
[ 4 4
3 0 0
4 0 1
]
M
I(20,7)
1→2 · g1 =
[ 4
3 0
4 1
]
·
[ 4 4
4 0 1
]
=
[ 4 4
3 0 0
4 0 1
]
g2 ·M I(21,2)1→2 −M I(20,7)1→2 · g1 =
[ 4 4
3 0 0
4 0 1
]
−
[ 4 4
3 0 0
4 0 1
]
=
[ 8
7 0
]
2. g3 ·M I(21,2)2→3 −M I(20,7)2→3 · g2 = 0
g3 ·M I(21,2)2→3 =
[11 10
10 0 1
]
·

8 7
8 1 0
6 0 0
7 0 1
 = [
8 3 3 7
3 0 0 1 0
7 0 0 0 1
]
·

8 7
8 1 0
3 0 0
3 0 0
7 0 1
 =
[ 8 7
3 0 0
7 0 1
]
M
I(20,7)
2→3 · g2 =
[ 7
3 0
7 1
]
·
[ 8 7
7 0 1
]
=
[ 8 7
3 0 0
7 0 1
]
g3 ·M I(21,2)2→3 −M I(20,7)2→3 · g2 =
[ 8 7
3 0 0
7 0 1
]
−
[ 8 7
3 0 0
7 0 1
]
=
[15
10 0
]
3. g3 ·M I(21,2)4→3 −M I(20,7)4→3 · g4 = 0
g3 ·M I(21,2)4→3 =
[11 10
10 0 1
]
·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 2 2 2 2 2 7 3
7 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
]
·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 2 2 2 7
7 0 0 0 0 1
3 0 0 0 0 0
]
=
[ 7 7
7 0 1
3 0 0
]
M
I(20,7)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[ 7 7
7 0 1
]
=
[ 7 7
7 0 1
3 0 0
]
g3 ·M I(21,2)4→3 −M I(20,7)4→3 · g4 =
[ 7 7
7 0 1
3 0 0
]
−
[ 7 7
7 0 1
3 0 0
]
=
[14
10 0
]
4. g4 ·M I(21,2)5→4 −M I(20,7)5→4 · g5 = 0
g4 ·M I(21,2)5→4 =
[ 7 7
7 0 1
]
·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=

1 3 3 1 3 3
1 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=

3 1 3
1 0 1 0
3 0 0 1
3 0 0 0
 = [
3 4
4 0 1
3 0 0
]
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M
I(20,7)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 1
3 0 0
]
g4 ·M I(21,2)5→4 −M I(20,7)5→4 · g5 =
[ 3 4
4 0 1
3 0 0
]
−
[ 3 4
4 0 1
3 0 0
]
=
[ 7
7 0
]
5. g3 ·M I(21,2)6→3 −M I(20,7)6→3 · g6 = 0
g3 ·M I(21,2)6→3 =
[11 10
10 0 1
]
·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

1 3 7 2 2 2 2 2
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

1 7 2 2 2
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
 =

8 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
I(20,7)
6→3 · g6 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 8 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

8 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

8 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·M I(21,2)6→3 −M I(20,7)6→3 · g6 =

8 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

8 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[14
10 0
]
6. g6 ·M I(21,2)7→6 −M I(20,7)7→6 · g7 = 0
g6 ·M I(21,2)7→6 =
[ 8 6
6 0 1
]
·

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 =
[ 4 4 3 3
3 0 0 1 0
3 0 0 0 1
]
·

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 =
[ 4 3
3 0 1
3 0 1
]
M
I(20,7)
7→6 · g7 =
[ 3
3 1
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
3 0 1
3 0 1
]
g6 ·M I(21,2)7→6 −M I(20,7)7→6 · g7 =
[ 4 3
3 0 1
3 0 1
]
−
[ 4 3
3 0 1
3 0 1
]
=
[ 7
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 8 7
7 0 1
]
·
[ 8
8 1
7 0
]
=
[ 8
7 0
]
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3. g3 · f3 = 0
g3 · f3 =
[11 10
10 0 1
]
·
[11
11 1
10 0
]
=
[11
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 7
7 0 1
]
·
[ 7
7 1
7 0
]
=
[ 7
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 8 6
6 0 1
]
·
[ 8
8 1
6 0
]
=
[ 8
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
145.4.2 0→ I(23, 7) f→ I(21, 2) g→ I(20, 5)→ 0 
PdimI(23, 7) + dimI(20, 5) = (4, 8, 11, 8, 4, 7, 3) + (4, 7, 10, 6, 3, 7, 4)
= (8, 15, 21, 14, 7, 14, 7) = dimI(21, 2)
Pdimk Ext
1
kQ(I(20, 5), I(23, 7)) = dimk HomkQ(I(20, 5), I(23, 7))− 〈dimI(20, 5),dimI(23, 7)〉
= 0− 〈(4, 7, 10, 6, 3, 7, 4), (4, 8, 11, 8, 4, 7, 3)〉
= 4 · 8 + 7 · 11 + 6 · 11 + 3 · 8 + 7 · 11 + 4 · 7− (4 · 4 + 7 · 8 + 10 · 11 + 6 · 8 + 3 · 4 + 7 · 7 + 4 · 3)
= 32 + 77 + 66 + 24 + 77 + 28− (16 + 56 + 110 + 48 + 12 + 49 + 12)
= 1
Matrices of the embedding f : I(23, 7)→ I(21, 2) P
1. f1 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M21,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M14,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M7,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(21, 2)→ I(20, 5) P
1. g1 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M7,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

∈M10,21(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M6,14(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 0 0 0 0 00 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0

∈M7,14(k) is already in row echelon form and has maximal row rank.
7. g7 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(23, 7)→ I(21, 2) P
1. f2 ·M I(23,7)1→2 −M I(21,2)1→2 · f1 = 0
f2 ·M I(23,7)1→2 =

1 7
1 1 0
7 0 0
7 0 1
 · [
4
4 0
4 1
]
=

1 3 4
1 1 0 0
7 0 0 0
3 0 1 0
4 0 0 1
 ·

4
1 0
3 0
4 1
 =

4
1 0
7 0
3 0
4 1
 =
[ 4
11 0
4 1
]
M
I(21,2)
1→2 · f1 =

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·
[ 4
4 0
4 1
]
=

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·

4
1 0
3 0
4 1
 =

4
1 0
1 0
3 0
6 0
4 1
 =
[ 4
11 0
4 1
]
f2 ·M I(23,7)1→2 −M I(21,2)1→2 · f1 =
[ 4
11 0
4 1
]
−
[ 4
11 0
4 1
]
=
[ 4
15 0
]
2. f3 ·M I(23,7)2→3 −M I(21,2)2→3 · f2 = 0
f3 ·M I(23,7)2→3 =

1 10
1 1 0
10 0 0
10 0 1
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 3 7
1 1 0 0
10 0 0 0
3 0 1 0
7 0 0 1
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 7
1 1 0
10 0 0
3 0 0
7 0 1
 =

1 7
1 1 0
13 0 0
7 0 1

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M
I(21,2)
2→3 · f2 =

8 7
8 1 0
6 0 0
7 0 1
 ·

1 7
1 1 0
7 0 0
7 0 1
 =

1 7 7
1 1 0 0
7 0 1 0
6 0 0 0
7 0 0 1
 ·

1 7
1 1 0
7 0 0
7 0 1
 =

1 7
1 1 0
7 0 0
6 0 0
7 0 1
 =

1 7
1 1 0
13 0 0
7 0 1

f3 ·M I(23,7)2→3 −M I(21,2)2→3 · f2 =

1 7
1 1 0
13 0 0
7 0 1
−

1 7
1 1 0
13 0 0
7 0 1
 = [ 821 0 ]
3. f3 ·M I(23,7)4→3 −M I(21,2)4→3 · f4 = 0
f3 ·M I(23,7)4→3 =

1 10
1 1 0
10 0 0
10 0 1
 · [
8
8 1
3 0
]
=

1 7 3
1 1 0 0
10 0 0 0
7 0 1 0
3 0 0 1
 ·

1 7
1 1 0
7 0 1
3 0 0
 =

1 7
1 1 0
10 0 0
7 0 1
3 0 0

M
I(21,2)
4→3 · f4 =

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·

1 7
1 1 0
6 0 0
7 0 1
 =

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·

1 7
1 1 0
2 0 0
2 0 0
2 0 0
7 0 1
 =

1 7
1 1 0
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0
7 0 1
3 0 0

=

1 7
1 1 0
10 0 0
7 0 1
3 0 0

f3 ·M I(23,7)4→3 −M I(21,2)4→3 · f4 =

1 7
1 1 0
10 0 0
7 0 1
3 0 0
−

1 7
1 1 0
10 0 0
7 0 1
3 0 0
 =
[ 8
21 0
]
4. f4 ·M I(23,7)5→4 −M I(21,2)5→4 · f5 = 0
f4 ·M I(23,7)5→4 =

1 7
1 1 0
6 0 0
7 0 1
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 1 3 3
1 1 0 0 0
6 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 3
1 1 0
6 0 0
1 1 0
3 0 1
3 0 0

M
I(21,2)
5→4 · f5 =

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·
[ 4
3 0
4 1
]
=

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·

1 3
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
3 0 0
3 0 0
1 1 0
3 0 1
3 0 0

=

1 3
1 1 0
6 0 0
1 1 0
3 0 1
3 0 0

f4 ·M I(23,7)5→4 −M I(21,2)5→4 · f5 =

1 3
1 1 0
6 0 0
1 1 0
3 0 1
3 0 0
−

1 3
1 1 0
6 0 0
1 1 0
3 0 1
3 0 0
 =
[ 4
14 0
]
5. f3 ·M I(23,7)6→3 −M I(21,2)6→3 · f6 = 0
f3 ·M I(23,7)6→3 =

1 10
1 1 0
10 0 0
10 0 1
 ·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2 2 2
1 1 0 0 0 0 0
10 0 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2
1 1 0 0 0
10 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

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M
I(21,2)
6→3 · f6 =

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·

1 6
1 1 0
7 0 0
6 0 1
 =

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·

1 2 2 2
1 1 0 0 0
7 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

1 2 2 2
1 1 0 0 0
3 0 0 0 0
7 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2
1 1 0 0 0
10 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

f3 ·M I(23,7)6→3 −M I(21,2)6→3 · f6 =

1 2 2 2
1 1 0 0 0
10 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

−

1 2 2 2
1 1 0 0 0
10 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=
[ 7
21 0
]
6. f6 ·M I(23,7)7→6 −M I(21,2)7→6 · f7 = 0
f6 ·M I(23,7)7→6 =

1 6
1 1 0
7 0 0
6 0 1
 ·

3
1 0
3 1
3 1
 =

1 3 3
1 1 0 0
7 0 0 0
3 0 1 0
3 0 0 1
 ·

3
1 0
3 1
3 1
 =

3
1 0
7 0
3 1
3 1
 =

3
8 0
3 1
3 1

M
I(21,2)
7→6 · f7 =

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 ·
[ 3
4 0
3 1
]
=

3
4 0
4 0
3 1
3 1
 =

3
8 0
3 1
3 1

f6 ·M I(23,7)7→6 −M I(21,2)7→6 · f7 =

3
8 0
3 1
3 1
−

3
8 0
3 1
3 1
 = [ 314 0 ]
Relations of the projection g : I(21, 2)→ I(20, 5) P
1. g2 ·M I(21,2)1→2 −M I(20,5)1→2 · g1 = 0
g2 ·M I(21,2)1→2 =
[ 1 7 7
7 0 1 0
]
·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 =

1 1 3 3 3 4
1 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
 ·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
3 0 0 0
4 0 0 1

=

1 3 4
1 1 0 0
3 0 1 0
3 0 0 0
 = [
4 4
4 1 0
3 0 0
]
M
I(20,5)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 4 4
4 1 0
]
=
[ 4 4
4 1 0
3 0 0
]
g2 ·M I(21,2)1→2 −M I(20,5)1→2 · g1 =
[ 4 4
4 1 0
3 0 0
]
−
[ 4 4
4 1 0
3 0 0
]
=
[ 8
7 0
]
2. g3 ·M I(21,2)2→3 −M I(20,5)2→3 · g2 = 0
g3 ·M I(21,2)2→3 =
[ 1 10 10
10 0 1 0
]
·

8 7
8 1 0
6 0 0
7 0 1
 = [
1 7 3 3 7
7 0 1 0 0 0
3 0 0 1 0 0
]
·

1 7 7
1 1 0 0
7 0 1 0
3 0 0 0
3 0 0 0
7 0 0 1
 =
[ 1 7 7
7 0 1 0
3 0 0 0
]
M
I(20,5)
2→3 · g2 =
[ 7
7 1
3 0
]
·
[ 1 7 7
7 0 1 0
]
=
[ 1 7 7
7 0 1 0
3 0 0 0
]
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g3 ·M I(21,2)2→3 −M I(20,5)2→3 · g2 =
[ 1 7 7
7 0 1 0
3 0 0 0
]
−
[ 1 7 7
7 0 1 0
3 0 0 0
]
=
[15
10 0
]
3. g3 ·M I(21,2)4→3 −M I(20,5)4→3 · g4 = 0
g3 ·M I(21,2)4→3 =
[ 1 10 10
10 0 1 0
]
·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 2 2 7 3
2 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
 ·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0

M
I(20,5)
4→3 · g4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 1 6 7
6 0 1 0
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

1 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
 =

1 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0

g3 ·M I(21,2)4→3 −M I(20,5)4→3 · g4 =

1 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
−

1 2 2 2 7
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
 =
[14
10 0
]
4. g4 ·M I(21,2)5→4 −M I(20,5)5→4 · g5 = 0
g4 ·M I(21,2)5→4 =
[ 1 6 7
6 0 1 0
]
·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=
[ 1 3 3 1 3 3
3 0 1 0 0 0 0
3 0 0 1 0 0 0
]
·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=
[ 3 1 3
3 1 0 0
3 1 0 0
]
=
[ 3 4
3 1 0
3 1 0
]
M
I(20,5)
5→4 · g5 =
[ 3
3 1
3 1
]
·
[ 3 4
3 1 0
]
=
[ 3 4
3 1 0
3 1 0
]
g4 ·M I(21,2)5→4 −M I(20,5)5→4 · g5 =
[ 3 4
3 1 0
3 1 0
]
−
[ 3 4
3 1 0
3 1 0
]
=
[ 7
6 0
]
5. g3 ·M I(21,2)6→3 −M I(20,5)6→3 · g6 = 0
g3 ·M I(21,2)6→3 =
[ 1 10 10
10 0 1 0
]
·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 3 7 2 2 2 2 2
3 0 1 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0
]
·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 7 2 2 2
3 0 0 0 0 0
7 0 1 0 0 0
]
=
[ 1 7 6
3 0 0 0
7 0 1 0
]
M
I(20,5)
6→3 · g6 =
[ 7
3 0
7 1
]
·
[ 1 7 6
7 0 1 0
]
=
[ 1 7 6
3 0 0 0
7 0 1 0
]
g3 ·M I(21,2)6→3 −M I(20,5)6→3 · g6 =
[ 1 7 6
3 0 0 0
7 0 1 0
]
−
[ 1 7 6
3 0 0 0
7 0 1 0
]
=
[14
10 0
]
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6. g6 ·M I(21,2)7→6 −M I(20,5)7→6 · g7 = 0
g6 ·M I(21,2)7→6 =
[ 1 7 6
7 0 1 0
]
·

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 =
[ 1 3 4 3 3
3 0 1 0 0 0
4 0 0 1 0 0
]
·

4 3
1 0 0
3 0 0
4 1 0
3 0 1
3 0 1
 =
[ 4 3
3 0 0
4 1 0
]
M
I(20,5)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 4 3
4 1 0
]
=
[ 4 3
3 0 0
4 1 0
]
g6 ·M I(21,2)7→6 −M I(20,5)7→6 · g7 =
[ 4 3
3 0 0
4 1 0
]
−
[ 4 3
3 0 0
4 1 0
]
=
[ 7
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 4
4 1 0
]
·
[ 4
4 0
4 1
]
=
[ 4
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 7 7
7 0 1 0
]
·

1 7
1 1 0
7 0 0
7 0 1
 = [ 87 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 10 10
10 0 1 0
]
·

1 10
1 1 0
10 0 0
10 0 1
 = [1110 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 6 7
6 0 1 0
]
·

1 7
1 1 0
6 0 0
7 0 1
 = [ 86 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 3 4
3 1 0
]
·
[ 4
3 0
4 1
]
=
[ 4
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 7 6
7 0 1 0
]
·

1 6
1 1 0
7 0 0
6 0 1
 = [ 77 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3
4 1 0
]
·
[ 3
4 0
3 1
]
=
[ 3
4 0
]
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145.5 Tree module property of I(6n+ 3, 2) 
The matrices of the representation have full (column) rank P
1. M I(6n+3,2)1→2 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
2. M I(6n+3,2)2→3 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 ∈M6n+3,4n+3(k) is already in column echelon form and has maximal column rank.
3. M I(6n+3,2)4→3 =

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M6n+3,4n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,2)
4→3 =

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
n 0 0 0 0 0

4. M I(6n+3,2)5→4 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

∈M4n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,2)
5→4 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

c1↔c2−−−−→

1 n n
1 1 0 0
n 0 1 0
n 0 1 0
1 1 0 0
n 0 0 1
n 0 0 0

5. M I(6n+3,2)6→3 =

1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]
∈M6n+3,4n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,2)
6→3 =

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1

6. M I(6n+3,2)7→6 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
145.5.1 0→ I(6n+ 5, 5) i→ I(6n+ 3, 2) p→ I(6n+ 2, 7)→ 0 
PdimI(6n+ 5, 5) + dimI(6n+ 2, 7) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1) + (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n, n)
= (2n+ 2, 4n+ 3, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimI(6n+ 3, 2)
P
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dimk Ext
1
kQ(I(6n+ 2, 7), I(6n+ 5, 5)) = dimk HomkQ(I(6n+ 2, 7), I(6n+ 5, 5))− 〈dimI(6n+ 2, 7),dimI(6n+ 5, 5)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n, n), (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1)〉
= (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 2) + (2n+ 1) · (3n+ 2) + (n+ 1) · (2n+ 1) + 2n · (3n+ 2) + n · (2n+ 2)
− ((n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 2) + (3n+ 1) · (3n+ 2) + (2n+ 1) · (2n+ 1) + (n+ 1) · n+ 2n · (2n+ 2) + n · (n+ 1))
= 2n2 + 4n+ 2 + 6n2 + 7n+ 2 + 6n2 + 7n+ 2 + 2n2 + 3n+ 1 + 6n2 + 4n+ 2n2 + 2n
− (n2 + 2n+ 1 + 4n2 + 6n+ 2 + 9n2 + 9n+ 2 + 4n2 + 4n+ 1 + n2 + n+ 4n2 + 4n+ n2 + n)
= 1
Matrices of the embedding i : I(6n+ 5, 5)→ I(6n+ 3, 2) P
1. i1 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+2
2n+2 1
2n+1 0
]
∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+2
3n+2 1
3n+1 0
]
∈M6n+3,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
2n+1 0
]
∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+2
2n+2 1
2n 0
]
∈M4n+2,2n+2(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
n 0
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 3, 2)→ I(6n+ 2, 7) P
1. p1 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+2 2n+1
2n+1 0 1
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 3n+1
3n+1 0 1
]
∈M3n+1,6n+3(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 2n+1
2n+1 0 1
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+2 2n
2n 0 1
]
∈M2n,4n+2(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 n
n 0 1
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 5, 5)→ I(6n+ 3, 2) P
1. i2 ·M I(6n+5,5)1→2 −M I(6n+3,2)1→2 · i1 = 0
i2 ·M I(6n+5,5)1→2 =
[2n+2
2n+2 1
2n+1 0
]
·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 1 n n
1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
2n+1 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0

M
I(6n+3,2)
1→2 · i1 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·
[n+1
n+1 1
n+1 0
]
=

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·

1 n
1 1 0
n 0 1
n+1 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
2n 0 0
n+1 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0

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i2 ·M I(6n+5,5)1→2 −M I(6n+3,2)1→2 · i1 =

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0
−

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0
 =
[n+1
4n+3 0
]
2. i3 ·M I(6n+5,5)2→3 −M I(6n+3,2)2→3 · i2 = 0
i3 ·M I(6n+5,5)2→3 =
[3n+2
3n+2 1
3n+1 0
]
·
[2n+2
2n+2 1
n 0
]
=

2n+2 n
2n+2 1 0
n 0 1
3n+1 0 0
 · [
2n+2
2n+2 1
n 0
]
=

2n+2
2n+2 1
n 0
3n+1 0
 = [
2n+2
2n+2 1
4n+1 0
]
M
I(6n+3,2)
2→3 · i2 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 · [
2n+2
2n+2 1
2n+1 0
]
=

2n+2
2n+2 1
2n 0
2n+1 0
 = [
2n+2
2n+2 1
4n+1 0
]
i3 ·M I(6n+5,5)2→3 −M I(6n+3,2)2→3 · i2 =
[2n+2
2n+2 1
4n+1 0
]
−
[2n+2
2n+2 1
4n+1 0
]
=
[2n+2
6n+3 0
]
3. i3 ·M I(6n+5,5)4→3 −M I(6n+3,2)4→3 · i4 = 0
i3 ·M I(6n+5,5)4→3 =
[3n+2
3n+2 1
3n+1 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+1 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+2 2n
n+2 1 0
2n 0 1
3n+1 0 0
 · [
1 2n
n+2 0 0
2n 0 1
]
=

2n+1
2n+1 1
n+1 0
3n+1 0
+

1 2n
n+2 0 0
2n 0 1
3n+1 0 0
 =

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
3n+1 0 0 0
+

1 n−1 n+1
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
3n+1 0 0 0
 =

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

M
I(6n+3,2)
4→3 · i4 =


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


·
[2n+1
2n+1 1
2n+1 0
]
=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
 ·
[2n+1
2n+1 1
2n+1 0
]
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

1 2n
1 1 0
2n 0 1
2n+1 0 0

=

2n+1
2n+1 1
n+1 0
2n+1 0
n 0
+

1 2n
n+2 0 0
2n 0 1
3n+1 0 0
 =

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
2n+1 0 0 0
n 0 0 0

+

1 n−1 n+1
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
2n+1 0 0 0
n 0 0 0

=

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

i3 ·M I(6n+5,5)4→3 −M I(6n+3,2)4→3 · i4 =

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

−

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

=
[2n+1
6n+3 0
]
4. i4 ·M I(6n+5,5)5→4 −M I(6n+3,2)5→4 · i5 = 0
i4 ·M I(6n+5,5)5→4 =
[2n+1
2n+1 1
2n+1 0
]
·

n
1 0
n 1
n 1
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
2n+1 0 0 0
 ·

n
1 0
n 1
n 1
 =

n
1 0
n 1
n 1
2n+1 0

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M
I(6n+3,2)
5→4 · i5 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·
[ n
n 1
n+1 0
]
=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·

n
n 1
1 0
n 0
 =

n
1 0
n 1
n 1
1 0
n 0
n 0

=

n
1 0
n 1
n 1
2n+1 0

i4 ·M I(6n+5,5)5→4 −M I(6n+3,2)5→4 · i5 =

n
1 0
n 1
n 1
2n+1 0
−

n
1 0
n 1
n 1
2n+1 0
 =
[ n
4n+2 0
]
5. i3 ·M I(6n+5,5)6→3 −M I(6n+3,2)6→3 · i6 = 0
i3 ·M I(6n+5,5)6→3 =
[3n+2
3n+2 1
3n+1 0
]
·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 n 2n+1
1 1 0 0
n 0 1 0
2n+1 0 0 1
3n+1 0 0 0
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0

M
I(6n+3,2)
6→3 · i6 =


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

·
[2n+2
2n+2 1
2n 0
]
=

1 2n+1 2n
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 1
2n 0 0
+ [
2n+2 2n
4n+3 0 0
2n 0 1
]
·
[2n+2
2n+2 1
2n 0
]
=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
2n 0 0
n+1 0 0
+
[2n+2
4n+3 0
2n 0
]
=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
n+1 0 0
n−1 0 0
n+1 0 0

+

1 2n+1
1 0 0
n 0 0
2n+1 0 0
n+1 0 0
n−1 0 0
n+1 0 0

=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0

i3 ·M I(6n+5,5)6→3 −M I(6n+3,2)6→3 · i6 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0
−

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0
 =
[2n+2
6n+3 0
]
6. i6 ·M I(6n+5,5)7→6 −M I(6n+3,2)7→6 · i7 = 0
i6 ·M I(6n+5,5)7→6 =
[2n+2
2n+2 1
2n 0
]
·
[n+1
n+1 0
n+1 1
]
=

n+1 n+1
n+1 1 0
n+1 0 1
2n 0 0
 · [
n+1
n+1 0
n+1 1
]
=

n+1
n+1 0
n+1 1
2n 0

M
I(6n+3,2)
7→6 · i7 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ·
[n+1
n+1 1
n 0
]
=

n+1
n+1 0
n+1 1
n 0
n 0
 =

n+1
n+1 0
n+1 1
2n 0

i6 ·M I(6n+5,5)7→6 −M I(6n+3,2)7→6 · i7 =

n+1
n+1 0
n+1 1
2n 0
−

n+1
n+1 0
n+1 1
2n 0
 = [n+14n+2 0 ]
Relations of the projection p : I(6n+ 3, 2)→ I(6n+ 2, 7) P
1. p2 ·M I(6n+3,2)1→2 −M I(6n+2,7)1→2 · p1 = 0
p2 ·M I(6n+3,2)1→2 =
[2n+2 2n+1
2n+1 0 1
]
·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 =
[ 1 1 n n n n+1
n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
n 0 0 0
n 0 0 0
n+1 0 0 1

=
[ 1 n n+1
n 0 0 0
n+1 0 0 1
]
=
[n+1 n+1
n 0 0
n+1 0 1
]
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M
I(6n+2,7)
1→2 · p1 =
[n+1
n 0
n+1 1
]
·
[n+1 n+1
n+1 0 1
]
=
[n+1 n+1
n 0 0
n+1 0 1
]
p2 ·M I(6n+3,2)1→2 −M I(6n+2,7)1→2 · p1 =
[n+1 n+1
n 0 0
n+1 0 1
]
−
[n+1 n+1
n 0 0
n+1 0 1
]
=
[2n+2
2n+1 0
]
2. p3 ·M I(6n+3,2)2→3 −M I(6n+2,7)2→3 · p2 = 0
p3 ·M I(6n+3,2)2→3 =
[3n+2 3n+1
3n+1 0 1
]
·

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 = [
2n+2 n n 2n+1
n 0 0 1 0
2n+1 0 0 0 1
]
·

2n+2 2n+1
2n+2 1 0
n 0 0
n 0 0
2n+1 0 1
 =
[2n+2 2n+1
n 0 0
2n+1 0 1
]
M
I(6n+2,7)
2→3 · p2 =
[2n+1
n 0
2n+1 1
]
·
[2n+2 2n+1
2n+1 0 1
]
=
[2n+2 2n+1
n 0 0
2n+1 0 1
]
p3 ·M I(6n+3,2)2→3 −M I(6n+2,7)2→3 · p2 =
[2n+2 2n+1
n 0 0
2n+1 0 1
]
−
[2n+2 2n+1
n 0 0
2n+1 0 1
]
=
[4n+3
3n+1 0
]
3. p3 ·M I(6n+3,2)4→3 −M I(6n+2,7)4→3 · p4 = 0
p3 ·M I(6n+3,2)4→3 =
[3n+2 3n+1
3n+1 0 1
]
·


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


=
[2n+1 n+1 2n+1 n
2n+1 0 0 1 0
n 0 0 0 1
]
·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+
[n+2 2n 3n+1
3n+1 0 0 1
]
·

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0

=
[2n+1 2n+1
2n+1 0 1
n 0 0
]
+
[ 1 2n 2n+1
3n+1 0 0 0
]
=
[ 1 2n 2n+1
2n+1 0 0 1
n 0 0 0
]
+
[ 1 2n 2n+1
2n+1 0 0 0
n 0 0 0
]
=
[2n+1 2n+1
2n+1 0 1
n 0 0
]
M
I(6n+2,7)
4→3 · p4 =
[2n+1
2n+1 1
n 0
]
·
[2n+1 2n+1
2n+1 0 1
]
=
[2n+1 2n+1
2n+1 0 1
n 0 0
]
p3 ·M I(6n+3,2)4→3 −M I(6n+2,7)4→3 · p4 =
[2n+1 2n+1
2n+1 0 1
n 0 0
]
−
[2n+1 2n+1
2n+1 0 1
n 0 0
]
=
[4n+2
3n+1 0
]
4. p4 ·M I(6n+3,2)5→4 −M I(6n+2,7)5→4 · p5 = 0
p4 ·M I(6n+3,2)5→4 =
[2n+1 2n+1
2n+1 0 1
]
·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=

1 n n 1 n n
1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=

n 1 n
1 0 1 0
n 0 0 1
n 0 0 0
 = [
n n+1
n+1 0 1
n 0 0
]
M
I(6n+2,7)
5→4 · p5 =
[n+1
n+1 1
n 0
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n+1 0 1
n 0 0
]
p4 ·M I(6n+3,2)5→4 −M I(6n+2,7)5→4 · p5 =
[ n n+1
n+1 0 1
n 0 0
]
−
[ n n+1
n+1 0 1
n 0 0
]
=
[2n+1
2n+1 0
]
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5. p3 ·M I(6n+3,2)6→3 −M I(6n+2,7)6→3 · p6 = 0
p3 ·M I(6n+3,2)6→3 =
[3n+2 3n+1
3n+1 0 1
]
·


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

=
[ 1 n 2n+1 2n n+1
2n 0 0 0 1 0
n+1 0 0 0 0 1
]
·

1 2n+1 2n
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
+
[3n+2 n+1 2n
n+1 0 1 0
2n 0 0 1
]
·

2n+2 2n
3n+2 0 0
n+1 0 0
2n 0 1

=
[ 1 2n+1 2n
2n 0 0 1
n+1 0 0 0
]
+
[2n+2 2n
n+1 0 0
2n 0 1
]
=

1 2n+1 n+1 n−1
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
+

1 2n+1 n−1 n+1
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
 =

2n+2 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

M
I(6n+2,7)
6→3 · p6 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[2n+2 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[2n+2 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[2n+2 2n
2n 0 1
]
=
[2n+2 2n
2n 0 1
n+1 0 0
]
+
[2n+2 2n
n+1 0 0
2n 0 1
]
=

2n+2 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

2n+2 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

2n+2 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

p3 ·M I(6n+3,2)6→3 −M I(6n+2,7)6→3 · p6 =

2n+2 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

2n+2 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[4n+2
3n+1 0
]
6. p6 ·M I(6n+3,2)7→6 −M I(6n+2,7)7→6 · p7 = 0
p6 ·M I(6n+3,2)7→6 =
[2n+2 2n
2n 0 1
]
·

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 =
[n+1 n+1 n n
n 0 0 1 0
n 0 0 0 1
]
·

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 =
[n+1 n
n 0 1
n 0 1
]
M
I(6n+2,7)
7→6 · p7 =
[ n
n 1
n 1
]
·
[n+1 n
n 0 1
]
=
[n+1 n
n 0 1
n 0 1
]
p6 ·M I(6n+3,2)7→6 −M I(6n+2,7)7→6 · p7 =
[n+1 n
n 0 1
n 0 1
]
−
[n+1 n
n 0 1
n 0 1
]
=
[2n+1
2n 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+2 2n+1
2n+1 0 1
]
·
[2n+2
2n+2 1
2n+1 0
]
=
[2n+2
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 3n+1
3n+1 0 1
]
·
[3n+2
3n+2 1
3n+1 0
]
=
[3n+2
3n+1 0
]
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4. p4 · i4 = 0
p4 · i4 =
[2n+1 2n+1
2n+1 0 1
]
·
[2n+1
2n+1 1
2n+1 0
]
=
[2n+1
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+2 2n
2n 0 1
]
·
[2n+2
2n+2 1
2n 0
]
=
[2n+2
2n 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 n
n 0 1
]
·
[n+1
n+1 1
n 0
]
=
[n+1
n 0
]
145.5.2 0→ I(6n+ 5, 7) f→ I(6n+ 3, 2) g→ I(6n+ 2, 5)→ 0 
PdimI(6n+ 5, 7) + dimI(6n+ 2, 5) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n) + (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n+ 1)
= (2n+ 2, 4n+ 3, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1) = dimI(6n+ 3, 2)
Pdimk Ext
1
kQ(I(6n+ 2, 5), I(6n+ 5, 7)) = dimk HomkQ(I(6n+ 2, 5), I(6n+ 5, 7))− 〈dimI(6n+ 2, 5),dimI(6n+ 5, 7)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n+ 1), (n+ 1, 2n+ 2, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n)〉
= (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 2) + 2n · (3n+ 2) + n · (2n+ 2) + (2n+ 1) · (3n+ 2) + (n+ 1) · (2n+ 1)
− ((n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 2) + (3n+ 1) · (3n+ 2) + 2n · (2n+ 2) + n · (n+ 1) + (2n+ 1) · (2n+ 1) + (n+ 1) · n)
= 2n2 + 4n+ 2 + 6n2 + 7n+ 2 + 6n2 + 4n+ 2n2 + 2n+ 6n2 + 7n+ 2 + 2n2 + 3n+ 1
− (n2 + 2n+ 1 + 4n2 + 6n+ 2 + 9n2 + 9n+ 2 + 4n2 + 4n+ n2 + n+ 4n2 + 4n+ 1 + n2 + n)
= 1
Matrices of the embedding f : I(6n+ 5, 7)→ I(6n+ 3, 2) P
1. f1 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 ∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 3n+1
1 1 0
3n+1 0 0
3n+1 0 1
 ∈M6n+3,3n+2(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 ∈M4n+2,2n+2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n
1 1 0
2n+1 0 0
2n 0 1
 ∈M4n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ n
n+1 0
n 1
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(6n+ 3, 2)→ I(6n+ 2, 5) P
1. g1 =
[n+1 n+1
n+1 1 0
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n+1 3n+1
3n+1 0 1 0
]
∈M3n+1,6n+3(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 2n 2n+1
2n 0 1 0
]
∈M2n,4n+2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n n+1
n 1 0
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n+1 2n
2n+1 0 1 0
]
∈M2n+1,4n+2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1 n
n+1 1 0
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 5, 7)→ I(6n+ 3, 2) P
1. f2 ·M I(6n+5,7)1→2 −M I(6n+3,2)1→2 · f1 = 0
f2 ·M I(6n+5,7)1→2 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 · [
n+1
n+1 0
n+1 1
]
=

1 n n+1
1 1 0 0
2n+1 0 0 0
n 0 1 0
n+1 0 0 1
 ·

n+1
1 0
n 0
n+1 1
 =

n+1
1 0
2n+1 0
n 0
n+1 1
 =
[n+1
3n+2 0
n+1 1
]
M
I(6n+3,2)
1→2 · f1 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·
[n+1
n+1 0
n+1 1
]
=

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·

n+1
1 0
n 0
n+1 1
 =

n+1
1 0
1 0
n 0
2n 0
n+1 1
 =
[n+1
3n+2 0
n+1 1
]
f2 ·M I(6n+5,7)1→2 −M I(6n+3,2)1→2 · f1 =
[n+1
3n+2 0
n+1 1
]
−
[n+1
3n+2 0
n+1 1
]
=
[n+1
4n+3 0
]
2. f3 ·M I(6n+5,7)2→3 −M I(6n+3,2)2→3 · f2 = 0
f3 ·M I(6n+5,7)2→3 =

1 3n+1
1 1 0
3n+1 0 0
3n+1 0 1
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 n 2n+1
1 1 0 0
3n+1 0 0 0
n 0 1 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
3n+1 0 0
n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
4n+1 0 0
2n+1 0 1

M
I(6n+3,2)
2→3 · f2 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 ·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1 2n+1
1 1 0 0
2n+1 0 1 0
2n 0 0 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
2n+1 0 0
2n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
4n+1 0 0
2n+1 0 1

f3 ·M I(6n+5,7)2→3 −M I(6n+3,2)2→3 · f2 =

1 2n+1
1 1 0
4n+1 0 0
2n+1 0 1
−

1 2n+1
1 1 0
4n+1 0 0
2n+1 0 1
 = [2n+26n+3 0 ]
3. f3 ·M I(6n+5,7)4→3 −M I(6n+3,2)4→3 · f4 = 0
f3 ·M I(6n+5,7)4→3 =

1 3n+1
1 1 0
3n+1 0 0
3n+1 0 1
 · [
2n+2
2n+2 1
n 0
]
=

1 2n+1 n
1 1 0 0
3n+1 0 0 0
2n+1 0 1 0
n 0 0 1
 ·

1 2n+1
1 1 0
2n+1 0 1
n 0 0
 =

1 2n+1
1 1 0
3n+1 0 0
2n+1 0 1
n 0 0

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M
I(6n+3,2)
4→3 · f4 =


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


·

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 =

1 2n 2n+1
1 1 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
 ·

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

1 2n+1
1 1 0
2n 0 0
2n+1 0 1

=

1 2n+1
1 1 0
2n 0 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n+1
n+2 0 0
2n 0 0
3n+1 0 0
 =

1 2n+1
1 1 0
n+1 0 0
n−1 0 0
n+1 0 0
2n+1 0 1
n 0 0

+

1 2n+1
1 0 0
n+1 0 0
n−1 0 0
n+1 0 0
2n+1 0 0
n 0 0

=

1 2n+1
1 1 0
3n+1 0 0
2n+1 0 1
n 0 0

f3 ·M I(6n+5,7)4→3 −M I(6n+3,2)4→3 · f4 =

1 2n+1
1 1 0
3n+1 0 0
2n+1 0 1
n 0 0
−

1 2n+1
1 1 0
3n+1 0 0
2n+1 0 1
n 0 0
 =
[2n+2
6n+3 0
]
4. f4 ·M I(6n+5,7)5→4 −M I(6n+3,2)5→4 · f5 = 0
f4 ·M I(6n+5,7)5→4 =

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 1 n n
1 1 0 0 0
2n 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 n
1 1 0
2n 0 0
1 1 0
n 0 1
n 0 0

M
I(6n+3,2)
5→4 · f5 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·
[n+1
n 0
n+1 1
]
=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·

1 n
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
n 0 0
n 0 0
1 1 0
n 0 1
n 0 0

=

1 n
1 1 0
2n 0 0
1 1 0
n 0 1
n 0 0

f4 ·M I(6n+5,7)5→4 −M I(6n+3,2)5→4 · f5 =

1 n
1 1 0
2n 0 0
1 1 0
n 0 1
n 0 0
−

1 n
1 1 0
2n 0 0
1 1 0
n 0 1
n 0 0
 =
[n+1
4n+2 0
]
5. f3 ·M I(6n+5,7)6→3 −M I(6n+3,2)6→3 · f6 = 0
f3 ·M I(6n+5,7)6→3 =

1 3n+1
1 1 0
3n+1 0 0
3n+1 0 1
 ·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] =

1 2n n+1
1 1 0 0
3n+1 0 0 0
2n 0 1 0
n+1 0 0 1
 ·

1 2n
1 1 0
2n 0 1
n+1 0 0
+

1 n+1 2n
1 1 0 0
3n+1 0 0 0
n+1 0 1 0
2n 0 0 1
 ·

1 2n
1 0 0
n+1 0 0
2n 0 1

=

1 2n
1 1 0
3n+1 0 0
2n 0 1
n+1 0 0
+

1 2n
1 0 0
3n+1 0 0
n+1 0 0
2n 0 1
 =

1 n+1 n−1
1 1 0 0
3n+1 0 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

1 n−1 n+1
1 0 0 0
3n+1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

1 n−1 2 n−1
1 1 0 0 0
3n+1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

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M
I(6n+3,2)
6→3 · f6 =


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

·

1 2n
1 1 0
2n+1 0 0
2n 0 1
 =

1 2n+1 2n
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
 ·

1 2n
1 1 0
2n+1 0 0
2n 0 1
+ [
1 2n+1 2n
4n+3 0 0 0
2n 0 0 1
]
·

1 2n
1 1 0
2n+1 0 0
2n 0 1

=

1 2n
1 1 0
n 0 0
2n+1 0 0
2n 0 1
n+1 0 0
+
[ 1 2n
4n+3 0 0
2n 0 1
]
=

1 n+1 n−1
1 1 0 0
n 0 0 0
2n+1 0 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0

+

1 n−1 n+1
1 0 0 0
n 0 0 0
2n+1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1

=

1 n−1 2 n−1
1 1 0 0 0
3n+1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

f3 ·M I(6n+5,7)6→3 −M I(6n+3,2)6→3 · f6 =

1 n−1 2 n−1
1 1 0 0 0
3n+1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

−

1 n−1 2 n−1
1 1 0 0 0
3n+1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

=
[2n+1
6n+3 0
]
6. f6 ·M I(6n+5,7)7→6 −M I(6n+3,2)7→6 · f7 = 0
f6 ·M I(6n+5,7)7→6 =

1 2n
1 1 0
2n+1 0 0
2n 0 1
 ·

n
1 0
n 1
n 1
 =

1 n n
1 1 0 0
2n+1 0 0 0
n 0 1 0
n 0 0 1
 ·

n
1 0
n 1
n 1
 =

n
1 0
2n+1 0
n 1
n 1
 =

n
2n+2 0
n 1
n 1

M
I(6n+3,2)
7→6 · f7 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ·
[ n
n+1 0
n 1
]
=

n
n+1 0
n+1 0
n 1
n 1
 =

n
2n+2 0
n 1
n 1

f6 ·M I(6n+5,7)7→6 −M I(6n+3,2)7→6 · f7 =

n
2n+2 0
n 1
n 1
−

n
2n+2 0
n 1
n 1
 = [ n4n+2 0 ]
Relations of the projection g : I(6n+ 3, 2)→ I(6n+ 2, 5) P
1. g2 ·M I(6n+3,2)1→2 −M I(6n+2,5)1→2 · g1 = 0
g2 ·M I(6n+3,2)1→2 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 =

1 1 n n n n+1
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 1 0 0
 ·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
n 0 0 0
n 0 0 0
n+1 0 0 1

=

1 n n+1
1 1 0 0
n 0 1 0
n 0 0 0
 = [
n+1 n+1
n+1 1 0
n 0 0
]
M
I(6n+2,5)
1→2 · g1 =
[n+1
n+1 1
n 0
]
·
[n+1 n+1
n+1 1 0
]
=
[n+1 n+1
n+1 1 0
n 0 0
]
g2 ·M I(6n+3,2)1→2 −M I(6n+2,5)1→2 · g1 =
[n+1 n+1
n+1 1 0
n 0 0
]
−
[n+1 n+1
n+1 1 0
n 0 0
]
=
[2n+2
2n+1 0
]
2. g3 ·M I(6n+3,2)2→3 −M I(6n+2,5)2→3 · g2 = 0
g3 ·M I(6n+3,2)2→3 =
[ 1 3n+1 3n+1
3n+1 0 1 0
]
·

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 = [
1 2n+1 n n 2n+1
2n+1 0 1 0 0 0
n 0 0 1 0 0
]
·

1 2n+1 2n+1
1 1 0 0
2n+1 0 1 0
n 0 0 0
n 0 0 0
2n+1 0 0 1
 =
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
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I(6n+2,5)
2→3 · g2 =
[2n+1
2n+1 1
n 0
]
·
[ 1 2n+1 2n+1
2n+1 0 1 0
]
=
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
g3 ·M I(6n+3,2)2→3 −M I(6n+2,5)2→3 · g2 =
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
−
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
=
[4n+3
3n+1 0
]
3. g3 ·M I(6n+3,2)4→3 −M I(6n+2,5)4→3 · g4 = 0
g3 ·M I(6n+3,2)4→3 =
[ 1 3n+1 3n+1
3n+1 0 1 0
]
·


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


=
[ 1 2n n+1 2n+1 n
2n 0 1 0 0 0
n+1 0 0 1 0 0
]
·

1 2n 2n+1
1 1 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
+
[ 1 n+1 2n 3n+1
n+1 0 1 0 0
2n 0 0 1 0
]
·

1 2n 2n+1
1 0 0 0
n+1 0 0 0
2n 0 1 0
3n+1 0 0 0

=
[ 1 2n 2n+1
2n 0 1 0
n+1 0 0 0
]
+
[ 1 2n 2n+1
n+1 0 0 0
2n 0 1 0
]
=

1 n+1 n−1 2n+1
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
+

1 n−1 n+1 2n+1
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
 =

1 n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0

M
I(6n+2,5)
4→3 · g4 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[ 1 2n 2n+1
2n 0 1 0
]
=
[2n
2n 1
n+1 0
]
·
[ 1 2n 2n+1
2n 0 1 0
]
+
[2n
n+1 0
2n 1
]
·
[ 1 2n 2n+1
2n 0 1 0
]
=
[ 1 2n 2n+1
2n 0 1 0
n+1 0 0 0
]
+
[ 1 2n 2n+1
n+1 0 0 0
2n 0 1 0
]
=

1 n+1 n−1 2n+1
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
+

1 n−1 n+1 2n+1
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
 =

1 n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0

g3 ·M I(6n+3,2)4→3 −M I(6n+2,5)4→3 · g4 =

1 n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
−

1 n−1 2 n−1 2n+1
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
 =
[4n+2
3n+1 0
]
4. g4 ·M I(6n+3,2)5→4 −M I(6n+2,5)5→4 · g5 = 0
g4 ·M I(6n+3,2)5→4 =
[ 1 2n 2n+1
2n 0 1 0
]
·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=
[ 1 n n 1 n n
n 0 1 0 0 0 0
n 0 0 1 0 0 0
]
·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=
[ n 1 n
n 1 0 0
n 1 0 0
]
=
[ n n+1
n 1 0
n 1 0
]
M
I(6n+2,5)
5→4 · g5 =
[ n
n 1
n 1
]
·
[ n n+1
n 1 0
]
=
[ n n+1
n 1 0
n 1 0
]
g4 ·M I(6n+3,2)5→4 −M I(6n+2,5)5→4 · g5 =
[ n n+1
n 1 0
n 1 0
]
−
[ n n+1
n 1 0
n 1 0
]
=
[2n+1
2n 0
]
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5. g3 ·M I(6n+3,2)6→3 −M I(6n+2,5)6→3 · g6 = 0
g3 ·M I(6n+3,2)6→3 =
[ 1 3n+1 3n+1
3n+1 0 1 0
]
·


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

=
[ 1 n 2n+1 2n n+1
n 0 1 0 0 0
2n+1 0 0 1 0 0
]
·

1 2n+1 2n
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
+
[ 1 3n+1 n+1 2n
3n+1 0 1 0 0
]
·

2n+2 2n
1 0 0
3n+1 0 0
n+1 0 0
2n 0 1

=
[ 1 2n+1 2n
n 0 0 0
2n+1 0 1 0
]
+
[2n+2 2n
3n+1 0 0
]
=
[ 1 2n+1 2n
n 0 0 0
2n+1 0 1 0
]
+
[ 1 2n+1 2n
n 0 0 0
2n+1 0 0 0
]
=
[ 1 2n+1 2n
n 0 0 0
2n+1 0 1 0
]
M
I(6n+2,5)
6→3 · g6 =
[2n+1
n 0
2n+1 1
]
·
[ 1 2n+1 2n
2n+1 0 1 0
]
=
[ 1 2n+1 2n
n 0 0 0
2n+1 0 1 0
]
g3 ·M I(6n+3,2)6→3 −M I(6n+2,5)6→3 · g6 =
[ 1 2n+1 2n
n 0 0 0
2n+1 0 1 0
]
−
[ 1 2n+1 2n
n 0 0 0
2n+1 0 1 0
]
=
[4n+2
3n+1 0
]
6. g6 ·M I(6n+3,2)7→6 −M I(6n+2,5)7→6 · g7 = 0
g6 ·M I(6n+3,2)7→6 =
[ 1 2n+1 2n
2n+1 0 1 0
]
·

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 =
[ 1 n n+1 n n
n 0 1 0 0 0
n+1 0 0 1 0 0
]
·

n+1 n
1 0 0
n 0 0
n+1 1 0
n 0 1
n 0 1
 =
[n+1 n
n 0 0
n+1 1 0
]
M
I(6n+2,5)
7→6 · g7 =
[n+1
n 0
n+1 1
]
·
[n+1 n
n+1 1 0
]
=
[n+1 n
n 0 0
n+1 1 0
]
g6 ·M I(6n+3,2)7→6 −M I(6n+2,5)7→6 · g7 =
[n+1 n
n 0 0
n+1 1 0
]
−
[n+1 n
n 0 0
n+1 1 0
]
=
[2n+1
2n+1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1 n+1
n+1 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[n+1
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 = [2n+22n+1 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3n+1 3n+1
3n+1 0 1 0
]
·

1 3n+1
1 1 0
3n+1 0 0
3n+1 0 1
 = [3n+23n+1 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2n 2n+1
2n 0 1 0
]
·

1 2n+1
1 1 0
2n 0 0
2n+1 0 1
 = [2n+22n 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ n n+1
n 1 0
]
·
[n+1
n 0
n+1 1
]
=
[n+1
n 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n+1 2n
2n+1 0 1 0
]
·

1 2n
1 1 0
2n+1 0 0
2n 0 1
 = [2n+12n+1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[n+1 n
n+1 1 0
]
·
[ n
n+1 0
n 1
]
=
[ n
n+1 0
]
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146 Tree module property of I(6n+ 4, 2)
146.1 Tree module property of I(4, 2) 
The matrices of the representation have full (column) rank P
1. M I(4,2)1→2 =
01
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. M I(4,2)2→3 =

1 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
3. M I(4,2)4→3 =

1 0 0
0 1 0
0 0 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
4. M I(4,2)5→4 =
0 11 0
0 1
 ∈M3,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(4,2)
5→4 =
0 11 0
0 1
 c1↔c2−−−−→
1 00 1
1 0

5. M I(4,2)6→3 =

1 0 0
0 1 0
0 0 1
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
6. M I(4,2)7→6 =
1 00 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
146.1.1 0→ I(5, 1) f→ I(4, 2) g→ I(4, 1)→ 0 
PdimI(5, 1) + dimI(4, 1) = (0, 1, 2, 2, 1, 2, 1) + (1, 2, 2, 1, 1, 1, 1)
= (1, 3, 4, 3, 2, 3, 2) = dimI(4, 2)
Pdimk Ext
1
kQ(I(4, 1), I(5, 1)) = dimk HomkQ(I(4, 1), I(5, 1))− 〈dimI(4, 1),dimI(5, 1)〉
= 0− 〈(1, 2, 2, 1, 1, 1, 1), (0, 1, 2, 2, 1, 2, 1)〉
= 1 · 1 + 2 · 2 + 1 · 2 + 1 · 2 + 1 · 2 + 1 · 2− (1 · 0 + 2 · 1 + 2 · 2 + 1 · 2 + 1 · 1 + 1 · 2 + 1 · 1)
= 1 + 4 + 2 + 2 + 2 + 2− (0 + 2 + 4 + 2 + 1 + 2 + 1)
= 1
Matrices of the embedding f : I(5, 1)→ I(4, 2) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
4. f4 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(4, 2)→ I(4, 1) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(5, 1)→ I(4, 2) P
1. f2 ·M I(5,1)1→2 −M I(4,2)1→2 · f1 = 0
f2 ·M I(5,1)1→2 =
[ 1
1 1
2 0
]
·
[ 0
1 0
]
=
[ 0
3 0
]
M
I(4,2)
1→2 · f1 =
01
0
 · [ 01 0 ] = [ 03 0 ]
f2 ·M I(5,1)1→2 −M I(4,2)1→2 · f1 =
[ 0
3 0
]
−
[ 0
3 0
]
=
[ 0
3 0
]
2. f3 ·M I(5,1)2→3 −M I(4,2)2→3 · f2 = 0
f3 ·M I(5,1)2→3 =
[ 2
2 1
2 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [1
1
]
=

1
1 1
1 1
2 0

M
I(4,2)
2→3 · f2 =

1 2
1 1 0
1 1 0
2 0 1
 · [
1
1 1
2 0
]
=

1
1 1
1 1
2 0

f3 ·M I(5,1)2→3 −M I(4,2)2→3 · f2 =

1
1 1
1 1
2 0
−

1
1 1
1 1
2 0
 = [ 14 0 ]
3. f3 ·M I(5,1)4→3 −M I(4,2)4→3 · f4 = 0
f3 ·M I(5,1)4→3 =
[ 2
2 1
2 0
]
·
[ 2
2 1
]
=
[ 2
2 1
2 0
]
M
I(4,2)
4→3 · f4 =

2 1
2 1 0
1 0 0
1 0 1
 · [
2
2 1
1 0
]
=

2
2 1
1 0
1 0
 = [
2
2 1
2 0
]
f3 ·M I(5,1)4→3 −M I(4,2)4→3 · f4 =
[ 2
2 1
2 0
]
−
[ 2
2 1
2 0
]
=
[ 2
4 0
]
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4. f4 ·M I(5,1)5→4 −M I(4,2)5→4 · f5 = 0
f4 ·M I(5,1)5→4 =
[ 2
2 1
1 0
]
·
[
0
1
]
=
1 00 1
0 0
 · [0
1
]
=
01
0

M
I(4,2)
5→4 · f5 =
0 11 0
0 1
 · [1
0
]
=
01
0

f4 ·M I(5,1)5→4 −M I(4,2)5→4 · f5 =
01
0
−
01
0
 = [ 13 0 ]
5. f3 ·M I(5,1)6→3 −M I(4,2)6→3 · f6 = 0
f3 ·M I(5,1)6→3 =
[ 2
2 1
2 0
]
·
[ 2
2 1
]
=
[ 2
2 1
2 0
]
M
I(4,2)
6→3 · f6 =

2 1
2 1 0
1 0 1
1 0 1
 · [
2
2 1
1 0
]
=

2
2 1
1 0
1 0
 = [
2
2 1
2 0
]
f3 ·M I(5,1)6→3 −M I(4,2)6→3 · f6 =
[ 2
2 1
2 0
]
−
[ 2
2 1
2 0
]
=
[ 2
4 0
]
6. f6 ·M I(5,1)7→6 −M I(4,2)7→6 · f7 = 0
f6 ·M I(5,1)7→6 =
[ 2
2 1
1 0
]
·
[
1
0
]
=
1 00 1
0 0
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
M
I(4,2)
7→6 · f7 =
1 00 0
0 1
 · [1
0
]
=
10
0
 = [
1
1 1
2 0
]
f6 ·M I(5,1)7→6 −M I(4,2)7→6 · f7 =
[ 1
1 1
2 0
]
−
[ 1
1 1
2 0
]
=
[ 1
3 0
]
Relations of the projection g : I(4, 2)→ I(4, 1) P
1. g2 ·M I(4,2)1→2 −M I(4,1)1→2 · g1 = 0
g2 ·M I(4,2)1→2 =
[ 1 2
2 0 1
]
·
01
0
 = [0 1 0
0 0 1
]
·
01
0
 = [1
0
]
M
I(4,1)
1→2 · g1 =
[
1
0
]
·
[
1
]
=
[
1
0
]
g2 ·M I(4,2)1→2 −M I(4,1)1→2 · g1 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
2. g3 ·M I(4,2)2→3 −M I(4,1)2→3 · g2 = 0
g3 ·M I(4,2)2→3 =
[ 2 2
2 0 1
]
·

1 2
1 1 0
1 1 0
2 0 1
 = [ 1 1 22 0 0 1 ] ·

1 2
1 1 0
1 1 0
2 0 1
 = [ 1 22 0 1 ]
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M
I(4,1)
2→3 · g2 =
[ 2
2 1
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
]
g3 ·M I(4,2)2→3 −M I(4,1)2→3 · g2 =
[ 1 2
2 0 1
]
−
[ 1 2
2 0 1
]
=
[ 3
2 0
]
3. g3 ·M I(4,2)4→3 −M I(4,1)4→3 · g4 = 0
g3 ·M I(4,2)4→3 =
[ 2 2
2 0 1
]
·

2 1
2 1 0
1 0 0
1 0 1
 = [
2 1 1
1 0 1 0
1 0 0 1
]
·

2 1
2 1 0
1 0 0
1 0 1
 = [
2 1
1 0 0
1 0 1
]
M
I(4,1)
4→3 · g4 =
[
0
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 0
1 0 1
]
g3 ·M I(4,2)4→3 −M I(4,1)4→3 · g4 =
[ 2 1
1 0 0
1 0 1
]
−
[ 2 1
1 0 0
1 0 1
]
=
[ 3
2 0
]
4. g4 ·M I(4,2)5→4 −M I(4,1)5→4 · g5 = 0
g4 ·M I(4,2)5→4 =
[ 2 1
1 0 1
]
·
0 11 0
0 1
 = [0 0 1] ·
0 11 0
0 1
 = [0 1]
M
I(4,1)
5→4 · g5 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g4 ·M I(4,2)5→4 −M I(4,1)5→4 · g5 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
5. g3 ·M I(4,2)6→3 −M I(4,1)6→3 · g6 = 0
g3 ·M I(4,2)6→3 =
[ 2 2
2 0 1
]
·

2 1
2 1 0
1 0 1
1 0 1
 = [
2 1 1
1 0 1 0
1 0 0 1
]
·

2 1
2 1 0
1 0 1
1 0 1
 = [
2 1
1 0 1
1 0 1
]
M
I(4,1)
6→3 · g6 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g3 ·M I(4,2)6→3 −M I(4,1)6→3 · g6 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
6. g6 ·M I(4,2)7→6 −M I(4,1)7→6 · g7 = 0
g6 ·M I(4,2)7→6 =
[ 2 1
1 0 1
]
·
1 00 0
0 1
 = [0 0 1] ·
1 00 0
0 1
 = [0 1]
M
I(4,1)
7→6 · g7 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g6 ·M I(4,2)7→6 −M I(4,1)7→6 · g7 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
146.1.2 0→ I(7, 1) f→ I(4, 2) g→ I(2, 1)→ 0 
PdimI(7, 1) + dimI(2, 1) = (1, 3, 3, 2, 1, 2, 1) + (0, 0, 1, 1, 1, 1, 1)
= (1, 3, 4, 3, 2, 3, 2) = dimI(4, 2)
Pdimk Ext
1
kQ(I(2, 1), I(7, 1)) = dimk HomkQ(I(2, 1), I(7, 1))− 〈dimI(2, 1),dimI(7, 1)〉
= 0− 〈(0, 0, 1, 1, 1, 1, 1), (1, 3, 3, 2, 1, 2, 1)〉
= 0 · 3 + 0 · 3 + 1 · 3 + 1 · 2 + 1 · 3 + 1 · 2− (0 · 1 + 0 · 3 + 1 · 3 + 1 · 2 + 1 · 1 + 1 · 2 + 1 · 1)
= 0 + 0 + 3 + 2 + 3 + 2− (0 + 0 + 3 + 2 + 1 + 2 + 1)
= 1
Matrices of the embedding f : I(7, 1)→ I(4, 2) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =
1 0 00 1 0
0 0 1
 ∈M3,3(k) is already in row echelon form and has maximal row rank.
3. f3 =

1 0 0
1 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
4. f4 =
1 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =
1 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2394
Matrices of the projection g : I(4, 2)→ I(2, 1) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[ 3
0 0
]
∈M0,3(k) – rank computation not applicable here.
3. g3 =
[
1 91 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
1 91 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(7, 1)→ I(4, 2) P
1. f2 ·M I(7,1)1→2 −M I(4,2)1→2 · f1 = 0
f2 ·M I(7,1)1→2 =
[ 3
3 1
]
·
01
0
 =
1 0 00 1 0
0 0 1
 ·
01
0
 =
01
0

M
I(4,2)
1→2 · f1 =
01
0
 · [1] =
01
0

f2 ·M I(7,1)1→2 −M I(4,2)1→2 · f1 =
01
0
−
01
0
 = [ 13 0 ]
2. f3 ·M I(7,1)2→3 −M I(4,2)2→3 · f2 = 0
f3 ·M I(7,1)2→3 =

1 2
1 1 0
1 1 0
2 0 1
 · [ 33 1 ] =

1 2
1 1 0
1 1 0
2 0 1
 · [
1 2
1 1 0
2 0 1
]
=

1 2
1 1 0
1 1 0
2 0 1

M
I(4,2)
2→3 · f2 =

1 2
1 1 0
1 1 0
2 0 1
 · [ 33 1 ] =

1 2
1 1 0
1 1 0
2 0 1
 · [
1 2
1 1 0
2 0 1
]
=

1 2
1 1 0
1 1 0
2 0 1

f3 ·M I(7,1)2→3 −M I(4,2)2→3 · f2 =

1 2
1 1 0
1 1 0
2 0 1
−

1 2
1 1 0
1 1 0
2 0 1
 = [ 34 0 ]
3. f3 ·M I(7,1)4→3 −M I(4,2)4→3 · f4 = 0
f3 ·M I(7,1)4→3 =

1 2
1 1 0
1 1 0
2 0 1
 ·
1 00 0
0 1
 =

1 0 0
1 0 0
0 1 0
0 0 1
 ·
1 00 0
0 1
 =

1 0
1 0
0 0
0 1

M
I(4,2)
4→3 · f4 =

2 1
2 1 0
1 0 0
1 0 1
 ·
1 01 0
0 1
 =

1 0 0
0 1 0
0 0 0
0 0 1
 ·
1 01 0
0 1
 =

1 0
1 0
0 0
0 1

f3 ·M I(7,1)4→3 −M I(4,2)4→3 · f4 =

1 0
1 0
0 0
0 1
−

1 0
1 0
0 0
0 1
 =
[ 2
4 0
]
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4. f4 ·M I(7,1)5→4 −M I(4,2)5→4 · f5 = 0
f4 ·M I(7,1)5→4 =
1 01 0
0 1
 · [1
1
]
=
11
1

M
I(4,2)
5→4 · f5 =
0 11 0
0 1
 · [1
1
]
=
11
1

f4 ·M I(7,1)5→4 −M I(4,2)5→4 · f5 =
11
1
−
11
1
 = [ 13 0 ]
5. f3 ·M I(7,1)6→3 −M I(4,2)6→3 · f6 = 0
f3 ·M I(7,1)6→3 =

1 2
1 1 0
1 1 0
2 0 1
 ·
1 00 1
0 1
 =

1 0 0
1 0 0
0 1 0
0 0 1
 ·
1 00 1
0 1
 =

1 0
1 0
0 1
0 1

M
I(4,2)
6→3 · f6 =

2 1
2 1 0
1 0 1
1 0 1
 ·
1 01 0
0 1
 =

1 0 0
0 1 0
0 0 1
0 0 1
 ·
1 01 0
0 1
 =

1 0
1 0
0 1
0 1

f3 ·M I(7,1)6→3 −M I(4,2)6→3 · f6 =

1 0
1 0
0 1
0 1
−

1 0
1 0
0 1
0 1
 =
[ 2
4 0
]
6. f6 ·M I(7,1)7→6 −M I(4,2)7→6 · f7 = 0
f6 ·M I(7,1)7→6 =
1 01 0
0 1
 · [0
1
]
=
00
1
 = [
1
2 0
1 1
]
M
I(4,2)
7→6 · f7 =
1 00 0
0 1
 · [0
1
]
=
00
1
 = [
1
2 0
1 1
]
f6 ·M I(7,1)7→6 −M I(4,2)7→6 · f7 =
[ 1
2 0
1 1
]
−
[ 1
2 0
1 1
]
=
[ 1
3 0
]
Relations of the projection g : I(4, 2)→ I(2, 1) P
1. g2 ·M I(4,2)1→2 −M I(2,1)1→2 · g1 = 0
g2 ·M I(4,2)1→2 =
[ 3
0 0
]
·
01
0
 = [ 1 1 10 0 0 0 ] ·
01
0
 = [ 10 0 ]
M
I(2,1)
1→2 · g1 =
[ 0
0 0
]
·
[ 1
0 0
]
=
[ 1
0 0
]
g2 ·M I(4,2)1→2 −M I(2,1)1→2 · g1 =
[ 1
0 0
]
−
[ 1
0 0
]
=
[ 1
0 0
]
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2. g3 ·M I(4,2)2→3 −M I(2,1)2→3 · g2 = 0
g3 ·M I(4,2)2→3 =
[ 1 1 2
1 1 91 0
]
·

1 2
1 1 0
1 1 0
2 0 1
 = [ 31 0 ]
M
I(2,1)
2→3 · g2 =
[ 0
1 0
]
·
[ 3
0 0
]
=
[ 3
1 0
]
g3 ·M I(4,2)2→3 −M I(2,1)2→3 · g2 =
[ 3
1 0
]
−
[ 3
1 0
]
=
[ 3
1 0
]
3. g3 ·M I(4,2)4→3 −M I(2,1)4→3 · g4 = 0
g3 ·M I(4,2)4→3 =
[ 1 1 2
1 1 91 0
]
·

2 1
2 1 0
1 0 0
1 0 1
 = [1 91 0 0] ·

1 0 0
0 1 0
0 0 0
0 0 1
 =
[
1 91 0
]
M
I(2,1)
4→3 · g4 =
[
1
]
·
[
1 91 0
]
=
[
1 91 0
]
g3 ·M I(4,2)4→3 −M I(2,1)4→3 · g4 =
[
1 91 0
]
−
[
1 91 0
]
=
[ 3
1 0
]
4. g4 ·M I(4,2)5→4 −M I(2,1)5→4 · g5 = 0
g4 ·M I(4,2)5→4 =
[
1 91 0
]
·
0 11 0
0 1
 = [91 1]
M
I(2,1)
5→4 · g5 =
[
1
]
·
[
91 1
]
=
[
91 1
]
g4 ·M I(4,2)5→4 −M I(2,1)5→4 · g5 =
[
91 1
]
−
[
91 1
]
=
[ 2
1 0
]
5. g3 ·M I(4,2)6→3 −M I(2,1)6→3 · g6 = 0
g3 ·M I(4,2)6→3 =
[ 1 1 2
1 1 91 0
]
·

2 1
2 1 0
1 0 1
1 0 1
 = [1 91 0 0] ·

1 0 0
0 1 0
0 0 1
0 0 1
 =
[
1 91 0
]
M
I(2,1)
6→3 · g6 =
[
1
]
·
[
1 91 0
]
=
[
1 91 0
]
g3 ·M I(4,2)6→3 −M I(2,1)6→3 · g6 =
[
1 91 0
]
−
[
1 91 0
]
=
[ 3
1 0
]
6. g6 ·M I(4,2)7→6 −M I(2,1)7→6 · g7 = 0
g6 ·M I(4,2)7→6 =
[
1 91 0
]
·
1 00 0
0 1
 = [1 0]
M
I(2,1)
7→6 · g7 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g6 ·M I(4,2)7→6 −M I(2,1)7→6 · g7 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3
0 0
]
·
[ 3
3 1
]
=
[ 3
0 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 2
1 1 91 0
]
·

1 2
1 1 0
1 1 0
2 0 1
 = [ 31 0 ]
4. g4 · f4 = 0
g4 · f4 =
[
1 91 0
]
·
1 01 0
0 1
 = [ 21 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
91 1
]
·
[
1
1
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 91 0
]
·
1 01 0
0 1
 = [ 21 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
1 0
]
·
[
0
1
]
=
[
0
]
146.2 Tree module property of I(10, 2) 
The matrices of the representation have full (column) rank P
1. M I(10,2)1→2 =

0 0 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. M I(10,2)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
3. M I(10,2)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
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4. M I(10,2)5→4 =

1 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(10,2)
5→4 =

1 1 1 1
1 1 0 1 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

c3←c3−c1−−−−−−→

1 1 1 1
1 1 0 0 0
1 1 0 91 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

c2↔c3−−−−→

1 1 1 1
1 1 0 0 0
1 1 91 0 0
1 0 0 1 0
2 0 0 0 0
1 0 1 0 0
1 0 0 0 1

5. M I(10,2)6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
6. M I(10,2)7→6 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
146.2.1 0→ I(11, 1) f→ I(10, 2) g→ I(10, 1)→ 0 
PdimI(11, 1) + dimI(10, 1) = (1, 3, 5, 4, 2, 4, 2) + (2, 4, 5, 3, 2, 3, 2)
= (3, 7, 10, 7, 4, 7, 4) = dimI(10, 2)
Pdimk Ext
1
kQ(I(10, 1), I(11, 1)) = dimk HomkQ(I(10, 1), I(11, 1))− 〈dimI(10, 1),dimI(11, 1)〉
= 0− 〈(2, 4, 5, 3, 2, 3, 2), (1, 3, 5, 4, 2, 4, 2)〉
= 2 · 3 + 4 · 5 + 3 · 5 + 2 · 4 + 3 · 5 + 2 · 4− (2 · 1 + 4 · 3 + 5 · 5 + 3 · 4 + 2 · 2 + 3 · 4 + 2 · 2)
= 6 + 20 + 15 + 8 + 15 + 8− (2 + 12 + 25 + 12 + 4 + 12 + 4)
= 1
Matrices of the embedding f : I(11, 1)→ I(10, 2) P
1. f1 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M10,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
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5. f5 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(10, 2)→ I(10, 1) P
1. g1 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M5,10(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 1)→ I(10, 2) P
1. f2 ·M I(11,1)1→2 −M I(10,2)1→2 · f1 = 0
f2 ·M I(11,1)1→2 =
[ 3
3 1
4 0
]
·
01
1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
4 0 0 0
 ·
01
1
 =

1
1 0
1 1
1 1
4 0

M
I(10,2)
1→2 · f1 =

1 2
1 0 0
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 1
1 1
2 0
]
=

1
1 0
1 1
1 1
2 0
2 0
 =

1
1 0
1 1
1 1
4 0

f2 ·M I(11,1)1→2 −M I(10,2)1→2 · f1 =

1
1 0
1 1
1 1
4 0
−

1
1 0
1 1
1 1
4 0
 =
[ 1
7 0
]
2. f3 ·M I(11,1)2→3 −M I(10,2)2→3 · f2 = 0
f3 ·M I(11,1)2→3 =
[ 5
5 1
5 0
]
·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
5 0 0 0
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2
1 1 0
2 0 1
2 0 1
5 0 0

2400
M
I(10,2)
2→3 · f2 =

1 2 4
1 1 0 0
2 0 1 0
2 0 1 0
4 0 0 1
1 0 0 0
 ·
[ 3
3 1
4 0
]
=

1 2 4
1 1 0 0
2 0 1 0
2 0 1 0
4 0 0 1
1 0 0 0
 ·

1 2
1 1 0
2 0 1
4 0 0
 =

1 2
1 1 0
2 0 1
2 0 1
4 0 0
1 0 0
 =

1 2
1 1 0
2 0 1
2 0 1
5 0 0

f3 ·M I(11,1)2→3 −M I(10,2)2→3 · f2 =

1 2
1 1 0
2 0 1
2 0 1
5 0 0
−

1 2
1 1 0
2 0 1
2 0 1
5 0 0
 =
[ 3
10 0
]
3. f3 ·M I(11,1)4→3 −M I(10,2)4→3 · f4 = 0
f3 ·M I(11,1)4→3 =
[ 5
5 1
5 0
]
·
[ 4
4 1
1 0
]
=

4 1
4 1 0
1 0 1
5 0 0
 · [
4
4 1
1 0
]
=

4
4 1
1 0
5 0
 = [
4
4 1
6 0
]
M
I(10,2)
4→3 · f4 =

4 3
4 1 0
3 0 0
3 0 1
 · [
4
4 1
3 0
]
=

4
4 1
3 0
3 0
 = [
4
4 1
6 0
]
f3 ·M I(11,1)4→3 −M I(10,2)4→3 · f4 =
[ 4
4 1
6 0
]
−
[ 4
4 1
6 0
]
=
[ 4
10 0
]
4. f4 ·M I(11,1)5→4 −M I(10,2)5→4 · f5 = 0
f4 ·M I(11,1)5→4 =
[ 4
4 1
3 0
]
·

1 0
1 0
0 1
0 0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 0
1 0
0 1
0 0
 =

1 1
1 1 0
1 1 0
1 0 1
1 0 0
3 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
4 0 0

M
I(10,2)
5→4 · f5 =

1 1 1 1
1 1 0 1 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·
[ 2
2 1
2 0
]
=

1 1 1 1
1 1 0 1 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

1 0
0 1
0 0
0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
1 0 0
1 0 0

=

1 1
1 1 0
1 1 0
1 0 1
4 0 0

f4 ·M I(11,1)5→4 −M I(10,2)5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
4 0 0
−

1 1
1 1 0
1 1 0
1 0 1
4 0 0
 =
[ 2
7 0
]
5. f3 ·M I(11,1)6→3 −M I(10,2)6→3 · f6 = 0
f3 ·M I(11,1)6→3 =
[ 5
5 1
5 0
]
·

1 3
1 1 0
1 0 0
3 0 1
 =

1 1 3
1 1 0 0
1 0 1 0
3 0 0 1
5 0 0 0
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 3
1 1 0
1 0 0
3 0 1
5 0 0

M
I(10,2)
6→3 · f6 =

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 4
4 1
3 0
]
=

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 3
1 1 0
3 0 1
1 0 0
1 0 0
1 0 0
 =

1 3
1 1 0
1 0 0
3 0 1
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0

=

1 3
1 1 0
1 0 0
3 0 1
5 0 0

2401
f3 ·M I(11,1)6→3 −M I(10,2)6→3 · f6 =

1 3
1 1 0
1 0 0
3 0 1
5 0 0
−

1 3
1 1 0
1 0 0
3 0 1
5 0 0
 =
[ 4
10 0
]
6. f6 ·M I(11,1)7→6 −M I(10,2)7→6 · f7 = 0
f6 ·M I(11,1)7→6 =
[ 4
4 1
3 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
3 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
3 0

M
I(10,2)
7→6 · f7 =

3 1
2 0 0
3 1 0
1 0 1
1 0 1
 ·
[ 2
2 1
2 0
]
=

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 1
 ·

2
2 1
1 0
1 0
 =

2
2 0
2 1
1 0
1 0
1 0
 =

2
2 0
2 1
3 0

f6 ·M I(11,1)7→6 −M I(10,2)7→6 · f7 =

2
2 0
2 1
3 0
−

2
2 0
2 1
3 0
 = [ 27 0 ]
Relations of the projection g : I(10, 2)→ I(10, 1) P
1. g2 ·M I(10,2)1→2 −M I(10,1)1→2 · g1 = 0
g2 ·M I(10,2)1→2 =
[ 3 4
4 0 1
]
·

1 2
1 0 0
1 1 0
1 1 0
2 0 1
2 0 0
 =
[ 1 1 1 2 2
2 0 0 0 1 0
2 0 0 0 0 1
]
·

1 2
1 0 0
1 1 0
1 1 0
2 0 1
2 0 0
 =
[ 1 2
2 0 1
2 0 0
]
M
I(10,1)
1→2 · g1 =
[ 2
2 1
2 0
]
·
[ 1 2
2 0 1
]
=
[ 1 2
2 0 1
2 0 0
]
g2 ·M I(10,2)1→2 −M I(10,1)1→2 · g1 =
[ 1 2
2 0 1
2 0 0
]
−
[ 1 2
2 0 1
2 0 0
]
=
[ 3
4 0
]
2. g3 ·M I(10,2)2→3 −M I(10,1)2→3 · g2 = 0
g3 ·M I(10,2)2→3 =
[ 5 5
5 0 1
]
·

1 2 4
1 1 0 0
2 0 1 0
2 0 1 0
4 0 0 1
1 0 0 0
 =
[ 1 2 2 4 1
4 0 0 0 1 0
1 0 0 0 0 1
]
·

1 2 4
1 1 0 0
2 0 1 0
2 0 1 0
4 0 0 1
1 0 0 0
 =
[ 1 2 4
4 0 0 1
1 0 0 0
]
=
[ 3 4
4 0 1
1 0 0
]
M
I(10,1)
2→3 · g2 =
[ 4
4 1
1 0
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 1
1 0 0
]
g3 ·M I(10,2)2→3 −M I(10,1)2→3 · g2 =
[ 3 4
4 0 1
1 0 0
]
−
[ 3 4
4 0 1
1 0 0
]
=
[ 7
5 0
]
3. g3 ·M I(10,2)4→3 −M I(10,1)4→3 · g4 = 0
g3 ·M I(10,2)4→3 =
[ 5 5
5 0 1
]
·

4 3
4 1 0
3 0 0
3 0 1
 = [
4 1 2 3
2 0 0 1 0
3 0 0 0 1
]
·

4 3
4 1 0
1 0 0
2 0 0
3 0 1
 =
[ 4 3
2 0 0
3 0 1
]
2402
M
I(10,1)
4→3 · g4 =
[ 3
2 0
3 1
]
·
[ 4 3
3 0 1
]
=
[ 4 3
2 0 0
3 0 1
]
g3 ·M I(10,2)4→3 −M I(10,1)4→3 · g4 =
[ 4 3
2 0 0
3 0 1
]
−
[ 4 3
2 0 0
3 0 1
]
=
[ 7
5 0
]
4. g4 ·M I(10,2)5→4 −M I(10,1)5→4 · g5 = 0
g4 ·M I(10,2)5→4 =
[ 4 3
3 0 1
]
·

1 1 1 1
1 1 0 1 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ·

1 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=
0 0 0 00 0 1 0
0 0 0 1
 = [
2 2
1 0 0
2 0 1
]
M
I(10,1)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
g4 ·M I(10,2)5→4 −M I(10,1)5→4 · g5 =
[ 2 2
1 0 0
2 0 1
]
−
[ 2 2
1 0 0
2 0 1
]
=
[ 4
3 0
]
5. g3 ·M I(10,2)6→3 −M I(10,1)6→3 · g6 = 0
g3 ·M I(10,2)6→3 =
[ 5 5
5 0 1
]
·

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 1 3 1 1 1 1 1
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 3 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
 =

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
I(10,1)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 4 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

g3 ·M I(10,2)6→3 −M I(10,1)6→3 · g6 =

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
−

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
 =
[ 7
5 0
]
6. g6 ·M I(10,2)7→6 −M I(10,1)7→6 · g7 = 0
g6 ·M I(10,2)7→6 =
[ 4 3
3 0 1
]
·

3 1
2 0 0
3 1 0
1 0 1
1 0 1
 =

2 2 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 ·

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 1
 =

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1

2403
M
I(10,1)
7→6 · g7 =
1 00 1
0 1
 · [ 2 22 0 1 ] =
1 00 1
0 1
 · [
2 1 1
1 0 1 0
1 0 0 1
]
=

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1

g6 ·M I(10,2)7→6 −M I(10,1)7→6 · g7 =

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1
−

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1
 = [ 43 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 5
5 0 1
]
·
[ 5
5 1
5 0
]
=
[ 5
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
146.2.2 0→ I(13, 1) f→ I(10, 2) g→ I(8, 1)→ 0 
PdimI(13, 1) + dimI(8, 1) = (2, 5, 6, 4, 2, 4, 2) + (1, 2, 4, 3, 2, 3, 2)
= (3, 7, 10, 7, 4, 7, 4) = dimI(10, 2)
Pdimk Ext
1
kQ(I(8, 1), I(13, 1)) = dimk HomkQ(I(8, 1), I(13, 1))− 〈dimI(8, 1),dimI(13, 1)〉
= 0− 〈(1, 2, 4, 3, 2, 3, 2), (2, 5, 6, 4, 2, 4, 2)〉
= 1 · 5 + 2 · 6 + 3 · 6 + 2 · 4 + 3 · 6 + 2 · 4− (1 · 2 + 2 · 5 + 4 · 6 + 3 · 4 + 2 · 2 + 3 · 4 + 2 · 2)
= 5 + 12 + 18 + 8 + 18 + 8− (2 + 10 + 24 + 12 + 4 + 12 + 4)
= 1
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Matrices of the embedding f : I(13, 1)→ I(10, 2) P
1. f1 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M10,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(10, 2)→ I(8, 1) P
1. g1 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0 0 0 0
0 0 1 0 0 0 0
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 1 0 0 0 0 00 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 0 0 0 00 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(13, 1)→ I(10, 2) P
1. f2 ·M I(13,1)1→2 −M I(10,2)1→2 · f1 = 0
f2 ·M I(13,1)1→2 =

1 4
1 1 0
2 0 0
4 0 1
 ·

2
1 0
2 1
2 0
 =

1 2 2
1 1 0 0
2 0 0 0
2 0 1 0
2 0 0 1
 ·

2
1 0
2 1
2 0
 =

2
1 0
2 0
2 1
2 0
 =

2
3 0
2 1
2 0

M
I(10,2)
1→2 · f1 =

1 2
1 0 0
1 1 0
1 1 0
2 0 1
2 0 0
 ·
[ 2
1 0
2 1
]
=

2
1 0
1 0
1 0
2 1
2 0
 =

2
3 0
2 1
2 0

f2 ·M I(13,1)1→2 −M I(10,2)1→2 · f1 =

2
3 0
2 1
2 0
−

2
3 0
2 1
2 0
 = [ 27 0 ]
2. f3 ·M I(13,1)2→3 −M I(10,2)2→3 · f2 = 0
f3 ·M I(13,1)2→3 =

1 5
1 1 0
4 0 0
5 0 1
 · [
5
5 1
1 0
]
=

1 4 1
1 1 0 0
4 0 0 0
4 0 1 0
1 0 0 1
 ·

1 4
1 1 0
4 0 1
1 0 0
 =

1 4
1 1 0
4 0 0
4 0 1
1 0 0

M
I(10,2)
2→3 · f2 =

1 2 4
1 1 0 0
2 0 1 0
2 0 1 0
4 0 0 1
1 0 0 0
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 4
1 1 0
2 0 0
2 0 0
4 0 1
1 0 0
 =

1 4
1 1 0
4 0 0
4 0 1
1 0 0

f3 ·M I(13,1)2→3 −M I(10,2)2→3 · f2 =

1 4
1 1 0
4 0 0
4 0 1
1 0 0
−

1 4
1 1 0
4 0 0
4 0 1
1 0 0
 =
[ 5
10 0
]
3. f3 ·M I(13,1)4→3 −M I(10,2)4→3 · f4 = 0
f3 ·M I(13,1)4→3 =

1 5
1 1 0
4 0 0
5 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 2 3
1 1 0 0
4 0 0 0
2 0 1 0
3 0 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
4 0 0
2 0 0
3 0 1
 =

1 3
1 1 0
6 0 0
3 0 1

M
I(10,2)
4→3 · f4 =

4 3
4 1 0
3 0 0
3 0 1
 ·

1 3
1 1 0
3 0 0
3 0 1
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 0 0
3 0 0 1
 ·

1 3
1 1 0
3 0 0
3 0 1
 =

1 3
1 1 0
3 0 0
3 0 0
3 0 1
 =

1 3
1 1 0
6 0 0
3 0 1

f3 ·M I(13,1)4→3 −M I(10,2)4→3 · f4 =

1 3
1 1 0
6 0 0
3 0 1
−

1 3
1 1 0
6 0 0
3 0 1
 = [ 410 0 ]
4. f4 ·M I(13,1)5→4 −M I(10,2)5→4 · f5 = 0
f4 ·M I(13,1)5→4 =

1 3
1 1 0
3 0 0
3 0 1
 ·

1 0
0 0
1 0
0 1
 =

1 1 1 1
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 0
0 0
1 0
0 1
 =

1 1
1 1 0
3 0 0
1 0 0
1 1 0
1 0 1
 =

1 1
1 1 0
4 0 0
1 1 0
1 0 1

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M
I(10,2)
5→4 · f5 =

1 1 1 1
1 1 0 1 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·
[ 2
2 0
2 1
]
=

1 1 1 1
1 1 0 1 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

0 0
0 0
1 0
0 1
 =

1 1
1 1 0
1 0 0
1 0 0
2 0 0
1 1 0
1 0 1

=

1 1
1 1 0
4 0 0
1 1 0
1 0 1

f4 ·M I(13,1)5→4 −M I(10,2)5→4 · f5 =

1 1
1 1 0
4 0 0
1 1 0
1 0 1
−

1 1
1 1 0
4 0 0
1 1 0
1 0 1
 =
[ 2
7 0
]
5. f3 ·M I(13,1)6→3 −M I(10,2)6→3 · f6 = 0
f3 ·M I(13,1)6→3 =

1 5
1 1 0
4 0 0
5 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1 1 1
1 1 0 0 0 0 0
4 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
I(10,2)
6→3 · f6 =

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 3
1 1 0
3 0 0
3 0 1
 =

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1 1
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

1 1 1 1
1 1 0 0 0
1 0 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

f3 ·M I(13,1)6→3 −M I(10,2)6→3 · f6 =

1 1 1 1
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

−

1 1 1 1
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=
[ 4
10 0
]
6. f6 ·M I(13,1)7→6 −M I(10,2)7→6 · f7 = 0
f6 ·M I(13,1)7→6 =

1 3
1 1 0
3 0 0
3 0 1
 ·

0 0
1 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

0 0
1 0
0 1
0 1
 =

1 1
1 0 0
3 0 0
1 1 0
1 0 1
1 0 1
 =

1 1
4 0 0
1 1 0
1 0 1
1 0 1

M
I(10,2)
7→6 · f7 =

3 1
2 0 0
3 1 0
1 0 1
1 0 1
 ·
[ 2
2 0
2 1
]
=

2 1 1
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 1
 ·

1 1
2 0 0
1 1 0
1 0 1
 =

1 1
2 0 0
2 0 0
1 1 0
1 0 1
1 0 1
 =

1 1
4 0 0
1 1 0
1 0 1
1 0 1

f6 ·M I(13,1)7→6 −M I(10,2)7→6 · f7 =

1 1
4 0 0
1 1 0
1 0 1
1 0 1
−

1 1
4 0 0
1 1 0
1 0 1
1 0 1
 =
[ 2
7 0
]
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Relations of the projection g : I(10, 2)→ I(8, 1) P
1. g2 ·M I(10,2)1→2 −M I(8,1)1→2 · g1 = 0
g2 ·M I(10,2)1→2 =
[ 1 2 4
2 0 1 0
]
·

1 2
1 0 0
1 1 0
1 1 0
2 0 1
2 0 0
 =
[ 1 1 1 2 2
1 0 1 0 0 0
1 0 0 1 0 0
]
·

1 2
1 0 0
1 1 0
1 1 0
2 0 1
2 0 0
 =
[ 1 2
1 1 0
1 1 0
]
M
I(8,1)
1→2 · g1 =
[
1
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
1 1 0
]
g2 ·M I(10,2)1→2 −M I(8,1)1→2 · g1 =
[ 1 2
1 1 0
1 1 0
]
−
[ 1 2
1 1 0
1 1 0
]
=
[ 3
2 0
]
2. g3 ·M I(10,2)2→3 −M I(8,1)2→3 · g2 = 0
g3 ·M I(10,2)2→3 =
[ 1 4 5
4 0 1 0
]
·

1 2 4
1 1 0 0
2 0 1 0
2 0 1 0
4 0 0 1
1 0 0 0
 =
[ 1 2 2 4 1
2 0 1 0 0 0
2 0 0 1 0 0
]
·

1 2 4
1 1 0 0
2 0 1 0
2 0 1 0
4 0 0 1
1 0 0 0
 =
[ 1 2 4
2 0 1 0
2 0 1 0
]
M
I(8,1)
2→3 · g2 =
[ 2
2 1
2 1
]
·
[ 1 2 4
2 0 1 0
]
=
[ 1 2 4
2 0 1 0
2 0 1 0
]
g3 ·M I(10,2)2→3 −M I(8,1)2→3 · g2 =
[ 1 2 4
2 0 1 0
2 0 1 0
]
−
[ 1 2 4
2 0 1 0
2 0 1 0
]
=
[ 7
4 0
]
3. g3 ·M I(10,2)4→3 −M I(8,1)4→3 · g4 = 0
g3 ·M I(10,2)4→3 =
[ 1 4 5
4 0 1 0
]
·

4 3
4 1 0
3 0 0
3 0 1
 = [
1 3 1 2 3
3 0 1 0 0 0
1 0 0 1 0 0
]
·

1 3 3
1 1 0 0
3 0 1 0
1 0 0 0
2 0 0 0
3 0 0 1
 =
[ 1 3 3
3 0 1 0
1 0 0 0
]
M
I(8,1)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 1 3 3
3 0 1 0
]
=
[ 1 3 3
3 0 1 0
1 0 0 0
]
g3 ·M I(10,2)4→3 −M I(8,1)4→3 · g4 =
[ 1 3 3
3 0 1 0
1 0 0 0
]
−
[ 1 3 3
3 0 1 0
1 0 0 0
]
=
[ 7
4 0
]
4. g4 ·M I(10,2)5→4 −M I(8,1)5→4 · g5 = 0
g4 ·M I(10,2)5→4 =
[ 1 3 3
3 0 1 0
]
·

1 1 1 1
1 1 0 1 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=
0 1 0 0 0 0 00 0 1 0 0 0 0
0 0 0 1 0 0 0
 ·

1 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

=
1 0 0 00 1 0 0
0 0 0 0
 = [
2 2
2 1 0
1 0 0
]
M
I(8,1)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 2 2
2 1 0
]
=
[ 2 2
2 1 0
1 0 0
]
g4 ·M I(10,2)5→4 −M I(8,1)5→4 · g5 =
[ 2 2
2 1 0
1 0 0
]
−
[ 2 2
2 1 0
1 0 0
]
=
[ 4
3 0
]
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5. g3 ·M I(10,2)6→3 −M I(8,1)6→3 · g6 = 0
g3 ·M I(10,2)6→3 =
[ 1 4 5
4 0 1 0
]
·

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 1 3 1 1 1 1 1
1 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0
]
·

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 3 1 1 1
1 0 0 0 0 0
3 0 1 0 0 0
]
=
[ 1 3 3
1 0 0 0
3 0 1 0
]
M
I(8,1)
6→3 · g6 =
[ 3
1 0
3 1
]
·
[ 1 3 3
3 0 1 0
]
=
[ 1 3 3
1 0 0 0
3 0 1 0
]
g3 ·M I(10,2)6→3 −M I(8,1)6→3 · g6 =
[ 1 3 3
1 0 0 0
3 0 1 0
]
−
[ 1 3 3
1 0 0 0
3 0 1 0
]
=
[ 7
4 0
]
6. g6 ·M I(10,2)7→6 −M I(8,1)7→6 · g7 = 0
g6 ·M I(10,2)7→6 =
[ 1 3 3
3 0 1 0
]
·

3 1
2 0 0
3 1 0
1 0 1
1 0 1
 =
[ 1 1 2 1 1 1
1 0 1 0 0 0 0
2 0 0 1 0 0 0
]
·

2 1 1
1 0 0 0
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 1

=
[ 2 1 1
1 0 0 0
2 1 0 0
]
=
[ 2 2
1 0 0
2 1 0
]
M
I(8,1)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[ 2 2
2 1 0
]
=
[ 2 2
1 0 0
2 1 0
]
g6 ·M I(10,2)7→6 −M I(8,1)7→6 · g7 =
[ 2 2
1 0 0
2 1 0
]
−
[ 2 2
1 0 0
2 1 0
]
=
[ 4
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 4
2 0 1 0
]
·

1 4
1 1 0
2 0 0
4 0 1
 = [ 52 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 4 5
4 0 1 0
]
·

1 5
1 1 0
4 0 0
5 0 1
 = [ 64 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 3 3
3 0 1 0
]
·

1 3
1 1 0
3 0 0
3 0 1
 = [ 43 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 3 3
3 0 1 0
]
·

1 3
1 1 0
3 0 0
3 0 1
 = [ 43 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
146.3 Tree module property of I(16, 2) 
The matrices of the representation have full (column) rank P
1. M I(16,2)1→2 =

0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
2. M I(16,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k) is already in column echelon form and has maximal column rank.
3. M I(16,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k) is already in column echelon form and has maximal column rank.
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4. M I(16,2)5→4 =

1 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(16,2)
5→4 =

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

c3←c3−c1−−−−−−→

1 2 1 2
1 1 0 0 0
1 1 0 91 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

c2↔c3−−−−→

1 1 2 2
1 1 0 0 0
1 1 91 0 0
2 0 0 1 0
4 0 0 0 0
1 0 1 0 0
2 0 0 0 1

5. M I(16,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k) is already in column echelon form and has maximal column rank.
6. M I(16,2)7→6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
146.3.1 0→ I(17, 1) f→ I(16, 2) g→ I(16, 1)→ 0 
PdimI(17, 1) + dimI(16, 1) = (2, 5, 8, 6, 3, 6, 3) + (3, 6, 8, 5, 3, 5, 3)
= (5, 11, 16, 11, 6, 11, 6) = dimI(16, 2)
Pdimk Ext
1
kQ(I(16, 1), I(17, 1)) = dimk HomkQ(I(16, 1), I(17, 1))− 〈dimI(16, 1),dimI(17, 1)〉
= 0− 〈(3, 6, 8, 5, 3, 5, 3), (2, 5, 8, 6, 3, 6, 3)〉
= 3 · 5 + 6 · 8 + 5 · 8 + 3 · 6 + 5 · 8 + 3 · 6− (3 · 2 + 6 · 5 + 8 · 8 + 5 · 6 + 3 · 3 + 5 · 6 + 3 · 3)
= 15 + 48 + 40 + 18 + 40 + 18− (6 + 30 + 64 + 30 + 9 + 30 + 9)
= 1
Matrices of the embedding f : I(17, 1)→ I(16, 2) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M11,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(16, 2)→ I(16, 1) P
1. g1 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M6,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,16(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(17, 1)→ I(16, 2) P
1. f2 ·M I(17,1)1→2 −M I(16,2)1→2 · f1 = 0
f2 ·M I(17,1)1→2 =
[ 5
5 1
6 0
]
·

2
1 0
2 1
2 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
6 0 0 0
 ·

2
1 0
2 1
2 1
 =

2
1 0
2 1
2 1
6 0

M
I(16,2)
1→2 · f1 =

2 3
1 0 0
2 1 0
2 1 0
3 0 1
3 0 0
 ·
[ 2
2 1
3 0
]
=

2
1 0
2 1
2 1
3 0
3 0
 =

2
1 0
2 1
2 1
6 0

f2 ·M I(17,1)1→2 −M I(16,2)1→2 · f1 =

2
1 0
2 1
2 1
6 0
−

2
1 0
2 1
2 1
6 0
 =
[ 2
11 0
]
2. f3 ·M I(17,1)2→3 −M I(16,2)2→3 · f2 = 0
f3 ·M I(17,1)2→3 =
[ 8
8 1
8 0
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1 2 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
8 0 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

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M
I(16,2)
2→3 · f2 =

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·
[ 5
5 1
6 0
]
=

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
6 0 0 0 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
6 0 0 0 0
2 0 0 0 0

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

f3 ·M I(17,1)2→3 −M I(16,2)2→3 · f2 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

−

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
8 0 0 0 0

=
[ 5
16 0
]
3. f3 ·M I(17,1)4→3 −M I(16,2)4→3 · f4 = 0
f3 ·M I(17,1)4→3 =
[ 8
8 1
8 0
]
·
[ 6
6 1
2 0
]
=

6 2
6 1 0
2 0 1
8 0 0
 · [
6
6 1
2 0
]
=

6
6 1
2 0
8 0
 = [
6
6 1
10 0
]
M
I(16,2)
4→3 · f4 =

6 5
6 1 0
5 0 0
5 0 1
 · [
6
6 1
5 0
]
=

6
6 1
5 0
5 0
 = [
6
6 1
10 0
]
f3 ·M I(17,1)4→3 −M I(16,2)4→3 · f4 =
[ 6
6 1
10 0
]
−
[ 6
6 1
10 0
]
=
[ 6
16 0
]
4. f4 ·M I(17,1)5→4 −M I(16,2)5→4 · f5 = 0
f4 ·M I(17,1)5→4 =
[ 6
6 1
5 0
]
·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
5 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
7 0 0

M
I(16,2)
5→4 · f5 =

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

·
[ 3
3 1
3 0
]
=

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
4 0 0
1 0 0
2 0 0

=

1 2
1 1 0
1 1 0
2 0 1
7 0 0

f4 ·M I(17,1)5→4 −M I(16,2)5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
7 0 0
−

1 2
1 1 0
1 1 0
2 0 1
7 0 0
 =
[ 3
11 0
]
5. f3 ·M I(17,1)6→3 −M I(16,2)6→3 · f6 = 0
f3 ·M I(17,1)6→3 =
[ 8
8 1
8 0
]
·

1 5
1 1 0
2 0 0
5 0 1
 =

1 2 5
1 1 0 0
2 0 1 0
5 0 0 1
8 0 0 0
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 5
1 1 0
2 0 0
5 0 1
8 0 0

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M
I(16,2)
6→3 · f6 =

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 6
6 1
5 0
]
=

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

1 5
1 1 0
5 0 1
2 0 0
1 0 0
2 0 0
 =

1 5
1 1 0
2 0 0
5 0 1
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0

=

1 5
1 1 0
2 0 0
5 0 1
8 0 0

f3 ·M I(17,1)6→3 −M I(16,2)6→3 · f6 =

1 5
1 1 0
2 0 0
5 0 1
8 0 0
−

1 5
1 1 0
2 0 0
5 0 1
8 0 0
 =
[ 6
16 0
]
6. f6 ·M I(17,1)7→6 −M I(16,2)7→6 · f7 = 0
f6 ·M I(17,1)7→6 =
[ 6
6 1
5 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
5 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
5 0

M
I(16,2)
7→6 · f7 =

4 2
3 0 0
4 1 0
2 0 1
2 0 1
 ·
[ 3
3 1
3 0
]
=

3 1 2
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
2 0 0 1
 ·

3
3 1
1 0
2 0
 =

3
3 0
3 1
1 0
2 0
2 0
 =

3
3 0
3 1
5 0

f6 ·M I(17,1)7→6 −M I(16,2)7→6 · f7 =

3
3 0
3 1
5 0
−

3
3 0
3 1
5 0
 = [ 311 0 ]
Relations of the projection g : I(16, 2)→ I(16, 1) P
1. g2 ·M I(16,2)1→2 −M I(16,1)1→2 · g1 = 0
g2 ·M I(16,2)1→2 =
[ 5 6
6 0 1
]
·

2 3
1 0 0
2 1 0
2 1 0
3 0 1
3 0 0
 =
[ 1 2 2 3 3
3 0 0 0 1 0
3 0 0 0 0 1
]
·

2 3
1 0 0
2 1 0
2 1 0
3 0 1
3 0 0
 =
[ 2 3
3 0 1
3 0 0
]
M
I(16,1)
1→2 · g1 =
[ 3
3 1
3 0
]
·
[ 2 3
3 0 1
]
=
[ 2 3
3 0 1
3 0 0
]
g2 ·M I(16,2)1→2 −M I(16,1)1→2 · g1 =
[ 2 3
3 0 1
3 0 0
]
−
[ 2 3
3 0 1
3 0 0
]
=
[ 5
6 0
]
2. g3 ·M I(16,2)2→3 −M I(16,1)2→3 · g2 = 0
g3 ·M I(16,2)2→3 =
[ 8 8
8 0 1
]
·

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 1 2 1 2 1 6 2
6 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
]
·

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 1 2 1 6
6 0 0 0 0 1
2 0 0 0 0 0
]
=
[ 5 6
6 0 1
2 0 0
]
M
I(16,1)
2→3 · g2 =
[ 6
6 1
2 0
]
·
[ 5 6
6 0 1
]
=
[ 5 6
6 0 1
2 0 0
]
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g3 ·M I(16,2)2→3 −M I(16,1)2→3 · g2 =
[ 5 6
6 0 1
2 0 0
]
−
[ 5 6
6 0 1
2 0 0
]
=
[11
8 0
]
3. g3 ·M I(16,2)4→3 −M I(16,1)4→3 · g4 = 0
g3 ·M I(16,2)4→3 =
[ 8 8
8 0 1
]
·

6 5
6 1 0
5 0 0
5 0 1
 = [
6 2 3 5
3 0 0 1 0
5 0 0 0 1
]
·

6 5
6 1 0
2 0 0
3 0 0
5 0 1
 =
[ 6 5
3 0 0
5 0 1
]
M
I(16,1)
4→3 · g4 =
[ 5
3 0
5 1
]
·
[ 6 5
5 0 1
]
=
[ 6 5
3 0 0
5 0 1
]
g3 ·M I(16,2)4→3 −M I(16,1)4→3 · g4 =
[ 6 5
3 0 0
5 0 1
]
−
[ 6 5
3 0 0
5 0 1
]
=
[11
8 0
]
4. g4 ·M I(16,2)5→4 −M I(16,1)5→4 · g5 = 0
g4 ·M I(16,2)5→4 =
[ 6 5
5 0 1
]
·

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

=

1 1 2 2 2 1 2
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
 = [
3 3
2 0 0
3 0 1
]
M
I(16,1)
5→4 · g5 =
[ 3
2 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
2 0 0
3 0 1
]
g4 ·M I(16,2)5→4 −M I(16,1)5→4 · g5 =
[ 3 3
2 0 0
3 0 1
]
−
[ 3 3
2 0 0
3 0 1
]
=
[ 6
5 0
]
5. g3 ·M I(16,2)6→3 −M I(16,1)6→3 · g6 = 0
g3 ·M I(16,2)6→3 =
[ 8 8
8 0 1
]
·

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

1 2 5 2 1 2 1 2
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

1 5 2 1 2
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
 =

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
I(16,1)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 6 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

g3 ·M I(16,2)6→3 −M I(16,1)6→3 · g6 =

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[11
8 0
]
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6. g6 ·M I(16,2)7→6 −M I(16,1)7→6 · g7 = 0
g6 ·M I(16,2)7→6 =
[ 6 5
5 0 1
]
·

4 2
3 0 0
4 1 0
2 0 1
2 0 1
 =

3 3 1 2 2
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
 ·

3 1 2
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
2 0 0 1
 =

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1

M
I(16,1)
7→6 · g7 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 3 33 0 1 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
3 1 2
1 0 1 0
2 0 0 1
]
=

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1

g6 ·M I(16,2)7→6 −M I(16,1)7→6 · g7 =

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1
−

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1
 = [ 65 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 6
6 0 1
]
·
[ 5
5 1
6 0
]
=
[ 5
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 8
8 0 1
]
·
[ 8
8 1
8 0
]
=
[ 8
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 5
5 0 1
]
·
[ 6
6 1
5 0
]
=
[ 6
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 5
5 0 1
]
·
[ 6
6 1
5 0
]
=
[ 6
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
146.3.2 0→ I(19, 1) f→ I(16, 2) g→ I(14, 1)→ 0 
PdimI(19, 1) + dimI(14, 1) = (3, 7, 9, 6, 3, 6, 3) + (2, 4, 7, 5, 3, 5, 3)
= (5, 11, 16, 11, 6, 11, 6) = dimI(16, 2)
Pdimk Ext
1
kQ(I(14, 1), I(19, 1)) = dimk HomkQ(I(14, 1), I(19, 1))− 〈dimI(14, 1),dimI(19, 1)〉
= 0− 〈(2, 4, 7, 5, 3, 5, 3), (3, 7, 9, 6, 3, 6, 3)〉
= 2 · 7 + 4 · 9 + 5 · 9 + 3 · 6 + 5 · 9 + 3 · 6− (2 · 3 + 4 · 7 + 7 · 9 + 5 · 6 + 3 · 3 + 5 · 6 + 3 · 3)
= 14 + 36 + 45 + 18 + 45 + 18− (6 + 28 + 63 + 30 + 9 + 30 + 9)
= 1
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Matrices of the embedding f : I(19, 1)→ I(16, 2) P
1. f1 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M16,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(16, 2)→ I(14, 1) P
1. g1 =
[
1 0 0 0 0
0 1 0 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

∈M7,16(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(19, 1)→ I(16, 2) P
1. f2 ·M I(19,1)1→2 −M I(16,2)1→2 · f1 = 0
f2 ·M I(19,1)1→2 =

1 6
1 1 0
4 0 0
6 0 1
 ·

3
1 0
3 1
3 0
 =

1 3 3
1 1 0 0
4 0 0 0
3 0 1 0
3 0 0 1
 ·

3
1 0
3 1
3 0
 =

3
1 0
4 0
3 1
3 0
 =

3
5 0
3 1
3 0

M
I(16,2)
1→2 · f1 =

2 3
1 0 0
2 1 0
2 1 0
3 0 1
3 0 0
 ·
[ 3
2 0
3 1
]
=

3
1 0
2 0
2 0
3 1
3 0
 =

3
5 0
3 1
3 0

f2 ·M I(19,1)1→2 −M I(16,2)1→2 · f1 =

3
5 0
3 1
3 0
−

3
5 0
3 1
3 0
 = [ 311 0 ]
2. f3 ·M I(19,1)2→3 −M I(16,2)2→3 · f2 = 0
f3 ·M I(19,1)2→3 =

1 8
1 1 0
7 0 0
8 0 1
 · [
7
7 1
2 0
]
=

1 6 2
1 1 0 0
7 0 0 0
6 0 1 0
2 0 0 1
 ·

1 6
1 1 0
6 0 1
2 0 0
 =

1 6
1 1 0
7 0 0
6 0 1
2 0 0

M
I(16,2)
2→3 · f2 =

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

1 6
1 1 0
4 0 0
6 0 1
 =

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

1 6
1 1 0
1 0 0
2 0 0
1 0 0
6 0 1
 =

1 6
1 1 0
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0
6 0 1
2 0 0

=

1 6
1 1 0
7 0 0
6 0 1
2 0 0

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f3 ·M I(19,1)2→3 −M I(16,2)2→3 · f2 =

1 6
1 1 0
7 0 0
6 0 1
2 0 0
−

1 6
1 1 0
7 0 0
6 0 1
2 0 0
 =
[ 7
16 0
]
3. f3 ·M I(19,1)4→3 −M I(16,2)4→3 · f4 = 0
f3 ·M I(19,1)4→3 =

1 8
1 1 0
7 0 0
8 0 1
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 3 5
1 1 0 0
7 0 0 0
3 0 1 0
5 0 0 1
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 5
1 1 0
7 0 0
3 0 0
5 0 1
 =

1 5
1 1 0
10 0 0
5 0 1

M
I(16,2)
4→3 · f4 =

6 5
6 1 0
5 0 0
5 0 1
 ·

1 5
1 1 0
5 0 0
5 0 1
 =

1 5 5
1 1 0 0
5 0 1 0
5 0 0 0
5 0 0 1
 ·

1 5
1 1 0
5 0 0
5 0 1
 =

1 5
1 1 0
5 0 0
5 0 0
5 0 1
 =

1 5
1 1 0
10 0 0
5 0 1

f3 ·M I(19,1)4→3 −M I(16,2)4→3 · f4 =

1 5
1 1 0
10 0 0
5 0 1
−

1 5
1 1 0
10 0 0
5 0 1
 = [ 616 0 ]
4. f4 ·M I(19,1)5→4 −M I(16,2)5→4 · f5 = 0
f4 ·M I(19,1)5→4 =

1 5
1 1 0
5 0 0
5 0 1
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2 1 2
1 1 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
5 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
7 0 0
1 1 0
2 0 1

M
I(16,2)
5→4 · f5 =

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

·
[ 3
3 0
3 1
]
=

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
1 0 0
2 0 0
4 0 0
1 1 0
2 0 1

=

1 2
1 1 0
7 0 0
1 1 0
2 0 1

f4 ·M I(19,1)5→4 −M I(16,2)5→4 · f5 =

1 2
1 1 0
7 0 0
1 1 0
2 0 1
−

1 2
1 1 0
7 0 0
1 1 0
2 0 1
 =
[ 3
11 0
]
5. f3 ·M I(19,1)6→3 −M I(16,2)6→3 · f6 = 0
f3 ·M I(19,1)6→3 =

1 8
1 1 0
7 0 0
8 0 1
 ·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2 1 2
1 1 0 0 0 0 0
7 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
7 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
I(16,2)
6→3 · f6 =

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

1 5
1 1 0
5 0 0
5 0 1
 =

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2 1 2
1 1 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

1 2 1 2
1 1 0 0 0
2 0 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
7 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

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f3 ·M I(19,1)6→3 −M I(16,2)6→3 · f6 =

1 2 1 2
1 1 0 0 0
7 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

−

1 2 1 2
1 1 0 0 0
7 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=
[ 6
16 0
]
6. f6 ·M I(19,1)7→6 −M I(16,2)7→6 · f7 = 0
f6 ·M I(19,1)7→6 =

1 5
1 1 0
5 0 0
5 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 1 2 2
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
1 0 0
5 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
6 0 0
1 1 0
2 0 1
2 0 1

M
I(16,2)
7→6 · f7 =

4 2
3 0 0
4 1 0
2 0 1
2 0 1
 ·
[ 3
3 0
3 1
]
=

3 1 2
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
2 0 0 1
 ·

1 2
3 0 0
1 1 0
2 0 1
 =

1 2
3 0 0
3 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
6 0 0
1 1 0
2 0 1
2 0 1

f6 ·M I(19,1)7→6 −M I(16,2)7→6 · f7 =

1 2
6 0 0
1 1 0
2 0 1
2 0 1
−

1 2
6 0 0
1 1 0
2 0 1
2 0 1
 =
[ 3
11 0
]
Relations of the projection g : I(16, 2)→ I(14, 1) P
1. g2 ·M I(16,2)1→2 −M I(14,1)1→2 · g1 = 0
g2 ·M I(16,2)1→2 =
[ 1 4 6
4 0 1 0
]
·

2 3
1 0 0
2 1 0
2 1 0
3 0 1
3 0 0
 =
[ 1 2 2 3 3
2 0 1 0 0 0
2 0 0 1 0 0
]
·

2 3
1 0 0
2 1 0
2 1 0
3 0 1
3 0 0
 =
[ 2 3
2 1 0
2 1 0
]
M
I(14,1)
1→2 · g1 =
[ 2
2 1
2 1
]
·
[ 2 3
2 1 0
]
=
[ 2 3
2 1 0
2 1 0
]
g2 ·M I(16,2)1→2 −M I(14,1)1→2 · g1 =
[ 2 3
2 1 0
2 1 0
]
−
[ 2 3
2 1 0
2 1 0
]
=
[ 5
4 0
]
2. g3 ·M I(16,2)2→3 −M I(14,1)2→3 · g2 = 0
g3 ·M I(16,2)2→3 =
[ 1 7 8
7 0 1 0
]
·

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 2 1 6 2
1 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
 ·

1 1 2 1 6
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 6
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0

M
I(14,1)
2→3 · g2 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 1 4 6
4 0 1 0
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

1 1 2 1 6
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
 =

1 1 2 1 6
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0

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g3 ·M I(16,2)2→3 −M I(14,1)2→3 · g2 =

1 1 2 1 6
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
−

1 1 2 1 6
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
 =
[11
7 0
]
3. g3 ·M I(16,2)4→3 −M I(14,1)4→3 · g4 = 0
g3 ·M I(16,2)4→3 =
[ 1 7 8
7 0 1 0
]
·

6 5
6 1 0
5 0 0
5 0 1
 = [
1 5 2 3 5
5 0 1 0 0 0
2 0 0 1 0 0
]
·

1 5 5
1 1 0 0
5 0 1 0
2 0 0 0
3 0 0 0
5 0 0 1
 =
[ 1 5 5
5 0 1 0
2 0 0 0
]
M
I(14,1)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 1 5 5
5 0 1 0
]
=
[ 1 5 5
5 0 1 0
2 0 0 0
]
g3 ·M I(16,2)4→3 −M I(14,1)4→3 · g4 =
[ 1 5 5
5 0 1 0
2 0 0 0
]
−
[ 1 5 5
5 0 1 0
2 0 0 0
]
=
[11
7 0
]
4. g4 ·M I(16,2)5→4 −M I(14,1)5→4 · g5 = 0
g4 ·M I(16,2)5→4 =
[ 1 5 5
5 0 1 0
]
·

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
1 0 0 1 0
2 0 0 0 1

=

1 1 2 2 2 1 2
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
 ·

1 2 1 2
1 1 0 1 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
 = [
3 3
3 1 0
2 0 0
]
M
I(14,1)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 3 3
3 1 0
]
=
[ 3 3
3 1 0
2 0 0
]
g4 ·M I(16,2)5→4 −M I(14,1)5→4 · g5 =
[ 3 3
3 1 0
2 0 0
]
−
[ 3 3
3 1 0
2 0 0
]
=
[ 6
5 0
]
5. g3 ·M I(16,2)6→3 −M I(14,1)6→3 · g6 = 0
g3 ·M I(16,2)6→3 =
[ 1 7 8
7 0 1 0
]
·

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 2 5 2 1 2 1 2
2 0 1 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0
]
·

1 5 2 1 2
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 5 2 1 2
2 0 0 0 0 0
5 0 1 0 0 0
]
=
[ 1 5 5
2 0 0 0
5 0 1 0
]
M
I(14,1)
6→3 · g6 =
[ 5
2 0
5 1
]
·
[ 1 5 5
5 0 1 0
]
=
[ 1 5 5
2 0 0 0
5 0 1 0
]
g3 ·M I(16,2)6→3 −M I(14,1)6→3 · g6 =
[ 1 5 5
2 0 0 0
5 0 1 0
]
−
[ 1 5 5
2 0 0 0
5 0 1 0
]
=
[11
7 0
]
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6. g6 ·M I(16,2)7→6 −M I(14,1)7→6 · g7 = 0
g6 ·M I(16,2)7→6 =
[ 1 5 5
5 0 1 0
]
·

4 2
3 0 0
4 1 0
2 0 1
2 0 1
 =
[ 1 2 3 1 2 2
2 0 1 0 0 0 0
3 0 0 1 0 0 0
]
·

3 1 2
1 0 0 0
2 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
2 0 0 1

=
[ 3 1 2
2 0 0 0
3 1 0 0
]
=
[ 3 3
2 0 0
3 1 0
]
M
I(14,1)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 3 3
3 1 0
]
=
[ 3 3
2 0 0
3 1 0
]
g6 ·M I(16,2)7→6 −M I(14,1)7→6 · g7 =
[ 3 3
2 0 0
3 1 0
]
−
[ 3 3
2 0 0
3 1 0
]
=
[ 6
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3
2 1 0
]
·
[ 3
2 0
3 1
]
=
[ 3
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 4 6
4 0 1 0
]
·

1 6
1 1 0
4 0 0
6 0 1
 = [ 74 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 7 8
7 0 1 0
]
·

1 8
1 1 0
7 0 0
8 0 1
 = [ 97 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 5 5
5 0 1 0
]
·

1 5
1 1 0
5 0 0
5 0 1
 = [ 65 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 5 5
5 0 1 0
]
·

1 5
1 1 0
5 0 0
5 0 1
 = [ 65 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
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146.4 Tree module property of I(22, 2) 
The matrices of the representation have full (column) rank P
1. M I(22,2)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
2. M I(22,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k) is already in column echelon form and has maximal column rank.
3. M I(22,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k) is already in column echelon form and has maximal column rank.
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4. M I(22,2)5→4 =

1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(22,2)
5→4 =

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

c3←c3−c1−−−−−−→

1 3 1 3
1 1 0 0 0
1 1 0 91 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

c2↔c3−−−−→

1 1 3 3
1 1 0 0 0
1 1 91 0 0
3 0 0 1 0
6 0 0 0 0
1 0 1 0 0
3 0 0 0 1

5. M I(22,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k) is already in column echelon form and has maximal column rank.
6. M I(22,2)7→6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
146.4.1 0→ I(23, 1) f→ I(22, 2) g→ I(22, 1)→ 0 
PdimI(23, 1) + dimI(22, 1) = (3, 7, 11, 8, 4, 8, 4) + (4, 8, 11, 7, 4, 7, 4)
= (7, 15, 22, 15, 8, 15, 8) = dimI(22, 2)
Pdimk Ext
1
kQ(I(22, 1), I(23, 1)) = dimk HomkQ(I(22, 1), I(23, 1))− 〈dimI(22, 1),dimI(23, 1)〉
= 0− 〈(4, 8, 11, 7, 4, 7, 4), (3, 7, 11, 8, 4, 8, 4)〉
= 4 · 7 + 8 · 11 + 7 · 11 + 4 · 8 + 7 · 11 + 4 · 8− (4 · 3 + 8 · 7 + 11 · 11 + 7 · 8 + 4 · 4 + 7 · 8 + 4 · 4)
= 28 + 88 + 77 + 32 + 77 + 32− (12 + 56 + 121 + 56 + 16 + 56 + 16)
= 1
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Matrices of the embedding f : I(23, 1)→ I(22, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M15,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M22,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(22, 2)→ I(22, 1) P
1. g1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,22(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,15(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,15(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
2427
Relations of the embedding f : I(23, 1)→ I(22, 2) P
1. f2 ·M I(23,1)1→2 −M I(22,2)1→2 · f1 = 0
f2 ·M I(23,1)1→2 =
[ 7
7 1
8 0
]
·

3
1 0
3 1
3 1
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
8 0 0 0
 ·

3
1 0
3 1
3 1
 =

3
1 0
3 1
3 1
8 0

M
I(22,2)
1→2 · f1 =

3 4
1 0 0
3 1 0
3 1 0
4 0 1
4 0 0
 ·
[ 3
3 1
4 0
]
=

3
1 0
3 1
3 1
4 0
4 0
 =

3
1 0
3 1
3 1
8 0

f2 ·M I(23,1)1→2 −M I(22,2)1→2 · f1 =

3
1 0
3 1
3 1
8 0
−

3
1 0
3 1
3 1
8 0
 =
[ 3
15 0
]
2. f3 ·M I(23,1)2→3 −M I(22,2)2→3 · f2 = 0
f3 ·M I(23,1)2→3 =
[11
11 1
11 0
]
·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2 2 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
11 0 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

M
I(22,2)
2→3 · f2 =

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·
[ 7
7 1
8 0
]
=

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
8 0 0 0 0
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
8 0 0 0 0
3 0 0 0 0

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

f3 ·M I(23,1)2→3 −M I(22,2)2→3 · f2 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

−

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
11 0 0 0 0

=
[ 7
22 0
]
3. f3 ·M I(23,1)4→3 −M I(22,2)4→3 · f4 = 0
f3 ·M I(23,1)4→3 =
[11
11 1
11 0
]
·
[ 8
8 1
3 0
]
=

8 3
8 1 0
3 0 1
11 0 0
 · [
8
8 1
3 0
]
=

8
8 1
3 0
11 0
 = [
8
8 1
14 0
]
M
I(22,2)
4→3 · f4 =

8 7
8 1 0
7 0 0
7 0 1
 · [
8
8 1
7 0
]
=

8
8 1
7 0
7 0
 = [
8
8 1
14 0
]
f3 ·M I(23,1)4→3 −M I(22,2)4→3 · f4 =
[ 8
8 1
14 0
]
−
[ 8
8 1
14 0
]
=
[ 8
22 0
]
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4. f4 ·M I(23,1)5→4 −M I(22,2)5→4 · f5 = 0
f4 ·M I(23,1)5→4 =
[ 8
8 1
7 0
]
·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 1 3 3
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
3 0 0
7 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
10 0 0

M
I(22,2)
5→4 · f5 =

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

·
[ 4
4 1
4 0
]
=

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

·

1 3
1 1 0
3 0 1
1 0 0
3 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
6 0 0
1 0 0
3 0 0

=

1 3
1 1 0
1 1 0
3 0 1
10 0 0

f4 ·M I(23,1)5→4 −M I(22,2)5→4 · f5 =

1 3
1 1 0
1 1 0
3 0 1
10 0 0
−

1 3
1 1 0
1 1 0
3 0 1
10 0 0
 =
[ 4
15 0
]
5. f3 ·M I(23,1)6→3 −M I(22,2)6→3 · f6 = 0
f3 ·M I(23,1)6→3 =
[11
11 1
11 0
]
·

1 7
1 1 0
3 0 0
7 0 1
 =

1 3 7
1 1 0 0
3 0 1 0
7 0 0 1
11 0 0 0
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 7
1 1 0
3 0 0
7 0 1
11 0 0

M
I(22,2)
6→3 · f6 =

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 8
8 1
7 0
]
=

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

1 7
1 1 0
7 0 1
3 0 0
1 0 0
3 0 0
 =

1 7
1 1 0
3 0 0
7 0 1
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0

=

1 7
1 1 0
3 0 0
7 0 1
11 0 0

f3 ·M I(23,1)6→3 −M I(22,2)6→3 · f6 =

1 7
1 1 0
3 0 0
7 0 1
11 0 0
−

1 7
1 1 0
3 0 0
7 0 1
11 0 0
 =
[ 8
22 0
]
6. f6 ·M I(23,1)7→6 −M I(22,2)7→6 · f7 = 0
f6 ·M I(23,1)7→6 =
[ 8
8 1
7 0
]
·
[ 4
4 0
4 1
]
=

4 4
4 1 0
4 0 1
7 0 0
 · [
4
4 0
4 1
]
=

4
4 0
4 1
7 0

M
I(22,2)
7→6 · f7 =

5 3
4 0 0
5 1 0
3 0 1
3 0 1
 ·
[ 4
4 1
4 0
]
=

4 1 3
4 0 0 0
4 1 0 0
1 0 1 0
3 0 0 1
3 0 0 1
 ·

4
4 1
1 0
3 0
 =

4
4 0
4 1
1 0
3 0
3 0
 =

4
4 0
4 1
7 0

f6 ·M I(23,1)7→6 −M I(22,2)7→6 · f7 =

4
4 0
4 1
7 0
−

4
4 0
4 1
7 0
 = [ 415 0 ]
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Relations of the projection g : I(22, 2)→ I(22, 1) P
1. g2 ·M I(22,2)1→2 −M I(22,1)1→2 · g1 = 0
g2 ·M I(22,2)1→2 =
[ 7 8
8 0 1
]
·

3 4
1 0 0
3 1 0
3 1 0
4 0 1
4 0 0
 =
[ 1 3 3 4 4
4 0 0 0 1 0
4 0 0 0 0 1
]
·

3 4
1 0 0
3 1 0
3 1 0
4 0 1
4 0 0
 =
[ 3 4
4 0 1
4 0 0
]
M
I(22,1)
1→2 · g1 =
[ 4
4 1
4 0
]
·
[ 3 4
4 0 1
]
=
[ 3 4
4 0 1
4 0 0
]
g2 ·M I(22,2)1→2 −M I(22,1)1→2 · g1 =
[ 3 4
4 0 1
4 0 0
]
−
[ 3 4
4 0 1
4 0 0
]
=
[ 7
8 0
]
2. g3 ·M I(22,2)2→3 −M I(22,1)2→3 · g2 = 0
g3 ·M I(22,2)2→3 =
[11 11
11 0 1
]
·

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 2 2 2 2 2 8 3
8 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
]
·

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 2 2 2 8
8 0 0 0 0 1
3 0 0 0 0 0
]
=
[ 7 8
8 0 1
3 0 0
]
M
I(22,1)
2→3 · g2 =
[ 8
8 1
3 0
]
·
[ 7 8
8 0 1
]
=
[ 7 8
8 0 1
3 0 0
]
g3 ·M I(22,2)2→3 −M I(22,1)2→3 · g2 =
[ 7 8
8 0 1
3 0 0
]
−
[ 7 8
8 0 1
3 0 0
]
=
[15
11 0
]
3. g3 ·M I(22,2)4→3 −M I(22,1)4→3 · g4 = 0
g3 ·M I(22,2)4→3 =
[11 11
11 0 1
]
·

8 7
8 1 0
7 0 0
7 0 1
 = [
8 3 4 7
4 0 0 1 0
7 0 0 0 1
]
·

8 7
8 1 0
3 0 0
4 0 0
7 0 1
 =
[ 8 7
4 0 0
7 0 1
]
M
I(22,1)
4→3 · g4 =
[ 7
4 0
7 1
]
·
[ 8 7
7 0 1
]
=
[ 8 7
4 0 0
7 0 1
]
g3 ·M I(22,2)4→3 −M I(22,1)4→3 · g4 =
[ 8 7
4 0 0
7 0 1
]
−
[ 8 7
4 0 0
7 0 1
]
=
[15
11 0
]
4. g4 ·M I(22,2)5→4 −M I(22,1)5→4 · g5 = 0
g4 ·M I(22,2)5→4 =
[ 8 7
7 0 1
]
·

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

=

1 1 3 3 3 1 3
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1
 = [
4 4
3 0 0
4 0 1
]
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M
I(22,1)
5→4 · g5 =
[ 4
3 0
4 1
]
·
[ 4 4
4 0 1
]
=
[ 4 4
3 0 0
4 0 1
]
g4 ·M I(22,2)5→4 −M I(22,1)5→4 · g5 =
[ 4 4
3 0 0
4 0 1
]
−
[ 4 4
3 0 0
4 0 1
]
=
[ 8
7 0
]
5. g3 ·M I(22,2)6→3 −M I(22,1)6→3 · g6 = 0
g3 ·M I(22,2)6→3 =
[11 11
11 0 1
]
·

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

1 3 7 3 1 3 1 3
3 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
 ·

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

1 7 3 1 3
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
 =

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
I(22,1)
6→3 · g6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[ 8 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

g3 ·M I(22,2)6→3 −M I(22,1)6→3 · g6 =

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
−

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
 =
[15
11 0
]
6. g6 ·M I(22,2)7→6 −M I(22,1)7→6 · g7 = 0
g6 ·M I(22,2)7→6 =
[ 8 7
7 0 1
]
·

5 3
4 0 0
5 1 0
3 0 1
3 0 1
 =

4 4 1 3 3
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 1
 ·

4 1 3
4 0 0 0
4 1 0 0
1 0 1 0
3 0 0 1
3 0 0 1
 =

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1

M
I(22,1)
7→6 · g7 =

1 3
1 1 0
3 0 1
3 0 1
 · [ 4 44 0 1 ] =

1 3
1 1 0
3 0 1
3 0 1
 · [
4 1 3
1 0 1 0
3 0 0 1
]
=

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1

g6 ·M I(22,2)7→6 −M I(22,1)7→6 · g7 =

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1
−

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1
 = [ 87 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
2431
2. g2 · f2 = 0
g2 · f2 =
[ 7 8
8 0 1
]
·
[ 7
7 1
8 0
]
=
[ 7
8 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 11
11 0 1
]
·
[11
11 1
11 0
]
=
[11
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 7
7 0 1
]
·
[ 8
8 1
7 0
]
=
[ 8
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 8 7
7 0 1
]
·
[ 8
8 1
7 0
]
=
[ 8
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
146.4.2 0→ I(25, 1) f→ I(22, 2) g→ I(20, 1)→ 0 
PdimI(25, 1) + dimI(20, 1) = (4, 9, 12, 8, 4, 8, 4) + (3, 6, 10, 7, 4, 7, 4)
= (7, 15, 22, 15, 8, 15, 8) = dimI(22, 2)
Pdimk Ext
1
kQ(I(20, 1), I(25, 1)) = dimk HomkQ(I(20, 1), I(25, 1))− 〈dimI(20, 1),dimI(25, 1)〉
= 0− 〈(3, 6, 10, 7, 4, 7, 4), (4, 9, 12, 8, 4, 8, 4)〉
= 3 · 9 + 6 · 12 + 7 · 12 + 4 · 8 + 7 · 12 + 4 · 8− (3 · 4 + 6 · 9 + 10 · 12 + 7 · 8 + 4 · 4 + 7 · 8 + 4 · 4)
= 27 + 72 + 84 + 32 + 84 + 32− (12 + 54 + 120 + 56 + 16 + 56 + 16)
= 1
Matrices of the embedding f : I(25, 1)→ I(22, 2) P
1. f1 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M15,9(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M22,12(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(22, 2)→ I(20, 1) P
1. g1 =
1 0 0 0 0 0 00 1 0 0 0 0 0
0 0 1 0 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

∈M6,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M10,22(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M7,15(k) is already in row echelon form and has maximal row rank.
5. g5 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M7,15(k) is already in row echelon form and has maximal row rank.
7. g7 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(25, 1)→ I(22, 2) P
1. f2 ·M I(25,1)1→2 −M I(22,2)1→2 · f1 = 0
f2 ·M I(25,1)1→2 =

1 8
1 1 0
6 0 0
8 0 1
 ·

4
1 0
4 1
4 0
 =

1 4 4
1 1 0 0
6 0 0 0
4 0 1 0
4 0 0 1
 ·

4
1 0
4 1
4 0
 =

4
1 0
6 0
4 1
4 0
 =

4
7 0
4 1
4 0

M
I(22,2)
1→2 · f1 =

3 4
1 0 0
3 1 0
3 1 0
4 0 1
4 0 0
 ·
[ 4
3 0
4 1
]
=

4
1 0
3 0
3 0
4 1
4 0
 =

4
7 0
4 1
4 0

f2 ·M I(25,1)1→2 −M I(22,2)1→2 · f1 =

4
7 0
4 1
4 0
−

4
7 0
4 1
4 0
 = [ 415 0 ]
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2. f3 ·M I(25,1)2→3 −M I(22,2)2→3 · f2 = 0
f3 ·M I(25,1)2→3 =

1 11
1 1 0
10 0 0
11 0 1
 · [
9
9 1
3 0
]
=

1 8 3
1 1 0 0
10 0 0 0
8 0 1 0
3 0 0 1
 ·

1 8
1 1 0
8 0 1
3 0 0
 =

1 8
1 1 0
10 0 0
8 0 1
3 0 0

M
I(22,2)
2→3 · f2 =

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

1 8
1 1 0
6 0 0
8 0 1
 =

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

1 8
1 1 0
2 0 0
2 0 0
2 0 0
8 0 1
 =

1 8
1 1 0
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0
8 0 1
3 0 0

=

1 8
1 1 0
10 0 0
8 0 1
3 0 0

f3 ·M I(25,1)2→3 −M I(22,2)2→3 · f2 =

1 8
1 1 0
10 0 0
8 0 1
3 0 0
−

1 8
1 1 0
10 0 0
8 0 1
3 0 0
 =
[ 9
22 0
]
3. f3 ·M I(25,1)4→3 −M I(22,2)4→3 · f4 = 0
f3 ·M I(25,1)4→3 =

1 11
1 1 0
10 0 0
11 0 1
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 4 7
1 1 0 0
10 0 0 0
4 0 1 0
7 0 0 1
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 7
1 1 0
10 0 0
4 0 0
7 0 1
 =

1 7
1 1 0
14 0 0
7 0 1

M
I(22,2)
4→3 · f4 =

8 7
8 1 0
7 0 0
7 0 1
 ·

1 7
1 1 0
7 0 0
7 0 1
 =

1 7 7
1 1 0 0
7 0 1 0
7 0 0 0
7 0 0 1
 ·

1 7
1 1 0
7 0 0
7 0 1
 =

1 7
1 1 0
7 0 0
7 0 0
7 0 1
 =

1 7
1 1 0
14 0 0
7 0 1

f3 ·M I(25,1)4→3 −M I(22,2)4→3 · f4 =

1 7
1 1 0
14 0 0
7 0 1
−

1 7
1 1 0
14 0 0
7 0 1
 = [ 822 0 ]
4. f4 ·M I(25,1)5→4 −M I(22,2)5→4 · f5 = 0
f4 ·M I(25,1)5→4 =

1 7
1 1 0
7 0 0
7 0 1
 ·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3 1 3
1 1 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
7 0 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
10 0 0
1 1 0
3 0 1

M
I(22,2)
5→4 · f5 =

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

·
[ 4
4 0
4 1
]
=

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

·

1 3
1 0 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
1 0 0
3 0 0
6 0 0
1 1 0
3 0 1

=

1 3
1 1 0
10 0 0
1 1 0
3 0 1

f4 ·M I(25,1)5→4 −M I(22,2)5→4 · f5 =

1 3
1 1 0
10 0 0
1 1 0
3 0 1
−

1 3
1 1 0
10 0 0
1 1 0
3 0 1
 =
[ 4
15 0
]
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5. f3 ·M I(25,1)6→3 −M I(22,2)6→3 · f6 = 0
f3 ·M I(25,1)6→3 =

1 11
1 1 0
10 0 0
11 0 1
 ·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3 1 3
1 1 0 0 0 0 0
10 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
10 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
I(22,2)
6→3 · f6 =

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

1 7
1 1 0
7 0 0
7 0 1
 =

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

1 3 1 3
1 1 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

1 3 1 3
1 1 0 0 0
3 0 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
10 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

f3 ·M I(25,1)6→3 −M I(22,2)6→3 · f6 =

1 3 1 3
1 1 0 0 0
10 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

−

1 3 1 3
1 1 0 0 0
10 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=
[ 8
22 0
]
6. f6 ·M I(25,1)7→6 −M I(22,2)7→6 · f7 = 0
f6 ·M I(25,1)7→6 =

1 7
1 1 0
7 0 0
7 0 1
 ·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 1 3 3
1 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 ·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
1 0 0
7 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
8 0 0
1 1 0
3 0 1
3 0 1

M
I(22,2)
7→6 · f7 =

5 3
4 0 0
5 1 0
3 0 1
3 0 1
 ·
[ 4
4 0
4 1
]
=

4 1 3
4 0 0 0
4 1 0 0
1 0 1 0
3 0 0 1
3 0 0 1
 ·

1 3
4 0 0
1 1 0
3 0 1
 =

1 3
4 0 0
4 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
8 0 0
1 1 0
3 0 1
3 0 1

f6 ·M I(25,1)7→6 −M I(22,2)7→6 · f7 =

1 3
8 0 0
1 1 0
3 0 1
3 0 1
−

1 3
8 0 0
1 1 0
3 0 1
3 0 1
 =
[ 4
15 0
]
Relations of the projection g : I(22, 2)→ I(20, 1) P
1. g2 ·M I(22,2)1→2 −M I(20,1)1→2 · g1 = 0
g2 ·M I(22,2)1→2 =
[ 1 6 8
6 0 1 0
]
·

3 4
1 0 0
3 1 0
3 1 0
4 0 1
4 0 0
 =
[ 1 3 3 4 4
3 0 1 0 0 0
3 0 0 1 0 0
]
·

3 4
1 0 0
3 1 0
3 1 0
4 0 1
4 0 0
 =
[ 3 4
3 1 0
3 1 0
]
M
I(20,1)
1→2 · g1 =
[ 3
3 1
3 1
]
·
[ 3 4
3 1 0
]
=
[ 3 4
3 1 0
3 1 0
]
g2 ·M I(22,2)1→2 −M I(20,1)1→2 · g1 =
[ 3 4
3 1 0
3 1 0
]
−
[ 3 4
3 1 0
3 1 0
]
=
[ 7
6 0
]
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2. g3 ·M I(22,2)2→3 −M I(20,1)2→3 · g2 = 0
g3 ·M I(22,2)2→3 =
[ 1 10 11
10 0 1 0
]
·

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 2 2 8 3
2 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
 ·

1 2 2 2 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 8
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0

M
I(20,1)
2→3 · g2 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 1 6 8
6 0 1 0
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

1 2 2 2 8
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
 =

1 2 2 2 8
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0

g3 ·M I(22,2)2→3 −M I(20,1)2→3 · g2 =

1 2 2 2 8
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
−

1 2 2 2 8
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
 =
[15
10 0
]
3. g3 ·M I(22,2)4→3 −M I(20,1)4→3 · g4 = 0
g3 ·M I(22,2)4→3 =
[ 1 10 11
10 0 1 0
]
·

8 7
8 1 0
7 0 0
7 0 1
 = [
1 7 3 4 7
7 0 1 0 0 0
3 0 0 1 0 0
]
·

1 7 7
1 1 0 0
7 0 1 0
3 0 0 0
4 0 0 0
7 0 0 1
 =
[ 1 7 7
7 0 1 0
3 0 0 0
]
M
I(20,1)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[ 1 7 7
7 0 1 0
]
=
[ 1 7 7
7 0 1 0
3 0 0 0
]
g3 ·M I(22,2)4→3 −M I(20,1)4→3 · g4 =
[ 1 7 7
7 0 1 0
3 0 0 0
]
−
[ 1 7 7
7 0 1 0
3 0 0 0
]
=
[15
10 0
]
4. g4 ·M I(22,2)5→4 −M I(20,1)5→4 · g5 = 0
g4 ·M I(22,2)5→4 =
[ 1 7 7
7 0 1 0
]
·

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
1 0 0 1 0
3 0 0 0 1

=

1 1 3 3 3 1 3
1 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
 ·

1 3 1 3
1 1 0 1 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
 = [
4 4
4 1 0
3 0 0
]
M
I(20,1)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 4 4
4 1 0
]
=
[ 4 4
4 1 0
3 0 0
]
g4 ·M I(22,2)5→4 −M I(20,1)5→4 · g5 =
[ 4 4
4 1 0
3 0 0
]
−
[ 4 4
4 1 0
3 0 0
]
=
[ 8
7 0
]
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5. g3 ·M I(22,2)6→3 −M I(20,1)6→3 · g6 = 0
g3 ·M I(22,2)6→3 =
[ 1 10 11
10 0 1 0
]
·

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=
[ 1 3 7 3 1 3 1 3
3 0 1 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0
]
·

1 7 3 1 3
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=
[ 1 7 3 1 3
3 0 0 0 0 0
7 0 1 0 0 0
]
=
[ 1 7 7
3 0 0 0
7 0 1 0
]
M
I(20,1)
6→3 · g6 =
[ 7
3 0
7 1
]
·
[ 1 7 7
7 0 1 0
]
=
[ 1 7 7
3 0 0 0
7 0 1 0
]
g3 ·M I(22,2)6→3 −M I(20,1)6→3 · g6 =
[ 1 7 7
3 0 0 0
7 0 1 0
]
−
[ 1 7 7
3 0 0 0
7 0 1 0
]
=
[15
10 0
]
6. g6 ·M I(22,2)7→6 −M I(20,1)7→6 · g7 = 0
g6 ·M I(22,2)7→6 =
[ 1 7 7
7 0 1 0
]
·

5 3
4 0 0
5 1 0
3 0 1
3 0 1
 =
[ 1 3 4 1 3 3
3 0 1 0 0 0 0
4 0 0 1 0 0 0
]
·

4 1 3
1 0 0 0
3 0 0 0
4 1 0 0
1 0 1 0
3 0 0 1
3 0 0 1

=
[ 4 1 3
3 0 0 0
4 1 0 0
]
=
[ 4 4
3 0 0
4 1 0
]
M
I(20,1)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 4 4
4 1 0
]
=
[ 4 4
3 0 0
4 1 0
]
g6 ·M I(22,2)7→6 −M I(20,1)7→6 · g7 =
[ 4 4
3 0 0
4 1 0
]
−
[ 4 4
3 0 0
4 1 0
]
=
[ 8
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
3 1 0
]
·
[ 4
3 0
4 1
]
=
[ 4
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 6 8
6 0 1 0
]
·

1 8
1 1 0
6 0 0
8 0 1
 = [ 96 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 10 11
10 0 1 0
]
·

1 11
1 1 0
10 0 0
11 0 1
 = [1210 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 7 7
7 0 1 0
]
·

1 7
1 1 0
7 0 0
7 0 1
 = [ 87 0 ]
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5. g5 · f5 = 0
g5 · f5 =
[ 4 4
4 1 0
]
·
[ 4
4 0
4 1
]
=
[ 4
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 7 7
7 0 1 0
]
·

1 7
1 1 0
7 0 0
7 0 1
 = [ 87 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 4 4
4 1 0
]
·
[ 4
4 0
4 1
]
=
[ 4
4 0
]
146.5 Tree module property of I(6n+ 4, 2) 
The matrices of the representation have full (column) rank P
1. M I(6n+4,2)1→2 =

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 ∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
2. M I(6n+4,2)2→3 =

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0
 ∈M6n+4,4n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+4,2)
2→3 =

1 n−1 2 n−1 2n+2
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+2 0 0 0 0 1
n 0 0 0 0 0

3. M I(6n+4,2)4→3 =

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+4,4n+3(k) is already in column echelon form and has maximal column rank.
4. M I(6n+4,2)5→4 =

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

∈M4n+3,2n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+4,2)
5→4 =

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

c3←c3−c1−−−−−−→

1 n 1 n
1 1 0 0 0
1 1 0 91 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

c2↔c3−−−−→

1 1 n n
1 1 0 0 0
1 1 91 0 0
n 0 0 1 0
2n 0 0 0 0
1 0 1 0 0
n 0 0 0 1

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5. M I(6n+4,2)6→3 =

1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]
∈M6n+4,4n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+4,2)
6→3 =

1 2n+1 n 1 n
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1

6. M I(6n+4,2)7→6 =

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 ∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
146.5.1 0→ I(6n+ 5, 1) i→ I(6n+ 4, 2) p→ I(6n+ 4, 1)→ 0 
PdimI(6n+ 5, 1) + dimI(6n+ 4, 1) = (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1) + (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
= (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 3, 2n+ 2, 4n+ 3, 2n+ 2) = dimI(6n+ 4, 2)
Pdimk Ext
1
kQ(I(6n+ 4, 1), I(6n+ 5, 1)) = dimk HomkQ(I(6n+ 4, 1), I(6n+ 5, 1))− 〈dimI(6n+ 4, 1),dimI(6n+ 5, 1)〉
= 0− 〈(n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n+ 1, 2n+ 1, n+ 1), (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1)〉
= (n+ 1) · (2n+ 1) + (2n+ 2) · (3n+ 2) + (2n+ 1) · (3n+ 2) + (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 2) + (n+ 1) · (2n+ 2)
− ((n+ 1) · n+ (2n+ 2) · (2n+ 1) + (3n+ 2) · (3n+ 2) + (2n+ 1) · (2n+ 2) + (n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 2) + (n+ 1) · (n+ 1))
= 2n2 + 3n+ 1 + 6n2 + 10n+ 4 + 6n2 + 7n+ 2 + 2n2 + 4n+ 2 + 6n2 + 7n+ 2 + 2n2 + 4n+ 2
− (n2 + n+ 4n2 + 6n+ 2 + 9n2 + 12n+ 4 + 4n2 + 6n+ 2 + n2 + 2n+ 1 + 4n2 + 6n+ 2 + n2 + 2n+ 1)
= 1
Matrices of the embedding i : I(6n+ 5, 1)→ I(6n+ 4, 2) P
1. i1 =
[ n
n 1
n+1 0
]
∈M2n+1,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
2n+2 0
]
∈M4n+3,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+2
3n+2 1
3n+2 0
]
∈M6n+4,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+2
2n+2 1
2n+1 0
]
∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
5. i5 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+2
2n+2 1
2n+1 0
]
∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 4, 2)→ I(6n+ 4, 1) P
1. p1 =
[ n n+1
n+1 0 1
]
∈Mn+1,2n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 2n+2
2n+2 0 1
]
∈M2n+2,4n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 3n+2
3n+2 0 1
]
∈M3n+2,6n+4(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+2 2n+1
2n+1 0 1
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
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5. p5 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+2 2n+1
2n+1 0 1
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 5, 1)→ I(6n+ 4, 2) P
1. i2 ·M I(6n+5,1)1→2 −M I(6n+4,2)1→2 · i1 = 0
i2 ·M I(6n+5,1)1→2 =
[2n+1
2n+1 1
2n+2 0
]
·

n
1 0
n 1
n 1
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
2n+2 0 0 0
 ·

n
1 0
n 1
n 1
 =

n
1 0
n 1
n 1
2n+2 0

M
I(6n+4,2)
1→2 · i1 =

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 ·
[ n
n 1
n+1 0
]
=

n
1 0
n 1
n 1
n+1 0
n+1 0
 =

n
1 0
n 1
n 1
2n+2 0

i2 ·M I(6n+5,1)1→2 −M I(6n+4,2)1→2 · i1 =

n
1 0
n 1
n 1
2n+2 0
−

n
1 0
n 1
n 1
2n+2 0
 =
[ n
4n+3 0
]
2. i3 ·M I(6n+5,1)2→3 −M I(6n+4,2)2→3 · i2 = 0
i3 ·M I(6n+5,1)2→3 =
[3n+2
3n+2 1
3n+2 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
3n+2 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+2 2n
n+2 1 0
2n 0 1
3n+2 0 0
 · [
1 2n
n+2 0 0
2n 0 1
]
=

2n+1
2n+1 1
n+1 0
3n+2 0
+

1 2n
n+2 0 0
2n 0 1
3n+2 0 0
 =

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
3n+2 0 0 0
+

1 n−1 n+1
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
3n+2 0 0 0
 =

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

M
I(6n+4,2)
2→3 · i2 =


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0


·
[2n+1
2n+1 1
2n+2 0
]
=

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
 ·
[2n+1
2n+1 1
2n+2 0
]
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0
 ·

1 2n
1 1 0
2n 0 1
2n+2 0 0

=

2n+1
2n+1 1
n+1 0
2n+2 0
n 0
+

1 2n
n+2 0 0
2n 0 1
3n+2 0 0
 =

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
2n+2 0 0 0
n 0 0 0

+

1 n−1 n+1
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
2n+2 0 0 0
n 0 0 0

=

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

i3 ·M I(6n+5,1)2→3 −M I(6n+4,2)2→3 · i2 =

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

−

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+2 0 0 0 0

=
[2n+1
6n+4 0
]
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3. i3 ·M I(6n+5,1)4→3 −M I(6n+4,2)4→3 · i4 = 0
i3 ·M I(6n+5,1)4→3 =
[3n+2
3n+2 1
3n+2 0
]
·
[2n+2
2n+2 1
n 0
]
=

2n+2 n
2n+2 1 0
n 0 1
3n+2 0 0
 · [
2n+2
2n+2 1
n 0
]
=

2n+2
2n+2 1
n 0
3n+2 0
 = [
2n+2
2n+2 1
4n+2 0
]
M
I(6n+4,2)
4→3 · i4 =

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 · [
2n+2
2n+2 1
2n+1 0
]
=

2n+2
2n+2 1
2n+1 0
2n+1 0
 = [
2n+2
2n+2 1
4n+2 0
]
i3 ·M I(6n+5,1)4→3 −M I(6n+4,2)4→3 · i4 =
[2n+2
2n+2 1
4n+2 0
]
−
[2n+2
2n+2 1
4n+2 0
]
=
[2n+2
6n+4 0
]
4. i4 ·M I(6n+5,1)5→4 −M I(6n+4,2)5→4 · i5 = 0
i4 ·M I(6n+5,1)5→4 =
[2n+2
2n+2 1
2n+1 0
]
·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 1 n n
1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
2n+1 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0

M
I(6n+4,2)
5→4 · i5 =

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

·
[n+1
n+1 1
n+1 0
]
=

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

·

1 n
1 1 0
n 0 1
1 0 0
n 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
2n 0 0
1 0 0
n 0 0

=

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0

i4 ·M I(6n+5,1)5→4 −M I(6n+4,2)5→4 · i5 =

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0
−

1 n
1 1 0
1 1 0
n 0 1
3n+1 0 0
 =
[n+1
4n+3 0
]
5. i3 ·M I(6n+5,1)6→3 −M I(6n+4,2)6→3 · i6 = 0
i3 ·M I(6n+5,1)6→3 =
[3n+2
3n+2 1
3n+2 0
]
·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 n 2n+1
1 1 0 0
n 0 1 0
2n+1 0 0 1
3n+2 0 0 0
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+2 0 0

M
I(6n+4,2)
6→3 · i6 =


1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]

·
[2n+2
2n+2 1
2n+1 0
]
=

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 1
2n+1 0 0
+ [
2n+2 2n+1
4n+3 0 0
2n+1 0 1
]
·
[2n+2
2n+2 1
2n+1 0
]
=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
2n+1 0 0
n+1 0 0
+
[2n+2
4n+3 0
2n+1 0
]
=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
n+1 0 0
n 0 0
n+1 0 0

+

1 2n+1
1 0 0
n 0 0
2n+1 0 0
n+1 0 0
n 0 0
n+1 0 0

=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+2 0 0

i3 ·M I(6n+5,1)6→3 −M I(6n+4,2)6→3 · i6 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+2 0 0
−

1 2n+1
1 1 0
n 0 0
2n+1 0 1
3n+2 0 0
 =
[2n+2
6n+4 0
]
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6. i6 ·M I(6n+5,1)7→6 −M I(6n+4,2)7→6 · i7 = 0
i6 ·M I(6n+5,1)7→6 =
[2n+2
2n+2 1
2n+1 0
]
·
[n+1
n+1 0
n+1 1
]
=

n+1 n+1
n+1 1 0
n+1 0 1
2n+1 0 0
 · [
n+1
n+1 0
n+1 1
]
=

n+1
n+1 0
n+1 1
2n+1 0

M
I(6n+4,2)
7→6 · i7 =

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 ·
[n+1
n+1 1
n+1 0
]
=

n+1 1 n
n+1 0 0 0
n+1 1 0 0
1 0 1 0
n 0 0 1
n 0 0 1
 ·

n+1
n+1 1
1 0
n 0
 =

n+1
n+1 0
n+1 1
1 0
n 0
n 0
 =

n+1
n+1 0
n+1 1
2n+1 0

i6 ·M I(6n+5,1)7→6 −M I(6n+4,2)7→6 · i7 =

n+1
n+1 0
n+1 1
2n+1 0
−

n+1
n+1 0
n+1 1
2n+1 0
 = [n+14n+3 0 ]
Relations of the projection p : I(6n+ 4, 2)→ I(6n+ 4, 1) P
1. p2 ·M I(6n+4,2)1→2 −M I(6n+4,1)1→2 · p1 = 0
p2 ·M I(6n+4,2)1→2 =
[2n+1 2n+2
2n+2 0 1
]
·

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 =
[ 1 n n n+1 n+1
n+1 0 0 0 1 0
n+1 0 0 0 0 1
]
·

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 =
[ n n+1
n+1 0 1
n+1 0 0
]
M
I(6n+4,1)
1→2 · p1 =
[n+1
n+1 1
n+1 0
]
·
[ n n+1
n+1 0 1
]
=
[ n n+1
n+1 0 1
n+1 0 0
]
p2 ·M I(6n+4,2)1→2 −M I(6n+4,1)1→2 · p1 =
[ n n+1
n+1 0 1
n+1 0 0
]
−
[ n n+1
n+1 0 1
n+1 0 0
]
=
[2n+1
2n+2 0
]
2. p3 ·M I(6n+4,2)2→3 −M I(6n+4,1)2→3 · p2 = 0
p3 ·M I(6n+4,2)2→3 =
[3n+2 3n+2
3n+2 0 1
]
·


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0


=
[2n+1 n+1 2n+2 n
2n+2 0 0 1 0
n 0 0 0 1
]
·

2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+
[n+2 2n 3n+2
3n+2 0 0 1
]
·

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0

=
[2n+1 2n+2
2n+2 0 1
n 0 0
]
+
[ 1 2n 2n+2
3n+2 0 0 0
]
=
[ 1 2n 2n+2
2n+2 0 0 1
n 0 0 0
]
+
[ 1 2n 2n+2
2n+2 0 0 0
n 0 0 0
]
=
[2n+1 2n+2
2n+2 0 1
n 0 0
]
M
I(6n+4,1)
2→3 · p2 =
[2n+2
2n+2 1
n 0
]
·
[2n+1 2n+2
2n+2 0 1
]
=
[2n+1 2n+2
2n+2 0 1
n 0 0
]
p3 ·M I(6n+4,2)2→3 −M I(6n+4,1)2→3 · p2 =
[2n+1 2n+2
2n+2 0 1
n 0 0
]
−
[2n+1 2n+2
2n+2 0 1
n 0 0
]
=
[4n+3
3n+2 0
]
3. p3 ·M I(6n+4,2)4→3 −M I(6n+4,1)4→3 · p4 = 0
p3 ·M I(6n+4,2)4→3 =
[3n+2 3n+2
3n+2 0 1
]
·

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 = [
2n+2 n n+1 2n+1
n+1 0 0 1 0
2n+1 0 0 0 1
]
·

2n+2 2n+1
2n+2 1 0
n 0 0
n+1 0 0
2n+1 0 1
 =
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
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M
I(6n+4,1)
4→3 · p4 =
[2n+1
n+1 0
2n+1 1
]
·
[2n+2 2n+1
2n+1 0 1
]
=
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
p3 ·M I(6n+4,2)4→3 −M I(6n+4,1)4→3 · p4 =
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
−
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
=
[4n+3
3n+2 0
]
4. p4 ·M I(6n+4,2)5→4 −M I(6n+4,1)5→4 · p5 = 0
p4 ·M I(6n+4,2)5→4 =
[2n+2 2n+1
2n+1 0 1
]
·

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

=

1 1 n n n 1 n
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
 ·

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

=

1 n 1 n
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1
 = [
n+1 n+1
n 0 0
n+1 0 1
]
M
I(6n+4,1)
5→4 · p5 =
[n+1
n 0
n+1 1
]
·
[n+1 n+1
n+1 0 1
]
=
[n+1 n+1
n 0 0
n+1 0 1
]
p4 ·M I(6n+4,2)5→4 −M I(6n+4,1)5→4 · p5 =
[n+1 n+1
n 0 0
n+1 0 1
]
−
[n+1 n+1
n 0 0
n+1 0 1
]
=
[2n+2
2n+1 0
]
5. p3 ·M I(6n+4,2)6→3 −M I(6n+4,1)6→3 · p6 = 0
p3 ·M I(6n+4,2)6→3 =
[3n+2 3n+2
3n+2 0 1
]
·


1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]

=
[ 1 n 2n+1 2n+1 n+1
2n+1 0 0 0 1 0
n+1 0 0 0 0 1
]
·

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
+
[3n+2 n+1 2n+1
n+1 0 1 0
2n+1 0 0 1
]
·

2n+2 2n+1
3n+2 0 0
n+1 0 0
2n+1 0 1

=
[ 1 2n+1 2n+1
2n+1 0 0 1
n+1 0 0 0
]
+
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
=

1 2n+1 n+1 n
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
+

1 2n+1 n n+1
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
I(6n+4,1)
6→3 · p6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[2n+2 2n+1
2n+1 0 1
]
=
[2n+1
2n+1 1
n+1 0
]
·
[2n+2 2n+1
2n+1 0 1
]
+
[2n+1
n+1 0
2n+1 1
]
·
[2n+2 2n+1
2n+1 0 1
]
=
[2n+2 2n+1
2n+1 0 1
n+1 0 0
]
+
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
=

2n+2 n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

2n+2 n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

p3 ·M I(6n+4,2)6→3 −M I(6n+4,1)6→3 · p6 =

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
−

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
 =
[4n+3
3n+2 0
]
6. p6 ·M I(6n+4,2)7→6 −M I(6n+4,1)7→6 · p7 = 0
p6 ·M I(6n+4,2)7→6 =
[2n+2 2n+1
2n+1 0 1
]
·

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 =

n+1 n+1 1 n n
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 0 1
 ·

n+1 1 n
n+1 0 0 0
n+1 1 0 0
1 0 1 0
n 0 0 1
n 0 0 1
 =

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1

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M
I(6n+4,1)
7→6 · p7 =

1 n
1 1 0
n 0 1
n 0 1
 · [n+1 n+1n+1 0 1 ] =

1 n
1 1 0
n 0 1
n 0 1
 · [
n+1 1 n
1 0 1 0
n 0 0 1
]
=

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1

p6 ·M I(6n+4,2)7→6 −M I(6n+4,1)7→6 · p7 =

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1
−

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1
 = [2n+22n+1 0 ]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n n+1
n+1 0 1
]
·
[ n
n 1
n+1 0
]
=
[ n
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 2n+2
2n+2 0 1
]
·
[2n+1
2n+1 1
2n+2 0
]
=
[2n+1
2n+2 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 3n+2
3n+2 0 1
]
·
[3n+2
3n+2 1
3n+2 0
]
=
[3n+2
3n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+2 2n+1
2n+1 0 1
]
·
[2n+2
2n+2 1
2n+1 0
]
=
[2n+2
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+2 2n+1
2n+1 0 1
]
·
[2n+2
2n+2 1
2n+1 0
]
=
[2n+2
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
146.5.2 0→ I(6n+ 7, 1) f→ I(6n+ 4, 2) g→ I(6n+ 2, 1)→ 0 
PdimI(6n+ 7, 1) + dimI(6n+ 2, 1) = (n+ 1, 2n+ 3, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1) + (n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1)
= (2n+ 1, 4n+ 3, 6n+ 4, 4n+ 3, 2n+ 2, 4n+ 3, 2n+ 2) = dimI(6n+ 4, 2)
Pdimk Ext
1
kQ(I(6n+ 2, 1), I(6n+ 7, 1)) = dimk HomkQ(I(6n+ 2, 1), I(6n+ 7, 1))− 〈dimI(6n+ 2, 1),dimI(6n+ 7, 1)〉
= 0− 〈(n, 2n, 3n+ 1, 2n+ 1, n+ 1, 2n+ 1, n+ 1), (n+ 1, 2n+ 3, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)〉
= n · (2n+ 3) + 2n · (3n+ 3) + (2n+ 1) · (3n+ 3) + (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 3) + (n+ 1) · (2n+ 2)
− (n · (n+ 1) + 2n · (2n+ 3) + (3n+ 1) · (3n+ 3) + (2n+ 1) · (2n+ 2) + (n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 2) + (n+ 1) · (n+ 1))
= 2n2 + 3n+ 6n2 + 6n+ 6n2 + 9n+ 3 + 2n2 + 4n+ 2 + 6n2 + 9n+ 3 + 2n2 + 4n+ 2
− (n2 + n+ 4n2 + 6n+ 9n2 + 12n+ 3 + 4n2 + 6n+ 2 + n2 + 2n+ 1 + 4n2 + 6n+ 2 + n2 + 2n+ 1)
= 1
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Representation of I(6n+ 7, 1) = I(6n+ 1, 1)[n 7→ n+ 1] 
Dimension vector: dimI(6n+ 7, 1) = (n+ 1, 2n+ 3, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. M I(6n+7,1)1→2 =

n+1
1 0
n+1 1
n+1 0
 ∈M2n+3,n+1(k)
2. M I(6n+7,1)2→3 =
[2n+3
2n+3 1
n 0
]
∈M3n+3,2n+3(k)
3. M I(6n+7,1)4→3 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 ∈M3n+3,2n+2(k)
4. M I(6n+7,1)5→4 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 ∈M2n+2,n+1(k)
5. M I(6n+7,1)6→3 =
[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
]
∈M3n+3,2n+2(k)
6. M I(6n+7,1)7→6 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 ∈M2n+2,n+1(k)
Matrices of the embedding f : I(6n+ 7, 1)→ I(6n+ 4, 2) P
1. f1 =
[n+1
n 0
n+1 1
]
∈M2n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 2n+2
1 1 0
2n 0 0
2n+2 0 1
 ∈M4n+3,2n+3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 3n+2
1 1 0
3n+1 0 0
3n+2 0 1
 ∈M6n+4,3n+3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 ∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 ∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n+ 4, 2)→ I(6n+ 2, 1) P
1. g1 =
[ n n+1
n 1 0
]
∈Mn,2n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n 2n+2
2n 0 1 0
]
∈M2n,4n+3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n+1 3n+2
3n+1 0 1 0
]
∈M3n+1,6n+4(k) is already in row echelon form and has maximal row rank.
2446
4. g4 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n+1 n+1
n+1 1 0
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1 n+1
n+1 1 0
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 7, 1)→ I(6n+ 4, 2) P
1. f2 ·M I(6n+7,1)1→2 −M I(6n+4,2)1→2 · f1 = 0
f2 ·M I(6n+7,1)1→2 =

1 2n+2
1 1 0
2n 0 0
2n+2 0 1
 ·

n+1
1 0
n+1 1
n+1 0
 =

1 n+1 n+1
1 1 0 0
2n 0 0 0
n+1 0 1 0
n+1 0 0 1
 ·

n+1
1 0
n+1 1
n+1 0
 =

n+1
1 0
2n 0
n+1 1
n+1 0
 =

n+1
2n+1 0
n+1 1
n+1 0

M
I(6n+4,2)
1→2 · f1 =

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 ·
[n+1
n 0
n+1 1
]
=

n+1
1 0
n 0
n 0
n+1 1
n+1 0
 =

n+1
2n+1 0
n+1 1
n+1 0

f2 ·M I(6n+7,1)1→2 −M I(6n+4,2)1→2 · f1 =

n+1
2n+1 0
n+1 1
n+1 0
−

n+1
2n+1 0
n+1 1
n+1 0
 = [n+14n+3 0 ]
2. f3 ·M I(6n+7,1)2→3 −M I(6n+4,2)2→3 · f2 = 0
f3 ·M I(6n+7,1)2→3 =

1 3n+2
1 1 0
3n+1 0 0
3n+2 0 1
 · [
2n+3
2n+3 1
n 0
]
=

1 2n+2 n
1 1 0 0
3n+1 0 0 0
2n+2 0 1 0
n 0 0 1
 ·

1 2n+2
1 1 0
2n+2 0 1
n 0 0
 =

1 2n+2
1 1 0
3n+1 0 0
2n+2 0 1
n 0 0

M
I(6n+4,2)
2→3 · f2 =


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0


·

1 2n+2
1 1 0
2n 0 0
2n+2 0 1
 =

1 2n 2n+2
1 1 0 0
2n 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0
 ·

1 2n+2
1 1 0
2n 0 0
2n+2 0 1
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0
 ·

1 2n+2
1 1 0
2n 0 0
2n+2 0 1

=

1 2n+2
1 1 0
2n 0 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+2
n+2 0 0
2n 0 0
3n+2 0 0
 =

1 2n+2
1 1 0
n+1 0 0
n−1 0 0
n+1 0 0
2n+2 0 1
n 0 0

+

1 2n+2
1 0 0
n+1 0 0
n−1 0 0
n+1 0 0
2n+2 0 0
n 0 0

=

1 2n+2
1 1 0
3n+1 0 0
2n+2 0 1
n 0 0

f3 ·M I(6n+7,1)2→3 −M I(6n+4,2)2→3 · f2 =

1 2n+2
1 1 0
3n+1 0 0
2n+2 0 1
n 0 0
−

1 2n+2
1 1 0
3n+1 0 0
2n+2 0 1
n 0 0
 =
[2n+3
6n+4 0
]
3. f3 ·M I(6n+7,1)4→3 −M I(6n+4,2)4→3 · f4 = 0
f3 ·M I(6n+7,1)4→3 =

1 3n+2
1 1 0
3n+1 0 0
3n+2 0 1
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 n+1 2n+1
1 1 0 0
3n+1 0 0 0
n+1 0 1 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
3n+1 0 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
4n+2 0 0
2n+1 0 1

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M
I(6n+4,2)
4→3 · f4 =

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 ·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1 2n+1
1 1 0 0
2n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
4n+2 0 0
2n+1 0 1

f3 ·M I(6n+7,1)4→3 −M I(6n+4,2)4→3 · f4 =

1 2n+1
1 1 0
4n+2 0 0
2n+1 0 1
−

1 2n+1
1 1 0
4n+2 0 0
2n+1 0 1
 = [2n+26n+4 0 ]
4. f4 ·M I(6n+7,1)5→4 −M I(6n+4,2)5→4 · f5 = 0
f4 ·M I(6n+7,1)5→4 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 ·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n 1 n
1 1 0 0 0
2n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
2n+1 0 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
3n+1 0 0
1 1 0
n 0 1

M
I(6n+4,2)
5→4 · f5 =

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

·
[n+1
n+1 0
n+1 1
]
=

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

·

1 n
1 0 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
1 0 0
n 0 0
2n 0 0
1 1 0
n 0 1

=

1 n
1 1 0
3n+1 0 0
1 1 0
n 0 1

f4 ·M I(6n+7,1)5→4 −M I(6n+4,2)5→4 · f5 =

1 n
1 1 0
3n+1 0 0
1 1 0
n 0 1
−

1 n
1 1 0
3n+1 0 0
1 1 0
n 0 1
 =
[n+1
4n+3 0
]
5. f3 ·M I(6n+7,1)6→3 −M I(6n+4,2)6→3 · f6 = 0
f3 ·M I(6n+7,1)6→3 =

1 3n+2
1 1 0
3n+1 0 0
3n+2 0 1
 ·

[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
] =

1 2n+1 n+1
1 1 0 0
3n+1 0 0 0
2n+1 0 1 0
n+1 0 0 1
 ·

1 2n+1
1 1 0
2n+1 0 1
n+1 0 0
+

1 n+1 2n+1
1 1 0 0
3n+1 0 0 0
n+1 0 1 0
2n+1 0 0 1
 ·

1 2n+1
1 0 0
n+1 0 0
2n+1 0 1

=

1 2n+1
1 1 0
3n+1 0 0
2n+1 0 1
n+1 0 0
+

1 2n+1
1 0 0
3n+1 0 0
n+1 0 0
2n+1 0 1
 =

1 n+1 n
1 1 0 0
3n+1 0 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

1 n n+1
1 0 0 0
3n+1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

1 n 1 n
1 1 0 0 0
3n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
I(6n+4,2)
6→3 · f6 =


1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]

·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
+ [
1 2n+1 2n+1
4n+3 0 0 0
2n+1 0 0 1
]
·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1

=

1 2n+1
1 1 0
n 0 0
2n+1 0 0
2n+1 0 1
n+1 0 0
+
[ 1 2n+1
4n+3 0 0
2n+1 0 1
]
=

1 n+1 n
1 1 0 0
n 0 0 0
2n+1 0 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0

+

1 n n+1
1 0 0 0
n 0 0 0
2n+1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1

=

1 n 1 n
1 1 0 0 0
3n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

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f3 ·M I(6n+7,1)6→3 −M I(6n+4,2)6→3 · f6 =

1 n 1 n
1 1 0 0 0
3n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

−

1 n 1 n
1 1 0 0 0
3n+1 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

=
[2n+2
6n+4 0
]
6. f6 ·M I(6n+7,1)7→6 −M I(6n+4,2)7→6 · f7 = 0
f6 ·M I(6n+7,1)7→6 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 ·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 1 n n
1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
 ·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
1 0 0
2n+1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1

M
I(6n+4,2)
7→6 · f7 =

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 ·
[n+1
n+1 0
n+1 1
]
=

n+1 1 n
n+1 0 0 0
n+1 1 0 0
1 0 1 0
n 0 0 1
n 0 0 1
 ·

1 n
n+1 0 0
1 1 0
n 0 1
 =

1 n
n+1 0 0
n+1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1

f6 ·M I(6n+7,1)7→6 −M I(6n+4,2)7→6 · f7 =

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1
−

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1
 =
[n+1
4n+3 0
]
Relations of the projection g : I(6n+ 4, 2)→ I(6n+ 2, 1) P
1. g2 ·M I(6n+4,2)1→2 −M I(6n+2,1)1→2 · g1 = 0
g2 ·M I(6n+4,2)1→2 =
[ 1 2n 2n+2
2n 0 1 0
]
·

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 =
[ 1 n n n+1 n+1
n 0 1 0 0 0
n 0 0 1 0 0
]
·

n n+1
1 0 0
n 1 0
n 1 0
n+1 0 1
n+1 0 0
 =
[ n n+1
n 1 0
n 1 0
]
M
I(6n+2,1)
1→2 · g1 =
[ n
n 1
n 1
]
·
[ n n+1
n 1 0
]
=
[ n n+1
n 1 0
n 1 0
]
g2 ·M I(6n+4,2)1→2 −M I(6n+2,1)1→2 · g1 =
[ n n+1
n 1 0
n 1 0
]
−
[ n n+1
n 1 0
n 1 0
]
=
[2n+1
2n 0
]
2. g3 ·M I(6n+4,2)2→3 −M I(6n+2,1)2→3 · g2 = 0
g3 ·M I(6n+4,2)2→3 =
[ 1 3n+1 3n+2
3n+1 0 1 0
]
·


2n+1 2n+2
2n+1 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n 2n+2
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0


=
[ 1 2n n+1 2n+2 n
2n 0 1 0 0 0
n+1 0 0 1 0 0
]
·

1 2n 2n+2
1 1 0 0
2n 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0
+
[ 1 n+1 2n 3n+2
n+1 0 1 0 0
2n 0 0 1 0
]
·

1 2n 2n+2
1 0 0 0
n+1 0 0 0
2n 0 1 0
3n+2 0 0 0

=
[ 1 2n 2n+2
2n 0 1 0
n+1 0 0 0
]
+
[ 1 2n 2n+2
n+1 0 0 0
2n 0 1 0
]
=

1 n+1 n−1 2n+2
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
+

1 n−1 n+1 2n+2
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
 =

1 n−1 2 n−1 2n+2
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0

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M
I(6n+2,1)
2→3 · g2 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[ 1 2n 2n+2
2n 0 1 0
]
=
[2n
2n 1
n+1 0
]
·
[ 1 2n 2n+2
2n 0 1 0
]
+
[2n
n+1 0
2n 1
]
·
[ 1 2n 2n+2
2n 0 1 0
]
=
[ 1 2n 2n+2
2n 0 1 0
n+1 0 0 0
]
+
[ 1 2n 2n+2
n+1 0 0 0
2n 0 1 0
]
=

1 n+1 n−1 2n+2
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
+

1 n−1 n+1 2n+2
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
 =

1 n−1 2 n−1 2n+2
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0

g3 ·M I(6n+4,2)2→3 −M I(6n+2,1)2→3 · g2 =

1 n−1 2 n−1 2n+2
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
−

1 n−1 2 n−1 2n+2
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
 =
[4n+3
3n+1 0
]
3. g3 ·M I(6n+4,2)4→3 −M I(6n+2,1)4→3 · g4 = 0
g3 ·M I(6n+4,2)4→3 =
[ 1 3n+1 3n+2
3n+1 0 1 0
]
·

2n+2 2n+1
2n+2 1 0
2n+1 0 0
2n+1 0 1
 = [
1 2n+1 n n+1 2n+1
2n+1 0 1 0 0 0
n 0 0 1 0 0
]
·

1 2n+1 2n+1
1 1 0 0
2n+1 0 1 0
n 0 0 0
n+1 0 0 0
2n+1 0 0 1
 =
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
M
I(6n+2,1)
4→3 · g4 =
[2n+1
2n+1 1
n 0
]
·
[ 1 2n+1 2n+1
2n+1 0 1 0
]
=
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
g3 ·M I(6n+4,2)4→3 −M I(6n+2,1)4→3 · g4 =
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
−
[ 1 2n+1 2n+1
2n+1 0 1 0
n 0 0 0
]
=
[4n+3
3n+1 0
]
4. g4 ·M I(6n+4,2)5→4 −M I(6n+2,1)5→4 · g5 = 0
g4 ·M I(6n+4,2)5→4 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

=

1 1 n n n 1 n
1 0 1 0 0 0 0 0
n 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
 ·

1 n 1 n
1 1 0 1 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 1

=

1 n 1 n
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
 = [
n+1 n+1
n+1 1 0
n 0 0
]
M
I(6n+2,1)
5→4 · g5 =
[n+1
n+1 1
n 0
]
·
[n+1 n+1
n+1 1 0
]
=
[n+1 n+1
n+1 1 0
n 0 0
]
g4 ·M I(6n+4,2)5→4 −M I(6n+2,1)5→4 · g5 =
[n+1 n+1
n+1 1 0
n 0 0
]
−
[n+1 n+1
n+1 1 0
n 0 0
]
=
[2n+2
2n+1 0
]
5. g3 ·M I(6n+4,2)6→3 −M I(6n+2,1)6→3 · g6 = 0
g3 ·M I(6n+4,2)6→3 =
[ 1 3n+1 3n+2
3n+1 0 1 0
]
·


1 4n+2
1 1 0
n 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+3 0 0
2n+1 0 1
]

=
[ 1 n 2n+1 2n+1 n+1
n 0 1 0 0 0
2n+1 0 0 1 0 0
]
·

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
+
[ 1 3n+1 n+1 2n+1
3n+1 0 1 0 0
]
·

2n+2 2n+1
1 0 0
3n+1 0 0
n+1 0 0
2n+1 0 1

=
[ 1 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
]
+
[2n+2 2n+1
3n+1 0 0
]
=
[ 1 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
]
+
[ 1 2n+1 2n+1
n 0 0 0
2n+1 0 0 0
]
=
[ 1 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
]
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M
I(6n+2,1)
6→3 · g6 =
[2n+1
n 0
2n+1 1
]
·
[ 1 2n+1 2n+1
2n+1 0 1 0
]
=
[ 1 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
]
g3 ·M I(6n+4,2)6→3 −M I(6n+2,1)6→3 · g6 =
[ 1 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
]
−
[ 1 2n+1 2n+1
n 0 0 0
2n+1 0 1 0
]
=
[4n+3
3n+1 0
]
6. g6 ·M I(6n+4,2)7→6 −M I(6n+2,1)7→6 · g7 = 0
g6 ·M I(6n+4,2)7→6 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

n+2 n
n+1 0 0
n+2 1 0
n 0 1
n 0 1
 =
[ 1 n n+1 1 n n
n 0 1 0 0 0 0
n+1 0 0 1 0 0 0
]
·

n+1 1 n
1 0 0 0
n 0 0 0
n+1 1 0 0
1 0 1 0
n 0 0 1
n 0 0 1

=
[n+1 1 n
n 0 0 0
n+1 1 0 0
]
=
[n+1 n+1
n 0 0
n+1 1 0
]
M
I(6n+2,1)
7→6 · g7 =
[n+1
n 0
n+1 1
]
·
[n+1 n+1
n+1 1 0
]
=
[n+1 n+1
n 0 0
n+1 1 0
]
g6 ·M I(6n+4,2)7→6 −M I(6n+2,1)7→6 · g7 =
[n+1 n+1
n 0 0
n+1 1 0
]
−
[n+1 n+1
n 0 0
n+1 1 0
]
=
[2n+2
2n+1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n n+1
n 1 0
]
·
[n+1
n 0
n+1 1
]
=
[n+1
n 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n 2n+2
2n 0 1 0
]
·

1 2n+2
1 1 0
2n 0 0
2n+2 0 1
 = [2n+32n 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3n+1 3n+2
3n+1 0 1 0
]
·

1 3n+2
1 1 0
3n+1 0 0
3n+2 0 1
 = [3n+33n+1 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 = [2n+22n+1 0 ]
5. g5 · f5 = 0
g5 · f5 =
[n+1 n+1
n+1 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[n+1
n+1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 = [2n+22n+1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[n+1 n+1
n+1 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[n+1
n+1 0
]
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147 Tree module property of I(6n+ 5, 2)
147.1 Tree module property of I(5, 2) 
The matrices of the representation have full (column) rank P
1. M I(5,2)1→2 =
1 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. M I(5,2)2→3 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
3. M I(5,2)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
4. M I(5,2)5→4 =

0 1
1 0
0 0
0 1
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(5,2)
5→4 =

0 1
1 0
0 0
0 1
 c1↔c2−−−−→

1 0
0 1
0 0
1 0

5. M I(5,2)6→3 =

1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
6. M I(5,2)7→6 =

0 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
147.1.1 0→ I(7, 5) f→ I(5, 2) g→ I(4, 7)→ 0 
PdimI(7, 5) + dimI(4, 7) = (1, 2, 3, 3, 1, 2, 1) + (1, 1, 2, 1, 1, 2, 1)
= (2, 3, 5, 4, 2, 4, 2) = dimI(5, 2)
Pdimk Ext
1
kQ(I(4, 7), I(7, 5)) = dimk HomkQ(I(4, 7), I(7, 5))− 〈dimI(4, 7),dimI(7, 5)〉
= 0− 〈(1, 1, 2, 1, 1, 2, 1), (1, 2, 3, 3, 1, 2, 1)〉
= 1 · 2 + 1 · 3 + 1 · 3 + 1 · 3 + 2 · 3 + 1 · 2− (1 · 1 + 1 · 2 + 2 · 3 + 1 · 3 + 1 · 1 + 2 · 2 + 1 · 1)
= 2 + 3 + 3 + 3 + 6 + 2− (1 + 2 + 6 + 3 + 1 + 4 + 1)
= 1
Matrices of the embedding f : I(7, 5)→ I(5, 2) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(5, 2)→ I(4, 7) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(7, 5)→ I(5, 2) P
1. f2 ·M I(7,5)1→2 −M I(5,2)1→2 · f1 = 0
f2 ·M I(7,5)1→2 =
[ 2
2 1
1 0
]
·
[
1
1
]
=
1 00 1
0 0
 · [1
1
]
=
11
0

M
I(5,2)
1→2 · f1 =
1 01 0
0 1
 · [1
0
]
=
11
0

f2 ·M I(7,5)1→2 −M I(5,2)1→2 · f1 =
11
0
−
11
0
 = [ 13 0 ]
2. f3 ·M I(7,5)2→3 −M I(5,2)2→3 · f2 = 0
f3 ·M I(7,5)2→3 =
[ 3
3 1
2 0
]
·
1 00 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 00 0
0 1
 =

1 1
1 1 0
1 0 0
1 0 1
2 0 0

M
I(5,2)
2→3 · f2 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ·
[ 2
2 1
1 0
]
=

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ·
1 00 1
0 0
 =

1 0
0 0
0 1
0 0
0 0
 =

1 1
1 1 0
1 0 0
1 0 1
2 0 0

f3 ·M I(7,5)2→3 −M I(5,2)2→3 · f2 =

1 1
1 1 0
1 0 0
1 0 1
2 0 0
−

1 1
1 1 0
1 0 0
1 0 1
2 0 0
 =
[ 2
5 0
]
3. f3 ·M I(7,5)4→3 −M I(5,2)4→3 · f4 = 0
f3 ·M I(7,5)4→3 =
[ 3
3 1
2 0
]
·
[ 3
3 1
]
=
[ 3
3 1
2 0
]
M
I(5,2)
4→3 · f4 =

3 1
3 1 0
1 0 0
1 0 1
 · [
3
3 1
1 0
]
=

3
3 1
1 0
1 0
 = [
3
3 1
2 0
]
f3 ·M I(7,5)4→3 −M I(5,2)4→3 · f4 =
[ 3
3 1
2 0
]
−
[ 3
3 1
2 0
]
=
[ 3
5 0
]
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4. f4 ·M I(7,5)5→4 −M I(5,2)5→4 · f5 = 0
f4 ·M I(7,5)5→4 =
[ 3
3 1
1 0
]
·
01
0
 =

1 0 0
0 1 0
0 0 1
0 0 0
 ·
01
0
 =

0
1
0
0
 =

1
1 0
1 1
2 0

M
I(5,2)
5→4 · f5 =

0 1
1 0
0 0
0 1
 ·
[
1
0
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

f4 ·M I(7,5)5→4 −M I(5,2)5→4 · f5 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
5. f3 ·M I(7,5)6→3 −M I(5,2)6→3 · f6 = 0
f3 ·M I(7,5)6→3 =
[ 3
3 1
2 0
]
·
1 00 1
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 00 1
0 1
 =

1 1
1 1 0
1 0 1
1 0 1
2 0 0

M
I(5,2)
6→3 · f6 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 ·
[ 2
2 1
2 0
]
=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 ·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 0 1
1 0 1
2 0 0

f3 ·M I(7,5)6→3 −M I(5,2)6→3 · f6 =

1 1
1 1 0
1 0 1
1 0 1
2 0 0
−

1 1
1 1 0
1 0 1
1 0 1
2 0 0
 =
[ 2
5 0
]
6. f6 ·M I(7,5)7→6 −M I(5,2)7→6 · f7 = 0
f6 ·M I(7,5)7→6 =
[ 2
2 1
2 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [0
1
]
=

1
1 0
1 1
2 0

M
I(5,2)
7→6 · f7 =

2
1 0
2 1
1 0
 · [1
0
]
=

0 0
1 0
0 1
0 0
 ·
[
1
0
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

f6 ·M I(7,5)7→6 −M I(5,2)7→6 · f7 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
Relations of the projection g : I(5, 2)→ I(4, 7) P
1. g2 ·M I(5,2)1→2 −M I(4,7)1→2 · g1 = 0
g2 ·M I(5,2)1→2 =
[ 2 1
1 0 1
]
·
1 01 0
0 1
 = [0 0 1] ·
1 01 0
0 1
 = [0 1]
M
I(4,7)
1→2 · g1 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g2 ·M I(5,2)1→2 −M I(4,7)1→2 · g1 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
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2. g3 ·M I(5,2)2→3 −M I(4,7)2→3 · g2 = 0
g3 ·M I(5,2)2→3 =
[ 3 2
2 0 1
]
·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =
[
0 0 0 1 0
0 0 0 0 1
]
·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =
[
0 0 1
0 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
M
I(4,7)
2→3 · g2 =
[
1
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 1
]
g3 ·M I(5,2)2→3 −M I(4,7)2→3 · g2 =
[ 2 1
1 0 1
1 0 1
]
−
[ 2 1
1 0 1
1 0 1
]
=
[ 3
2 0
]
3. g3 ·M I(5,2)4→3 −M I(4,7)4→3 · g4 = 0
g3 ·M I(5,2)4→3 =
[ 3 2
2 0 1
]
·

3 1
3 1 0
1 0 0
1 0 1
 = [
3 1 1
1 0 1 0
1 0 0 1
]
·

3 1
3 1 0
1 0 0
1 0 1
 = [
3 1
1 0 0
1 0 1
]
M
I(4,7)
4→3 · g4 =
[
0
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 0
1 0 1
]
g3 ·M I(5,2)4→3 −M I(4,7)4→3 · g4 =
[ 3 1
1 0 0
1 0 1
]
−
[ 3 1
1 0 0
1 0 1
]
=
[ 4
2 0
]
4. g4 ·M I(5,2)5→4 −M I(4,7)5→4 · g5 = 0
g4 ·M I(5,2)5→4 =
[ 3 1
1 0 1
]
·

0 1
1 0
0 0
0 1
 =
[
0 0 0 1
]
·

0 1
1 0
0 0
0 1
 =
[
0 1
]
M
I(4,7)
5→4 · g5 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g4 ·M I(5,2)5→4 −M I(4,7)5→4 · g5 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
5. g3 ·M I(5,2)6→3 −M I(4,7)6→3 · g6 = 0
g3 ·M I(5,2)6→3 =
[ 3 2
2 0 1
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 =
[ 1 1 1 2
2 0 0 0 1
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 =
[ 1 1 2
2 0 0 1
]
=
[ 2 2
2 0 1
]
M
I(4,7)
6→3 · g6 =
[ 2
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
]
g3 ·M I(5,2)6→3 −M I(4,7)6→3 · g6 =
[ 2 2
2 0 1
]
−
[ 2 2
2 0 1
]
=
[ 4
2 0
]
6. g6 ·M I(5,2)7→6 −M I(4,7)7→6 · g7 = 0
g6 ·M I(5,2)7→6 =
[ 2 2
2 0 1
]
·

2
1 0
2 1
1 0
 = [0 0 1 0
0 0 0 1
]
·

0 0
1 0
0 1
0 0
 =
[
0 1
0 0
]
M
I(4,7)
7→6 · g7 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g6 ·M I(5,2)7→6 −M I(4,7)7→6 · g7 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
147.1.2 0→ I(7, 7) f→ I(5, 2) g→ I(4, 5)→ 0 
PdimI(7, 7) + dimI(4, 5) = (1, 2, 3, 2, 1, 3, 1) + (1, 1, 2, 2, 1, 1, 1)
= (2, 3, 5, 4, 2, 4, 2) = dimI(5, 2)
Pdimk Ext
1
kQ(I(4, 5), I(7, 7)) = dimk HomkQ(I(4, 5), I(7, 7))− 〈dimI(4, 5),dimI(7, 7)〉
= 0− 〈(1, 1, 2, 2, 1, 1, 1), (1, 2, 3, 2, 1, 3, 1)〉
= 1 · 2 + 1 · 3 + 2 · 3 + 1 · 2 + 1 · 3 + 1 · 3− (1 · 1 + 1 · 2 + 2 · 3 + 2 · 2 + 1 · 1 + 1 · 3 + 1 · 1)
= 2 + 3 + 6 + 2 + 3 + 3− (1 + 2 + 6 + 4 + 1 + 3 + 1)
= 1
Matrices of the embedding f : I(7, 7)→ I(5, 2) P
1. f1 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =
1 00 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 0
0 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0
0 0 0
0 1 0
0 0 1
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(5, 2)→ I(4, 5) P
1. g1 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1 0 0 0
0 0 1 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1 0 0
0 0 1 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(7, 7)→ I(5, 2) P
1. f2 ·M I(7,7)1→2 −M I(5,2)1→2 · f1 = 0
f2 ·M I(7,7)1→2 =
1 00 0
0 1
 · [0
1
]
=
00
1
 = [
1
2 0
1 1
]
M
I(5,2)
1→2 · f1 =
1 01 0
0 1
 · [0
1
]
=
00
1
 = [
1
2 0
1 1
]
f2 ·M I(7,7)1→2 −M I(5,2)1→2 · f1 =
[ 1
2 0
1 1
]
−
[ 1
2 0
1 1
]
=
[ 1
3 0
]
2. f3 ·M I(7,7)2→3 −M I(5,2)2→3 · f2 = 0
f3 ·M I(7,7)2→3 =

1 2
1 1 0
2 0 0
2 0 1
 ·
1 00 1
0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
1 00 1
0 1
 =

1 1
1 1 0
2 0 0
1 0 1
1 0 1

M
I(5,2)
2→3 · f2 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ·
1 00 0
0 1
 =

1 0
0 0
0 0
0 1
0 1
 =

1 1
1 1 0
2 0 0
1 0 1
1 0 1

f3 ·M I(7,7)2→3 −M I(5,2)2→3 · f2 =

1 1
1 1 0
2 0 0
1 0 1
1 0 1
−

1 1
1 1 0
2 0 0
1 0 1
1 0 1
 =
[ 2
5 0
]
3. f3 ·M I(7,7)4→3 −M I(5,2)4→3 · f4 = 0
f3 ·M I(7,7)4→3 =

1 2
1 1 0
2 0 0
2 0 1
 ·
1 00 0
0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
1 00 0
0 1
 =

1 1
1 1 0
2 0 0
1 0 0
1 0 1
 =

1 1
1 1 0
3 0 0
1 0 1

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M
I(5,2)
4→3 · f4 =

3 1
3 1 0
1 0 0
1 0 1
 ·

1 1
1 1 0
2 0 0
1 0 1
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 0
1 0 0 1
 ·

1 1
1 1 0
2 0 0
1 0 1
 =

1 1
1 1 0
2 0 0
1 0 0
1 0 1
 =

1 1
1 1 0
3 0 0
1 0 1

f3 ·M I(7,7)4→3 −M I(5,2)4→3 · f4 =

1 1
1 1 0
3 0 0
1 0 1
−

1 1
1 1 0
3 0 0
1 0 1
 = [ 25 0 ]
4. f4 ·M I(7,7)5→4 −M I(5,2)5→4 · f5 = 0
f4 ·M I(7,7)5→4 =

1 1
1 1 0
2 0 0
1 0 1
 · [1
1
]
=

1
1 1
2 0
1 1

M
I(5,2)
5→4 · f5 =

0 1
1 0
0 0
0 1
 ·
[
0
1
]
=

1
0
0
1
 =

1
1 1
2 0
1 1

f4 ·M I(7,7)5→4 −M I(5,2)5→4 · f5 =

1
1 1
2 0
1 1
−

1
1 1
2 0
1 1
 = [ 14 0 ]
5. f3 ·M I(7,7)6→3 −M I(5,2)6→3 · f6 = 0
f3 ·M I(7,7)6→3 =

1 2
1 1 0
2 0 0
2 0 1
 · [ 33 1 ] =

1 2
1 1 0
2 0 0
2 0 1
 · [
1 2
1 1 0
2 0 1
]
=

1 2
1 1 0
2 0 0
2 0 1

M
I(5,2)
6→3 · f6 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
1 0 0
2 0 1
 =

1 2
1 1 0
2 0 0
2 0 1

f3 ·M I(7,7)6→3 −M I(5,2)6→3 · f6 =

1 2
1 1 0
2 0 0
2 0 1
−

1 2
1 1 0
2 0 0
2 0 1
 = [ 35 0 ]
6. f6 ·M I(7,7)7→6 −M I(5,2)7→6 · f7 = 0
f6 ·M I(7,7)7→6 =

1 2
1 1 0
1 0 0
2 0 1
 ·
01
0
 =

1 0 0
0 0 0
0 1 0
0 0 1
 ·
01
0
 =

0
0
1
0
 =

1
2 0
1 1
1 0

M
I(5,2)
7→6 · f7 =

2
1 0
2 1
1 0
 · [0
1
]
=

0 0
1 0
0 1
0 0
 ·
[
0
1
]
=

0
0
1
0
 =

1
2 0
1 1
1 0

f6 ·M I(7,7)7→6 −M I(5,2)7→6 · f7 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
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Relations of the projection g : I(5, 2)→ I(4, 5) P
1. g2 ·M I(5,2)1→2 −M I(4,5)1→2 · g1 = 0
g2 ·M I(5,2)1→2 =
[
0 1 0
]
·
1 01 0
0 1
 = [1 0]
M
I(4,5)
1→2 · g1 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g2 ·M I(5,2)1→2 −M I(4,5)1→2 · g1 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
2. g3 ·M I(5,2)2→3 −M I(4,5)2→3 · g2 = 0
g3 ·M I(5,2)2→3 =
[ 1 2 2
2 0 1 0
]
·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =
[
0 1 0 0 0
0 0 1 0 0
]
·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =
[
0 0 0
0 1 0
]
M
I(4,5)
2→3 · g2 =
[
0
1
]
·
[
0 1 0
]
=
[
0 0 0
0 1 0
]
g3 ·M I(5,2)2→3 −M I(4,5)2→3 · g2 =
[
0 0 0
0 1 0
]
−
[
0 0 0
0 1 0
]
=
[ 3
2 0
]
3. g3 ·M I(5,2)4→3 −M I(4,5)4→3 · g4 = 0
g3 ·M I(5,2)4→3 =
[ 1 2 2
2 0 1 0
]
·

3 1
3 1 0
1 0 0
1 0 1
 = [ 1 2 1 12 0 1 0 0 ] ·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 0
1 0 0 1
 =
[ 1 2 1
2 0 1 0
]
M
I(4,5)
4→3 · g4 =
[ 2
2 1
]
·
[ 1 2 1
2 0 1 0
]
=
[ 1 2 1
2 0 1 0
]
g3 ·M I(5,2)4→3 −M I(4,5)4→3 · g4 =
[ 1 2 1
2 0 1 0
]
−
[ 1 2 1
2 0 1 0
]
=
[ 4
2 0
]
4. g4 ·M I(5,2)5→4 −M I(4,5)5→4 · g5 = 0
g4 ·M I(5,2)5→4 =
[ 1 2 1
2 0 1 0
]
·

0 1
1 0
0 0
0 1
 =
[
0 1 0 0
0 0 1 0
]
·

0 1
1 0
0 0
0 1
 =
[
1 0
0 0
]
M
I(4,5)
5→4 · g5 =
[
1
0
]
·
[
1 0
]
=
[
1 0
0 0
]
g4 ·M I(5,2)5→4 −M I(4,5)5→4 · g5 =
[
1 0
0 0
]
−
[
1 0
0 0
]
=
[ 2
2 0
]
5. g3 ·M I(5,2)6→3 −M I(4,5)6→3 · g6 = 0
g3 ·M I(5,2)6→3 =
[ 1 2 2
2 0 1 0
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 =
[ 1 1 1 2
1 0 1 0 0
1 0 0 1 0
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 =
[ 1 1 2
1 0 1 0
1 0 1 0
]
M
I(4,5)
6→3 · g6 =
[
1
1
]
·
[ 1 1 2
1 0 1 0
]
=
[ 1 1 2
1 0 1 0
1 0 1 0
]
g3 ·M I(5,2)6→3 −M I(4,5)6→3 · g6 =
[ 1 1 2
1 0 1 0
1 0 1 0
]
−
[ 1 1 2
1 0 1 0
1 0 1 0
]
=
[ 4
2 0
]
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6. g6 ·M I(5,2)7→6 −M I(4,5)7→6 · g7 = 0
g6 ·M I(5,2)7→6 =
[ 1 1 2
1 0 1 0
]
·

2
1 0
2 1
1 0
 = [0 1 0 0] ·

0 0
1 0
0 1
0 0
 =
[
1 0
]
M
I(4,5)
7→6 · g7 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g6 ·M I(5,2)7→6 −M I(4,5)7→6 · g7 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1 0
]
·
[
0
1
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1 0
]
·
1 00 0
0 1
 = [ 21 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 2 2
2 0 1 0
]
·

1 2
1 1 0
2 0 0
2 0 1
 = [ 32 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2 1
2 0 1 0
]
·

1 1
1 1 0
2 0 0
1 0 1
 = [ 22 0 ]
5. g5 · f5 = 0
g5 · f5 =
[
1 0
]
·
[
0
1
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 1 2
1 0 1 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 = [ 31 0 ]
7. g7 · f7 = 0
g7 · f7 =
[
1 0
]
·
[
0
1
]
=
[
0
]
147.2 Tree module property of I(11, 2) 
The matrices of the representation have full (column) rank P
1. M I(11,2)1→2 =

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
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2. M I(11,2)2→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M11,7(k) is already in column echelon form and has maximal column rank.
3. M I(11,2)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k) is already in column echelon form and has maximal column rank.
4. M I(11,2)5→4 =

0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(11,2)
5→4 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1

c1↔c2−−−−→

1 2 1
1 1 0 0
2 0 1 0
3 0 0 0
1 1 0 0
1 0 0 1

5. M I(11,2)6→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

∈M11,8(k) is already in column echelon form and has maximal column rank.
6. M I(11,2)7→6 =

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
147.2.1 0→ I(13, 5) f→ I(11, 2) g→ I(10, 7)→ 0 
PdimI(13, 5) + dimI(10, 7) = (2, 4, 6, 5, 2, 4, 2) + (2, 3, 5, 3, 2, 4, 2)
= (4, 7, 11, 8, 4, 8, 4) = dimI(11, 2)
Pdimk Ext
1
kQ(I(10, 7), I(13, 5)) = dimk HomkQ(I(10, 7), I(13, 5))− 〈dimI(10, 7),dimI(13, 5)〉
= 0− 〈(2, 3, 5, 3, 2, 4, 2), (2, 4, 6, 5, 2, 4, 2)〉
= 2 · 4 + 3 · 6 + 3 · 6 + 2 · 5 + 4 · 6 + 2 · 4− (2 · 2 + 3 · 4 + 5 · 6 + 3 · 5 + 2 · 2 + 4 · 4 + 2 · 2)
= 8 + 18 + 18 + 10 + 24 + 8− (4 + 12 + 30 + 15 + 4 + 16 + 4)
= 1
Matrices of the embedding f : I(13, 5)→ I(11, 2) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2461
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(11, 2)→ I(10, 7) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(13, 5)→ I(11, 2) P
1. f2 ·M I(13,5)1→2 −M I(11,2)1→2 · f1 = 0
f2 ·M I(13,5)1→2 =
[ 4
4 1
3 0
]
·

1 0
0 0
1 0
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 0
0 0
1 0
0 1
 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
3 0 0

M
I(11,2)
1→2 · f1 =

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·
[ 2
2 1
2 0
]
=

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

·

1 0
0 1
0 0
0 0
 =

1 0
0 0
1 0
0 1
0 0
0 0
0 0

=

1 1
1 1 0
1 0 0
1 1 0
1 0 1
3 0 0

f2 ·M I(13,5)1→2 −M I(11,2)1→2 · f1 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
3 0 0
−

1 1
1 1 0
1 0 0
1 1 0
1 0 1
3 0 0
 =
[ 2
7 0
]
2. f3 ·M I(13,5)2→3 −M I(11,2)2→3 · f2 = 0
f3 ·M I(13,5)2→3 =
[ 6
6 1
5 0
]
·

1 3
1 1 0
2 0 0
3 0 1
 =

1 2 3
1 1 0 0
2 0 1 0
3 0 0 1
5 0 0 0
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
2 0 0
3 0 1
5 0 0

M
I(11,2)
2→3 · f2 =

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 4
4 1
3 0
]
=

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 3
1 1 0
3 0 1
1 0 0
1 0 0
1 0 0
 =

1 3
1 1 0
2 0 0
3 0 1
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0

=

1 3
1 1 0
2 0 0
3 0 1
5 0 0

f3 ·M I(13,5)2→3 −M I(11,2)2→3 · f2 =

1 3
1 1 0
2 0 0
3 0 1
5 0 0
−

1 3
1 1 0
2 0 0
3 0 1
5 0 0
 =
[ 4
11 0
]
3. f3 ·M I(13,5)4→3 −M I(11,2)4→3 · f4 = 0
f3 ·M I(13,5)4→3 =
[ 6
6 1
5 0
]
·
[ 5
5 1
1 0
]
=

5 1
5 1 0
1 0 1
5 0 0
 · [
5
5 1
1 0
]
=

5
5 1
1 0
5 0
 = [
5
5 1
6 0
]
M
I(11,2)
4→3 · f4 =

5 3
5 1 0
3 0 0
3 0 1
 · [
5
5 1
3 0
]
=

5
5 1
3 0
3 0
 = [
5
5 1
6 0
]
f3 ·M I(13,5)4→3 −M I(11,2)4→3 · f4 =
[ 5
5 1
6 0
]
−
[ 5
5 1
6 0
]
=
[ 5
11 0
]
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4. f4 ·M I(13,5)5→4 −M I(11,2)5→4 · f5 = 0
f4 ·M I(13,5)5→4 =
[ 5
5 1
3 0
]
·

2
1 0
2 1
2 0
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
3 0 0 0
 ·

2
1 0
2 1
2 0
 =

2
1 0
2 1
2 0
3 0
 =

2
1 0
2 1
5 0

M
I(11,2)
5→4 · f5 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 2
2 1
2 0
]
=

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·

2
2 1
1 0
1 0
 =

2
1 0
2 1
3 0
1 0
1 0
 =

2
1 0
2 1
5 0

f4 ·M I(13,5)5→4 −M I(11,2)5→4 · f5 =

2
1 0
2 1
5 0
−

2
1 0
2 1
5 0
 = [ 28 0 ]
5. f3 ·M I(13,5)6→3 −M I(11,2)6→3 · f6 = 0
f3 ·M I(13,5)6→3 =
[ 6
6 1
5 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
5 0 0 0 0 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

M
I(11,2)
6→3 · f6 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

·
[ 4
4 1
4 0
]
=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

·

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
1 0 0 0 0

=

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

f3 ·M I(13,5)6→3 −M I(11,2)6→3 · f6 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

−

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
5 0 0 0 0

=
[ 4
11 0
]
6. f6 ·M I(13,5)7→6 −M I(11,2)7→6 · f7 = 0
f6 ·M I(13,5)7→6 =
[ 4
4 1
4 0
]
·

0 0
1 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
4 0 0 0 0
 ·

0 0
1 0
0 1
0 1
 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0

M
I(11,2)
7→6 · f7 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

·
[ 2
2 1
2 0
]
=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
2 0 0
2 0 0

=

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0

f6 ·M I(13,5)7→6 −M I(11,2)7→6 · f7 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0
−

1 1
1 0 0
1 1 0
1 0 1
1 0 1
4 0 0
 =
[ 2
8 0
]
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Relations of the projection g : I(11, 2)→ I(10, 7) P
1. g2 ·M I(11,2)1→2 −M I(10,7)1→2 · g1 = 0
g2 ·M I(11,2)1→2 =
[ 4 3
3 0 1
]
·

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ·

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

=
0 0 1 00 0 0 1
0 0 0 1
 =

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1

M
I(10,7)
1→2 · g1 =
1 00 1
0 1
 · [ 2 22 0 1 ] =
1 00 1
0 1
 · [
2 1 1
1 0 1 0
1 0 0 1
]
=

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1

g2 ·M I(11,2)1→2 −M I(10,7)1→2 · g1 =

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1
−

2 1 1
1 0 1 0
1 0 0 1
1 0 0 1
 = [ 43 0 ]
2. g3 ·M I(11,2)2→3 −M I(10,7)2→3 · g2 = 0
g3 ·M I(11,2)2→3 =
[ 6 5
5 0 1
]
·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 2 3 1 1 1 1 1
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 3 1 1 1
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
 =

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
I(10,7)
2→3 · g2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 4 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

g3 ·M I(11,2)2→3 −M I(10,7)2→3 · g2 =

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
−

4 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
 =
[ 7
5 0
]
3. g3 ·M I(11,2)4→3 −M I(10,7)4→3 · g4 = 0
g3 ·M I(11,2)4→3 =
[ 6 5
5 0 1
]
·

5 3
5 1 0
3 0 0
3 0 1
 = [
5 1 2 3
2 0 0 1 0
3 0 0 0 1
]
·

5 3
5 1 0
1 0 0
2 0 0
3 0 1
 =
[ 5 3
2 0 0
3 0 1
]
M
I(10,7)
4→3 · g4 =
[ 3
2 0
3 1
]
·
[ 5 3
3 0 1
]
=
[ 5 3
2 0 0
3 0 1
]
g3 ·M I(11,2)4→3 −M I(10,7)4→3 · g4 =
[ 5 3
2 0 0
3 0 1
]
−
[ 5 3
2 0 0
3 0 1
]
=
[ 8
5 0
]
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4. g4 ·M I(11,2)5→4 −M I(10,7)5→4 · g5 = 0
g4 ·M I(11,2)5→4 =
[ 5 3
3 0 1
]
·

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 2 2 1 1 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

2 1 1
1 0 1 0
2 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
1 0 0 0
1 0 1 0
1 0 0 1
 = [
2 2
1 0 0
2 0 1
]
M
I(10,7)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
1 0 0
2 0 1
]
g4 ·M I(11,2)5→4 −M I(10,7)5→4 · g5 =
[ 2 2
1 0 0
2 0 1
]
−
[ 2 2
1 0 0
2 0 1
]
=
[ 4
3 0
]
5. g3 ·M I(11,2)6→3 −M I(10,7)6→3 · g6 = 0
g3 ·M I(11,2)6→3 =
[ 6 5
5 0 1
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

=
[ 1 1 1 1 1 1 4 1
4 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

=
[ 1 1 1 1 4
4 0 0 0 0 1
1 0 0 0 0 0
]
=
[ 4 4
4 0 1
1 0 0
]
M
I(10,7)
6→3 · g6 =
[ 4
4 1
1 0
]
·
[ 4 4
4 0 1
]
=
[ 4 4
4 0 1
1 0 0
]
g3 ·M I(11,2)6→3 −M I(10,7)6→3 · g6 =
[ 4 4
4 0 1
1 0 0
]
−
[ 4 4
4 0 1
1 0 0
]
=
[ 8
5 0
]
6. g6 ·M I(11,2)7→6 −M I(10,7)7→6 · g7 = 0
g6 ·M I(11,2)7→6 =
[ 4 4
4 0 1
]
·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

=
[ 1 1 1 1 2 2
2 0 0 0 0 1 0
2 0 0 0 0 0 1
]
·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

=
[ 1 1 2
2 0 0 1
2 0 0 0
]
=
[ 2 2
2 0 1
2 0 0
]
M
I(10,7)
7→6 · g7 =
[ 2
2 1
2 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
2 0 0
]
g6 ·M I(11,2)7→6 −M I(10,7)7→6 · g7 =
[ 2 2
2 0 1
2 0 0
]
−
[ 2 2
2 0 1
2 0 0
]
=
[ 4
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 6 5
5 0 1
]
·
[ 6
6 1
5 0
]
=
[ 6
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
147.2.2 0→ I(13, 7) f→ I(11, 2) g→ I(10, 5)→ 0 
PdimI(13, 7) + dimI(10, 5) = (2, 4, 6, 4, 2, 5, 2) + (2, 3, 5, 4, 2, 3, 2)
= (4, 7, 11, 8, 4, 8, 4) = dimI(11, 2)
Pdimk Ext
1
kQ(I(10, 5), I(13, 7)) = dimk HomkQ(I(10, 5), I(13, 7))− 〈dimI(10, 5),dimI(13, 7)〉
= 0− 〈(2, 3, 5, 4, 2, 3, 2), (2, 4, 6, 4, 2, 5, 2)〉
= 2 · 4 + 3 · 6 + 4 · 6 + 2 · 4 + 3 · 6 + 2 · 5− (2 · 2 + 3 · 4 + 5 · 6 + 4 · 4 + 2 · 2 + 3 · 5 + 2 · 2)
= 8 + 18 + 24 + 8 + 18 + 10− (4 + 12 + 30 + 16 + 4 + 15 + 4)
= 1
Matrices of the embedding f : I(13, 7)→ I(11, 2) P
1. f1 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
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5. f5 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M8,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(11, 2)→ I(10, 5) P
1. g1 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 1 0 0 0 0 00 0 1 0 0 0 0
0 0 0 1 0 0 0
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 1 0 0 0 0 0 00 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(13, 7)→ I(11, 2) P
1. f2 ·M I(13,7)1→2 −M I(11,2)1→2 · f1 = 0
f2 ·M I(13,7)1→2 =

1 3
1 1 0
3 0 0
3 0 1
 ·

0 0
1 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

0 0
1 0
0 1
0 1
 =

1 1
1 0 0
3 0 0
1 1 0
1 0 1
1 0 1
 =

1 1
4 0 0
1 1 0
1 0 1
1 0 1

M
I(11,2)
1→2 · f1 =

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·
[ 2
2 0
2 1
]
=

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

·

0 0
0 0
1 0
0 1
 =

0 0
0 0
0 0
0 0
1 0
0 1
0 1

=

1 1
4 0 0
1 1 0
1 0 1
1 0 1

f2 ·M I(13,7)1→2 −M I(11,2)1→2 · f1 =

1 1
4 0 0
1 1 0
1 0 1
1 0 1
−

1 1
4 0 0
1 1 0
1 0 1
1 0 1
 =
[ 2
7 0
]
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2. f3 ·M I(13,7)2→3 −M I(11,2)2→3 · f2 = 0
f3 ·M I(13,7)2→3 =

1 5
1 1 0
5 0 0
5 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1 1 1
1 1 0 0 0 0 0
5 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
I(11,2)
2→3 · f2 =

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 3
1 1 0
3 0 0
3 0 1
 =

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1 1
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

1 1 1 1
1 1 0 0 0
2 0 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

f3 ·M I(13,7)2→3 −M I(11,2)2→3 · f2 =

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

−

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=
[ 4
11 0
]
3. f3 ·M I(13,7)4→3 −M I(11,2)4→3 · f4 = 0
f3 ·M I(13,7)4→3 =

1 5
1 1 0
5 0 0
5 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 2 3
1 1 0 0
5 0 0 0
2 0 1 0
3 0 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
5 0 0
2 0 0
3 0 1
 =

1 3
1 1 0
7 0 0
3 0 1

M
I(11,2)
4→3 · f4 =

5 3
5 1 0
3 0 0
3 0 1
 ·

1 3
1 1 0
4 0 0
3 0 1
 =

1 4 3
1 1 0 0
4 0 1 0
3 0 0 0
3 0 0 1
 ·

1 3
1 1 0
4 0 0
3 0 1
 =

1 3
1 1 0
4 0 0
3 0 0
3 0 1
 =

1 3
1 1 0
7 0 0
3 0 1

f3 ·M I(13,7)4→3 −M I(11,2)4→3 · f4 =

1 3
1 1 0
7 0 0
3 0 1
−

1 3
1 1 0
7 0 0
3 0 1
 = [ 411 0 ]
4. f4 ·M I(13,7)5→4 −M I(11,2)5→4 · f5 = 0
f4 ·M I(13,7)5→4 =

1 3
1 1 0
4 0 0
3 0 1
 ·

1 0
0 0
1 0
0 1
 =

1 1 1 1
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

1 0
0 0
1 0
0 1
 =

1 1
1 1 0
4 0 0
1 0 0
1 1 0
1 0 1
 =

1 1
1 1 0
5 0 0
1 1 0
1 0 1

M
I(11,2)
5→4 · f5 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 2
2 0
2 1
]
=

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·

1 1
2 0 0
1 1 0
1 0 1
 =

1 1
1 1 0
2 0 0
3 0 0
1 1 0
1 0 1
 =

1 1
1 1 0
5 0 0
1 1 0
1 0 1

f4 ·M I(13,7)5→4 −M I(11,2)5→4 · f5 =

1 1
1 1 0
5 0 0
1 1 0
1 0 1
−

1 1
1 1 0
5 0 0
1 1 0
1 0 1
 =
[ 2
8 0
]
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5. f3 ·M I(13,7)6→3 −M I(11,2)6→3 · f6 = 0
f3 ·M I(13,7)6→3 =

1 5
1 1 0
5 0 0
5 0 1
 · [
5
5 1
1 0
]
=

1 4 1
1 1 0 0
5 0 0 0
4 0 1 0
1 0 0 1
 ·

1 4
1 1 0
4 0 1
1 0 0
 =

1 4
1 1 0
5 0 0
4 0 1
1 0 0

M
I(11,2)
6→3 · f6 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

·

1 4
1 1 0
3 0 0
4 0 1
 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

·

1 4
1 1 0
1 0 0
1 0 0
1 0 0
4 0 1
 =

1 4
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
4 0 1
1 0 0

=

1 4
1 1 0
5 0 0
4 0 1
1 0 0

f3 ·M I(13,7)6→3 −M I(11,2)6→3 · f6 =

1 4
1 1 0
5 0 0
4 0 1
1 0 0
−

1 4
1 1 0
5 0 0
4 0 1
1 0 0
 =
[ 5
11 0
]
6. f6 ·M I(13,7)7→6 −M I(11,2)7→6 · f7 = 0
f6 ·M I(13,7)7→6 =

1 4
1 1 0
3 0 0
4 0 1
 ·

2
1 0
2 1
2 0
 =

1 2 2
1 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
 ·

2
1 0
2 1
2 0
 =

2
1 0
3 0
2 1
2 0
 =

2
4 0
2 1
2 0

M
I(11,2)
7→6 · f7 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

·
[ 2
2 0
2 1
]
=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

·

2
1 0
1 0
2 1
 =

2
1 0
1 0
1 0
1 0
2 1
2 0

=

2
4 0
2 1
2 0

f6 ·M I(13,7)7→6 −M I(11,2)7→6 · f7 =

2
4 0
2 1
2 0
−

2
4 0
2 1
2 0
 = [ 28 0 ]
Relations of the projection g : I(11, 2)→ I(10, 5) P
1. g2 ·M I(11,2)1→2 −M I(10,5)1→2 · g1 = 0
g2 ·M I(11,2)1→2 =
[ 1 3 3
3 0 1 0
]
·

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=
0 1 0 0 0 0 00 0 1 0 0 0 0
0 0 0 1 0 0 0
 ·

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

=
0 0 0 01 0 0 0
0 1 0 0
 = [
2 2
1 0 0
2 1 0
]
M
I(10,5)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[ 2 2
2 1 0
]
=
[ 2 2
1 0 0
2 1 0
]
g2 ·M I(11,2)1→2 −M I(10,5)1→2 · g1 =
[ 2 2
1 0 0
2 1 0
]
−
[ 2 2
1 0 0
2 1 0
]
=
[ 4
3 0
]
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2. g3 ·M I(11,2)2→3 −M I(10,5)2→3 · g2 = 0
g3 ·M I(11,2)2→3 =
[ 1 5 5
5 0 1 0
]
·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 2 3 1 1 1 1 1
2 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0
]
·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 3 1 1 1
2 0 0 0 0 0
3 0 1 0 0 0
]
=
[ 1 3 3
2 0 0 0
3 0 1 0
]
M
I(10,5)
2→3 · g2 =
[ 3
2 0
3 1
]
·
[ 1 3 3
3 0 1 0
]
=
[ 1 3 3
2 0 0 0
3 0 1 0
]
g3 ·M I(11,2)2→3 −M I(10,5)2→3 · g2 =
[ 1 3 3
2 0 0 0
3 0 1 0
]
−
[ 1 3 3
2 0 0 0
3 0 1 0
]
=
[ 7
5 0
]
3. g3 ·M I(11,2)4→3 −M I(10,5)4→3 · g4 = 0
g3 ·M I(11,2)4→3 =
[ 1 5 5
5 0 1 0
]
·

5 3
5 1 0
3 0 0
3 0 1
 = [
1 4 1 2 3
4 0 1 0 0 0
1 0 0 1 0 0
]
·

1 4 3
1 1 0 0
4 0 1 0
1 0 0 0
2 0 0 0
3 0 0 1
 =
[ 1 4 3
4 0 1 0
1 0 0 0
]
M
I(10,5)
4→3 · g4 =
[ 4
4 1
1 0
]
·
[ 1 4 3
4 0 1 0
]
=
[ 1 4 3
4 0 1 0
1 0 0 0
]
g3 ·M I(11,2)4→3 −M I(10,5)4→3 · g4 =
[ 1 4 3
4 0 1 0
1 0 0 0
]
−
[ 1 4 3
4 0 1 0
1 0 0 0
]
=
[ 8
5 0
]
4. g4 ·M I(11,2)5→4 −M I(10,5)5→4 · g5 = 0
g4 ·M I(11,2)5→4 =
[ 1 4 3
4 0 1 0
]
·

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 =
[ 1 2 2 1 1 1
2 0 1 0 0 0 0
2 0 0 1 0 0 0
]
·

2 1 1
1 0 1 0
2 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
1 0 0 1

=
[ 2 1 1
2 1 0 0
2 0 0 0
]
=
[ 2 2
2 1 0
2 0 0
]
M
I(10,5)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 2 2
2 1 0
]
=
[ 2 2
2 1 0
2 0 0
]
g4 ·M I(11,2)5→4 −M I(10,5)5→4 · g5 =
[ 2 2
2 1 0
2 0 0
]
−
[ 2 2
2 1 0
2 0 0
]
=
[ 4
4 0
]
5. g3 ·M I(11,2)6→3 −M I(10,5)6→3 · g6 = 0
g3 ·M I(11,2)6→3 =
[ 1 5 5
5 0 1 0
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 1 1 4 1
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
 ·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0

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M
I(10,5)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 1 3 4
3 0 1 0
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
 =

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0

g3 ·M I(11,2)6→3 −M I(10,5)6→3 · g6 =

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
−

1 1 1 1 4
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
 =
[ 8
5 0
]
6. g6 ·M I(11,2)7→6 −M I(10,5)7→6 · g7 = 0
g6 ·M I(11,2)7→6 =
[ 1 3 4
3 0 1 0
]
·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 1 1 1 2 2
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
 ·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0

M
I(10,5)
7→6 · g7 =
1 00 1
0 1
 · [ 2 22 1 0 ] =
1 00 1
0 1
 · [
1 1 2
1 1 0 0
1 0 1 0
]
=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0

g6 ·M I(11,2)7→6 −M I(10,5)7→6 · g7 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
−

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
 = [ 43 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 3 3
3 0 1 0
]
·

1 3
1 1 0
3 0 0
3 0 1
 = [ 43 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 5 5
5 0 1 0
]
·

1 5
1 1 0
5 0 0
5 0 1
 = [ 65 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 4 3
4 0 1 0
]
·

1 3
1 1 0
4 0 0
3 0 1
 = [ 44 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 1 3 4
3 0 1 0
]
·

1 4
1 1 0
3 0 0
4 0 1
 = [ 53 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
147.3 Tree module property of I(17, 2) 
The matrices of the representation have full (column) rank P
1. M I(17,2)1→2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
2. M I(17,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M17,11(k) is already in column echelon form and has maximal column rank.
3. M I(17,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k) is already in column echelon form and has maximal column rank.
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4. M I(17,2)5→4 =

0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(17,2)
5→4 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1

c1↔c2−−−−→

1 3 2
1 1 0 0
3 0 1 0
5 0 0 0
1 1 0 0
2 0 0 1

5. M I(17,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k) is already in column echelon form and has maximal column rank.
6. M I(17,2)7→6 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
147.3.1 0→ I(19, 5) f→ I(17, 2) g→ I(16, 7)→ 0 
PdimI(19, 5) + dimI(16, 7) = (3, 6, 9, 7, 3, 6, 3) + (3, 5, 8, 5, 3, 6, 3)
= (6, 11, 17, 12, 6, 12, 6) = dimI(17, 2)
Pdimk Ext
1
kQ(I(16, 7), I(19, 5)) = dimk HomkQ(I(16, 7), I(19, 5))− 〈dimI(16, 7),dimI(19, 5)〉
= 0− 〈(3, 5, 8, 5, 3, 6, 3), (3, 6, 9, 7, 3, 6, 3)〉
= 3 · 6 + 5 · 9 + 5 · 9 + 3 · 7 + 6 · 9 + 3 · 6− (3 · 3 + 5 · 6 + 8 · 9 + 5 · 7 + 3 · 3 + 6 · 6 + 3 · 3)
= 18 + 45 + 45 + 21 + 54 + 18− (9 + 30 + 72 + 35 + 9 + 36 + 9)
= 1
Matrices of the embedding f : I(19, 5)→ I(17, 2) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M17,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M12,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(17, 2)→ I(16, 7) P
1. g1 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,17(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M6,12(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(19, 5)→ I(17, 2) P
1. f2 ·M I(19,5)1→2 −M I(17,2)1→2 · f1 = 0
f2 ·M I(19,5)1→2 =
[ 6
6 1
5 0
]
·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
5 0 0

M
I(17,2)
1→2 · f1 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·
[ 3
3 1
3 0
]
=

1 2 1 2
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
1 0 0
2 0 0
2 0 0

=

1 2
1 1 0
2 0 0
1 1 0
2 0 1
5 0 0

f2 ·M I(19,5)1→2 −M I(17,2)1→2 · f1 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
5 0 0
−

1 2
1 1 0
2 0 0
1 1 0
2 0 1
5 0 0
 =
[ 3
11 0
]
2. f3 ·M I(19,5)2→3 −M I(17,2)2→3 · f2 = 0
f3 ·M I(19,5)2→3 =
[ 9
9 1
8 0
]
·

1 5
1 1 0
3 0 0
5 0 1
 =

1 3 5
1 1 0 0
3 0 1 0
5 0 0 1
8 0 0 0
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 5
1 1 0
3 0 0
5 0 1
8 0 0

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M
I(17,2)
2→3 · f2 =

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 6
6 1
5 0
]
=

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

1 5
1 1 0
5 0 1
2 0 0
1 0 0
2 0 0
 =

1 5
1 1 0
3 0 0
5 0 1
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0

=

1 5
1 1 0
3 0 0
5 0 1
8 0 0

f3 ·M I(19,5)2→3 −M I(17,2)2→3 · f2 =

1 5
1 1 0
3 0 0
5 0 1
8 0 0
−

1 5
1 1 0
3 0 0
5 0 1
8 0 0
 =
[ 6
17 0
]
3. f3 ·M I(19,5)4→3 −M I(17,2)4→3 · f4 = 0
f3 ·M I(19,5)4→3 =
[ 9
9 1
8 0
]
·
[ 7
7 1
2 0
]
=

7 2
7 1 0
2 0 1
8 0 0
 · [
7
7 1
2 0
]
=

7
7 1
2 0
8 0
 = [
7
7 1
10 0
]
M
I(17,2)
4→3 · f4 =

7 5
7 1 0
5 0 0
5 0 1
 · [
7
7 1
5 0
]
=

7
7 1
5 0
5 0
 = [
7
7 1
10 0
]
f3 ·M I(19,5)4→3 −M I(17,2)4→3 · f4 =
[ 7
7 1
10 0
]
−
[ 7
7 1
10 0
]
=
[ 7
17 0
]
4. f4 ·M I(19,5)5→4 −M I(17,2)5→4 · f5 = 0
f4 ·M I(19,5)5→4 =
[ 7
7 1
5 0
]
·

3
1 0
3 1
3 0
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
5 0 0 0
 ·

3
1 0
3 1
3 0
 =

3
1 0
3 1
3 0
5 0
 =

3
1 0
3 1
8 0

M
I(17,2)
5→4 · f5 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·
[ 3
3 1
3 0
]
=

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

3
3 1
1 0
2 0
 =

3
1 0
3 1
5 0
1 0
2 0
 =

3
1 0
3 1
8 0

f4 ·M I(19,5)5→4 −M I(17,2)5→4 · f5 =

3
1 0
3 1
8 0
−

3
1 0
3 1
8 0
 = [ 312 0 ]
5. f3 ·M I(19,5)6→3 −M I(17,2)6→3 · f6 = 0
f3 ·M I(19,5)6→3 =
[ 9
9 1
8 0
]
·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
8 0 0 0 0 0 0

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
8 0 0 0 0

M
I(17,2)
6→3 · f6 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·
[ 6
6 1
6 0
]
=

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
6 0 0 0 0
2 0 0 0 0

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
8 0 0 0 0

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f3 ·M I(19,5)6→3 −M I(17,2)6→3 · f6 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
8 0 0 0 0

−

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
8 0 0 0 0

=
[ 6
17 0
]
6. f6 ·M I(19,5)7→6 −M I(17,2)7→6 · f7 = 0
f6 ·M I(19,5)7→6 =
[ 6
6 1
6 0
]
·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0

M
I(17,2)
7→6 · f7 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

·
[ 3
3 1
3 0
]
=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

·

1 2
1 1 0
2 0 1
3 0 0
 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
3 0 0
3 0 0

=

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0

f6 ·M I(19,5)7→6 −M I(17,2)7→6 · f7 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0
−

1 2
1 0 0
1 1 0
2 0 1
2 0 1
6 0 0
 =
[ 3
12 0
]
Relations of the projection g : I(17, 2)→ I(16, 7) P
1. g2 ·M I(17,2)1→2 −M I(16,7)1→2 · g1 = 0
g2 ·M I(17,2)1→2 =
[ 6 5
5 0 1
]
·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

1 2 1 2 1 2 2
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 2 1 2
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 2 1 2
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1
 =

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1

M
I(16,7)
1→2 · g1 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 3 33 0 1 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
3 1 2
1 0 1 0
2 0 0 1
]
=

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1

g2 ·M I(17,2)1→2 −M I(16,7)1→2 · g1 =

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1
−

3 1 2
1 0 1 0
2 0 0 1
2 0 0 1
 = [ 65 0 ]
2. g3 ·M I(17,2)2→3 −M I(16,7)2→3 · g2 = 0
g3 ·M I(17,2)2→3 =
[ 9 8
8 0 1
]
·

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

1 3 5 2 1 2 1 2
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

1 5 2 1 2
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
 =

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

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M
I(16,7)
2→3 · g2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 6 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

g3 ·M I(17,2)2→3 −M I(16,7)2→3 · g2 =

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

6 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[11
8 0
]
3. g3 ·M I(17,2)4→3 −M I(16,7)4→3 · g4 = 0
g3 ·M I(17,2)4→3 =
[ 9 8
8 0 1
]
·

7 5
7 1 0
5 0 0
5 0 1
 = [
7 2 3 5
3 0 0 1 0
5 0 0 0 1
]
·

7 5
7 1 0
2 0 0
3 0 0
5 0 1
 =
[ 7 5
3 0 0
5 0 1
]
M
I(16,7)
4→3 · g4 =
[ 5
3 0
5 1
]
·
[ 7 5
5 0 1
]
=
[ 7 5
3 0 0
5 0 1
]
g3 ·M I(17,2)4→3 −M I(16,7)4→3 · g4 =
[ 7 5
3 0 0
5 0 1
]
−
[ 7 5
3 0 0
5 0 1
]
=
[12
8 0
]
4. g4 ·M I(17,2)5→4 −M I(16,7)5→4 · g5 = 0
g4 ·M I(17,2)5→4 =
[ 7 5
5 0 1
]
·

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 =

1 3 3 2 1 2
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

3 1 2
1 0 1 0
3 1 0 0
3 0 0 0
2 0 0 0
1 0 1 0
2 0 0 1

=

3 1 2
2 0 0 0
1 0 1 0
2 0 0 1
 = [
3 3
2 0 0
3 0 1
]
M
I(16,7)
5→4 · g5 =
[ 3
2 0
3 1
]
·
[ 3 3
3 0 1
]
=
[ 3 3
2 0 0
3 0 1
]
g4 ·M I(17,2)5→4 −M I(16,7)5→4 · g5 =
[ 3 3
2 0 0
3 0 1
]
−
[ 3 3
2 0 0
3 0 1
]
=
[ 6
5 0
]
5. g3 ·M I(17,2)6→3 −M I(16,7)6→3 · g6 = 0
g3 ·M I(17,2)6→3 =
[ 9 8
8 0 1
]
·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 2 1 2 1 2 6 2
6 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
]
·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 2 1 2 6
6 0 0 0 0 1
2 0 0 0 0 0
]
=
[ 6 6
6 0 1
2 0 0
]
M
I(16,7)
6→3 · g6 =
[ 6
6 1
2 0
]
·
[ 6 6
6 0 1
]
=
[ 6 6
6 0 1
2 0 0
]
g3 ·M I(17,2)6→3 −M I(16,7)6→3 · g6 =
[ 6 6
6 0 1
2 0 0
]
−
[ 6 6
6 0 1
2 0 0
]
=
[12
8 0
]
2479
6. g6 ·M I(17,2)7→6 −M I(16,7)7→6 · g7 = 0
g6 ·M I(17,2)7→6 =
[ 6 6
6 0 1
]
·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=
[ 1 1 2 2 3 3
3 0 0 0 0 1 0
3 0 0 0 0 0 1
]
·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=
[ 1 2 3
3 0 0 1
3 0 0 0
]
=
[ 3 3
3 0 1
3 0 0
]
M
I(16,7)
7→6 · g7 =
[ 3
3 1
3 0
]
·
[ 3 3
3 0 1
]
=
[ 3 3
3 0 1
3 0 0
]
g6 ·M I(17,2)7→6 −M I(16,7)7→6 · g7 =
[ 3 3
3 0 1
3 0 0
]
−
[ 3 3
3 0 1
3 0 0
]
=
[ 6
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 5
5 0 1
]
·
[ 6
6 1
5 0
]
=
[ 6
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 9 8
8 0 1
]
·
[ 9
9 1
8 0
]
=
[ 9
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 5
5 0 1
]
·
[ 7
7 1
5 0
]
=
[ 7
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 6
6 0 1
]
·
[ 6
6 1
6 0
]
=
[ 6
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
147.3.2 0→ I(19, 7) f→ I(17, 2) g→ I(16, 5)→ 0 
PdimI(19, 7) + dimI(16, 5) = (3, 6, 9, 6, 3, 7, 3) + (3, 5, 8, 6, 3, 5, 3)
= (6, 11, 17, 12, 6, 12, 6) = dimI(17, 2)
Pdimk Ext
1
kQ(I(16, 5), I(19, 7)) = dimk HomkQ(I(16, 5), I(19, 7))− 〈dimI(16, 5),dimI(19, 7)〉
= 0− 〈(3, 5, 8, 6, 3, 5, 3), (3, 6, 9, 6, 3, 7, 3)〉
= 3 · 6 + 5 · 9 + 6 · 9 + 3 · 6 + 5 · 9 + 3 · 7− (3 · 3 + 5 · 6 + 8 · 9 + 6 · 6 + 3 · 3 + 5 · 7 + 3 · 3)
= 18 + 45 + 54 + 18 + 45 + 21− (9 + 30 + 72 + 36 + 9 + 35 + 9)
= 1
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Matrices of the embedding f : I(19, 7)→ I(17, 2) P
1. f1 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M17,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M12,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(17, 2)→ I(16, 5) P
1. g1 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
 ∈M5,11(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

∈M8,17(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0

∈M6,12(k) is already in row echelon form and has maximal row rank.
5. g5 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
 ∈M5,12(k) is already in row echelon form and has maximal row rank.
7. g7 =
1 0 0 0 0 00 1 0 0 0 0
0 0 1 0 0 0
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(19, 7)→ I(17, 2) P
1. f2 ·M I(19,7)1→2 −M I(17,2)1→2 · f1 = 0
f2 ·M I(19,7)1→2 =

1 5
1 1 0
5 0 0
5 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 1 2 2
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
1 0 0
5 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
6 0 0
1 1 0
2 0 1
2 0 1

M
I(17,2)
1→2 · f1 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·
[ 3
3 0
3 1
]
=

1 2 1 2
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
2 0 0
1 0 0
2 0 0
1 1 0
2 0 1
2 0 1

=

1 2
6 0 0
1 1 0
2 0 1
2 0 1

f2 ·M I(19,7)1→2 −M I(17,2)1→2 · f1 =

1 2
6 0 0
1 1 0
2 0 1
2 0 1
−

1 2
6 0 0
1 1 0
2 0 1
2 0 1
 =
[ 3
11 0
]
2. f3 ·M I(19,7)2→3 −M I(17,2)2→3 · f2 = 0
f3 ·M I(19,7)2→3 =

1 8
1 1 0
8 0 0
8 0 1
 ·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2 1 2
1 1 0 0 0 0 0
8 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

2482
M
I(17,2)
2→3 · f2 =

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

1 5
1 1 0
5 0 0
5 0 1
 =

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2 1 2
1 1 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

1 2 1 2
1 1 0 0 0
3 0 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

f3 ·M I(19,7)2→3 −M I(17,2)2→3 · f2 =

1 2 1 2
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

−

1 2 1 2
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=
[ 6
17 0
]
3. f3 ·M I(19,7)4→3 −M I(17,2)4→3 · f4 = 0
f3 ·M I(19,7)4→3 =

1 8
1 1 0
8 0 0
8 0 1
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 3 5
1 1 0 0
8 0 0 0
3 0 1 0
5 0 0 1
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 5
1 1 0
8 0 0
3 0 0
5 0 1
 =

1 5
1 1 0
11 0 0
5 0 1

M
I(17,2)
4→3 · f4 =

7 5
7 1 0
5 0 0
5 0 1
 ·

1 5
1 1 0
6 0 0
5 0 1
 =

1 6 5
1 1 0 0
6 0 1 0
5 0 0 0
5 0 0 1
 ·

1 5
1 1 0
6 0 0
5 0 1
 =

1 5
1 1 0
6 0 0
5 0 0
5 0 1
 =

1 5
1 1 0
11 0 0
5 0 1

f3 ·M I(19,7)4→3 −M I(17,2)4→3 · f4 =

1 5
1 1 0
11 0 0
5 0 1
−

1 5
1 1 0
11 0 0
5 0 1
 = [ 617 0 ]
4. f4 ·M I(19,7)5→4 −M I(17,2)5→4 · f5 = 0
f4 ·M I(19,7)5→4 =

1 5
1 1 0
6 0 0
5 0 1
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2 1 2
1 1 0 0 0
6 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
6 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
8 0 0
1 1 0
2 0 1

M
I(17,2)
5→4 · f5 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·
[ 3
3 0
3 1
]
=

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

1 2
3 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
3 0 0
5 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
8 0 0
1 1 0
2 0 1

f4 ·M I(19,7)5→4 −M I(17,2)5→4 · f5 =

1 2
1 1 0
8 0 0
1 1 0
2 0 1
−

1 2
1 1 0
8 0 0
1 1 0
2 0 1
 =
[ 3
12 0
]
5. f3 ·M I(19,7)6→3 −M I(17,2)6→3 · f6 = 0
f3 ·M I(19,7)6→3 =

1 8
1 1 0
8 0 0
8 0 1
 · [
7
7 1
2 0
]
=

1 6 2
1 1 0 0
8 0 0 0
6 0 1 0
2 0 0 1
 ·

1 6
1 1 0
6 0 1
2 0 0
 =

1 6
1 1 0
8 0 0
6 0 1
2 0 0

2483
M
I(17,2)
6→3 · f6 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

1 6
1 1 0
5 0 0
6 0 1
 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

1 6
1 1 0
2 0 0
1 0 0
2 0 0
6 0 1
 =

1 6
1 1 0
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
6 0 1
2 0 0

=

1 6
1 1 0
8 0 0
6 0 1
2 0 0

f3 ·M I(19,7)6→3 −M I(17,2)6→3 · f6 =

1 6
1 1 0
8 0 0
6 0 1
2 0 0
−

1 6
1 1 0
8 0 0
6 0 1
2 0 0
 =
[ 7
17 0
]
6. f6 ·M I(19,7)7→6 −M I(17,2)7→6 · f7 = 0
f6 ·M I(19,7)7→6 =

1 6
1 1 0
5 0 0
6 0 1
 ·

3
1 0
3 1
3 0
 =

1 3 3
1 1 0 0
5 0 0 0
3 0 1 0
3 0 0 1
 ·

3
1 0
3 1
3 0
 =

3
1 0
5 0
3 1
3 0
 =

3
6 0
3 1
3 0

M
I(17,2)
7→6 · f7 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

·
[ 3
3 0
3 1
]
=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

·

3
1 0
2 0
3 1
 =

3
1 0
1 0
2 0
2 0
3 1
3 0

=

3
6 0
3 1
3 0

f6 ·M I(19,7)7→6 −M I(17,2)7→6 · f7 =

3
6 0
3 1
3 0
−

3
6 0
3 1
3 0
 = [ 312 0 ]
Relations of the projection g : I(17, 2)→ I(16, 5) P
1. g2 ·M I(17,2)1→2 −M I(16,5)1→2 · g1 = 0
g2 ·M I(17,2)1→2 =
[ 1 5 5
5 0 1 0
]
·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

1 2 1 2 1 2 2
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
 ·

1 2 1 2
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 2 1 2
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
 = [
3 3
2 0 0
3 1 0
]
M
I(16,5)
1→2 · g1 =
[ 3
2 0
3 1
]
·
[ 3 3
3 1 0
]
=
[ 3 3
2 0 0
3 1 0
]
g2 ·M I(17,2)1→2 −M I(16,5)1→2 · g1 =
[ 3 3
2 0 0
3 1 0
]
−
[ 3 3
2 0 0
3 1 0
]
=
[ 6
5 0
]
2. g3 ·M I(17,2)2→3 −M I(16,5)2→3 · g2 = 0
g3 ·M I(17,2)2→3 =
[ 1 8 8
8 0 1 0
]
·

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 3 5 2 1 2 1 2
3 0 1 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0
]
·

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=
[ 1 5 2 1 2
3 0 0 0 0 0
5 0 1 0 0 0
]
=
[ 1 5 5
3 0 0 0
5 0 1 0
]
2484
M
I(16,5)
2→3 · g2 =
[ 5
3 0
5 1
]
·
[ 1 5 5
5 0 1 0
]
=
[ 1 5 5
3 0 0 0
5 0 1 0
]
g3 ·M I(17,2)2→3 −M I(16,5)2→3 · g2 =
[ 1 5 5
3 0 0 0
5 0 1 0
]
−
[ 1 5 5
3 0 0 0
5 0 1 0
]
=
[11
8 0
]
3. g3 ·M I(17,2)4→3 −M I(16,5)4→3 · g4 = 0
g3 ·M I(17,2)4→3 =
[ 1 8 8
8 0 1 0
]
·

7 5
7 1 0
5 0 0
5 0 1
 = [
1 6 2 3 5
6 0 1 0 0 0
2 0 0 1 0 0
]
·

1 6 5
1 1 0 0
6 0 1 0
2 0 0 0
3 0 0 0
5 0 0 1
 =
[ 1 6 5
6 0 1 0
2 0 0 0
]
M
I(16,5)
4→3 · g4 =
[ 6
6 1
2 0
]
·
[ 1 6 5
6 0 1 0
]
=
[ 1 6 5
6 0 1 0
2 0 0 0
]
g3 ·M I(17,2)4→3 −M I(16,5)4→3 · g4 =
[ 1 6 5
6 0 1 0
2 0 0 0
]
−
[ 1 6 5
6 0 1 0
2 0 0 0
]
=
[12
8 0
]
4. g4 ·M I(17,2)5→4 −M I(16,5)5→4 · g5 = 0
g4 ·M I(17,2)5→4 =
[ 1 6 5
6 0 1 0
]
·

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 =
[ 1 3 3 2 1 2
3 0 1 0 0 0 0
3 0 0 1 0 0 0
]
·

3 1 2
1 0 1 0
3 1 0 0
3 0 0 0
2 0 0 0
1 0 1 0
2 0 0 1

=
[ 3 1 2
3 1 0 0
3 0 0 0
]
=
[ 3 3
3 1 0
3 0 0
]
M
I(16,5)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 3 3
3 1 0
]
=
[ 3 3
3 1 0
3 0 0
]
g4 ·M I(17,2)5→4 −M I(16,5)5→4 · g5 =
[ 3 3
3 1 0
3 0 0
]
−
[ 3 3
3 1 0
3 0 0
]
=
[ 6
6 0
]
5. g3 ·M I(17,2)6→3 −M I(16,5)6→3 · g6 = 0
g3 ·M I(17,2)6→3 =
[ 1 8 8
8 0 1 0
]
·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=

1 2 1 2 1 2 6 2
2 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
 ·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0

M
I(16,5)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[ 1 5 6
5 0 1 0
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
 =

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0

g3 ·M I(17,2)6→3 −M I(16,5)6→3 · g6 =

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
−

1 2 1 2 6
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
 =
[12
8 0
]
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6. g6 ·M I(17,2)7→6 −M I(16,5)7→6 · g7 = 0
g6 ·M I(17,2)7→6 =
[ 1 5 6
5 0 1 0
]
·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=

1 1 2 2 3 3
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
 ·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0

M
I(16,5)
7→6 · g7 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 3 33 1 0 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
1 2 3
1 1 0 0
2 0 1 0
]
=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0

g6 ·M I(17,2)7→6 −M I(16,5)7→6 · g7 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
−

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
 = [ 65 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 5 5
5 0 1 0
]
·

1 5
1 1 0
5 0 0
5 0 1
 = [ 65 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 8 8
8 0 1 0
]
·

1 8
1 1 0
8 0 0
8 0 1
 = [ 98 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 6 5
6 0 1 0
]
·

1 5
1 1 0
6 0 0
5 0 1
 = [ 66 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 5 6
5 0 1 0
]
·

1 6
1 1 0
5 0 0
6 0 1
 = [ 75 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3
3 1 0
]
·
[ 3
3 0
3 1
]
=
[ 3
3 0
]
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147.4 Tree module property of I(23, 2) 
The matrices of the representation have full (column) rank P
1. M I(23,2)1→2 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
2. M I(23,2)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,15(k) is already in column echelon form and has maximal column rank.
3. M I(23,2)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k) is already in column echelon form and has maximal column rank.
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4. M I(23,2)5→4 =

0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(23,2)
5→4 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1

c1↔c2−−−−→

1 4 3
1 1 0 0
4 0 1 0
7 0 0 0
1 1 0 0
3 0 0 1

5. M I(23,2)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k) is already in column echelon form and has maximal column rank.
6. M I(23,2)7→6 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
147.4.1 0→ I(25, 5) f→ I(23, 2) g→ I(22, 7)→ 0 
PdimI(25, 5) + dimI(22, 7) = (4, 8, 12, 9, 4, 8, 4) + (4, 7, 11, 7, 4, 8, 4)
= (8, 15, 23, 16, 8, 16, 8) = dimI(23, 2)
Pdimk Ext
1
kQ(I(22, 7), I(25, 5)) = dimk HomkQ(I(22, 7), I(25, 5))− 〈dimI(22, 7),dimI(25, 5)〉
= 0− 〈(4, 7, 11, 7, 4, 8, 4), (4, 8, 12, 9, 4, 8, 4)〉
= 4 · 8 + 7 · 12 + 7 · 12 + 4 · 9 + 8 · 12 + 4 · 8− (4 · 4 + 7 · 8 + 11 · 12 + 7 · 9 + 4 · 4 + 8 · 8 + 4 · 4)
= 32 + 84 + 84 + 36 + 96 + 32− (16 + 56 + 132 + 63 + 16 + 64 + 16)
= 1
2488
Matrices of the embedding f : I(25, 5)→ I(23, 2) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M23,12(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M16,9(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M8,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(23, 2)→ I(22, 7) P
1. g1 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,23(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,16(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,16(k) is already in row echelon form and has maximal row rank.
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7. g7 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(25, 5)→ I(23, 2) P
1. f2 ·M I(25,5)1→2 −M I(23,2)1→2 · f1 = 0
f2 ·M I(25,5)1→2 =
[ 8
8 1
7 0
]
·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
3 0 0
1 1 0
3 0 1
7 0 0

M
I(23,2)
1→2 · f1 =

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·
[ 4
4 1
4 0
]
=

1 3 1 3
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·

1 3
1 1 0
3 0 1
1 0 0
3 0 0
 =

1 3
1 1 0
3 0 0
1 1 0
3 0 1
1 0 0
3 0 0
3 0 0

=

1 3
1 1 0
3 0 0
1 1 0
3 0 1
7 0 0

f2 ·M I(25,5)1→2 −M I(23,2)1→2 · f1 =

1 3
1 1 0
3 0 0
1 1 0
3 0 1
7 0 0
−

1 3
1 1 0
3 0 0
1 1 0
3 0 1
7 0 0
 =
[ 4
15 0
]
2. f3 ·M I(25,5)2→3 −M I(23,2)2→3 · f2 = 0
f3 ·M I(25,5)2→3 =
[12
12 1
11 0
]
·

1 7
1 1 0
4 0 0
7 0 1
 =

1 4 7
1 1 0 0
4 0 1 0
7 0 0 1
11 0 0 0
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 7
1 1 0
4 0 0
7 0 1
11 0 0

M
I(23,2)
2→3 · f2 =

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 8
8 1
7 0
]
=

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

1 7
1 1 0
7 0 1
3 0 0
1 0 0
3 0 0
 =

1 7
1 1 0
4 0 0
7 0 1
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0

=

1 7
1 1 0
4 0 0
7 0 1
11 0 0

f3 ·M I(25,5)2→3 −M I(23,2)2→3 · f2 =

1 7
1 1 0
4 0 0
7 0 1
11 0 0
−

1 7
1 1 0
4 0 0
7 0 1
11 0 0
 =
[ 8
23 0
]
3. f3 ·M I(25,5)4→3 −M I(23,2)4→3 · f4 = 0
f3 ·M I(25,5)4→3 =
[12
12 1
11 0
]
·
[ 9
9 1
3 0
]
=

9 3
9 1 0
3 0 1
11 0 0
 · [
9
9 1
3 0
]
=

9
9 1
3 0
11 0
 = [
9
9 1
14 0
]
M
I(23,2)
4→3 · f4 =

9 7
9 1 0
7 0 0
7 0 1
 · [
9
9 1
7 0
]
=

9
9 1
7 0
7 0
 = [
9
9 1
14 0
]
f3 ·M I(25,5)4→3 −M I(23,2)4→3 · f4 =
[ 9
9 1
14 0
]
−
[ 9
9 1
14 0
]
=
[ 9
23 0
]
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4. f4 ·M I(25,5)5→4 −M I(23,2)5→4 · f5 = 0
f4 ·M I(25,5)5→4 =
[ 9
9 1
7 0
]
·

4
1 0
4 1
4 0
 =

1 4 4
1 1 0 0
4 0 1 0
4 0 0 1
7 0 0 0
 ·

4
1 0
4 1
4 0
 =

4
1 0
4 1
4 0
7 0
 =

4
1 0
4 1
11 0

M
I(23,2)
5→4 · f5 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 4
4 1
4 0
]
=

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

4
4 1
1 0
3 0
 =

4
1 0
4 1
7 0
1 0
3 0
 =

4
1 0
4 1
11 0

f4 ·M I(25,5)5→4 −M I(23,2)5→4 · f5 =

4
1 0
4 1
11 0
−

4
1 0
4 1
11 0
 = [ 416 0 ]
5. f3 ·M I(25,5)6→3 −M I(23,2)6→3 · f6 = 0
f3 ·M I(25,5)6→3 =
[12
12 1
11 0
]
·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3 1 3
1 1 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
11 0 0 0 0 0 0

·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
11 0 0 0 0

M
I(23,2)
6→3 · f6 =

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·
[ 8
8 1
8 0
]
=

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
8 0 0 0 0
 =

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
8 0 0 0 0
3 0 0 0 0

=

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
11 0 0 0 0

f3 ·M I(25,5)6→3 −M I(23,2)6→3 · f6 =

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
11 0 0 0 0

−

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
11 0 0 0 0

=
[ 8
23 0
]
6. f6 ·M I(25,5)7→6 −M I(23,2)7→6 · f7 = 0
f6 ·M I(25,5)7→6 =
[ 8
8 1
8 0
]
·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 1 3 3
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
8 0 0 0 0
 ·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
1 0 0
1 1 0
3 0 1
3 0 1
8 0 0

M
I(23,2)
7→6 · f7 =

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

·
[ 4
4 1
4 0
]
=

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

·

1 3
1 1 0
3 0 1
4 0 0
 =

1 3
1 0 0
1 1 0
3 0 1
3 0 1
4 0 0
4 0 0

=

1 3
1 0 0
1 1 0
3 0 1
3 0 1
8 0 0

f6 ·M I(25,5)7→6 −M I(23,2)7→6 · f7 =

1 3
1 0 0
1 1 0
3 0 1
3 0 1
8 0 0
−

1 3
1 0 0
1 1 0
3 0 1
3 0 1
8 0 0
 =
[ 4
16 0
]
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Relations of the projection g : I(23, 2)→ I(22, 7) P
1. g2 ·M I(23,2)1→2 −M I(22,7)1→2 · g1 = 0
g2 ·M I(23,2)1→2 =
[ 8 7
7 0 1
]
·

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

1 3 1 3 1 3 3
1 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

1 3 1 3
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=

1 3 1 3
1 0 0 1 0
3 0 0 0 1
3 0 0 0 1
 =

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1

M
I(22,7)
1→2 · g1 =

1 3
1 1 0
3 0 1
3 0 1
 · [ 4 44 0 1 ] =

1 3
1 1 0
3 0 1
3 0 1
 · [
4 1 3
1 0 1 0
3 0 0 1
]
=

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1

g2 ·M I(23,2)1→2 −M I(22,7)1→2 · g1 =

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1
−

4 1 3
1 0 1 0
3 0 0 1
3 0 0 1
 = [ 87 0 ]
2. g3 ·M I(23,2)2→3 −M I(22,7)2→3 · g2 = 0
g3 ·M I(23,2)2→3 =
[12 11
11 0 1
]
·

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

1 4 7 3 1 3 1 3
3 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
 ·

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

1 7 3 1 3
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
 =

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
I(22,7)
2→3 · g2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[ 8 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

g3 ·M I(23,2)2→3 −M I(22,7)2→3 · g2 =

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
−

8 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
 =
[15
11 0
]
3. g3 ·M I(23,2)4→3 −M I(22,7)4→3 · g4 = 0
g3 ·M I(23,2)4→3 =
[12 11
11 0 1
]
·

9 7
9 1 0
7 0 0
7 0 1
 = [
9 3 4 7
4 0 0 1 0
7 0 0 0 1
]
·

9 7
9 1 0
3 0 0
4 0 0
7 0 1
 =
[ 9 7
4 0 0
7 0 1
]
M
I(22,7)
4→3 · g4 =
[ 7
4 0
7 1
]
·
[ 9 7
7 0 1
]
=
[ 9 7
4 0 0
7 0 1
]
g3 ·M I(23,2)4→3 −M I(22,7)4→3 · g4 =
[ 9 7
4 0 0
7 0 1
]
−
[ 9 7
4 0 0
7 0 1
]
=
[16
11 0
]
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4. g4 ·M I(23,2)5→4 −M I(22,7)5→4 · g5 = 0
g4 ·M I(23,2)5→4 =
[ 9 7
7 0 1
]
·

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 =

1 4 4 3 1 3
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

4 1 3
1 0 1 0
4 1 0 0
4 0 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=

4 1 3
3 0 0 0
1 0 1 0
3 0 0 1
 = [
4 4
3 0 0
4 0 1
]
M
I(22,7)
5→4 · g5 =
[ 4
3 0
4 1
]
·
[ 4 4
4 0 1
]
=
[ 4 4
3 0 0
4 0 1
]
g4 ·M I(23,2)5→4 −M I(22,7)5→4 · g5 =
[ 4 4
3 0 0
4 0 1
]
−
[ 4 4
3 0 0
4 0 1
]
=
[ 8
7 0
]
5. g3 ·M I(23,2)6→3 −M I(22,7)6→3 · g6 = 0
g3 ·M I(23,2)6→3 =
[12 11
11 0 1
]
·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 3 1 3 1 3 8 3
8 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
]
·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 3 1 3 8
8 0 0 0 0 1
3 0 0 0 0 0
]
=
[ 8 8
8 0 1
3 0 0
]
M
I(22,7)
6→3 · g6 =
[ 8
8 1
3 0
]
·
[ 8 8
8 0 1
]
=
[ 8 8
8 0 1
3 0 0
]
g3 ·M I(23,2)6→3 −M I(22,7)6→3 · g6 =
[ 8 8
8 0 1
3 0 0
]
−
[ 8 8
8 0 1
3 0 0
]
=
[16
11 0
]
6. g6 ·M I(23,2)7→6 −M I(22,7)7→6 · g7 = 0
g6 ·M I(23,2)7→6 =
[ 8 8
8 0 1
]
·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=
[ 1 1 3 3 4 4
4 0 0 0 0 1 0
4 0 0 0 0 0 1
]
·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=
[ 1 3 4
4 0 0 1
4 0 0 0
]
=
[ 4 4
4 0 1
4 0 0
]
M
I(22,7)
7→6 · g7 =
[ 4
4 1
4 0
]
·
[ 4 4
4 0 1
]
=
[ 4 4
4 0 1
4 0 0
]
g6 ·M I(23,2)7→6 −M I(22,7)7→6 · g7 =
[ 4 4
4 0 1
4 0 0
]
−
[ 4 4
4 0 1
4 0 0
]
=
[ 8
8 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 8 7
7 0 1
]
·
[ 8
8 1
7 0
]
=
[ 8
7 0
]
2494
3. g3 · f3 = 0
g3 · f3 =
[12 11
11 0 1
]
·
[12
12 1
11 0
]
=
[12
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 9 7
7 0 1
]
·
[ 9
9 1
7 0
]
=
[ 9
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 8 8
8 0 1
]
·
[ 8
8 1
8 0
]
=
[ 8
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 4
4 0 1
]
·
[ 4
4 1
4 0
]
=
[ 4
4 0
]
147.4.2 0→ I(25, 7) f→ I(23, 2) g→ I(22, 5)→ 0 
PdimI(25, 7) + dimI(22, 5) = (4, 8, 12, 8, 4, 9, 4) + (4, 7, 11, 8, 4, 7, 4)
= (8, 15, 23, 16, 8, 16, 8) = dimI(23, 2)
Pdimk Ext
1
kQ(I(22, 5), I(25, 7)) = dimk HomkQ(I(22, 5), I(25, 7))− 〈dimI(22, 5),dimI(25, 7)〉
= 0− 〈(4, 7, 11, 8, 4, 7, 4), (4, 8, 12, 8, 4, 9, 4)〉
= 4 · 8 + 7 · 12 + 8 · 12 + 4 · 8 + 7 · 12 + 4 · 9− (4 · 4 + 7 · 8 + 11 · 12 + 8 · 8 + 4 · 4 + 7 · 9 + 4 · 4)
= 32 + 84 + 96 + 32 + 84 + 36− (16 + 56 + 132 + 64 + 16 + 63 + 16)
= 1
Matrices of the embedding f : I(25, 7)→ I(23, 2) P
1. f1 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M23,12(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M16,9(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(23, 2)→ I(22, 5) P
1. g1 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M7,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M11,23(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

∈M8,16(k) is already in row echelon form and has maximal row rank.
5. g5 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

∈M7,16(k) is already in row echelon form and has maximal row rank.
7. g7 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
 ∈M4,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(25, 7)→ I(23, 2) P
1. f2 ·M I(25,7)1→2 −M I(23,2)1→2 · f1 = 0
f2 ·M I(25,7)1→2 =

1 7
1 1 0
7 0 0
7 0 1
 ·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 1 3 3
1 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 ·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
1 0 0
7 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
8 0 0
1 1 0
3 0 1
3 0 1

M
I(23,2)
1→2 · f1 =

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·
[ 4
4 0
4 1
]
=

1 3 1 3
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·

1 3
1 0 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 0 0
3 0 0
1 0 0
3 0 0
1 1 0
3 0 1
3 0 1

=

1 3
8 0 0
1 1 0
3 0 1
3 0 1

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f2 ·M I(25,7)1→2 −M I(23,2)1→2 · f1 =

1 3
8 0 0
1 1 0
3 0 1
3 0 1
−

1 3
8 0 0
1 1 0
3 0 1
3 0 1
 =
[ 4
15 0
]
2. f3 ·M I(25,7)2→3 −M I(23,2)2→3 · f2 = 0
f3 ·M I(25,7)2→3 =

1 11
1 1 0
11 0 0
11 0 1
 ·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3 1 3
1 1 0 0 0 0 0
11 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
I(23,2)
2→3 · f2 =

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

1 7
1 1 0
7 0 0
7 0 1
 =

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

1 3 1 3
1 1 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

1 3 1 3
1 1 0 0 0
4 0 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

f3 ·M I(25,7)2→3 −M I(23,2)2→3 · f2 =

1 3 1 3
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

−

1 3 1 3
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=
[ 8
23 0
]
3. f3 ·M I(25,7)4→3 −M I(23,2)4→3 · f4 = 0
f3 ·M I(25,7)4→3 =

1 11
1 1 0
11 0 0
11 0 1
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 4 7
1 1 0 0
11 0 0 0
4 0 1 0
7 0 0 1
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 7
1 1 0
11 0 0
4 0 0
7 0 1
 =

1 7
1 1 0
15 0 0
7 0 1

M
I(23,2)
4→3 · f4 =

9 7
9 1 0
7 0 0
7 0 1
 ·

1 7
1 1 0
8 0 0
7 0 1
 =

1 8 7
1 1 0 0
8 0 1 0
7 0 0 0
7 0 0 1
 ·

1 7
1 1 0
8 0 0
7 0 1
 =

1 7
1 1 0
8 0 0
7 0 0
7 0 1
 =

1 7
1 1 0
15 0 0
7 0 1

f3 ·M I(25,7)4→3 −M I(23,2)4→3 · f4 =

1 7
1 1 0
15 0 0
7 0 1
−

1 7
1 1 0
15 0 0
7 0 1
 = [ 823 0 ]
4. f4 ·M I(25,7)5→4 −M I(23,2)5→4 · f5 = 0
f4 ·M I(25,7)5→4 =

1 7
1 1 0
8 0 0
7 0 1
 ·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3 1 3
1 1 0 0 0
8 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 ·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
8 0 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
11 0 0
1 1 0
3 0 1

M
I(23,2)
5→4 · f5 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 4
4 0
4 1
]
=

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

1 3
4 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
4 0 0
7 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
11 0 0
1 1 0
3 0 1

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f4 ·M I(25,7)5→4 −M I(23,2)5→4 · f5 =

1 3
1 1 0
11 0 0
1 1 0
3 0 1
−

1 3
1 1 0
11 0 0
1 1 0
3 0 1
 =
[ 4
16 0
]
5. f3 ·M I(25,7)6→3 −M I(23,2)6→3 · f6 = 0
f3 ·M I(25,7)6→3 =

1 11
1 1 0
11 0 0
11 0 1
 · [
9
9 1
3 0
]
=

1 8 3
1 1 0 0
11 0 0 0
8 0 1 0
3 0 0 1
 ·

1 8
1 1 0
8 0 1
3 0 0
 =

1 8
1 1 0
11 0 0
8 0 1
3 0 0

M
I(23,2)
6→3 · f6 =

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

1 8
1 1 0
7 0 0
8 0 1
 =

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

1 8
1 1 0
3 0 0
1 0 0
3 0 0
8 0 1
 =

1 8
1 1 0
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0
8 0 1
3 0 0

=

1 8
1 1 0
11 0 0
8 0 1
3 0 0

f3 ·M I(25,7)6→3 −M I(23,2)6→3 · f6 =

1 8
1 1 0
11 0 0
8 0 1
3 0 0
−

1 8
1 1 0
11 0 0
8 0 1
3 0 0
 =
[ 9
23 0
]
6. f6 ·M I(25,7)7→6 −M I(23,2)7→6 · f7 = 0
f6 ·M I(25,7)7→6 =

1 8
1 1 0
7 0 0
8 0 1
 ·

4
1 0
4 1
4 0
 =

1 4 4
1 1 0 0
7 0 0 0
4 0 1 0
4 0 0 1
 ·

4
1 0
4 1
4 0
 =

4
1 0
7 0
4 1
4 0
 =

4
8 0
4 1
4 0

M
I(23,2)
7→6 · f7 =

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

·
[ 4
4 0
4 1
]
=

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

·

4
1 0
3 0
4 1
 =

4
1 0
1 0
3 0
3 0
4 1
4 0

=

4
8 0
4 1
4 0

f6 ·M I(25,7)7→6 −M I(23,2)7→6 · f7 =

4
8 0
4 1
4 0
−

4
8 0
4 1
4 0
 = [ 416 0 ]
Relations of the projection g : I(23, 2)→ I(22, 5) P
1. g2 ·M I(23,2)1→2 −M I(22,5)1→2 · g1 = 0
g2 ·M I(23,2)1→2 =
[ 1 7 7
7 0 1 0
]
·

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

1 3 1 3 1 3 3
3 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
 ·

1 3 1 3
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=

1 3 1 3
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
 = [
4 4
3 0 0
4 1 0
]
M
I(22,5)
1→2 · g1 =
[ 4
3 0
4 1
]
·
[ 4 4
4 1 0
]
=
[ 4 4
3 0 0
4 1 0
]
g2 ·M I(23,2)1→2 −M I(22,5)1→2 · g1 =
[ 4 4
3 0 0
4 1 0
]
−
[ 4 4
3 0 0
4 1 0
]
=
[ 8
7 0
]
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2. g3 ·M I(23,2)2→3 −M I(22,5)2→3 · g2 = 0
g3 ·M I(23,2)2→3 =
[ 1 11 11
11 0 1 0
]
·

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=
[ 1 4 7 3 1 3 1 3
4 0 1 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0
]
·

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=
[ 1 7 3 1 3
4 0 0 0 0 0
7 0 1 0 0 0
]
=
[ 1 7 7
4 0 0 0
7 0 1 0
]
M
I(22,5)
2→3 · g2 =
[ 7
4 0
7 1
]
·
[ 1 7 7
7 0 1 0
]
=
[ 1 7 7
4 0 0 0
7 0 1 0
]
g3 ·M I(23,2)2→3 −M I(22,5)2→3 · g2 =
[ 1 7 7
4 0 0 0
7 0 1 0
]
−
[ 1 7 7
4 0 0 0
7 0 1 0
]
=
[15
11 0
]
3. g3 ·M I(23,2)4→3 −M I(22,5)4→3 · g4 = 0
g3 ·M I(23,2)4→3 =
[ 1 11 11
11 0 1 0
]
·

9 7
9 1 0
7 0 0
7 0 1
 = [
1 8 3 4 7
8 0 1 0 0 0
3 0 0 1 0 0
]
·

1 8 7
1 1 0 0
8 0 1 0
3 0 0 0
4 0 0 0
7 0 0 1
 =
[ 1 8 7
8 0 1 0
3 0 0 0
]
M
I(22,5)
4→3 · g4 =
[ 8
8 1
3 0
]
·
[ 1 8 7
8 0 1 0
]
=
[ 1 8 7
8 0 1 0
3 0 0 0
]
g3 ·M I(23,2)4→3 −M I(22,5)4→3 · g4 =
[ 1 8 7
8 0 1 0
3 0 0 0
]
−
[ 1 8 7
8 0 1 0
3 0 0 0
]
=
[16
11 0
]
4. g4 ·M I(23,2)5→4 −M I(22,5)5→4 · g5 = 0
g4 ·M I(23,2)5→4 =
[ 1 8 7
8 0 1 0
]
·

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 =
[ 1 4 4 3 1 3
4 0 1 0 0 0 0
4 0 0 1 0 0 0
]
·

4 1 3
1 0 1 0
4 1 0 0
4 0 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=
[ 4 1 3
4 1 0 0
4 0 0 0
]
=
[ 4 4
4 1 0
4 0 0
]
M
I(22,5)
5→4 · g5 =
[ 4
4 1
4 0
]
·
[ 4 4
4 1 0
]
=
[ 4 4
4 1 0
4 0 0
]
g4 ·M I(23,2)5→4 −M I(22,5)5→4 · g5 =
[ 4 4
4 1 0
4 0 0
]
−
[ 4 4
4 1 0
4 0 0
]
=
[ 8
8 0
]
5. g3 ·M I(23,2)6→3 −M I(22,5)6→3 · g6 = 0
g3 ·M I(23,2)6→3 =
[ 1 11 11
11 0 1 0
]
·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=

1 3 1 3 1 3 8 3
3 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
3 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
 ·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=

1 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0

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M
I(22,5)
6→3 · g6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[ 1 7 8
7 0 1 0
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

1 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
 =

1 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0

g3 ·M I(23,2)6→3 −M I(22,5)6→3 · g6 =

1 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
−

1 3 1 3 8
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
 =
[16
11 0
]
6. g6 ·M I(23,2)7→6 −M I(22,5)7→6 · g7 = 0
g6 ·M I(23,2)7→6 =
[ 1 7 8
7 0 1 0
]
·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=

1 1 3 3 4 4
1 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
 ·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=

1 3 4
1 1 0 0
3 0 1 0
3 0 1 0

M
I(22,5)
7→6 · g7 =

1 3
1 1 0
3 0 1
3 0 1
 · [ 4 44 1 0 ] =

1 3
1 1 0
3 0 1
3 0 1
 · [
1 3 4
1 1 0 0
3 0 1 0
]
=

1 3 4
1 1 0 0
3 0 1 0
3 0 1 0

g6 ·M I(23,2)7→6 −M I(22,5)7→6 · g7 =

1 3 4
1 1 0 0
3 0 1 0
3 0 1 0
−

1 3 4
1 1 0 0
3 0 1 0
3 0 1 0
 = [ 87 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 4
4 1 0
]
·
[ 4
4 0
4 1
]
=
[ 4
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 7 7
7 0 1 0
]
·

1 7
1 1 0
7 0 0
7 0 1
 = [ 87 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 11 11
11 0 1 0
]
·

1 11
1 1 0
11 0 0
11 0 1
 = [1211 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 8 7
8 0 1 0
]
·

1 7
1 1 0
8 0 0
7 0 1
 = [ 88 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 4 4
4 1 0
]
·
[ 4
4 0
4 1
]
=
[ 4
4 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 1 7 8
7 0 1 0
]
·

1 8
1 1 0
7 0 0
8 0 1
 = [ 97 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 4 4
4 1 0
]
·
[ 4
4 0
4 1
]
=
[ 4
4 0
]
147.5 Tree module property of I(6n+ 5, 2) 
The matrices of the representation have full (column) rank P
1. M I(6n+5,2)1→2 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
2. M I(6n+5,2)2→3 =

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]
∈M6n+5,4n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,2)
2→3 =

1 2n+1 n 1 n
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1

3. M I(6n+5,2)4→3 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+5,4n+4(k) is already in column echelon form and has maximal column rank.
4. M I(6n+5,2)5→4 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ∈M4n+4,2n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,2)
5→4 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

c1↔c2−−−−→

1 n+1 n
1 1 0 0
n+1 0 1 0
2n+1 0 0 0
1 1 0 0
n 0 0 1

5. M I(6n+5,2)6→3 =

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M6n+5,4n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,2)
6→3 =

1 n 1 n 2n+2
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+2 0 0 0 0 1
n 0 0 0 0 0

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6. M I(6n+5,2)7→6 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

∈M4n+4,2n+2(k) is already in column echelon form and has maximal column rank.
147.5.1 0→ I(6n+ 7, 5) i→ I(6n+ 5, 2) p→ I(6n+ 4, 7)→ 0 
PdimI(6n+ 7, 5) + dimI(6n+ 4, 7) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 3, n+ 1, 2n+ 2, n+ 1) + (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 2, n+ 1)
= (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2) = dimI(6n+ 5, 2)
Pdimk Ext
1
kQ(I(6n+ 4, 7), I(6n+ 7, 5)) = dimk HomkQ(I(6n+ 4, 7), I(6n+ 7, 5))− 〈dimI(6n+ 4, 7),dimI(6n+ 7, 5)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 2, n+ 1), (n+ 1, 2n+ 2, 3n+ 3, 2n+ 3, n+ 1, 2n+ 2, n+ 1)〉
= (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 3) + (2n+ 1) · (3n+ 3) + (n+ 1) · (2n+ 3) + (2n+ 2) · (3n+ 3) + (n+ 1) · (2n+ 2)
− ((n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 2) + (3n+ 2) · (3n+ 3) + (2n+ 1) · (2n+ 3) + (n+ 1) · (n+ 1) + (2n+ 2) · (2n+ 2) + (n+ 1) · (n+ 1))
= 2n2 + 4n+ 2 + 6n2 + 9n+ 3 + 6n2 + 9n+ 3 + 2n2 + 5n+ 3 + 6n2 + 12n+ 6 + 2n2 + 4n+ 2
− (n2 + 2n+ 1 + 4n2 + 6n+ 2 + 9n2 + 15n+ 6 + 4n2 + 8n+ 3 + n2 + 2n+ 1 + 4n2 + 8n+ 4 + n2 + 2n+ 1)
= 1
Representation of I(6n+ 7, 5) = I(6n+ 1, 5)[n 7→ n+ 1] 
Dimension vector: dimI(6n+ 7, 5) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 3, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. M I(6n+7,5)1→2 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 ∈M2n+2,n+1(k)
2. M I(6n+7,5)2→3 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 ∈M3n+3,2n+2(k)
3. M I(6n+7,5)4→3 =
[2n+3
2n+3 1
n 0
]
∈M3n+3,2n+3(k)
4. M I(6n+7,5)5→4 =

n+1
1 0
n+1 1
n+1 0
 ∈M2n+3,n+1(k)
5. M I(6n+7,5)6→3 =
[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
]
∈M3n+3,2n+2(k)
6. M I(6n+7,5)7→6 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 ∈M2n+2,n+1(k)
Matrices of the embedding i : I(6n+ 7, 5)→ I(6n+ 5, 2) P
1. i1 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+2
2n+2 1
2n+1 0
]
∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+3
3n+3 1
3n+2 0
]
∈M6n+5,3n+3(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+3
2n+3 1
2n+1 0
]
∈M4n+4,2n+3(k) is already in column echelon form and has maximal column rank.
5. i5 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
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6. i6 =
[2n+2
2n+2 1
2n+2 0
]
∈M4n+4,2n+2(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
n+1 0
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 5, 2)→ I(6n+ 4, 7) P
1. p1 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+2 2n+1
2n+1 0 1
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+3 3n+2
3n+2 0 1
]
∈M3n+2,6n+5(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+3 2n+1
2n+1 0 1
]
∈M2n+1,4n+4(k) is already in row echelon form and has maximal row rank.
5. p5 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+2 2n+2
2n+2 0 1
]
∈M2n+2,4n+4(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 n+1
n+1 0 1
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 7, 5)→ I(6n+ 5, 2) P
1. i2 ·M I(6n+7,5)1→2 −M I(6n+5,2)1→2 · i1 = 0
i2 ·M I(6n+7,5)1→2 =
[2n+2
2n+2 1
2n+1 0
]
·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
2n+1 0 0

M
I(6n+5,2)
1→2 · i1 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·
[n+1
n+1 1
n+1 0
]
=

1 n 1 n
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

1 n
1 1 0
n 0 1
1 0 0
n 0 0
 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
1 0 0
n 0 0
n 0 0

=

1 n
1 1 0
n 0 0
1 1 0
n 0 1
2n+1 0 0

i2 ·M I(6n+7,5)1→2 −M I(6n+5,2)1→2 · i1 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
2n+1 0 0
−

1 n
1 1 0
n 0 0
1 1 0
n 0 1
2n+1 0 0
 =
[n+1
4n+3 0
]
2. i3 ·M I(6n+7,5)2→3 −M I(6n+5,2)2→3 · i2 = 0
i3 ·M I(6n+7,5)2→3 =
[3n+3
3n+3 1
3n+2 0
]
·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 n+1 2n+1
1 1 0 0
n+1 0 1 0
2n+1 0 0 1
3n+2 0 0 0
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0

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M
I(6n+5,2)
2→3 · i2 =


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

·
[2n+2
2n+2 1
2n+1 0
]
=

1 2n+1 2n+1
1 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 1
2n+1 0 0
+ [
2n+2 2n+1
4n+4 0 0
2n+1 0 1
]
·
[2n+2
2n+2 1
2n+1 0
]
=

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
2n+1 0 0
n+1 0 0
+
[2n+2
4n+4 0
2n+1 0
]
=

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
n+1 0 0
n 0 0
n+1 0 0

+

1 2n+1
1 0 0
n+1 0 0
2n+1 0 0
n+1 0 0
n 0 0
n+1 0 0

=

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0

i3 ·M I(6n+7,5)2→3 −M I(6n+5,2)2→3 · i2 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0
−

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
3n+2 0 0
 =
[2n+2
6n+5 0
]
3. i3 ·M I(6n+7,5)4→3 −M I(6n+5,2)4→3 · i4 = 0
i3 ·M I(6n+7,5)4→3 =
[3n+3
3n+3 1
3n+2 0
]
·
[2n+3
2n+3 1
n 0
]
=

2n+3 n
2n+3 1 0
n 0 1
3n+2 0 0
 · [
2n+3
2n+3 1
n 0
]
=

2n+3
2n+3 1
n 0
3n+2 0
 = [
2n+3
2n+3 1
4n+2 0
]
M
I(6n+5,2)
4→3 · i4 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 · [
2n+3
2n+3 1
2n+1 0
]
=

2n+3
2n+3 1
2n+1 0
2n+1 0
 = [
2n+3
2n+3 1
4n+2 0
]
i3 ·M I(6n+7,5)4→3 −M I(6n+5,2)4→3 · i4 =
[2n+3
2n+3 1
4n+2 0
]
−
[2n+3
2n+3 1
4n+2 0
]
=
[2n+3
6n+5 0
]
4. i4 ·M I(6n+7,5)5→4 −M I(6n+5,2)5→4 · i5 = 0
i4 ·M I(6n+7,5)5→4 =
[2n+3
2n+3 1
2n+1 0
]
·

n+1
1 0
n+1 1
n+1 0
 =

1 n+1 n+1
1 1 0 0
n+1 0 1 0
n+1 0 0 1
2n+1 0 0 0
 ·

n+1
1 0
n+1 1
n+1 0
 =

n+1
1 0
n+1 1
n+1 0
2n+1 0
 =

n+1
1 0
n+1 1
3n+2 0

M
I(6n+5,2)
5→4 · i5 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·
[n+1
n+1 1
n+1 0
]
=

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

n+1
n+1 1
1 0
n 0
 =

n+1
1 0
n+1 1
2n+1 0
1 0
n 0
 =

n+1
1 0
n+1 1
3n+2 0

i4 ·M I(6n+7,5)5→4 −M I(6n+5,2)5→4 · i5 =

n+1
1 0
n+1 1
3n+2 0
−

n+1
1 0
n+1 1
3n+2 0
 = [n+14n+4 0 ]
5. i3 ·M I(6n+7,5)6→3 −M I(6n+5,2)6→3 · i6 = 0
i3 ·M I(6n+7,5)6→3 =
[3n+3
3n+3 1
3n+2 0
]
·

[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
] =

2n+2 n+1
2n+2 1 0
n+1 0 1
3n+2 0 0
 · [
2n+2
2n+2 1
n+1 0
]
+

n+2 2n+1
n+2 1 0
2n+1 0 1
3n+2 0 0
 · [
1 2n+1
n+2 0 0
2n+1 0 1
]
=

2n+2
2n+2 1
n+1 0
3n+2 0
+

1 2n+1
n+2 0 0
2n+1 0 1
3n+2 0 0
 =

1 n+1 n
1 1 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
3n+2 0 0 0
+

1 n n+1
1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
3n+2 0 0 0
 =

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+2 0 0 0 0

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M
I(6n+5,2)
6→3 · i6 =


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·
[2n+2
2n+2 1
2n+2 0
]
=

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
 ·
[2n+2
2n+2 1
2n+2 0
]
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 1
2n+2 0 0

=

2n+2
2n+2 1
n+1 0
2n+2 0
n 0
+

1 2n+1
n+2 0 0
2n+1 0 1
3n+2 0 0
 =

1 n+1 n
1 1 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
2n+2 0 0 0
n 0 0 0

+

1 n n+1
1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
2n+2 0 0 0
n 0 0 0

=

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+2 0 0 0 0

i3 ·M I(6n+7,5)6→3 −M I(6n+5,2)6→3 · i6 =

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+2 0 0 0 0

−

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
3n+2 0 0 0 0

=
[2n+2
6n+5 0
]
6. i6 ·M I(6n+7,5)7→6 −M I(6n+5,2)7→6 · i7 = 0
i6 ·M I(6n+7,5)7→6 =
[2n+2
2n+2 1
2n+2 0
]
·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 1 n n
1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n+2 0 0 0 0
 ·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
2n+2 0 0

M
I(6n+5,2)
7→6 · i7 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

·
[n+1
n+1 1
n+1 0
]
=

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

·

1 n
1 1 0
n 0 1
n+1 0 0
 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
n+1 0 0
n+1 0 0

=

1 n
1 0 0
1 1 0
n 0 1
n 0 1
2n+2 0 0

i6 ·M I(6n+7,5)7→6 −M I(6n+5,2)7→6 · i7 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
2n+2 0 0
−

1 n
1 0 0
1 1 0
n 0 1
n 0 1
2n+2 0 0
 =
[n+1
4n+4 0
]
Relations of the projection p : I(6n+ 5, 2)→ I(6n+ 4, 7) P
1. p2 ·M I(6n+5,2)1→2 −M I(6n+4,7)1→2 · p1 = 0
p2 ·M I(6n+5,2)1→2 =
[2n+2 2n+1
2n+1 0 1
]
·

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

1 n 1 n 1 n n
1 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
 ·

1 n 1 n
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=

1 n 1 n
1 0 0 1 0
n 0 0 0 1
n 0 0 0 1
 =

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1

M
I(6n+4,7)
1→2 · p1 =

1 n
1 1 0
n 0 1
n 0 1
 · [n+1 n+1n+1 0 1 ] =

1 n
1 1 0
n 0 1
n 0 1
 · [
n+1 1 n
1 0 1 0
n 0 0 1
]
=

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1

p2 ·M I(6n+5,2)1→2 −M I(6n+4,7)1→2 · p1 =

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1
−

n+1 1 n
1 0 1 0
n 0 0 1
n 0 0 1
 = [2n+22n+1 0 ]
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2. p3 ·M I(6n+5,2)2→3 −M I(6n+4,7)2→3 · p2 = 0
p3 ·M I(6n+5,2)2→3 =
[3n+3 3n+2
3n+2 0 1
]
·


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

=
[ 1 n+1 2n+1 2n+1 n+1
2n+1 0 0 0 1 0
n+1 0 0 0 0 1
]
·

1 2n+1 2n+1
1 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
+
[3n+3 n+1 2n+1
n+1 0 1 0
2n+1 0 0 1
]
·

2n+2 2n+1
3n+3 0 0
n+1 0 0
2n+1 0 1

=
[ 1 2n+1 2n+1
2n+1 0 0 1
n+1 0 0 0
]
+
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
=

1 2n+1 n+1 n
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
+

1 2n+1 n n+1
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
I(6n+4,7)
2→3 · p2 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[2n+2 2n+1
2n+1 0 1
]
=
[2n+1
2n+1 1
n+1 0
]
·
[2n+2 2n+1
2n+1 0 1
]
+
[2n+1
n+1 0
2n+1 1
]
·
[2n+2 2n+1
2n+1 0 1
]
=
[2n+2 2n+1
2n+1 0 1
n+1 0 0
]
+
[2n+2 2n+1
n+1 0 0
2n+1 0 1
]
=

2n+2 n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

2n+2 n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

p3 ·M I(6n+5,2)2→3 −M I(6n+4,7)2→3 · p2 =

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
−

2n+2 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
 =
[4n+3
3n+2 0
]
3. p3 ·M I(6n+5,2)4→3 −M I(6n+4,7)4→3 · p4 = 0
p3 ·M I(6n+5,2)4→3 =
[3n+3 3n+2
3n+2 0 1
]
·

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 = [
2n+3 n n+1 2n+1
n+1 0 0 1 0
2n+1 0 0 0 1
]
·

2n+3 2n+1
2n+3 1 0
n 0 0
n+1 0 0
2n+1 0 1
 =
[2n+3 2n+1
n+1 0 0
2n+1 0 1
]
M
I(6n+4,7)
4→3 · p4 =
[2n+1
n+1 0
2n+1 1
]
·
[2n+3 2n+1
2n+1 0 1
]
=
[2n+3 2n+1
n+1 0 0
2n+1 0 1
]
p3 ·M I(6n+5,2)4→3 −M I(6n+4,7)4→3 · p4 =
[2n+3 2n+1
n+1 0 0
2n+1 0 1
]
−
[2n+3 2n+1
n+1 0 0
2n+1 0 1
]
=
[4n+4
3n+2 0
]
4. p4 ·M I(6n+5,2)5→4 −M I(6n+4,7)5→4 · p5 = 0
p4 ·M I(6n+5,2)5→4 =
[2n+3 2n+1
2n+1 0 1
]
·

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 =

1 n+1 n+1 n 1 n
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n+1 1 n
1 0 1 0
n+1 1 0 0
n+1 0 0 0
n 0 0 0
1 0 1 0
n 0 0 1

=

n+1 1 n
n 0 0 0
1 0 1 0
n 0 0 1
 = [
n+1 n+1
n 0 0
n+1 0 1
]
M
I(6n+4,7)
5→4 · p5 =
[n+1
n 0
n+1 1
]
·
[n+1 n+1
n+1 0 1
]
=
[n+1 n+1
n 0 0
n+1 0 1
]
p4 ·M I(6n+5,2)5→4 −M I(6n+4,7)5→4 · p5 =
[n+1 n+1
n 0 0
n+1 0 1
]
−
[n+1 n+1
n 0 0
n+1 0 1
]
=
[2n+2
2n+1 0
]
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5. p3 ·M I(6n+5,2)6→3 −M I(6n+4,7)6→3 · p6 = 0
p3 ·M I(6n+5,2)6→3 =
[3n+3 3n+2
3n+2 0 1
]
·


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=
[2n+2 n+1 2n+2 n
2n+2 0 0 1 0
n 0 0 0 1
]
·

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+
[n+2 2n+1 3n+2
3n+2 0 0 1
]
·

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0

=
[2n+2 2n+2
2n+2 0 1
n 0 0
]
+
[ 1 2n+1 2n+2
3n+2 0 0 0
]
=
[ 1 2n+1 2n+2
2n+2 0 0 1
n 0 0 0
]
+
[ 1 2n+1 2n+2
2n+2 0 0 0
n 0 0 0
]
=
[2n+2 2n+2
2n+2 0 1
n 0 0
]
M
I(6n+4,7)
6→3 · p6 =
[2n+2
2n+2 1
n 0
]
·
[2n+2 2n+2
2n+2 0 1
]
=
[2n+2 2n+2
2n+2 0 1
n 0 0
]
p3 ·M I(6n+5,2)6→3 −M I(6n+4,7)6→3 · p6 =
[2n+2 2n+2
2n+2 0 1
n 0 0
]
−
[2n+2 2n+2
2n+2 0 1
n 0 0
]
=
[4n+4
3n+2 0
]
6. p6 ·M I(6n+5,2)7→6 −M I(6n+4,7)7→6 · p7 = 0
p6 ·M I(6n+5,2)7→6 =
[2n+2 2n+2
2n+2 0 1
]
·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=
[ 1 1 n n n+1 n+1
n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
]
·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=
[ 1 n n+1
n+1 0 0 1
n+1 0 0 0
]
=
[n+1 n+1
n+1 0 1
n+1 0 0
]
M
I(6n+4,7)
7→6 · p7 =
[n+1
n+1 1
n+1 0
]
·
[n+1 n+1
n+1 0 1
]
=
[n+1 n+1
n+1 0 1
n+1 0 0
]
p6 ·M I(6n+5,2)7→6 −M I(6n+4,7)7→6 · p7 =
[n+1 n+1
n+1 0 1
n+1 0 0
]
−
[n+1 n+1
n+1 0 1
n+1 0 0
]
=
[2n+2
2n+2 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+2 2n+1
2n+1 0 1
]
·
[2n+2
2n+2 1
2n+1 0
]
=
[2n+2
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+3 3n+2
3n+2 0 1
]
·
[3n+3
3n+3 1
3n+2 0
]
=
[3n+3
3n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+3 2n+1
2n+1 0 1
]
·
[2n+3
2n+3 1
2n+1 0
]
=
[2n+3
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
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6. p6 · i6 = 0
p6 · i6 =
[2n+2 2n+2
2n+2 0 1
]
·
[2n+2
2n+2 1
2n+2 0
]
=
[2n+2
2n+2 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 n+1
n+1 0 1
]
·
[n+1
n+1 1
n+1 0
]
=
[n+1
n+1 0
]
147.5.2 0→ I(6n+ 7, 7) f→ I(6n+ 5, 2) g→ I(6n+ 4, 5)→ 0 
PdimI(6n+ 7, 7) + dimI(6n+ 4, 5) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 3, n+ 1) + (n+ 1, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n+ 1)
= (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2) = dimI(6n+ 5, 2)
Pdimk Ext
1
kQ(I(6n+ 4, 5), I(6n+ 7, 7)) = dimk HomkQ(I(6n+ 4, 5), I(6n+ 7, 7))− 〈dimI(6n+ 4, 5),dimI(6n+ 7, 7)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n+ 1), (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 3, n+ 1)〉
= (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 3) + (2n+ 2) · (3n+ 3) + (n+ 1) · (2n+ 2) + (2n+ 1) · (3n+ 3) + (n+ 1) · (2n+ 3)
− ((n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 2) + (3n+ 2) · (3n+ 3) + (2n+ 2) · (2n+ 2) + (n+ 1) · (n+ 1) + (2n+ 1) · (2n+ 3) + (n+ 1) · (n+ 1))
= 2n2 + 4n+ 2 + 6n2 + 9n+ 3 + 6n2 + 12n+ 6 + 2n2 + 4n+ 2 + 6n2 + 9n+ 3 + 2n2 + 5n+ 3
− (n2 + 2n+ 1 + 4n2 + 6n+ 2 + 9n2 + 15n+ 6 + 4n2 + 8n+ 4 + n2 + 2n+ 1 + 4n2 + 8n+ 3 + n2 + 2n+ 1)
= 1
Representation of I(6n+ 7, 7) = I(6n+ 1, 7)[n 7→ n+ 1] 
Dimension vector: dimI(6n+ 7, 7) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 3, n+ 1)
Matrices of the representation:
1. M I(6n+7,7)1→2 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 ∈M2n+2,n+1(k)
2. M I(6n+7,7)2→3 =
[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
]
∈M3n+3,2n+2(k)
3. M I(6n+7,7)4→3 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 ∈M3n+3,2n+2(k)
4. M I(6n+7,7)5→4 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 ∈M2n+2,n+1(k)
5. M I(6n+7,7)6→3 =
[2n+3
2n+3 1
n 0
]
∈M3n+3,2n+3(k)
6. M I(6n+7,7)7→6 =

n+1
1 0
n+1 1
n+1 0
 ∈M2n+3,n+1(k)
Matrices of the embedding f : I(6n+ 7, 7)→ I(6n+ 5, 2) P
1. f1 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 ∈M4n+3,2n+2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 3n+2
1 1 0
3n+2 0 0
3n+2 0 1
 ∈M6n+5,3n+3(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 2n+1
1 1 0
2n+2 0 0
2n+1 0 1
 ∈M4n+4,2n+2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n+2
1 1 0
2n+1 0 0
2n+2 0 1
 ∈M4n+4,2n+3(k) is already in column echelon form and has maximal column rank.
7. f7 =
[n+1
n+1 0
n+1 1
]
∈M2n+2,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n+ 5, 2)→ I(6n+ 4, 5) P
1. g1 =
[n+1 n+1
n+1 1 0
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
∈M2n+1,4n+3(k) is already in row echelon form and has maximal row rank.
3. g3 =
[ 1 3n+2 3n+2
3n+2 0 1 0
]
∈M3n+2,6n+5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[ 1 2n+2 2n+1
2n+2 0 1 0
]
∈M2n+2,4n+4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n+1 n+1
n+1 1 0
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 2n+1 2n+2
2n+1 0 1 0
]
∈M2n+1,4n+4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1 n+1
n+1 1 0
]
∈Mn+1,2n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 7, 7)→ I(6n+ 5, 2) P
1. f2 ·M I(6n+7,7)1→2 −M I(6n+5,2)1→2 · f1 = 0
f2 ·M I(6n+7,7)1→2 =

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 ·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 1 n n
1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
 ·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
1 0 0
2n+1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1

M
I(6n+5,2)
1→2 · f1 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·
[n+1
n+1 0
n+1 1
]
=

1 n 1 n
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

1 n
1 0 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 0 0
n 0 0
1 0 0
n 0 0
1 1 0
n 0 1
n 0 1

=

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1

f2 ·M I(6n+7,7)1→2 −M I(6n+5,2)1→2 · f1 =

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1
−

1 n
2n+2 0 0
1 1 0
n 0 1
n 0 1
 =
[n+1
4n+3 0
]
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2. f3 ·M I(6n+7,7)2→3 −M I(6n+5,2)2→3 · f2 = 0
f3 ·M I(6n+7,7)2→3 =

1 3n+2
1 1 0
3n+2 0 0
3n+2 0 1
 ·

[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
] =

1 2n+1 n+1
1 1 0 0
3n+2 0 0 0
2n+1 0 1 0
n+1 0 0 1
 ·

1 2n+1
1 1 0
2n+1 0 1
n+1 0 0
+

1 n+1 2n+1
1 1 0 0
3n+2 0 0 0
n+1 0 1 0
2n+1 0 0 1
 ·

1 2n+1
1 0 0
n+1 0 0
2n+1 0 1

=

1 2n+1
1 1 0
3n+2 0 0
2n+1 0 1
n+1 0 0
+

1 2n+1
1 0 0
3n+2 0 0
n+1 0 0
2n+1 0 1
 =

1 n+1 n
1 1 0 0
3n+2 0 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

1 n n+1
1 0 0 0
3n+2 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
I(6n+5,2)
2→3 · f2 =


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1 2n+1
1 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
+ [
1 2n+1 2n+1
4n+4 0 0 0
2n+1 0 0 1
]
·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1

=

1 2n+1
1 1 0
n+1 0 0
2n+1 0 0
2n+1 0 1
n+1 0 0
+
[ 1 2n+1
4n+4 0 0
2n+1 0 1
]
=

1 n+1 n
1 1 0 0
n+1 0 0 0
2n+1 0 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0

+

1 n n+1
1 0 0 0
n+1 0 0 0
2n+1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1

=

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

f3 ·M I(6n+7,7)2→3 −M I(6n+5,2)2→3 · f2 =

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

−

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

=
[2n+2
6n+5 0
]
3. f3 ·M I(6n+7,7)4→3 −M I(6n+5,2)4→3 · f4 = 0
f3 ·M I(6n+7,7)4→3 =

1 3n+2
1 1 0
3n+2 0 0
3n+2 0 1
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 n+1 2n+1
1 1 0 0
3n+2 0 0 0
n+1 0 1 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
3n+2 0 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
4n+3 0 0
2n+1 0 1

M
I(6n+5,2)
4→3 · f4 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 ·

1 2n+1
1 1 0
2n+2 0 0
2n+1 0 1
 =

1 2n+2 2n+1
1 1 0 0
2n+2 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
2n+2 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
2n+2 0 0
2n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
4n+3 0 0
2n+1 0 1

f3 ·M I(6n+7,7)4→3 −M I(6n+5,2)4→3 · f4 =

1 2n+1
1 1 0
4n+3 0 0
2n+1 0 1
−

1 2n+1
1 1 0
4n+3 0 0
2n+1 0 1
 = [2n+26n+5 0 ]
4. f4 ·M I(6n+7,7)5→4 −M I(6n+5,2)5→4 · f5 = 0
f4 ·M I(6n+7,7)5→4 =

1 2n+1
1 1 0
2n+2 0 0
2n+1 0 1
 ·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n 1 n
1 1 0 0 0
2n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 ·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
2n+2 0 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
3n+2 0 0
1 1 0
n 0 1

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M
I(6n+5,2)
5→4 · f5 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·
[n+1
n+1 0
n+1 1
]
=

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

1 n
n+1 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
n+1 0 0
2n+1 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
3n+2 0 0
1 1 0
n 0 1

f4 ·M I(6n+7,7)5→4 −M I(6n+5,2)5→4 · f5 =

1 n
1 1 0
3n+2 0 0
1 1 0
n 0 1
−

1 n
1 1 0
3n+2 0 0
1 1 0
n 0 1
 =
[n+1
4n+4 0
]
5. f3 ·M I(6n+7,7)6→3 −M I(6n+5,2)6→3 · f6 = 0
f3 ·M I(6n+7,7)6→3 =

1 3n+2
1 1 0
3n+2 0 0
3n+2 0 1
 · [
2n+3
2n+3 1
n 0
]
=

1 2n+2 n
1 1 0 0
3n+2 0 0 0
2n+2 0 1 0
n 0 0 1
 ·

1 2n+2
1 1 0
2n+2 0 1
n 0 0
 =

1 2n+2
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0

M
I(6n+5,2)
6→3 · f6 =


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·

1 2n+2
1 1 0
2n+1 0 0
2n+2 0 1
 =

1 2n+1 2n+2
1 1 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0
 ·

1 2n+2
1 1 0
2n+1 0 0
2n+2 0 1
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ·

1 2n+2
1 1 0
2n+1 0 0
2n+2 0 1

=

1 2n+2
1 1 0
2n+1 0 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+2
n+2 0 0
2n+1 0 0
3n+2 0 0
 =

1 2n+2
1 1 0
n+1 0 0
n 0 0
n+1 0 0
2n+2 0 1
n 0 0

+

1 2n+2
1 0 0
n+1 0 0
n 0 0
n+1 0 0
2n+2 0 0
n 0 0

=

1 2n+2
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0

f3 ·M I(6n+7,7)6→3 −M I(6n+5,2)6→3 · f6 =

1 2n+2
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0
−

1 2n+2
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0
 =
[2n+3
6n+5 0
]
6. f6 ·M I(6n+7,7)7→6 −M I(6n+5,2)7→6 · f7 = 0
f6 ·M I(6n+7,7)7→6 =

1 2n+2
1 1 0
2n+1 0 0
2n+2 0 1
 ·

n+1
1 0
n+1 1
n+1 0
 =

1 n+1 n+1
1 1 0 0
2n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
 ·

n+1
1 0
n+1 1
n+1 0
 =

n+1
1 0
2n+1 0
n+1 1
n+1 0
 =

n+1
2n+2 0
n+1 1
n+1 0

M
I(6n+5,2)
7→6 · f7 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

·
[n+1
n+1 0
n+1 1
]
=

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

·

n+1
1 0
n 0
n+1 1
 =

n+1
1 0
1 0
n 0
n 0
n+1 1
n+1 0

=

n+1
2n+2 0
n+1 1
n+1 0

f6 ·M I(6n+7,7)7→6 −M I(6n+5,2)7→6 · f7 =

n+1
2n+2 0
n+1 1
n+1 0
−

n+1
2n+2 0
n+1 1
n+1 0
 = [n+14n+4 0 ]
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Relations of the projection g : I(6n+ 5, 2)→ I(6n+ 4, 5) P
1. g2 ·M I(6n+5,2)1→2 −M I(6n+4,5)1→2 · g1 = 0
g2 ·M I(6n+5,2)1→2 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

1 n 1 n 1 n n
n 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
 ·

1 n 1 n
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=

1 n 1 n
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
 = [
n+1 n+1
n 0 0
n+1 1 0
]
M
I(6n+4,5)
1→2 · g1 =
[n+1
n 0
n+1 1
]
·
[n+1 n+1
n+1 1 0
]
=
[n+1 n+1
n 0 0
n+1 1 0
]
g2 ·M I(6n+5,2)1→2 −M I(6n+4,5)1→2 · g1 =
[n+1 n+1
n 0 0
n+1 1 0
]
−
[n+1 n+1
n 0 0
n+1 1 0
]
=
[2n+2
2n+1 0
]
2. g3 ·M I(6n+5,2)2→3 −M I(6n+4,5)2→3 · g2 = 0
g3 ·M I(6n+5,2)2→3 =
[ 1 3n+2 3n+2
3n+2 0 1 0
]
·


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

=
[ 1 n+1 2n+1 2n+1 n+1
n+1 0 1 0 0 0
2n+1 0 0 1 0 0
]
·

1 2n+1 2n+1
1 1 0 0
n+1 0 0 0
2n+1 0 1 0
2n+1 0 0 1
n+1 0 0 0
+
[ 1 3n+2 n+1 2n+1
3n+2 0 1 0 0
]
·

2n+2 2n+1
1 0 0
3n+2 0 0
n+1 0 0
2n+1 0 1

=
[ 1 2n+1 2n+1
n+1 0 0 0
2n+1 0 1 0
]
+
[2n+2 2n+1
3n+2 0 0
]
=
[ 1 2n+1 2n+1
n+1 0 0 0
2n+1 0 1 0
]
+
[ 1 2n+1 2n+1
n+1 0 0 0
2n+1 0 0 0
]
=
[ 1 2n+1 2n+1
n+1 0 0 0
2n+1 0 1 0
]
M
I(6n+4,5)
2→3 · g2 =
[2n+1
n+1 0
2n+1 1
]
·
[ 1 2n+1 2n+1
2n+1 0 1 0
]
=
[ 1 2n+1 2n+1
n+1 0 0 0
2n+1 0 1 0
]
g3 ·M I(6n+5,2)2→3 −M I(6n+4,5)2→3 · g2 =
[ 1 2n+1 2n+1
n+1 0 0 0
2n+1 0 1 0
]
−
[ 1 2n+1 2n+1
n+1 0 0 0
2n+1 0 1 0
]
=
[4n+3
3n+2 0
]
3. g3 ·M I(6n+5,2)4→3 −M I(6n+4,5)4→3 · g4 = 0
g3 ·M I(6n+5,2)4→3 =
[ 1 3n+2 3n+2
3n+2 0 1 0
]
·

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 = [
1 2n+2 n n+1 2n+1
2n+2 0 1 0 0 0
n 0 0 1 0 0
]
·

1 2n+2 2n+1
1 1 0 0
2n+2 0 1 0
n 0 0 0
n+1 0 0 0
2n+1 0 0 1
 =
[ 1 2n+2 2n+1
2n+2 0 1 0
n 0 0 0
]
M
I(6n+4,5)
4→3 · g4 =
[2n+2
2n+2 1
n 0
]
·
[ 1 2n+2 2n+1
2n+2 0 1 0
]
=
[ 1 2n+2 2n+1
2n+2 0 1 0
n 0 0 0
]
g3 ·M I(6n+5,2)4→3 −M I(6n+4,5)4→3 · g4 =
[ 1 2n+2 2n+1
2n+2 0 1 0
n 0 0 0
]
−
[ 1 2n+2 2n+1
2n+2 0 1 0
n 0 0 0
]
=
[4n+4
3n+2 0
]
4. g4 ·M I(6n+5,2)5→4 −M I(6n+4,5)5→4 · g5 = 0
g4 ·M I(6n+5,2)5→4 =
[ 1 2n+2 2n+1
2n+2 0 1 0
]
·

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 =
[ 1 n+1 n+1 n 1 n
n+1 0 1 0 0 0 0
n+1 0 0 1 0 0 0
]
·

n+1 1 n
1 0 1 0
n+1 1 0 0
n+1 0 0 0
n 0 0 0
1 0 1 0
n 0 0 1

=
[n+1 1 n
n+1 1 0 0
n+1 0 0 0
]
=
[n+1 n+1
n+1 1 0
n+1 0 0
]
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M
I(6n+4,5)
5→4 · g5 =
[n+1
n+1 1
n+1 0
]
·
[n+1 n+1
n+1 1 0
]
=
[n+1 n+1
n+1 1 0
n+1 0 0
]
g4 ·M I(6n+5,2)5→4 −M I(6n+4,5)5→4 · g5 =
[n+1 n+1
n+1 1 0
n+1 0 0
]
−
[n+1 n+1
n+1 1 0
n+1 0 0
]
=
[2n+2
2n+2 0
]
5. g3 ·M I(6n+5,2)6→3 −M I(6n+4,5)6→3 · g6 = 0
g3 ·M I(6n+5,2)6→3 =
[ 1 3n+2 3n+2
3n+2 0 1 0
]
·


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=
[ 1 2n+1 n+1 2n+2 n
2n+1 0 1 0 0 0
n+1 0 0 1 0 0
]
·

1 2n+1 2n+2
1 1 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0
+
[ 1 n+1 2n+1 3n+2
n+1 0 1 0 0
2n+1 0 0 1 0
]
·

1 2n+1 2n+2
1 0 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0

=
[ 1 2n+1 2n+2
2n+1 0 1 0
n+1 0 0 0
]
+
[ 1 2n+1 2n+2
n+1 0 0 0
2n+1 0 1 0
]
=

1 n+1 n 2n+2
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
+

1 n n+1 2n+2
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
 =

1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0

M
I(6n+4,5)
6→3 · g6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[ 1 2n+1 2n+2
2n+1 0 1 0
]
=
[2n+1
2n+1 1
n+1 0
]
·
[ 1 2n+1 2n+2
2n+1 0 1 0
]
+
[2n+1
n+1 0
2n+1 1
]
·
[ 1 2n+1 2n+2
2n+1 0 1 0
]
=
[ 1 2n+1 2n+2
2n+1 0 1 0
n+1 0 0 0
]
+
[ 1 2n+1 2n+2
n+1 0 0 0
2n+1 0 1 0
]
=

1 n+1 n 2n+2
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
+

1 n n+1 2n+2
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
 =

1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0

g3 ·M I(6n+5,2)6→3 −M I(6n+4,5)6→3 · g6 =

1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
−

1 n 1 n 2n+2
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
 =
[4n+4
3n+2 0
]
6. g6 ·M I(6n+5,2)7→6 −M I(6n+4,5)7→6 · g7 = 0
g6 ·M I(6n+5,2)7→6 =
[ 1 2n+1 2n+2
2n+1 0 1 0
]
·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=

1 1 n n n+1 n+1
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 1 0 0
 ·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=

1 n n+1
1 1 0 0
n 0 1 0
n 0 1 0

M
I(6n+4,5)
7→6 · g7 =

1 n
1 1 0
n 0 1
n 0 1
 · [n+1 n+1n+1 1 0 ] =

1 n
1 1 0
n 0 1
n 0 1
 · [
1 n n+1
1 1 0 0
n 0 1 0
]
=

1 n n+1
1 1 0 0
n 0 1 0
n 0 1 0

g6 ·M I(6n+5,2)7→6 −M I(6n+4,5)7→6 · g7 =

1 n n+1
1 1 0 0
n 0 1 0
n 0 1 0
−

1 n n+1
1 1 0 0
n 0 1 0
n 0 1 0
 = [2n+22n+1 0 ]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1 n+1
n+1 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[n+1
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2n+1 2n+1
2n+1 0 1 0
]
·

1 2n+1
1 1 0
2n+1 0 0
2n+1 0 1
 = [2n+22n+1 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 1 3n+2 3n+2
3n+2 0 1 0
]
·

1 3n+2
1 1 0
3n+2 0 0
3n+2 0 1
 = [3n+33n+2 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 1 2n+2 2n+1
2n+2 0 1 0
]
·

1 2n+1
1 1 0
2n+2 0 0
2n+1 0 1
 = [2n+22n+2 0 ]
5. g5 · f5 = 0
g5 · f5 =
[n+1 n+1
n+1 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[n+1
n+1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 2n+1 2n+2
2n+1 0 1 0
]
·

1 2n+2
1 1 0
2n+1 0 0
2n+2 0 1
 = [2n+32n+1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[n+1 n+1
n+1 1 0
]
·
[n+1
n+1 0
n+1 1
]
=
[n+1
n+1 0
]
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148 Tree module property of I(6n, 3)
148.1 Tree module property of I(0, 3) 
The representation of I(0, 3):
dimI(0, 3) = (1, 1, 1, 1, 1, 1, 1)
I(0, 3) = (M1→2 = ( 1 ) , M2→3 = ( 1 ) , M4→3 = ( 1 ) , M5→4 = ( 1 ) , M6→3 = ( 1 ) , M7→6 = ( 1 ))
The length of I(0, 3) is: 1 + 1 + 1 + 1 + 1 + 1 + 1 = 7.
The total number of ones in the matrices of the representation: 6.
A = M(EndkQ(I(0, 3))) ∈M6,7(k) denotes the matrix of the linear equation system characterizing the endomorphism space of I(0, 3).
A =

0 1 91 0 0 0 0
0 0 91 1 0 0 0
0 0 91 0 0 1 0
1 91 0 0 0 0 0
0 0 0 91 1 0 0
0 0 0 0 0 91 1
←−
←−
∼

1 91 0 0 0 0 0
0 0 91 1 0 0 0
0 0 91 0 0 1 0
0 1 91 0 0 0 0
0 0 0 91 1 0 0
0 0 0 0 0 91 1

←−
←− ∼

1 91 0 0 0 0 0
0 1 91 0 0 0 0
0 0 91 0 0 1 0
0 0 91 1 0 0 0
0 0 0 91 1 0 0
0 0 0 0 0 91 1
←−
−1
+
∼

1 91 0 0 0 0 0
0 1 91 0 0 0 0
0 0 91 0 0 1 0
0 0 0 1 0 91 0
0 0 0 91 1 0 0
0 0 0 0 0 91 1
←−+
∼

1 91 0 0 0 0 0
0 1 91 0 0 0 0
0 0 91 0 0 1 0
0 0 0 1 0 91 0
0 0 0 0 1 91 0
0 0 0 0 0 91 1

As the above computation shows, dim EndkQ(I(0, 3)) = corank(A) = 1 in every field k, therefore I(0, 3) has the (field independent) tree module property.
148.2 Tree module property of I(6, 3) 
The matrices of the representation have full (column) rank P
1. M I(6,3)1→2 =

0 0 0 1
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 1

∈M7,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6,3)
1→2 =

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

c1↔c3−−−−→

1 1 2
1 1 0 0
2 0 0 1
1 0 0 0
1 0 1 0
1 0 0 0
1 1 0 0

c2↔c3−−−−→

1 2 1
1 1 0 0
2 0 1 0
1 0 0 0
1 0 0 1
1 0 0 0
1 1 0 0

2. M I(6,3)2→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 1 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
3. M I(6,3)4→3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
4. M I(6,3)5→4 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
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5. M I(6,3)6→3 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 1 1
0 0 0 0 0 0 1

∈M10,7(k) is already in column echelon form and has maximal column rank.
6. M I(6,3)7→6 =

0 1 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M7,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6,3)
7→6 =

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

c1↔c2−−−−→

1 1 2
1 1 0 0
1 0 0 0
1 0 1 0
1 1 0 0
1 0 0 0
2 0 0 1

148.2.1 0→ I(7, 6) f→ I(6, 3) g→ I(6, 7)→ 0 
PdimI(7, 6) + dimI(6, 7) = (3, 5, 7, 5, 3, 5, 2) + (1, 2, 3, 2, 1, 2, 2)
= (4, 7, 10, 7, 4, 7, 4) = dimI(6, 3)
Pdimk Ext
1
kQ(I(6, 7), I(7, 6)) = dimk HomkQ(I(6, 7), I(7, 6))− 〈dimI(6, 7),dimI(7, 6)〉
= 0− 〈(1, 2, 3, 2, 1, 2, 2), (3, 5, 7, 5, 3, 5, 2)〉
= 1 · 5 + 2 · 7 + 2 · 7 + 1 · 5 + 2 · 7 + 2 · 5− (1 · 3 + 2 · 5 + 3 · 7 + 2 · 5 + 1 · 3 + 2 · 5 + 2 · 2)
= 5 + 14 + 14 + 5 + 14 + 10− (3 + 10 + 21 + 10 + 3 + 10 + 4)
= 1
Matrices of the embedding f : I(7, 6)→ I(6, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
 ∈M4,3(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6, 3)→ I(6, 7) P
1. g1 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M3,10(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 1
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(7, 6)→ I(6, 3) P
1. f2 ·M I(7,6)1→2 −M I(6,3)1→2 · f1 = 0
f2 ·M I(7,6)1→2 =
[ 5
5 1
2 0
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
 ·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
2 0 0

M
I(6,3)
1→2 · f1 =

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·
[ 3
3 1
1 0
]
=

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·

2 1
2 1 0
1 0 1
1 0 0
 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
1 0 0
1 0 0

=

2 1
1 0 0
2 1 0
1 0 0
1 0 1
2 0 0

f2 ·M I(7,6)1→2 −M I(6,3)1→2 · f1 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
2 0 0
−

2 1
1 0 0
2 1 0
1 0 0
1 0 1
2 0 0
 =
[ 3
7 0
]
2. f3 ·M I(7,6)2→3 −M I(6,3)2→3 · f2 = 0
f3 ·M I(7,6)2→3 =
[ 7
7 1
3 0
]
·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=

1 1 1 1 1 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0

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M
I(6,3)
2→3 · f2 =

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

·
[ 5
5 1
2 0
]
=

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1
1 0 0 0 0
2 0 0 0 0

=

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0

f3 ·M I(7,6)2→3 −M I(6,3)2→3 · f2 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0

−

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0

=
[ 5
10 0
]
3. f3 ·M I(7,6)4→3 −M I(6,3)4→3 · f4 = 0
f3 ·M I(7,6)4→3 =
[ 7
7 1
3 0
]
·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

3 1 1 1 1
3 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
3 0 0 0 0 0

·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

M
I(6,3)
4→3 · f4 =

3 1 1 2
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

·
[ 5
5 1
2 0
]
=

3 1 1 2
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

·

3 1 1
3 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
2 0 0 0
1 0 0 0

=

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

f3 ·M I(7,6)4→3 −M I(6,3)4→3 · f4 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

−

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

=
[ 5
10 0
]
4. f4 ·M I(7,6)5→4 −M I(6,3)5→4 · f5 = 0
f4 ·M I(7,6)5→4 =
[ 5
5 1
2 0
]
·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0
 ·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
2 0 0

M
I(6,3)
5→4 · f5 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
1 0 0
 ·
[ 3
3 1
1 0
]
=

1 2 1
1 1 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0

·

1 2
1 1 0
2 0 1
1 0 0
 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
1 0 0
1 0 0

=

1 2
1 1 0
1 1 0
1 0 0
2 0 1
2 0 0

f4 ·M I(7,6)5→4 −M I(6,3)5→4 · f5 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
2 0 0
−

1 2
1 1 0
1 1 0
1 0 0
2 0 1
2 0 0
 =
[ 3
7 0
]
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5. f3 ·M I(7,6)6→3 −M I(6,3)6→3 · f6 = 0
f3 ·M I(7,6)6→3 =
[ 7
7 1
3 0
]
·

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 =

1 1 4 1
1 1 0 0 0
1 0 1 0 0
4 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 =

1 4
1 1 0
1 0 0
4 0 1
1 0 0
3 0 0
 =

1 4
1 1 0
1 0 0
4 0 1
4 0 0

M
I(6,3)
6→3 · f6 =

1 4 1 1
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·
[ 5
5 1
2 0
]
=

1 4 1 1
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·

1 4
1 1 0
4 0 1
1 0 0
1 0 0
 =

1 4
1 1 0
1 0 0
4 0 1
1 0 0
1 0 0
1 0 0
1 0 0

=

1 4
1 1 0
1 0 0
4 0 1
4 0 0

f3 ·M I(7,6)6→3 −M I(6,3)6→3 · f6 =

1 4
1 1 0
1 0 0
4 0 1
4 0 0
−

1 4
1 1 0
1 0 0
4 0 1
4 0 0
 =
[ 5
10 0
]
6. f6 ·M I(7,6)7→6 −M I(6,3)7→6 · f7 = 0
f6 ·M I(7,6)7→6 =
[ 5
5 1
2 0
]
·

0 1
0 0
1 0
0 1
0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

0 1
0 0
1 0
0 1
0 0
 =

1 1
1 0 1
1 0 0
1 1 0
1 0 1
1 0 0
2 0 0

=

1 1
1 0 1
1 0 0
1 1 0
1 0 1
3 0 0

M
I(6,3)
7→6 · f7 =

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

·
[ 2
2 1
2 0
]
=

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

·

1 1
1 1 0
1 0 1
2 0 0
 =

1 1
1 0 1
1 0 0
1 1 0
1 0 1
1 0 0
2 0 0

=

1 1
1 0 1
1 0 0
1 1 0
1 0 1
3 0 0

f6 ·M I(7,6)7→6 −M I(6,3)7→6 · f7 =

1 1
1 0 1
1 0 0
1 1 0
1 0 1
3 0 0
−

1 1
1 0 1
1 0 0
1 1 0
1 0 1
3 0 0
 =
[ 2
7 0
]
Relations of the projection g : I(6, 3)→ I(6, 7) P
1. g2 ·M I(6,3)1→2 −M I(6,7)1→2 · g1 = 0
g2 ·M I(6,3)1→2 =
[ 5 2
2 0 1
]
·

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

=
[ 1 2 1 1 1 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

=
[ 2 1 1
1 0 0 0
1 0 0 1
]
=
[ 3 1
1 0 0
1 0 1
]
M
I(6,7)
1→2 · g1 =
[
0
1
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 0
1 0 1
]
g2 ·M I(6,3)1→2 −M I(6,7)1→2 · g1 =
[ 3 1
1 0 0
1 0 1
]
−
[ 3 1
1 0 0
1 0 1
]
=
[ 4
2 0
]
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2. g3 ·M I(6,3)2→3 −M I(6,7)2→3 · g2 = 0
g3 ·M I(6,3)2→3 =
[ 7 3
3 0 1
]
·

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

=
[ 1 1 1 1 1 2 1 2
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
]
·

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

=
[ 1 1 1 2 2
1 0 0 0 0 0
2 0 0 0 0 1
]
=
[ 5 2
1 0 0
2 0 1
]
M
I(6,7)
2→3 · g2 =
[ 2
1 0
2 1
]
·
[ 5 2
2 0 1
]
=
[ 5 2
1 0 0
2 0 1
]
g3 ·M I(6,3)2→3 −M I(6,7)2→3 · g2 =
[ 5 2
1 0 0
2 0 1
]
−
[ 5 2
1 0 0
2 0 1
]
=
[ 7
3 0
]
3. g3 ·M I(6,3)4→3 −M I(6,7)4→3 · g4 = 0
g3 ·M I(6,3)4→3 =
[ 7 3
3 0 1
]
·

3 1 1 2
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

=
[ 3 1 1 1 1 2 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
]
·

3 1 1 2
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

=
[ 3 1 1 2
2 0 0 0 1
1 0 0 0 0
]
=
[ 5 2
2 0 1
1 0 0
]
M
I(6,7)
4→3 · g4 =
[ 2
2 1
1 0
]
·
[ 5 2
2 0 1
]
=
[ 5 2
2 0 1
1 0 0
]
g3 ·M I(6,3)4→3 −M I(6,7)4→3 · g4 =
[ 5 2
2 0 1
1 0 0
]
−
[ 5 2
2 0 1
1 0 0
]
=
[ 7
3 0
]
4. g4 ·M I(6,3)5→4 −M I(6,7)5→4 · g5 = 0
g4 ·M I(6,3)5→4 =
[ 5 2
2 0 1
]
·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
1 0 0
 =
[ 1 1 1 2 1 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

1 2 1
1 1 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0

=
[ 1 2 1
1 0 0 1
1 0 0 0
]
=
[ 3 1
1 0 1
1 0 0
]
M
I(6,7)
5→4 · g5 =
[
1
0
]
·
[ 3 1
1 0 1
]
=
[ 3 1
1 0 1
1 0 0
]
g4 ·M I(6,3)5→4 −M I(6,7)5→4 · g5 =
[ 3 1
1 0 1
1 0 0
]
−
[ 3 1
1 0 1
1 0 0
]
=
[ 4
2 0
]
5. g3 ·M I(6,3)6→3 −M I(6,7)6→3 · g6 = 0
g3 ·M I(6,3)6→3 =
[ 7 3
3 0 1
]
·

1 4 1 1
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=

1 1 4 1 1 1 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

1 4 1 1
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=

1 4 1 1
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
 =

5 1 1
1 0 1 0
1 0 1 1
1 0 0 1

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M
I(6,7)
6→3 · g6 =
1 01 1
0 1
 · [ 5 22 0 1 ] =
1 01 1
0 1
 · [
5 1 1
1 0 1 0
1 0 0 1
]
=

5 1 1
1 0 1 0
1 0 1 1
1 0 0 1

g3 ·M I(6,3)6→3 −M I(6,7)6→3 · g6 =

5 1 1
1 0 1 0
1 0 1 1
1 0 0 1
−

5 1 1
1 0 1 0
1 0 1 1
1 0 0 1
 = [ 73 0 ]
6. g6 ·M I(6,3)7→6 −M I(6,7)7→6 · g7 = 0
g6 ·M I(6,3)7→6 =
[ 5 2
2 0 1
]
·

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

=
[ 1 1 1 1 1 2
2 0 0 0 0 0 1
]
·

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

=
[ 1 1 2
2 0 0 1
]
=
[ 2 2
2 0 1
]
M
I(6,7)
7→6 · g7 =
[ 2
2 1
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
]
g6 ·M I(6,3)7→6 −M I(6,7)7→6 · g7 =
[ 2 2
2 0 1
]
−
[ 2 2
2 0 1
]
=
[ 4
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 3
3 0 1
]
·
[ 7
7 1
3 0
]
=
[ 7
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 1
1 0 1
]
·
[ 3
3 1
1 0
]
=
[ 3
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
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148.2.2 0→ I(7, 4) f→ I(6, 3) g→ I(6, 5)→ 0 
PdimI(7, 4) + dimI(6, 5) = (3, 5, 7, 5, 2, 5, 3) + (1, 2, 3, 2, 2, 2, 1)
= (4, 7, 10, 7, 4, 7, 4) = dimI(6, 3)
Pdimk Ext
1
kQ(I(6, 5), I(7, 4)) = dimk HomkQ(I(6, 5), I(7, 4))− 〈dimI(6, 5),dimI(7, 4)〉
= 0− 〈(1, 2, 3, 2, 2, 2, 1), (3, 5, 7, 5, 2, 5, 3)〉
= 1 · 5 + 2 · 7 + 2 · 7 + 2 · 5 + 2 · 7 + 1 · 5− (1 · 3 + 2 · 5 + 3 · 7 + 2 · 5 + 2 · 2 + 2 · 5 + 1 · 3)
= 5 + 14 + 14 + 10 + 14 + 5− (3 + 10 + 21 + 10 + 4 + 10 + 3)
= 1
Matrices of the embedding f : I(7, 4)→ I(6, 3) P
1. f1 =

0 1 0
0 0 1
0 0 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

1 2
2 0 1
1 0 0
1 1 0
 c1↔c2−−−−→

2 1
2 1 0
1 0 0
1 0 1

2. f2 =

1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 c2↔c3−−−−→

1 2 2
1 1 0 0
2 0 1 0
2 0 0 0
2 0 0 1′
 =

3 2
3 1 0
2 0 0
2 0 1′

3. f3 =

1 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0

∈M10,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 3 3
1 1 0 0
3 0 0 1
3 0 0 0
3 0 1′ 0
 c2↔c3−−−−→

1 3 3
1 1 0 0
3 0 1 0
3 0 0 0
3 0 0 1′
 =

4 3
4 1 0
3 0 0
3 0 1′

4. f4 =

1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 c2↔c3−−−−→

1 2 2
1 1 0 0
2 0 1 0
2 0 0 0
2 0 0 1′
 =

3 2
3 1 0
2 0 0
2 0 1′

5. f5 =

0 1
0 0
0 0
1 0
 ∈M4,2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

1 1
1 0 1
2 0 0
1 1 0
 c1↔c2−−−−→

1 1
1 1 0
2 0 0
1 0 1

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6. f6 =

1 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 c2↔c3−−−−→

1 2 2
1 1 0 0
2 0 1 0
2 0 0 0
2 0 0 1′
 =

3 2
3 1 0
2 0 0
2 0 1′

7. f7 =

0 0 1
0 0 0
0 1 0
1 0 0
 ∈M4,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

2 1
1 0 1
1 0 0
2 1′ 0
 c1↔c2−−−−→

1 2
1 1 0
1 0 0
2 0 1′

Matrices of the projection g : I(6, 3)→ I(6, 5) P
1. g1 =
[
0 0 1 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 0 1 0 0
0 0 0 1 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 3 2 2
2 0 1′ 0
]
3. g3 =
0 0 0 0 0 0 1 0 0 00 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
 ∈M3,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 4 3 3
3 0 1′ 0
]
4. g4 =
[
0 0 0 0 1 0 0
0 0 0 1 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 3 2 2
2 0 1′ 0
]
5. g5 =
[
0 0 1 0
0 1 0 0
]
∈M2,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 1 2 1
2 0 1′ 0
]
6. g6 =
[
0 0 0 0 1 0 0
0 0 0 1 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 3 2 2
2 0 1′ 0
]
7. g7 =
[
0 1 0 0
]
∈M1,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(7, 4)→ I(6, 3) P
1. f2 ·M I(7,4)1→2 −M I(6,3)1→2 · f1 = 0
f2 ·M I(7,4)1→2 =

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 ·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =

1 1 1 2
1 1 0 0 0
2 0 0 0 1
2 0 0 0 0
1 0 0 1 0
1 0 1 0 0
 ·

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
2 0 1
2 0 0
1 0 0
1 1 0
 =

1 2
1 1 0
2 0 1
3 0 0
1 1 0

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M
I(6,3)
1→2 · f1 =

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

·

1 2
2 0 1
1 0 0
1 1 0
 =

1 2
1 1 0
2 0 1
1 0 0
1 0 0
1 0 0
1 1 0

=

1 2
1 1 0
2 0 1
3 0 0
1 1 0

f2 ·M I(7,4)1→2 −M I(6,3)1→2 · f1 =

1 2
1 1 0
2 0 1
3 0 0
1 1 0
−

1 2
1 1 0
2 0 1
3 0 0
1 1 0
 =
[ 3
7 0
]
2. f3 ·M I(7,4)2→3 −M I(6,3)2→3 · f2 = 0
f3 ·M I(7,4)2→3 =

1 3 3
1 1 0 0
3 0 0 1
3 0 0 0
3 0 1′ 0
 ·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 =

1 2 1 1 1 1
1 1 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
3 0 0 0 0 0 0
1 0 0 1 0 0 0
2 0 1′ 0 0 0 0

·

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
3 0 0 0 0
1 0 0 0 0
2 0 1′ 0 0

=

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
4 0 0 0 0
2 0 1′ 0 0

M
I(6,3)
2→3 · f2 =

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

·

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
2 0 1′ 0 0
 =

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
2 0 1′ 0 0

=

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
4 0 0 0 0
2 0 1′ 0 0

f3 ·M I(7,4)2→3 −M I(6,3)2→3 · f2 =

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
4 0 0 0 0
2 0 1′ 0 0

−

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
4 0 0 0 0
2 0 1′ 0 0

=
[ 5
10 0
]
3. f3 ·M I(7,4)4→3 −M I(6,3)4→3 · f4 = 0
f3 ·M I(7,4)4→3 =

1 3 3
1 1 0 0
3 0 0 1
3 0 0 0
3 0 1′ 0
 ·

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 =

1 1 2 2 1
1 1 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1
3 0 0 0 0 0
2 0 0 1′ 0 0
1 0 1 0 0 0

·

1 2 2
1 1 0 0
1 0 0 0
2 0 1 0
2 0 0 1
1 0 0 0
 =

1 2 2
1 1 0 0
2 0 0 1
1 0 0 0
3 0 0 0
2 0 1′ 0
1 0 0 0

=

1 2 2
1 1 0 0
2 0 0 1
4 0 0 0
2 0 1′ 0
1 0 0 0

M
I(6,3)
4→3 · f4 =

3 1 1 2
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =

1 2 1 1 2
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 1 1 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 0 0

·

1 2 2
1 1 0 0
2 0 0 1
1 0 0 0
1 0 0 0
2 0 1′ 0
 =

1 2 2
1 1 0 0
2 0 0 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
2 0 1′ 0
1 0 0 0

=

1 2 2
1 1 0 0
2 0 0 1
4 0 0 0
2 0 1′ 0
1 0 0 0

f3 ·M I(7,4)4→3 −M I(6,3)4→3 · f4 =

1 2 2
1 1 0 0
2 0 0 1
4 0 0 0
2 0 1′ 0
1 0 0 0
−

1 2 2
1 1 0 0
2 0 0 1
4 0 0 0
2 0 1′ 0
1 0 0 0
 =
[ 5
10 0
]
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4. f4 ·M I(7,4)5→4 −M I(6,3)5→4 · f5 = 0
f4 ·M I(7,4)5→4 =

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 ·

0 1
0 0
1 0
0 1
0 0
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 0

·

0 1
0 0
1 0
0 1
0 0
 =

1 1
1 0 1
1 0 1
1 0 0
2 0 0
1 1 0
1 0 0

=

1 1
1 0 1
1 0 1
3 0 0
1 1 0
1 0 0

M
I(6,3)
5→4 · f5 =

1 3
1 1 0
1 1 0
1 0 0
3 0 1
1 0 0
 ·

1 1
1 0 1
2 0 0
1 1 0
 =

1 2 1
1 1 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0

·

1 1
1 0 1
2 0 0
1 1 0
 =

1 1
1 0 1
1 0 1
1 0 0
2 0 0
1 1 0
1 0 0

=

1 1
1 0 1
1 0 1
3 0 0
1 1 0
1 0 0

f4 ·M I(7,4)5→4 −M I(6,3)5→4 · f5 =

1 1
1 0 1
1 0 1
3 0 0
1 1 0
1 0 0
−

1 1
1 0 1
1 0 1
3 0 0
1 1 0
1 0 0
 =
[ 2
7 0
]
5. f3 ·M I(7,4)6→3 −M I(6,3)6→3 · f6 = 0
f3 ·M I(7,4)6→3 =

1 3 3
1 1 0 0
3 0 0 1
3 0 0 0
3 0 1′ 0
 ·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=

1 1 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
3 0 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 0 0
1 0 1 0 0 0 0

·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=

1 1 1 2
1 1 0 0 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0

M
I(6,3)
6→3 · f6 =

1 4 1 1
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =

1 2 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 1
1 0 0 0 0 1

·

1 1 1 2
1 1 0 0 0
2 0 0 0 1
2 0 0 0 0
1 0 0 1 0
1 0 1 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 0 0 0
2 0 0 0 1
2 0 0 0 0
1 0 0 0 0
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0

=

1 1 1 2
1 1 0 0 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0

f3 ·M I(7,4)6→3 −M I(6,3)6→3 · f6 =

1 1 1 2
1 1 0 0 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0

−

1 1 1 2
1 1 0 0 0
1 0 0 0 0
2 0 0 0 1
3 0 0 0 0
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0

=
[ 5
10 0
]
6. f6 ·M I(7,4)7→6 −M I(6,3)7→6 · f7 = 0
f6 ·M I(7,4)7→6 =

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 ·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =

1 2 1 1
1 1 0 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0
2 0 1′ 0 0
 ·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =

2 1
1 0 0
1 0 0
1 0 1
2 0 0
2 1′ 0
 =

2 1
2 0 0
1 0 1
2 0 0
2 1′ 0

M
I(6,3)
7→6 · f7 =

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

·

2 1
1 0 1
1 0 0
2 1′ 0
 =

2 1
1 0 0
1 0 0
1 0 1
1 0 0
1 0 0
2 1′ 0

=

2 1
2 0 0
1 0 1
2 0 0
2 1′ 0

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f6 ·M I(7,4)7→6 −M I(6,3)7→6 · f7 =

2 1
2 0 0
1 0 1
2 0 0
2 1′ 0
−

2 1
2 0 0
1 0 1
2 0 0
2 1′ 0
 =
[ 3
7 0
]
Relations of the projection g : I(6, 3)→ I(6, 5) P
1. g2 ·M I(6,3)1→2 −M I(6,5)1→2 · g1 = 0
g2 ·M I(6,3)1→2 =
[ 3 2 2
2 0 1′ 0
]
·

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

=
[ 1 2 1 1 1 1
1 0 0 0 1 0 0
1 0 0 1 0 0 0
]
·

2 1 1
1 0 0 1
2 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

=
[ 2 1 1
1 0 1 0
1 0 0 0
]
M
I(6,5)
1→2 · g1 =
[
1
0
]
·
[ 2 1 1
1 0 1 0
]
=
[ 2 1 1
1 0 1 0
1 0 0 0
]
g2 ·M I(6,3)1→2 −M I(6,5)1→2 · g1 =
[ 2 1 1
1 0 1 0
1 0 0 0
]
−
[ 2 1 1
1 0 1 0
1 0 0 0
]
=
[ 4
2 0
]
2. g3 ·M I(6,3)2→3 −M I(6,5)2→3 · g2 = 0
g3 ·M I(6,3)2→3 =
[ 4 3 3
3 0 1′ 0
]
·

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

=
[ 1 1 1 1 1 2 1 2
2 0 0 0 0 0 1′ 0 0
1 0 0 0 0 1 0 0 0
]
·

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

=
[ 1 1 1 2 2
2 0 0 0 1′ 0
1 0 0 0 0 0
]
=
[ 3 2 2
2 0 1′ 0
1 0 0 0
]
M
I(6,5)
2→3 · g2 =
[ 2
2 1
1 0
]
·
[ 3 2 2
2 0 1′ 0
]
=
[ 3 2 2
2 0 1′ 0
1 0 0 0
]
g3 ·M I(6,3)2→3 −M I(6,5)2→3 · g2 =
[ 3 2 2
2 0 1′ 0
1 0 0 0
]
−
[ 3 2 2
2 0 1′ 0
1 0 0 0
]
=
[ 7
3 0
]
3. g3 ·M I(6,3)4→3 −M I(6,5)4→3 · g4 = 0
g3 ·M I(6,3)4→3 =
[ 4 3 3
3 0 1′ 0
]
·

3 1 1 2
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

=

3 1 1 1 1 2 1
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0
 ·

3 1 1 2
3 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

=

3 1 1 2
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0

M
I(6,5)
4→3 · g4 =
1 01 1
0 1
 · [ 3 2 22 0 1′ 0 ] =
1 01 1
0 1
 · [
3 1 1 2
1 0 0 1 0
1 0 1 0 0
]
=

3 1 1 2
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0

g3 ·M I(6,3)4→3 −M I(6,5)4→3 · g4 =

3 1 1 2
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0
−

3 1 1 2
1 0 0 1 0
1 0 1 1 0
1 0 1 0 0
 = [ 73 0 ]
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4. g4 ·M I(6,3)5→4 −M I(6,5)5→4 · g5 = 0
g4 ·M I(6,3)5→4 =
[ 3 2 2
2 0 1′ 0
]
·

1 3
1 1 0
1 1 0
1 0 0
3 0 1
1 0 0
 =
[ 1 1 1 2 1 1
2 0 0 0 1′ 0 0
]
·

1 2 1
1 1 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
1 0 0 0

=
[ 1 2 1
2 0 1′ 0
]
M
I(6,5)
5→4 · g5 =
[ 2
2 1
]
·
[ 1 2 1
2 0 1′ 0
]
=
[ 1 2 1
2 0 1′ 0
]
g4 ·M I(6,3)5→4 −M I(6,5)5→4 · g5 =
[ 1 2 1
2 0 1′ 0
]
−
[ 1 2 1
2 0 1′ 0
]
=
[ 4
2 0
]
5. g3 ·M I(6,3)6→3 −M I(6,5)6→3 · g6 = 0
g3 ·M I(6,3)6→3 =
[ 4 3 3
3 0 1′ 0
]
·

1 4 1 1
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=
[ 1 1 2 2 1 1 1 1
1 0 0 0 0 1 0 0 0
2 0 0 0 1′ 0 0 0 0
]
·

1 2 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 1
1 0 0 0 0 1

=
[ 1 2 2 1 1
1 0 0 0 0 0
2 0 0 1′ 0 0
]
=
[ 3 2 2
1 0 0 0
2 0 1′ 0
]
M
I(6,5)
6→3 · g6 =
[ 2
1 0
2 1
]
·
[ 3 2 2
2 0 1′ 0
]
=
[ 3 2 2
1 0 0 0
2 0 1′ 0
]
g3 ·M I(6,3)6→3 −M I(6,5)6→3 · g6 =
[ 3 2 2
1 0 0 0
2 0 1′ 0
]
−
[ 3 2 2
1 0 0 0
2 0 1′ 0
]
=
[ 7
3 0
]
6. g6 ·M I(6,3)7→6 −M I(6,5)7→6 · g7 = 0
g6 ·M I(6,3)7→6 =
[ 3 2 2
2 0 1′ 0
]
·

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

=
[ 1 1 1 1 1 2
1 0 0 0 0 1 0
1 0 0 0 1 0 0
]
·

1 1 2
1 0 1 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1

=
[ 1 1 2
1 0 0 0
1 0 1 0
]
M
I(6,5)
7→6 · g7 =
[
0
1
]
·
[ 1 1 2
1 0 1 0
]
=
[ 1 1 2
1 0 0 0
1 0 1 0
]
g6 ·M I(6,3)7→6 −M I(6,5)7→6 · g7 =
[ 1 1 2
1 0 0 0
1 0 1 0
]
−
[ 1 1 2
1 0 0 0
1 0 1 0
]
=
[ 4
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1 1
1 0 1 0
]
·

1 2
2 0 1
1 0 0
1 1 0
 = [ 31 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 3 2 2
2 0 1′ 0
]
·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =
[ 1 2 2 2
2 0 0 1′ 0
]
·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =
[ 5
2 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 4 3 3
3 0 1′ 0
]
·

1 3 3
1 1 0 0
3 0 0 1
3 0 0 0
3 0 1′ 0
 =
[ 1 3 3 3
3 0 0 1′ 0
]
·

1 3 3
1 1 0 0
3 0 0 1
3 0 0 0
3 0 1′ 0
 =
[ 7
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 2 2
2 0 1′ 0
]
·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =
[ 1 2 2 2
2 0 0 1′ 0
]
·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =
[ 5
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2 1
2 0 1′ 0
]
·

1 1
1 0 1
2 0 0
1 1 0
 = [ 22 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 3 2 2
2 0 1′ 0
]
·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =
[ 1 2 2 2
2 0 0 1′ 0
]
·

1 2 2
1 1 0 0
2 0 0 1
2 0 0 0
2 0 1′ 0
 =
[ 5
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 1 2
1 0 1 0
]
·

2 1
1 0 1
1 0 0
2 1′ 0
 = [ 31 0 ]
148.3 Tree module property of I(12, 3) 
The matrices of the representation have full (column) rank P
1. M I(12,3)1→2 =

0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M13,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(12,3)
1→2 =

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

c1↔c5−−−−→

1 2 2 1 1
1 1 0 0 0 0
1 0 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0

c2↔c5−−−−→

1 1 2 1 2
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 1
1 0 1 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0

c3↔c5−−−−→

1 1 2 1 2
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 0
2 0 0 0 0 0
2 0 0 0 0 1
2 0 0 0 0 0
1 0 0 0 1 0
1 1 0 0 0 0

c4↔c5−−−−→

1 1 2 2 1
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 0
2 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 0
1 0 0 0 0 1
1 1 0 0 0 0

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2. M I(12,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k) is already in column echelon form and has maximal column rank.
3. M I(12,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
4. M I(12,3)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M13,7(k) is already in column echelon form and has maximal column rank.
5. M I(12,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

∈M19,13(k) is already in column echelon form and has maximal column rank.
2530
6. M I(12,3)7→6 =

0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0

∈M13,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(12,3)
7→6 =

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

c1↔c2−−−−→

1 2 1 1 2
1 1 0 0 0 0
2 0 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

148.3.1 0→ I(13, 6) f→ I(12, 3) g→ I(12, 7)→ 0 
PdimI(13, 6) + dimI(12, 7) = (5, 9, 13, 9, 5, 9, 4) + (2, 4, 6, 4, 2, 4, 3)
= (7, 13, 19, 13, 7, 13, 7) = dimI(12, 3)
Pdimk Ext
1
kQ(I(12, 7), I(13, 6)) = dimk HomkQ(I(12, 7), I(13, 6))− 〈dimI(12, 7),dimI(13, 6)〉
= 0− 〈(2, 4, 6, 4, 2, 4, 3), (5, 9, 13, 9, 5, 9, 4)〉
= 2 · 9 + 4 · 13 + 4 · 13 + 2 · 9 + 4 · 13 + 3 · 9− (2 · 5 + 4 · 9 + 6 · 13 + 4 · 9 + 2 · 5 + 4 · 9 + 3 · 4)
= 18 + 52 + 52 + 18 + 52 + 27− (10 + 36 + 78 + 36 + 10 + 36 + 12)
= 1
Matrices of the embedding f : I(13, 6)→ I(12, 3) P
1. f1 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M7,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(12, 3)→ I(12, 7) P
1. g1 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,13(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,19(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,13(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,13(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 1 0 00 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M3,7(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(13, 6)→ I(12, 3) P
1. f2 ·M I(13,6)1→2 −M I(12,3)1→2 · f1 = 0
f2 ·M I(13,6)1→2 =
[ 9
9 1
4 0
]
·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=

1 1 2 1 2 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
4 0 0 0 0 0 0

·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1
4 0 0 0

M
I(12,3)
1→2 · f1 =

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 5
5 1
2 0
]
=

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0
 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1
2 0 0 0
1 0 0 0
1 0 0 0

=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1
4 0 0 0

f2 ·M I(13,6)1→2 −M I(12,3)1→2 · f1 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1
4 0 0 0

−

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1
4 0 0 0

=
[ 5
13 0
]
2. f3 ·M I(13,6)2→3 −M I(12,3)2→3 · f2 = 0
f3 ·M I(13,6)2→3 =
[13
13 1
6 0
]
·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=

1 2 2 2 2 4
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
4 0 0 0 0 0 1
6 0 0 0 0 0 0

·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1
6 0 0 0 0

2533
M
I(12,3)
2→3 · f2 =

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·
[ 9
9 1
4 0
]
=

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
4 0 0 0 1
4 0 0 0 0
 =

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1
2 0 0 0 0
4 0 0 0 0

=

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1
6 0 0 0 0

f3 ·M I(13,6)2→3 −M I(12,3)2→3 · f2 =

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1
6 0 0 0 0

−

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1
6 0 0 0 0

=
[ 9
19 0
]
3. f3 ·M I(13,6)4→3 −M I(12,3)4→3 · f4 = 0
f3 ·M I(13,6)4→3 =
[13
13 1
6 0
]
·

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

5 2 2 2 2
5 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
6 0 0 0 0 0

·

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

M
I(12,3)
4→3 · f4 =

5 2 2 4
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
4 0 0 0 1
2 0 0 0 0

·
[ 9
9 1
4 0
]
=

5 2 2 4
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
4 0 0 0 1
2 0 0 0 0

·

5 2 2
5 1 0 0
2 0 1 0
2 0 0 1
4 0 0 0
 =

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
4 0 0 0
2 0 0 0

=

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

f3 ·M I(13,6)4→3 −M I(12,3)4→3 · f4 =

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

−

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

=
[ 9
19 0
]
4. f4 ·M I(13,6)5→4 −M I(12,3)5→4 · f5 = 0
f4 ·M I(13,6)5→4 =
[ 9
9 1
4 0
]
·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2 1 2 1
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0

·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
4 0 0 0 0

M
I(12,3)
5→4 · f5 =

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

·
[ 5
5 1
2 0
]
=

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0
 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 0
2 0 0 0 0

=

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
4 0 0 0 0

2534
f4 ·M I(13,6)5→4 −M I(12,3)5→4 · f5 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
4 0 0 0 0

−

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
4 0 0 0 0

=
[ 5
13 0
]
5. f3 ·M I(13,6)6→3 −M I(12,3)6→3 · f6 = 0
f3 ·M I(13,6)6→3 =
[13
13 1
6 0
]
·

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 =

1 2 8 2
1 1 0 0 0
2 0 1 0 0
8 0 0 1 0
2 0 0 0 1
6 0 0 0 0
 ·

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 =

1 8
1 1 0
2 0 0
8 0 1
2 0 0
6 0 0
 =

1 8
1 1 0
2 0 0
8 0 1
8 0 0

M
I(12,3)
6→3 · f6 =

1 8 2 2
1 1 0 0 0
2 0 0 0 0
8 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·
[ 9
9 1
4 0
]
=

1 8 2 2
1 1 0 0 0
2 0 0 0 0
8 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

1 8
1 1 0
8 0 1
2 0 0
2 0 0
 =

1 8
1 1 0
2 0 0
8 0 1
2 0 0
2 0 0
2 0 0
2 0 0

=

1 8
1 1 0
2 0 0
8 0 1
8 0 0

f3 ·M I(13,6)6→3 −M I(12,3)6→3 · f6 =

1 8
1 1 0
2 0 0
8 0 1
8 0 0
−

1 8
1 1 0
2 0 0
8 0 1
8 0 0
 =
[ 9
19 0
]
6. f6 ·M I(13,6)7→6 −M I(12,3)7→6 · f7 = 0
f6 ·M I(13,6)7→6 =
[ 9
9 1
4 0
]
·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=

1 2 2 1 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
4 0 0 0 0 0 0

·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
4 0 0 0

=

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
6 0 0 0

M
I(12,3)
7→6 · f7 =

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

·
[ 4
4 1
3 0
]
=

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
2 0 0 0
 =

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0

=

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
6 0 0 0

f6 ·M I(13,6)7→6 −M I(12,3)7→6 · f7 =

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
6 0 0 0

−

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
6 0 0 0

=
[ 4
13 0
]
2535
Relations of the projection g : I(12, 3)→ I(12, 7) P
1. g2 ·M I(12,3)1→2 −M I(12,7)1→2 · g1 = 0
g2 ·M I(12,3)1→2 =
[ 9 4
4 0 1
]
·

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 1 2 1 2 2 2 1 1
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
 ·

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 2 2 1 1
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 = [
5 2
2 0 0
2 0 1
]
M
I(12,7)
1→2 · g1 =
[ 2
2 0
2 1
]
·
[ 5 2
2 0 1
]
=
[ 5 2
2 0 0
2 0 1
]
g2 ·M I(12,3)1→2 −M I(12,7)1→2 · g1 =
[ 5 2
2 0 0
2 0 1
]
−
[ 5 2
2 0 0
2 0 1
]
=
[ 7
4 0
]
2. g3 ·M I(12,3)2→3 −M I(12,7)2→3 · g2 = 0
g3 ·M I(12,3)2→3 =
[13 6
6 0 1
]
·

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 2 2 2 2 4 2 4
2 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 1
]
·

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 2 2 4 4
2 0 0 0 0 0
4 0 0 0 0 1
]
=
[ 9 4
2 0 0
4 0 1
]
M
I(12,7)
2→3 · g2 =
[ 4
2 0
4 1
]
·
[ 9 4
4 0 1
]
=
[ 9 4
2 0 0
4 0 1
]
g3 ·M I(12,3)2→3 −M I(12,7)2→3 · g2 =
[ 9 4
2 0 0
4 0 1
]
−
[ 9 4
2 0 0
4 0 1
]
=
[13
6 0
]
3. g3 ·M I(12,3)4→3 −M I(12,7)4→3 · g4 = 0
g3 ·M I(12,3)4→3 =
[13 6
6 0 1
]
·

5 2 2 4
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
4 0 0 0 1
2 0 0 0 0

=
[ 5 2 2 2 2 4 2
4 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

5 2 2 4
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
4 0 0 0 1
2 0 0 0 0

=
[ 5 2 2 4
4 0 0 0 1
2 0 0 0 0
]
=
[ 9 4
4 0 1
2 0 0
]
M
I(12,7)
4→3 · g4 =
[ 4
4 1
2 0
]
·
[ 9 4
4 0 1
]
=
[ 9 4
4 0 1
2 0 0
]
g3 ·M I(12,3)4→3 −M I(12,7)4→3 · g4 =
[ 9 4
4 0 1
2 0 0
]
−
[ 9 4
4 0 1
2 0 0
]
=
[13
6 0
]
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4. g4 ·M I(12,3)5→4 −M I(12,7)5→4 · g5 = 0
g4 ·M I(12,3)5→4 =
[ 9 4
4 0 1
]
·

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 1 1 2 1 2 1 2 2
2 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
]
·

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

=
[ 1 1 1 2 2
2 0 0 0 0 1
2 0 0 0 0 0
]
=
[ 5 2
2 0 1
2 0 0
]
M
I(12,7)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 5 2
2 0 1
]
=
[ 5 2
2 0 1
2 0 0
]
g4 ·M I(12,3)5→4 −M I(12,7)5→4 · g5 =
[ 5 2
2 0 1
2 0 0
]
−
[ 5 2
2 0 1
2 0 0
]
=
[ 7
4 0
]
5. g3 ·M I(12,3)6→3 −M I(12,7)6→3 · g6 = 0
g3 ·M I(12,3)6→3 =
[13 6
6 0 1
]
·

1 8 2 2
1 1 0 0 0
2 0 0 0 0
8 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

1 2 8 2 2 2 2
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 8 2 2
1 1 0 0 0
2 0 0 0 0
8 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

1 8 2 2
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
 =

9 2 2
2 0 1 0
2 0 1 1
2 0 0 1

M
I(12,7)
6→3 · g6 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 9 44 0 1 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
9 2 2
2 0 1 0
2 0 0 1
]
=

9 2 2
2 0 1 0
2 0 1 1
2 0 0 1

g3 ·M I(12,3)6→3 −M I(12,7)6→3 · g6 =

9 2 2
2 0 1 0
2 0 1 1
2 0 0 1
−

9 2 2
2 0 1 0
2 0 1 1
2 0 0 1
 = [136 0 ]
6. g6 ·M I(12,3)7→6 −M I(12,7)7→6 · g7 = 0
g6 ·M I(12,3)7→6 =
[ 9 4
4 0 1
]
·

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

=

1 2 2 1 1 2 1 2 1
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
 ·

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

=

2 1 1 1 2
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0
 =

4 1 2
1 0 1 0
2 0 0 1
1 0 1 0

M
I(12,7)
7→6 · g7 =

1 2
1 1 0
2 0 1
1 1 0
 · [ 4 33 0 1 ] =

1 2
1 1 0
2 0 1
1 1 0
 · [
4 1 2
1 0 1 0
2 0 0 1
]
=

4 1 2
1 0 1 0
2 0 0 1
1 0 1 0

g6 ·M I(12,3)7→6 −M I(12,7)7→6 · g7 =

4 1 2
1 0 1 0
2 0 0 1
1 0 1 0
−

4 1 2
1 0 1 0
2 0 0 1
1 0 1 0
 = [ 74 0 ]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 9 4
4 0 1
]
·
[ 9
9 1
4 0
]
=
[ 9
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[13 6
6 0 1
]
·
[13
13 1
6 0
]
=
[13
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 9 4
4 0 1
]
·
[ 9
9 1
4 0
]
=
[ 9
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 9 4
4 0 1
]
·
[ 9
9 1
4 0
]
=
[ 9
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3
3 0 1
]
·
[ 4
4 1
3 0
]
=
[ 4
3 0
]
148.3.2 0→ I(13, 4) f→ I(12, 3) g→ I(12, 5)→ 0 
PdimI(13, 4) + dimI(12, 5) = (5, 9, 13, 9, 4, 9, 5) + (2, 4, 6, 4, 3, 4, 2)
= (7, 13, 19, 13, 7, 13, 7) = dimI(12, 3)
Pdimk Ext
1
kQ(I(12, 5), I(13, 4)) = dimk HomkQ(I(12, 5), I(13, 4))− 〈dimI(12, 5),dimI(13, 4)〉
= 0− 〈(2, 4, 6, 4, 3, 4, 2), (5, 9, 13, 9, 4, 9, 5)〉
= 2 · 9 + 4 · 13 + 4 · 13 + 3 · 9 + 4 · 13 + 2 · 9− (2 · 5 + 4 · 9 + 6 · 13 + 4 · 9 + 3 · 4 + 4 · 9 + 2 · 5)
= 18 + 52 + 52 + 27 + 52 + 18− (10 + 36 + 78 + 36 + 12 + 36 + 10)
= 1
Matrices of the embedding f : I(13, 4)→ I(12, 3) P
1. f1 =

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
1 0 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

2 3
3 0 1
2 0 0
2 1′ 0
 c1↔c2−−−−→

3 2
3 1 0
2 0 0
2 0 1′

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2. f2 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0

∈M13,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 c2↔c3−−−−→

1 4 4
1 1 0 0
4 0 1 0
4 0 0 0
4 0 0 1′
 =

5 4
5 1 0
4 0 0
4 0 1′

3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 c2↔c3−−−−→

1 6 6
1 1 0 0
6 0 1 0
6 0 0 0
6 0 0 1′
 =

7 6
7 1 0
6 0 0
6 0 1′

4. f4 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0

∈M13,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 c2↔c3−−−−→

1 4 4
1 1 0 0
4 0 1 0
4 0 0 0
4 0 0 1′
 =

5 4
5 1 0
4 0 0
4 0 1′

2539
5. f5 =

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0

∈M7,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

2 2
2 0 1
3 0 0
2 1′ 0
 c1↔c2−−−−→

2 2
2 1 0
3 0 0
2 0 1′

6. f6 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0

∈M13,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 c2↔c3−−−−→

1 4 4
1 1 0 0
4 0 1 0
4 0 0 0
4 0 0 1′
 =

5 4
5 1 0
4 0 0
4 0 1′

7. f7 =

0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 1 0 0
0 1 0 0 0

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

1 2 2
2 0 0 1
2 0 0 0
1 1 0 0
2 0 1′ 0
 c1↔c3−−−−→

2 2 1
2 1 0 0
2 0 0 0
1 0 0 1
2 0 1′ 0
 =

2 3
2 1 0
2 0 0
3 0 1′

Matrices of the projection g : I(12, 3)→ I(12, 5) P
1. g1 =
[
0 0 0 0 1 0 0
0 0 0 1 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 3 2 2
2 0 1′ 0
]
2. g2 =

0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
 ∈M4,13(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 5 4 4
4 0 1′ 0
]
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M6,19(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 7 6 6
6 0 1′ 0
]
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4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
 ∈M4,13(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 5 4 4
4 0 1′ 0
]
5. g5 =
0 0 1 0 0 0 00 0 0 0 1 0 0
0 0 0 1 0 0 0
 ∈M3,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
]
6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
 ∈M4,13(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 5 4 4
4 0 1′ 0
]
7. g7 =
[
0 0 0 1 0 0 0
0 0 1 0 0 0 0
]
∈M2,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 2 3
2 0 1′ 0
]
Relations of the embedding f : I(13, 4)→ I(12, 3) P
1. f2 ·M I(13,4)1→2 −M I(12,3)1→2 · f1 = 0
f2 ·M I(13,4)1→2 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 ·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2 1 2 1
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0
2 0 0 0 1′ 0 0 0
1 0 0 1 0 0 0 0
1 0 1 0 0 0 0 0

·

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

=

1 1 1 2
1 1 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
4 0 0 0 0
2 0 0 0 0
1 0 1 0 0
1 1 0 0 0

=

1 1 1 2
1 1 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
6 0 0 0 0
1 0 1 0 0
1 1 0 0 0

M
I(12,3)
1→2 · f1 =

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

2 3
3 0 1
2 0 0
2 1′ 0
 =

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1 2
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0
1 0 1 0 0
1 1 0 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
2 0 0 0 0
2 0 0 0 0
2 0 0 0 0
1 0 1 0 0
1 1 0 0 0

=

1 1 1 2
1 1 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
6 0 0 0 0
1 0 1 0 0
1 1 0 0 0

f2 ·M I(13,4)1→2 −M I(12,3)1→2 · f1 =

1 1 1 2
1 1 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
6 0 0 0 0
1 0 1 0 0
1 1 0 0 0

−

1 1 1 2
1 1 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0
6 0 0 0 0
1 0 1 0 0
1 1 0 0 0

=
[ 5
13 0
]
2. f3 ·M I(13,4)2→3 −M I(12,3)2→3 · f2 = 0
f3 ·M I(13,4)2→3 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 ·

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 4 2 2 2 2
1 1 0 0 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
6 0 0 0 0 0 0
2 0 0 1′ 0 0 0
4 0 1′ 0 0 0 0

·

1 4 2 2
1 1 0 0 0
4 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

1 4 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
6 0 0 0 0
2 0 0 0 0
4 0 1′ 0 0

=

1 4 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
8 0 0 0 0
4 0 1′ 0 0

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M
I(12,3)
2→3 · f2 =

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

·

1 4 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 0 1
4 0 0 0 0
4 0 1′ 0 0
 =

1 4 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
2 0 0 0 0
4 0 0 0 0
2 0 0 0 0
4 0 1′ 0 0

=

1 4 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
8 0 0 0 0
4 0 1′ 0 0

f3 ·M I(13,4)2→3 −M I(12,3)2→3 · f2 =

1 4 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
8 0 0 0 0
4 0 1′ 0 0

−

1 4 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
8 0 0 0 0
4 0 1′ 0 0

=
[ 9
19 0
]
3. f3 ·M I(13,4)4→3 −M I(12,3)4→3 · f4 = 0
f3 ·M I(13,4)4→3 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 ·

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 =

1 2 4 4 2
1 1 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 1
6 0 0 0 0 0
4 0 0 1′ 0 0
2 0 1′ 0 0 0

·

1 4 4
1 1 0 0
2 0 0 0
4 0 1 0
4 0 0 1
2 0 0 0
 =

1 4 4
1 1 0 0
4 0 0 1
2 0 0 0
6 0 0 0
4 0 1′ 0
2 0 0 0

=

1 4 4
1 1 0 0
4 0 0 1
8 0 0 0
4 0 1′ 0
2 0 0 0

M
I(12,3)
4→3 · f4 =

5 2 2 4
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
4 0 0 0 1
2 0 0 0 0

·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =

1 4 2 2 4
1 1 0 0 0 0
4 0 1 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 1 1 0
2 0 0 0 1 0
4 0 0 0 0 1
2 0 0 0 0 0

·

1 4 4
1 1 0 0
4 0 0 1
2 0 0 0
2 0 0 0
4 0 1′ 0
 =

1 4 4
1 1 0 0
4 0 0 1
2 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0
4 0 1′ 0
2 0 0 0

=

1 4 4
1 1 0 0
4 0 0 1
8 0 0 0
4 0 1′ 0
2 0 0 0

f3 ·M I(13,4)4→3 −M I(12,3)4→3 · f4 =

1 4 4
1 1 0 0
4 0 0 1
8 0 0 0
4 0 1′ 0
2 0 0 0
−

1 4 4
1 1 0 0
4 0 0 1
8 0 0 0
4 0 1′ 0
2 0 0 0
 =
[ 9
19 0
]
4. f4 ·M I(13,4)5→4 −M I(12,3)5→4 · f5 = 0
f4 ·M I(13,4)5→4 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 ·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=

1 2 2 1 1 2
1 1 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
4 0 0 0 0 0 0
2 0 0 1′ 0 0 0
2 0 1′ 0 0 0 0

·

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

=

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0
4 0 0 0
2 1′ 0 0
2 0 0 0

=

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
6 0 0 0
2 1′ 0 0
2 0 0 0

M
I(12,3)
5→4 · f5 =

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

·

2 2
2 0 1
3 0 0
2 1′ 0
 =

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

·

2 1 1
1 0 1 0
1 0 0 1
1 0 0 0
2 0 0 0
2 1′ 0 0
 =

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
2 1′ 0 0
2 0 0 0

=

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
6 0 0 0
2 1′ 0 0
2 0 0 0

2542
f4 ·M I(13,4)5→4 −M I(12,3)5→4 · f5 =

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
6 0 0 0
2 1′ 0 0
2 0 0 0

−

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
6 0 0 0
2 1′ 0 0
2 0 0 0

=
[ 4
13 0
]
5. f3 ·M I(13,4)6→3 −M I(12,3)6→3 · f6 = 0
f3 ·M I(13,4)6→3 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 ·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=

1 2 2 2 2 4
1 1 0 0 0 0 0
2 0 0 0 0 1 0
4 0 0 0 0 0 1
6 0 0 0 0 0 0
2 0 0 0 1′ 0 0
2 0 0 1′ 0 0 0
2 0 1′ 0 0 0 0

·

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

=

1 2 2 4
1 1 0 0 0
2 0 0 0 0
4 0 0 0 1
6 0 0 0 0
2 0 0 1′ 0
2 0 1′ 1′ 0
2 0 1′ 0 0

M
I(12,3)
6→3 · f6 =

1 8 2 2
1 1 0 0 0
2 0 0 0 0
8 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =

1 4 4 2 2
1 1 0 0 0 0
2 0 0 0 0 0
4 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 1 1
2 0 0 0 0 1

·

1 2 2 4
1 1 0 0 0
4 0 0 0 1
4 0 0 0 0
2 0 0 1′ 0
2 0 1′ 0 0
 =

1 2 2 4
1 1 0 0 0
2 0 0 0 0
4 0 0 0 1
4 0 0 0 0
2 0 0 0 0
2 0 0 1′ 0
2 0 1′ 1′ 0
2 0 1′ 0 0

=

1 2 2 4
1 1 0 0 0
2 0 0 0 0
4 0 0 0 1
6 0 0 0 0
2 0 0 1′ 0
2 0 1′ 1′ 0
2 0 1′ 0 0

f3 ·M I(13,4)6→3 −M I(12,3)6→3 · f6 =

1 1 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
4 0 0 0 0 0 1
6 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 1 0 1 0 0
1 0 0 1 0 0 0
1 0 1 0 0 0 0

−

1 1 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
4 0 0 0 0 0 1
6 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 1 0 1 0 0
1 0 0 1 0 0 0
1 0 1 0 0 0 0

=
[ 9
19 0
]
6. f6 ·M I(13,4)7→6 −M I(12,3)7→6 · f7 = 0
f6 ·M I(13,4)7→6 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 ·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=

1 1 2 1 2 2
1 1 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
4 0 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 1′ 0 0 0
1 0 1 0 0 0 0

·

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

=

1 2 2
1 0 0 0
2 0 0 0
2 0 0 1
4 0 0 0
1 1 0 0
2 0 1′ 0
1 1 0 0

=

1 2 2
3 0 0 0
2 0 0 1
4 0 0 0
1 1 0 0
2 0 1′ 0
1 1 0 0

M
I(12,3)
7→6 · f7 =

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

·

1 2 2
2 0 0 1
2 0 0 0
1 1 0 0
2 0 1′ 0
 =

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

·

1 2 2
2 0 0 1
1 0 0 0
1 0 0 0
1 1 0 0
2 0 1′ 0
 =

1 2 2
1 0 0 0
2 0 0 0
2 0 0 1
1 0 0 0
1 0 0 0
2 0 0 0
1 1 0 0
2 0 1′ 0
1 1 0 0

=

1 2 2
3 0 0 0
2 0 0 1
4 0 0 0
1 1 0 0
2 0 1′ 0
1 1 0 0

f6 ·M I(13,4)7→6 −M I(12,3)7→6 · f7 =

1 2 2
3 0 0 0
2 0 0 1
4 0 0 0
1 1 0 0
2 0 1′ 0
1 1 0 0

−

1 2 2
3 0 0 0
2 0 0 1
4 0 0 0
1 1 0 0
2 0 1′ 0
1 1 0 0

=
[ 5
13 0
]
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Relations of the projection g : I(12, 3)→ I(12, 5) P
1. g2 ·M I(12,3)1→2 −M I(12,5)1→2 · g1 = 0
g2 ·M I(12,3)1→2 =
[ 5 4 4
4 0 1′ 0
]
·

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 1 2 1 2 2 2 1 1
2 0 0 0 0 0 1′ 0 0 0
2 0 0 0 0 1′ 0 0 0 0
]
·

1 2 2 1 1
1 0 0 0 0 1
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 2 2 1 1
2 0 0 1′ 0 0
2 0 0 0 0 0
]
=
[ 3 2 2
2 0 1′ 0
2 0 0 0
]
M
I(12,5)
1→2 · g1 =
[ 2
2 1
2 0
]
·
[ 3 2 2
2 0 1′ 0
]
=
[ 3 2 2
2 0 1′ 0
2 0 0 0
]
g2 ·M I(12,3)1→2 −M I(12,5)1→2 · g1 =
[ 3 2 2
2 0 1′ 0
2 0 0 0
]
−
[ 3 2 2
2 0 1′ 0
2 0 0 0
]
=
[ 7
4 0
]
2. g3 ·M I(12,3)2→3 −M I(12,5)2→3 · g2 = 0
g3 ·M I(12,3)2→3 =
[ 7 6 6
6 0 1′ 0
]
·

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 2 2 2 2 4 2 4
4 0 0 0 0 0 1′ 0 0
2 0 0 0 0 1′ 0 0 0
]
·

1 2 2 4 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[ 1 2 2 4 4
4 0 0 0 1′ 0
2 0 0 0 0 0
]
=
[ 5 4 4
4 0 1′ 0
2 0 0 0
]
M
I(12,5)
2→3 · g2 =
[ 4
4 1
2 0
]
·
[ 5 4 4
4 0 1′ 0
]
=
[ 5 4 4
4 0 1′ 0
2 0 0 0
]
g3 ·M I(12,3)2→3 −M I(12,5)2→3 · g2 =
[ 5 4 4
4 0 1′ 0
2 0 0 0
]
−
[ 5 4 4
4 0 1′ 0
2 0 0 0
]
=
[13
6 0
]
3. g3 ·M I(12,3)4→3 −M I(12,5)4→3 · g4 = 0
g3 ·M I(12,3)4→3 =
[ 7 6 6
6 0 1′ 0
]
·

5 2 2 4
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
4 0 0 0 1
2 0 0 0 0

=

5 2 2 2 2 4 2
2 0 0 0 0 1′ 0 0
2 0 0 0 1′ 0 0 0
2 0 0 1′ 0 0 0 0
 ·

5 2 2 4
5 1 0 0 0
2 0 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
4 0 0 0 1
2 0 0 0 0

=

5 2 2 4
2 0 0 1′ 0
2 0 1′ 1′ 0
2 0 1′ 0 0

M
I(12,5)
4→3 · g4 =

2 2
2 1 0
2 1 1
2 0 1
 · [ 5 4 44 0 1′ 0 ] =

2 2
2 1 0
2 1 1
2 0 1
 · [
5 2 2 4
2 0 0 1′ 0
2 0 1′ 0 0
]
=

5 2 2 4
2 0 0 1′ 0
2 0 1′ 1′ 0
2 0 1′ 0 0

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g3 ·M I(12,3)4→3 −M I(12,5)4→3 · g4 =

5 1 1 1 1 4
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 1 0 1 0 0
1 0 0 1 0 0 0
1 0 1 0 0 0 0

−

5 1 1 1 1 4
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 1 0 1 0 0
1 0 0 1 0 0 0
1 0 1 0 0 0 0

=
[13
6 0
]
4. g4 ·M I(12,3)5→4 −M I(12,5)5→4 · g5 = 0
g4 ·M I(12,3)5→4 =
[ 5 4 4
4 0 1′ 0
]
·

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 1 2 1 2 1 2 2
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1′ 0 0 0
1 0 0 0 0 1 0 0 0 0
 ·

1 1 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 1 2 2
1 0 0 1 0 0
2 0 0 0 1′ 0
1 0 0 1 0 0
 =

2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
1 0 1 0 0

M
I(12,5)
5→4 · g5 =

1 2
1 1 0
2 0 1
1 1 0
 · [
2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
]
=

2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
1 0 1 0 0

g4 ·M I(12,3)5→4 −M I(12,5)5→4 · g5 =

2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
1 0 1 0 0
−

2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
1 0 1 0 0
 = [ 74 0 ]
5. g3 ·M I(12,3)6→3 −M I(12,5)6→3 · g6 = 0
g3 ·M I(12,3)6→3 =
[ 7 6 6
6 0 1′ 0
]
·

1 8 2 2
1 1 0 0 0
2 0 0 0 0
8 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=
[ 1 2 4 4 2 2 2 2
2 0 0 0 0 1′ 0 0 0
4 0 0 0 1′ 0 0 0 0
]
·

1 4 4 2 2
1 1 0 0 0 0
2 0 0 0 0 0
4 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 1 1
2 0 0 0 0 1

=
[ 1 4 4 2 2
2 0 0 0 0 0
4 0 0 1′ 0 0
]
=
[ 5 4 4
2 0 0 0
4 0 1′ 0
]
M
I(12,5)
6→3 · g6 =
[ 4
2 0
4 1
]
·
[ 5 4 4
4 0 1′ 0
]
=
[ 5 4 4
2 0 0 0
4 0 1′ 0
]
g3 ·M I(12,3)6→3 −M I(12,5)6→3 · g6 =
[ 5 4 4
2 0 0 0
4 0 1′ 0
]
−
[ 5 4 4
2 0 0 0
4 0 1′ 0
]
=
[13
6 0
]
6. g6 ·M I(12,3)7→6 −M I(12,5)7→6 · g7 = 0
g6 ·M I(12,3)7→6 =
[ 5 4 4
4 0 1′ 0
]
·

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

=

1 2 2 1 1 2 1 2 1
2 0 0 0 0 0 1′ 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 0 0
 ·

2 1 1 1 2
1 0 1 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

=

2 1 1 1 2
2 0 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 0
 = [
2 2 3
2 0 0 0
2 0 1′ 0
]
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M
I(12,5)
7→6 · g7 =
[ 2
2 0
2 1
]
·
[ 2 2 3
2 0 1′ 0
]
=
[ 2 2 3
2 0 0 0
2 0 1′ 0
]
g6 ·M I(12,3)7→6 −M I(12,5)7→6 · g7 =
[ 2 2 3
2 0 0 0
2 0 1′ 0
]
−
[ 2 2 3
2 0 0 0
2 0 1′ 0
]
=
[ 7
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2 2
2 0 1′ 0
]
·

2 3
3 0 1
2 0 0
2 1′ 0
 = [ 52 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 5 4 4
4 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 1 4 4 4
4 0 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 9
4 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 6 6
6 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[ 1 6 6 6
6 0 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[13
6 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 4 4
4 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 1 4 4 4
4 0 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 9
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
]
·

2 2
2 0 1
3 0 0
2 1′ 0
 = [
2 1 2 2
1 0 1 0 0
2 0 0 1′ 0
]
·

2 2
2 0 1
1 0 0
2 0 0
2 1′ 0
 =
[ 4
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 4 4
4 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 1 4 4 4
4 0 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 9
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2 3
2 0 1′ 0
]
·

1 2 2
2 0 0 1
2 0 0 0
1 1 0 0
2 0 1′ 0
 =
[ 2 2 1 2
2 0 1′ 0 0
]
·

1 2 2
2 0 0 1
2 0 0 0
1 1 0 0
2 0 1′ 0
 =
[ 5
2 0
]
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148.4 Tree module property of I(18, 3) 
The matrices of the representation have full (column) rank P
1. M I(18,3)1→2 =

0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M19,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(18,3)
1→2 =

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

c1↔c5−−−−→

1 2 3 2 2
1 1 0 0 0 0
2 0 0 0 0 1
2 0 1 0 0 0
2 0 0 0 0 1
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 1 0 0 0 0

c2↔c5−−−−→

1 2 3 2 2
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 1
2 0 1 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 1 0 0 0 0

c3↔c5−−−−→

1 2 2 2 3
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 0 0
3 0 0 0 0 0
3 0 0 0 0 1
3 0 0 0 0 0
2 0 0 0 1 0
1 1 0 0 0 0

c4↔c5−−−−→

1 2 2 3 2
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 0 0
3 0 0 0 0 0
3 0 0 0 1 0
3 0 0 0 0 0
2 0 0 0 0 1
1 1 0 0 0 0

2. M I(18,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,19(k) is already in column echelon form and has maximal column rank.
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3. M I(18,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M28,19(k) is already in column echelon form and has maximal column rank.
4. M I(18,3)5→4 =

1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M19,10(k) is already in column echelon form and has maximal column rank.
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5. M I(18,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M28,19(k) is already in column echelon form and has maximal column rank.
6. M I(18,3)7→6 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0

∈M19,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(18,3)
7→6 =

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

c1↔c2−−−−→

1 3 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
3 0 1 0 0 0
1 1 0 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

148.4.1 0→ I(19, 6) f→ I(18, 3) g→ I(18, 7)→ 0 
PdimI(19, 6) + dimI(18, 7) = (7, 13, 19, 13, 7, 13, 6) + (3, 6, 9, 6, 3, 6, 4)
= (10, 19, 28, 19, 10, 19, 10) = dimI(18, 3)
Pdimk Ext
1
kQ(I(18, 7), I(19, 6)) = dimk HomkQ(I(18, 7), I(19, 6))− 〈dimI(18, 7),dimI(19, 6)〉
= 0− 〈(3, 6, 9, 6, 3, 6, 4), (7, 13, 19, 13, 7, 13, 6)〉
= 3 · 13 + 6 · 19 + 6 · 19 + 3 · 13 + 6 · 19 + 4 · 13− (3 · 7 + 6 · 13 + 9 · 19 + 6 · 13 + 3 · 7 + 6 · 13 + 4 · 6)
= 39 + 114 + 114 + 39 + 114 + 52− (21 + 78 + 171 + 78 + 21 + 78 + 24)
= 1
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Matrices of the embedding f : I(19, 6)→ I(18, 3) P
1. f1 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M28,19(k) is already in column echelon form and has maximal column rank.
2550
4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M10,7(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M10,6(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(18, 3)→ I(18, 7) P
1. g1 =
0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M3,10(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,19(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,28(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,19(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M3,10(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,19(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
 ∈M4,10(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(19, 6)→ I(18, 3) P
1. f2 ·M I(19,6)1→2 −M I(18,3)1→2 · f1 = 0
f2 ·M I(19,6)1→2 =
[13
13 1
6 0
]
·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=

1 2 2 2 3 3
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
6 0 0 0 0 0 0

·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1
6 0 0 0

M
I(18,3)
1→2 · f1 =

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 7
7 1
3 0
]
=

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

2 2 3
2 1 0 0
2 0 1 0
3 0 0 1
2 0 0 0
1 0 0 0
 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1
3 0 0 0
2 0 0 0
1 0 0 0

=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1
6 0 0 0

f2 ·M I(19,6)1→2 −M I(18,3)1→2 · f1 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1
6 0 0 0

−

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1
6 0 0 0

=
[ 7
19 0
]
2. f3 ·M I(19,6)2→3 −M I(18,3)2→3 · f2 = 0
f3 ·M I(19,6)2→3 =
[19
19 1
9 0
]
·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=

1 3 3 3 3 6
1 1 0 0 0 0 0
3 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
3 0 0 0 0 1 0
6 0 0 0 0 0 1
9 0 0 0 0 0 0

·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0

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M
I(18,3)
2→3 · f2 =

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·
[13
13 1
6 0
]
=

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 0 1 0
6 0 0 0 1
6 0 0 0 0
 =

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1
3 0 0 0 0
6 0 0 0 0

=

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0

f3 ·M I(19,6)2→3 −M I(18,3)2→3 · f2 =

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0

−

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0

=
[13
28 0
]
3. f3 ·M I(19,6)4→3 −M I(18,3)4→3 · f4 = 0
f3 ·M I(19,6)4→3 =
[19
19 1
9 0
]
·

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

7 3 3 3 3
7 1 0 0 0 0
3 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 0 1
9 0 0 0 0 0

·

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

M
I(18,3)
4→3 · f4 =

7 3 3 6
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
6 0 0 0 1
3 0 0 0 0

·
[13
13 1
6 0
]
=

7 3 3 6
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
6 0 0 0 1
3 0 0 0 0

·

7 3 3
7 1 0 0
3 0 1 0
3 0 0 1
6 0 0 0
 =

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
6 0 0 0
3 0 0 0

=

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

f3 ·M I(19,6)4→3 −M I(18,3)4→3 · f4 =

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

−

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

=
[13
28 0
]
4. f4 ·M I(19,6)5→4 −M I(18,3)5→4 · f5 = 0
f4 ·M I(19,6)5→4 =
[13
13 1
6 0
]
·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 1 2 3 2 2 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
6 0 0 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
6 0 0 0 0

M
I(18,3)
5→4 · f5 =

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

·
[ 7
7 1
3 0
]
=

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
3 0 0 0 0
 =

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
3 0 0 0 0
3 0 0 0 0

=

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
6 0 0 0 0

2553
f4 ·M I(19,6)5→4 −M I(18,3)5→4 · f5 =

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
6 0 0 0 0

−

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
6 0 0 0 0

=
[ 7
19 0
]
5. f3 ·M I(19,6)6→3 −M I(18,3)6→3 · f6 = 0
f3 ·M I(19,6)6→3 =
[19
19 1
9 0
]
·

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 =

1 3 12 3
1 1 0 0 0
3 0 1 0 0
12 0 0 1 0
3 0 0 0 1
9 0 0 0 0
 ·

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 =

1 12
1 1 0
3 0 0
12 0 1
3 0 0
9 0 0
 =

1 12
1 1 0
3 0 0
12 0 1
12 0 0

M
I(18,3)
6→3 · f6 =

1 12 3 3
1 1 0 0 0
3 0 0 0 0
12 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·
[13
13 1
6 0
]
=

1 12 3 3
1 1 0 0 0
3 0 0 0 0
12 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

1 12
1 1 0
12 0 1
3 0 0
3 0 0
 =

1 12
1 1 0
3 0 0
12 0 1
3 0 0
3 0 0
3 0 0
3 0 0

=

1 12
1 1 0
3 0 0
12 0 1
12 0 0

f3 ·M I(19,6)6→3 −M I(18,3)6→3 · f6 =

1 12
1 1 0
3 0 0
12 0 1
12 0 0
−

1 12
1 1 0
3 0 0
12 0 1
12 0 0
 =
[13
28 0
]
6. f6 ·M I(19,6)7→6 −M I(18,3)7→6 · f7 = 0
f6 ·M I(19,6)7→6 =
[13
13 1
6 0
]
·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=

1 3 3 1 2 3
1 1 0 0 0 0 0
3 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
6 0 0 0 0 0 0

·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
6 0 0 0

=

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
9 0 0 0

M
I(18,3)
7→6 · f7 =

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

·
[ 6
6 1
4 0
]
=

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

·

3 1 2
3 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
2 0 0 0
 =

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0

=

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
9 0 0 0

f6 ·M I(19,6)7→6 −M I(18,3)7→6 · f7 =

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
9 0 0 0

−

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
9 0 0 0

=
[ 6
19 0
]
2554
Relations of the projection g : I(18, 3)→ I(18, 7) P
1. g2 ·M I(18,3)1→2 −M I(18,7)1→2 · g1 = 0
g2 ·M I(18,3)1→2 =
[13 6
6 0 1
]
·

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 2 2 3 3 3 2 1
3 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
 ·

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

2 2 3 2 1
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 = [
7 3
3 0 0
3 0 1
]
M
I(18,7)
1→2 · g1 =
[ 3
3 0
3 1
]
·
[ 7 3
3 0 1
]
=
[ 7 3
3 0 0
3 0 1
]
g2 ·M I(18,3)1→2 −M I(18,7)1→2 · g1 =
[ 7 3
3 0 0
3 0 1
]
−
[ 7 3
3 0 0
3 0 1
]
=
[10
6 0
]
2. g3 ·M I(18,3)2→3 −M I(18,7)2→3 · g2 = 0
g3 ·M I(18,3)2→3 =
[19 9
9 0 1
]
·

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 1 3 3 3 3 6 3 6
3 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 1
]
·

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 1 3 3 6 6
3 0 0 0 0 0
6 0 0 0 0 1
]
=
[13 6
3 0 0
6 0 1
]
M
I(18,7)
2→3 · g2 =
[ 6
3 0
6 1
]
·
[13 6
6 0 1
]
=
[13 6
3 0 0
6 0 1
]
g3 ·M I(18,3)2→3 −M I(18,7)2→3 · g2 =
[13 6
3 0 0
6 0 1
]
−
[13 6
3 0 0
6 0 1
]
=
[19
9 0
]
3. g3 ·M I(18,3)4→3 −M I(18,7)4→3 · g4 = 0
g3 ·M I(18,3)4→3 =
[19 9
9 0 1
]
·

7 3 3 6
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
6 0 0 0 1
3 0 0 0 0

=
[ 7 3 3 3 3 6 3
6 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

7 3 3 6
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
6 0 0 0 1
3 0 0 0 0

=
[ 7 3 3 6
6 0 0 0 1
3 0 0 0 0
]
=
[13 6
6 0 1
3 0 0
]
M
I(18,7)
4→3 · g4 =
[ 6
6 1
3 0
]
·
[13 6
6 0 1
]
=
[13 6
6 0 1
3 0 0
]
g3 ·M I(18,3)4→3 −M I(18,7)4→3 · g4 =
[13 6
6 0 1
3 0 0
]
−
[13 6
6 0 1
3 0 0
]
=
[19
9 0
]
2555
4. g4 ·M I(18,3)5→4 −M I(18,7)5→4 · g5 = 0
g4 ·M I(18,3)5→4 =
[13 6
6 0 1
]
·

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 1 2 3 2 2 2 3 3
3 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
]
·

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

=
[ 1 2 2 2 3
3 0 0 0 0 1
3 0 0 0 0 0
]
=
[ 7 3
3 0 1
3 0 0
]
M
I(18,7)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 7 3
3 0 1
]
=
[ 7 3
3 0 1
3 0 0
]
g4 ·M I(18,3)5→4 −M I(18,7)5→4 · g5 =
[ 7 3
3 0 1
3 0 0
]
−
[ 7 3
3 0 1
3 0 0
]
=
[10
6 0
]
5. g3 ·M I(18,3)6→3 −M I(18,7)6→3 · g6 = 0
g3 ·M I(18,3)6→3 =
[19 9
9 0 1
]
·

1 12 3 3
1 1 0 0 0
3 0 0 0 0
12 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

1 3 12 3 3 3 3
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

1 12 3 3
1 1 0 0 0
3 0 0 0 0
12 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

1 12 3 3
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
 =

13 3 3
3 0 1 0
3 0 1 1
3 0 0 1

M
I(18,7)
6→3 · g6 =

3 3
3 1 0
3 1 1
3 0 1
 · [13 66 0 1 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
13 3 3
3 0 1 0
3 0 0 1
]
=

13 3 3
3 0 1 0
3 0 1 1
3 0 0 1

g3 ·M I(18,3)6→3 −M I(18,7)6→3 · g6 =

13 3 3
3 0 1 0
3 0 1 1
3 0 0 1
−

13 3 3
3 0 1 0
3 0 1 1
3 0 0 1
 = [199 0 ]
6. g6 ·M I(18,3)7→6 −M I(18,7)7→6 · g7 = 0
g6 ·M I(18,3)7→6 =
[13 6
6 0 1
]
·

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

=

1 3 3 1 2 3 2 2 2
2 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
 ·

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

=

3 1 2 2 2
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0
 =

6 2 2
2 0 1 0
2 0 0 1
2 0 1 0

M
I(18,7)
7→6 · g7 =

2 2
2 1 0
2 0 1
2 1 0
 · [ 6 44 0 1 ] =

2 2
2 1 0
2 0 1
2 1 0
 · [
6 2 2
2 0 1 0
2 0 0 1
]
=

6 2 2
2 0 1 0
2 0 0 1
2 0 1 0

g6 ·M I(18,3)7→6 −M I(18,7)7→6 · g7 =

6 2 2
2 0 1 0
2 0 0 1
2 0 1 0
−

6 2 2
2 0 1 0
2 0 0 1
2 0 1 0
 = [106 0 ]
2556
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 7 3
3 0 1
]
·
[ 7
7 1
3 0
]
=
[ 7
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[13 6
6 0 1
]
·
[13
13 1
6 0
]
=
[13
6 0
]
3. g3 · f3 = 0
g3 · f3 =
[19 9
9 0 1
]
·
[19
19 1
9 0
]
=
[19
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[13 6
6 0 1
]
·
[13
13 1
6 0
]
=
[13
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 7 3
3 0 1
]
·
[ 7
7 1
3 0
]
=
[ 7
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[13 6
6 0 1
]
·
[13
13 1
6 0
]
=
[13
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 6 4
4 0 1
]
·
[ 6
6 1
4 0
]
=
[ 6
4 0
]
148.4.2 0→ I(19, 4) f→ I(18, 3) g→ I(18, 5)→ 0 
PdimI(19, 4) + dimI(18, 5) = (7, 13, 19, 13, 6, 13, 7) + (3, 6, 9, 6, 4, 6, 3)
= (10, 19, 28, 19, 10, 19, 10) = dimI(18, 3)
Pdimk Ext
1
kQ(I(18, 5), I(19, 4)) = dimk HomkQ(I(18, 5), I(19, 4))− 〈dimI(18, 5),dimI(19, 4)〉
= 0− 〈(3, 6, 9, 6, 4, 6, 3), (7, 13, 19, 13, 6, 13, 7)〉
= 3 · 13 + 6 · 19 + 6 · 19 + 4 · 13 + 6 · 19 + 3 · 13− (3 · 7 + 6 · 13 + 9 · 19 + 6 · 13 + 4 · 6 + 6 · 13 + 3 · 7)
= 39 + 114 + 114 + 52 + 114 + 39− (21 + 78 + 171 + 78 + 24 + 78 + 21)
= 1
Matrices of the embedding f : I(19, 4)→ I(18, 3) P
1. f1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0

∈M10,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

3 4
4 0 1
3 0 0
3 1′ 0
 c1↔c2−−−−→

4 3
4 1 0
3 0 0
3 0 1′

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2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 c2↔c3−−−−→

1 6 6
1 1 0 0
6 0 1 0
6 0 0 0
6 0 0 1′
 =

7 6
7 1 0
6 0 0
6 0 1′

3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M28,19(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 9 9
1 1 0 0
9 0 0 1
9 0 0 0
9 0 1′ 0
 c2↔c3−−−−→

1 9 9
1 1 0 0
9 0 1 0
9 0 0 0
9 0 0 1′
 =

10 9
10 1 0
9 0 0
9 0 1′

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4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 c2↔c3−−−−→

1 6 6
1 1 0 0
6 0 1 0
6 0 0 0
6 0 0 1′
 =

7 6
7 1 0
6 0 0
6 0 1′

5. f5 =

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

∈M10,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

3 3
3 0 1
4 0 0
3 1′ 0
 c1↔c2−−−−→

3 3
3 1 0
4 0 0
3 0 1′

6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0

∈M19,13(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 c2↔c3−−−−→

1 6 6
1 1 0 0
6 0 1 0
6 0 0 0
6 0 0 1′
 =

7 6
7 1 0
6 0 0
6 0 1′

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7. f7 =

0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0

∈M10,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

2 2 3
3 0 0 1
3 0 0 0
2 1′ 0 0
2 0 1′ 0
 c1↔c3−−−−→

3 2 2
3 1 0 0
3 0 0 0
2 0 0 1′
2 0 1′ 0
 =

3 4
3 1 0
3 0 0
4 0 1′

Matrices of the projection g : I(18, 3)→ I(18, 5) P
1. g1 =
0 0 0 0 0 0 1 0 0 00 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
 ∈M3,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 4 3 3
3 0 1′ 0
]
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M6,19(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 7 6 6
6 0 1′ 0
]
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M9,28(k) can be brought to row echelon form (as shown below) and
has maximal row rank.
g3 =
[10 9 9
9 0 1′ 0
]
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M6,19(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 7 6 6
6 0 1′ 0
]
5. g5 =

0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
 ∈M4,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
]
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M6,19(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 7 6 6
6 0 1′ 0
]
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7. g7 =
0 0 0 0 0 1 0 0 0 00 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
 ∈M3,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 3 3 4
3 0 1′ 0
]
Relations of the embedding f : I(19, 4)→ I(18, 3) P
1. f2 ·M I(19,4)1→2 −M I(18,3)1→2 · f1 = 0
f2 ·M I(19,4)1→2 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 ·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 1 2 3 2 2 2
1 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
6 0 0 0 0 0 0 0
3 0 0 0 1′ 0 0 0
2 0 0 1′ 0 0 0 0
1 0 1 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

=

1 2 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
6 0 0 0 0
3 0 0 0 0
2 0 1′ 0 0
1 1 0 0 0

=

1 2 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
9 0 0 0 0
2 0 1′ 0 0
1 1 0 0 0

M
I(18,3)
1→2 · f1 =

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

3 4
4 0 1
3 0 0
3 1′ 0
 =

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

1 2 2 2
2 0 0 1 0
2 0 0 0 1
3 0 0 0 0
2 0 1′ 0 0
1 1 0 0 0
 =

1 2 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
3 0 0 0 0
3 0 0 0 0
3 0 0 0 0
2 0 1′ 0 0
1 1 0 0 0

=

1 2 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
9 0 0 0 0
2 0 1′ 0 0
1 1 0 0 0

f2 ·M I(19,4)1→2 −M I(18,3)1→2 · f1 =

1 2 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
9 0 0 0 0
2 0 1′ 0 0
1 1 0 0 0

−

1 2 2 2
1 1 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0
9 0 0 0 0
2 0 1′ 0 0
1 1 0 0 0

=
[ 7
19 0
]
2. f3 ·M I(19,4)2→3 −M I(18,3)2→3 · f2 = 0
f3 ·M I(19,4)2→3 =

1 9 9
1 1 0 0
9 0 0 1
9 0 0 0
9 0 1′ 0
 ·

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 6 3 3 3 3
1 1 0 0 0 0 0
3 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
9 0 0 0 0 0 0
3 0 0 1′ 0 0 0
6 0 1′ 0 0 0 0

·

1 6 3 3
1 1 0 0 0
6 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

1 6 3 3
1 1 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
9 0 0 0 0
3 0 0 0 0
6 0 1′ 0 0

=

1 6 3 3
1 1 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
12 0 0 0 0
6 0 1′ 0 0

M
I(18,3)
2→3 · f2 =

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

·

1 6 3 3
1 1 0 0 0
3 0 0 1 0
3 0 0 0 1
6 0 0 0 0
6 0 1′ 0 0
 =

1 6 3 3
1 1 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
3 0 0 0 0
6 0 0 0 0
3 0 0 0 0
6 0 1′ 0 0

=

1 6 3 3
1 1 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
12 0 0 0 0
6 0 1′ 0 0

f3 ·M I(19,4)2→3 −M I(18,3)2→3 · f2 =

1 6 3 3
1 1 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
12 0 0 0 0
6 0 1′ 0 0

−

1 6 3 3
1 1 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
12 0 0 0 0
6 0 1′ 0 0

=
[13
28 0
]
2561
3. f3 ·M I(19,4)4→3 −M I(18,3)4→3 · f4 = 0
f3 ·M I(19,4)4→3 =

1 9 9
1 1 0 0
9 0 0 1
9 0 0 0
9 0 1′ 0
 ·

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 =

1 3 6 6 3
1 1 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 1
9 0 0 0 0 0
6 0 0 1′ 0 0
3 0 1′ 0 0 0

·

1 6 6
1 1 0 0
3 0 0 0
6 0 1 0
6 0 0 1
3 0 0 0
 =

1 6 6
1 1 0 0
6 0 0 1
3 0 0 0
9 0 0 0
6 0 1′ 0
3 0 0 0

=

1 6 6
1 1 0 0
6 0 0 1
12 0 0 0
6 0 1′ 0
3 0 0 0

M
I(18,3)
4→3 · f4 =

7 3 3 6
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
6 0 0 0 1
3 0 0 0 0

·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =

1 6 3 3 6
1 1 0 0 0 0
6 0 1 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 1 1 0
3 0 0 0 1 0
6 0 0 0 0 1
3 0 0 0 0 0

·

1 6 6
1 1 0 0
6 0 0 1
3 0 0 0
3 0 0 0
6 0 1′ 0
 =

1 6 6
1 1 0 0
6 0 0 1
3 0 0 0
3 0 0 0
3 0 0 0
3 0 0 0
6 0 1′ 0
3 0 0 0

=

1 6 6
1 1 0 0
6 0 0 1
12 0 0 0
6 0 1′ 0
3 0 0 0

f3 ·M I(19,4)4→3 −M I(18,3)4→3 · f4 =

1 6 6
1 1 0 0
6 0 0 1
12 0 0 0
6 0 1′ 0
3 0 0 0
−

1 6 6
1 1 0 0
6 0 0 1
12 0 0 0
6 0 1′ 0
3 0 0 0
 =
[13
28 0
]
4. f4 ·M I(19,4)5→4 −M I(18,3)5→4 · f5 = 0
f4 ·M I(19,4)5→4 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 ·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=

1 3 3 1 2 3
1 1 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
6 0 0 0 0 0 0
3 0 0 1′ 0 0 0
3 0 1′ 0 0 0 0

·

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

=

3 1 2
1 0 1 0
1 0 1 0
2 0 0 1
3 0 0 0
6 0 0 0
3 1′ 0 0
3 0 0 0

=

3 1 2
1 0 1 0
1 0 1 0
2 0 0 1
9 0 0 0
3 1′ 0 0
3 0 0 0

M
I(18,3)
5→4 · f5 =

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

·

3 3
3 0 1
4 0 0
3 1′ 0
 =

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

·

3 1 2
1 0 1 0
2 0 0 1
2 0 0 0
2 0 0 0
3 1′ 0 0
 =

3 1 2
1 0 1 0
1 0 1 0
2 0 0 1
3 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0
3 1′ 0 0
3 0 0 0

=

3 1 2
1 0 1 0
1 0 1 0
2 0 0 1
9 0 0 0
3 1′ 0 0
3 0 0 0

f4 ·M I(19,4)5→4 −M I(18,3)5→4 · f5 =

3 1 2
1 0 1 0
1 0 1 0
2 0 0 1
9 0 0 0
3 1′ 0 0
3 0 0 0

−

3 1 2
1 0 1 0
1 0 1 0
2 0 0 1
9 0 0 0
3 1′ 0 0
3 0 0 0

=
[ 6
19 0
]
5. f3 ·M I(19,4)6→3 −M I(18,3)6→3 · f6 = 0
f3 ·M I(19,4)6→3 =

1 9 9
1 1 0 0
9 0 0 1
9 0 0 0
9 0 1′ 0
 ·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=

1 3 3 3 3 6
1 1 0 0 0 0 0
3 0 0 0 0 1 0
6 0 0 0 0 0 1
9 0 0 0 0 0 0
3 0 0 0 1′ 0 0
3 0 0 1′ 0 0 0
3 0 1′ 0 0 0 0

·

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

=

1 3 3 6
1 1 0 0 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0

2562
M
I(18,3)
6→3 · f6 =

1 12 3 3
1 1 0 0 0
3 0 0 0 0
12 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =

1 6 6 3 3
1 1 0 0 0 0
3 0 0 0 0 0
6 0 1 0 0 0
6 0 0 1 0 0
3 0 0 0 0 0
3 0 0 0 1 0
3 0 0 0 1 1
3 0 0 0 0 1

·

1 3 3 6
1 1 0 0 0
6 0 0 0 1
6 0 0 0 0
3 0 0 1′ 0
3 0 1′ 0 0
 =

1 3 3 6
1 1 0 0 0
3 0 0 0 0
6 0 0 0 1
6 0 0 0 0
3 0 0 0 0
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0

=

1 3 3 6
1 1 0 0 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0

f3 ·M I(19,4)6→3 −M I(18,3)6→3 · f6 =

1 3 3 6
1 1 0 0 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0

−

1 3 3 6
1 1 0 0 0
3 0 0 0 0
6 0 0 0 1
9 0 0 0 0
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0

=
[13
28 0
]
6. f6 ·M I(19,4)7→6 −M I(18,3)7→6 · f7 = 0
f6 ·M I(19,4)7→6 =

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 ·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=

1 2 2 2 3 3
1 1 0 0 0 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
6 0 0 0 0 0 0
2 0 0 0 1′ 0 0
2 0 0 1′ 0 0 0
2 0 1′ 0 0 0 0

·

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

=

2 2 3
1 0 0 0
3 0 0 0
3 0 0 1
6 0 0 0
2 1′ 0 0
2 0 1′ 0
2 1′ 0 0

=

2 2 3
4 0 0 0
3 0 0 1
6 0 0 0
2 1′ 0 0
2 0 1′ 0
2 1′ 0 0

M
I(18,3)
7→6 · f7 =

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

·

2 2 3
3 0 0 1
3 0 0 0
2 1′ 0 0
2 0 1′ 0
 =

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

·

2 2 3
3 0 0 1
1 0 0 0
2 0 0 0
2 1′ 0 0
2 0 1′ 0
 =

2 2 3
1 0 0 0
3 0 0 0
3 0 0 1
1 0 0 0
2 0 0 0
3 0 0 0
2 1′ 0 0
2 0 1′ 0
2 1′ 0 0

=

2 2 3
4 0 0 0
3 0 0 1
6 0 0 0
2 1′ 0 0
2 0 1′ 0
2 1′ 0 0

f6 ·M I(19,4)7→6 −M I(18,3)7→6 · f7 =

2 2 3
4 0 0 0
3 0 0 1
6 0 0 0
2 1′ 0 0
2 0 1′ 0
2 1′ 0 0

−

2 2 3
4 0 0 0
3 0 0 1
6 0 0 0
2 1′ 0 0
2 0 1′ 0
2 1′ 0 0

=
[ 7
19 0
]
Relations of the projection g : I(18, 3)→ I(18, 5) P
1. g2 ·M I(18,3)1→2 −M I(18,5)1→2 · g1 = 0
g2 ·M I(18,3)1→2 =
[ 7 6 6
6 0 1′ 0
]
·

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 1 2 2 2 3 3 3 2 1
3 0 0 0 0 0 1′ 0 0 0
3 0 0 0 0 1′ 0 0 0 0
]
·

2 2 3 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 2 2 3 2 1
3 0 0 1′ 0 0
3 0 0 0 0 0
]
=
[ 4 3 3
3 0 1′ 0
3 0 0 0
]
M
I(18,5)
1→2 · g1 =
[ 3
3 1
3 0
]
·
[ 4 3 3
3 0 1′ 0
]
=
[ 4 3 3
3 0 1′ 0
3 0 0 0
]
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g2 ·M I(18,3)1→2 −M I(18,5)1→2 · g1 =
[ 4 3 3
3 0 1′ 0
3 0 0 0
]
−
[ 4 3 3
3 0 1′ 0
3 0 0 0
]
=
[10
6 0
]
2. g3 ·M I(18,3)2→3 −M I(18,5)2→3 · g2 = 0
g3 ·M I(18,3)2→3 =
[10 9 9
9 0 1′ 0
]
·

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 1 3 3 3 3 6 3 6
6 0 0 0 0 0 1′ 0 0
3 0 0 0 0 1′ 0 0 0
]
·

1 3 3 6 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[ 1 3 3 6 6
6 0 0 0 1′ 0
3 0 0 0 0 0
]
=
[ 7 6 6
6 0 1′ 0
3 0 0 0
]
M
I(18,5)
2→3 · g2 =
[ 6
6 1
3 0
]
·
[ 7 6 6
6 0 1′ 0
]
=
[ 7 6 6
6 0 1′ 0
3 0 0 0
]
g3 ·M I(18,3)2→3 −M I(18,5)2→3 · g2 =
[ 7 6 6
6 0 1′ 0
3 0 0 0
]
−
[ 7 6 6
6 0 1′ 0
3 0 0 0
]
=
[19
9 0
]
3. g3 ·M I(18,3)4→3 −M I(18,5)4→3 · g4 = 0
g3 ·M I(18,3)4→3 =
[10 9 9
9 0 1′ 0
]
·

7 3 3 6
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
6 0 0 0 1
3 0 0 0 0

=

7 3 3 3 3 6 3
3 0 0 0 0 1′ 0 0
3 0 0 0 1′ 0 0 0
3 0 0 1′ 0 0 0 0
 ·

7 3 3 6
7 1 0 0 0
3 0 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
6 0 0 0 1
3 0 0 0 0

=

7 3 3 6
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0

M
I(18,5)
4→3 · g4 =

3 3
3 1 0
3 1 1
3 0 1
 · [ 7 6 66 0 1′ 0 ] =

3 3
3 1 0
3 1 1
3 0 1
 · [
7 3 3 6
3 0 0 1′ 0
3 0 1′ 0 0
]
=

7 3 3 6
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0

g3 ·M I(18,3)4→3 −M I(18,5)4→3 · g4 =

7 3 3 6
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0
−

7 3 3 6
3 0 0 1′ 0
3 0 1′ 1′ 0
3 0 1′ 0 0
 = [199 0 ]
4. g4 ·M I(18,3)5→4 −M I(18,5)5→4 · g5 = 0
g4 ·M I(18,3)5→4 =
[ 7 6 6
6 0 1′ 0
]
·

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 1 2 3 2 2 2 3 3
2 0 0 0 0 0 0 1′ 0 0
2 0 0 0 0 0 1′ 0 0 0
2 0 0 0 0 1′ 0 0 0 0
 ·

1 2 2 2 3
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 3
2 0 0 1′ 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
 =

3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
2 0 1′ 0 0

M
I(18,5)
5→4 · g5 =

2 2
2 1 0
2 0 1
2 1 0
 · [
3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
]
=

3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
2 0 1′ 0 0

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g4 ·M I(18,3)5→4 −M I(18,5)5→4 · g5 =

3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
2 0 1′ 0 0
−

3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
2 0 1′ 0 0
 = [106 0 ]
5. g3 ·M I(18,3)6→3 −M I(18,5)6→3 · g6 = 0
g3 ·M I(18,3)6→3 =
[10 9 9
9 0 1′ 0
]
·

1 12 3 3
1 1 0 0 0
3 0 0 0 0
12 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=
[ 1 3 6 6 3 3 3 3
3 0 0 0 0 1′ 0 0 0
6 0 0 0 1′ 0 0 0 0
]
·

1 6 6 3 3
1 1 0 0 0 0
3 0 0 0 0 0
6 0 1 0 0 0
6 0 0 1 0 0
3 0 0 0 0 0
3 0 0 0 1 0
3 0 0 0 1 1
3 0 0 0 0 1

=
[ 1 6 6 3 3
3 0 0 0 0 0
6 0 0 1′ 0 0
]
=
[ 7 6 6
3 0 0 0
6 0 1′ 0
]
M
I(18,5)
6→3 · g6 =
[ 6
3 0
6 1
]
·
[ 7 6 6
6 0 1′ 0
]
=
[ 7 6 6
3 0 0 0
6 0 1′ 0
]
g3 ·M I(18,3)6→3 −M I(18,5)6→3 · g6 =
[ 7 6 6
3 0 0 0
6 0 1′ 0
]
−
[ 7 6 6
3 0 0 0
6 0 1′ 0
]
=
[19
9 0
]
6. g6 ·M I(18,3)7→6 −M I(18,5)7→6 · g7 = 0
g6 ·M I(18,3)7→6 =
[ 7 6 6
6 0 1′ 0
]
·

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

=

1 3 3 1 2 3 2 2 2
3 0 0 0 0 0 1′ 0 0 0
2 0 0 0 0 1′ 0 0 0 0
1 0 0 0 1 0 0 0 0 0
 ·

3 1 2 2 2
1 0 1 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

=

3 1 2 2 2
3 0 0 0 0 0
2 0 0 1′ 0 0
1 0 1 0 0 0
 = [
3 3 4
3 0 0 0
3 0 1′ 0
]
M
I(18,5)
7→6 · g7 =
[ 3
3 0
3 1
]
·
[ 3 3 4
3 0 1′ 0
]
=
[ 3 3 4
3 0 0 0
3 0 1′ 0
]
g6 ·M I(18,3)7→6 −M I(18,5)7→6 · g7 =
[ 3 3 4
3 0 0 0
3 0 1′ 0
]
−
[ 3 3 4
3 0 0 0
3 0 1′ 0
]
=
[10
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 3 3
3 0 1′ 0
]
·

3 4
4 0 1
3 0 0
3 1′ 0
 = [ 73 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 7 6 6
6 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[ 1 6 6 6
6 0 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[13
6 0
]
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3. g3 · f3 = 0
g3 · f3 =
[10 9 9
9 0 1′ 0
]
·

1 9 9
1 1 0 0
9 0 0 1
9 0 0 0
9 0 1′ 0
 =
[ 1 9 9 9
9 0 0 1′ 0
]
·

1 9 9
1 1 0 0
9 0 0 1
9 0 0 0
9 0 1′ 0
 =
[19
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 6 6
6 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[ 1 6 6 6
6 0 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[13
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
]
·

3 3
3 0 1
4 0 0
3 1′ 0
 = [
3 2 2 3
2 0 1′ 0 0
2 0 0 1′ 0
]
·

3 3
3 0 1
2 0 0
2 0 0
3 1′ 0
 =
[ 6
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 6 6
6 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[ 1 6 6 6
6 0 0 1′ 0
]
·

1 6 6
1 1 0 0
6 0 0 1
6 0 0 0
6 0 1′ 0
 =
[13
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3 4
3 0 1′ 0
]
·

2 2 3
3 0 0 1
3 0 0 0
2 1′ 0 0
2 0 1′ 0
 =
[ 3 3 2 2
3 0 1′ 0 0
]
·

2 2 3
3 0 0 1
3 0 0 0
2 1′ 0 0
2 0 1′ 0
 =
[ 7
3 0
]
148.5 Tree module property of I(6n, 3) 
The matrices of the representation have full (column) rank P
1. M I(6n,3)1→2 =

n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n 0 0
 ∈M6n+1,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n,3)
1→2 =

n−1 2 n n−1 1
1 0 0 0 0 1
n−1 1 0 0 0 0
2 0 1 0 0 0
n−1 1 0 0 0 0
n 0 0 0 0 0
n 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1

c1↔c5−−−−→

1 2 n n−1 n−1
1 1 0 0 0 0
n−1 0 0 0 0 1
2 0 1 0 0 0
n−1 0 0 0 0 1
n 0 0 0 0 0
n 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
1 1 0 0 0 0

c2↔c5−−−−→

1 n−1 n n−1 2
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 0 0 1
n−1 0 1 0 0 0
n 0 0 0 0 0
n 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
1 1 0 0 0 0

c3↔c5−−−−→

1 n−1 2 n−1 n
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n 0 0 0 0 1
n 0 0 0 0 0
n−1 0 0 0 1 0
1 1 0 0 0 0

c4↔c5−−−−→

1 n−1 2 n n−1
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n 0 0 0 1 0
n 0 0 0 0 0
n−1 0 0 0 0 1
1 1 0 0 0 0

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2. M I(6n,3)2→3 =

2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
+

1 2n 4n
n+1 0 0 0
2n 0 1 0
6n 0 0 0
 ∈M9n+1,6n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n,3)
2→3 =

1 n n 2n 2n
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 1 0 0
n 0 0 1 0 0
n 0 0 0 0 0
2n 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 1

3. M I(6n,3)4→3 =

2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M9n+1,6n+1(k) is already in column echelon form and has maximal column rank.
4. M I(6n,3)5→4 =

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

∈M6n+1,3n+1(k) is already in column echelon form and has maximal column rank.
5. M I(6n,3)6→3 =

1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+1 2n
7n+1 0 0
2n 0 1
]
∈M9n+1,6n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n,3)
6→3 =

1 4n n n
1 1 0 0 0
n 0 0 0 0
4n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1

6. M I(6n,3)7→6 =

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

∈M6n+1,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n,3)
7→6 =

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

c1↔c2−−−−→

1 n n−1 n−1 2
1 1 0 0 0 0
n 0 0 0 0 0
n 0 1 0 0 0
1 1 0 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

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148.5.1 0→ I(6n+ 1, 6) i→ I(6n, 3) p→ I(6n, 7)→ 0 
PdimI(6n+ 1, 6) + dimI(6n, 7) = (2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n) + (n, 2n, 3n, 2n, n, 2n, n+ 1)
= (3n+ 1, 6n+ 1, 9n+ 1, 6n+ 1, 3n+ 1, 6n+ 1, 3n+ 1) = dimI(6n, 3)
Pdimk Ext
1
kQ(I(6n, 7), I(6n+ 1, 6)) = dimk HomkQ(I(6n, 7), I(6n+ 1, 6))− 〈dimI(6n, 7),dimI(6n+ 1, 6)〉
= 0− 〈(n, 2n, 3n, 2n, n, 2n, n+ 1), (2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n)〉
= n · (4n+ 1) + 2n · (6n+ 1) + 2n · (6n+ 1) + n · (4n+ 1) + 2n · (6n+ 1) + (n+ 1) · (4n+ 1)
− (n · (2n+ 1) + 2n · (4n+ 1) + 3n · (6n+ 1) + 2n · (4n+ 1) + n · (2n+ 1) + 2n · (4n+ 1) + (n+ 1) · 2n)
= 4n2 +n+ 12n2 + 2n+ 12n2 + 2n+ 4n2 +n+ 12n2 + 2n+ 4n2 + 5n+ 1− (2n2 +n+ 8n2 + 2n+ 18n2 + 3n+ 8n2 + 2n+ 2n2 +n+ 8n2 + 2n+ 2n2 + 2n)
= 1
Matrices of the embedding i : I(6n+ 1, 6)→ I(6n, 3) P
1. i1 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n+1
4n+1 1
2n 0
]
∈M6n+1,4n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n+1
6n+1 1
3n 0
]
∈M9n+1,6n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n+1
4n+1 1
2n 0
]
∈M6n+1,4n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[2n+1
2n+1 1
n 0
]
∈M3n+1,2n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[4n+1
4n+1 1
2n 0
]
∈M6n+1,4n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[2n
2n 1
n+1 0
]
∈M3n+1,2n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n, 3)→ I(6n, 7) P
1. p1 =
[2n+1 n
n 0 1
]
∈Mn,3n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n+1 2n
2n 0 1
]
∈M2n,6n+1(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n+1 3n
3n 0 1
]
∈M3n,9n+1(k) is already in row echelon form and has maximal row rank.
4. p4 =
[4n+1 2n
2n 0 1
]
∈M2n,6n+1(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n+1 n
n 0 1
]
∈Mn,3n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n+1 2n
2n 0 1
]
∈M2n,6n+1(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n n+1
n+1 0 1
]
∈Mn+1,3n+1(k) is already in row echelon form and has maximal row rank.
2568
Relations of the embedding i : I(6n+ 1, 6)→ I(6n, 3) P
1. i2 ·M I(6n+1,6)1→2 −M I(6n,3)1→2 · i1 = 0
i2 ·M I(6n+1,6)1→2 =
[4n+1
4n+1 1
2n 0
]
·


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


=

1 n+1 2n−1 n
1 1 0 0 0
n+1 0 1 0 0
2n−1 0 0 1 0
n 0 0 0 1
2n 0 0 0 0
 ·

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n+2 n−1 2n
n+2 1 0 0
n−1 0 1 0
2n 0 0 1
2n 0 0 0
 ·

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0

=

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
2n 0 0
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
2n 0 0
 =

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 0 0 0
n 0 0 0
n 0 0 1
2n 0 0 0

+

n−1 2 n
1 0 0 0
n−1 0 0 0
2 0 0 0
n−1 1 0 0
n 0 0 0
n 0 0 0
2n 0 0 0

=

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 1 0 0
n 0 0 0
n 0 0 1
2n 0 0 0

M
I(6n,3)
1→2 · i1 =


n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n 0 0


·
[2n+1
2n+1 1
n 0
]
=

n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

·

n+1 n
n+1 1 0
n 0 1
n−1 0 0
1 0 0
+

n−1 n+2 n
n+2 0 0 0
n−1 1 0 0
4n 0 0 0
 ·

n−1 n+2
n−1 1 0
n+2 0 1
n 0 0

=

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
n 0 0
n−1 0 0
1 0 0

+

n−1 n+2
n+2 0 0
n−1 1 0
4n 0 0
 =

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 0 0 0
n 0 0 0
n 0 0 1
n 0 0 0
n−1 0 0 0
1 0 0 0

+

n−1 2 n
1 0 0 0
n−1 0 0 0
2 0 0 0
n−1 1 0 0
n 0 0 0
n 0 0 0
n 0 0 0
n−1 0 0 0
1 0 0 0

=

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 1 0 0
n 0 0 0
n 0 0 1
2n 0 0 0

i2 ·M I(6n+1,6)1→2 −M I(6n,3)1→2 · i1 =

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 1 0 0
n 0 0 0
n 0 0 1
2n 0 0 0

−

n−1 2 n
1 0 0 0
n−1 1 0 0
2 0 1 0
n−1 1 0 0
n 0 0 0
n 0 0 1
2n 0 0 0

=
[2n+1
6n+1 0
]
2. i3 ·M I(6n+1,6)2→3 −M I(6n,3)2→3 · i2 = 0
i3 ·M I(6n+1,6)2→3 =
[6n+1
6n+1 1
3n 0
]
·


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


=

2n+1 2n 2n
2n+1 1 0 0
2n 0 1 0
2n 0 0 1
3n 0 0 0
 ·

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

n+1 2n 3n
n+1 1 0 0
2n 0 1 0
3n 0 0 1
3n 0 0 0
 ·

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0

=

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
3n 0 0
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
3n 0 0 0
 =

1 n n 2n
1 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0

+

1 n n 2n
1 0 0 0 0
n 0 0 0 0
n 0 1 0 0
n 0 0 1 0
n 0 0 0 0
2n 0 0 0 0
3n 0 0 0 0

=

1 n n 2n
1 1 0 0 0
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0

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M
I(6n,3)
2→3 · i2 =


2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
+

1 2n 4n
n+1 0 0 0
2n 0 1 0
6n 0 0 0


·
[4n+1
4n+1 1
2n 0
]
=

2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
 ·

2n+1 2n
2n+1 1 0
2n 0 1
2n 0 0
+

1 2n 2n 2n
n+1 0 0 0 0
2n 0 1 0 0
6n 0 0 0 0
 ·

1 2n 2n
1 1 0 0
2n 0 1 0
2n 0 0 1
2n 0 0 0

=

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
n 0 0
2n 0 0
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
6n 0 0 0
 =

1 n n 2n
1 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n 0 0 0 0
2n 0 0 0 1
n 0 0 0 0
2n 0 0 0 0

+

1 n n 2n
1 0 0 0 0
n 0 0 0 0
n 0 1 0 0
n 0 0 1 0
n 0 0 0 0
2n 0 0 0 0
n 0 0 0 0
2n 0 0 0 0

=

1 n n 2n
1 1 0 0 0
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0

i3 ·M I(6n+1,6)2→3 −M I(6n,3)2→3 · i2 =

1 n n 2n
1 1 0 0 0
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0

−

1 n n 2n
1 1 0 0 0
n 0 1 0 0
n 0 1 1 0
n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0

=
[4n+1
9n+1 0
]
3. i3 ·M I(6n+1,6)4→3 −M I(6n,3)4→3 · i4 = 0
i3 ·M I(6n+1,6)4→3 =
[6n+1
6n+1 1
3n 0
]
·


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

=

2n+1 n 2n n
2n+1 1 0 0 0
n 0 1 0 0
2n 0 0 1 0
n 0 0 0 1
3n 0 0 0 0
 ·

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+

4n+1 2n
4n+1 1 0
2n 0 1
3n 0 0
 · [
2n+1 2n
4n+1 0 0
2n 0 1
]
=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
3n 0 0
+

2n+1 2n
4n+1 0 0
2n 0 1
3n 0 0
 =

2n+1 n n
2n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0
3n 0 0 0

+

2n+1 n n
2n+1 0 0 0
n 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
3n 0 0 0

=

2n+1 n n
2n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

M
I(6n,3)
4→3 · i4 =


2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0


·
[4n+1
4n+1 1
2n 0
]
=

2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

·

2n+1 2n
2n+1 1 0
2n 0 1
2n 0 0
+

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ·

2n+1 2n
2n+1 1 0
2n 0 1
2n 0 0

=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
2n 0 0
n 0 0

+

2n+1 2n
4n+1 0 0
2n 0 1
3n 0 0
 =

2n+1 n n
2n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0
2n 0 0 0
n 0 0 0

+

2n+1 n n
2n+1 0 0 0
n 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
2n 0 0 0
n 0 0 0

=

2n+1 n n
2n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

i3 ·M I(6n+1,6)4→3 −M I(6n,3)4→3 · i4 =

2n+1 n n
2n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

−

2n+1 n n
2n+1 1 0 0
n 0 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

=
[4n+1
9n+1 0
]
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4. i4 ·M I(6n+1,6)5→4 −M I(6n,3)5→4 · i5 = 0
i4 ·M I(6n+1,6)5→4 =
[4n+1
4n+1 1
2n 0
]
·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 1 n−1 n n−1 2 n−1
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
n−1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
n−1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
2n 0 0 0 0 0 0 0

·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
2n 0 0 0 0

M
I(6n,3)
5→4 · i5 =

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

·
[2n+1
2n+1 1
n 0
]
=

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

·

1 n−1 n−1 2
1 1 0 0 0
n−1 0 1 0 0
n−1 0 0 1 0
2 0 0 0 1
n 0 0 0 0
 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
n 0 0 0 0
n 0 0 0 0

=

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
2n 0 0 0 0

i4 ·M I(6n+1,6)5→4 −M I(6n,3)5→4 · i5 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
2n 0 0 0 0

−

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
2n 0 0 0 0

=
[2n+1
6n+1 0
]
5. i3 ·M I(6n+1,6)6→3 −M I(6n,3)6→3 · i6 = 0
i3 ·M I(6n+1,6)6→3 =
[6n+1
6n+1 1
3n 0
]
·

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 =

1 n 4n n
1 1 0 0 0
n 0 1 0 0
4n 0 0 1 0
n 0 0 0 1
3n 0 0 0 0
 ·

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
3n 0 0
 =

1 4n
1 1 0
n 0 0
4n 0 1
4n 0 0

M
I(6n,3)
6→3 · i6 =


1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+1 2n
7n+1 0 0
2n 0 1
]

·
[4n+1
4n+1 1
2n 0
]
=

1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

·

1 4n
1 1 0
4n 0 1
2n 0 0
+ [
4n+1 2n
7n+1 0 0
2n 0 1
]
·
[4n+1
4n+1 1
2n 0
]
=

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
2n 0 0
n 0 0

+
[4n+1
7n+1 0
2n 0
]
=

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
n 0 0
n 0 0
n 0 0

+

1 4n
1 0 0
n 0 0
4n 0 0
n 0 0
n 0 0
n 0 0
n 0 0

=

1 4n
1 1 0
n 0 0
4n 0 1
4n 0 0

i3 ·M I(6n+1,6)6→3 −M I(6n,3)6→3 · i6 =

1 4n
1 1 0
n 0 0
4n 0 1
4n 0 0
−

1 4n
1 1 0
n 0 0
4n 0 1
4n 0 0
 =
[4n+1
9n+1 0
]
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6. i6 ·M I(6n+1,6)7→6 −M I(6n,3)7→6 · i7 = 0
i6 ·M I(6n+1,6)7→6 =
[4n+1
4n+1 1
2n 0
]
·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=

1 n n 1 n−1 n
1 1 0 0 0 0 0
n 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 1 0 0
n−1 0 0 0 0 1 0
n 0 0 0 0 0 1
2n 0 0 0 0 0 0

·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0
2n 0 0 0

=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
3n 0 0 0

M
I(6n,3)
7→6 · i7 =

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

·
[2n
2n 1
n+1 0
]
=

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

·

n 1 n−1
n 1 0 0
1 0 1 0
n−1 0 0 1
n−1 0 0 0
2 0 0 0
 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0
n−1 0 0 0
2 0 0 0
n−1 0 0 0

=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
3n 0 0 0

i6 ·M I(6n+1,6)7→6 −M I(6n,3)7→6 · i7 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
3n 0 0 0

−

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
3n 0 0 0

=
[2n
6n+1 0
]
Relations of the projection p : I(6n, 3)→ I(6n, 7) P
1. p2 ·M I(6n,3)1→2 −M I(6n,7)1→2 · p1 = 0
p2 ·M I(6n,3)1→2 =
[4n+1 2n
2n 0 1
]
·


n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n 0 0


=

1 n+1 2n−1 n n n−1 1
n 0 0 0 0 1 0 0
n−1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+
[n+2 n−1 2n 2n
2n 0 0 0 1
]
·

n−1 2n+2
n+2 0 0
n−1 1 0
2n 0 0
2n 0 0

=

n+1 n n−1 1
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1
+ [n−1 2n+22n 0 0 ] =

n−1 2 n n−1 1
n 0 0 0 0 0
n−1 0 0 0 1 0
1 0 0 0 0 1
+

n−1 2 n n−1 1
n 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
 = [
2n+1 n
n 0 0
n 0 1
]
M
I(6n,7)
1→2 · p1 =
[ n
n 0
n 1
]
·
[2n+1 n
n 0 1
]
=
[2n+1 n
n 0 0
n 0 1
]
p2 ·M I(6n,3)1→2 −M I(6n,7)1→2 · p1 =
[2n+1 n
n 0 0
n 0 1
]
−
[2n+1 n
n 0 0
n 0 1
]
=
[3n+1
2n 0
]
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2. p3 ·M I(6n,3)2→3 −M I(6n,7)2→3 · p2 = 0
p3 ·M I(6n,3)2→3 =
[6n+1 3n
3n 0 1
]
·


2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
+

1 2n 4n
n+1 0 0 0
2n 0 1 0
6n 0 0 0


=
[2n+1 2n 2n n 2n
n 0 0 0 1 0
2n 0 0 0 0 1
]
·

2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
+
[n+1 2n 3n 3n
3n 0 0 0 1
]
·

1 2n 4n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
3n 0 0 0

=
[2n+1 2n 2n
n 0 0 0
2n 0 0 1
]
+
[ 1 2n 4n
3n 0 0 0
]
=
[ 1 2n 2n 2n
n 0 0 0 0
2n 0 0 0 1
]
+
[ 1 2n 2n 2n
n 0 0 0 0
2n 0 0 0 0
]
=
[4n+1 2n
n 0 0
2n 0 1
]
M
I(6n,7)
2→3 · p2 =
[2n
n 0
2n 1
]
·
[4n+1 2n
2n 0 1
]
=
[4n+1 2n
n 0 0
2n 0 1
]
p3 ·M I(6n,3)2→3 −M I(6n,7)2→3 · p2 =
[4n+1 2n
n 0 0
2n 0 1
]
−
[4n+1 2n
n 0 0
2n 0 1
]
=
[6n+1
3n 0
]
3. p3 ·M I(6n,3)4→3 −M I(6n,7)4→3 · p4 = 0
p3 ·M I(6n,3)4→3 =
[6n+1 3n
3n 0 1
]
·


2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0


=
[2n+1 n 2n n 2n n
2n 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+1 2n 3n
3n 0 0 1
]
·

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0

=
[2n+1 2n 2n
2n 0 0 1
n 0 0 0
]
+
[2n+1 2n 2n
3n 0 0 0
]
=
[2n+1 2n 2n
2n 0 0 1
n 0 0 0
]
+
[2n+1 2n 2n
2n 0 0 0
n 0 0 0
]
=
[4n+1 2n
2n 0 1
n 0 0
]
M
I(6n,7)
4→3 · p4 =
[2n
2n 1
n 0
]
·
[4n+1 2n
2n 0 1
]
=
[4n+1 2n
2n 0 1
n 0 0
]
p3 ·M I(6n,3)4→3 −M I(6n,7)4→3 · p4 =
[4n+1 2n
2n 0 1
n 0 0
]
−
[4n+1 2n
2n 0 1
n 0 0
]
=
[6n+1
3n 0
]
4. p4 ·M I(6n,3)5→4 −M I(6n,7)5→4 · p5 = 0
p4 ·M I(6n,3)5→4 =
[4n+1 2n
2n 0 1
]
·

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

=
[ 1 1 n−1 n n−1 2 n−1 n n
n 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 1
]
·

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

=
[ 1 n−1 n−1 2 n
n 0 0 0 0 1
n 0 0 0 0 0
]
=
[2n+1 n
n 0 1
n 0 0
]
M
I(6n,7)
5→4 · p5 =
[ n
n 1
n 0
]
·
[2n+1 n
n 0 1
]
=
[2n+1 n
n 0 1
n 0 0
]
p4 ·M I(6n,3)5→4 −M I(6n,7)5→4 · p5 =
[2n+1 n
n 0 1
n 0 0
]
−
[2n+1 n
n 0 1
n 0 0
]
=
[3n+1
2n 0
]
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5. p3 ·M I(6n,3)6→3 −M I(6n,7)6→3 · p6 = 0
p3 ·M I(6n,3)6→3 =
[6n+1 3n
3n 0 1
]
·


1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+1 2n
7n+1 0 0
2n 0 1
]

=
[ 1 n 4n n 2n n
2n 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[6n+1 n 2n
n 0 1 0
2n 0 0 1
]
·

4n+1 2n
6n+1 0 0
n 0 0
2n 0 1

=
[ 1 4n 2n
2n 0 0 1
n 0 0 0
]
+
[4n+1 2n
n 0 0
2n 0 1
]
=

1 4n n n
n 0 0 1 0
n 0 0 0 1
n 0 0 0 0
+

1 4n n n
n 0 0 0 0
n 0 0 1 0
n 0 0 0 1
 =

4n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1

M
I(6n,7)
6→3 · p6 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[4n+1 2n
2n 0 1
]
=
[2n
2n 1
n 0
]
·
[4n+1 2n
2n 0 1
]
+
[2n
n 0
2n 1
]
·
[4n+1 2n
2n 0 1
]
=
[4n+1 2n
2n 0 1
n 0 0
]
+
[4n+1 2n
n 0 0
2n 0 1
]
=

4n+1 n n
n 0 1 0
n 0 0 1
n 0 0 0
+

4n+1 n n
n 0 0 0
n 0 1 0
n 0 0 1
 =

4n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1

p3 ·M I(6n,3)6→3 −M I(6n,7)6→3 · p6 =

4n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1
−

4n+1 n n
n 0 1 0
n 0 1 1
n 0 0 1
 = [6n+13n 0 ]
6. p6 ·M I(6n,3)7→6 −M I(6n,7)7→6 · p7 = 0
p6 ·M I(6n,3)7→6 =
[4n+1 2n
2n 0 1
]
·

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

=

1 n n 1 n−1 n n−1 2 n−1
n−1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 0 1
 ·

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

=

n 1 n−1 n−1 2
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0
 =

2n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0

M
I(6n,7)
7→6 · p7 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [2n n+1n+1 0 1 ] =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
2n n−1 2
n−1 0 1 0
2 0 0 1
]
=

2n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0

p6 ·M I(6n,3)7→6 −M I(6n,7)7→6 · p7 =

2n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0
−

2n n−1 2
n−1 0 1 0
2 0 0 1
n−1 0 1 0
 = [3n+12n 0 ]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n+1 n
n 0 1
]
·
[2n+1
2n+1 1
n 0
]
=
[2n+1
n 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n+1 2n
2n 0 1
]
·
[4n+1
4n+1 1
2n 0
]
=
[4n+1
2n 0
]
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3. p3 · i3 = 0
p3 · i3 =
[6n+1 3n
3n 0 1
]
·
[6n+1
6n+1 1
3n 0
]
=
[6n+1
3n 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n+1 2n
2n 0 1
]
·
[4n+1
4n+1 1
2n 0
]
=
[4n+1
2n 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n+1 n
n 0 1
]
·
[2n+1
2n+1 1
n 0
]
=
[2n+1
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[4n+1 2n
2n 0 1
]
·
[4n+1
4n+1 1
2n 0
]
=
[4n+1
2n 0
]
7. p7 · i7 = 0
p7 · i7 =
[2n n+1
n+1 0 1
]
·
[2n
2n 1
n+1 0
]
=
[2n
n+1 0
]
148.5.2 0→ I(6n+ 1, 4) f→ I(6n, 3) g→ I(6n, 5)→ 0 
PdimI(6n+ 1, 4) + dimI(6n, 5) = (2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n, 4n+ 1, 2n+ 1) + (n, 2n, 3n, 2n, n+ 1, 2n, n)
= (3n+ 1, 6n+ 1, 9n+ 1, 6n+ 1, 3n+ 1, 6n+ 1, 3n+ 1) = dimI(6n, 3)
Pdimk Ext
1
kQ(I(6n, 5), I(6n+ 1, 4)) = dimk HomkQ(I(6n, 5), I(6n+ 1, 4))− 〈dimI(6n, 5),dimI(6n+ 1, 4)〉
= 0− 〈(n, 2n, 3n, 2n, n+ 1, 2n, n), (2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n, 4n+ 1, 2n+ 1)〉
= n · (4n+ 1) + 2n · (6n+ 1) + 2n · (6n+ 1) + (n+ 1) · (4n+ 1) + 2n · (6n+ 1) + n · (4n+ 1)
− (n · (2n+ 1) + 2n · (4n+ 1) + 3n · (6n+ 1) + 2n · (4n+ 1) + (n+ 1) · 2n+ 2n · (4n+ 1) + n · (2n+ 1))
= 4n2 +n+ 12n2 + 2n+ 12n2 + 2n+ 4n2 + 5n+ 1 + 12n2 + 2n+ 4n2 +n− (2n2 +n+ 8n2 + 2n+ 18n2 + 3n+ 8n2 + 2n+ 2n2 + 2n+ 8n2 + 2n+ 2n2 +n)
= 1
Matrices of the embedding f : I(6n+ 1, 4)→ I(6n, 3) P
1. f1 =

n n+1
n+1 0 1
n 0 0
n 1′ 0
 ∈M3n+1,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

n n+1
n+1 0 1
n 0 0
n 1′ 0
 c1↔c2−−−−→

n+1 n
n+1 1 0
n 0 0
n 0 1′

2. f2 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 ∈M6n+1,4n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 c2↔c3−−−−→

1 2n 2n
1 1 0 0
2n 0 1 0
2n 0 0 0
2n 0 0 1′
 =

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1′

3. f3 =

1 3n 3n
1 1 0 0
3n 0 0 1
3n 0 0 0
3n 0 1′ 0
 ∈M9n+1,6n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 3n 3n
1 1 0 0
3n 0 0 1
3n 0 0 0
3n 0 1′ 0
 c2↔c3−−−−→

1 3n 3n
1 1 0 0
3n 0 1 0
3n 0 0 0
3n 0 0 1′
 =

3n+1 3n
3n+1 1 0
3n 0 0
3n 0 1′

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4. f4 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 ∈M6n+1,4n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 c2↔c3−−−−→

1 2n 2n
1 1 0 0
2n 0 1 0
2n 0 0 0
2n 0 0 1′
 =

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1′

5. f5 =

n n
n 0 1
n+1 0 0
n 1′ 0
 ∈M3n+1,2n(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

n n
n 0 1
n+1 0 0
n 1′ 0
 c1↔c2−−−−→

n n
n 1 0
n+1 0 0
n 0 1′

6. f6 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 ∈M6n+1,4n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 c2↔c3−−−−→

1 2n 2n
1 1 0 0
2n 0 1 0
2n 0 0 0
2n 0 0 1′
 =

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1′

7. f7 =

n−1 2 n
n 0 0 1
n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
 ∈M3n+1,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

n−1 2 n
n 0 0 1
n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
 c1↔c3−−−−→

n 2 n−1
n 1 0 0
n 0 0 0
n−1 0 0 1′
2 0 1′ 0
 =

n n+1
n 1 0
n 0 0
n+1 0 1′

Matrices of the projection g : I(6n, 3)→ I(6n, 5) P
1. g1 =
[n+1 n n
n 0 1′ 0
]
∈Mn,3n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[2n+1 2n 2n
2n 0 1′ 0
]
∈M2n,6n+1(k) is already in row echelon form and has maximal row rank.
3. g3 =
[3n+1 3n 3n
3n 0 1′ 0
]
∈M3n,9n+1(k) is already in row echelon form and has maximal row rank.
4. g4 =
[2n+1 2n 2n
2n 0 1′ 0
]
∈M2n,6n+1(k) is already in row echelon form and has maximal row rank.
5. g5 =
[ n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
]
∈Mn+1,3n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[2n+1 2n 2n
2n 0 1′ 0
]
∈M2n,6n+1(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ n n n+1
n 0 1′ 0
]
∈Mn,3n+1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(6n+ 1, 4)→ I(6n, 3) P
1. f2 ·M I(6n+1,4)1→2 −M I(6n,3)1→2 · f1 = 0
f2 ·M I(6n+1,4)1→2 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 ·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 1 n−1 n n−1 2 n−1
1 1 0 0 0 0 0 0
n−1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
2n 0 0 0 0 0 0 0
n 0 0 0 1′ 0 0 0
n−1 0 0 1′ 0 0 0 0
1 0 1 0 0 0 0 0

·

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

=

1 n−1 n−1 2
1 1 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
2n 0 0 0 0
n 0 0 0 0
n−1 0 1′ 0 0
1 1 0 0 0

=

1 n−1 n−1 2
1 1 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
3n 0 0 0 0
n−1 0 1′ 0 0
1 1 0 0 0

M
I(6n,3)
1→2 · f1 =


n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n 0 0


·

n n+1
n+1 0 1
n 0 0
n 1′ 0
=

n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

·

1 n−1 n+1
n+1 0 0 1
n 0 0 0
n−1 0 1′ 0
1 1 0 0
+

n−1 2 n n
n+2 0 0 0 0
n−1 1 0 0 0
4n 0 0 0 0
 ·

n n−1 2
n−1 0 1 0
2 0 0 1
n 0 0 0
n 1′ 0 0

=

1 n−1 n+1
1 1 0 0
n+1 0 0 1
2n−1 0 0 0
n 0 0 0
n 0 0 0
n−1 0 1′ 0
1 1 0 0

+

n n−1 2
n+2 0 0 0
n−1 0 1 0
4n 0 0 0
 =

1 n−1 n−1 2
1 1 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n−1 0 1′ 0 0
1 1 0 0 0

+

1 n−1 n−1 2
1 0 0 0 0
n−1 0 0 0 0
2 0 0 0 0
n−1 0 0 1 0
n 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

=

1 n−1 n−1 2
1 1 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
3n 0 0 0 0
n−1 0 1′ 0 0
1 1 0 0 0

f2 ·M I(6n+1,4)1→2 −M I(6n,3)1→2 · f1 =

1 n−1 n−1 2
1 1 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
3n 0 0 0 0
n−1 0 1′ 0 0
1 1 0 0 0

−

1 n−1 n−1 2
1 1 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0
3n 0 0 0 0
n−1 0 1′ 0 0
1 1 0 0 0

=
[2n+1
6n+1 0
]
2. f3 ·M I(6n+1,4)2→3 −M I(6n,3)2→3 · f2 = 0
f3 ·M I(6n+1,4)2→3 =

1 3n 3n
1 1 0 0
3n 0 0 1
3n 0 0 0
3n 0 1′ 0
 ·


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

=

1 2n n 2n n
1 1 0 0 0 0
2n 0 0 0 1 0
n 0 0 0 0 1
3n 0 0 0 0 0
n 0 0 1′ 0 0
2n 0 1′ 0 0 0

·

1 2n 2n
1 1 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0
+

1 3n n 2n
1 1 0 0 0
n 0 0 1 0
2n 0 0 0 1
3n 0 0 0 0
3n 0 1′ 0 0
 ·

2n+1 2n
1 0 0
3n 0 0
n 0 0
2n 0 1

=

1 2n 2n
1 1 0 0
2n 0 0 1
n 0 0 0
3n 0 0 0
n 0 0 0
2n 0 1′ 0

+

2n+1 2n
1 0 0
n 0 0
2n 0 1
3n 0 0
3n 0 0
 =

1 2n n n
1 1 0 0 0
n 0 0 1 0
n 0 0 0 1
n 0 0 0 0
3n 0 0 0 0
n 0 0 0 0
2n 0 1′ 0 0

+

1 2n n n
1 0 0 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 0 1
3n 0 0 0 0
n 0 0 0 0
2n 0 0 0 0

=

1 2n n n
1 1 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1
4n 0 0 0 0
2n 0 1′ 0 0

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M
I(6n,3)
2→3 · f2 =


2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
+

1 2n 4n
n+1 0 0 0
2n 0 1 0
6n 0 0 0


·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =

1 2n 2n 2n
1 1 0 0 0
2n 0 1 0 0
2n 0 0 0 0
2n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1

·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
+

1 2n 2n 2n
n+1 0 0 0 0
2n 0 1 0 0
6n 0 0 0 0
 ·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0

=

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 0 0
n 0 0 0
2n 0 1′ 0

+

1 2n 2n
n+1 0 0 0
2n 0 0 1
6n 0 0 0
 =

1 2n n n
1 1 0 0 0
n 0 0 1 0
n 0 0 0 1
n 0 0 0 0
n 0 0 0 0
2n 0 0 0 0
n 0 0 0 0
2n 0 1′ 0 0

+

1 2n n n
1 0 0 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 0 1
n 0 0 0 0
2n 0 0 0 0
n 0 0 0 0
2n 0 0 0 0

=

1 2n n n
1 1 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1
4n 0 0 0 0
2n 0 1′ 0 0

f3 ·M I(6n+1,4)2→3 −M I(6n,3)2→3 · f2 =

1 2n n n
1 1 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1
4n 0 0 0 0
2n 0 1′ 0 0

−

1 2n n n
1 1 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1
4n 0 0 0 0
2n 0 1′ 0 0

=
[4n+1
9n+1 0
]
3. f3 ·M I(6n+1,4)4→3 −M I(6n,3)4→3 · f4 = 0
f3 ·M I(6n+1,4)4→3 =

1 3n 3n
1 1 0 0
3n 0 0 1
3n 0 0 0
3n 0 1′ 0
 ·

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 =

1 n 2n 2n n
1 1 0 0 0 0
2n 0 0 0 1 0
n 0 0 0 0 1
3n 0 0 0 0 0
2n 0 0 1′ 0 0
n 0 1′ 0 0 0

·

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 1 0
2n 0 0 1
n 0 0 0
 =

1 2n 2n
1 1 0 0
2n 0 0 1
n 0 0 0
3n 0 0 0
2n 0 1′ 0
n 0 0 0

=

1 2n 2n
1 1 0 0
2n 0 0 1
4n 0 0 0
2n 0 1′ 0
n 0 0 0

M
I(6n,3)
4→3 · f4 =


2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0


·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
=

1 2n 2n 2n
1 1 0 0 0
2n 0 1 0 0
n 0 0 0 0
2n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1
n 0 0 0 0

·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
+

1 2n 2n 2n
4n+1 0 0 0 0
2n 0 0 1 0
3n 0 0 0 0
 ·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0

=

1 2n 2n
1 1 0 0
2n 0 0 1
n 0 0 0
2n 0 0 0
n 0 0 0
2n 0 1′ 0
n 0 0 0

+

1 2n 2n
4n+1 0 0 0
2n 0 0 0
3n 0 0 0
 =

1 2n 2n
1 1 0 0
2n 0 0 1
n 0 0 0
n 0 0 0
n 0 0 0
n 0 0 0
2n 0 1′ 0
n 0 0 0

+

1 2n 2n
1 0 0 0
2n 0 0 0
n 0 0 0
n 0 0 0
n 0 0 0
n 0 0 0
2n 0 0 0
n 0 0 0

=

1 2n 2n
1 1 0 0
2n 0 0 1
4n 0 0 0
2n 0 1′ 0
n 0 0 0

f3 ·M I(6n+1,4)4→3 −M I(6n,3)4→3 · f4 =

1 2n 2n
1 1 0 0
2n 0 0 1
4n 0 0 0
2n 0 1′ 0
n 0 0 0
−

1 2n 2n
1 1 0 0
2n 0 0 1
4n 0 0 0
2n 0 1′ 0
n 0 0 0
 =
[4n+1
9n+1 0
]
4. f4 ·M I(6n+1,4)5→4 −M I(6n,3)5→4 · f5 = 0
f4 ·M I(6n+1,4)5→4 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 ·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=

1 n n 1 n−1 n
1 1 0 0 0 0 0
1 0 0 0 1 0 0
n−1 0 0 0 0 1 0
n 0 0 0 0 0 1
2n 0 0 0 0 0 0
n 0 0 1′ 0 0 0
n 0 1′ 0 0 0 0

·

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

=

n 1 n−1
1 0 1 0
1 0 1 0
n−1 0 0 1
n 0 0 0
2n 0 0 0
n 1′ 0 0
n 0 0 0

=

n 1 n−1
1 0 1 0
1 0 1 0
n−1 0 0 1
3n 0 0 0
n 1′ 0 0
n 0 0 0

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5→4 · f5 =

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

·

n n
n 0 1
n+1 0 0
n 1′ 0
 =

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

·

n 1 n−1
1 0 1 0
n−1 0 0 1
n−1 0 0 0
2 0 0 0
n 1′ 0 0
 =

n 1 n−1
1 0 1 0
1 0 1 0
n−1 0 0 1
n 0 0 0
n−1 0 0 0
2 0 0 0
n−1 0 0 0
n 1′ 0 0
n 0 0 0

=

n 1 n−1
1 0 1 0
1 0 1 0
n−1 0 0 1
3n 0 0 0
n 1′ 0 0
n 0 0 0

f4 ·M I(6n+1,4)5→4 −M I(6n,3)5→4 · f5 =

n 1 n−1
1 0 1 0
1 0 1 0
n−1 0 0 1
3n 0 0 0
n 1′ 0 0
n 0 0 0

−

n 1 n−1
1 0 1 0
1 0 1 0
n−1 0 0 1
3n 0 0 0
n 1′ 0 0
n 0 0 0

=
[2n
6n+1 0
]
5. f3 ·M I(6n+1,4)6→3 −M I(6n,3)6→3 · f6 = 0
f3 ·M I(6n+1,4)6→3 =

1 3n 3n
1 1 0 0
3n 0 0 1
3n 0 0 0
3n 0 1′ 0
 ·


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


=

1 2n n n 2n
1 1 0 0 0 0
n 0 0 0 1 0
2n 0 0 0 0 1
3n 0 0 0 0 0
n 0 0 1′ 0 0
2n 0 1′ 0 0 0

·

1 2n 2n
1 1 0 0
2n 0 1 0
n 0 0 0
n 0 0 0
2n 0 0 1
+

1 n 2n 3n
1 1 0 0 0
3n 0 0 0 1
3n 0 0 0 0
2n 0 0 1′ 0
n 0 1′ 0 0
 ·

1 2n 2n
1 0 0 0
n 0 0 0
2n 0 1 0
3n 0 0 0

=

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 0 1
3n 0 0 0
n 0 0 0
2n 0 1′ 0

+

1 2n 2n
1 0 0 0
3n 0 0 0
3n 0 0 0
2n 0 1′ 0
n 0 0 0
 =

1 n n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0
n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 0 0

+

1 n n 2n
1 0 0 0 0
n 0 0 0 0
2n 0 0 0 0
3n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 0 0
n 0 0 0 0

=

1 n n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0

M
I(6n,3)
6→3 · f6 =


1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+1 2n
7n+1 0 0
2n 0 1
]

·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =

1 2n 2n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 1 0 0
2n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1
n 0 0 0 0

·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
+
[ 1 2n 2n 2n
7n+1 0 0 0 0
2n 0 0 0 1
]
·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0

=

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 0 1
2n 0 0 0
n 0 0 0
2n 0 1′ 0
n 0 0 0

+
[ 1 2n 2n
7n+1 0 0 0
2n 0 1′ 0
]
=

1 n n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 0 0 1
2n 0 0 0 0
n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 0 0
n 0 0 0 0

+

1 n n 2n
1 0 0 0 0
n 0 0 0 0
2n 0 0 0 0
2n 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 0 0

=

1 n n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0

f3 ·M I(6n+1,4)6→3 −M I(6n,3)6→3 · f6 =

1 n n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0

−

1 n n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 0 0 1
3n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0

=
[4n+1
9n+1 0
]
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6. f6 ·M I(6n+1,4)7→6 −M I(6n,3)7→6 · f7 = 0
f6 ·M I(6n+1,4)7→6 =

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 ·


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


=

1 n+1 n−1 n n
1 1 0 0 0 0
n 0 0 0 1 0
n 0 0 0 0 1
2n 0 0 0 0 0
n−1 0 0 1′ 0 0
n+1 0 1′ 0 0 0

·

n+1 n
1 0 0
n+1 1 0
n−1 0 0
n 0 0
n 0 1
+

1 n+1 n−1 2n
1 1 0 0 0
2n 0 0 0 1
2n 0 0 0 0
n−1 0 0 1′ 0
n+1 0 1′ 0 0
 ·

n−1 n+2
1 0 0
n+1 0 0
n−1 1 0
2n 0 0

=

n+1 n
1 0 0
n 0 0
n 0 1
2n 0 0
n−1 0 0
n+1 1′ 0

+

n−1 n+2
1 0 0
2n 0 0
2n 0 0
n−1 1′ 0
n+1 0 0
 =

n−1 2 n
1 0 0 0
n 0 0 0
n 0 0 1
2n 0 0 0
n−1 0 0 0
2 0 1′ 0
n−1 1′ 0 0

+

n−1 2 n
1 0 0 0
n 0 0 0
n 0 0 0
2n 0 0 0
n−1 1′ 0 0
2 0 0 0
n−1 0 0 0

=

n−1 2 n
n+1 0 0 0
n 0 0 1
2n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
n−1 1′ 0 0

M
I(6n,3)
7→6 · f7 =

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

·

n−1 2 n
n 0 0 1
n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
 =

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

·

n−1 2 n
n 0 0 1
1 0 0 0
n−1 0 0 0
n−1 1′ 0 0
2 0 1′ 0
 =

n−1 2 n
1 0 0 0
n 0 0 0
n 0 0 1
1 0 0 0
n−1 0 0 0
n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
n−1 1′ 0 0

=

n−1 2 n
n+1 0 0 0
n 0 0 1
2n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
n−1 1′ 0 0

f6 ·M I(6n+1,4)7→6 −M I(6n,3)7→6 · f7 =

n−1 2 n
n+1 0 0 0
n 0 0 1
2n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
n−1 1′ 0 0

−

n−1 2 n
n+1 0 0 0
n 0 0 1
2n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
n−1 1′ 0 0

=
[2n+1
6n+1 0
]
Relations of the projection g : I(6n, 3)→ I(6n, 5) P
1. g2 ·M I(6n,3)1→2 −M I(6n,5)1→2 · g1 = 0
g2 ·M I(6n,3)1→2 =
[2n+1 2n 2n
2n 0 1′ 0
]
·


n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
2n−1 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n 0 0


=
[ 1 n+1 n−1 n n n n−1 1
n 0 0 0 0 1′ 0 0 0
n 0 0 0 1′ 0 0 0 0
]
·

n+1 n n−1 1
1 0 0 0 1
n+1 1 0 0 0
n−1 0 0 0 0
n 0 0 0 0
n 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+
[n+2 n−1 2n 2n
2n 0 0 1′ 0
]
·

n−1 2n+2
n+2 0 0
n−1 1 0
2n 0 0
2n 0 0

=
[n+1 n n−1 1
n 0 1′ 0 0
n 0 0 0 0
]
+
[n−1 2n+2
2n 0 0
]
=
[n−1 2 n n−1 1
n 0 0 1′ 0 0
n 0 0 0 0 0
]
+
[n−1 2 n n−1 1
n 0 0 0 0 0
n 0 0 0 0 0
]
=
[n+1 n n
n 0 1′ 0
n 0 0 0
]
M
I(6n,5)
1→2 · g1 =
[ n
n 1
n 0
]
·
[n+1 n n
n 0 1′ 0
]
=
[n+1 n n
n 0 1′ 0
n 0 0 0
]
g2 ·M I(6n,3)1→2 −M I(6n,5)1→2 · g1 =
[n+1 n n
n 0 1′ 0
n 0 0 0
]
−
[n+1 n n
n 0 1′ 0
n 0 0 0
]
=
[3n+1
2n 0
]
2580
2. g3 ·M I(6n,3)2→3 −M I(6n,5)2→3 · g2 = 0
g3 ·M I(6n,3)2→3 =
[3n+1 3n 3n
3n 0 1′ 0
]
·


2n+1 2n 2n
2n+1 1 0 0
2n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
+

1 2n 4n
n+1 0 0 0
2n 0 1 0
6n 0 0 0


=
[2n+1 n n 2n n 2n
2n 0 0 0 1′ 0 0
n 0 0 1′ 0 0 0
]
·

2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1

+
[n+1 2n 3n 3n
3n 0 0 1′ 0
]
·

1 2n 4n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
3n 0 0 0

=
[2n+1 2n 2n
2n 0 1′ 0
n 0 0 0
]
+
[ 1 2n 4n
3n 0 0 0
]
=
[ 1 2n 2n 2n
2n 0 0 1′ 0
n 0 0 0 0
]
+
[ 1 2n 2n 2n
2n 0 0 0 0
n 0 0 0 0
]
=
[2n+1 2n 2n
2n 0 1′ 0
n 0 0 0
]
M
I(6n,5)
2→3 · g2 =
[2n
2n 1
n 0
]
·
[2n+1 2n 2n
2n 0 1′ 0
]
=
[2n+1 2n 2n
2n 0 1′ 0
n 0 0 0
]
g3 ·M I(6n,3)2→3 −M I(6n,5)2→3 · g2 =
[2n+1 2n 2n
2n 0 1′ 0
n 0 0 0
]
−
[2n+1 2n 2n
2n 0 1′ 0
n 0 0 0
]
=
[6n+1
3n 0
]
3. g3 ·M I(6n,3)4→3 −M I(6n,5)4→3 · g4 = 0
g3 ·M I(6n,3)4→3 =
[3n+1 3n 3n
3n 0 1′ 0
]
·


2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+

2n+1 2n 2n
4n+1 0 0 0
2n 0 1 0
3n 0 0 0


=
[2n+1 n 2n n 2n n
n 0 0 0 1′ 0 0
2n 0 0 1′ 0 0 0
]
·

2n+1 2n 2n
2n+1 1 0 0
n 0 0 0
2n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[3n+1 n 2n 3n
2n 0 0 1′ 0
n 0 1′ 0 0
]
·

2n+1 2n 2n
3n+1 0 0 0
n 0 0 0
2n 0 1 0
3n 0 0 0

=
[2n+1 2n 2n
n 0 0 0
2n 0 1′ 0
]
+
[2n+1 2n 2n
2n 0 1′ 0
n 0 0 0
]
=

2n+1 n n 2n
n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 0 0
+

2n+1 n n 2n
n 0 0 1′ 0
n 0 1′ 0 0
n 0 0 0 0
 =

2n+1 n n 2n
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0

M
I(6n,5)
4→3 · g4 =

[2n
2n 1
n 0
]
+
[2n
n 0
2n 1
] ·
[2n+1 2n 2n
2n 0 1′ 0
]
=
[2n
2n 1
n 0
]
·
[2n+1 2n 2n
2n 0 1′ 0
]
+
[2n
n 0
2n 1
]
·
[2n+1 2n 2n
2n 0 1′ 0
]
=
[2n+1 2n 2n
2n 0 1′ 0
n 0 0 0
]
+
[2n+1 2n 2n
n 0 0 0
2n 0 1′ 0
]
=

2n+1 n n 2n
n 0 0 1′ 0
n 0 1′ 0 0
n 0 0 0 0
+

2n+1 n n 2n
n 0 0 0 0
n 0 0 1′ 0
n 0 1′ 0 0
 =

2n+1 n n 2n
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0

g3 ·M I(6n,3)4→3 −M I(6n,5)4→3 · g4 =

2n+1 n n 2n
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0
−

2n+1 n n 2n
n 0 0 1′ 0
n 0 1′ 1′ 0
n 0 1′ 0 0
 = [6n+13n 0 ]
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4. g4 ·M I(6n,3)5→4 −M I(6n,5)5→4 · g5 = 0
g4 ·M I(6n,3)5→4 =
[2n+1 2n 2n
2n 0 1′ 0
]
·

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

=

1 1 n−1 n n−1 2 n−1 n n
n−1 0 0 0 0 0 0 1′ 0 0
2 0 0 0 0 0 1′ 0 0 0
n−1 0 0 0 0 1′ 0 0 0 0
 ·

1 n−1 n−1 2 n
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

=

1 n−1 n−1 2 n
n−1 0 0 1′ 0 0
2 0 0 0 1′ 0
n−1 0 0 1′ 0 0
 =

n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
n−1 0 1′ 0 0

M
I(6n,5)
5→4 · g5 =

n−1 2
n−1 1 0
2 0 1
n−1 1 0
 · [
n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
]
=

n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
n−1 0 1′ 0 0

g4 ·M I(6n,3)5→4 −M I(6n,5)5→4 · g5 =

n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
n−1 0 1′ 0 0
−

n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
n−1 0 1′ 0 0
 = [3n+12n 0 ]
5. g3 ·M I(6n,3)6→3 −M I(6n,5)6→3 · g6 = 0
g3 ·M I(6n,3)6→3 =
[3n+1 3n 3n
3n 0 1′ 0
]
·


1 4n 2n
1 1 0 0
n 0 0 0
4n 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+1 2n
7n+1 0 0
2n 0 1
]

=
[ 1 n 2n 2n n 2n n
n 0 0 0 0 1′ 0 0
2n 0 0 0 1′ 0 0 0
]
·

1 2n 2n 2n
1 1 0 0 0
n 0 0 0 0
2n 0 1 0 0
2n 0 0 1 0
n 0 0 0 0
2n 0 0 0 1
n 0 0 0 0

+
[3n+1 3n n 2n
3n 0 1′ 0 0
]
·

4n+1 2n
3n+1 0 0
3n 0 0
n 0 0
2n 0 1

=
[ 1 2n 2n 2n
n 0 0 0 0
2n 0 0 1′ 0
]
+
[4n+1 2n
3n 0 0
]
=
[ 1 2n 2n 2n
n 0 0 0 0
2n 0 0 1′ 0
]
+
[ 1 2n 2n 2n
n 0 0 0 0
2n 0 0 0 0
]
=
[2n+1 2n 2n
n 0 0 0
2n 0 1′ 0
]
M
I(6n,5)
6→3 · g6 =
[2n
n 0
2n 1
]
·
[2n+1 2n 2n
2n 0 1′ 0
]
=
[2n+1 2n 2n
n 0 0 0
2n 0 1′ 0
]
g3 ·M I(6n,3)6→3 −M I(6n,5)6→3 · g6 =
[2n+1 2n 2n
n 0 0 0
2n 0 1′ 0
]
−
[2n+1 2n 2n
n 0 0 0
2n 0 1′ 0
]
=
[6n+1
3n 0
]
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6. g6 ·M I(6n,3)7→6 −M I(6n,5)7→6 · g7 = 0
g6 ·M I(6n,3)7→6 =
[2n+1 2n 2n
2n 0 1′ 0
]
·

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

=

1 n n 1 n−1 n n−1 2 n−1
n 0 0 0 0 0 1′ 0 0 0
n−1 0 0 0 0 1′ 0 0 0 0
1 0 0 0 1 0 0 0 0 0
 ·

n 1 n−1 n−1 2
1 0 1 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

=

n 1 n−1 n−1 2
n 0 0 0 0 0
n−1 0 0 1′ 0 0
1 0 1 0 0 0
 = [
n n n+1
n 0 0 0
n 0 1′ 0
]
M
I(6n,5)
7→6 · g7 =
[ n
n 0
n 1
]
·
[ n n n+1
n 0 1′ 0
]
=
[ n n n+1
n 0 0 0
n 0 1′ 0
]
g6 ·M I(6n,3)7→6 −M I(6n,5)7→6 · g7 =
[ n n n+1
n 0 0 0
n 0 1′ 0
]
−
[ n n n+1
n 0 0 0
n 0 1′ 0
]
=
[3n+1
2n 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1 n n
n 0 1′ 0
]
·

n n+1
n+1 0 1
n 0 0
n 1′ 0
 = [2n+1n 0 ]
2. g2 · f2 = 0
g2 · f2 =
[2n+1 2n 2n
2n 0 1′ 0
]
·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =
[ 1 2n 2n 2n
2n 0 0 1′ 0
]
·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =
[4n+1
2n 0
]
3. g3 · f3 = 0
g3 · f3 =
[3n+1 3n 3n
3n 0 1′ 0
]
·

1 3n 3n
1 1 0 0
3n 0 0 1
3n 0 0 0
3n 0 1′ 0
 =
[ 1 3n 3n 3n
3n 0 0 1′ 0
]
·

1 3n 3n
1 1 0 0
3n 0 0 1
3n 0 0 0
3n 0 1′ 0
 =
[6n+1
3n 0
]
4. g4 · f4 = 0
g4 · f4 =
[2n+1 2n 2n
2n 0 1′ 0
]
·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =
[ 1 2n 2n 2n
2n 0 0 1′ 0
]
·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =
[4n+1
2n 0
]
5. g5 · f5 = 0
g5 · f5 =
[ n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
]
·

n n
n 0 1
n+1 0 0
n 1′ 0
 = [
n n−1 2 n
n−1 0 1′ 0 0
2 0 0 1′ 0
]
·

n n
n 0 1
n−1 0 0
2 0 0
n 1′ 0
 =
[2n
n+1 0
]
6. g6 · f6 = 0
g6 · f6 =
[2n+1 2n 2n
2n 0 1′ 0
]
·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =
[ 1 2n 2n 2n
2n 0 0 1′ 0
]
·

1 2n 2n
1 1 0 0
2n 0 0 1
2n 0 0 0
2n 0 1′ 0
 =
[4n+1
2n 0
]
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7. g7 · f7 = 0
g7 · f7 =
[ n n n+1
n 0 1′ 0
]
·

n−1 2 n
n 0 0 1
n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
 =
[ n n n−1 2
n 0 1′ 0 0
]
·

n−1 2 n
n 0 0 1
n 0 0 0
n−1 1′ 0 0
2 0 1′ 0
 =
[2n+1
n 0
]
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149 Tree module property of I(6n+ 1, 3)
149.1 Tree module property of I(1, 3) 
The matrices of the representation have full (column) rank P
1. M I(1,3)1→2 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. M I(1,3)2→3 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
3. M I(1,3)4→3 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
4. M I(1,3)5→4 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. M I(1,3)6→3 =
[
1 1
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. M I(1,3)7→6 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
149.1.1 0→ I(3, 1) f→ I(1, 3) g→ I(1, 2)→ 0 
PdimI(3, 1) + dimI(1, 2) = (1, 1, 1, 1, 0, 1, 0) + (0, 1, 1, 1, 1, 1, 1)
= (1, 2, 2, 2, 1, 2, 1) = dimI(1, 3)
Pdimk Ext
1
kQ(I(1, 2), I(3, 1)) = dimk HomkQ(I(1, 2), I(3, 1))− 〈dimI(1, 2),dimI(3, 1)〉
= 0− 〈(0, 1, 1, 1, 1, 1, 1), (1, 1, 1, 1, 0, 1, 0)〉
= 0 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1− (0 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 0 + 1 · 1 + 1 · 0)
= 0 + 1 + 1 + 1 + 1 + 1− (0 + 1 + 1 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : I(3, 1)→ I(1, 3) P
1. f1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. f2 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
Matrices of the projection g : I(1, 3)→ I(1, 2) P
1. g1 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
2. g2 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(3, 1)→ I(1, 3) P
1. f2 ·M I(3,1)1→2 −M I(1,3)1→2 · f1 = 0
f2 ·M I(3,1)1→2 =
[
1
0
]
·
[
1
]
=
[
1
0
]
M
I(1,3)
1→2 · f1 =
[
1
0
]
·
[
1
]
=
[
1
0
]
f2 ·M I(3,1)1→2 −M I(1,3)1→2 · f1 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
2. f3 ·M I(3,1)2→3 −M I(1,3)2→3 · f2 = 0
f3 ·M I(3,1)2→3 =
[
1
0
]
·
[
1
]
=
[
1
0
]
M
I(1,3)
2→3 · f2 =
[ 2
2 1
]
·
[
1
0
]
=
[
1 0
0 1
]
·
[
1
0
]
=
[
1
0
]
f3 ·M I(3,1)2→3 −M I(1,3)2→3 · f2 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
3. f3 ·M I(3,1)4→3 −M I(1,3)4→3 · f4 = 0
f3 ·M I(3,1)4→3 =
[
1
0
]
·
[
1
]
=
[
1
0
]
M
I(1,3)
4→3 · f4 =
[ 2
2 1
]
·
[
1
0
]
=
[
1 0
0 1
]
·
[
1
0
]
=
[
1
0
]
f3 ·M I(3,1)4→3 −M I(1,3)4→3 · f4 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
4. f4 ·M I(3,1)5→4 −M I(1,3)5→4 · f5 = 0
f4 ·M I(3,1)5→4 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(1,3)
5→4 · f5 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·M I(3,1)5→4 −M I(1,3)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
5. f3 ·M I(3,1)6→3 −M I(1,3)6→3 · f6 = 0
f3 ·M I(3,1)6→3 =
[
1
0
]
·
[
1
]
=
[
1
0
]
M
I(1,3)
6→3 · f6 =
[
1 1
0 1
]
·
[
1
0
]
=
[
1
0
]
f3 ·M I(3,1)6→3 −M I(1,3)6→3 · f6 =
[
1
0
]
−
[
1
0
]
=
[ 1
2 0
]
6. f6 ·M I(3,1)7→6 −M I(1,3)7→6 · f7 = 0
f6 ·M I(3,1)7→6 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(1,3)
7→6 · f7 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f6 ·M I(3,1)7→6 −M I(1,3)7→6 · f7 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2586
Relations of the projection g : I(1, 3)→ I(1, 2) P
1. g2 ·M I(1,3)1→2 −M I(1,2)1→2 · g1 = 0
g2 ·M I(1,3)1→2 =
[
0 1
]
·
[
1
0
]
=
[
0
]
M
I(1,2)
1→2 · g1 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g2 ·M I(1,3)1→2 −M I(1,2)1→2 · g1 =
[
0
]
−
[
0
]
=
[
0
]
2. g3 ·M I(1,3)2→3 −M I(1,2)2→3 · g2 = 0
g3 ·M I(1,3)2→3 =
[
0 1
]
·
[ 2
2 1
]
=
[
0 1
]
·
[
1 0
0 1
]
=
[
0 1
]
M
I(1,2)
2→3 · g2 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g3 ·M I(1,3)2→3 −M I(1,2)2→3 · g2 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
3. g3 ·M I(1,3)4→3 −M I(1,2)4→3 · g4 = 0
g3 ·M I(1,3)4→3 =
[
0 1
]
·
[ 2
2 1
]
=
[
0 1
]
·
[
1 0
0 1
]
=
[
0 1
]
M
I(1,2)
4→3 · g4 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g3 ·M I(1,3)4→3 −M I(1,2)4→3 · g4 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
4. g4 ·M I(1,3)5→4 −M I(1,2)5→4 · g5 = 0
g4 ·M I(1,3)5→4 =
[
0 1
]
·
[
0
1
]
=
[
1
]
M
I(1,2)
5→4 · g5 =
[
1
]
·
[
1
]
=
[
1
]
g4 ·M I(1,3)5→4 −M I(1,2)5→4 · g5 =
[
1
]
−
[
1
]
=
[
0
]
5. g3 ·M I(1,3)6→3 −M I(1,2)6→3 · g6 = 0
g3 ·M I(1,3)6→3 =
[
0 1
]
·
[
1 1
0 1
]
=
[
0 1
]
M
I(1,2)
6→3 · g6 =
[
1
]
·
[
0 1
]
=
[
0 1
]
g3 ·M I(1,3)6→3 −M I(1,2)6→3 · g6 =
[
0 1
]
−
[
0 1
]
=
[ 2
1 0
]
6. g6 ·M I(1,3)7→6 −M I(1,2)7→6 · g7 = 0
g6 ·M I(1,3)7→6 =
[
0 1
]
·
[
0
1
]
=
[
1
]
M
I(1,2)
7→6 · g7 =
[
1
]
·
[
1
]
=
[
1
]
g6 ·M I(1,3)7→6 −M I(1,2)7→6 · g7 =
[
1
]
−
[
1
]
=
[
0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
2. g2 · f2 = 0
g2 · f2 =
[
0 1
]
·
[
1
0
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
0 1
]
·
[
1
0
]
=
[
0
]
4. g4 · f4 = 0
g4 · f4 =
[
0 1
]
·
[
1
0
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
0 1
]
·
[
1
0
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
149.1.2 0→ I(3, 7) f→ I(1, 3) g→ I(1, 6)→ 0 
PdimI(3, 7) + dimI(1, 6) = (0, 1, 1, 1, 0, 1, 1) + (1, 1, 1, 1, 1, 1, 0)
= (1, 2, 2, 2, 1, 2, 1) = dimI(1, 3)
Pdimk Ext
1
kQ(I(1, 6), I(3, 7)) = dimk HomkQ(I(1, 6), I(3, 7))− 〈dimI(1, 6),dimI(3, 7)〉
= 0− 〈(1, 1, 1, 1, 1, 1, 0), (0, 1, 1, 1, 0, 1, 1)〉
= 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 1 + 0 · 1− (1 · 0 + 1 · 1 + 1 · 1 + 1 · 1 + 1 · 0 + 1 · 1 + 0 · 1)
= 1 + 1 + 1 + 1 + 1 + 0− (0 + 1 + 1 + 1 + 0 + 1 + 0)
= 1
Matrices of the embedding f : I(3, 7)→ I(1, 3) P
1. f1 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
2. f2 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
3. f3 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
4. f4 =
[
1
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
1 0
]
∈M1,0(k) – rank computation not applicable here.
6. f6 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
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Matrices of the projection g : I(1, 3)→ I(1, 6) P
1. g1 =
[
1
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
1 91
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91
]
∈M1,1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
7. g7 =
[ 1
0 0
]
∈M0,1(k) – rank computation not applicable here.
Relations of the embedding f : I(3, 7)→ I(1, 3) P
1. f2 ·M I(3,7)1→2 −M I(1,3)1→2 · f1 = 0
f2 ·M I(3,7)1→2 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(1,3)
1→2 · f1 =
[
1
0
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f2 ·M I(3,7)1→2 −M I(1,3)1→2 · f1 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
2. f3 ·M I(3,7)2→3 −M I(1,3)2→3 · f2 = 0
f3 ·M I(3,7)2→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(1,3)
2→3 · f2 =
[ 2
2 1
]
·
[
1
1
]
=
[
1 0
0 1
]
·
[
1
1
]
=
[
1
1
]
f3 ·M I(3,7)2→3 −M I(1,3)2→3 · f2 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
3. f3 ·M I(3,7)4→3 −M I(1,3)4→3 · f4 = 0
f3 ·M I(3,7)4→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(1,3)
4→3 · f4 =
[ 2
2 1
]
·
[
1
1
]
=
[
1 0
0 1
]
·
[
1
1
]
=
[
1
1
]
f3 ·M I(3,7)4→3 −M I(1,3)4→3 · f4 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
4. f4 ·M I(3,7)5→4 −M I(1,3)5→4 · f5 = 0
f4 ·M I(3,7)5→4 =
[
1
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
M
I(1,3)
5→4 · f5 =
[
0
1
]
·
[ 0
1 0
]
=
[ 0
2 0
]
f4 ·M I(3,7)5→4 −M I(1,3)5→4 · f5 =
[ 0
2 0
]
−
[ 0
2 0
]
=
[ 0
2 0
]
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5. f3 ·M I(3,7)6→3 −M I(1,3)6→3 · f6 = 0
f3 ·M I(3,7)6→3 =
[
1
1
]
·
[
1
]
=
[
1
1
]
M
I(1,3)
6→3 · f6 =
[
1 1
0 1
]
·
[
0
1
]
=
[
1
1
]
f3 ·M I(3,7)6→3 −M I(1,3)6→3 · f6 =
[
1
1
]
−
[
1
1
]
=
[ 1
2 0
]
6. f6 ·M I(3,7)7→6 −M I(1,3)7→6 · f7 = 0
f6 ·M I(3,7)7→6 =
[
0
1
]
·
[
1
]
=
[
0
1
]
M
I(1,3)
7→6 · f7 =
[
0
1
]
·
[
1
]
=
[
0
1
]
f6 ·M I(3,7)7→6 −M I(1,3)7→6 · f7 =
[
0
1
]
−
[
0
1
]
=
[ 1
2 0
]
Relations of the projection g : I(1, 3)→ I(1, 6) P
1. g2 ·M I(1,3)1→2 −M I(1,6)1→2 · g1 = 0
g2 ·M I(1,3)1→2 =
[
1 91
]
·
[
1
0
]
=
[
1
]
M
I(1,6)
1→2 · g1 =
[
1
]
·
[
1
]
=
[
1
]
g2 ·M I(1,3)1→2 −M I(1,6)1→2 · g1 =
[
1
]
−
[
1
]
=
[
0
]
2. g3 ·M I(1,3)2→3 −M I(1,6)2→3 · g2 = 0
g3 ·M I(1,3)2→3 =
[
1 91
]
·
[ 2
2 1
]
=
[
1 91
]
·
[
1 0
0 1
]
=
[
1 91
]
M
I(1,6)
2→3 · g2 =
[
1
]
·
[
1 91
]
=
[
1 91
]
g3 ·M I(1,3)2→3 −M I(1,6)2→3 · g2 =
[
1 91
]
−
[
1 91
]
=
[ 2
1 0
]
3. g3 ·M I(1,3)4→3 −M I(1,6)4→3 · g4 = 0
g3 ·M I(1,3)4→3 =
[
1 91
]
·
[ 2
2 1
]
=
[
1 91
]
·
[
1 0
0 1
]
=
[
1 91
]
M
I(1,6)
4→3 · g4 =
[
1
]
·
[
1 91
]
=
[
1 91
]
g3 ·M I(1,3)4→3 −M I(1,6)4→3 · g4 =
[
1 91
]
−
[
1 91
]
=
[ 2
1 0
]
4. g4 ·M I(1,3)5→4 −M I(1,6)5→4 · g5 = 0
g4 ·M I(1,3)5→4 =
[
1 91
]
·
[
0
1
]
=
[
91
]
M
I(1,6)
5→4 · g5 =
[
1
]
·
[
91
]
=
[
91
]
g4 ·M I(1,3)5→4 −M I(1,6)5→4 · g5 =
[
91
]
−
[
91
]
=
[
0
]
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5. g3 ·M I(1,3)6→3 −M I(1,6)6→3 · g6 = 0
g3 ·M I(1,3)6→3 =
[
1 91
]
·
[
1 1
0 1
]
=
[
1 0
]
M
I(1,6)
6→3 · g6 =
[
1
]
·
[
1 0
]
=
[
1 0
]
g3 ·M I(1,3)6→3 −M I(1,6)6→3 · g6 =
[
1 0
]
−
[
1 0
]
=
[ 2
1 0
]
6. g6 ·M I(1,3)7→6 −M I(1,6)7→6 · g7 = 0
g6 ·M I(1,3)7→6 =
[
1 0
]
·
[
0
1
]
=
[
0
]
M
I(1,6)
7→6 · g7 =
[ 0
1 0
]
·
[ 1
0 0
]
=
[
0
]
g6 ·M I(1,3)7→6 −M I(1,6)7→6 · g7 =
[
0
]
−
[
0
]
=
[
0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
1
]
·
[ 0
1 0
]
=
[ 0
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[
1 91
]
·
[
1
1
]
=
[
0
]
3. g3 · f3 = 0
g3 · f3 =
[
1 91
]
·
[
1
1
]
=
[
0
]
4. g4 · f4 = 0
g4 · f4 =
[
1 91
]
·
[
1
1
]
=
[
0
]
5. g5 · f5 = 0
g5 · f5 =
[
91
]
·
[ 0
1 0
]
=
[ 0
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[
1 0
]
·
[
0
1
]
=
[
0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1
0 0
]
·
[
1
]
=
[ 1
0 0
]
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149.2 Tree module property of I(7, 3) 
The matrices of the representation have full (column) rank P
1. M I(7,3)1→2 =

0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 1
0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0

∈M8,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(7,3)
1→2 =

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

c2↔c3−−−−→

2 1 1
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 0
1 0 0 1
1 0 1 0
1 0 0 0

2. M I(7,3)2→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

∈M11,8(k) is already in column echelon form and has maximal column rank.
3. M I(7,3)4→3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1

∈M11,8(k) is already in column echelon form and has maximal column rank.
4. M I(7,3)5→4 =

1 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
5. M I(7,3)6→3 =

1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M11,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(7,3)
6→3 =

1 3 1 1 1 1
1 1 0 0 0 0 1
1 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 1 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 3 1 1 1 1
1 1 0 0 0 0 0
1 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 1 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 3 1 1 2
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 1 1 0
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

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6. M I(7,3)7→6 =

0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1

∈M8,4(k) is already in column echelon form and has maximal column rank.
149.2.1 0→ I(9, 1) f→ I(7, 3) g→ I(7, 2)→ 0 
PdimI(9, 1) + dimI(7, 2) = (2, 3, 4, 3, 1, 3, 1) + (2, 5, 7, 5, 3, 5, 3)
= (4, 8, 11, 8, 4, 8, 4) = dimI(7, 3)
Pdimk Ext
1
kQ(I(7, 2), I(9, 1)) = dimk HomkQ(I(7, 2), I(9, 1))− 〈dimI(7, 2),dimI(9, 1)〉
= 0− 〈(2, 5, 7, 5, 3, 5, 3), (2, 3, 4, 3, 1, 3, 1)〉
= 2 · 3 + 5 · 4 + 5 · 4 + 3 · 3 + 5 · 4 + 3 · 3− (2 · 2 + 5 · 3 + 7 · 4 + 5 · 3 + 3 · 1 + 5 · 3 + 3 · 1)
= 6 + 20 + 20 + 9 + 20 + 9− (4 + 15 + 28 + 15 + 3 + 15 + 3)
= 1
Matrices of the embedding f : I(9, 1)→ I(7, 3) P
1. f1 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
5. f5 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
7. f7 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(7, 3)→ I(7, 2) P
1. g1 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M7,11(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(9, 1)→ I(7, 3) P
1. f2 ·M I(9,1)1→2 −M I(7,3)1→2 · f1 = 0
f2 ·M I(9,1)1→2 =
[ 3
3 1
5 0
]
·
[ 2
1 0
2 1
]
=

1 2
1 1 0
2 0 1
5 0 0
 · [
2
1 0
2 1
]
=

2
1 0
2 1
5 0

M
I(7,3)
1→2 · f1 =

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

·
[ 2
2 1
2 0
]
=

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

·

2
2 1
1 0
1 0
 =

2
1 0
2 1
1 0
1 0
1 0
1 0
1 0

=

2
1 0
2 1
5 0

f2 ·M I(9,1)1→2 −M I(7,3)1→2 · f1 =

2
1 0
2 1
5 0
−

2
1 0
2 1
5 0
 = [ 28 0 ]
2. f3 ·M I(9,1)2→3 −M I(7,3)2→3 · f2 = 0
f3 ·M I(9,1)2→3 =
[ 4
4 1
7 0
]
·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
7 0 0 0 0
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
7 0 0 0

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M
I(7,3)
2→3 · f2 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1
1 0 0 0 0 0

·
[ 3
3 1
5 0
]
=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1
1 0 0 0 0 0

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
4 0 0 0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
1 0 0 0
1 0 0 0
4 0 0 0
1 0 0 0

=

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
7 0 0 0

f3 ·M I(9,1)2→3 −M I(7,3)2→3 · f2 =

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
7 0 0 0
−

1 1 1
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
7 0 0 0
 =
[ 3
11 0
]
3. f3 ·M I(9,1)4→3 −M I(7,3)4→3 · f4 = 0
f3 ·M I(9,1)4→3 =
[ 4
4 1
7 0
]
·
[ 3
3 1
1 0
]
=

3 1
3 1 0
1 0 1
7 0 0
 · [
3
3 1
1 0
]
=

3
3 1
1 0
7 0
 = [
3
3 1
8 0
]
M
I(7,3)
4→3 · f4 =

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·
[ 3
3 1
5 0
]
=

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·

3
3 1
3 0
1 0
1 0
 =

3
3 1
1 0
3 0
1 0
1 0
1 0
1 0

=
[ 3
3 1
8 0
]
f3 ·M I(9,1)4→3 −M I(7,3)4→3 · f4 =
[ 3
3 1
8 0
]
−
[ 3
3 1
8 0
]
=
[ 3
11 0
]
4. f4 ·M I(9,1)5→4 −M I(7,3)5→4 · f5 = 0
f4 ·M I(9,1)5→4 =
[ 3
3 1
5 0
]
·
11
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
5 0 0 0
 ·
11
0
 =

1
1 1
1 1
1 0
5 0
 =

1
1 1
1 1
6 0

M
I(7,3)
5→4 · f5 =

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

·
[ 1
1 1
3 0
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

·

1
1 1
1 0
2 0
 =

1
1 1
1 1
1 0
1 0
1 0
1 0
2 0

=

1
1 1
1 1
6 0

f4 ·M I(9,1)5→4 −M I(7,3)5→4 · f5 =

1
1 1
1 1
6 0
−

1
1 1
1 1
6 0
 = [ 18 0 ]
5. f3 ·M I(9,1)6→3 −M I(7,3)6→3 · f6 = 0
f3 ·M I(9,1)6→3 =
[ 4
4 1
7 0
]
·

1 2
1 1 0
1 0 0
2 0 1
 =

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
7 0 0 0
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
1 1 0
1 0 0
2 0 1
7 0 0

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M
I(7,3)
6→3 · f6 =

1 3 1 1 1 1
1 1 0 0 0 0 1
1 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 1 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 3
3 1
5 0
]
=

1 2 1 1 1 1 1
1 1 0 0 0 0 0 1
1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 2
1 1 0
2 0 1
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0

=

1 2
1 1 0
1 0 0
2 0 1
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0

=

1 2
1 1 0
1 0 0
2 0 1
7 0 0

f3 ·M I(9,1)6→3 −M I(7,3)6→3 · f6 =

1 2
1 1 0
1 0 0
2 0 1
7 0 0
−

1 2
1 1 0
1 0 0
2 0 1
7 0 0
 =
[ 3
11 0
]
6. f6 ·M I(9,1)7→6 −M I(7,3)7→6 · f7 = 0
f6 ·M I(9,1)7→6 =
[ 3
3 1
5 0
]
·
[ 1
2 0
1 1
]
=

2 1
2 1 0
1 0 1
5 0 0
 · [
1
2 0
1 1
]
=

1
2 0
1 1
5 0

M
I(7,3)
7→6 · f7 =

1 2 1
2 0 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

·
[ 1
1 1
3 0
]
=

1 2 1
2 0 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

·

1
1 1
2 0
1 0
 =

1
2 0
1 1
1 0
2 0
1 0
1 0

=

1
2 0
1 1
5 0

f6 ·M I(9,1)7→6 −M I(7,3)7→6 · f7 =

1
2 0
1 1
5 0
−

1
2 0
1 1
5 0
 = [ 18 0 ]
Relations of the projection g : I(7, 3)→ I(7, 2) P
1. g2 ·M I(7,3)1→2 −M I(7,2)1→2 · g1 = 0
g2 ·M I(7,3)1→2 =
[ 3 5
5 0 1
]
·

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=

1 2 1 1 1 1 1
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=

2 1 1
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

M
I(7,2)
1→2 · g1 =

0 1
0 0
1 0
0 1
0 0
 ·
[ 2 2
2 0 1
]
=

0 1
0 0
1 0
0 1
0 0
 ·
[ 2 1 1
1 0 1 0
1 0 0 1
]
=

2 1 1
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

g2 ·M I(7,3)1→2 −M I(7,2)1→2 · g1 =

2 1 1
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
−

2 1 1
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
 =
[ 4
5 0
]
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2. g3 ·M I(7,3)2→3 −M I(7,2)2→3 · g2 = 0
g3 ·M I(7,3)2→3 =
[ 4 7
7 0 1
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 1 1 4 1
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 4
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1
1 0 0 0 0 0
 =

3 1 4
1 0 1 0
1 0 0 0
4 0 0 1
1 0 0 0

M
I(7,2)
2→3 · g2 =

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 ·
[ 3 5
5 0 1
]
=

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 ·
[ 3 1 4
1 0 1 0
4 0 0 1
]
=

3 1 4
1 0 1 0
1 0 0 0
4 0 0 1
1 0 0 0

g3 ·M I(7,3)2→3 −M I(7,2)2→3 · g2 =

3 1 4
1 0 1 0
1 0 0 0
4 0 0 1
1 0 0 0
−

3 1 4
1 0 1 0
1 0 0 0
4 0 0 1
1 0 0 0
 =
[ 8
7 0
]
3. g3 ·M I(7,3)4→3 −M I(7,2)4→3 · g4 = 0
g3 ·M I(7,3)4→3 =
[ 4 7
7 0 1
]
·

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=

3 1 3 1 1 1 1
3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=

3 3 1 1
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

M
I(7,2)
4→3 · g4 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·
[ 3 5
5 0 1
]
=

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

3 3 1 1
3 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

3 3 1 1
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

g3 ·M I(7,3)4→3 −M I(7,2)4→3 · g4 =

3 3 1 1
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
−

3 3 1 1
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1
 =
[ 8
7 0
]
4. g4 ·M I(7,3)5→4 −M I(7,2)5→4 · g5 = 0
g4 ·M I(7,3)5→4 =
[ 3 5
5 0 1
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

=

1 1 1 1 1 1 2
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

=

1 1 2
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

M
I(7,2)
5→4 · g5 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
[ 1 3
3 0 1
]
=

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
[ 1 1 2
1 0 1 0
2 0 0 1
]
=

1 1 2
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

g4 ·M I(7,3)5→4 −M I(7,2)5→4 · g5 =

1 1 2
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
−

1 1 2
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1
 =
[ 4
5 0
]
2597
5. g3 ·M I(7,3)6→3 −M I(7,2)6→3 · g6 = 0
g3 ·M I(7,3)6→3 =
[ 4 7
7 0 1
]
·

1 3 1 1 1 1
1 1 0 0 0 0 1
1 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 1 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 2 1 1 1 1 1 1 1
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 2 1 1 1 1 1
1 1 0 0 0 0 0 1
1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 2 1 1 1 1 1
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

3 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 1 1 0
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

M
I(7,2)
6→3 · g6 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·
[ 3 5
5 0 1
]
=

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·

3 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
 =

3 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 1 1 0
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

g3 ·M I(7,3)6→3 −M I(7,2)6→3 · g6 =

3 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 1 1 0
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

−

3 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 1 1 0
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

=
[ 8
7 0
]
6. g6 ·M I(7,3)7→6 −M I(7,2)7→6 · g7 = 0
g6 ·M I(7,3)7→6 =
[ 3 5
5 0 1
]
·

1 2 1
2 0 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

=

2 1 1 2 1 1
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 2 1
2 0 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

=

1 2 1
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

M
I(7,2)
7→6 · g7 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 ·
[ 1 3
3 0 1
]
=

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 ·
[ 1 2 1
2 0 1 0
1 0 0 1
]
=

1 2 1
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

g6 ·M I(7,3)7→6 −M I(7,2)7→6 · g7 =

1 2 1
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
−

1 2 1
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1
 =
[ 4
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
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2. g2 · f2 = 0
g2 · f2 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 4 7
7 0 1
]
·
[ 4
4 1
7 0
]
=
[ 4
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
149.2.2 0→ I(9, 7) f→ I(7, 3) g→ I(7, 6)→ 0 
PdimI(9, 7) + dimI(7, 6) = (1, 3, 4, 3, 1, 3, 2) + (3, 5, 7, 5, 3, 5, 2)
= (4, 8, 11, 8, 4, 8, 4) = dimI(7, 3)
Pdimk Ext
1
kQ(I(7, 6), I(9, 7)) = dimk HomkQ(I(7, 6), I(9, 7))− 〈dimI(7, 6),dimI(9, 7)〉
= 0− 〈(3, 5, 7, 5, 3, 5, 2), (1, 3, 4, 3, 1, 3, 2)〉
= 3 · 3 + 5 · 4 + 5 · 4 + 3 · 3 + 5 · 4 + 2 · 3− (3 · 1 + 5 · 3 + 7 · 4 + 5 · 3 + 3 · 1 + 5 · 3 + 2 · 2)
= 9 + 20 + 20 + 9 + 20 + 6− (3 + 15 + 28 + 15 + 3 + 15 + 4)
= 1
Matrices of the embedding f : I(9, 7)→ I(7, 3) P
1. f1 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
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4. f4 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
5. f5 =

0
1
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(7, 3)→ I(7, 6) P
1. g1 =
1 0 0 00 1 0 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
2. g2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
3. g3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0

∈M7,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 4 4 3
4 1 0 0
3 0 0 1′
]
4. g4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
5. g5 =
1 0 0 00 0 0 1
0 0 1 0
 ∈M3,4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 1 1 2
1 1 0 0
2 0 0 1′
]
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6. g6 =

1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 2 3 1 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
 r3↔r4−−−−→

1 2 3 1 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

7. g7 =
[
1 0 0 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(9, 7)→ I(7, 3) P
1. f2 ·M I(9,7)1→2 −M I(7,3)1→2 · f1 = 0
f2 ·M I(9,7)1→2 =

3
3 0
3 1
2 0
 · [
1
2 0
1 1
]
=

2 1
3 0 0
2 1 0
1 0 1
2 0 0
 ·
[ 1
2 0
1 1
]
=

1
3 0
2 0
1 1
2 0
 =

1
5 0
1 1
2 0

M
I(7,3)
1→2 · f1 =

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

·

1
2 0
1 1
1 0
 =

1
1 0
2 0
1 0
1 0
1 1
1 0
1 0

=

1
5 0
1 1
2 0

f2 ·M I(9,7)1→2 −M I(7,3)1→2 · f1 =

1
5 0
1 1
2 0
−

1
5 0
1 1
2 0
 = [ 18 0 ]
2. f3 ·M I(9,7)2→3 −M I(7,3)2→3 · f2 = 0
f3 ·M I(9,7)2→3 =

4
4 0
4 1
3 0
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 1 2
4 0 0 0
1 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
 ·

1 2
1 1 0
1 0 0
2 0 1
 =

1 2
4 0 0
1 1 0
1 0 0
2 0 1
3 0 0

M
I(7,3)
2→3 · f2 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1
1 0 0 0 0 0

·

3
3 0
3 1
2 0
 =

1 1 1 1 2 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 1 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 0 0

·

1 2
1 0 0
1 0 0
1 0 0
1 1 0
2 0 1
2 0 0

=

1 2
1 0 0
1 0 0
1 0 0
1 0 0
1 1 0
1 0 0
2 0 1
2 0 0
1 0 0

=

1 2
4 0 0
1 1 0
1 0 0
2 0 1
3 0 0

f3 ·M I(9,7)2→3 −M I(7,3)2→3 · f2 =

1 2
4 0 0
1 1 0
1 0 0
2 0 1
3 0 0
−

1 2
4 0 0
1 1 0
1 0 0
2 0 1
3 0 0
 =
[ 3
11 0
]
3. f3 ·M I(9,7)4→3 −M I(7,3)4→3 · f4 = 0
f3 ·M I(9,7)4→3 =

4
4 0
4 1
3 0
 · [
3
3 1
1 0
]
=

3 1
4 0 0
3 1 0
1 0 1
3 0 0
 ·
[ 3
3 1
1 0
]
=

3
4 0
3 1
1 0
3 0
 =

3
4 0
3 1
4 0

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M
I(7,3)
4→3 · f4 =

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·

3
3 0
3 1
2 0
 =

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

·

3
3 0
3 1
1 0
1 0
 =

3
3 0
1 0
3 1
1 0
1 0
1 0
1 0

=

3
4 0
3 1
4 0

f3 ·M I(9,7)4→3 −M I(7,3)4→3 · f4 =

3
4 0
3 1
4 0
−

3
4 0
3 1
4 0
 = [ 311 0 ]
4. f4 ·M I(9,7)5→4 −M I(7,3)5→4 · f5 = 0
f4 ·M I(9,7)5→4 =

3
3 0
3 1
2 0
 ·
11
0
 =

1 1 1
3 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
11
0
 =

1
3 0
1 1
1 1
1 0
2 0
 =

1
3 0
1 1
1 1
3 0

M
I(7,3)
5→4 · f5 =

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

·

1
1 0
1 1
2 0
 =

1
1 0
1 0
1 0
1 1
1 1
1 0
2 0

=

1
3 0
1 1
1 1
3 0

f4 ·M I(9,7)5→4 −M I(7,3)5→4 · f5 =

1
3 0
1 1
1 1
3 0
−

1
3 0
1 1
1 1
3 0
 =
[ 1
8 0
]
5. f3 ·M I(9,7)6→3 −M I(7,3)6→3 · f6 = 0
f3 ·M I(9,7)6→3 =

4
4 0
4 1
3 0
 ·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1 1
4 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0

·

1 0 0
0 1 0
0 1 1
0 0 1
 =

1 1 1
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

M
I(7,3)
6→3 · f6 =

1 3 1 1 1 1
1 1 0 0 0 0 1
1 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 1 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

3
3 0
3 1
2 0
 =

1 2 1 1 1 1 1
1 1 0 0 0 0 0 1
1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1
1 0 0 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
1 0 0 0
1 0 0 0

=

1 1 1
1 0 0 0
1 0 0 0
2 0 0 0
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
1 0 0 0
1 0 0 0
1 0 0 0

=

1 1 1
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

f3 ·M I(9,7)6→3 −M I(7,3)6→3 · f6 =

1 1 1
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

−

1 1 1
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 1
1 0 0 1
3 0 0 0

=
[ 3
11 0
]
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6. f6 ·M I(9,7)7→6 −M I(7,3)7→6 · f7 = 0
f6 ·M I(9,7)7→6 =

3
3 0
3 1
2 0
 · [
2
1 0
2 1
]
=

1 2
3 0 0
1 1 0
2 0 1
2 0 0
 ·
[ 2
1 0
2 1
]
=

2
3 0
1 0
2 1
2 0
 =

2
4 0
2 1
2 0

M
I(7,3)
7→6 · f7 =

1 2 1
2 0 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

·

2
1 0
2 1
1 0
 =

2
2 0
1 0
1 0
2 1
1 0
1 0

=

2
4 0
2 1
2 0

f6 ·M I(9,7)7→6 −M I(7,3)7→6 · f7 =

2
4 0
2 1
2 0
−

2
4 0
2 1
2 0
 = [ 28 0 ]
Relations of the projection g : I(7, 3)→ I(7, 6) P
1. g2 ·M I(7,3)1→2 −M I(7,6)1→2 · g1 = 0
g2 ·M I(7,3)1→2 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
·

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=

1 2 1 1 1 1 1
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
 ·

2 1 1
1 0 0 0
2 1 0 0
1 0 0 1
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0

=

2 1 1
1 0 0 0
2 1 0 0
1 0 0 0
1 0 0 1

M
I(7,6)
1→2 · g1 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 ·
[ 2 1 1
2 1 0 0
1 0 0 1
]
=

2 1 1
1 0 0 0
2 1 0 0
1 0 0 0
1 0 0 1

g2 ·M I(7,3)1→2 −M I(7,6)1→2 · g1 =

2 1 1
1 0 0 0
2 1 0 0
1 0 0 0
1 0 0 1
−

2 1 1
1 0 0 0
2 1 0 0
1 0 0 0
1 0 0 1
 =
[ 4
5 0
]
2. g3 ·M I(7,3)2→3 −M I(7,6)2→3 · g2 = 0
g3 ·M I(7,3)2→3 =
[ 4 4 3
4 1 0 0
3 0 0 1′
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 1 1 2 2 1
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 1′ 0

·

1 1 1 1 2 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 1 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 0 0

=

1 1 1 1 2 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 1 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 1′

=

1 1 1 3 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 0 1′

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M
I(7,6)
2→3 · g2 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·
[ 3 3 2
3 1 0 0
2 0 0 1′
]
=

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 1 1 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·

1 1 1 3 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 1′
 =

1 1 1 3 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 0 1′

g3 ·M I(7,3)2→3 −M I(7,6)2→3 · g2 =

1 1 1 3 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 0 1′

−

1 1 1 3 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
2 0 0 0 0 1′

=
[ 8
7 0
]
3. g3 ·M I(7,3)4→3 −M I(7,6)4→3 · g4 = 0
g3 ·M I(7,3)4→3 =
[ 4 4 3
4 1 0 0
3 0 0 1′
]
·

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=

3 1 3 1 1 1 1
3 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0
 ·

3 3 1 1
3 1 0 0 0
1 0 0 0 0
3 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 1 1
1 0 0 0 1

=

3 3 1 1
3 1 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 1
1 0 0 1 0

M
I(7,6)
4→3 · g4 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·
[ 3 3 2
3 1 0 0
2 0 0 1′
]
=

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 1 1
1 0 0 1
 ·

3 3 1 1
3 1 0 0 0
1 0 0 0 1
1 0 0 1 0
 =

3 3 1 1
3 1 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 1
1 0 0 1 0

g3 ·M I(7,3)4→3 −M I(7,6)4→3 · g4 =

3 3 1 1
3 1 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 1
1 0 0 1 0
−

3 3 1 1
3 1 0 0 0
1 0 0 0 0
1 0 0 0 1
1 0 0 1 1
1 0 0 1 0
 =
[ 8
7 0
]
4. g4 ·M I(7,3)5→4 −M I(7,6)5→4 · g5 = 0
g4 ·M I(7,3)5→4 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

=

1 1 1 1 1 1 2
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1′
 ·

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 1 0
1 0 0 0
2 0 0 1

=

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
2 0 0 1′

M
I(7,6)
5→4 · g5 =

1 2
1 1 0
1 1 0
1 0 0
2 0 1
 ·
[ 1 1 2
1 1 0 0
2 0 0 1′
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
2 0 0 1′

g4 ·M I(7,3)5→4 −M I(7,6)5→4 · g5 =

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
2 0 0 1′
−

1 1 2
1 1 0 0
1 1 0 0
1 0 0 0
2 0 0 1′
 =
[ 4
5 0
]
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5. g3 ·M I(7,3)6→3 −M I(7,6)6→3 · g6 = 0
g3 ·M I(7,3)6→3 =
[ 4 4 3
4 1 0 0
3 0 0 1′
]
·

1 3 1 1 1 1
1 1 0 0 0 0 1
1 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 1 0 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 1 2 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0

·

1 2 1 1 1 1 1
1 1 0 0 0 0 0 1
1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 1 1 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 2 1 1 1 1 1
1 1 0 0 0 0 0 1
1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0

=

1 2 3 1 1
1 1 0 0 0 1
1 0 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 0

M
I(7,6)
6→3 · g6 =

1 4
1 1 0
1 0 0
4 0 1
1 0 0
 ·

1 2 3 1 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
 =

1 2 1 1
1 1 0 0 0
1 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·

1 2 3 1 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
 =

1 2 3 1 1
1 1 0 0 0 1
1 0 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 0

g3 ·M I(7,3)6→3 −M I(7,6)6→3 · g6 =

1 2 3 1 1
1 1 0 0 0 1
1 0 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 0

−

1 2 3 1 1
1 1 0 0 0 1
1 0 0 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 0

=
[ 8
7 0
]
6. g6 ·M I(7,3)7→6 −M I(7,6)7→6 · g7 = 0
g6 ·M I(7,3)7→6 =

1 2 3 1 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
 ·

1 2 1
2 0 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

=

1 1 1 1 2 1 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0
 ·

1 2 1
1 0 0 0
1 0 0 0
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 0
1 0 0 1

=

1 2 1
1 0 0 1
1 0 0 0
1 1 0 0
1 0 0 1
1 0 0 0

M
I(7,6)
7→6 · g7 =

0 1
0 0
1 0
0 1
0 0
 ·
[ 1 2 1
1 1 0 0
1 0 0 1
]
=

1 2 1
1 0 0 1
1 0 0 0
1 1 0 0
1 0 0 1
1 0 0 0

g6 ·M I(7,3)7→6 −M I(7,6)7→6 · g7 =

1 2 1
1 0 0 1
1 0 0 0
1 1 0 0
1 0 0 1
1 0 0 0
−

1 2 1
1 0 0 1
1 0 0 0
1 1 0 0
1 0 0 1
1 0 0 0
 =
[ 4
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1 1
2 1 0 0
1 0 0 1
]
·

1
2 0
1 1
1 0
 = [ 13 0 ]
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2. g2 · f2 = 0
g2 · f2 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
·

3
3 0
3 1
2 0
 = [ 35 0 ]
3. g3 · f3 = 0
g3 · f3 =
[ 4 4 3
4 1 0 0
3 0 0 1′
]
·

4
4 0
4 1
3 0
 = [ 47 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
·

3
3 0
3 1
2 0
 = [ 35 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 1 1 2
1 1 0 0
2 0 0 1′
]
·

1
1 0
1 1
2 0
 = [ 13 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 2 3 1 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
 ·

3
3 0
3 1
2 0
 =

1 2 3 1 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
 ·

3
1 0
2 0
3 1
1 0
1 0
 =
[ 3
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2 1
1 1 0 0
1 0 0 1
]
·

2
1 0
2 1
1 0
 = [ 22 0 ]
149.3 Tree module property of I(13, 3) 
The matrices of the representation have full (column) rank P
1. M I(13,3)1→2 =

0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M14,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(13,3)
1→2 =

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

c3↔c4−−−−→

1 2 1 2 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 1 0 0
1 0 0 0 0 1
2 0 0 0 0 0

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2. M I(13,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M20,14(k) is already in column echelon form and has maximal column rank.
3. M I(13,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k) is already in column echelon form and has maximal column rank.
4. M I(13,3)5→4 =

1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 1 0 0

∈M14,7(k) is already in column echelon form and has maximal column rank.
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5. M I(13,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M20,14(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(13,3)
6→3 =

1 5 2 2 3 1
1 1 0 0 0 0 1
2 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 1 1 0 0
2 0 0 0 1 0 0
2 0 0 0 0 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 5 2 2 3 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 1 1 0 0
2 0 0 0 1 0 0
2 0 0 0 0 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 5 2 2 4
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
2 0 0 1 1 0
2 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

6. M I(13,3)7→6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M14,7(k) is already in column echelon form and has maximal column rank.
149.3.1 0→ I(15, 1) f→ I(13, 3) g→ I(13, 2)→ 0 
PdimI(15, 1) + dimI(13, 2) = (3, 5, 7, 5, 2, 5, 2) + (4, 9, 13, 9, 5, 9, 5)
= (7, 14, 20, 14, 7, 14, 7) = dimI(13, 3)
Pdimk Ext
1
kQ(I(13, 2), I(15, 1)) = dimk HomkQ(I(13, 2), I(15, 1))− 〈dimI(13, 2),dimI(15, 1)〉
= 0− 〈(4, 9, 13, 9, 5, 9, 5), (3, 5, 7, 5, 2, 5, 2)〉
= 4 · 5 + 9 · 7 + 9 · 7 + 5 · 5 + 9 · 7 + 5 · 5− (4 · 3 + 9 · 5 + 13 · 7 + 9 · 5 + 5 · 2 + 9 · 5 + 5 · 2)
= 20 + 63 + 63 + 25 + 63 + 25− (12 + 45 + 91 + 45 + 10 + 45 + 10)
= 1
Matrices of the embedding f : I(15, 1)→ I(13, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(13, 3)→ I(13, 2) P
1. g1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M4,7(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,14(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,20(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,14(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,14(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
 ∈M5,7(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(15, 1)→ I(13, 3) P
1. f2 ·M I(15,1)1→2 −M I(13,3)1→2 · f1 = 0
f2 ·M I(15,1)1→2 =
[ 5
5 1
9 0
]
·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
9 0 0 0 0
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
9 0 0

M
I(13,3)
1→2 · f1 =

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·
[ 3
3 1
4 0
]
=

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

1 2
1 1 0
2 0 1
2 0 0
1 0 0
1 0 0
 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
1 0 0
2 0 0
2 0 0
1 0 0
1 0 0
2 0 0

=

1 2
1 0 0
1 1 0
2 0 1
1 1 0
9 0 0

f2 ·M I(15,1)1→2 −M I(13,3)1→2 · f1 =

1 2
1 0 0
1 1 0
2 0 1
1 1 0
9 0 0
−

1 2
1 0 0
1 1 0
2 0 1
1 1 0
9 0 0
 =
[ 3
14 0
]
2. f3 ·M I(15,1)2→3 −M I(13,3)2→3 · f2 = 0
f3 ·M I(15,1)2→3 =
[ 7
7 1
13 0
]
·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
13 0 0 0 0
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
13 0 0 0

M
I(13,3)
2→3 · f2 =

1 2 2 1 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
8 0 0 0 0 1
2 0 0 0 0 0

·
[ 5
5 1
9 0
]
=

1 2 2 1 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
8 0 0 0 0 1
2 0 0 0 0 0

·

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
1 0 0 0
8 0 0 0
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
1 0 0 0
2 0 0 0
8 0 0 0
2 0 0 0

=

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
13 0 0 0

f3 ·M I(15,1)2→3 −M I(13,3)2→3 · f2 =

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
13 0 0 0
−

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
13 0 0 0
 =
[ 5
20 0
]
3. f3 ·M I(15,1)4→3 −M I(13,3)4→3 · f4 = 0
f3 ·M I(15,1)4→3 =
[ 7
7 1
13 0
]
·
[ 5
5 1
2 0
]
=

5 2
5 1 0
2 0 1
13 0 0
 · [
5
5 1
2 0
]
=

5
5 1
2 0
13 0
 = [
5
5 1
15 0
]
M
I(13,3)
4→3 · f4 =

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·
[ 5
5 1
9 0
]
=

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

5
5 1
5 0
2 0
2 0
 =

5
5 1
2 0
5 0
2 0
2 0
2 0
2 0

=
[ 5
5 1
15 0
]
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f3 ·M I(15,1)4→3 −M I(13,3)4→3 · f4 =
[ 5
5 1
15 0
]
−
[ 5
5 1
15 0
]
=
[ 5
20 0
]
4. f4 ·M I(15,1)5→4 −M I(13,3)5→4 · f5 = 0
f4 ·M I(15,1)5→4 =
[ 5
5 1
9 0
]
·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
9 0 0 0 0
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
9 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
11 0 0

M
I(13,3)
5→4 · f5 =

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

·
[ 2
2 1
5 0
]
=

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

·

1 1
1 1 0
1 0 1
1 0 0
1 0 0
1 0 0
2 0 0

=

1 1
1 1 0
1 1 0
1 0 1
2 0 0
1 0 0
1 0 0
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0

=

1 1
1 1 0
1 1 0
1 0 1
11 0 0

f4 ·M I(15,1)5→4 −M I(13,3)5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
11 0 0
−

1 1
1 1 0
1 1 0
1 0 1
11 0 0
 =
[ 2
14 0
]
5. f3 ·M I(15,1)6→3 −M I(13,3)6→3 · f6 = 0
f3 ·M I(15,1)6→3 =
[ 7
7 1
13 0
]
·

1 4
1 1 0
2 0 0
4 0 1
 =

1 2 4
1 1 0 0
2 0 1 0
4 0 0 1
13 0 0 0
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 4
1 1 0
2 0 0
4 0 1
13 0 0

M
I(13,3)
6→3 · f6 =

1 5 2 2 3 1
1 1 0 0 0 0 1
2 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 1 1 0 0
2 0 0 0 1 0 0
2 0 0 0 0 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 5
5 1
9 0
]
=

1 4 1 2 2 3 1
1 1 0 0 0 0 0 1
2 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 1 1 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 4
1 1 0
4 0 1
1 0 0
2 0 0
2 0 0
3 0 0
1 0 0

=

1 4
1 1 0
2 0 0
4 0 1
1 0 0
2 0 0
2 0 0
2 0 0
2 0 0
3 0 0
1 0 0

=

1 4
1 1 0
2 0 0
4 0 1
13 0 0

f3 ·M I(15,1)6→3 −M I(13,3)6→3 · f6 =

1 4
1 1 0
2 0 0
4 0 1
13 0 0
−

1 4
1 1 0
2 0 0
4 0 1
13 0 0
 =
[ 5
20 0
]
6. f6 ·M I(15,1)7→6 −M I(13,3)7→6 · f7 = 0
f6 ·M I(15,1)7→6 =
[ 5
5 1
9 0
]
·
[ 2
3 0
2 1
]
=

3 2
3 1 0
2 0 1
9 0 0
 · [
2
3 0
2 1
]
=

2
3 0
2 1
9 0

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M
I(13,3)
7→6 · f7 =

2 1 2 2
3 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

·
[ 2
2 1
5 0
]
=

2 1 2 2
3 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

·

2
2 1
1 0
2 0
2 0
 =

2
3 0
2 1
1 0
1 0
2 0
1 0
2 0
2 0

=

2
3 0
2 1
9 0

f6 ·M I(15,1)7→6 −M I(13,3)7→6 · f7 =

2
3 0
2 1
9 0
−

2
3 0
2 1
9 0
 = [ 214 0 ]
Relations of the projection g : I(13, 3)→ I(13, 2) P
1. g2 ·M I(13,3)1→2 −M I(13,2)1→2 · g1 = 0
g2 ·M I(13,3)1→2 =
[ 5 9
9 0 1
]
·

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 1 2 2 1 1 2
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

=

1 2 2 1 1
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

=

3 2 1 1
1 0 0 1 0
2 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

M
I(13,2)
1→2 · g1 =

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·
[ 3 4
4 0 1
]
=

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·

3 2 1 1
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

3 2 1 1
1 0 0 1 0
2 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

g2 ·M I(13,3)1→2 −M I(13,2)1→2 · g1 =

3 2 1 1
1 0 0 1 0
2 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

−

3 2 1 1
1 0 0 1 0
2 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
2 0 0 0 0

=
[ 7
9 0
]
2. g3 ·M I(13,3)2→3 −M I(13,2)2→3 · g2 = 0
g3 ·M I(13,3)2→3 =
[ 7 13
13 0 1
]
·

1 2 2 1 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
8 0 0 0 0 1
2 0 0 0 0 0

=

1 2 2 2 1 2 8 2
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
8 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

1 2 2 1 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
8 0 0 0 0 1
2 0 0 0 0 0

=

1 2 2 1 8
1 0 0 0 1 0
2 0 0 0 0 0
8 0 0 0 0 1
2 0 0 0 0 0
=

5 1 8
1 0 1 0
2 0 0 0
8 0 0 1
2 0 0 0

M
I(13,2)
2→3 · g2 =

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 ·
[ 5 9
9 0 1
]
=

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 ·
[ 5 1 8
1 0 1 0
8 0 0 1
]
=

5 1 8
1 0 1 0
2 0 0 0
8 0 0 1
2 0 0 0

2613
g3 ·M I(13,3)2→3 −M I(13,2)2→3 · g2 =

5 1 8
1 0 1 0
2 0 0 0
8 0 0 1
2 0 0 0
−

5 1 8
1 0 1 0
2 0 0 0
8 0 0 1
2 0 0 0
 =
[14
13 0
]
3. g3 ·M I(13,3)4→3 −M I(13,2)4→3 · g4 = 0
g3 ·M I(13,3)4→3 =
[ 7 13
13 0 1
]
·

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

5 2 5 2 2 2 2
5 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

5 5 2 2
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

M
I(13,2)
4→3 · g4 =

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·
[ 5 9
9 0 1
]
=

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

5 5 2 2
5 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

5 5 2 2
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

g3 ·M I(13,3)4→3 −M I(13,2)4→3 · g4 =

5 5 2 2
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
−

5 5 2 2
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1
 =
[14
13 0
]
4. g4 ·M I(13,3)5→4 −M I(13,2)5→4 · g5 = 0
g4 ·M I(13,3)5→4 =
[ 5 9
9 0 1
]
·

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

=

1 1 1 2 1 1 1 2 1 2 1
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

=

1 1 1 1 1 2
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

=

2 1 1 1 2
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

M
I(13,2)
5→4 · g5 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·
[ 2 5
5 0 1
]
=

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·

2 1 1 1 2
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
 =

2 1 1 1 2
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

g4 ·M I(13,3)5→4 −M I(13,2)5→4 · g5 =

2 1 1 1 2
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

−

2 1 1 1 2
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
1 0 0 0 1 0

=
[ 7
9 0
]
2614
5. g3 ·M I(13,3)6→3 −M I(13,2)6→3 · g6 = 0
g3 ·M I(13,3)6→3 =
[ 7 13
13 0 1
]
·

1 5 2 2 3 1
1 1 0 0 0 0 1
2 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 1 1 0 0
2 0 0 0 1 0 0
2 0 0 0 0 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 2 4 1 2 2 2 2 3 1
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 4 1 2 2 3 1
1 1 0 0 0 0 0 1
2 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 1 1 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 4 1 2 2 3 1
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 1 1 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

5 1 2 2 4
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 1 1 0
2 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

M
I(13,2)
6→3 · g6 =

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·
[ 5 9
9 0 1
]
=

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

5 1 2 2 4
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
4 0 0 0 0 1
 =

5 1 2 2 4
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 1 1 0
2 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

g3 ·M I(13,3)6→3 −M I(13,2)6→3 · g6 =

5 1 2 2 4
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 1 1 0
2 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

−

5 1 2 2 4
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 1 1 0
2 0 0 0 1 0
2 0 0 0 0 0
4 0 0 0 0 1

=
[14
13 0
]
6. g6 ·M I(13,3)7→6 −M I(13,2)7→6 · g7 = 0
g6 ·M I(13,3)7→6 =
[ 5 9
9 0 1
]
·

2 1 2 2
3 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

=

3 2 1 1 2 1 2 2
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1

·

2 1 2 2
3 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

=

2 1 2 2
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

M
I(13,2)
7→6 · g7 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·
[ 2 5
5 0 1
]
=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·

2 1 2 2
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

2 1 2 2
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

g6 ·M I(13,3)7→6 −M I(13,2)7→6 · g7 =

2 1 2 2
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

−

2 1 2 2
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

=
[ 7
9 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4
4 0 1
]
·
[ 3
3 1
4 0
]
=
[ 3
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 9
9 0 1
]
·
[ 5
5 1
9 0
]
=
[ 5
9 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 7 13
13 0 1
]
·
[ 7
7 1
13 0
]
=
[ 7
13 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 5 9
9 0 1
]
·
[ 5
5 1
9 0
]
=
[ 5
9 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 5 9
9 0 1
]
·
[ 5
5 1
9 0
]
=
[ 5
9 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 5
5 0 1
]
·
[ 2
2 1
5 0
]
=
[ 2
5 0
]
149.3.2 0→ I(15, 7) f→ I(13, 3) g→ I(13, 6)→ 0 
PdimI(15, 7) + dimI(13, 6) = (2, 5, 7, 5, 2, 5, 3) + (5, 9, 13, 9, 5, 9, 4)
= (7, 14, 20, 14, 7, 14, 7) = dimI(13, 3)
Pdimk Ext
1
kQ(I(13, 6), I(15, 7)) = dimk HomkQ(I(13, 6), I(15, 7))− 〈dimI(13, 6),dimI(15, 7)〉
= 0− 〈(5, 9, 13, 9, 5, 9, 4), (2, 5, 7, 5, 2, 5, 3)〉
= 5 · 5 + 9 · 7 + 9 · 7 + 5 · 5 + 9 · 7 + 4 · 5− (5 · 2 + 9 · 5 + 13 · 7 + 9 · 5 + 5 · 2 + 9 · 5 + 4 · 3)
= 25 + 63 + 63 + 25 + 63 + 20− (10 + 45 + 91 + 45 + 10 + 45 + 12)
= 1
Matrices of the embedding f : I(15, 7)→ I(13, 3) P
1. f1 =

0 0
0 0
0 0
1 0
0 1
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
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2. f2 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0
0 0
1 0
0 1
0 0
0 0
0 0

∈M7,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
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7. f7 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M7,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(13, 3)→ I(13, 6) P
1. g1 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 3 2 2
3 1 0 0
2 0 0 1′
]
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0

∈M9,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

∈M13,20(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0

∈M9,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
5. g5 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
 ∈M5,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

2 2 1 2
2 1 0 0 0
1 0 0 1 0
2 0 0 0 1′

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6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0

∈M9,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 4 5 3 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
 r3↔r4−−−−→

1 4 5 3 1
1 1 0 0 0 1
4 0 1 0 0 0
3 0 0 0 1′ 0
1 0 0 0 0 1

7. g7 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
 ∈M4,7(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 3 2
2 1 0 0
2 0 0 1′
]
Relations of the embedding f : I(15, 7)→ I(13, 3) P
1. f2 ·M I(15,7)1→2 −M I(13,3)1→2 · f1 = 0
f2 ·M I(15,7)1→2 =

5
5 0
5 1
4 0
 · [
2
3 0
2 1
]
=

3 2
5 0 0
3 1 0
2 0 1
4 0 0
 ·
[ 2
3 0
2 1
]
=

2
5 0
3 0
2 1
4 0
 =

2
8 0
2 1
4 0

M
I(13,3)
1→2 · f1 =

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

2
3 0
2 1
2 0
 =

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

2
1 0
2 0
2 1
1 0
1 0
 =

2
1 0
1 0
2 0
1 0
1 0
2 0
2 1
1 0
1 0
2 0

=

2
8 0
2 1
4 0

f2 ·M I(15,7)1→2 −M I(13,3)1→2 · f1 =

2
8 0
2 1
4 0
−

2
8 0
2 1
4 0
 = [ 214 0 ]
2. f3 ·M I(15,7)2→3 −M I(13,3)2→3 · f2 = 0
f3 ·M I(15,7)2→3 =

7
7 0
7 1
6 0
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 2 4
7 0 0 0
1 1 0 0
2 0 1 0
4 0 0 1
6 0 0 0
 ·

1 4
1 1 0
2 0 0
4 0 1
 =

1 4
7 0 0
1 1 0
2 0 0
4 0 1
6 0 0

M
I(13,3)
2→3 · f2 =

1 2 2 1 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
8 0 0 0 0 1
2 0 0 0 0 0

·

5
5 0
5 1
4 0
 =

1 2 2 1 4 4
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 1 1 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
4 0 0 0 0 1 0
4 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 4
1 0 0
2 0 0
2 0 0
1 1 0
4 0 1
4 0 0

=

1 4
1 0 0
2 0 0
2 0 0
2 0 0
1 1 0
2 0 0
4 0 1
4 0 0
2 0 0

=

1 4
7 0 0
1 1 0
2 0 0
4 0 1
6 0 0

2619
f3 ·M I(15,7)2→3 −M I(13,3)2→3 · f2 =

1 4
7 0 0
1 1 0
2 0 0
4 0 1
6 0 0
−

1 4
7 0 0
1 1 0
2 0 0
4 0 1
6 0 0
 =
[ 5
20 0
]
3. f3 ·M I(15,7)4→3 −M I(13,3)4→3 · f4 = 0
f3 ·M I(15,7)4→3 =

7
7 0
7 1
6 0
 · [
5
5 1
2 0
]
=

5 2
7 0 0
5 1 0
2 0 1
6 0 0
 ·
[ 5
5 1
2 0
]
=

5
7 0
5 1
2 0
6 0
 =

5
7 0
5 1
8 0

M
I(13,3)
4→3 · f4 =

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

5
5 0
5 1
4 0
 =

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

·

5
5 0
5 1
2 0
2 0
 =

5
5 0
2 0
5 1
2 0
2 0
2 0
2 0

=

5
7 0
5 1
8 0

f3 ·M I(15,7)4→3 −M I(13,3)4→3 · f4 =

5
7 0
5 1
8 0
−

5
7 0
5 1
8 0
 = [ 520 0 ]
4. f4 ·M I(15,7)5→4 −M I(13,3)5→4 · f5 = 0
f4 ·M I(15,7)5→4 =

5
5 0
5 1
4 0
 ·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1 1 2
5 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
4 0 0 0 0

·

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =

1 1
5 0 0
1 1 0
1 1 0
1 0 1
2 0 0
4 0 0

=

1 1
5 0 0
1 1 0
1 1 0
1 0 1
6 0 0

M
I(13,3)
5→4 · f5 =

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

·

2
2 0
2 1
3 0
 =

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

·

1 1
1 0 0
1 0 0
1 1 0
1 0 1
1 0 0
2 0 0

=

1 1
1 0 0
1 0 0
1 0 0
2 0 0
1 1 0
1 1 0
1 0 1
2 0 0
1 0 0
2 0 0
1 0 0

=

1 1
5 0 0
1 1 0
1 1 0
1 0 1
6 0 0

f4 ·M I(15,7)5→4 −M I(13,3)5→4 · f5 =

1 1
5 0 0
1 1 0
1 1 0
1 0 1
6 0 0
−

1 1
5 0 0
1 1 0
1 1 0
1 0 1
6 0 0
 =
[ 2
14 0
]
5. f3 ·M I(15,7)6→3 −M I(13,3)6→3 · f6 = 0
f3 ·M I(15,7)6→3 =

7
7 0
7 1
6 0
 ·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2 2
7 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
6 0 0 0 0

·

1 2 2
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 =

1 2 2
7 0 0 0
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

2620
M
I(13,3)
6→3 · f6 =

1 5 2 2 3 1
1 1 0 0 0 0 1
2 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 1 1 0 0
2 0 0 0 1 0 0
2 0 0 0 0 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1

·

5
5 0
5 1
4 0
 =

1 4 1 2 2 3 1
1 1 0 0 0 0 0 1
2 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 1 1 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 2 2
1 0 0 0
4 0 0 0
1 1 0 0
2 0 1 0
2 0 0 1
3 0 0 0
1 0 0 0

=

1 2 2
1 0 0 0
2 0 0 0
4 0 0 0
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
2 0 0 0
3 0 0 0
1 0 0 0

=

1 2 2
7 0 0 0
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

f3 ·M I(15,7)6→3 −M I(13,3)6→3 · f6 =

1 2 2
7 0 0 0
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

−

1 2 2
7 0 0 0
1 1 0 0
2 0 1 0
2 0 1 1
2 0 0 1
6 0 0 0

=
[ 5
20 0
]
6. f6 ·M I(15,7)7→6 −M I(13,3)7→6 · f7 = 0
f6 ·M I(15,7)7→6 =

5
5 0
5 1
4 0
 ·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 1 2 1
5 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
4 0 0 0 0

·

1 2
1 0 0
1 1 0
2 0 1
1 1 0
 =

1 2
5 0 0
1 0 0
1 1 0
2 0 1
1 1 0
4 0 0

=

1 2
6 0 0
1 1 0
2 0 1
1 1 0
4 0 0

M
I(13,3)
7→6 · f7 =

2 1 2 2
3 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

·

3
2 0
3 1
2 0
 =

2 1 2 2
3 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

·

1 2
2 0 0
1 1 0
2 0 1
2 0 0
 =

1 2
3 0 0
2 0 0
1 0 0
1 1 0
2 0 1
1 1 0
2 0 0
2 0 0

=

1 2
6 0 0
1 1 0
2 0 1
1 1 0
4 0 0

f6 ·M I(15,7)7→6 −M I(13,3)7→6 · f7 =

1 2
6 0 0
1 1 0
2 0 1
1 1 0
4 0 0
−

1 2
6 0 0
1 1 0
2 0 1
1 1 0
4 0 0
 =
[ 3
14 0
]
Relations of the projection g : I(13, 3)→ I(13, 6) P
1. g2 ·M I(13,3)1→2 −M I(13,6)1→2 · g1 = 0
g2 ·M I(13,3)1→2 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 1 2 2 1 1 2
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 1′
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0

·

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

=

1 2 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 1 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0

=

1 2 2 2
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 1 0 0 0
2 0 0 0 0
2 0 0 0 1′

2621
M
I(13,6)
1→2 · g1 =

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·
[ 3 2 2
3 1 0 0
2 0 0 1′
]
=

1 2 2
1 0 0 0
1 1 0 0
2 0 1 0
1 1 0 0
2 0 0 0
2 0 0 1

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 0 1′
 =

1 2 2 2
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 1 0 0 0
2 0 0 0 0
2 0 0 0 1′

g2 ·M I(13,3)1→2 −M I(13,6)1→2 · g1 =

1 2 2 2
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 1 0 0 0
2 0 0 0 0
2 0 0 0 1′

−

1 2 2 2
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 1 0 0 0
2 0 0 0 0
2 0 0 0 1′

=
[ 7
9 0
]
2. g3 ·M I(13,3)2→3 −M I(13,6)2→3 · g2 = 0
g3 ·M I(13,3)2→3 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

1 2 2 1 8
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 0
8 0 0 0 0 1
2 0 0 0 0 0

=

1 2 2 2 1 2 4 4 2
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 1′
4 0 0 0 0 0 0 0 1′ 0

·

1 2 2 1 4 4
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 1 1 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
4 0 0 0 0 1 0
4 0 0 0 0 0 1
2 0 0 0 0 0 0

=

1 2 2 1 4 4
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 1 1 0 0 0
2 0 0 1 0 0 0
2 0 0 0 0 0 0
4 0 0 0 0 0 1′

=

1 2 2 5 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 0 1′

M
I(13,6)
2→3 · g2 =

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·
[ 5 5 4
5 1 0 0
4 0 0 1′
]
=

1 2 2 4
1 1 0 0 0
2 0 1 0 0
2 0 1 1 0
2 0 0 1 0
2 0 0 0 0
4 0 0 0 1

·

1 2 2 5 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 0 1′
 =

1 2 2 5 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 0 1′

g3 ·M I(13,3)2→3 −M I(13,6)2→3 · g2 =

1 2 2 5 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 0 1′

−

1 2 2 5 4
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 1 0 0
2 0 0 1 0 0
2 0 0 0 0 0
4 0 0 0 0 1′

=
[14
13 0
]
3. g3 ·M I(13,3)4→3 −M I(13,6)4→3 · g4 = 0
g3 ·M I(13,3)4→3 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

5 2 5 2 2 2 2
5 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 0 0 0 0 1′
2 0 0 0 0 0 1′ 0
2 0 0 0 0 1′ 0 0
 ·

5 5 2 2
5 1 0 0 0
2 0 0 0 0
5 0 1 0 0
2 0 0 0 0
2 0 0 1 0
2 0 0 1 1
2 0 0 0 1

=

5 5 2 2
5 1 0 0 0
2 0 0 0 0
2 0 0 0 1′
2 0 0 1′ 1′
2 0 0 1′ 0

M
I(13,6)
4→3 · g4 =

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·
[ 5 5 4
5 1 0 0
4 0 0 1′
]
=

5 2 2
5 1 0 0
2 0 0 0
2 0 1 0
2 0 1 1
2 0 0 1
 ·

5 5 2 2
5 1 0 0 0
2 0 0 0 1′
2 0 0 1′ 0
 =

5 5 2 2
5 1 0 0 0
2 0 0 0 0
2 0 0 0 1′
2 0 0 1′ 1′
2 0 0 1′ 0

2622
g3 ·M I(13,3)4→3 −M I(13,6)4→3 · g4 =

5 5 1 1 1 1
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 1 0 0 0

−

5 5 1 1 1 1
5 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 1 0 0 0

=
[14
13 0
]
4. g4 ·M I(13,3)5→4 −M I(13,6)5→4 · g5 = 0
g4 ·M I(13,3)5→4 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

=

1 1 1 2 1 1 1 2 1 2 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 1 0 0

·

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
1 0 0 0 0 1 0

=

1 1 1 1 1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1′
1 0 0 0 0 1 0

=

1 1 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1′
1 0 0 0 1 0

M
I(13,6)
5→4 · g5 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·

2 2 1 2
2 1 0 0 0
1 0 0 1 0
2 0 0 0 1′
 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 1 0

·

1 1 2 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1′
 =

1 1 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1′
1 0 0 0 1 0

g4 ·M I(13,3)5→4 −M I(13,6)5→4 · g5 =

1 1 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1′
1 0 0 0 1 0

−

1 1 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1′
1 0 0 0 1 0

=
[ 7
9 0
]
5. g3 ·M I(13,3)6→3 −M I(13,6)6→3 · g6 = 0
g3 ·M I(13,3)6→3 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

1 5 2 2 3 1
1 1 0 0 0 0 1
2 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 1 1 0 0
2 0 0 0 1 0 0
2 0 0 0 0 0 0
3 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 2 4 1 2 2 2 2 3 1
1 1 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
4 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0 1′ 0 0

·

1 4 1 2 2 3 1
1 1 0 0 0 0 0 1
2 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 1 1 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 4 1 2 2 3 1
1 1 0 0 0 0 0 1
2 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1
3 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0

=

1 4 5 3 1
1 1 0 0 0 1
2 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
2 0 0 0 0 0

2623
M
I(13,6)
6→3 · g6 =

1 8
1 1 0
2 0 0
8 0 1
2 0 0
 ·

1 4 5 3 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
 =

1 4 1 3
1 1 0 0 0
2 0 0 0 0
4 0 1 0 0
1 0 0 1 0
3 0 0 0 1
2 0 0 0 0

·

1 4 5 3 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
 =

1 4 5 3 1
1 1 0 0 0 1
2 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
2 0 0 0 0 0

g3 ·M I(13,3)6→3 −M I(13,6)6→3 · g6 =

1 4 5 3 1
1 1 0 0 0 1
2 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
2 0 0 0 0 0

−

1 4 5 3 1
1 1 0 0 0 1
2 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
2 0 0 0 0 0

=
[14
13 0
]
6. g6 ·M I(13,3)7→6 −M I(13,6)7→6 · g7 = 0
g6 ·M I(13,3)7→6 =

1 4 5 3 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
 ·

2 1 2 2
3 0 0 0 0
2 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1

=

1 2 2 1 1 2 1 2 1 1
1 1 0 0 0 0 0 0 0 0 1
2 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1′ 0 0

·

2 1 2 1 1
1 0 0 0 0 0
2 0 0 0 0 0
2 1 0 0 0 0
1 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

2 1 2 1 1
1 0 0 0 0 1
2 0 0 0 0 0
2 1 0 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
2 0 0 0 0 0

=

2 3 1 1
1 0 0 0 1
2 0 0 0 0
2 1 0 0 0
1 0 0 0 1
1 0 0 1 0
2 0 0 0 0

M
I(13,6)
7→6 · g7 =

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·
[ 2 3 2
2 1 0 0
2 0 0 1′
]
=

2 1 1
1 0 1 0
2 0 0 0
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0

·

2 3 1 1
2 1 0 0 0
1 0 0 0 1
1 0 0 1 0
 =

2 3 1 1
1 0 0 0 1
2 0 0 0 0
2 1 0 0 0
1 0 0 0 1
1 0 0 1 0
2 0 0 0 0

g6 ·M I(13,3)7→6 −M I(13,6)7→6 · g7 =

2 3 1 1
1 0 0 0 1
2 0 0 0 0
2 1 0 0 0
1 0 0 0 1
1 0 0 1 0
2 0 0 0 0

−

2 3 1 1
1 0 0 0 1
2 0 0 0 0
2 1 0 0 0
1 0 0 0 1
1 0 0 1 0
2 0 0 0 0

=
[ 7
9 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2 2
3 1 0 0
2 0 0 1′
]
·

2
3 0
2 1
2 0
 = [ 25 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

5
5 0
5 1
4 0
 = [ 59 0 ]
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3. g3 · f3 = 0
g3 · f3 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

7
7 0
7 1
6 0
 = [ 713 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

5
5 0
5 1
4 0
 = [ 59 0 ]
5. g5 · f5 = 0
g5 · f5 =

2 2 1 2
2 1 0 0 0
1 0 0 1 0
2 0 0 0 1′
 ·

2
2 0
2 1
3 0
 =

2 2 1 2
2 1 0 0 0
1 0 0 1 0
2 0 0 0 1′
 ·

2
2 0
2 1
1 0
2 0
 =
[ 2
5 0
]
6. g6 · f6 = 0
g6 · f6 =

1 4 5 3 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
 ·

5
5 0
5 1
4 0
 =

1 4 5 3 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
 ·

5
1 0
4 0
5 1
3 0
1 0
 =
[ 5
9 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3 2
2 1 0 0
2 0 0 1′
]
·

3
2 0
3 1
2 0
 = [ 34 0 ]
149.4 Tree module property of I(19, 3) 
The matrices of the representation have full (column) rank P
1. M I(19,3)1→2 =

0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M20,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(19,3)
1→2 =

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

c3↔c4−−−−→

2 2 1 3 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 1 0 0
3 0 0 0 0 0
3 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
3 0 0 0 0 0

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2. M I(19,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M29,20(k) is already in column echelon form and has maximal column rank.
3. M I(19,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,20(k) is already in column echelon form and has maximal column rank.
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4. M I(19,3)5→4 =

1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0

∈M20,10(k) is already in column echelon form and has maximal column rank.
5. M I(19,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M29,20(k) can be brought to column echelon form (as shown below) and has maximal column
rank.
M
I(19,3)
6→3 =

1 7 3 3 5 1
1 1 0 0 0 0 1
3 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 1 1 0 0
3 0 0 0 1 0 0
3 0 0 0 0 0 0
5 0 0 0 0 1 0
1 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 7 3 3 5 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 1 1 0 0
3 0 0 0 1 0 0
3 0 0 0 0 0 0
5 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 7 3 3 6
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
3 0 0 1 1 0
3 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

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6. M I(19,3)7→6 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M20,10(k) is already in column echelon form and has maximal column rank.
149.4.1 0→ I(21, 1) f→ I(19, 3) g→ I(19, 2)→ 0 
PdimI(21, 1) + dimI(19, 2) = (4, 7, 10, 7, 3, 7, 3) + (6, 13, 19, 13, 7, 13, 7)
= (10, 20, 29, 20, 10, 20, 10) = dimI(19, 3)
Pdimk Ext
1
kQ(I(19, 2), I(21, 1)) = dimk HomkQ(I(19, 2), I(21, 1))− 〈dimI(19, 2),dimI(21, 1)〉
= 0− 〈(6, 13, 19, 13, 7, 13, 7), (4, 7, 10, 7, 3, 7, 3)〉
= 6 · 7 + 13 · 10 + 13 · 10 + 7 · 7 + 13 · 10 + 7 · 7− (6 · 4 + 13 · 7 + 19 · 10 + 13 · 7 + 7 · 3 + 13 · 7 + 7 · 3)
= 42 + 130 + 130 + 49 + 130 + 49− (24 + 91 + 190 + 91 + 21 + 91 + 21)
= 1
Matrices of the embedding f : I(21, 1)→ I(19, 3) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M10,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M29,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(19, 3)→ I(19, 2) P
1. g1 =

0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M6,10(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,20(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M19,29(k) is already in row echelon form and has maximal row
rank.
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4. g4 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,20(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M13,20(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(21, 1)→ I(19, 3) P
1. f2 ·M I(21,1)1→2 −M I(19,3)1→2 · f1 = 0
f2 ·M I(21,1)1→2 =
[ 7
7 1
13 0
]
·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
13 0 0 0 0
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
13 0 0

M
I(19,3)
1→2 · f1 =

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

·
[ 4
4 1
6 0
]
=

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

·

2 2
2 1 0
2 0 1
3 0 0
1 0 0
2 0 0
 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
1 0 0
3 0 0
3 0 0
1 0 0
2 0 0
3 0 0

=

2 2
1 0 0
2 1 0
2 0 1
2 1 0
13 0 0

f2 ·M I(21,1)1→2 −M I(19,3)1→2 · f1 =

2 2
1 0 0
2 1 0
2 0 1
2 1 0
13 0 0
−

2 2
1 0 0
2 1 0
2 0 1
2 1 0
13 0 0
 =
[ 4
20 0
]
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2. f3 ·M I(21,1)2→3 −M I(19,3)2→3 · f2 = 0
f3 ·M I(21,1)2→3 =
[10
10 1
19 0
]
·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3 3
1 1 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
19 0 0 0 0
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
19 0 0 0

M
I(19,3)
2→3 · f2 =

1 3 3 1 12
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 0
12 0 0 0 0 1
3 0 0 0 0 0

·
[ 7
7 1
13 0
]
=

1 3 3 1 12
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 0
12 0 0 0 0 1
3 0 0 0 0 0

·

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
1 0 0 0
12 0 0 0
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
1 0 0 0
3 0 0 0
12 0 0 0
3 0 0 0

=

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
19 0 0 0

f3 ·M I(21,1)2→3 −M I(19,3)2→3 · f2 =

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
19 0 0 0
−

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
19 0 0 0
 =
[ 7
29 0
]
3. f3 ·M I(21,1)4→3 −M I(19,3)4→3 · f4 = 0
f3 ·M I(21,1)4→3 =
[10
10 1
19 0
]
·
[ 7
7 1
3 0
]
=

7 3
7 1 0
3 0 1
19 0 0
 · [
7
7 1
3 0
]
=

7
7 1
3 0
19 0
 = [
7
7 1
22 0
]
M
I(19,3)
4→3 · f4 =

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·
[ 7
7 1
13 0
]
=

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

7
7 1
7 0
3 0
3 0
 =

7
7 1
3 0
7 0
3 0
3 0
3 0
3 0

=
[ 7
7 1
22 0
]
f3 ·M I(21,1)4→3 −M I(19,3)4→3 · f4 =
[ 7
7 1
22 0
]
−
[ 7
7 1
22 0
]
=
[ 7
29 0
]
4. f4 ·M I(21,1)5→4 −M I(19,3)5→4 · f5 = 0
f4 ·M I(21,1)5→4 =
[ 7
7 1
13 0
]
·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 1 2 3
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
13 0 0 0 0
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
3 0 0
13 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
16 0 0

M
I(19,3)
5→4 · f5 =

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

·
[ 3
3 1
7 0
]
=

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
2 0 0
2 0 0

=

1 2
1 1 0
1 1 0
2 0 1
3 0 0
1 0 0
1 0 0
2 0 0
3 0 0
2 0 0
2 0 0
2 0 0

=

1 2
1 1 0
1 1 0
2 0 1
16 0 0

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f4 ·M I(21,1)5→4 −M I(19,3)5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
16 0 0
−

1 2
1 1 0
1 1 0
2 0 1
16 0 0
 =
[ 3
20 0
]
5. f3 ·M I(21,1)6→3 −M I(19,3)6→3 · f6 = 0
f3 ·M I(21,1)6→3 =
[10
10 1
19 0
]
·

1 6
1 1 0
3 0 0
6 0 1
 =

1 3 6
1 1 0 0
3 0 1 0
6 0 0 1
19 0 0 0
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 6
1 1 0
3 0 0
6 0 1
19 0 0

M
I(19,3)
6→3 · f6 =

1 7 3 3 5 1
1 1 0 0 0 0 1
3 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 1 1 0 0
3 0 0 0 1 0 0
3 0 0 0 0 0 0
5 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 7
7 1
13 0
]
=

1 6 1 3 3 5 1
1 1 0 0 0 0 0 1
3 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 1 1 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0
5 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 6
1 1 0
6 0 1
1 0 0
3 0 0
3 0 0
5 0 0
1 0 0

=

1 6
1 1 0
3 0 0
6 0 1
1 0 0
3 0 0
3 0 0
3 0 0
3 0 0
5 0 0
1 0 0

=

1 6
1 1 0
3 0 0
6 0 1
19 0 0

f3 ·M I(21,1)6→3 −M I(19,3)6→3 · f6 =

1 6
1 1 0
3 0 0
6 0 1
19 0 0
−

1 6
1 1 0
3 0 0
6 0 1
19 0 0
 =
[ 7
29 0
]
6. f6 ·M I(21,1)7→6 −M I(19,3)7→6 · f7 = 0
f6 ·M I(21,1)7→6 =
[ 7
7 1
13 0
]
·
[ 3
4 0
3 1
]
=

4 3
4 1 0
3 0 1
13 0 0
 · [
3
4 0
3 1
]
=

3
4 0
3 1
13 0

M
I(19,3)
7→6 · f7 =

3 2 2 3
4 0 0 0 0
3 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

·
[ 3
3 1
7 0
]
=

3 2 2 3
4 0 0 0 0
3 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

·

3
3 1
2 0
2 0
3 0
 =

3
4 0
3 1
1 0
2 0
2 0
2 0
3 0
3 0

=

3
4 0
3 1
13 0

f6 ·M I(21,1)7→6 −M I(19,3)7→6 · f7 =

3
4 0
3 1
13 0
−

3
4 0
3 1
13 0
 = [ 320 0 ]
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Relations of the projection g : I(19, 3)→ I(19, 2) P
1. g2 ·M I(19,3)1→2 −M I(19,2)1→2 · g1 = 0
g2 ·M I(19,3)1→2 =
[ 7 13
13 0 1
]
·

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 1 3 3 1 2 3
1 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

·

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

=

2 2 3 1 2
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

=

4 3 1 2
1 0 0 1 0
3 0 0 0 0
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

M
I(19,2)
1→2 · g1 =

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·
[ 4 6
6 0 1
]
=

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·

4 3 1 2
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

4 3 1 2
1 0 0 1 0
3 0 0 0 0
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

g2 ·M I(19,3)1→2 −M I(19,2)1→2 · g1 =

4 3 1 2
1 0 0 1 0
3 0 0 0 0
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

−

4 3 1 2
1 0 0 1 0
3 0 0 0 0
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
3 0 0 0 0

=
[10
13 0
]
2. g3 ·M I(19,3)2→3 −M I(19,2)2→3 · g2 = 0
g3 ·M I(19,3)2→3 =
[10 19
19 0 1
]
·

1 3 3 1 12
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 0
12 0 0 0 0 1
3 0 0 0 0 0

=

1 3 3 3 1 3 12 3
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
12 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
 ·

1 3 3 1 12
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 0
12 0 0 0 0 1
3 0 0 0 0 0

=

1 3 3 1 12
1 0 0 0 1 0
3 0 0 0 0 0
12 0 0 0 0 1
3 0 0 0 0 0
 =

7 1 12
1 0 1 0
3 0 0 0
12 0 0 1
3 0 0 0

M
I(19,2)
2→3 · g2 =

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 ·
[ 7 13
13 0 1
]
=

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 ·
[ 7 1 12
1 0 1 0
12 0 0 1
]
=

7 1 12
1 0 1 0
3 0 0 0
12 0 0 1
3 0 0 0

g3 ·M I(19,3)2→3 −M I(19,2)2→3 · g2 =

7 1 12
1 0 1 0
3 0 0 0
12 0 0 1
3 0 0 0
−

7 1 12
1 0 1 0
3 0 0 0
12 0 0 1
3 0 0 0
 =
[20
19 0
]
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3. g3 ·M I(19,3)4→3 −M I(19,2)4→3 · g4 = 0
g3 ·M I(19,3)4→3 =
[10 19
19 0 1
]
·

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

7 3 7 3 3 3 3
7 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
 ·

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

7 7 3 3
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

M
I(19,2)
4→3 · g4 =

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·
[ 7 13
13 0 1
]
=

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

7 7 3 3
7 0 1 0 0
3 0 0 1 0
3 0 0 0 1
 =

7 7 3 3
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

g3 ·M I(19,3)4→3 −M I(19,2)4→3 · g4 =

7 7 3 3
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
−

7 7 3 3
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1
 =
[20
19 0
]
4. g4 ·M I(19,3)5→4 −M I(19,2)5→4 · g5 = 0
g4 ·M I(19,3)5→4 =
[ 7 13
13 0 1
]
·

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

=

1 1 2 3 1 1 2 3 2 2 2
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 1

·

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

=

1 2 1 2 2 2
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

=

3 1 2 2 2
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

M
I(19,2)
5→4 · g5 =

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·
[ 3 7
7 0 1
]
=

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·

3 1 2 2 2
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
 =

3 1 2 2 2
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

g4 ·M I(19,3)5→4 −M I(19,2)5→4 · g5 =

3 1 2 2 2
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

−

3 1 2 2 2
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 1 0

=
[10
13 0
]
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5. g3 ·M I(19,3)6→3 −M I(19,2)6→3 · g6 = 0
g3 ·M I(19,3)6→3 =
[10 19
19 0 1
]
·

1 7 3 3 5 1
1 1 0 0 0 0 1
3 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 1 1 0 0
3 0 0 0 1 0 0
3 0 0 0 0 0 0
5 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 3 6 1 3 3 3 3 5 1
1 0 0 0 1 0 0 0 0 0 0
3 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 1 0 0
5 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 6 1 3 3 5 1
1 1 0 0 0 0 0 1
3 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 1 1 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0
5 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 6 1 3 3 5 1
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 1 1 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0
5 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

7 1 3 3 6
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 1 1 0
3 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

M
I(19,2)
6→3 · g6 =

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·
[ 7 13
13 0 1
]
=

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

7 1 3 3 6
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 1 0
6 0 0 0 0 1
 =

7 1 3 3 6
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 1 1 0
3 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

g3 ·M I(19,3)6→3 −M I(19,2)6→3 · g6 =

7 1 3 3 6
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 1 1 0
3 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

−

7 1 3 3 6
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 1 1 0
3 0 0 0 1 0
3 0 0 0 0 0
6 0 0 0 0 1

=
[20
19 0
]
6. g6 ·M I(19,3)7→6 −M I(19,2)7→6 · g7 = 0
g6 ·M I(19,3)7→6 =
[ 7 13
13 0 1
]
·

3 2 2 3
4 0 0 0 0
3 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

=

4 3 1 2 2 2 3 3
1 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1

·

3 2 2 3
4 0 0 0 0
3 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

=

3 2 2 3
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

M
I(19,2)
7→6 · g7 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·
[ 3 7
7 0 1
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·

3 2 2 3
2 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 =

3 2 2 3
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

g6 ·M I(19,3)7→6 −M I(19,2)7→6 · g7 =

3 2 2 3
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

−

3 2 2 3
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

=
[10
13 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 6
6 0 1
]
·
[ 4
4 1
6 0
]
=
[ 4
6 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 13
13 0 1
]
·
[ 7
7 1
13 0
]
=
[ 7
13 0
]
3. g3 · f3 = 0
g3 · f3 =
[10 19
19 0 1
]
·
[10
10 1
19 0
]
=
[10
19 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 13
13 0 1
]
·
[ 7
7 1
13 0
]
=
[ 7
13 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 13
13 0 1
]
·
[ 7
7 1
13 0
]
=
[ 7
13 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
149.4.2 0→ I(21, 7) f→ I(19, 3) g→ I(19, 6)→ 0 
PdimI(21, 7) + dimI(19, 6) = (3, 7, 10, 7, 3, 7, 4) + (7, 13, 19, 13, 7, 13, 6)
= (10, 20, 29, 20, 10, 20, 10) = dimI(19, 3)
Pdimk Ext
1
kQ(I(19, 6), I(21, 7)) = dimk HomkQ(I(19, 6), I(21, 7))− 〈dimI(19, 6),dimI(21, 7)〉
= 0− 〈(7, 13, 19, 13, 7, 13, 6), (3, 7, 10, 7, 3, 7, 4)〉
= 7 · 7 + 13 · 10 + 13 · 10 + 7 · 7 + 13 · 10 + 6 · 7− (7 · 3 + 13 · 7 + 19 · 10 + 13 · 7 + 7 · 3 + 13 · 7 + 6 · 4)
= 49 + 130 + 130 + 49 + 130 + 42− (21 + 91 + 190 + 91 + 21 + 91 + 24)
= 1
Matrices of the embedding f : I(21, 7)→ I(19, 3) P
1. f1 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
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2. f2 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M29,10(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
2638
5. f5 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M20,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M10,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(19, 3)→ I(19, 6) P
1. g1 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0

∈M7,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 4 3 3
4 1 0 0
3 0 0 1′
]
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

∈M13,20(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
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3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

∈ M19,29(k) can be brought to row echelon form (as shown below)
and has maximal row rank.
g3 =
[10 10 9
10 1 0 0
9 0 0 1′
]
4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

∈M13,20(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
5. g5 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0

∈M7,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =

3 3 2 2
3 1 0 0 0
2 0 0 1′ 0
2 0 0 0 1′

6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

∈M13,20(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 6 7 5 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
 r3↔r4−−−−→

1 6 7 5 1
1 1 0 0 0 1
6 0 1 0 0 0
5 0 0 0 1′ 0
1 0 0 0 0 1

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7. g7 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0

∈M6,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 3 4 3
3 1 0 0
3 0 0 1′
]
Relations of the embedding f : I(21, 7)→ I(19, 3) P
1. f2 ·M I(21,7)1→2 −M I(19,3)1→2 · f1 = 0
f2 ·M I(21,7)1→2 =

7
7 0
7 1
6 0
 · [
3
4 0
3 1
]
=

4 3
7 0 0
4 1 0
3 0 1
6 0 0
 ·
[ 3
4 0
3 1
]
=

3
7 0
4 0
3 1
6 0
 =

3
11 0
3 1
6 0

M
I(19,3)
1→2 · f1 =

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

·

3
4 0
3 1
3 0
 =

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

·

3
2 0
2 0
3 1
1 0
2 0
 =

3
1 0
2 0
2 0
2 0
1 0
3 0
3 1
1 0
2 0
3 0

=

3
11 0
3 1
6 0

f2 ·M I(21,7)1→2 −M I(19,3)1→2 · f1 =

3
11 0
3 1
6 0
−

3
11 0
3 1
6 0
 = [ 320 0 ]
2. f3 ·M I(21,7)2→3 −M I(19,3)2→3 · f2 = 0
f3 ·M I(21,7)2→3 =

10
10 0
10 1
9 0
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 3 6
10 0 0 0
1 1 0 0
3 0 1 0
6 0 0 1
9 0 0 0
 ·

1 6
1 1 0
3 0 0
6 0 1
 =

1 6
10 0 0
1 1 0
3 0 0
6 0 1
9 0 0

M
I(19,3)
2→3 · f2 =

1 3 3 1 12
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 0
12 0 0 0 0 1
3 0 0 0 0 0

·

7
7 0
7 1
6 0
 =

1 3 3 1 6 6
1 1 0 0 0 0 0
3 0 1 0 0 0 0
3 0 1 1 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 0 0
6 0 0 0 0 1 0
6 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 6
1 0 0
3 0 0
3 0 0
1 1 0
6 0 1
6 0 0

=

1 6
1 0 0
3 0 0
3 0 0
3 0 0
1 1 0
3 0 0
6 0 1
6 0 0
3 0 0

=

1 6
10 0 0
1 1 0
3 0 0
6 0 1
9 0 0

f3 ·M I(21,7)2→3 −M I(19,3)2→3 · f2 =

1 6
10 0 0
1 1 0
3 0 0
6 0 1
9 0 0
−

1 6
10 0 0
1 1 0
3 0 0
6 0 1
9 0 0
 =
[ 7
29 0
]
3. f3 ·M I(21,7)4→3 −M I(19,3)4→3 · f4 = 0
f3 ·M I(21,7)4→3 =

10
10 0
10 1
9 0
 · [
7
7 1
3 0
]
=

7 3
10 0 0
7 1 0
3 0 1
9 0 0
 ·
[ 7
7 1
3 0
]
=

7
10 0
7 1
3 0
9 0
 =

7
10 0
7 1
12 0

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M
I(19,3)
4→3 · f4 =

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

7
7 0
7 1
6 0
 =

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

·

7
7 0
7 1
3 0
3 0
 =

7
7 0
3 0
7 1
3 0
3 0
3 0
3 0

=

7
10 0
7 1
12 0

f3 ·M I(21,7)4→3 −M I(19,3)4→3 · f4 =

7
10 0
7 1
12 0
−

7
10 0
7 1
12 0
 = [ 729 0 ]
4. f4 ·M I(21,7)5→4 −M I(19,3)5→4 · f5 = 0
f4 ·M I(21,7)5→4 =

7
7 0
7 1
6 0
 ·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 1 2 3
7 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
6 0 0 0 0

·

1 2
1 1 0
1 1 0
2 0 1
3 0 0
 =

1 2
7 0 0
1 1 0
1 1 0
2 0 1
3 0 0
6 0 0

=

1 2
7 0 0
1 1 0
1 1 0
2 0 1
9 0 0

M
I(19,3)
5→4 · f5 =

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

·

3
3 0
3 1
4 0
 =

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

·

1 2
1 0 0
2 0 0
1 1 0
2 0 1
2 0 0
2 0 0

=

1 2
1 0 0
1 0 0
2 0 0
3 0 0
1 1 0
1 1 0
2 0 1
3 0 0
2 0 0
2 0 0
2 0 0

=

1 2
7 0 0
1 1 0
1 1 0
2 0 1
9 0 0

f4 ·M I(21,7)5→4 −M I(19,3)5→4 · f5 =

1 2
7 0 0
1 1 0
1 1 0
2 0 1
9 0 0
−

1 2
7 0 0
1 1 0
1 1 0
2 0 1
9 0 0
 =
[ 3
20 0
]
5. f3 ·M I(21,7)6→3 −M I(19,3)6→3 · f6 = 0
f3 ·M I(21,7)6→3 =

10
10 0
10 1
9 0
 ·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3 3
10 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 1 0
3 0 0 0 1
9 0 0 0 0

·

1 3 3
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 =

1 3 3
10 0 0 0
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

M
I(19,3)
6→3 · f6 =

1 7 3 3 5 1
1 1 0 0 0 0 1
3 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 1 1 0 0
3 0 0 0 1 0 0
3 0 0 0 0 0 0
5 0 0 0 0 1 0
1 0 0 0 0 0 1

·

7
7 0
7 1
6 0
 =

1 6 1 3 3 5 1
1 1 0 0 0 0 0 1
3 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 1 1 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0
5 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 3 3
1 0 0 0
6 0 0 0
1 1 0 0
3 0 1 0
3 0 0 1
5 0 0 0
1 0 0 0

=

1 3 3
1 0 0 0
3 0 0 0
6 0 0 0
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
3 0 0 0
5 0 0 0
1 0 0 0

=

1 3 3
10 0 0 0
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

f3 ·M I(21,7)6→3 −M I(19,3)6→3 · f6 =

1 3 3
10 0 0 0
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

−

1 3 3
10 0 0 0
1 1 0 0
3 0 1 0
3 0 1 1
3 0 0 1
9 0 0 0

=
[ 7
29 0
]
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6. f6 ·M I(21,7)7→6 −M I(19,3)7→6 · f7 = 0
f6 ·M I(21,7)7→6 =

7
7 0
7 1
6 0
 ·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

1 2 2 2
7 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
6 0 0 0 0

·

2 2
1 0 0
2 1 0
2 0 1
2 1 0
 =

2 2
7 0 0
1 0 0
2 1 0
2 0 1
2 1 0
6 0 0

=

2 2
8 0 0
2 1 0
2 0 1
2 1 0
6 0 0

M
I(19,3)
7→6 · f7 =

3 2 2 3
4 0 0 0 0
3 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

·

4
3 0
4 1
3 0
 =

3 2 2 3
4 0 0 0 0
3 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

·

2 2
3 0 0
2 1 0
2 0 1
3 0 0
 =

2 2
4 0 0
3 0 0
1 0 0
2 1 0
2 0 1
2 1 0
3 0 0
3 0 0

=

2 2
8 0 0
2 1 0
2 0 1
2 1 0
6 0 0

f6 ·M I(21,7)7→6 −M I(19,3)7→6 · f7 =

2 2
8 0 0
2 1 0
2 0 1
2 1 0
6 0 0
−

2 2
8 0 0
2 1 0
2 0 1
2 1 0
6 0 0
 =
[ 4
20 0
]
Relations of the projection g : I(19, 3)→ I(19, 6) P
1. g2 ·M I(19,3)1→2 −M I(19,6)1→2 · g1 = 0
g2 ·M I(19,3)1→2 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 1 3 3 1 2 3
1 1 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 1′
2 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 1 0 0

·

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0

=

2 2 3 1 2
1 0 0 0 0 0
2 1 0 0 0 0
2 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 1 0

=

2 2 3 3
1 0 0 0 0
2 1 0 0 0
2 0 1 0 0
2 1 0 0 0
3 0 0 0 0
3 0 0 0 1′

M
I(19,6)
1→2 · g1 =

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·
[ 4 3 3
4 1 0 0
3 0 0 1′
]
=

2 2 3
1 0 0 0
2 1 0 0
2 0 1 0
2 1 0 0
3 0 0 0
3 0 0 1

·

2 2 3 3
2 1 0 0 0
2 0 1 0 0
3 0 0 0 1′
 =

2 2 3 3
1 0 0 0 0
2 1 0 0 0
2 0 1 0 0
2 1 0 0 0
3 0 0 0 0
3 0 0 0 1′

g2 ·M I(19,3)1→2 −M I(19,6)1→2 · g1 =

2 2 3 3
1 0 0 0 0
2 1 0 0 0
2 0 1 0 0
2 1 0 0 0
3 0 0 0 0
3 0 0 0 1′

−

2 2 3 3
1 0 0 0 0
2 1 0 0 0
2 0 1 0 0
2 1 0 0 0
3 0 0 0 0
3 0 0 0 1′

=
[10
13 0
]
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2. g3 ·M I(19,3)2→3 −M I(19,6)2→3 · g2 = 0
g3 ·M I(19,3)2→3 =
[10 10 9
10 1 0 0
9 0 0 1′
]
·

1 3 3 1 12
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 0
12 0 0 0 0 1
3 0 0 0 0 0

=

1 3 3 3 1 3 6 6 3
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 1′
6 0 0 0 0 0 0 0 1′ 0

·

1 3 3 1 6 6
1 1 0 0 0 0 0
3 0 1 0 0 0 0
3 0 1 1 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 0 0
6 0 0 0 0 1 0
6 0 0 0 0 0 1
3 0 0 0 0 0 0

=

1 3 3 1 6 6
1 1 0 0 0 0 0
3 0 1 0 0 0 0
3 0 1 1 0 0 0
3 0 0 1 0 0 0
3 0 0 0 0 0 0
6 0 0 0 0 0 1′

=

1 3 3 7 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 0 1′

M
I(19,6)
2→3 · g2 =

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·
[ 7 7 6
7 1 0 0
6 0 0 1′
]
=

1 3 3 6
1 1 0 0 0
3 0 1 0 0
3 0 1 1 0
3 0 0 1 0
3 0 0 0 0
6 0 0 0 1

·

1 3 3 7 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 1 0 0
6 0 0 0 0 1′
 =

1 3 3 7 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 0 1′

g3 ·M I(19,3)2→3 −M I(19,6)2→3 · g2 =

1 3 3 7 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 0 1′

−

1 3 3 7 6
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 1 0 0
3 0 0 1 0 0
3 0 0 0 0 0
6 0 0 0 0 1′

=
[20
19 0
]
3. g3 ·M I(19,3)4→3 −M I(19,6)4→3 · g4 = 0
g3 ·M I(19,3)4→3 =
[10 10 9
10 1 0 0
9 0 0 1′
]
·

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

7 3 7 3 3 3 3
7 1 0 0 0 0 0 0
3 0 1 0 0 0 0 0
3 0 0 0 0 0 0 1′
3 0 0 0 0 0 1′ 0
3 0 0 0 0 1′ 0 0
 ·

7 7 3 3
7 1 0 0 0
3 0 0 0 0
7 0 1 0 0
3 0 0 0 0
3 0 0 1 0
3 0 0 1 1
3 0 0 0 1

=

7 7 3 3
7 1 0 0 0
3 0 0 0 0
3 0 0 0 1′
3 0 0 1′ 1′
3 0 0 1′ 0

M
I(19,6)
4→3 · g4 =

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·
[ 7 7 6
7 1 0 0
6 0 0 1′
]
=

7 3 3
7 1 0 0
3 0 0 0
3 0 1 0
3 0 1 1
3 0 0 1
 ·

7 7 3 3
7 1 0 0 0
3 0 0 0 1′
3 0 0 1′ 0
 =

7 7 3 3
7 1 0 0 0
3 0 0 0 0
3 0 0 0 1′
3 0 0 1′ 1′
3 0 0 1′ 0

g3 ·M I(19,3)4→3 −M I(19,6)4→3 · g4 =

7 7 3 3
7 1 0 0 0
3 0 0 0 0
3 0 0 0 1′
3 0 0 1′ 1′
3 0 0 1′ 0
−

7 7 3 3
7 1 0 0 0
3 0 0 0 0
3 0 0 0 1′
3 0 0 1′ 1′
3 0 0 1′ 0
 =
[20
19 0
]
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4. g4 ·M I(19,3)5→4 −M I(19,6)5→4 · g5 = 0
g4 ·M I(19,3)5→4 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

=

1 1 2 3 1 1 2 3 2 2 2
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 1′
2 0 0 0 0 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0 0 1′ 0 0

·

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 1 0

=

1 2 1 2 2 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 0 0 0 0
2 0 0 0 0 1′ 0
2 0 0 0 0 0 1′
2 0 0 0 0 1′ 0

=

1 2 3 2 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 0 0 1′
2 0 0 0 1′ 0

M
I(19,6)
5→4 · g5 =

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·

3 3 2 2
3 1 0 0 0
2 0 0 1′ 0
2 0 0 0 1′
 =

1 2 2 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
2 0 0 1 0
2 0 0 0 1
2 0 0 1 0

·

1 2 3 2 2
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 1′ 0
2 0 0 0 0 1′
 =

1 2 3 2 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 0 0 1′
2 0 0 0 1′ 0

g4 ·M I(19,3)5→4 −M I(19,6)5→4 · g5 =

1 2 3 2 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 0 0 1′
2 0 0 0 1′ 0

−

1 2 3 2 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 0 0 1′
2 0 0 0 1′ 0

=
[10
13 0
]
5. g3 ·M I(19,3)6→3 −M I(19,6)6→3 · g6 = 0
g3 ·M I(19,3)6→3 =
[10 10 9
10 1 0 0
9 0 0 1′
]
·

1 7 3 3 5 1
1 1 0 0 0 0 1
3 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 1 1 0 0
3 0 0 0 1 0 0
3 0 0 0 0 0 0
5 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 3 6 1 3 3 3 3 5 1
1 1 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
6 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
5 0 0 0 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0 1′ 0 0

·

1 6 1 3 3 5 1
1 1 0 0 0 0 0 1
3 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 1 1 0 0
3 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0
5 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 6 1 3 3 5 1
1 1 0 0 0 0 0 1
3 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1
5 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0

=

1 6 7 5 1
1 1 0 0 0 1
3 0 0 0 0 0
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
3 0 0 0 0 0

M
I(19,6)
6→3 · g6 =

1 12
1 1 0
3 0 0
12 0 1
3 0 0
 ·

1 6 7 5 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
 =

1 6 1 5
1 1 0 0 0
3 0 0 0 0
6 0 1 0 0
1 0 0 1 0
5 0 0 0 1
3 0 0 0 0

·

1 6 7 5 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
 =

1 6 7 5 1
1 1 0 0 0 1
3 0 0 0 0 0
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
3 0 0 0 0 0

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g3 ·M I(19,3)6→3 −M I(19,6)6→3 · g6 =

1 6 7 5 1
1 1 0 0 0 1
3 0 0 0 0 0
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
3 0 0 0 0 0

−

1 6 7 5 1
1 1 0 0 0 1
3 0 0 0 0 0
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
3 0 0 0 0 0

=
[20
19 0
]
6. g6 ·M I(19,3)7→6 −M I(19,6)7→6 · g7 = 0
g6 ·M I(19,3)7→6 =

1 6 7 5 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
 ·

3 2 2 3
4 0 0 0 0
3 1 0 0 0
1 0 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 0
3 0 0 0 0
3 0 0 0 1

=

1 3 3 1 2 2 2 3 2 1
1 1 0 0 0 0 0 0 0 0 1
3 0 1 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0 1′ 0 0

·

3 2 2 2 1
1 0 0 0 0 0
3 0 0 0 0 0
3 1 0 0 0 0
1 0 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

3 2 2 2 1
1 0 0 0 0 1
3 0 0 0 0 0
3 1 0 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
3 0 0 0 0 0

=

3 4 2 1
1 0 0 0 1
3 0 0 0 0
3 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
3 0 0 0 0

M
I(19,6)
7→6 · g7 =

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·
[ 3 4 3
3 1 0 0
3 0 0 1′
]
=

3 1 2
1 0 1 0
3 0 0 0
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0

·

3 4 2 1
3 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
 =

3 4 2 1
1 0 0 0 1
3 0 0 0 0
3 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
3 0 0 0 0

g6 ·M I(19,3)7→6 −M I(19,6)7→6 · g7 =

3 4 2 1
1 0 0 0 1
3 0 0 0 0
3 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
3 0 0 0 0

−

3 4 2 1
1 0 0 0 1
3 0 0 0 0
3 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
3 0 0 0 0

=
[10
13 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 3 3
4 1 0 0
3 0 0 1′
]
·

3
4 0
3 1
3 0
 = [ 37 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

7
7 0
7 1
6 0
 = [ 713 0 ]
3. g3 · f3 = 0
g3 · f3 =
[10 10 9
10 1 0 0
9 0 0 1′
]
·

10
10 0
10 1
9 0
 = [1019 0 ]
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4. g4 · f4 = 0
g4 · f4 =
[ 7 7 6
7 1 0 0
6 0 0 1′
]
·

7
7 0
7 1
6 0
 = [ 713 0 ]
5. g5 · f5 = 0
g5 · f5 =

3 3 2 2
3 1 0 0 0
2 0 0 1′ 0
2 0 0 0 1′
 ·

3
3 0
3 1
4 0
 =

3 3 2 2
3 1 0 0 0
2 0 0 1′ 0
2 0 0 0 1′
 ·

3
3 0
3 1
2 0
2 0
 =
[ 3
7 0
]
6. g6 · f6 = 0
g6 · f6 =

1 6 7 5 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
 ·

7
7 0
7 1
6 0
 =

1 6 7 5 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
5 0 0 0 1′ 0
 ·

7
1 0
6 0
7 1
5 0
1 0
 =
[ 7
13 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 4 3
3 1 0 0
3 0 0 1′
]
·

4
3 0
4 1
3 0
 = [ 46 0 ]
149.5 Tree module property of I(6n+ 1, 3) 
The matrices of the representation have full (column) rank P
1. M I(6n+1,3)1→2 =

n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n+1 0 0
 ∈M6n+2,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,3)
1→2 =

n−1 2 n 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
2 0 1 0 0 0
n−1 1 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
n 0 0 0 0 0

c3↔c4−−−−→

n−1 2 1 n n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
2 0 1 0 0 0
n−1 1 0 0 0 0
1 0 0 1 0 0
n 0 0 0 0 0
n 0 0 0 1 0
1 0 0 1 0 0
n−1 0 0 0 0 1
n 0 0 0 0 0

2. M I(6n+1,3)2→3 =

2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0
 ∈M9n+2,6n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,3)
2→3 =

1 n n 1 4n
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 0
4n 0 0 0 0 1
n 0 0 0 0 0

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3. M I(6n+1,3)4→3 =

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+2 2n
7n+2 0 0
2n 0 1
]
∈M9n+2,6n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,3)
4→3 =

2n+1 2n+1 n n
2n+1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1

4. M I(6n+1,3)5→4 =

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

∈M6n+2,3n+1(k) is already in column echelon form and has maximal column rank.
5. M I(6n+1,3)6→3 =

1 4n+1 2n−1 1
1 1 0 0 1
n 0 0 0 0
4n+1 0 1 0 0
2n 0 0 0 0
2n−1 0 0 1 0
1 0 0 0 1

+

2n+2 2n 2n
4n+2 0 0 0
2n 0 1 0
3n 0 0 0
 ∈M9n+2,6n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,3)
6→3 =

1 2n+1 n n 2n−1 1
1 1 0 0 0 0 1
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 1 1 0 0
n 0 0 0 1 0 0
n 0 0 0 0 0 0
2n−1 0 0 0 0 1 0
1 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 2n+1 n n 2n−1 1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 1 1 0 0
n 0 0 0 1 0 0
n 0 0 0 0 0 0
2n−1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 2n+1 n n 2n
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 1 1 0
n 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 1

6. M I(6n+1,3)7→6 =

n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

+

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n 0 0 0
 ∈M6n+2,3n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+1,3)
7→6 =

n n−1 2 n
n+1 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 0
n 0 0 0 0
n 0 0 0 1

149.5.1 0→ I(6n+ 3, 1) i→ I(6n+ 1, 3) p→ I(6n+ 1, 2)→ 0 
PdimI(6n+ 3, 1) + dimI(6n+ 1, 2) = (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n) + (2n, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n+ 1)
= (3n+ 1, 6n+ 2, 9n+ 2, 6n+ 2, 3n+ 1, 6n+ 2, 3n+ 1) = dimI(6n+ 1, 3)
P
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dimk Ext
1
kQ(I(6n+ 1, 2), I(6n+ 3, 1)) = dimk HomkQ(I(6n+ 1, 2), I(6n+ 3, 1))− 〈dimI(6n+ 1, 2),dimI(6n+ 3, 1)〉
= 0− 〈(2n, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n+ 1), (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n)〉
= 2n · (2n+ 1) + (4n+ 1) · (3n+ 1) + (4n+ 1) · (3n+ 1) + (2n+ 1) · (2n+ 1) + (4n+ 1) · (3n+ 1) + (2n+ 1) · (2n+ 1)
− (2n · (n+ 1) + (4n+ 1) · (2n+ 1) + (6n+ 1) · (3n+ 1) + (4n+ 1) · (2n+ 1) + (2n+ 1) · n+ (4n+ 1) · (2n+ 1) + (2n+ 1) · n)
= 4n2 + 2n+ 12n2 + 7n+ 1 + 12n2 + 7n+ 1 + 4n2 + 4n+ 1 + 12n2 + 7n+ 1 + 4n2 + 4n+ 1
− (2n2 + 2n+ 8n2 + 6n+ 1 + 18n2 + 9n+ 1 + 8n2 + 6n+ 1 + 2n2 + n+ 8n2 + 6n+ 1 + 2n2 + n)
= 1
Matrices of the embedding i : I(6n+ 3, 1)→ I(6n+ 1, 3) P
1. i1 =
[n+1
n+1 1
2n 0
]
∈M3n+1,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
4n+1 0
]
∈M6n+2,2n+1(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+1
3n+1 1
6n+1 0
]
∈M9n+2,3n+1(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+1
2n+1 1
4n+1 0
]
∈M6n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. i5 =
[ n
n 1
2n+1 0
]
∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+1
2n+1 1
4n+1 0
]
∈M6n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. i7 =
[ n
n 1
2n+1 0
]
∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 1, 3)→ I(6n+ 1, 2) P
1. p1 =
[n+1 2n
2n 0 1
]
∈M2n,3n+1(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 4n+1
4n+1 0 1
]
∈M4n+1,6n+2(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+1 6n+1
6n+1 0 1
]
∈M6n+1,9n+2(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+1 4n+1
4n+1 0 1
]
∈M4n+1,6n+2(k) is already in row echelon form and has maximal row rank.
5. p5 =
[ n 2n+1
2n+1 0 1
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+1 4n+1
4n+1 0 1
]
∈M4n+1,6n+2(k) is already in row echelon form and has maximal row rank.
7. p7 =
[ n 2n+1
2n+1 0 1
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 3, 1)→ I(6n+ 1, 3) P
1. i2 ·M I(6n+3,1)1→2 −M I(6n+1,3)1→2 · i1 = 0
i2 ·M I(6n+3,1)1→2 =
[2n+1
2n+1 1
4n+1 0
]
·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
4n+1 0 0 0
 ·

n+1
1 0
n+1 1
n−1 0
+

n+2 n−1
n+2 1 0
n−1 0 1
4n+1 0 0
 · [
n−1 2
n+2 0 0
n−1 1 0
]
=

n+1
1 0
n+1 1
n−1 0
4n+1 0
+

n−1 2
n+2 0 0
n−1 1 0
4n+1 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 0 0
4n+1 0 0
+

n−1 2
1 0 0
n−1 0 0
2 0 0
n−1 1 0
4n+1 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
4n+1 0 0

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1→2 · i1 =


n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n+1 0 0


·
[n+1
n+1 1
2n 0
]
=

n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

·

n+1
n+1 1
n 0
1 0
n−1 0
+

n−1 2 2n
n+2 0 0 0
n−1 1 0 0
4n+1 0 0 0
 ·

n−1 2
n−1 1 0
2 0 1
2n 0 0

=

n+1
1 0
n+1 1
n−1 0
1 0
n 0
n 0
1 0
n−1 0
n 0

+

n−1 2
n+2 0 0
n−1 1 0
4n+1 0 0
 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 0 0
1 0 0
n 0 0
n 0 0
1 0 0
n−1 0 0
n 0 0

+

n−1 2
1 0 0
n−1 0 0
2 0 0
n−1 1 0
1 0 0
n 0 0
n 0 0
1 0 0
n−1 0 0
n 0 0

=

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
4n+1 0 0

i2 ·M I(6n+3,1)1→2 −M I(6n+1,3)1→2 · i1 =

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
4n+1 0 0
−

n−1 2
1 0 0
n−1 1 0
2 0 1
n−1 1 0
4n+1 0 0
 =
[n+1
6n+2 0
]
2. i3 ·M I(6n+3,1)2→3 −M I(6n+1,3)2→3 · i2 = 0
i3 ·M I(6n+3,1)2→3 =
[3n+1
3n+1 1
6n+1 0
]
·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] =

2n+1 n
2n+1 1 0
n 0 1
6n+1 0 0
 · [
2n+1
2n+1 1
n 0
]
+

n+1 2n
n+1 1 0
2n 0 1
6n+1 0 0
 · [
1 2n
n+1 0 0
2n 0 1
]
=

2n+1
2n+1 1
n 0
6n+1 0
+

1 2n
n+1 0 0
2n 0 1
6n+1 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
6n+1 0 0 0
+

1 n n
1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
6n+1 0 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
6n+1 0 0 0

M
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2→3 · i2 =


2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0


·
[2n+1
2n+1 1
4n+1 0
]
=

2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

·

2n+1
2n+1 1
1 0
4n 0
+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0
 ·

1 2n
1 1 0
2n 0 1
4n+1 0 0

=

2n+1
2n+1 1
n 0
1 0
n 0
4n 0
n 0

+

1 2n
n+1 0 0
2n 0 1
6n+1 0 0
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
1 0 0 0
n 0 0 0
4n 0 0 0
n 0 0 0

+

1 n n
1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
1 0 0 0
n 0 0 0
4n 0 0 0
n 0 0 0

=

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
6n+1 0 0 0

i3 ·M I(6n+3,1)2→3 −M I(6n+1,3)2→3 · i2 =

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
6n+1 0 0 0
−

1 n n
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
6n+1 0 0 0
 =
[2n+1
9n+2 0
]
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3. i3 ·M I(6n+3,1)4→3 −M I(6n+1,3)4→3 · i4 = 0
i3 ·M I(6n+3,1)4→3 =
[3n+1
3n+1 1
6n+1 0
]
·
[2n+1
2n+1 1
n 0
]
=

2n+1 n
2n+1 1 0
n 0 1
6n+1 0 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1
2n+1 1
n 0
6n+1 0
 = [
2n+1
2n+1 1
7n+1 0
]
M
I(6n+1,3)
4→3 · i4 =


2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+2 2n
7n+2 0 0
2n 0 1
]

·
[2n+1
2n+1 1
4n+1 0
]
=

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

·

2n+1
2n+1 1
2n+1 0
2n 0
+ [
2n+1 2n+1 2n
7n+2 0 0 0
2n 0 0 1
]
·

2n+1
2n+1 1
2n+1 0
2n 0

=

2n+1
2n+1 1
n 0
2n+1 0
n 0
2n 0
n 0

+
[2n+1
7n+2 0
2n 0
]
=

2n+1
2n+1 1
n 0
2n+1 0
n 0
n 0
n 0
n 0

+

2n+1
2n+1 0
n 0
2n+1 0
n 0
n 0
n 0
n 0

=
[2n+1
2n+1 1
7n+1 0
]
i3 ·M I(6n+3,1)4→3 −M I(6n+1,3)4→3 · i4 =
[2n+1
2n+1 1
7n+1 0
]
−
[2n+1
2n+1 1
7n+1 0
]
=
[2n+1
9n+2 0
]
4. i4 ·M I(6n+3,1)5→4 −M I(6n+1,3)5→4 · i5 = 0
i4 ·M I(6n+3,1)5→4 =
[2n+1
2n+1 1
4n+1 0
]
·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 1 n−1 n
1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
4n+1 0 0 0 0
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
4n+1 0 0
 =

1 n−1
1 1 0
1 1 0
n−1 0 1
5n+1 0 0

M
I(6n+1,3)
5→4 · i5 =

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

·
[ n
n 1
2n+1 0
]
=

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

·

1 n−1
1 1 0
n−1 0 1
1 0 0
n−1 0 0
n−1 0 0
2 0 0

=

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
1 0 0
1 0 0
n−1 0 0
n 0 0
n−1 0 0
2 0 0
n−1 0 0

=

1 n−1
1 1 0
1 1 0
n−1 0 1
5n+1 0 0

i4 ·M I(6n+3,1)5→4 −M I(6n+1,3)5→4 · i5 =

1 n−1
1 1 0
1 1 0
n−1 0 1
5n+1 0 0
−

1 n−1
1 1 0
1 1 0
n−1 0 1
5n+1 0 0
 =
[ n
6n+2 0
]
5. i3 ·M I(6n+3,1)6→3 −M I(6n+1,3)6→3 · i6 = 0
i3 ·M I(6n+3,1)6→3 =
[3n+1
3n+1 1
6n+1 0
]
·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 n 2n
1 1 0 0
n 0 1 0
2n 0 0 1
6n+1 0 0 0
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 2n
1 1 0
n 0 0
2n 0 1
6n+1 0 0

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6→3 · i6 =


1 4n+1 2n−1 1
1 1 0 0 1
n 0 0 0 0
4n+1 0 1 0 0
2n 0 0 0 0
2n−1 0 0 1 0
1 0 0 0 1

+

2n+2 2n 2n
4n+2 0 0 0
2n 0 1 0
3n 0 0 0


·
[2n+1
2n+1 1
4n+1 0
]
=

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
2n+1 0 0 1 0 0
2n 0 0 0 0 0
2n−1 0 0 0 1 0
1 0 0 0 0 1

·

1 2n
1 1 0
2n 0 1
2n+1 0 0
2n−1 0 0
1 0 0
+

2n+1 1 2n 2n
4n+2 0 0 0 0
2n 0 0 1 0
3n 0 0 0 0
 ·

2n+1
2n+1 1
1 0
2n 0
2n 0

=

1 2n
1 1 0
n 0 0
2n 0 1
2n+1 0 0
2n 0 0
2n−1 0 0
1 0 0

+

2n+1
4n+2 0
2n 0
3n 0
 =

1 2n
1 1 0
n 0 0
2n 0 1
n+1 0 0
n 0 0
n 0 0
n 0 0
2n−1 0 0
1 0 0

+

1 2n
1 0 0
n 0 0
2n 0 0
n+1 0 0
n 0 0
n 0 0
n 0 0
2n−1 0 0
1 0 0

=

1 2n
1 1 0
n 0 0
2n 0 1
6n+1 0 0

i3 ·M I(6n+3,1)6→3 −M I(6n+1,3)6→3 · i6 =

1 2n
1 1 0
n 0 0
2n 0 1
6n+1 0 0
−

1 2n
1 1 0
n 0 0
2n 0 1
6n+1 0 0
 =
[2n+1
9n+2 0
]
6. i6 ·M I(6n+3,1)7→6 −M I(6n+1,3)7→6 · i7 = 0
i6 ·M I(6n+3,1)7→6 =
[2n+1
2n+1 1
4n+1 0
]
·
[ n
n+1 0
n 1
]
=

n+1 n
n+1 1 0
n 0 1
4n+1 0 0
 · [
n
n+1 0
n 1
]
=

n
n+1 0
n 1
4n+1 0

M
I(6n+1,3)
7→6 · i7 =


n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

+

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n 0 0 0


·
[ n
n 1
2n+1 0
]
=

n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

·

n
n 1
n+1 0
n 0
+

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n 0 0 0
 ·

n
n 1
n−1 0
n+2 0

=

n
n+1 0
n 1
1 0
n+1 0
2n−1 0
n 0

+

n
3n+3 0
n−1 0
2n 0
 =

n
n+1 0
n 1
1 0
n+1 0
n−1 0
n 0
n 0

+

n
n+1 0
n 0
1 0
n+1 0
n−1 0
n 0
n 0

=

n
n+1 0
n 1
4n+1 0

i6 ·M I(6n+3,1)7→6 −M I(6n+1,3)7→6 · i7 =

n
n+1 0
n 1
4n+1 0
−

n
n+1 0
n 1
4n+1 0
 = [ n6n+2 0 ]
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Relations of the projection p : I(6n+ 1, 3)→ I(6n+ 1, 2) P
1. p2 ·M I(6n+1,3)1→2 −M I(6n+1,2)1→2 · p1 = 0
p2 ·M I(6n+1,3)1→2 =
[2n+1 4n+1
4n+1 0 1
]
·


n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n+1 0 0


=

1 n+1 n−1 1 n n 1 n−1 n
1 0 0 0 1 0 0 0 0 0
n 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
n−1 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 1

·

n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+
[n+2 n−1 4n+1
4n+1 0 0 1
]
·

n−1 2n+2
n+2 0 0
n−1 1 0
4n+1 0 0

=

n+1 n 1 n−1
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+
[n−1 2n+2
4n+1 0 0
]
=

n−1 2 n 1 n−1
1 0 0 0 1 0
n 0 0 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n−1 0 0 0 0 1
n 0 0 0 0 0

+

n−1 2 n 1 n−1
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0

=

n+1 n 1 n−1
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

M
I(6n+1,2)
1→2 · p1 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·
[n+1 2n
2n 0 1
]
=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·

n+1 n 1 n−1
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
 =

n+1 n 1 n−1
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

p2 ·M I(6n+1,3)1→2 −M I(6n+1,2)1→2 · p1 =

n+1 n 1 n−1
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

−

n+1 n 1 n−1
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

=
[3n+1
4n+1 0
]
2. p3 ·M I(6n+1,3)2→3 −M I(6n+1,2)2→3 · p2 = 0
p3 ·M I(6n+1,3)2→3 =
[3n+1 6n+1
6n+1 0 1
]
·


2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0


=

2n+1 n 1 n 4n n
1 0 0 1 0 0 0
n 0 0 0 1 0 0
4n 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

+
[n+1 2n 6n+1
6n+1 0 0 1
]
·

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0

=

2n+1 1 4n
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0
+
[ 1 2n 4n+1
6n+1 0 0 0
]
=

1 2n 1 4n
1 0 0 1 0
n 0 0 0 0
4n 0 0 0 1
n 0 0 0 0
+

1 2n 1 4n
1 0 0 0 0
n 0 0 0 0
4n 0 0 0 0
n 0 0 0 0
 =

2n+1 1 4n
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

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I(6n+1,2)
2→3 · p2 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ·
[2n+1 4n+1
4n+1 0 1
]
=

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ·
[2n+1 1 4n
1 0 1 0
4n 0 0 1
]
=

2n+1 1 4n
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

p3 ·M I(6n+1,3)2→3 −M I(6n+1,2)2→3 · p2 =

2n+1 1 4n
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0
−

2n+1 1 4n
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0
 =
[6n+2
6n+1 0
]
3. p3 ·M I(6n+1,3)4→3 −M I(6n+1,2)4→3 · p4 = 0
p3 ·M I(6n+1,3)4→3 =
[3n+1 6n+1
6n+1 0 1
]
·


2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+2 2n
7n+2 0 0
2n 0 1
]

=

2n+1 n 2n+1 n 2n n
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
2n 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[3n+1 4n+1 2n
4n+1 0 1 0
2n 0 0 1
]
·

4n+2 2n
3n+1 0 0
4n+1 0 0
2n 0 1

=

2n+1 2n+1 2n
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0
+
[4n+2 2n
4n+1 0 0
2n 0 1
]
=

2n+1 2n+1 n n
2n+1 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 0 1
n 0 0 0 0
+

2n+1 2n+1 n n
2n+1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 0 1
 =

2n+1 2n+1 n n
2n+1 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1

M
I(6n+1,2)
4→3 · p4 =


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

·
[2n+1 4n+1
4n+1 0 1
]
=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
 ·
[2n+1 2n+1 2n
2n+1 0 1 0
2n 0 0 1
]
+
[2n+1 2n
4n+1 0 0
2n 0 1
]
·
[2n+1 2n+1 2n
2n+1 0 1 0
2n 0 0 1
]
=

2n+1 2n+1 2n
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0
+
[2n+1 2n+1 2n
4n+1 0 0 0
2n 0 0 1
]
=

2n+1 2n+1 n n
2n+1 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 0 1
n 0 0 0 0
+

2n+1 2n+1 n n
2n+1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 0 1
 =

2n+1 2n+1 n n
2n+1 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1

p3 ·M I(6n+1,3)4→3 −M I(6n+1,2)4→3 · p4 =

2n+1 2n+1 n n
2n+1 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1
−

2n+1 2n+1 n n
2n+1 0 1 0 0
n 0 0 0 0
n 0 0 1 0
n 0 0 1 1
n 0 0 0 1
 =
[6n+2
6n+1 0
]
4. p4 ·M I(6n+1,3)5→4 −M I(6n+1,2)5→4 · p5 = 0
p4 ·M I(6n+1,3)5→4 =
[2n+1 4n+1
4n+1 0 1
]
·

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

=

1 1 n−1 n 1 1 n−1 n n−1 2 n−1
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 0 0 0 1

·

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

=

1 n−1 1 n−1 n−1 2
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

=

n 1 n−1 n−1 2
1 0 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

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M
I(6n+1,2)
5→4 · p5 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·
[ n 2n+1
2n+1 0 1
]
=

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·

n 1 n−1 n−1 2
1 0 1 0 0 0
n−1 0 0 1 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
 =

n 1 n−1 n−1 2
1 0 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

p4 ·M I(6n+1,3)5→4 −M I(6n+1,2)5→4 · p5 =

n 1 n−1 n−1 2
1 0 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

−

n 1 n−1 n−1 2
1 0 1 0 0 0
1 0 1 0 0 0
n−1 0 0 1 0 0
n 0 0 0 0 0
n−1 0 0 0 1 0
2 0 0 0 0 1
n−1 0 0 0 1 0

=
[3n+1
4n+1 0
]
5. p3 ·M I(6n+1,3)6→3 −M I(6n+1,2)6→3 · p6 = 0
p3 ·M I(6n+1,3)6→3 =
[3n+1 6n+1
6n+1 0 1
]
·


1 4n+1 2n−1 1
1 1 0 0 1
n 0 0 0 0
4n+1 0 1 0 0
2n 0 0 0 0
2n−1 0 0 1 0
1 0 0 0 1

+

2n+2 2n 2n
4n+2 0 0 0
2n 0 1 0
3n 0 0 0


=

1 n 2n 2n+1 2n 2n−1 1
2n+1 0 0 0 1 0 0 0
2n 0 0 0 0 1 0 0
2n−1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
2n+1 0 0 1 0 0
2n 0 0 0 0 0
2n−1 0 0 0 1 0
1 0 0 0 0 1

+

3n+1 n+1 2n 3n
n+1 0 1 0 0
2n 0 0 1 0
3n 0 0 0 1
 ·

2n+2 2n 2n
3n+1 0 0 0
n+1 0 0 0
2n 0 1 0
3n 0 0 0

=

1 2n 2n+1 2n−1 1
2n+1 0 0 1 0 0
2n 0 0 0 0 0
2n−1 0 0 0 1 0
1 0 0 0 0 1
+

2n+2 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0

=

1 2n 1 n n 2n−1 1
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
2n−1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

+

1 2n 1 n n 2n−1 1
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0
2n−1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0

=

2n+1 1 n n 2n
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 1 1 0
n 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 1

M
I(6n+1,2)
6→3 · p6 =


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


·
[2n+1 4n+1
4n+1 0 1
]
=

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
 · [
2n+1 2n+1 2n
2n+1 0 1 0
2n 0 0 1
]
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ·

2n+1 1 2n 2n
1 0 1 0 0
2n 0 0 1 0
2n 0 0 0 1

=

2n+1 2n+1 2n
2n+1 0 1 0
2n 0 0 0
2n 0 0 1
+

2n+1 1 2n 2n
n+1 0 0 0 0
2n 0 0 1 0
3n 0 0 0 0
 =

2n+1 1 n n 2n
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 0 0
n 0 0 0 0 0
2n 0 0 0 0 1

+

2n+1 1 n n 2n
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 0

=

2n+1 1 n n 2n
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 1 1 0
n 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 1

p3 ·M I(6n+1,3)6→3 −M I(6n+1,2)6→3 · p6 =

2n+1 1 n n 2n
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 1 1 0
n 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 1

−

2n+1 1 n n 2n
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 1 1 0
n 0 0 0 1 0
n 0 0 0 0 0
2n 0 0 0 0 1

=
[6n+2
6n+1 0
]
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6. p6 ·M I(6n+1,3)7→6 −M I(6n+1,2)7→6 · p7 = 0
p6 ·M I(6n+1,3)7→6 =
[2n+1 4n+1
4n+1 0 1
]
·


n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

+

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n 0 0 0


=

n+1 n 1 n+1 2n−1 n
1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n−1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

+

2n+1 n+2 n−1 2n
n+2 0 1 0 0
n−1 0 0 1 0
2n 0 0 0 1
 ·

n n−1 n+2
2n+1 0 0 0
n+2 0 0 0
n−1 0 1 0
2n 0 0 0

=

n n+1 n
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1
+

n n−1 n+2
n+2 0 0 0
n−1 0 1 0
2n 0 0 0
 =

n n−1 2 n
1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 0 0 0
n 0 0 0 0
n 0 0 0 1

+

n n−1 2 n
1 0 0 0 0
n−1 0 0 0 0
2 0 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n 0 0 0 0

=

n n−1 2 n
1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 0
n 0 0 0 0
n 0 0 0 1

M
I(6n+1,2)
7→6 · p7 =


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


·
[ n 2n+1
2n+1 0 1
]
=

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
 ·
[ n n+1 n
n+1 0 1 0
n 0 0 1
]
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0
 · [
n n−1 n+2
n−1 0 1 0
n+2 0 0 1
]
=

n n+1 n
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1
+

n n−1 n+2
n+2 0 0 0
n−1 0 1 0
2n 0 0 0
 =

n n−1 2 n
1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 0 0 0
n 0 0 0 0
n 0 0 0 1

+

n n−1 2 n
1 0 0 0 0
n−1 0 0 0 0
2 0 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n 0 0 0 0

=

n n−1 2 n
1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 0
n 0 0 0 0
n 0 0 0 1

p6 ·M I(6n+1,3)7→6 −M I(6n+1,2)7→6 · p7 =

n n−1 2 n
1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 0
n 0 0 0 0
n 0 0 0 1

−

n n−1 2 n
1 0 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 0
n 0 0 0 0
n 0 0 0 1

=
[3n+1
4n+1 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 2n
2n 0 1
]
·
[n+1
n+1 1
2n 0
]
=
[n+1
2n 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 4n+1
4n+1 0 1
]
·
[2n+1
2n+1 1
4n+1 0
]
=
[2n+1
4n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+1 6n+1
6n+1 0 1
]
·
[3n+1
3n+1 1
6n+1 0
]
=
[3n+1
6n+1 0
]
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4. p4 · i4 = 0
p4 · i4 =
[2n+1 4n+1
4n+1 0 1
]
·
[2n+1
2n+1 1
4n+1 0
]
=
[2n+1
4n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[ n 2n+1
2n+1 0 1
]
·
[ n
n 1
2n+1 0
]
=
[ n
2n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+1 4n+1
4n+1 0 1
]
·
[2n+1
2n+1 1
4n+1 0
]
=
[2n+1
4n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[ n 2n+1
2n+1 0 1
]
·
[ n
n 1
2n+1 0
]
=
[ n
2n+1 0
]
149.5.2 0→ I(6n+ 3, 7) f→ I(6n+ 1, 3) g→ I(6n+ 1, 6)→ 0 
PdimI(6n+ 3, 7) + dimI(6n+ 1, 6) = (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n+ 1) + (2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n)
= (3n+ 1, 6n+ 2, 9n+ 2, 6n+ 2, 3n+ 1, 6n+ 2, 3n+ 1) = dimI(6n+ 1, 3)
Pdimk Ext
1
kQ(I(6n+ 1, 6), I(6n+ 3, 7)) = dimk HomkQ(I(6n+ 1, 6), I(6n+ 3, 7))− 〈dimI(6n+ 1, 6),dimI(6n+ 3, 7)〉
= 0− 〈(2n+ 1, 4n+ 1, 6n+ 1, 4n+ 1, 2n+ 1, 4n+ 1, 2n), (n, 2n+ 1, 3n+ 1, 2n+ 1, n, 2n+ 1, n+ 1)〉
= (2n+ 1) · (2n+ 1) + (4n+ 1) · (3n+ 1) + (4n+ 1) · (3n+ 1) + (2n+ 1) · (2n+ 1) + (4n+ 1) · (3n+ 1) + 2n · (2n+ 1)
− ((2n+ 1) · n+ (4n+ 1) · (2n+ 1) + (6n+ 1) · (3n+ 1) + (4n+ 1) · (2n+ 1) + (2n+ 1) · n+ (4n+ 1) · (2n+ 1) + 2n · (n+ 1))
= 4n2 + 4n+ 1 + 12n2 + 7n+ 1 + 12n2 + 7n+ 1 + 4n2 + 4n+ 1 + 12n2 + 7n+ 1 + 4n2 + 2n
− (2n2 + n+ 8n2 + 6n+ 1 + 18n2 + 9n+ 1 + 8n2 + 6n+ 1 + 2n2 + n+ 8n2 + 6n+ 1 + 2n2 + 2n)
= 1
Matrices of the embedding f : I(6n+ 3, 7)→ I(6n+ 1, 3) P
1. f1 =

n
n+1 0
n 1
n 0
 ∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
2. f2 =

2n+1
2n+1 0
2n+1 1
2n 0
 ∈M6n+2,2n+1(k) is already in column echelon form and has maximal column rank.
3. f3 =

3n+1
3n+1 0
3n+1 1
3n 0
 ∈M9n+2,3n+1(k) is already in column echelon form and has maximal column rank.
4. f4 =

2n+1
2n+1 0
2n+1 1
2n 0
 ∈M6n+2,2n+1(k) is already in column echelon form and has maximal column rank.
5. f5 =

n
n 0
n 1
n+1 0
 ∈M3n+1,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

2n+1
2n+1 0
2n+1 1
2n 0
 ∈M6n+2,2n+1(k) is already in column echelon form and has maximal column rank.
7. f7 =

n+1
n 0
n+1 1
n 0
 ∈M3n+1,n+1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(6n+ 1, 3)→ I(6n+ 1, 6) P
1. g1 =
[n+1 n n
n+1 1 0 0
n 0 0 1′
]
∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
2. g2 =
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
∈M4n+1,6n+2(k) is already in row echelon form and has maximal row rank.
3. g3 =
[3n+1 3n+1 3n
3n+1 1 0 0
3n 0 0 1′
]
∈M6n+1,9n+2(k) is already in row echelon form and has maximal row rank.
4. g4 =
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
∈M4n+1,6n+2(k) is already in row echelon form and has maximal row rank.
5. g5 =

n n n−1 2
n 1 0 0 0
n−1 0 0 1′ 0
2 0 0 0 1′
 ∈M2n+1,3n+1(k) is already in row echelon form and has maximal row rank.
6. g6 =
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
+
[6n+1 1
1 0 1
4n 0 0
]
∈M4n+1,6n+2(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
2n 0 1 0 0 0
1 0 0 0 0 1
2n−1 0 0 0 1′ 0
 r3↔r4−−−−→

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
2n 0 1 0 0 0
2n−1 0 0 0 1′ 0
1 0 0 0 0 1

7. g7 =
[ n n+1 n
n 1 0 0
n 0 0 1′
]
∈M2n,3n+1(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 3, 7)→ I(6n+ 1, 3) P
1. f2 ·M I(6n+3,7)1→2 −M I(6n+1,3)1→2 · f1 = 0
f2 ·M I(6n+3,7)1→2 =

2n+1
2n+1 0
2n+1 1
2n 0
 · [
n
n+1 0
n 1
]
=

n+1 n
2n+1 0 0
n+1 1 0
n 0 1
2n 0 0
 ·
[ n
n+1 0
n 1
]
=

n
2n+1 0
n+1 0
n 1
2n 0
 =

n
3n+2 0
n 1
2n 0

M
I(6n+1,3)
1→2 · f1 =


n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n+1 0 0


·

n
n+1 0
n 1
n 0
 =

n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

·

n
n+1 0
n 1
1 0
n−1 0
+

n−1 2 n n
n+2 0 0 0 0
n−1 1 0 0 0
4n+1 0 0 0 0
 ·

n
n−1 0
2 0
n 1
n 0

=

n
1 0
n+1 0
n−1 0
1 0
n 0
n 1
1 0
n−1 0
n 0

+

n
n+2 0
n−1 0
4n+1 0
 =

n
1 0
n+1 0
n−1 0
1 0
n 0
n 1
1 0
n−1 0
n 0

+

n
1 0
n+1 0
n−1 0
1 0
n 0
n 0
1 0
n−1 0
n 0

=

n
3n+2 0
n 1
2n 0

f2 ·M I(6n+3,7)1→2 −M I(6n+1,3)1→2 · f1 =

n
3n+2 0
n 1
2n 0
−

n
3n+2 0
n 1
2n 0
 = [ n6n+2 0 ]
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2. f3 ·M I(6n+3,7)2→3 −M I(6n+1,3)2→3 · f2 = 0
f3 ·M I(6n+3,7)2→3 =

3n+1
3n+1 0
3n+1 1
3n 0
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 n 2n
3n+1 0 0 0
1 1 0 0
n 0 1 0
2n 0 0 1
3n 0 0 0
 ·

1 2n
1 1 0
n 0 0
2n 0 1
 =

1 2n
3n+1 0 0
1 1 0
n 0 0
2n 0 1
3n 0 0

M
I(6n+1,3)
2→3 · f2 =


2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0


·

2n+1
2n+1 0
2n+1 1
2n 0
 =

2n+1 1 2n 2n
2n+1 1 0 0 0
n 0 0 0 0
1 0 1 0 0
n 0 0 0 0
2n 0 0 1 0
2n 0 0 0 1
n 0 0 0 0

·

1 2n
2n+1 0 0
1 1 0
2n 0 1
2n 0 0
+

1 2n 2n+1 2n
n+1 0 0 0 0
2n 0 1 0 0
6n+1 0 0 0 0
 ·

2n+1
1 0
2n 0
2n+1 1
2n 0

=

1 2n
2n+1 0 0
n 0 0
1 1 0
n 0 0
2n 0 1
2n 0 0
n 0 0

+

2n+1
n+1 0
2n 0
6n+1 0
 =

1 2n
n+1 0 0
n 0 0
n 0 0
1 1 0
n 0 0
2n 0 1
2n 0 0
n 0 0

+

1 2n
n+1 0 0
n 0 0
n 0 0
1 0 0
n 0 0
2n 0 0
2n 0 0
n 0 0

=

1 2n
3n+1 0 0
1 1 0
n 0 0
2n 0 1
3n 0 0

f3 ·M I(6n+3,7)2→3 −M I(6n+1,3)2→3 · f2 =

1 2n
3n+1 0 0
1 1 0
n 0 0
2n 0 1
3n 0 0
−

1 2n
3n+1 0 0
1 1 0
n 0 0
2n 0 1
3n 0 0
 =
[2n+1
9n+2 0
]
3. f3 ·M I(6n+3,7)4→3 −M I(6n+1,3)4→3 · f4 = 0
f3 ·M I(6n+3,7)4→3 =

3n+1
3n+1 0
3n+1 1
3n 0
 · [
2n+1
2n+1 1
n 0
]
=

2n+1 n
3n+1 0 0
2n+1 1 0
n 0 1
3n 0 0
 ·
[2n+1
2n+1 1
n 0
]
=

2n+1
3n+1 0
2n+1 1
n 0
3n 0
 =

2n+1
3n+1 0
2n+1 1
4n 0

M
I(6n+1,3)
4→3 · f4 =


2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+2 2n
7n+2 0 0
2n 0 1
]

·

2n+1
2n+1 0
2n+1 1
2n 0
 =

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

·

2n+1
2n+1 0
2n+1 1
2n 0
+ [
2n+1 2n+1 2n
7n+2 0 0 0
2n 0 0 1
]
·

2n+1
2n+1 0
2n+1 1
2n 0

=

2n+1
2n+1 0
n 0
2n+1 1
n 0
2n 0
n 0

+
[2n+1
7n+2 0
2n 0
]
=

2n+1
2n+1 0
n 0
2n+1 1
n 0
n 0
n 0
n 0

+

2n+1
2n+1 0
n 0
2n+1 0
n 0
n 0
n 0
n 0

=

2n+1
3n+1 0
2n+1 1
4n 0

f3 ·M I(6n+3,7)4→3 −M I(6n+1,3)4→3 · f4 =

2n+1
3n+1 0
2n+1 1
4n 0
−

2n+1
3n+1 0
2n+1 1
4n 0
 = [2n+19n+2 0 ]
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4. f4 ·M I(6n+3,7)5→4 −M I(6n+1,3)5→4 · f5 = 0
f4 ·M I(6n+3,7)5→4 =

2n+1
2n+1 0
2n+1 1
2n 0
 ·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 1 n−1 n
2n+1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
n−1 0 0 1 0
n 0 0 0 1
2n 0 0 0 0

·

1 n−1
1 1 0
1 1 0
n−1 0 1
n 0 0
 =

1 n−1
2n+1 0 0
1 1 0
1 1 0
n−1 0 1
n 0 0
2n 0 0

=

1 n−1
2n+1 0 0
1 1 0
1 1 0
n−1 0 1
3n 0 0

M
I(6n+1,3)
5→4 · f5 =

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

·

n
n 0
n 1
n+1 0
 =

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

·

1 n−1
1 0 0
n−1 0 0
1 1 0
n−1 0 1
n−1 0 0
2 0 0

=

1 n−1
1 0 0
1 0 0
n−1 0 0
n 0 0
1 1 0
1 1 0
n−1 0 1
n 0 0
n−1 0 0
2 0 0
n−1 0 0

=

1 n−1
2n+1 0 0
1 1 0
1 1 0
n−1 0 1
3n 0 0

f4 ·M I(6n+3,7)5→4 −M I(6n+1,3)5→4 · f5 =

1 n−1
2n+1 0 0
1 1 0
1 1 0
n−1 0 1
3n 0 0
−

1 n−1
2n+1 0 0
1 1 0
1 1 0
n−1 0 1
3n 0 0
 =
[ n
6n+2 0
]
5. f3 ·M I(6n+3,7)6→3 −M I(6n+1,3)6→3 · f6 = 0
f3 ·M I(6n+3,7)6→3 =

3n+1
3n+1 0
3n+1 1
3n 0
 ·

[2n+1
2n+1 1
n 0
]
+
[ 1 2n
n+1 0 0
2n 0 1
] =

2n+1 n
3n+1 0 0
2n+1 1 0
n 0 1
3n 0 0
 ·
[2n+1
2n+1 1
n 0
]
+

n+1 2n
3n+1 0 0
n+1 1 0
2n 0 1
3n 0 0
 ·
[ 1 2n
n+1 0 0
2n 0 1
]
=

2n+1
3n+1 0
2n+1 1
n 0
3n 0
+

1 2n
3n+1 0 0
n+1 0 0
2n 0 1
3n 0 0
 =

1 n n
3n+1 0 0 0
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
3n 0 0 0

+

1 n n
3n+1 0 0 0
1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
3n 0 0 0

=

1 n n
3n+1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

M
I(6n+1,3)
6→3 · f6 =


1 4n+1 2n−1 1
1 1 0 0 1
n 0 0 0 0
4n+1 0 1 0 0
2n 0 0 0 0
2n−1 0 0 1 0
1 0 0 0 1

+

2n+2 2n 2n
4n+2 0 0 0
2n 0 1 0
3n 0 0 0


·

2n+1
2n+1 0
2n+1 1
2n 0
 =

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
2n+1 0 0 1 0 0
2n 0 0 0 0 0
2n−1 0 0 0 1 0
1 0 0 0 0 1

·

2n+1
1 0
2n 0
2n+1 1
2n−1 0
1 0
+

2n+1 1 2n 2n
4n+2 0 0 0 0
2n 0 0 1 0
3n 0 0 0 0
 ·

1 2n
2n+1 0 0
1 1 0
2n 0 1
2n 0 0

=

2n+1
1 0
n 0
2n 0
2n+1 1
2n 0
2n−1 0
1 0

+

1 2n
4n+2 0 0
2n 0 1
3n 0 0
 =

1 n n
1 0 0 0
n 0 0 0
2n 0 0 0
1 1 0 0
n 0 1 0
n 0 0 1
n 0 0 0
n 0 0 0
2n−1 0 0 0
1 0 0 0

+

1 n n
1 0 0 0
n 0 0 0
2n 0 0 0
1 0 0 0
n 0 0 0
n 0 1 0
n 0 0 1
n 0 0 0
2n−1 0 0 0
1 0 0 0

=

1 n n
3n+1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

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f3 ·M I(6n+3,7)6→3 −M I(6n+1,3)6→3 · f6 =

1 n n
3n+1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

−

1 n n
3n+1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 1
n 0 0 1
3n 0 0 0

=
[2n+1
9n+2 0
]
6. f6 ·M I(6n+3,7)7→6 −M I(6n+1,3)7→6 · f7 = 0
f6 ·M I(6n+3,7)7→6 =

2n+1
2n+1 0
2n+1 1
2n 0
 ·


n+1
1 0
n+1 1
n−1 0
+ [
n−1 2
n+2 0 0
n−1 1 0
]

=

1 n+1 n−1
2n+1 0 0 0
1 1 0 0
n+1 0 1 0
n−1 0 0 1
2n 0 0 0
 ·

n+1
1 0
n+1 1
n−1 0
+

n+2 n−1
2n+1 0 0
n+2 1 0
n−1 0 1
2n 0 0
 ·
[n−1 2
n+2 0 0
n−1 1 0
]
=

n+1
2n+1 0
1 0
n+1 1
n−1 0
2n 0
+

n−1 2
2n+1 0 0
n+2 0 0
n−1 1 0
2n 0 0
 =

n−1 2
2n+1 0 0
1 0 0
n−1 1 0
2 0 1
n−1 0 0
2n 0 0

+

n−1 2
2n+1 0 0
1 0 0
n−1 0 0
2 0 0
n−1 1 0
2n 0 0

=

n−1 2
2n+2 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0

M
I(6n+1,3)
7→6 · f7 =


n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

+

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n 0 0 0


·

n+1
n 0
n+1 1
n 0
 =

n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

·

n+1
n 0
n+1 1
n 0
+

n n−1 2 n
3n+3 0 0 0 0
n−1 0 1 0 0
2n 0 0 0 0
 ·

n−1 2
n 0 0
n−1 1 0
2 0 1
n 0 0

=

n+1
n+1 0
n 0
1 0
n+1 1
2n−1 0
n 0

+

n−1 2
3n+3 0 0
n−1 1 0
2n 0 0
 =

n−1 2
n+1 0 0
n 0 0
1 0 0
n−1 1 0
2 0 1
n−1 0 0
n 0 0
n 0 0

+

n−1 2
n+1 0 0
n 0 0
1 0 0
n−1 0 0
2 0 0
n−1 1 0
n 0 0
n 0 0

=

n−1 2
2n+2 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0

f6 ·M I(6n+3,7)7→6 −M I(6n+1,3)7→6 · f7 =

n−1 2
2n+2 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0
−

n−1 2
2n+2 0 0
n−1 1 0
2 0 1
n−1 1 0
2n 0 0
 =
[n+1
6n+2 0
]
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Relations of the projection g : I(6n+ 1, 3)→ I(6n+ 1, 6) P
1. g2 ·M I(6n+1,3)1→2 −M I(6n+1,6)1→2 · g1 = 0
g2 ·M I(6n+1,3)1→2 =
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
·


n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+

n−1 2n+2
n+2 0 0
n−1 1 0
4n+1 0 0


=

1 n+1 n−1 1 n n 1 n−1 n
1 1 0 0 0 0 0 0 0 0
n+1 0 1 0 0 0 0 0 0 0
n−1 0 0 1 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 1′
n−1 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0

·

n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
1 0 0 1 0
n 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n−1 0 0 0 1
n 0 0 0 0

+

n+2 n−1 2n+1 2n
n+2 1 0 0 0
n−1 0 1 0 0
2n 0 0 0 1′
 ·

n−1 2n+2
n+2 0 0
n−1 1 0
2n+1 0 0
2n 0 0

=

n+1 n 1 n−1
1 0 0 0 0
n+1 1 0 0 0
n−1 0 0 0 0
n 0 0 0 0
n−1 0 0 0 1′
1 0 0 1 0

+

n−1 2n+2
n+2 0 0
n−1 1 0
2n 0 0
 =

n−1 2 n 1 n−1
1 0 0 0 0 0
n−1 1 0 0 0 0
2 0 1 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0
n−1 0 0 0 0 1′
1 0 0 0 1 0

+

n−1 2 n 1 n−1
1 0 0 0 0 0
n−1 0 0 0 0 0
2 0 0 0 0 0
n−1 1 0 0 0 0
n 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0

=

n−1 2 n n
1 0 0 0 0
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′

M
I(6n+1,6)
1→2 · g1 =


n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
+

n−1 n+2
n+2 0 0
n−1 1 0
2n 0 0


·
[n+1 n n
n+1 1 0 0
n 0 0 1′
]
=

n+1 n
1 0 0
n+1 1 0
2n−1 0 0
n 0 1
 ·
[n+1 n n
n+1 1 0 0
n 0 0 1′
]
+

n−1 2 n
n+2 0 0 0
n−1 1 0 0
2n 0 0 0
 ·

n−1 2 n n
n−1 1 0 0 0
2 0 1 0 0
n 0 0 0 1′

=

n+1 n n
1 0 0 0
n+1 1 0 0
2n−1 0 0 0
n 0 0 1′
+

n−1 2 n n
n+2 0 0 0 0
n−1 1 0 0 0
2n 0 0 0 0
 =

n−1 2 n n
1 0 0 0 0
n−1 1 0 0 0
2 0 1 0 0
n−1 0 0 0 0
n 0 0 0 0
n 0 0 0 1′

+

n−1 2 n n
1 0 0 0 0
n−1 0 0 0 0
2 0 0 0 0
n−1 1 0 0 0
n 0 0 0 0
n 0 0 0 0

=

n−1 2 n n
1 0 0 0 0
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′

g2 ·M I(6n+1,3)1→2 −M I(6n+1,6)1→2 · g1 =

n−1 2 n n
1 0 0 0 0
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′

−

n−1 2 n n
1 0 0 0 0
n−1 1 0 0 0
2 0 1 0 0
n−1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′

=
[3n+1
4n+1 0
]
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2. g3 ·M I(6n+1,3)2→3 −M I(6n+1,6)2→3 · g2 = 0
g3 ·M I(6n+1,3)2→3 =
[3n+1 3n+1 3n
3n+1 1 0 0
3n 0 0 1′
]
·


2n+1 1 4n
2n+1 1 0 0
n 0 0 0
1 0 1 0
n 0 0 0
4n 0 0 1
n 0 0 0

+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
6n+1 0 0 0


=

2n+1 n 1 n 2n 2n n
2n+1 1 0 0 0 0 0 0
n 0 1 0 0 0 0 0
n 0 0 0 0 0 0 1′
2n 0 0 0 0 0 1′ 0
 ·

2n+1 1 2n 2n
2n+1 1 0 0 0
n 0 0 0 0
1 0 1 0 0
n 0 0 0 0
2n 0 0 1 0
2n 0 0 0 1
n 0 0 0 0

+

n+1 2n 3n+1 3n
n+1 1 0 0 0
2n 0 1 0 0
3n 0 0 0 1′
 ·

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
3n+1 0 0 0
3n 0 0 0

=

2n+1 1 2n 2n
2n+1 1 0 0 0
n 0 0 0 0
n 0 0 0 0
2n 0 0 0 1′
+

1 2n 4n+1
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 =

1 n n 1 2n 2n
1 1 0 0 0 0 0
n 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 0 0 0
n 0 0 0 0 0 0
2n 0 0 0 0 0 1′

+

1 n n 1 2n 2n
1 0 0 0 0 0 0
n 0 0 0 0 0 0
n 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 0 0 0
2n 0 0 0 0 0 0

=

1 n n 2n+1 2n
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 1 0 0
n 0 0 1 0 0
n 0 0 0 0 0
2n 0 0 0 0 1′

M
I(6n+1,6)
2→3 · g2 =


2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0


·
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
=

2n+1 2n
2n+1 1 0
2n 0 0
2n 0 1
 · [
2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
+

1 2n 2n
n+1 0 0 0
2n 0 1 0
3n 0 0 0
 ·

1 2n 2n+1 2n
1 1 0 0 0
2n 0 1 0 0
2n 0 0 0 1′

=

2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 0
2n 0 0 1′
+

1 2n 2n+1 2n
n+1 0 0 0 0
2n 0 1 0 0
3n 0 0 0 0
 =

1 n n 2n+1 2n
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 1 0 0
n 0 0 0 0 0
n 0 0 0 0 0
2n 0 0 0 0 1′

+

1 n n 2n+1 2n
1 0 0 0 0 0
n 0 0 0 0 0
n 0 1 0 0 0
n 0 0 1 0 0
n 0 0 0 0 0
2n 0 0 0 0 0

=

1 n n 2n+1 2n
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 1 0 0
n 0 0 1 0 0
n 0 0 0 0 0
2n 0 0 0 0 1′

g3 ·M I(6n+1,3)2→3 −M I(6n+1,6)2→3 · g2 =

1 n n 2n+1 2n
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 1 0 0
n 0 0 1 0 0
n 0 0 0 0 0
2n 0 0 0 0 1′

−

1 n n 2n+1 2n
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 1 0 0
n 0 0 1 0 0
n 0 0 0 0 0
2n 0 0 0 0 1′

=
[6n+2
6n+1 0
]
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3. g3 ·M I(6n+1,3)4→3 −M I(6n+1,6)4→3 · g4 = 0
g3 ·M I(6n+1,3)4→3 =
[3n+1 3n+1 3n
3n+1 1 0 0
3n 0 0 1′
]
·


2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+
[4n+2 2n
7n+2 0 0
2n 0 1
]

=

2n+1 n 2n+1 n 2n n
2n+1 1 0 0 0 0 0
n 0 1 0 0 0 0
n 0 0 0 0 0 1′
2n 0 0 0 0 1′ 0
 ·

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n+1 0 1 0
n 0 0 0
2n 0 0 1
n 0 0 0

+

3n+1 3n+1 n 2n
3n+1 1 0 0 0
2n 0 0 0 1′
n 0 0 1′ 0
 ·

4n+2 2n
3n+1 0 0
3n+1 0 0
n 0 0
2n 0 1

=

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
n 0 0 0
2n 0 0 1′
+

4n+2 2n
3n+1 0 0
2n 0 1′
n 0 0
 =

2n+1 2n+1 n n
2n+1 1 0 0 0
n 0 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 0
+

2n+1 2n+1 n n
2n+1 0 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 0
n 0 0 0 0
 =

2n+1 2n+1 n n
2n+1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 1′
n 0 0 1′ 0

M
I(6n+1,6)
4→3 · g4 =


2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
+
[2n+1 2n
4n+1 0 0
2n 0 1
]

·
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
=

2n+1 2n
2n+1 1 0
n 0 0
2n 0 1
n 0 0
 ·
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
+
[2n+1 2n
4n+1 0 0
2n 0 1
]
·
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
=

2n+1 2n+1 2n
2n+1 1 0 0
n 0 0 0
2n 0 0 1′
n 0 0 0
+
[2n+1 2n+1 2n
4n+1 0 0 0
2n 0 0 1′
]
=

2n+1 2n+1 n n
2n+1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 0
n 0 0 0 0
+

2n+1 2n+1 n n
2n+1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 0
 =

2n+1 2n+1 n n
2n+1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 1′
n 0 0 1′ 0

g3 ·M I(6n+1,3)4→3 −M I(6n+1,6)4→3 · g4 =

2n+1 2n+1 n n
2n+1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 1′
n 0 0 1′ 0
−

2n+1 2n+1 n n
2n+1 1 0 0 0
n 0 0 0 0
n 0 0 0 1′
n 0 0 1′ 1′
n 0 0 1′ 0
 =
[6n+2
6n+1 0
]
4. g4 ·M I(6n+1,3)5→4 −M I(6n+1,6)5→4 · g5 = 0
g4 ·M I(6n+1,3)5→4 =
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
·

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

=

1 1 n−1 n 1 1 n−1 n n−1 2 n−1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
n−1 0 0 1 0 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 0 0 0 0 0 1′
2 0 0 0 0 0 0 0 0 0 1′ 0
n−1 0 0 0 0 0 0 0 0 1′ 0 0

·

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1 0
2 0 0 0 0 0 1
n−1 0 0 0 0 1 0

=

1 n−1 1 n−1 n−1 2
1 1 0 0 0 0 0
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
n 0 0 0 0 0 0
n−1 0 0 0 0 1′ 0
2 0 0 0 0 0 1′
n−1 0 0 0 0 1′ 0

=

1 n−1 n n−1 2
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 0 0 1′
n−1 0 0 0 1′ 0

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M
I(6n+1,6)
5→4 · g5 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·

n n n−1 2
n 1 0 0 0
n−1 0 0 1′ 0
2 0 0 0 1′
 =

1 n−1 n−1 2
1 1 0 0 0
1 1 0 0 0
n−1 0 1 0 0
n 0 0 0 0
n−1 0 0 1 0
2 0 0 0 1
n−1 0 0 1 0

·

1 n−1 n n−1 2
1 1 0 0 0 0
n−1 0 1 0 0 0
n−1 0 0 0 1′ 0
2 0 0 0 0 1′
 =

1 n−1 n n−1 2
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 0 0 1′
n−1 0 0 0 1′ 0

g4 ·M I(6n+1,3)5→4 −M I(6n+1,6)5→4 · g5 =

1 n−1 n n−1 2
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 0 0 1′
n−1 0 0 0 1′ 0

−

1 n−1 n n−1 2
1 1 0 0 0 0
1 1 0 0 0 0
n−1 0 1 0 0 0
n 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 0 0 1′
n−1 0 0 0 1′ 0

=
[3n+1
4n+1 0
]
5. g3 ·M I(6n+1,3)6→3 −M I(6n+1,6)6→3 · g6 = 0
g3 ·M I(6n+1,3)6→3 =
[3n+1 3n+1 3n
3n+1 1 0 0
3n 0 0 1′
]
·


1 4n+1 2n−1 1
1 1 0 0 1
n 0 0 0 0
4n+1 0 1 0 0
2n 0 0 0 0
2n−1 0 0 1 0
1 0 0 0 1

+

2n+2 2n 2n
4n+2 0 0 0
2n 0 1 0
3n 0 0 0


=

1 n 2n 2n+1 n n 2n−1 1
1 1 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0
2n 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1
2n−1 0 0 0 0 0 0 1′ 0
n 0 0 0 0 0 1′ 0 0

·

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
2n+1 0 0 1 0 0
n 0 0 0 0 0
n 0 0 0 0 0
2n−1 0 0 0 1 0
1 0 0 0 0 1

+
[3n+1 n+1 2n 3n
3n+1 1 0 0 0
3n 0 0 0 1′
]
·

2n+2 2n 2n
3n+1 0 0 0
n+1 0 0 0
2n 0 1 0
3n 0 0 0

=

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
1 0 0 0 0 1
2n−1 0 0 0 1′ 0
n 0 0 0 0 0

+
[2n+2 2n 2n
3n+1 0 0 0
3n 0 0 0
]
=

1 2n 1 2n 2n−1 1
1 1 0 0 0 0 1
n 0 0 0 0 0 0
2n 0 1 0 0 0 0
1 0 0 0 0 0 1
2n−1 0 0 0 0 1′ 0
n 0 0 0 0 0 0

+

1 2n 1 2n 2n−1 1
1 0 0 0 0 0 0
n 0 0 0 0 0 0
2n 0 0 0 0 0 0
1 0 0 0 0 0 0
2n−1 0 0 0 0 0 0
n 0 0 0 0 0 0

=

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
1 0 0 0 0 1
2n−1 0 0 0 1′ 0
n 0 0 0 0 0

M
I(6n+1,6)
6→3 · g6 =

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ·

[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
+
[6n+1 1
1 0 1
4n 0 0
] =

1 2n 2n
1 1 0 0
n 0 0 0
2n 0 1 0
2n 0 0 1
n 0 0 0
 ·

1 2n 2n+1 2n
1 1 0 0 0
2n 0 1 0 0
2n 0 0 0 1′
+

1 4n
1 1 0
n 0 0
4n 0 1
n 0 0
 ·
[6n+1 1
1 0 1
4n 0 0
]
=

1 2n 2n+1 2n
1 1 0 0 0
n 0 0 0 0
2n 0 1 0 0
2n 0 0 0 1′
n 0 0 0 0
+

6n+1 1
1 0 1
n 0 0
4n 0 0
n 0 0
 =

1 2n 2n+1 2n−1 1
1 1 0 0 0 0
n 0 0 0 0 0
2n 0 1 0 0 0
1 0 0 0 0 1
2n−1 0 0 0 1′ 0
n 0 0 0 0 0

+

1 2n 2n+1 2n−1 1
1 0 0 0 0 1
n 0 0 0 0 0
2n 0 0 0 0 0
1 0 0 0 0 0
2n−1 0 0 0 0 0
n 0 0 0 0 0

=

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
1 0 0 0 0 1
2n−1 0 0 0 1′ 0
n 0 0 0 0 0

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g3 ·M I(6n+1,3)6→3 −M I(6n+1,6)6→3 · g6 =

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
1 0 0 0 0 1
2n−1 0 0 0 1′ 0
n 0 0 0 0 0

−

1 2n 2n+1 2n−1 1
1 1 0 0 0 1
n 0 0 0 0 0
2n 0 1 0 0 0
1 0 0 0 0 1
2n−1 0 0 0 1′ 0
n 0 0 0 0 0

=
[6n+2
6n+1 0
]
6. g6 ·M I(6n+1,3)7→6 −M I(6n+1,6)7→6 · g7 = 0
g6 ·M I(6n+1,3)7→6 =

[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
+
[6n+1 1
1 0 1
4n 0 0
] ·


n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
2n−1 0 0 0
n 0 0 1

+

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n 0 0 0


=

n+1 n 1 n+1 n−1 n n
n+1 1 0 0 0 0 0 0
n 0 1 0 0 0 0 0
n 0 0 0 0 0 0 1′
n 0 0 0 0 0 1′ 0
 ·

n n+1 n
n+1 0 0 0
n 1 0 0
1 0 0 0
n+1 0 1 0
n−1 0 0 0
n 0 0 0
n 0 0 1

+
[2n+1 n+2 n−1 2n
2n+1 1 0 0 0
2n 0 0 0 1′
]
·

n n−1 n+2
2n+1 0 0 0
n+2 0 0 0
n−1 0 1 0
2n 0 0 0

+
[n+1 n 1 n+1 2n−1 n−1 1
1 0 0 0 0 0 0 1
4n 0 0 0 0 0 0 0
]
·

n n+1 n−1 1
n+1 0 0 0 0
n 1 0 0 0
1 0 0 0 0
n+1 0 1 0 0
2n−1 0 0 0 0
n−1 0 0 1 0
1 0 0 0 1

+
[3n+3 n−1 2n−1 1
1 0 0 0 1
4n 0 0 0 0
]
·

n n−1 n+2
3n+3 0 0 0
n−1 0 1 0
2n−1 0 0 0
1 0 0 0

=

n n+1 n
n+1 0 0 0
n 1 0 0
n 0 0 1′
n 0 0 0
+
[ n n−1 n+2
2n+1 0 0 0
2n 0 0 0
]
+
[ n n+1 n−1 1
1 0 0 0 1
4n 0 0 0 0
]
+
[ n n−1 n+2
1 0 0 0
4n 0 0 0
]
=

n n−1 2 n−1 1
1 0 0 0 0 0
n 0 0 0 0 0
n 1 0 0 0 0
1 0 0 0 0 1
n−1 0 0 0 1′ 0
n 0 0 0 0 0

+

n n−1 2 n−1 1
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0

+

n n−1 2 n−1 1
1 0 0 0 0 1
n 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0

+

n n−1 2 n−1 1
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
n 0 0 0 0 0

=

n n+1 n−1 1
1 0 0 0 1
n 0 0 0 0
n 1 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
n 0 0 0 0

M
I(6n+1,6)
7→6 · g7 =

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·
[ n n+1 n
n 1 0 0
n 0 0 1′
]
=

n 1 n−1
1 0 1 0
n 0 0 0
n 1 0 0
1 0 1 0
n−1 0 0 1
n 0 0 0

·

n n+1 n−1 1
n 1 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
 =

n n+1 n−1 1
1 0 0 0 1
n 0 0 0 0
n 1 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
n 0 0 0 0

g6 ·M I(6n+1,3)7→6 −M I(6n+1,6)7→6 · g7 =

n n+1 n−1 1
1 0 0 0 1
n 0 0 0 0
n 1 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
n 0 0 0 0

−

n n+1 n−1 1
1 0 0 0 1
n 0 0 0 0
n 1 0 0 0
1 0 0 0 1
n−1 0 0 1′ 0
n 0 0 0 0

=
[3n+1
4n+1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[n+1 n n
n+1 1 0 0
n 0 0 1′
]
·

n
n+1 0
n 1
n 0
 = [ n2n+1 0 ]
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2. g2 · f2 = 0
g2 · f2 =
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
·

2n+1
2n+1 0
2n+1 1
2n 0
 = [2n+14n+1 0 ]
3. g3 · f3 = 0
g3 · f3 =
[3n+1 3n+1 3n
3n+1 1 0 0
3n 0 0 1′
]
·

3n+1
3n+1 0
3n+1 1
3n 0
 = [3n+16n+1 0 ]
4. g4 · f4 = 0
g4 · f4 =
[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
·

2n+1
2n+1 0
2n+1 1
2n 0
 = [2n+14n+1 0 ]
5. g5 · f5 = 0
g5 · f5 =

n n n−1 2
n 1 0 0 0
n−1 0 0 1′ 0
2 0 0 0 1′
 ·

n
n 0
n 1
n+1 0
 =

n n n−1 2
n 1 0 0 0
n−1 0 0 1′ 0
2 0 0 0 1′
 ·

n
n 0
n 1
n−1 0
2 0
 =
[ n
2n+1 0
]
6. g6 · f6 = 0
g6 · f6 =

[2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
+
[6n+1 1
1 0 1
4n 0 0
] ·

2n+1
2n+1 0
2n+1 1
2n 0
 = [
2n+1 2n+1 2n
2n+1 1 0 0
2n 0 0 1′
]
·

2n+1
2n+1 0
2n+1 1
2n 0
+ [
2n+1 2n+1 2n−1 1
1 0 0 0 1
4n 0 0 0 0
]
·

2n+1
2n+1 0
2n+1 1
2n−1 0
1 0

=
[2n+1
2n+1 0
2n 0
]
+
[2n+1
1 0
4n 0
]
=

2n+1
1 0
2n 0
2n 0
+

2n+1
1 0
2n 0
2n 0
 = [2n+14n+1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ n n+1 n
n 1 0 0
n 0 0 1′
]
·

n+1
n 0
n+1 1
n 0
 = [n+12n 0 ]
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150 Tree module property of I(6n+ 2, 3)
150.1 Tree module property of I(2, 3) 
The representation of I(2, 3):
dimI(2, 3) = (2, 3, 4, 3, 2, 3, 2)
I(2, 3) =
M1→2 = ( 1 00 1
0 0
)
, M2→3 =
 1 0 00 0 1
0 1 0
0 0 0
 , M4→3 =
 1 0 00 1 0
0 0 0
0 0 1
 , M5→4 = ( 1 01 0
0 1
)
, M6→3 =
 0 0 01 0 0
0 1 0
0 0 1
 , M7→6 = ( 1 01 1
0 1
)
The length of I(2, 3) is: 2 + 3 + 4 + 3 + 2 + 3 + 2 = 19.
The total number of ones in the matrices of the representation: 18.
A = M(EndkQ(I(2, 3))) ∈M54,55(k) denotes the matrix of the linear equation system characterizing the endomorphism space of I(2, 3).
A =

0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 1

←−
←−
←−−−
←−
←−−−−−−
←−
←−−−−−−−−
←−
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∼
1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 91 1 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

←−
←−
∼

1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 91 1 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 91 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 91 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

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As the above computation shows, dim EndkQ(I(2, 3)) = corank(A) = 1 in every field k, therefore I(2, 3) has the (field independent) tree module property.
150.2 Tree module property of I(8, 3) 
The matrices of the representation have full (column) rank P
1. M I(8,3)1→2 =

0 1 0 0 0
1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M9,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(8,3)
1→2 =

2 1 2
2 1′ 0 0
2 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1
1 0 0 0

2. M I(8,3)2→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
3. M I(8,3)4→3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k) is already in column echelon form and has maximal column rank.
4. M I(8,3)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 1

∈M9,5(k) is already in column echelon form and has maximal column rank.
5. M I(8,3)6→3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M13,9(k) is already in column echelon form and has maximal column rank.
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6. M I(8,3)7→6 =

0 0 0 0 1
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M9,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(8,3)
7→6 =

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

c1↔c4−−−−→

1 1 1 2
1 1 0 0 0
1 0 0 0 0
2 0 0 0 1
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 1 0 0 0

c2↔c4−−−−→

1 2 1 1
1 1 0 0 0
1 0 0 0 0
2 0 1 0 0
1 0 0 0 1
1 0 0 0 1
1 0 0 0 0
1 0 0 1 0
1 1 0 0 0

c3↔c4−−−−→

1 2 1 1
1 1 0 0 0
1 0 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 0
1 0 0 0 0
1 0 0 0 1
1 1 0 0 0

150.2.1 0→ I(9, 4) f→ I(8, 3) g→ I(8, 5)→ 0 
PdimI(9, 4) + dimI(8, 5) = (3, 6, 9, 7, 4, 6, 3) + (2, 3, 4, 2, 1, 3, 2)
= (5, 9, 13, 9, 5, 9, 5) = dimI(8, 3)
Pdimk Ext
1
kQ(I(8, 5), I(9, 4)) = dimk HomkQ(I(8, 5), I(9, 4))− 〈dimI(8, 5),dimI(9, 4)〉
= 0− 〈(2, 3, 4, 2, 1, 3, 2), (3, 6, 9, 7, 4, 6, 3)〉
= 2 · 6 + 3 · 9 + 2 · 9 + 1 · 7 + 3 · 9 + 2 · 6− (2 · 3 + 3 · 6 + 4 · 9 + 2 · 7 + 1 · 4 + 3 · 6 + 2 · 3)
= 12 + 27 + 18 + 7 + 27 + 12− (6 + 18 + 36 + 14 + 4 + 18 + 6)
= 1
Matrices of the embedding f : I(9, 4)→ I(8, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M13,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M9,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(8, 3)→ I(8, 5) P
1. g1 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,13(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
]
∈M2,9(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 0 1
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
6. g6 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(9, 4)→ I(8, 3) P
1. f2 ·M I(9,4)1→2 −M I(8,3)1→2 · f1 = 0
f2 ·M I(9,4)1→2 =
[ 6
6 1
3 0
]
·

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 =

2 2 1 1
2 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 =

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
3 0 0
 =

2 1
2 1′ 0
2 1 0
1 0 1
4 0 0

M
I(8,3)
1→2 · f1 =

2 1 2
2 1′ 0 0
2 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1
1 0 0 0

·
[ 3
3 1
2 0
]
=

2 1 2
2 1′ 0 0
2 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1
1 0 0 0

·

2 1
2 1 0
1 0 1
2 0 0
 =

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
2 0 0
1 0 0

=

2 1
2 1′ 0
2 1 0
1 0 1
4 0 0

f2 ·M I(9,4)1→2 −M I(8,3)1→2 · f1 =

2 1
2 1′ 0
2 1 0
1 0 1
4 0 0
−

2 1
2 1′ 0
2 1 0
1 0 1
4 0 0
 =
[ 3
9 0
]
2. f3 ·M I(9,4)2→3 −M I(8,3)2→3 · f2 = 0
f3 ·M I(9,4)2→3 =
[ 9
9 1
4 0
]
·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =

1 2 2 3 1
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
3 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0

·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
4 0 0 0

=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
5 0 0 0

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M
I(8,3)
2→3 · f2 =

1 2 3 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 0
3 0 0 0 1
1 0 0 0 0

·
[ 6
6 1
3 0
]
=

1 2 3 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 0
3 0 0 0 1
1 0 0 0 0

·

1 2 3
1 1 0 0
2 0 1 0
3 0 0 1
3 0 0 0
 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
3 0 0 0
1 0 0 0

=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
5 0 0 0

f3 ·M I(9,4)2→3 −M I(8,3)2→3 · f2 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
5 0 0 0
−

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
5 0 0 0
 =
[ 6
13 0
]
3. f3 ·M I(9,4)4→3 −M I(8,3)4→3 · f4 = 0
f3 ·M I(9,4)4→3 =
[ 9
9 1
4 0
]
·

4 3
4 1 0
2 0 0
3 0 1
 =

4 2 3
4 1 0 0
2 0 1 0
3 0 0 1
4 0 0 0
 ·

4 3
4 1 0
2 0 0
3 0 1
 =

4 3
4 1 0
2 0 0
3 0 1
4 0 0

M
I(8,3)
4→3 · f4 =

4 3 2
4 1 0 0
2 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·
[ 7
7 1
2 0
]
=

4 3 2
4 1 0 0
2 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·

4 3
4 1 0
3 0 1
2 0 0
 =

4 3
4 1 0
2 0 0
3 0 1
2 0 0
2 0 0
 =

4 3
4 1 0
2 0 0
3 0 1
4 0 0

f3 ·M I(9,4)4→3 −M I(8,3)4→3 · f4 =

4 3
4 1 0
2 0 0
3 0 1
4 0 0
−

4 3
4 1 0
2 0 0
3 0 1
4 0 0
 =
[ 7
13 0
]
4. f4 ·M I(9,4)5→4 −M I(8,3)5→4 · f5 = 0
f4 ·M I(9,4)5→4 =
[ 7
7 1
2 0
]
·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 =

1 1 1 2 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
2 0 0 0

M
I(8,3)
5→4 · f5 =

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·
[ 4
4 1
1 0
]
=

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
1 0 0 0
1 0 0 0

=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
2 0 0 0

f4 ·M I(9,4)5→4 −M I(8,3)5→4 · f5 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
2 0 0 0

−

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
2 0 0 0

=
[ 4
9 0
]
5. f3 ·M I(9,4)6→3 −M I(8,3)6→3 · f6 = 0
f3 ·M I(9,4)6→3 =
[ 9
9 1
4 0
]
·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =

1 1 3 2 2
1 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
4 0 0 0 0 0

·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
4 0 0 0

2694
M
I(8,3)
6→3 · f6 =

1 3 2 3
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
1 0 0 0 0
3 0 0 0 1

·
[ 6
6 1
3 0
]
=

1 3 2 3
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
1 0 0 0 0
3 0 0 0 1

·

1 3 2
1 1 0 0
3 0 1 0
2 0 0 1
3 0 0 0
 =

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
1 0 0 0
3 0 0 0

=

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
4 0 0 0

f3 ·M I(9,4)6→3 −M I(8,3)6→3 · f6 =

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
4 0 0 0

−

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
4 0 0 0

=
[ 6
13 0
]
6. f6 ·M I(9,4)7→6 −M I(8,3)7→6 · f7 = 0
f6 ·M I(9,4)7→6 =
[ 6
6 1
3 0
]
·

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 =

2 2 1 1
2 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0
 ·

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 =

2 1
2 0 0
2 1 0
1 0 1
1 0 1
3 0 0

M
I(8,3)
7→6 · f7 =

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·
[ 3
3 1
2 0
]
=

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

2 1
2 1 0
1 0 1
1 0 0
1 0 0
 =

2 1
1 0 0
1 0 0
2 1 0
1 0 1
1 0 1
1 0 0
1 0 0
1 0 0

=

2 1
2 0 0
2 1 0
1 0 1
1 0 1
3 0 0

f6 ·M I(9,4)7→6 −M I(8,3)7→6 · f7 =

2 1
2 0 0
2 1 0
1 0 1
1 0 1
3 0 0
−

2 1
2 0 0
2 1 0
1 0 1
1 0 1
3 0 0
 =
[ 3
9 0
]
Relations of the projection g : I(8, 3)→ I(8, 5) P
1. g2 ·M I(8,3)1→2 −M I(8,5)1→2 · g1 = 0
g2 ·M I(8,3)1→2 =
[ 6 3
3 0 1
]
·

2 1 2
2 1′ 0 0
2 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1
1 0 0 0

=
[ 2 2 1 1 2 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

2 1 2
2 1′ 0 0
2 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1
1 0 0 0

=
[ 2 1 2
2 0 0 1
1 0 0 0
]
=
[ 3 2
2 0 1
1 0 0
]
M
I(8,5)
1→2 · g1 =
[ 2
2 1
1 0
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
1 0 0
]
g2 ·M I(8,3)1→2 −M I(8,5)1→2 · g1 =
[ 3 2
2 0 1
1 0 0
]
−
[ 3 2
2 0 1
1 0 0
]
=
[ 5
3 0
]
2. g3 ·M I(8,3)2→3 −M I(8,5)2→3 · g2 = 0
g3 ·M I(8,3)2→3 =
[ 9 4
4 0 1
]
·

1 2 3 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 0
3 0 0 0 1
1 0 0 0 0

=
[ 1 2 2 3 1 3 1
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
]
·

1 2 3 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 0
3 0 0 0 1
1 0 0 0 0

=
[ 1 2 3 3
3 0 0 0 1
1 0 0 0 0
]
=
[ 6 3
3 0 1
1 0 0
]
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M
I(8,5)
2→3 · g2 =
[ 3
3 1
1 0
]
·
[ 6 3
3 0 1
]
=
[ 6 3
3 0 1
1 0 0
]
g3 ·M I(8,3)2→3 −M I(8,5)2→3 · g2 =
[ 6 3
3 0 1
1 0 0
]
−
[ 6 3
3 0 1
1 0 0
]
=
[ 9
4 0
]
3. g3 ·M I(8,3)4→3 −M I(8,5)4→3 · g4 = 0
g3 ·M I(8,3)4→3 =
[ 9 4
4 0 1
]
·

4 3 2
4 1 0 0
2 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 4 2 3 2 2
2 0 0 0 1 0
2 0 0 0 0 1
]
·

4 3 2
4 1 0 0
2 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 4 3 2
2 0 0 1
2 0 0 1
]
=
[ 7 2
2 0 1
2 0 1
]
M
I(8,5)
4→3 · g4 =
[ 2
2 1
2 1
]
·
[ 7 2
2 0 1
]
=
[ 7 2
2 0 1
2 0 1
]
g3 ·M I(8,3)4→3 −M I(8,5)4→3 · g4 =
[ 7 2
2 0 1
2 0 1
]
−
[ 7 2
2 0 1
2 0 1
]
=
[ 9
4 0
]
4. g4 ·M I(8,3)5→4 −M I(8,5)5→4 · g5 = 0
g4 ·M I(8,3)5→4 =
[ 7 2
2 0 1
]
·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 1 2 2 1 1
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
]
·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 2 1
1 0 0 0 1
1 0 0 0 1
]
=
[ 4 1
1 0 1
1 0 1
]
M
I(8,5)
5→4 · g5 =
[
1
1
]
·
[ 4 1
1 0 1
]
=
[ 4 1
1 0 1
1 0 1
]
g4 ·M I(8,3)5→4 −M I(8,5)5→4 · g5 =
[ 4 1
1 0 1
1 0 1
]
−
[ 4 1
1 0 1
1 0 1
]
=
[ 5
2 0
]
5. g3 ·M I(8,3)6→3 −M I(8,5)6→3 · g6 = 0
g3 ·M I(8,3)6→3 =
[ 9 4
4 0 1
]
·

1 3 2 3
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
1 0 0 0 0
3 0 0 0 1

=
[ 1 1 3 2 2 1 3
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

1 3 2 3
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
1 0 0 0 0
3 0 0 0 1

=
[ 1 3 2 3
1 0 0 0 0
3 0 0 0 1
]
=
[ 6 3
1 0 0
3 0 1
]
M
I(8,5)
6→3 · g6 =
[ 3
1 0
3 1
]
·
[ 6 3
3 0 1
]
=
[ 6 3
1 0 0
3 0 1
]
g3 ·M I(8,3)6→3 −M I(8,5)6→3 · g6 =
[ 6 3
1 0 0
3 0 1
]
−
[ 6 3
1 0 0
3 0 1
]
=
[ 9
4 0
]
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6. g6 ·M I(8,3)7→6 −M I(8,5)7→6 · g7 = 0
g6 ·M I(8,3)7→6 =
[ 6 3
3 0 1
]
·

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

1 1 2 1 1 1 1 1
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=

2 1 1 1
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
 = [
3 2
1 0 0
2 0 1
]
M
I(8,5)
7→6 · g7 =
[ 2
1 0
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
1 0 0
2 0 1
]
g6 ·M I(8,3)7→6 −M I(8,5)7→6 · g7 =
[ 3 2
1 0 0
2 0 1
]
−
[ 3 2
1 0 0
2 0 1
]
=
[ 5
3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 9 4
4 0 1
]
·
[ 9
9 1
4 0
]
=
[ 9
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 7 2
2 0 1
]
·
[ 7
7 1
2 0
]
=
[ 7
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 1
1 0 1
]
·
[ 4
4 1
1 0
]
=
[ 4
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
150.2.2 0→ I(9, 6) f→ I(8, 3) g→ I(8, 7)→ 0 
PdimI(9, 6) + dimI(8, 7) = (3, 6, 9, 6, 3, 7, 4) + (2, 3, 4, 3, 2, 2, 1)
= (5, 9, 13, 9, 5, 9, 5) = dimI(8, 3)
Pdimk Ext
1
kQ(I(8, 7), I(9, 6)) = dimk HomkQ(I(8, 7), I(9, 6))− 〈dimI(8, 7),dimI(9, 6)〉
= 0− 〈(2, 3, 4, 3, 2, 2, 1), (3, 6, 9, 6, 3, 7, 4)〉
= 2 · 6 + 3 · 9 + 3 · 9 + 2 · 6 + 2 · 9 + 1 · 7− (2 · 3 + 3 · 6 + 4 · 9 + 3 · 6 + 2 · 3 + 2 · 7 + 1 · 4)
= 12 + 27 + 27 + 12 + 18 + 7− (6 + 18 + 36 + 18 + 6 + 14 + 4)
= 1
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Matrices of the embedding f : I(9, 6)→ I(8, 3) P
1. f1 =

0 0 1
0 0 0
0 0 0
0 1 0
1 0 0
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

2 1
1 0 1
2 0 0
2 1′ 0
 c1↔c2−−−−→

1 2
1 1 0
2 0 0
2 0 1′

2. f2 =

1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0

∈M9,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 3 2
1 1 0 0
2 0 0 1
3 0 0 0
3 0 1′ 0
 c2↔c3−−−−→

1 2 3
1 1 0 0
2 0 1 0
3 0 0 0
3 0 0 1′
 =

3 3
3 1 0
3 0 0
3 0 1′

3. f3 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0

∈M13,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 c2↔c3−−−−→

1 4 4
1 1 0 0
4 0 1 0
4 0 0 0
4 0 0 1′
 =

5 4
5 1 0
4 0 0
4 0 1′

4. f4 =

1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0

∈M9,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 2 3
1 1 0 0
3 0 0 1
3 0 0 0
2 0 1′ 0
 c2↔c3−−−−→

1 3 2
1 1 0 0
3 0 1 0
3 0 0 0
2 0 0 1′
 =

4 2
4 1 0
3 0 0
2 0 1′

5. f5 =

0 1 0
0 0 1
0 0 0
0 0 0
1 0 0
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

1 2
2 0 1
2 0 0
1 1 0
 c1↔c2−−−−→

2 1
2 1 0
2 0 0
1 0 1

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6. f6 =

1 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0

∈M9,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 3 3
1 1 0 0
3 0 0 1
2 0 0 0
3 0 1′ 0
 c2↔c3−−−−→

1 3 3
1 1 0 0
3 0 1 0
2 0 0 0
3 0 0 1′
 =

4 3
4 1 0
2 0 0
3 0 1′

7. f7 =

0 0 1 0
0 0 0 1
0 0 0 0
0 1 0 0
1 0 0 0
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

2 2
2 0 1
1 0 0
2 1′ 0
 c1↔c2−−−−→

2 2
2 1 0
1 0 0
2 0 1′

Matrices of the projection g : I(8, 3)→ I(8, 7) P
1. g1 =
[
0 0 1 0 0
0 1 0 0 0
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 1 2 2
2 0 1′ 0
]
2. g2 =
0 0 0 0 0 1 0 0 00 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0
 ∈M3,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 3 3 3
3 0 1′ 0
]
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
 ∈M4,13(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 5 4 4
4 0 1′ 0
]
4. g4 =
0 0 0 0 0 0 1 0 00 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
 ∈M3,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 4 3 2
3 0 1′ 0
]
5. g5 =
[
0 0 0 1 0
0 0 1 0 0
]
∈M2,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 2 1
2 0 1′ 0
]
6. g6 =
[
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
]
∈M2,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 4 2 3
2 0 1′ 0
]
7. g7 =
[
0 0 1 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(9, 6)→ I(8, 3) P
1. f2 ·M I(9,6)1→2 −M I(8,3)1→2 · f1 = 0
f2 ·M I(9,6)1→2 =

1 3 2
1 1 0 0
2 0 0 1
3 0 0 0
3 0 1′ 0
 ·

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 =

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
3 0 0 0 0 0
2 0 0 1′ 0 0
1 0 1 0 0 0

·

2 1
1 0 0
1 0 0
2 1 0
1 0 1
1 0 1
 =

2 1
1 0 0
1 0 1
1 0 1
3 0 0
2 1′ 0
1 0 0

M
I(8,3)
1→2 · f1 =

2 1 2
2 1′ 0 0
2 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1
1 0 0 0

·

2 1
1 0 1
2 0 0
2 1′ 0
 =

1 1 1 2
1 0 1 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1
1 0 0 0 0

·

2 1
1 0 1
1 0 0
1 0 0
2 1′ 0
 =

2 1
1 0 0
1 0 1
1 0 1
1 0 0
1 0 0
1 0 0
2 1′ 0
1 0 0

=

2 1
1 0 0
1 0 1
1 0 1
3 0 0
2 1′ 0
1 0 0

f2 ·M I(9,6)1→2 −M I(8,3)1→2 · f1 =

2 1
1 0 0
1 0 1
1 0 1
3 0 0
2 1′ 0
1 0 0

−

2 1
1 0 0
1 0 1
1 0 1
3 0 0
2 1′ 0
1 0 0

=
[ 3
9 0
]
2. f3 ·M I(9,6)2→3 −M I(8,3)2→3 · f2 = 0
f3 ·M I(9,6)2→3 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 ·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =

1 1 3 2 2
1 1 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
4 0 0 0 0 0
3 0 0 1′ 0 0
1 0 1 0 0 0

·

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =

1 3 2
1 1 0 0
2 0 0 1
2 0 0 1
4 0 0 0
3 0 1′ 0
1 0 0 0

M
I(8,3)
2→3 · f2 =

1 2 3 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 0
3 0 0 0 1
1 0 0 0 0

·

1 3 2
1 1 0 0
2 0 0 1
3 0 0 0
3 0 1′ 0
 =

1 3 2
1 1 0 0
2 0 0 1
2 0 0 1
3 0 0 0
1 0 0 0
3 0 1′ 0
1 0 0 0

=

1 3 2
1 1 0 0
2 0 0 1
2 0 0 1
4 0 0 0
3 0 1′ 0
1 0 0 0

f3 ·M I(9,6)2→3 −M I(8,3)2→3 · f2 =

1 3 2
1 1 0 0
2 0 0 1
2 0 0 1
4 0 0 0
3 0 1′ 0
1 0 0 0

−

1 3 2
1 1 0 0
2 0 0 1
2 0 0 1
4 0 0 0
3 0 1′ 0
1 0 0 0

=
[ 6
13 0
]
3. f3 ·M I(9,6)4→3 −M I(8,3)4→3 · f4 = 0
f3 ·M I(9,6)4→3 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 ·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =

1 2 2 3 1
1 1 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

·

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 =

1 2 3
1 1 0 0
3 0 0 1
1 0 0 0
4 0 0 0
2 0 1′ 0
2 0 1′ 0

=

1 2 3
1 1 0 0
3 0 0 1
5 0 0 0
2 0 1′ 0
2 0 1′ 0

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M
I(8,3)
4→3 · f4 =

4 3 2
4 1 0 0
2 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·

1 2 3
1 1 0 0
3 0 0 1
3 0 0 0
2 0 1′ 0
 =

1 3 3 2
1 1 0 0 0
3 0 1 0 0
2 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1 2 3
1 1 0 0
3 0 0 1
3 0 0 0
2 0 1′ 0
 =

1 2 3
1 1 0 0
3 0 0 1
2 0 0 0
3 0 0 0
2 0 1′ 0
2 0 1′ 0

=

1 2 3
1 1 0 0
3 0 0 1
5 0 0 0
2 0 1′ 0
2 0 1′ 0

f3 ·M I(9,6)4→3 −M I(8,3)4→3 · f4 =

1 1 1 3
1 1 0 0 0
3 0 0 0 1
5 0 0 0 0
1 0 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 0

−

1 1 1 3
1 1 0 0 0
3 0 0 0 1
5 0 0 0 0
1 0 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 0

=
[ 6
13 0
]
4. f4 ·M I(9,6)5→4 −M I(8,3)5→4 · f5 = 0
f4 ·M I(9,6)5→4 =

1 2 3
1 1 0 0
3 0 0 1
3 0 0 0
2 0 1′ 0
 ·

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 =

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
3 0 0 0 0 0 0
1 0 0 1 0 0 0
1 0 1 0 0 0 0

·

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

=

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 0
3 0 0 0
1 1 0 0
1 1 0 0

=

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
4 0 0 0
1 1 0 0
1 1 0 0

M
I(8,3)
5→4 · f5 =

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

1 2
2 0 1
2 0 0
1 1 0
 =

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

1 1 1
1 0 1 0
1 0 0 1
2 0 0 0
1 1 0 0
 =

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
2 0 0 0
2 0 0 0
1 1 0 0
1 1 0 0

=

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
4 0 0 0
1 1 0 0
1 1 0 0

f4 ·M I(9,6)5→4 −M I(8,3)5→4 · f5 =

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
4 0 0 0
1 1 0 0
1 1 0 0

−

1 1 1
1 0 1 0
1 0 1 0
1 0 0 1
4 0 0 0
1 1 0 0
1 1 0 0

=
[ 3
9 0
]
5. f3 ·M I(9,6)6→3 −M I(8,3)6→3 · f6 = 0
f3 ·M I(9,6)6→3 =

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 ·

4 3
4 1 0
2 0 0
3 0 1
 =

1 3 1 1 3
1 1 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
4 0 0 0 0 0
1 0 0 1 0 0
3 0 1′ 0 0 0

·

1 3 3
1 1 0 0
3 0 1 0
1 0 0 0
1 0 0 0
3 0 0 1
 =

1 3 3
1 1 0 0
1 0 0 0
3 0 0 1
4 0 0 0
1 0 0 0
3 0 1′ 0

=

1 3 3
1 1 0 0
1 0 0 0
3 0 0 1
5 0 0 0
3 0 1′ 0

M
I(8,3)
6→3 · f6 =

1 3 2 3
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
1 0 0 0 0
3 0 0 0 1

·

1 3 3
1 1 0 0
3 0 0 1
2 0 0 0
3 0 1′ 0
 =

1 3 3
1 1 0 0
1 0 0 0
3 0 0 1
2 0 0 0
2 0 0 0
1 0 0 0
3 0 1′ 0

=

1 3 3
1 1 0 0
1 0 0 0
3 0 0 1
5 0 0 0
3 0 1′ 0

f3 ·M I(9,6)6→3 −M I(8,3)6→3 · f6 =

1 3 3
1 1 0 0
1 0 0 0
3 0 0 1
5 0 0 0
3 0 1′ 0
−

1 3 3
1 1 0 0
1 0 0 0
3 0 0 1
5 0 0 0
3 0 1′ 0
 =
[ 7
13 0
]
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6. f6 ·M I(9,6)7→6 −M I(8,3)7→6 · f7 = 0
f6 ·M I(9,6)7→6 =

1 3 3
1 1 0 0
3 0 0 1
2 0 0 0
3 0 1′ 0
 ·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 =

1 1 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 0 0
1 0 1 0 0 0 0

·

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
1 0 0 0
1 0 0 0
2 0 0 1

=

1 1 2
1 1 0 0
1 0 0 0
2 0 0 1
2 0 0 0
1 0 0 0
1 0 1 0
1 1 0 0

=

1 1 2
1 1 0 0
1 0 0 0
2 0 0 1
3 0 0 0
1 0 1 0
1 1 0 0

M
I(8,3)
7→6 · f7 =

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

2 2
2 0 1
1 0 0
2 1′ 0
 =

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

·

1 1 2
2 0 0 1
1 0 0 0
1 0 1 0
1 1 0 0
 =

1 1 2
1 1 0 0
1 0 0 0
2 0 0 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 1 0
1 1 0 0

=

1 1 2
1 1 0 0
1 0 0 0
2 0 0 1
3 0 0 0
1 0 1 0
1 1 0 0

f6 ·M I(9,6)7→6 −M I(8,3)7→6 · f7 =

1 1 2
1 1 0 0
1 0 0 0
2 0 0 1
3 0 0 0
1 0 1 0
1 1 0 0

−

1 1 2
1 1 0 0
1 0 0 0
2 0 0 1
3 0 0 0
1 0 1 0
1 1 0 0

=
[ 4
9 0
]
Relations of the projection g : I(8, 3)→ I(8, 7) P
1. g2 ·M I(8,3)1→2 −M I(8,7)1→2 · g1 = 0
g2 ·M I(8,3)1→2 =
[ 3 3 3
3 0 1′ 0
]
·

2 1 2
2 1′ 0 0
2 1 0 0
1 0 1 0
1 0 0 0
2 0 0 1
1 0 0 0

=

1 1 1 1 1 1 2 1
1 0 0 0 0 0 1 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 0
 ·

1 1 1 2
1 0 1 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1
1 0 0 0 0

=

1 1 1 2
1 0 0 0 0
1 0 0 1 0
1 0 1 0 0
 = [
1 2 2
1 0 0 0
2 0 1′ 0
]
M
I(8,7)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[ 1 2 2
2 0 1′ 0
]
=
[ 1 2 2
1 0 0 0
2 0 1′ 0
]
g2 ·M I(8,3)1→2 −M I(8,7)1→2 · g1 =
[ 1 2 2
1 0 0 0
2 0 1′ 0
]
−
[ 1 2 2
1 0 0 0
2 0 1′ 0
]
=
[ 5
3 0
]
2. g3 ·M I(8,3)2→3 −M I(8,7)2→3 · g2 = 0
g3 ·M I(8,3)2→3 =
[ 5 4 4
4 0 1′ 0
]
·

1 2 3 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 0
3 0 0 0 1
1 0 0 0 0

=
[ 1 2 2 3 1 3 1
1 0 0 0 0 1 0 0
3 0 0 0 1′ 0 0 0
]
·

1 2 3 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
3 0 0 1 0
1 0 0 0 0
3 0 0 0 1
1 0 0 0 0

=
[ 1 2 3 3
1 0 0 0 0
3 0 0 1′ 0
]
=
[ 3 3 3
1 0 0 0
3 0 1′ 0
]
M
I(8,7)
2→3 · g2 =
[ 3
1 0
3 1
]
·
[ 3 3 3
3 0 1′ 0
]
=
[ 3 3 3
1 0 0 0
3 0 1′ 0
]
g3 ·M I(8,3)2→3 −M I(8,7)2→3 · g2 =
[ 3 3 3
1 0 0 0
3 0 1′ 0
]
−
[ 3 3 3
1 0 0 0
3 0 1′ 0
]
=
[ 9
4 0
]
2702
3. g3 ·M I(8,3)4→3 −M I(8,7)4→3 · g4 = 0
g3 ·M I(8,3)4→3 =
[ 5 4 4
4 0 1′ 0
]
·

4 3 2
4 1 0 0
2 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 4 1 1 3 2 2
3 0 0 0 1′ 0 0
1 0 0 1 0 0 0
]
·

4 3 2
4 1 0 0
1 0 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=
[ 4 3 2
3 0 1′ 0
1 0 0 0
]
M
I(8,7)
4→3 · g4 =
[ 3
3 1
1 0
]
·
[ 4 3 2
3 0 1′ 0
]
=
[ 4 3 2
3 0 1′ 0
1 0 0 0
]
g3 ·M I(8,3)4→3 −M I(8,7)4→3 · g4 =
[ 4 3 2
3 0 1′ 0
1 0 0 0
]
−
[ 4 3 2
3 0 1′ 0
1 0 0 0
]
=
[ 9
4 0
]
4. g4 ·M I(8,3)5→4 −M I(8,7)5→4 · g5 = 0
g4 ·M I(8,3)5→4 =
[ 4 3 2
3 0 1′ 0
]
·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 1 1 1 2 1 1
2 0 0 0 0 0 1′ 0 0
1 0 0 0 0 1 0 0 0
]
·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 2 1
2 0 0 1′ 0
1 0 0 0 0
]
=
[ 2 2 1
2 0 1′ 0
1 0 0 0
]
M
I(8,7)
5→4 · g5 =
[ 2
2 1
1 0
]
·
[ 2 2 1
2 0 1′ 0
]
=
[ 2 2 1
2 0 1′ 0
1 0 0 0
]
g4 ·M I(8,3)5→4 −M I(8,7)5→4 · g5 =
[ 2 2 1
2 0 1′ 0
1 0 0 0
]
−
[ 2 2 1
2 0 1′ 0
1 0 0 0
]
=
[ 5
3 0
]
5. g3 ·M I(8,3)6→3 −M I(8,7)6→3 · g6 = 0
g3 ·M I(8,3)6→3 =
[ 5 4 4
4 0 1′ 0
]
·

1 3 2 3
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
1 0 0 0 0
3 0 0 0 1

=
[ 1 1 3 2 2 1 3
2 0 0 0 0 1′ 0 0
2 0 0 0 1′ 0 0 0
]
·

1 3 2 3
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
1 0 0 0 0
3 0 0 0 1

=
[ 1 3 2 3
2 0 0 1′ 0
2 0 0 1′ 0
]
=
[ 4 2 3
2 0 1′ 0
2 0 1′ 0
]
M
I(8,7)
6→3 · g6 =
[ 2
2 1
2 1
]
·
[ 4 2 3
2 0 1′ 0
]
=
[ 4 2 3
2 0 1′ 0
2 0 1′ 0
]
g3 ·M I(8,3)6→3 −M I(8,7)6→3 · g6 =

4 1 1 3
1 0 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 0
−

4 1 1 3
1 0 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 0
 =
[ 9
4 0
]
6. g6 ·M I(8,3)7→6 −M I(8,7)7→6 · g7 = 0
g6 ·M I(8,3)7→6 =
[ 4 2 3
2 0 1′ 0
]
·

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=
[ 1 1 2 1 1 1 1 1
1 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 0
]
·

2 1 1 1
1 0 0 0 1
1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1

=
[ 2 1 1 1
1 0 1 0 0
1 0 1 0 0
]
=
[ 2 1 2
1 0 1 0
1 0 1 0
]
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M
I(8,7)
7→6 · g7 =
[
1
1
]
·
[ 2 1 2
1 0 1 0
]
=
[ 2 1 2
1 0 1 0
1 0 1 0
]
g6 ·M I(8,3)7→6 −M I(8,7)7→6 · g7 =
[ 2 1 2
1 0 1 0
1 0 1 0
]
−
[ 2 1 2
1 0 1 0
1 0 1 0
]
=
[ 5
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2 2
2 0 1′ 0
]
·

2 1
1 0 1
2 0 0
2 1′ 0
 = [ 32 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 3 3 3
3 0 1′ 0
]
·

1 3 2
1 1 0 0
2 0 0 1
3 0 0 0
3 0 1′ 0
 =
[ 1 2 3 3
3 0 0 1′ 0
]
·

1 3 2
1 1 0 0
2 0 0 1
3 0 0 0
3 0 1′ 0
 =
[ 6
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 4 4
4 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 1 4 4 4
4 0 0 1′ 0
]
·

1 4 4
1 1 0 0
4 0 0 1
4 0 0 0
4 0 1′ 0
 =
[ 9
4 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 3 2
3 0 1′ 0
]
·

1 2 3
1 1 0 0
3 0 0 1
3 0 0 0
2 0 1′ 0
 =
[ 1 3 3 2
3 0 0 1′ 0
]
·

1 2 3
1 1 0 0
3 0 0 1
3 0 0 0
2 0 1′ 0
 =
[ 6
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2 1
2 0 1′ 0
]
·

1 2
2 0 1
2 0 0
1 1 0
 = [ 32 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 4 2 3
2 0 1′ 0
]
·

1 3 3
1 1 0 0
3 0 0 1
2 0 0 0
3 0 1′ 0
 =
[ 1 3 2 3
2 0 0 1′ 0
]
·

1 3 3
1 1 0 0
3 0 0 1
2 0 0 0
3 0 1′ 0
 =
[ 7
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1 2
1 0 1 0
]
·

2 2
2 0 1
1 0 0
2 1′ 0
 = [ 41 0 ]
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150.3 Tree module property of I(14, 3) 
The matrices of the representation have full (column) rank P
1. M I(14,3)1→2 =

0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M15,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(14,3)
1→2 =

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

c1↔c2−−−−→

1 2 2 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
1 1 0 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

2. M I(14,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k) is already in column echelon form and has maximal column rank.
3. M I(14,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k) is already in column echelon form and has maximal column rank.
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4. M I(14,3)5→4 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) is already in column echelon form and has maximal column rank.
5. M I(14,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M22,15(k) is already in column echelon form and has maximal column rank.
6. M I(14,3)7→6 =

0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M15,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(14,3)
7→6 =

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

c1↔c4−−−−→

1 2 2 3
1 1 0 0 0
2 0 0 0 0
3 0 0 0 1
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 1 0 0 0

c2↔c4−−−−→

1 3 2 2
1 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 0 1
2 0 0 0 1
2 0 0 0 0
2 0 0 1 0
1 1 0 0 0

c3↔c4−−−−→

1 3 2 2
1 1 0 0 0
2 0 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
2 0 0 0 0
2 0 0 0 1
1 1 0 0 0

150.3.1 0→ I(15, 4) f→ I(14, 3) g→ I(14, 5)→ 0 
PdimI(15, 4) + dimI(14, 5) = (5, 10, 15, 11, 6, 10, 5) + (3, 5, 7, 4, 2, 5, 3)
= (8, 15, 22, 15, 8, 15, 8) = dimI(14, 3)
Pdimk Ext
1
kQ(I(14, 5), I(15, 4)) = dimk HomkQ(I(14, 5), I(15, 4))− 〈dimI(14, 5),dimI(15, 4)〉
= 0− 〈(3, 5, 7, 4, 2, 5, 3), (5, 10, 15, 11, 6, 10, 5)〉
= 3 · 10 + 5 · 15 + 4 · 15 + 2 · 11 + 5 · 15 + 3 · 10− (3 · 5 + 5 · 10 + 7 · 15 + 4 · 11 + 2 · 6 + 5 · 10 + 3 · 5)
= 30 + 75 + 60 + 22 + 75 + 30− (15 + 50 + 105 + 44 + 12 + 50 + 15)
= 1
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Matrices of the embedding f : I(15, 4)→ I(14, 3) P
1. f1 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M15,11(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M8,6(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∈M15,10(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M8,5(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(14, 3)→ I(14, 5) P
1. g1 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,15(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,22(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,15(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
]
∈M2,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,15(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 0 1 0 00 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M3,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(15, 4)→ I(14, 3) P
1. f2 ·M I(15,4)1→2 −M I(14,3)1→2 · f1 = 0
f2 ·M I(15,4)1→2 =
[10
10 1
5 0
]
·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 2 2 1 2 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
5 0 0 0 0 0 0

·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
5 0 0 0

=

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
7 0 0 0

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M
I(14,3)
1→2 · f1 =

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

·
[ 5
5 1
3 0
]
=

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

·

2 1 2
2 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
 =

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0
3 0 0 0
2 0 0 0

=

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
7 0 0 0

f2 ·M I(15,4)1→2 −M I(14,3)1→2 · f1 =

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
7 0 0 0

−

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
7 0 0 0

=
[ 5
15 0
]
2. f3 ·M I(15,4)2→3 −M I(14,3)2→3 · f2 = 0
f3 ·M I(15,4)2→3 =
[15
15 1
7 0
]
·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 2 1 5 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
5 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0 0

·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0
7 0 0 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
9 0 0 0 0 0

M
I(14,3)
2→3 ·f2 =

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·
[10
10 1
5 0
]
=

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
5 0 0 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0
5 0 0 0 0 0
2 0 0 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
9 0 0 0 0 0

f3 ·M I(15,4)2→3 −M I(14,3)2→3 · f2 =

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
9 0 0 0 0 0

−

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
9 0 0 0 0 0

=
[10
22 0
]
3. f3 ·M I(15,4)4→3 −M I(14,3)4→3 · f4 = 0
f3 ·M I(15,4)4→3 =
[15
15 1
7 0
]
·

6 5
6 1 0
4 0 0
5 0 1
 =

6 4 5
6 1 0 0
4 0 1 0
5 0 0 1
7 0 0 0
 ·

6 5
6 1 0
4 0 0
5 0 1
 =

6 5
6 1 0
4 0 0
5 0 1
7 0 0

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M
I(14,3)
4→3 · f4 =

6 5 1 2 1
6 1 0 0 0 0
4 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·
[11
11 1
4 0
]
=

6 5 1 2 1
6 1 0 0 0 0
4 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

6 5
6 1 0
5 0 1
1 0 0
2 0 0
1 0 0
 =

6 5
6 1 0
4 0 0
5 0 1
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0

=

6 5
6 1 0
4 0 0
5 0 1
7 0 0

f3 ·M I(15,4)4→3 −M I(14,3)4→3 · f4 =

6 5
6 1 0
4 0 0
5 0 1
7 0 0
−

6 5
6 1 0
4 0 0
5 0 1
7 0 0
 =
[11
22 0
]
4. f4 ·M I(15,4)5→4 −M I(14,3)5→4 · f5 = 0
f4 ·M I(15,4)5→4 =
[11
11 1
4 0
]
·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 =

1 1 2 4 3
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
4 0 0 0 1 0
3 0 0 0 0 1
4 0 0 0 0 0

·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 =

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
4 0 0 0

M
I(14,3)
5→4 · f5 =

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·
[ 6
6 1
2 0
]
=

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1 2 3
1 1 0 0
2 0 1 0
3 0 0 1
2 0 0 0
 =

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
2 0 0 0
2 0 0 0

=

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
4 0 0 0

f4 ·M I(15,4)5→4 −M I(14,3)5→4 · f5 =

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
4 0 0 0

−

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
4 0 0 0

=
[ 6
15 0
]
5. f3 ·M I(15,4)6→3 −M I(14,3)6→3 · f6 = 0
f3 ·M I(15,4)6→3 =
[15
15 1
7 0
]
·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 5 1 2 1 2 1
1 1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0 0

·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0

M
I(14,3)
6→3 ·f6 =

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

·
[10
10 1
5 0
]
=

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

·

1 5 1 2 1
1 1 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0

=

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0
5 0 0 0 0 0

=

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0

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f3 ·M I(15,4)6→3 −M I(14,3)6→3 · f6 =

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0

−

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0

=
[10
22 0
]
6. f6 ·M I(15,4)7→6 −M I(14,3)7→6 · f7 = 0
f6 ·M I(15,4)7→6 =
[10
10 1
5 0
]
·

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 =

3 3 2 2
3 1 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 0 1
5 0 0 0 0
 ·

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 =

3 2
3 0 0
3 1 0
2 0 1
2 0 1
5 0 0

M
I(14,3)
7→6 · f7 =

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·
[ 5
5 1
3 0
]
=

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·

3 2
3 1 0
2 0 1
2 0 0
1 0 0
 =

3 2
1 0 0
2 0 0
3 1 0
2 0 1
2 0 1
2 0 0
2 0 0
1 0 0

=

3 2
3 0 0
3 1 0
2 0 1
2 0 1
5 0 0

f6 ·M I(15,4)7→6 −M I(14,3)7→6 · f7 =

3 2
3 0 0
3 1 0
2 0 1
2 0 1
5 0 0
−

3 2
3 0 0
3 1 0
2 0 1
2 0 1
5 0 0
 =
[ 5
15 0
]
Relations of the projection g : I(14, 3)→ I(14, 5) P
1. g2 ·M I(14,3)1→2 −M I(14,5)1→2 · g1 = 0
g2 ·M I(14,3)1→2 =
[10 5
5 0 1
]
·

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

=
[ 1 2 2 1 2 2 3 2
3 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
]
·

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

=
[ 2 1 2 3
3 0 0 0 1
2 0 0 0 0
]
=
[ 5 3
3 0 1
2 0 0
]
M
I(14,5)
1→2 · g1 =
[ 3
3 1
2 0
]
·
[ 5 3
3 0 1
]
=
[ 5 3
3 0 1
2 0 0
]
g2 ·M I(14,3)1→2 −M I(14,5)1→2 · g1 =
[ 5 3
3 0 1
2 0 0
]
−
[ 5 3
3 0 1
2 0 0
]
=
[ 8
5 0
]
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2. g3 ·M I(14,3)2→3 −M I(14,5)2→3 · g2 = 0
g3 ·M I(14,3)2→3 =
[15 7
7 0 1
]
·

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[ 1 1 2 1 2 1 5 2 5 2
5 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1
]
·

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[ 1 1 2 1 5 5
5 0 0 0 0 0 1
2 0 0 0 0 0 0
]
=
[10 5
5 0 1
2 0 0
]
M
I(14,5)
2→3 · g2 =
[ 5
5 1
2 0
]
·
[10 5
5 0 1
]
=
[10 5
5 0 1
2 0 0
]
g3 ·M I(14,3)2→3 −M I(14,5)2→3 · g2 =
[10 5
5 0 1
2 0 0
]
−
[10 5
5 0 1
2 0 0
]
=
[15
7 0
]
3. g3 ·M I(14,3)4→3 −M I(14,5)4→3 · g4 = 0
g3 ·M I(14,3)4→3 =
[15 7
7 0 1
]
·

6 5 1 2 1
6 1 0 0 0 0
4 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

6 4 5 1 2 1 2 1
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

6 5 1 2 1
6 1 0 0 0 0
4 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

6 5 1 2 1
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
 =

11 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

M
I(14,5)
4→3 · g4 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[11 4
4 0 1
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

11 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

11 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

g3 ·M I(14,3)4→3 −M I(14,5)4→3 · g4 =

11 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
−

11 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
 =
[15
7 0
]
4. g4 ·M I(14,3)5→4 −M I(14,5)5→4 · g5 = 0
g4 ·M I(14,3)5→4 =
[11 4
4 0 1
]
·

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=
[ 1 1 2 4 3 2 2
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=
[ 1 2 3 2
2 0 0 0 1
2 0 0 0 1
]
=
[ 6 2
2 0 1
2 0 1
]
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M
I(14,5)
5→4 · g5 =
[ 2
2 1
2 1
]
·
[ 6 2
2 0 1
]
=
[ 6 2
2 0 1
2 0 1
]
g4 ·M I(14,3)5→4 −M I(14,5)5→4 · g5 =
[ 6 2
2 0 1
2 0 1
]
−
[ 6 2
2 0 1
2 0 1
]
=
[ 8
4 0
]
5. g3 ·M I(14,3)6→3 −M I(14,5)6→3 · g6 = 0
g3 ·M I(14,3)6→3 =
[15 7
7 0 1
]
·

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

=
[ 1 2 5 1 2 1 2 1 2 5
2 0 0 0 0 0 0 0 0 1 0
5 0 0 0 0 0 0 0 0 0 1
]
·

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

=
[ 1 5 1 2 1 5
2 0 0 0 0 0 0
5 0 0 0 0 0 1
]
=
[10 5
2 0 0
5 0 1
]
M
I(14,5)
6→3 · g6 =
[ 5
2 0
5 1
]
·
[10 5
5 0 1
]
=
[10 5
2 0 0
5 0 1
]
g3 ·M I(14,3)6→3 −M I(14,5)6→3 · g6 =
[10 5
2 0 0
5 0 1
]
−
[10 5
2 0 0
5 0 1
]
=
[15
7 0
]
6. g6 ·M I(14,3)7→6 −M I(14,5)7→6 · g7 = 0
g6 ·M I(14,3)7→6 =
[10 5
5 0 1
]
·

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=

1 2 3 2 2 2 2 1
2 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=

3 2 2 1
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1
 = [
5 3
2 0 0
3 0 1
]
M
I(14,5)
7→6 · g7 =
[ 3
2 0
3 1
]
·
[ 5 3
3 0 1
]
=
[ 5 3
2 0 0
3 0 1
]
g6 ·M I(14,3)7→6 −M I(14,5)7→6 · g7 =
[ 5 3
2 0 0
3 0 1
]
−
[ 5 3
2 0 0
3 0 1
]
=
[ 8
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[10 5
5 0 1
]
·
[10
10 1
5 0
]
=
[10
5 0
]
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3. g3 · f3 = 0
g3 · f3 =
[15 7
7 0 1
]
·
[15
15 1
7 0
]
=
[15
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[11 4
4 0 1
]
·
[11
11 1
4 0
]
=
[11
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 6 2
2 0 1
]
·
[ 6
6 1
2 0
]
=
[ 6
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[10 5
5 0 1
]
·
[10
10 1
5 0
]
=
[10
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 5 3
3 0 1
]
·
[ 5
5 1
3 0
]
=
[ 5
3 0
]
150.3.2 0→ I(15, 6) f→ I(14, 3) g→ I(14, 7)→ 0 
PdimI(15, 6) + dimI(14, 7) = (5, 10, 15, 10, 5, 11, 6) + (3, 5, 7, 5, 3, 4, 2)
= (8, 15, 22, 15, 8, 15, 8) = dimI(14, 3)
Pdimk Ext
1
kQ(I(14, 7), I(15, 6)) = dimk HomkQ(I(14, 7), I(15, 6))− 〈dimI(14, 7),dimI(15, 6)〉
= 0− 〈(3, 5, 7, 5, 3, 4, 2), (5, 10, 15, 10, 5, 11, 6)〉
= 3 · 10 + 5 · 15 + 5 · 15 + 3 · 10 + 4 · 15 + 2 · 11− (3 · 5 + 5 · 10 + 7 · 15 + 5 · 10 + 3 · 5 + 4 · 11 + 2 · 6)
= 30 + 75 + 75 + 30 + 60 + 22− (15 + 50 + 105 + 50 + 15 + 44 + 12)
= 1
Matrices of the embedding f : I(15, 6)→ I(14, 3) P
1. f1 =

0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0

∈M8,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

3 2
2 0 1
3 0 0
3 1′ 0
 c1↔c2−−−−→

2 3
2 1 0
3 0 0
3 0 1′

2. f2 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0

∈M15,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 5 4
1 1 0 0
4 0 0 1
5 0 0 0
5 0 1′ 0
 c2↔c3−−−−→

1 4 5
1 1 0 0
4 0 1 0
5 0 0 0
5 0 0 1′
 =

5 5
5 1 0
5 0 0
5 0 1′

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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M22,15(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 7 7
1 1 0 0
7 0 0 1
7 0 0 0
7 0 1′ 0
 c2↔c3−−−−→

1 7 7
1 1 0 0
7 0 1 0
7 0 0 0
7 0 0 1′
 =

8 7
8 1 0
7 0 0
7 0 1′

4. f4 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0

∈M15,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 4 5
1 1 0 0
5 0 0 1
5 0 0 0
4 0 1′ 0
 c2↔c3−−−−→

1 5 4
1 1 0 0
5 0 1 0
5 0 0 0
4 0 0 1′
 =

6 4
6 1 0
5 0 0
4 0 1′

5. f5 =

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
1 0 0 0 0

∈M8,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

2 3
3 0 1
3 0 0
2 1′ 0
 c1↔c2−−−−→

3 2
3 1 0
3 0 0
2 0 1′

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6. f6 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0

∈M15,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 5 5
1 1 0 0
5 0 0 1
4 0 0 0
5 0 1′ 0
 c2↔c3−−−−→

1 5 5
1 1 0 0
5 0 1 0
4 0 0 0
5 0 0 1′
 =

6 5
6 1 0
4 0 0
5 0 1′

7. f7 =

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

∈M8,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

3 3
3 0 1
2 0 0
3 1′ 0
 c1↔c2−−−−→

3 3
3 1 0
2 0 0
3 0 1′

Matrices of the projection g : I(14, 3)→ I(14, 7) P
1. g1 =
0 0 0 0 1 0 0 00 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
 ∈M3,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 3 3
3 0 1′ 0
]
2. g2 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
 ∈M5,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 5 5 5
5 0 1′ 0
]
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M7,22(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 8 7 7
7 0 1′ 0
]
4. g4 =

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
 ∈M5,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 6 5 4
5 0 1′ 0
]
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5. g5 =
0 0 0 0 0 1 0 00 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
 ∈M3,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3 3 2
3 0 1′ 0
]
6. g6 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
 ∈M4,15(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 6 4 5
4 0 1′ 0
]
7. g7 =
[
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
]
∈M2,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 3 2 3
2 0 1′ 0
]
Relations of the embedding f : I(15, 6)→ I(14, 3) P
1. f2 ·M I(15,6)1→2 −M I(14,3)1→2 · f1 = 0
f2 ·M I(15,6)1→2 =

1 5 4
1 1 0 0
4 0 0 1
5 0 0 0
5 0 1′ 0
 ·

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 =

1 2 3 2 2
1 1 0 0 0 0
2 0 0 0 1 0
2 0 0 0 0 1
5 0 0 0 0 0
3 0 0 1′ 0 0
2 0 1′ 0 0 0

·

3 2
1 0 0
2 0 0
3 1 0
2 0 1
2 0 1
 =

3 2
1 0 0
2 0 1
2 0 1
5 0 0
3 1′ 0
2 0 0

M
I(14,3)
1→2 · f1 =

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

·

3 2
2 0 1
3 0 0
3 1′ 0
 =

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

·

3 2
2 0 1
1 0 0
2 0 0
3 1′ 0
 =

3 2
1 0 0
2 0 1
2 0 1
1 0 0
2 0 0
2 0 0
3 1′ 0
2 0 0

=

3 2
1 0 0
2 0 1
2 0 1
5 0 0
3 1′ 0
2 0 0

f2 ·M I(15,6)1→2 −M I(14,3)1→2 · f1 =

3 2
1 0 0
2 0 1
2 0 1
5 0 0
3 1′ 0
2 0 0

−

3 2
1 0 0
2 0 1
2 0 1
5 0 0
3 1′ 0
2 0 0

=
[ 5
15 0
]
2. f3 ·M I(15,6)2→3 −M I(14,3)2→3 · f2 = 0
f3 ·M I(15,6)2→3 =

1 7 7
1 1 0 0
7 0 0 1
7 0 0 0
7 0 1′ 0
 ·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 5 1 2 1 2 1
1 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0 0
5 0 0 1′ 0 0 0 0 0
2 0 1′ 0 0 0 0 0 0

·

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=

1 5 1 2 1
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0
5 0 1′ 0 0 0
2 0 0 0 0 0

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M
I(14,3)
2→3 · f2 =

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 5 4
1 1 0 0
4 0 0 1
5 0 0 0
5 0 1′ 0
 =

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 5 1 2 1
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0
5 0 1′ 0 0 0

=

1 5 1 2 1
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0
2 0 0 0 0 0
5 0 1′ 0 0 0
2 0 0 0 0 0

=

1 5 1 2 1
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0
5 0 1′ 0 0 0
2 0 0 0 0 0

f3 ·M I(15,6)2→3 −M I(14,3)2→3 · f2 =

1 5 1 2 1
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0
5 0 1′ 0 0 0
2 0 0 0 0 0

−

1 5 1 2 1
1 1 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1
7 0 0 0 0 0
5 0 1′ 0 0 0
2 0 0 0 0 0

=
[10
22 0
]
3. f3 ·M I(15,6)4→3 −M I(14,3)4→3 · f4 = 0
f3 ·M I(15,6)4→3 =

1 7 7
1 1 0 0
7 0 0 1
7 0 0 0
7 0 1′ 0
 ·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 2 1 5 2
1 1 0 0 0 0 0 0 0
5 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
7 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 1′ 0 0 0
1 0 0 0 1 0 0 0 0
2 0 0 1′ 0 0 0 0 0
1 0 1 0 0 0 0 0 0

·

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
5 0 0 0 0 1
2 0 0 0 0 0
7 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
5 0 0 0 0 1
9 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

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I(14,3)
4→3 · f4 =

6 5 1 2 1
6 1 0 0 0 0
4 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

1 4 5
1 1 0 0
5 0 0 1
5 0 0 0
4 0 1′ 0
 =

1 5 5 1 2 1
1 1 0 0 0 0 0
5 0 1 0 0 0 0
4 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 1 2 1 5
1 1 0 0 0 0
5 0 0 0 0 1
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
5 0 0 0 0 1
4 0 0 0 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

=

1 1 2 1 5
1 1 0 0 0 0
5 0 0 0 0 1
9 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

f3 ·M I(15,6)4→3 −M I(14,3)4→3 · f4 =

1 1 2 1 5
1 1 0 0 0 0
5 0 0 0 0 1
9 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

−

1 1 2 1 5
1 1 0 0 0 0
5 0 0 0 0 1
9 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

=
[10
22 0
]
4. f4 ·M I(15,6)5→4 −M I(14,3)5→4 · f5 = 0
f4 ·M I(15,6)5→4 =

1 4 5
1 1 0 0
5 0 0 1
5 0 0 0
4 0 1′ 0
 ·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 2 2 1 2 2
1 1 0 0 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
5 0 0 0 0 0 0
2 0 0 1′ 0 0 0
2 0 1′ 0 0 0 0

·

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

=

2 1 2
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0
5 0 0 0
2 1′ 0 0
2 1′ 0 0

=

2 1 2
1 0 1 0
1 0 1 0
2 0 0 1
7 0 0 0
2 1′ 0 0
2 1′ 0 0

M
I(14,3)
5→4 · f5 =

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

2 3
3 0 1
3 0 0
2 1′ 0
 =

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

2 1 2
1 0 1 0
2 0 0 1
3 0 0 0
2 1′ 0 0
 =

2 1 2
1 0 1 0
1 0 1 0
2 0 0 1
4 0 0 0
3 0 0 0
2 1′ 0 0
2 1′ 0 0

=

2 1 2
1 0 1 0
1 0 1 0
2 0 0 1
7 0 0 0
2 1′ 0 0
2 1′ 0 0

f4 ·M I(15,6)5→4 −M I(14,3)5→4 · f5 =

1 1 1 2
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
7 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 1 0 0
1 1 0 0 0

−

1 1 1 2
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
7 0 0 0 0
1 0 1 0 0
1 1 0 0 0
1 0 1 0 0
1 1 0 0 0

=
[ 5
15 0
]
5. f3 ·M I(15,6)6→3 −M I(14,3)6→3 · f6 = 0
f3 ·M I(15,6)6→3 =

1 7 7
1 1 0 0
7 0 0 1
7 0 0 0
7 0 1′ 0
 ·

6 5
6 1 0
4 0 0
5 0 1
 =

1 5 2 2 5
1 1 0 0 0 0
2 0 0 0 1 0
5 0 0 0 0 1
7 0 0 0 0 0
2 0 0 1′ 0 0
5 0 1′ 0 0 0

·

1 5 5
1 1 0 0
5 0 1 0
2 0 0 0
2 0 0 0
5 0 0 1
 =

1 5 5
1 1 0 0
2 0 0 0
5 0 0 1
7 0 0 0
2 0 0 0
5 0 1′ 0

=

1 5 5
1 1 0 0
2 0 0 0
5 0 0 1
9 0 0 0
5 0 1′ 0

2719
M
I(14,3)
6→3 · f6 =

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

·

1 5 5
1 1 0 0
5 0 0 1
4 0 0 0
5 0 1′ 0
 =

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

·

1 5 5
1 1 0 0
5 0 0 1
1 0 0 0
2 0 0 0
1 0 0 0
5 0 1′ 0

=

1 5 5
1 1 0 0
2 0 0 0
5 0 0 1
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
5 0 1′ 0

=

1 5 5
1 1 0 0
2 0 0 0
5 0 0 1
9 0 0 0
5 0 1′ 0

f3 ·M I(15,6)6→3 −M I(14,3)6→3 · f6 =

1 5 5
1 1 0 0
2 0 0 0
5 0 0 1
9 0 0 0
5 0 1′ 0
−

1 5 5
1 1 0 0
2 0 0 0
5 0 0 1
9 0 0 0
5 0 1′ 0
 =
[11
22 0
]
6. f6 ·M I(15,6)7→6 −M I(14,3)7→6 · f7 = 0
f6 ·M I(15,6)7→6 =

1 5 5
1 1 0 0
5 0 0 1
4 0 0 0
5 0 1′ 0
 ·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 =

1 1 2 2 2 3
1 1 0 0 0 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
4 0 0 0 0 0 0
2 0 0 0 1′ 0 0
2 0 0 1′ 0 0 0
1 0 1 0 0 0 0

·

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
2 0 0 0
2 0 0 0
3 0 0 1

=

1 2 3
1 1 0 0
2 0 0 0
3 0 0 1
4 0 0 0
2 0 0 0
2 0 1′ 0
1 1 0 0

=

1 2 3
1 1 0 0
2 0 0 0
3 0 0 1
6 0 0 0
2 0 1′ 0
1 1 0 0

M
I(14,3)
7→6 · f7 =

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·

3 3
3 0 1
2 0 0
3 1′ 0
 =

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

·

1 2 3
3 0 0 1
2 0 0 0
2 0 1′ 0
1 1 0 0
 =

1 2 3
1 1 0 0
2 0 0 0
3 0 0 1
2 0 0 0
2 0 0 0
2 0 0 0
2 0 1′ 0
1 1 0 0

=

1 2 3
1 1 0 0
2 0 0 0
3 0 0 1
6 0 0 0
2 0 1′ 0
1 1 0 0

f6 ·M I(15,6)7→6 −M I(14,3)7→6 · f7 =

1 2 3
1 1 0 0
2 0 0 0
3 0 0 1
6 0 0 0
2 0 1′ 0
1 1 0 0

−

1 2 3
1 1 0 0
2 0 0 0
3 0 0 1
6 0 0 0
2 0 1′ 0
1 1 0 0

=
[ 6
15 0
]
Relations of the projection g : I(14, 3)→ I(14, 7) P
1. g2 ·M I(14,3)1→2 −M I(14,7)1→2 · g1 = 0
g2 ·M I(14,3)1→2 =
[ 5 5 5
5 0 1′ 0
]
·

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

=

1 2 2 1 2 2 3 2
2 0 0 0 0 0 1′ 0 0
2 0 0 0 0 1′ 0 0 0
1 0 0 0 1 0 0 0 0
 ·

2 1 2 3
1 0 1 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1
2 0 0 0 0

=

2 1 2 3
2 0 0 0 0
2 0 0 1′ 0
1 0 1 0 0
 = [
2 3 3
2 0 0 0
3 0 1′ 0
]
M
I(14,7)
1→2 · g1 =
[ 3
2 0
3 1
]
·
[ 2 3 3
3 0 1′ 0
]
=
[ 2 3 3
2 0 0 0
3 0 1′ 0
]
g2 ·M I(14,3)1→2 −M I(14,7)1→2 · g1 =
[ 2 3 3
2 0 0 0
3 0 1′ 0
]
−
[ 2 3 3
2 0 0 0
3 0 1′ 0
]
=
[ 8
5 0
]
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2. g3 ·M I(14,3)2→3 −M I(14,7)2→3 · g2 = 0
g3 ·M I(14,3)2→3 =
[ 8 7 7
7 0 1′ 0
]
·

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[ 1 1 2 1 2 1 5 2 5 2
2 0 0 0 0 0 0 0 1′ 0 0
5 0 0 0 0 0 0 1′ 0 0 0
]
·

1 1 2 1 5 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
5 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[ 1 1 2 1 5 5
2 0 0 0 0 0 0
5 0 0 0 0 1′ 0
]
=
[ 5 5 5
2 0 0 0
5 0 1′ 0
]
M
I(14,7)
2→3 · g2 =
[ 5
2 0
5 1
]
·
[ 5 5 5
5 0 1′ 0
]
=
[ 5 5 5
2 0 0 0
5 0 1′ 0
]
g3 ·M I(14,3)2→3 −M I(14,7)2→3 · g2 =
[ 5 5 5
2 0 0 0
5 0 1′ 0
]
−
[ 5 5 5
2 0 0 0
5 0 1′ 0
]
=
[15
7 0
]
3. g3 ·M I(14,3)4→3 −M I(14,7)4→3 · g4 = 0
g3 ·M I(14,3)4→3 =
[ 8 7 7
7 0 1′ 0
]
·

6 5 1 2 1
6 1 0 0 0 0
4 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 6 2 2 5 1 2 1 2 1
5 0 0 0 1′ 0 0 0 0 0
2 0 0 1′ 0 0 0 0 0 0
]
·

6 5 1 2 1
6 1 0 0 0 0
2 0 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

=
[ 6 5 1 2 1
5 0 1′ 0 0 0
2 0 0 0 0 0
]
=
[ 6 5 4
5 0 1′ 0
2 0 0 0
]
M
I(14,7)
4→3 · g4 =
[ 5
5 1
2 0
]
·
[ 6 5 4
5 0 1′ 0
]
=
[ 6 5 4
5 0 1′ 0
2 0 0 0
]
g3 ·M I(14,3)4→3 −M I(14,7)4→3 · g4 =
[ 6 5 4
5 0 1′ 0
2 0 0 0
]
−
[ 6 5 4
5 0 1′ 0
2 0 0 0
]
=
[15
7 0
]
4. g4 ·M I(14,3)5→4 −M I(14,7)5→4 · g5 = 0
g4 ·M I(14,3)5→4 =
[ 6 5 4
5 0 1′ 0
]
·

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=
[ 1 1 2 2 2 3 2 2
3 0 0 0 0 0 1′ 0 0
2 0 0 0 0 1′ 0 0 0
]
·

1 2 3 2
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=
[ 1 2 3 2
3 0 0 1′ 0
2 0 0 0 0
]
=
[ 3 3 2
3 0 1′ 0
2 0 0 0
]
M
I(14,7)
5→4 · g5 =
[ 3
3 1
2 0
]
·
[ 3 3 2
3 0 1′ 0
]
=
[ 3 3 2
3 0 1′ 0
2 0 0 0
]
g4 ·M I(14,3)5→4 −M I(14,7)5→4 · g5 =
[ 3 3 2
3 0 1′ 0
2 0 0 0
]
−
[ 3 3 2
3 0 1′ 0
2 0 0 0
]
=
[ 8
5 0
]
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5. g3 ·M I(14,3)6→3 −M I(14,7)6→3 · g6 = 0
g3 ·M I(14,3)6→3 =
[ 8 7 7
7 0 1′ 0
]
·

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

=

1 2 5 1 2 1 2 1 2 5
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1′ 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 1′ 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
 ·

1 5 1 2 1 5
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1

=

1 5 1 2 1 5
1 0 0 0 0 1 0
2 0 0 0 1′ 0 0
1 0 0 1 0 1 0
2 0 0 0 1′ 0 0
1 0 0 1 0 0 0
 =

6 1 2 1 5
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

M
I(14,7)
6→3 · g6 =

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·
[ 6 4 5
4 0 1′ 0
]
=

1 2 1
1 1 0 0
2 0 1 0
1 1 0 1
2 0 1 0
1 0 0 1
 ·

6 1 2 1 5
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0
 =

6 1 2 1 5
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0

g3 ·M I(14,3)6→3 −M I(14,7)6→3 · g6 =

6 1 2 1 5
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0
−

6 1 2 1 5
1 0 0 0 1 0
2 0 0 1′ 0 0
1 0 1 0 1 0
2 0 0 1′ 0 0
1 0 1 0 0 0
 =
[15
7 0
]
6. g6 ·M I(14,3)7→6 −M I(14,7)7→6 · g7 = 0
g6 ·M I(14,3)7→6 =
[ 6 4 5
4 0 1′ 0
]
·

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=
[ 1 2 3 2 2 2 2 1
2 0 0 0 0 1′ 0 0 0
2 0 0 0 1′ 0 0 0 0
]
·

3 2 2 1
1 0 0 0 1
2 0 0 0 0
3 1 0 0 0
2 0 1 0 0
2 0 1 0 0
2 0 0 0 0
2 0 0 1 0
1 0 0 0 1

=
[ 3 2 2 1
2 0 1′ 0 0
2 0 1′ 0 0
]
=
[ 3 2 3
2 0 1′ 0
2 0 1′ 0
]
M
I(14,7)
7→6 · g7 =
[ 2
2 1
2 1
]
·
[ 3 2 3
2 0 1′ 0
]
=
[ 3 2 3
2 0 1′ 0
2 0 1′ 0
]
g6 ·M I(14,3)7→6 −M I(14,7)7→6 · g7 =

3 1 1 3
1 0 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 0
−

3 1 1 3
1 0 0 1 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 0
 =
[ 8
4 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3 3
3 0 1′ 0
]
·

3 2
2 0 1
3 0 0
3 1′ 0
 = [ 53 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 5 5 5
5 0 1′ 0
]
·

1 5 4
1 1 0 0
4 0 0 1
5 0 0 0
5 0 1′ 0
 =
[ 1 4 5 5
5 0 0 1′ 0
]
·

1 5 4
1 1 0 0
4 0 0 1
5 0 0 0
5 0 1′ 0
 =
[10
5 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 8 7 7
7 0 1′ 0
]
·

1 7 7
1 1 0 0
7 0 0 1
7 0 0 0
7 0 1′ 0
 =
[ 1 7 7 7
7 0 0 1′ 0
]
·

1 7 7
1 1 0 0
7 0 0 1
7 0 0 0
7 0 1′ 0
 =
[15
7 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 5 4
5 0 1′ 0
]
·

1 4 5
1 1 0 0
5 0 0 1
5 0 0 0
4 0 1′ 0
 =
[ 1 5 5 4
5 0 0 1′ 0
]
·

1 4 5
1 1 0 0
5 0 0 1
5 0 0 0
4 0 1′ 0
 =
[10
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3 2
3 0 1′ 0
]
·

2 3
3 0 1
3 0 0
2 1′ 0
 = [ 53 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 6 4 5
4 0 1′ 0
]
·

1 5 5
1 1 0 0
5 0 0 1
4 0 0 0
5 0 1′ 0
 =
[ 1 5 4 5
4 0 0 1′ 0
]
·

1 5 5
1 1 0 0
5 0 0 1
4 0 0 0
5 0 1′ 0
 =
[11
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 2 3
2 0 1′ 0
]
·

3 3
3 0 1
2 0 0
3 1′ 0
 = [ 62 0 ]
150.4 Tree module property of I(20, 3) 
The matrices of the representation have full (column) rank P
1. M I(20,3)1→2 =

0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M21,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(20,3)
1→2 =

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

c1↔c2−−−−→

1 3 3 4
1 1 0 0 0
3 0 1 0 0
3 0 1 0 0
1 1 0 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

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2. M I(20,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M31,21(k) is already in column echelon form and has maximal column rank.
3. M I(20,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,21(k) is already in column echelon form and has maximal column rank.
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4. M I(20,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M21,11(k) is already in column echelon form and has maximal column rank.
5. M I(20,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M31,21(k) is already in column echelon form and has maximal column rank.
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6. M I(20,3)7→6 =

0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M21,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(20,3)
7→6 =

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

c1↔c4−−−−→

1 3 3 4
1 1 0 0 0
3 0 0 0 0
4 0 0 0 1
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 1 0 0 0

c2↔c4−−−−→

1 4 3 3
1 1 0 0 0
3 0 0 0 0
4 0 1 0 0
3 0 0 0 1
3 0 0 0 1
3 0 0 0 0
3 0 0 1 0
1 1 0 0 0

c3↔c4−−−−→

1 4 3 3
1 1 0 0 0
3 0 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 1 0
3 0 0 0 0
3 0 0 0 1
1 1 0 0 0

150.4.1 0→ I(21, 4) f→ I(20, 3) g→ I(20, 5)→ 0 
PdimI(21, 4) + dimI(20, 5) = (7, 14, 21, 15, 8, 14, 7) + (4, 7, 10, 6, 3, 7, 4)
= (11, 21, 31, 21, 11, 21, 11) = dimI(20, 3)
Pdimk Ext
1
kQ(I(20, 5), I(21, 4)) = dimk HomkQ(I(20, 5), I(21, 4))− 〈dimI(20, 5),dimI(21, 4)〉
= 0− 〈(4, 7, 10, 6, 3, 7, 4), (7, 14, 21, 15, 8, 14, 7)〉
= 4 · 14 + 7 · 21 + 6 · 21 + 3 · 15 + 7 · 21 + 4 · 14− (4 · 7 + 7 · 14 + 10 · 21 + 6 · 15 + 3 · 8 + 7 · 14 + 4 · 7)
= 56 + 147 + 126 + 45 + 147 + 56− (28 + 98 + 210 + 90 + 24 + 98 + 28)
= 1
Matrices of the embedding f : I(21, 4)→ I(20, 3) P
1. f1 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
2726
2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M31,21(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,15(k) is already in column echelon form and has maximal column rank.
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5. f5 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(20, 3)→ I(20, 5) P
1. g1 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,21(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M10,31(k) is already in row echelon form and has maximal
row rank.
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4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,21(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M3,11(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,21(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(21, 4)→ I(20, 3) P
1. f2 ·M I(21,4)1→2 −M I(20,3)1→2 · f1 = 0
f2 ·M I(21,4)1→2 =
[14
14 1
7 0
]
·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=

1 3 3 1 3 3
1 1 0 0 0 0 0
3 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
7 0 0 0 0 0 0

·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0
7 0 0 0

=

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
10 0 0 0

M
I(20,3)
1→2 · f1 =

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

·
[ 7
7 1
4 0
]
=

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

·

3 1 3
3 1 0 0
1 0 1 0
3 0 0 1
4 0 0 0
 =

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0
4 0 0 0
3 0 0 0

=

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
10 0 0 0

f2 ·M I(21,4)1→2 −M I(20,3)1→2 · f1 =

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
10 0 0 0

−

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
10 0 0 0

=
[ 7
21 0
]
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2. f3 ·M I(21,4)2→3 −M I(20,3)2→3 · f2 = 0
f3 ·M I(21,4)2→3 =
[21
21 1
10 0
]
·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 2 2 7 3
1 1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
10 0 0 0 0 0 0 0 0

·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0
10 0 0 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
13 0 0 0 0 0

M
I(20,3)
2→3 ·f2 =

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·
[14
14 1
7 0
]
=

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
7 0 0 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0
7 0 0 0 0 0
3 0 0 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
13 0 0 0 0 0

f3 ·M I(21,4)2→3 −M I(20,3)2→3 · f2 =

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
13 0 0 0 0 0

−

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
13 0 0 0 0 0

=
[14
31 0
]
3. f3 ·M I(21,4)4→3 −M I(20,3)4→3 · f4 = 0
f3 ·M I(21,4)4→3 =
[21
21 1
10 0
]
·

8 7
8 1 0
6 0 0
7 0 1
 =

8 6 7
8 1 0 0
6 0 1 0
7 0 0 1
10 0 0 0
 ·

8 7
8 1 0
6 0 0
7 0 1
 =

8 7
8 1 0
6 0 0
7 0 1
10 0 0

M
I(20,3)
4→3 · f4 =

8 7 2 2 2
8 1 0 0 0 0
6 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·
[15
15 1
6 0
]
=

8 7 2 2 2
8 1 0 0 0 0
6 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·

8 7
8 1 0
7 0 1
2 0 0
2 0 0
2 0 0
 =

8 7
8 1 0
6 0 0
7 0 1
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0

=

8 7
8 1 0
6 0 0
7 0 1
10 0 0

f3 ·M I(21,4)4→3 −M I(20,3)4→3 · f4 =

8 7
8 1 0
6 0 0
7 0 1
10 0 0
−

8 7
8 1 0
6 0 0
7 0 1
10 0 0
 =
[15
31 0
]
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4. f4 ·M I(21,4)5→4 −M I(20,3)5→4 · f5 = 0
f4 ·M I(21,4)5→4 =
[15
15 1
6 0
]
·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 =

1 1 3 6 4
1 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
6 0 0 0 1 0
4 0 0 0 0 1
6 0 0 0 0 0

·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 =

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
6 0 0 0

M
I(20,3)
5→4 · f5 =

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·
[ 8
8 1
3 0
]
=

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·

1 3 4
1 1 0 0
3 0 1 0
4 0 0 1
3 0 0 0
 =

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
3 0 0 0
3 0 0 0

=

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
6 0 0 0

f4 ·M I(21,4)5→4 −M I(20,3)5→4 · f5 =

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
6 0 0 0

−

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
6 0 0 0

=
[ 8
21 0
]
5. f3 ·M I(21,4)6→3 −M I(20,3)6→3 · f6 = 0
f3 ·M I(21,4)6→3 =
[21
21 1
10 0
]
·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

1 3 7 2 2 2 2 2
1 1 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
10 0 0 0 0 0 0 0 0

·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0

M
I(20,3)
6→3 ·f6 =

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

·
[14
14 1
7 0
]
=

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

·

1 7 2 2 2
1 1 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
7 0 0 0 0 0

=

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
3 0 0 0 0 0
7 0 0 0 0 0

=

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0

f3 ·M I(21,4)6→3 −M I(20,3)6→3 · f6 =

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0

−

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0

=
[14
31 0
]
6. f6 ·M I(21,4)7→6 −M I(20,3)7→6 · f7 = 0
f6 ·M I(21,4)7→6 =
[14
14 1
7 0
]
·

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 =

4 4 3 3
4 1 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 0 1
7 0 0 0 0
 ·

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 =

4 3
4 0 0
4 1 0
3 0 1
3 0 1
7 0 0

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M
I(20,3)
7→6 · f7 =

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·
[ 7
7 1
4 0
]
=

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·

4 3
4 1 0
3 0 1
3 0 0
1 0 0
 =

4 3
1 0 0
3 0 0
4 1 0
3 0 1
3 0 1
3 0 0
3 0 0
1 0 0

=

4 3
4 0 0
4 1 0
3 0 1
3 0 1
7 0 0

f6 ·M I(21,4)7→6 −M I(20,3)7→6 · f7 =

4 3
4 0 0
4 1 0
3 0 1
3 0 1
7 0 0
−

4 3
4 0 0
4 1 0
3 0 1
3 0 1
7 0 0
 =
[ 7
21 0
]
Relations of the projection g : I(20, 3)→ I(20, 5) P
1. g2 ·M I(20,3)1→2 −M I(20,5)1→2 · g1 = 0
g2 ·M I(20,3)1→2 =
[14 7
7 0 1
]
·

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

=
[ 1 3 3 1 3 3 4 3
4 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
]
·

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

=
[ 3 1 3 4
4 0 0 0 1
3 0 0 0 0
]
=
[ 7 4
4 0 1
3 0 0
]
M
I(20,5)
1→2 · g1 =
[ 4
4 1
3 0
]
·
[ 7 4
4 0 1
]
=
[ 7 4
4 0 1
3 0 0
]
g2 ·M I(20,3)1→2 −M I(20,5)1→2 · g1 =
[ 7 4
4 0 1
3 0 0
]
−
[ 7 4
4 0 1
3 0 0
]
=
[11
7 0
]
2. g3 ·M I(20,3)2→3 −M I(20,5)2→3 · g2 = 0
g3 ·M I(20,3)2→3 =
[21 10
10 0 1
]
·

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[ 1 2 2 2 2 2 7 3 7 3
7 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1
]
·

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[ 1 2 2 2 7 7
7 0 0 0 0 0 1
3 0 0 0 0 0 0
]
=
[14 7
7 0 1
3 0 0
]
M
I(20,5)
2→3 · g2 =
[ 7
7 1
3 0
]
·
[14 7
7 0 1
]
=
[14 7
7 0 1
3 0 0
]
g3 ·M I(20,3)2→3 −M I(20,5)2→3 · g2 =
[14 7
7 0 1
3 0 0
]
−
[14 7
7 0 1
3 0 0
]
=
[21
10 0
]
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3. g3 ·M I(20,3)4→3 −M I(20,5)4→3 · g4 = 0
g3 ·M I(20,3)4→3 =
[21 10
10 0 1
]
·

8 7 2 2 2
8 1 0 0 0 0
6 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

8 6 7 2 2 2 2 2
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

8 7 2 2 2
8 1 0 0 0 0
6 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

8 7 2 2 2
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
 =

15 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

M
I(20,5)
4→3 · g4 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[15 6
6 0 1
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

15 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
 =

15 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

g3 ·M I(20,3)4→3 −M I(20,5)4→3 · g4 =

15 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
−

15 2 2 2
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
 =
[21
10 0
]
4. g4 ·M I(20,3)5→4 −M I(20,5)5→4 · g5 = 0
g4 ·M I(20,3)5→4 =
[15 6
6 0 1
]
·

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=
[ 1 1 3 6 4 3 3
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=
[ 1 3 4 3
3 0 0 0 1
3 0 0 0 1
]
=
[ 8 3
3 0 1
3 0 1
]
M
I(20,5)
5→4 · g5 =
[ 3
3 1
3 1
]
·
[ 8 3
3 0 1
]
=
[ 8 3
3 0 1
3 0 1
]
g4 ·M I(20,3)5→4 −M I(20,5)5→4 · g5 =
[ 8 3
3 0 1
3 0 1
]
−
[ 8 3
3 0 1
3 0 1
]
=
[11
6 0
]
5. g3 ·M I(20,3)6→3 −M I(20,5)6→3 · g6 = 0
g3 ·M I(20,3)6→3 =
[21 10
10 0 1
]
·

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

=
[ 1 3 7 2 2 2 2 2 3 7
3 0 0 0 0 0 0 0 0 1 0
7 0 0 0 0 0 0 0 0 0 1
]
·

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

=
[ 1 7 2 2 2 7
3 0 0 0 0 0 0
7 0 0 0 0 0 1
]
=
[14 7
3 0 0
7 0 1
]
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M
I(20,5)
6→3 · g6 =
[ 7
3 0
7 1
]
·
[14 7
7 0 1
]
=
[14 7
3 0 0
7 0 1
]
g3 ·M I(20,3)6→3 −M I(20,5)6→3 · g6 =
[14 7
3 0 0
7 0 1
]
−
[14 7
3 0 0
7 0 1
]
=
[21
10 0
]
6. g6 ·M I(20,3)7→6 −M I(20,5)7→6 · g7 = 0
g6 ·M I(20,3)7→6 =
[14 7
7 0 1
]
·

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=

1 3 4 3 3 3 3 1
3 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=

4 3 3 1
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1
 = [
7 4
3 0 0
4 0 1
]
M
I(20,5)
7→6 · g7 =
[ 4
3 0
4 1
]
·
[ 7 4
4 0 1
]
=
[ 7 4
3 0 0
4 0 1
]
g6 ·M I(20,3)7→6 −M I(20,5)7→6 · g7 =
[ 7 4
3 0 0
4 0 1
]
−
[ 7 4
3 0 0
4 0 1
]
=
[11
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 7 4
4 0 1
]
·
[ 7
7 1
4 0
]
=
[ 7
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[14 7
7 0 1
]
·
[14
14 1
7 0
]
=
[14
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[21 10
10 0 1
]
·
[21
21 1
10 0
]
=
[21
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[15 6
6 0 1
]
·
[15
15 1
6 0
]
=
[15
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 8 3
3 0 1
]
·
[ 8
8 1
3 0
]
=
[ 8
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[14 7
7 0 1
]
·
[14
14 1
7 0
]
=
[14
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 7 4
4 0 1
]
·
[ 7
7 1
4 0
]
=
[ 7
4 0
]
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150.4.2 0→ I(21, 6) f→ I(20, 3) g→ I(20, 7)→ 0 
PdimI(21, 6) + dimI(20, 7) = (7, 14, 21, 14, 7, 15, 8) + (4, 7, 10, 7, 4, 6, 3)
= (11, 21, 31, 21, 11, 21, 11) = dimI(20, 3)
Pdimk Ext
1
kQ(I(20, 7), I(21, 6)) = dimk HomkQ(I(20, 7), I(21, 6))− 〈dimI(20, 7),dimI(21, 6)〉
= 0− 〈(4, 7, 10, 7, 4, 6, 3), (7, 14, 21, 14, 7, 15, 8)〉
= 4 · 14 + 7 · 21 + 7 · 21 + 4 · 14 + 6 · 21 + 3 · 15− (4 · 7 + 7 · 14 + 10 · 21 + 7 · 14 + 4 · 7 + 6 · 15 + 3 · 8)
= 56 + 147 + 147 + 56 + 126 + 45− (28 + 98 + 210 + 98 + 28 + 90 + 24)
= 1
Matrices of the embedding f : I(21, 6)→ I(20, 3) P
1. f1 =

0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0

∈M11,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

4 3
3 0 1
4 0 0
4 1′ 0
 c1↔c2−−−−→

3 4
3 1 0
4 0 0
4 0 1′

2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 7 6
1 1 0 0
6 0 0 1
7 0 0 0
7 0 1′ 0
 c2↔c3−−−−→

1 6 7
1 1 0 0
6 0 1 0
7 0 0 0
7 0 0 1′
 =

7 7
7 1 0
7 0 0
7 0 1′

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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M31,21(k) can be brought to column echelon form (as shown below) and has maximal column
rank.
f3 =

1 10 10
1 1 0 0
10 0 0 1
10 0 0 0
10 0 1′ 0
 c2↔c3−−−−→

1 10 10
1 1 0 0
10 0 1 0
10 0 0 0
10 0 0 1′
 =

11 10
11 1 0
10 0 0
10 0 1′

4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,14(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 6 7
1 1 0 0
7 0 0 1
7 0 0 0
6 0 1′ 0
 c2↔c3−−−−→

1 7 6
1 1 0 0
7 0 1 0
7 0 0 0
6 0 0 1′
 =

8 6
8 1 0
7 0 0
6 0 1′

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5. f5 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
1 0 0 0 0 0 0

∈M11,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

3 4
4 0 1
4 0 0
3 1′ 0
 c1↔c2−−−−→

4 3
4 1 0
4 0 0
3 0 1′

6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M21,15(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 7 7
1 1 0 0
7 0 0 1
6 0 0 0
7 0 1′ 0
 c2↔c3−−−−→

1 7 7
1 1 0 0
7 0 1 0
6 0 0 0
7 0 0 1′
 =

8 7
8 1 0
6 0 0
7 0 1′

7. f7 =

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0

∈M11,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

4 4
4 0 1
3 0 0
4 1′ 0
 c1↔c2−−−−→

4 4
4 1 0
3 0 0
4 0 1′

Matrices of the projection g : I(20, 3)→ I(20, 7) P
1. g1 =

0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
 ∈M4,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 3 4 4
4 0 1′ 0
]
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2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M7,21(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =
[ 7 7 7
7 0 1′ 0
]
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M10,31(k) can be brought to row echelon form (as shown
below) and has maximal row rank.
g3 =
[11 10 10
10 0 1′ 0
]
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M7,21(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 8 7 6
7 0 1′ 0
]
5. g5 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
 ∈M4,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 4 4 3
4 0 1′ 0
]
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M6,21(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 8 6 7
6 0 1′ 0
]
7. g7 =
0 0 0 0 0 0 1 0 0 0 00 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
 ∈M3,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 4 3 4
3 0 1′ 0
]
Relations of the embedding f : I(21, 6)→ I(20, 3) P
1. f2 ·M I(21,6)1→2 −M I(20,3)1→2 · f1 = 0
f2 ·M I(21,6)1→2 =

1 7 6
1 1 0 0
6 0 0 1
7 0 0 0
7 0 1′ 0
 ·

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 =

1 3 4 3 3
1 1 0 0 0 0
3 0 0 0 1 0
3 0 0 0 0 1
7 0 0 0 0 0
4 0 0 1′ 0 0
3 0 1′ 0 0 0

·

4 3
1 0 0
3 0 0
4 1 0
3 0 1
3 0 1
 =

4 3
1 0 0
3 0 1
3 0 1
7 0 0
4 1′ 0
3 0 0

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M
I(20,3)
1→2 · f1 =

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

·

4 3
3 0 1
4 0 0
4 1′ 0
 =

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

·

4 3
3 0 1
1 0 0
3 0 0
4 1′ 0
 =

4 3
1 0 0
3 0 1
3 0 1
1 0 0
3 0 0
3 0 0
4 1′ 0
3 0 0

=

4 3
1 0 0
3 0 1
3 0 1
7 0 0
4 1′ 0
3 0 0

f2 ·M I(21,6)1→2 −M I(20,3)1→2 · f1 =

4 3
1 0 0
3 0 1
3 0 1
7 0 0
4 1′ 0
3 0 0

−

4 3
1 0 0
3 0 1
3 0 1
7 0 0
4 1′ 0
3 0 0

=
[ 7
21 0
]
2. f3 ·M I(21,6)2→3 −M I(20,3)2→3 · f2 = 0
f3 ·M I(21,6)2→3 =

1 10 10
1 1 0 0
10 0 0 1
10 0 0 0
10 0 1′ 0
 ·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

1 3 7 2 2 2 2 2
1 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
10 0 0 0 0 0 0 0 0
7 0 0 1′ 0 0 0 0 0
3 0 1′ 0 0 0 0 0 0

·

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=

1 7 2 2 2
1 1 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0
7 0 1′ 0 0 0
3 0 0 0 0 0

M
I(20,3)
2→3 · f2 =

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 7 6
1 1 0 0
6 0 0 1
7 0 0 0
7 0 1′ 0
 =

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 7 2 2 2
1 1 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 0 1
7 0 0 0 0 0
7 0 1′ 0 0 0

=

1 7 2 2 2
1 1 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
7 0 0 0 0 0
3 0 0 0 0 0
7 0 1′ 0 0 0
3 0 0 0 0 0

=

1 7 2 2 2
1 1 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0
7 0 1′ 0 0 0
3 0 0 0 0 0

f3 ·M I(21,6)2→3 −M I(20,3)2→3 · f2 =

1 7 2 2 2
1 1 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0
7 0 1′ 0 0 0
3 0 0 0 0 0

−

1 7 2 2 2
1 1 0 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1
10 0 0 0 0 0
7 0 1′ 0 0 0
3 0 0 0 0 0

=
[14
31 0
]
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3. f3 ·M I(21,6)4→3 −M I(20,3)4→3 · f4 = 0
f3 ·M I(21,6)4→3 =

1 10 10
1 1 0 0
10 0 0 1
10 0 0 0
10 0 1′ 0
 ·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 2 2 7 3
1 1 0 0 0 0 0 0 0
7 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
10 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1′ 0 0
2 0 0 0 0 1′ 0 0 0
2 0 0 0 1′ 0 0 0 0
2 0 0 1′ 0 0 0 0 0
2 0 1′ 0 0 0 0 0 0

·

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
7 0 0 0 0 1
3 0 0 0 0 0
10 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
7 0 0 0 0 1
13 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

M
I(20,3)
4→3 · f4 =

8 7 2 2 2
8 1 0 0 0 0
6 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·

1 6 7
1 1 0 0
7 0 0 1
7 0 0 0
6 0 1′ 0
 =

1 7 7 2 2 2
1 1 0 0 0 0 0
7 0 1 0 0 0 0
6 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 2 2 7
1 1 0 0 0 0
7 0 0 0 0 1
7 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
7 0 0 0 0 1
6 0 0 0 0 0
7 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

=

1 2 2 2 7
1 1 0 0 0 0
7 0 0 0 0 1
13 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

f3 ·M I(21,6)4→3 −M I(20,3)4→3 · f4 =

1 2 2 2 7
1 1 0 0 0 0
7 0 0 0 0 1
13 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

−

1 2 2 2 7
1 1 0 0 0 0
7 0 0 0 0 1
13 0 0 0 0 0
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

=
[14
31 0
]
4. f4 ·M I(21,6)5→4 −M I(20,3)5→4 · f5 = 0
f4 ·M I(21,6)5→4 =

1 6 7
1 1 0 0
7 0 0 1
7 0 0 0
6 0 1′ 0
 ·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=

1 3 3 1 3 3
1 1 0 0 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
7 0 0 0 0 0 0
3 0 0 1′ 0 0 0
3 0 1′ 0 0 0 0

·

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

=

3 1 3
1 0 1 0
1 0 1 0
3 0 0 1
3 0 0 0
7 0 0 0
3 1′ 0 0
3 1′ 0 0

=

3 1 3
1 0 1 0
1 0 1 0
3 0 0 1
10 0 0 0
3 1′ 0 0
3 1′ 0 0

2740
M
I(20,3)
5→4 · f5 =

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·

3 4
4 0 1
4 0 0
3 1′ 0
 =

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·

3 1 3
1 0 1 0
3 0 0 1
4 0 0 0
3 1′ 0 0
 =

3 1 3
1 0 1 0
1 0 1 0
3 0 0 1
6 0 0 0
4 0 0 0
3 1′ 0 0
3 1′ 0 0

=

3 1 3
1 0 1 0
1 0 1 0
3 0 0 1
10 0 0 0
3 1′ 0 0
3 1′ 0 0

f4 ·M I(21,6)5→4 −M I(20,3)5→4 · f5 =

3 1 3
1 0 1 0
1 0 1 0
3 0 0 1
10 0 0 0
3 1′ 0 0
3 1′ 0 0

−

3 1 3
1 0 1 0
1 0 1 0
3 0 0 1
10 0 0 0
3 1′ 0 0
3 1′ 0 0

=
[ 7
21 0
]
5. f3 ·M I(21,6)6→3 −M I(20,3)6→3 · f6 = 0
f3 ·M I(21,6)6→3 =

1 10 10
1 1 0 0
10 0 0 1
10 0 0 0
10 0 1′ 0
 ·

8 7
8 1 0
6 0 0
7 0 1
 =

1 7 3 3 7
1 1 0 0 0 0
3 0 0 0 1 0
7 0 0 0 0 1
10 0 0 0 0 0
3 0 0 1′ 0 0
7 0 1′ 0 0 0

·

1 7 7
1 1 0 0
7 0 1 0
3 0 0 0
3 0 0 0
7 0 0 1
 =

1 7 7
1 1 0 0
3 0 0 0
7 0 0 1
10 0 0 0
3 0 0 0
7 0 1′ 0

=

1 7 7
1 1 0 0
3 0 0 0
7 0 0 1
13 0 0 0
7 0 1′ 0

M
I(20,3)
6→3 · f6 =

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

·

1 7 7
1 1 0 0
7 0 0 1
6 0 0 0
7 0 1′ 0
 =

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

·

1 7 7
1 1 0 0
7 0 0 1
2 0 0 0
2 0 0 0
2 0 0 0
7 0 1′ 0

=

1 7 7
1 1 0 0
3 0 0 0
7 0 0 1
2 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0
2 0 0 0
3 0 0 0
7 0 1′ 0

=

1 7 7
1 1 0 0
3 0 0 0
7 0 0 1
13 0 0 0
7 0 1′ 0

f3 ·M I(21,6)6→3 −M I(20,3)6→3 · f6 =

1 7 7
1 1 0 0
3 0 0 0
7 0 0 1
13 0 0 0
7 0 1′ 0
−

1 7 7
1 1 0 0
3 0 0 0
7 0 0 1
13 0 0 0
7 0 1′ 0
 =
[15
31 0
]
6. f6 ·M I(21,6)7→6 −M I(20,3)7→6 · f7 = 0
f6 ·M I(21,6)7→6 =

1 7 7
1 1 0 0
7 0 0 1
6 0 0 0
7 0 1′ 0
 ·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 =

1 1 3 3 3 4
1 1 0 0 0 0 0
3 0 0 0 0 1 0
4 0 0 0 0 0 1
6 0 0 0 0 0 0
3 0 0 0 1′ 0 0
3 0 0 1′ 0 0 0
1 0 1 0 0 0 0

·

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
3 0 0 0
3 0 0 0
4 0 0 1

=

1 3 4
1 1 0 0
3 0 0 0
4 0 0 1
6 0 0 0
3 0 0 0
3 0 1′ 0
1 1 0 0

=

1 3 4
1 1 0 0
3 0 0 0
4 0 0 1
9 0 0 0
3 0 1′ 0
1 1 0 0

M
I(20,3)
7→6 · f7 =

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·

4 4
4 0 1
3 0 0
4 1′ 0
 =

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

·

1 3 4
4 0 0 1
3 0 0 0
3 0 1′ 0
1 1 0 0
 =

1 3 4
1 1 0 0
3 0 0 0
4 0 0 1
3 0 0 0
3 0 0 0
3 0 0 0
3 0 1′ 0
1 1 0 0

=

1 3 4
1 1 0 0
3 0 0 0
4 0 0 1
9 0 0 0
3 0 1′ 0
1 1 0 0

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f6 ·M I(21,6)7→6 −M I(20,3)7→6 · f7 =

1 3 4
1 1 0 0
3 0 0 0
4 0 0 1
9 0 0 0
3 0 1′ 0
1 1 0 0

−

1 3 4
1 1 0 0
3 0 0 0
4 0 0 1
9 0 0 0
3 0 1′ 0
1 1 0 0

=
[ 8
21 0
]
Relations of the projection g : I(20, 3)→ I(20, 7) P
1. g2 ·M I(20,3)1→2 −M I(20,7)1→2 · g1 = 0
g2 ·M I(20,3)1→2 =
[ 7 7 7
7 0 1′ 0
]
·

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

=

1 3 3 1 3 3 4 3
3 0 0 0 0 0 1′ 0 0
3 0 0 0 0 1′ 0 0 0
1 0 0 0 1 0 0 0 0
 ·

3 1 3 4
1 0 1 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1
3 0 0 0 0

=

3 1 3 4
3 0 0 0 0
3 0 0 1′ 0
1 0 1 0 0
 = [
3 4 4
3 0 0 0
4 0 1′ 0
]
M
I(20,7)
1→2 · g1 =
[ 4
3 0
4 1
]
·
[ 3 4 4
4 0 1′ 0
]
=
[ 3 4 4
3 0 0 0
4 0 1′ 0
]
g2 ·M I(20,3)1→2 −M I(20,7)1→2 · g1 =
[ 3 4 4
3 0 0 0
4 0 1′ 0
]
−
[ 3 4 4
3 0 0 0
4 0 1′ 0
]
=
[11
7 0
]
2. g3 ·M I(20,3)2→3 −M I(20,7)2→3 · g2 = 0
g3 ·M I(20,3)2→3 =
[11 10 10
10 0 1′ 0
]
·

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[ 1 2 2 2 2 2 7 3 7 3
3 0 0 0 0 0 0 0 1′ 0 0
7 0 0 0 0 0 0 1′ 0 0 0
]
·

1 2 2 2 7 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
7 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[ 1 2 2 2 7 7
3 0 0 0 0 0 0
7 0 0 0 0 1′ 0
]
=
[ 7 7 7
3 0 0 0
7 0 1′ 0
]
M
I(20,7)
2→3 · g2 =
[ 7
3 0
7 1
]
·
[ 7 7 7
7 0 1′ 0
]
=
[ 7 7 7
3 0 0 0
7 0 1′ 0
]
g3 ·M I(20,3)2→3 −M I(20,7)2→3 · g2 =
[ 7 7 7
3 0 0 0
7 0 1′ 0
]
−
[ 7 7 7
3 0 0 0
7 0 1′ 0
]
=
[21
10 0
]
3. g3 ·M I(20,3)4→3 −M I(20,7)4→3 · g4 = 0
g3 ·M I(20,3)4→3 =
[11 10 10
10 0 1′ 0
]
·

8 7 2 2 2
8 1 0 0 0 0
6 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=
[ 8 3 3 7 2 2 2 2 2
7 0 0 0 1′ 0 0 0 0 0
3 0 0 1′ 0 0 0 0 0 0
]
·

8 7 2 2 2
8 1 0 0 0 0
3 0 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

=
[ 8 7 2 2 2
7 0 1′ 0 0 0
3 0 0 0 0 0
]
=
[ 8 7 6
7 0 1′ 0
3 0 0 0
]
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M
I(20,7)
4→3 · g4 =
[ 7
7 1
3 0
]
·
[ 8 7 6
7 0 1′ 0
]
=
[ 8 7 6
7 0 1′ 0
3 0 0 0
]
g3 ·M I(20,3)4→3 −M I(20,7)4→3 · g4 =
[ 8 7 6
7 0 1′ 0
3 0 0 0
]
−
[ 8 7 6
7 0 1′ 0
3 0 0 0
]
=
[21
10 0
]
4. g4 ·M I(20,3)5→4 −M I(20,7)5→4 · g5 = 0
g4 ·M I(20,3)5→4 =
[ 8 7 6
7 0 1′ 0
]
·

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=
[ 1 1 3 3 3 4 3 3
4 0 0 0 0 0 1′ 0 0
3 0 0 0 0 1′ 0 0 0
]
·

1 3 4 3
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=
[ 1 3 4 3
4 0 0 1′ 0
3 0 0 0 0
]
=
[ 4 4 3
4 0 1′ 0
3 0 0 0
]
M
I(20,7)
5→4 · g5 =
[ 4
4 1
3 0
]
·
[ 4 4 3
4 0 1′ 0
]
=
[ 4 4 3
4 0 1′ 0
3 0 0 0
]
g4 ·M I(20,3)5→4 −M I(20,7)5→4 · g5 =
[ 4 4 3
4 0 1′ 0
3 0 0 0
]
−
[ 4 4 3
4 0 1′ 0
3 0 0 0
]
=
[11
7 0
]
5. g3 ·M I(20,3)6→3 −M I(20,7)6→3 · g6 = 0
g3 ·M I(20,3)6→3 =
[11 10 10
10 0 1′ 0
]
·

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

=

1 3 7 2 2 2 2 2 3 7
2 0 0 0 0 0 0 0 1′ 0 0
2 0 0 0 0 0 0 1′ 0 0 0
2 0 0 0 0 0 1′ 0 0 0 0
2 0 0 0 0 1′ 0 0 0 0 0
2 0 0 0 1′ 0 0 0 0 0 0
 ·

1 7 2 2 2 7
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1

=

1 7 2 2 2 7
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 0
2 0 0 1′ 0 1′ 0
2 0 0 0 1′ 0 0
2 0 0 1′ 0 0 0
 =

8 2 2 2 7
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

M
I(20,7)
6→3 · g6 =

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·
[ 8 6 7
6 0 1′ 0
]
=

2 2 2
2 1 0 0
2 0 1 0
2 1 0 1
2 0 1 0
2 0 0 1
 ·

8 2 2 2 7
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0
 =

8 2 2 2 7
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0

g3 ·M I(20,3)6→3 −M I(20,7)6→3 · g6 =

8 2 2 2 7
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0
−

8 2 2 2 7
2 0 0 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 1′ 0
2 0 0 1′ 0 0
2 0 1′ 0 0 0
 =
[21
10 0
]
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6. g6 ·M I(20,3)7→6 −M I(20,7)7→6 · g7 = 0
g6 ·M I(20,3)7→6 =
[ 8 6 7
6 0 1′ 0
]
·

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=
[ 1 3 4 3 3 3 3 1
3 0 0 0 0 1′ 0 0 0
3 0 0 0 1′ 0 0 0 0
]
·

4 3 3 1
1 0 0 0 1
3 0 0 0 0
4 1 0 0 0
3 0 1 0 0
3 0 1 0 0
3 0 0 0 0
3 0 0 1 0
1 0 0 0 1

=
[ 4 3 3 1
3 0 1′ 0 0
3 0 1′ 0 0
]
=
[ 4 3 4
3 0 1′ 0
3 0 1′ 0
]
M
I(20,7)
7→6 · g7 =
[ 3
3 1
3 1
]
·
[ 4 3 4
3 0 1′ 0
]
=
[ 4 3 4
3 0 1′ 0
3 0 1′ 0
]
g6 ·M I(20,3)7→6 −M I(20,7)7→6 · g7 =
[ 4 3 4
3 0 1′ 0
3 0 1′ 0
]
−
[ 4 3 4
3 0 1′ 0
3 0 1′ 0
]
=
[11
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4 4
4 0 1′ 0
]
·

4 3
3 0 1
4 0 0
4 1′ 0
 = [ 74 0 ]
2. g2 · f2 = 0
g2 · f2 =
[ 7 7 7
7 0 1′ 0
]
·

1 7 6
1 1 0 0
6 0 0 1
7 0 0 0
7 0 1′ 0
 =
[ 1 6 7 7
7 0 0 1′ 0
]
·

1 7 6
1 1 0 0
6 0 0 1
7 0 0 0
7 0 1′ 0
 =
[14
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 10 10
10 0 1′ 0
]
·

1 10 10
1 1 0 0
10 0 0 1
10 0 0 0
10 0 1′ 0
 =
[ 1 10 10 10
10 0 0 1′ 0
]
·

1 10 10
1 1 0 0
10 0 0 1
10 0 0 0
10 0 1′ 0
 =
[21
10 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 7 6
7 0 1′ 0
]
·

1 6 7
1 1 0 0
7 0 0 1
7 0 0 0
6 0 1′ 0
 =
[ 1 7 7 6
7 0 0 1′ 0
]
·

1 6 7
1 1 0 0
7 0 0 1
7 0 0 0
6 0 1′ 0
 =
[14
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 4 3
4 0 1′ 0
]
·

3 4
4 0 1
4 0 0
3 1′ 0
 = [ 74 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 8 6 7
6 0 1′ 0
]
·

1 7 7
1 1 0 0
7 0 0 1
6 0 0 0
7 0 1′ 0
 =
[ 1 7 6 7
6 0 0 1′ 0
]
·

1 7 7
1 1 0 0
7 0 0 1
6 0 0 0
7 0 1′ 0
 =
[15
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 3 4
3 0 1′ 0
]
·

4 4
4 0 1
3 0 0
4 1′ 0
 = [ 83 0 ]
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150.5 Tree module property of I(6n+ 2, 3) 
The matrices of the representation have full (column) rank P
1. M I(6n+2,3)1→2 =

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

∈M6n+3,3n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+2,3)
1→2 =

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

c1↔c2−−−−→

1 n n n+1
1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
1 1 0 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

2. M I(6n+2,3)2→3 =

2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
6n+2 0 0 0
 ∈M9n+4,6n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+2,3)
2→3 =

1 n−1 2 n−1 2n+1 2n+1
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
2 0 0 1 0 0 0
n−1 0 1 0 1 0 0
2 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2n+1 0 0 0 0 1 0
n 0 0 0 0 0 0
2n+1 0 0 0 0 0 1
n 0 0 0 0 0 0

3. M I(6n+2,3)4→3 =

2n+2 4n+1
2n+2 1 0
2n 0 0
4n+1 0 1
n+1 0 0
+
[4n+3 2n
7n+4 0 0
2n 0 1
]
∈M9n+4,6n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+2,3)
4→3 =

2n+2 2n+1 n−1 2 n−1
2n+2 1 0 0 0 0
2n 0 0 0 0 0
2n+1 0 1 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1

4. M I(6n+2,3)5→4 =

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

∈M6n+3,3n+2(k) is already in column echelon form and has maximal column rank.
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5. M I(6n+2,3)6→3 =

1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
+

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M9n+4,6n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+2,3)
6→3 =

1 2n+1 n−1 2 n−1 2n+1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
2 0 0 0 1 0 0
n−1 0 0 1 0 1 0
2 0 0 0 1 0 0
n−1 0 0 0 0 1 0
n 0 0 0 0 0 0
2n+1 0 0 0 0 0 1

6. M I(6n+2,3)7→6 =

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

∈M6n+3,3n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+2,3)
7→6 =

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

c1↔c4−−−−→

1 n n n+1
1 1 0 0 0
n 0 0 0 0
n+1 0 0 0 1
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 1 0 0 0

c2↔c4−−−−→

1 n+1 n n
1 1 0 0 0
n 0 0 0 0
n+1 0 1 0 0
n 0 0 0 1
n 0 0 0 1
n 0 0 0 0
n 0 0 1 0
1 1 0 0 0

c3↔c4−−−−→

1 n+1 n n
1 1 0 0 0
n 0 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n 0 0 0 0
n 0 0 0 1
1 1 0 0 0

150.5.1 0→ I(6n+ 3, 4) i→ I(6n+ 2, 3) p→ I(6n+ 2, 5)→ 0 
PdimI(6n+ 3, 4) + dimI(6n+ 2, 5) = (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 3, 2n+ 2, 4n+ 2, 2n+ 1) + (n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n+ 1)
= (3n+ 2, 6n+ 3, 9n+ 4, 6n+ 3, 3n+ 2, 6n+ 3, 3n+ 2) = dimI(6n+ 2, 3)
Pdimk Ext
1
kQ(I(6n+ 2, 5), I(6n+ 3, 4)) = dimk HomkQ(I(6n+ 2, 5), I(6n+ 3, 4))− 〈dimI(6n+ 2, 5),dimI(6n+ 3, 4)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 1, 2n, n, 2n+ 1, n+ 1), (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 3, 2n+ 2, 4n+ 2, 2n+ 1)〉
= (n+ 1) · (4n+ 2) + (2n+ 1) · (6n+ 3) + 2n · (6n+ 3) + n · (4n+ 3) + (2n+ 1) · (6n+ 3) + (n+ 1) · (4n+ 2)
− ((n+ 1) · (2n+ 1) + (2n+ 1) · (4n+ 2) + (3n+ 1) · (6n+ 3) + 2n · (4n+ 3) + n · (2n+ 2) + (2n+ 1) · (4n+ 2) + (n+ 1) · (2n+ 1))
= 4n2 + 6n+ 2 + 12n2 + 12n+ 3 + 12n2 + 6n+ 4n2 + 3n+ 12n2 + 12n+ 3 + 4n2 + 6n+ 2
− (2n2 + 3n+ 1 + 8n2 + 8n+ 2 + 18n2 + 15n+ 3 + 8n2 + 6n+ 2n2 + 2n+ 8n2 + 8n+ 2 + 2n2 + 3n+ 1)
= 1
Matrices of the embedding i : I(6n+ 3, 4)→ I(6n+ 2, 3) P
1. i1 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n+2
4n+2 1
2n+1 0
]
∈M6n+3,4n+2(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n+3
6n+3 1
3n+1 0
]
∈M9n+4,6n+3(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n+3
4n+3 1
2n 0
]
∈M6n+3,4n+3(k) is already in column echelon form and has maximal column rank.
5. i5 =
[2n+2
2n+2 1
n 0
]
∈M3n+2,2n+2(k) is already in column echelon form and has maximal column rank.
6. i6 =
[4n+2
4n+2 1
2n+1 0
]
∈M6n+3,4n+2(k) is already in column echelon form and has maximal column rank.
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7. i7 =
[2n+1
2n+1 1
n+1 0
]
∈M3n+2,2n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 2, 3)→ I(6n+ 2, 5) P
1. p1 =
[2n+1 n+1
n+1 0 1
]
∈Mn+1,3n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n+2 2n+1
2n+1 0 1
]
∈M2n+1,6n+3(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n+3 3n+1
3n+1 0 1
]
∈M3n+1,9n+4(k) is already in row echelon form and has maximal row rank.
4. p4 =
[4n+3 2n
2n 0 1
]
∈M2n,6n+3(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n+2 n
n 0 1
]
∈Mn,3n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n+2 2n+1
2n+1 0 1
]
∈M2n+1,6n+3(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n+1 n+1
n+1 0 1
]
∈Mn+1,3n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 3, 4)→ I(6n+ 2, 3) P
1. i2 ·M I(6n+3,4)1→2 −M I(6n+2,3)1→2 · i1 = 0
i2 ·M I(6n+3,4)1→2 =
[4n+2
4n+2 1
2n+1 0
]
·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=

1 n n 1 n n
1 1 0 0 0 0 0
n 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1
2n+1 0 0 0 0 0 0

·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0
2n+1 0 0 0

=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
3n+1 0 0 0

M
I(6n+2,3)
1→2 · i1 =

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

·
[2n+1
2n+1 1
n+1 0
]
=

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

·

n 1 n
n 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0
n+1 0 0 0
n 0 0 0

=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
3n+1 0 0 0

i2 ·M I(6n+3,4)1→2 −M I(6n+2,3)1→2 · i1 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
3n+1 0 0 0

−

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
3n+1 0 0 0

=
[2n+1
6n+3 0
]
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2. i3 ·M I(6n+3,4)2→3 −M I(6n+2,3)2→3 · i2 = 0
i3 ·M I(6n+3,4)2→3 =
[6n+3
6n+3 1
3n+1 0
]
·


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


=

2n+1 n+1 2n+1 n
2n+1 1 0 0 0
n+1 0 1 0 0
2n+1 0 0 1 0
n 0 0 0 1
3n+1 0 0 0 0
 ·

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

n+2 2n 3n+1
n+2 1 0 0
2n 0 1 0
3n+1 0 0 1
3n+1 0 0 0
 ·

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0

=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
3n+1 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
3n+1 0 0 0
 =

1 n+1 n−1 2n+1
1 1 0 0 0
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
2n+1 0 0 0 1
n 0 0 0 0
3n+1 0 0 0 0

+

1 n−1 n+1 2n+1
1 0 0 0 0
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
2n+1 0 0 0 0
n 0 0 0 0
3n+1 0 0 0 0

=

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0

M
I(6n+2,3)
2→3 · i2 =


2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
6n+2 0 0 0


·
[4n+2
4n+2 1
2n+1 0
]
=

2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

·

2n+1 2n+1
2n+1 1 0
2n+1 0 1
2n+1 0 0
+

1 2n 2n+1 2n+1
n+2 0 0 0 0
2n 0 1 0 0
6n+2 0 0 0 0
 ·

1 2n 2n+1
1 1 0 0
2n 0 1 0
2n+1 0 0 1
2n+1 0 0 0

=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
2n+1 0 0
n 0 0

+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
6n+2 0 0 0
 =

1 n+1 n−1 2n+1
1 1 0 0 0
n+1 0 1 0 0
n−1 0 0 1 0
n+1 0 0 0 0
2n+1 0 0 0 1
n 0 0 0 0
2n+1 0 0 0 0
n 0 0 0 0

+

1 n−1 n+1 2n+1
1 0 0 0 0
n+1 0 0 0 0
n−1 0 1 0 0
n+1 0 0 1 0
2n+1 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 0
n 0 0 0 0

=

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0

i3 ·M I(6n+3,4)2→3 −M I(6n+2,3)2→3 · i2 =

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0

−

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
n−1 0 1 0 0 0
2 0 0 1 0 0
n−1 0 1 0 1 0
2 0 0 1 0 0
n−1 0 0 0 1 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0

=
[4n+2
9n+4 0
]
3. i3 ·M I(6n+3,4)4→3 −M I(6n+2,3)4→3 · i4 = 0
i3 ·M I(6n+3,4)4→3 =
[6n+3
6n+3 1
3n+1 0
]
·

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 =

2n+2 2n 2n+1
2n+2 1 0 0
2n 0 1 0
2n+1 0 0 1
3n+1 0 0 0
 ·

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
3n+1 0 0

M
I(6n+2,3)
4→3 · i4 =


2n+2 4n+1
2n+2 1 0
2n 0 0
4n+1 0 1
n+1 0 0
+
[4n+3 2n
7n+4 0 0
2n 0 1
]

·
[4n+3
4n+3 1
2n 0
]
=

2n+2 2n+1 2n
2n+2 1 0 0
2n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
 ·

2n+2 2n+1
2n+2 1 0
2n+1 0 1
2n 0 0
+ [
4n+3 2n
7n+4 0 0
2n 0 1
]
·
[4n+3
4n+3 1
2n 0
]
=

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
2n 0 0
n+1 0 0
+
[4n+3
7n+4 0
2n 0
]
=

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
n+1 0 0
n−1 0 0
n+1 0 0

+

2n+2 2n+1
2n+2 0 0
2n 0 0
2n+1 0 0
n+1 0 0
n−1 0 0
n+1 0 0

=

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
3n+1 0 0

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i3 ·M I(6n+3,4)4→3 −M I(6n+2,3)4→3 · i4 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
3n+1 0 0
−

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
3n+1 0 0
 =
[4n+3
9n+4 0
]
4. i4 ·M I(6n+3,4)5→4 −M I(6n+2,3)5→4 · i5 = 0
i4 ·M I(6n+3,4)5→4 =
[4n+3
4n+3 1
2n 0
]
·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 =

1 1 n 2n n+1
1 1 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
2n 0 0 0 1 0
n+1 0 0 0 0 1
2n 0 0 0 0 0

·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
2n 0 0 0

M
I(6n+2,3)
5→4 · i5 =

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·
[2n+2
2n+2 1
n 0
]
=

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

1 n n+1
1 1 0 0
n 0 1 0
n+1 0 0 1
n 0 0 0
 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
n 0 0 0
n 0 0 0

=

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
2n 0 0 0

i4 ·M I(6n+3,4)5→4 −M I(6n+2,3)5→4 · i5 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
2n 0 0 0

−

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
2n 0 0 0

=
[2n+2
6n+3 0
]
5. i3 ·M I(6n+3,4)6→3 −M I(6n+2,3)6→3 · i6 = 0
i3 ·M I(6n+3,4)6→3 =
[6n+3
6n+3 1
3n+1 0
]
·


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

=

1 n 4n+1 n+1
1 1 0 0 0
n 0 1 0 0
4n+1 0 0 1 0
n+1 0 0 0 1
3n+1 0 0 0 0
 ·

1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+

4n+3 2n
4n+3 1 0
2n 0 1
3n+1 0 0
 · [
2n+2 2n
4n+3 0 0
2n 0 1
]
=

1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
3n+1 0 0
+

2n+2 2n
4n+3 0 0
2n 0 1
3n+1 0 0
 =

1 2n+1 n+1 n−1
1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
3n+1 0 0 0 0

+

1 2n+1 n−1 n+1
1 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
3n+1 0 0 0 0

=

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0

M
I(6n+2,3)
6→3 · i6 =


1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
+

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0


·
[4n+2
4n+2 1
2n+1 0
]
=

1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 ·

1 4n+1
1 1 0
4n+1 0 1
2n+1 0 0
+

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

2n+2 2n
2n+2 1 0
2n 0 1
2n+1 0 0

=

1 4n+1
1 1 0
n 0 0
4n+1 0 1
2n+1 0 0
2n+1 0 0
+

2n+2 2n
4n+3 0 0
2n 0 1
3n+1 0 0
 =

1 2n+1 n+1 n−1
1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 0

+

1 2n+1 n−1 n+1
1 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0
2n+1 0 0 0 0

=

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0

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i3 ·M I(6n+3,4)6→3 −M I(6n+2,3)6→3 · i6 =

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0

−

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0

=
[4n+2
9n+4 0
]
6. i6 ·M I(6n+3,4)7→6 −M I(6n+2,3)7→6 · i7 = 0
i6 ·M I(6n+3,4)7→6 =
[4n+2
4n+2 1
2n+1 0
]
·

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 =

n+1 n+1 n n
n+1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0
 ·

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
2n+1 0 0

M
I(6n+2,3)
7→6 · i7 =

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·
[2n+1
2n+1 1
n+1 0
]
=

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·

n+1 n
n+1 1 0
n 0 1
n 0 0
1 0 0
 =

n+1 n
1 0 0
n 0 0
n+1 1 0
n 0 1
n 0 1
n 0 0
n 0 0
1 0 0

=

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
2n+1 0 0

i6 ·M I(6n+3,4)7→6 −M I(6n+2,3)7→6 · i7 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
2n+1 0 0
−

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
2n+1 0 0
 =
[2n+1
6n+3 0
]
Relations of the projection p : I(6n+ 2, 3)→ I(6n+ 2, 5) P
1. p2 ·M I(6n+2,3)1→2 −M I(6n+2,5)1→2 · p1 = 0
p2 ·M I(6n+2,3)1→2 =
[4n+2 2n+1
2n+1 0 1
]
·

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

=
[ 1 n n 1 n n n+1 n
n+1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1
]
·

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

=
[ n 1 n n+1
n+1 0 0 0 1
n 0 0 0 0
]
=
[2n+1 n+1
n+1 0 1
n 0 0
]
M
I(6n+2,5)
1→2 · p1 =
[n+1
n+1 1
n 0
]
·
[2n+1 n+1
n+1 0 1
]
=
[2n+1 n+1
n+1 0 1
n 0 0
]
p2 ·M I(6n+2,3)1→2 −M I(6n+2,5)1→2 · p1 =
[2n+1 n+1
n+1 0 1
n 0 0
]
−
[2n+1 n+1
n+1 0 1
n 0 0
]
=
[3n+2
2n+1 0
]
2750
2. p3 ·M I(6n+2,3)2→3 −M I(6n+2,5)2→3 · p2 = 0
p3 ·M I(6n+2,3)2→3 =
[6n+3 3n+1
3n+1 0 1
]
·


2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
6n+2 0 0 0


=
[2n+1 n+1 2n+1 n 2n+1 n
2n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+
[n+2 2n 3n+1 3n+1
3n+1 0 0 0 1
]
·

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
3n+1 0 0 0

=
[2n+1 2n+1 2n+1
2n+1 0 0 1
n 0 0 0
]
+
[ 1 2n 4n+2
3n+1 0 0 0
]
=
[ 1 2n 2n+1 2n+1
2n+1 0 0 0 1
n 0 0 0 0
]
+
[ 1 2n 2n+1 2n+1
2n+1 0 0 0 0
n 0 0 0 0
]
=
[4n+2 2n+1
2n+1 0 1
n 0 0
]
M
I(6n+2,5)
2→3 · p2 =
[2n+1
2n+1 1
n 0
]
·
[4n+2 2n+1
2n+1 0 1
]
=
[4n+2 2n+1
2n+1 0 1
n 0 0
]
p3 ·M I(6n+2,3)2→3 −M I(6n+2,5)2→3 · p2 =
[4n+2 2n+1
2n+1 0 1
n 0 0
]
−
[4n+2 2n+1
2n+1 0 1
n 0 0
]
=
[6n+3
3n+1 0
]
3. p3 ·M I(6n+2,3)4→3 −M I(6n+2,5)4→3 · p4 = 0
p3 ·M I(6n+2,3)4→3 =
[6n+3 3n+1
3n+1 0 1
]
·


2n+2 4n+1
2n+2 1 0
2n 0 0
4n+1 0 1
n+1 0 0
+
[4n+3 2n
7n+4 0 0
2n 0 1
]

=
[2n+2 2n 2n+1 2n n+1
2n 0 0 0 1 0
n+1 0 0 0 0 1
]
·

2n+2 2n+1 2n
2n+2 1 0 0
2n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
+
[6n+3 n+1 2n
n+1 0 1 0
2n 0 0 1
]
·

4n+3 2n
6n+3 0 0
n+1 0 0
2n 0 1

=
[2n+2 2n+1 2n
2n 0 0 1
n+1 0 0 0
]
+
[4n+3 2n
n+1 0 0
2n 0 1
]
=

2n+2 2n+1 n+1 n−1
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
+

2n+2 2n+1 n−1 n+1
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
 =

4n+3 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

M
I(6n+2,5)
4→3 · p4 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[4n+3 2n
2n 0 1
]
=
[2n
2n 1
n+1 0
]
·
[4n+3 2n
2n 0 1
]
+
[2n
n+1 0
2n 1
]
·
[4n+3 2n
2n 0 1
]
=
[4n+3 2n
2n 0 1
n+1 0 0
]
+
[4n+3 2n
n+1 0 0
2n 0 1
]
=

4n+3 n+1 n−1
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
+

4n+3 n−1 n+1
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
 =

4n+3 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1

p3 ·M I(6n+2,3)4→3 −M I(6n+2,5)4→3 · p4 =

4n+3 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
−

4n+3 n−1 2 n−1
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
 =
[6n+3
3n+1 0
]
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4. p4 ·M I(6n+2,3)5→4 −M I(6n+2,5)5→4 · p5 = 0
p4 ·M I(6n+2,3)5→4 =
[4n+3 2n
2n 0 1
]
·

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=
[ 1 1 n 2n n+1 n n
n 0 0 0 0 0 1 0
n 0 0 0 0 0 0 1
]
·

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=
[ 1 n n+1 n
n 0 0 0 1
n 0 0 0 1
]
=
[2n+2 n
n 0 1
n 0 1
]
M
I(6n+2,5)
5→4 · p5 =
[ n
n 1
n 1
]
·
[2n+2 n
n 0 1
]
=
[2n+2 n
n 0 1
n 0 1
]
p4 ·M I(6n+2,3)5→4 −M I(6n+2,5)5→4 · p5 =
[2n+2 n
n 0 1
n 0 1
]
−
[2n+2 n
n 0 1
n 0 1
]
=
[3n+2
2n 0
]
5. p3 ·M I(6n+2,3)6→3 −M I(6n+2,5)6→3 · p6 = 0
p3 ·M I(6n+2,3)6→3 =
[6n+3 3n+1
3n+1 0 1
]
·


1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
+

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0


=
[ 1 n 4n+1 n+1 n 2n+1
n 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
]
·

1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
n+1 0 0 0
n 0 0 0
2n+1 0 0 1

+
[4n+3 2n 3n+1
3n+1 0 0 1
]
·

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0

=
[ 1 4n+1 2n+1
n 0 0 0
2n+1 0 0 1
]
+
[2n+2 2n 2n+1
3n+1 0 0 0
]
=
[ 1 2n+1 2n 2n+1
n 0 0 0 0
2n+1 0 0 0 1
]
+
[ 1 2n+1 2n 2n+1
n 0 0 0 0
2n+1 0 0 0 0
]
=
[4n+2 2n+1
n 0 0
2n+1 0 1
]
M
I(6n+2,5)
6→3 · p6 =
[2n+1
n 0
2n+1 1
]
·
[4n+2 2n+1
2n+1 0 1
]
=
[4n+2 2n+1
n 0 0
2n+1 0 1
]
p3 ·M I(6n+2,3)6→3 −M I(6n+2,5)6→3 · p6 =
[4n+2 2n+1
n 0 0
2n+1 0 1
]
−
[4n+2 2n+1
n 0 0
2n+1 0 1
]
=
[6n+3
3n+1 0
]
6. p6 ·M I(6n+2,3)7→6 −M I(6n+2,5)7→6 · p7 = 0
p6 ·M I(6n+2,3)7→6 =
[4n+2 2n+1
2n+1 0 1
]
·

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=

1 n n+1 n n n n 1
n 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=

n+1 n n 1
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1
 = [
2n+1 n+1
n 0 0
n+1 0 1
]
M
I(6n+2,5)
7→6 · p7 =
[n+1
n 0
n+1 1
]
·
[2n+1 n+1
n+1 0 1
]
=
[2n+1 n+1
n 0 0
n+1 0 1
]
p6 ·M I(6n+2,3)7→6 −M I(6n+2,5)7→6 · p7 =
[2n+1 n+1
n 0 0
n+1 0 1
]
−
[2n+1 n+1
n 0 0
n+1 0 1
]
=
[3n+2
2n+1 0
]
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The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n+1 n+1
n+1 0 1
]
·
[2n+1
2n+1 1
n+1 0
]
=
[2n+1
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n+2 2n+1
2n+1 0 1
]
·
[4n+2
4n+2 1
2n+1 0
]
=
[4n+2
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[6n+3 3n+1
3n+1 0 1
]
·
[6n+3
6n+3 1
3n+1 0
]
=
[6n+3
3n+1 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n+3 2n
2n 0 1
]
·
[4n+3
4n+3 1
2n 0
]
=
[4n+3
2n 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n+2 n
n 0 1
]
·
[2n+2
2n+2 1
n 0
]
=
[2n+2
n 0
]
6. p6 · i6 = 0
p6 · i6 =
[4n+2 2n+1
2n+1 0 1
]
·
[4n+2
4n+2 1
2n+1 0
]
=
[4n+2
2n+1 0
]
7. p7 · i7 = 0
p7 · i7 =
[2n+1 n+1
n+1 0 1
]
·
[2n+1
2n+1 1
n+1 0
]
=
[2n+1
n+1 0
]
150.5.2 0→ I(6n+ 3, 6) f→ I(6n+ 2, 3) g→ I(6n+ 2, 7)→ 0 
PdimI(6n+ 3, 6) + dimI(6n+ 2, 7) = (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 3, 2n+ 2) + (n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n, n)
= (3n+ 2, 6n+ 3, 9n+ 4, 6n+ 3, 3n+ 2, 6n+ 3, 3n+ 2) = dimI(6n+ 2, 3)
Pdimk Ext
1
kQ(I(6n+ 2, 7), I(6n+ 3, 6)) = dimk HomkQ(I(6n+ 2, 7), I(6n+ 3, 6))− 〈dimI(6n+ 2, 7),dimI(6n+ 3, 6)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 1, 2n+ 1, n+ 1, 2n, n), (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 3, 2n+ 2)〉
= (n+ 1) · (4n+ 2) + (2n+ 1) · (6n+ 3) + (2n+ 1) · (6n+ 3) + (n+ 1) · (4n+ 2) + 2n · (6n+ 3) + n · (4n+ 3)
− ((n+ 1) · (2n+ 1) + (2n+ 1) · (4n+ 2) + (3n+ 1) · (6n+ 3) + (2n+ 1) · (4n+ 2) + (n+ 1) · (2n+ 1) + 2n · (4n+ 3) + n · (2n+ 2))
= 4n2 + 6n+ 2 + 12n2 + 12n+ 3 + 12n2 + 12n+ 3 + 4n2 + 6n+ 2 + 12n2 + 6n+ 4n2 + 3n
− (2n2 + 3n+ 1 + 8n2 + 8n+ 2 + 18n2 + 15n+ 3 + 8n2 + 8n+ 2 + 2n2 + 3n+ 1 + 8n2 + 6n+ 2n2 + 2n)
= 1
Matrices of the embedding f : I(6n+ 3, 6)→ I(6n+ 2, 3) P
1. f1 =

n+1 n
n 0 1
n+1 0 0
n+1 1′ 0
 ∈M3n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

n+1 n
n 0 1
n+1 0 0
n+1 1′ 0
 c1↔c2−−−−→

n n+1
n 1 0
n+1 0 0
n+1 0 1′

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2. f2 =

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0
 ∈M6n+3,4n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0
 c2↔c3−−−−→

1 2n 2n+1
1 1 0 0
2n 0 1 0
2n+1 0 0 0
2n+1 0 0 1′
 =

2n+1 2n+1
2n+1 1 0
2n+1 0 0
2n+1 0 1′

3. f3 =

1 3n+1 3n+1
1 1 0 0
3n+1 0 0 1
3n+1 0 0 0
3n+1 0 1′ 0
 ∈M9n+4,6n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 3n+1 3n+1
1 1 0 0
3n+1 0 0 1
3n+1 0 0 0
3n+1 0 1′ 0
 c2↔c3−−−−→

1 3n+1 3n+1
1 1 0 0
3n+1 0 1 0
3n+1 0 0 0
3n+1 0 0 1′
 =

3n+2 3n+1
3n+2 1 0
3n+1 0 0
3n+1 0 1′

4. f4 =

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0
 ∈M6n+3,4n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0
 c2↔c3−−−−→

1 2n+1 2n
1 1 0 0
2n+1 0 1 0
2n+1 0 0 0
2n 0 0 1′
 =

2n+2 2n
2n+2 1 0
2n+1 0 0
2n 0 1′

5. f5 =

n n+1
n+1 0 1
n+1 0 0
n 1′ 0
 ∈M3n+2,2n+1(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

n n+1
n+1 0 1
n+1 0 0
n 1′ 0
 c1↔c2−−−−→

n+1 n
n+1 1 0
n+1 0 0
n 0 1′

6. f6 =

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0
 ∈M6n+3,4n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0
 c2↔c3−−−−→

1 2n+1 2n+1
1 1 0 0
2n+1 0 1 0
2n 0 0 0
2n+1 0 0 1′
 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1′

7. f7 =

n+1 n+1
n+1 0 1
n 0 0
n+1 1′ 0
 ∈M3n+2,2n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

n+1 n+1
n+1 0 1
n 0 0
n+1 1′ 0
 c1↔c2−−−−→

n+1 n+1
n+1 1 0
n 0 0
n+1 0 1′

Matrices of the projection g : I(6n+ 2, 3)→ I(6n+ 2, 7) P
1. g1 =
[ n n+1 n+1
n+1 0 1′ 0
]
∈Mn+1,3n+2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[2n+1 2n+1 2n+1
2n+1 0 1′ 0
]
∈M2n+1,6n+3(k) is already in row echelon form and has maximal row rank.
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3. g3 =
[3n+2 3n+1 3n+1
3n+1 0 1′ 0
]
∈M3n+1,9n+4(k) is already in row echelon form and has maximal row rank.
4. g4 =
[2n+2 2n+1 2n
2n+1 0 1′ 0
]
∈M2n+1,6n+3(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n+1 n+1 n
n+1 0 1′ 0
]
∈Mn+1,3n+2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[2n+2 2n 2n+1
2n 0 1′ 0
]
∈M2n,6n+3(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1 n n+1
n 0 1′ 0
]
∈Mn,3n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 3, 6)→ I(6n+ 2, 3) P
1. f2 ·M I(6n+3,6)1→2 −M I(6n+2,3)1→2 · f1 = 0
f2 ·M I(6n+3,6)1→2 =

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0
 ·

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 =

1 n n+1 n n
1 1 0 0 0 0
n 0 0 0 1 0
n 0 0 0 0 1
2n+1 0 0 0 0 0
n+1 0 0 1′ 0 0
n 0 1′ 0 0 0

·

n+1 n
1 0 0
n 0 0
n+1 1 0
n 0 1
n 0 1
 =

n+1 n
1 0 0
n 0 1
n 0 1
2n+1 0 0
n+1 1′ 0
n 0 0

M
I(6n+2,3)
1→2 · f1 =

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

·

n+1 n
n 0 1
n+1 0 0
n+1 1′ 0
 =

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

·

n+1 n
n 0 1
1 0 0
n 0 0
n+1 1′ 0
 =

n+1 n
1 0 0
n 0 1
n 0 1
1 0 0
n 0 0
n 0 0
n+1 1′ 0
n 0 0

=

n+1 n
1 0 0
n 0 1
n 0 1
2n+1 0 0
n+1 1′ 0
n 0 0

f2 ·M I(6n+3,6)1→2 −M I(6n+2,3)1→2 · f1 =

n+1 n
1 0 0
n 0 1
n 0 1
2n+1 0 0
n+1 1′ 0
n 0 0

−

n+1 n
1 0 0
n 0 1
n 0 1
2n+1 0 0
n+1 1′ 0
n 0 0

=
[2n+1
6n+3 0
]
2. f3 ·M I(6n+3,6)2→3 −M I(6n+2,3)2→3 · f2 = 0
f3 ·M I(6n+3,6)2→3 =

1 3n+1 3n+1
1 1 0 0
3n+1 0 0 1
3n+1 0 0 0
3n+1 0 1′ 0
 ·


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

=

1 n 2n+1 2n n+1
1 1 0 0 0 0
2n 0 0 0 1 0
n+1 0 0 0 0 1
3n+1 0 0 0 0 0
2n+1 0 0 1′ 0 0
n 0 1′ 0 0 0

·

1 2n+1 2n
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
+

1 3n+1 n+1 2n
1 1 0 0 0
n+1 0 0 1 0
2n 0 0 0 1
3n+1 0 0 0 0
3n+1 0 1′ 0 0
 ·

2n+2 2n
1 0 0
3n+1 0 0
n+1 0 0
2n 0 1

=

1 2n+1 2n
1 1 0 0
2n 0 0 1
n+1 0 0 0
3n+1 0 0 0
2n+1 0 1′ 0
n 0 0 0

+

2n+2 2n
1 0 0
n+1 0 0
2n 0 1
3n+1 0 0
3n+1 0 0
 =

1 2n+1 n+1 n−1
1 1 0 0 0
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
3n+1 0 0 0 0
2n+1 0 1′ 0 0
n 0 0 0 0

+

1 2n+1 n−1 n+1
1 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
3n+1 0 0 0 0
2n+1 0 0 0 0
n 0 0 0 0

=

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0
2n+1 0 1′ 0 0 0
n 0 0 0 0 0

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M
I(6n+2,3)
2→3 · f2 =


2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
6n+2 0 0 0


·

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0

=

1 2n 2n+1 2n+1
1 1 0 0 0
2n 0 1 0 0
n+1 0 0 0 0
2n+1 0 0 1 0
n 0 0 0 0
2n+1 0 0 0 1
n 0 0 0 0

·

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0
+

1 2n 2n+1 2n+1
n+2 0 0 0 0
2n 0 1 0 0
6n+2 0 0 0 0
 ·

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0

=

1 2n+1 2n
1 1 0 0
2n 0 0 1
n+1 0 0 0
2n+1 0 0 0
n 0 0 0
2n+1 0 1′ 0
n 0 0 0

+

1 2n+1 2n
n+2 0 0 0
2n 0 0 1
6n+2 0 0 0
 =

1 2n+1 n+1 n−1
1 1 0 0 0
n+1 0 0 1 0
n−1 0 0 0 1
n+1 0 0 0 0
2n+1 0 0 0 0
n 0 0 0 0
2n+1 0 1′ 0 0
n 0 0 0 0

+

1 2n+1 n−1 n+1
1 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1 0
n+1 0 0 0 1
2n+1 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 0
n 0 0 0 0

=

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0
2n+1 0 1′ 0 0 0
n 0 0 0 0 0

f3 ·M I(6n+3,6)2→3 −M I(6n+2,3)2→3 · f2 =

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0
2n+1 0 1′ 0 0 0
n 0 0 0 0 0

−

1 2n+1 n−1 2 n−1
1 1 0 0 0 0
n−1 0 0 1 0 0
2 0 0 0 1 0
n−1 0 0 1 0 1
2 0 0 0 1 0
n−1 0 0 0 0 1
3n+1 0 0 0 0 0
2n+1 0 1′ 0 0 0
n 0 0 0 0 0

=
[4n+2
9n+4 0
]
3. f3 ·M I(6n+3,6)4→3 −M I(6n+2,3)4→3 · f4 = 0
f3 ·M I(6n+3,6)4→3 =

1 3n+1 3n+1
1 1 0 0
3n+1 0 0 1
3n+1 0 0 0
3n+1 0 1′ 0
 ·


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


=

1 2n n+1 2n+1 n
1 1 0 0 0 0
2n+1 0 0 0 1 0
n 0 0 0 0 1
3n+1 0 0 0 0 0
n+1 0 0 1′ 0 0
2n 0 1′ 0 0 0

·

1 2n 2n+1
1 1 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
+

1 n+1 2n 3n+1
1 1 0 0 0
3n+1 0 0 0 1
3n+1 0 0 0 0
2n 0 0 1′ 0
n+1 0 1′ 0 0
 ·

1 2n 2n+1
1 0 0 0
n+1 0 0 0
2n 0 1 0
3n+1 0 0 0

=

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
n 0 0 0
3n+1 0 0 0
n+1 0 0 0
2n 0 1′ 0

+

1 2n 2n+1
1 0 0 0
3n+1 0 0 0
3n+1 0 0 0
2n 0 1′ 0
n+1 0 0 0
 =

1 n+1 n−1 2n+1
1 1 0 0 0
2n+1 0 0 0 1
n 0 0 0 0
3n+1 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1′ 0
n+1 0 1′ 0 0

+

1 n−1 n+1 2n+1
1 0 0 0 0
2n+1 0 0 0 0
n 0 0 0 0
3n+1 0 0 0 0
n+1 0 0 1′ 0
n−1 0 1′ 0 0
n+1 0 0 0 0

=

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0

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M
I(6n+2,3)
4→3 · f4 =


2n+2 4n+1
2n+2 1 0
2n 0 0
4n+1 0 1
n+1 0 0
+
[4n+3 2n
7n+4 0 0
2n 0 1
]

·

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0
=

1 2n+1 2n+1 2n
1 1 0 0 0
2n+1 0 1 0 0
2n 0 0 0 0
2n+1 0 0 1 0
2n 0 0 0 1
n+1 0 0 0 0

·

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0
+
[ 1 2n+1 2n+1 2n
7n+4 0 0 0 0
2n 0 0 0 1
]
·

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0

=

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 0 0
2n 0 1′ 0
n+1 0 0 0

+
[ 1 2n 2n+1
7n+4 0 0 0
2n 0 1′ 0
]
=

1 n−1 n+1 2n+1
1 1 0 0 0
2n+1 0 0 0 1
2n 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 1′ 0
n−1 0 1′ 0 0
n+1 0 0 0 0

+

1 n+1 n−1 2n+1
1 0 0 0 0
2n+1 0 0 0 0
2n 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n−1 0 0 1′ 0
n+1 0 1′ 0 0

=

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0

f3 ·M I(6n+3,6)4→3 −M I(6n+2,3)4→3 · f4 =

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0

−

1 n−1 2 n−1 2n+1
1 1 0 0 0 0
2n+1 0 0 0 0 1
4n+1 0 0 0 0 0
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0

=
[4n+2
9n+4 0
]
4. f4 ·M I(6n+3,6)5→4 −M I(6n+2,3)5→4 · f5 = 0
f4 ·M I(6n+3,6)5→4 =

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0
 ·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=

1 n n 1 n n
1 1 0 0 0 0 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1
2n+1 0 0 0 0 0 0
n 0 0 1′ 0 0 0
n 0 1′ 0 0 0 0

·

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

=

n 1 n
1 0 1 0
1 0 1 0
n 0 0 1
n 0 0 0
2n+1 0 0 0
n 1′ 0 0
n 1′ 0 0

=

n 1 n
1 0 1 0
1 0 1 0
n 0 0 1
3n+1 0 0 0
n 1′ 0 0
n 1′ 0 0

M
I(6n+2,3)
5→4 · f5 =

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

n n+1
n+1 0 1
n+1 0 0
n 1′ 0
 =

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

n 1 n
1 0 1 0
n 0 0 1
n+1 0 0 0
n 1′ 0 0
 =

n 1 n
1 0 1 0
1 0 1 0
n 0 0 1
2n 0 0 0
n+1 0 0 0
n 1′ 0 0
n 1′ 0 0

=

n 1 n
1 0 1 0
1 0 1 0
n 0 0 1
3n+1 0 0 0
n 1′ 0 0
n 1′ 0 0

f4 ·M I(6n+3,6)5→4 −M I(6n+2,3)5→4 · f5 =

n 1 n
1 0 1 0
1 0 1 0
n 0 0 1
3n+1 0 0 0
n 1′ 0 0
n 1′ 0 0

−

n 1 n
1 0 1 0
1 0 1 0
n 0 0 1
3n+1 0 0 0
n 1′ 0 0
n 1′ 0 0

=
[2n+1
6n+3 0
]
5. f3 ·M I(6n+3,6)6→3 −M I(6n+2,3)6→3 · f6 = 0
f3 ·M I(6n+3,6)6→3 =

1 3n+1 3n+1
1 1 0 0
3n+1 0 0 1
3n+1 0 0 0
3n+1 0 1′ 0
 ·

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 =

1 2n+1 n n 2n+1
1 1 0 0 0 0
n 0 0 0 1 0
2n+1 0 0 0 0 1
3n+1 0 0 0 0 0
n 0 0 1′ 0 0
2n+1 0 1′ 0 0 0

·

1 2n+1 2n+1
1 1 0 0
2n+1 0 1 0
n 0 0 0
n 0 0 0
2n+1 0 0 1
 =

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 0 1
3n+1 0 0 0
n 0 0 0
2n+1 0 1′ 0

=

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 0 1
4n+1 0 0 0
2n+1 0 1′ 0

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M
I(6n+2,3)
6→3 · f6 =


1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
+

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0


·

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0

=

1 2n+1 2n 2n+1
1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
2n 0 0 1 0
2n+1 0 0 0 0
2n+1 0 0 0 1

·

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0
+

1 2n+1 2n 2n+1
4n+3 0 0 0 0
2n 0 0 1 0
3n+1 0 0 0 0
 ·

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0

=

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 0 0
2n+1 0 1′ 0

+

1 2n+1 2n+1
4n+3 0 0 0
2n 0 0 0
3n+1 0 0 0
 =

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 0 1
n+1 0 0 0
n−1 0 0 0
n+1 0 0 0
n 0 0 0
2n+1 0 1′ 0

+

1 2n+1 2n+1
1 0 0 0
n 0 0 0
2n+1 0 0 0
n+1 0 0 0
n−1 0 0 0
n+1 0 0 0
n 0 0 0
2n+1 0 0 0

=

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 0 1
4n+1 0 0 0
2n+1 0 1′ 0

f3 ·M I(6n+3,6)6→3 −M I(6n+2,3)6→3 · f6 =

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 0 1
4n+1 0 0 0
2n+1 0 1′ 0
−

1 2n+1 2n+1
1 1 0 0
n 0 0 0
2n+1 0 0 1
4n+1 0 0 0
2n+1 0 1′ 0
 =
[4n+3
9n+4 0
]
6. f6 ·M I(6n+3,6)7→6 −M I(6n+2,3)7→6 · f7 = 0
f6 ·M I(6n+3,6)7→6 =

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0
 ·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 =

1 1 n n n n+1
1 1 0 0 0 0 0
n 0 0 0 0 1 0
n+1 0 0 0 0 0 1
2n 0 0 0 0 0 0
n 0 0 0 1′ 0 0
n 0 0 1′ 0 0 0
1 0 1 0 0 0 0

·

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
n 0 0 0
n 0 0 0
n+1 0 0 1

=

1 n n+1
1 1 0 0
n 0 0 0
n+1 0 0 1
2n 0 0 0
n 0 0 0
n 0 1′ 0
1 1 0 0

=

1 n n+1
1 1 0 0
n 0 0 0
n+1 0 0 1
3n 0 0 0
n 0 1′ 0
1 1 0 0

M
I(6n+2,3)
7→6 · f7 =

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·

n+1 n+1
n+1 0 1
n 0 0
n+1 1′ 0
 =

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

·

1 n n+1
n+1 0 0 1
n 0 0 0
n 0 1′ 0
1 1 0 0
 =

1 n n+1
1 1 0 0
n 0 0 0
n+1 0 0 1
n 0 0 0
n 0 0 0
n 0 0 0
n 0 1′ 0
1 1 0 0

=

1 n n+1
1 1 0 0
n 0 0 0
n+1 0 0 1
3n 0 0 0
n 0 1′ 0
1 1 0 0

f6 ·M I(6n+3,6)7→6 −M I(6n+2,3)7→6 · f7 =

1 n n+1
1 1 0 0
n 0 0 0
n+1 0 0 1
3n 0 0 0
n 0 1′ 0
1 1 0 0

−

1 n n+1
1 1 0 0
n 0 0 0
n+1 0 0 1
3n 0 0 0
n 0 1′ 0
1 1 0 0

=
[2n+2
6n+3 0
]
2758
Relations of the projection g : I(6n+ 2, 3)→ I(6n+ 2, 7) P
1. g2 ·M I(6n+2,3)1→2 −M I(6n+2,7)1→2 · g1 = 0
g2 ·M I(6n+2,3)1→2 =
[2n+1 2n+1 2n+1
2n+1 0 1′ 0
]
·

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

=

1 n n 1 n n n+1 n
n 0 0 0 0 0 1′ 0 0
n 0 0 0 0 1′ 0 0 0
1 0 0 0 1 0 0 0 0
 ·

n 1 n n+1
1 0 1 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1
n 0 0 0 0

=

n 1 n n+1
n 0 0 0 0
n 0 0 1′ 0
1 0 1 0 0
 = [
n n+1 n+1
n 0 0 0
n+1 0 1′ 0
]
M
I(6n+2,7)
1→2 · g1 =
[n+1
n 0
n+1 1
]
·
[ n n+1 n+1
n+1 0 1′ 0
]
=
[ n n+1 n+1
n 0 0 0
n+1 0 1′ 0
]
g2 ·M I(6n+2,3)1→2 −M I(6n+2,7)1→2 · g1 =
[ n n+1 n+1
n 0 0 0
n+1 0 1′ 0
]
−
[ n n+1 n+1
n 0 0 0
n+1 0 1′ 0
]
=
[3n+2
2n+1 0
]
2. g3 ·M I(6n+2,3)2→3 −M I(6n+2,7)2→3 · g2 = 0
g3 ·M I(6n+2,3)2→3 =
[3n+2 3n+1 3n+1
3n+1 0 1′ 0
]
·


2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
6n+2 0 0 0


=
[2n+1 n+1 2n+1 n 2n+1 n
n 0 0 0 1′ 0 0
2n+1 0 0 1′ 0 0 0
]
·

2n+1 2n+1 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 1 0
n 0 0 0
2n+1 0 0 1
n 0 0 0

+
[n+2 2n 3n+1 3n+1
3n+1 0 0 1′ 0
]
·

1 2n 4n+2
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
3n+1 0 0 0

=
[2n+1 2n+1 2n+1
n 0 0 0
2n+1 0 1′ 0
]
+
[ 1 2n 4n+2
3n+1 0 0 0
]
=
[ 1 2n 2n+1 2n+1
n 0 0 0 0
2n+1 0 0 1′ 0
]
+
[ 1 2n 2n+1 2n+1
n 0 0 0 0
2n+1 0 0 0 0
]
=
[2n+1 2n+1 2n+1
n 0 0 0
2n+1 0 1′ 0
]
M
I(6n+2,7)
2→3 · g2 =
[2n+1
n 0
2n+1 1
]
·
[2n+1 2n+1 2n+1
2n+1 0 1′ 0
]
=
[2n+1 2n+1 2n+1
n 0 0 0
2n+1 0 1′ 0
]
g3 ·M I(6n+2,3)2→3 −M I(6n+2,7)2→3 · g2 =
[2n+1 2n+1 2n+1
n 0 0 0
2n+1 0 1′ 0
]
−
[2n+1 2n+1 2n+1
n 0 0 0
2n+1 0 1′ 0
]
=
[6n+3
3n+1 0
]
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3. g3 ·M I(6n+2,3)4→3 −M I(6n+2,7)4→3 · g4 = 0
g3 ·M I(6n+2,3)4→3 =
[3n+2 3n+1 3n+1
3n+1 0 1′ 0
]
·


2n+2 4n+1
2n+2 1 0
2n 0 0
4n+1 0 1
n+1 0 0
+
[4n+3 2n
7n+4 0 0
2n 0 1
]

=
[2n+2 n n 2n+1 2n n+1
2n+1 0 0 0 1′ 0 0
n 0 0 1′ 0 0 0
]
·

2n+2 2n+1 2n
2n+2 1 0 0
n 0 0 0
n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0

+
[3n+2 3n+1 n+1 2n
3n+1 0 1′ 0 0
]
·

4n+3 2n
3n+2 0 0
3n+1 0 0
n+1 0 0
2n 0 1

=
[2n+2 2n+1 2n
2n+1 0 1′ 0
n 0 0 0
]
+
[4n+3 2n
3n+1 0 0
]
=
[2n+2 2n+1 2n
2n+1 0 1′ 0
n 0 0 0
]
+
[2n+2 2n+1 2n
2n+1 0 0 0
n 0 0 0
]
=
[2n+2 2n+1 2n
2n+1 0 1′ 0
n 0 0 0
]
M
I(6n+2,7)
4→3 · g4 =
[2n+1
2n+1 1
n 0
]
·
[2n+2 2n+1 2n
2n+1 0 1′ 0
]
=
[2n+2 2n+1 2n
2n+1 0 1′ 0
n 0 0 0
]
g3 ·M I(6n+2,3)4→3 −M I(6n+2,7)4→3 · g4 =
[2n+2 2n+1 2n
2n+1 0 1′ 0
n 0 0 0
]
−
[2n+2 2n+1 2n
2n+1 0 1′ 0
n 0 0 0
]
=
[6n+3
3n+1 0
]
4. g4 ·M I(6n+2,3)5→4 −M I(6n+2,7)5→4 · g5 = 0
g4 ·M I(6n+2,3)5→4 =
[2n+2 2n+1 2n
2n+1 0 1′ 0
]
·

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=
[ 1 1 n n n n+1 n n
n+1 0 0 0 0 0 1′ 0 0
n 0 0 0 0 1′ 0 0 0
]
·

1 n n+1 n
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=
[ 1 n n+1 n
n+1 0 0 1′ 0
n 0 0 0 0
]
=
[n+1 n+1 n
n+1 0 1′ 0
n 0 0 0
]
M
I(6n+2,7)
5→4 · g5 =
[n+1
n+1 1
n 0
]
·
[n+1 n+1 n
n+1 0 1′ 0
]
=
[n+1 n+1 n
n+1 0 1′ 0
n 0 0 0
]
g4 ·M I(6n+2,3)5→4 −M I(6n+2,7)5→4 · g5 =
[n+1 n+1 n
n+1 0 1′ 0
n 0 0 0
]
−
[n+1 n+1 n
n+1 0 1′ 0
n 0 0 0
]
=
[3n+2
2n+1 0
]
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5. g3 ·M I(6n+2,3)6→3 −M I(6n+2,7)6→3 · g6 = 0
g3 ·M I(6n+2,3)6→3 =
[3n+2 3n+1 3n+1
3n+1 0 1′ 0
]
·


1 4n+1 2n+1
1 1 0 0
n 0 0 0
4n+1 0 1 0
2n+1 0 0 0
2n+1 0 0 1
+

2n+2 2n 2n+1
4n+3 0 0 0
2n 0 1 0
3n+1 0 0 0


=
[ 1 n 2n+1 2n n+1 n 2n+1
n+1 0 0 0 0 1′ 0 0
2n 0 0 0 1′ 0 0 0
]
·

1 2n+1 2n 2n+1
1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
2n 0 0 1 0
n+1 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 1

+
[3n+2 n+1 2n 3n+1
2n 0 0 1′ 0
n+1 0 1′ 0 0
]
·

2n+2 2n 2n+1
3n+2 0 0 0
n+1 0 0 0
2n 0 1 0
3n+1 0 0 0

=
[ 1 2n+1 2n 2n+1
n+1 0 0 0 0
2n 0 0 1′ 0
]
+
[2n+2 2n 2n+1
2n 0 1′ 0
n+1 0 0 0
]
=

1 2n+1 n+1 n−1 2n+1
n+1 0 0 0 0 0
n−1 0 0 0 1′ 0
n+1 0 0 1′ 0 0
+

1 2n+1 n−1 n+1 2n+1
n+1 0 0 0 1′ 0
n−1 0 0 1′ 0 0
n+1 0 0 0 0 0
 =

2n+2 n−1 2 n−1 2n+1
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0

M
I(6n+2,7)
6→3 · g6 =

[2n
2n 1
n+1 0
]
+
[2n
n+1 0
2n 1
] ·
[2n+2 2n 2n+1
2n 0 1′ 0
]
=
[2n
2n 1
n+1 0
]
·
[2n+2 2n 2n+1
2n 0 1′ 0
]
+
[2n
n+1 0
2n 1
]
·
[2n+2 2n 2n+1
2n 0 1′ 0
]
=
[2n+2 2n 2n+1
2n 0 1′ 0
n+1 0 0 0
]
+
[2n+2 2n 2n+1
n+1 0 0 0
2n 0 1′ 0
]
=

2n+2 n−1 n+1 2n+1
n+1 0 0 1′ 0
n−1 0 1′ 0 0
n+1 0 0 0 0
+

2n+2 n+1 n−1 2n+1
n+1 0 0 0 0
n−1 0 0 1′ 0
n+1 0 1′ 0 0
 =

2n+2 n−1 2 n−1 2n+1
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0

g3 ·M I(6n+2,3)6→3 −M I(6n+2,7)6→3 · g6 =

2n+2 n−1 2 n−1 2n+1
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0
−

2n+2 n−1 2 n−1 2n+1
n−1 0 0 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 1′ 0
2 0 0 1′ 0 0
n−1 0 1′ 0 0 0
 =
[6n+3
3n+1 0
]
6. g6 ·M I(6n+2,3)7→6 −M I(6n+2,7)7→6 · g7 = 0
g6 ·M I(6n+2,3)7→6 =
[2n+2 2n 2n+1
2n 0 1′ 0
]
·

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=
[ 1 n n+1 n n n n 1
n 0 0 0 0 1′ 0 0 0
n 0 0 0 1′ 0 0 0 0
]
·

n+1 n n 1
1 0 0 0 1
n 0 0 0 0
n+1 1 0 0 0
n 0 1 0 0
n 0 1 0 0
n 0 0 0 0
n 0 0 1 0
1 0 0 0 1

=
[n+1 n n 1
n 0 1′ 0 0
n 0 1′ 0 0
]
=
[n+1 n n+1
n 0 1′ 0
n 0 1′ 0
]
M
I(6n+2,7)
7→6 · g7 =
[ n
n 1
n 1
]
·
[n+1 n n+1
n 0 1′ 0
]
=
[n+1 n n+1
n 0 1′ 0
n 0 1′ 0
]
g6 ·M I(6n+2,3)7→6 −M I(6n+2,7)7→6 · g7 =
[n+1 n n+1
n 0 1′ 0
n 0 1′ 0
]
−
[n+1 n n+1
n 0 1′ 0
n 0 1′ 0
]
=
[3n+2
2n 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n n+1 n+1
n+1 0 1′ 0
]
·

n+1 n
n 0 1
n+1 0 0
n+1 1′ 0
 = [2n+1n+1 0 ]
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2. g2 · f2 = 0
g2 · f2 =
[2n+1 2n+1 2n+1
2n+1 0 1′ 0
]
·

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0
 =
[ 1 2n 2n+1 2n+1
2n+1 0 0 1′ 0
]
·

1 2n+1 2n
1 1 0 0
2n 0 0 1
2n+1 0 0 0
2n+1 0 1′ 0
 =
[4n+2
2n+1 0
]
3. g3 · f3 = 0
g3 · f3 =
[3n+2 3n+1 3n+1
3n+1 0 1′ 0
]
·

1 3n+1 3n+1
1 1 0 0
3n+1 0 0 1
3n+1 0 0 0
3n+1 0 1′ 0
 =
[ 1 3n+1 3n+1 3n+1
3n+1 0 0 1′ 0
]
·

1 3n+1 3n+1
1 1 0 0
3n+1 0 0 1
3n+1 0 0 0
3n+1 0 1′ 0
 =
[6n+3
3n+1 0
]
4. g4 · f4 = 0
g4 · f4 =
[2n+2 2n+1 2n
2n+1 0 1′ 0
]
·

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0
 =
[ 1 2n+1 2n+1 2n
2n+1 0 0 1′ 0
]
·

1 2n 2n+1
1 1 0 0
2n+1 0 0 1
2n+1 0 0 0
2n 0 1′ 0
 =
[4n+2
2n+1 0
]
5. g5 · f5 = 0
g5 · f5 =
[n+1 n+1 n
n+1 0 1′ 0
]
·

n n+1
n+1 0 1
n+1 0 0
n 1′ 0
 = [2n+1n+1 0 ]
6. g6 · f6 = 0
g6 · f6 =
[2n+2 2n 2n+1
2n 0 1′ 0
]
·

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0
 =
[ 1 2n+1 2n 2n+1
2n 0 0 1′ 0
]
·

1 2n+1 2n+1
1 1 0 0
2n+1 0 0 1
2n 0 0 0
2n+1 0 1′ 0
 =
[4n+3
2n 0
]
7. g7 · f7 = 0
g7 · f7 =
[n+1 n n+1
n 0 1′ 0
]
·

n+1 n+1
n+1 0 1
n 0 0
n+1 1′ 0
 = [2n+2n 0 ]
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151 Tree module property of I(6n+ 3, 3)
151.1 Tree module property of I(3, 3) 
The matrices of the representation have full (column) rank P
1. M I(3,3)1→2 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
2. M I(3,3)2→3 =

1 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(3,3)
2→3 =

1 2 1
1 1 0 1
1 1 0 0
2 0 1 0
1 0 0 1
 c3←c3−c1−−−−−−→

1 2 1
1 1 0 0
1 1 0 91
2 0 1 0
1 0 0 1
 c2↔c3−−−−→

1 1 2
1 1 0 0
1 1 91 0
2 0 0 1
1 0 1 0

3. M I(3,3)4→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
4. M I(3,3)5→4 =

0 0
1 0
0 1
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. M I(3,3)6→3 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
6. M I(3,3)7→6 =

1 0
0 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
151.1.1 0→ I(5, 1) f→ I(3, 3) g→ I(3, 2)→ 0 
PdimI(5, 1) + dimI(3, 2) = (0, 1, 2, 2, 1, 2, 1) + (2, 3, 3, 2, 1, 2, 1)
= (2, 4, 5, 4, 2, 4, 2) = dimI(3, 3)
Pdimk Ext
1
kQ(I(3, 2), I(5, 1)) = dimk HomkQ(I(3, 2), I(5, 1))− 〈dimI(3, 2),dimI(5, 1)〉
= 0− 〈(2, 3, 3, 2, 1, 2, 1), (0, 1, 2, 2, 1, 2, 1)〉
= 2 · 1 + 3 · 2 + 2 · 2 + 1 · 2 + 2 · 2 + 1 · 2− (2 · 0 + 3 · 1 + 3 · 2 + 2 · 2 + 1 · 1 + 2 · 2 + 1 · 1)
= 2 + 6 + 4 + 2 + 4 + 2− (0 + 3 + 6 + 4 + 1 + 4 + 1)
= 1
Matrices of the embedding f : I(5, 1)→ I(3, 3) P
1. f1 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
2. f2 =

1
0
0
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0
0 1
0 0
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(3, 3)→ I(3, 2) P
1. g1 =
[
1 0
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 1 0 00 0 1 0
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
3. g3 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 1 0
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(5, 1)→ I(3, 3) P
1. f2 ·M I(5,1)1→2 −M I(3,3)1→2 · f1 = 0
f2 ·M I(5,1)1→2 =
[ 1
1 1
3 0
]
·
[ 0
1 0
]
=
[ 0
4 0
]
M
I(3,3)
1→2 · f1 =
[ 2
2 0
2 1
]
·
[ 0
2 0
]
=
[ 0
4 0
]
f2 ·M I(5,1)1→2 −M I(3,3)1→2 · f1 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
2. f3 ·M I(5,1)2→3 −M I(3,3)2→3 · f2 = 0
f3 ·M I(5,1)2→3 =
[ 2
2 1
3 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
3 0 0
 · [1
1
]
=

1
1 1
1 1
3 0

M
I(3,3)
2→3 · f2 =

1 2 1
1 1 0 1
1 1 0 0
2 0 1 0
1 0 0 1
 ·
[ 1
1 1
3 0
]
=

1 2 1
1 1 0 1
1 1 0 0
2 0 1 0
1 0 0 1
 ·

1
1 1
2 0
1 0
 =

1
1 1
1 1
2 0
1 0
 =

1
1 1
1 1
3 0

f3 ·M I(5,1)2→3 −M I(3,3)2→3 · f2 =

1
1 1
1 1
3 0
−

1
1 1
1 1
3 0
 = [ 15 0 ]
3. f3 ·M I(5,1)4→3 −M I(3,3)4→3 · f4 = 0
f3 ·M I(5,1)4→3 =
[ 2
2 1
3 0
]
·
[ 2
2 1
]
=
[ 2
2 1
3 0
]
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M
I(3,3)
4→3 · f4 =

2 1 1
2 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
 ·
[ 2
2 1
2 0
]
=

2 1 1
2 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
 ·

2
2 1
1 0
1 0
 =

2
2 1
1 0
1 0
1 0
 =
[ 2
2 1
3 0
]
f3 ·M I(5,1)4→3 −M I(3,3)4→3 · f4 =
[ 2
2 1
3 0
]
−
[ 2
2 1
3 0
]
=
[ 2
5 0
]
4. f4 ·M I(5,1)5→4 −M I(3,3)5→4 · f5 = 0
f4 ·M I(5,1)5→4 =
[ 2
2 1
2 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [0
1
]
=

1
1 0
1 1
2 0

M
I(3,3)
5→4 · f5 =

0 0
1 0
0 1
0 1
 ·
[
1
0
]
=

0
1
0
0
 =

1
1 0
1 1
2 0

f4 ·M I(5,1)5→4 −M I(3,3)5→4 · f5 =

1
1 0
1 1
2 0
−

1
1 0
1 1
2 0
 = [ 14 0 ]
5. f3 ·M I(5,1)6→3 −M I(3,3)6→3 · f6 = 0
f3 ·M I(5,1)6→3 =
[ 2
2 1
3 0
]
·
[ 2
2 1
]
=
[ 2
2 1
3 0
]
M
I(3,3)
6→3 · f6 =
[ 4
4 1
1 0
]
·
[ 2
2 1
2 0
]
=

2 2
2 1 0
2 0 1
1 0 0
 · [
2
2 1
2 0
]
=

2
2 1
2 0
1 0
 = [
2
2 1
3 0
]
f3 ·M I(5,1)6→3 −M I(3,3)6→3 · f6 =
[ 2
2 1
3 0
]
−
[ 2
2 1
3 0
]
=
[ 2
5 0
]
6. f6 ·M I(5,1)7→6 −M I(3,3)7→6 · f7 = 0
f6 ·M I(5,1)7→6 =
[ 2
2 1
2 0
]
·
[
1
0
]
=

1 1
1 1 0
1 0 1
2 0 0
 · [1
0
]
=

1
1 1
1 0
2 0
 = [
1
1 1
3 0
]
M
I(3,3)
7→6 · f7 =

1 0
0 0
0 1
0 0
 ·
[
1
0
]
=

1
0
0
0
 =
[ 1
1 1
3 0
]
f6 ·M I(5,1)7→6 −M I(3,3)7→6 · f7 =
[ 1
1 1
3 0
]
−
[ 1
1 1
3 0
]
=
[ 1
4 0
]
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Relations of the projection g : I(3, 3)→ I(3, 2) P
1. g2 ·M I(3,3)1→2 −M I(3,2)1→2 · g1 = 0
g2 ·M I(3,3)1→2 =
[ 1 3
3 0 1
]
·
[ 2
2 0
2 1
]
=
[ 1 1 2
1 0 1 0
2 0 0 1
]
·

2
1 0
1 0
2 1
 = [
2
1 0
2 1
]
M
I(3,2)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[ 2
2 1
]
=
[ 2
1 0
2 1
]
g2 ·M I(3,3)1→2 −M I(3,2)1→2 · g1 =
[ 2
1 0
2 1
]
−
[ 2
1 0
2 1
]
=
[ 2
3 0
]
2. g3 ·M I(3,3)2→3 −M I(3,2)2→3 · g2 = 0
g3 ·M I(3,3)2→3 =
[ 2 3
3 0 1
]
·

1 2 1
1 1 0 1
1 1 0 0
2 0 1 0
1 0 0 1
 =
[ 1 1 2 1
2 0 0 1 0
1 0 0 0 1
]
·

1 2 1
1 1 0 1
1 1 0 0
2 0 1 0
1 0 0 1
 =
[ 1 2 1
2 0 1 0
1 0 0 1
]
=
[ 1 3
3 0 1
]
M
I(3,2)
2→3 · g2 =
[ 3
3 1
]
·
[ 1 3
3 0 1
]
=
[ 1 3
3 0 1
]
g3 ·M I(3,3)2→3 −M I(3,2)2→3 · g2 =
[ 1 3
3 0 1
]
−
[ 1 3
3 0 1
]
=
[ 4
3 0
]
3. g3 ·M I(3,3)4→3 −M I(3,2)4→3 · g4 = 0
g3 ·M I(3,3)4→3 =
[ 2 3
3 0 1
]
·

2 1 1
2 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
 =

2 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
 =

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1

M
I(3,2)
4→3 · g4 =
1 01 0
0 1
 · [ 2 22 0 1 ] =
1 01 0
0 1
 · [
2 1 1
1 0 1 0
1 0 0 1
]
=

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1

g3 ·M I(3,3)4→3 −M I(3,2)4→3 · g4 =

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
−

2 1 1
1 0 1 0
1 0 1 0
1 0 0 1
 = [ 43 0 ]
4. g4 ·M I(3,3)5→4 −M I(3,2)5→4 · g5 = 0
g4 ·M I(3,3)5→4 =
[ 2 2
2 0 1
]
·

0 0
1 0
0 1
0 1
 =
[
0 0 1 0
0 0 0 1
]
·

0 0
1 0
0 1
0 1
 =
[
0 1
0 1
]
M
I(3,2)
5→4 · g5 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g4 ·M I(3,3)5→4 −M I(3,2)5→4 · g5 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
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5. g3 ·M I(3,3)6→3 −M I(3,2)6→3 · g6 = 0
g3 ·M I(3,3)6→3 =
[ 2 3
3 0 1
]
·
[ 4
4 1
1 0
]
=
[ 2 2 1
2 0 1 0
1 0 0 1
]
·

2 2
2 1 0
2 0 1
1 0 0
 = [
2 2
2 0 1
1 0 0
]
M
I(3,2)
6→3 · g6 =
[ 2
2 1
1 0
]
·
[ 2 2
2 0 1
]
=
[ 2 2
2 0 1
1 0 0
]
g3 ·M I(3,3)6→3 −M I(3,2)6→3 · g6 =
[ 2 2
2 0 1
1 0 0
]
−
[ 2 2
2 0 1
1 0 0
]
=
[ 4
3 0
]
6. g6 ·M I(3,3)7→6 −M I(3,2)7→6 · g7 = 0
g6 ·M I(3,3)7→6 =
[ 2 2
2 0 1
]
·

1 0
0 0
0 1
0 0
 =
[
0 0 1 0
0 0 0 1
]
·

1 0
0 0
0 1
0 0
 =
[
0 1
0 0
]
M
I(3,2)
7→6 · g7 =
[
1
0
]
·
[
0 1
]
=
[
0 1
0 0
]
g6 ·M I(3,3)7→6 −M I(3,2)7→6 · g7 =
[
0 1
0 0
]
−
[
0 1
0 0
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2
2 1
]
·
[ 0
2 0
]
=
[ 0
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 3
3 0 1
]
·
[ 1
1 1
3 0
]
=
[ 1
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 1
]
·
[
1
0
]
=
[
0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 2
2 0 1
]
·
[ 2
2 1
2 0
]
=
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
0 1
]
·
[
1
0
]
=
[
0
]
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151.1.2 0→ I(5, 5) f→ I(3, 3) g→ I(3, 4)→ 0 
PdimI(5, 5) + dimI(3, 4) = (1, 2, 2, 1, 0, 2, 1) + (1, 2, 3, 3, 2, 2, 1)
= (2, 4, 5, 4, 2, 4, 2) = dimI(3, 3)
Pdimk Ext
1
kQ(I(3, 4), I(5, 5)) = dimk HomkQ(I(3, 4), I(5, 5))− 〈dimI(3, 4),dimI(5, 5)〉
= 0− 〈(1, 2, 3, 3, 2, 2, 1), (1, 2, 2, 1, 0, 2, 1)〉
= 1 · 2 + 2 · 2 + 3 · 2 + 2 · 1 + 2 · 2 + 1 · 2− (1 · 1 + 2 · 2 + 3 · 2 + 3 · 1 + 2 · 0 + 2 · 2 + 1 · 1)
= 2 + 4 + 6 + 2 + 4 + 2− (1 + 4 + 6 + 3 + 0 + 4 + 1)
= 1
Matrices of the embedding f : I(5, 5)→ I(3, 3) P
1. f1 =
[
1
0
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
1 0
0 1
0 0
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
4. f4 =

0
0
1
0
 ∈M4,1(k) is already in column echelon form and has maximal column rank.
5. f5 =
[ 0
2 0
]
∈M2,0(k) – rank computation not applicable here.
6. f6 =

0 0
0 0
1 0
0 1
 ∈M4,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
[
0
1
]
∈M2,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(3, 3)→ I(3, 4) P
1. g1 =
[
0 1
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
1 0 0 1
0 0 0 1
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
3. g3 =
1 0 0 0 00 1 0 0 1
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
4. g4 =
1 0 0 00 1 0 1
0 0 0 1
 ∈M3,4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
1 1
0 1
]
∈M2,2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
1 0 0 0
0 1 0 0
]
∈M2,4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0
]
∈M1,2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(5, 5)→ I(3, 3) P
1. f2 ·M I(5,5)1→2 −M I(3,3)1→2 · f1 = 0
f2 ·M I(5,5)1→2 =

2
1 0
2 1
1 0
 · [0
1
]
=

0 0
1 0
0 1
0 0
 ·
[
0
1
]
=

0
0
1
0
 =

1
2 0
1 1
1 0

M
I(3,3)
1→2 · f1 =
[ 2
2 0
2 1
]
·
[
1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1
0
]
=

1
2 0
1 1
1 0

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f2 ·M I(5,5)1→2 −M I(3,3)1→2 · f1 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
2. f3 ·M I(5,5)2→3 −M I(3,3)2→3 · f2 = 0
f3 ·M I(5,5)2→3 =

2
2 0
2 1
1 0
 · [ 22 1 ] =

2
2 0
2 1
1 0

M
I(3,3)
2→3 · f2 =

1 2 1
1 1 0 1
1 1 0 0
2 0 1 0
1 0 0 1
 ·

2
1 0
2 1
1 0
 =

2
1 0
1 0
2 1
1 0
 =

2
2 0
2 1
1 0

f3 ·M I(5,5)2→3 −M I(3,3)2→3 · f2 =

2
2 0
2 1
1 0
−

2
2 0
2 1
1 0
 = [ 25 0 ]
3. f3 ·M I(5,5)4→3 −M I(3,3)4→3 · f4 = 0
f3 ·M I(5,5)4→3 =

2
2 0
2 1
1 0
 · [1
1
]
=

1 1
2 0 0
1 1 0
1 0 1
1 0 0
 ·
[
1
1
]
=

1
2 0
1 1
1 1
1 0

M
I(3,3)
4→3 · f4 =

2 1 1
2 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
 ·

1
2 0
1 1
1 0
 =

1
2 0
1 1
1 1
1 0

f3 ·M I(5,5)4→3 −M I(3,3)4→3 · f4 =

1
2 0
1 1
1 1
1 0
−

1
2 0
1 1
1 1
1 0
 =
[ 1
5 0
]
4. f4 ·M I(5,5)5→4 −M I(3,3)5→4 · f5 = 0
f4 ·M I(5,5)5→4 =

1
2 0
1 1
1 0
 · [ 01 0 ] = [ 04 0 ]
M
I(3,3)
5→4 · f5 =

0 0
1 0
0 1
0 1
 ·
[ 0
2 0
]
=

0 0
1 0
0 1
0 1
 ·
[ 0
1 0
1 0
]
=
[ 0
4 0
]
f4 ·M I(5,5)5→4 −M I(3,3)5→4 · f5 =
[ 0
4 0
]
−
[ 0
4 0
]
=
[ 0
4 0
]
5. f3 ·M I(5,5)6→3 −M I(3,3)6→3 · f6 = 0
f3 ·M I(5,5)6→3 =

2
2 0
2 1
1 0
 · [ 22 1 ] =

2
2 0
2 1
1 0

2769
M
I(3,3)
6→3 · f6 =
[ 4
4 1
1 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
1 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
1 0

f3 ·M I(5,5)6→3 −M I(3,3)6→3 · f6 =

2
2 0
2 1
1 0
−

2
2 0
2 1
1 0
 = [ 25 0 ]
6. f6 ·M I(5,5)7→6 −M I(3,3)7→6 · f7 = 0
f6 ·M I(5,5)7→6 =
[ 2
2 0
2 1
]
·
[
1
0
]
=

1 1
2 0 0
1 1 0
1 0 1
 · [1
0
]
=

1
2 0
1 1
1 0

M
I(3,3)
7→6 · f7 =

1 0
0 0
0 1
0 0
 ·
[
0
1
]
=

0
0
1
0
 =

1
2 0
1 1
1 0

f6 ·M I(5,5)7→6 −M I(3,3)7→6 · f7 =

1
2 0
1 1
1 0
−

1
2 0
1 1
1 0
 = [ 14 0 ]
Relations of the projection g : I(3, 3)→ I(3, 4) P
1. g2 ·M I(3,3)1→2 −M I(3,4)1→2 · g1 = 0
g2 ·M I(3,3)1→2 =
[ 1 2 1
1 1 0 1
1 0 0 1
]
·
[ 2
2 0
2 1
]
=
[
1 0 0 1
0 0 0 1
]
·

0 0
0 0
1 0
0 1
 =
[
0 1
0 1
]
M
I(3,4)
1→2 · g1 =
[
1
1
]
·
[
0 1
]
=
[
0 1
0 1
]
g2 ·M I(3,3)1→2 −M I(3,4)1→2 · g1 =
[
0 1
0 1
]
−
[
0 1
0 1
]
=
[ 2
2 0
]
2. g3 ·M I(3,3)2→3 −M I(3,4)2→3 · g2 = 0
g3 ·M I(3,3)2→3 =

1 1 2 1
1 1 0 0 0
1 0 1 0 1
1 0 0 0 1
 ·

1 2 1
1 1 0 1
1 1 0 0
2 0 1 0
1 0 0 1
 =

1 2 1
1 1 0 1
1 1 0 1
1 0 0 1

M
I(3,4)
2→3 · g2 =
1 01 0
0 1
 · [
1 2 1
1 1 0 1
1 0 0 1
]
=

1 2 1
1 1 0 1
1 1 0 1
1 0 0 1

g3 ·M I(3,3)2→3 −M I(3,4)2→3 · g2 =

1 2 1
1 1 0 1
1 1 0 1
1 0 0 1
−

1 2 1
1 1 0 1
1 1 0 1
1 0 0 1
 = [ 43 0 ]
3. g3 ·M I(3,3)4→3 −M I(3,4)4→3 · g4 = 0
g3 ·M I(3,3)4→3 =

1 1 2 1
1 1 0 0 0
1 0 1 0 1
1 0 0 0 1
 ·

2 1 1
2 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1
 =
1 0 0 0 00 1 0 0 1
0 0 0 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1
 =
1 0 0 00 1 0 1
0 0 0 1

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M
I(3,4)
4→3 · g4 =
[ 3
3 1
]
·
1 0 0 00 1 0 1
0 0 0 1
 =
1 0 00 1 0
0 0 1
 ·
1 0 0 00 1 0 1
0 0 0 1
 =
1 0 0 00 1 0 1
0 0 0 1

g3 ·M I(3,3)4→3 −M I(3,4)4→3 · g4 =
1 0 0 00 1 0 1
0 0 0 1
−
1 0 0 00 1 0 1
0 0 0 1
 = [ 43 0 ]
4. g4 ·M I(3,3)5→4 −M I(3,4)5→4 · g5 = 0
g4 ·M I(3,3)5→4 =
1 0 0 00 1 0 1
0 0 0 1
 ·

0 0
1 0
0 1
0 1
 =
0 01 1
0 1

M
I(3,4)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[
1 1
0 1
]
=
0 01 0
0 1
 · [1 1
0 1
]
=
0 01 1
0 1

g4 ·M I(3,3)5→4 −M I(3,4)5→4 · g5 =
0 01 1
0 1
−
0 01 1
0 1
 = [ 23 0 ]
5. g3 ·M I(3,3)6→3 −M I(3,4)6→3 · g6 = 0
g3 ·M I(3,3)6→3 =

1 1 2 1
1 1 0 0 0
1 0 1 0 1
1 0 0 0 1
 · [
4
4 1
1 0
]
=

1 1 2 1
1 1 0 0 0
1 0 1 0 1
1 0 0 0 1
 ·

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 =

1 1 2
1 1 0 0
1 0 1 0
1 0 0 0
 = [
2 2
2 1 0
1 0 0
]
M
I(3,4)
6→3 · g6 =
[ 2
2 1
1 0
]
·
[ 2 2
2 1 0
]
=
[ 2 2
2 1 0
1 0 0
]
g3 ·M I(3,3)6→3 −M I(3,4)6→3 · g6 =
[ 2 2
2 1 0
1 0 0
]
−
[ 2 2
2 1 0
1 0 0
]
=
[ 4
3 0
]
6. g6 ·M I(3,3)7→6 −M I(3,4)7→6 · g7 = 0
g6 ·M I(3,3)7→6 =
[ 2 2
2 1 0
]
·

1 0
0 0
0 1
0 0
 =
[
1 0 0 0
0 1 0 0
]
·

1 0
0 0
0 1
0 0
 =
[
1 0
0 0
]
M
I(3,4)
7→6 · g7 =
[
1
0
]
·
[
1 0
]
=
[
1 0
0 0
]
g6 ·M I(3,3)7→6 −M I(3,4)7→6 · g7 =
[
1 0
0 0
]
−
[
1 0
0 0
]
=
[ 2
2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[
0 1
]
·
[
1
0
]
=
[
0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 2 1
1 1 0 1
1 0 0 1
]
·

2
1 0
2 1
1 0
 = [ 22 0 ]
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3. g3 · f3 = 0
g3 · f3 =

1 1 2 1
1 1 0 0 0
1 0 1 0 1
1 0 0 0 1
 ·

2
2 0
2 1
1 0
 =

1 1 2 1
1 1 0 0 0
1 0 1 0 1
1 0 0 0 1
 ·

2
1 0
1 0
2 1
1 0
 =
[ 2
3 0
]
4. g4 · f4 = 0
g4 · f4 =
1 0 0 00 1 0 1
0 0 0 1
 ·

1
2 0
1 1
1 0
 =
1 0 0 00 1 0 1
0 0 0 1
 ·

0
0
1
0
 =
[ 1
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[
1 1
0 1
]
·
[ 0
2 0
]
=
[
1 1
0 1
]
·
[ 0
1 0
1 0
]
=
[ 0
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 2
2 1 0
]
·
[ 2
2 0
2 1
]
=
[ 2
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[
1 0
]
·
[
0
1
]
=
[
0
]
151.2 Tree module property of I(9, 3) 
The matrices of the representation have full (column) rank P
1. M I(9,3)1→2 =

0 0 0 0 0
1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

∈M10,5(k) is already in column echelon form and has maximal column rank.
2. M I(9,3)2→3 =

1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(9,3)
2→3 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

c5←c5−c1−−−−−−→

1 2 4 2 1
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 4 3
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
4 0 0 1 0
2 0 0 0 0
3 0 0 0 1

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3. M I(9,3)4→3 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

∈M14,10(k) is already in column echelon form and has maximal column rank.
4. M I(9,3)5→4 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

∈M10,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(9,3)
5→4 =

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0

5. M I(9,3)6→3 =

1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M14,10(k) is already in column echelon form and has maximal column rank.
6. M I(9,3)7→6 =

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 1

∈M10,5(k) is already in column echelon form and has maximal column rank.
151.2.1 0→ I(11, 1) f→ I(9, 3) g→ I(9, 2)→ 0 
PdimI(11, 1) + dimI(9, 2) = (1, 3, 5, 4, 2, 4, 2) + (4, 7, 9, 6, 3, 6, 3)
= (5, 10, 14, 10, 5, 10, 5) = dimI(9, 3)
Pdimk Ext
1
kQ(I(9, 2), I(11, 1)) = dimk HomkQ(I(9, 2), I(11, 1))− 〈dimI(9, 2),dimI(11, 1)〉
= 0− 〈(4, 7, 9, 6, 3, 6, 3), (1, 3, 5, 4, 2, 4, 2)〉
= 4 · 3 + 7 · 5 + 6 · 5 + 3 · 4 + 6 · 5 + 3 · 4− (4 · 1 + 7 · 3 + 9 · 5 + 6 · 4 + 3 · 2 + 6 · 4 + 3 · 2)
= 12 + 35 + 30 + 12 + 30 + 12− (4 + 21 + 45 + 24 + 6 + 24 + 6)
= 1
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Matrices of the embedding f : I(11, 1)→ I(9, 3) P
1. f1 =

1
0
0
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M10,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M10,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(9, 3)→ I(9, 2) P
1. g1 =

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈M4,5(k) is already in row echelon form and has maximal row rank.
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2. g2 =

0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M7,10(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M9,14(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M6,10(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

∈M6,10(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 1 0 00 0 0 1 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 1)→ I(9, 3) P
1. f2 ·M I(11,1)1→2 −M I(9,3)1→2 · f1 = 0
f2 ·M I(11,1)1→2 =
[ 3
3 1
7 0
]
·
01
1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
7 0 0 0
 ·
01
1
 =

1
1 0
1 1
1 1
7 0

M
I(9,3)
1→2 · f1 =

1 1 1 2
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

·
[ 1
1 1
4 0
]
=

1 1 1 2
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

·

1
1 1
1 0
1 0
2 0
 =

1
1 0
1 1
1 1
1 0
1 0
1 0
2 0
2 0

=

1
1 0
1 1
1 1
7 0

f2 ·M I(11,1)1→2 −M I(9,3)1→2 · f1 =

1
1 0
1 1
1 1
7 0
−

1
1 0
1 1
1 1
7 0
 =
[ 1
10 0
]
2. f3 ·M I(11,1)2→3 −M I(9,3)2→3 · f2 = 0
f3 ·M I(11,1)2→3 =
[ 5
5 1
9 0
]
·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
9 0 0 0
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2
1 1 0
2 0 1
2 0 1
9 0 0

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M
I(9,3)
2→3 · f2 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 3
3 1
7 0
]
=

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

1 2
1 1 0
2 0 1
4 0 0
2 0 0
1 0 0
 =

1 2
1 1 0
2 0 1
2 0 1
4 0 0
2 0 0
2 0 0
1 0 0

=

1 2
1 1 0
2 0 1
2 0 1
9 0 0

f3 ·M I(11,1)2→3 −M I(9,3)2→3 · f2 =

1 2
1 1 0
2 0 1
2 0 1
9 0 0
−

1 2
1 1 0
2 0 1
2 0 1
9 0 0
 =
[ 3
14 0
]
3. f3 ·M I(11,1)4→3 −M I(9,3)4→3 · f4 = 0
f3 ·M I(11,1)4→3 =
[ 5
5 1
9 0
]
·
[ 4
4 1
1 0
]
=

4 1
4 1 0
1 0 1
9 0 0
 · [
4
4 1
1 0
]
=

4
4 1
1 0
9 0
 = [
4
4 1
10 0
]
M
I(9,3)
4→3 · f4 =

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

·
[ 4
4 1
6 0
]
=

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

·

4
4 1
1 0
2 0
3 0
 =

4
4 1
1 0
1 0
2 0
2 0
3 0
1 0

=
[ 4
4 1
10 0
]
f3 ·M I(11,1)4→3 −M I(9,3)4→3 · f4 =
[ 4
4 1
10 0
]
−
[ 4
4 1
10 0
]
=
[ 4
14 0
]
4. f4 ·M I(11,1)5→4 −M I(9,3)5→4 · f5 = 0
f4 ·M I(11,1)5→4 =
[ 4
4 1
6 0
]
·

1 0
1 0
0 1
0 0
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
6 0 0 0 0
 ·

1 0
1 0
0 1
0 0
 =

1 1
1 1 0
1 1 0
1 0 1
1 0 0
6 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
7 0 0

M
I(9,3)
5→4 · f5 =

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·
[ 2
2 1
3 0
]
=

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·

1 1
1 1 0
1 0 1
2 0 0
1 0 0
 =

1 1
1 1 0
1 1 0
1 0 1
1 0 0
2 0 0
2 0 0
1 0 0
1 0 0

=

1 1
1 1 0
1 1 0
1 0 1
7 0 0

f4 ·M I(11,1)5→4 −M I(9,3)5→4 · f5 =

1 1
1 1 0
1 1 0
1 0 1
7 0 0
−

1 1
1 1 0
1 1 0
1 0 1
7 0 0
 =
[ 2
10 0
]
5. f3 ·M I(11,1)6→3 −M I(9,3)6→3 · f6 = 0
f3 ·M I(11,1)6→3 =
[ 5
5 1
9 0
]
·

1 3
1 1 0
1 0 0
3 0 1
 =

1 1 3
1 1 0 0
1 0 1 0
3 0 0 1
9 0 0 0
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 3
1 1 0
1 0 0
3 0 1
9 0 0

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M
I(9,3)
6→3 · f6 =

1 4 3 2
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·
[ 4
4 1
6 0
]
=

1 3 1 3 2
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
3 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

·

1 3
1 1 0
3 0 1
1 0 0
3 0 0
2 0 0
 =

1 3
1 1 0
1 0 0
3 0 1
1 0 0
1 0 0
3 0 0
2 0 0
2 0 0

=

1 3
1 1 0
1 0 0
3 0 1
9 0 0

f3 ·M I(11,1)6→3 −M I(9,3)6→3 · f6 =

1 3
1 1 0
1 0 0
3 0 1
9 0 0
−

1 3
1 1 0
1 0 0
3 0 1
9 0 0
 =
[ 4
14 0
]
6. f6 ·M I(11,1)7→6 −M I(9,3)7→6 · f7 = 0
f6 ·M I(11,1)7→6 =
[ 4
4 1
6 0
]
·
[ 2
2 0
2 1
]
=

2 2
2 1 0
2 0 1
6 0 0
 · [
2
2 0
2 1
]
=

2
2 0
2 1
6 0

M
I(9,3)
7→6 · f7 =

2 2 1
2 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·
[ 2
2 1
3 0
]
=

2 2 1
2 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·

2
2 1
2 0
1 0
 =

2
2 0
2 1
2 0
2 0
1 0
1 0

=

2
2 0
2 1
6 0

f6 ·M I(11,1)7→6 −M I(9,3)7→6 · f7 =

2
2 0
2 1
6 0
−

2
2 0
2 1
6 0
 = [ 210 0 ]
Relations of the projection g : I(9, 3)→ I(9, 2) P
1. g2 ·M I(9,3)1→2 −M I(9,2)1→2 · g1 = 0
g2 ·M I(9,3)1→2 =
[ 3 7
7 0 1
]
·

1 1 1 2
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

=

1 1 1 1 1 1 2 2
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

1 1 1 2
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

=

1 1 1 2
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

M
I(9,2)
1→2 · g1 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·
[ 1 4
4 0 1
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·

1 1 1 2
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

1 1 1 2
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

g2 ·M I(9,3)1→2 −M I(9,2)1→2 · g1 =

1 1 1 2
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1
−

1 1 1 2
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1
 =
[ 5
7 0
]
2. g3 ·M I(9,3)2→3 −M I(9,2)2→3 · g2 = 0
g3 ·M I(9,3)2→3 =
[ 5 9
9 0 1
]
·

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 2 4 2 2 1
4 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 4 2 1
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1
 =

3 4 3
4 0 1 0
2 0 0 0
3 0 0 1

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M
I(9,2)
2→3 · g2 =

4 3
4 1 0
2 0 0
3 0 1
 · [ 3 77 0 1 ] =

4 3
4 1 0
2 0 0
3 0 1
 · [
3 4 3
4 0 1 0
3 0 0 1
]
=

3 4 3
4 0 1 0
2 0 0 0
3 0 0 1

g3 ·M I(9,3)2→3 −M I(9,2)2→3 · g2 =

3 4 3
4 0 1 0
2 0 0 0
3 0 0 1
−

3 4 3
4 0 1 0
2 0 0 0
3 0 0 1
 = [109 0 ]
3. g3 ·M I(9,3)4→3 −M I(9,2)4→3 · g4 = 0
g3 ·M I(9,3)4→3 =
[ 5 9
9 0 1
]
·

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

=

4 1 1 2 2 3 1
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

=

4 1 2 3
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

M
I(9,2)
4→3 · g4 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·
[ 4 6
6 0 1
]
=

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·

4 1 2 3
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 =

4 1 2 3
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

g3 ·M I(9,3)4→3 −M I(9,2)4→3 · g4 =

4 1 2 3
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0
−

4 1 2 3
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0
 =
[10
9 0
]
4. g4 ·M I(9,3)5→4 −M I(9,2)5→4 · g5 = 0
g4 ·M I(9,3)5→4 =
[ 4 6
6 0 1
]
·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0

=

1 1 1 1 2 2 1 1
2 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 ·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0

=

1 1 2 1
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0
 =

2 2 1
2 0 1′ 0
2 0 1 0
1 0 0 1
1 0 0 0

M
I(9,2)
5→4 · g5 =

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 ·
[ 2 3
3 0 1
]
=

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 ·
[ 2 2 1
2 0 1 0
1 0 0 1
]
=

2 2 1
2 0 1′ 0
2 0 1 0
1 0 0 1
1 0 0 0

g4 ·M I(9,3)5→4 −M I(9,2)5→4 · g5 =

2 2 1
2 0 1′ 0
2 0 1 0
1 0 0 1
1 0 0 0
−

2 2 1
2 0 1′ 0
2 0 1 0
1 0 0 1
1 0 0 0
 =
[ 5
6 0
]
5. g3 ·M I(9,3)6→3 −M I(9,2)6→3 · g6 = 0
g3 ·M I(9,3)6→3 =
[ 5 9
9 0 1
]
·

1 4 3 2
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 1 3 1 1 3 2 2
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
 ·

1 3 1 3 2
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
3 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

=

1 3 1 3 2
1 0 0 1 0 0
1 0 0 0 0 0
3 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1
 =

4 1 3 2
1 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

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M
I(9,2)
6→3 · g6 =

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·
[ 4 6
6 0 1
]
=

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·

4 1 3 2
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
 =

4 1 3 2
1 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

g3 ·M I(9,3)6→3 −M I(9,2)6→3 · g6 =

4 1 3 2
1 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1
−

4 1 3 2
1 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1
 =
[10
9 0
]
6. g6 ·M I(9,3)7→6 −M I(9,2)7→6 · g7 = 0
g6 ·M I(9,3)7→6 =
[ 4 6
6 0 1
]
·

2 2 1
2 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

2 2 2 2 1 1
2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

2 2 1
2 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

2 2 1
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

M
I(9,2)
7→6 · g7 =

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 ·
[ 2 3
3 0 1
]
=

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 ·
[ 2 2 1
2 0 1 0
1 0 0 1
]
=

2 2 1
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

g6 ·M I(9,3)7→6 −M I(9,2)7→6 · g7 =

2 2 1
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1
−

2 2 1
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1
 =
[ 5
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 4
4 0 1
]
·
[ 1
1 1
4 0
]
=
[ 1
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 7
7 0 1
]
·
[ 3
3 1
7 0
]
=
[ 3
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 9
9 0 1
]
·
[ 5
5 1
9 0
]
=
[ 5
9 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 6
6 0 1
]
·
[ 4
4 1
6 0
]
=
[ 4
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
2779
6. g6 · f6 = 0
g6 · f6 =
[ 4 6
6 0 1
]
·
[ 4
4 1
6 0
]
=
[ 4
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 3
3 0 1
]
·
[ 2
2 1
3 0
]
=
[ 2
3 0
]
151.2.2 0→ I(11, 5) f→ I(9, 3) g→ I(9, 4)→ 0 
PdimI(11, 5) + dimI(9, 4) = (2, 4, 5, 3, 1, 4, 2) + (3, 6, 9, 7, 4, 6, 3)
= (5, 10, 14, 10, 5, 10, 5) = dimI(9, 3)
Pdimk Ext
1
kQ(I(9, 4), I(11, 5)) = dimk HomkQ(I(9, 4), I(11, 5))− 〈dimI(9, 4),dimI(11, 5)〉
= 0− 〈(3, 6, 9, 7, 4, 6, 3), (2, 4, 5, 3, 1, 4, 2)〉
= 3 · 4 + 6 · 5 + 7 · 5 + 4 · 3 + 6 · 5 + 3 · 4− (3 · 2 + 6 · 4 + 9 · 5 + 7 · 3 + 4 · 1 + 6 · 4 + 3 · 2)
= 12 + 30 + 35 + 12 + 30 + 12− (6 + 24 + 45 + 21 + 4 + 24 + 6)
= 1
Matrices of the embedding f : I(11, 5)→ I(9, 3) P
1. f1 =

0 0
1 0
0 1
0 0
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M10,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M14,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M10,3(k) is already in column echelon form and has maximal column rank.
5. f5 =

0
0
1
0
0
 ∈M5,1(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M10,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
0 0
1 0
0 1
0 0
 ∈M5,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(9, 3)→ I(9, 4) P
1. g1 =
1 0 0 0 00 0 0 0 1
0 0 0 1 0
 ∈M3,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 1 2 2
1 1 0 0
2 0 0 1′
]
2. g2 =

1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0

∈M6,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
 r3↔r4−−−−→

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 0 0 1′ 0
1 0 0 0 0 1

3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0

∈M9,14(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
4. g4 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0

∈M7,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 4 3 3
4 1 0 0
3 0 0 1′
]
5. g5 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0
 ∈M4,5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 1 2
2 1 0 0
2 0 0 1′
]
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6. g6 =

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0

∈M6,10(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 4 4 2
4 1 0 0
2 0 0 1′
]
7. g7 =
1 0 0 0 00 1 0 0 0
0 0 0 0 1
 ∈M3,5(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 5)→ I(9, 3) P
1. f2 ·M I(11,5)1→2 −M I(9,3)1→2 · f1 = 0
f2 ·M I(11,5)1→2 =

4
3 0
4 1
3 0
 ·

1 0
1 0
0 1
0 0
 =

1 1 1 1
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
3 0 0 0 0

·

1 0
1 0
0 1
0 0
 =

1 1
3 0 0
1 1 0
1 1 0
1 0 1
1 0 0
3 0 0

=

1 1
3 0 0
1 1 0
1 1 0
1 0 1
4 0 0

M
I(9,3)
1→2 · f1 =

1 1 1 2
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

·

2
1 0
2 1
2 0
 =

1 1 1 2
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

·

1 1
1 0 0
1 1 0
1 0 1
2 0 0
 =

1 1
1 0 0
1 0 0
1 0 0
1 1 0
1 1 0
1 0 1
2 0 0
2 0 0

=

1 1
3 0 0
1 1 0
1 1 0
1 0 1
4 0 0

f2 ·M I(11,5)1→2 −M I(9,3)1→2 · f1 =

1 1
3 0 0
1 1 0
1 1 0
1 0 1
4 0 0
−

1 1
3 0 0
1 1 0
1 1 0
1 0 1
4 0 0
 =
[ 2
10 0
]
2. f3 ·M I(11,5)2→3 −M I(9,3)2→3 · f2 = 0
f3 ·M I(11,5)2→3 =

5
5 0
5 1
4 0
 · [
4
4 1
1 0
]
=

4 1
5 0 0
4 1 0
1 0 1
4 0 0
 ·
[ 4
4 1
1 0
]
=

4
5 0
4 1
1 0
4 0
 =

4
5 0
4 1
5 0

M
I(9,3)
2→3 · f2 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

4
3 0
4 1
3 0
 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

·

4
1 0
2 0
4 1
2 0
1 0
 =

4
1 0
2 0
2 0
4 1
2 0
2 0
1 0

=

4
5 0
4 1
5 0

f3 ·M I(11,5)2→3 −M I(9,3)2→3 · f2 =

4
5 0
4 1
5 0
−

4
5 0
4 1
5 0
 = [ 414 0 ]
3. f3 ·M I(11,5)4→3 −M I(9,3)4→3 · f4 = 0
f3 ·M I(11,5)4→3 =

5
5 0
5 1
4 0
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2 2
5 0 0 0
1 1 0 0
2 0 1 0
2 0 0 1
4 0 0 0
 ·

1 2
1 1 0
2 0 1
2 0 1
 =

1 2
5 0 0
1 1 0
2 0 1
2 0 1
4 0 0

2782
M
I(9,3)
4→3 · f4 =

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

·

3
4 0
3 1
3 0
 =

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

·

1 2
4 0 0
1 1 0
2 0 1
3 0 0
 =

1 2
4 0 0
1 0 0
1 1 0
2 0 1
2 0 1
3 0 0
1 0 0

=

1 2
5 0 0
1 1 0
2 0 1
2 0 1
4 0 0

f3 ·M I(11,5)4→3 −M I(9,3)4→3 · f4 =

1 2
5 0 0
1 1 0
2 0 1
2 0 1
4 0 0
−

1 2
5 0 0
1 1 0
2 0 1
2 0 1
4 0 0
 =
[ 3
14 0
]
4. f4 ·M I(11,5)5→4 −M I(9,3)5→4 · f5 = 0
f4 ·M I(11,5)5→4 =

3
4 0
3 1
3 0
 ·
01
1
 =

1 1 1
4 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
01
1
 =

1
4 0
1 0
1 1
1 1
3 0
 =

1
5 0
1 1
1 1
3 0

M
I(9,3)
5→4 · f5 =

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0

·

1
2 0
1 1
2 0
 =

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

·

0
0
1
0
0
 =

0
0
0
0
0
1
1
0
0
0

=

1
5 0
1 1
1 1
3 0

f4 ·M I(11,5)5→4 −M I(9,3)5→4 · f5 =

1
5 0
1 1
1 1
3 0
−

1
5 0
1 1
1 1
3 0
 =
[ 1
10 0
]
5. f3 ·M I(11,5)6→3 −M I(9,3)6→3 · f6 = 0
f3 ·M I(11,5)6→3 =

5
5 0
5 1
4 0
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 1 3
5 0 0 0
1 1 0 0
1 0 1 0
3 0 0 1
4 0 0 0
 ·

1 3
1 1 0
1 0 0
3 0 1
 =

1 3
5 0 0
1 1 0
1 0 0
3 0 1
4 0 0

M
I(9,3)
6→3 · f6 =

1 4 3 2
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

4
4 0
4 1
2 0
 =

1 3 1 3 2
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
3 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

·

1 3
1 0 0
3 0 0
1 1 0
3 0 1
2 0 0
 =

1 3
1 0 0
1 0 0
3 0 0
1 1 0
1 0 0
3 0 1
2 0 0
2 0 0

=

1 3
5 0 0
1 1 0
1 0 0
3 0 1
4 0 0

f3 ·M I(11,5)6→3 −M I(9,3)6→3 · f6 =

1 3
5 0 0
1 1 0
1 0 0
3 0 1
4 0 0
−

1 3
5 0 0
1 1 0
1 0 0
3 0 1
4 0 0
 =
[ 4
14 0
]
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6. f6 ·M I(11,5)7→6 −M I(9,3)7→6 · f7 = 0
f6 ·M I(11,5)7→6 =

4
4 0
4 1
2 0
 · [
2
2 0
2 1
]
=

2 2
4 0 0
2 1 0
2 0 1
2 0 0
 ·
[ 2
2 0
2 1
]
=

2
4 0
2 0
2 1
2 0
 =

2
6 0
2 1
2 0

M
I(9,3)
7→6 · f7 =

2 2 1
2 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·

2
2 0
2 1
1 0
 =

2
2 0
2 0
2 0
2 1
1 0
1 0

=

2
6 0
2 1
2 0

f6 ·M I(11,5)7→6 −M I(9,3)7→6 · f7 =

2
6 0
2 1
2 0
−

2
6 0
2 1
2 0
 = [ 210 0 ]
Relations of the projection g : I(9, 3)→ I(9, 4) P
1. g2 ·M I(9,3)1→2 −M I(9,4)1→2 · g1 = 0
g2 ·M I(9,3)1→2 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
 ·

1 1 1 2
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 0
2 0 0 0 1

=

1 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0

·

0 0 0 0 0
1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1

=

0 0 0 0 1
1 0 0 0 0
1 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 0 0 0

=

1 2 1 1
1 0 0 0 1
1 1 0 0 0
1 1 0 0 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 0

M
I(9,4)
1→2 · g1 =

2 1
2 1′ 0
2 1 0
1 0 1
1 0 0
 ·
[ 1 2 2
1 1 0 0
2 0 0 1′
]
=

0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
0 0 0

·

1 2 1 1
1 1 0 0 0
1 0 0 0 1
1 0 0 1 0
 =

1 2 1 1
1 0 0 0 1
1 1 0 0 0
1 1 0 0 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 0

g2 ·M I(9,3)1→2 −M I(9,4)1→2 · g1 =

1 2 1 1
1 0 0 0 1
1 1 0 0 0
1 1 0 0 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 0

−

1 2 1 1
1 0 0 0 1
1 1 0 0 0
1 1 0 0 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 0

=
[ 5
6 0
]
2. g3 ·M I(9,3)2→3 −M I(9,4)2→3 · g2 = 0
g3 ·M I(9,3)2→3 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 2 4 1 1 2 1
1 1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 1 0 0

·

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
4 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
1 0 0 0 0 0

M
I(9,4)
2→3 · g2 =

1 2 3
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
1 0 0 0
 ·

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0

·

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
1 0 0 0 0 0

2784
g3 ·M I(9,3)2→3 −M I(9,4)2→3 · g2 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
1 0 0 0 0 0

−

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
1 0 0 0 0 0

=
[10
9 0
]
3. g3 ·M I(9,3)4→3 −M I(9,4)4→3 · g4 = 0
g3 ·M I(9,3)4→3 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

=

4 1 1 2 2 3 1
4 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1
3 0 0 0 0 0 1′ 0
 ·

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
1 0 0 0 0

=

4 1 2 3
4 1 0 0 0
1 0 0 0 0
1 0 0 0 0
3 0 0 0 1′
 =

4 3 3
4 1 0 0
2 0 0 0
3 0 0 1′

M
I(9,4)
4→3 · g4 =

4 3
4 1 0
2 0 0
3 0 1
 · [
4 3 3
4 1 0 0
3 0 0 1′
]
=

4 3 3
4 1 0 0
2 0 0 0
3 0 0 1′

g3 ·M I(9,3)4→3 −M I(9,4)4→3 · g4 =

4 3 3
4 1 0 0
2 0 0 0
3 0 0 1′
−

4 3 3
4 1 0 0
2 0 0 0
3 0 0 1′
 = [109 0 ]
4. g4 ·M I(9,3)5→4 −M I(9,4)5→4 · g5 = 0
g4 ·M I(9,3)5→4 =
[ 4 3 3
4 1 0 0
3 0 0 1′
]
·

1 1 2 1
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
2 0 0 1′ 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 0

=

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0

·

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

=

1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 1 0

=

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1′

M
I(9,4)
5→4 · g5 =

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·
[ 2 1 2
2 1 0 0
2 0 0 1′
]
=

1 1 2
1 1 0 0
1 1 0 0
1 0 1 0
2 0 0 0
2 0 0 1
 ·

1 1 1 2
1 1 0 0 0
1 0 1 0 0
2 0 0 0 1′
 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1′

g4 ·M I(9,3)5→4 −M I(9,4)5→4 · g5 =

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1′
−

1 1 1 2
1 1 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 0 0
2 0 0 0 1′
 =
[ 5
7 0
]
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5. g3 ·M I(9,3)6→3 −M I(9,4)6→3 · g6 = 0
g3 ·M I(9,3)6→3 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

1 4 3 2
1 1 0 0 0
1 0 0 0 0
4 0 1 0 0
1 0 0 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 1 3 1 1 3 2 2
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 1′
2 0 0 0 0 0 0 1′ 0
 ·

1 3 1 3 2
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
3 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

=

1 3 1 3 2
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 1′
2 0 0 0 0 1′
 =

1 3 4 2
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 0 1′
2 0 0 0 1′

M
I(9,4)
6→3 · g6 =

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·
[ 4 4 2
4 1 0 0
2 0 0 1′
]
=

1 3 2
1 1 0 0
1 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 ·

1 3 4 2
1 1 0 0 0
3 0 1 0 0
2 0 0 0 1′
 =

1 3 4 2
1 1 0 0 0
1 0 0 0 0
3 0 1 0 0
2 0 0 0 1′
2 0 0 0 1′

g3 ·M I(9,3)6→3 −M I(9,4)6→3 · g6 =

1 3 4 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0

−

1 3 4 1 1
1 1 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 0 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 1 0

=
[10
9 0
]
6. g6 ·M I(9,3)7→6 −M I(9,4)7→6 · g7 = 0
g6 ·M I(9,3)7→6 =
[ 4 4 2
4 1 0 0
2 0 0 1′
]
·

2 2 1
2 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

2 2 2 2 1 1
2 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0
 ·

2 2 1
2 0 0 0
2 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

2 2 1
2 0 0 0
2 1 0 0
1 0 0 1
1 0 0 1

M
I(9,4)
7→6 · g7 =

2 1
2 0 0
2 1 0
1 0 1
1 0 1
 ·
[ 2 2 1
2 1 0 0
1 0 0 1
]
=

2 2 1
2 0 0 0
2 1 0 0
1 0 0 1
1 0 0 1

g6 ·M I(9,3)7→6 −M I(9,4)7→6 · g7 =

2 2 1
2 0 0 0
2 1 0 0
1 0 0 1
1 0 0 1
−

2 2 1
2 0 0 0
2 1 0 0
1 0 0 1
1 0 0 1
 =
[ 5
6 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2 2
1 1 0 0
2 0 0 1′
]
·

2
1 0
2 1
2 0
 = [ 23 0 ]
2. g2 · f2 = 0
g2 · f2 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
 ·

4
3 0
4 1
3 0
 =

1 2 4 2 1
1 1 0 0 0 1
2 0 1 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
 ·

4
1 0
2 0
4 1
2 0
1 0
 =
[ 4
6 0
]
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3. g3 · f3 = 0
g3 · f3 =
[ 5 5 4
5 1 0 0
4 0 0 1′
]
·

5
5 0
5 1
4 0
 = [ 59 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 4 3 3
4 1 0 0
3 0 0 1′
]
·

3
4 0
3 1
3 0
 = [ 37 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1 2
2 1 0 0
2 0 0 1′
]
·

1
2 0
1 1
2 0
 = [ 14 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 4 4 2
4 1 0 0
2 0 0 1′
]
·

4
4 0
4 1
2 0
 = [ 46 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 2 2 1
2 1 0 0
1 0 0 1
]
·

2
2 0
2 1
1 0
 = [ 23 0 ]
151.3 Tree module property of I(15, 3) 
The matrices of the representation have full (column) rank P
1. M I(15,3)1→2 =

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k) is already in column echelon form and has maximal column rank.
2787
2. M I(15,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(15,3)
2→3 =

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c7←c7−c1−−−−−−→

1 1 2 1 6 4 1
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 1 2 1 6 5
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
6 0 0 0 0 1 0
4 0 0 0 0 0 0
5 0 0 0 0 0 1

3. M I(15,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k) is already in column echelon form and has maximal column rank.
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4. M I(15,3)5→4 =

1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M16,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(15,3)
5→4 =

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

c3↔c4−−−−→

1 2 1 2 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
1 0 0 1 0 0
2 0 0 0 0 1
2 0 0 0 0 0

5. M I(15,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M23,16(k) is already in column echelon form and has maximal column rank.
6. M I(15,3)7→6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M16,8(k) is already in column echelon form and has maximal column rank.
151.3.1 0→ I(17, 1) f→ I(15, 3) g→ I(15, 2)→ 0 
PdimI(17, 1) + dimI(15, 2) = (2, 5, 8, 6, 3, 6, 3) + (6, 11, 15, 10, 5, 10, 5)
= (8, 16, 23, 16, 8, 16, 8) = dimI(15, 3)
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dimk Ext
1
kQ(I(15, 2), I(17, 1)) = dimk HomkQ(I(15, 2), I(17, 1))− 〈dimI(15, 2),dimI(17, 1)〉
= 0− 〈(6, 11, 15, 10, 5, 10, 5), (2, 5, 8, 6, 3, 6, 3)〉
= 6 · 5 + 11 · 8 + 10 · 8 + 5 · 6 + 10 · 8 + 5 · 6− (6 · 2 + 11 · 5 + 15 · 8 + 10 · 6 + 5 · 3 + 10 · 6 + 5 · 3)
= 30 + 88 + 80 + 30 + 80 + 30− (12 + 55 + 120 + 60 + 15 + 60 + 15)
= 1
Matrices of the embedding f : I(17, 1)→ I(15, 3) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M16,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M23,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M16,6(k) is already in column echelon form and has maximal column rank.
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5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M16,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(15, 3)→ I(15, 2) P
1. g1 =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M6,8(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,16(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,23(k) is already in row echelon form and has maximal row rank.
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4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,16(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M10,16(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(17, 1)→ I(15, 3) P
1. f2 ·M I(17,1)1→2 −M I(15,3)1→2 · f1 = 0
f2 ·M I(17,1)1→2 =
[ 5
5 1
11 0
]
·

2
1 0
2 1
2 1
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
11 0 0 0
 ·

2
1 0
2 1
2 1
 =

2
1 0
2 1
2 1
11 0

M
I(15,3)
1→2 · f1 =

2 1 2 3
1 0 0 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

·
[ 2
2 1
6 0
]
=

2 1 2 3
1 0 0 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

·

2
2 1
1 0
2 0
3 0
 =

2
1 0
2 1
2 1
1 0
1 0
2 0
4 0
3 0

=

2
1 0
2 1
2 1
11 0

f2 ·M I(17,1)1→2 −M I(15,3)1→2 · f1 =

2
1 0
2 1
2 1
11 0
−

2
1 0
2 1
2 1
11 0
 =
[ 2
16 0
]
2. f3 ·M I(17,1)2→3 −M I(15,3)2→3 · f2 = 0
f3 ·M I(17,1)2→3 =
[ 8
8 1
15 0
]
·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1 2 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
15 0 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
15 0 0 0 0

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M
I(15,3)
2→3 · f2 =

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·
[ 5
5 1
11 0
]
=

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
6 0 0 0 0
4 0 0 0 0
1 0 0 0 0

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
6 0 0 0 0
4 0 0 0 0
4 0 0 0 0
1 0 0 0 0

=

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
15 0 0 0 0

f3 ·M I(17,1)2→3 −M I(15,3)2→3 · f2 =

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
15 0 0 0 0

−

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
15 0 0 0 0

=
[ 5
23 0
]
3. f3 ·M I(17,1)4→3 −M I(15,3)4→3 · f4 = 0
f3 ·M I(17,1)4→3 =
[ 8
8 1
15 0
]
·
[ 6
6 1
2 0
]
=

6 2
6 1 0
2 0 1
15 0 0
 · [
6
6 1
2 0
]
=

6
6 1
2 0
15 0
 = [
6
6 1
17 0
]
M
I(15,3)
4→3 · f4 =

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·
[ 6
6 1
10 0
]
=

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·

6
6 1
1 0
1 0
2 0
1 0
5 0

=

6
6 1
2 0
1 0
1 0
2 0
1 0
2 0
1 0
5 0
2 0

=
[ 6
6 1
17 0
]
f3 ·M I(17,1)4→3 −M I(15,3)4→3 · f4 =
[ 6
6 1
17 0
]
−
[ 6
6 1
17 0
]
=
[ 6
23 0
]
4. f4 ·M I(17,1)5→4 −M I(15,3)5→4 · f5 = 0
f4 ·M I(17,1)5→4 =
[ 6
6 1
10 0
]
·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
10 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
12 0 0

M
I(15,3)
5→4 · f5 =

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·
[ 3
3 1
5 0
]
=

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

1 2
1 1 0
2 0 1
2 0 0
1 0 0
2 0 0
 =

1 2
1 1 0
1 1 0
2 0 1
2 0 0
1 0 0
2 0 0
2 0 0
1 0 0
2 0 0
2 0 0

=

1 2
1 1 0
1 1 0
2 0 1
12 0 0

f4 ·M I(17,1)5→4 −M I(15,3)5→4 · f5 =

1 2
1 1 0
1 1 0
2 0 1
12 0 0
−

1 2
1 1 0
1 1 0
2 0 1
12 0 0
 =
[ 3
16 0
]
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5. f3 ·M I(17,1)6→3 −M I(15,3)6→3 · f6 = 0
f3 ·M I(17,1)6→3 =
[ 8
8 1
15 0
]
·

1 5
1 1 0
2 0 0
5 0 1
 =

1 2 5
1 1 0 0
2 0 1 0
5 0 0 1
15 0 0 0
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 5
1 1 0
2 0 0
5 0 1
15 0 0

M
I(15,3)
6→3 · f6 =

1 6 5 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
6 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 6
6 1
10 0
]
=

1 5 1 5 1 2 1
1 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
5 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 5
1 1 0
5 0 1
1 0 0
5 0 0
1 0 0
2 0 0
1 0 0

=

1 5
1 1 0
2 0 0
5 0 1
1 0 0
2 0 0
5 0 0
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0

=

1 5
1 1 0
2 0 0
5 0 1
15 0 0

f3 ·M I(17,1)6→3 −M I(15,3)6→3 · f6 =

1 5
1 1 0
2 0 0
5 0 1
15 0 0
−

1 5
1 1 0
2 0 0
5 0 1
15 0 0
 =
[ 6
23 0
]
6. f6 ·M I(17,1)7→6 −M I(15,3)7→6 · f7 = 0
f6 ·M I(17,1)7→6 =
[ 6
6 1
10 0
]
·
[ 3
3 0
3 1
]
=

3 3
3 1 0
3 0 1
10 0 0
 · [
3
3 0
3 1
]
=

3
3 0
3 1
10 0

M
I(15,3)
7→6 · f7 =

3 3 2
3 0 0 0
3 1 0 0
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·
[ 3
3 1
5 0
]
=

3 3 2
3 0 0 0
3 1 0 0
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·

3
3 1
3 0
2 0
 =

3
3 0
3 1
3 0
3 0
2 0
2 0

=

3
3 0
3 1
10 0

f6 ·M I(17,1)7→6 −M I(15,3)7→6 · f7 =

3
3 0
3 1
10 0
−

3
3 0
3 1
10 0
 = [ 316 0 ]
Relations of the projection g : I(15, 3)→ I(15, 2) P
1. g2 ·M I(15,3)1→2 −M I(15,2)1→2 · g1 = 0
g2 ·M I(15,3)1→2 =
[ 5 11
11 0 1
]
·

2 1 2 3
1 0 0 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

=

1 2 2 1 1 2 4 3
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
 ·

2 1 2 3
1 0 0 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

=

2 1 2 3
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

M
I(15,2)
1→2 · g1 =

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·
[ 2 6
6 0 1
]
=

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·

2 1 2 3
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 =

2 1 2 3
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

2794
g2 ·M I(15,3)1→2 −M I(15,2)1→2 · g1 =

2 1 2 3
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1
−

2 1 2 3
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1
 =
[ 8
11 0
]
2. g3 ·M I(15,3)2→3 −M I(15,2)2→3 · g2 = 0
g3 ·M I(15,3)2→3 =
[ 8 15
15 0 1
]
·

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 1 2 1 2 1 6 4 4 1
6 0 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
 ·

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 1 2 1 6 4 1
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 =

5 6 5
6 0 1 0
4 0 0 0
5 0 0 1

M
I(15,2)
2→3 · g2 =

6 5
6 1 0
4 0 0
5 0 1
 · [ 5 1111 0 1 ] =

6 5
6 1 0
4 0 0
5 0 1
 · [
5 6 5
6 0 1 0
5 0 0 1
]
=

5 6 5
6 0 1 0
4 0 0 0
5 0 0 1

g3 ·M I(15,3)2→3 −M I(15,2)2→3 · g2 =

5 6 5
6 0 1 0
4 0 0 0
5 0 0 1
−

5 6 5
6 0 1 0
4 0 0 0
5 0 0 1
 = [1615 0 ]
3. g3 ·M I(15,3)4→3 −M I(15,2)4→3 · g4 = 0
g3 ·M I(15,3)4→3 =
[ 8 15
15 0 1
]
·

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=

6 2 1 1 2 1 2 1 5 2
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
5 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=

6 1 1 2 1 5
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

M
I(15,2)
4→3 · g4 =

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·
[ 6 10
10 0 1
]
=

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·

6 1 1 2 1 5
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
 =

6 1 1 2 1 5
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

2795
g3 ·M I(15,3)4→3 −M I(15,2)4→3 · g4 =

6 1 1 2 1 5
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

−

6 1 1 2 1 5
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[16
15 0
]
4. g4 ·M I(15,3)5→4 −M I(15,2)5→4 · g5 = 0
g4 ·M I(15,3)5→4 =
[ 6 10
10 0 1
]
·

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 2 1 2 2 1 2 2
1 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 2 2 1 2
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

3 2 1 2
1 0 0 1 0
2 0 1 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

M
I(15,2)
5→4 · g5 =

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·
[ 3 5
5 0 1
]
=

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·

3 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

3 2 1 2
1 0 0 1 0
2 0 1 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

g4 ·M I(15,3)5→4 −M I(15,2)5→4 · g5 =

3 2 1 2
1 0 0 1 0
2 0 1 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

−

3 2 1 2
1 0 0 1 0
2 0 1 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

=
[ 8
10 0
]
5. g3 ·M I(15,3)6→3 −M I(15,2)6→3 · g6 = 0
g3 ·M I(15,3)6→3 =
[ 8 15
15 0 1
]
·

1 6 5 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
6 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 2 5 1 2 5 1 2 1 2 1
1 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0 0
5 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 1

·

1 5 1 5 1 2 1
1 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
5 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 5 1 5 1 2 1
1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
5 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

6 1 5 1 2 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

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M
I(15,2)
6→3 · g6 =

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 6 10
10 0 1
]
=

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

6 1 5 1 2 1
1 0 1 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
 =

6 1 5 1 2 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

g3 ·M I(15,3)6→3 −M I(15,2)6→3 · g6 =

6 1 5 1 2 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

−

6 1 5 1 2 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=
[16
15 0
]
6. g6 ·M I(15,3)7→6 −M I(15,2)7→6 · g7 = 0
g6 ·M I(15,3)7→6 =
[ 6 10
10 0 1
]
·

3 3 2
3 0 0 0
3 1 0 0
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

3 3 3 3 2 2
3 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 ·

3 3 2
3 0 0 0
3 1 0 0
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

3 3 2
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

M
I(15,2)
7→6 · g7 =

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 ·
[ 3 5
5 0 1
]
=

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 ·
[ 3 3 2
3 0 1 0
2 0 0 1
]
=

3 3 2
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

g6 ·M I(15,3)7→6 −M I(15,2)7→6 · g7 =

3 3 2
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
−

3 3 2
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1
 =
[ 8
10 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 6
6 0 1
]
·
[ 2
2 1
6 0
]
=
[ 2
6 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 11
11 0 1
]
·
[ 5
5 1
11 0
]
=
[ 5
11 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 15
15 0 1
]
·
[ 8
8 1
15 0
]
=
[ 8
15 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 10
10 0 1
]
·
[ 6
6 1
10 0
]
=
[ 6
10 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 6 10
10 0 1
]
·
[ 6
6 1
10 0
]
=
[ 6
10 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
151.3.2 0→ I(17, 5) f→ I(15, 3) g→ I(15, 4)→ 0 
PdimI(17, 5) + dimI(15, 4) = (3, 6, 8, 5, 2, 6, 3) + (5, 10, 15, 11, 6, 10, 5)
= (8, 16, 23, 16, 8, 16, 8) = dimI(15, 3)
Pdimk Ext
1
kQ(I(15, 4), I(17, 5)) = dimk HomkQ(I(15, 4), I(17, 5))− 〈dimI(15, 4),dimI(17, 5)〉
= 0− 〈(5, 10, 15, 11, 6, 10, 5), (3, 6, 8, 5, 2, 6, 3)〉
= 5 · 6 + 10 · 8 + 11 · 8 + 6 · 5 + 10 · 8 + 5 · 6− (5 · 3 + 10 · 6 + 15 · 8 + 11 · 5 + 6 · 2 + 10 · 6 + 5 · 3)
= 30 + 80 + 88 + 30 + 80 + 30− (15 + 60 + 120 + 55 + 12 + 60 + 15)
= 1
Matrices of the embedding f : I(17, 5)→ I(15, 3) P
1. f1 =

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M16,6(k) is already in column echelon form and has maximal column rank.
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3. f3 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M23,8(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M16,5(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0
0 0
0 0
1 0
0 1
0 0
0 0
0 0

∈M8,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M16,6(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(15, 3)→ I(15, 4) P
1. g1 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 3 3
2 1 0 0
3 0 0 1′
]
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

∈M10,16(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 4 6 4 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
4 0 0 0 1′ 0
 r3↔r4−−−−→

1 4 6 4 1
1 1 0 0 0 1
4 0 1 0 0 0
4 0 0 0 1′ 0
1 0 0 0 0 1

3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

∈ M15,23(k) can be brought to row echelon form (as shown below) and has maximal row
rank.
g3 =
[ 8 8 7
8 1 0 0
7 0 0 1′
]
4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

∈M11,16(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 6 5 5
6 1 0 0
5 0 0 1′
]
5. g5 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0

∈M6,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3 2 3
3 1 0 0
3 0 0 1′
]
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6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

∈M10,16(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 6 6 4
6 1 0 0
4 0 0 1′
]
7. g7 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
Relations of the embedding f : I(17, 5)→ I(15, 3) P
1. f2 ·M I(17,5)1→2 −M I(15,3)1→2 · f1 = 0
f2 ·M I(17,5)1→2 =

6
5 0
6 1
5 0
 ·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 1 2 2
5 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
5 0 0 0 0

·

1 2
1 1 0
1 1 0
2 0 1
2 0 0
 =

1 2
5 0 0
1 1 0
1 1 0
2 0 1
2 0 0
5 0 0

=

1 2
5 0 0
1 1 0
1 1 0
2 0 1
7 0 0

M
I(15,3)
1→2 · f1 =

2 1 2 3
1 0 0 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

·

3
2 0
3 1
3 0
 =

2 1 2 3
1 0 0 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

·

1 2
2 0 0
1 1 0
2 0 1
3 0 0
 =

1 2
1 0 0
2 0 0
2 0 0
1 1 0
1 1 0
2 0 1
4 0 0
3 0 0

=

1 2
5 0 0
1 1 0
1 1 0
2 0 1
7 0 0

f2 ·M I(17,5)1→2 −M I(15,3)1→2 · f1 =

1 2
5 0 0
1 1 0
1 1 0
2 0 1
7 0 0
−

1 2
5 0 0
1 1 0
1 1 0
2 0 1
7 0 0
 =
[ 3
16 0
]
2. f3 ·M I(17,5)2→3 −M I(15,3)2→3 · f2 = 0
f3 ·M I(17,5)2→3 =

8
8 0
8 1
7 0
 · [
6
6 1
2 0
]
=

6 2
8 0 0
6 1 0
2 0 1
7 0 0
 ·
[ 6
6 1
2 0
]
=

6
8 0
6 1
2 0
7 0
 =

6
8 0
6 1
9 0

M
I(15,3)
2→3 · f2 =

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

6
5 0
6 1
5 0
 =

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

6
1 0
1 0
2 0
1 0
6 1
4 0
1 0

=

6
1 0
1 0
2 0
1 0
2 0
1 0
6 1
4 0
4 0
1 0

=

6
8 0
6 1
9 0

2801
f3 ·M I(17,5)2→3 −M I(15,3)2→3 · f2 =

6
8 0
6 1
9 0
−

6
8 0
6 1
9 0
 = [ 623 0 ]
3. f3 ·M I(17,5)4→3 −M I(15,3)4→3 · f4 = 0
f3 ·M I(17,5)4→3 =

8
8 0
8 1
7 0
 ·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1 2 1
8 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 0 0 1
7 0 0 0 0 0 0

·

1 1 2 1
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1

=

1 1 2 1
8 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

M
I(15,3)
4→3 · f4 =

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·

5
6 0
5 1
5 0
 =

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 1 2 1
6 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
5 0 0 0 0

=

1 1 2 1
6 0 0 0 0
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
5 0 0 0 0
2 0 0 0 0

=

1 1 2 1
8 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

f3 ·M I(17,5)4→3 −M I(15,3)4→3 · f4 =

1 1 2 1
8 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

−

1 1 2 1
8 0 0 0 0
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 1 0 1
2 0 0 1 0
1 0 0 0 1
7 0 0 0 0

=
[ 5
23 0
]
4. f4 ·M I(17,5)5→4 −M I(15,3)5→4 · f5 = 0
f4 ·M I(17,5)5→4 =

5
6 0
5 1
5 0
 ·

2
1 0
2 1
2 1
 =

1 2 2
6 0 0 0
1 1 0 0
2 0 1 0
2 0 0 1
5 0 0 0
 ·

2
1 0
2 1
2 1
 =

2
6 0
1 0
2 1
2 1
5 0
 =

2
7 0
2 1
2 1
5 0

M
I(15,3)
5→4 · f5 =

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

2
3 0
2 1
3 0
 =

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

2
1 0
2 0
2 1
1 0
2 0
 =

2
1 0
1 0
2 0
2 0
1 0
2 1
2 1
1 0
2 0
2 0

=

2
7 0
2 1
2 1
5 0

f4 ·M I(17,5)5→4 −M I(15,3)5→4 · f5 =

2
7 0
2 1
2 1
5 0
−

2
7 0
2 1
2 1
5 0
 =
[ 2
16 0
]
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5. f3 ·M I(17,5)6→3 −M I(15,3)6→3 · f6 = 0
f3 ·M I(17,5)6→3 =

8
8 0
8 1
7 0
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 2 5
8 0 0 0
1 1 0 0
2 0 1 0
5 0 0 1
7 0 0 0
 ·

1 5
1 1 0
2 0 0
5 0 1
 =

1 5
8 0 0
1 1 0
2 0 0
5 0 1
7 0 0

M
I(15,3)
6→3 · f6 =

1 6 5 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
6 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

·

6
6 0
6 1
4 0
 =

1 5 1 5 1 2 1
1 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
5 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 5
1 0 0
5 0 0
1 1 0
5 0 1
1 0 0
2 0 0
1 0 0

=

1 5
1 0 0
2 0 0
5 0 0
1 1 0
2 0 0
5 0 1
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0

=

1 5
8 0 0
1 1 0
2 0 0
5 0 1
7 0 0

f3 ·M I(17,5)6→3 −M I(15,3)6→3 · f6 =

1 5
8 0 0
1 1 0
2 0 0
5 0 1
7 0 0
−

1 5
8 0 0
1 1 0
2 0 0
5 0 1
7 0 0
 =
[ 6
23 0
]
6. f6 ·M I(17,5)7→6 −M I(15,3)7→6 · f7 = 0
f6 ·M I(17,5)7→6 =

6
6 0
6 1
4 0
 · [
3
3 0
3 1
]
=

3 3
6 0 0
3 1 0
3 0 1
4 0 0
 ·
[ 3
3 0
3 1
]
=

3
6 0
3 0
3 1
4 0
 =

3
9 0
3 1
4 0

M
I(15,3)
7→6 · f7 =

3 3 2
3 0 0 0
3 1 0 0
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·

3
3 0
3 1
2 0
 =

3
3 0
3 0
3 0
3 1
2 0
2 0

=

3
9 0
3 1
4 0

f6 ·M I(17,5)7→6 −M I(15,3)7→6 · f7 =

3
9 0
3 1
4 0
−

3
9 0
3 1
4 0
 = [ 316 0 ]
Relations of the projection g : I(15, 3)→ I(15, 4) P
1. g2 ·M I(15,3)1→2 −M I(15,4)1→2 · g1 = 0
g2 ·M I(15,3)1→2 =

1 4 6 4 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
4 0 0 0 1′ 0
 ·

2 1 2 3
1 0 0 0 0
2 1 0 0 0
2 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
4 0 0 0 0
3 0 0 0 1

=

1 2 2 1 1 2 2 2 2 1
1 1 0 0 0 0 0 0 0 0 1
2 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0 1′ 0 0

·

2 1 2 2 1
1 0 0 0 0 0
2 1 0 0 0 0
2 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
2 0 0 0 0 0
2 0 0 0 1 0
1 0 0 0 0 1

=

2 1 2 2 1
1 0 0 0 0 1
2 1 0 0 0 0
2 1 0 0 0 0
1 0 0 0 0 1
2 0 0 0 1′ 0
2 0 0 0 0 0

=

2 3 2 1
1 0 0 0 1
2 1 0 0 0
2 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
2 0 0 0 0

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M
I(15,4)
1→2 · g1 =

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·
[ 2 3 3
2 1 0 0
3 0 0 1′
]
=

2 1 2
1 0 1 0
2 1 0 0
2 1 0 0
1 0 1 0
2 0 0 1
2 0 0 0

·

2 3 2 1
2 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
 =

2 3 2 1
1 0 0 0 1
2 1 0 0 0
2 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
2 0 0 0 0

g2 ·M I(15,3)1→2 −M I(15,4)1→2 · g1 =

2 3 2 1
1 0 0 0 1
2 1 0 0 0
2 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
2 0 0 0 0

−

2 3 2 1
1 0 0 0 1
2 1 0 0 0
2 1 0 0 0
1 0 0 0 1
2 0 0 1′ 0
2 0 0 0 0

=
[ 8
10 0
]
2. g3 ·M I(15,3)2→3 −M I(15,4)2→3 · g2 = 0
g3 ·M I(15,3)2→3 =
[ 8 8 7
8 1 0 0
7 0 0 1′
]
·

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 1 2 1 2 1 6 2 2 4 1
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0 0 1′ 0 0

·

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
6 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
4 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
4 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0

M
I(15,4)
2→3 · g2 =

1 1 2 1 5
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 1 0 1 0
2 0 0 1 0 0
1 0 0 0 1 0
5 0 0 0 0 1
2 0 0 0 0 0

·

1 4 6 4 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
4 0 0 0 1′ 0

=

1 1 2 1 1 4
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 1 0 1 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
4 0 0 0 0 0 1′ 0

=

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
4 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0

g3 ·M I(15,3)2→3 −M I(15,4)2→3 · g2 =

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
4 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0

−

1 1 2 1 6 4 1
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
4 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0

=
[16
15 0
]
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3. g3 ·M I(15,3)4→3 −M I(15,4)4→3 · g4 = 0
g3 ·M I(15,3)4→3 =
[ 8 8 7
8 1 0 0
7 0 0 1′
]
·

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=

6 2 1 1 2 1 2 1 5 2
6 1 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 1′
5 0 0 0 0 0 0 0 0 1′ 0
 ·

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 1 0 1 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
5 0 0 0 0 0 1
2 0 0 0 0 0 0

=

6 1 1 2 1 5
6 1 0 0 0 0 0
2 0 0 0 0 0 0
2 0 0 0 0 0 0
5 0 0 0 0 0 1′
 =

6 5 5
6 1 0 0
4 0 0 0
5 0 0 1′

M
I(15,4)
4→3 · g4 =

6 5
6 1 0
4 0 0
5 0 1
 · [
6 5 5
6 1 0 0
5 0 0 1′
]
=

6 5 5
6 1 0 0
4 0 0 0
5 0 0 1′

g3 ·M I(15,3)4→3 −M I(15,4)4→3 · g4 =

6 5 5
6 1 0 0
4 0 0 0
5 0 0 1′
−

6 5 5
6 1 0 0
4 0 0 0
5 0 0 1′
 = [1615 0 ]
4. g4 ·M I(15,3)5→4 −M I(15,4)5→4 · g5 = 0
g4 ·M I(15,3)5→4 =
[ 6 5 5
6 1 0 0
5 0 0 1′
]
·

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 2 2 1 2 2 1 2 2
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 1′
2 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 1 0 0

·

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 2 2 1 2
1 1 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 0 0 0
2 0 0 0 0 0
2 0 0 0 0 1′
1 0 0 0 1 0

=

1 2 2 3
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 0 1′

M
I(15,4)
5→4 · g5 =

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·
[ 3 2 3
3 1 0 0
3 0 0 1′
]
=

1 2 3
1 1 0 0
1 1 0 0
2 0 1 0
4 0 0 0
3 0 0 1
 ·

1 2 2 3
1 1 0 0 0
2 0 1 0 0
3 0 0 0 1′
 =

1 2 2 3
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 0 1′

g4 ·M I(15,3)5→4 −M I(15,4)5→4 · g5 =

1 2 2 3
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 0 1′
−

1 2 2 3
1 1 0 0 0
1 1 0 0 0
2 0 1 0 0
4 0 0 0 0
3 0 0 0 1′
 =
[ 8
11 0
]
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5. g3 ·M I(15,3)6→3 −M I(15,4)6→3 · g6 = 0
g3 ·M I(15,3)6→3 =
[ 8 8 7
8 1 0 0
7 0 0 1′
]
·

1 6 5 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
6 0 1 0 0 0 0
2 0 0 0 0 0 0
5 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
1 0 0 0 1 0 1
2 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 2 5 1 2 5 1 2 1 2 1
1 1 0 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1′ 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0

·

1 5 1 5 1 2 1
1 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0
5 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 5 1 5 1 2 1
1 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1
2 0 0 0 0 0 1′ 0
1 0 0 0 0 1 0 1
2 0 0 0 0 0 1′ 0
1 0 0 0 0 1 0 0

=

1 5 6 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 0

M
I(15,4)
6→3 · g6 =

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·
[ 6 6 4
6 1 0 0
4 0 0 1′
]
=

1 5 1 2 1
1 1 0 0 0 0
2 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 1 0 1
2 0 0 0 1 0
1 0 0 0 0 1

·

1 5 6 1 2 1
1 1 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 0
 =

1 5 6 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 0

g3 ·M I(15,3)6→3 −M I(15,4)6→3 · g6 =

1 5 6 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 0

−

1 5 6 1 2 1
1 1 0 0 0 0 0
2 0 0 0 0 0 0
5 0 1 0 0 0 0
1 0 0 0 0 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 1
2 0 0 0 0 1′ 0
1 0 0 0 1 0 0

=
[16
15 0
]
6. g6 ·M I(15,3)7→6 −M I(15,4)7→6 · g7 = 0
g6 ·M I(15,3)7→6 =
[ 6 6 4
6 1 0 0
4 0 0 1′
]
·

3 3 2
3 0 0 0
3 1 0 0
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

3 3 3 3 2 2
3 1 0 0 0 0 0
3 0 1 0 0 0 0
2 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
 ·

3 3 2
3 0 0 0
3 1 0 0
3 0 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

3 3 2
3 0 0 0
3 1 0 0
2 0 0 1′
2 0 0 1′

M
I(15,4)
7→6 · g7 =

3 2
3 0 0
3 1 0
2 0 1
2 0 1
 ·
[ 3 3 2
3 1 0 0
2 0 0 1′
]
=

3 3 2
3 0 0 0
3 1 0 0
2 0 0 1′
2 0 0 1′

g6 ·M I(15,3)7→6 −M I(15,4)7→6 · g7 =

3 3 1 1
3 0 0 0 0
3 1 0 0 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0

−

3 3 1 1
3 0 0 0 0
3 1 0 0 0
1 0 0 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 1 0

=
[ 8
10 0
]
2806
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 3 3
2 1 0 0
3 0 0 1′
]
·

3
2 0
3 1
3 0
 = [ 35 0 ]
2. g2 · f2 = 0
g2 · f2 =

1 4 6 4 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
4 0 0 0 1′ 0
 ·

6
5 0
6 1
5 0
 =

1 4 6 4 1
1 1 0 0 0 1
4 0 1 0 0 0
1 0 0 0 0 1
4 0 0 0 1′ 0
 ·

6
1 0
4 0
6 1
4 0
1 0
 =
[ 6
10 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 8 8 7
8 1 0 0
7 0 0 1′
]
·

8
8 0
8 1
7 0
 = [ 815 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 6 5 5
6 1 0 0
5 0 0 1′
]
·

5
6 0
5 1
5 0
 = [ 511 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 3 2 3
3 1 0 0
3 0 0 1′
]
·

2
3 0
2 1
3 0
 = [ 26 0 ]
6. g6 · f6 = 0
g6 · f6 =
[ 6 6 4
6 1 0 0
4 0 0 1′
]
·

6
6 0
6 1
4 0
 = [ 610 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 3 3 2
3 1 0 0
2 0 0 1′
]
·

3
3 0
3 1
2 0
 = [ 35 0 ]
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151.4 Tree module property of I(21, 3) 
The matrices of the representation have full (column) rank P
1. M I(21,3)1→2 =

0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M22,11(k) is already in column echelon form and has maximal column rank.
2. M I(21,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,22(k) can be brought to column echelon form (as shown below) and has maximal
column rank.
M
I(21,3)
2→3 =

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c7←c7−c1−−−−−−→

1 2 2 2 8 6 1
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 2 2 2 8 7
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
8 0 0 0 0 1 0
6 0 0 0 0 0 0
7 0 0 0 0 0 1

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3. M I(21,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M32,22(k) is already in column echelon form and has maximal column rank.
4. M I(21,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M22,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(21,3)
5→4 =

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

c3↔c4−−−−→

1 3 1 3 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
1 0 0 1 0 0
3 0 0 0 0 1
3 0 0 0 0 0

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5. M I(21,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M32,22(k) is already in column echelon form and has maximal column rank.
6. M I(21,3)7→6 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M22,11(k) is already in column echelon form and has maximal column rank.
151.4.1 0→ I(23, 1) f→ I(21, 3) g→ I(21, 2)→ 0 
PdimI(23, 1) + dimI(21, 2) = (3, 7, 11, 8, 4, 8, 4) + (8, 15, 21, 14, 7, 14, 7)
= (11, 22, 32, 22, 11, 22, 11) = dimI(21, 3)
Pdimk Ext
1
kQ(I(21, 2), I(23, 1)) = dimk HomkQ(I(21, 2), I(23, 1))− 〈dimI(21, 2),dimI(23, 1)〉
= 0− 〈(8, 15, 21, 14, 7, 14, 7), (3, 7, 11, 8, 4, 8, 4)〉
= 8 · 7 + 15 · 11 + 14 · 11 + 7 · 8 + 14 · 11 + 7 · 8− (8 · 3 + 15 · 7 + 21 · 11 + 14 · 8 + 7 · 4 + 14 · 8 + 7 · 4)
= 56 + 165 + 154 + 56 + 154 + 56− (24 + 105 + 231 + 112 + 28 + 112 + 28)
= 1
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Matrices of the embedding f : I(23, 1)→ I(21, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M22,7(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M32,11(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M22,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M22,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(21, 3)→ I(21, 2) P
1. g1 =

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M8,11(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,22(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M21,32(k) is already in row echelon form and has maximal
row rank.
4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M14,22(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M7,11(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M14,22(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M7,11(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(23, 1)→ I(21, 3) P
1. f2 ·M I(23,1)1→2 −M I(21,3)1→2 · f1 = 0
f2 ·M I(23,1)1→2 =
[ 7
7 1
15 0
]
·

3
1 0
3 1
3 1
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
15 0 0 0
 ·

3
1 0
3 1
3 1
 =

3
1 0
3 1
3 1
15 0

M
I(21,3)
1→2 · f1 =

3 1 3 4
1 0 0 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

·
[ 3
3 1
8 0
]
=

3 1 3 4
1 0 0 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

·

3
3 1
1 0
3 0
4 0
 =

3
1 0
3 1
3 1
1 0
1 0
3 0
6 0
4 0

=

3
1 0
3 1
3 1
15 0

f2 ·M I(23,1)1→2 −M I(21,3)1→2 · f1 =

3
1 0
3 1
3 1
15 0
−

3
1 0
3 1
3 1
15 0
 =
[ 3
22 0
]
2. f3 ·M I(23,1)2→3 −M I(21,3)2→3 · f2 = 0
f3 ·M I(23,1)2→3 =
[11
11 1
21 0
]
·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2 2 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
21 0 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
21 0 0 0 0

M
I(21,3)
2→3 · f2 =

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·
[ 7
7 1
15 0
]
=

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
8 0 0 0 0
6 0 0 0 0
1 0 0 0 0

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
8 0 0 0 0
6 0 0 0 0
6 0 0 0 0
1 0 0 0 0

=

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
21 0 0 0 0

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f3 ·M I(23,1)2→3 −M I(21,3)2→3 · f2 =

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
21 0 0 0 0

−

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
21 0 0 0 0

=
[ 7
32 0
]
3. f3 ·M I(23,1)4→3 −M I(21,3)4→3 · f4 = 0
f3 ·M I(23,1)4→3 =
[11
11 1
21 0
]
·
[ 8
8 1
3 0
]
=

8 3
8 1 0
3 0 1
21 0 0
 · [
8
8 1
3 0
]
=

8
8 1
3 0
21 0
 = [
8
8 1
24 0
]
M
I(21,3)
4→3 · f4 =

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·
[ 8
8 1
14 0
]
=

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·

8
8 1
1 0
2 0
2 0
2 0
7 0

=

8
8 1
3 0
1 0
2 0
2 0
2 0
2 0
2 0
7 0
3 0

=
[ 8
8 1
24 0
]
f3 ·M I(23,1)4→3 −M I(21,3)4→3 · f4 =
[ 8
8 1
24 0
]
−
[ 8
8 1
24 0
]
=
[ 8
32 0
]
4. f4 ·M I(23,1)5→4 −M I(21,3)5→4 · f5 = 0
f4 ·M I(23,1)5→4 =
[ 8
8 1
14 0
]
·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 1 3 3
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
14 0 0 0 0
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
3 0 0
14 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
17 0 0

M
I(21,3)
5→4 · f5 =

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·
[ 4
4 1
7 0
]
=

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

1 3
1 1 0
3 0 1
3 0 0
1 0 0
3 0 0
 =

1 3
1 1 0
1 1 0
3 0 1
3 0 0
1 0 0
3 0 0
3 0 0
1 0 0
3 0 0
3 0 0

=

1 3
1 1 0
1 1 0
3 0 1
17 0 0

f4 ·M I(23,1)5→4 −M I(21,3)5→4 · f5 =

1 3
1 1 0
1 1 0
3 0 1
17 0 0
−

1 3
1 1 0
1 1 0
3 0 1
17 0 0
 =
[ 4
22 0
]
5. f3 ·M I(23,1)6→3 −M I(21,3)6→3 · f6 = 0
f3 ·M I(23,1)6→3 =
[11
11 1
21 0
]
·

1 7
1 1 0
3 0 0
7 0 1
 =

1 3 7
1 1 0 0
3 0 1 0
7 0 0 1
21 0 0 0
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 7
1 1 0
3 0 0
7 0 1
21 0 0

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M
I(21,3)
6→3 · f6 =

1 8 7 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
8 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·
[ 8
8 1
14 0
]
=

1 7 1 7 2 2 2
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0
7 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

1 7
1 1 0
7 0 1
1 0 0
7 0 0
2 0 0
2 0 0
2 0 0

=

1 7
1 1 0
3 0 0
7 0 1
1 0 0
3 0 0
7 0 0
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0

=

1 7
1 1 0
3 0 0
7 0 1
21 0 0

f3 ·M I(23,1)6→3 −M I(21,3)6→3 · f6 =

1 7
1 1 0
3 0 0
7 0 1
21 0 0
−

1 7
1 1 0
3 0 0
7 0 1
21 0 0
 =
[ 8
32 0
]
6. f6 ·M I(23,1)7→6 −M I(21,3)7→6 · f7 = 0
f6 ·M I(23,1)7→6 =
[ 8
8 1
14 0
]
·
[ 4
4 0
4 1
]
=

4 4
4 1 0
4 0 1
14 0 0
 · [
4
4 0
4 1
]
=

4
4 0
4 1
14 0

M
I(21,3)
7→6 · f7 =

4 4 3
4 0 0 0
4 1 0 0
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·
[ 4
4 1
7 0
]
=

4 4 3
4 0 0 0
4 1 0 0
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·

4
4 1
4 0
3 0
 =

4
4 0
4 1
4 0
4 0
3 0
3 0

=

4
4 0
4 1
14 0

f6 ·M I(23,1)7→6 −M I(21,3)7→6 · f7 =

4
4 0
4 1
14 0
−

4
4 0
4 1
14 0
 = [ 422 0 ]
Relations of the projection g : I(21, 3)→ I(21, 2) P
1. g2 ·M I(21,3)1→2 −M I(21,2)1→2 · g1 = 0
g2 ·M I(21,3)1→2 =
[ 7 15
15 0 1
]
·

3 1 3 4
1 0 0 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

=

1 3 3 1 1 3 6 4
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
6 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 1
 ·

3 1 3 4
1 0 0 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

=

3 1 3 4
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

M
I(21,2)
1→2 · g1 =

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·
[ 3 8
8 0 1
]
=

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·

3 1 3 4
1 0 1 0 0
3 0 0 1 0
4 0 0 0 1
 =

3 1 3 4
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

g2 ·M I(21,3)1→2 −M I(21,2)1→2 · g1 =

3 1 3 4
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1
−

3 1 3 4
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1
 =
[11
15 0
]
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2. g3 ·M I(21,3)2→3 −M I(21,2)2→3 · g2 = 0
g3 ·M I(21,3)2→3 =
[11 21
21 0 1
]
·

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 2 2 2 2 2 8 6 6 1
8 0 0 0 0 0 0 1 0 0 0
6 0 0 0 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
 ·

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 2 2 2 8 6 1
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 =

7 8 7
8 0 1 0
6 0 0 0
7 0 0 1

M
I(21,2)
2→3 · g2 =

8 7
8 1 0
6 0 0
7 0 1
 · [ 7 1515 0 1 ] =

8 7
8 1 0
6 0 0
7 0 1
 · [
7 8 7
8 0 1 0
7 0 0 1
]
=

7 8 7
8 0 1 0
6 0 0 0
7 0 0 1

g3 ·M I(21,3)2→3 −M I(21,2)2→3 · g2 =

7 8 7
8 0 1 0
6 0 0 0
7 0 0 1
−

7 8 7
8 0 1 0
6 0 0 0
7 0 0 1
 = [2221 0 ]
3. g3 ·M I(21,3)4→3 −M I(21,2)4→3 · g4 = 0
g3 ·M I(21,3)4→3 =
[11 21
21 0 1
]
·

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=

8 3 1 2 2 2 2 2 7 3
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

·

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=

8 1 2 2 2 7
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

M
I(21,2)
4→3 · g4 =

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·
[ 8 14
14 0 1
]
=

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·

8 1 2 2 2 7
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
 =

8 1 2 2 2 7
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

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g3 ·M I(21,3)4→3 −M I(21,2)4→3 · g4 =

8 1 2 2 2 7
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

−

8 1 2 2 2 7
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[22
21 0
]
4. g4 ·M I(21,3)5→4 −M I(21,2)5→4 · g5 = 0
g4 ·M I(21,3)5→4 =
[ 8 14
14 0 1
]
·

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 1 3 3 1 3 3 1 3 3
1 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

·

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 3 3 1 3
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

4 3 1 3
1 0 0 1 0
3 0 1 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0

M
I(21,2)
5→4 · g5 =

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·
[ 4 7
7 0 1
]
=

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·

4 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

4 3 1 3
1 0 0 1 0
3 0 1 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0

g4 ·M I(21,3)5→4 −M I(21,2)5→4 · g5 =

4 3 1 3
1 0 0 1 0
3 0 1 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0

−

4 3 1 3
1 0 0 1 0
3 0 1 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 0

=
[11
14 0
]
5. g3 ·M I(21,3)6→3 −M I(21,2)6→3 · g6 = 0
g3 ·M I(21,3)6→3 =
[11 21
21 0 1
]
·

1 8 7 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
8 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 3 7 1 3 7 2 2 2 2 2
1 0 0 0 1 0 0 0 0 0 0 0
3 0 0 0 0 1 0 0 0 0 0 0
7 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 1

·

1 7 1 7 2 2 2
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0
7 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

1 7 1 7 2 2 2
1 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0
7 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

8 1 7 2 2 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

2818
M
I(21,2)
6→3 · g6 =

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·
[ 8 14
14 0 1
]
=

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·

8 1 7 2 2 2
1 0 1 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
 =

8 1 7 2 2 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

g3 ·M I(21,3)6→3 −M I(21,2)6→3 · g6 =

8 1 7 2 2 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

−

8 1 7 2 2 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=
[22
21 0
]
6. g6 ·M I(21,3)7→6 −M I(21,2)7→6 · g7 = 0
g6 ·M I(21,3)7→6 =
[ 8 14
14 0 1
]
·

4 4 3
4 0 0 0
4 1 0 0
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

4 4 4 4 3 3
4 0 0 1 0 0 0
4 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

4 4 3
4 0 0 0
4 1 0 0
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

4 4 3
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

M
I(21,2)
7→6 · g7 =

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 ·
[ 4 7
7 0 1
]
=

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 ·
[ 4 4 3
4 0 1 0
3 0 0 1
]
=

4 4 3
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

g6 ·M I(21,3)7→6 −M I(21,2)7→6 · g7 =

4 4 3
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1
−

4 4 3
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1
 =
[11
14 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 8
8 0 1
]
·
[ 3
3 1
8 0
]
=
[ 3
8 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 15
15 0 1
]
·
[ 7
7 1
15 0
]
=
[ 7
15 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 21
21 0 1
]
·
[11
11 1
21 0
]
=
[11
21 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 14
14 0 1
]
·
[ 8
8 1
14 0
]
=
[ 8
14 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 4 7
7 0 1
]
·
[ 4
4 1
7 0
]
=
[ 4
7 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 8 14
14 0 1
]
·
[ 8
8 1
14 0
]
=
[ 8
14 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 7
7 0 1
]
·
[ 4
4 1
7 0
]
=
[ 4
7 0
]
151.4.2 0→ I(23, 5) f→ I(21, 3) g→ I(21, 4)→ 0 
PdimI(23, 5) + dimI(21, 4) = (4, 8, 11, 7, 3, 8, 4) + (7, 14, 21, 15, 8, 14, 7)
= (11, 22, 32, 22, 11, 22, 11) = dimI(21, 3)
Pdimk Ext
1
kQ(I(21, 4), I(23, 5)) = dimk HomkQ(I(21, 4), I(23, 5))− 〈dimI(21, 4),dimI(23, 5)〉
= 0− 〈(7, 14, 21, 15, 8, 14, 7), (4, 8, 11, 7, 3, 8, 4)〉
= 7 · 8 + 14 · 11 + 15 · 11 + 8 · 7 + 14 · 11 + 7 · 8− (7 · 4 + 14 · 8 + 21 · 11 + 15 · 7 + 8 · 3 + 14 · 8 + 7 · 4)
= 56 + 154 + 165 + 56 + 154 + 56− (28 + 112 + 231 + 105 + 24 + 112 + 28)
= 1
Matrices of the embedding f : I(23, 5)→ I(21, 3) P
1. f1 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M22,8(k) is already in column echelon form and has maximal column rank.
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3. f3 =

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M32,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M22,7(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

∈M11,3(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M22,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

∈M11,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(21, 3)→ I(21, 4) P
1. g1 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0

∈M7,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 3 4 4
3 1 0 0
4 0 0 1′
]
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

∈M14,22(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 6 8 6 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
6 0 0 0 1′ 0
 r3↔r4−−−−→

1 6 8 6 1
1 1 0 0 0 1
6 0 1 0 0 0
6 0 0 0 1′ 0
1 0 0 0 0 1

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3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

∈M21,32(k) can be brought to row echelon form (as shown
below) and has maximal row rank.
g3 =
[11 11 10
11 1 0 0
10 0 0 1′
]
4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

∈M15,22(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 8 7 7
8 1 0 0
7 0 0 1′
]
5. g5 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0 0 0

∈M8,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 4 3 4
4 1 0 0
4 0 0 1′
]
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6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

∈M14,22(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =
[ 8 8 6
8 1 0 0
6 0 0 1′
]
7. g7 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 0

∈M7,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 4 4 3
4 1 0 0
3 0 0 1′
]
Relations of the embedding f : I(23, 5)→ I(21, 3) P
1. f2 ·M I(23,5)1→2 −M I(21,3)1→2 · f1 = 0
f2 ·M I(23,5)1→2 =

8
7 0
8 1
7 0
 ·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 1 3 3
7 0 0 0 0
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
7 0 0 0 0

·

1 3
1 1 0
1 1 0
3 0 1
3 0 0
 =

1 3
7 0 0
1 1 0
1 1 0
3 0 1
3 0 0
7 0 0

=

1 3
7 0 0
1 1 0
1 1 0
3 0 1
10 0 0

M
I(21,3)
1→2 · f1 =

3 1 3 4
1 0 0 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

·

4
3 0
4 1
4 0
 =

3 1 3 4
1 0 0 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

·

1 3
3 0 0
1 1 0
3 0 1
4 0 0
 =

1 3
1 0 0
3 0 0
3 0 0
1 1 0
1 1 0
3 0 1
6 0 0
4 0 0

=

1 3
7 0 0
1 1 0
1 1 0
3 0 1
10 0 0

f2 ·M I(23,5)1→2 −M I(21,3)1→2 · f1 =

1 3
7 0 0
1 1 0
1 1 0
3 0 1
10 0 0
−

1 3
7 0 0
1 1 0
1 1 0
3 0 1
10 0 0
 =
[ 4
22 0
]
2. f3 ·M I(23,5)2→3 −M I(21,3)2→3 · f2 = 0
f3 ·M I(23,5)2→3 =

11
11 0
11 1
10 0
 · [
8
8 1
3 0
]
=

8 3
11 0 0
8 1 0
3 0 1
10 0 0
 ·
[ 8
8 1
3 0
]
=

8
11 0
8 1
3 0
10 0
 =

8
11 0
8 1
13 0

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M
I(21,3)
2→3 · f2 =

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

8
7 0
8 1
7 0
 =

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

8
1 0
2 0
2 0
2 0
8 1
6 0
1 0

=

8
1 0
2 0
2 0
2 0
2 0
2 0
8 1
6 0
6 0
1 0

=

8
11 0
8 1
13 0

f3 ·M I(23,5)2→3 −M I(21,3)2→3 · f2 =

8
11 0
8 1
13 0
−

8
11 0
8 1
13 0
 = [ 832 0 ]
3. f3 ·M I(23,5)4→3 −M I(21,3)4→3 · f4 = 0
f3 ·M I(23,5)4→3 =

11
11 0
11 1
10 0
 ·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2 2 2
11 0 0 0 0 0 0
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
10 0 0 0 0 0 0

·

1 2 2 2
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1

=

1 2 2 2
11 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

M
I(21,3)
4→3 · f4 =

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·

7
8 0
7 1
7 0
 =

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 2 2 2
8 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 0 0 1
7 0 0 0 0

=

1 2 2 2
8 0 0 0 0
3 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
7 0 0 0 0
3 0 0 0 0

=

1 2 2 2
11 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

f3 ·M I(23,5)4→3 −M I(21,3)4→3 · f4 =

1 2 2 2
11 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

−

1 2 2 2
11 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 1 0
2 0 1 0 1
2 0 0 1 0
2 0 0 0 1
10 0 0 0 0

=
[ 7
32 0
]
4. f4 ·M I(23,5)5→4 −M I(21,3)5→4 · f5 = 0
f4 ·M I(23,5)5→4 =

7
8 0
7 1
7 0
 ·

3
1 0
3 1
3 1
 =

1 3 3
8 0 0 0
1 1 0 0
3 0 1 0
3 0 0 1
7 0 0 0
 ·

3
1 0
3 1
3 1
 =

3
8 0
1 0
3 1
3 1
7 0
 =

3
9 0
3 1
3 1
7 0

M
I(21,3)
5→4 · f5 =

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

3
4 0
3 1
4 0
 =

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

3
1 0
3 0
3 1
1 0
3 0
 =

3
1 0
1 0
3 0
3 0
1 0
3 1
3 1
1 0
3 0
3 0

=

3
9 0
3 1
3 1
7 0

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f4 ·M I(23,5)5→4 −M I(21,3)5→4 · f5 =

3
9 0
3 1
3 1
7 0
−

3
9 0
3 1
3 1
7 0
 =
[ 3
22 0
]
5. f3 ·M I(23,5)6→3 −M I(21,3)6→3 · f6 = 0
f3 ·M I(23,5)6→3 =

11
11 0
11 1
10 0
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 3 7
11 0 0 0
1 1 0 0
3 0 1 0
7 0 0 1
10 0 0 0
 ·

1 7
1 1 0
3 0 0
7 0 1
 =

1 7
11 0 0
1 1 0
3 0 0
7 0 1
10 0 0

M
I(21,3)
6→3 · f6 =

1 8 7 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
8 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

·

8
8 0
8 1
6 0
 =

1 7 1 7 2 2 2
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0
7 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

1 7
1 0 0
7 0 0
1 1 0
7 0 1
2 0 0
2 0 0
2 0 0

=

1 7
1 0 0
3 0 0
7 0 0
1 1 0
3 0 0
7 0 1
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0

=

1 7
11 0 0
1 1 0
3 0 0
7 0 1
10 0 0

f3 ·M I(23,5)6→3 −M I(21,3)6→3 · f6 =

1 7
11 0 0
1 1 0
3 0 0
7 0 1
10 0 0
−

1 7
11 0 0
1 1 0
3 0 0
7 0 1
10 0 0
 =
[ 8
32 0
]
6. f6 ·M I(23,5)7→6 −M I(21,3)7→6 · f7 = 0
f6 ·M I(23,5)7→6 =

8
8 0
8 1
6 0
 · [
4
4 0
4 1
]
=

4 4
8 0 0
4 1 0
4 0 1
6 0 0
 ·
[ 4
4 0
4 1
]
=

4
8 0
4 0
4 1
6 0
 =

4
12 0
4 1
6 0

M
I(21,3)
7→6 · f7 =

4 4 3
4 0 0 0
4 1 0 0
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·

4
4 0
4 1
3 0
 =

4
4 0
4 0
4 0
4 1
3 0
3 0

=

4
12 0
4 1
6 0

f6 ·M I(23,5)7→6 −M I(21,3)7→6 · f7 =

4
12 0
4 1
6 0
−

4
12 0
4 1
6 0
 = [ 422 0 ]
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Relations of the projection g : I(21, 3)→ I(21, 4) P
1. g2 ·M I(21,3)1→2 −M I(21,4)1→2 · g1 = 0
g2 ·M I(21,3)1→2 =

1 6 8 6 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
6 0 0 0 1′ 0
 ·

3 1 3 4
1 0 0 0 0
3 1 0 0 0
3 1 0 0 0
1 0 1 0 0
1 0 1 0 0
3 0 0 1 0
6 0 0 0 0
4 0 0 0 1

=

1 3 3 1 1 3 3 3 3 1
1 1 0 0 0 0 0 0 0 0 1
3 0 1 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0 1′ 0 0

·

3 1 3 3 1
1 0 0 0 0 0
3 1 0 0 0 0
3 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
3 0 0 0 0 0
3 0 0 0 1 0
1 0 0 0 0 1

=

3 1 3 3 1
1 0 0 0 0 1
3 1 0 0 0 0
3 1 0 0 0 0
1 0 0 0 0 1
3 0 0 0 1′ 0
3 0 0 0 0 0

=

3 4 3 1
1 0 0 0 1
3 1 0 0 0
3 1 0 0 0
1 0 0 0 1
3 0 0 1′ 0
3 0 0 0 0

M
I(21,4)
1→2 · g1 =

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·
[ 3 4 4
3 1 0 0
4 0 0 1′
]
=

3 1 3
1 0 1 0
3 1 0 0
3 1 0 0
1 0 1 0
3 0 0 1
3 0 0 0

·

3 4 3 1
3 1 0 0 0
1 0 0 0 1
3 0 0 1′ 0
 =

3 4 3 1
1 0 0 0 1
3 1 0 0 0
3 1 0 0 0
1 0 0 0 1
3 0 0 1′ 0
3 0 0 0 0

g2 ·M I(21,3)1→2 −M I(21,4)1→2 · g1 =

3 4 3 1
1 0 0 0 1
3 1 0 0 0
3 1 0 0 0
1 0 0 0 1
3 0 0 1′ 0
3 0 0 0 0

−

3 4 3 1
1 0 0 0 1
3 1 0 0 0
3 1 0 0 0
1 0 0 0 1
3 0 0 1′ 0
3 0 0 0 0

=
[11
14 0
]
2. g3 ·M I(21,3)2→3 −M I(21,4)2→3 · g2 = 0
g3 ·M I(21,3)2→3 =
[11 11 10
11 1 0 0
10 0 0 1′
]
·

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 2 2 2 2 2 8 3 3 6 1
1 1 0 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1
6 0 0 0 0 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0 0 1′ 0 0

·

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
8 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0
6 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
6 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0

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M
I(21,4)
2→3 · g2 =

1 2 2 2 7
1 1 0 0 0 0
2 0 1 0 0 0
2 0 0 1 0 0
2 0 1 0 1 0
2 0 0 1 0 0
2 0 0 0 1 0
7 0 0 0 0 1
3 0 0 0 0 0

·

1 6 8 6 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
6 0 0 0 1′ 0

=

1 2 2 2 1 6
1 1 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 1 0 1 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
6 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
6 0 0 0 0 0 1′ 0

=

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
6 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0

g3 ·M I(21,3)2→3 −M I(21,4)2→3 · g2 =

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
6 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0

−

1 2 2 2 8 6 1
1 1 0 0 0 0 0 1
2 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
2 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
6 0 0 0 0 0 1′ 0
3 0 0 0 0 0 0 0

=
[22
21 0
]
3. g3 ·M I(21,3)4→3 −M I(21,4)4→3 · g4 = 0
g3 ·M I(21,3)4→3 =
[11 11 10
11 1 0 0
10 0 0 1′
]
·

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=

8 3 1 2 2 2 2 2 7 3
8 1 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 1′
7 0 0 0 0 0 0 0 0 1′ 0
 ·

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 1 0 1 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
7 0 0 0 0 0 1
3 0 0 0 0 0 0

=

8 1 2 2 2 7
8 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 0 0 0 0 0
7 0 0 0 0 0 1′
 =

8 7 7
8 1 0 0
6 0 0 0
7 0 0 1′

M
I(21,4)
4→3 · g4 =

8 7
8 1 0
6 0 0
7 0 1
 · [
8 7 7
8 1 0 0
7 0 0 1′
]
=

8 7 7
8 1 0 0
6 0 0 0
7 0 0 1′

g3 ·M I(21,3)4→3 −M I(21,4)4→3 · g4 =

8 7 7
8 1 0 0
6 0 0 0
7 0 0 1′
−

8 7 7
8 1 0 0
6 0 0 0
7 0 0 1′
 = [2221 0 ]
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4. g4 ·M I(21,3)5→4 −M I(21,4)5→4 · g5 = 0
g4 ·M I(21,3)5→4 =
[ 8 7 7
8 1 0 0
7 0 0 1′
]
·

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 1 3 3 1 3 3 1 3 3
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 1′
3 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 1 0 0

·

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 3 3 1 3
1 1 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 0 0 0 0
3 0 0 0 0 0
3 0 0 0 0 1′
1 0 0 0 1 0

=

1 3 3 4
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 0 1′

M
I(21,4)
5→4 · g5 =

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·
[ 4 3 4
4 1 0 0
4 0 0 1′
]
=

1 3 4
1 1 0 0
1 1 0 0
3 0 1 0
6 0 0 0
4 0 0 1
 ·

1 3 3 4
1 1 0 0 0
3 0 1 0 0
4 0 0 0 1′
 =

1 3 3 4
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 0 1′

g4 ·M I(21,3)5→4 −M I(21,4)5→4 · g5 =

1 3 3 4
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 0 1′
−

1 3 3 4
1 1 0 0 0
1 1 0 0 0
3 0 1 0 0
6 0 0 0 0
4 0 0 0 1′
 =
[11
15 0
]
5. g3 ·M I(21,3)6→3 −M I(21,4)6→3 · g6 = 0
g3 ·M I(21,3)6→3 =
[11 11 10
11 1 0 0
10 0 0 1′
]
·

1 8 7 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
8 0 1 0 0 0 0
3 0 0 0 0 0 0
7 0 0 1 0 0 0
2 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 1 0 1
2 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 3 7 1 3 7 2 2 2 2 2
1 1 0 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 1′
2 0 0 0 0 0 0 0 0 0 1′ 0
2 0 0 0 0 0 0 0 0 1′ 0 0
2 0 0 0 0 0 0 0 1′ 0 0 0
2 0 0 0 0 0 0 1′ 0 0 0 0

·

1 7 1 7 2 2 2
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0
7 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
2 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

=

1 7 1 7 2 2 2
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0
2 0 0 0 0 0 0 1′
2 0 0 0 0 0 1′ 0
2 0 0 0 0 1′ 0 1′
2 0 0 0 0 0 1′ 0
2 0 0 0 0 1′ 0 0

=

1 7 8 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 0

M
I(21,4)
6→3 · g6 =

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·
[ 8 8 6
8 1 0 0
6 0 0 1′
]
=

1 7 2 2 2
1 1 0 0 0 0
3 0 0 0 0 0
7 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 1 0
2 0 0 1 0 1
2 0 0 0 1 0
2 0 0 0 0 1

·

1 7 8 2 2 2
1 1 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 0
 =

1 7 8 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 0

2829
g3 ·M I(21,3)6→3 −M I(21,4)6→3 · g6 =

1 7 8 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 0

−

1 7 8 2 2 2
1 1 0 0 0 0 0
3 0 0 0 0 0 0
7 0 1 0 0 0 0
2 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
2 0 0 0 1′ 0 0

=
[22
21 0
]
6. g6 ·M I(21,3)7→6 −M I(21,4)7→6 · g7 = 0
g6 ·M I(21,3)7→6 =
[ 8 8 6
8 1 0 0
6 0 0 1′
]
·

4 4 3
4 0 0 0
4 1 0 0
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

4 4 4 4 3 3
4 1 0 0 0 0 0
4 0 1 0 0 0 0
3 0 0 0 0 0 1′
3 0 0 0 0 1′ 0
 ·

4 4 3
4 0 0 0
4 1 0 0
4 0 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

4 4 3
4 0 0 0
4 1 0 0
3 0 0 1′
3 0 0 1′

M
I(21,4)
7→6 · g7 =

4 3
4 0 0
4 1 0
3 0 1
3 0 1
 ·
[ 4 4 3
4 1 0 0
3 0 0 1′
]
=

4 4 3
4 0 0 0
4 1 0 0
3 0 0 1′
3 0 0 1′

g6 ·M I(21,3)7→6 −M I(21,4)7→6 · g7 =

4 4 3
4 0 0 0
4 1 0 0
3 0 0 1′
3 0 0 1′
−

4 4 3
4 0 0 0
4 1 0 0
3 0 0 1′
3 0 0 1′
 =
[11
14 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 4 4
3 1 0 0
4 0 0 1′
]
·

4
3 0
4 1
4 0
 = [ 47 0 ]
2. g2 · f2 = 0
g2 · f2 =

1 6 8 6 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
6 0 0 0 1′ 0
 ·

8
7 0
8 1
7 0
 =

1 6 8 6 1
1 1 0 0 0 1
6 0 1 0 0 0
1 0 0 0 0 1
6 0 0 0 1′ 0
 ·

8
1 0
6 0
8 1
6 0
1 0
 =
[ 8
14 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 11 10
11 1 0 0
10 0 0 1′
]
·

11
11 0
11 1
10 0
 = [1121 0 ]
4. g4 · f4 = 0
g4 · f4 =
[ 8 7 7
8 1 0 0
7 0 0 1′
]
·

7
8 0
7 1
7 0
 = [ 715 0 ]
5. g5 · f5 = 0
g5 · f5 =
[ 4 3 4
4 1 0 0
4 0 0 1′
]
·

3
4 0
3 1
4 0
 = [ 38 0 ]
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6. g6 · f6 = 0
g6 · f6 =
[ 8 8 6
8 1 0 0
6 0 0 1′
]
·

8
8 0
8 1
6 0
 = [ 814 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 4 4 3
4 1 0 0
3 0 0 1′
]
·

4
4 0
4 1
3 0
 = [ 47 0 ]
151.5 Tree module property of I(6n+ 3, 3) 
The matrices of the representation have full (column) rank P
1. M I(6n+3,3)1→2 =

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

∈M6n+4,3n+2(k) is already in column echelon form and has maximal column rank.
2. M I(6n+3,3)2→3 =

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0
 ∈M9n+5,6n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,3)
2→3 =

1 n−1 2 n−1 2n+2 2n 1
1 1 0 0 0 0 0 1
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
2n+2 0 0 0 0 1 0 0
2n 0 0 0 0 0 0 0
2n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

c7←c7−c1−−−−−−→

1 n−1 2 n−1 2n+2 2n 1
1 1 0 0 0 0 0 0
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
2n+2 0 0 0 0 1 0 0
2n 0 0 0 0 0 0 0
2n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 n−1 2 n−1 2n+2 2n+1
1 1 0 0 0 0 0
n−1 0 1 0 0 0 0
2 0 0 1 0 0 0
n−1 0 1 0 1 0 0
2 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2n+2 0 0 0 0 1 0
2n 0 0 0 0 0 0
2n+1 0 0 0 0 0 1

3. M I(6n+3,3)4→3 =

2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n+3 2n 2n+1
4n+4 0 0 0
2n 0 1 0
3n+1 0 0 0
 ∈M9n+5,6n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,3)
4→3 =

2n+2 1 n−1 2 n−1 2n+1
2n+2 1 0 0 0 0 0
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
2 0 0 0 1 0 0
n−1 0 0 1 0 1 0
2 0 0 0 1 0 0
n−1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
n 0 0 0 0 0 0

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4. M I(6n+3,3)5→4 =

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

∈M6n+4,3n+2(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,3)
5→4 =

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

c3↔c4−−−−→

1 n 1 n n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
1 0 0 1 0 0
n 0 0 0 0 1
n 0 0 0 0 0

5. M I(6n+3,3)6→3 =

1 2n+2 4n+1
1 1 0 0
n 0 0 0
2n+2 0 1 0
n 0 0 0
4n+1 0 0 1
n+1 0 0 0

+
[4n+4 2n
7n+5 0 0
2n 0 1
]
∈M9n+5,6n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+3,3)
6→3 =

1 2n+2 2n+1 n−1 2 n−1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+2 0 1 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2 0 0 0 0 1 0
n−1 0 0 0 1 0 1
2 0 0 0 0 1 0
n−1 0 0 0 0 0 1

6. M I(6n+3,3)7→6 =

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

∈M6n+4,3n+2(k) is already in column echelon form and has maximal column rank.
151.5.1 0→ I(6n+ 5, 1) i→ I(6n+ 3, 3) p→ I(6n+ 3, 2)→ 0 
PdimI(6n+ 5, 1) + dimI(6n+ 3, 2) = (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1) + (2n+ 2, 4n+ 3, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1)
= (3n+ 2, 6n+ 4, 9n+ 5, 6n+ 4, 3n+ 2, 6n+ 4, 3n+ 2) = dimI(6n+ 3, 3)
Pdimk Ext
1
kQ(I(6n+ 3, 2), I(6n+ 5, 1)) = dimk HomkQ(I(6n+ 3, 2), I(6n+ 5, 1))− 〈dimI(6n+ 3, 2),dimI(6n+ 5, 1)〉
= 0− 〈(2n+ 2, 4n+ 3, 6n+ 3, 4n+ 2, 2n+ 1, 4n+ 2, 2n+ 1), (n, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 2, n+ 1)〉
= (2n+ 2) · (2n+ 1) + (4n+ 3) · (3n+ 2) + (4n+ 2) · (3n+ 2) + (2n+ 1) · (2n+ 2) + (4n+ 2) · (3n+ 2) + (2n+ 1) · (2n+ 2)
− ((2n+ 2) · n+ (4n+ 3) · (2n+ 1) + (6n+ 3) · (3n+ 2) + (4n+ 2) · (2n+ 2) + (2n+ 1) · (n+ 1) + (4n+ 2) · (2n+ 2) + (2n+ 1) · (n+ 1))
= 4n2 + 6n+ 2 + 12n2 + 17n+ 6 + 12n2 + 14n+ 4 + 4n2 + 6n+ 2 + 12n2 + 14n+ 4 + 4n2 + 6n+ 2
− (2n2 + 2n+ 8n2 + 10n+ 3 + 18n2 + 21n+ 6 + 8n2 + 12n+ 4 + 2n2 + 3n+ 1 + 8n2 + 12n+ 4 + 2n2 + 3n+ 1)
= 1
Matrices of the embedding i : I(6n+ 5, 1)→ I(6n+ 3, 3) P
1. i1 =
[ n
n 1
2n+2 0
]
∈M3n+2,n(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+1
2n+1 1
4n+3 0
]
∈M6n+4,2n+1(k) is already in column echelon form and has maximal column rank.
2832
3. i3 =
[3n+2
3n+2 1
6n+3 0
]
∈M9n+5,3n+2(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+2
2n+2 1
4n+2 0
]
∈M6n+4,2n+2(k) is already in column echelon form and has maximal column rank.
5. i5 =
[n+1
n+1 1
2n+1 0
]
∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+2
2n+2 1
4n+2 0
]
∈M6n+4,2n+2(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
2n+1 0
]
∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 3, 3)→ I(6n+ 3, 2) P
1. p1 =
[ n 2n+2
2n+2 0 1
]
∈M2n+2,3n+2(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+1 4n+3
4n+3 0 1
]
∈M4n+3,6n+4(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+2 6n+3
6n+3 0 1
]
∈M6n+3,9n+5(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+2 4n+2
4n+2 0 1
]
∈M4n+2,6n+4(k) is already in row echelon form and has maximal row rank.
5. p5 =
[n+1 2n+1
2n+1 0 1
]
∈M2n+1,3n+2(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+2 4n+2
4n+2 0 1
]
∈M4n+2,6n+4(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 2n+1
2n+1 0 1
]
∈M2n+1,3n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 5, 1)→ I(6n+ 3, 3) P
1. i2 ·M I(6n+5,1)1→2 −M I(6n+3,3)1→2 · i1 = 0
i2 ·M I(6n+5,1)1→2 =
[2n+1
2n+1 1
4n+3 0
]
·

n
1 0
n 1
n 1
 =

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
4n+3 0 0 0
 ·

n
1 0
n 1
n 1
 =

n
1 0
n 1
n 1
4n+3 0

M
I(6n+3,3)
1→2 · i1 =

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

·
[ n
n 1
2n+2 0
]
=

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

·

n
n 1
1 0
n 0
n+1 0
 =

n
1 0
n 1
n 1
1 0
1 0
n 0
2n 0
n+1 0

=

n
1 0
n 1
n 1
4n+3 0

i2 ·M I(6n+5,1)1→2 −M I(6n+3,3)1→2 · i1 =

n
1 0
n 1
n 1
4n+3 0
−

n
1 0
n 1
n 1
4n+3 0
 =
[ n
6n+4 0
]
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2. i3 ·M I(6n+5,1)2→3 −M I(6n+3,3)2→3 · i2 = 0
i3 ·M I(6n+5,1)2→3 =
[3n+2
3n+2 1
6n+3 0
]
·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] =

2n+1 n+1
2n+1 1 0
n+1 0 1
6n+3 0 0
 · [
2n+1
2n+1 1
n+1 0
]
+

n+2 2n
n+2 1 0
2n 0 1
6n+3 0 0
 · [
1 2n
n+2 0 0
2n 0 1
]
=

2n+1
2n+1 1
n+1 0
6n+3 0
+

1 2n
n+2 0 0
2n 0 1
6n+3 0 0
 =

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
6n+3 0 0 0
+

1 n−1 n+1
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
6n+3 0 0 0
 =

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
6n+3 0 0 0 0

M
I(6n+3,3)
2→3 · i2 =


1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0


·
[2n+1
2n+1 1
4n+3 0
]
=

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

·

1 2n
1 1 0
2n 0 1
2n+2 0 0
2n 0 0
1 0 0
+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0
 ·

1 2n
1 1 0
2n 0 1
4n+3 0 0

=

1 2n
1 1 0
2n 0 1
n+1 0 0
2n+2 0 0
2n 0 0
2n 0 0
1 0 0

+

1 2n
n+2 0 0
2n 0 1
6n+3 0 0
 =

1 n+1 n−1
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
2n+2 0 0 0
2n 0 0 0
2n 0 0 0
1 0 0 0

+

1 n−1 n+1
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
2n+2 0 0 0
2n 0 0 0
2n 0 0 0
1 0 0 0

=

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
6n+3 0 0 0 0

i3 ·M I(6n+5,1)2→3 −M I(6n+3,3)2→3 · i2 =

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
6n+3 0 0 0 0

−

1 n−1 2 n−1
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
6n+3 0 0 0 0

=
[2n+1
9n+5 0
]
3. i3 ·M I(6n+5,1)4→3 −M I(6n+3,3)4→3 · i4 = 0
i3 ·M I(6n+5,1)4→3 =
[3n+2
3n+2 1
6n+3 0
]
·
[2n+2
2n+2 1
n 0
]
=

2n+2 n
2n+2 1 0
n 0 1
6n+3 0 0
 · [
2n+2
2n+2 1
n 0
]
=

2n+2
2n+2 1
n 0
6n+3 0
 = [
2n+2
2n+2 1
7n+3 0
]
M
I(6n+3,3)
4→3 · i4 =


2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n+3 2n 2n+1
4n+4 0 0 0
2n 0 1 0
3n+1 0 0 0


·
[2n+2
2n+2 1
4n+2 0
]
=

2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

·

2n+2
2n+2 1
2n+1 0
2n+1 0
+

2n+2 1 2n 2n+1
4n+4 0 0 0 0
2n 0 0 1 0
3n+1 0 0 0 0
 ·

2n+2
2n+2 1
1 0
2n 0
2n+1 0

=

2n+2
2n+2 1
n 0
2n+1 0
n+1 0
2n+1 0
n 0

+

2n+2
4n+4 0
2n 0
3n+1 0
 =

2n+2
2n+2 1
n 0
n+2 0
n−1 0
n+1 0
2n+1 0
n 0

+

2n+2
2n+2 0
n 0
n+2 0
n−1 0
n+1 0
2n+1 0
n 0

=
[2n+2
2n+2 1
7n+3 0
]
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i3 ·M I(6n+5,1)4→3 −M I(6n+3,3)4→3 · i4 =
[2n+2
2n+2 1
7n+3 0
]
−
[2n+2
2n+2 1
7n+3 0
]
=
[2n+2
9n+5 0
]
4. i4 ·M I(6n+5,1)5→4 −M I(6n+3,3)5→4 · i5 = 0
i4 ·M I(6n+5,1)5→4 =
[2n+2
2n+2 1
4n+2 0
]
·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 1 n n
1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
4n+2 0 0 0 0
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
4n+2 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
5n+2 0 0

M
I(6n+3,3)
5→4 · i5 =

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

·
[n+1
n+1 1
2n+1 0
]
=

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

·

1 n
1 1 0
n 0 1
n 0 0
1 0 0
n 0 0
 =

1 n
1 1 0
1 1 0
n 0 1
n 0 0
1 0 0
n 0 0
n 0 0
1 0 0
n 0 0
n 0 0

=

1 n
1 1 0
1 1 0
n 0 1
5n+2 0 0

i4 ·M I(6n+5,1)5→4 −M I(6n+3,3)5→4 · i5 =

1 n
1 1 0
1 1 0
n 0 1
5n+2 0 0
−

1 n
1 1 0
1 1 0
n 0 1
5n+2 0 0
 =
[n+1
6n+4 0
]
5. i3 ·M I(6n+5,1)6→3 −M I(6n+3,3)6→3 · i6 = 0
i3 ·M I(6n+5,1)6→3 =
[3n+2
3n+2 1
6n+3 0
]
·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 n 2n+1
1 1 0 0
n 0 1 0
2n+1 0 0 1
6n+3 0 0 0
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
6n+3 0 0

M
I(6n+3,3)
6→3 · i6 =


1 2n+2 4n+1
1 1 0 0
n 0 0 0
2n+2 0 1 0
n 0 0 0
4n+1 0 0 1
n+1 0 0 0

+
[4n+4 2n
7n+5 0 0
2n 0 1
]

·
[2n+2
2n+2 1
4n+2 0
]
=

1 2n+1 1 4n+1
1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 0
4n+1 0 0 0 1
n+1 0 0 0 0

·

1 2n+1
1 1 0
2n+1 0 1
1 0 0
4n+1 0 0
+
[2n+2 2n+2 2n
7n+5 0 0 0
2n 0 0 1
]
·

2n+2
2n+2 1
2n+2 0
2n 0

=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
1 0 0
n 0 0
4n+1 0 0
n+1 0 0

+
[2n+2
7n+5 0
2n 0
]
=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
1 0 0
n 0 0
3n+2 0 0
n−1 0 0
n+1 0 0

+

1 2n+1
1 0 0
n 0 0
2n+1 0 0
1 0 0
n 0 0
3n+2 0 0
n−1 0 0
n+1 0 0

=

1 2n+1
1 1 0
n 0 0
2n+1 0 1
6n+3 0 0

i3 ·M I(6n+5,1)6→3 −M I(6n+3,3)6→3 · i6 =

1 2n+1
1 1 0
n 0 0
2n+1 0 1
6n+3 0 0
−

1 2n+1
1 1 0
n 0 0
2n+1 0 1
6n+3 0 0
 =
[2n+2
9n+5 0
]
6. i6 ·M I(6n+5,1)7→6 −M I(6n+3,3)7→6 · i7 = 0
i6 ·M I(6n+5,1)7→6 =
[2n+2
2n+2 1
4n+2 0
]
·
[n+1
n+1 0
n+1 1
]
=

n+1 n+1
n+1 1 0
n+1 0 1
4n+2 0 0
 · [
n+1
n+1 0
n+1 1
]
=

n+1
n+1 0
n+1 1
4n+2 0

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M
I(6n+3,3)
7→6 · i7 =

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·
[n+1
n+1 1
2n+1 0
]
=

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·

n+1
n+1 1
n+1 0
n 0
 =

n+1
n+1 0
n+1 1
n+1 0
n+1 0
n 0
n 0

=

n+1
n+1 0
n+1 1
4n+2 0

i6 ·M I(6n+5,1)7→6 −M I(6n+3,3)7→6 · i7 =

n+1
n+1 0
n+1 1
4n+2 0
−

n+1
n+1 0
n+1 1
4n+2 0
 = [n+16n+4 0 ]
Relations of the projection p : I(6n+ 3, 3)→ I(6n+ 3, 2) P
1. p2 ·M I(6n+3,3)1→2 −M I(6n+3,2)1→2 · p1 = 0
p2 ·M I(6n+3,3)1→2 =
[2n+1 4n+3
4n+3 0 1
]
·

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

=

1 n n 1 1 n 2n n+1
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
n 0 0 0 0 0 1 0 0
2n 0 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0 1
 ·

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

=

n 1 n n+1
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

M
I(6n+3,2)
1→2 · p1 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·
[ n 2n+2
2n+2 0 1
]
=

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·

n 1 n n+1
1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

n 1 n n+1
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

p2 ·M I(6n+3,3)1→2 −M I(6n+3,2)1→2 · p1 =

n 1 n n+1
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1
−

n 1 n n+1
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1
 =
[3n+2
4n+3 0
]
2. p3 ·M I(6n+3,3)2→3 −M I(6n+3,2)2→3 · p2 = 0
p3 ·M I(6n+3,3)2→3 =
[3n+2 6n+3
6n+3 0 1
]
·


1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0


=

1 2n n+1 2n+2 2n 2n 1
2n+2 0 0 0 1 0 0 0
2n 0 0 0 0 1 0 0
2n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1
 ·

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+
[n+2 2n 6n+3
6n+3 0 0 1
]
·

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0

=

1 2n 2n+2 2n 1
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1
+
[ 1 2n 4n+3
6n+3 0 0 0
]
=

1 2n 2n+2 2n 1
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1
+

1 2n 2n+2 2n 1
2n+2 0 0 0 0 0
2n 0 0 0 0 0
2n 0 0 0 0 0
1 0 0 0 0 0
 =

2n+1 2n+2 2n+1
2n+2 0 1 0
2n 0 0 0
2n+1 0 0 1

M
I(6n+3,2)
2→3 · p2 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 · [2n+1 4n+34n+3 0 1 ] =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 · [
2n+1 2n+2 2n+1
2n+2 0 1 0
2n+1 0 0 1
]
=

2n+1 2n+2 2n+1
2n+2 0 1 0
2n 0 0 0
2n+1 0 0 1

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p3 ·M I(6n+3,3)2→3 −M I(6n+3,2)2→3 · p2 =

2n+1 2n+2 2n+1
2n+2 0 1 0
2n 0 0 0
2n+1 0 0 1
−

2n+1 2n+2 2n+1
2n+2 0 1 0
2n 0 0 0
2n+1 0 0 1
 = [6n+46n+3 0 ]
3. p3 ·M I(6n+3,3)4→3 −M I(6n+3,2)4→3 · p4 = 0
p3 ·M I(6n+3,3)4→3 =
[3n+2 6n+3
6n+3 0 1
]
·


2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n+3 2n 2n+1
4n+4 0 0 0
2n 0 1 0
3n+1 0 0 0


=

2n+2 n 2n+1 n+1 2n+1 n
2n+1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n+1 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

3n+2 n+2 2n 3n+1
n+2 0 1 0 0
2n 0 0 1 0
3n+1 0 0 0 1
 ·

2n+3 2n 2n+1
3n+2 0 0 0
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0

=

2n+2 2n+1 2n+1
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
+

2n+3 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 =

2n+2 1 n+1 n−1 2n+1
1 0 1 0 0 0
n+1 0 0 1 0 0
n−1 0 0 0 1 0
n+1 0 0 0 0 0
2n+1 0 0 0 0 1
n 0 0 0 0 0

+

2n+2 1 n−1 n+1 2n+1
1 0 0 0 0 0
n+1 0 0 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 1 0
2n+1 0 0 0 0 0
n 0 0 0 0 0

=

2n+2 1 n−1 2 n−1 2n+1
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
2 0 0 0 1 0 0
n−1 0 0 1 0 1 0
2 0 0 0 1 0 0
n−1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
n 0 0 0 0 0 0

M
I(6n+3,2)
4→3 · p4 =


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


·
[2n+2 4n+2
4n+2 0 1
]
=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
 ·
[2n+2 2n+1 2n+1
2n+1 0 1 0
2n+1 0 0 1
]
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

2n+2 1 2n 2n+1
1 0 1 0 0
2n 0 0 1 0
2n+1 0 0 0 1

=

2n+2 2n+1 2n+1
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
+

2n+2 1 2n 2n+1
n+2 0 0 0 0
2n 0 0 1 0
3n+1 0 0 0 0
 =

2n+2 1 n+1 n−1 2n+1
1 0 1 0 0 0
n+1 0 0 1 0 0
n−1 0 0 0 1 0
n+1 0 0 0 0 0
2n+1 0 0 0 0 1
n 0 0 0 0 0

+

2n+2 1 n−1 n+1 2n+1
1 0 0 0 0 0
n+1 0 0 0 0 0
n−1 0 0 1 0 0
n+1 0 0 0 1 0
2n+1 0 0 0 0 0
n 0 0 0 0 0

=

2n+2 1 n−1 2 n−1 2n+1
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
2 0 0 0 1 0 0
n−1 0 0 1 0 1 0
2 0 0 0 1 0 0
n−1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
n 0 0 0 0 0 0

p3 ·M I(6n+3,3)4→3 −M I(6n+3,2)4→3 · p4 =

2n+2 1 n−1 2 n−1 2n+1
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
2 0 0 0 1 0 0
n−1 0 0 1 0 1 0
2 0 0 0 1 0 0
n−1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
n 0 0 0 0 0 0

−

2n+2 1 n−1 2 n−1 2n+1
1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
2 0 0 0 1 0 0
n−1 0 0 1 0 1 0
2 0 0 0 1 0 0
n−1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
n 0 0 0 0 0 0

=
[6n+4
6n+3 0
]
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4. p4 ·M I(6n+3,3)5→4 −M I(6n+3,2)5→4 · p5 = 0
p4 ·M I(6n+3,3)5→4 =
[2n+2 4n+2
4n+2 0 1
]
·

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

=

1 1 n n 1 n n 1 n n
1 0 0 0 0 1 0 0 0 0 0
n 0 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 0 1

·

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

=

1 n n 1 n
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

=

n+1 n 1 n
1 0 0 1 0
n 0 1 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

M
I(6n+3,2)
5→4 · p5 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·
[n+1 2n+1
2n+1 0 1
]
=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·

n+1 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 =

n+1 n 1 n
1 0 0 1 0
n 0 1 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

p4 ·M I(6n+3,3)5→4 −M I(6n+3,2)5→4 · p5 =

n+1 n 1 n
1 0 0 1 0
n 0 1 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

−

n+1 n 1 n
1 0 0 1 0
n 0 1 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 0

=
[3n+2
4n+2 0
]
5. p3 ·M I(6n+3,3)6→3 −M I(6n+3,2)6→3 · p6 = 0
p3 ·M I(6n+3,3)6→3 =
[3n+2 6n+3
6n+3 0 1
]
·


1 2n+2 4n+1
1 1 0 0
n 0 0 0
2n+2 0 1 0
n 0 0 0
4n+1 0 0 1
n+1 0 0 0

+
[4n+4 2n
7n+5 0 0
2n 0 1
]

=

1 n 2n+1 1 n 4n+1 n+1
1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
4n+1 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 1
 ·

1 2n+1 1 4n+1
1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 0
4n+1 0 0 0 1
n+1 0 0 0 0

+
[3n+2 4n+3 2n
4n+3 0 1 0
2n 0 0 1
]
·

4n+4 2n
3n+2 0 0
4n+3 0 0
2n 0 1

=

1 2n+1 1 4n+1
1 0 0 1 0
n 0 0 0 0
4n+1 0 0 0 1
n+1 0 0 0 0
+
[4n+4 2n
4n+3 0 0
2n 0 1
]
=

1 2n+1 1 2n+1 n+1 n−1
1 0 0 1 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 0 1 0 0
n+1 0 0 0 0 1 0
n−1 0 0 0 0 0 1
n+1 0 0 0 0 0 0

+

1 2n+1 1 2n+1 n−1 n+1
1 0 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 1 0
n+1 0 0 0 0 0 1

=

2n+2 1 2n+1 n−1 2 n−1
1 0 1 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2 0 0 0 0 1 0
n−1 0 0 0 1 0 1
2 0 0 0 0 1 0
n−1 0 0 0 0 0 1

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M
I(6n+3,2)
6→3 · p6 =


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

·
[2n+2 4n+2
4n+2 0 1
]
=

1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
 ·
[2n+2 1 4n+1
1 0 1 0
4n+1 0 0 1
]
+
[2n+2 2n
4n+3 0 0
2n 0 1
]
·
[2n+2 2n+2 2n
2n+2 0 1 0
2n 0 0 1
]
=

2n+2 1 4n+1
1 0 1 0
n 0 0 0
4n+1 0 0 1
n+1 0 0 0
+
[2n+2 2n+2 2n
4n+3 0 0 0
2n 0 0 1
]
=

2n+2 1 2n+1 n+1 n−1
1 0 1 0 0 0
n 0 0 0 0 0
2n+1 0 0 1 0 0
n+1 0 0 0 1 0
n−1 0 0 0 0 1
n+1 0 0 0 0 0

+

2n+2 1 2n+1 n−1 n+1
1 0 0 0 0 0
n 0 0 0 0 0
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
n−1 0 0 0 1 0
n+1 0 0 0 0 1

=

2n+2 1 2n+1 n−1 2 n−1
1 0 1 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2 0 0 0 0 1 0
n−1 0 0 0 1 0 1
2 0 0 0 0 1 0
n−1 0 0 0 0 0 1

p3 ·M I(6n+3,3)6→3 −M I(6n+3,2)6→3 · p6 =

2n+2 1 2n+1 n−1 2 n−1
1 0 1 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2 0 0 0 0 1 0
n−1 0 0 0 1 0 1
2 0 0 0 0 1 0
n−1 0 0 0 0 0 1

−

2n+2 1 2n+1 n−1 2 n−1
1 0 1 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n−1 0 0 0 1 0 0
2 0 0 0 0 1 0
n−1 0 0 0 1 0 1
2 0 0 0 0 1 0
n−1 0 0 0 0 0 1

=
[6n+4
6n+3 0
]
6. p6 ·M I(6n+3,3)7→6 −M I(6n+3,2)7→6 · p7 = 0
p6 ·M I(6n+3,3)7→6 =
[2n+2 4n+2
4n+2 0 1
]
·

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

n+1 n+1 n+1 n+1 n n
n+1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

n+1 n+1 n
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

M
I(6n+3,2)
7→6 · p7 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ·
[n+1 2n+1
2n+1 0 1
]
=

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ·
[n+1 n+1 n
n+1 0 1 0
n 0 0 1
]
=

n+1 n+1 n
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

p6 ·M I(6n+3,3)7→6 −M I(6n+3,2)7→6 · p7 =

n+1 n+1 n
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1
−

n+1 n+1 n
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1
 =
[3n+2
4n+2 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[ n 2n+2
2n+2 0 1
]
·
[ n
n 1
2n+2 0
]
=
[ n
2n+2 0
]
2. p2 · i2 = 0
p2 · i2 =
[2n+1 4n+3
4n+3 0 1
]
·
[2n+1
2n+1 1
4n+3 0
]
=
[2n+1
4n+3 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+2 6n+3
6n+3 0 1
]
·
[3n+2
3n+2 1
6n+3 0
]
=
[3n+2
6n+3 0
]
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4. p4 · i4 = 0
p4 · i4 =
[2n+2 4n+2
4n+2 0 1
]
·
[2n+2
2n+2 1
4n+2 0
]
=
[2n+2
4n+2 0
]
5. p5 · i5 = 0
p5 · i5 =
[n+1 2n+1
2n+1 0 1
]
·
[n+1
n+1 1
2n+1 0
]
=
[n+1
2n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+2 4n+2
4n+2 0 1
]
·
[2n+2
2n+2 1
4n+2 0
]
=
[2n+2
4n+2 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 2n+1
2n+1 0 1
]
·
[n+1
n+1 1
2n+1 0
]
=
[n+1
2n+1 0
]
151.5.2 0→ I(6n+ 5, 5) f→ I(6n+ 3, 3) g→ I(6n+ 3, 4)→ 0 
PdimI(6n+ 5, 5) + dimI(6n+ 3, 4) = (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1) + (2n+ 1, 4n+ 2, 6n+ 3, 4n+ 3, 2n+ 2, 4n+ 2, 2n+ 1)
= (3n+ 2, 6n+ 4, 9n+ 5, 6n+ 4, 3n+ 2, 6n+ 4, 3n+ 2) = dimI(6n+ 3, 3)
Pdimk Ext
1
kQ(I(6n+ 3, 4), I(6n+ 5, 5)) = dimk HomkQ(I(6n+ 3, 4), I(6n+ 5, 5))− 〈dimI(6n+ 3, 4),dimI(6n+ 5, 5)〉
= 0− 〈(2n+ 1, 4n+ 2, 6n+ 3, 4n+ 3, 2n+ 2, 4n+ 2, 2n+ 1), (n+ 1, 2n+ 2, 3n+ 2, 2n+ 1, n, 2n+ 2, n+ 1)〉
= (2n+ 1) · (2n+ 2) + (4n+ 2) · (3n+ 2) + (4n+ 3) · (3n+ 2) + (2n+ 2) · (2n+ 1) + (4n+ 2) · (3n+ 2) + (2n+ 1) · (2n+ 2)
− ((2n+ 1) · (n+ 1) + (4n+ 2) · (2n+ 2) + (6n+ 3) · (3n+ 2) + (4n+ 3) · (2n+ 1) + (2n+ 2) · n+ (4n+ 2) · (2n+ 2) + (2n+ 1) · (n+ 1))
= 4n2 + 6n+ 2 + 12n2 + 14n+ 4 + 12n2 + 17n+ 6 + 4n2 + 6n+ 2 + 12n2 + 14n+ 4 + 4n2 + 6n+ 2
− (2n2 + 3n+ 1 + 8n2 + 12n+ 4 + 18n2 + 21n+ 6 + 8n2 + 10n+ 3 + 2n2 + 2n+ 8n2 + 12n+ 4 + 2n2 + 3n+ 1)
= 1
Matrices of the embedding f : I(6n+ 5, 5)→ I(6n+ 3, 3) P
1. f1 =

n+1
n 0
n+1 1
n+1 0
 ∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
2. f2 =

2n+2
2n+1 0
2n+2 1
2n+1 0
 ∈M6n+4,2n+2(k) is already in column echelon form and has maximal column rank.
3. f3 =

3n+2
3n+2 0
3n+2 1
3n+1 0
 ∈M9n+5,3n+2(k) is already in column echelon form and has maximal column rank.
4. f4 =

2n+1
2n+2 0
2n+1 1
2n+1 0
 ∈M6n+4,2n+1(k) is already in column echelon form and has maximal column rank.
5. f5 =

n
n+1 0
n 1
n+1 0
 ∈M3n+2,n(k) is already in column echelon form and has maximal column rank.
6. f6 =

2n+2
2n+2 0
2n+2 1
2n 0
 ∈M6n+4,2n+2(k) is already in column echelon form and has maximal column rank.
7. f7 =

n+1
n+1 0
n+1 1
n 0
 ∈M3n+2,n+1(k) is already in column echelon form and has maximal column rank.
2840
Matrices of the projection g : I(6n+ 3, 3)→ I(6n+ 3, 4) P
1. g1 =
[ n n+1 n+1
n 1 0 0
n+1 0 0 1′
]
∈M2n+1,3n+2(k) is already in row echelon form and has maximal row rank.
2. g2 =
[2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 1′
]
+
[6n+3 1
1 0 1
4n+1 0 0
]
∈M4n+2,6n+4(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
1 0 0 0 0 1
2n 0 0 0 1′ 0
 r3↔r4−−−−→

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
2n 0 0 0 1′ 0
1 0 0 0 0 1

3. g3 =
[3n+2 3n+2 3n+1
3n+2 1 0 0
3n+1 0 0 1′
]
∈M6n+3,9n+5(k) is already in row echelon form and has maximal row rank.
4. g4 =
[2n+2 2n+1 2n+1
2n+2 1 0 0
2n+1 0 0 1′
]
∈M4n+3,6n+4(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n+1 n n+1
n+1 1 0 0
n+1 0 0 1′
]
∈M2n+2,3n+2(k) is already in row echelon form and has maximal row rank.
6. g6 =
[2n+2 2n+2 2n
2n+2 1 0 0
2n 0 0 1′
]
∈M4n+2,6n+4(k) is already in row echelon form and has maximal row rank.
7. g7 =
[n+1 n+1 n
n+1 1 0 0
n 0 0 1′
]
∈M2n+1,3n+2(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(6n+ 5, 5)→ I(6n+ 3, 3) P
1. f2 ·M I(6n+5,5)1→2 −M I(6n+3,3)1→2 · f1 = 0
f2 ·M I(6n+5,5)1→2 =

2n+2
2n+1 0
2n+2 1
2n+1 0
 ·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 1 n n
2n+1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
2n+1 0 0 0 0

·

1 n
1 1 0
1 1 0
n 0 1
n 0 0
 =

1 n
2n+1 0 0
1 1 0
1 1 0
n 0 1
n 0 0
2n+1 0 0

=

1 n
2n+1 0 0
1 1 0
1 1 0
n 0 1
3n+1 0 0

M
I(6n+3,3)
1→2 · f1 =

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

·

n+1
n 0
n+1 1
n+1 0
 =

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

·

1 n
n 0 0
1 1 0
n 0 1
n+1 0 0
 =

1 n
1 0 0
n 0 0
n 0 0
1 1 0
1 1 0
n 0 1
2n 0 0
n+1 0 0

=

1 n
2n+1 0 0
1 1 0
1 1 0
n 0 1
3n+1 0 0

f2 ·M I(6n+5,5)1→2 −M I(6n+3,3)1→2 · f1 =

1 n
2n+1 0 0
1 1 0
1 1 0
n 0 1
3n+1 0 0
−

1 n
2n+1 0 0
1 1 0
1 1 0
n 0 1
3n+1 0 0
 =
[n+1
6n+4 0
]
2. f3 ·M I(6n+5,5)2→3 −M I(6n+3,3)2→3 · f2 = 0
f3 ·M I(6n+5,5)2→3 =

3n+2
3n+2 0
3n+2 1
3n+1 0
 · [
2n+2
2n+2 1
n 0
]
=

2n+2 n
3n+2 0 0
2n+2 1 0
n 0 1
3n+1 0 0
 ·
[2n+2
2n+2 1
n 0
]
=

2n+2
3n+2 0
2n+2 1
n 0
3n+1 0
 =

2n+2
3n+2 0
2n+2 1
4n+1 0

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M
I(6n+3,3)
2→3 · f2 =


1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0


·

2n+2
2n+1 0
2n+2 1
2n+1 0

=

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

·

2n+2
1 0
2n 0
2n+2 1
2n 0
1 0
+

1 2n 2n+2 2n+1
n+2 0 0 0 0
2n 0 1 0 0
6n+3 0 0 0 0
 ·

2n+2
1 0
2n 0
2n+2 1
2n+1 0
 =

2n+2
1 0
2n 0
n+1 0
2n+2 1
2n 0
2n 0
1 0

+

2n+2
n+2 0
2n 0
6n+3 0
 =

2n+2
1 0
n+1 0
n−1 0
n+1 0
2n+2 1
2n 0
2n 0
1 0

+

2n+2
1 0
n+1 0
n−1 0
n+1 0
2n+2 0
2n 0
2n 0
1 0

=

2n+2
3n+2 0
2n+2 1
4n+1 0

f3 ·M I(6n+5,5)2→3 −M I(6n+3,3)2→3 · f2 =

2n+2
3n+2 0
2n+2 1
4n+1 0
−

2n+2
3n+2 0
2n+2 1
4n+1 0
 = [2n+29n+5 0 ]
3. f3 ·M I(6n+5,5)4→3 −M I(6n+3,3)4→3 · f4 = 0
f3 ·M I(6n+5,5)4→3 =

3n+2
3n+2 0
3n+2 1
3n+1 0
 ·

[2n+1
2n+1 1
n+1 0
]
+
[ 1 2n
n+2 0 0
2n 0 1
] =

2n+1 n+1
3n+2 0 0
2n+1 1 0
n+1 0 1
3n+1 0 0
 ·
[2n+1
2n+1 1
n+1 0
]
+

n+2 2n
3n+2 0 0
n+2 1 0
2n 0 1
3n+1 0 0
 ·
[ 1 2n
n+2 0 0
2n 0 1
]
=

2n+1
3n+2 0
2n+1 1
n+1 0
3n+1 0
+

1 2n
3n+2 0 0
n+2 0 0
2n 0 1
3n+1 0 0
 =

1 n+1 n−1
3n+2 0 0 0
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
3n+1 0 0 0

+

1 n−1 n+1
3n+2 0 0 0
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
3n+1 0 0 0

=

1 n−1 2 n−1
3n+2 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

M
I(6n+3,3)
4→3 · f4 =


2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n+3 2n 2n+1
4n+4 0 0 0
2n 0 1 0
3n+1 0 0 0


·

2n+1
2n+2 0
2n+1 1
2n+1 0
 =

2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

·

2n+1
2n+2 0
2n+1 1
2n+1 0
+

2n+2 1 2n 2n+1
4n+4 0 0 0 0
2n 0 0 1 0
3n+1 0 0 0 0
 ·

1 2n
2n+2 0 0
1 1 0
2n 0 1
2n+1 0 0

=

2n+1
2n+2 0
n 0
2n+1 1
n+1 0
2n+1 0
n 0

+

1 2n
4n+4 0 0
2n 0 1
3n+1 0 0
 =

1 n+1 n−1
2n+2 0 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n−1 0 0 1
n+1 0 0 0
2n+1 0 0 0
n 0 0 0

+

1 n−1 n+1
2n+2 0 0 0
n 0 0 0
1 0 0 0
n+1 0 0 0
n−1 0 1 0
n+1 0 0 1
2n+1 0 0 0
n 0 0 0

=

1 n−1 2 n−1
3n+2 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

f3 ·M I(6n+5,5)4→3 −M I(6n+3,3)4→3 · f4 =

1 n−1 2 n−1
3n+2 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

−

1 n−1 2 n−1
3n+2 0 0 0 0
1 1 0 0 0
n−1 0 1 0 0
2 0 0 1 0
n−1 0 1 0 1
2 0 0 1 0
n−1 0 0 0 1
3n+1 0 0 0 0

=
[2n+1
9n+5 0
]
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4. f4 ·M I(6n+5,5)5→4 −M I(6n+3,3)5→4 · f5 = 0
f4 ·M I(6n+5,5)5→4 =

2n+1
2n+2 0
2n+1 1
2n+1 0
 ·

n
1 0
n 1
n 1
 =

1 n n
2n+2 0 0 0
1 1 0 0
n 0 1 0
n 0 0 1
2n+1 0 0 0
 ·

n
1 0
n 1
n 1
 =

n
2n+2 0
1 0
n 1
n 1
2n+1 0
 =

n
2n+3 0
n 1
n 1
2n+1 0

M
I(6n+3,3)
5→4 · f5 =

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

·

n
n+1 0
n 1
n+1 0
 =

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

·

n
1 0
n 0
n 1
1 0
n 0
 =

n
1 0
1 0
n 0
n 0
1 0
n 1
n 1
1 0
n 0
n 0

=

n
2n+3 0
n 1
n 1
2n+1 0

f4 ·M I(6n+5,5)5→4 −M I(6n+3,3)5→4 · f5 =

n
2n+3 0
n 1
n 1
2n+1 0
−

n
2n+3 0
n 1
n 1
2n+1 0
 =
[ n
6n+4 0
]
5. f3 ·M I(6n+5,5)6→3 −M I(6n+3,3)6→3 · f6 = 0
f3 ·M I(6n+5,5)6→3 =

3n+2
3n+2 0
3n+2 1
3n+1 0
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 n 2n+1
3n+2 0 0 0
1 1 0 0
n 0 1 0
2n+1 0 0 1
3n+1 0 0 0
 ·

1 2n+1
1 1 0
n 0 0
2n+1 0 1
 =

1 2n+1
3n+2 0 0
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0

M
I(6n+3,3)
6→3 · f6 =


1 2n+2 4n+1
1 1 0 0
n 0 0 0
2n+2 0 1 0
n 0 0 0
4n+1 0 0 1
n+1 0 0 0

+
[4n+4 2n
7n+5 0 0
2n 0 1
]

·

2n+2
2n+2 0
2n+2 1
2n 0
 =

1 2n+1 1 2n+1 2n
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 0 0
2n+1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

·

1 2n+1
1 0 0
2n+1 0 0
1 1 0
2n+1 0 1
2n 0 0
+
[2n+2 2n+2 2n
7n+5 0 0 0
2n 0 0 1
]
·

2n+2
2n+2 0
2n+2 1
2n 0

=

1 2n+1
1 0 0
n 0 0
2n+1 0 0
1 1 0
n 0 0
2n+1 0 1
2n 0 0
n+1 0 0

+
[2n+2
7n+5 0
2n 0
]
=

1 2n+1
1 0 0
n 0 0
2n+1 0 0
1 1 0
n 0 0
2n+1 0 1
n+1 0 0
n−1 0 0
n+1 0 0

+

1 2n+1
1 0 0
n 0 0
2n+1 0 0
1 0 0
n 0 0
2n+1 0 0
n+1 0 0
n−1 0 0
n+1 0 0

=

1 2n+1
3n+2 0 0
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0

f3 ·M I(6n+5,5)6→3 −M I(6n+3,3)6→3 · f6 =

1 2n+1
3n+2 0 0
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0
−

1 2n+1
3n+2 0 0
1 1 0
n 0 0
2n+1 0 1
3n+1 0 0
 =
[2n+2
9n+5 0
]
6. f6 ·M I(6n+5,5)7→6 −M I(6n+3,3)7→6 · f7 = 0
f6 ·M I(6n+5,5)7→6 =

2n+2
2n+2 0
2n+2 1
2n 0
 · [
n+1
n+1 0
n+1 1
]
=

n+1 n+1
2n+2 0 0
n+1 1 0
n+1 0 1
2n 0 0
 ·
[n+1
n+1 0
n+1 1
]
=

n+1
2n+2 0
n+1 0
n+1 1
2n 0
 =

n+1
3n+3 0
n+1 1
2n 0

2843
M
I(6n+3,3)
7→6 · f7 =

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·

n+1
n+1 0
n+1 1
n 0
 =

n+1
n+1 0
n+1 0
n+1 0
n+1 1
n 0
n 0

=

n+1
3n+3 0
n+1 1
2n 0

f6 ·M I(6n+5,5)7→6 −M I(6n+3,3)7→6 · f7 =

n+1
3n+3 0
n+1 1
2n 0
−

n+1
3n+3 0
n+1 1
2n 0
 = [n+16n+4 0 ]
Relations of the projection g : I(6n+ 3, 3)→ I(6n+ 3, 4) P
1. g2 ·M I(6n+3,3)1→2 −M I(6n+3,4)1→2 · g1 = 0
g2 ·M I(6n+3,3)1→2 =

[2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 1′
]
+
[6n+3 1
1 0 1
4n+1 0 0
] ·

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
2n 0 0 0 0
n+1 0 0 0 1

=

1 n n 1 1 n n n n+1
1 1 0 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 1′
n 0 0 0 0 0 0 0 1′ 0
 ·

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
1 0 1 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n 0 0 0 0
n+1 0 0 0 1

+
[ 1 n n 1 1 n 2n n 1
1 0 0 0 0 0 0 0 0 1
4n+1 0 0 0 0 0 0 0 0 0
]
·

n 1 n n 1
1 0 0 0 0 0
n 1 0 0 0 0
n 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
2n 0 0 0 0 0
n 0 0 0 1 0
1 0 0 0 0 1

=

n 1 n n+1
1 0 0 0 0
n 1 0 0 0
n 1 0 0 0
n+1 0 0 0 1′
n 0 0 0 0
+
[ n 1 n n 1
1 0 0 0 0 1
4n+1 0 0 0 0 0
]
=

n 1 n n 1
1 0 0 0 0 0
n 1 0 0 0 0
n 1 0 0 0 0
1 0 0 0 0 1
n 0 0 0 1′ 0
n 0 0 0 0 0

+

n 1 n n 1
1 0 0 0 0 1
n 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0

=

n n+1 n 1
1 0 0 0 1
n 1 0 0 0
n 1 0 0 0
1 0 0 0 1
n 0 0 1′ 0
n 0 0 0 0

M
I(6n+3,4)
1→2 · g1 =

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·
[ n n+1 n+1
n 1 0 0
n+1 0 0 1′
]
=

n 1 n
1 0 1 0
n 1 0 0
n 1 0 0
1 0 1 0
n 0 0 1
n 0 0 0

·

n n+1 n 1
n 1 0 0 0
1 0 0 0 1
n 0 0 1′ 0
 =

n n+1 n 1
1 0 0 0 1
n 1 0 0 0
n 1 0 0 0
1 0 0 0 1
n 0 0 1′ 0
n 0 0 0 0

g2 ·M I(6n+3,3)1→2 −M I(6n+3,4)1→2 · g1 =

n n+1 n 1
1 0 0 0 1
n 1 0 0 0
n 1 0 0 0
1 0 0 0 1
n 0 0 1′ 0
n 0 0 0 0

−

n n+1 n 1
1 0 0 0 1
n 1 0 0 0
n 1 0 0 0
1 0 0 0 1
n 0 0 1′ 0
n 0 0 0 0

=
[3n+2
4n+2 0
]
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2. g3 ·M I(6n+3,3)2→3 −M I(6n+3,4)2→3 · g2 = 0
g3 ·M I(6n+3,3)2→3 =
[3n+2 3n+2 3n+1
3n+2 1 0 0
3n+1 0 0 1′
]
·


1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
2n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
6n+3 0 0 0


=

1 2n n+1 2n+2 n n 2n 1
1 1 0 0 0 0 0 0 0
2n 0 1 0 0 0 0 0 0
n+1 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1
2n 0 0 0 0 0 0 1′ 0
n 0 0 0 0 0 1′ 0 0

·

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
n 0 0 0 0 0
2n 0 0 0 1 0
1 0 0 0 0 1

+

n+2 2n 3n+2 3n+1
n+2 1 0 0 0
2n 0 1 0 0
3n+1 0 0 0 1′
 ·

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
3n+2 0 0 0
3n+1 0 0 0

=

1 2n 2n+2 2n 1
1 1 0 0 0 1
2n 0 1 0 0 0
n+1 0 0 0 0 0
1 0 0 0 0 1
2n 0 0 0 1′ 0
n 0 0 0 0 0

+

1 2n 4n+3
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0

=

1 n+1 n−1 2n+2 2n 1
1 1 0 0 0 0 1
n+1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n+1 0 0 0 0 0 0
1 0 0 0 0 0 1
2n 0 0 0 0 1′ 0
n 0 0 0 0 0 0

+

1 n−1 n+1 2n+2 2n 1
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 1 0 0 0 0
n+1 0 0 1 0 0 0
1 0 0 0 0 0 0
2n 0 0 0 0 0 0
n 0 0 0 0 0 0

=

1 n−1 2 n−1 2n+2 2n 1
1 1 0 0 0 0 0 1
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
2n 0 0 0 0 0 1′ 0
n 0 0 0 0 0 0 0

M
I(6n+3,4)
2→3 · g2 =


2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0


·

[2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 1′
]
+
[6n+3 1
1 0 1
4n+1 0 0
]
=

2n+1 2n+1
2n+1 1 0
n+1 0 0
2n+1 0 1
n 0 0
 ·
[2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 1′
]
+

1 2n 2n+1
1 1 0 0
2n 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0
 ·

6n+3 1
1 0 1
2n 0 0
2n+1 0 0
+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

1 2n 2n+2 2n+1
1 1 0 0 0
2n 0 1 0 0
2n+1 0 0 0 1′

+

1 2n 2n+1
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0
 ·

6n+3 1
1 0 1
2n 0 0
2n+1 0 0
 =

2n+1 2n+2 2n+1
2n+1 1 0 0
n+1 0 0 0
2n+1 0 0 1′
n 0 0 0
+

6n+3 1
1 0 1
2n 0 0
n+1 0 0
2n+1 0 0
n 0 0
+

1 2n 2n+2 2n+1
n+2 0 0 0 0
2n 0 1 0 0
3n+1 0 0 0 0
+

6n+3 1
n+2 0 0
2n 0 0
3n+1 0 0

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=
1 n+1 n−1 2n+2 2n 1
1 1 0 0 0 0 0
n+1 0 1 0 0 0 0
n−1 0 0 1 0 0 0
n+1 0 0 0 0 0 0
1 0 0 0 0 0 1
2n 0 0 0 0 1′ 0
n 0 0 0 0 0 0

+

1 2n 2n+2 2n 1
1 0 0 0 0 1
n+1 0 0 0 0 0
n−1 0 0 0 0 0
n+1 0 0 0 0 0
1 0 0 0 0 0
2n 0 0 0 0 0
n 0 0 0 0 0

+

1 n−1 n+1 2n+2 2n 1
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 1 0 0 0 0
n+1 0 0 1 0 0 0
1 0 0 0 0 0 0
2n 0 0 0 0 0 0
n 0 0 0 0 0 0

+

1 2n 2n+2 2n 1
1 0 0 0 0 0
n+1 0 0 0 0 0
n−1 0 0 0 0 0
n+1 0 0 0 0 0
1 0 0 0 0 0
2n 0 0 0 0 0
n 0 0 0 0 0

=

1 n−1 2 n−1 2n+2 2n 1
1 1 0 0 0 0 0 1
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
2n 0 0 0 0 0 1′ 0
n 0 0 0 0 0 0 0

g3 ·M I(6n+3,3)2→3 −M I(6n+3,4)2→3 · g2 =

1 n−1 2 n−1 2n+2 2n 1
1 1 0 0 0 0 0 1
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
2n 0 0 0 0 0 1′ 0
n 0 0 0 0 0 0 0

−

1 n−1 2 n−1 2n+2 2n 1
1 1 0 0 0 0 0 1
n−1 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
n−1 0 1 0 1 0 0 0
2 0 0 1 0 0 0 0
n−1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
2n 0 0 0 0 0 1′ 0
n 0 0 0 0 0 0 0

=
[6n+4
6n+3 0
]
3. g3 ·M I(6n+3,3)4→3 −M I(6n+3,4)4→3 · g4 = 0
g3 ·M I(6n+3,3)4→3 =
[3n+2 3n+2 3n+1
3n+2 1 0 0
3n+1 0 0 1′
]
·


2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+

2n+3 2n 2n+1
4n+4 0 0 0
2n 0 1 0
3n+1 0 0 0


=

2n+2 n 2n+1 n+1 2n+1 n
2n+2 1 0 0 0 0 0
n 0 1 0 0 0 0
n 0 0 0 0 0 1′
2n+1 0 0 0 0 1′ 0
 ·

2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
n 0 0 0

+
[3n+2 n+2 2n 3n+1
3n+2 1 0 0 0
3n+1 0 0 0 1′
]
·

2n+3 2n 2n+1
3n+2 0 0 0
n+2 0 0 0
2n 0 1 0
3n+1 0 0 0

=

2n+2 2n+1 2n+1
2n+2 1 0 0
n 0 0 0
n 0 0 0
2n+1 0 0 1′
+
[2n+3 2n 2n+1
3n+2 0 0 0
3n+1 0 0 0
]
=

2n+2 1 2n 2n+1
2n+2 1 0 0 0
n 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 1′
+

2n+2 1 2n 2n+1
2n+2 0 0 0 0
n 0 0 0 0
n 0 0 0 0
2n+1 0 0 0 0
 =

2n+2 2n+1 2n+1
2n+2 1 0 0
2n 0 0 0
2n+1 0 0 1′

M
I(6n+3,4)
4→3 · g4 =

2n+2 2n+1
2n+2 1 0
2n 0 0
2n+1 0 1
 · [
2n+2 2n+1 2n+1
2n+2 1 0 0
2n+1 0 0 1′
]
=

2n+2 2n+1 2n+1
2n+2 1 0 0
2n 0 0 0
2n+1 0 0 1′

g3 ·M I(6n+3,3)4→3 −M I(6n+3,4)4→3 · g4 =

2n+2 2n+1 2n+1
2n+2 1 0 0
2n 0 0 0
2n+1 0 0 1′
−

2n+2 2n+1 2n+1
2n+2 1 0 0
2n 0 0 0
2n+1 0 0 1′
 = [6n+46n+3 0 ]
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4. g4 ·M I(6n+3,3)5→4 −M I(6n+3,4)5→4 · g5 = 0
g4 ·M I(6n+3,3)5→4 =
[2n+2 2n+1 2n+1
2n+2 1 0 0
2n+1 0 0 1′
]
·

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

=

1 1 n n 1 n n 1 n n
1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 1′
n 0 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 0 1 0 0

·

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 0

=

1 n n 1 n
1 1 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 1′
1 0 0 0 1 0

=

1 n n n+1
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 0 1′

M
I(6n+3,4)
5→4 · g5 =

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·
[n+1 n n+1
n+1 1 0 0
n+1 0 0 1′
]
=

1 n n+1
1 1 0 0
1 1 0 0
n 0 1 0
2n 0 0 0
n+1 0 0 1
 ·

1 n n n+1
1 1 0 0 0
n 0 1 0 0
n+1 0 0 0 1′
 =

1 n n n+1
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 0 1′

g4 ·M I(6n+3,3)5→4 −M I(6n+3,4)5→4 · g5 =

1 n n n+1
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 0 1′
−

1 n n n+1
1 1 0 0 0
1 1 0 0 0
n 0 1 0 0
2n 0 0 0 0
n+1 0 0 0 1′
 =
[3n+2
4n+3 0
]
5. g3 ·M I(6n+3,3)6→3 −M I(6n+3,4)6→3 · g6 = 0
g3 ·M I(6n+3,3)6→3 =
[3n+2 3n+2 3n+1
3n+2 1 0 0
3n+1 0 0 1′
]
·


1 2n+2 4n+1
1 1 0 0
n 0 0 0
2n+2 0 1 0
n 0 0 0
4n+1 0 0 1
n+1 0 0 0

+
[4n+4 2n
7n+5 0 0
2n 0 1
]

=

1 n 2n+1 1 n 2n+1 2n n+1
1 1 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0 0 0
n+1 0 0 0 0 0 0 0 1′
2n 0 0 0 0 0 0 1′ 0
 ·

1 2n+1 1 2n+1 2n
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 0 0
2n+1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

3n+2 3n+2 n+1 2n
3n+2 1 0 0 0
2n 0 0 0 1′
n+1 0 0 1′ 0
 ·

4n+4 2n
3n+2 0 0
3n+2 0 0
n+1 0 0
2n 0 1

=

1 2n+1 1 2n+1 2n
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n 0 0 0 0 1′
+

4n+4 2n
3n+2 0 0
2n 0 1′
n+1 0 0

=

1 2n+1 1 2n+1 n+1 n−1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
n−1 0 0 0 0 0 1′
n+1 0 0 0 0 1′ 0

+

1 2n+1 1 2n+1 n−1 n+1
1 0 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 0 0 0 0 0
n+1 0 0 0 0 0 1′
n−1 0 0 0 0 1′ 0
n+1 0 0 0 0 0 0

=

1 2n+1 2n+2 n−1 2 n−1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n−1 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 0

2847
M
I(6n+3,4)
6→3 · g6 =


1 4n+1
1 1 0
n 0 0
4n+1 0 1
n+1 0 0
+
[2n+2 2n
4n+3 0 0
2n 0 1
]

·
[2n+2 2n+2 2n
2n+2 1 0 0
2n 0 0 1′
]
=

1 2n+1 2n
1 1 0 0
n 0 0 0
2n+1 0 1 0
2n 0 0 1
n+1 0 0 0
 ·

1 2n+1 2n+2 2n
1 1 0 0 0
2n+1 0 1 0 0
2n 0 0 0 1′
+ [
2n+2 2n
4n+3 0 0
2n 0 1
]
·
[2n+2 2n+2 2n
2n+2 1 0 0
2n 0 0 1′
]
=

1 2n+1 2n+2 2n
1 1 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
2n 0 0 0 1′
n+1 0 0 0 0
+
[2n+2 2n+2 2n
4n+3 0 0 0
2n 0 0 1′
]
=

1 2n+1 2n+2 n−1 n+1
1 1 0 0 0 0
n 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 1′
n−1 0 0 0 1′ 0
n+1 0 0 0 0 0

+

1 2n+1 2n+2 n+1 n−1
1 0 0 0 0 0
n 0 0 0 0 0
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
n−1 0 0 0 0 1′
n+1 0 0 0 1′ 0

=

1 2n+1 2n+2 n−1 2 n−1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n−1 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 0

g3 ·M I(6n+3,3)6→3 −M I(6n+3,4)6→3 · g6 =

1 2n+1 2n+2 n−1 2 n−1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n−1 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 0

−

1 2n+1 2n+2 n−1 2 n−1
1 1 0 0 0 0 0
n 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n−1 0 0 0 0 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 1′
2 0 0 0 0 1′ 0
n−1 0 0 0 1′ 0 0

=
[6n+4
6n+3 0
]
6. g6 ·M I(6n+3,3)7→6 −M I(6n+3,4)7→6 · g7 = 0
g6 ·M I(6n+3,3)7→6 =
[2n+2 2n+2 2n
2n+2 1 0 0
2n 0 0 1′
]
·

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

n+1 n+1 n+1 n+1 n n
n+1 1 0 0 0 0 0
n+1 0 1 0 0 0 0
n 0 0 0 0 0 1′
n 0 0 0 0 1′ 0
 ·

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n 0 0 1′
n 0 0 1′

M
I(6n+3,4)
7→6 · g7 =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
n 0 1
 ·
[n+1 n+1 n
n+1 1 0 0
n 0 0 1′
]
=

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n 0 0 1′
n 0 0 1′

g6 ·M I(6n+3,3)7→6 −M I(6n+3,4)7→6 · g7 =

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n 0 0 1′
n 0 0 1′
−

n+1 n+1 n
n+1 0 0 0
n+1 1 0 0
n 0 0 1′
n 0 0 1′
 =
[3n+2
4n+2 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ n n+1 n+1
n 1 0 0
n+1 0 0 1′
]
·

n+1
n 0
n+1 1
n+1 0
 = [n+12n+1 0 ]
2. g2 · f2 = 0
g2 · f2 =

[2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 1′
]
+
[6n+3 1
1 0 1
4n+1 0 0
] ·

2n+2
2n+1 0
2n+2 1
2n+1 0
 = [
2n+1 2n+2 2n+1
2n+1 1 0 0
2n+1 0 0 1′
]
·

2n+2
2n+1 0
2n+2 1
2n+1 0
+ [
2n+1 2n+2 2n 1
1 0 0 0 1
4n+1 0 0 0 0
]
·

2n+2
2n+1 0
2n+2 1
2n 0
1 0

=
[2n+2
2n+1 0
2n+1 0
]
+
[2n+2
1 0
4n+1 0
]
=

2n+2
1 0
2n 0
2n+1 0
+

2n+2
1 0
2n 0
2n+1 0
 = [2n+24n+2 0 ]
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3. g3 · f3 = 0
g3 · f3 =
[3n+2 3n+2 3n+1
3n+2 1 0 0
3n+1 0 0 1′
]
·

3n+2
3n+2 0
3n+2 1
3n+1 0
 = [3n+26n+3 0 ]
4. g4 · f4 = 0
g4 · f4 =
[2n+2 2n+1 2n+1
2n+2 1 0 0
2n+1 0 0 1′
]
·

2n+1
2n+2 0
2n+1 1
2n+1 0
 = [2n+14n+3 0 ]
5. g5 · f5 = 0
g5 · f5 =
[n+1 n n+1
n+1 1 0 0
n+1 0 0 1′
]
·

n
n+1 0
n 1
n+1 0
 = [ n2n+2 0 ]
6. g6 · f6 = 0
g6 · f6 =
[2n+2 2n+2 2n
2n+2 1 0 0
2n 0 0 1′
]
·

2n+2
2n+2 0
2n+2 1
2n 0
 = [2n+24n+2 0 ]
7. g7 · f7 = 0
g7 · f7 =
[n+1 n+1 n
n+1 1 0 0
n 0 0 1′
]
·

n+1
n+1 0
n+1 1
n 0
 = [n+12n+1 0 ]
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152 Tree module property of I(6n+ 4, 3)
152.1 Tree module property of I(4, 3) 
The matrices of the representation have full (column) rank P
1. M I(4,3)1→2 =

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
2. M I(4,3)2→3 =

1 0 0 0 1
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 1

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(4,3)
2→3 =

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

c4←c4−c1−−−−−−→

1 1 2 1
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

3. M I(4,3)4→3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
4. M I(4,3)5→4 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(4,3)
5→4 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1

c1↔c2−−−−→

1 0 0
0 1 0
0 0 0
1 0 0
0 0 1

5. M I(4,3)6→3 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M7,5(k) is already in column echelon form and has maximal column rank.
6. M I(4,3)7→6 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
152.1.1 0→ I(5, 6) f→ I(4, 3) g→ I(4, 7)→ 0 
PdimI(5, 6) + dimI(4, 7) = (2, 4, 5, 4, 2, 3, 2) + (1, 1, 2, 1, 1, 2, 1)
= (3, 5, 7, 5, 3, 5, 3) = dimI(4, 3)
Pdimk Ext
1
kQ(I(4, 7), I(5, 6)) = dimk HomkQ(I(4, 7), I(5, 6))− 〈dimI(4, 7),dimI(5, 6)〉
= 0− 〈(1, 1, 2, 1, 1, 2, 1), (2, 4, 5, 4, 2, 3, 2)〉
= 1 · 4 + 1 · 5 + 1 · 5 + 1 · 4 + 2 · 5 + 1 · 3− (1 · 2 + 1 · 4 + 2 · 5 + 1 · 4 + 1 · 2 + 2 · 3 + 1 · 2)
= 4 + 5 + 5 + 4 + 10 + 3− (2 + 4 + 10 + 4 + 2 + 6 + 2)
= 1
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Matrices of the embedding f : I(5, 6)→ I(4, 3) P
1. f1 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

∈M7,5(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ∈M5,4(k) is already in column echelon form and has maximal column rank.
5. f5 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
1 00 1
0 0
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(4, 3)→ I(4, 7) P
1. g1 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 0 0 0 1
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 0 0 0 0 1 0
0 0 0 0 0 0 1
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 0 0 0 1
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 0 0 1 0
0 0 0 0 1
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 1
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(5, 6)→ I(4, 3) P
1. f2 ·M I(5,6)1→2 −M I(4,3)1→2 · f1 = 0
f2 ·M I(5,6)1→2 =
[ 4
4 1
1 0
]
·

2
1 0
2 1
1 0
 =

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 0
 ·

2
1 0
2 1
1 0
 =

2
1 0
2 1
1 0
1 0
 =

2
1 0
2 1
2 0

M
I(4,3)
1→2 · f1 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 ·
[ 2
2 1
1 0
]
=

2
1 0
2 1
1 0
1 0
 =

2
1 0
2 1
2 0

f2 ·M I(5,6)1→2 −M I(4,3)1→2 · f1 =

2
1 0
2 1
2 0
−

2
1 0
2 1
2 0
 = [ 25 0 ]
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2. f3 ·M I(5,6)2→3 −M I(4,3)2→3 · f2 = 0
f3 ·M I(5,6)2→3 =
[ 5
5 1
2 0
]
·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 =

1 1 1 2
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0
 ·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

M
I(4,3)
2→3 · f2 =

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·
[ 4
4 1
1 0
]
=

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0

=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

f3 ·M I(5,6)2→3 −M I(4,3)2→3 · f2 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0
−

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0
 =
[ 4
7 0
]
3. f3 ·M I(5,6)4→3 −M I(4,3)4→3 · f4 = 0
f3 ·M I(5,6)4→3 =
[ 5
5 1
2 0
]
·

3 1
3 1 0
1 0 0
1 0 1
 =

3 1 1
3 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·

3 1
3 1 0
1 0 0
1 0 1
 =

3 1
3 1 0
1 0 0
1 0 1
2 0 0

M
I(4,3)
4→3 · f4 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
 ·
[ 4
4 1
1 0
]
=

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
 ·

3 1
3 1 0
1 0 1
1 0 0
 =

3 1
3 1 0
1 0 0
1 0 1
1 0 0
1 0 0
 =

3 1
3 1 0
1 0 0
1 0 1
2 0 0

f3 ·M I(5,6)4→3 −M I(4,3)4→3 · f4 =

3 1
3 1 0
1 0 0
1 0 1
2 0 0
−

3 1
3 1 0
1 0 0
1 0 1
2 0 0
 =
[ 4
7 0
]
4. f4 ·M I(5,6)5→4 −M I(4,3)5→4 · f5 = 0
f4 ·M I(5,6)5→4 =
[ 4
4 1
1 0
]
·

0 1
1 0
0 0
0 1
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ·

0 1
1 0
0 0
0 1
 =

0 1
1 0
0 0
0 1
0 0

M
I(4,3)
5→4 · f5 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 ·
[ 2
2 1
1 0
]
=

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 ·
1 00 1
0 0
 =

0 1
1 0
0 0
0 1
0 0

f4 ·M I(5,6)5→4 −M I(4,3)5→4 · f5 =

0 1
1 0
0 0
0 1
0 0
−

0 1
1 0
0 0
0 1
0 0
 =
[ 2
5 0
]
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5. f3 ·M I(5,6)6→3 −M I(4,3)6→3 · f6 = 0
f3 ·M I(5,6)6→3 =
[ 5
5 1
2 0
]
·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
2 0 0 0 0 0

·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
2 0 0 0

M
I(4,3)
6→3 · f6 =

1 1 1 2
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

·
[ 3
3 1
2 0
]
=

1 1 1 2
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

·

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 =

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
2 0 0 0

f3 ·M I(5,6)6→3 −M I(4,3)6→3 · f6 =

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
2 0 0 0

−

1 1 1
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
2 0 0 0

=
[ 3
7 0
]
6. f6 ·M I(5,6)7→6 −M I(4,3)7→6 · f7 = 0
f6 ·M I(5,6)7→6 =
[ 3
3 1
2 0
]
·
1 01 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 ·
1 01 0
0 1
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0

M
I(4,3)
7→6 · f7 =

1 2
1 1 0
1 1 0
2 0 1
1 0 0
 ·
[ 2
2 1
1 0
]
=

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
 ·
1 00 1
0 0
 =

1 0
1 0
0 1
0 0
0 0
 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0

f6 ·M I(5,6)7→6 −M I(4,3)7→6 · f7 =

1 1
1 1 0
1 1 0
1 0 1
2 0 0
−

1 1
1 1 0
1 1 0
1 0 1
2 0 0
 =
[ 2
5 0
]
Relations of the projection g : I(4, 3)→ I(4, 7) P
1. g2 ·M I(4,3)1→2 −M I(4,7)1→2 · g1 = 0
g2 ·M I(4,3)1→2 =
[ 4 1
1 0 1
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =
[ 1 2 1 1
1 0 0 0 1
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =
[ 2 1
1 0 1
]
M
I(4,7)
1→2 · g1 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g2 ·M I(4,3)1→2 −M I(4,7)1→2 · g1 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
2. g3 ·M I(4,3)2→3 −M I(4,7)2→3 · g2 = 0
g3 ·M I(4,3)2→3 =
[ 5 2
2 0 1
]
·

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 1 2 1 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1
]
·

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 2 1
1 0 0 0 1
1 0 0 0 1
]
=
[ 4 1
1 0 1
1 0 1
]
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M
I(4,7)
2→3 · g2 =
[
1
1
]
·
[ 4 1
1 0 1
]
=
[ 4 1
1 0 1
1 0 1
]
g3 ·M I(4,3)2→3 −M I(4,7)2→3 · g2 =
[ 4 1
1 0 1
1 0 1
]
−
[ 4 1
1 0 1
1 0 1
]
=
[ 5
2 0
]
3. g3 ·M I(4,3)4→3 −M I(4,7)4→3 · g4 = 0
g3 ·M I(4,3)4→3 =
[ 5 2
2 0 1
]
·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
 =
[ 3 1 1 1 1
1 0 0 0 1 0
1 0 0 0 0 1
]
·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
 =
[ 3 1 1
1 0 0 0
1 0 0 1
]
=
[ 4 1
1 0 0
1 0 1
]
M
I(4,7)
4→3 · g4 =
[
0
1
]
·
[ 4 1
1 0 1
]
=
[ 4 1
1 0 0
1 0 1
]
g3 ·M I(4,3)4→3 −M I(4,7)4→3 · g4 =
[ 4 1
1 0 0
1 0 1
]
−
[ 4 1
1 0 0
1 0 1
]
=
[ 5
2 0
]
4. g4 ·M I(4,3)5→4 −M I(4,7)5→4 · g5 = 0
g4 ·M I(4,3)5→4 =
[ 4 1
1 0 1
]
·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 =
[
0 0 0 0 1
]
·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 =
[
0 0 1
]
=
[ 2 1
1 0 1
]
M
I(4,7)
5→4 · g5 =
[
1
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
]
g4 ·M I(4,3)5→4 −M I(4,7)5→4 · g5 =
[ 2 1
1 0 1
]
−
[ 2 1
1 0 1
]
=
[ 3
1 0
]
5. g3 ·M I(4,3)6→3 −M I(4,7)6→3 · g6 = 0
g3 ·M I(4,3)6→3 =
[ 5 2
2 0 1
]
·

1 1 1 2
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

=
[ 1 1 1 1 1 2
2 0 0 0 0 0 1
]
·

1 1 1 2
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

=
[ 1 1 1 2
2 0 0 0 1
]
=
[ 3 2
2 0 1
]
M
I(4,7)
6→3 · g6 =
[ 2
2 1
]
·
[ 3 2
2 0 1
]
=
[ 3 2
2 0 1
]
g3 ·M I(4,3)6→3 −M I(4,7)6→3 · g6 =
[ 3 2
2 0 1
]
−
[ 3 2
2 0 1
]
=
[ 5
2 0
]
6. g6 ·M I(4,3)7→6 −M I(4,7)7→6 · g7 = 0
g6 ·M I(4,3)7→6 =
[ 3 2
2 0 1
]
·

1 2
1 1 0
1 1 0
2 0 1
1 0 0
 =
[
0 0 0 1 0
0 0 0 0 1
]
·

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
 =
[
0 0 1
0 0 0
]
=
[ 2 1
1 0 1
1 0 0
]
M
I(4,7)
7→6 · g7 =
[
1
0
]
·
[ 2 1
1 0 1
]
=
[ 2 1
1 0 1
1 0 0
]
g6 ·M I(4,3)7→6 −M I(4,7)7→6 · g7 =
[ 2 1
1 0 1
1 0 0
]
−
[ 2 1
1 0 1
1 0 0
]
=
[ 3
2 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 4 1
1 0 1
]
·
[ 4
4 1
1 0
]
=
[ 4
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 5 2
2 0 1
]
·
[ 5
5 1
2 0
]
=
[ 5
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 1
1 0 1
]
·
[ 4
4 1
1 0
]
=
[ 4
1 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 3 2
2 0 1
]
·
[ 3
3 1
2 0
]
=
[ 3
2 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
1 0 1
]
·
[ 2
2 1
1 0
]
=
[ 2
1 0
]
152.1.2 0→ I(5, 4) f→ I(4, 3) g→ I(4, 5)→ 0 
PdimI(5, 4) + dimI(4, 5) = (2, 4, 5, 3, 2, 4, 2) + (1, 1, 2, 2, 1, 1, 1)
= (3, 5, 7, 5, 3, 5, 3) = dimI(4, 3)
Pdimk Ext
1
kQ(I(4, 5), I(5, 4)) = dimk HomkQ(I(4, 5), I(5, 4))− 〈dimI(4, 5),dimI(5, 4)〉
= 0− 〈(1, 1, 2, 2, 1, 1, 1), (2, 4, 5, 3, 2, 4, 2)〉
= 1 · 4 + 1 · 5 + 2 · 5 + 1 · 3 + 1 · 5 + 1 · 4− (1 · 2 + 1 · 4 + 2 · 5 + 2 · 3 + 1 · 2 + 1 · 4 + 1 · 2)
= 4 + 5 + 10 + 3 + 5 + 4− (2 + 4 + 10 + 6 + 2 + 4 + 2)
= 1
Matrices of the embedding f : I(5, 4)→ I(4, 3) P
1. f1 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 91
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 2 1
1 1 0 91
1 0 0 0
2 0 1 0
1 0 0 1
 c3←c3+c1−−−−−−→

1 2 1
1 1 0 0
1 0 0 0
2 0 1 0
1 0 0 1
 =

1 3
1 1 0
1 0 0
3 0 1

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3. f3 =

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 91 1
0 0 0 0 1

∈M7,5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 2 1 1
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 91 1
1 0 0 0 1

c4←c4+c3−−−−−−→

1 2 1 1
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 91 0
1 0 0 0 1

4. f4 =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
 ∈M5,3(k) is already in column echelon form and has maximal column rank.
5. f5 =
0 01 0
0 1
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1
 ∈M5,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1

c4←c4+c3−−−−−−→

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 0
0 0 0 1

7. f7 =
0 01 0
0 91
 ∈M3,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(4, 3)→ I(4, 5) P
1. g1 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[
0 1 0 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
3. g3 =
[
0 91 1 0 0 0 0
0 0 1 0 0 0 0
]
∈M2,7(k) is already in row echelon form and has maximal row rank.
4. g4 =
[
0 91 1 0 0
0 0 1 0 0
]
∈M2,5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
91 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[
0 1 0 0 0
]
∈M1,5(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
1 0 0
]
∈M1,3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(5, 4)→ I(4, 3) P
1. f2 ·M I(5,4)1→2 −M I(4,3)1→2 · f1 = 0
f2 ·M I(5,4)1→2 =

1 2 1
1 1 0 91
1 0 0 0
2 0 1 0
1 0 0 1
 ·

0 1
1 0
0 0
0 1
 =

1 0 0 91
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ·

0 1
1 0
0 0
0 1
 =

0 0
0 0
1 0
0 0
0 1
 =

1 1
2 0 0
1 1 0
1 0 0
1 0 1

M
I(4,3)
1→2 · f1 =

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 ·
[ 2
1 0
2 1
]
=

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 ·
0 01 0
0 1
 =

0 0
0 0
1 0
0 0
0 1
 =

1 1
2 0 0
1 1 0
1 0 0
1 0 1

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f2 ·M I(5,4)1→2 −M I(4,3)1→2 · f1 =

1 1
2 0 0
1 1 0
1 0 0
1 0 1
−

1 1
2 0 0
1 1 0
1 0 0
1 0 1
 =
[ 2
5 0
]
2. f3 ·M I(5,4)2→3 −M I(4,3)2→3 · f2 = 0
f3 ·M I(5,4)2→3 =

1 2 1 1
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 91 1
1 0 0 0 1
 ·

3 1
3 1 0
1 0 0
1 0 1
 =

1 2 1 1
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 91 1
1 0 0 0 1
 ·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 0
1 0 0 1
 =

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

M
I(4,3)
2→3 · f2 =

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

1 2 1
1 1 0 91
1 0 0 0
2 0 1 0
1 0 0 1
 =

1 2 1
1 1 0 0
1 0 0 0
1 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1

f3 ·M I(5,4)2→3 −M I(4,3)2→3 · f2 =

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1
−

1 2 1
1 1 0 0
2 0 0 0
2 0 1 0
1 0 0 1
1 0 0 1
 =
[ 4
7 0
]
3. f3 ·M I(5,4)4→3 −M I(4,3)4→3 · f4 = 0
f3 ·M I(5,4)4→3 =

1 2 1 1
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 91 1
1 0 0 0 1
 ·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 91 1
1 0 0 0 0 1

·

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

=

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

M
I(4,3)
4→3 · f4 =

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
 ·

1 2
1 1 0
2 0 0
2 0 1
 =

1 2 1 1
1 1 0 0 0
2 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 0
1 0 0 0 1

·

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

=

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1

f3 ·M I(5,4)4→3 −M I(4,3)4→3 · f4 =

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
−

1 1 1
1 1 0 0
3 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
 =
[ 3
7 0
]
4. f4 ·M I(5,4)5→4 −M I(4,3)5→4 · f5 = 0
f4 ·M I(5,4)5→4 =

1 2
1 1 0
2 0 0
2 0 1
 ·
1 01 0
0 1
 =

1 1 1
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
1 01 0
0 1
 =

1 1
1 1 0
2 0 0
1 1 0
1 0 1

M
I(4,3)
5→4 · f5 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 ·
[ 2
1 0
2 1
]
=

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 ·
0 01 0
0 1
 =

1 0
0 0
0 0
1 0
0 1
 =

1 1
1 1 0
2 0 0
1 1 0
1 0 1

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f4 ·M I(5,4)5→4 −M I(4,3)5→4 · f5 =

1 1
1 1 0
2 0 0
1 1 0
1 0 1
−

1 1
1 1 0
2 0 0
1 1 0
1 0 1
 =
[ 2
5 0
]
5. f3 ·M I(5,4)6→3 −M I(4,3)6→3 · f6 = 0
f3 ·M I(5,4)6→3 =

1 2 1 1
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 91 1
1 0 0 0 1
 ·

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 =

1 1 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 91 1
1 0 0 0 0 1

·

1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 =

1 1 1 1
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 91 1
1 0 0 0 1

M
I(4,3)
6→3 · f6 =

1 1 1 2
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

·

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1
 =

1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1
 =

1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 1 0 0
0 0 91 1
0 0 0 1

=

1 1 1 1
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 91 1
1 0 0 0 1

f3 ·M I(5,4)6→3 −M I(4,3)6→3 · f6 =

1 1 1 1
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 91 1
1 0 0 0 1

−

1 1 1 1
1 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 91 1
1 0 0 0 1

=
[ 4
7 0
]
6. f6 ·M I(5,4)7→6 −M I(4,3)7→6 · f7 = 0
f6 ·M I(5,4)7→6 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1
 ·

2
1 0
2 1
1 0
 =

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1
 ·

0 0
1 0
0 1
0 0
 =

0 0
0 0
1 0
0 91
0 0
 =

1 1
2 0 0
1 1 0
1 0 91
1 0 0

M
I(4,3)
7→6 · f7 =

1 2
1 1 0
1 1 0
2 0 1
1 0 0
 ·
0 01 0
0 91
 =

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
 ·
0 01 0
0 91
 =

0 0
0 0
1 0
0 91
0 0
 =

1 1
2 0 0
1 1 0
1 0 91
1 0 0

f6 ·M I(5,4)7→6 −M I(4,3)7→6 · f7 =

1 1
2 0 0
1 1 0
1 0 91
1 0 0
−

1 1
2 0 0
1 1 0
1 0 91
1 0 0
 =
[ 2
5 0
]
Relations of the projection g : I(4, 3)→ I(4, 5) P
1. g2 ·M I(4,3)1→2 −M I(4,5)1→2 · g1 = 0
g2 ·M I(4,3)1→2 =
[ 1 1 3
1 0 1 0
]
·

2 1
1 0 0
2 1 0
1 0 0
1 0 1
 =
[
0 1 0 0 0
]
·

0 0 0
1 0 0
0 1 0
0 0 0
0 0 1
 =
[
1 0 0
]
=
[ 1 2
1 1 0
]
M
I(4,5)
1→2 · g1 =
[
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
]
g2 ·M I(4,3)1→2 −M I(4,5)1→2 · g1 =
[ 1 2
1 1 0
]
−
[ 1 2
1 1 0
]
=
[ 3
1 0
]
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2. g3 ·M I(4,3)2→3 −M I(4,5)2→3 · g2 = 0
g3 ·M I(4,3)2→3 =
[ 1 1 1 4
1 0 91 1 0
1 0 0 1 0
]
·

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 1 2 1 1
1 0 91 1 0 0 0
1 0 0 1 0 0 0
]
·

1 1 2 1
1 1 0 0 1
1 0 1 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 1 1 2 1
1 0 0 0 0
1 0 1 0 0
]
=
[ 1 1 3
1 0 0 0
1 0 1 0
]
M
I(4,5)
2→3 · g2 =
[
0
1
]
·
[ 1 1 3
1 0 1 0
]
=
[ 1 1 3
1 0 0 0
1 0 1 0
]
g3 ·M I(4,3)2→3 −M I(4,5)2→3 · g2 =
[ 1 1 3
1 0 0 0
1 0 1 0
]
−
[ 1 1 3
1 0 0 0
1 0 1 0
]
=
[ 5
2 0
]
3. g3 ·M I(4,3)4→3 −M I(4,5)4→3 · g4 = 0
g3 ·M I(4,3)4→3 =
[ 1 1 1 4
1 0 91 1 0
1 0 0 1 0
]
·

3 1 1
3 1 0 0
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 1
 =
[
0 91 1 0 0 0 0
0 0 1 0 0 0 0
]
·

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 1

=
[
0 91 1 0 0
0 0 1 0 0
]
=
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
M
I(4,5)
4→3 · g4 =
[ 2
2 1
]
·
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
=
[
1 0
0 1
]
·
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
=
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
g3 ·M I(4,3)4→3 −M I(4,5)4→3 · g4 =
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
−
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
=
[ 5
2 0
]
4. g4 ·M I(4,3)5→4 −M I(4,5)5→4 · g5 = 0
g4 ·M I(4,3)5→4 =
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 =
[
0 91 1 0 0
0 0 1 0 0
]
·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
 =
[
91 0 0
0 0 0
]
=
[ 1 2
1 91 0
1 0 0
]
M
I(4,5)
5→4 · g5 =
[
1
0
]
·
[ 1 2
1 91 0
]
=
[ 1 2
1 91 0
1 0 0
]
g4 ·M I(4,3)5→4 −M I(4,5)5→4 · g5 =
[ 1 2
1 91 0
1 0 0
]
−
[ 1 2
1 91 0
1 0 0
]
=
[ 3
2 0
]
5. g3 ·M I(4,3)6→3 −M I(4,5)6→3 · g6 = 0
g3 ·M I(4,3)6→3 =
[ 1 1 1 4
1 0 91 1 0
1 0 0 1 0
]
·

1 1 1 2
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

=
[ 1 1 1 1 1 2
1 0 91 1 0 0 0
1 0 0 1 0 0 0
]
·

1 1 1 2
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

=
[ 1 1 1 2
1 0 1 0 0
1 0 1 0 0
]
=
[ 1 1 3
1 0 1 0
1 0 1 0
]
M
I(4,5)
6→3 · g6 =
[
1
1
]
·
[ 1 1 3
1 0 1 0
]
=
[ 1 1 3
1 0 1 0
1 0 1 0
]
g3 ·M I(4,3)6→3 −M I(4,5)6→3 · g6 =
[ 1 1 3
1 0 1 0
1 0 1 0
]
−
[ 1 1 3
1 0 1 0
1 0 1 0
]
=
[ 5
2 0
]
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6. g6 ·M I(4,3)7→6 −M I(4,5)7→6 · g7 = 0
g6 ·M I(4,3)7→6 =
[ 1 1 3
1 0 1 0
]
·

1 2
1 1 0
1 1 0
2 0 1
1 0 0
 =
[ 1 1 2 1
1 0 1 0 0
]
·

1 2
1 1 0
1 1 0
2 0 1
1 0 0
 =
[ 1 2
1 1 0
]
M
I(4,5)
7→6 · g7 =
[
1
]
·
[ 1 2
1 1 0
]
=
[ 1 2
1 1 0
]
g6 ·M I(4,3)7→6 −M I(4,5)7→6 · g7 =
[ 1 2
1 1 0
]
−
[ 1 2
1 1 0
]
=
[ 3
1 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
1 1 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 1 1 3
1 0 1 0
]
·

1 2 1
1 1 0 91
1 0 0 0
2 0 1 0
1 0 0 1
 =
[ 1 1 2 1
1 0 1 0 0
]
·

1 2 1
1 1 0 91
1 0 0 0
2 0 1 0
1 0 0 1
 =
[ 4
1 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 1 1 1 4
1 0 91 1 0
1 0 0 1 0
]
·

1 2 1 1
1 1 0 0 0
2 0 0 0 0
2 0 1 0 0
1 0 0 91 1
1 0 0 0 1
 =
[ 1 1 1 2 1 1
1 0 91 1 0 0 0
1 0 0 1 0 0 0
]
·

1 2 1 1
1 1 0 0 0
1 0 0 0 0
1 0 0 0 0
2 0 1 0 0
1 0 0 91 1
1 0 0 0 1

=
[ 5
2 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
·

1 2
1 1 0
2 0 0
2 0 1
 = [
1 1 1 2
1 0 91 1 0
1 0 0 1 0
]
·

1 2
1 1 0
1 0 0
1 0 0
2 0 1
 =
[ 3
2 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 1 2
1 91 0
]
·
[ 2
1 0
2 1
]
=
[ 2
1 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 1 1 3
1 0 1 0
]
·

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1
 =
[
0 1 0 0 0
]
·

1 0 0 0
0 0 0 0
0 1 0 0
0 0 91 1
0 0 0 1
 =
[ 4
1 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
1 1 0
]
·
0 01 0
0 91
 = [1 0 0] ·
0 01 0
0 91
 = [ 21 0 ]
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152.2 Tree module property of I(10, 3) 
The matrices of the representation have full (column) rank P
1. M I(10,3)1→2 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 1

∈M11,6(k) is already in column echelon form and has maximal column rank.
2. M I(10,3)2→3 =

1 0 0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(10,3)
2→3 =

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 1 1 1 4 1 1 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

3. M I(10,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1

∈M16,11(k) is already in column echelon form and has maximal column rank.
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4. M I(10,3)5→4 =

0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M11,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(10,3)
5→4 =

2 1 1 2
1 0 1 0 0
2 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

c1↔c2−−−−→

1 2 1 2
1 1 0 0 0
2 0 1 0 0
3 0 0 0 0
1 1 0 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

5. M I(10,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k) is already in column echelon form and has maximal column rank.
6. M I(10,3)7→6 =

1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M11,6(k) is already in column echelon form and has maximal column rank.
152.2.1 0→ I(11, 6) f→ I(10, 3) g→ I(10, 7)→ 0 
PdimI(11, 6) + dimI(10, 7) = (4, 8, 11, 8, 4, 7, 4) + (2, 3, 5, 3, 2, 4, 2)
= (6, 11, 16, 11, 6, 11, 6) = dimI(10, 3)
Pdimk Ext
1
kQ(I(10, 7), I(11, 6)) = dimk HomkQ(I(10, 7), I(11, 6))− 〈dimI(10, 7),dimI(11, 6)〉
= 0− 〈(2, 3, 5, 3, 2, 4, 2), (4, 8, 11, 8, 4, 7, 4)〉
= 2 · 8 + 3 · 11 + 3 · 11 + 2 · 8 + 4 · 11 + 2 · 7− (2 · 4 + 3 · 8 + 5 · 11 + 3 · 8 + 2 · 4 + 4 · 7 + 2 · 4)
= 16 + 33 + 33 + 16 + 44 + 14− (8 + 24 + 55 + 24 + 8 + 28 + 8)
= 1
Matrices of the embedding f : I(11, 6)→ I(10, 3) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M16,11(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M11,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M11,7(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

∈M6,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(10, 3)→ I(10, 7) P
1. g1 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M3,11(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,16(k) is already in row echelon form and has maximal row rank.
4. g4 =
0 0 0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M3,11(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
 ∈M4,11(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 0 0 0 1 0
0 0 0 0 0 1
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 6)→ I(10, 3) P
1. f2 ·M I(11,6)1→2 −M I(10,3)1→2 · f1 = 0
f2 ·M I(11,6)1→2 =
[ 8
8 1
3 0
]
·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 1 1 1 2 2
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0
3 0 0 0

=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
5 0 0 0

M
I(10,3)
1→2 · f1 =

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

·
[ 4
4 1
2 0
]
=

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

·

1 1 2
1 1 0 0
1 0 1 0
2 0 0 1
1 0 0 0
1 0 0 0
 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0

=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
5 0 0 0

f2 ·M I(11,6)1→2 −M I(10,3)1→2 · f1 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
5 0 0 0

−

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
5 0 0 0

=
[ 4
11 0
]
2. f3 ·M I(11,6)2→3 −M I(10,3)2→3 · f2 = 0
f3 ·M I(11,6)2→3 =
[11
11 1
5 0
]
·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 1 1 4 1
1 1 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
5 0 0 0 0 0 0 0 0

·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0
5 0 0 0 0 0

=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
6 0 0 0 0 0

2864
M
I(10,3)
2→3 · f2 =

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·
[ 8
8 1
3 0
]
=

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
6 0 0 0 0 0

f3 ·M I(11,6)2→3 −M I(10,3)2→3 · f2 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
6 0 0 0 0 0

−

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
6 0 0 0 0 0

=
[ 8
16 0
]
3. f3 ·M I(11,6)4→3 −M I(10,3)4→3 · f4 = 0
f3 ·M I(11,6)4→3 =
[11
11 1
5 0
]
·

5 3
5 1 0
3 0 0
3 0 1
 =

5 3 3
5 1 0 0
3 0 1 0
3 0 0 1
5 0 0 0
 ·

5 3
5 1 0
3 0 0
3 0 1
 =

5 3
5 1 0
3 0 0
3 0 1
5 0 0

M
I(10,3)
4→3 · f4 =

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 ·
[ 8
8 1
3 0
]
=

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 ·

5 3
5 1 0
3 0 1
3 0 0
 =

5 3
5 1 0
3 0 0
3 0 1
2 0 0
3 0 0
 =

5 3
5 1 0
3 0 0
3 0 1
5 0 0

f3 ·M I(11,6)4→3 −M I(10,3)4→3 · f4 =

5 3
5 1 0
3 0 0
3 0 1
5 0 0
−

5 3
5 1 0
3 0 0
3 0 1
5 0 0
 =
[ 8
16 0
]
4. f4 ·M I(11,6)5→4 −M I(10,3)5→4 · f5 = 0
f4 ·M I(11,6)5→4 =
[ 8
8 1
3 0
]
·

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 2 3 1 1
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
3 0 0 0 0 0

·

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

2865
M
I(10,3)
5→4 · f5 =

2 1 1 2
1 0 1 0 0
2 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·
[ 4
4 1
2 0
]
=

2 1 1 2
1 0 1 0 0
2 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·

2 1 1
2 1 0 0
1 0 1 0
1 0 0 1
2 0 0 0
 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
1 0 0 0
2 0 0 0

=

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

f4 ·M I(11,6)5→4 −M I(10,3)5→4 · f5 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

−

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
3 0 0 0

=
[ 4
11 0
]
5. f3 ·M I(11,6)6→3 −M I(10,3)6→3 · f6 = 0
f3 ·M I(11,6)6→3 =
[11
11 1
5 0
]
·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 2 3 1 1 1 1 1
1 1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
5 0 0 0 0 0 0 0 0

·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0

M
I(10,3)
6→3 ·f6 =

1 3 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

·
[ 7
7 1
4 0
]
=

1 3 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

·

1 3 1 1 1
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0

=

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
4 0 0 0 0 0
1 0 0 0 0 0

=

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0

f3 ·M I(11,6)6→3 −M I(10,3)6→3 · f6 =

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0

−

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1
5 0 0 0 0 0

=
[ 7
16 0
]
6. f6 ·M I(11,6)7→6 −M I(10,3)7→6 · f7 = 0
f6 ·M I(11,6)7→6 =
[ 7
7 1
4 0
]
·

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

1 1 1 2 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
4 0 0 0 0 0 0

·

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1
4 0 0 0

M
I(10,3)
7→6 · f7 =

1 2 1 2
1 1 0 0 0
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

·
[ 4
4 1
2 0
]
=

1 2 1 2
1 1 0 0 0
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

·

1 2 1
1 1 0 0
2 0 1 0
1 0 0 1
2 0 0 0
 =

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1
2 0 0 0
2 0 0 0

=

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1
4 0 0 0

2866
f6 ·M I(11,6)7→6 −M I(10,3)7→6 · f7 =

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1
4 0 0 0

−

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1
4 0 0 0

=
[ 4
11 0
]
Relations of the projection g : I(10, 3)→ I(10, 7) P
1. g2 ·M I(10,3)1→2 −M I(10,7)1→2 · g1 = 0
g2 ·M I(10,3)1→2 =
[ 8 3
3 0 1
]
·

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

=

1 1 1 1 2 2 1 1 1
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
 ·

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

=

1 1 2 1 1
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1
 =

4 1 1
1 0 1 0
1 0 0 1
1 0 0 1

M
I(10,7)
1→2 · g1 =
1 00 1
0 1
 · [ 4 22 0 1 ] =
1 00 1
0 1
 · [
4 1 1
1 0 1 0
1 0 0 1
]
=

4 1 1
1 0 1 0
1 0 0 1
1 0 0 1

g2 ·M I(10,3)1→2 −M I(10,7)1→2 · g1 =

4 1 1
1 0 1 0
1 0 0 1
1 0 0 1
−

4 1 1
1 0 1 0
1 0 0 1
1 0 0 1
 = [ 63 0 ]
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2. g3 ·M I(10,3)2→3 −M I(10,7)2→3 · g2 = 0
g3 ·M I(10,3)2→3 =
[11 5
5 0 1
]
·

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 4 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1
 ·

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 4 1 1 1
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1
 =

8 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
I(10,7)
2→3 · g2 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·
[ 8 3
3 0 1
]
=

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

8 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

8 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

g3 ·M I(10,3)2→3 −M I(10,7)2→3 · g2 =

8 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
−

8 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
 =
[11
5 0
]
3. g3 ·M I(10,3)4→3 −M I(10,7)4→3 · g4 = 0
g3 ·M I(10,3)4→3 =
[11 5
5 0 1
]
·

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 =
[ 5 3 3 2 3
2 0 0 0 1 0
3 0 0 0 0 1
]
·

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 =
[ 5 3 3
2 0 0 0
3 0 0 1
]
=
[ 8 3
2 0 0
3 0 1
]
M
I(10,7)
4→3 · g4 =
[ 3
2 0
3 1
]
·
[ 8 3
3 0 1
]
=
[ 8 3
2 0 0
3 0 1
]
g3 ·M I(10,3)4→3 −M I(10,7)4→3 · g4 =
[ 8 3
2 0 0
3 0 1
]
−
[ 8 3
2 0 0
3 0 1
]
=
[11
5 0
]
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4. g4 ·M I(10,3)5→4 −M I(10,7)5→4 · g5 = 0
g4 ·M I(10,3)5→4 =
[ 8 3
3 0 1
]
·

2 1 1 2
1 0 1 0 0
2 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=
[ 1 2 3 1 1 1 2
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
]
·

2 1 1 2
1 0 1 0 0
2 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=
[ 2 1 1 2
1 0 0 0 0
2 0 0 0 1
]
=
[ 4 2
1 0 0
2 0 1
]
M
I(10,7)
5→4 · g5 =
[ 2
1 0
2 1
]
·
[ 4 2
2 0 1
]
=
[ 4 2
1 0 0
2 0 1
]
g4 ·M I(10,3)5→4 −M I(10,7)5→4 · g5 =
[ 4 2
1 0 0
2 0 1
]
−
[ 4 2
1 0 0
2 0 1
]
=
[ 6
3 0
]
5. g3 ·M I(10,3)6→3 −M I(10,7)6→3 · g6 = 0
g3 ·M I(10,3)6→3 =
[11 5
5 0 1
]
·

1 3 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

=
[ 1 2 3 1 1 1 1 1 4 1
4 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
]
·

1 3 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

=
[ 1 3 1 1 1 4
4 0 0 0 0 0 1
1 0 0 0 0 0 0
]
=
[ 7 4
4 0 1
1 0 0
]
M
I(10,7)
6→3 · g6 =
[ 4
4 1
1 0
]
·
[ 7 4
4 0 1
]
=
[ 7 4
4 0 1
1 0 0
]
g3 ·M I(10,3)6→3 −M I(10,7)6→3 · g6 =
[ 7 4
4 0 1
1 0 0
]
−
[ 7 4
4 0 1
1 0 0
]
=
[11
5 0
]
6. g6 ·M I(10,3)7→6 −M I(10,7)7→6 · g7 = 0
g6 ·M I(10,3)7→6 =
[ 7 4
4 0 1
]
·

1 2 1 2
1 1 0 0 0
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

=
[ 1 1 1 2 1 1 2 2
2 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
]
·

1 2 1 2
1 1 0 0 0
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

=
[ 1 2 1 2
2 0 0 0 1
2 0 0 0 0
]
=
[ 4 2
2 0 1
2 0 0
]
M
I(10,7)
7→6 · g7 =
[ 2
2 1
2 0
]
·
[ 4 2
2 0 1
]
=
[ 4 2
2 0 1
2 0 0
]
g6 ·M I(10,3)7→6 −M I(10,7)7→6 · g7 =
[ 4 2
2 0 1
2 0 0
]
−
[ 4 2
2 0 1
2 0 0
]
=
[ 6
4 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 8 3
3 0 1
]
·
[ 8
8 1
3 0
]
=
[ 8
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[11 5
5 0 1
]
·
[11
11 1
5 0
]
=
[11
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 3
3 0 1
]
·
[ 8
8 1
3 0
]
=
[ 8
3 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 7 4
4 0 1
]
·
[ 7
7 1
4 0
]
=
[ 7
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 2
2 0 1
]
·
[ 4
4 1
2 0
]
=
[ 4
2 0
]
152.2.2 0→ I(11, 4) f→ I(10, 3) g→ I(10, 5)→ 0 
PdimI(11, 4) + dimI(10, 5) = (4, 8, 11, 7, 4, 8, 4) + (2, 3, 5, 4, 2, 3, 2)
= (6, 11, 16, 11, 6, 11, 6) = dimI(10, 3)
Pdimk Ext
1
kQ(I(10, 5), I(11, 4)) = dimk HomkQ(I(10, 5), I(11, 4))− 〈dimI(10, 5),dimI(11, 4)〉
= 0− 〈(2, 3, 5, 4, 2, 3, 2), (4, 8, 11, 7, 4, 8, 4)〉
= 2 · 8 + 3 · 11 + 4 · 11 + 2 · 7 + 3 · 11 + 2 · 8− (2 · 4 + 3 · 8 + 5 · 11 + 4 · 7 + 2 · 4 + 3 · 8 + 2 · 4)
= 16 + 33 + 44 + 14 + 33 + 16− (8 + 24 + 55 + 28 + 8 + 24 + 8)
= 1
Matrices of the embedding f : I(11, 4)→ I(10, 3) P
1. f1 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 91

∈M6,4(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 91

∈M11,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 4 1 1 1
1 1 0 0 91 0
3 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 0 91

c4←c4+c1−−−−−−→

1 4 1 1 1
1 1 0 0 0 0
3 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 0 91

c3↔c4−−−−→

1 4 1 1 1
1 1 0 0 0 0
3 0 0 0 0 0
4 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 91
1 0 0 0 0 91

=

1 5 1 1
1 1 0 0 0
3 0 0 0 0
5 0 1 0 0
1 0 0 1 91
1 0 0 0 91

c4←c4+c3−−−−−−→

1 5 1 1
1 1 0 0 0
3 0 0 0 0
5 0 1 0 0
1 0 0 1 0
1 0 0 0 91
 =

1 6 1
1 1 0 0
3 0 0 0
6 0 1 0
1 0 0 91

3. f3 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 91 0 1 0
0 0 0 0 0 0 91 0 1 0 91
0 0 0 0 0 0 0 0 0 1 91
0 0 0 0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 0 0 0 91

∈M16,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 91 0 1 0
1 0 0 91 0 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

c3↔c4−−−−→

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 91 0 0 1 0
1 0 0 0 91 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

c6←c6+c3−−−−−−→

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

c5←c5+c4
c7←c7−c4−−−−−−→

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 91 0 0 0 0
1 0 0 0 91 0 0 0
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

=

1 5 2 1 1 1
1 1 0 0 0 0 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 91 0 0 0
1 0 0 0 0 1 91
1 0 0 0 1 0 91
1 0 0 0 0 0 91

c4↔c5−−−−→

1 5 2 1 1 1
1 1 0 0 0 0 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 91 0 0 0
1 0 0 0 1 0 91
1 0 0 0 0 1 91
1 0 0 0 0 0 91

c6←c6+c4−−−−−−→

1 5 2 1 1 1
1 1 0 0 0 0 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 91 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 91
1 0 0 0 0 0 91

c6←c6+c5−−−−−−→

1 5 2 1 1 1
1 1 0 0 0 0 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 91 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 91

=

1 5 2 2 1
1 1 0 0 0 0
5 0 0 0 0 0
5 0 1 0 0 0
2 0 0 91 0 0
2 0 0 0 1 0
1 0 0 0 0 91

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4. f4 =

1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 91
0 0 0 0 1 0 0
0 0 0 0 0 0 91

∈M11,7(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

c3↔c4−−−−→

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 91
1 0 0 0 1 0
1 0 0 0 0 91

c5←c5+c3−−−−−−→

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 91

=

1 5 1
1 1 0 0
4 0 0 0
5 0 1 0
1 0 0 91

5. f5 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 91

∈M6,4(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 91 0 1
0 0 0 0 91 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

∈M11,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 3 1 1 1 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

c3↔c4−−−−→

1 3 1 1 1 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 91 0 0 1
1 0 0 0 91 1 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

c6←c6+c3−−−−−−→

1 3 1 1 1 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 1 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

c5←c5+c4−−−−−−→

1 3 1 1 1 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

=

1 3 2 2
1 1 0 0 0
3 0 0 0 0
3 0 1 0 0
2 0 0 91 0
2 0 0 0 1′

7. f7 =

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 91
0 0 91 0

∈M6,4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

2 2
2 0 0
2 1 0
2 0 91′

Matrices of the projection g : I(10, 3)→ I(10, 5) P
1. g1 =
[
1 0 0 0 0 0
0 91 0 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
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2. g2 =
0 0 1 91 0 0 0 0 0 0 00 1 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0
 ∈M3,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 1 1 7
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0
 r1↔r2−−−−→

1 1 1 1 7
1 0 1 0 0 0
1 0 0 1 91 0
1 0 0 0 91 0

3. g3 =

0 0 91 0 1 0 0 0 0 0 0 0 0 0 0 0
0 91 0 1 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 91 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
 ∈M5,16(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 1 1 10
1 0 0 91 0 1 0 0
1 0 91 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0

r1↔r2−−−−→

1 1 1 1 1 1 10
1 0 91 0 1 0 91 0
1 0 0 91 0 1 0 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0

r3↔r4−−−−→

1 1 1 1 1 1 10
1 0 91 0 1 0 91 0
1 0 0 91 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 0 0 91 0

4. g4 =

0 0 91 0 1 0 0 0 0 0 0
0 91 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
 ∈M4,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
 r1↔r2−−−−→

1 1 1 1 1 6
1 0 91 0 1 0 0
1 0 0 91 0 1 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
 =
[ 1 2 2 6
2 0 91 1 0
2 0 0 1′ 0
]
5. g5 =
[
0 91 0 0 0 0
91 0 0 0 0 0
]
∈M2,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 4
2 91′ 0
]
6. g6 =
0 0 1 0 0 0 0 0 0 0 00 1 0 91 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0
 ∈M3,11(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 0 91 0
 r1↔r2−−−−→

1 1 1 1 7
1 0 1 0 91 0
1 0 0 1 0 0
1 0 0 0 91 0

7. g7 =
[
1 0 0 0 0 0
0 91 0 0 0 0
]
∈M2,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(11, 4)→ I(10, 3) P
1. f2 ·M I(11,4)1→2 −M I(10,3)1→2 · f1 = 0
f2 ·M I(11,4)1→2 =

1 4 1 1 1
1 1 0 0 91 0
3 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 0 91

·

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 =

1 2 2 1 1 1
1 1 0 0 0 91 0
3 0 0 0 0 0 0
2 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 91
1 0 0 0 0 0 91

·

2 1 1
1 0 1 0
2 1 0 0
2 0 0 0
1 0 0 0
1 0 1 0
1 0 0 1

=

2 1 1
1 0 0 0
3 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 91
1 0 0 91

=

2 1 1
4 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 91
1 0 0 91

M
I(10,3)
1→2 · f1 =

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

·

3 1
2 0 0
3 1 0
1 0 91
 =

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

·

2 1 1
1 0 0 0
1 0 0 0
2 1 0 0
1 0 1 0
1 0 0 91
 =

2 1 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 91
1 0 0 91

=

2 1 1
4 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 91
1 0 0 91

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f2 ·M I(11,4)1→2 −M I(10,3)1→2 · f1 =

2 1 1
4 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 91
1 0 0 91

−

2 1 1
4 0 0 0
2 1 0 0
2 0 0 0
1 0 1 0
1 0 0 91
1 0 0 91

=
[ 4
11 0
]
2. f3 ·M I(11,4)2→3 −M I(10,3)2→3 · f2 = 0
f3 ·M I(11,4)2→3 =

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 91 0 1 0
1 0 0 91 0 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

·

5 3
5 1 0
3 0 0
3 0 1
 =

1 4 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 1 91
1 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 0 91

·

1 4 1 1 1
1 1 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 4 1 1 1
1 1 0 0 0 0
5 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 1 91
1 0 0 1 0 91
1 0 0 0 0 91

M
I(10,3)
2→3 · f2 =

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

1 4 1 1 1
1 1 0 0 91 0
3 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 0 91

=

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

·

1 4 1 1 1
1 1 0 0 91 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 0 91

=

1 4 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 1 91
1 0 0 1 0 91
1 0 0 0 0 91

=

1 4 1 1 1
1 1 0 0 0 0
5 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 1 91
1 0 0 1 0 91
1 0 0 0 0 91

f3 ·M I(11,4)2→3 −M I(10,3)2→3 · f2 =

1 4 1 1 1
1 1 0 0 0 0
5 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 1 91
1 0 0 1 0 91
1 0 0 0 0 91

−

1 4 1 1 1
1 1 0 0 0 0
5 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 1 91
1 0 0 1 0 91
1 0 0 0 0 91

=
[ 8
16 0
]
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3. f3 ·M I(11,4)4→3 −M I(10,3)4→3 · f4 = 0
f3 ·M I(11,4)4→3 =

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 91 0 1 0
1 0 0 91 0 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 2 3 1 1 1 1 1
1 1 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 1 91
1 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 0 91

·

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

=

1 3 1 1 1
1 1 0 0 0 0
5 0 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

=

1 3 1 1 1
1 1 0 0 0 0
7 0 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

M
I(10,3)
4→3 · f4 =

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 ·

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

=

1 4 3 1 1 1
1 1 0 0 0 0 0
4 0 1 0 0 0 0
3 0 0 0 0 0 0
3 0 0 1 0 0 0
2 0 0 0 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

=

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

=

1 3 1 1 1
1 1 0 0 0 0
7 0 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

f3 ·M I(11,4)4→3 −M I(10,3)4→3 · f4 =

1 3 1 1 1
1 1 0 0 0 0
7 0 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

−

1 3 1 1 1
1 1 0 0 0 0
7 0 0 0 0 0
3 0 1 0 0 0
2 0 0 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

=
[ 7
16 0
]
4. f4 ·M I(11,4)5→4 −M I(10,3)5→4 · f5 = 0
f4 ·M I(11,4)5→4 =

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

·

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

=

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
4 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 91

·

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

=

1 1 1 1
1 1 0 0 0
4 0 0 0 0
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 91

=

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 91

M
I(10,3)
5→4 · f5 =

2 1 1 2
1 0 1 0 0
2 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

·

3 1
2 0 0
3 1 0
1 0 91
 =

2 1 1 1 1
1 0 1 0 0 0
2 1 0 0 0 0
3 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1 1 1
2 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 91
 =

1 1 1 1
1 1 0 0 0
2 0 0 0 0
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 91

=

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 91

2875
f4 ·M I(11,4)5→4 −M I(10,3)5→4 · f5 =

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 91

−

1 1 1 1
1 1 0 0 0
5 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 91

=
[ 4
11 0
]
5. f3 ·M I(11,4)6→3 −M I(10,3)6→3 · f6 = 0
f3 ·M I(11,4)6→3 =

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 91 0 1 0
1 0 0 91 0 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

·

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 91 0 1 0 91
1 0 0 0 0 0 0 0 0 0 1 91
1 0 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 0 0 0 0 91

·

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0

M
I(10,3)
6→3 · f6 =

1 3 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

·

1 3 1 1 1 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

=

1 3 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 1 0 1 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0

=

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0

2876
f3 ·M I(11,4)6→3 −M I(10,3)6→3 · f6 =

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0

−

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0

=
[ 8
16 0
]
6. f6 ·M I(11,4)7→6 −M I(10,3)7→6 · f7 = 0
f6 ·M I(11,4)7→6 =

1 3 1 1 1 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

·

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

=

1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 1
1 0 0 0 0 91 0 1 0
1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 1 0

·

0 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

=

1 1 1 1
1 0 0 0 0
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 1 0 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 0
1 0 0 0 0

=

1 1 2
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 91′
2 0 0 0

M
I(10,3)
7→6 · f7 =

1 2 1 2
1 1 0 0 0
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

·

2 2
2 0 0
2 1 0
2 0 91′
 =

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

1 1 2
1 0 0 0
1 0 0 0
1 1 0 0
1 0 1 0
2 0 0 91′
 =

1 1 2
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 91′
2 0 0 0

=

1 1 2
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 91′
2 0 0 0

f6 ·M I(11,4)7→6 −M I(10,3)7→6 · f7 =

1 1 2
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 91′
2 0 0 0

−

1 1 2
4 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 91′
2 0 0 0

=
[ 4
11 0
]
Relations of the projection g : I(10, 3)→ I(10, 5) P
1. g2 ·M I(10,3)1→2 −M I(10,5)1→2 · g1 = 0
g2 ·M I(10,3)1→2 =

1 1 1 1 7
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0
 ·

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

=

1 1 1 1 2 2 1 1 1
1 0 0 1 91 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0
 ·

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

=

1 1 2 1 1
1 0 0 0 0 0
1 1 0 0 0 0
1 0 91 0 0 0
 =

1 1 4
1 0 0 0
1 1 0 0
1 0 91 0

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M
I(10,5)
1→2 · g1 =
[ 2
1 0
2 1
]
·
[ 1 1 4
1 1 0 0
1 0 91 0
]
=
0 01 0
0 1
 · [
1 1 4
1 1 0 0
1 0 91 0
]
=

1 1 4
1 0 0 0
1 1 0 0
1 0 91 0

g2 ·M I(10,3)1→2 −M I(10,5)1→2 · g1 =

1 1 4
1 0 0 0
1 1 0 0
1 0 91 0
−

1 1 4
1 0 0 0
1 1 0 0
1 0 91 0
 = [ 63 0 ]
2. g3 ·M I(10,3)2→3 −M I(10,5)2→3 · g2 = 0
g3 ·M I(10,3)2→3 =

1 1 1 1 1 1 10
1 0 0 91 0 1 0 0
1 0 91 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
 ·

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 4 1 1 1 1 1 1
1 0 0 91 0 1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 1 91 0 0 0 0 0 0 0
1 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
 ·

1 1 1 1 4 1 1 1
1 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
4 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1

=

1 1 1 1 4 1 1 1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 1 91 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0
 =

1 1 1 1 7
2 0 0 0 0 0
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0

M
I(10,5)
2→3 · g2 =
[ 3
2 0
3 1
]
·

1 1 1 1 7
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1
 ·

1 1 1 1 7
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0
 =

1 1 1 1 7
2 0 0 0 0 0
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0

g3 ·M I(10,3)2→3 −M I(10,5)2→3 · g2 =

1 1 1 1 7
2 0 0 0 0 0
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0
−

1 1 1 1 7
2 0 0 0 0 0
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0
 =
[11
5 0
]
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3. g3 ·M I(10,3)4→3 −M I(10,5)4→3 · g4 = 0
g3 ·M I(10,3)4→3 =

1 1 1 1 1 1 10
1 0 0 91 0 1 0 0
1 0 91 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
 ·

5 3 3
5 1 0 0
3 0 0 0
3 0 1 0
2 0 0 0
3 0 0 1
 =

1 1 1 1 1 1 2 3 2 3
1 0 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 91 0 0 0 0
1 0 0 0 0 1 91 0 0 0 0
1 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
 ·

1 1 1 1 1 3 3
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1

=

1 1 1 1 1 3 3
1 0 0 91 0 1 0 0
1 0 91 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
 =

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0

M
I(10,5)
4→3 · g4 =
[ 4
4 1
1 0
]
·

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
 ·

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
 =

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0

g3 ·M I(10,3)4→3 −M I(10,5)4→3 · g4 =

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
−

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 0 0
 =
[11
5 0
]
4. g4 ·M I(10,3)5→4 −M I(10,5)5→4 · g5 = 0
g4 ·M I(10,3)5→4 =

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
 ·

2 1 1 2
1 0 1 0 0
2 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 0
2 0 0 0 1

=

1 1 1 1 1 1 1 1 1 2
1 0 0 91 0 1 0 0 0 0 0
1 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
 ·

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
2 0 0 0 0 1

=

1 1 1 1 2
1 0 91 0 0 0
1 91 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
 =
[ 2 4
2 91′ 0
2 0 0
]
M
I(10,5)
5→4 · g5 =
[ 2
2 1
2 0
]
·
[ 2 4
2 91′ 0
]
=
[ 2 4
2 91′ 0
2 0 0
]
g4 ·M I(10,3)5→4 −M I(10,5)5→4 · g5 =
[ 2 4
2 91′ 0
2 0 0
]
−
[ 2 4
2 91′ 0
2 0 0
]
=
[ 6
4 0
]
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5. g3 ·M I(10,3)6→3 −M I(10,5)6→3 · g6 = 0
g3 ·M I(10,3)6→3 =

1 1 1 1 1 1 10
1 0 0 91 0 1 0 0
1 0 91 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
 ·

1 3 1 1 1 4
1 1 0 0 0 0 0
2 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 4 1
1 0 0 91 0 1 0 0 0 0 0 0 0 0
1 0 91 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 1 91 0 0 0 0 0 0 0
1 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0
 ·

1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 1 0 1 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 4
1 0 0 1 0 0 0 0 0
1 0 1 0 91 0 0 0 0
1 0 0 1 91 0 0 0 0
1 0 1 0 91 0 0 0 0
1 0 0 0 91 0 0 0 0
 =

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 91 0
1 0 1 0 91 0
1 0 0 0 91 0

M
I(10,5)
6→3 · g6 =

1 0 0
0 1 0
1 0 1
0 1 0
0 0 1
 ·

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 0 91 0
 =

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 91 0
1 0 1 0 91 0
1 0 0 0 91 0

g3 ·M I(10,3)6→3 −M I(10,5)6→3 · g6 =

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 91 0
1 0 1 0 91 0
1 0 0 0 91 0
−

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 1 91 0
1 0 1 0 91 0
1 0 0 0 91 0
 =
[11
5 0
]
6. g6 ·M I(10,3)7→6 −M I(10,5)7→6 · g7 = 0
g6 ·M I(10,3)7→6 =

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 0 91 0
 ·

1 2 1 2
1 1 0 0 0
1 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

=

1 1 1 1 1 1 1 2 2
1 0 0 1 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0
 ·

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 1 1 2
1 1 0 0 0 0
1 0 91 0 0 0
1 0 91 0 0 0
 =

1 1 4
1 1 0 0
1 0 91 0
1 0 91 0

M
I(10,5)
7→6 · g7 =
1 00 1
0 1
 · [
1 1 4
1 1 0 0
1 0 91 0
]
=

1 1 4
1 1 0 0
1 0 91 0
1 0 91 0

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g6 ·M I(10,3)7→6 −M I(10,5)7→6 · g7 =

1 1 4
1 1 0 0
1 0 91 0
1 0 91 0
−

1 1 4
1 1 0 0
1 0 91 0
1 0 91 0
 = [ 63 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 1 4
1 1 0 0
1 0 91 0
]
·

3 1
2 0 0
3 1 0
1 0 91
 = [
1 1 3 1
1 1 0 0 0
1 0 91 0 0
]
·

3 1
1 0 0
1 0 0
3 1 0
1 0 91
 =
[ 4
2 0
]
2. g2 · f2 = 0
g2 · f2 =

1 1 1 1 7
1 0 0 1 91 0
1 0 1 0 0 0
1 0 0 0 91 0
 ·

1 4 1 1 1
1 1 0 0 91 0
3 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 0 91

=

1 1 1 1 4 1 1 1
1 0 0 1 91 0 0 0 0
1 0 1 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0
 ·

1 4 1 1 1
1 1 0 0 91 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
4 0 1 0 0 0
1 0 0 0 1 0
1 0 0 1 0 91
1 0 0 0 0 91

=
[ 8
3 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 10
1 0 0 91 0 1 0 0
1 0 91 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
 ·

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 91 0 1 0
1 0 0 91 0 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

=

1 1 1 1 1 1 5 1 1 1 1 1
1 0 0 91 0 1 0 0 0 0 0 0 0
1 0 91 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 1 91 0 0 0 0 0 0
1 0 0 0 1 0 91 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0
 ·

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 91 0 1 0
1 0 0 91 0 1 0 91
1 0 0 0 0 0 1 91
1 0 0 0 0 1 0 91
1 0 0 0 0 0 0 91

=
[11
5 0
]
4. g4 · f4 = 0
g4 · f4 =

1 1 1 1 1 6
1 0 0 91 0 1 0
1 0 91 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 0
 ·

1 3 1 1 1
1 1 0 0 0 0
4 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

=

1 1 1 1 1 3 1 1 1
1 0 0 91 0 1 0 0 0 0
1 0 91 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 0 0
 ·

1 3 1 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 91
1 0 0 1 0 0
1 0 0 0 0 91

=
[ 7
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 4
2 91′ 0
]
·

3 1
2 0 0
3 1 0
1 0 91
 = [ 2 3 12 91′ 0 0 ] ·

3 1
2 0 0
3 1 0
1 0 91
 = [ 42 0 ]
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6. g6 · f6 = 0
g6 · f6 =

1 1 1 1 7
1 0 0 1 0 0
1 0 1 0 91 0
1 0 0 0 91 0
 ·

1 3 1 1 1 1
1 1 0 0 0 0 0
3 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

=

1 1 1 1 3 1 1 1 1
1 0 0 1 0 0 0 0 0 0
1 0 1 0 91 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0
 ·

1 3 1 1 1 1
1 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 0 91 0 1
1 0 0 91 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 1 0

=
[ 8
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 1 4
1 1 0 0
1 0 91 0
]
·

2 2
2 0 0
2 1 0
2 0 91′
 = [
1 1 2 2
1 1 0 0 0
1 0 91 0 0
]
·

2 2
1 0 0
1 0 0
2 1 0
2 0 91′
 =
[ 4
2 0
]
152.3 Tree module property of I(16, 3) 
The matrices of the representation have full (column) rank P
1. M I(16,3)1→2 =

0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M17,9(k) is already in column echelon form and has maximal column rank.
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2. M I(16,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,17(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(16,3)
2→3 =

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 2 1 2 6 2 1 2
1 1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
6 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1

3. M I(16,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M25,17(k) is already in column echelon form and has maximal column rank.
2883
4. M I(16,3)5→4 =

0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M17,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(16,3)
5→4 =

3 1 2 3
1 0 1 0 0
3 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

c1↔c2−−−−→

1 3 2 3
1 1 0 0 0
3 0 1 0 0
5 0 0 0 0
1 1 0 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

5. M I(16,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M25,17(k) is already in column echelon form and has maximal column rank.
6. M I(16,3)7→6 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M17,9(k) is already in column echelon form and has maximal column rank.
152.3.1 0→ I(17, 6) f→ I(16, 3) g→ I(16, 7)→ 0 
PdimI(17, 6) + dimI(16, 7) = (6, 12, 17, 12, 6, 11, 6) + (3, 5, 8, 5, 3, 6, 3)
= (9, 17, 25, 17, 9, 17, 9) = dimI(16, 3)
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Pdimk Ext
1
kQ(I(16, 7), I(17, 6)) = dimk HomkQ(I(16, 7), I(17, 6))− 〈dimI(16, 7),dimI(17, 6)〉
= 0− 〈(3, 5, 8, 5, 3, 6, 3), (6, 12, 17, 12, 6, 11, 6)〉
= 3 · 12 + 5 · 17 + 5 · 17 + 3 · 12 + 6 · 17 + 3 · 11− (3 · 6 + 5 · 12 + 8 · 17 + 5 · 12 + 3 · 6 + 6 · 11 + 3 · 6)
= 36 + 85 + 85 + 36 + 102 + 33− (18 + 60 + 136 + 60 + 18 + 66 + 18)
= 1
Matrices of the embedding f : I(17, 6)→ I(16, 3) P
1. f1 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M25,17(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

∈M17,11(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M9,6(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(16, 3)→ I(16, 7) P
1. g1 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,17(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,25(k) is already in row echelon form and has maximal row rank.
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4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
 ∈M5,17(k) is already in row echelon form and has maximal row rank.
5. g5 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M6,17(k) is already in row echelon form and has maximal row rank.
7. g7 =
0 0 0 0 0 0 1 0 00 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
 ∈M3,9(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(17, 6)→ I(16, 3) P
1. f2 ·M I(17,6)1→2 −M I(16,3)1→2 · f1 = 0
f2 ·M I(17,6)1→2 =
[12
12 1
5 0
]
·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=

1 1 2 2 3 3
1 1 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
5 0 0 0 0 0 0

·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0
5 0 0 0

=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
8 0 0 0

M
I(16,3)
1→2 · f1 =

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

·
[ 6
6 1
3 0
]
=

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

·

1 2 3
1 1 0 0
2 0 1 0
3 0 0 1
1 0 0 0
2 0 0 0
 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0
1 0 0 0
2 0 0 0
2 0 0 0

=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
8 0 0 0

f2 ·M I(17,6)1→2 −M I(16,3)1→2 · f1 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
8 0 0 0

−

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
8 0 0 0

=
[ 6
17 0
]
2. f3 ·M I(17,6)2→3 −M I(16,3)2→3 · f2 = 0
f3 ·M I(17,6)2→3 =
[17
17 1
8 0
]
·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=

1 2 1 2 1 2 6 2
1 1 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
6 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
8 0 0 0 0 0 0 0 0

·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0
8 0 0 0 0 0

=

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
10 0 0 0 0 0

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M
I(16,3)
2→3 · f2 =

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·
[12
12 1
5 0
]
=

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

=

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

=

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
10 0 0 0 0 0

f3 ·M I(17,6)2→3 −M I(16,3)2→3 · f2 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
10 0 0 0 0 0

−

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
10 0 0 0 0 0

=
[12
25 0
]
3. f3 ·M I(17,6)4→3 −M I(16,3)4→3 · f4 = 0
f3 ·M I(17,6)4→3 =
[17
17 1
8 0
]
·

7 5
7 1 0
5 0 0
5 0 1
 =

7 5 5
7 1 0 0
5 0 1 0
5 0 0 1
8 0 0 0
 ·

7 5
7 1 0
5 0 0
5 0 1
 =

7 5
7 1 0
5 0 0
5 0 1
8 0 0

M
I(16,3)
4→3 · f4 =

7 5 5
7 1 0 0
5 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
 ·
[12
12 1
5 0
]
=

7 5 5
7 1 0 0
5 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
 ·

7 5
7 1 0
5 0 1
5 0 0
 =

7 5
7 1 0
5 0 0
5 0 1
3 0 0
5 0 0
 =

7 5
7 1 0
5 0 0
5 0 1
8 0 0

f3 ·M I(17,6)4→3 −M I(16,3)4→3 · f4 =

7 5
7 1 0
5 0 0
5 0 1
8 0 0
−

7 5
7 1 0
5 0 0
5 0 1
8 0 0
 =
[12
25 0
]
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4. f4 ·M I(17,6)5→4 −M I(16,3)5→4 · f5 = 0
f4 ·M I(17,6)5→4 =
[12
12 1
5 0
]
·

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 =

1 3 5 1 2
1 1 0 0 0 0
3 0 1 0 0 0
5 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
5 0 0 0 0 0

·

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

M
I(16,3)
5→4 · f5 =

3 1 2 3
1 0 1 0 0
3 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

·
[ 6
6 1
3 0
]
=

3 1 2 3
1 0 1 0 0
3 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

·

3 1 2
3 1 0 0
1 0 1 0
2 0 0 1
3 0 0 0
 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
2 0 0 0
3 0 0 0

=

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

f4 ·M I(17,6)5→4 −M I(16,3)5→4 · f5 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

−

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
5 0 0 0

=
[ 6
17 0
]
5. f3 ·M I(17,6)6→3 −M I(16,3)6→3 · f6 = 0
f3 ·M I(17,6)6→3 =
[17
17 1
8 0
]
·

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

1 3 5 2 1 2 1 2
1 1 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0
2 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
2 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 1
8 0 0 0 0 0 0 0 0

·

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
8 0 0 0 0 0

M
I(16,3)
6→3 ·f6 =

1 5 2 1 2 6
1 1 0 0 0 0 0
3 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

·
[11
11 1
6 0
]
=

1 5 2 1 2 6
1 1 0 0 0 0 0
3 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 5 2 1 2
1 1 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
6 0 0 0 0 0

=

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
6 0 0 0 0 0
2 0 0 0 0 0

=

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
8 0 0 0 0 0

f3 ·M I(17,6)6→3 −M I(16,3)6→3 · f6 =

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
8 0 0 0 0 0

−

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1
8 0 0 0 0 0

=
[11
25 0
]
6. f6 ·M I(17,6)7→6 −M I(16,3)7→6 · f7 = 0
f6 ·M I(17,6)7→6 =
[11
11 1
6 0
]
·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

1 2 1 3 2 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 0 1
6 0 0 0 0 0 0

·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1
6 0 0 0

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M
I(16,3)
7→6 · f7 =

1 3 2 3
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

·
[ 6
6 1
3 0
]
=

1 3 2 3
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

·

1 3 2
1 1 0 0
3 0 1 0
2 0 0 1
3 0 0 0
 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1
3 0 0 0
3 0 0 0

=

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1
6 0 0 0

f6 ·M I(17,6)7→6 −M I(16,3)7→6 · f7 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1
6 0 0 0

−

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1
6 0 0 0

=
[ 6
17 0
]
Relations of the projection g : I(16, 3)→ I(16, 7) P
1. g2 ·M I(16,3)1→2 −M I(16,7)1→2 · g1 = 0
g2 ·M I(16,3)1→2 =
[12 5
5 0 1
]
·

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

=

1 1 2 2 3 3 1 2 2
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
 ·

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

=

1 2 3 1 2
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1
 =

6 1 2
1 0 1 0
2 0 0 1
2 0 0 1

M
I(16,7)
1→2 · g1 =

1 2
1 1 0
2 0 1
2 0 1
 · [ 6 33 0 1 ] =

1 2
1 1 0
2 0 1
2 0 1
 · [
6 1 2
1 0 1 0
2 0 0 1
]
=

6 1 2
1 0 1 0
2 0 0 1
2 0 0 1

g2 ·M I(16,3)1→2 −M I(16,7)1→2 · g1 =

6 1 2
1 0 1 0
2 0 0 1
2 0 0 1
−

6 1 2
1 0 1 0
2 0 0 1
2 0 0 1
 = [ 95 0 ]
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2. g3 ·M I(16,3)2→3 −M I(16,7)2→3 · g2 = 0
g3 ·M I(16,3)2→3 =
[17 8
8 0 1
]
·

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 2 1 2 1 2 6 2 1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 2 1 2 6 1 1 1 1 1
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

12 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

M
I(16,7)
2→3 · g2 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·
[12 5
5 0 1
]
=

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

12 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

12 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

g3 ·M I(16,3)2→3 −M I(16,7)2→3 · g2 =

12 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
−

12 2 1 2
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
 =
[17
8 0
]
3. g3 ·M I(16,3)4→3 −M I(16,7)4→3 · g4 = 0
g3 ·M I(16,3)4→3 =
[17 8
8 0 1
]
·

7 5 5
7 1 0 0
5 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
 =
[ 7 5 5 3 5
3 0 0 0 1 0
5 0 0 0 0 1
]
·

7 5 5
7 1 0 0
5 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
 =
[ 7 5 5
3 0 0 0
5 0 0 1
]
=
[12 5
3 0 0
5 0 1
]
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M
I(16,7)
4→3 · g4 =
[ 5
3 0
5 1
]
·
[12 5
5 0 1
]
=
[12 5
3 0 0
5 0 1
]
g3 ·M I(16,3)4→3 −M I(16,7)4→3 · g4 =
[12 5
3 0 0
5 0 1
]
−
[12 5
3 0 0
5 0 1
]
=
[17
8 0
]
4. g4 ·M I(16,3)5→4 −M I(16,7)5→4 · g5 = 0
g4 ·M I(16,3)5→4 =
[12 5
5 0 1
]
·

3 1 2 3
1 0 1 0 0
3 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

=
[ 1 3 5 1 2 2 3
2 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
]
·

3 1 2 3
1 0 1 0 0
3 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

=
[ 3 1 2 3
2 0 0 0 0
3 0 0 0 1
]
=
[ 6 3
2 0 0
3 0 1
]
M
I(16,7)
5→4 · g5 =
[ 3
2 0
3 1
]
·
[ 6 3
3 0 1
]
=
[ 6 3
2 0 0
3 0 1
]
g4 ·M I(16,3)5→4 −M I(16,7)5→4 · g5 =
[ 6 3
2 0 0
3 0 1
]
−
[ 6 3
2 0 0
3 0 1
]
=
[ 9
5 0
]
5. g3 ·M I(16,3)6→3 −M I(16,7)6→3 · g6 = 0
g3 ·M I(16,3)6→3 =
[17 8
8 0 1
]
·

1 5 2 1 2 6
1 1 0 0 0 0 0
3 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[ 1 3 5 2 1 2 1 2 6 2
6 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1
]
·

1 5 2 1 2 6
1 1 0 0 0 0 0
3 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[ 1 5 2 1 2 6
6 0 0 0 0 0 1
2 0 0 0 0 0 0
]
=
[11 6
6 0 1
2 0 0
]
M
I(16,7)
6→3 · g6 =
[ 6
6 1
2 0
]
·
[11 6
6 0 1
]
=
[11 6
6 0 1
2 0 0
]
g3 ·M I(16,3)6→3 −M I(16,7)6→3 · g6 =
[11 6
6 0 1
2 0 0
]
−
[11 6
6 0 1
2 0 0
]
=
[17
8 0
]
6. g6 ·M I(16,3)7→6 −M I(16,7)7→6 · g7 = 0
g6 ·M I(16,3)7→6 =
[11 6
6 0 1
]
·

1 3 2 3
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

=
[ 1 2 1 3 2 2 3 3
3 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
]
·

1 3 2 3
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

=
[ 1 3 2 3
3 0 0 0 1
3 0 0 0 0
]
=
[ 6 3
3 0 1
3 0 0
]
M
I(16,7)
7→6 · g7 =
[ 3
3 1
3 0
]
·
[ 6 3
3 0 1
]
=
[ 6 3
3 0 1
3 0 0
]
g6 ·M I(16,3)7→6 −M I(16,7)7→6 · g7 =
[ 6 3
3 0 1
3 0 0
]
−
[ 6 3
3 0 1
3 0 0
]
=
[ 9
6 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
2. g2 · f2 = 0
g2 · f2 =
[12 5
5 0 1
]
·
[12
12 1
5 0
]
=
[12
5 0
]
3. g3 · f3 = 0
g3 · f3 =
[17 8
8 0 1
]
·
[17
17 1
8 0
]
=
[17
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[12 5
5 0 1
]
·
[12
12 1
5 0
]
=
[12
5 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
6. g6 · f6 = 0
g6 · f6 =
[11 6
6 0 1
]
·
[11
11 1
6 0
]
=
[11
6 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 6 3
3 0 1
]
·
[ 6
6 1
3 0
]
=
[ 6
3 0
]
152.3.2 0→ I(17, 4) f→ I(16, 3) g→ I(16, 5)→ 0 
PdimI(17, 4) + dimI(16, 5) = (6, 12, 17, 11, 6, 12, 6) + (3, 5, 8, 6, 3, 5, 3)
= (9, 17, 25, 17, 9, 17, 9) = dimI(16, 3)
Pdimk Ext
1
kQ(I(16, 5), I(17, 4)) = dimk HomkQ(I(16, 5), I(17, 4))− 〈dimI(16, 5),dimI(17, 4)〉
= 0− 〈(3, 5, 8, 6, 3, 5, 3), (6, 12, 17, 11, 6, 12, 6)〉
= 3 · 12 + 5 · 17 + 6 · 17 + 3 · 11 + 5 · 17 + 3 · 12− (3 · 6 + 5 · 12 + 8 · 17 + 6 · 11 + 3 · 6 + 5 · 12 + 3 · 6)
= 36 + 85 + 102 + 33 + 85 + 36− (18 + 60 + 136 + 66 + 18 + 60 + 18)
= 1
Matrices of the embedding f : I(17, 4)→ I(16, 3) P
1. f1 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 91
0 0 0 0 91 0

∈M9,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

4 2
3 0 0
4 1 0
2 0 91′

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2. f2 =

1 0 0 0 0 0 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 1 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 91 0

∈M17,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 6 1 1 1 1 1
1 1 0 0 0 91 0 0
5 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

c5←c5+c1−−−−−−→

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

c3↔c5−−−−→

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
5 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 91
1 0 0 0 0 1 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=

1 7 1 1 1 1
1 1 0 0 0 0 0
5 0 0 0 0 0 0
7 0 1 0 0 0 0
1 0 0 1 0 0 91
1 0 0 0 1 91 0
1 0 0 0 0 0 91
1 0 0 0 0 91 0

c6←c6+c3−−−−−−→

1 7 1 1 1 1
1 1 0 0 0 0 0
5 0 0 0 0 0 0
7 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 91 0
1 0 0 0 0 0 91
1 0 0 0 0 91 0

=

1 8 1 1 1
1 1 0 0 0 0
5 0 0 0 0 0
8 0 1 0 0 0
1 0 0 1 91 0
1 0 0 0 0 91
1 0 0 0 91 0

c4←c4+c3−−−−−−→

1 8 1 1 1
1 1 0 0 0 0
5 0 0 0 0 0
8 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 91
1 0 0 0 91 0

=

1 9 2
1 1 0 0
5 0 0 0
9 0 1 0
2 0 0 91′

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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 91
0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0

∈M25,17(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f3 =

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

c3↔c5−−−−→

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 0 0 91 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

c8←c8+c3−−−−−−→

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 0 0 91 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

c7←c7+c4
c10←c10−c4−−−−−−−−→

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

=

1 8 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0
1 0 0 0 91 1 0 0 91 0
1 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 1 0 91 91
1 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0

c5←c5+c4
c8←c8−c4−−−−−−→

1 8 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 1 0 91 91
1 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0

=

1 8 3 1 1 1 1 1
1 1 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0
3 0 0 91 0 0 0 0 0
1 0 0 0 0 0 1 0 91
1 0 0 0 0 1 0 91 91
1 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 91 0

c4↔c6−−−−→
2895

1 8 3 1 1 1 1 1
1 1 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0
3 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 91
1 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 91 0
1 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 91 0

c8←c8+c4−−−−−−→

1 8 3 1 1 1 1 1
1 1 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0
3 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 91 0
1 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 91 0

c7←c7+c5
c8←c8+c5−−−−−−→

1 8 3 1 1 1 1 1
1 1 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0
3 0 0 91 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 91 0
1 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 91 0

=

1 8 3 2 1 1 1
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0
3 0 0 91 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

c6←c6+c5−−−−−−→

1 8 3 2 1 1 1
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0
3 0 0 91 0 0 0 0
2 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=

1 8 3 3 2
1 1 0 0 0 0
8 0 0 0 0 0
8 0 1 0 0 0
3 0 0 91 0 0
3 0 0 0 1 0
2 0 0 0 0 91′

4. f4 =

1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 91
0 0 0 0 0 0 0 1 0 91 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 91 0

∈M17,11(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 5 1 2 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 1 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

c3↔c4−−−−→

1 5 2 1 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1′ 0 91′
1 0 0 0 1 0
2 0 0 0 0 91′

c5←c5+c3−−−−−−→

1 5 2 1 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1′ 0 0
1 0 0 0 1 0
2 0 0 0 0 91′

5. f5 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 91
0 0 0 0 91 0

∈M9,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

4 2
3 0 0
4 1 0
2 0 91′

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6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 1
0 0 0 0 0 0 0 91 0 0 1 0
0 0 0 0 0 0 91 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0

∈M17,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 5 3 3
1 1 0 0 0
5 0 0 0 0
5 0 1 0 0
3 0 0 91′ 1′
3 0 0 0 1′

c4←c4+c3−−−−−−→

1 5 3 3
1 1 0 0 0
5 0 0 0 0
5 0 1 0 0
3 0 0 91′ 0
3 0 0 0 1′

7. f7 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 91
0 0 0 0 91 0
0 0 0 91 0 0

∈M9,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

3 3
3 0 0
3 1 0
3 0 91′

Matrices of the projection g : I(16, 3)→ I(16, 5) P
1. g1 =
1 0 0 0 0 0 0 0 00 0 91 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
 ∈M3,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 1 2 6
1 1 0 0
2 0 91′ 0
]
2. g2 =

0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
 ∈M5,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 2 2 11
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0
 r1↔r2−−−−→

1 1 2 2 11
1 0 1 0 0 0
2 0 0 1′ 91′ 0
2 0 0 0 91′ 0

3. g3 =

0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M8,25(k) can be brought to row echelon form (as shown below) and has
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maximal row rank.
g3 =

1 1 1 1 1 1 1 1 1 16
1 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

r1↔r3−−−−→

1 1 1 1 1 1 1 1 1 16
1 0 91 0 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

r4↔r6−−−−→

1 1 1 1 1 1 1 1 1 16
1 0 91 0 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

r7↔r8−−−−→

1 1 1 1 1 1 1 1 1 16
1 0 91 0 0 1 0 0 91 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0

4. g4 =

0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M6,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =
[ 1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
]
5. g5 =
 0 0 91 0 0 0 0 0 00 91 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0
 ∈M3,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3 6
3 91′ 0
]
6. g6 =

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
 ∈M5,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0

r1↔r3−−−−→

1 1 1 1 1 1 11
1 0 1 0 0 91 0 0
1 0 0 1 0 0 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
 =

1 2 1 2 11
2 0 1 0 91 0
1 0 0 1 0 0
2 0 0 0 91′ 0

7. g7 =
1 0 0 0 0 0 0 0 00 0 91 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0
 ∈M3,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 2 6
1 1 0 0
2 0 91′ 0
]
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Relations of the embedding f : I(17, 4)→ I(16, 3) P
1. f2 ·M I(17,4)1→2 −M I(16,3)1→2 · f1 = 0
f2 ·M I(17,4)1→2 =

1 6 1 1 1 1 1
1 1 0 0 0 91 0 0
5 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

·

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1

=

1 3 3 1 1 1 1 1
1 1 0 0 0 0 91 0 0
5 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 1 0 0 91
1 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 91 0

·

3 1 1 1
1 0 1 0 0
3 1 0 0 0
3 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

=

3 1 1 1
1 0 0 0 0
5 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0

=

3 1 1 1
6 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0

M
I(16,3)
1→2 · f1 =

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

·

4 2
3 0 0
4 1 0
2 0 91′
 =

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

·

3 1 2
1 0 0 0
2 0 0 0
3 1 0 0
1 0 1 0
2 0 0 91′
 =

3 1 2
1 0 0 0
1 0 0 0
2 0 0 0
2 0 0 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 91′
2 0 0 91′

=

3 1 2
6 0 0 0
3 1 0 0
3 0 0 0
1 0 1 0
2 0 0 91′
2 0 0 91′

f2 ·M I(17,4)1→2 −M I(16,3)1→2 · f1 =

3 1 1 1
6 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0

−

3 1 1 1
6 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 0 91
1 0 0 91 0
1 0 0 0 91
1 0 0 91 0

=
[ 6
17 0
]
2. f3 ·M I(17,4)2→3 −M I(16,3)2→3 · f2 = 0
f3 ·M I(17,4)2→3 =

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

·

7 5
7 1 0
5 0 0
5 0 1

=

1 6 2 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0
1 0 0 0 0 91 0 0 1 0 0 91
1 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 91 0

·

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
6 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 1 0 91
1 0 0 0 1 0 91 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

2899
M
I(16,3)
2→3 · f2 =

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 6 1 1 1 1 1
1 1 0 0 0 91 0 0
5 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

1 6 1 1 1 1 1
1 1 0 0 0 91 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 1 0 91
1 0 0 0 1 0 91 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 1 0 91
1 0 0 0 1 0 91 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

f3 ·M I(17,4)2→3 −M I(16,3)2→3 · f2 =

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 1 0 91
1 0 0 0 1 0 91 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

−

1 6 1 1 1 1 1
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 1 0 91
1 0 0 0 1 0 91 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=
[12
25 0
]
2900
3. f3 ·M I(17,4)4→3 −M I(16,3)4→3 · f4 = 0
f3 ·M I(17,4)4→3 =

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

·

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

=

1 3 5 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0
1 0 0 0 0 91 0 0 1 0 0 91
1 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 91 0

·

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 1
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

=

1 5 1 1 1 1 1
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 91
1 0 0 0 1 0 91 0
1 0 0 1 0 0 0 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=

1 5 1 2 2
1 1 0 0 0 0
11 0 0 0 0 0
5 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

M
I(16,3)
4→3 · f4 =

7 5 5
7 1 0 0
5 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1
 ·

1 5 1 2 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 1 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

=

1 6 5 2 1 2
1 1 0 0 0 0 0
6 0 1 0 0 0 0
5 0 0 0 0 0 0
5 0 0 1 0 0 0
3 0 0 0 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 5 1 2 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 1 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

=

1 5 1 2 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 0 0 0 0
5 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

=

1 5 1 2 2
1 1 0 0 0 0
11 0 0 0 0 0
5 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

f3 ·M I(17,4)4→3 −M I(16,3)4→3 · f4 =

1 5 1 2 2
1 1 0 0 0 0
11 0 0 0 0 0
5 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

−

1 5 1 2 2
1 1 0 0 0 0
11 0 0 0 0 0
5 0 1 0 0 0
3 0 0 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

=
[11
25 0
]
2901
4. f4 ·M I(17,4)5→4 −M I(16,3)5→4 · f5 = 0
f4 ·M I(17,4)5→4 =

1 5 1 2 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 1 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

·

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

=

1 2 1 2 1 2 2
1 1 0 0 0 0 0 0
6 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 0 1′ 91′
1 0 0 0 0 1 0 0
2 0 0 0 0 0 0 91′

·

1 2 1 2
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
6 0 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 91′

=

1 2 1 2
1 1 0 0 0
8 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 91′

M
I(16,3)
5→4 · f5 =

3 1 2 3
1 0 1 0 0
3 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

·

4 2
3 0 0
4 1 0
2 0 91′
 =

3 1 2 1 2
1 0 1 0 0 0
3 1 0 0 0 0
5 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2 1 2
3 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 91′
 =

1 2 1 2
1 1 0 0 0
3 0 0 0 0
5 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 91′

=

1 2 1 2
1 1 0 0 0
8 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 91′

f4 ·M I(17,4)5→4 −M I(16,3)5→4 · f5 =

1 2 1 2
1 1 0 0 0
8 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 91′

−

1 2 1 2
1 1 0 0 0
8 0 0 0 0
1 1 0 0 0
2 0 1 0 0
2 0 0 0 0
1 0 0 1 0
2 0 0 0 91′

=
[ 6
17 0
]
2902
5. f3 ·M I(17,4)6→3 −M I(16,3)6→3 · f6 = 0
f3 ·M I(17,4)6→3 =

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

·

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

=

1 2 1 2 1 2 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 1 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 91
1 0 0 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

·

1 2 1 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

=

1 2 1 2 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1
1 0 0 0 0 0 91 0 0 1 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0

=

1 2 1 2 3 3
1 1 0 0 0 0 0
8 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 1 0 1 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 91′ 1′
3 0 0 0 0 0 1′
2 0 0 0 0 0 0

M
I(16,3)
6→3 · f6 =

1 5 2 1 2 6
1 1 0 0 0 0 0
3 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

·

1 5 3 3
1 1 0 0 0
5 0 0 0 0
5 0 1 0 0
3 0 0 91′ 1′
3 0 0 0 1′
 =

1 5 2 1 2 3 3
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0
2 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 1 0 1 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

·

1 2 1 2 3 3
1 1 0 0 0 0 0
5 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 91′ 1′
3 0 0 0 0 0 1′

=

1 2 1 2 3 3
1 1 0 0 0 0 0
3 0 0 0 0 0 0
5 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 1 0 1 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 91′ 1′
3 0 0 0 0 0 1′
2 0 0 0 0 0 0

=

1 2 1 2 3 3
1 1 0 0 0 0 0
8 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 1 0 1 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 91′ 1′
3 0 0 0 0 0 1′
2 0 0 0 0 0 0

2903
f3 ·M I(17,4)6→3 −M I(16,3)6→3 · f6 =

1 2 1 2 3 3
1 1 0 0 0 0 0
8 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 1 0 1 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 91′ 1′
3 0 0 0 0 0 1′
2 0 0 0 0 0 0

−

1 2 1 2 3 3
1 1 0 0 0 0 0
8 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 1 0 1 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 91′ 1′
3 0 0 0 0 0 1′
2 0 0 0 0 0 0

=
[12
25 0
]
6. f6 ·M I(17,4)7→6 −M I(16,3)7→6 · f7 = 0
f6 ·M I(17,4)7→6 =

1 5 3 3
1 1 0 0 0
5 0 0 0 0
5 0 1 0 0
3 0 0 91′ 1′
3 0 0 0 1′
 ·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=

1 1 2 2 3 3
1 1 0 0 0 0 0
5 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 1 0 0 0
2 0 0 0 1 0 0
3 0 0 0 0 91′ 1′
3 0 0 0 0 0 1′

·

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

=

1 2 3
1 0 0 0
5 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 91′
3 0 0 0

=

1 2 3
6 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 91′
3 0 0 0

M
I(16,3)
7→6 · f7 =

1 3 2 3
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

·

3 3
3 0 0
3 1 0
3 0 91′
 =

1 2 1 2 3
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

1 2 3
1 0 0 0
2 0 0 0
1 1 0 0
2 0 1 0
3 0 0 91′
 =

1 2 3
1 0 0 0
2 0 0 0
1 0 0 0
2 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 91′
3 0 0 0

=

1 2 3
6 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 91′
3 0 0 0

f6 ·M I(17,4)7→6 −M I(16,3)7→6 · f7 =

1 2 3
6 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 91′
3 0 0 0

−

1 2 3
6 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 91′
3 0 0 0

=
[ 6
17 0
]
Relations of the projection g : I(16, 3)→ I(16, 5) P
1. g2 ·M I(16,3)1→2 −M I(16,5)1→2 · g1 = 0
g2 ·M I(16,3)1→2 =

1 1 2 2 11
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0
 ·

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

=

1 1 2 2 3 3 1 2 2
2 0 0 1′ 91′ 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 0 0
 ·

1 2 3 1 2
1 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

=

1 2 3 1 2
2 0 0 0 0 0
1 1 0 0 0 0
2 0 91′ 0 0 0
 =

1 2 6
2 0 0 0
1 1 0 0
2 0 91′ 0

M
I(16,5)
1→2 · g1 =
[ 3
2 0
3 1
]
·
[ 1 2 6
1 1 0 0
2 0 91′ 0
]
=

1 2
2 0 0
1 1 0
2 0 1
 · [
1 2 6
1 1 0 0
2 0 91′ 0
]
=

1 2 6
2 0 0 0
1 1 0 0
2 0 91′ 0

2904
g2 ·M I(16,3)1→2 −M I(16,5)1→2 · g1 =

1 2 6
2 0 0 0
1 1 0 0
2 0 91′ 0
−

1 2 6
2 0 0 0
1 1 0 0
2 0 91′ 0
 = [ 95 0 ]
2. g3 ·M I(16,3)2→3 −M I(16,5)2→3 · g2 = 0
g3 ·M I(16,3)2→3 =

1 1 1 1 1 1 1 1 1 16
1 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

·

1 2 1 2 6 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 6 2 1 1 1 1 1 1 1 1
1 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 6 1 1 1 1 1
1 1 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
6 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 6 1 1 1 1 1
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 91 0 0 0 0 0 0
1 0 0 1 0 91 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0 0

=

1 1 2 2 11
3 0 0 0 0 0
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0

M
I(16,5)
2→3 · g2 =
[ 5
3 0
5 1
]
·

1 1 2 2 11
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0
 =

2 1 2
3 0 0 0
2 1 0 0
1 0 1 0
2 0 0 1
 ·

1 1 2 2 11
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0
 =

1 1 2 2 11
3 0 0 0 0 0
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0

g3 ·M I(16,3)2→3 −M I(16,5)2→3 · g2 =

1 1 2 2 11
3 0 0 0 0 0
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0
−

1 1 2 2 11
3 0 0 0 0 0
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0
 =
[17
8 0
]
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3. g3 ·M I(16,3)4→3 −M I(16,5)4→3 · g4 = 0
g3 ·M I(16,3)4→3 =

1 1 1 1 1 1 1 1 1 16
1 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

·

7 5 5
7 1 0 0
5 0 0 0
5 0 1 0
3 0 0 0
5 0 0 1

=

1 1 1 1 1 1 1 1 1 3 5 3 5
1 0 0 0 91 0 0 1 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0
1 0 0 0 0 0 1 0 91 91 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0

·

1 1 1 1 1 1 1 5 5
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 5 5
1 0 0 0 91 0 0 1 0 0
1 0 0 91 0 0 1 0 0 0
1 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

=

1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
2 0 0 0 0

M
I(16,5)
4→3 · g4 =
[ 6
6 1
2 0
]
·
[ 1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
]
=

3 3
3 1 0
3 0 1
2 0 0
 · [
1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
]
=

1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
2 0 0 0 0

g3 ·M I(16,3)4→3 −M I(16,5)4→3 · g4 =

1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
2 0 0 0 0
−

1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
2 0 0 0 0
 = [178 0 ]
4. g4 ·M I(16,3)5→4 −M I(16,5)5→4 · g5 = 0
g4 ·M I(16,3)5→4 =
[ 1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
]
·

3 1 2 3
1 0 1 0 0
3 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

=
[ 1 3 3 2 1 2 2 3
3 0 91′ 1′ 0 0 0 0 0
3 0 0 1′ 0 0 0 0 0
]
·

3 1 2 3
1 0 1 0 0
3 1 0 0 0
3 0 0 0 0
2 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 0
3 0 0 0 1

=
[ 3 1 2 3
3 91′ 0 0 0
3 0 0 0 0
]
=
[ 3 6
3 91′ 0
3 0 0
]
M
I(16,5)
5→4 · g5 =
[ 3
3 1
3 0
]
·
[ 3 6
3 91′ 0
]
=
[ 3 6
3 91′ 0
3 0 0
]
g4 ·M I(16,3)5→4 −M I(16,5)5→4 · g5 =
[ 3 6
3 91′ 0
3 0 0
]
−
[ 3 6
3 91′ 0
3 0 0
]
=
[ 9
6 0
]
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5. g3 ·M I(16,3)6→3 −M I(16,5)6→3 · g6 = 0
g3 ·M I(16,3)6→3 =

1 1 1 1 1 1 1 1 1 16
1 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

·

1 5 2 1 2 6
1 1 0 0 0 0 0
3 0 0 0 0 0 0
5 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 2 1 2 1 2 6 2
1 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 2 1 2 6
1 0 0 0 1 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
1 0 0 0 1 0 91 0 0 0 0
1 0 0 1 0 91 91 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0

=

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 1 0 91 0
1 0 0 1 0 91 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0

M
I(16,5)
6→3 · g6 =

2 1 2
2 1 0 0
1 0 1 0
2 1 0 1
1 0 1 0
2 0 0 1
 ·

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

·

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
 =

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 1 0 91 0
1 0 0 1 0 91 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0

g3 ·M I(16,3)6→3 −M I(16,5)6→3 · g6 =

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 1 0 91 0
1 0 0 1 0 91 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0

−

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 1 0 91 0
1 0 0 1 0 91 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0

=
[17
8 0
]
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6. g6 ·M I(16,3)7→6 −M I(16,5)7→6 · g7 = 0
g6 ·M I(16,3)7→6 =

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
 ·

1 3 2 3
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

=

1 1 1 1 1 1 1 2 2 3 3
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0
1 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 0 0 0 0
 ·

1 1 1 1 2 3
1 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
2 0 0 0 0 1 0
3 0 0 0 0 0 1
3 0 0 0 0 0 0

=

1 1 1 1 2 3
1 1 0 0 0 0 0
1 0 0 91 0 0 0
1 0 91 0 0 0 0
1 0 0 91 0 0 0
1 0 91 0 0 0 0
 =

1 1 1 6
1 1 0 0 0
1 0 0 91 0
1 0 91 0 0
1 0 0 91 0
1 0 91 0 0

M
I(16,5)
7→6 · g7 =

1 2
1 1 0
2 0 1
2 0 1
 · [
1 2 6
1 1 0 0
2 0 91′ 0
]
=

1 2 6
1 1 0 0
2 0 91′ 0
2 0 91′ 0

g6 ·M I(16,3)7→6 −M I(16,5)7→6 · g7 =

1 1 1 6
1 1 0 0 0
1 0 0 91 0
1 0 91 0 0
1 0 0 91 0
1 0 91 0 0
−

1 1 1 6
1 1 0 0 0
1 0 0 91 0
1 0 91 0 0
1 0 0 91 0
1 0 91 0 0
 =
[ 9
5 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2 6
1 1 0 0
2 0 91′ 0
]
·

4 2
3 0 0
4 1 0
2 0 91′
 = [
1 2 4 2
1 1 0 0 0
2 0 91′ 0 0
]
·

4 2
1 0 0
2 0 0
4 1 0
2 0 91′
 =
[ 6
3 0
]
2. g2 · f2 = 0
g2 · f2 =

1 1 2 2 11
2 0 0 1′ 91′ 0
1 0 1 0 0 0
2 0 0 0 91′ 0
 ·

1 6 1 1 1 1 1
1 1 0 0 0 91 0 0
5 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=

1 1 2 2 6 1 1 1 1 1
2 0 0 1′ 91′ 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0
2 0 0 0 91′ 0 0 0 0 0 0
 ·

1 6 1 1 1 1 1
1 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 0 91
1 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91
1 0 0 0 0 0 91 0

=
[12
5 0
]
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3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 16
1 0 0 0 91 0 0 1 0 0 0
1 0 0 91 0 0 1 0 0 91 0
1 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

·

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

=

1 1 1 1 1 1 1 1 1 8 1 1 1 1 1 1 1 1
1 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
1 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0

·

1 8 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 91
1 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91
1 0 0 0 0 0 0 1 0 91 91
1 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0

=
[17
8 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 1 3 3 10
3 0 91′ 1′ 0
3 0 0 1′ 0
]
·

1 5 1 2 2
1 1 0 0 0 0
6 0 0 0 0 0
5 0 1 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

=
[ 1 3 3 5 2 1 2
3 0 91′ 1′ 0 0 0 0
3 0 0 1′ 0 0 0 0
]
·

1 5 1 2 2
1 1 0 0 0 0
3 0 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 0 1′ 91′
1 0 0 1 0 0
2 0 0 0 0 91′

=
[11
6 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 6
3 91′ 0
]
·

4 2
3 0 0
4 1 0
2 0 91′
 = [ 3 4 23 91′ 0 0 ] ·

4 2
3 0 0
4 1 0
2 0 91′
 = [ 63 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 1 1 1 1 1 11
1 0 0 0 1 0 0 0
1 0 0 1 0 0 91 0
1 0 1 0 0 91 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 91 0 0
 ·

1 5 3 3
1 1 0 0 0
5 0 0 0 0
5 0 1 0 0
3 0 0 91′ 1′
3 0 0 0 1′
 =

1 1 1 1 1 1 5 3 3
1 0 0 0 1 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0
1 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0 0 0
 ·

1 5 3 3
1 1 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
5 0 1 0 0
3 0 0 91′ 1′
3 0 0 0 1′

=
[12
5 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2 6
1 1 0 0
2 0 91′ 0
]
·

3 3
3 0 0
3 1 0
3 0 91′
 = [
1 2 3 3
1 1 0 0 0
2 0 91′ 0 0
]
·

3 3
1 0 0
2 0 0
3 1 0
3 0 91′
 =
[ 6
3 0
]
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152.4 Tree module property of I(22, 3) 
The matrices of the representation have full (column) rank P
1. M I(22,3)1→2 =

0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M23,12(k) is already in column echelon form and has maximal column rank.
2. M I(22,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M34,23(k) can be brought to column echelon form (as shown below) and has
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maximal column rank.
M
I(22,3)
2→3 =

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 1 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

=

1 3 1 3 8 3 1 3
1 1 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
3 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
3 0 0 0 1 0 0 0 0
8 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1

3. M I(22,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M34,23(k) is already in column echelon form and has maximal column rank.
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4. M I(22,3)5→4 =

0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M23,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(22,3)
5→4 =

4 1 3 4
1 0 1 0 0
4 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

c1↔c2−−−−→

1 4 3 4
1 1 0 0 0
4 0 1 0 0
7 0 0 0 0
1 1 0 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

5. M I(22,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M34,23(k) is already in column echelon form and has maximal column rank.
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6. M I(22,3)7→6 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M23,12(k) is already in column echelon form and has maximal column rank.
152.4.1 0→ I(23, 6) f→ I(22, 3) g→ I(22, 7)→ 0 
PdimI(23, 6) + dimI(22, 7) = (8, 16, 23, 16, 8, 15, 8) + (4, 7, 11, 7, 4, 8, 4)
= (12, 23, 34, 23, 12, 23, 12) = dimI(22, 3)
Pdimk Ext
1
kQ(I(22, 7), I(23, 6)) = dimk HomkQ(I(22, 7), I(23, 6))− 〈dimI(22, 7),dimI(23, 6)〉
= 0− 〈(4, 7, 11, 7, 4, 8, 4), (8, 16, 23, 16, 8, 15, 8)〉
= 4 · 16 + 7 · 23 + 7 · 23 + 4 · 16 + 8 · 23 + 4 · 15− (4 · 8 + 7 · 16 + 11 · 23 + 7 · 16 + 4 · 8 + 8 · 15 + 4 · 8)
= 64 + 161 + 161 + 64 + 184 + 60− (32 + 112 + 253 + 112 + 32 + 120 + 32)
= 1
Matrices of the embedding f : I(23, 6)→ I(22, 3) P
1. f1 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M34,23(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,16(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M23,15(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M12,8(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(22, 3)→ I(22, 7) P
1. g1 =

0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,12(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,23(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M11,34(k) is already in row echelon form and has
maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M7,23(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,12(k) is already in row echelon form and has maximal row rank.
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6. g6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M8,23(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
 ∈M4,12(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(23, 6)→ I(22, 3) P
1. f2 ·M I(23,6)1→2 −M I(22,3)1→2 · f1 = 0
f2 ·M I(23,6)1→2 =
[16
16 1
7 0
]
·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=

1 1 3 3 4 4
1 1 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 1 0
4 0 0 0 0 0 1
7 0 0 0 0 0 0

·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0
7 0 0 0

=

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
11 0 0 0

M
I(22,3)
1→2 · f1 =

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

·
[ 8
8 1
4 0
]
=

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

·

1 3 4
1 1 0 0
3 0 1 0
4 0 0 1
1 0 0 0
3 0 0 0
 =

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0
1 0 0 0
3 0 0 0
3 0 0 0

=

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
11 0 0 0

f2 ·M I(23,6)1→2 −M I(22,3)1→2 · f1 =

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
11 0 0 0

−

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
11 0 0 0

=
[ 8
23 0
]
2. f3 ·M I(23,6)2→3 −M I(22,3)2→3 · f2 = 0
f3 ·M I(23,6)2→3 =
[23
23 1
11 0
]
·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=

1 3 1 3 1 3 8 3
1 1 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
3 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
8 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
11 0 0 0 0 0 0 0 0

·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0
11 0 0 0 0 0

=

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
14 0 0 0 0 0

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M
I(22,3)
2→3 · f2 =

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 1 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·
[16
16 1
7 0
]
=

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 1 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0

=

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
2 0 0 0 0 0

=

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
14 0 0 0 0 0

f3 ·M I(23,6)2→3 −M I(22,3)2→3 · f2 =

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
14 0 0 0 0 0

−

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
14 0 0 0 0 0

=
[16
34 0
]
3. f3 ·M I(23,6)4→3 −M I(22,3)4→3 · f4 = 0
f3 ·M I(23,6)4→3 =
[23
23 1
11 0
]
·

9 7
9 1 0
7 0 0
7 0 1
 =

9 7 7
9 1 0 0
7 0 1 0
7 0 0 1
11 0 0 0
 ·

9 7
9 1 0
7 0 0
7 0 1
 =

9 7
9 1 0
7 0 0
7 0 1
11 0 0

M
I(22,3)
4→3 · f4 =

9 7 7
9 1 0 0
7 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
 ·
[16
16 1
7 0
]
=

9 7 7
9 1 0 0
7 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
 ·

9 7
9 1 0
7 0 1
7 0 0
 =

9 7
9 1 0
7 0 0
7 0 1
4 0 0
7 0 0
 =

9 7
9 1 0
7 0 0
7 0 1
11 0 0

f3 ·M I(23,6)4→3 −M I(22,3)4→3 · f4 =

9 7
9 1 0
7 0 0
7 0 1
11 0 0
−

9 7
9 1 0
7 0 0
7 0 1
11 0 0
 =
[16
34 0
]
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4. f4 ·M I(23,6)5→4 −M I(22,3)5→4 · f5 = 0
f4 ·M I(23,6)5→4 =
[16
16 1
7 0
]
·

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 =

1 4 7 1 3
1 1 0 0 0 0
4 0 1 0 0 0
7 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
7 0 0 0 0 0

·

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

M
I(22,3)
5→4 · f5 =

4 1 3 4
1 0 1 0 0
4 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

·
[ 8
8 1
4 0
]
=

4 1 3 4
1 0 1 0 0
4 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

·

4 1 3
4 1 0 0
1 0 1 0
3 0 0 1
4 0 0 0
 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
3 0 0 0
4 0 0 0

=

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

f4 ·M I(23,6)5→4 −M I(22,3)5→4 · f5 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

−

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
7 0 0 0

=
[ 8
23 0
]
5. f3 ·M I(23,6)6→3 −M I(22,3)6→3 · f6 = 0
f3 ·M I(23,6)6→3 =
[23
23 1
11 0
]
·

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

1 4 7 3 1 3 1 3
1 1 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0
3 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
3 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 1
11 0 0 0 0 0 0 0 0

·

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
11 0 0 0 0 0

M
I(22,3)
6→3 ·f6 =

1 7 3 1 3 8
1 1 0 0 0 0 0
4 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

·
[15
15 1
8 0
]
=

1 7 3 1 3 8
1 1 0 0 0 0 0
4 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 7 3 1 3
1 1 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
8 0 0 0 0 0

=

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
8 0 0 0 0 0
3 0 0 0 0 0

=

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
11 0 0 0 0 0

f3 ·M I(23,6)6→3 −M I(22,3)6→3 · f6 =

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
11 0 0 0 0 0

−

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1
11 0 0 0 0 0

=
[15
34 0
]
6. f6 ·M I(23,6)7→6 −M I(22,3)7→6 · f7 = 0
f6 ·M I(23,6)7→6 =
[15
15 1
8 0
]
·

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

1 3 1 4 3 3
1 1 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
4 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
8 0 0 0 0 0 0

·

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1
8 0 0 0

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M
I(22,3)
7→6 · f7 =

1 4 3 4
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

·
[ 8
8 1
4 0
]
=

1 4 3 4
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

·

1 4 3
1 1 0 0
4 0 1 0
3 0 0 1
4 0 0 0
 =

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1
4 0 0 0
4 0 0 0

=

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1
8 0 0 0

f6 ·M I(23,6)7→6 −M I(22,3)7→6 · f7 =

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1
8 0 0 0

−

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1
8 0 0 0

=
[ 8
23 0
]
Relations of the projection g : I(22, 3)→ I(22, 7) P
1. g2 ·M I(22,3)1→2 −M I(22,7)1→2 · g1 = 0
g2 ·M I(22,3)1→2 =
[16 7
7 0 1
]
·

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

=

1 1 3 3 4 4 1 3 3
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
 ·

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

=

1 3 4 1 3
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1
 =

8 1 3
1 0 1 0
3 0 0 1
3 0 0 1

M
I(22,7)
1→2 · g1 =

1 3
1 1 0
3 0 1
3 0 1
 · [ 8 44 0 1 ] =

1 3
1 1 0
3 0 1
3 0 1
 · [
8 1 3
1 0 1 0
3 0 0 1
]
=

8 1 3
1 0 1 0
3 0 0 1
3 0 0 1

g2 ·M I(22,3)1→2 −M I(22,7)1→2 · g1 =

8 1 3
1 0 1 0
3 0 0 1
3 0 0 1
−

8 1 3
1 0 1 0
3 0 0 1
3 0 0 1
 = [127 0 ]
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2. g3 ·M I(22,3)2→3 −M I(22,7)2→3 · g2 = 0
g3 ·M I(22,3)2→3 =
[23 11
11 0 1
]
·

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 1 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

=

1 3 1 3 1 3 8 3 1 2 1 1 2 1 1 2
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 1 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

=

1 3 1 3 8 1 2 1 1 2
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

=

16 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
I(22,7)
2→3 · g2 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·
[16 7
7 0 1
]
=

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

16 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

16 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

g3 ·M I(22,3)2→3 −M I(22,7)2→3 · g2 =

16 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
−

16 3 1 3
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
 =
[23
11 0
]
3. g3 ·M I(22,3)4→3 −M I(22,7)4→3 · g4 = 0
g3 ·M I(22,3)4→3 =
[23 11
11 0 1
]
·

9 7 7
9 1 0 0
7 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
 =
[ 9 7 7 4 7
4 0 0 0 1 0
7 0 0 0 0 1
]
·

9 7 7
9 1 0 0
7 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
 =
[ 9 7 7
4 0 0 0
7 0 0 1
]
=
[16 7
4 0 0
7 0 1
]
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M
I(22,7)
4→3 · g4 =
[ 7
4 0
7 1
]
·
[16 7
7 0 1
]
=
[16 7
4 0 0
7 0 1
]
g3 ·M I(22,3)4→3 −M I(22,7)4→3 · g4 =
[16 7
4 0 0
7 0 1
]
−
[16 7
4 0 0
7 0 1
]
=
[23
11 0
]
4. g4 ·M I(22,3)5→4 −M I(22,7)5→4 · g5 = 0
g4 ·M I(22,3)5→4 =
[16 7
7 0 1
]
·

4 1 3 4
1 0 1 0 0
4 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

=
[ 1 4 7 1 3 3 4
3 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
]
·

4 1 3 4
1 0 1 0 0
4 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

=
[ 4 1 3 4
3 0 0 0 0
4 0 0 0 1
]
=
[ 8 4
3 0 0
4 0 1
]
M
I(22,7)
5→4 · g5 =
[ 4
3 0
4 1
]
·
[ 8 4
4 0 1
]
=
[ 8 4
3 0 0
4 0 1
]
g4 ·M I(22,3)5→4 −M I(22,7)5→4 · g5 =
[ 8 4
3 0 0
4 0 1
]
−
[ 8 4
3 0 0
4 0 1
]
=
[12
7 0
]
5. g3 ·M I(22,3)6→3 −M I(22,7)6→3 · g6 = 0
g3 ·M I(22,3)6→3 =
[23 11
11 0 1
]
·

1 7 3 1 3 8
1 1 0 0 0 0 0
4 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[ 1 4 7 3 1 3 1 3 8 3
8 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1
]
·

1 7 3 1 3 8
1 1 0 0 0 0 0
4 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[ 1 7 3 1 3 8
8 0 0 0 0 0 1
3 0 0 0 0 0 0
]
=
[15 8
8 0 1
3 0 0
]
M
I(22,7)
6→3 · g6 =
[ 8
8 1
3 0
]
·
[15 8
8 0 1
]
=
[15 8
8 0 1
3 0 0
]
g3 ·M I(22,3)6→3 −M I(22,7)6→3 · g6 =
[15 8
8 0 1
3 0 0
]
−
[15 8
8 0 1
3 0 0
]
=
[23
11 0
]
6. g6 ·M I(22,3)7→6 −M I(22,7)7→6 · g7 = 0
g6 ·M I(22,3)7→6 =
[15 8
8 0 1
]
·

1 4 3 4
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

=
[ 1 3 1 4 3 3 4 4
4 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 1
]
·

1 4 3 4
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

=
[ 1 4 3 4
4 0 0 0 1
4 0 0 0 0
]
=
[ 8 4
4 0 1
4 0 0
]
M
I(22,7)
7→6 · g7 =
[ 4
4 1
4 0
]
·
[ 8 4
4 0 1
]
=
[ 8 4
4 0 1
4 0 0
]
g6 ·M I(22,3)7→6 −M I(22,7)7→6 · g7 =
[ 8 4
4 0 1
4 0 0
]
−
[ 8 4
4 0 1
4 0 0
]
=
[12
8 0
]
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The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 8 4
4 0 1
]
·
[ 8
8 1
4 0
]
=
[ 8
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[16 7
7 0 1
]
·
[16
16 1
7 0
]
=
[16
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[23 11
11 0 1
]
·
[23
23 1
11 0
]
=
[23
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[16 7
7 0 1
]
·
[16
16 1
7 0
]
=
[16
7 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 8 4
4 0 1
]
·
[ 8
8 1
4 0
]
=
[ 8
4 0
]
6. g6 · f6 = 0
g6 · f6 =
[15 8
8 0 1
]
·
[15
15 1
8 0
]
=
[15
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 8 4
4 0 1
]
·
[ 8
8 1
4 0
]
=
[ 8
4 0
]
152.4.2 0→ I(23, 4) f→ I(22, 3) g→ I(22, 5)→ 0 
PdimI(23, 4) + dimI(22, 5) = (8, 16, 23, 15, 8, 16, 8) + (4, 7, 11, 8, 4, 7, 4)
= (12, 23, 34, 23, 12, 23, 12) = dimI(22, 3)
Pdimk Ext
1
kQ(I(22, 5), I(23, 4)) = dimk HomkQ(I(22, 5), I(23, 4))− 〈dimI(22, 5),dimI(23, 4)〉
= 0− 〈(4, 7, 11, 8, 4, 7, 4), (8, 16, 23, 15, 8, 16, 8)〉
= 4 · 16 + 7 · 23 + 8 · 23 + 4 · 15 + 7 · 23 + 4 · 16− (4 · 8 + 7 · 16 + 11 · 23 + 8 · 15 + 4 · 8 + 7 · 16 + 4 · 8)
= 64 + 161 + 184 + 60 + 161 + 64− (32 + 112 + 253 + 120 + 32 + 112 + 32)
= 1
Matrices of the embedding f : I(23, 4)→ I(22, 3) P
1. f1 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 91
0 0 0 0 0 0 91 0
0 0 0 0 0 91 0 0

∈M12,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f1 =

5 3
4 0 0
5 1 0
3 0 91′

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2. f2 =

1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91
0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0

∈M23,16(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 8 3 1 3
1 1 0 0 91 0
7 0 0 0 0 0
8 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1′ 0 91′
3 0 0 0 0 91′

c4←c4+c1−−−−−−→

1 8 3 1 3
1 1 0 0 0 0
7 0 0 0 0 0
8 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1′ 0 91′
3 0 0 0 0 91′

c3↔c4−−−−→

1 8 1 3 3
1 1 0 0 0 0
7 0 0 0 0 0
8 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1′ 91′
3 0 0 0 0 91′

=

1 9 3 3
1 1 0 0 0
7 0 0 0 0
9 0 1 0 0
3 0 0 1′ 91′
3 0 0 0 91′

c4←c4+c3−−−−−−→

1 9 3 3
1 1 0 0 0
7 0 0 0 0
9 0 1 0 0
3 0 0 1′ 0
3 0 0 0 91′

3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0

∈ M34,23(k) can be brought to column echelon form (as shown below) and has
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maximal column rank.
f3 =

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

c3↔c6−−−−→

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

c10←c10+c3−−−−−−−−→

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

c4↔c5−−−−→

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 1 0 0 0 91
1 0 0 0 0 91 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

c9←c9+c4
c13←c13−c4−−−−−−−−→

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

=

1 11 2 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 0 91 0
1 0 0 0 0 91 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0

c7←c7+c4
c11←c11−c4−−−−−−−−→

1 11 2 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0
2 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 91 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0

=

1 11 3 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0
3 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0

c5←c5+c4
c9←c9−c4−−−−−−→
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
1 11 3 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0
3 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0

=

1 11 4 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0
4 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 1 0 0 91 91 0
1 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

c4↔c7−−−−→

1 11 4 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0
4 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 91
1 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

c10←c10+c4−−−−−−−−→

1 11 4 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0
4 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

c5↔c6−−−−→

1 11 4 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0
4 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 91 91
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

c9←c9+c5
c10←c10+c5−−−−−−−−→

1 11 4 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0
4 0 0 91 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 91 0 0

=

1 11 4 2 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0
4 0 0 91 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

c7←c7+c5
c8←c8+c5−−−−−−→

1 11 4 2 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0
4 0 0 91 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

=

1 11 4 3 1 1 2
1 1 0 0 0 0 0 0
11 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0
4 0 0 91 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 91 0
2 0 0 0 0 0 0 91′
1 0 0 0 0 0 91 0

c6←c6+c5−−−−−−→

1 11 4 3 1 1 2
1 1 0 0 0 0 0 0
11 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0
4 0 0 91 0 0 0 0
3 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
2 0 0 0 0 0 0 91′
1 0 0 0 0 0 91 0

=

1 11 4 4 3
1 1 0 0 0 0
11 0 0 0 0 0
11 0 1 0 0 0
4 0 0 91 0 0
4 0 0 0 1 0
3 0 0 0 0 91′

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4. f4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 91
0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
0 0 0 0 0 0 0 0 0 1 0 0 91 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0

∈M23,15(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 7 1 3 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 1 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

c3↔c4−−−−→

1 7 3 1 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1′ 0 91′
1 0 0 0 1 0
3 0 0 0 0 91′

c5←c5+c3−−−−−−→

1 7 3 1 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1′ 0 0
1 0 0 0 1 0
3 0 0 0 0 91′

5. f5 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 91
0 0 0 0 0 0 91 0
0 0 0 0 0 91 0 0

∈M12,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f5 =

5 3
4 0 0
5 1 0
3 0 91′

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6. f6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1
0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0
0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0
0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

∈M23,16(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 7 4 4
1 1 0 0 0
7 0 0 0 0
7 0 1 0 0
4 0 0 91′ 1′
4 0 0 0 1′

c4←c4+c3−−−−−−→

1 7 4 4
1 1 0 0 0
7 0 0 0 0
7 0 1 0 0
4 0 0 91′ 0
4 0 0 0 1′

7. f7 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 91
0 0 0 0 0 0 91 0
0 0 0 0 0 91 0 0
0 0 0 0 91 0 0 0

∈M12,8(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f7 =

4 4
4 0 0
4 1 0
4 0 91′

Matrices of the projection g : I(22, 3)→ I(22, 5) P
1. g1 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0
 ∈M4,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 1 3 8
1 1 0 0
3 0 91′ 0
]
2. g2 =

0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M7,23(k) can be brought to row echelon form (as shown below) and has maximal
row rank.
g2 =

1 1 3 3 15
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0
 r1↔r2−−−−→

1 1 3 3 15
1 0 1 0 0 0
3 0 0 1′ 91′ 0
3 0 0 0 91′ 0

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3. g3 =

0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M11,34(k) can be brought to row echelon
form (as shown below) and has maximal row rank.
g3 =

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

r1↔r4−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

r2↔r3−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

r5↔r8−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

r6↔r7−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

r9↔r11−−−−−→

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0

4. g4 =

0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M8,23(k) can be brought to row echelon form (as shown below) and has maximal
row rank.
g4 =
[ 1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
]
5. g5 =

0 0 0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 0 0 0 0 0 0
 ∈M4,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 4 8
4 91′ 0
]
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6. g6 =

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M7,23(k) can be brought to row echelon form (as shown below) and has maximal
row rank.
g6 =

1 3 1 3 15
1 0 0 1 0 0
3 0 1′ 0 91′ 0
3 0 0 0 91′ 0
 r1↔r2−−−−→

1 3 1 3 15
3 0 1′ 0 91′ 0
1 0 0 1 0 0
3 0 0 0 91′ 0

7. g7 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 91 0 0 0 0 0 0 0 0
0 0 91 0 0 0 0 0 0 0 0 0
0 91 0 0 0 0 0 0 0 0 0 0
 ∈M4,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 1 3 8
1 1 0 0
3 0 91′ 0
]
Relations of the embedding f : I(23, 4)→ I(22, 3) P
1. f2 ·M I(23,4)1→2 −M I(22,3)1→2 · f1 = 0
f2 ·M I(23,4)1→2 =

1 8 3 1 3
1 1 0 0 91 0
7 0 0 0 0 0
8 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1′ 0 91′
3 0 0 0 0 91′

·

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 =

1 4 4 3 1 3
1 1 0 0 0 91 0
7 0 0 0 0 0 0
4 0 1 0 0 0 0
4 0 0 1 0 0 0
1 0 0 0 0 1 0
3 0 0 0 1′ 0 91′
3 0 0 0 0 0 91′

·

4 1 3
1 0 1 0
4 1 0 0
4 0 0 0
3 0 0 0
1 0 1 0
3 0 0 1

=

4 1 3
1 0 0 0
7 0 0 0
4 1 0 0
4 0 0 0
1 0 1 0
3 0 0 91′
3 0 0 91′

=

4 1 3
8 0 0 0
4 1 0 0
4 0 0 0
1 0 1 0
3 0 0 91′
3 0 0 91′

M
I(22,3)
1→2 · f1 =

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

·

5 3
4 0 0
5 1 0
3 0 91′
 =

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

·

4 1 3
1 0 0 0
3 0 0 0
4 1 0 0
1 0 1 0
3 0 0 91′
 =

4 1 3
1 0 0 0
1 0 0 0
3 0 0 0
3 0 0 0
4 1 0 0
4 0 0 0
1 0 1 0
3 0 0 91′
3 0 0 91′

=

4 1 3
8 0 0 0
4 1 0 0
4 0 0 0
1 0 1 0
3 0 0 91′
3 0 0 91′

f2 ·M I(23,4)1→2 −M I(22,3)1→2 · f1 =

4 1 3
8 0 0 0
4 1 0 0
4 0 0 0
1 0 1 0
3 0 0 91′
3 0 0 91′

−

4 1 3
8 0 0 0
4 1 0 0
4 0 0 0
1 0 1 0
3 0 0 91′
3 0 0 91′

=
[ 8
23 0
]
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2. f3 ·M I(23,4)2→3 −M I(22,3)2→3 · f2 = 0
f3 ·M I(23,4)2→3 =

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

·

9 7
9 1 0
7 0 0
7 0 1

=

1 8 3 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0

·

1 8 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

1 8 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 91
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 1 0 0 91
1 0 0 0 0 1 0 0 91 91
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

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M
I(22,3)
2→3 · f2 =

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 1 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

1 8 3 1 3
1 1 0 0 91 0
7 0 0 0 0 0
8 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1′ 0 91′
3 0 0 0 0 91′

=

1 3 1 3 8 1 1 1 1 1 1 1
1 1 0 0 0 0 1 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0 1
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1

·

1 8 1 1 1 1 1 1 1
1 1 0 0 0 0 91 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 91
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

=

1 8 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 91
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 1 0 0 91
1 0 0 0 0 1 0 0 91 91
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

=

1 8 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 91
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 1 0 0 91
1 0 0 0 0 1 0 0 91 91
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

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f3 ·M I(23,4)2→3 −M I(22,3)2→3 · f2 =

1 8 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 91
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 1 0 0 91
1 0 0 0 0 1 0 0 91 91
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

−

1 8 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 0 91
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 1 0 0 91
1 0 0 0 0 1 0 0 91 91
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

=
[16
34 0
]
3. f3 ·M I(23,4)4→3 −M I(22,3)4→3 · f4 = 0
f3 ·M I(23,4)4→3 =

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

·

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

=

1 4 7 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0 0 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0

·

1 7 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0
1 0 0 0 0 1 0 0 0 1
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

1 7 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0

=

1 7 1 3 3
1 1 0 0 0 0
15 0 0 0 0 0
7 0 1 0 0 0
4 0 0 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

2932
M
I(22,3)
4→3 · f4 =

9 7 7
9 1 0 0
7 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1
 ·

1 7 1 3 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 1 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

=

1 8 7 3 1 3
1 1 0 0 0 0 0
8 0 1 0 0 0 0
7 0 0 0 0 0 0
7 0 0 1 0 0 0
4 0 0 0 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

1 7 1 3 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 1 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

=

1 7 1 3 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 0 0 0 0
7 0 1 0 0 0
4 0 0 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

=

1 7 1 3 3
1 1 0 0 0 0
15 0 0 0 0 0
7 0 1 0 0 0
4 0 0 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

f3 ·M I(23,4)4→3 −M I(22,3)4→3 · f4 =

1 7 1 3 3
1 1 0 0 0 0
15 0 0 0 0 0
7 0 1 0 0 0
4 0 0 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

−

1 7 1 3 3
1 1 0 0 0 0
15 0 0 0 0 0
7 0 1 0 0 0
4 0 0 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

=
[15
34 0
]
4. f4 ·M I(23,4)5→4 −M I(22,3)5→4 · f5 = 0
f4 ·M I(23,4)5→4 =

1 7 1 3 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 1 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

·

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

=

1 3 1 3 1 3 3
1 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 0 0 1′ 91′
1 0 0 0 0 1 0 0
3 0 0 0 0 0 0 91′

·

1 3 1 3
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
8 0 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 91′

=

1 3 1 3
1 1 0 0 0
11 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 91′

M
I(22,3)
5→4 · f5 =

4 1 3 4
1 0 1 0 0
4 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

·

5 3
4 0 0
5 1 0
3 0 91′
 =

4 1 3 1 3
1 0 1 0 0 0
4 1 0 0 0 0
7 0 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·

1 3 1 3
4 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 91′
 =

1 3 1 3
1 1 0 0 0
4 0 0 0 0
7 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 91′

=

1 3 1 3
1 1 0 0 0
11 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 91′

f4 ·M I(23,4)5→4 −M I(22,3)5→4 · f5 =

1 3 1 3
1 1 0 0 0
11 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 91′

−

1 3 1 3
1 1 0 0 0
11 0 0 0 0
1 1 0 0 0
3 0 1 0 0
3 0 0 0 0
1 0 0 1 0
3 0 0 0 91′

=
[ 8
23 0
]
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5. f3 ·M I(23,4)6→3 −M I(22,3)6→3 · f6 = 0
f3 ·M I(23,4)6→3 =

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

·

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

=

1 3 1 3 1 3 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0

·

1 3 1 3 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0

=

1 3 1 3 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1
1 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 91 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0

=

1 3 1 3 4 4
1 1 0 0 0 0 0
11 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 1 0 1 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 91′ 1′
4 0 0 0 0 0 1′
3 0 0 0 0 0 0

2934
M
I(22,3)
6→3 · f6 =

1 7 3 1 3 8
1 1 0 0 0 0 0
4 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

·

1 7 4 4
1 1 0 0 0
7 0 0 0 0
7 0 1 0 0
4 0 0 91′ 1′
4 0 0 0 1′
 =

1 7 3 1 3 4 4
1 1 0 0 0 0 0 0
4 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0
3 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 1 0 1 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
4 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0

·

1 3 1 3 4 4
1 1 0 0 0 0 0
7 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 91′ 1′
4 0 0 0 0 0 1′

=

1 3 1 3 4 4
1 1 0 0 0 0 0
4 0 0 0 0 0 0
7 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 1 0 1 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 91′ 1′
4 0 0 0 0 0 1′
3 0 0 0 0 0 0

=

1 3 1 3 4 4
1 1 0 0 0 0 0
11 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 1 0 1 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 91′ 1′
4 0 0 0 0 0 1′
3 0 0 0 0 0 0

f3 ·M I(23,4)6→3 −M I(22,3)6→3 · f6 =

1 3 1 3 4 4
1 1 0 0 0 0 0
11 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 1 0 1 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 91′ 1′
4 0 0 0 0 0 1′
3 0 0 0 0 0 0

−

1 3 1 3 4 4
1 1 0 0 0 0 0
11 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 1 0 1 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 91′ 1′
4 0 0 0 0 0 1′
3 0 0 0 0 0 0

=
[16
34 0
]
6. f6 ·M I(23,4)7→6 −M I(22,3)7→6 · f7 = 0
f6 ·M I(23,4)7→6 =

1 7 4 4
1 1 0 0 0
7 0 0 0 0
7 0 1 0 0
4 0 0 91′ 1′
4 0 0 0 1′
 ·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=

1 1 3 3 4 4
1 1 0 0 0 0 0
7 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 1 0 0 0
3 0 0 0 1 0 0
4 0 0 0 0 91′ 1′
4 0 0 0 0 0 1′

·

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

=

1 3 4
1 0 0 0
7 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 91′
4 0 0 0

=

1 3 4
8 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 91′
4 0 0 0

M
I(22,3)
7→6 · f7 =

1 4 3 4
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

·

4 4
4 0 0
4 1 0
4 0 91′
 =

1 3 1 3 4
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

·

1 3 4
1 0 0 0
3 0 0 0
1 1 0 0
3 0 1 0
4 0 0 91′
 =

1 3 4
1 0 0 0
3 0 0 0
1 0 0 0
3 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 91′
4 0 0 0

=

1 3 4
8 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 91′
4 0 0 0

f6 ·M I(23,4)7→6 −M I(22,3)7→6 · f7 =

1 3 4
8 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 91′
4 0 0 0

−

1 3 4
8 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 91′
4 0 0 0

=
[ 8
23 0
]
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Relations of the projection g : I(22, 3)→ I(22, 5) P
1. g2 ·M I(22,3)1→2 −M I(22,5)1→2 · g1 = 0
g2 ·M I(22,3)1→2 =

1 1 3 3 15
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0
 ·

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

=

1 1 3 3 4 4 1 3 3
3 0 0 1′ 91′ 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
3 0 0 0 91′ 0 0 0 0 0
 ·

1 3 4 1 3
1 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
4 0 0 1 0 0
4 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

=

1 3 4 1 3
3 0 0 0 0 0
1 1 0 0 0 0
3 0 91′ 0 0 0
 =

1 3 8
3 0 0 0
1 1 0 0
3 0 91′ 0

M
I(22,5)
1→2 · g1 =
[ 4
3 0
4 1
]
·
[ 1 3 8
1 1 0 0
3 0 91′ 0
]
=

1 3
3 0 0
1 1 0
3 0 1
 · [
1 3 8
1 1 0 0
3 0 91′ 0
]
=

1 3 8
3 0 0 0
1 1 0 0
3 0 91′ 0

g2 ·M I(22,3)1→2 −M I(22,5)1→2 · g1 =

1 3 8
3 0 0 0
1 1 0 0
3 0 91′ 0
−

1 3 8
3 0 0 0
1 1 0 0
3 0 91′ 0
 = [127 0 ]
2. g3 ·M I(22,3)2→3 −M I(22,5)2→3 · g2 = 0
g3 ·M I(22,3)2→3 =

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

·

1 3 1 3 8 1 2 1 1 2
1 1 0 0 0 0 1 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 8 3 1 2 1 1 2 1 1 2
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0

2936
·
1 1 1 1 1 1 1 1 8 1 2 1 1 2
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
8 0 0 0 0 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 8 1 2 1 1 2
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0 0 0

=

1 1 3 3 15
4 0 0 0 0 0
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0

M
I(22,5)
2→3 · g2 =
[ 7
4 0
7 1
]
·

1 1 3 3 15
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0
 =

3 1 3
4 0 0 0
3 1 0 0
1 0 1 0
3 0 0 1
 ·

1 1 3 3 15
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0
 =

1 1 3 3 15
4 0 0 0 0 0
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0

g3 ·M I(22,3)2→3 −M I(22,5)2→3 · g2 =

1 1 3 3 15
4 0 0 0 0 0
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0
−

1 1 3 3 15
4 0 0 0 0 0
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0
 =
[23
11 0
]
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3. g3 ·M I(22,3)4→3 −M I(22,5)4→3 · g4 = 0
g3 ·M I(22,3)4→3 =

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

·

9 7 7
9 1 0 0
7 0 0 0
7 0 1 0
4 0 0 0
7 0 0 1

=

1 1 1 1 1 1 1 1 1 1 1 1 4 7 4 7
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 1 7 7
1 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 0 0 0 0 1

=

1 1 1 1 1 1 1 1 1 7 7
1 0 0 0 0 91 0 0 0 1 0 0
1 0 0 0 91 0 0 0 1 0 0 0
1 0 0 91 0 0 0 1 0 0 0 0
1 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

=

1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
3 0 0 0 0

M
I(22,5)
4→3 · g4 =
[ 8
8 1
3 0
]
·
[ 1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
]
=

4 4
4 1 0
4 0 1
3 0 0
 · [
1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
]
=

1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
3 0 0 0 0

g3 ·M I(22,3)4→3 −M I(22,5)4→3 · g4 =

1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
3 0 0 0 0
−

1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
3 0 0 0 0
 = [2311 0 ]
4. g4 ·M I(22,3)5→4 −M I(22,5)5→4 · g5 = 0
g4 ·M I(22,3)5→4 =
[ 1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
]
·

4 1 3 4
1 0 1 0 0
4 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

=
[ 1 4 4 3 1 3 3 4
4 0 91′ 1′ 0 0 0 0 0
4 0 0 1′ 0 0 0 0 0
]
·

4 1 3 4
1 0 1 0 0
4 1 0 0 0
4 0 0 0 0
3 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 0
4 0 0 0 1

=
[ 4 1 3 4
4 91′ 0 0 0
4 0 0 0 0
]
=
[ 4 8
4 91′ 0
4 0 0
]
M
I(22,5)
5→4 · g5 =
[ 4
4 1
4 0
]
·
[ 4 8
4 91′ 0
]
=
[ 4 8
4 91′ 0
4 0 0
]
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g4 ·M I(22,3)5→4 −M I(22,5)5→4 · g5 =
[ 4 8
4 91′ 0
4 0 0
]
−
[ 4 8
4 91′ 0
4 0 0
]
=
[12
8 0
]
5. g3 ·M I(22,3)6→3 −M I(22,5)6→3 · g6 = 0
g3 ·M I(22,3)6→3 =

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

·

1 7 3 1 3 8
1 1 0 0 0 0 0
4 0 0 0 0 0 0
7 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3 8 3
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 3 1 3 8
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 1 0 0 0 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 1 0 0 91 91 0 0 0 0
1 0 0 1 0 0 91 91 0 0 0 0 0
1 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 15
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 91 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 0

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M
I(22,5)
6→3 · g6 =

3 1 3
3 1 0 0
1 0 1 0
3 1 0 1
1 0 1 0
3 0 0 1
 ·

1 3 1 3 15
1 0 0 1 0 0
3 0 1′ 0 91′ 0
3 0 0 0 91′ 0
 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1 15
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 0

=

1 1 1 1 1 1 1 1 15
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 91 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 0

g3 ·M I(22,3)6→3 −M I(22,5)6→3 · g6 =

1 1 1 1 1 1 1 1 15
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 91 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 0

−

1 1 1 1 1 1 1 1 15
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0 91 0
1 0 0 1 0 0 0 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 91 0
1 0 0 1 0 0 91 91 0 0
1 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 0

=
[23
11 0
]
6. g6 ·M I(22,3)7→6 −M I(22,5)7→6 · g7 = 0
g6 ·M I(22,3)7→6 =

1 3 1 3 15
1 0 0 1 0 0
3 0 1′ 0 91′ 0
3 0 0 0 91′ 0
 ·

1 4 3 4
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
4 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

=

1 3 1 3 1 3 3 4 4
1 0 0 1 0 0 0 0 0 0
3 0 1′ 0 91′ 0 0 0 0 0
3 0 0 0 91′ 0 0 0 0 0
 ·

1 3 1 3 4
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

=

1 3 1 3 4
1 1 0 0 0 0
3 0 91′ 0 0 0
3 0 91′ 0 0 0
 =

1 3 8
1 1 0 0
3 0 91′ 0
3 0 91′ 0

M
I(22,5)
7→6 · g7 =

1 3
1 1 0
3 0 1
3 0 1
 · [
1 3 8
1 1 0 0
3 0 91′ 0
]
=

1 3 8
1 1 0 0
3 0 91′ 0
3 0 91′ 0

g6 ·M I(22,3)7→6 −M I(22,5)7→6 · g7 =

1 3 8
1 1 0 0
3 0 91′ 0
3 0 91′ 0
−

1 3 8
1 1 0 0
3 0 91′ 0
3 0 91′ 0
 = [127 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 3 8
1 1 0 0
3 0 91′ 0
]
·

5 3
4 0 0
5 1 0
3 0 91′
 = [
1 3 5 3
1 1 0 0 0
3 0 91′ 0 0
]
·

5 3
1 0 0
3 0 0
5 1 0
3 0 91′
 =
[ 8
4 0
]
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2. g2 · f2 = 0
g2 · f2 =

1 1 3 3 15
3 0 0 1′ 91′ 0
1 0 1 0 0 0
3 0 0 0 91′ 0
 ·

1 8 3 1 3
1 1 0 0 91 0
7 0 0 0 0 0
8 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1′ 0 91′
3 0 0 0 0 91′

=

1 1 3 3 8 1 3 3
3 0 0 1′ 91′ 0 0 0 0
1 0 1 0 0 0 0 0 0
3 0 0 0 91′ 0 0 0 0
 ·

1 8 3 1 3
1 1 0 0 91 0
1 0 0 0 0 0
3 0 0 0 0 0
3 0 0 0 0 0
8 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1′ 0 91′
3 0 0 0 0 91′

=
[16
7 0
]
3. g3 · f3 = 0
g3 · f3 =

1 1 1 1 1 1 1 1 1 1 1 1 22
1 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0

·

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1
1 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 11 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91
1 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91
1 0 0 0 0 0 0 0 0 1 0 0 91 91
1 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0

=
[23
11 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 1 4 4 14
4 0 91′ 1′ 0
4 0 0 1′ 0
]
·

1 7 1 3 3
1 1 0 0 0 0
8 0 0 0 0 0
7 0 1 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

=
[ 1 4 4 7 3 1 3
4 0 91′ 1′ 0 0 0 0
4 0 0 1′ 0 0 0 0
]
·

1 7 1 3 3
1 1 0 0 0 0
4 0 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 0 1′ 91′
1 0 0 1 0 0
3 0 0 0 0 91′

=
[15
8 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 8
4 91′ 0
]
·

5 3
4 0 0
5 1 0
3 0 91′
 = [ 4 5 34 91′ 0 0 ] ·

5 3
4 0 0
5 1 0
3 0 91′
 = [ 84 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 3 1 3 15
1 0 0 1 0 0
3 0 1′ 0 91′ 0
3 0 0 0 91′ 0
 ·

1 7 4 4
1 1 0 0 0
7 0 0 0 0
7 0 1 0 0
4 0 0 91′ 1′
4 0 0 0 1′
 =

1 3 1 3 7 4 4
1 0 0 1 0 0 0 0
3 0 1′ 0 91′ 0 0 0
3 0 0 0 91′ 0 0 0
 ·

1 7 4 4
1 1 0 0 0
3 0 0 0 0
1 0 0 0 0
3 0 0 0 0
7 0 1 0 0
4 0 0 91′ 1′
4 0 0 0 1′

=
[16
7 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 3 8
1 1 0 0
3 0 91′ 0
]
·

4 4
4 0 0
4 1 0
4 0 91′
 = [
1 3 4 4
1 1 0 0 0
3 0 91′ 0 0
]
·

4 4
1 0 0
3 0 0
4 1 0
4 0 91′
 =
[ 8
4 0
]
152.5 Tree module property of I(6n+ 4, 3) 
The matrices of the representation have full (column) rank P
1. M I(6n+4,3)1→2 =

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

∈M6n+5,3n+3(k) is already in column echelon form and has maximal column rank.
2. M I(6n+4,3)2→3 =

1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
4n+3 0 0 0 0
2n+1 0 0 0 1
 ∈ M9n+7,6n+5(k) can be brought to column echelon form (as shown below) and has maximal column
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rank.
M
I(6n+4,3)
2→3 =

1 n 1 n 2n+2 1 n−1 1 1 n−1
1 1 0 0 0 0 1 0 0 0 0
n 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
n 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0
2n+2 0 0 0 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
n−1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 0 0 1

c6←c6−c1−−−−−−→

1 n 1 n 2n+2 1 n−1 1 1 n−1
1 1 0 0 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
n 0 1 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0
2n+2 0 0 0 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n−1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 0 1 0
n−1 0 0 0 0 0 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 0 0 1

=

1 n 1 n 2n+2 n 1 n
1 1 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
n 0 1 0 1 0 0 0 0
1 0 0 1 0 0 0 0 0
n 0 0 0 1 0 0 0 0
2n+2 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 1

3. M I(6n+4,3)4→3 =

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ∈M9n+7,6n+5(k) is already in column echelon form and has maximal column rank.
4. M I(6n+4,3)5→4 =

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

∈M6n+5,3n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+4,3)
5→4 =

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

c1↔c2−−−−→

1 n+1 n n+1
1 1 0 0 0
n+1 0 1 0 0
2n+1 0 0 0 0
1 1 0 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

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5. M I(6n+4,3)6→3 =

1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ∈M9n+7,6n+5(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+4,3)
6→3 =

1 2n+1 n 1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 1 0 0
n 0 0 1 0 1 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
2n+2 0 0 0 0 0 1
n 0 0 0 0 0 0

6. M I(6n+4,3)7→6 =

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

∈M6n+5,3n+3(k) is already in column echelon form and has maximal column rank.
152.5.1 0→ I(6n+ 5, 6) i→ I(6n+ 4, 3) p→ I(6n+ 4, 7)→ 0 
PdimI(6n+ 5, 6) + dimI(6n+ 4, 7) = (2n+ 2, 4n+ 4, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 2) + (n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 2, n+ 1)
= (3n+ 3, 6n+ 5, 9n+ 7, 6n+ 5, 3n+ 3, 6n+ 5, 3n+ 3) = dimI(6n+ 4, 3)
Pdimk Ext
1
kQ(I(6n+ 4, 7), I(6n+ 5, 6)) = dimk HomkQ(I(6n+ 4, 7), I(6n+ 5, 6))− 〈dimI(6n+ 4, 7),dimI(6n+ 5, 6)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 2, 2n+ 1, n+ 1, 2n+ 2, n+ 1), (2n+ 2, 4n+ 4, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 2)〉
= (n+ 1) · (4n+ 4) + (2n+ 1) · (6n+ 5) + (2n+ 1) · (6n+ 5) + (n+ 1) · (4n+ 4) + (2n+ 2) · (6n+ 5) + (n+ 1) · (4n+ 3)
−((n+ 1) · (2n+ 2)+(2n+ 1) · (4n+ 4)+(3n+ 2) · (6n+ 5)+(2n+ 1) · (4n+ 4)+(n+ 1) · (2n+ 2)+(2n+ 2) · (4n+ 3)+(n+ 1) · (2n+ 2))
= 4n2 + 8n+ 4 + 12n2 + 16n+ 5 + 12n2 + 16n+ 5 + 4n2 + 8n+ 4 + 12n2 + 22n+ 10 + 4n2 + 7n+ 3
− (2n2 + 4n+ 2 + 8n2 + 12n+ 4 + 18n2 + 27n+ 10 + 8n2 + 12n+ 4 + 2n2 + 4n+ 2 + 8n2 + 14n+ 6 + 2n2 + 4n+ 2)
= 1
Matrices of the embedding i : I(6n+ 5, 6)→ I(6n+ 4, 3) P
1. i1 =
[2n+2
2n+2 1
n+1 0
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
2. i2 =
[4n+4
4n+4 1
2n+1 0
]
∈M6n+5,4n+4(k) is already in column echelon form and has maximal column rank.
3. i3 =
[6n+5
6n+5 1
3n+2 0
]
∈M9n+7,6n+5(k) is already in column echelon form and has maximal column rank.
4. i4 =
[4n+4
4n+4 1
2n+1 0
]
∈M6n+5,4n+4(k) is already in column echelon form and has maximal column rank.
5. i5 =
[2n+2
2n+2 1
n+1 0
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
6. i6 =
[4n+3
4n+3 1
2n+2 0
]
∈M6n+5,4n+3(k) is already in column echelon form and has maximal column rank.
7. i7 =
[2n+2
2n+2 1
n+1 0
]
∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection p : I(6n+ 4, 3)→ I(6n+ 4, 7) P
1. p1 =
[2n+2 n+1
n+1 0 1
]
∈Mn+1,3n+3(k) is already in row echelon form and has maximal row rank.
2. p2 =
[4n+4 2n+1
2n+1 0 1
]
∈M2n+1,6n+5(k) is already in row echelon form and has maximal row rank.
3. p3 =
[6n+5 3n+2
3n+2 0 1
]
∈M3n+2,9n+7(k) is already in row echelon form and has maximal row rank.
4. p4 =
[4n+4 2n+1
2n+1 0 1
]
∈M2n+1,6n+5(k) is already in row echelon form and has maximal row rank.
5. p5 =
[2n+2 n+1
n+1 0 1
]
∈Mn+1,3n+3(k) is already in row echelon form and has maximal row rank.
6. p6 =
[4n+3 2n+2
2n+2 0 1
]
∈M2n+2,6n+5(k) is already in row echelon form and has maximal row rank.
7. p7 =
[2n+2 n+1
n+1 0 1
]
∈Mn+1,3n+3(k) is already in row echelon form and has maximal row rank.
Relations of the embedding i : I(6n+ 5, 6)→ I(6n+ 4, 3) P
1. i2 ·M I(6n+5,6)1→2 −M I(6n+4,3)1→2 · i1 = 0
i2 ·M I(6n+5,6)1→2 =
[4n+4
4n+4 1
2n+1 0
]
·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=

1 1 n n n+1 n+1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 1 0 0
n+1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
2n+1 0 0 0 0 0 0

·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0
2n+1 0 0 0

=

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
3n+2 0 0 0

M
I(6n+4,3)
1→2 · i1 =

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

·
[2n+2
2n+2 1
n+1 0
]
=

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

·

1 n n+1
1 1 0 0
n 0 1 0
n+1 0 0 1
1 0 0 0
n 0 0 0
 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0
1 0 0 0
n 0 0 0
n 0 0 0

=

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
3n+2 0 0 0

i2 ·M I(6n+5,6)1→2 −M I(6n+4,3)1→2 · i1 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
3n+2 0 0 0

−

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
3n+2 0 0 0

=
[2n+2
6n+5 0
]
2. i3 ·M I(6n+5,6)2→3 −M I(6n+4,3)2→3 · i2 = 0
i3 ·M I(6n+5,6)2→3 =
[6n+5
6n+5 1
3n+2 0
]
·


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=

2n+2 n+1 2n+2 n
2n+2 1 0 0 0
n+1 0 1 0 0
2n+2 0 0 1 0
n 0 0 0 1
3n+2 0 0 0 0
 ·

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

n+2 2n+1 3n+2
n+2 1 0 0
2n+1 0 1 0
3n+2 0 0 1
3n+2 0 0 0
 ·

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0

=

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
3n+2 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
3n+2 0 0 0
 =

1 n+1 n 2n+2
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 1
n 0 0 0 0
3n+2 0 0 0 0

+

1 n n+1 2n+2
1 0 0 0 0
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
2n+2 0 0 0 0
n 0 0 0 0
3n+2 0 0 0 0

=

1 n 1 n 2n+2
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+2 0 0 0 0 1
4n+2 0 0 0 0 0

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I(6n+4,3)
2→3 · i2 =


1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
4n+3 0 0 0 0
2n+1 0 0 0 1


·
[4n+4
4n+4 1
2n+1 0
]
=

1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

·

1 2n+1 2n+2
1 1 0 0
2n+1 0 1 0
2n+2 0 0 1
1 0 0 0
2n 0 0 0
+

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
4n+3 0 0 0 0
2n+1 0 0 0 1
 ·

1 2n+1 2n+2
1 1 0 0
2n+1 0 1 0
2n+2 0 0 1
2n+1 0 0 0

=

1 2n+1 2n+2
1 1 0 0
2n+1 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0
1 0 0 0
2n 0 0 0
n+1 0 0 0

+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
4n+3 0 0 0
2n+1 0 0 0
 =

1 n+1 n 2n+2
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 1
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0

+

1 n n+1 2n+2
1 0 0 0 0
n+1 0 0 0 0
n 0 1 0 0
n+1 0 0 1 0
2n+2 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0

=

1 n 1 n 2n+2
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+2 0 0 0 0 1
4n+2 0 0 0 0 0

i3 ·M I(6n+5,6)2→3 −M I(6n+4,3)2→3 · i2 =

1 n 1 n 2n+2
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+2 0 0 0 0 1
4n+2 0 0 0 0 0

−

1 n 1 n 2n+2
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 1 0 1 0
1 0 0 1 0 0
n 0 0 0 1 0
2n+2 0 0 0 0 1
4n+2 0 0 0 0 0

=
[4n+4
9n+7 0
]
3. i3 ·M I(6n+5,6)4→3 −M I(6n+4,3)4→3 · i4 = 0
i3 ·M I(6n+5,6)4→3 =
[6n+5
6n+5 1
3n+2 0
]
·

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 =

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 1 0
2n+1 0 0 1
3n+2 0 0 0
 ·

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
3n+2 0 0

M
I(6n+4,3)
4→3 · i4 =

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ·
[4n+4
4n+4 1
2n+1 0
]
=

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ·

2n+3 2n+1
2n+3 1 0
2n+1 0 1
2n+1 0 0
 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
n+1 0 0
2n+1 0 0
 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
3n+2 0 0

i3 ·M I(6n+5,6)4→3 −M I(6n+4,3)4→3 · i4 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
3n+2 0 0
−

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
3n+2 0 0
 =
[4n+4
9n+7 0
]
4. i4 ·M I(6n+5,6)5→4 −M I(6n+4,3)5→4 · i5 = 0
i4 ·M I(6n+5,6)5→4 =
[4n+4
4n+4 1
2n+1 0
]
·

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 =

1 n+1 2n+1 1 n
1 1 0 0 0 0
n+1 0 1 0 0 0
2n+1 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
2n+1 0 0 0 0 0

·

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

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M
I(6n+4,3)
5→4 · i5 =

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

·
[2n+2
2n+2 1
n+1 0
]
=

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

·

n+1 1 n
n+1 1 0 0
1 0 1 0
n 0 0 1
n+1 0 0 0
 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
n 0 0 0
n+1 0 0 0

=

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

i4 ·M I(6n+5,6)5→4 −M I(6n+4,3)5→4 · i5 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

−

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
2n+1 0 0 0

=
[2n+2
6n+5 0
]
5. i3 ·M I(6n+5,6)6→3 −M I(6n+4,3)6→3 · i6 = 0
i3 ·M I(6n+5,6)6→3 =
[6n+5
6n+5 1
3n+2 0
]
·


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

=

1 n+1 4n+2 n+1
1 1 0 0 0
n+1 0 1 0 0
4n+2 0 0 1 0
n+1 0 0 0 1
3n+2 0 0 0 0
 ·

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+

4n+4 2n+1
4n+4 1 0
2n+1 0 1
3n+2 0 0
 · [
2n+2 2n+1
4n+4 0 0
2n+1 0 1
]
=

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
3n+2 0 0
+

2n+2 2n+1
4n+4 0 0
2n+1 0 1
3n+2 0 0
 =

1 2n+1 n+1 n
1 1 0 0 0
n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
3n+2 0 0 0 0

+

1 2n+1 n n+1
1 0 0 0 0
n+1 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
3n+2 0 0 0 0

=

1 2n+1 n 1 n
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1
3n+2 0 0 0 0 0

M
I(6n+4,3)
6→3 · i6 =


1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·
[4n+3
4n+3 1
2n+2 0
]
=

1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

·

1 4n+2
1 1 0
4n+2 0 1
2n+2 0 0
+

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ·

2n+2 2n+1
2n+2 1 0
2n+1 0 1
2n+2 0 0

=

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
2n+2 0 0
n 0 0

+

2n+2 2n+1
4n+4 0 0
2n+1 0 1
3n+2 0 0
 =

1 2n+1 n+1 n
1 1 0 0 0
n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n+1 0 0 0 0
2n+2 0 0 0 0
n 0 0 0 0

+

1 2n+1 n n+1
1 0 0 0 0
n+1 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1
2n+2 0 0 0 0
n 0 0 0 0

=

1 2n+1 n 1 n
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1
3n+2 0 0 0 0 0

i3 ·M I(6n+5,6)6→3 −M I(6n+4,3)6→3 · i6 =

1 2n+1 n 1 n
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1
3n+2 0 0 0 0 0

−

1 2n+1 n 1 n
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 1 0 1
1 0 0 0 1 0
n 0 0 0 0 1
3n+2 0 0 0 0 0

=
[4n+3
9n+7 0
]
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6. i6 ·M I(6n+5,6)7→6 −M I(6n+4,3)7→6 · i7 = 0
i6 ·M I(6n+5,6)7→6 =
[4n+3
4n+3 1
2n+2 0
]
·

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

1 n 1 n+1 n n
1 1 0 0 0 0 0
n 0 1 0 0 0 0
1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1
2n+2 0 0 0 0 0 0

·

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1
2n+2 0 0 0

M
I(6n+4,3)
7→6 · i7 =

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

·
[2n+2
2n+2 1
n+1 0
]
=

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

·

1 n+1 n
1 1 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1
n+1 0 0 0
n+1 0 0 0

=

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1
2n+2 0 0 0

i6 ·M I(6n+5,6)7→6 −M I(6n+4,3)7→6 · i7 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1
2n+2 0 0 0

−

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1
2n+2 0 0 0

=
[2n+2
6n+5 0
]
Relations of the projection p : I(6n+ 4, 3)→ I(6n+ 4, 7) P
1. p2 ·M I(6n+4,3)1→2 −M I(6n+4,7)1→2 · p1 = 0
p2 ·M I(6n+4,3)1→2 =
[4n+4 2n+1
2n+1 0 1
]
·

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

=

1 1 n n n+1 n+1 1 n n
1 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 1
 ·

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

=

1 n n+1 1 n
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1
 =

2n+2 1 n
1 0 1 0
n 0 0 1
n 0 0 1

M
I(6n+4,7)
1→2 · p1 =

1 n
1 1 0
n 0 1
n 0 1
 · [2n+2 n+1n+1 0 1 ] =

1 n
1 1 0
n 0 1
n 0 1
 · [
2n+2 1 n
1 0 1 0
n 0 0 1
]
=

2n+2 1 n
1 0 1 0
n 0 0 1
n 0 0 1

p2 ·M I(6n+4,3)1→2 −M I(6n+4,7)1→2 · p1 =

2n+2 1 n
1 0 1 0
n 0 0 1
n 0 0 1
−

2n+2 1 n
1 0 1 0
n 0 0 1
n 0 0 1
 = [3n+32n+1 0 ]
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2. p3 ·M I(6n+4,3)2→3 −M I(6n+4,7)2→3 · p2 = 0
p3 ·M I(6n+4,3)2→3 =
[6n+5 3n+2
3n+2 0 1
]
·


1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
4n+3 0 0 0 0
2n+1 0 0 0 1


=

1 2n+1 n+1 2n+2 n 1 2n n+1
1 0 0 0 0 0 1 0 0
2n 0 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0 1
 ·

1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+
[n+2 2n+1 3n+2 n+1 2n+1
n+1 0 0 0 1 0
2n+1 0 0 0 0 1
]
·

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
3n+2 0 0 0 0
n+1 0 0 0 0
2n+1 0 0 0 1

=

1 2n+1 2n+2 1 2n
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0
+ [
1 2n+1 2n+2 2n+1
n+1 0 0 0 0
2n+1 0 0 0 1
]
=

1 2n+1 2n+2 1 n 1 n−1
1 0 0 0 1 0 0 0
n 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0
+

1 2n+1 2n+2 1 n−1 n+1
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 0
n−1 0 0 0 0 1 0
n+1 0 0 0 0 0 1
=

4n+4 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
I(6n+4,7)
2→3 · p2 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·
[4n+4 2n+1
2n+1 0 1
]
=
[2n+1
2n+1 1
n+1 0
]
·
[4n+4 2n+1
2n+1 0 1
]
+
[2n+1
n+1 0
2n+1 1
]
·
[4n+4 2n+1
2n+1 0 1
]
=
[4n+4 2n+1
2n+1 0 1
n+1 0 0
]
+
[4n+4 2n+1
n+1 0 0
2n+1 0 1
]
=

4n+4 n+1 n
n+1 0 1 0
n 0 0 1
n+1 0 0 0
+

4n+4 n n+1
n+1 0 0 0
n 0 1 0
n+1 0 0 1
 =

4n+4 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

p3 ·M I(6n+4,3)2→3 −M I(6n+4,7)2→3 · p2 =

4n+4 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
−

4n+4 n 1 n
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
 =
[6n+5
3n+2 0
]
3. p3 ·M I(6n+4,3)4→3 −M I(6n+4,7)4→3 · p4 = 0
p3 ·M I(6n+4,3)4→3 =
[6n+5 3n+2
3n+2 0 1
]
·

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 =
[2n+3 2n+1 2n+1 n+1 2n+1
n+1 0 0 0 1 0
2n+1 0 0 0 0 1
]
·

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 =
[2n+3 2n+1 2n+1
n+1 0 0 0
2n+1 0 0 1
]
=
[4n+4 2n+1
n+1 0 0
2n+1 0 1
]
M
I(6n+4,7)
4→3 · p4 =
[2n+1
n+1 0
2n+1 1
]
·
[4n+4 2n+1
2n+1 0 1
]
=
[4n+4 2n+1
n+1 0 0
2n+1 0 1
]
p3 ·M I(6n+4,3)4→3 −M I(6n+4,7)4→3 · p4 =
[4n+4 2n+1
n+1 0 0
2n+1 0 1
]
−
[4n+4 2n+1
n+1 0 0
2n+1 0 1
]
=
[6n+5
3n+2 0
]
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4. p4 ·M I(6n+4,3)5→4 −M I(6n+4,7)5→4 · p5 = 0
p4 ·M I(6n+4,3)5→4 =
[4n+4 2n+1
2n+1 0 1
]
·

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

=
[ 1 n+1 2n+1 1 n n n+1
n 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 1
]
·

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

=
[n+1 1 n n+1
n 0 0 0 0
n+1 0 0 0 1
]
=
[2n+2 n+1
n 0 0
n+1 0 1
]
M
I(6n+4,7)
5→4 · p5 =
[n+1
n 0
n+1 1
]
·
[2n+2 n+1
n+1 0 1
]
=
[2n+2 n+1
n 0 0
n+1 0 1
]
p4 ·M I(6n+4,3)5→4 −M I(6n+4,7)5→4 · p5 =
[2n+2 n+1
n 0 0
n+1 0 1
]
−
[2n+2 n+1
n 0 0
n+1 0 1
]
=
[3n+3
2n+1 0
]
5. p3 ·M I(6n+4,3)6→3 −M I(6n+4,7)6→3 · p6 = 0
p3 ·M I(6n+4,3)6→3 =
[6n+5 3n+2
3n+2 0 1
]
·


1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=
[ 1 n+1 4n+2 n+1 2n+2 n
2n+2 0 0 0 0 1 0
n 0 0 0 0 0 1
]
·

1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+
[4n+4 2n+1 3n+2
3n+2 0 0 1
]
·

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0

=
[ 1 4n+2 2n+2
2n+2 0 0 1
n 0 0 0
]
+
[2n+2 2n+1 2n+2
3n+2 0 0 0
]
=
[ 1 2n+1 2n+1 2n+2
2n+2 0 0 0 1
n 0 0 0 0
]
+
[ 1 2n+1 2n+1 2n+2
2n+2 0 0 0 0
n 0 0 0 0
]
=
[4n+3 2n+2
2n+2 0 1
n 0 0
]
M
I(6n+4,7)
6→3 · p6 =
[2n+2
2n+2 1
n 0
]
·
[4n+3 2n+2
2n+2 0 1
]
=
[4n+3 2n+2
2n+2 0 1
n 0 0
]
p3 ·M I(6n+4,3)6→3 −M I(6n+4,7)6→3 · p6 =
[4n+3 2n+2
2n+2 0 1
n 0 0
]
−
[4n+3 2n+2
2n+2 0 1
n 0 0
]
=
[6n+5
3n+2 0
]
6. p6 ·M I(6n+4,3)7→6 −M I(6n+4,7)7→6 · p7 = 0
p6 ·M I(6n+4,3)7→6 =
[4n+3 2n+2
2n+2 0 1
]
·

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

=
[ 1 n 1 n+1 n n n+1 n+1
n+1 0 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0 1
]
·

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

=
[ 1 n+1 n n+1
n+1 0 0 0 1
n+1 0 0 0 0
]
=
[2n+2 n+1
n+1 0 1
n+1 0 0
]
M
I(6n+4,7)
7→6 · p7 =
[n+1
n+1 1
n+1 0
]
·
[2n+2 n+1
n+1 0 1
]
=
[2n+2 n+1
n+1 0 1
n+1 0 0
]
p6 ·M I(6n+4,3)7→6 −M I(6n+4,7)7→6 · p7 =
[2n+2 n+1
n+1 0 1
n+1 0 0
]
−
[2n+2 n+1
n+1 0 1
n+1 0 0
]
=
[3n+3
2n+2 0
]
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The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[2n+2 n+1
n+1 0 1
]
·
[2n+2
2n+2 1
n+1 0
]
=
[2n+2
n+1 0
]
2. p2 · i2 = 0
p2 · i2 =
[4n+4 2n+1
2n+1 0 1
]
·
[4n+4
4n+4 1
2n+1 0
]
=
[4n+4
2n+1 0
]
3. p3 · i3 = 0
p3 · i3 =
[6n+5 3n+2
3n+2 0 1
]
·
[6n+5
6n+5 1
3n+2 0
]
=
[6n+5
3n+2 0
]
4. p4 · i4 = 0
p4 · i4 =
[4n+4 2n+1
2n+1 0 1
]
·
[4n+4
4n+4 1
2n+1 0
]
=
[4n+4
2n+1 0
]
5. p5 · i5 = 0
p5 · i5 =
[2n+2 n+1
n+1 0 1
]
·
[2n+2
2n+2 1
n+1 0
]
=
[2n+2
n+1 0
]
6. p6 · i6 = 0
p6 · i6 =
[4n+3 2n+2
2n+2 0 1
]
·
[4n+3
4n+3 1
2n+2 0
]
=
[4n+3
2n+2 0
]
7. p7 · i7 = 0
p7 · i7 =
[2n+2 n+1
n+1 0 1
]
·
[2n+2
2n+2 1
n+1 0
]
=
[2n+2
n+1 0
]
152.5.2 0→ I(6n+ 5, 4) f→ I(6n+ 4, 3) g→ I(6n+ 4, 5)→ 0 
PdimI(6n+ 5, 4) + dimI(6n+ 4, 5) = (2n+ 2, 4n+ 4, 6n+ 5, 4n+ 3, 2n+ 2, 4n+ 4, 2n+ 2) + (n+ 1, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n+ 1)
= (3n+ 3, 6n+ 5, 9n+ 7, 6n+ 5, 3n+ 3, 6n+ 5, 3n+ 3) = dimI(6n+ 4, 3)
Pdimk Ext
1
kQ(I(6n+ 4, 5), I(6n+ 5, 4)) = dimk HomkQ(I(6n+ 4, 5), I(6n+ 5, 4))− 〈dimI(6n+ 4, 5),dimI(6n+ 5, 4)〉
= 0− 〈(n+ 1, 2n+ 1, 3n+ 2, 2n+ 2, n+ 1, 2n+ 1, n+ 1), (2n+ 2, 4n+ 4, 6n+ 5, 4n+ 3, 2n+ 2, 4n+ 4, 2n+ 2)〉
= (n+ 1) · (4n+ 4) + (2n+ 1) · (6n+ 5) + (2n+ 2) · (6n+ 5) + (n+ 1) · (4n+ 3) + (2n+ 1) · (6n+ 5) + (n+ 1) · (4n+ 4)
−((n+ 1) · (2n+ 2)+(2n+ 1) · (4n+ 4)+(3n+ 2) · (6n+ 5)+(2n+ 2) · (4n+ 3)+(n+ 1) · (2n+ 2)+(2n+ 1) · (4n+ 4)+(n+ 1) · (2n+ 2))
= 4n2 + 8n+ 4 + 12n2 + 16n+ 5 + 12n2 + 22n+ 10 + 4n2 + 7n+ 3 + 12n2 + 16n+ 5 + 4n2 + 8n+ 4
− (2n2 + 4n+ 2 + 8n2 + 12n+ 4 + 18n2 + 27n+ 10 + 8n2 + 14n+ 6 + 2n2 + 4n+ 2 + 8n2 + 12n+ 4 + 2n2 + 4n+ 2)
= 1
Matrices of the embedding f : I(6n+ 5, 4)→ I(6n+ 4, 3) P
1. f1 =

n+2 n
n+1 0 0
n+2 1 0
n 0 91′
 ∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
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2. f2 =

1 2n+2 n+1 n
1 1 0 0 0
2n+1 0 0 0 0
2n+2 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 1 n
1 0 91 0
4n+4 0 0 0
n 0 0 91′
n 0 0 0
 ∈M6n+5,4n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f2 =

1 2n+2 n 1 n
1 1 0 0 91 0
2n+1 0 0 0 0 0
2n+2 0 1 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 91′
n 0 0 0 0 91′

c4←c4+c1−−−−−−→

1 2n+2 n 1 n
1 1 0 0 0 0
2n+1 0 0 0 0 0
2n+2 0 1 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 91′
n 0 0 0 0 91′

c3↔c4−−−−→

1 2n+2 1 n n
1 1 0 0 0 0
2n+1 0 0 0 0 0
2n+2 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 1′ 91′
n 0 0 0 0 91′

=

1 2n+3 n n
1 1 0 0 0
2n+1 0 0 0 0
2n+3 0 1 0 0
n 0 0 1′ 91′
n 0 0 0 91′

c4←c4+c3−−−−−−→

1 2n+3 n n
1 1 0 0 0
2n+1 0 0 0 0
2n+3 0 1 0 0
n 0 0 1′ 0
n 0 0 0 91′

3. f3 =

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

5n+5 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0
 +

5n+5 n
7n+7 0 0
n 0 91′
n 0 0
 ∈ M9n+7,6n+5(k) can be brought to column echelon form (as shown below) and has maximal
column rank.
f3 =

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

5n+5 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0
+

5n+5 n
7n+7 0 0
n 0 91′
n 0 0

=

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

1 3n+2 n+1 n+1 n
6n+6 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 91′
n+1 0 0 0 0 0
+

1 3n+2 n+1 n+1 n
7n+7 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 8n+8 ... 9n+7
R2 = rows: 7n+8 ... 8n+7

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

1 3n+2 n+1 n+1 n
6n+6 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 91′
n+1 0 0 0 0 0
+

1 3n+2 n+1 n+1 n
7n+7 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 8n+8 ... 9n+7
R2 = rows: 6n+7 ... 7n+6

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

1 3n+2 n+1 n+1 n
6n+6 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 91′
n+1 0 0 0 0 0
+

1 3n+2 n+1 n+1 n
7n+7 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
 R2←R2−R1−−−−−−−−−−−−−−−−→
R1 = rows: 8n+8 ... 9n+7
R2 = rows: 7n+7 ... 8n+6
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
1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

1 3n+2 n+1 n+1 n
6n+6 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
+

1 3n+2 n+1 n+1 n
7n+7 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0

=

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

c4←c4+c3−−−−−−→

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 0 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

4. f4 =

1 2n+1 n+1 n
1 1 0 0 0
2n+2 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 n
4n+4 0 0
n 0 91′
n+1 0 0
 ∈M6n+5,4n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f4 =

1 2n+1 1 n n
1 1 0 0 0 0
2n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 0 1′ 91′
1 0 0 1 0 0
n 0 0 0 0 91′

c3↔c4−−−−→

1 2n+1 n 1 n
1 1 0 0 0 0
2n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1′ 0 91′
1 0 0 0 1 0
n 0 0 0 0 91′

c5←c5+c3−−−−−−→

1 2n+1 n 1 n
1 1 0 0 0 0
2n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1′ 0 0
1 0 0 0 1 0
n 0 0 0 0 91′

5. f5 =

n+2 n
n+1 0 0
n+2 1 0
n 0 91′
 ∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′
 ∈M6n+5,4n+4(k) can be brought to column echelon form (as shown below) and has maximal column rank.
f6 =

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′

c4←c4+c3−−−−−−→

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 0
n+1 0 0 0 1′

7. f7 =

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 91′
 ∈M3n+3,2n+2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n+ 4, 3)→ I(6n+ 4, 5) P
1. g1 =
[ 1 n 2n+2
1 1 0 0
n 0 91′ 0
]
∈Mn+1,3n+3(k) is already in row echelon form and has maximal row rank.
2. g2 =
[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+
[n+2 n 4n+3
n 0 91′ 0
n+1 0 0 0
]
∈M2n+1,6n+5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 1 n n 4n+3
n 0 0 1′ 91′ 0
1 0 1 0 0 0
n 0 0 0 91′ 0
 r1↔r2−−−−→

1 1 n n 4n+3
1 0 1 0 0 0
n 0 0 1′ 91′ 0
n 0 0 0 91′ 0

3. g3 =

1 n+1 n+1 n 6n+4
n+1 0 91′ 1′ 0 0
n+1 0 0 1′ 0 0
n 0 0 0 91′ 0
+

2n+3 n 6n+4
1 0 0 0
n 0 91′ 0
n 0 91′ 0
n+1 0 0 0
+

2n+3 n 6n+4
n+2 0 0 0
n 0 91′ 0
n 0 0 0
 ∈M3n+2,9n+7(k) can be brought to row echelon form (as shown below) and has maximal
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row rank.
g3 =

1 1 n−1 1 1 n−1 1 1 n−1 6n+4
1 0 0 0 91 0 0 1 0 0 0
n−1 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 91 0 0

+

2n+3 n−1 1 6n+4
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0
n−1 0 91′ 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

r1↔r3−−−−→

1 1 n−1 1 1 n−1 1 1 n−1 6n+4
1 0 91 0 0 1 0 0 91 0 0
n−1 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 91 0 0

+

2n+3 n−1 1 6n+4
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0
n−1 0 91′ 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0

r4↔r6−−−−→

1 1 n−1 1 1 n−1 1 1 n−1 6n+4
1 0 91 0 0 1 0 0 91 0 0
n−1 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 91 0 0

+

2n+3 n−1 1 6n+4
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 91′ 0 0
1 0 0 91 0
n−1 0 0 0 0
1 0 0 0 0

r7↔r8−−−−→

1 1 n−1 1 1 n−1 1 1 n−1 6n+4
1 0 91 0 0 1 0 0 91 0 0
n−1 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 91′ 0

+

2n+3 n−1 1 6n+4
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 91′ 0 0
1 0 0 91 0
1 0 0 0 0
n−1 0 0 0 0

4. g4 =
[ 1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
]
∈M2n+2,6n+5(k) is already in row echelon form and has maximal row rank.
5. g5 =
[n+1 2n+2
n+1 91′ 0
]
∈Mn+1,3n+3(k) is already in row echelon form and has maximal row rank.
6. g6 =
[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 0 0
 ∈M2n+1,6n+5(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 n 1 n 4n+3
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0
 r1↔r2−−−−→

1 n 1 n 4n+3
n 0 1′ 0 91′ 0
1 0 0 1 0 0
n 0 0 0 91′ 0

7. g7 =
[ 1 n 2n+2
1 1 0 0
n 0 91′ 0
]
∈Mn+1,3n+3(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(6n+ 5, 4)→ I(6n+ 4, 3) P
1. f2 ·M I(6n+5,4)1→2 −M I(6n+4,3)1→2 · f1 = 0
f2 ·M I(6n+5,4)1→2 =


1 2n+2 n+1 n
1 1 0 0 0
2n+1 0 0 0 0
2n+2 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 1 n
1 0 91 0
4n+4 0 0 0
n 0 0 91′
n 0 0 0


·

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

=

1 n+1 n+1 n 1 n
1 1 0 0 0 0 0
2n+1 0 0 0 0 0 0
n+1 0 1 0 0 0 0
n+1 0 0 1 0 0 0
1 0 0 0 0 1 0
n 0 0 0 1′ 0 0
n 0 0 0 0 0 91′

·

n+1 1 n
1 0 1 0
n+1 1 0 0
n+1 0 0 0
n 0 0 0
1 0 1 0
n 0 0 1

+

1 n+1 2n+1 1 n
1 0 0 0 91 0
4n+4 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 0
 ·

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1

=

n+1 1 n
1 0 1 0
2n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
1 0 1 0
n 0 0 0
n 0 0 91′

+

n+1 1 n
1 0 91 0
4n+4 0 0 0
n 0 0 91′
n 0 0 0
 =

n+1 1 n
1 0 1 0
2n+1 0 0 0
n+1 1 0 0
n+1 0 0 0
1 0 1 0
n 0 0 0
n 0 0 91′

+

n+1 1 n
1 0 91 0
2n+1 0 0 0
n+1 0 0 0
n+1 0 0 0
1 0 0 0
n 0 0 91′
n 0 0 0

=

n+1 1 n
2n+2 0 0 0
n+1 1 0 0
n+1 0 0 0
1 0 1 0
n 0 0 91′
n 0 0 91′

M
I(6n+4,3)
1→2 · f1 =

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

·

n+2 n
n+1 0 0
n+2 1 0
n 0 91′
 =

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

·

n+1 1 n
1 0 0 0
n 0 0 0
n+1 1 0 0
1 0 1 0
n 0 0 91′
 =

n+1 1 n
1 0 0 0
1 0 0 0
n 0 0 0
n 0 0 0
n+1 1 0 0
n+1 0 0 0
1 0 1 0
n 0 0 91′
n 0 0 91′

=

n+1 1 n
2n+2 0 0 0
n+1 1 0 0
n+1 0 0 0
1 0 1 0
n 0 0 91′
n 0 0 91′

f2 ·M I(6n+5,4)1→2 −M I(6n+4,3)1→2 · f1 =

n+1 1 n
2n+2 0 0 0
n+1 1 0 0
n+1 0 0 0
1 0 1 0
n 0 0 91′
n 0 0 91′

−

n+1 1 n
2n+2 0 0 0
n+1 1 0 0
n+1 0 0 0
1 0 1 0
n 0 0 91′
n 0 0 91′

=
[2n+2
6n+5 0
]
2. f3 ·M I(6n+5,4)2→3 −M I(6n+4,3)2→3 · f2 = 0
f3 ·M I(6n+5,4)2→3 =


1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

5n+5 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0
+

5n+5 n
7n+7 0 0
n 0 91′
n 0 0


·

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1

=

1 2n+2 n n+1 n+1 n
1 1 0 0 0 0 0
3n+2 0 0 0 0 0 0
2n+2 0 1 0 0 0 0
n 0 0 1 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
n 0 0 0 0 0 91′

·

1 2n+2 n+1 n
1 1 0 0 0
2n+2 0 1 0 0
n 0 0 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n 0 0 0 1

+

2n+3 2n+1 n+1 n
6n+6 0 0 0 0
n 0 0 0 91′
n 0 0 0 91′
n+1 0 0 0 0
 ·

2n+3 n+1 n
2n+3 1 0 0
2n+1 0 0 0
n+1 0 1 0
n 0 0 1

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+
2n+3 2n+1 n+1 n
7n+7 0 0 0 0
n 0 0 0 91′
n 0 0 0 0
 ·

2n+3 n+1 n
2n+3 1 0 0
2n+1 0 0 0
n+1 0 1 0
n 0 0 1
 =

1 2n+2 n+1 n
1 1 0 0 0
3n+2 0 0 0 0
2n+2 0 1 0 0
n 0 0 0 0
n+1 0 0 1′ 0
n+1 0 0 1′ 0
n 0 0 0 91′

+

2n+3 n+1 n
6n+6 0 0 0
n 0 0 91′
n 0 0 91′
n+1 0 0 0
+

2n+3 n+1 n
7n+7 0 0 0
n 0 0 91′
n 0 0 0

=

1 2n+2 n+1 n
1 1 0 0 0
3n+2 0 0 0 0
2n+2 0 1 0 0
n 0 0 0 0
n+1 0 0 1′ 0
n+1 0 0 1′ 0
n 0 0 0 91′

+

1 2n+2 n+1 n
6n+6 0 0 0 0
n 0 0 0 91′
n 0 0 0 91′
n+1 0 0 0 0
+

1 2n+2 n+1 n
7n+7 0 0 0 0
n 0 0 0 91′
n 0 0 0 0
 =

1 2n+2 n 1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 0
1 0 0 0 1 0
n 0 0 1′ 0 91′
n 0 0 0 0 91′

+

3n+4 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0

M
I(6n+4,3)
2→3 · f2 =


1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
4n+3 0 0 0 0
2n+1 0 0 0 1


·


1 2n+2 n+1 n
1 1 0 0 0
2n+1 0 0 0 0
2n+2 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 1 n
1 0 91 0
4n+4 0 0 0
n 0 0 91′
n 0 0 0


=

1 2n+1 2n+2 1 n n
1 1 0 0 1 0 0
2n+1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
2n+2 0 0 1 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1
n+1 0 0 0 0 0 0

·

1 2n+2 n 1 n
1 1 0 0 0 0
2n+1 0 0 0 0 0
2n+2 0 1 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 0
n 0 0 0 0 91′

+

1 2n+1 2n+2 1 n n
1 1 0 0 1 0 0
2n+1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
2n+2 0 0 1 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1
n+1 0 0 0 0 0 0

·

3n+3 1 n
1 0 91 0
2n+1 0 0 0
2n+2 0 0 0
1 0 0 0
n 0 0 91′
n 0 0 0

+

1 2n+1 2n+2 n+1 n
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
4n+3 0 0 0 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1
 ·

1 2n+2 n+1 n
1 1 0 0 0
2n+1 0 0 0 0
2n+2 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

1 2n+1 2n+2 1 n n
n+2 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
4n+3 0 0 0 0 0 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
n 0 0 0 0 0 1

·

3n+3 1 n
1 0 91 0
2n+1 0 0 0
2n+2 0 0 0
1 0 0 0
n 0 0 91′
n 0 0 0

=

1 2n+2 n 1 n
1 1 0 0 1 0
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 0
n 0 0 0 0 91′
n+1 0 0 0 0 0

+

3n+3 1 n
1 0 91 0
2n+1 0 0 0
n+1 0 0 0
2n+2 0 0 0
n 0 0 0
1 0 0 0
n 0 0 91′
n 0 0 0
n+1 0 0 0

+

1 2n+2 n+1 n
n+2 0 0 0 0
2n+1 0 0 0 0
4n+3 0 0 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 1 n
n+2 0 0 0
2n+1 0 0 0
4n+3 0 0 0
1 0 0 0
n 0 0 91′
n 0 0 0

2956
=
1 2n+2 n 1 n−1 1
1 1 0 0 1 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+2 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 0
n 0 0 1′ 0 0 0
1 0 0 0 0 0 91
n−1 0 0 0 0 91′ 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

1 2n+2 n 1 n
1 0 0 0 91 0
n+1 0 0 0 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 91′
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 2n+2 1 n−1 1 n
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+2 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 1 0
n−1 0 0 0 1′ 0 0
1 0 0 1 0 0 0
n 0 0 0 0 0 91′

+

1 2n+2 n 1 1 n−1
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+2 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 91′
1 0 0 0 0 91 0
n 0 0 0 0 0 0

=

1 2n+2 n 1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 91′
n 0 0 0 0 91′
n+1 0 0 0 0 0

+

2n+3 n 1 n
7n+6 0 0 0 0
1 0 0 1 0
n 0 1′ 0 91′
n 0 0 0 91′

f3 ·M I(6n+5,4)2→3 −M I(6n+4,3)2→3 · f2 =


1 2n+2 n 1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 0
1 0 0 0 1 0
n 0 0 1′ 0 91′
n 0 0 0 0 91′

+

3n+4 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0


−


1 2n+2 n 1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
2n+2 0 1 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 91′
n 0 0 0 0 91′
n+1 0 0 0 0 0

+

2n+3 n 1 n
7n+6 0 0 0 0
1 0 0 1 0
n 0 1′ 0 91′
n 0 0 0 91′


=

[ 1 4n+3
1 1 0
9n+6 0 0
]
+

1 2n+2 2n+1
3n+3 0 0 0
2n+2 0 1 0
4n+2 0 0 0
+

3n+3 1 n
6n+5 0 0 0
1 0 1 0
3n+1 0 0 0
+

2n+3 n n+1
6n+6 0 0 0
n 0 1′ 0
2n+1 0 0 0
+

3n+3 1 n
7n+6 0 0 0
1 0 1 0
2n 0 0 0
+

2n+3 n n+1
7n+7 0 0 0
n 0 1′ 0
n 0 0 0

+

3n+4 n
7n+7 0 0
n 0 91′
n 0 0
+ [
3n+4 n
8n+7 0 0
n 0 91′
]
+

3n+4 n
6n+6 0 0
n 0 91′
2n+1 0 0
+

3n+4 n
7n+6 0 0
n 0 91′
n+1 0 0


−

[ 1 4n+3
1 1 0
9n+6 0 0
]
+

1 2n+2 2n+1
3n+3 0 0 0
2n+2 0 1 0
4n+2 0 0 0
+

3n+3 1 n
6n+5 0 0 0
1 0 1 0
3n+1 0 0 0
+

2n+3 n n+1
6n+6 0 0 0
n 0 1′ 0
2n+1 0 0 0
+

3n+3 1 n
7n+6 0 0 0
1 0 1 0
2n 0 0 0
+

2n+3 n n+1
7n+7 0 0 0
n 0 1′ 0
n 0 0 0

+

3n+4 n
7n+7 0 0
n 0 91′
n 0 0
+ [
3n+4 n
8n+7 0 0
n 0 91′
]
+

3n+4 n
6n+6 0 0
n 0 91′
2n+1 0 0
+

3n+4 n
7n+6 0 0
n 0 91′
n+1 0 0


=
[4n+4
9n+7 0
]
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3. f3 ·M I(6n+5,4)4→3 −M I(6n+4,3)4→3 · f4 = 0
f3 ·M I(6n+5,4)4→3 =


1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

5n+5 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0
+

5n+5 n
7n+7 0 0
n 0 91′
n 0 0


·


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

=

1 n+1 2n+1 n 1 n 1 n
1 1 0 0 0 0 0 0 0
3n+2 0 0 0 0 0 0 0 0
n+1 0 1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0 0 0
1 0 0 0 0 91 0 1 0
n 0 0 0 91′ 0 1′ 0 0
1 0 0 0 0 0 0 1 0
n 0 0 0 0 0 1′ 0 0
n 0 0 0 0 0 0 0 91′

·

1 2n+1 n 1 n
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

·

2n+2 n+1 n
1 0 0 0
3n+2 0 0 0
n+1 0 0 0
n+1 0 1 0
n 0 0 1

+

1 n+1 4n+2 1 n
6n+6 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 91′
n+1 0 0 0 0 0
 ·

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
1 0 0
n 0 0
+

4n+4 n+1 n
6n+6 0 0 0
n 0 0 91′
n 0 0 91′
n+1 0 0 0
 ·

2n+2 n+1 n
4n+4 0 0 0
n+1 0 1 0
n 0 0 1

+

1 n+1 4n+2 1 n
7n+7 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 0
 ·

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
1 0 0
n 0 0
+

4n+4 n+1 n
7n+7 0 0 0
n 0 0 91′
n 0 0 0
 ·

2n+2 n+1 n
4n+4 0 0 0
n+1 0 1 0
n 0 0 1

=

1 2n+1 n 1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
1 0 0 0 91 0
n 0 0 91′ 0 1′
1 0 0 0 0 0
n 0 0 0 0 1′
n 0 0 0 0 0

+

2n+2 n+1 n
1 0 0 0
3n+2 0 0 0
3n+2 0 0 0
n+1 0 1′ 0
n+1 0 1′ 0
n 0 0 91′

+

1 4n+2
6n+6 0 0
n 0 0
n 0 0
n+1 0 0
+

2n+2 n+1 n
6n+6 0 0 0
n 0 0 91′
n 0 0 91′
n+1 0 0 0
+

1 4n+2
7n+7 0 0
n 0 0
n 0 0
+

2n+2 n+1 n
7n+7 0 0 0
n 0 0 91′
n 0 0 0

=

1 2n+1 n 1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
1 0 0 0 91 0
n 0 0 91′ 0 1′
1 0 0 0 0 0
n 0 0 0 0 1′
n 0 0 0 0 0

+

1 2n+1 n 1 n
1 0 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 0 0 0 0
1 0 0 0 1 0
n 0 0 1′ 0 0
1 0 0 0 1 0
n 0 0 1′ 0 0
n 0 0 0 0 91′

+

1 2n+1 n 1 n
6n+6 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
+

1 2n+1 n 1 n
6n+6 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 91′
n+1 0 0 0 0 0

+

1 2n+1 n 1 n
7n+7 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
+

1 2n+1 n 1 n
7n+7 0 0 0 0 0
n 0 0 0 0 91′
n 0 0 0 0 0
 =

1 2n+1 1 n n
1 1 0 0 0 0
4n+3 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1′ 91′
1 0 0 1 0 0
n 0 0 0 0 91′

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M
I(6n+4,3)
4→3 · f4 =

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1
 ·


1 2n+1 n+1 n
1 1 0 0 0
2n+2 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 n
4n+4 0 0
n 0 91′
n+1 0 0


=

1 2n+2 2n+1 n+1 n
1 1 0 0 0 0
2n+2 0 1 0 0 0
2n+1 0 0 0 0 0
2n+1 0 0 1 0 0
n+1 0 0 0 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1

·

1 2n+1 n+1 n
1 1 0 0 0
2n+2 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

2n+3 2n+1 n n+1
2n+3 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 0 0
n 0 0 1 0
n+1 0 0 0 1

·

3n+3 n
2n+3 0 0
2n+1 0 0
n 0 91′
n+1 0 0

=

1 2n+1 n+1 n
1 1 0 0 0
2n+2 0 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1′ 0
n 0 0 0 91′

+

3n+3 n
2n+3 0 0
2n+1 0 0
2n+1 0 0
n+1 0 0
n 0 91′
n+1 0 0

=

1 2n+1 1 n n
1 1 0 0 0 0
2n+2 0 0 0 0 0
2n+1 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1′ 0
1 0 0 1 0 0
n 0 0 0 0 91′

+

1 2n+1 n+1 n
1 0 0 0 0
2n+2 0 0 0 0
2n+1 0 0 0 0
2n+1 0 0 0 0
n+1 0 0 0 0
n 0 0 0 91′
1 0 0 0 0
n 0 0 0 0

=

1 2n+1 1 n n
1 1 0 0 0 0
4n+3 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1′ 91′
1 0 0 1 0 0
n 0 0 0 0 91′

f3 ·M I(6n+5,4)4→3 −M I(6n+4,3)4→3 · f4 =

1 2n+1 1 n n
1 1 0 0 0 0
4n+3 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1′ 91′
1 0 0 1 0 0
n 0 0 0 0 91′

−

1 2n+1 1 n n
1 1 0 0 0 0
4n+3 0 0 0 0 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1′ 91′
1 0 0 1 0 0
n 0 0 0 0 91′

=
[4n+3
9n+7 0
]
4. f4 ·M I(6n+5,4)5→4 −M I(6n+4,3)5→4 · f5 = 0
f4 ·M I(6n+5,4)5→4 =


1 2n+1 n+1 n
1 1 0 0 0
2n+2 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 n
4n+4 0 0
n 0 91′
n+1 0 0


·

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

1 n 1 n 1 n n
1 1 0 0 0 0 0 0
2n+2 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
n 0 0 0 0 0 1′ 0
1 0 0 0 0 1 0 0
n 0 0 0 0 0 0 91′

·

1 n 1 n
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

+

1 n 1 n+1 n n
4n+4 0 0 0 0 0 0
n 0 0 0 0 0 91′
n+1 0 0 0 0 0 0
 ·

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

=

1 n 1 n
1 1 0 0 0
2n+2 0 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 1′
1 0 0 1 0
n 0 0 0 91′

+

1 n+1 n
4n+4 0 0 0
n 0 0 91′
n+1 0 0 0
 =

1 n 1 n
1 1 0 0 0
2n+2 0 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 1′
1 0 0 1 0
n 0 0 0 91′

+

1 n 1 n
1 0 0 0 0
2n+2 0 0 0 0
n 0 0 0 0
1 0 0 0 0
n 0 0 0 0
n 0 0 0 91′
1 0 0 0 0
n 0 0 0 0

=

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 91′

2959
M
I(6n+4,3)
5→4 · f5 =

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

·

n+2 n
n+1 0 0
n+2 1 0
n 0 91′
 =

n+1 1 n 1 n
1 0 1 0 0 0
n+1 1 0 0 0 0
2n+1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·

1 n 1 n
n+1 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 91′

=

1 n 1 n
1 1 0 0 0
n+1 0 0 0 0
2n+1 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 91′

=

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 91′

f4 ·M I(6n+5,4)5→4 −M I(6n+4,3)5→4 · f5 =

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 91′

−

1 n 1 n
1 1 0 0 0
3n+2 0 0 0 0
1 1 0 0 0
n 0 1 0 0
n 0 0 0 0
1 0 0 1 0
n 0 0 0 91′

=
[2n+2
6n+5 0
]
5. f3 ·M I(6n+5,4)6→3 −M I(6n+4,3)6→3 · f6 = 0
f3 ·M I(6n+5,4)6→3 =


1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

5n+5 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0
+

5n+5 n
7n+7 0 0
n 0 91′
n 0 0


·


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=

1 2n+1 n+1 n+1 n+1 n
1 1 0 0 0 0 0
3n+2 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n+1 0 0 1 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
n 0 0 0 0 0 91′

·

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 1 0
n+1 0 0 0 1
n 0 0 0 0

+

1 n+1 2n+1 n+1 n+1 n
1 1 0 0 0 0 0
3n+2 0 0 0 0 0 0
n+1 0 1 0 0 0 0
2n+1 0 0 1 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
n 0 0 0 0 0 91′

·

1 2n+1 2n+2
1 0 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
n+1 0 0 0
n 0 0 0

+

2n+2 n+1 2n+2 n
6n+6 0 0 0 0
n 0 0 0 91′
n 0 0 0 91′
n+1 0 0 0 0
 ·

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

n+2 2n+1 2n+2 n
6n+6 0 0 0 0
n 0 0 0 91′
n 0 0 0 91′
n+1 0 0 0 0
 ·

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
2n+2 0 0 0
n 0 0 0

+

2n+2 n+1 2n+2 n
7n+7 0 0 0 0
n 0 0 0 91′
n 0 0 0 0
 ·

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

n+2 2n+1 2n+2 n
7n+7 0 0 0 0
n 0 0 0 91′
n 0 0 0 0
 ·

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
2n+2 0 0 0
n 0 0 0

=

1 2n+1 n+1 n+1
1 1 0 0 0
3n+2 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′
n 0 0 0 0

+

1 2n+1 2n+2
1 0 0 0
3n+2 0 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
n+1 0 0 0
n 0 0 0

+

2n+2 2n+2
6n+6 0 0
n 0 0
n 0 0
n+1 0 0
+

1 2n+1 2n+2
6n+6 0 0 0
n 0 0 0
n 0 0 0
n+1 0 0 0
+

2n+2 2n+2
7n+7 0 0
n 0 0
n 0 0
+

1 2n+1 2n+2
7n+7 0 0 0
n 0 0 0
n 0 0 0

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=
1 n+1 n 1 n−1 1 1 n−1 1
1 1 0 0 0 0 0 0 0 0
3n+2 0 0 0 0 0 0 0 0 0
n+1 0 1 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1
n−1 0 0 0 0 91′ 0 0 1′ 0
1 0 0 0 91 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1
n−1 0 0 0 0 0 0 0 1′ 0
1 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0 0 0

+

1 n n+1 n+1 n+1
1 0 0 0 0 0
3n+2 0 0 0 0 0
n+1 0 0 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 2n+1 n+1 n+1
1 0 0 0 0
3n+2 0 0 0 0
n+1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

1 2n+1 n+1 n+1
1 0 0 0 0
3n+2 0 0 0 0
n+1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

1 2n+1 n+1 n+1
1 0 0 0 0
3n+2 0 0 0 0
n+1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

1 2n+1 n+1 n+1
1 0 0 0 0
3n+2 0 0 0 0
n+1 0 0 0 0
n 0 0 0 0
n+1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

=

1 n 1 n n+1 n+1
1 1 0 0 0 0 0
3n+2 0 0 0 0 0 0
n 0 1 0 0 0 0
1 0 0 1 0 0 0
n 0 1 0 1 0 0
1 0 0 1 0 0 0
n 0 0 0 1 0 0
n+1 0 0 0 0 91′ 1′
n+1 0 0 0 0 0 1′
n 0 0 0 0 0 0

M
I(6n+4,3)
6→3 · f6 =


1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′

=

1 2n+1 2n+1 n+1 n+1
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
2n+1 0 0 1 0 0
n+1 0 0 0 0 0
n+1 0 0 0 1 0
n+1 0 0 0 0 1
n 0 0 0 0 0

·

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′
+

1 2n+1 2n+1 n+1 n+1
4n+4 0 0 0 0 0
2n+1 0 0 1 0 0
3n+2 0 0 0 0 0
 ·

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′

=

1 2n+1 n+1 n+1
1 1 0 0 0
n+1 0 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′
n 0 0 0 0

+

1 2n+1 n+1 n+1
4n+4 0 0 0 0
2n+1 0 1 0 0
3n+2 0 0 0 0

=

1 n+1 n n+1 n+1
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 0 0 0 0
n+1 0 1 0 0 0
n 0 0 1 0 0
n+1 0 0 0 0 0
n+1 0 0 0 91′ 1′
n+1 0 0 0 0 1′
n 0 0 0 0 0

+

1 n n+1 n+1 n+1
1 0 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 0 0 0

=

1 n 1 n n+1 n+1
1 1 0 0 0 0 0
3n+2 0 0 0 0 0 0
n 0 1 0 0 0 0
1 0 0 1 0 0 0
n 0 1 0 1 0 0
1 0 0 1 0 0 0
n 0 0 0 1 0 0
n+1 0 0 0 0 91′ 1′
n+1 0 0 0 0 0 1′
n 0 0 0 0 0 0

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f3 ·M I(6n+5,4)6→3 −M I(6n+4,3)6→3 · f6 =

1 n 1 n n+1 n+1
1 1 0 0 0 0 0
3n+2 0 0 0 0 0 0
n 0 1 0 0 0 0
1 0 0 1 0 0 0
n 0 1 0 1 0 0
1 0 0 1 0 0 0
n 0 0 0 1 0 0
n+1 0 0 0 0 91′ 1′
n+1 0 0 0 0 0 1′
n 0 0 0 0 0 0

−

1 n 1 n n+1 n+1
1 1 0 0 0 0 0
3n+2 0 0 0 0 0 0
n 0 1 0 0 0 0
1 0 0 1 0 0 0
n 0 1 0 1 0 0
1 0 0 1 0 0 0
n 0 0 0 1 0 0
n+1 0 0 0 0 91′ 1′
n+1 0 0 0 0 0 1′
n 0 0 0 0 0 0

=
[4n+4
9n+7 0
]
6. f6 ·M I(6n+5,4)7→6 −M I(6n+4,3)7→6 · f7 = 0
f6 ·M I(6n+5,4)7→6 =

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′
 ·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=

1 1 n n n+1 n+1
1 1 0 0 0 0 0
2n+1 0 0 0 0 0 0
1 0 1 0 0 0 0
n 0 0 1 0 0 0
n 0 0 0 1 0 0
n+1 0 0 0 0 91′ 1′
n+1 0 0 0 0 0 1′

·

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

=

1 n n+1
1 0 0 0
2n+1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 91′
n+1 0 0 0

=

1 n n+1
2n+2 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 91′
n+1 0 0 0

M
I(6n+4,3)
7→6 · f7 =

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

·

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 91′
 =

1 n 1 n n+1
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

·

1 n n+1
1 0 0 0
n 0 0 0
1 1 0 0
n 0 1 0
n+1 0 0 91′
 =

1 n n+1
1 0 0 0
n 0 0 0
1 0 0 0
n 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 91′
n+1 0 0 0

=

1 n n+1
2n+2 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 91′
n+1 0 0 0

f6 ·M I(6n+5,4)7→6 −M I(6n+4,3)7→6 · f7 =

1 n n+1
2n+2 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 91′
n+1 0 0 0

−

1 n n+1
2n+2 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 91′
n+1 0 0 0

=
[2n+2
6n+5 0
]
Relations of the projection g : I(6n+ 4, 3)→ I(6n+ 4, 5) P
1. g2 ·M I(6n+4,3)1→2 −M I(6n+4,5)1→2 · g1 = 0
g2 ·M I(6n+4,3)1→2 =

[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+
[n+2 n 4n+3
n 0 91′ 0
n+1 0 0 0
] ·

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

=

1 1 n n n+1 n+1 1 n n
n 0 0 1′ 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0 0
 ·

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

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+[ 1 1 n n n+1 n+1 1 n n
n 0 0 0 91′ 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
]
·

1 n n+1 1 n
1 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

=

1 n n+1 1 n
n 0 1′ 0 0 0
1 1 0 0 0 0
n 0 91′ 0 0 0
+ [
1 n n+1 1 n
n 0 91′ 0 0 0
n+1 0 0 0 0 0
]
=

1 n n+1 1 n
n 0 1′ 0 0 0
1 1 0 0 0 0
n 0 91′ 0 0 0
+

1 n n+1 1 n
n 0 91′ 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
 =

1 n 2n+2
n 0 0 0
1 1 0 0
n 0 91′ 0

M
I(6n+4,5)
1→2 · g1 =
[n+1
n 0
n+1 1
]
·
[ 1 n 2n+2
1 1 0 0
n 0 91′ 0
]
=

1 n
n 0 0
1 1 0
n 0 1
 · [
1 n 2n+2
1 1 0 0
n 0 91′ 0
]
=

1 n 2n+2
n 0 0 0
1 1 0 0
n 0 91′ 0

g2 ·M I(6n+4,3)1→2 −M I(6n+4,5)1→2 · g1 =

1 n 2n+2
n 0 0 0
1 1 0 0
n 0 91′ 0
−

1 n 2n+2
n 0 0 0
1 1 0 0
n 0 91′ 0
 = [3n+32n+1 0 ]
2. g3 ·M I(6n+4,3)2→3 −M I(6n+4,5)2→3 · g2 = 0
g3 ·M I(6n+4,3)2→3 =


1 n+1 n+1 n 6n+4
n+1 0 91′ 1′ 0 0
n+1 0 0 1′ 0 0
n 0 0 0 91′ 0
+

2n+3 n 6n+4
1 0 0 0
n 0 91′ 0
n 0 91′ 0
n+1 0 0 0
+

2n+3 n 6n+4
n+2 0 0 0
n 0 91′ 0
n 0 0 0


·


1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
n+1 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

1 2n+1 2n+2 2n+1
n+2 0 0 0 0
2n+1 0 1 0 0
4n+3 0 0 0 0
2n+1 0 0 0 1


=

1 n 1 n 1 n 2n+2 n 1 2n n+1
1 0 0 91 0 1 0 0 0 0 0 0
n 0 91′ 0 1′ 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
n 0 0 0 1′ 0 0 0 0 0 0 0
n 0 0 0 0 0 91′ 0 0 0 0 0
 ·

1 n 1 n 2n+2 1 2n
1 1 0 0 0 0 1 0
n 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
2n+2 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
2n 0 0 0 0 0 0 1
n+1 0 0 0 0 0 0 0

+

1 n+1 n+1 n 4n+3 2n+1
n+1 0 91′ 1′ 0 0 0
n+1 0 0 1′ 0 0 0
n 0 0 0 91′ 0 0
 ·

1 n+1 n 2n+2 2n+1
1 0 0 0 0 0
n+1 0 0 0 0 0
n+1 0 1 0 0 0
n 0 0 1 0 0
4n+3 0 0 0 0 0
2n+1 0 0 0 0 1

+

1 2n+1 1 n 2n+2 n 1 2n n+1
1 0 0 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
 ·

1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

+

n+2 n+1 n 4n+3 2n+1
1 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 91′ 0 0
n+1 0 0 0 0 0
 ·

1 n+1 n 2n+2 2n+1
n+2 0 0 0 0 0
n+1 0 1 0 0 0
n 0 0 1 0 0
4n+3 0 0 0 0 0
2n+1 0 0 0 0 1
+

1 2n+1 1 n 2n+2 n 1 2n n+1
n+2 0 0 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0
 ·

1 2n+1 2n+2 1 2n
1 1 0 0 1 0
2n+1 0 1 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
2n+2 0 0 1 0 0
n 0 0 0 0 0
1 0 0 0 1 0
2n 0 0 0 0 1
n+1 0 0 0 0 0

2963
+
n+2 n+1 n 4n+3 2n+1
n+2 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 0 0 0
 ·

1 n+1 n 2n+2 2n+1
n+2 0 0 0 0 0
n+1 0 1 0 0 0
n 0 0 1 0 0
4n+3 0 0 0 0 0
2n+1 0 0 0 0 1
 =

1 n 1 n 2n+2 1 2n
1 0 0 91 0 0 0 0
n 0 91′ 0 1′ 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 1′ 0 0 0
n 0 0 0 0 0 0 0
+

1 n+1 n 2n+2 2n+1
n+1 0 1′ 0 0 0
n+1 0 1′ 0 0 0
n 0 0 91′ 0 0

+

1 2n+1 2n+2 1 2n
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
+

1 n+1 n 2n+2 2n+1
1 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 91′ 0 0
n+1 0 0 0 0 0
+

1 2n+1 2n+2 1 2n
n+2 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
+

1 n+1 n 2n+2 2n+1
n+2 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 0 0 0

=

1 n 1 n 2n+2 1 2n
1 0 0 91 0 0 0 0
n 0 91′ 0 1′ 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 1′ 0 0 0
n 0 0 0 0 0 0 0
+

1 n 1 n 2n+2 1 2n
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 1′ 0 0 0 0 0
n 0 0 0 91′ 0 0 0
+

1 n 1 n 2n+2 1 2n
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0

+

1 n 1 n 2n+2 1 2n
1 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0
n 0 0 0 91′ 0 0 0
n+1 0 0 0 0 0 0 0
+

1 n 1 n 2n+2 1 2n
n+2 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
+

1 n 1 n 2n+2 1 2n
n+2 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0
n 0 0 0 0 0 0 0

=

1 1 n n 4n+3
n+1 0 0 0 0 0
n 0 0 1′ 91′ 0
1 0 1 0 0 0
n 0 0 0 91′ 0

M
I(6n+4,5)
2→3 · g2 =
[2n+1
n+1 0
2n+1 1
]
·

[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+
[n+2 n 4n+3
n 0 91′ 0
n+1 0 0 0
] =

n+1 n
n+1 0 0
n+1 1 0
n 0 1
 · [
1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+

n n+1
n+1 0 0
n 1 0
n+1 0 1
 · [
n+2 n 4n+3
n 0 91′ 0
n+1 0 0 0
]
=

1 n+1 n 4n+3
n+1 0 0 0 0
n+1 0 1′ 0 0
n 0 0 91′ 0
+

n+2 n 4n+3
n+1 0 0 0
n 0 91′ 0
n+1 0 0 0
 =

1 1 n n 4n+3
n+1 0 0 0 0 0
n 0 0 1′ 0 0
1 0 1 0 0 0
n 0 0 0 91′ 0
+

1 n+1 n 4n+3
n+1 0 0 0 0
n 0 0 91′ 0
1 0 0 0 0
n 0 0 0 0
 =

1 1 n n 4n+3
n+1 0 0 0 0 0
n 0 0 1′ 91′ 0
1 0 1 0 0 0
n 0 0 0 91′ 0

g3 ·M I(6n+4,3)2→3 −M I(6n+4,5)2→3 · g2 =

1 1 n n 4n+3
n+1 0 0 0 0 0
n 0 0 1′ 91′ 0
1 0 1 0 0 0
n 0 0 0 91′ 0
−

1 1 n n 4n+3
n+1 0 0 0 0 0
n 0 0 1′ 91′ 0
1 0 1 0 0 0
n 0 0 0 91′ 0
 =
[6n+5
3n+2 0
]
3. g3 ·M I(6n+4,3)4→3 −M I(6n+4,5)4→3 · g4 = 0
g3 ·M I(6n+4,3)4→3 =


1 n+1 n+1 n 6n+4
n+1 0 91′ 1′ 0 0
n+1 0 0 1′ 0 0
n 0 0 0 91′ 0
+

2n+3 n 6n+4
1 0 0 0
n 0 91′ 0
n 0 91′ 0
n+1 0 0 0
+

2n+3 n 6n+4
n+2 0 0 0
n 0 91′ 0
n 0 0 0


·

2n+3 2n+1 2n+1
2n+3 1 0 0
2n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

=

1 n+1 n+1 n n+1 2n+1 n+1 2n+1
n+1 0 91′ 1′ 0 0 0 0 0
n+1 0 0 1′ 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0
 ·

1 n+1 n+1 2n+1 2n+1
1 1 0 0 0 0
n+1 0 1 0 0 0
n+1 0 0 1 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 0 0 1 0
n+1 0 0 0 0 0
2n+1 0 0 0 0 1

+

2n+3 n n+1 2n+1 n+1 2n+1
1 0 0 0 0 0 0
n 0 91′ 0 0 0 0
n 0 91′ 0 0 0 0
n+1 0 0 0 0 0 0
 ·

2n+3 2n+1 2n+1
2n+3 1 0 0
n 0 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

2964
+
2n+3 n n+1 2n+1 n+1 2n+1
n+2 0 0 0 0 0 0
n 0 91′ 0 0 0 0
n 0 0 0 0 0 0
 ·

2n+3 2n+1 2n+1
2n+3 1 0 0
n 0 0 0
n+1 0 0 0
2n+1 0 1 0
n+1 0 0 0
2n+1 0 0 1

=

1 n+1 n+1 2n+1 2n+1
n+1 0 91′ 1′ 0 0
n+1 0 0 1′ 0 0
n 0 0 0 0 0
+

2n+3 2n+1 2n+1
1 0 0 0
n 0 0 0
n 0 0 0
n+1 0 0 0
+

2n+3 2n+1 2n+1
n+2 0 0 0
n 0 0 0
n 0 0 0

=

1 1 n−1 1 1 n−1 1 2n+1 2n+1
1 0 0 0 91 0 0 1 0 0
n−1 0 0 91′ 0 0 1′ 0 0 0
1 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0
n−1 0 0 0 0 0 1′ 0 0 0
1 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 0 0 0

+

1 n+1 n+1 2n+1 2n+1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 n+1 n+1 2n+1 2n+1
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

=

1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
n 0 0 0 0

M
I(6n+4,5)
4→3 · g4 =
[2n+2
2n+2 1
n 0
]
·
[ 1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
]
=

n+1 n+1
n+1 1 0
n+1 0 1
n 0 0
 · [
1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
]
=

1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
n 0 0 0 0

g3 ·M I(6n+4,3)4→3 −M I(6n+4,5)4→3 · g4 =

1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
n 0 0 0 0
−

1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
n 0 0 0 0
 = [6n+53n+2 0 ]
4. g4 ·M I(6n+4,3)5→4 −M I(6n+4,5)5→4 · g5 = 0
g4 ·M I(6n+4,3)5→4 =
[ 1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
]
·

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

=
[ 1 n+1 n+1 n 1 n n n+1
n+1 0 91′ 1′ 0 0 0 0 0
n+1 0 0 1′ 0 0 0 0 0
]
·

n+1 1 n n+1
1 0 1 0 0
n+1 1 0 0 0
n+1 0 0 0 0
n 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 0
n+1 0 0 0 1

=
[n+1 1 n n+1
n+1 91′ 0 0 0
n+1 0 0 0 0
]
=
[n+1 2n+2
n+1 91′ 0
n+1 0 0
]
M
I(6n+4,5)
5→4 · g5 =
[n+1
n+1 1
n+1 0
]
·
[n+1 2n+2
n+1 91′ 0
]
=
[n+1 2n+2
n+1 91′ 0
n+1 0 0
]
g4 ·M I(6n+4,3)5→4 −M I(6n+4,5)5→4 · g5 =
[n+1 2n+2
n+1 91′ 0
n+1 0 0
]
−
[n+1 2n+2
n+1 91′ 0
n+1 0 0
]
=
[3n+3
2n+2 0
]
2965
5. g3 ·M I(6n+4,3)6→3 −M I(6n+4,5)6→3 · g6 = 0
g3 ·M I(6n+4,3)6→3 =


1 n+1 n+1 n 6n+4
n+1 0 91′ 1′ 0 0
n+1 0 0 1′ 0 0
n 0 0 0 91′ 0
+

2n+3 n 6n+4
1 0 0 0
n 0 91′ 0
n 0 91′ 0
n+1 0 0 0
+

2n+3 n 6n+4
n+2 0 0 0
n 0 91′ 0
n 0 0 0


·


1 4n+2 2n+2
1 1 0 0
n+1 0 0 0
4n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

2n+2 2n+1 2n+2
4n+4 0 0 0
2n+1 0 1 0
3n+2 0 0 0


=

1 n+1 n+1 n 2n+1 n+1 2n+2 n
n+1 0 91′ 1′ 0 0 0 0 0
n+1 0 0 1′ 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0
 ·

1 n+1 n 2n+1 2n+2
1 1 0 0 0 0
n+1 0 0 0 0 0
n+1 0 1 0 0 0
n 0 0 1 0 0
2n+1 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1
n 0 0 0 0 0

+

1 n+1 n+1 n n+1 2n+1 3n+2
n+1 0 91′ 1′ 0 0 0 0
n+1 0 0 1′ 0 0 0 0
n 0 0 0 91′ 0 0 0
 ·

2n+2 2n+1 2n+2
1 0 0 0
n+1 0 0 0
n+1 0 0 0
n 0 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0

+

1 n+1 n+1 n 2n+1 n+1 2n+2 n
1 0 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0
n 0 0 0 91′ 0 0 0 0
n+1 0 0 0 0 0 0 0 0
 ·

1 n+1 n 2n+1 2n+2
1 1 0 0 0 0
n+1 0 0 0 0 0
n+1 0 1 0 0 0
n 0 0 1 0 0
2n+1 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1
n 0 0 0 0 0

+

2n+3 n n+1 2n+1 3n+2
1 0 0 0 0 0
n 0 91′ 0 0 0
n 0 91′ 0 0 0
n+1 0 0 0 0 0
 ·

2n+2 2n+1 2n+2
2n+3 0 0 0
n 0 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0

+

1 n+1 n+1 n 2n+1 n+1 2n+2 n
n+2 0 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0
n 0 0 0 0 0 0 0 0
 ·

1 n+1 n 2n+1 2n+2
1 1 0 0 0 0
n+1 0 0 0 0 0
n+1 0 1 0 0 0
n 0 0 1 0 0
2n+1 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1
n 0 0 0 0 0

+

2n+3 n n+1 2n+1 3n+2
n+2 0 0 0 0 0
n 0 91′ 0 0 0
n 0 0 0 0 0
 ·

2n+2 2n+1 2n+2
2n+3 0 0 0
n 0 0 0
n+1 0 0 0
2n+1 0 1 0
3n+2 0 0 0

=

1 n+1 n 2n+1 2n+2
n+1 0 1′ 0 0 0
n+1 0 1′ 0 0 0
n 0 0 91′ 0 0
+

2n+2 2n+1 2n+2
n+1 0 0 0
n+1 0 0 0
n 0 0 0
+

1 n+1 n 2n+1 2n+2
1 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 91′ 0 0
n+1 0 0 0 0 0
+

2n+2 2n+1 2n+2
1 0 0 0
n 0 0 0
n 0 0 0
n+1 0 0 0
+

1 n+1 n 2n+1 2n+2
n+2 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 0 0 0

+

2n+2 2n+1 2n+2
n+2 0 0 0
n 0 0 0
n 0 0 0
 =

1 n+1 n 2n+1 2n+2
n+1 0 1′ 0 0 0
n+1 0 1′ 0 0 0
n 0 0 91′ 0 0
+

1 n+1 n 2n+1 2n+2
n+1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 0 0 0
+

1 n+1 n 2n+1 2n+2
1 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 91′ 0 0
n+1 0 0 0 0 0

+

1 n+1 n 2n+1 2n+2
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
+

1 n+1 n 2n+1 2n+2
n+2 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 0 0 0
+

1 n+1 n 2n+1 2n+2
n+2 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
 =

1 n 1 n 4n+3
1 0 0 1 0 0
n 0 1′ 0 0 0
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 91′ 0
n+1 0 0 0

M
I(6n+4,5)
6→3 · g6 =

[2n+1
2n+1 1
n+1 0
]
+
[2n+1
n+1 0
2n+1 1
] ·

[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 0 0


=

n+1 n
n+1 1 0
n 0 1
n+1 0 0
 · [
1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+

1 n n
1 1 0 0
n 0 1 0
n 0 0 1
n+1 0 0 0
 ·

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 0 0
+

n+1 n
n+1 0 0
n+1 1 0
n 0 1
 · [
1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+

1 n n
n+1 0 0 0
1 1 0 0
n 0 1 0
n 0 0 1
 ·

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 0 0

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=
1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
n+1 0 0 0 0
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 0 0
n+1 0 0 0
+

1 n+1 n 4n+3
n+1 0 0 0 0
n+1 0 1′ 0 0
n 0 0 91′ 0
+

n+2 n 4n+3
n+1 0 0 0
1 0 0 0
n 0 91′ 0
n 0 0 0

=

1 n 1 n−1 1 4n+3
1 0 0 1 0 0 0
n 0 1′ 0 0 0 0
1 0 0 0 0 91 0
n−1 0 0 0 91′ 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0

+

1 n+1 n 4n+3
1 0 0 0 0
n 0 0 91′ 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n 0 0 0 0

+

1 1 n−1 1 n 4n+3
1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 1 0 0
n−1 0 0 1′ 0 0 0
1 0 1 0 0 0 0
n 0 0 0 0 91′ 0

+

1 n+1 1 n−1 4n+3
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 91′ 0
1 0 0 91 0 0
n 0 0 0 0 0

=

1 n 1 n 4n+3
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0
n+1 0 0 0 0 0
+

1 n 1 n 4n+3
n+1 0 0 0 0 0
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0

g3 ·M I(6n+4,3)6→3 −M I(6n+4,5)6→3 · g6 =


1 n 1 n 4n+3
1 0 0 1 0 0
n 0 1′ 0 0 0
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 91′ 0
n+1 0 0 0


−


1 n 1 n 4n+3
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0
n+1 0 0 0 0 0
+

1 n 1 n 4n+3
n+1 0 0 0 0 0
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0


=

[n+1 1 5n+3
1 0 1 0
3n+1 0 0 0
]
+

1 n 5n+4
1 0 0 0
n 0 1′ 0
2n+1 0 0 0
+

n+1 1 5n+3
n+1 0 0 0
1 0 1 0
2n 0 0 0
+

1 n 5n+4
n+2 0 0 0
n 0 1′ 0
n 0 0 0
+

n+2 n 4n+3
n+2 0 0 0
n 0 91′ 0
n 0 0 0
+ [
n+2 n 4n+3
2n+2 0 0 0
n 0 91′ 0
]
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
2n+1 0 0 0
+

n+2 n 4n+3
n+1 0 0 0
n 0 91′ 0
n+1 0 0 0


−

[n+1 1 5n+3
1 0 1 0
3n+1 0 0 0
]
+

1 n 5n+4
1 0 0 0
n 0 1′ 0
2n+1 0 0 0
+

n+1 1 5n+3
n+1 0 0 0
1 0 1 0
2n 0 0 0

+

1 n 5n+4
n+2 0 0 0
n 0 1′ 0
n 0 0 0
+

n+2 n 4n+3
n+2 0 0 0
n 0 91′ 0
n 0 0 0
+ [
n+2 n 4n+3
2n+2 0 0 0
n 0 91′ 0
]
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
2n+1 0 0 0
+

n+2 n 4n+3
n+1 0 0 0
n 0 91′ 0
n+1 0 0 0


=
[6n+5
3n+2 0
]
6. g6 ·M I(6n+4,3)7→6 −M I(6n+4,5)7→6 · g7 = 0
g6 ·M I(6n+4,3)7→6 =

[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 0 0


·

1 n+1 n n+1
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

=

1 n 1 n 1 n n n+1 n+1
1 0 0 1 0 0 0 0 0 0
n 0 1′ 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0 0
 ·

1 n 1 n n+1
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

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+
1 n 1 n 1 n n n+1 n+1
1 0 0 0 0 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0 0
n 0 0 0 0 0 0 0 0 0
 ·

1 n 1 n n+1
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

=

1 n 1 n n+1
1 1 0 0 0 0
n 0 0 0 0 0
n 0 91′ 0 0 0
+

1 n 1 n n+1
1 0 0 0 0 0
n 0 91′ 0 0 0
n 0 0 0 0 0
 =

1 n 2n+2
1 1 0 0
n 0 91′ 0
n 0 91′ 0

M
I(6n+4,5)
7→6 · g7 =

1 n
1 1 0
n 0 1
n 0 1
 · [
1 n 2n+2
1 1 0 0
n 0 91′ 0
]
=

1 n 2n+2
1 1 0 0
n 0 91′ 0
n 0 91′ 0

g6 ·M I(6n+4,3)7→6 −M I(6n+4,5)7→6 · g7 =

1 n 2n+2
1 1 0 0
n 0 91′ 0
n 0 91′ 0
−

1 n 2n+2
1 1 0 0
n 0 91′ 0
n 0 91′ 0
 = [3n+32n+1 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 n 2n+2
1 1 0 0
n 0 91′ 0
]
·

n+2 n
n+1 0 0
n+2 1 0
n 0 91′
 = [
1 n n+2 n
1 1 0 0 0
n 0 91′ 0 0
]
·

n+2 n
1 0 0
n 0 0
n+2 1 0
n 0 91′
 =
[2n+2
n+1 0
]
2. g2 · f2 = 0
g2 · f2 =

[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+
[n+2 n 4n+3
n 0 91′ 0
n+1 0 0 0
] ·


1 2n+2 n+1 n
1 1 0 0 0
2n+1 0 0 0 0
2n+2 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 1 n
1 0 91 0
4n+4 0 0 0
n 0 0 91′
n 0 0 0


=
[ 1 n+1 n 2n+2 n+1 n
n+1 0 1′ 0 0 0 0
n 0 0 91′ 0 0 0
]
·

1 2n+2 n+1 n
1 1 0 0 0
n+1 0 0 0 0
n 0 0 0 0
2n+2 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′

+
[ 1 n+1 n 2n+3 n n
n+1 0 1′ 0 0 0 0
n 0 0 91′ 0 0 0
]
·

3n+3 1 n
1 0 91 0
n+1 0 0 0
n 0 0 0
2n+3 0 0 0
n 0 0 91′
n 0 0 0

+
[ 1 n+1 n 2n+2 n+1 n
n 0 0 91′ 0 0 0
n+1 0 0 0 0 0 0
]
·

1 2n+2 n+1 n
1 1 0 0 0
n+1 0 0 0 0
n 0 0 0 0
2n+2 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′

+
[ 1 n+1 n 2n+3 n n
n 0 0 91′ 0 0 0
n+1 0 0 0 0 0 0
]
·

3n+3 1 n
1 0 91 0
n+1 0 0 0
n 0 0 0
2n+3 0 0 0
n 0 0 91′
n 0 0 0

=
[ 1 2n+2 n+1 n
n+1 0 0 0 0
n 0 0 0 0
]
+
[3n+3 1 n
n+1 0 0 0
n 0 0 0
]
+
[ 1 2n+2 n+1 n
n 0 0 0 0
n+1 0 0 0 0
]
+
[3n+3 1 n
n 0 0 0
n+1 0 0 0
]
=

1 2n+2 n 1 n
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
+

1 2n+2 n 1 n
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
+

1 2n+2 n 1 n
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
+

1 2n+2 n 1 n
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
 = [4n+42n+1 0 ]
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3. g3 · f3 = 0
g3 · f3 =


1 n+1 n+1 n 6n+4
n+1 0 91′ 1′ 0 0
n+1 0 0 1′ 0 0
n 0 0 0 91′ 0
+

2n+3 n 6n+4
1 0 0 0
n 0 91′ 0
n 0 91′ 0
n+1 0 0 0
+

2n+3 n 6n+4
n+2 0 0 0
n 0 91′ 0
n 0 0 0


·


1 3n+2 n+1 n+1 n
1 1 0 0 0 0
3n+2 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

5n+5 n
6n+6 0 0
n 0 91′
n 0 91′
n+1 0 0
+

5n+5 n
7n+7 0 0
n 0 91′
n 0 0


=

1 n+1 n+1 n 3n+2 n+1 n+1 n
n+1 0 91′ 1′ 0 0 0 0 0
n+1 0 0 1′ 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0
 ·

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
n+1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

1 n+1 n+1 n 3n+3 n n n+1
n+1 0 91′ 1′ 0 0 0 0 0
n+1 0 0 1′ 0 0 0 0 0
n 0 0 0 91′ 0 0 0 0
 ·

5n+5 n
1 0 0
n+1 0 0
n+1 0 0
n 0 0
3n+3 0 0
n 0 91′
n 0 91′
n+1 0 0

+

1 n+1 n+1 n 4n+4 n n
n+1 0 91′ 1′ 0 0 0 0
n+1 0 0 1′ 0 0 0 0
n 0 0 0 91′ 0 0 0
 ·

5n+5 n
1 0 0
n+1 0 0
n+1 0 0
n 0 0
4n+4 0 0
n 0 91′
n 0 0

+

1 2n+2 n 3n+2 n+1 n+1 n
1 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0
n 0 0 91′ 0 0 0 0
n+1 0 0 0 0 0 0 0
 ·

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
2n+2 0 0 0 0 0
n 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

2n+3 n 3n+3 n n n+1
1 0 0 0 0 0 0
n 0 91′ 0 0 0 0
n 0 91′ 0 0 0 0
n+1 0 0 0 0 0 0
 ·

5n+5 n
2n+3 0 0
n 0 0
3n+3 0 0
n 0 91′
n 0 91′
n+1 0 0

+

2n+3 n 4n+4 n n
1 0 0 0 0 0
n 0 91′ 0 0 0
n 0 91′ 0 0 0
n+1 0 0 0 0 0
 ·

5n+5 n
2n+3 0 0
n 0 0
4n+4 0 0
n 0 91′
n 0 0

+

1 2n+2 n 3n+2 n+1 n+1 n
n+2 0 0 0 0 0 0 0
n 0 0 91′ 0 0 0 0
n 0 0 0 0 0 0 0
 ·

1 3n+2 n+1 n+1 n
1 1 0 0 0 0
2n+2 0 0 0 0 0
n 0 0 0 0 0
3n+2 0 1 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0
n 0 0 0 0 91′

+

2n+3 n 3n+3 n n n+1
n+2 0 0 0 0 0 0
n 0 91′ 0 0 0 0
n 0 0 0 0 0 0
 ·

5n+5 n
2n+3 0 0
n 0 0
3n+3 0 0
n 0 91′
n 0 91′
n+1 0 0

+

2n+3 n 4n+4 n n
n+2 0 0 0 0 0
n 0 91′ 0 0 0
n 0 0 0 0 0
 ·

5n+5 n
2n+3 0 0
n 0 0
4n+4 0 0
n 0 91′
n 0 0
 =

1 3n+2 n+1 n+1 n
n+1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 0 0 0
+

5n+5 n
n+1 0 0
n+1 0 0
n 0 0
+

5n+5 n
n+1 0 0
n+1 0 0
n 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
+

5n+5 n
1 0 0
n 0 0
n 0 0
n+1 0 0
+

5n+5 n
1 0 0
n 0 0
n 0 0
n+1 0 0
+

1 3n+2 n+1 n+1 n
n+2 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0
+

5n+5 n
n+2 0 0
n 0 0
n 0 0
+

5n+5 n
n+2 0 0
n 0 0
n 0 0

=

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

+

1 3n+2 n+1 n+1 n
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n−1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0

=
[6n+5
3n+2 0
]
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4. g4 · f4 = 0
g4 · f4 =
[ 1 n+1 n+1 4n+2
n+1 0 91′ 1′ 0
n+1 0 0 1′ 0
]
·


1 2n+1 n+1 n
1 1 0 0 0
2n+2 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′
+

3n+3 n
4n+4 0 0
n 0 91′
n+1 0 0


=
[ 1 n+1 n+1 2n+1 n+1 n
n+1 0 91′ 1′ 0 0 0
n+1 0 0 1′ 0 0 0
]
·

1 2n+1 n+1 n
1 1 0 0 0
n+1 0 0 0 0
n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 1′ 0
n 0 0 0 91′

+
[ 1 n+1 n+1 2n+1 n n+1
n+1 0 91′ 1′ 0 0 0
n+1 0 0 1′ 0 0 0
]
·

3n+3 n
1 0 0
n+1 0 0
n+1 0 0
2n+1 0 0
n 0 91′
n+1 0 0

=
[ 1 2n+1 n+1 n
n+1 0 0 0 0
n+1 0 0 0 0
]
+
[3n+3 n
n+1 0 0
n+1 0 0
]
=
[ 1 2n+1 n+1 n
n+1 0 0 0 0
n+1 0 0 0 0
]
+
[ 1 2n+1 n+1 n
n+1 0 0 0 0
n+1 0 0 0 0
]
=
[4n+3
2n+2 0
]
5. g5 · f5 = 0
g5 · f5 =
[n+1 2n+2
n+1 91′ 0
]
·

n+2 n
n+1 0 0
n+2 1 0
n 0 91′
 = [n+1 n+2 nn+1 91′ 0 0 ] ·

n+2 n
n+1 0 0
n+2 1 0
n 0 91′
 = [2n+2n+1 0 ]
6. g6 · f6 = 0
g6 · f6 =

[ 1 n+1 n 4n+3
n+1 0 1′ 0 0
n 0 0 91′ 0
]
+

n+2 n 4n+3
1 0 0 0
n 0 91′ 0
n 0 0 0


·

1 2n+1 n+1 n+1
1 1 0 0 0
2n+1 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′

=
[ 1 n+1 n 2n+1 n+1 n+1
n+1 0 1′ 0 0 0 0
n 0 0 91′ 0 0 0
]
·

1 2n+1 n+1 n+1
1 1 0 0 0
n+1 0 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′

+

1 n+1 n 2n+1 n+1 n+1
1 0 0 0 0 0 0
n 0 0 91′ 0 0 0
n 0 0 0 0 0 0
 ·

1 2n+1 n+1 n+1
1 1 0 0 0
n+1 0 0 0 0
n 0 0 0 0
2n+1 0 1 0 0
n+1 0 0 91′ 1′
n+1 0 0 0 1′

=
[ 1 2n+1 n+1 n+1
n+1 0 0 0 0
n 0 0 0 0
]
+

1 2n+1 n+1 n+1
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
 =

1 2n+1 n+1 n+1
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
+

1 2n+1 n+1 n+1
1 0 0 0 0
n 0 0 0 0
n 0 0 0 0
 = [4n+42n+1 0 ]
7. g7 · f7 = 0
g7 · f7 =
[ 1 n 2n+2
1 1 0 0
n 0 91′ 0
]
·

n+1 n+1
n+1 0 0
n+1 1 0
n+1 0 91′
 = [
1 n n+1 n+1
1 1 0 0 0
n 0 91′ 0 0
]
·

n+1 n+1
1 0 0
n 0 0
n+1 1 0
n+1 0 91′
 =
[2n+2
n+1 0
]
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153 Tree module property of I(6n+ 5, 3)
153.1 Tree module property of I(5, 3) 
The matrices of the representation have full (column) rank P
1. M I(5,3)1→2 =

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
2. M I(5,3)2→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 1

∈M8,6(k) is already in column echelon form and has maximal column rank.
3. M I(5,3)4→3 =

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 1

∈M8,6(k) is already in column echelon form and has maximal column rank.
4. M I(5,3)5→4 =

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(5,3)
5→4 =

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

c2↔c3−−−−→

1 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 1 0

5. M I(5,3)6→3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M8,6(k) is already in column echelon form and has maximal column rank.
6. M I(5,3)7→6 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

∈M6,3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(5,3)
7→6 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

c1↔c2−−−−→

1 0 0
0 1 0
0 0 0
1 0 0
0 0 1
0 0 0

153.1.1 0→ I(7, 1) f→ I(5, 3) g→ I(5, 2)→ 0 
PdimI(7, 1) + dimI(5, 2) = (1, 3, 3, 2, 1, 2, 1) + (2, 3, 5, 4, 2, 4, 2)
= (3, 6, 8, 6, 3, 6, 3) = dimI(5, 3)
Pdimk Ext
1
kQ(I(5, 2), I(7, 1)) = dimk HomkQ(I(5, 2), I(7, 1))− 〈dimI(5, 2),dimI(7, 1)〉
= 0− 〈(2, 3, 5, 4, 2, 4, 2), (1, 3, 3, 2, 1, 2, 1)〉
= 2 · 3 + 3 · 3 + 4 · 3 + 2 · 2 + 4 · 3 + 2 · 2− (2 · 1 + 3 · 3 + 5 · 3 + 4 · 2 + 2 · 1 + 4 · 2 + 2 · 1)
= 6 + 9 + 12 + 4 + 12 + 4− (2 + 9 + 15 + 8 + 2 + 8 + 2)
= 1
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Matrices of the embedding f : I(7, 1)→ I(5, 3) P
1. f1 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

∈M6,3(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M8,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
7. f7 =
10
0
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(5, 3)→ I(5, 2) P
1. g1 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
2. g2 =
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ∈M3,6(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
 ∈M5,8(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
5. g5 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
7. g7 =
[
0 1 0
0 0 1
]
∈M2,3(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(7, 1)→ I(5, 3) P
1. f2 ·M I(7,1)1→2 −M I(5,3)1→2 · f1 = 0
f2 ·M I(7,1)1→2 =
[ 3
3 1
3 0
]
·
01
0
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
3 0 0 0
 ·
01
0
 =

1
1 0
1 1
1 0
3 0
 =

1
1 0
1 1
4 0

M
I(5,3)
1→2 · f1 =

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

·
[ 1
1 1
2 0
]
=

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

·
10
0
 =

0
1
0
0
0
0

=

1
1 0
1 1
4 0

f2 ·M I(7,1)1→2 −M I(5,3)1→2 · f1 =

1
1 0
1 1
4 0
−

1
1 0
1 1
4 0
 = [ 16 0 ]
2. f3 ·M I(7,1)2→3 −M I(5,3)2→3 · f2 = 0
f3 ·M I(7,1)2→3 =
[ 3
3 1
5 0
]
·
[ 3
3 1
]
=
[ 3
3 1
5 0
]
M
I(5,3)
2→3 · f2 =

4 1 1
4 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
 ·
[ 3
3 1
3 0
]
=

3 1 1 1
3 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

3
3 1
1 0
1 0
1 0
 =

3
3 1
1 0
1 0
1 0
1 0
1 0

=
[ 3
3 1
5 0
]
f3 ·M I(7,1)2→3 −M I(5,3)2→3 · f2 =
[ 3
3 1
5 0
]
−
[ 3
3 1
5 0
]
=
[ 3
8 0
]
3. f3 ·M I(7,1)4→3 −M I(5,3)4→3 · f4 = 0
f3 ·M I(7,1)4→3 =
[ 3
3 1
5 0
]
·
1 00 0
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
5 0 0 0
 ·
1 00 0
0 1
 =

1 1
1 1 0
1 0 0
1 0 1
5 0 0

M
I(5,3)
4→3 · f4 =

1 4 1
1 1 0 0
1 0 0 0
4 0 1 0
1 0 0 0
1 0 0 1
 ·
[ 2
2 1
4 0
]
=

1 1 3 1
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
1 0 0 0 1

·

1 1
1 1 0
1 0 1
3 0 0
1 0 0
 =

1 1
1 1 0
1 0 0
1 0 1
3 0 0
1 0 0
1 0 0

=

1 1
1 1 0
1 0 0
1 0 1
5 0 0

f3 ·M I(7,1)4→3 −M I(5,3)4→3 · f4 =

1 1
1 1 0
1 0 0
1 0 1
5 0 0
−

1 1
1 1 0
1 0 0
1 0 1
5 0 0
 =
[ 2
8 0
]
4. f4 ·M I(7,1)5→4 −M I(5,3)5→4 · f5 = 0
f4 ·M I(7,1)5→4 =
[ 2
2 1
4 0
]
·
[
1
1
]
=

1 1
1 1 0
1 0 1
4 0 0
 · [1
1
]
=

1
1 1
1 1
4 0

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M
I(5,3)
5→4 · f5 =

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

·
[ 1
1 1
2 0
]
=

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

·
10
0
 =

1
1
0
0
0
0

=

1
1 1
1 1
4 0

f4 ·M I(7,1)5→4 −M I(5,3)5→4 · f5 =

1
1 1
1 1
4 0
−

1
1 1
1 1
4 0
 = [ 16 0 ]
5. f3 ·M I(7,1)6→3 −M I(5,3)6→3 · f6 = 0
f3 ·M I(7,1)6→3 =
[ 3
3 1
5 0
]
·
1 00 1
0 1
 =

1 1 1
1 1 0 0
1 0 1 0
1 0 0 1
5 0 0 0
 ·
1 00 1
0 1
 =

1 1
1 1 0
1 0 1
1 0 1
5 0 0

M
I(5,3)
6→3 · f6 =

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 2
2 1
4 0
]
=

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1 1
1 1 0
1 0 1
1 0 0
1 0 0
2 0 0
 =

1 1
1 1 0
1 0 1
1 0 1
1 0 0
1 0 0
1 0 0
2 0 0

=

1 1
1 1 0
1 0 1
1 0 1
5 0 0

f3 ·M I(7,1)6→3 −M I(5,3)6→3 · f6 =

1 1
1 1 0
1 0 1
1 0 1
5 0 0
−

1 1
1 1 0
1 0 1
1 0 1
5 0 0
 =
[ 2
8 0
]
6. f6 ·M I(7,1)7→6 −M I(5,3)7→6 · f7 = 0
f6 ·M I(7,1)7→6 =
[ 2
2 1
4 0
]
·
[
0
1
]
=

1 1
1 1 0
1 0 1
4 0 0
 · [0
1
]
=

1
1 0
1 1
4 0

M
I(5,3)
7→6 · f7 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

·
[ 1
1 1
2 0
]
=

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

·
10
0
 =

0
1
0
0
0
0

=

1
1 0
1 1
4 0

f6 ·M I(7,1)7→6 −M I(5,3)7→6 · f7 =

1
1 0
1 1
4 0
−

1
1 0
1 1
4 0
 = [ 16 0 ]
Relations of the projection g : I(5, 3)→ I(5, 2) P
1. g2 ·M I(5,3)1→2 −M I(5,2)1→2 · g1 = 0
g2 ·M I(5,3)1→2 =
[ 3 3
3 0 1
]
·

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

=
0 0 0 1 0 00 0 0 0 1 0
0 0 0 0 0 1
 ·

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

=
0 1 00 1 0
0 0 1

M
I(5,2)
1→2 · g1 =
1 01 0
0 1
 · [ 1 22 0 1 ] =
1 01 0
0 1
 · [0 1 0
0 0 1
]
=
0 1 00 1 0
0 0 1

g2 ·M I(5,3)1→2 −M I(5,2)1→2 · g1 =
0 1 00 1 0
0 0 1
−
0 1 00 1 0
0 0 1
 = [ 33 0 ]
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2. g3 ·M I(5,3)2→3 −M I(5,2)2→3 · g2 = 0
g3 ·M I(5,3)2→3 =
[ 3 5
5 0 1
]
·

4 1 1
4 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
 =

3 1 1 1 1 1
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

3 1 1 1
3 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=

3 1 1 1
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 1

M
I(5,2)
2→3 · g2 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ·
[ 3 3
3 0 1
]
=

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ·

3 1 1 1
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

3 1 1 1
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 1

g3 ·M I(5,3)2→3 −M I(5,2)2→3 · g2 =

3 1 1 1
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 1
−

3 1 1 1
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 1
 =
[ 6
5 0
]
3. g3 ·M I(5,3)4→3 −M I(5,2)4→3 · g4 = 0
g3 ·M I(5,3)4→3 =
[ 3 5
5 0 1
]
·

1 4 1
1 1 0 0
1 0 0 0
4 0 1 0
1 0 0 0
1 0 0 1
 =

1 1 1 3 1 1
3 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 ·

1 1 3 1
1 1 0 0 0
1 0 0 0 0
1 0 1 0 0
3 0 0 1 0
1 0 0 0 0
1 0 0 0 1

=

1 1 3 1
3 0 0 1 0
1 0 0 0 0
1 0 0 0 1
 =

2 3 1
3 0 1 0
1 0 0 0
1 0 0 1

M
I(5,2)
4→3 · g4 =

3 1
3 1 0
1 0 0
1 0 1
 · [ 2 44 0 1 ] =

3 1
3 1 0
1 0 0
1 0 1
 · [
2 3 1
3 0 1 0
1 0 0 1
]
=

2 3 1
3 0 1 0
1 0 0 0
1 0 0 1

g3 ·M I(5,3)4→3 −M I(5,2)4→3 · g4 =

2 3 1
3 0 1 0
1 0 0 0
1 0 0 1
−

2 3 1
3 0 1 0
1 0 0 0
1 0 0 1
 = [ 65 0 ]
4. g4 ·M I(5,3)5→4 −M I(5,2)5→4 · g5 = 0
g4 ·M I(5,3)5→4 =
[ 2 4
4 0 1
]
·

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

=

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ·

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

=

0 0 1
0 1 0
0 0 0
0 0 1

M
I(5,2)
5→4 · g5 =

0 1
1 0
0 0
0 1
 ·
[ 1 2
2 0 1
]
=

0 1
1 0
0 0
0 1
 ·
[
0 1 0
0 0 1
]
=

0 0 1
0 1 0
0 0 0
0 0 1

g4 ·M I(5,3)5→4 −M I(5,2)5→4 · g5 =

0 0 1
0 1 0
0 0 0
0 0 1
−

0 0 1
0 1 0
0 0 0
0 0 1
 =
[ 3
4 0
]
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5. g3 ·M I(5,3)6→3 −M I(5,2)6→3 · g6 = 0
g3 ·M I(5,3)6→3 =
[ 3 5
5 0 1
]
·

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 1 1 1 1 1 2
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1
 ·

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 1 1 1 2
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
 =

2 1 1 2
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

M
I(5,2)
6→3 · g6 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 ·
[ 2 4
4 0 1
]
=

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 ·

2 1 1 2
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

2 1 1 2
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1

g3 ·M I(5,3)6→3 −M I(5,2)6→3 · g6 =

2 1 1 2
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
−

2 1 1 2
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
 =
[ 6
5 0
]
6. g6 ·M I(5,3)7→6 −M I(5,2)7→6 · g7 = 0
g6 ·M I(5,3)7→6 =
[ 2 4
4 0 1
]
·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

=

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

=

0 0 0
0 1 0
0 0 1
0 0 0
 =

1 2
1 0 0
2 0 1
1 0 0

M
I(5,2)
7→6 · g7 =

2
1 0
2 1
1 0
 · [ 1 22 0 1 ] =

1 2
1 0 0
2 0 1
1 0 0

g6 ·M I(5,3)7→6 −M I(5,2)7→6 · g7 =

1 2
1 0 0
2 0 1
1 0 0
−

1 2
1 0 0
2 0 1
1 0 0
 = [ 34 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 3 3
3 0 1
]
·
[ 3
3 1
3 0
]
=
[ 3
3 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 3 5
5 0 1
]
·
[ 3
3 1
5 0
]
=
[ 3
5 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
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5. g5 · f5 = 0
g5 · f5 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
6. g6 · f6 = 0
g6 · f6 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 1 2
2 0 1
]
·
[ 1
1 1
2 0
]
=
[ 1
2 0
]
153.1.2 0→ I(7, 7) f→ I(5, 3) g→ I(5, 6)→ 0 
PdimI(7, 7) + dimI(5, 6) = (1, 2, 3, 2, 1, 3, 1) + (2, 4, 5, 4, 2, 3, 2)
= (3, 6, 8, 6, 3, 6, 3) = dimI(5, 3)
Pdimk Ext
1
kQ(I(5, 6), I(7, 7)) = dimk HomkQ(I(5, 6), I(7, 7))− 〈dimI(5, 6),dimI(7, 7)〉
= 0− 〈(2, 4, 5, 4, 2, 3, 2), (1, 2, 3, 2, 1, 3, 1)〉
= 2 · 2 + 4 · 3 + 4 · 3 + 2 · 2 + 3 · 3 + 2 · 3− (2 · 1 + 4 · 2 + 5 · 3 + 4 · 2 + 2 · 1 + 3 · 3 + 2 · 1)
= 4 + 12 + 12 + 4 + 9 + 6− (2 + 8 + 15 + 8 + 2 + 9 + 2)
= 1
Matrices of the embedding f : I(7, 7)→ I(5, 3) P
1. f1 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0
0 0
0 0
1 0
0 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0
0 0 0
0 0 0
1 0 0
0 0 0
0 0 0
0 1 0
0 0 1

∈M8,3(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0
0 0
1 0
0 0
0 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
5. f5 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0
0 0 0
1 0 0
0 0 0
0 1 0
0 0 1

∈M6,3(k) is already in column echelon form and has maximal column rank.
7. f7 =
00
1
 ∈M3,1(k) is already in column echelon form and has maximal column rank.
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Matrices of the projection g : I(5, 3)→ I(5, 6) P
1. g1 =
[
0 1 0
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =
[ 2 1
2 1′ 0
]
2. g2 =

1 0 0 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
2 0 1 0 0 0
 r2↔r3−−−−→

1 2 1 1 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
 = [
3 1 1 1
3 1 0 0 0
1 0 0 1 0
]
3. g3 =

1 0 0 0 0 0 0 0
0 0 0 0 91 1 0 0
0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
 ∈M5,8(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 2 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 91 1 0
1 0 0 0 0 1 0
2 0 1 0 0 0 0
 r2↔r4−−−−→

1 2 1 1 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 0 0 1 0
1 0 0 0 91 1 0
 =

3 1 1 1 2
3 1 0 0 0 0
1 0 0 0 1 0
1 0 0 91 1 0
 r2↔r3−−−−→

3 1 1 1 2
3 1 0 0 0 0
1 0 0 91 1 0
1 0 0 0 1 0

4. g4 =

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 1 0 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 1 0 0 0 0
 r2↔r4−−−−→

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 91 1 0
 =

2 1 1 1 1
2 1 0 0 0 0
1 0 0 0 1 0
1 0 0 91 1 0
 r2↔r3−−−−→

2 1 1 1 1
2 1 0 0 0 0
1 0 0 91 1 0
1 0 0 0 1 0

5. g5 =
[
0 91 0
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[
0 91 0
1 0 0
]
r1↔r2−−−−→
[
1 0 0
0 91 0
]
6. g6 =
1 0 0 0 0 00 0 0 1 0 0
0 1 0 0 0 0
 ∈M3,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
 r2↔r3−−−−→

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
 = [
2 1 1 2
2 1 0 0 0
1 0 0 1 0
]
7. g7 =
[
0 1 0
1 0 0
]
∈M2,3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =
[ 2 1
2 1′ 0
]
Relations of the embedding f : I(7, 7)→ I(5, 3) P
1. f2 ·M I(7,7)1→2 −M I(5,3)1→2 · f1 = 0
f2 ·M I(7,7)1→2 =

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 ·
[
0
1
]
=

1
3 0
1 0
1 0
1 1
 =
[ 1
5 0
1 1
]
M
I(5,3)
1→2 · f1 =

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

·
[ 1
2 0
1 1
]
=

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

·
00
1
 =

0
0
0
0
0
1

=
[ 1
5 0
1 1
]
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f2 ·M I(7,7)1→2 −M I(5,3)1→2 · f1 =
[ 1
5 0
1 1
]
−
[ 1
5 0
1 1
]
=
[ 1
6 0
]
2. f3 ·M I(7,7)2→3 −M I(5,3)2→3 · f2 = 0
f3 ·M I(7,7)2→3 =

1 2
3 0 0
1 1 0
2 0 0
2 0 1
 ·
1 00 1
0 1
 =

1 1 1
3 0 0 0
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
1 00 1
0 1
 =

1 1
3 0 0
1 1 0
2 0 0
1 0 1
1 0 1

M
I(5,3)
2→3 · f2 =

4 1 1
4 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
 ·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

3 1 1 1
3 1 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

1 1
3 0 0
1 1 0
1 0 0
1 0 0
1 0 1
1 0 1

=

1 1
3 0 0
1 1 0
2 0 0
1 0 1
1 0 1

f3 ·M I(7,7)2→3 −M I(5,3)2→3 · f2 =

1 1
3 0 0
1 1 0
2 0 0
1 0 1
1 0 1
−

1 1
3 0 0
1 1 0
2 0 0
1 0 1
1 0 1
 =
[ 2
8 0
]
3. f3 ·M I(7,7)4→3 −M I(5,3)4→3 · f4 = 0
f3 ·M I(7,7)4→3 =

1 2
3 0 0
1 1 0
2 0 0
2 0 1
 ·
1 00 0
0 1
 =

1 1 1
3 0 0 0
1 1 0 0
2 0 0 0
1 0 1 0
1 0 0 1
 ·
1 00 0
0 1
 =

1 1
3 0 0
1 1 0
2 0 0
1 0 0
1 0 1
 =

1 1
3 0 0
1 1 0
3 0 0
1 0 1

M
I(5,3)
4→3 · f4 =

1 4 1
1 1 0 0
1 0 0 0
4 0 1 0
1 0 0 0
1 0 0 1
 ·

1 1
2 0 0
1 1 0
2 0 0
1 0 1
 =

1 1 1 2 1
1 1 0 0 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
1 0 0 0 0 0
1 0 0 0 0 1

·

1 1
1 0 0
1 0 0
1 1 0
2 0 0
1 0 1
 =

1 1
1 0 0
1 0 0
1 0 0
1 1 0
2 0 0
1 0 0
1 0 1

=

1 1
3 0 0
1 1 0
3 0 0
1 0 1

f3 ·M I(7,7)4→3 −M I(5,3)4→3 · f4 =

1 1
3 0 0
1 1 0
3 0 0
1 0 1
−

1 1
3 0 0
1 1 0
3 0 0
1 0 1
 =
[ 2
8 0
]
4. f4 ·M I(7,7)5→4 −M I(5,3)5→4 · f5 = 0
f4 ·M I(7,7)5→4 =

1 1
2 0 0
1 1 0
2 0 0
1 0 1
 ·
[
1
1
]
=

1
2 0
1 1
2 0
1 1

M
I(5,3)
5→4 · f5 =

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

·
[ 1
2 0
1 1
]
=

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

·
00
1
 =

0
0
1
0
0
1

=

1
2 0
1 1
2 0
1 1

f4 ·M I(7,7)5→4 −M I(5,3)5→4 · f5 =

1
2 0
1 1
2 0
1 1
−

1
2 0
1 1
2 0
1 1
 =
[ 1
6 0
]
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5. f3 ·M I(7,7)6→3 −M I(5,3)6→3 · f6 = 0
f3 ·M I(7,7)6→3 =

1 2
3 0 0
1 1 0
2 0 0
2 0 1
 ·
[ 3
3 1
]
=

1 2
3 0 0
1 1 0
2 0 0
2 0 1
 ·
[ 1 2
1 1 0
2 0 1
]
=

1 2
3 0 0
1 1 0
2 0 0
2 0 1

M
I(5,3)
6→3 · f6 =

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 =

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2
1 0 0
1 0 0
1 1 0
1 0 0
2 0 1
 =

1 2
1 0 0
1 0 0
1 0 0
1 1 0
1 0 0
1 0 0
2 0 1

=

1 2
3 0 0
1 1 0
2 0 0
2 0 1

f3 ·M I(7,7)6→3 −M I(5,3)6→3 · f6 =

1 2
3 0 0
1 1 0
2 0 0
2 0 1
−

1 2
3 0 0
1 1 0
2 0 0
2 0 1
 =
[ 3
8 0
]
6. f6 ·M I(7,7)7→6 −M I(5,3)7→6 · f7 = 0
f6 ·M I(7,7)7→6 =

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 ·
01
0
 =

1 1 1
2 0 0 0
1 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
 ·
01
0
 =

1
2 0
1 0
1 0
1 1
1 0
 =

1
4 0
1 1
1 0

M
I(5,3)
7→6 · f7 =

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

·
[ 1
2 0
1 1
]
=

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

·
00
1
 =

0
0
0
0
1
0

=

1
4 0
1 1
1 0

f6 ·M I(7,7)7→6 −M I(5,3)7→6 · f7 =

1
4 0
1 1
1 0
−

1
4 0
1 1
1 0
 = [ 16 0 ]
Relations of the projection g : I(5, 3)→ I(5, 6) P
1. g2 ·M I(5,3)1→2 −M I(5,6)1→2 · g1 = 0
g2 ·M I(5,3)1→2 =

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
2 0 1 0 0 0
 ·

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

=

1 0 0 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
 ·

0 0 0
1 0 0
0 0 0
0 1 0
0 1 0
0 0 1

=

0 0 0
0 1 0
1 0 0
0 0 0
 =

2 1
1 0 0
2 1′ 0
1 0 0

M
I(5,6)
1→2 · g1 =

2
1 0
2 1
1 0
 · [ 2 12 1′ 0 ] =

2 1
1 0 0
2 1′ 0
1 0 0

g2 ·M I(5,3)1→2 −M I(5,6)1→2 · g1 =

2 1
1 0 0
2 1′ 0
1 0 0
−

2 1
1 0 0
2 1′ 0
1 0 0
 = [ 34 0 ]
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2. g3 ·M I(5,3)2→3 −M I(5,6)2→3 · g2 = 0
g3 ·M I(5,3)2→3 =

1 2 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 91 1 0
1 0 0 0 0 1 0
2 0 1 0 0 0 0
 ·

4 1 1
4 1 0 0
1 0 0 0
1 0 1 0
1 0 0 1
1 0 0 1
 =

1 2 1 1 1 1 1
1 1 0 0 0 0 0 0
1 0 0 0 91 1 0 0
1 0 0 0 0 1 0 0
2 0 1 0 0 0 0 0
 ·

1 2 1 1 1
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

=

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 1 0 0 0

M
I(5,6)
2→3 · g2 =

1 1 2
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
 ·

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
2 0 1 0 0 0
 =

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 1 0 0 0

g3 ·M I(5,3)2→3 −M I(5,6)2→3 · g2 =

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 1 0 0 0
−

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 1 0 0 0
 =
[ 6
5 0
]
3. g3 ·M I(5,3)4→3 −M I(5,6)4→3 · g4 = 0
g3 ·M I(5,3)4→3 =

1 2 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 91 1 0
1 0 0 0 0 1 0
2 0 1 0 0 0 0
 ·

1 4 1
1 1 0 0
1 0 0 0
4 0 1 0
1 0 0 0
1 0 0 1
 =

1 0 0 0 0 0 0 0
0 0 0 0 91 1 0 0
0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
 ·

1 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 1

=

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 0 0 0 0 0
0 1 0 0 0 0

M
I(5,6)
4→3 · g4 =

3 1
3 1 0
1 0 0
1 0 1
 ·

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 1 0 0 0 0
 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 1
 ·

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 1 0 0 0 0
 =

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 0 0 0 0 0
0 1 0 0 0 0

g3 ·M I(5,3)4→3 −M I(5,6)4→3 · g4 =

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 0 0 0 0 0
0 1 0 0 0 0
−

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 0 0 0 0 0
0 1 0 0 0 0
 =
[ 6
5 0
]
4. g4 ·M I(5,3)5→4 −M I(5,6)5→4 · g5 = 0
g4 ·M I(5,3)5→4 =

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 1 0 0 0 0
 ·

1 0 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1

=

1 0 0
0 91 0
0 0 0
1 0 0

M
I(5,6)
5→4 · g5 =

0 1
1 0
0 0
0 1
 ·
[
0 91 0
1 0 0
]
=

1 0 0
0 91 0
0 0 0
1 0 0

g4 ·M I(5,3)5→4 −M I(5,6)5→4 · g5 =

1 0 0
0 91 0
0 0 0
1 0 0
−

1 0 0
0 91 0
0 0 0
1 0 0
 =
[ 3
4 0
]
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5. g3 ·M I(5,3)6→3 −M I(5,6)6→3 · g6 = 0
g3 ·M I(5,3)6→3 =

1 2 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 91 1 0
1 0 0 0 0 1 0
2 0 1 0 0 0 0
 ·

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 1 1 1 1 1 2
1 1 0 0 0 0 0 0
1 0 0 0 0 91 1 0
1 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
 ·

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 1 0 0 0

M
I(5,6)
6→3 · g6 =

1 0 0
0 0 0
0 1 0
0 0 1
0 0 1
 ·

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
 =

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 1 0 0 0

g3 ·M I(5,3)6→3 −M I(5,6)6→3 · g6 =

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 1 0 0 0
−

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
1 0 1 0 0 0
 =
[ 6
5 0
]
6. g6 ·M I(5,3)7→6 −M I(5,6)7→6 · g7 = 0
g6 ·M I(5,3)7→6 =

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
 ·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

=
1 0 0 0 0 00 0 0 1 0 0
0 1 0 0 0 0
 ·

0 1 0
1 0 0
0 0 0
0 1 0
0 0 1
0 0 0

=
0 1 00 1 0
1 0 0

M
I(5,6)
7→6 · g7 =
1 01 0
0 1
 · [ 2 12 1′ 0 ] =
1 01 0
0 1
 · [0 1 0
1 0 0
]
=
0 1 00 1 0
1 0 0

g6 ·M I(5,3)7→6 −M I(5,6)7→6 · g7 =
0 1 00 1 0
1 0 0
−
0 1 00 1 0
1 0 0
 = [ 33 0 ]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 1
2 1′ 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
2. g2 · f2 = 0
g2 · f2 =

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
2 0 1 0 0 0
 ·

1 1
3 0 0
1 1 0
1 0 0
1 0 1
 =

1 2 1 1 1
1 1 0 0 0 0
1 0 0 0 1 0
2 0 1 0 0 0
 ·

1 1
1 0 0
2 0 0
1 1 0
1 0 0
1 0 1
 =
[ 2
4 0
]
3. g3 · f3 = 0
g3 · f3 =

1 2 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 91 1 0
1 0 0 0 0 1 0
2 0 1 0 0 0 0
 ·

1 2
3 0 0
1 1 0
2 0 0
2 0 1
 =

1 2 1 1 1 2
1 1 0 0 0 0 0
1 0 0 0 91 1 0
1 0 0 0 0 1 0
2 0 1 0 0 0 0
 ·

1 2
1 0 0
2 0 0
1 1 0
1 0 0
1 0 0
2 0 1

=
[ 3
5 0
]
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4. g4 · f4 = 0
g4 · f4 =

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 1 0 0 0 0
 ·

1 1
2 0 0
1 1 0
2 0 0
1 0 1
 =

1 0 0 0 0 0
0 0 0 91 1 0
0 0 0 0 1 0
0 1 0 0 0 0
 ·

0 0
0 0
1 0
0 0
0 0
0 1

=
[ 2
4 0
]
5. g5 · f5 = 0
g5 · f5 =
[
0 91 0
1 0 0
]
·
[ 1
2 0
1 1
]
=
[
0 91 0
1 0 0
]
·
00
1
 = [ 12 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
 ·

1 2
2 0 0
1 1 0
1 0 0
2 0 1
 =

1 1 1 1 2
1 1 0 0 0 0
1 0 0 0 1 0
1 0 1 0 0 0
 ·

1 2
1 0 0
1 0 0
1 1 0
1 0 0
2 0 1
 =
[ 3
3 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 1
2 1′ 0
]
·
[ 1
2 0
1 1
]
=
[ 1
2 0
]
153.2 Tree module property of I(11, 3) 
The matrices of the representation have full (column) rank P
1. M I(11,3)1→2 =

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 1

∈M12,6(k) is already in column echelon form and has maximal column rank.
2. M I(11,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k) is already in column echelon form and has maximal column rank.
2983
3. M I(11,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M17,12(k) is already in column echelon form and has maximal column rank.
4. M I(11,3)5→4 =

1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M12,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(11,3)
5→4 =

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

c3↔c4−−−−→

1 1 1 2 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
3 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 0 1

5. M I(11,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0

∈M17,12(k) is already in column echelon form and has maximal column rank.
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6. M I(11,3)7→6 =

0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

∈M12,6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(11,3)
7→6 =

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

c1↔c3−−−−→

1 1 1 1 2
1 1 0 0 0 0
1 0 0 1 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

c2↔c3−−−−→

1 1 1 1 2
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 1 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

153.2.1 0→ I(13, 1) f→ I(11, 3) g→ I(11, 2)→ 0 
PdimI(13, 1) + dimI(11, 2) = (2, 5, 6, 4, 2, 4, 2) + (4, 7, 11, 8, 4, 8, 4)
= (6, 12, 17, 12, 6, 12, 6) = dimI(11, 3)
Pdimk Ext
1
kQ(I(11, 2), I(13, 1)) = dimk HomkQ(I(11, 2), I(13, 1))− 〈dimI(11, 2),dimI(13, 1)〉
= 0− 〈(4, 7, 11, 8, 4, 8, 4), (2, 5, 6, 4, 2, 4, 2)〉
= 4 · 5 + 7 · 6 + 8 · 6 + 4 · 4 + 8 · 6 + 4 · 4− (4 · 2 + 7 · 5 + 11 · 6 + 8 · 4 + 4 · 2 + 8 · 4 + 4 · 2)
= 20 + 42 + 48 + 16 + 48 + 16− (8 + 35 + 66 + 32 + 8 + 32 + 8)
= 1
Matrices of the embedding f : I(13, 1)→ I(11, 3) P
1. f1 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

∈M12,5(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M17,6(k) is already in column echelon form and has maximal column rank.
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4. f4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M12,4(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M12,4(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0
0 1
0 0
0 0
0 0
0 0

∈M6,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(11, 3)→ I(11, 2) P
1. g1 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M7,12(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,17(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M8,12(k) is already in row echelon form and has maximal row rank.
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5. g5 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M8,12(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 ∈M4,6(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(13, 1)→ I(11, 3) P
1. f2 ·M I(13,1)1→2 −M I(11,3)1→2 · f1 = 0
f2 ·M I(13,1)1→2 =
[ 5
5 1
7 0
]
·

2
1 0
2 1
2 0
 =

1 2 2
1 1 0 0
2 0 1 0
2 0 0 1
7 0 0 0
 ·

2
1 0
2 1
2 0
 =

2
1 0
2 1
2 0
7 0
 =

2
1 0
2 1
9 0

M
I(11,3)
1→2 · f1 =

2 1 2 1
1 0 0 0 0
2 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·
[ 2
2 1
4 0
]
=

2 1 2 1
1 0 0 0 0
2 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·

2
2 1
1 0
2 0
1 0
 =

2
1 0
2 1
2 0
1 0
1 0
1 0
2 0
1 0
1 0

=

2
1 0
2 1
9 0

f2 ·M I(13,1)1→2 −M I(11,3)1→2 · f1 =

2
1 0
2 1
9 0
−

2
1 0
2 1
9 0
 = [ 212 0 ]
2. f3 ·M I(13,1)2→3 −M I(11,3)2→3 · f2 = 0
f3 ·M I(13,1)2→3 =
[ 6
6 1
11 0
]
·
[ 5
5 1
1 0
]
=

5 1
5 1 0
1 0 1
11 0 0
 · [
5
5 1
1 0
]
=

5
5 1
1 0
11 0
 = [
5
5 1
12 0
]
M
I(11,3)
2→3 · f2 =

5 1 3 1 1 1
5 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·
[ 5
5 1
7 0
]
=

5 1 3 1 1 1
5 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

5
5 1
1 0
3 0
1 0
1 0
1 0

=

5
5 1
1 0
1 0
2 0
3 0
1 0
1 0
1 0
1 0
1 0

=
[ 5
5 1
12 0
]
f3 ·M I(13,1)2→3 −M I(11,3)2→3 · f2 =
[ 5
5 1
12 0
]
−
[ 5
5 1
12 0
]
=
[ 5
17 0
]
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3. f3 ·M I(13,1)4→3 −M I(11,3)4→3 · f4 = 0
f3 ·M I(13,1)4→3 =
[ 6
6 1
11 0
]
·

1 3
1 1 0
2 0 0
3 0 1
 =

1 2 3
1 1 0 0
2 0 1 0
3 0 0 1
11 0 0 0
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
1 1 0
2 0 0
3 0 1
11 0 0

M
I(11,3)
4→3 · f4 =

1 8 3
1 1 0 0
2 0 0 0
8 0 1 0
3 0 0 0
3 0 0 1
 ·
[ 4
4 1
8 0
]
=

1 3 5 3
1 1 0 0 0
2 0 0 0 0
3 0 1 0 0
5 0 0 1 0
3 0 0 0 0
3 0 0 0 1

·

1 3
1 1 0
3 0 1
5 0 0
3 0 0
 =

1 3
1 1 0
2 0 0
3 0 1
5 0 0
3 0 0
3 0 0

=

1 3
1 1 0
2 0 0
3 0 1
11 0 0

f3 ·M I(13,1)4→3 −M I(11,3)4→3 · f4 =

1 3
1 1 0
2 0 0
3 0 1
11 0 0
−

1 3
1 1 0
2 0 0
3 0 1
11 0 0
 =
[ 4
17 0
]
4. f4 ·M I(13,1)5→4 −M I(11,3)5→4 · f5 = 0
f4 ·M I(13,1)5→4 =
[ 4
4 1
8 0
]
·

1 0
0 0
1 0
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
8 0 0 0 0
 ·

1 0
0 0
1 0
0 1
 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
8 0 0

M
I(11,3)
5→4 · f5 =

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 2
2 1
4 0
]
=

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1
1 1 0
1 0 1
2 0 0
1 0 0
1 0 0
 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
1 0 0
2 0 0
3 0 0
1 0 0
1 0 0

=

1 1
1 1 0
1 0 0
1 1 0
1 0 1
8 0 0

f4 ·M I(13,1)5→4 −M I(11,3)5→4 · f5 =

1 1
1 1 0
1 0 0
1 1 0
1 0 1
8 0 0
−

1 1
1 1 0
1 0 0
1 1 0
1 0 1
8 0 0
 =
[ 2
12 0
]
5. f3 ·M I(13,1)6→3 −M I(11,3)6→3 · f6 = 0
f3 ·M I(13,1)6→3 =
[ 6
6 1
11 0
]
·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1 1 1
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
11 0 0 0 0 0 0

·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
11 0 0 0 0

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M
I(11,3)
6→3 · f6 =

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

·
[ 4
4 1
8 0
]
=

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

·

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
4 0 0 0 0

=

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
4 0 0 0 0
1 0 0 0 0

=

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
11 0 0 0 0

f3 ·M I(13,1)6→3 −M I(11,3)6→3 · f6 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
11 0 0 0 0

−

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1
11 0 0 0 0

=
[ 4
17 0
]
6. f6 ·M I(13,1)7→6 −M I(11,3)7→6 · f7 = 0
f6 ·M I(13,1)7→6 =
[ 4
4 1
8 0
]
·

0 0
1 0
0 1
0 1
 =

1 1 1 1
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
8 0 0 0 0
 ·

0 0
1 0
0 1
0 1
 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
8 0 0

M
I(11,3)
7→6 · f7 =

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·
[ 2
2 1
4 0
]
=

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

1 1
1 1 0
1 0 1
1 0 0
1 0 0
2 0 0
 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
1 0 0
1 0 0
1 0 0
1 0 0
2 0 0
2 0 0

=

1 1
1 0 0
1 1 0
1 0 1
1 0 1
8 0 0

f6 ·M I(13,1)7→6 −M I(11,3)7→6 · f7 =

1 1
1 0 0
1 1 0
1 0 1
1 0 1
8 0 0
−

1 1
1 0 0
1 1 0
1 0 1
1 0 1
8 0 0
 =
[ 2
12 0
]
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Relations of the projection g : I(11, 3)→ I(11, 2) P
1. g2 ·M I(11,3)1→2 −M I(11,2)1→2 · g1 = 0
g2 ·M I(11,3)1→2 =
[ 5 7
7 0 1
]
·

2 1 2 1
1 0 0 0 0
2 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=

1 2 2 1 1 1 2 1 1
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

·

2 1 2 1
1 0 0 0 0
2 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=

2 1 2 1
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

M
I(11,2)
1→2 · g1 =

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·
[ 2 4
4 0 1
]
=

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·

2 1 2 1
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
 =

2 1 2 1
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

g2 ·M I(11,3)1→2 −M I(11,2)1→2 · g1 =

2 1 2 1
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

−

2 1 2 1
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=
[ 6
7 0
]
2. g3 ·M I(11,3)2→3 −M I(11,2)2→3 · g2 = 0
g3 ·M I(11,3)2→3 =
[ 6 11
11 0 1
]
·

5 1 3 1 1 1
5 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

5 1 1 2 3 1 1 1 1 1
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
3 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1

·

5 1 3 1 1 1
5 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

5 1 3 1 1 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

M
I(11,2)
2→3 · g2 =

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 5 7
7 0 1
]
=

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

5 1 3 1 1 1
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
 =

5 1 3 1 1 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

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g3 ·M I(11,3)2→3 −M I(11,2)2→3 · g2 =

5 1 3 1 1 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

−

5 1 3 1 1 1
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=
[12
11 0
]
3. g3 ·M I(11,3)4→3 −M I(11,2)4→3 · g4 = 0
g3 ·M I(11,3)4→3 =
[ 6 11
11 0 1
]
·

1 8 3
1 1 0 0
2 0 0 0
8 0 1 0
3 0 0 0
3 0 0 1
 =

1 2 3 5 3 3
5 0 0 0 1 0 0
3 0 0 0 0 1 0
3 0 0 0 0 0 1
 ·

1 3 5 3
1 1 0 0 0
2 0 0 0 0
3 0 1 0 0
5 0 0 1 0
3 0 0 0 0
3 0 0 0 1

=

1 3 5 3
5 0 0 1 0
3 0 0 0 0
3 0 0 0 1
 =

4 5 3
5 0 1 0
3 0 0 0
3 0 0 1

M
I(11,2)
4→3 · g4 =

5 3
5 1 0
3 0 0
3 0 1
 · [ 4 88 0 1 ] =

5 3
5 1 0
3 0 0
3 0 1
 · [
4 5 3
5 0 1 0
3 0 0 1
]
=

4 5 3
5 0 1 0
3 0 0 0
3 0 0 1

g3 ·M I(11,3)4→3 −M I(11,2)4→3 · g4 =

4 5 3
5 0 1 0
3 0 0 0
3 0 0 1
−

4 5 3
5 0 1 0
3 0 0 0
3 0 0 1
 = [1211 0 ]
4. g4 ·M I(11,3)5→4 −M I(11,2)5→4 · g5 = 0
g4 ·M I(11,3)5→4 =
[ 4 8
8 0 1
]
·

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 1 1 1 1 2 3 1 1
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1
 ·

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 1 2 1 1
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1
 =

2 2 1 1
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

M
I(11,2)
5→4 · g5 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 2 4
4 0 1
]
=

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·

2 2 1 1
2 0 1 0 0
1 0 0 1 0
1 0 0 0 1
 =

2 2 1 1
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1

g4 ·M I(11,3)5→4 −M I(11,2)5→4 · g5 =

2 2 1 1
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1
−

2 2 1 1
1 0 0 1 0
2 0 1 0 0
3 0 0 0 0
1 0 0 1 0
1 0 0 0 1
 =
[ 6
8 0
]
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5. g3 ·M I(11,3)6→3 −M I(11,2)6→3 · g6 = 0
g3 ·M I(11,3)6→3 =
[ 6 11
11 0 1
]
·

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 4 1
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 4
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

=

4 1 1 1 1 4
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

M
I(11,2)
6→3 · g6 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

·
[ 4 8
8 0 1
]
=

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

·

4 1 1 1 1 4
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
 =

4 1 1 1 1 4
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

g3 ·M I(11,3)6→3 −M I(11,2)6→3 · g6 =

4 1 1 1 1 4
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

−

4 1 1 1 1 4
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
4 0 0 0 0 0 1
1 0 0 0 0 0 0

=
[12
11 0
]
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6. g6 ·M I(11,3)7→6 −M I(11,2)7→6 · g7 = 0
g6 ·M I(11,3)7→6 =
[ 4 8
8 0 1
]
·

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 1 1 1 1 1 1 2 2
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 1 1 2
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

M
I(11,2)
7→6 · g7 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

·
[ 2 4
4 0 1
]
=

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

·

2 1 1 2
1 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

g6 ·M I(11,3)7→6 −M I(11,2)7→6 · g7 =

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

−

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 0

=
[ 6
8 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 5 7
7 0 1
]
·
[ 5
5 1
7 0
]
=
[ 5
7 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 6 11
11 0 1
]
·
[ 6
6 1
11 0
]
=
[ 6
11 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 4 8
8 0 1
]
·
[ 4
4 1
8 0
]
=
[ 4
8 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 4 8
8 0 1
]
·
[ 4
4 1
8 0
]
=
[ 4
8 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 2 4
4 0 1
]
·
[ 2
2 1
4 0
]
=
[ 2
4 0
]
153.2.2 0→ I(13, 7) f→ I(11, 3) g→ I(11, 6)→ 0 
PdimI(13, 7) + dimI(11, 6) = (2, 4, 6, 4, 2, 5, 2) + (4, 8, 11, 8, 4, 7, 4)
= (6, 12, 17, 12, 6, 12, 6) = dimI(11, 3)
Pdimk Ext
1
kQ(I(11, 6), I(13, 7)) = dimk HomkQ(I(11, 6), I(13, 7))− 〈dimI(11, 6),dimI(13, 7)〉
= 0− 〈(4, 8, 11, 8, 4, 7, 4), (2, 4, 6, 4, 2, 5, 2)〉
= 4 · 4 + 8 · 6 + 8 · 6 + 4 · 4 + 7 · 6 + 4 · 5− (4 · 2 + 8 · 4 + 11 · 6 + 8 · 4 + 4 · 2 + 7 · 5 + 4 · 2)
= 16 + 48 + 48 + 16 + 42 + 20− (8 + 32 + 66 + 32 + 8 + 35 + 8)
= 1
Matrices of the embedding f : I(13, 7)→ I(11, 3) P
1. f1 =

0 0
0 0
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M12,4(k) is already in column echelon form and has maximal column rank.
3. f3 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M17,6(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M12,4(k) is already in column echelon form and has maximal column rank.
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5. f5 =

0 0
0 0
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∈M12,5(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0
0 0
0 0
0 0
1 0
0 1

∈M6,2(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(11, 3)→ I(11, 6) P
1. g1 =

0 0 1 0 0 0
0 0 0 91 0 0
1 0 0 0 0 0
0 1 0 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 r1↔r3−−−−→

2 1 1 2
2 1 0 0 0
1 0 0 91 0
1 0 1 0 0
 r2↔r3−−−−→

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 91 0
 = [
3 1 2
3 1 0 0
1 0 91 0
]
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 91 0 0 0
0 0 0 0 0 0 0 0 91 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0

∈M8,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0

r2↔r5−−−−→

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
4 0 1 0 0 0 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
1 0 0 0 0 1 0 0
 =

5 1 1 1 1 3
5 1 0 0 0 0 0
1 0 0 1 0 91 0
1 0 0 0 0 91 0
1 0 0 0 1 0 0
 r3↔r4−−−−→

5 1 1 1 1 3
5 1 0 0 0 0 0
1 0 0 1 0 91 0
1 0 0 0 1 0 0
1 0 0 0 0 91 0

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3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 1 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 91 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M11,17(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g3 =

1 5 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0 0
1 0 0 0 91 0 1 0 91 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0
5 0 1 0 0 0 0 0 0 0

r2↔r7−−−−→

1 5 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0 0 0
1 0 0 0 91 0 1 0 91 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 91 0 1 0 0

=

6 1 1 1 1 1 1 5
6 1 0 0 0 0 0 0 0
1 0 0 91 0 1 0 91 0
1 0 0 0 0 0 1 91 0
1 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 91 0
1 0 0 0 91 0 1 0 0

r3↔r6−−−−→

6 1 1 1 1 1 1 5
6 1 0 0 0 0 0 0 0
1 0 0 91 0 1 0 91 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 1 91 0

r5↔r6−−−−→

6 1 1 1 1 1 1 5
6 1 0 0 0 0 0 0 0
1 0 0 91 0 1 0 91 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 1 0 91 0
1 0 0 0 0 0 1 91 0
1 0 0 0 0 0 0 91 0

4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 1 0 0 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

∈M8,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 1 0 0 0 0 0 0

r2↔r6−−−−→

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 91 0 1 0

=

4 1 1 1 1 1 3
4 1 0 0 0 0 0 0
1 0 0 91 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 91 0 1 0

r3↔r5−−−−→

4 1 1 1 1 1 3
4 1 0 0 0 0 0 0
1 0 0 91 0 1 0 0
1 0 0 0 91 0 1 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
 =

4 1 2 2 3
4 1 0 0 0 0
2 0 0 91 1 0
2 0 0 0 1 0

5. g5 =

0 0 0 91 0 0
0 0 91 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 2 2 2
2 0 91′ 0
2 1 0 0
]
r1↔r2−−−−→
[ 2 2 2
2 1 0 0
2 0 91′ 0
]
6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 91 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

∈M7,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 3 1 1 1 1 4
1 1 0 0 0 0 0 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0
3 0 1 0 0 0 0 0

r2↔r5−−−−→

1 3 1 1 1 1 4
1 1 0 0 0 0 0 0
3 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0
1 0 0 0 0 1 91 0
 =

4 1 1 1 1 4
4 1 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 0 91 0
1 0 0 0 1 91 0
 r3↔r4−−−−→

4 1 1 1 1 4
4 1 0 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 91 0
1 0 0 0 0 91 0

2996
7. g7 =

0 0 1 0 0 0
0 0 0 91 0 0
1 0 0 0 0 0
0 1 0 0 0 0
 ∈M4,6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 r1↔r3−−−−→

2 1 1 2
2 1 0 0 0
1 0 0 91 0
1 0 1 0 0
 r2↔r3−−−−→

2 1 1 2
2 1 0 0 0
1 0 1 0 0
1 0 0 91 0
 = [
3 1 2
3 1 0 0
1 0 91 0
]
Relations of the embedding f : I(13, 7)→ I(11, 3) P
1. f2 ·M I(13,7)1→2 −M I(11,3)1→2 · f1 = 0
f2 ·M I(13,7)1→2 =

1 3
5 0 0
1 1 0
3 0 0
3 0 1
 ·

0 0
1 0
0 1
0 1
 =

1 1 1 1
5 0 0 0 0
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

·

0 0
1 0
0 1
0 1
 =

1 1
5 0 0
1 0 0
3 0 0
1 1 0
1 0 1
1 0 1

=

1 1
9 0 0
1 1 0
1 0 1
1 0 1

M
I(11,3)
1→2 · f1 =

2 1 2 1
1 0 0 0 0
2 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

·
[ 2
4 0
2 1
]
=

2 1 1 1 1
1 0 0 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

·

1 1
2 0 0
1 0 0
1 0 0
1 1 0
1 0 1
 =

1 1
1 0 0
2 0 0
2 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 1 0
1 0 1
1 0 1

=

1 1
9 0 0
1 1 0
1 0 1
1 0 1

f2 ·M I(13,7)1→2 −M I(11,3)1→2 · f1 =

1 1
9 0 0
1 1 0
1 0 1
1 0 1
−

1 1
9 0 0
1 1 0
1 0 1
1 0 1
 =
[ 2
12 0
]
2. f3 ·M I(13,7)2→3 −M I(11,3)2→3 · f2 = 0
f3 ·M I(13,7)2→3 =

1 5
6 0 0
1 1 0
5 0 0
5 0 1
 ·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1 1 1
6 0 0 0 0 0 0
1 1 0 0 0 0 0
5 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

=

1 1 1 1
6 0 0 0 0
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

M
I(11,3)
2→3 · f2 =

5 1 3 1 1 1
5 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 3
5 0 0
1 1 0
3 0 0
3 0 1
 =

5 1 3 1 1 1
5 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

·

1 1 1 1
5 0 0 0 0
1 1 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
5 0 0 0 0
1 0 0 0 0
1 1 0 0 0
2 0 0 0 0
3 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=

1 1 1 1
6 0 0 0 0
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

f3 ·M I(13,7)2→3 −M I(11,3)2→3 · f2 =

1 1 1 1
6 0 0 0 0
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

−

1 1 1 1
6 0 0 0 0
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 1 0 1
1 0 0 1 0
1 0 0 0 1

=
[ 4
17 0
]
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3. f3 ·M I(13,7)4→3 −M I(11,3)4→3 · f4 = 0
f3 ·M I(13,7)4→3 =

1 5
6 0 0
1 1 0
5 0 0
5 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 2 3
6 0 0 0
1 1 0 0
5 0 0 0
2 0 1 0
3 0 0 1
 ·

1 3
1 1 0
2 0 0
3 0 1
 =

1 3
6 0 0
1 1 0
5 0 0
2 0 0
3 0 1
 =

1 3
6 0 0
1 1 0
7 0 0
3 0 1

M
I(11,3)
4→3 · f4 =

1 8 3
1 1 0 0
2 0 0 0
8 0 1 0
3 0 0 0
3 0 0 1
 ·

1 3
4 0 0
1 1 0
4 0 0
3 0 1
 =

1 3 1 4 3
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
4 0 0 0 1 0
3 0 0 0 0 0
3 0 0 0 0 1

·

1 3
1 0 0
3 0 0
1 1 0
4 0 0
3 0 1
 =

1 3
1 0 0
2 0 0
3 0 0
1 1 0
4 0 0
3 0 0
3 0 1

=

1 3
6 0 0
1 1 0
7 0 0
3 0 1

f3 ·M I(13,7)4→3 −M I(11,3)4→3 · f4 =

1 3
6 0 0
1 1 0
7 0 0
3 0 1
−

1 3
6 0 0
1 1 0
7 0 0
3 0 1
 =
[ 4
17 0
]
4. f4 ·M I(13,7)5→4 −M I(11,3)5→4 · f5 = 0
f4 ·M I(13,7)5→4 =

1 3
4 0 0
1 1 0
4 0 0
3 0 1
 ·

1 0
0 0
1 0
0 1
 =

1 1 1 1
4 0 0 0 0
1 1 0 0 0
4 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

·

1 0
0 0
1 0
0 1
 =

1 1
4 0 0
1 1 0
4 0 0
1 0 0
1 1 0
1 0 1

=

1 1
4 0 0
1 1 0
5 0 0
1 1 0
1 0 1

M
I(11,3)
5→4 · f5 =

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·
[ 2
4 0
2 1
]
=

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

·

1 1
1 0 0
1 0 0
2 0 0
1 1 0
1 0 1
 =

1 1
1 0 0
1 0 0
1 0 0
1 0 0
1 1 0
2 0 0
3 0 0
1 1 0
1 0 1

=

1 1
4 0 0
1 1 0
5 0 0
1 1 0
1 0 1

f4 ·M I(13,7)5→4 −M I(11,3)5→4 · f5 =

1 1
4 0 0
1 1 0
5 0 0
1 1 0
1 0 1
−

1 1
4 0 0
1 1 0
5 0 0
1 1 0
1 0 1
 =
[ 2
12 0
]
5. f3 ·M I(13,7)6→3 −M I(11,3)6→3 · f6 = 0
f3 ·M I(13,7)6→3 =

1 5
6 0 0
1 1 0
5 0 0
5 0 1
 ·
[ 5
5 1
1 0
]
=

1 4 1
6 0 0 0
1 1 0 0
5 0 0 0
4 0 1 0
1 0 0 1
 ·

1 4
1 1 0
4 0 1
1 0 0
 =

1 4
6 0 0
1 1 0
5 0 0
4 0 1
1 0 0

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M
I(11,3)
6→3 · f6 =

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

·

1 4
4 0 0
1 1 0
3 0 0
4 0 1
 =

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

·

1 4
1 0 0
1 0 0
1 0 0
1 0 0
1 1 0
1 0 0
1 0 0
1 0 0
4 0 1

=

1 4
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
4 0 1
1 0 0

=

1 4
6 0 0
1 1 0
5 0 0
4 0 1
1 0 0

f3 ·M I(13,7)6→3 −M I(11,3)6→3 · f6 =

1 4
6 0 0
1 1 0
5 0 0
4 0 1
1 0 0
−

1 4
6 0 0
1 1 0
5 0 0
4 0 1
1 0 0
 =
[ 5
17 0
]
6. f6 ·M I(13,7)7→6 −M I(11,3)7→6 · f7 = 0
f6 ·M I(13,7)7→6 =

1 4
4 0 0
1 1 0
3 0 0
4 0 1
 ·

2
1 0
2 1
2 0
 =

1 2 2
4 0 0 0
1 1 0 0
3 0 0 0
2 0 1 0
2 0 0 1
 ·

2
1 0
2 1
2 0
 =

2
4 0
1 0
3 0
2 1
2 0
 =

2
8 0
2 1
2 0

M
I(11,3)
7→6 · f7 =

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·
[ 2
4 0
2 1
]
=

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

·

2
1 0
1 0
1 0
1 0
2 1
 =

2
1 0
1 0
1 0
1 0
1 0
1 0
1 0
1 0
2 1
2 0

=

2
8 0
2 1
2 0

f6 ·M I(13,7)7→6 −M I(11,3)7→6 · f7 =

2
8 0
2 1
2 0
−

2
8 0
2 1
2 0
 = [ 212 0 ]
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Relations of the projection g : I(11, 3)→ I(11, 6) P
1. g2 ·M I(11,3)1→2 −M I(11,6)1→2 · g1 = 0
g2 ·M I(11,3)1→2 =

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
 ·

2 1 2 1
1 0 0 0 0
2 1 0 0 0
2 0 0 0 0
1 0 1 0 0
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
1 0 0 0 1
1 0 0 0 1

=

1 2 2 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0 0
2 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0

·

2 1 1 1 1
1 0 0 0 0 0
2 1 0 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1

=

2 1 1 1 1
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 91 0 0
1 0 0 91 0 0
2 1 0 0 0 0
2 0 0 0 0 0

=

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 91 0
1 0 0 91 0
2 1 0 0 0
2 0 0 0 0

M
I(11,6)
1→2 · g1 =

1 1 2
1 0 0 0
1 1 0 0
1 0 1 0
1 0 1 0
2 0 0 1
2 0 0 0

·

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 =

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 91 0
1 0 0 91 0
2 1 0 0 0
2 0 0 0 0

g2 ·M I(11,3)1→2 −M I(11,6)1→2 · g1 =

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 91 0
1 0 0 91 0
2 1 0 0 0
2 0 0 0 0

−

2 1 1 2
1 0 0 0 0
1 0 1 0 0
1 0 0 91 0
1 0 0 91 0
2 1 0 0 0
2 0 0 0 0

=
[ 6
8 0
]
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2. g3 ·M I(11,3)2→3 −M I(11,6)2→3 · g2 = 0
g3 ·M I(11,3)2→3 =

1 5 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0 0
1 0 0 0 91 0 1 0 91 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0
5 0 1 0 0 0 0 0 0 0

·

5 1 3 1 1 1
5 1 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 1 0 1
1 0 0 0 0 1 0
1 0 0 0 0 0 1

=

1 4 1 1 1 1 1 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 1 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 1 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0 0
4 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

1 4 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
4 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1

=

1 4 1 1 1 1 1 1 1
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 91 0 0 0
1 0 0 0 0 1 91 0 0 0
1 0 0 0 1 0 91 0 0 0
1 0 0 0 0 0 91 0 0 0
4 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0

=

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0

M
I(11,6)
2→3 · g2 =

1 1 1 1 4
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 1 0 1 0
1 0 0 1 0 0
1 0 0 0 1 0
4 0 0 0 0 1
1 0 0 0 0 0

·

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
 =

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0

g3 ·M I(11,3)2→3 −M I(11,6)2→3 · g2 =

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0

−

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0

=
[12
11 0
]
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3. g3 ·M I(11,3)4→3 −M I(11,6)4→3 · g4 = 0
g3 ·M I(11,3)4→3 =

1 5 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0 0
1 0 0 0 91 0 1 0 91 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0
5 0 1 0 0 0 0 0 0 0

·

1 8 3
1 1 0 0
2 0 0 0
8 0 1 0
3 0 0 0
3 0 0 1

=

1 2 3 1 1 1 1 1 1 2 3
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 91 0 1 0 91 0 0
1 0 0 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 1 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0 0
2 0 1 0 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0 0

·

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 1

=

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0

=

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0

M
I(11,6)
4→3 · g4 =

5 3
5 1 0
3 0 0
3 0 1
 ·

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 1 0 0 0 0 0 0

=

1 1 1 1 1 3
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 0
3 0 0 0 0 0 1

·

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 1 0 0 0 0 0 0

=

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0

g3 ·M I(11,3)4→3 −M I(11,6)4→3 · g4 =

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0

−

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0

=
[12
11 0
]
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4. g4 ·M I(11,3)5→4 −M I(11,6)5→4 · g5 = 0
g4 ·M I(11,3)5→4 =

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 1 0 0 0 0 0 0

·

1 1 2 1 1
1 1 0 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 0 0 0
1 0 0 0 1 0
1 0 0 0 0 1

=

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 91 0 1 0 0 0
0 0 0 0 0 91 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

·

1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

=

1 0 0 0 0 0
0 0 0 91 0 0
0 0 91 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0

=

1 1 2 2
1 1 0 0 0
2 0 0 91′ 0
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0

M
I(11,6)
5→4 · g5 =

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·
[ 2 2 2
2 0 91′ 0
2 1 0 0
]
=

2 1 1
1 0 1 0
2 1 0 0
3 0 0 0
1 0 1 0
1 0 0 1
 ·

1 1 2 2
2 0 0 91′ 0
1 1 0 0 0
1 0 1 0 0
 =

1 1 2 2
1 1 0 0 0
2 0 0 91′ 0
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0

g4 ·M I(11,3)5→4 −M I(11,6)5→4 · g5 =

1 1 2 2
1 1 0 0 0
2 0 0 91′ 0
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
−

1 1 2 2
1 1 0 0 0
2 0 0 91′ 0
3 0 0 0 0
1 1 0 0 0
1 0 1 0 0
 =
[ 6
8 0
]
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5. g3 ·M I(11,3)6→3 −M I(11,6)6→3 · g6 = 0
g3 ·M I(11,3)6→3 =

1 5 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0 0
1 0 0 0 91 0 1 0 91 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0
5 0 1 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 1 1 1 1 4 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0 1 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0

·

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0

=

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0

=

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0

M
I(11,6)
6→3 · g6 =

1 3 1 1 1
1 1 0 0 0 0
2 0 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 0 0 1 0
1 0 0 0 0 1

·

1 3 1 1 1 1 4
1 1 0 0 0 0 0 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0
3 0 1 0 0 0 0 0

=

1 1 1 1 1 1 1
1 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
1 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 1

·

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0

=

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0

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g3 ·M I(11,3)6→3 −M I(11,6)6→3 · g6 =

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0

−

1 1 1 1 1 1 1 1 4
1 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 91 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0

=
[12
11 0
]
6. g6 ·M I(11,3)7→6 −M I(11,6)7→6 · g7 = 0
g6 ·M I(11,3)7→6 =

1 3 1 1 1 1 4
1 1 0 0 0 0 0 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0
3 0 1 0 0 0 0 0
 ·

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 1 1 1 1 1 1 2 2
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 91 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0
1 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0

·

1 1 1 1 2
1 0 0 1 0 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 0

=

1 1 1 1 2
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0

M
I(11,6)
7→6 · g7 =

1 2 1
1 1 0 0
1 0 0 0
1 1 0 0
2 0 1 0
1 0 0 1
1 0 0 1

·

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 =

1 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1

·

1 1 1 1 2
1 0 0 1 0 0
1 0 0 0 91 0
1 1 0 0 0 0
1 0 1 0 0 0
 =

1 1 1 1 2
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0

g6 ·M I(11,3)7→6 −M I(11,6)7→6 · g7 =

1 1 1 1 2
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0

−

1 1 1 1 2
1 0 0 1 0 0
1 0 0 0 0 0
1 0 0 1 0 0
1 0 0 0 91 0
1 1 0 0 0 0
1 0 1 0 0 0
1 0 1 0 0 0

=
[ 6
7 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 · [
2
4 0
2 1
]
=

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 ·

2
2 0
1 0
1 0
2 1
 =
[ 2
4 0
]
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2. g2 · f2 = 0
g2 · f2 =

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
 ·

1 3
5 0 0
1 1 0
3 0 0
3 0 1
 =

1 4 1 1 1 1 3
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 1 0 91 0
1 0 0 0 0 0 91 0
4 0 1 0 0 0 0 0
 ·

1 3
1 0 0
4 0 0
1 1 0
1 0 0
1 0 0
1 0 0
3 0 1

=
[ 4
8 0
]
3. g3 · f3 = 0
g3 · f3 =

1 5 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0 0
1 0 0 0 91 0 1 0 91 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0
5 0 1 0 0 0 0 0 0 0

·

1 5
6 0 0
1 1 0
5 0 0
5 0 1
 =

1 5 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0 0
1 0 0 0 91 0 1 0 91 0
1 0 0 0 0 0 0 1 91 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 91 0
5 0 1 0 0 0 0 0 0 0

·

1 5
1 0 0
5 0 0
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
5 0 1

=
[ 6
11 0
]
4. g4 · f4 = 0
g4 · f4 =

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 1 0 0 0 0 0 0

·

1 3
4 0 0
1 1 0
4 0 0
3 0 1
 =

1 3 1 1 1 1 1 3
1 1 0 0 0 0 0 0 0
1 0 0 0 0 91 0 1 0
1 0 0 0 91 0 1 0 0
1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0
3 0 1 0 0 0 0 0 0

·

1 3
1 0 0
3 0 0
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
3 0 1

=
[ 4
8 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 2 2 2
2 0 91′ 0
2 1 0 0
]
·
[ 2
4 0
2 1
]
=
[ 2 2 2
2 0 91′ 0
2 1 0 0
]
·

2
2 0
2 0
2 1
 = [ 24 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 3 1 1 1 1 4
1 1 0 0 0 0 0 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0
3 0 1 0 0 0 0 0
 ·

1 4
4 0 0
1 1 0
3 0 0
4 0 1
 =

1 3 1 1 1 1 4
1 1 0 0 0 0 0 0
1 0 0 0 0 1 91 0
1 0 0 0 1 0 0 0
1 0 0 0 0 0 91 0
3 0 1 0 0 0 0 0
 ·

1 4
1 0 0
3 0 0
1 1 0
1 0 0
1 0 0
1 0 0
4 0 1

=
[ 5
7 0
]
7. g7 · f7 = 0
g7 · f7 =

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 · [
2
4 0
2 1
]
=

2 1 1 2
1 0 1 0 0
1 0 0 91 0
2 1 0 0 0
 ·

2
2 0
1 0
1 0
2 1
 =
[ 2
4 0
]
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153.3 Tree module property of I(17, 3) 
The matrices of the representation have full (column) rank P
1. M I(17,3)1→2 =

0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k) is already in column echelon form and has maximal column rank.
2. M I(17,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,18(k) is already in column echelon form and has maximal column rank.
3. M I(17,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M26,18(k) is already in column echelon form and has maximal column rank.
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4. M I(17,3)5→4 =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M18,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(17,3)
5→4 =

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

c3↔c4−−−−→

1 2 1 3 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
5 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 0 1

5. M I(17,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M26,18(k) is already in column echelon form and has maximal column rank.
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6. M I(17,3)7→6 =

0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M18,9(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(17,3)
7→6 =

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

c1↔c3−−−−→

1 2 1 2 3
1 1 0 0 0 0
1 0 0 1 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

c2↔c3−−−−→

1 1 2 2 3
1 1 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
2 0 0 1 0 0
1 0 0 0 0 0
1 1 0 0 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

153.3.1 0→ I(19, 1) f→ I(17, 3) g→ I(17, 2)→ 0 
PdimI(19, 1) + dimI(17, 2) = (3, 7, 9, 6, 3, 6, 3) + (6, 11, 17, 12, 6, 12, 6)
= (9, 18, 26, 18, 9, 18, 9) = dimI(17, 3)
Pdimk Ext
1
kQ(I(17, 2), I(19, 1)) = dimk HomkQ(I(17, 2), I(19, 1))− 〈dimI(17, 2),dimI(19, 1)〉
= 0− 〈(6, 11, 17, 12, 6, 12, 6), (3, 7, 9, 6, 3, 6, 3)〉
= 6 · 7 + 11 · 9 + 12 · 9 + 6 · 6 + 12 · 9 + 6 · 6− (6 · 3 + 11 · 7 + 17 · 9 + 12 · 6 + 6 · 3 + 12 · 6 + 6 · 3)
= 42 + 99 + 108 + 36 + 108 + 36− (18 + 77 + 153 + 72 + 18 + 72 + 18)
= 1
Matrices of the embedding f : I(19, 1)→ I(17, 3) P
1. f1 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M9,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

∈M18,7(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M26,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M18,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M9,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

∈M18,6(k) is already in column echelon form and has maximal column rank.
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7. f7 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

∈M9,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(17, 3)→ I(17, 2) P
1. g1 =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M6,9(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M11,18(k) is already in row echelon form and has maximal row rank.
3. g3 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M17,26(k) is already in row echelon form and has maximal row rank.
4. g4 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M12,18(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M6,9(k) is already in row echelon form and has maximal row rank.
3011
6. g6 =

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M12,18(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M6,9(k) is already in row echelon form and has maximal row rank.
Relations of the embedding f : I(19, 1)→ I(17, 3) P
1. f2 ·M I(19,1)1→2 −M I(17,3)1→2 · f1 = 0
f2 ·M I(19,1)1→2 =
[ 7
7 1
11 0
]
·

3
1 0
3 1
3 0
 =

1 3 3
1 1 0 0
3 0 1 0
3 0 0 1
11 0 0 0
 ·

3
1 0
3 1
3 0
 =

3
1 0
3 1
3 0
11 0
 =

3
1 0
3 1
14 0

M
I(17,3)
1→2 · f1 =

3 1 3 2
1 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·
[ 3
3 1
6 0
]
=

3 1 3 2
1 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

3
3 1
1 0
3 0
2 0
 =

3
1 0
3 1
3 0
1 0
2 0
1 0
3 0
2 0
2 0

=

3
1 0
3 1
14 0

f2 ·M I(19,1)1→2 −M I(17,3)1→2 · f1 =

3
1 0
3 1
14 0
−

3
1 0
3 1
14 0
 = [ 318 0 ]
2. f3 ·M I(19,1)2→3 −M I(17,3)2→3 · f2 = 0
f3 ·M I(19,1)2→3 =
[ 9
9 1
17 0
]
·
[ 7
7 1
2 0
]
=

7 2
7 1 0
2 0 1
17 0 0
 · [
7
7 1
2 0
]
=

7
7 1
2 0
17 0
 = [
7
7 1
19 0
]
M
I(17,3)
2→3 · f2 =

7 1 5 2 1 2
7 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·
[ 7
7 1
11 0
]
=

7 1 5 2 1 2
7 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

7
7 1
1 0
5 0
2 0
1 0
2 0

=

7
7 1
2 0
1 0
3 0
5 0
2 0
1 0
2 0
1 0
2 0

=
[ 7
7 1
19 0
]
f3 ·M I(19,1)2→3 −M I(17,3)2→3 · f2 =
[ 7
7 1
19 0
]
−
[ 7
7 1
19 0
]
=
[ 7
26 0
]
3012
3. f3 ·M I(19,1)4→3 −M I(17,3)4→3 · f4 = 0
f3 ·M I(19,1)4→3 =
[ 9
9 1
17 0
]
·

1 5
1 1 0
3 0 0
5 0 1
 =

1 3 5
1 1 0 0
3 0 1 0
5 0 0 1
17 0 0 0
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 5
1 1 0
3 0 0
5 0 1
17 0 0

M
I(17,3)
4→3 · f4 =

1 12 5
1 1 0 0
3 0 0 0
12 0 1 0
5 0 0 0
5 0 0 1
 ·
[ 6
6 1
12 0
]
=

1 5 7 5
1 1 0 0 0
3 0 0 0 0
5 0 1 0 0
7 0 0 1 0
5 0 0 0 0
5 0 0 0 1

·

1 5
1 1 0
5 0 1
7 0 0
5 0 0
 =

1 5
1 1 0
3 0 0
5 0 1
7 0 0
5 0 0
5 0 0

=

1 5
1 1 0
3 0 0
5 0 1
17 0 0

f3 ·M I(19,1)4→3 −M I(17,3)4→3 · f4 =

1 5
1 1 0
3 0 0
5 0 1
17 0 0
−

1 5
1 1 0
3 0 0
5 0 1
17 0 0
 =
[ 6
26 0
]
4. f4 ·M I(19,1)5→4 −M I(17,3)5→4 · f5 = 0
f4 ·M I(19,1)5→4 =
[ 6
6 1
12 0
]
·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
12 0 0 0 0
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
12 0 0

M
I(17,3)
5→4 · f5 =

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 3
3 1
6 0
]
=

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2
1 1 0
2 0 1
3 0 0
1 0 0
2 0 0
 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
1 0 0
3 0 0
5 0 0
1 0 0
2 0 0

=

1 2
1 1 0
2 0 0
1 1 0
2 0 1
12 0 0

f4 ·M I(19,1)5→4 −M I(17,3)5→4 · f5 =

1 2
1 1 0
2 0 0
1 1 0
2 0 1
12 0 0
−

1 2
1 1 0
2 0 0
1 1 0
2 0 1
12 0 0
 =
[ 3
18 0
]
5. f3 ·M I(19,1)6→3 −M I(17,3)6→3 · f6 = 0
f3 ·M I(19,1)6→3 =
[ 9
9 1
17 0
]
·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2 1 2
1 1 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
17 0 0 0 0 0 0

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
17 0 0 0 0

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M
I(17,3)
6→3 · f6 =

1 2 1 2 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

·
[ 6
6 1
12 0
]
=

1 2 1 2 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
2 0 0 0 0
6 0 0 0 0

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
2 0 0 0 0
1 0 0 0 0
2 0 0 0 0
6 0 0 0 0
2 0 0 0 0

=

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
17 0 0 0 0

f3 ·M I(19,1)6→3 −M I(17,3)6→3 · f6 =

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
17 0 0 0 0

−

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1
17 0 0 0 0

=
[ 6
26 0
]
6. f6 ·M I(19,1)7→6 −M I(17,3)7→6 · f7 = 0
f6 ·M I(19,1)7→6 =
[ 6
6 1
12 0
]
·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 1 2 2
1 1 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1
12 0 0 0 0
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
12 0 0

M
I(17,3)
7→6 · f7 =

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·
[ 3
3 1
6 0
]
=

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

1 2
1 1 0
2 0 1
1 0 0
2 0 0
3 0 0
 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
1 0 0
1 0 0
2 0 0
2 0 0
3 0 0
3 0 0

=

1 2
1 0 0
1 1 0
2 0 1
2 0 1
12 0 0

f6 ·M I(19,1)7→6 −M I(17,3)7→6 · f7 =

1 2
1 0 0
1 1 0
2 0 1
2 0 1
12 0 0
−

1 2
1 0 0
1 1 0
2 0 1
2 0 1
12 0 0
 =
[ 3
18 0
]
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Relations of the projection g : I(17, 3)→ I(17, 2) P
1. g2 ·M I(17,3)1→2 −M I(17,2)1→2 · g1 = 0
g2 ·M I(17,3)1→2 =
[ 7 11
11 0 1
]
·

3 1 3 2
1 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 3 3 1 2 1 3 2 2
1 0 0 0 1 0 0 0 0 0
2 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1

·

3 1 3 2
1 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

3 1 3 2
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

M
I(17,2)
1→2 · g1 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·
[ 3 6
6 0 1
]
=

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·

3 1 3 2
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
 =

3 1 3 2
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

g2 ·M I(17,3)1→2 −M I(17,2)1→2 · g1 =

3 1 3 2
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

−

3 1 3 2
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=
[ 9
11 0
]
2. g3 ·M I(17,3)2→3 −M I(17,2)2→3 · g2 = 0
g3 ·M I(17,3)2→3 =
[ 9 17
17 0 1
]
·

7 1 5 2 1 2
7 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

7 2 1 3 5 2 1 2 1 2
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0
5 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 1

·

7 1 5 2 1 2
7 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

7 1 5 2 1 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

M
I(17,2)
2→3 · g2 =

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 7 11
11 0 1
]
=

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

7 1 5 2 1 2
1 0 1 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
 =

7 1 5 2 1 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

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g3 ·M I(17,3)2→3 −M I(17,2)2→3 · g2 =

7 1 5 2 1 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

−

7 1 5 2 1 2
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=
[18
17 0
]
3. g3 ·M I(17,3)4→3 −M I(17,2)4→3 · g4 = 0
g3 ·M I(17,3)4→3 =
[ 9 17
17 0 1
]
·

1 12 5
1 1 0 0
3 0 0 0
12 0 1 0
5 0 0 0
5 0 0 1
 =

1 3 5 7 5 5
7 0 0 0 1 0 0
5 0 0 0 0 1 0
5 0 0 0 0 0 1
 ·

1 5 7 5
1 1 0 0 0
3 0 0 0 0
5 0 1 0 0
7 0 0 1 0
5 0 0 0 0
5 0 0 0 1

=

1 5 7 5
7 0 0 1 0
5 0 0 0 0
5 0 0 0 1
 =

6 7 5
7 0 1 0
5 0 0 0
5 0 0 1

M
I(17,2)
4→3 · g4 =

7 5
7 1 0
5 0 0
5 0 1
 · [ 6 1212 0 1 ] =

7 5
7 1 0
5 0 0
5 0 1
 · [
6 7 5
7 0 1 0
5 0 0 1
]
=

6 7 5
7 0 1 0
5 0 0 0
5 0 0 1

g3 ·M I(17,3)4→3 −M I(17,2)4→3 · g4 =

6 7 5
7 0 1 0
5 0 0 0
5 0 0 1
−

6 7 5
7 0 1 0
5 0 0 0
5 0 0 1
 = [1817 0 ]
4. g4 ·M I(17,3)5→4 −M I(17,2)5→4 · g5 = 0
g4 ·M I(17,3)5→4 =
[ 6 12
12 0 1
]
·

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 2 1 2 1 3 5 1 2
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
5 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1
 ·

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 2 3 1 2
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1
 =

3 3 1 2
1 0 0 1 0
3 0 1 0 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1

M
I(17,2)
5→4 · g5 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·
[ 3 6
6 0 1
]
=

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

3 3 1 2
3 0 1 0 0
1 0 0 1 0
2 0 0 0 1
 =

3 3 1 2
1 0 0 1 0
3 0 1 0 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1

g4 ·M I(17,3)5→4 −M I(17,2)5→4 · g5 =

3 3 1 2
1 0 0 1 0
3 0 1 0 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1
−

3 3 1 2
1 0 0 1 0
3 0 1 0 0
5 0 0 0 0
1 0 0 1 0
2 0 0 0 1
 =
[ 9
12 0
]
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5. g3 ·M I(17,3)6→3 −M I(17,2)6→3 · g6 = 0
g3 ·M I(17,3)6→3 =
[ 9 17
17 0 1
]
·

1 2 1 2 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

=

1 2 1 2 1 2 1 2 1 2 1 2 6 2
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 1 0 0
6 0 0 0 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 2 1 2 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

=

1 2 1 2 1 2 1 2 6
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

=

6 1 2 1 2 6
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

M
I(17,2)
6→3 · g6 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·
[ 6 12
12 0 1
]
=

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

6 1 2 1 2 6
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
 =

6 1 2 1 2 6
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

g3 ·M I(17,3)6→3 −M I(17,2)6→3 · g6 =

6 1 2 1 2 6
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

−

6 1 2 1 2 6
1 0 1 0 0 0 0
2 0 0 1 0 0 0
1 0 0 0 1 0 0
2 0 0 1 0 1 0
1 0 0 0 1 0 0
2 0 0 0 0 1 0
6 0 0 0 0 0 1
2 0 0 0 0 0 0

=
[18
17 0
]
3017
6. g6 ·M I(17,3)7→6 −M I(17,2)7→6 · g7 = 0
g6 ·M I(17,3)7→6 =
[ 6 12
12 0 1
]
·

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 1 2 2 1 1 2 2 3 3
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

·

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 2 1 2 3
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

3 1 2 3
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

M
I(17,2)
7→6 · g7 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

·
[ 3 6
6 0 1
]
=

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

·

3 1 2 3
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
 =

3 1 2 3
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

g6 ·M I(17,3)7→6 −M I(17,2)7→6 · g7 =

3 1 2 3
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

−

3 1 2 3
1 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 1 0
3 0 0 0 1
3 0 0 0 0

=
[ 9
12 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 3 6
6 0 1
]
·
[ 3
3 1
6 0
]
=
[ 3
6 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 7 11
11 0 1
]
·
[ 7
7 1
11 0
]
=
[ 7
11 0
]
3. g3 · f3 = 0
g3 · f3 =
[ 9 17
17 0 1
]
·
[ 9
9 1
17 0
]
=
[ 9
17 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 6 12
12 0 1
]
·
[ 6
6 1
12 0
]
=
[ 6
12 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 6
6 0 1
]
·
[ 3
3 1
6 0
]
=
[ 3
6 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 6 12
12 0 1
]
·
[ 6
6 1
12 0
]
=
[ 6
12 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 3 6
6 0 1
]
·
[ 3
3 1
6 0
]
=
[ 3
6 0
]
153.3.2 0→ I(19, 7) f→ I(17, 3) g→ I(17, 6)→ 0 
PdimI(19, 7) + dimI(17, 6) = (3, 6, 9, 6, 3, 7, 3) + (6, 12, 17, 12, 6, 11, 6)
= (9, 18, 26, 18, 9, 18, 9) = dimI(17, 3)
Pdimk Ext
1
kQ(I(17, 6), I(19, 7)) = dimk HomkQ(I(17, 6), I(19, 7))− 〈dimI(17, 6),dimI(19, 7)〉
= 0− 〈(6, 12, 17, 12, 6, 11, 6), (3, 6, 9, 6, 3, 7, 3)〉
= 6 · 6 + 12 · 9 + 12 · 9 + 6 · 6 + 11 · 9 + 6 · 7− (6 · 3 + 12 · 6 + 17 · 9 + 12 · 6 + 6 · 3 + 11 · 7 + 6 · 3)
= 36 + 108 + 108 + 36 + 99 + 42− (18 + 72 + 153 + 72 + 18 + 77 + 18)
= 1
Matrices of the embedding f : I(19, 7)→ I(17, 3) P
1. f1 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M9,3(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M18,6(k) is already in column echelon form and has maximal column rank.
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3. f3 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M26,9(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

∈M18,6(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M9,3(k) is already in column echelon form and has maximal column rank.
6. f6 =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

∈M18,7(k) is already in column echelon form and has maximal column rank.
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7. f7 =

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∈M9,3(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(17, 3)→ I(17, 6) P
1. g1 =

0 0 0 1 0 0 0 0 0
0 0 0 0 0 91 0 0 0
0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

∈M6,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 r1↔r3−−−−→

3 1 2 3
3 1 0 0 0
2 0 0 91′ 0
1 0 1 0 0
 r2↔r3−−−−→

3 1 2 3
3 1 0 0 0
1 0 1 0 0
2 0 0 91′ 0
 = [
4 2 3
4 1 0 0
2 0 91′ 0
]
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

∈M12,18(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0

r2↔r7−−−−→

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 1 0 0 0

=

7 1 1 1 1 1 1 5
7 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 91 0
1 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 1 0 0 0

r2↔r3−−−−→

7 1 1 1 1 1 1 5
7 1 0 0 0 0 0 0 0
1 0 0 1 0 0 91 0 0
1 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 91 0
1 0 0 0 0 0 91 0 0
1 0 0 0 0 1 0 0 0

=

7 1 2 1 2 5
7 1 0 0 0 0 0
2 0 0 1 0 91 0
2 0 0 0 0 91′ 0
1 0 0 0 1 0 0
 r3↔r4−−−−→

7 1 2 1 2 5
7 1 0 0 0 0 0
2 0 0 1 0 91 0
1 0 0 0 1 0 0
2 0 0 0 0 91′ 0

3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M17,26(k) can be brought to row echelon form (as shown below) and
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has maximal row rank.
g3 =

1 8 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0

r2↔r10−−−−−→

1 8 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0

=

9 1 1 1 1 1 1 1 1 1 8
9 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 91 0
1 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 91 0 0 1 0 0 0

r2↔r3−−−−→

9 1 1 1 1 1 1 1 1 1 8
9 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 91 0 0 1 0 0 0

r4↔r9−−−−→

9 1 1 1 1 1 1 1 1 1 8
9 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 1 0 91 0

r5↔r6−−−−→

9 1 1 1 1 1 1 1 1 1 8
9 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 1 0 91 0

r7↔r9−−−−→

9 1 1 1 1 1 1 1 1 1 8
9 1 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0

4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M12,18(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 1 0 0 0 0
 r2↔r4−−−−→

1 5 1 3 3 5
1 1 0 0 0 0 0
5 0 1 0 0 0 0
3 0 0 0 0 1′ 0
3 0 0 0 91′ 1′ 0
 =

6 1 3 3 5
6 1 0 0 0 0
3 0 0 0 1′ 0
3 0 0 91′ 1′ 0
 r2↔r3−−−−→

6 1 3 3 5
6 1 0 0 0 0
3 0 0 91′ 1′ 0
3 0 0 0 1′ 0

5. g5 =

0 0 0 0 0 91 0 0 0
0 0 0 0 91 0 0 0 0
0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

∈M6,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 3 3 3
3 0 91′ 0
3 1 0 0
]
r1↔r2−−−−→
[ 3 3 3
3 1 0 0
3 0 91′ 0
]
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6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

∈M11,18(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 5 1 1 2 2 6
1 1 0 0 0 0 0 0
2 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
2 0 0 0 0 0 91′ 0
5 0 1 0 0 0 0 0

r2↔r5−−−−→

1 5 1 1 2 2 6
1 1 0 0 0 0 0 0
5 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0
2 0 0 0 0 0 91′ 0
2 0 0 0 0 1′ 91′ 0
 =

6 1 1 2 2 6
6 1 0 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 0 91′ 0
2 0 0 0 1′ 91′ 0
 r3↔r4−−−−→

6 1 1 2 2 6
6 1 0 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1′ 91′ 0
2 0 0 0 0 91′ 0

7. g7 =

0 0 0 1 0 0 0 0 0
0 0 0 0 0 91 0 0 0
0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

∈M6,9(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 r1↔r3−−−−→

3 1 2 3
3 1 0 0 0
2 0 0 91′ 0
1 0 1 0 0
 r2↔r3−−−−→

3 1 2 3
3 1 0 0 0
1 0 1 0 0
2 0 0 91′ 0
 = [
4 2 3
4 1 0 0
2 0 91′ 0
]
Relations of the embedding f : I(19, 7)→ I(17, 3) P
1. f2 ·M I(19,7)1→2 −M I(17,3)1→2 · f1 = 0
f2 ·M I(19,7)1→2 =

1 5
7 0 0
1 1 0
5 0 0
5 0 1
 ·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 1 2 2
7 0 0 0 0
1 1 0 0 0
5 0 0 0 0
1 0 1 0 0
2 0 0 1 0
2 0 0 0 1

·

1 2
1 0 0
1 1 0
2 0 1
2 0 1
 =

1 2
7 0 0
1 0 0
5 0 0
1 1 0
2 0 1
2 0 1

=

1 2
13 0 0
1 1 0
2 0 1
2 0 1

M
I(17,3)
1→2 · f1 =

3 1 3 2
1 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·
[ 3
6 0
3 1
]
=

3 1 2 1 2
1 0 0 0 0 0
3 1 0 0 0 0
3 0 0 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
1 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 0 0 1
2 0 0 0 0 1

·

1 2
3 0 0
1 0 0
2 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
3 0 0
3 0 0
1 0 0
2 0 0
1 0 0
2 0 0
1 1 0
2 0 1
2 0 1

=

1 2
13 0 0
1 1 0
2 0 1
2 0 1

f2 ·M I(19,7)1→2 −M I(17,3)1→2 · f1 =

1 2
13 0 0
1 1 0
2 0 1
2 0 1
−

1 2
13 0 0
1 1 0
2 0 1
2 0 1
 =
[ 3
18 0
]
2. f3 ·M I(19,7)2→3 −M I(17,3)2→3 · f2 = 0
f3 ·M I(19,7)2→3 =

1 8
9 0 0
1 1 0
8 0 0
8 0 1
 ·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2 1 2
9 0 0 0 0 0 0
1 1 0 0 0 0 0
8 0 0 0 0 0 0
2 0 1 0 0 0 0
1 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 1 2
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
9 0 0 0 0
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

3023
M
I(17,3)
2→3 · f2 =

7 1 5 2 1 2
7 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 5
7 0 0
1 1 0
5 0 0
5 0 1
 =

7 1 5 2 1 2
7 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

·

1 2 1 2
7 0 0 0 0
1 1 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
7 0 0 0 0
2 0 0 0 0
1 1 0 0 0
3 0 0 0 0
5 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=

1 2 1 2
9 0 0 0 0
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

f3 ·M I(19,7)2→3 −M I(17,3)2→3 · f2 =

1 2 1 2
9 0 0 0 0
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

−

1 2 1 2
9 0 0 0 0
1 1 0 0 0
8 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 1 0 1
1 0 0 1 0
2 0 0 0 1

=
[ 6
26 0
]
3. f3 ·M I(19,7)4→3 −M I(17,3)4→3 · f4 = 0
f3 ·M I(19,7)4→3 =

1 8
9 0 0
1 1 0
8 0 0
8 0 1
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 3 5
9 0 0 0
1 1 0 0
8 0 0 0
3 0 1 0
5 0 0 1
 ·

1 5
1 1 0
3 0 0
5 0 1
 =

1 5
9 0 0
1 1 0
8 0 0
3 0 0
5 0 1
 =

1 5
9 0 0
1 1 0
11 0 0
5 0 1

M
I(17,3)
4→3 · f4 =

1 12 5
1 1 0 0
3 0 0 0
12 0 1 0
5 0 0 0
5 0 0 1
 ·

1 5
6 0 0
1 1 0
6 0 0
5 0 1
 =

1 5 1 6 5
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
1 0 0 1 0 0
6 0 0 0 1 0
5 0 0 0 0 0
5 0 0 0 0 1

·

1 5
1 0 0
5 0 0
1 1 0
6 0 0
5 0 1
 =

1 5
1 0 0
3 0 0
5 0 0
1 1 0
6 0 0
5 0 0
5 0 1

=

1 5
9 0 0
1 1 0
11 0 0
5 0 1

f3 ·M I(19,7)4→3 −M I(17,3)4→3 · f4 =

1 5
9 0 0
1 1 0
11 0 0
5 0 1
−

1 5
9 0 0
1 1 0
11 0 0
5 0 1
 =
[ 6
26 0
]
4. f4 ·M I(19,7)5→4 −M I(17,3)5→4 · f5 = 0
f4 ·M I(19,7)5→4 =

1 5
6 0 0
1 1 0
6 0 0
5 0 1
 ·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2 1 2
6 0 0 0 0
1 1 0 0 0
6 0 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1

·

1 2
1 1 0
2 0 0
1 1 0
2 0 1
 =

1 2
6 0 0
1 1 0
6 0 0
2 0 0
1 1 0
2 0 1

=

1 2
6 0 0
1 1 0
8 0 0
1 1 0
2 0 1

M
I(17,3)
5→4 · f5 =

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·
[ 3
6 0
3 1
]
=

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

·

1 2
1 0 0
2 0 0
3 0 0
1 1 0
2 0 1
 =

1 2
1 0 0
2 0 0
1 0 0
2 0 0
1 1 0
3 0 0
5 0 0
1 1 0
2 0 1

=

1 2
6 0 0
1 1 0
8 0 0
1 1 0
2 0 1

f4 ·M I(19,7)5→4 −M I(17,3)5→4 · f5 =

1 2
6 0 0
1 1 0
8 0 0
1 1 0
2 0 1
−

1 2
6 0 0
1 1 0
8 0 0
1 1 0
2 0 1
 =
[ 3
18 0
]
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5. f3 ·M I(19,7)6→3 −M I(17,3)6→3 · f6 = 0
f3 ·M I(19,7)6→3 =

1 8
9 0 0
1 1 0
8 0 0
8 0 1
 ·
[ 7
7 1
2 0
]
=

1 6 2
9 0 0 0
1 1 0 0
8 0 0 0
6 0 1 0
2 0 0 1
 ·

1 6
1 1 0
6 0 1
2 0 0
 =

1 6
9 0 0
1 1 0
8 0 0
6 0 1
2 0 0

M
I(17,3)
6→3 · f6 =

1 2 1 2 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

·

1 6
6 0 0
1 1 0
5 0 0
6 0 1
 =

1 2 1 2 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

·

1 6
1 0 0
2 0 0
1 0 0
2 0 0
1 1 0
2 0 0
1 0 0
2 0 0
6 0 1

=

1 6
1 0 0
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
1 1 0
2 0 0
1 0 0
2 0 0
1 0 0
2 0 0
6 0 1
2 0 0

=

1 6
9 0 0
1 1 0
8 0 0
6 0 1
2 0 0

f3 ·M I(19,7)6→3 −M I(17,3)6→3 · f6 =

1 6
9 0 0
1 1 0
8 0 0
6 0 1
2 0 0
−

1 6
9 0 0
1 1 0
8 0 0
6 0 1
2 0 0
 =
[ 7
26 0
]
6. f6 ·M I(19,7)7→6 −M I(17,3)7→6 · f7 = 0
f6 ·M I(19,7)7→6 =

1 6
6 0 0
1 1 0
5 0 0
6 0 1
 ·

3
1 0
3 1
3 0
 =

1 3 3
6 0 0 0
1 1 0 0
5 0 0 0
3 0 1 0
3 0 0 1
 ·

3
1 0
3 1
3 0
 =

3
6 0
1 0
5 0
3 1
3 0
 =

3
12 0
3 1
3 0

M
I(17,3)
7→6 · f7 =

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·
[ 3
6 0
3 1
]
=

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

·

3
1 0
2 0
1 0
2 0
3 1
 =

3
1 0
1 0
2 0
2 0
1 0
1 0
2 0
2 0
3 1
3 0

=

3
12 0
3 1
3 0

f6 ·M I(19,7)7→6 −M I(17,3)7→6 · f7 =

3
12 0
3 1
3 0
−

3
12 0
3 1
3 0
 = [ 318 0 ]
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Relations of the projection g : I(17, 3)→ I(17, 6) P
1. g2 ·M I(17,3)1→2 −M I(17,6)1→2 · g1 = 0
g2 ·M I(17,3)1→2 =

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0

·

3 1 3 2
1 0 0 0 0
3 1 0 0 0
3 0 0 0 0
1 0 1 0 0
2 0 0 0 0
1 0 1 0 0
3 0 0 1 0
2 0 0 0 1
2 0 0 0 1

=

1 3 3 1 1 1 1 1 1 1 2 2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0 0 0

·

3 1 1 1 1 2
1 0 0 0 0 0 0
3 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 0 0 1
2 0 0 0 0 0 1

=

3 1 1 1 1 2
1 0 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 0 91 0 0
1 0 0 91 0 0 0
1 0 0 0 91 0 0
1 0 0 91 0 0 0
3 1 0 0 0 0 0
3 0 0 0 0 0 0

=

3 1 1 1 3
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 0 91 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 91 0 0
3 1 0 0 0 0
3 0 0 0 0 0

M
I(17,6)
1→2 · g1 =

1 2 3
1 0 0 0
1 1 0 0
2 0 1 0
2 0 1 0
3 0 0 1
3 0 0 0

·

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 =

3 1 2 3
1 0 0 0 0
1 0 1 0 0
2 0 0 91′ 0
2 0 0 91′ 0
3 1 0 0 0
3 0 0 0 0

g2 ·M I(17,3)1→2 −M I(17,6)1→2 · g1 =

3 1 1 1 3
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 0 91 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 91 0 0
3 1 0 0 0 0
3 0 0 0 0 0

−

3 1 1 1 3
1 0 0 0 0 0
1 0 1 0 0 0
1 0 0 0 91 0
1 0 0 91 0 0
1 0 0 0 91 0
1 0 0 91 0 0
3 1 0 0 0 0
3 0 0 0 0 0

=
[ 9
12 0
]
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2. g3 ·M I(17,3)2→3 −M I(17,6)2→3 · g2 = 0
g3 ·M I(17,3)2→3 =

1 8 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0

·

7 1 5 2 1 2
7 1 0 0 0 0 0
2 0 0 0 0 0 0
1 0 1 0 0 0 0
3 0 0 0 0 0 0
5 0 0 1 0 0 0
2 0 0 0 1 0 0
1 0 0 0 0 1 0
2 0 0 0 1 0 1
1 0 0 0 0 1 0
2 0 0 0 0 0 1

=

1 6 2 1 1 1 1 1 1 1 1 1 2 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
6 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 6 1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0
6 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 0 0 0 0 1

=

1 6 1 1 1 1 1 1 2 1 2
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 1 0 91 0 0 0
1 0 0 0 0 1 0 91 91 0 0 0
1 0 0 0 1 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0 0 0
6 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0

=

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 1 0 91 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0

M
I(17,6)
2→3 · g2 =

1 2 1 2 6
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 1 0 0
2 0 1 0 1 0
1 0 0 1 0 0
2 0 0 0 1 0
6 0 0 0 0 1
2 0 0 0 0 0

·

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0

=

1 1 1 1 1 1 6
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
1 0 0 0 1 0 0 0
1 0 1 0 0 1 0 0
1 0 0 1 0 0 1 0
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
6 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0

·

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0

=

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 1 0 91 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0

3027
g3 ·M I(17,3)2→3 −M I(17,6)2→3 · g2 =

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 1 0 91 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0

−

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 1 0 91 0
1 0 0 0 0 1 0 91 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0

=
[18
17 0
]
3. g3 ·M I(17,3)4→3 −M I(17,6)4→3 · g4 = 0
g3 ·M I(17,3)4→3 =

1 8 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0

·

1 12 5
1 1 0 0
3 0 0 0
12 0 1 0
5 0 0 0
5 0 0 1

=

1 3 5 1 1 1 1 1 1 1 1 1 3 5
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0 0 0
5 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

1 5 1 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0 0 1

=

1 5 1 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0
1 0 0 0 0 91 0 0 1 0 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
5 0 1 0 0 0 0 0 0 0 0

=

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0

M
I(17,6)
4→3 · g4 =

7 5
7 1 0
5 0 0
5 0 1
 ·

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 1 0 0 0 0
 =

1 3 3 5
1 1 0 0 0
3 0 1 0 0
3 0 0 1 0
5 0 0 0 0
5 0 0 0 1
 ·

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 1 0 0 0 0
 =

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0

g3 ·M I(17,3)4→3 −M I(17,6)4→3 · g4 =

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0
−

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 0 0 0 0 0
5 0 1 0 0 0 0
 =
[18
17 0
]
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4. g4 ·M I(17,3)5→4 −M I(17,6)5→4 · g5 = 0
g4 ·M I(17,3)5→4 =

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 1 0 0 0 0
 ·

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
5 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 2 1 2 1 3 3 2 1 2
1 1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 91′ 1′ 0 0 0
3 0 0 0 0 0 0 1′ 0 0 0
2 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0

·

1 2 3 1 2
1 1 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0
1 0 0 0 1 0
3 0 0 1 0 0
3 0 0 0 0 0
2 0 0 0 0 0
1 0 0 0 1 0
2 0 0 0 0 1

=

1 2 3 1 2
1 1 0 0 0 0
3 0 0 91′ 0 0
3 0 0 0 0 0
2 0 0 0 0 0
1 1 0 0 0 0
2 0 1 0 0 0

=

1 2 3 3
1 1 0 0 0
3 0 0 91′ 0
5 0 0 0 0
1 1 0 0 0
2 0 1 0 0

M
I(17,6)
5→4 · g5 =

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·
[ 3 3 3
3 0 91′ 0
3 1 0 0
]
=

3 1 2
1 0 1 0
3 1 0 0
5 0 0 0
1 0 1 0
2 0 0 1
 ·

1 2 3 3
3 0 0 91′ 0
1 1 0 0 0
2 0 1 0 0
 =

1 2 3 3
1 1 0 0 0
3 0 0 91′ 0
5 0 0 0 0
1 1 0 0 0
2 0 1 0 0

g4 ·M I(17,3)5→4 −M I(17,6)5→4 · g5 =

1 2 3 3
1 1 0 0 0
3 0 0 91′ 0
5 0 0 0 0
1 1 0 0 0
2 0 1 0 0
−

1 2 3 3
1 1 0 0 0
3 0 0 91′ 0
5 0 0 0 0
1 1 0 0 0
2 0 1 0 0
 =
[ 9
12 0
]
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5. g3 ·M I(17,3)6→3 −M I(17,6)6→3 · g6 = 0
g3 ·M I(17,3)6→3 =

1 8 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0

·

1 2 1 2 1 2 1 2 6
1 1 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0

=

1 2 1 2 1 2 1 1 1 1 1 1 1 1 1 6 2
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 91 91 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

·

1 2 1 2 1 1 1 1 1 1 6
1 1 0 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 1 0 0
1 0 0 0 0 0 0 1 0 0 1 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0 0 0

=

1 2 1 2 1 1 1 1 1 1 6
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 1 0 91 0 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
2 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0

=

1 2 1 2 1 1 2 2 6
1 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 91′ 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0

M
I(17,6)
6→3 · g6 =

1 5 2 1 2
1 1 0 0 0 0
3 0 0 0 0 0
5 0 1 0 0 0
2 0 0 1 0 0
1 0 0 0 1 0
2 0 0 1 0 1
1 0 0 0 1 0
2 0 0 0 0 1

·

1 5 1 1 2 2 6
1 1 0 0 0 0 0 0
2 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
2 0 0 0 0 0 91′ 0
5 0 1 0 0 0 0 0

=

1 2 1 2 2 1 2
1 1 0 0 0 0 0 0
3 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
2 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
2 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1

·

1 2 1 2 1 1 2 2 6
1 1 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 91′ 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0

=

1 2 1 2 1 1 2 2 6
1 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 91′ 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0

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g3 ·M I(17,3)6→3 −M I(17,6)6→3 · g6 =

1 2 1 2 1 1 2 2 6
1 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 91′ 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0

−

1 2 1 2 1 1 2 2 6
1 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 0 0 0 91′ 0
2 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0

=
[18
17 0
]
6. g6 ·M I(17,3)7→6 −M I(17,6)7→6 · g7 = 0
g6 ·M I(17,3)7→6 =

1 5 1 1 2 2 6
1 1 0 0 0 0 0 0
2 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
2 0 0 0 0 0 91′ 0
5 0 1 0 0 0 0 0
 ·

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 1 2 2 1 1 2 2 3 3
1 1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1′ 91′ 0 0
1 0 0 0 0 0 1 0 0 0 0
2 0 0 0 0 0 0 0 91′ 0 0
1 0 1 0 0 0 0 0 0 0 0
2 0 0 1 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0

·

1 2 1 2 3
1 0 0 1 0 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 1 0
2 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 0

=

1 2 1 2 3
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 91′ 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0

M
I(17,6)
7→6 · g7 =

1 3 2
1 1 0 0
2 0 0 0
1 1 0 0
3 0 1 0
2 0 0 1
2 0 0 1

·

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 =

1 2 1 2
1 1 0 0 0
2 0 0 0 0
1 1 0 0 0
2 0 1 0 0
1 0 0 1 0
2 0 0 0 1
2 0 0 0 1

·

1 2 1 2 3
1 0 0 1 0 0
2 0 0 0 91′ 0
1 1 0 0 0 0
2 0 1 0 0 0
 =

1 2 1 2 3
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 91′ 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0

g6 ·M I(17,3)7→6 −M I(17,6)7→6 · g7 =

1 2 1 2 3
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 91′ 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0

−

1 2 1 2 3
1 0 0 1 0 0
2 0 0 0 0 0
1 0 0 1 0 0
2 0 0 0 91′ 0
1 1 0 0 0 0
2 0 1 0 0 0
2 0 1 0 0 0

=
[ 9
11 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 · [
3
6 0
3 1
]
=

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 ·

3
3 0
1 0
2 0
3 1
 =
[ 3
6 0
]
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2. g2 · f2 = 0
g2 · f2 =

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0

·

1 5
7 0 0
1 1 0
5 0 0
5 0 1
 =

1 6 1 1 1 1 1 1 5
1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 91 0
1 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 91 0 0
6 0 1 0 0 0 0 0 0 0

·

1 5
1 0 0
6 0 0
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
5 0 1

=
[ 6
12 0
]
3. g3 · f3 = 0
g3 · f3 =

1 8 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0

·

1 8
9 0 0
1 1 0
8 0 0
8 0 1

=

1 8 1 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 91 0 0 1 0 0 91 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 91 0
1 0 0 0 0 0 0 0 1 0 91 91 0
1 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 91 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0

·

1 8
1 0 0
8 0 0
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
8 0 1

=
[ 9
17 0
]
4. g4 · f4 = 0
g4 · f4 =

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 1 0 0 0 0
 ·

1 5
6 0 0
1 1 0
6 0 0
5 0 1
 =

1 5 1 3 3 5
1 1 0 0 0 0 0
3 0 0 0 91′ 1′ 0
3 0 0 0 0 1′ 0
5 0 1 0 0 0 0
 ·

1 5
1 0 0
5 0 0
1 1 0
3 0 0
3 0 0
5 0 1

=
[ 6
12 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 3 3 3
3 0 91′ 0
3 1 0 0
]
·
[ 3
6 0
3 1
]
=
[ 3 3 3
3 0 91′ 0
3 1 0 0
]
·

3
3 0
3 0
3 1
 = [ 36 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 5 1 1 2 2 6
1 1 0 0 0 0 0 0
2 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
2 0 0 0 0 0 91′ 0
5 0 1 0 0 0 0 0
 ·

1 6
6 0 0
1 1 0
5 0 0
6 0 1
 =

1 5 1 1 2 2 6
1 1 0 0 0 0 0 0
2 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
2 0 0 0 0 0 91′ 0
5 0 1 0 0 0 0 0
 ·

1 6
1 0 0
5 0 0
1 1 0
1 0 0
2 0 0
2 0 0
6 0 1

=
[ 7
11 0
]
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7. g7 · f7 = 0
g7 · f7 =

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 · [
3
6 0
3 1
]
=

3 1 2 3
1 0 1 0 0
2 0 0 91′ 0
3 1 0 0 0
 ·

3
3 0
1 0
2 0
3 1
 =
[ 3
6 0
]
153.4 Tree module property of I(23, 3) 
The matrices of the representation have full (column) rank P
1. M I(23,3)1→2 =

0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M24,12(k) is already in column echelon form and has maximal column rank.
2. M I(23,3)2→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,24(k) is already in column echelon form and has maximal column rank.
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3. M I(23,3)4→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M35,24(k) is already in column echelon form and has maximal column rank.
4. M I(23,3)5→4 =

1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M24,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(23,3)
5→4 =

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

c3↔c4−−−−→

1 3 1 4 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
4 0 0 0 1 0
7 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 0 1

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5. M I(23,3)6→3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M35,24(k) is already in column echelon form and has maximal column rank.
6. M I(23,3)7→6 =

0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M24,12(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(23,3)
7→6 =

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

c1↔c3−−−−→

1 3 1 3 4
1 1 0 0 0 0
1 0 0 1 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

c2↔c3−−−−→

1 1 3 3 4
1 1 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
3 0 0 1 0 0
1 0 0 0 0 0
1 1 0 0 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

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153.4.1 0→ I(25, 1) f→ I(23, 3) g→ I(23, 2)→ 0 
PdimI(25, 1) + dimI(23, 2) = (4, 9, 12, 8, 4, 8, 4) + (8, 15, 23, 16, 8, 16, 8)
= (12, 24, 35, 24, 12, 24, 12) = dimI(23, 3)
Pdimk Ext
1
kQ(I(23, 2), I(25, 1)) = dimk HomkQ(I(23, 2), I(25, 1))− 〈dimI(23, 2),dimI(25, 1)〉
= 0− 〈(8, 15, 23, 16, 8, 16, 8), (4, 9, 12, 8, 4, 8, 4)〉
= 8 · 9 + 15 · 12 + 16 · 12 + 8 · 8 + 16 · 12 + 8 · 8− (8 · 4 + 15 · 9 + 23 · 12 + 16 · 8 + 8 · 4 + 16 · 8 + 8 · 4)
= 72 + 180 + 192 + 64 + 192 + 64− (32 + 135 + 276 + 128 + 32 + 128 + 32)
= 1
Matrices of the embedding f : I(25, 1)→ I(23, 3) P
1. f1 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M12,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

∈M24,9(k) is already in column echelon form and has maximal column rank.
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3. f3 =

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

∈M35,12(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M24,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M12,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

∈M24,8(k) is already in column echelon form and has maximal column rank.
7. f7 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

∈M12,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(23, 3)→ I(23, 2) P
1. g1 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M8,12(k) is already in row echelon form and has maximal row rank.
2. g2 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M15,24(k) is already in row echelon form and has maximal row rank.
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3. g3 =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈ M23,35(k) is already in row echelon form and
has maximal row rank.
4. g4 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M16,24(k) is already in row echelon form and has maximal row rank.
5. g5 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M8,12(k) is already in row echelon form and has maximal row rank.
6. g6 =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

∈M16,24(k) is already in row echelon form and has maximal row rank.
7. g7 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M8,12(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding f : I(25, 1)→ I(23, 3) P
1. f2 ·M I(25,1)1→2 −M I(23,3)1→2 · f1 = 0
f2 ·M I(25,1)1→2 =
[ 9
9 1
15 0
]
·

4
1 0
4 1
4 0
 =

1 4 4
1 1 0 0
4 0 1 0
4 0 0 1
15 0 0 0
 ·

4
1 0
4 1
4 0
 =

4
1 0
4 1
4 0
15 0
 =

4
1 0
4 1
19 0

M
I(23,3)
1→2 · f1 =

4 1 4 3
1 0 0 0 0
4 1 0 0 0
4 0 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·
[ 4
4 1
8 0
]
=

4 1 4 3
1 0 0 0 0
4 1 0 0 0
4 0 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·

4
4 1
1 0
4 0
3 0
 =

4
1 0
4 1
4 0
1 0
3 0
1 0
4 0
3 0
3 0

=

4
1 0
4 1
19 0

f2 ·M I(25,1)1→2 −M I(23,3)1→2 · f1 =

4
1 0
4 1
19 0
−

4
1 0
4 1
19 0
 = [ 424 0 ]
2. f3 ·M I(25,1)2→3 −M I(23,3)2→3 · f2 = 0
f3 ·M I(25,1)2→3 =
[12
12 1
23 0
]
·
[ 9
9 1
3 0
]
=

9 3
9 1 0
3 0 1
23 0 0
 · [
9
9 1
3 0
]
=

9
9 1
3 0
23 0
 = [
9
9 1
26 0
]
M
I(23,3)
2→3 · f2 =

9 1 7 3 1 3
9 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·
[ 9
9 1
15 0
]
=

9 1 7 3 1 3
9 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

9
9 1
1 0
7 0
3 0
1 0
3 0

=

9
9 1
3 0
1 0
4 0
7 0
3 0
1 0
3 0
1 0
3 0

=
[ 9
9 1
26 0
]
f3 ·M I(25,1)2→3 −M I(23,3)2→3 · f2 =
[ 9
9 1
26 0
]
−
[ 9
9 1
26 0
]
=
[ 9
35 0
]
3. f3 ·M I(25,1)4→3 −M I(23,3)4→3 · f4 = 0
f3 ·M I(25,1)4→3 =
[12
12 1
23 0
]
·

1 7
1 1 0
4 0 0
7 0 1
 =

1 4 7
1 1 0 0
4 0 1 0
7 0 0 1
23 0 0 0
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 7
1 1 0
4 0 0
7 0 1
23 0 0

M
I(23,3)
4→3 · f4 =

1 16 7
1 1 0 0
4 0 0 0
16 0 1 0
7 0 0 0
7 0 0 1
 ·
[ 8
8 1
16 0
]
=

1 7 9 7
1 1 0 0 0
4 0 0 0 0
7 0 1 0 0
9 0 0 1 0
7 0 0 0 0
7 0 0 0 1

·

1 7
1 1 0
7 0 1
9 0 0
7 0 0
 =

1 7
1 1 0
4 0 0
7 0 1
9 0 0
7 0 0
7 0 0

=

1 7
1 1 0
4 0 0
7 0 1
23 0 0

f3 ·M I(25,1)4→3 −M I(23,3)4→3 · f4 =

1 7
1 1 0
4 0 0
7 0 1
23 0 0
−

1 7
1 1 0
4 0 0
7 0 1
23 0 0
 =
[ 8
35 0
]
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4. f4 ·M I(25,1)5→4 −M I(23,3)5→4 · f5 = 0
f4 ·M I(25,1)5→4 =
[ 8
8 1
16 0
]
·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
16 0 0 0 0
 ·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 1 0
3 0 0
1 1 0
3 0 1
16 0 0

M
I(23,3)
5→4 · f5 =

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 4
4 1
8 0
]
=

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·

1 3
1 1 0
3 0 1
4 0 0
1 0 0
3 0 0
 =

1 3
1 1 0
3 0 0
1 1 0
3 0 1
1 0 0
4 0 0
7 0 0
1 0 0
3 0 0

=

1 3
1 1 0
3 0 0
1 1 0
3 0 1
16 0 0

f4 ·M I(25,1)5→4 −M I(23,3)5→4 · f5 =

1 3
1 1 0
3 0 0
1 1 0
3 0 1
16 0 0
−

1 3
1 1 0
3 0 0
1 1 0
3 0 1
16 0 0
 =
[ 4
24 0
]
5. f3 ·M I(25,1)6→3 −M I(23,3)6→3 · f6 = 0
f3 ·M I(25,1)6→3 =
[12
12 1
23 0
]
·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3 1 3
1 1 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
23 0 0 0 0 0 0

·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
23 0 0 0 0

M
I(23,3)
6→3 · f6 =

1 3 1 3 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

·
[ 8
8 1
16 0
]
=

1 3 1 3 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
1 0 0 0 0
3 0 0 0 0
1 0 0 0 0
3 0 0 0 0
8 0 0 0 0

=

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
1 0 0 0 0
3 0 0 0 0
1 0 0 0 0
3 0 0 0 0
1 0 0 0 0
3 0 0 0 0
8 0 0 0 0
3 0 0 0 0

=

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
23 0 0 0 0

3041
f3 ·M I(25,1)6→3 −M I(23,3)6→3 · f6 =

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
23 0 0 0 0

−

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1
23 0 0 0 0

=
[ 8
35 0
]
6. f6 ·M I(25,1)7→6 −M I(23,3)7→6 · f7 = 0
f6 ·M I(25,1)7→6 =
[ 8
8 1
16 0
]
·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 1 3 3
1 1 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1
16 0 0 0 0
 ·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
1 0 0
1 1 0
3 0 1
3 0 1
16 0 0

M
I(23,3)
7→6 · f7 =

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

·
[ 4
4 1
8 0
]
=

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

·

1 3
1 1 0
3 0 1
1 0 0
3 0 0
4 0 0
 =

1 3
1 0 0
1 1 0
3 0 1
3 0 1
1 0 0
1 0 0
3 0 0
3 0 0
4 0 0
4 0 0

=

1 3
1 0 0
1 1 0
3 0 1
3 0 1
16 0 0

f6 ·M I(25,1)7→6 −M I(23,3)7→6 · f7 =

1 3
1 0 0
1 1 0
3 0 1
3 0 1
16 0 0
−

1 3
1 0 0
1 1 0
3 0 1
3 0 1
16 0 0
 =
[ 4
24 0
]
Relations of the projection g : I(23, 3)→ I(23, 2) P
1. g2 ·M I(23,3)1→2 −M I(23,2)1→2 · g1 = 0
g2 ·M I(23,3)1→2 =
[ 9 15
15 0 1
]
·

4 1 4 3
1 0 0 0 0
4 1 0 0 0
4 0 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=

1 4 4 1 3 1 4 3 3
1 0 0 0 1 0 0 0 0 0
3 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
4 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1

·

4 1 4 3
1 0 0 0 0
4 1 0 0 0
4 0 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=

4 1 4 3
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

M
I(23,2)
1→2 · g1 =

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·
[ 4 8
8 0 1
]
=

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·

4 1 4 3
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
 =

4 1 4 3
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

g2 ·M I(23,3)1→2 −M I(23,2)1→2 · g1 =

4 1 4 3
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

−

4 1 4 3
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=
[12
15 0
]
3042
2. g3 ·M I(23,3)2→3 −M I(23,2)2→3 · g2 = 0
g3 ·M I(23,3)2→3 =
[12 23
23 0 1
]
·

9 1 7 3 1 3
9 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

9 3 1 4 7 3 1 3 1 3
1 0 0 1 0 0 0 0 0 0 0
4 0 0 0 1 0 0 0 0 0 0
7 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 1

·

9 1 7 3 1 3
9 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

9 1 7 3 1 3
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

M
I(23,2)
2→3 · g2 =

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 9 15
15 0 1
]
=

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

9 1 7 3 1 3
1 0 1 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1
 =

9 1 7 3 1 3
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

g3 ·M I(23,3)2→3 −M I(23,2)2→3 · g2 =

9 1 7 3 1 3
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

−

9 1 7 3 1 3
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=
[24
23 0
]
3. g3 ·M I(23,3)4→3 −M I(23,2)4→3 · g4 = 0
g3 ·M I(23,3)4→3 =
[12 23
23 0 1
]
·

1 16 7
1 1 0 0
4 0 0 0
16 0 1 0
7 0 0 0
7 0 0 1
 =

1 4 7 9 7 7
9 0 0 0 1 0 0
7 0 0 0 0 1 0
7 0 0 0 0 0 1
 ·

1 7 9 7
1 1 0 0 0
4 0 0 0 0
7 0 1 0 0
9 0 0 1 0
7 0 0 0 0
7 0 0 0 1

=

1 7 9 7
9 0 0 1 0
7 0 0 0 0
7 0 0 0 1
 =

8 9 7
9 0 1 0
7 0 0 0
7 0 0 1

M
I(23,2)
4→3 · g4 =

9 7
9 1 0
7 0 0
7 0 1
 · [ 8 1616 0 1 ] =

9 7
9 1 0
7 0 0
7 0 1
 · [
8 9 7
9 0 1 0
7 0 0 1
]
=

8 9 7
9 0 1 0
7 0 0 0
7 0 0 1

g3 ·M I(23,3)4→3 −M I(23,2)4→3 · g4 =

8 9 7
9 0 1 0
7 0 0 0
7 0 0 1
−

8 9 7
9 0 1 0
7 0 0 0
7 0 0 1
 = [2423 0 ]
3043
4. g4 ·M I(23,3)5→4 −M I(23,2)5→4 · g5 = 0
g4 ·M I(23,3)5→4 =
[ 8 16
16 0 1
]
·

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

1 3 1 3 1 4 7 1 3
1 0 0 0 0 1 0 0 0 0
4 0 0 0 0 0 1 0 0 0
7 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 1
 ·

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

1 3 4 1 3
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1
 =

4 4 1 3
1 0 0 1 0
4 0 1 0 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1

M
I(23,2)
5→4 · g5 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 4 8
8 0 1
]
=

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

4 4 1 3
4 0 1 0 0
1 0 0 1 0
3 0 0 0 1
 =

4 4 1 3
1 0 0 1 0
4 0 1 0 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1

g4 ·M I(23,3)5→4 −M I(23,2)5→4 · g5 =

4 4 1 3
1 0 0 1 0
4 0 1 0 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1
−

4 4 1 3
1 0 0 1 0
4 0 1 0 0
7 0 0 0 0
1 0 0 1 0
3 0 0 0 1
 =
[12
16 0
]
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5. g3 ·M I(23,3)6→3 −M I(23,2)6→3 · g6 = 0
g3 ·M I(23,3)6→3 =
[12 23
23 0 1
]
·

1 3 1 3 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

=

1 3 1 3 1 3 1 3 1 3 1 3 8 3
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 1 0 0
8 0 0 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 1

·

1 3 1 3 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

=

1 3 1 3 1 3 1 3 8
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

=

8 1 3 1 3 8
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

M
I(23,2)
6→3 · g6 =

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·
[ 8 16
16 0 1
]
=

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

8 1 3 1 3 8
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
 =

8 1 3 1 3 8
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

g3 ·M I(23,3)6→3 −M I(23,2)6→3 · g6 =

8 1 3 1 3 8
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

−

8 1 3 1 3 8
1 0 1 0 0 0 0
3 0 0 1 0 0 0
1 0 0 0 1 0 0
3 0 0 1 0 1 0
1 0 0 0 1 0 0
3 0 0 0 0 1 0
8 0 0 0 0 0 1
3 0 0 0 0 0 0

=
[24
23 0
]
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6. g6 ·M I(23,3)7→6 −M I(23,2)7→6 · g7 = 0
g6 ·M I(23,3)7→6 =
[ 8 16
16 0 1
]
·

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

=

1 1 3 3 1 1 3 3 4 4
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 1 0 0
4 0 0 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 0 0 0 1

·

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

=

1 3 1 3 4
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

=

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

M
I(23,2)
7→6 · g7 =

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

·
[ 4 8
8 0 1
]
=

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

·

4 1 3 4
1 0 1 0 0
3 0 0 1 0
4 0 0 0 1
 =

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

g6 ·M I(23,3)7→6 −M I(23,2)7→6 · g7 =

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

−

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 1 0
4 0 0 0 1
4 0 0 0 0

=
[12
16 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =
[ 4 8
8 0 1
]
·
[ 4
4 1
8 0
]
=
[ 4
8 0
]
2. g2 · f2 = 0
g2 · f2 =
[ 9 15
15 0 1
]
·
[ 9
9 1
15 0
]
=
[ 9
15 0
]
3. g3 · f3 = 0
g3 · f3 =
[12 23
23 0 1
]
·
[12
12 1
23 0
]
=
[12
23 0
]
4. g4 · f4 = 0
g4 · f4 =
[ 8 16
16 0 1
]
·
[ 8
8 1
16 0
]
=
[ 8
16 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 8
8 0 1
]
·
[ 4
4 1
8 0
]
=
[ 4
8 0
]
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6. g6 · f6 = 0
g6 · f6 =
[ 8 16
16 0 1
]
·
[ 8
8 1
16 0
]
=
[ 8
16 0
]
7. g7 · f7 = 0
g7 · f7 =
[ 4 8
8 0 1
]
·
[ 4
4 1
8 0
]
=
[ 4
8 0
]
153.4.2 0→ I(25, 7) f→ I(23, 3) g→ I(23, 6)→ 0 
PdimI(25, 7) + dimI(23, 6) = (4, 8, 12, 8, 4, 9, 4) + (8, 16, 23, 16, 8, 15, 8)
= (12, 24, 35, 24, 12, 24, 12) = dimI(23, 3)
Pdimk Ext
1
kQ(I(23, 6), I(25, 7)) = dimk HomkQ(I(23, 6), I(25, 7))− 〈dimI(23, 6),dimI(25, 7)〉
= 0− 〈(8, 16, 23, 16, 8, 15, 8), (4, 8, 12, 8, 4, 9, 4)〉
= 8 · 8 + 16 · 12 + 16 · 12 + 8 · 8 + 15 · 12 + 8 · 9− (8 · 4 + 16 · 8 + 23 · 12 + 16 · 8 + 8 · 4 + 15 · 9 + 8 · 4)
= 64 + 192 + 192 + 64 + 180 + 72− (32 + 128 + 276 + 128 + 32 + 135 + 32)
= 1
Matrices of the embedding f : I(25, 7)→ I(23, 3) P
1. f1 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M12,4(k) is already in column echelon form and has maximal column rank.
2. f2 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M24,8(k) is already in column echelon form and has maximal column rank.
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3. f3 =

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

∈M35,12(k) is already in column echelon form and has maximal column rank.
4. f4 =

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

∈M24,8(k) is already in column echelon form and has maximal column rank.
5. f5 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M12,4(k) is already in column echelon form and has maximal column rank.
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6. f6 =

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

∈M24,9(k) is already in column echelon form and has maximal column rank.
7. f7 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∈M12,4(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(23, 3)→ I(23, 6) P
1. g1 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

∈M8,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 r1↔r3−−−−→

4 1 3 4
4 1 0 0 0
3 0 0 91′ 0
1 0 1 0 0
 r2↔r3−−−−→

4 1 3 4
4 1 0 0 0
1 0 1 0 0
3 0 0 91′ 0
 = [
5 3 4
5 1 0 0
3 0 91′ 0
]
2. g2 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M16,24(k) can be brought to row echelon form (as shown below) and has maximal
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row rank.
g2 =

1 8 1 3 1 3 7
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1′ 0 91′ 0
3 0 0 0 0 0 91′ 0
8 0 1 0 0 0 0 0

r2↔r5−−−−→

1 8 1 3 1 3 7
1 1 0 0 0 0 0 0
8 0 1 0 0 0 0 0
3 0 0 0 1′ 0 91′ 0
3 0 0 0 0 0 91′ 0
1 0 0 0 0 1 0 0
 =

9 1 3 1 3 7
9 1 0 0 0 0 0
3 0 0 1′ 0 91′ 0
3 0 0 0 0 91′ 0
1 0 0 0 1 0 0
 r3↔r4−−−−→

9 1 3 1 3 7
9 1 0 0 0 0 0
3 0 0 1′ 0 91′ 0
1 0 0 0 1 0 0
3 0 0 0 0 91′ 0

3. g3 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈ M23,35(k) can be brought to row ech-
elon form (as shown below) and has maximal row rank.
g3 =

1 11 1 1 1 1 1 1 1 1 1 1 1 1 11
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

r2↔r13−−−−−→

1 11 1 1 1 1 1 1 1 1 1 1 1 1 11
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0

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=
12 1 1 1 1 1 1 1 1 1 1 1 1 11
12 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0

r2↔r4−−−−→

12 1 1 1 1 1 1 1 1 1 1 1 1 11
12 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0

r5↔r12−−−−−→

12 1 1 1 1 1 1 1 1 1 1 1 1 11
12 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0

r6↔r8−−−−→

12 1 1 1 1 1 1 1 1 1 1 1 1 11
12 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0

r9↔r12−−−−−→

12 1 1 1 1 1 1 1 1 1 1 1 1 11
12 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

r10↔r11−−−−−→

12 1 1 1 1 1 1 1 1 1 1 1 1 11
12 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0

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4. g4 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M16,24(k) can be brought to row echelon form (as shown below) and has maximal
row rank.
g4 =

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 1 0 0 0 0
 r2↔r4−−−−→

1 7 1 4 4 7
1 1 0 0 0 0 0
7 0 1 0 0 0 0
4 0 0 0 0 1′ 0
4 0 0 0 91′ 1′ 0
 =

8 1 4 4 7
8 1 0 0 0 0
4 0 0 0 1′ 0
4 0 0 91′ 1′ 0
 r2↔r3−−−−→

8 1 4 4 7
8 1 0 0 0 0
4 0 0 91′ 1′ 0
4 0 0 0 1′ 0

5. g5 =

0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0
0 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

∈M8,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[ 4 4 4
4 0 91′ 0
4 1 0 0
]
r1↔r2−−−−→
[ 4 4 4
4 1 0 0
4 0 91′ 0
]
6. g6 =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∈M15,24(k) can be brought to row echelon form (as shown below) and has maximal
row rank.
g6 =

1 7 1 1 3 3 8
1 1 0 0 0 0 0 0
3 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
3 0 0 0 0 0 91′ 0
7 0 1 0 0 0 0 0

r2↔r5−−−−→

1 7 1 1 3 3 8
1 1 0 0 0 0 0 0
7 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0
3 0 0 0 0 0 91′ 0
3 0 0 0 0 1′ 91′ 0
 =

8 1 1 3 3 8
8 1 0 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 0 91′ 0
3 0 0 0 1′ 91′ 0
 r3↔r4−−−−→

8 1 1 3 3 8
8 1 0 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1′ 91′ 0
3 0 0 0 0 91′ 0

7. g7 =

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 91 0 0 0 0
0 0 0 0 0 0 91 0 0 0 0 0
0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0

∈M8,12(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 r1↔r3−−−−→

4 1 3 4
4 1 0 0 0
3 0 0 91′ 0
1 0 1 0 0
 r2↔r3−−−−→

4 1 3 4
4 1 0 0 0
1 0 1 0 0
3 0 0 91′ 0
 = [
5 3 4
5 1 0 0
3 0 91′ 0
]
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Relations of the embedding f : I(25, 7)→ I(23, 3) P
1. f2 ·M I(25,7)1→2 −M I(23,3)1→2 · f1 = 0
f2 ·M I(25,7)1→2 =

1 7
9 0 0
1 1 0
7 0 0
7 0 1
 ·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 1 3 3
9 0 0 0 0
1 1 0 0 0
7 0 0 0 0
1 0 1 0 0
3 0 0 1 0
3 0 0 0 1

·

1 3
1 0 0
1 1 0
3 0 1
3 0 1
 =

1 3
9 0 0
1 0 0
7 0 0
1 1 0
3 0 1
3 0 1

=

1 3
17 0 0
1 1 0
3 0 1
3 0 1

M
I(23,3)
1→2 · f1 =

4 1 4 3
1 0 0 0 0
4 1 0 0 0
4 0 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·
[ 4
8 0
4 1
]
=

4 1 3 1 3
1 0 0 0 0 0
4 1 0 0 0 0
4 0 0 0 0 0
1 0 1 0 0 0
3 0 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

·

1 3
4 0 0
1 0 0
3 0 0
1 1 0
3 0 1
 =

1 3
1 0 0
4 0 0
4 0 0
1 0 0
3 0 0
1 0 0
3 0 0
1 1 0
3 0 1
3 0 1

=

1 3
17 0 0
1 1 0
3 0 1
3 0 1

f2 ·M I(25,7)1→2 −M I(23,3)1→2 · f1 =

1 3
17 0 0
1 1 0
3 0 1
3 0 1
−

1 3
17 0 0
1 1 0
3 0 1
3 0 1
 =
[ 4
24 0
]
2. f3 ·M I(25,7)2→3 −M I(23,3)2→3 · f2 = 0
f3 ·M I(25,7)2→3 =

1 11
12 0 0
1 1 0
11 0 0
11 0 1
 ·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3 1 3
12 0 0 0 0 0 0
1 1 0 0 0 0 0
11 0 0 0 0 0 0
3 0 1 0 0 0 0
1 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

1 3 1 3
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
12 0 0 0 0
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

M
I(23,3)
2→3 · f2 =

9 1 7 3 1 3
9 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

1 7
9 0 0
1 1 0
7 0 0
7 0 1
 =

9 1 7 3 1 3
9 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

·

1 3 1 3
9 0 0 0 0
1 1 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
9 0 0 0 0
3 0 0 0 0
1 1 0 0 0
4 0 0 0 0
7 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=

1 3 1 3
12 0 0 0 0
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

f3 ·M I(25,7)2→3 −M I(23,3)2→3 · f2 =

1 3 1 3
12 0 0 0 0
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

−

1 3 1 3
12 0 0 0 0
1 1 0 0 0
11 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 1 0 1
1 0 0 1 0
3 0 0 0 1

=
[ 8
35 0
]
3. f3 ·M I(25,7)4→3 −M I(23,3)4→3 · f4 = 0
f3 ·M I(25,7)4→3 =

1 11
12 0 0
1 1 0
11 0 0
11 0 1
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 4 7
12 0 0 0
1 1 0 0
11 0 0 0
4 0 1 0
7 0 0 1
 ·

1 7
1 1 0
4 0 0
7 0 1
 =

1 7
12 0 0
1 1 0
11 0 0
4 0 0
7 0 1
 =

1 7
12 0 0
1 1 0
15 0 0
7 0 1

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M
I(23,3)
4→3 · f4 =

1 16 7
1 1 0 0
4 0 0 0
16 0 1 0
7 0 0 0
7 0 0 1
 ·

1 7
8 0 0
1 1 0
8 0 0
7 0 1
 =

1 7 1 8 7
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
1 0 0 1 0 0
8 0 0 0 1 0
7 0 0 0 0 0
7 0 0 0 0 1

·

1 7
1 0 0
7 0 0
1 1 0
8 0 0
7 0 1
 =

1 7
1 0 0
4 0 0
7 0 0
1 1 0
8 0 0
7 0 0
7 0 1

=

1 7
12 0 0
1 1 0
15 0 0
7 0 1

f3 ·M I(25,7)4→3 −M I(23,3)4→3 · f4 =

1 7
12 0 0
1 1 0
15 0 0
7 0 1
−

1 7
12 0 0
1 1 0
15 0 0
7 0 1
 =
[ 8
35 0
]
4. f4 ·M I(25,7)5→4 −M I(23,3)5→4 · f5 = 0
f4 ·M I(25,7)5→4 =

1 7
8 0 0
1 1 0
8 0 0
7 0 1
 ·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3 1 3
8 0 0 0 0
1 1 0 0 0
8 0 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1

·

1 3
1 1 0
3 0 0
1 1 0
3 0 1
 =

1 3
8 0 0
1 1 0
8 0 0
3 0 0
1 1 0
3 0 1

=

1 3
8 0 0
1 1 0
11 0 0
1 1 0
3 0 1

M
I(23,3)
5→4 · f5 =

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·
[ 4
8 0
4 1
]
=

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

·

1 3
1 0 0
3 0 0
4 0 0
1 1 0
3 0 1
 =

1 3
1 0 0
3 0 0
1 0 0
3 0 0
1 1 0
4 0 0
7 0 0
1 1 0
3 0 1

=

1 3
8 0 0
1 1 0
11 0 0
1 1 0
3 0 1

f4 ·M I(25,7)5→4 −M I(23,3)5→4 · f5 =

1 3
8 0 0
1 1 0
11 0 0
1 1 0
3 0 1
−

1 3
8 0 0
1 1 0
11 0 0
1 1 0
3 0 1
 =
[ 4
24 0
]
5. f3 ·M I(25,7)6→3 −M I(23,3)6→3 · f6 = 0
f3 ·M I(25,7)6→3 =

1 11
12 0 0
1 1 0
11 0 0
11 0 1
 ·
[ 9
9 1
3 0
]
=

1 8 3
12 0 0 0
1 1 0 0
11 0 0 0
8 0 1 0
3 0 0 1
 ·

1 8
1 1 0
8 0 1
3 0 0
 =

1 8
12 0 0
1 1 0
11 0 0
8 0 1
3 0 0

M
I(23,3)
6→3 · f6 =

1 3 1 3 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

·

1 8
8 0 0
1 1 0
7 0 0
8 0 1
 =

1 3 1 3 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

·

1 8
1 0 0
3 0 0
1 0 0
3 0 0
1 1 0
3 0 0
1 0 0
3 0 0
8 0 1

=

1 8
1 0 0
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0
1 1 0
3 0 0
1 0 0
3 0 0
1 0 0
3 0 0
8 0 1
3 0 0

=

1 8
12 0 0
1 1 0
11 0 0
8 0 1
3 0 0

3054
f3 ·M I(25,7)6→3 −M I(23,3)6→3 · f6 =

1 8
12 0 0
1 1 0
11 0 0
8 0 1
3 0 0
−

1 8
12 0 0
1 1 0
11 0 0
8 0 1
3 0 0
 =
[ 9
35 0
]
6. f6 ·M I(25,7)7→6 −M I(23,3)7→6 · f7 = 0
f6 ·M I(25,7)7→6 =

1 8
8 0 0
1 1 0
7 0 0
8 0 1
 ·

4
1 0
4 1
4 0
 =

1 4 4
8 0 0 0
1 1 0 0
7 0 0 0
4 0 1 0
4 0 0 1
 ·

4
1 0
4 1
4 0
 =

4
8 0
1 0
7 0
4 1
4 0
 =

4
16 0
4 1
4 0

M
I(23,3)
7→6 · f7 =

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

·
[ 4
8 0
4 1
]
=

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

·

4
1 0
3 0
1 0
3 0
4 1
 =

4
1 0
1 0
3 0
3 0
1 0
1 0
3 0
3 0
4 1
4 0

=

4
16 0
4 1
4 0

f6 ·M I(25,7)7→6 −M I(23,3)7→6 · f7 =

4
16 0
4 1
4 0
−

4
16 0
4 1
4 0
 = [ 424 0 ]
Relations of the projection g : I(23, 3)→ I(23, 6) P
1. g2 ·M I(23,3)1→2 −M I(23,6)1→2 · g1 = 0
g2 ·M I(23,3)1→2 =

1 8 1 3 1 3 7
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1′ 0 91′ 0
3 0 0 0 0 0 91′ 0
8 0 1 0 0 0 0 0
 ·

4 1 4 3
1 0 0 0 0
4 1 0 0 0
4 0 0 0 0
1 0 1 0 0
3 0 0 0 0
1 0 1 0 0
4 0 0 1 0
3 0 0 0 1
3 0 0 0 1

=

1 4 4 1 3 1 3 1 3 3
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 1′ 0 91′ 0 0 0
3 0 0 0 0 0 0 91′ 0 0 0
4 0 1 0 0 0 0 0 0 0 0
4 0 0 1 0 0 0 0 0 0 0

·

4 1 3 1 3
1 0 0 0 0 0
4 1 0 0 0 0
4 0 0 0 0 0
1 0 1 0 0 0
3 0 0 0 0 0
1 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 0 0 1
3 0 0 0 0 1

=

4 1 3 1 3
1 0 0 0 0 0
1 0 1 0 0 0
3 0 0 91′ 0 0
3 0 0 91′ 0 0
4 1 0 0 0 0
4 0 0 0 0 0

=

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 91′ 0
3 0 0 91′ 0
4 1 0 0 0
4 0 0 0 0

M
I(23,6)
1→2 · g1 =

1 3 4
1 0 0 0
1 1 0 0
3 0 1 0
3 0 1 0
4 0 0 1
4 0 0 0

·

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 =

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 91′ 0
3 0 0 91′ 0
4 1 0 0 0
4 0 0 0 0

3055
g2 ·M I(23,3)1→2 −M I(23,6)1→2 · g1 =

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 91′ 0
3 0 0 91′ 0
4 1 0 0 0
4 0 0 0 0

−

4 1 3 4
1 0 0 0 0
1 0 1 0 0
3 0 0 91′ 0
3 0 0 91′ 0
4 1 0 0 0
4 0 0 0 0

=
[12
16 0
]
2. g3 ·M I(23,3)2→3 −M I(23,6)2→3 · g2 = 0
g3 ·M I(23,3)2→3 =

1 11 1 1 1 1 1 1 1 1 1 1 1 1 11
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

9 1 7 3 1 3
9 1 0 0 0 0 0
3 0 0 0 0 0 0
1 0 1 0 0 0 0
4 0 0 0 0 0 0
7 0 0 1 0 0 0
3 0 0 0 1 0 0
1 0 0 0 0 1 0
3 0 0 0 1 0 1
1 0 0 0 0 1 0
3 0 0 0 0 0 1

=

1 8 3 1 1 1 1 1 1 1 1 1 1 1 1 3 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3056
·
1 8 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 0 0 0 0 0 0 1

=

1 8 1 1 1 1 1 1 1 1 3 1 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 1 0 0 91 91 0 0 0
1 0 0 0 0 1 0 0 91 91 0 0 0 0
1 0 0 0 1 0 0 0 91 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0

=

1 8 1 1 1 1 1 1 1 1 7
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0

3057
M
I(23,6)
2→3 · g2 =

1 3 1 3 8
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 1 0 0
3 0 1 0 1 0
1 0 0 1 0 0
3 0 0 0 1 0
8 0 0 0 0 1
3 0 0 0 0 0

·

1 8 1 3 1 3 7
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1′ 0 91′ 0
3 0 0 0 0 0 91′ 0
8 0 1 0 0 0 0 0

=

1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
1 0 1 0 0 0 1 0 0 0
1 0 0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0
1 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

·

1 8 1 1 1 1 1 1 1 1 7
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0

=

1 8 1 1 1 1 1 1 1 1 7
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0

g3 ·M I(23,3)2→3 −M I(23,6)2→3 · g2 =

1 8 1 1 1 1 1 1 1 1 7
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0

−

1 8 1 1 1 1 1 1 1 1 7
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 91 0
1 0 0 0 0 1 0 0 0 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 91 0 0 0
8 0 1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0

=
[24
23 0
]
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3. g3 ·M I(23,3)4→3 −M I(23,6)4→3 · g4 = 0
g3 ·M I(23,3)4→3 =

1 11 1 1 1 1 1 1 1 1 1 1 1 1 11
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 16 7
1 1 0 0
4 0 0 0
16 0 1 0
7 0 0 0
7 0 0 1

=

1 4 7 1 1 1 1 1 1 1 1 1 1 1 1 4 7
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
4 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
7 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 7 1 1 1 1 1 1 1 1 1 7
1 1 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 0 0 0 0 0 1

=

1 7 1 1 1 1 1 1 1 1 1 7
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0
1 0 0 0 0 0 91 0 0 0 1 0 0
1 0 0 0 0 91 0 0 0 1 0 0 0
1 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0
7 0 1 0 0 0 0 0 0 0 0 0 0

=

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 0 0 0 0 0
7 0 1 0 0 0 0

M
I(23,6)
4→3 · g4 =

9 7
9 1 0
7 0 0
7 0 1
 ·

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 1 0 0 0 0
 =

1 4 4 7
1 1 0 0 0
4 0 1 0 0
4 0 0 1 0
7 0 0 0 0
7 0 0 0 1
 ·

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 1 0 0 0 0
 =

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 0 0 0 0 0
7 0 1 0 0 0 0

g3 ·M I(23,3)4→3 −M I(23,6)4→3 · g4 =

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 0 0 0 0 0
7 0 1 0 0 0 0
−

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 0 0 0 0 0
7 0 1 0 0 0 0
 =
[24
23 0
]
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4. g4 ·M I(23,3)5→4 −M I(23,6)5→4 · g5 = 0
g4 ·M I(23,3)5→4 =

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 1 0 0 0 0
 ·

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
7 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

1 3 1 3 1 4 4 3 1 3
1 1 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 91′ 1′ 0 0 0
4 0 0 0 0 0 0 1′ 0 0 0
3 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0

·

1 3 4 1 3
1 1 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0
1 0 0 0 1 0
4 0 0 1 0 0
4 0 0 0 0 0
3 0 0 0 0 0
1 0 0 0 1 0
3 0 0 0 0 1

=

1 3 4 1 3
1 1 0 0 0 0
4 0 0 91′ 0 0
4 0 0 0 0 0
3 0 0 0 0 0
1 1 0 0 0 0
3 0 1 0 0 0

=

1 3 4 4
1 1 0 0 0
4 0 0 91′ 0
7 0 0 0 0
1 1 0 0 0
3 0 1 0 0

M
I(23,6)
5→4 · g5 =

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·
[ 4 4 4
4 0 91′ 0
4 1 0 0
]
=

4 1 3
1 0 1 0
4 1 0 0
7 0 0 0
1 0 1 0
3 0 0 1
 ·

1 3 4 4
4 0 0 91′ 0
1 1 0 0 0
3 0 1 0 0
 =

1 3 4 4
1 1 0 0 0
4 0 0 91′ 0
7 0 0 0 0
1 1 0 0 0
3 0 1 0 0

g4 ·M I(23,3)5→4 −M I(23,6)5→4 · g5 =

1 3 4 4
1 1 0 0 0
4 0 0 91′ 0
7 0 0 0 0
1 1 0 0 0
3 0 1 0 0
−

1 3 4 4
1 1 0 0 0
4 0 0 91′ 0
7 0 0 0 0
1 1 0 0 0
3 0 1 0 0
 =
[12
16 0
]
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5. g3 ·M I(23,3)6→3 −M I(23,6)6→3 · g6 = 0
g3 ·M I(23,3)6→3 =

1 11 1 1 1 1 1 1 1 1 1 1 1 1 11
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 3 1 3 1 3 1 3 8
1 1 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
3 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0

=

1 3 1 3 1 3 1 1 1 1 1 1 1 1 1 1 1 1 8 3
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

3061
·
1 3 1 3 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0 0 0 0 0 0 0

=

1 3 1 3 1 1 1 1 1 1 1 1 8
1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0 0
3 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0 0

=

1 3 1 3 1 1 3 3 8
1 1 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 91′ 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0

M
I(23,6)
6→3 · g6 =

1 7 3 1 3
1 1 0 0 0 0
4 0 0 0 0 0
7 0 1 0 0 0
3 0 0 1 0 0
1 0 0 0 1 0
3 0 0 1 0 1
1 0 0 0 1 0
3 0 0 0 0 1

·

1 7 1 1 3 3 8
1 1 0 0 0 0 0 0
3 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
3 0 0 0 0 0 91′ 0
7 0 1 0 0 0 0 0

=

1 3 1 3 3 1 3
1 1 0 0 0 0 0 0
4 0 0 0 0 0 0 0
3 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
3 0 0 0 0 1 0 0
1 0 0 0 0 0 1 0
3 0 0 0 0 1 0 1
1 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1

·

1 3 1 3 1 1 3 3 8
1 1 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 91′ 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0

=

1 3 1 3 1 1 3 3 8
1 1 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 91′ 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0

g3 ·M I(23,3)6→3 −M I(23,6)6→3 · g6 =

1 3 1 3 1 1 3 3 8
1 1 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 91′ 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0

−

1 3 1 3 1 1 3 3 8
1 1 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
3 0 0 0 0 0 0 0 91′ 0
3 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0

=
[24
23 0
]
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6. g6 ·M I(23,3)7→6 −M I(23,6)7→6 · g7 = 0
g6 ·M I(23,3)7→6 =

1 7 1 1 3 3 8
1 1 0 0 0 0 0 0
3 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
3 0 0 0 0 0 91′ 0
7 0 1 0 0 0 0 0
 ·

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

=

1 1 3 3 1 1 3 3 4 4
1 1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 1′ 91′ 0 0
1 0 0 0 0 0 1 0 0 0 0
3 0 0 0 0 0 0 0 91′ 0 0
1 0 1 0 0 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0

·

1 3 1 3 4
1 0 0 1 0 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 1 0
3 0 0 0 1 0
4 0 0 0 0 1
4 0 0 0 0 0

=

1 3 1 3 4
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 91′ 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0

M
I(23,6)
7→6 · g7 =

1 4 3
1 1 0 0
3 0 0 0
1 1 0 0
4 0 1 0
3 0 0 1
3 0 0 1

·

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 =

1 3 1 3
1 1 0 0 0
3 0 0 0 0
1 1 0 0 0
3 0 1 0 0
1 0 0 1 0
3 0 0 0 1
3 0 0 0 1

·

1 3 1 3 4
1 0 0 1 0 0
3 0 0 0 91′ 0
1 1 0 0 0 0
3 0 1 0 0 0
 =

1 3 1 3 4
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 91′ 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0

g6 ·M I(23,3)7→6 −M I(23,6)7→6 · g7 =

1 3 1 3 4
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 91′ 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0

−

1 3 1 3 4
1 0 0 1 0 0
3 0 0 0 0 0
1 0 0 1 0 0
3 0 0 0 91′ 0
1 1 0 0 0 0
3 0 1 0 0 0
3 0 1 0 0 0

=
[12
15 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 · [
4
8 0
4 1
]
=

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 ·

4
4 0
1 0
3 0
4 1
 =
[ 4
8 0
]
2. g2 · f2 = 0
g2 · f2 =

1 8 1 3 1 3 7
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1′ 0 91′ 0
3 0 0 0 0 0 91′ 0
8 0 1 0 0 0 0 0
 ·

1 7
9 0 0
1 1 0
7 0 0
7 0 1
 =

1 8 1 3 1 3 7
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
3 0 0 0 1′ 0 91′ 0
3 0 0 0 0 0 91′ 0
8 0 1 0 0 0 0 0
 ·

1 7
1 0 0
8 0 0
1 1 0
3 0 0
1 0 0
3 0 0
7 0 1

=
[ 8
16 0
]
3063
3. g3 · f3 = 0
g3 · f3 =

1 11 1 1 1 1 1 1 1 1 1 1 1 1 11
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 11
12 0 0
1 1 0
11 0 0
11 0 1

=

1 11 1 1 1 1 1 1 1 1 1 1 1 1 11
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 91 0 0 0 1 0 0 0 0
1 0 0 0 0 0 91 0 0 0 1 0 0 0 91 0
1 0 0 0 0 91 0 0 0 1 0 0 0 91 0 0
1 0 0 0 91 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 0 0 91 0
1 0 0 0 0 0 0 0 0 0 1 0 0 91 91 0
1 0 0 0 0 0 0 0 0 1 0 0 91 91 0 0
1 0 0 0 0 0 0 0 1 0 0 0 91 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 91 0
1 0 0 0 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 0 0 0 91 0 0 0
11 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

·

1 11
1 0 0
11 0 0
1 1 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
11 0 1

=
[12
23 0
]
4. g4 · f4 = 0
g4 · f4 =

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 1 0 0 0 0
 ·

1 7
8 0 0
1 1 0
8 0 0
7 0 1
 =

1 7 1 4 4 7
1 1 0 0 0 0 0
4 0 0 0 91′ 1′ 0
4 0 0 0 0 1′ 0
7 0 1 0 0 0 0
 ·

1 7
1 0 0
7 0 0
1 1 0
4 0 0
4 0 0
7 0 1

=
[ 8
16 0
]
5. g5 · f5 = 0
g5 · f5 =
[ 4 4 4
4 0 91′ 0
4 1 0 0
]
·
[ 4
8 0
4 1
]
=
[ 4 4 4
4 0 91′ 0
4 1 0 0
]
·

4
4 0
4 0
4 1
 = [ 48 0 ]
6. g6 · f6 = 0
g6 · f6 =

1 7 1 1 3 3 8
1 1 0 0 0 0 0 0
3 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
3 0 0 0 0 0 91′ 0
7 0 1 0 0 0 0 0
 ·

1 8
8 0 0
1 1 0
7 0 0
8 0 1
 =

1 7 1 1 3 3 8
1 1 0 0 0 0 0 0
3 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
3 0 0 0 0 0 91′ 0
7 0 1 0 0 0 0 0
 ·

1 8
1 0 0
7 0 0
1 1 0
1 0 0
3 0 0
3 0 0
8 0 1

=
[ 9
15 0
]
7. g7 · f7 = 0
g7 · f7 =

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 · [
4
8 0
4 1
]
=

4 1 3 4
1 0 1 0 0
3 0 0 91′ 0
4 1 0 0 0
 ·

4
4 0
1 0
3 0
4 1
 =
[ 4
8 0
]
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153.5 Tree module property of I(6n+ 5, 3) 
The matrices of the representation have full (column) rank P
1. M I(6n+5,3)1→2 =

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

∈M6n+6,3n+3(k) is already in column echelon form and has maximal column rank.
2. M I(6n+5,3)2→3 =

2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

+
[4n+5 2n+1
7n+7 0 0
2n+1 0 1
]
∈M9n+8,6n+6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,3)
2→3 =

2n+3 1 2n+1 n 1 n
2n+3 1 0 0 0 0 0
n 0 0 0 0 0 0
1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1

3. M I(6n+5,3)4→3 =

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 ∈M9n+8,6n+6(k) is already in column echelon form and has maximal column rank.
4. M I(6n+5,3)5→4 =

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

∈M6n+6,3n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,3)
5→4 =

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

c3↔c4−−−−→

1 n 1 n+1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 1 0 0
n+1 0 0 0 1 0
2n+1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 0 1

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5. M I(6n+5,3)6→3 =

2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0
 ∈M9n+8,6n+6(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,3)
6→3 =

1 n 1 n 1 n 1 n 2n+2
1 1 0 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0 1 0
2n+2 0 0 0 0 0 0 0 0 1
n 0 0 0 0 0 0 0 0 0

6. M I(6n+5,3)7→6 =

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

∈M6n+6,3n+3(k) can be brought to column echelon form (as shown below) and has maximal column rank.
M
I(6n+5,3)
7→6 =

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

c1↔c3−−−−→

1 n 1 n n+1
1 1 0 0 0 0
1 0 0 1 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 1 0 0 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

c2↔c3−−−−→

1 1 n n n+1
1 1 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 1 0 0
1 0 0 0 0 0
1 1 0 0 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

153.5.1 0→ I(6n+ 7, 1) i→ I(6n+ 5, 3) p→ I(6n+ 5, 2)→ 0 
PdimI(6n+ 7, 1) + dimI(6n+ 5, 2) = (n+ 1, 2n+ 3, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1) + (2n+ 2, 4n+ 3, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2)
= (3n+ 3, 6n+ 6, 9n+ 8, 6n+ 6, 3n+ 3, 6n+ 6, 3n+ 3) = dimI(6n+ 5, 3)
Pdimk Ext
1
kQ(I(6n+ 5, 2), I(6n+ 7, 1)) = dimk HomkQ(I(6n+ 5, 2), I(6n+ 7, 1))− 〈dimI(6n+ 5, 2),dimI(6n+ 7, 1)〉
= 0− 〈(2n+ 2, 4n+ 3, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 4, 2n+ 2), (n+ 1, 2n+ 3, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)〉
= (2n+ 2) · (2n+ 3) + (4n+ 3) · (3n+ 3) + (4n+ 4) · (3n+ 3) + (2n+ 2) · (2n+ 2) + (4n+ 4) · (3n+ 3) + (2n+ 2) · (2n+ 2)
−((2n+ 2) · (n+ 1)+(4n+ 3) · (2n+ 3)+(6n+ 5) · (3n+ 3)+(4n+ 4) · (2n+ 2)+(2n+ 2) · (n+ 1)+(4n+ 4) · (2n+ 2)+(2n+ 2) · (n+ 1))
= 4n2 + 10n+ 6 + 12n2 + 21n+ 9 + 12n2 + 24n+ 12 + 4n2 + 8n+ 4 + 12n2 + 24n+ 12 + 4n2 + 8n+ 4
− (2n2 + 4n+ 2 + 8n2 + 18n+ 9 + 18n2 + 33n+ 15 + 8n2 + 16n+ 8 + 2n2 + 4n+ 2 + 8n2 + 16n+ 8 + 2n2 + 4n+ 2)
= 1
Representation of I(6n+ 7, 1) = I(6n+ 1, 1)[n 7→ n+ 1] 
Dimension vector: dimI(6n+ 7, 1) = (n+ 1, 2n+ 3, 3n+ 3, 2n+ 2, n+ 1, 2n+ 2, n+ 1)
Matrices of the representation:
1. M I(6n+7,1)1→2 =

n+1
1 0
n+1 1
n+1 0
 ∈M2n+3,n+1(k)
2. M I(6n+7,1)2→3 =
[2n+3
2n+3 1
n 0
]
∈M3n+3,2n+3(k)
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3. M I(6n+7,1)4→3 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 ∈M3n+3,2n+2(k)
4. M I(6n+7,1)5→4 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 ∈M2n+2,n+1(k)
5. M I(6n+7,1)6→3 =
[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
]
∈M3n+3,2n+2(k)
6. M I(6n+7,1)7→6 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 ∈M2n+2,n+1(k)
Matrices of the embedding i : I(6n+ 7, 1)→ I(6n+ 5, 3) P
1. i1 =
[n+1
n+1 1
2n+2 0
]
∈M3n+3,n+1(k) is already in column echelon form and has maximal column rank.
2. i2 =
[2n+3
2n+3 1
4n+3 0
]
∈M6n+6,2n+3(k) is already in column echelon form and has maximal column rank.
3. i3 =
[3n+3
3n+3 1
6n+5 0
]
∈M9n+8,3n+3(k) is already in column echelon form and has maximal column rank.
4. i4 =
[2n+2
2n+2 1
4n+4 0
]
∈M6n+6,2n+2(k) is already in column echelon form and has maximal column rank.
5. i5 =
[n+1
n+1 1
2n+2 0
]
∈M3n+3,n+1(k) is already in column echelon form and has maximal column rank.
6. i6 =
[2n+2
2n+2 1
4n+4 0
]
∈M6n+6,2n+2(k) is already in column echelon form and has maximal column rank.
7. i7 =
[n+1
n+1 1
2n+2 0
]
∈M3n+3,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection p : I(6n+ 5, 3)→ I(6n+ 5, 2) P
1. p1 =
[n+1 2n+2
2n+2 0 1
]
∈M2n+2,3n+3(k) is already in row echelon form and has maximal row rank.
2. p2 =
[2n+3 4n+3
4n+3 0 1
]
∈M4n+3,6n+6(k) is already in row echelon form and has maximal row rank.
3. p3 =
[3n+3 6n+5
6n+5 0 1
]
∈M6n+5,9n+8(k) is already in row echelon form and has maximal row rank.
4. p4 =
[2n+2 4n+4
4n+4 0 1
]
∈M4n+4,6n+6(k) is already in row echelon form and has maximal row rank.
5. p5 =
[n+1 2n+2
2n+2 0 1
]
∈M2n+2,3n+3(k) is already in row echelon form and has maximal row rank.
6. p6 =
[2n+2 4n+4
4n+4 0 1
]
∈M4n+4,6n+6(k) is already in row echelon form and has maximal row rank.
7. p7 =
[n+1 2n+2
2n+2 0 1
]
∈M2n+2,3n+3(k) is already in row echelon form and has maximal row rank.
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Relations of the embedding i : I(6n+ 7, 1)→ I(6n+ 5, 3) P
1. i2 ·M I(6n+7,1)1→2 −M I(6n+5,3)1→2 · i1 = 0
i2 ·M I(6n+7,1)1→2 =
[2n+3
2n+3 1
4n+3 0
]
·

n+1
1 0
n+1 1
n+1 0
 =

1 n+1 n+1
1 1 0 0
n+1 0 1 0
n+1 0 0 1
4n+3 0 0 0
 ·

n+1
1 0
n+1 1
n+1 0
 =

n+1
1 0
n+1 1
n+1 0
4n+3 0
 =

n+1
1 0
n+1 1
5n+4 0

M
I(6n+5,3)
1→2 · i1 =

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·
[n+1
n+1 1
2n+2 0
]
=

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

n+1
n+1 1
1 0
n+1 0
n 0
 =

n+1
1 0
n+1 1
n+1 0
1 0
n 0
1 0
n+1 0
n 0
n 0

=

n+1
1 0
n+1 1
5n+4 0

i2 ·M I(6n+7,1)1→2 −M I(6n+5,3)1→2 · i1 =

n+1
1 0
n+1 1
5n+4 0
−

n+1
1 0
n+1 1
5n+4 0
 = [n+16n+6 0 ]
2. i3 ·M I(6n+7,1)2→3 −M I(6n+5,3)2→3 · i2 = 0
i3 ·M I(6n+7,1)2→3 =
[3n+3
3n+3 1
6n+5 0
]
·
[2n+3
2n+3 1
n 0
]
=

2n+3 n
2n+3 1 0
n 0 1
6n+5 0 0
 · [
2n+3
2n+3 1
n 0
]
=

2n+3
2n+3 1
n 0
6n+5 0
 = [
2n+3
2n+3 1
7n+5 0
]
M
I(6n+5,3)
2→3 · i2 =


2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

+
[4n+5 2n+1
7n+7 0 0
2n+1 0 1
]

·
[2n+3
2n+3 1
4n+3 0
]
=

2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

·

2n+3
2n+3 1
1 0
4n+2 0
+ [
2n+3 2n+2 2n+1
7n+7 0 0 0
2n+1 0 0 1
]
·

2n+3
2n+3 1
2n+2 0
2n+1 0

=

2n+3
2n+3 1
n 0
1 0
n+1 0
4n+2 0
n+1 0

+
[2n+3
7n+7 0
2n+1 0
]
=

2n+3
2n+3 1
n 0
1 0
n+1 0
3n+2 0
n 0
n+1 0

+

2n+3
2n+3 0
n 0
1 0
n+1 0
3n+2 0
n 0
n+1 0

=
[2n+3
2n+3 1
7n+5 0
]
i3 ·M I(6n+7,1)2→3 −M I(6n+5,3)2→3 · i2 =
[2n+3
2n+3 1
7n+5 0
]
−
[2n+3
2n+3 1
7n+5 0
]
=
[2n+3
9n+8 0
]
3. i3 ·M I(6n+7,1)4→3 −M I(6n+5,3)4→3 · i4 = 0
i3 ·M I(6n+7,1)4→3 =
[3n+3
3n+3 1
6n+5 0
]
·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 n+1 2n+1
1 1 0 0
n+1 0 1 0
2n+1 0 0 1
6n+5 0 0 0
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
6n+5 0 0

M
I(6n+5,3)
4→3 · i4 =

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 ·
[2n+2
2n+2 1
4n+4 0
]
=

1 2n+1 2n+3 2n+1
1 1 0 0 0
n+1 0 0 0 0
2n+1 0 1 0 0
2n+3 0 0 1 0
2n+1 0 0 0 0
2n+1 0 0 0 1

·

1 2n+1
1 1 0
2n+1 0 1
2n+3 0 0
2n+1 0 0
 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
2n+3 0 0
2n+1 0 0
2n+1 0 0

=

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
6n+5 0 0

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i3 ·M I(6n+7,1)4→3 −M I(6n+5,3)4→3 · i4 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
6n+5 0 0
−

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
6n+5 0 0
 =
[2n+2
9n+8 0
]
4. i4 ·M I(6n+7,1)5→4 −M I(6n+5,3)5→4 · i5 = 0
i4 ·M I(6n+7,1)5→4 =
[2n+2
2n+2 1
4n+4 0
]
·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
4n+4 0 0 0 0
 ·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
4n+4 0 0

M
I(6n+5,3)
5→4 · i5 =

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·
[n+1
n+1 1
2n+2 0
]
=

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·

1 n
1 1 0
n 0 1
n+1 0 0
1 0 0
n 0 0
 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
1 0 0
n+1 0 0
2n+1 0 0
1 0 0
n 0 0

=

1 n
1 1 0
n 0 0
1 1 0
n 0 1
4n+4 0 0

i4 ·M I(6n+7,1)5→4 −M I(6n+5,3)5→4 · i5 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
4n+4 0 0
−

1 n
1 1 0
n 0 0
1 1 0
n 0 1
4n+4 0 0
 =
[n+1
6n+6 0
]
5. i3 ·M I(6n+7,1)6→3 −M I(6n+5,3)6→3 · i6 = 0
i3 ·M I(6n+7,1)6→3 =
[3n+3
3n+3 1
6n+5 0
]
·

[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
] =

2n+2 n+1
2n+2 1 0
n+1 0 1
6n+5 0 0
 · [
2n+2
2n+2 1
n+1 0
]
+

n+2 2n+1
n+2 1 0
2n+1 0 1
6n+5 0 0
 · [
1 2n+1
n+2 0 0
2n+1 0 1
]
=

2n+2
2n+2 1
n+1 0
6n+5 0
+

1 2n+1
n+2 0 0
2n+1 0 1
6n+5 0 0
 =

1 n+1 n
1 1 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
6n+5 0 0 0
+

1 n n+1
1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
6n+5 0 0 0
 =

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
6n+5 0 0 0 0

M
I(6n+5,3)
6→3 · i6 =


2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0


·
[2n+2
2n+2 1
4n+4 0
]
=

2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

·

2n+2
2n+2 1
2n+2 0
2n+2 0
+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0
 ·

1 2n+1
1 1 0
2n+1 0 1
1 0 0
2n+1 0 0
2n+2 0 0

=

2n+2
2n+2 1
n+1 0
2n+2 0
n+1 0
2n+2 0
n 0

+

1 2n+1
n+2 0 0
2n+1 0 1
n+2 0 0
2n+1 0 0
3n+2 0 0
 =

1 n+1 n
1 1 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0
n+2 0 0 0
n 0 0 0
n+1 0 0 0
2n+2 0 0 0
n 0 0 0

+

1 n n+1
1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1
n+2 0 0 0
n 0 0 0
n+1 0 0 0
2n+2 0 0 0
n 0 0 0

=

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
6n+5 0 0 0 0

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i3 ·M I(6n+7,1)6→3 −M I(6n+5,3)6→3 · i6 =

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
6n+5 0 0 0 0

−

1 n 1 n
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1
6n+5 0 0 0 0

=
[2n+2
9n+8 0
]
6. i6 ·M I(6n+7,1)7→6 −M I(6n+5,3)7→6 · i7 = 0
i6 ·M I(6n+7,1)7→6 =
[2n+2
2n+2 1
4n+4 0
]
·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 1 n n
1 1 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1
4n+4 0 0 0 0
 ·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
4n+4 0 0

M
I(6n+5,3)
7→6 · i7 =

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

·
[n+1
n+1 1
2n+2 0
]
=

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

·

1 n
1 1 0
n 0 1
1 0 0
n 0 0
n+1 0 0
 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
1 0 0
1 0 0
n 0 0
n 0 0
n+1 0 0
n+1 0 0

=

1 n
1 0 0
1 1 0
n 0 1
n 0 1
4n+4 0 0

i6 ·M I(6n+7,1)7→6 −M I(6n+5,3)7→6 · i7 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
4n+4 0 0
−

1 n
1 0 0
1 1 0
n 0 1
n 0 1
4n+4 0 0
 =
[n+1
6n+6 0
]
Relations of the projection p : I(6n+ 5, 3)→ I(6n+ 5, 2) P
1. p2 ·M I(6n+5,3)1→2 −M I(6n+5,2)1→2 · p1 = 0
p2 ·M I(6n+5,3)1→2 =
[2n+3 4n+3
4n+3 0 1
]
·

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=

1 n+1 n+1 1 n 1 n+1 n n
1 0 0 0 1 0 0 0 0 0
n 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0
n+1 0 0 0 0 0 0 1 0 0
n 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 1

·

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=

n+1 1 n+1 n
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

M
I(6n+5,2)
1→2 · p1 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·
[n+1 2n+2
2n+2 0 1
]
=

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·

n+1 1 n+1 n
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
 =

n+1 1 n+1 n
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

p2 ·M I(6n+5,3)1→2 −M I(6n+5,2)1→2 · p1 =

n+1 1 n+1 n
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

−

n+1 1 n+1 n
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=
[3n+3
4n+3 0
]
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2. p3 ·M I(6n+5,3)2→3 −M I(6n+5,2)2→3 · p2 = 0
p3 ·M I(6n+5,3)2→3 =
[3n+3 6n+5
6n+5 0 1
]
·


2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

+
[4n+5 2n+1
7n+7 0 0
2n+1 0 1
]

=

2n+3 n 1 n+1 4n+2 n+1
1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
4n+2 0 0 0 0 1 0
n+1 0 0 0 0 0 1
 ·

2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

+
[3n+3 4n+4 2n+1
4n+4 0 1 0
2n+1 0 0 1
]
·

4n+5 2n+1
3n+3 0 0
4n+4 0 0
2n+1 0 1

=

2n+3 1 4n+2
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0
+
[4n+5 2n+1
4n+4 0 0
2n+1 0 1
]
=

2n+3 1 2n+1 n+1 n
1 0 1 0 0 0
n+1 0 0 0 0 0
2n+1 0 0 1 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1
n+1 0 0 0 0 0

+

2n+3 1 2n+1 n n+1
1 0 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1 0
n+1 0 0 0 0 1

=

2n+3 1 2n+1 n 1 n
1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1

M
I(6n+5,2)
2→3 · p2 =


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

·
[2n+3 4n+3
4n+3 0 1
]
=

1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
 ·
[2n+3 1 4n+2
1 0 1 0
4n+2 0 0 1
]
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]
·
[2n+3 2n+2 2n+1
2n+2 0 1 0
2n+1 0 0 1
]
=

2n+3 1 4n+2
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0
+
[2n+3 2n+2 2n+1
4n+4 0 0 0
2n+1 0 0 1
]
=

2n+3 1 2n+1 n+1 n
1 0 1 0 0 0
n+1 0 0 0 0 0
2n+1 0 0 1 0 0
n+1 0 0 0 1 0
n 0 0 0 0 1
n+1 0 0 0 0 0

+

2n+3 1 2n+1 n n+1
1 0 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 0 1 0
n+1 0 0 0 0 1

=

2n+3 1 2n+1 n 1 n
1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1

p3 ·M I(6n+5,3)2→3 −M I(6n+5,2)2→3 · p2 =

2n+3 1 2n+1 n 1 n
1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1

−

2n+3 1 2n+1 n 1 n
1 0 1 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0
n 0 0 0 1 0 0
1 0 0 0 0 1 0
n 0 0 0 1 0 1
1 0 0 0 0 1 0
n 0 0 0 0 0 1

=
[6n+6
6n+5 0
]
3. p3 ·M I(6n+5,3)4→3 −M I(6n+5,2)4→3 · p4 = 0
p3 ·M I(6n+5,3)4→3 =
[3n+3 6n+5
6n+5 0 1
]
·

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 =

1 n+1 2n+1 2n+3 2n+1 2n+1
2n+3 0 0 0 1 0 0
2n+1 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
 ·

1 2n+1 2n+3 2n+1
1 1 0 0 0
n+1 0 0 0 0
2n+1 0 1 0 0
2n+3 0 0 1 0
2n+1 0 0 0 0
2n+1 0 0 0 1

=

1 2n+1 2n+3 2n+1
2n+3 0 0 1 0
2n+1 0 0 0 0
2n+1 0 0 0 1
 =

2n+2 2n+3 2n+1
2n+3 0 1 0
2n+1 0 0 0
2n+1 0 0 1

M
I(6n+5,2)
4→3 · p4 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 · [2n+2 4n+44n+4 0 1 ] =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 · [
2n+2 2n+3 2n+1
2n+3 0 1 0
2n+1 0 0 1
]
=

2n+2 2n+3 2n+1
2n+3 0 1 0
2n+1 0 0 0
2n+1 0 0 1

p3 ·M I(6n+5,3)4→3 −M I(6n+5,2)4→3 · p4 =

2n+2 2n+3 2n+1
2n+3 0 1 0
2n+1 0 0 0
2n+1 0 0 1
−

2n+2 2n+3 2n+1
2n+3 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 = [6n+66n+5 0 ]
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4. p4 ·M I(6n+5,3)5→4 −M I(6n+5,2)5→4 · p5 = 0
p4 ·M I(6n+5,3)5→4 =
[2n+2 4n+4
4n+4 0 1
]
·

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

1 n 1 n 1 n+1 2n+1 1 n
1 0 0 0 0 1 0 0 0 0
n+1 0 0 0 0 0 1 0 0 0
2n+1 0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1 0
n 0 0 0 0 0 0 0 0 1
 ·

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

1 n n+1 1 n
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1
 =

n+1 n+1 1 n
1 0 0 1 0
n+1 0 1 0 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1

M
I(6n+5,2)
5→4 · p5 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·
[n+1 2n+2
2n+2 0 1
]
=

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

n+1 n+1 1 n
n+1 0 1 0 0
1 0 0 1 0
n 0 0 0 1
 =

n+1 n+1 1 n
1 0 0 1 0
n+1 0 1 0 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1

p4 ·M I(6n+5,3)5→4 −M I(6n+5,2)5→4 · p5 =

n+1 n+1 1 n
1 0 0 1 0
n+1 0 1 0 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1
−

n+1 n+1 1 n
1 0 0 1 0
n+1 0 1 0 0
2n+1 0 0 0 0
1 0 0 1 0
n 0 0 0 1
 =
[3n+3
4n+4 0
]
5. p3 ·M I(6n+5,3)6→3 −M I(6n+5,2)6→3 · p6 = 0
p3 ·M I(6n+5,3)6→3 =
[3n+3 6n+5
6n+5 0 1
]
·


2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0


=

2n+2 n+1 2n+2 n+1 2n+2 n
2n+2 0 0 1 0 0 0
n+1 0 0 0 1 0 0
2n+2 0 0 0 0 1 0
n 0 0 0 0 0 1
 ·

2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

n+2 2n+1 n+2 2n+1 3n+2
n+2 0 0 1 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 1
 ·

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0

=

2n+2 2n+2 2n+2
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0
+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0

=

1 2n+1 1 n+1 n 2n+2
1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
n 0 0 0 0 1 0
n+1 0 0 0 0 0 0
2n+2 0 0 0 0 0 1
n 0 0 0 0 0 0

+

1 2n+1 1 n n+1 2n+2
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 1 0 0
n+1 0 0 0 0 1 0
2n+2 0 0 0 0 0 0
n 0 0 0 0 0 0

=

2n+2 1 n 1 n 2n+2
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 1 0 0
n 0 0 1 0 1 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
2n+2 0 0 0 0 0 1
n 0 0 0 0 0 0

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M
I(6n+5,2)
6→3 · p6 =


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·
[2n+2 4n+4
4n+4 0 1
]
=

2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
 ·
[2n+2 2n+2 2n+2
2n+2 0 1 0
2n+2 0 0 1
]
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0
 ·

2n+2 1 2n+1 2n+2
1 0 1 0 0
2n+1 0 0 1 0
2n+2 0 0 0 1

=

2n+2 2n+2 2n+2
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0
+

2n+2 1 2n+1 2n+2
n+2 0 0 0 0
2n+1 0 0 1 0
3n+2 0 0 0 0
 =

2n+2 1 n+1 n 2n+2
1 0 1 0 0 0
n+1 0 0 1 0 0
n 0 0 0 1 0
n+1 0 0 0 0 0
2n+2 0 0 0 0 1
n 0 0 0 0 0

+

2n+2 1 n n+1 2n+2
1 0 0 0 0 0
n+1 0 0 0 0 0
n 0 0 1 0 0
n+1 0 0 0 1 0
2n+2 0 0 0 0 0
n 0 0 0 0 0

=

2n+2 1 n 1 n 2n+2
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 1 0 0
n 0 0 1 0 1 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
2n+2 0 0 0 0 0 1
n 0 0 0 0 0 0

p3 ·M I(6n+5,3)6→3 −M I(6n+5,2)6→3 · p6 =

2n+2 1 n 1 n 2n+2
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 1 0 0
n 0 0 1 0 1 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
2n+2 0 0 0 0 0 1
n 0 0 0 0 0 0

−

2n+2 1 n 1 n 2n+2
1 0 1 0 0 0 0
n 0 0 1 0 0 0
1 0 0 0 1 0 0
n 0 0 1 0 1 0
1 0 0 0 1 0 0
n 0 0 0 0 1 0
2n+2 0 0 0 0 0 1
n 0 0 0 0 0 0

=
[6n+6
6n+5 0
]
6. p6 ·M I(6n+5,3)7→6 −M I(6n+5,2)7→6 · p7 = 0
p6 ·M I(6n+5,3)7→6 =
[2n+2 4n+4
4n+4 0 1
]
·

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

=

1 1 n n 1 1 n n n+1 n+1
1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 1 0 0
n+1 0 0 0 0 0 0 0 0 1 0
n+1 0 0 0 0 0 0 0 0 0 1

·

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

=

1 n 1 n n+1
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

=

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

M
I(6n+5,2)
7→6 · p7 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

·
[n+1 2n+2
2n+2 0 1
]
=

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

·

n+1 1 n n+1
1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 1
 =

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

p6 ·M I(6n+5,3)7→6 −M I(6n+5,2)7→6 · p7 =

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

−

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 1 0
n+1 0 0 0 1
n+1 0 0 0 0

=
[3n+3
4n+4 0
]
The equation i · p = 0 P
1. p1 · i1 = 0
p1 · i1 =
[n+1 2n+2
2n+2 0 1
]
·
[n+1
n+1 1
2n+2 0
]
=
[n+1
2n+2 0
]
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2. p2 · i2 = 0
p2 · i2 =
[2n+3 4n+3
4n+3 0 1
]
·
[2n+3
2n+3 1
4n+3 0
]
=
[2n+3
4n+3 0
]
3. p3 · i3 = 0
p3 · i3 =
[3n+3 6n+5
6n+5 0 1
]
·
[3n+3
3n+3 1
6n+5 0
]
=
[3n+3
6n+5 0
]
4. p4 · i4 = 0
p4 · i4 =
[2n+2 4n+4
4n+4 0 1
]
·
[2n+2
2n+2 1
4n+4 0
]
=
[2n+2
4n+4 0
]
5. p5 · i5 = 0
p5 · i5 =
[n+1 2n+2
2n+2 0 1
]
·
[n+1
n+1 1
2n+2 0
]
=
[n+1
2n+2 0
]
6. p6 · i6 = 0
p6 · i6 =
[2n+2 4n+4
4n+4 0 1
]
·
[2n+2
2n+2 1
4n+4 0
]
=
[2n+2
4n+4 0
]
7. p7 · i7 = 0
p7 · i7 =
[n+1 2n+2
2n+2 0 1
]
·
[n+1
n+1 1
2n+2 0
]
=
[n+1
2n+2 0
]
153.5.2 0→ I(6n+ 7, 7) f→ I(6n+ 5, 3) g→ I(6n+ 5, 6)→ 0 
PdimI(6n+ 7, 7) + dimI(6n+ 5, 6) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 3, n+ 1) + (2n+ 2, 4n+ 4, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 2)
= (3n+ 3, 6n+ 6, 9n+ 8, 6n+ 6, 3n+ 3, 6n+ 6, 3n+ 3) = dimI(6n+ 5, 3)
Pdimk Ext
1
kQ(I(6n+ 5, 6), I(6n+ 7, 7)) = dimk HomkQ(I(6n+ 5, 6), I(6n+ 7, 7))− 〈dimI(6n+ 5, 6),dimI(6n+ 7, 7)〉
= 0− 〈(2n+ 2, 4n+ 4, 6n+ 5, 4n+ 4, 2n+ 2, 4n+ 3, 2n+ 2), (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 3, n+ 1)〉
= (2n+ 2) · (2n+ 2) + (4n+ 4) · (3n+ 3) + (4n+ 4) · (3n+ 3) + (2n+ 2) · (2n+ 2) + (4n+ 3) · (3n+ 3) + (2n+ 2) · (2n+ 3)
−((2n+ 2) · (n+ 1)+(4n+ 4) · (2n+ 2)+(6n+ 5) · (3n+ 3)+(4n+ 4) · (2n+ 2)+(2n+ 2) · (n+ 1)+(4n+ 3) · (2n+ 3)+(2n+ 2) · (n+ 1))
= 4n2 + 8n+ 4 + 12n2 + 24n+ 12 + 12n2 + 24n+ 12 + 4n2 + 8n+ 4 + 12n2 + 21n+ 9 + 4n2 + 10n+ 6
− (2n2 + 4n+ 2 + 8n2 + 16n+ 8 + 18n2 + 33n+ 15 + 8n2 + 16n+ 8 + 2n2 + 4n+ 2 + 8n2 + 18n+ 9 + 2n2 + 4n+ 2)
= 1
Representation of I(6n+ 7, 7) = I(6n+ 1, 7)[n 7→ n+ 1] 
Dimension vector: dimI(6n+ 7, 7) = (n+ 1, 2n+ 2, 3n+ 3, 2n+ 2, n+ 1, 2n+ 3, n+ 1)
Matrices of the representation:
1. M I(6n+7,7)1→2 =

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 ∈M2n+2,n+1(k)
2. M I(6n+7,7)2→3 =
[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
]
∈M3n+3,2n+2(k)
3. M I(6n+7,7)4→3 =

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 ∈M3n+3,2n+2(k)
4. M I(6n+7,7)5→4 =

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 ∈M2n+2,n+1(k)
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5. M I(6n+7,7)6→3 =
[2n+3
2n+3 1
n 0
]
∈M3n+3,2n+3(k)
6. M I(6n+7,7)7→6 =

n+1
1 0
n+1 1
n+1 0
 ∈M2n+3,n+1(k)
Matrices of the embedding f : I(6n+ 7, 7)→ I(6n+ 5, 3) P
1. f1 =
[n+1
2n+2 0
n+1 1
]
∈M3n+3,n+1(k) is already in column echelon form and has maximal column rank.
2. f2 =

1 2n+1
2n+3 0 0
1 1 0
2n+1 0 0
2n+1 0 1
 ∈M6n+6,2n+2(k) is already in column echelon form and has maximal column rank.
3. f3 =

1 3n+2
3n+3 0 0
1 1 0
3n+2 0 0
3n+2 0 1
 ∈M9n+8,3n+3(k) is already in column echelon form and has maximal column rank.
4. f4 =

1 2n+1
2n+2 0 0
1 1 0
2n+2 0 0
2n+1 0 1
 ∈M6n+6,2n+2(k) is already in column echelon form and has maximal column rank.
5. f5 =
[n+1
2n+2 0
n+1 1
]
∈M3n+3,n+1(k) is already in column echelon form and has maximal column rank.
6. f6 =

1 2n+2
2n+2 0 0
1 1 0
2n+1 0 0
2n+2 0 1
 ∈M6n+6,2n+3(k) is already in column echelon form and has maximal column rank.
7. f7 =
[n+1
2n+2 0
n+1 1
]
∈M3n+3,n+1(k) is already in column echelon form and has maximal column rank.
Matrices of the projection g : I(6n+ 5, 3)→ I(6n+ 5, 6) P
1. g1 =

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 ∈M2n+2,3n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g1 =

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 r1↔r3−−−−→

n+1 1 n n+1
n+1 1 0 0 0
n 0 0 91′ 0
1 0 1 0 0
 r2↔r3−−−−→

n+1 1 n n+1
n+1 1 0 0 0
1 0 1 0 0
n 0 0 91′ 0
 = [
n+2 n n+1
n+2 1 0 0
n 0 91′ 0
]
2. g2 =

1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
3n+2 0 0 0
 ∈M4n+4,6n+6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g2 =

1 2n+2 1 n 1 n 2n+1
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 91′ 0
n 0 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0 0

r2↔r5−−−−→

1 2n+2 1 n 1 n 2n+1
1 1 0 0 0 0 0 0
2n+2 0 1 0 0 0 0 0
n 0 0 0 1′ 0 91′ 0
n 0 0 0 0 0 91′ 0
1 0 0 0 0 1 0 0

=

2n+3 1 n 1 n 2n+1
2n+3 1 0 0 0 0 0
n 0 0 1′ 0 91′ 0
n 0 0 0 0 91′ 0
1 0 0 0 1 0 0
 r3↔r4−−−−→

2n+3 1 n 1 n 2n+1
2n+3 1 0 0 0 0 0
n 0 0 1′ 0 91′ 0
1 0 0 0 1 0 0
n 0 0 0 0 91′ 0

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3. g3 =

1 3n+2 1 n+1 n+1 n 3n+2
1 1 0 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0 0
n+1 0 0 0 0 1′ 0 0
n 0 0 0 0 0 91′ 0
3n+2 0 1 0 0 0 0 0
+

5n+6 n 3n+2
2 0 0 0
n 0 91′ 0
n 0 91′ 0
4n+3 0 0 0
+

5n+6 n 3n+2
n+3 0 0 0
n 0 91′ 0
4n+2 0 0 0
 ∈M6n+5,9n+8(k) can be brought to row echelon form (as shown below) and
has maximal row rank.
g3 =

1 3n+2 1 1 n−1 1 1 n−1 1 1 n−1 3n+2
1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0
n−1 0 0 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 0 0 91 0 0
3n+2 0 1 0 0 0 0 0 0 0 0 0 0

+

5n+6 n−1 1 3n+2
1 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0
n−1 0 91′ 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
3n+2 0 0 0 0

r2↔r10−−−−−→

1 3n+2 1 1 n−1 1 1 n−1 1 1 n−1 3n+2
1 1 0 0 0 0 0 0 0 0 0 0 0
3n+2 0 1 0 0 0 0 0 0 0 0 0 0
n−1 0 0 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 91 0 0 1 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0

+

5n+6 n−1 1 3n+2
1 0 0 0 0
3n+2 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0
n−1 0 91′ 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

r3↔r4−−−−→

1 3n+2 1 1 n−1 1 1 n−1 1 1 n−1 3n+2
1 1 0 0 0 0 0 0 0 0 0 0 0
3n+2 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 91 0 0
n−1 0 0 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 91 0 0 1 0 0 0

+

5n+6 n−1 1 3n+2
1 0 0 0 0
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 91 0
n−1 0 91′ 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

r5↔r10−−−−−→

1 3n+2 1 1 n−1 1 1 n−1 1 1 n−1 3n+2
1 1 0 0 0 0 0 0 0 0 0 0 0
3n+2 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 91 0 0
n−1 0 0 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 91 0 0 1 0 0 0
n−1 0 0 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0

+

5n+6 n−1 1 3n+2
1 0 0 0 0
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
n−1 0 91′ 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0

r6↔r7−−−−→
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
1 3n+2 1 1 n−1 1 1 n−1 1 1 n−1 3n+2
1 1 0 0 0 0 0 0 0 0 0 0 0
3n+2 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 91 0 0
n−1 0 0 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 1′ 0 0 91′ 0
n−1 0 0 0 0 0 0 0 0 0 0 91′ 0
1 0 0 0 0 0 0 0 0 0 91 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0

+

5n+6 n−1 1 3n+2
1 0 0 0 0
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 91′ 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 91 0

r8↔r10−−−−−→

1 3n+2 1 1 n−1 1 1 n−1 1 1 n−1 3n+2
1 1 0 0 0 0 0 0 0 0 0 0 0
3n+2 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 91 0 0 1 0 0 91 0 0
n−1 0 0 0 0 91′ 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0 0 91 0 0
n−1 0 0 0 0 0 0 0 1′ 0 0 91′ 0
1 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 91 0 0
n−1 0 0 0 0 0 0 0 0 0 0 91′ 0

+

5n+6 n−1 1 3n+2
1 0 0 0 0
3n+2 0 0 0 0
1 0 0 0 0
n−1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
n−1 0 91′ 0 0
1 0 0 91 0
1 0 0 0 0
n−1 0 0 0 0

4. g4 =

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 1 0 0 0 0
 ∈M4n+4,6n+6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g4 =

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 1 0 0 0 0
 r2↔r4−−−−→

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
2n+1 0 1 0 0 0 0
n+1 0 0 0 0 1′ 0
n+1 0 0 0 91′ 1′ 0
 =

2n+2 1 n+1 n+1 2n+1
2n+2 1 0 0 0 0
n+1 0 0 0 1′ 0
n+1 0 0 91′ 1′ 0
 r2↔r3−−−−→

2n+2 1 n+1 n+1 2n+1
2n+2 1 0 0 0 0
n+1 0 0 91′ 1′ 0
n+1 0 0 0 1′ 0

5. g5 =
[n+1 n+1 n+1
n+1 0 91′ 0
n+1 1 0 0
]
∈M2n+2,3n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g5 =
[n+1 n+1 n+1
n+1 0 91′ 0
n+1 1 0 0
]
r1↔r2−−−−→
[n+1 n+1 n+1
n+1 1 0 0
n+1 0 91′ 0
]
6. g6 =

1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
+

3n+4 n 2n+2
1 0 0 0
n 0 91′ 0
3n+2 0 0 0
 ∈M4n+3,6n+6(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g6 =

1 2n+1 1 1 n n 2n+2
1 1 0 0 0 0 0 0
n 0 0 0 0 1′ 91′ 0
1 0 0 0 1 0 0 0
n 0 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0 0

r2↔r5−−−−→

1 2n+1 1 1 n n 2n+2
1 1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0
n 0 0 0 0 0 91′ 0
n 0 0 0 0 1′ 91′ 0

=

2n+2 1 1 n n 2n+2
2n+2 1 0 0 0 0 0
1 0 0 1 0 0 0
n 0 0 0 0 91′ 0
n 0 0 0 1′ 91′ 0
 r3↔r4−−−−→

2n+2 1 1 n n 2n+2
2n+2 1 0 0 0 0 0
1 0 0 1 0 0 0
n 0 0 0 1′ 91′ 0
n 0 0 0 0 91′ 0

7. g7 =

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 ∈M2n+2,3n+3(k) can be brought to row echelon form (as shown below) and has maximal row rank.
g7 =

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 r1↔r3−−−−→

n+1 1 n n+1
n+1 1 0 0 0
n 0 0 91′ 0
1 0 1 0 0
 r2↔r3−−−−→

n+1 1 n n+1
n+1 1 0 0 0
1 0 1 0 0
n 0 0 91′ 0
 = [
n+2 n n+1
n+2 1 0 0
n 0 91′ 0
]
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Relations of the embedding f : I(6n+ 7, 7)→ I(6n+ 5, 3) P
1. f2 ·M I(6n+7,7)1→2 −M I(6n+5,3)1→2 · f1 = 0
f2 ·M I(6n+7,7)1→2 =

1 2n+1
2n+3 0 0
1 1 0
2n+1 0 0
2n+1 0 1
 ·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 1 n n
2n+3 0 0 0 0
1 1 0 0 0
2n+1 0 0 0 0
1 0 1 0 0
n 0 0 1 0
n 0 0 0 1

·

1 n
1 0 0
1 1 0
n 0 1
n 0 1
 =

1 n
2n+3 0 0
1 0 0
2n+1 0 0
1 1 0
n 0 1
n 0 1

=

1 n
4n+5 0 0
1 1 0
n 0 1
n 0 1

M
I(6n+5,3)
1→2 · f1 =

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·
[n+1
2n+2 0
n+1 1
]
=

n+1 1 n 1 n
1 0 0 0 0 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

·

1 n
n+1 0 0
1 0 0
n 0 0
1 1 0
n 0 1
 =

1 n
1 0 0
n+1 0 0
n+1 0 0
1 0 0
n 0 0
1 0 0
n 0 0
1 1 0
n 0 1
n 0 1

=

1 n
4n+5 0 0
1 1 0
n 0 1
n 0 1

f2 ·M I(6n+7,7)1→2 −M I(6n+5,3)1→2 · f1 =

1 n
4n+5 0 0
1 1 0
n 0 1
n 0 1
−

1 n
4n+5 0 0
1 1 0
n 0 1
n 0 1
 =
[n+1
6n+6 0
]
2. f3 ·M I(6n+7,7)2→3 −M I(6n+5,3)2→3 · f2 = 0
f3 ·M I(6n+7,7)2→3 =

1 3n+2
3n+3 0 0
1 1 0
3n+2 0 0
3n+2 0 1
 ·

[2n+2
2n+2 1
n+1 0
]
+
[ 1 2n+1
n+2 0 0
2n+1 0 1
] =

1 2n+1 n+1
3n+3 0 0 0
1 1 0 0
3n+2 0 0 0
2n+1 0 1 0
n+1 0 0 1
 ·

1 2n+1
1 1 0
2n+1 0 1
n+1 0 0
+

1 n+1 2n+1
3n+3 0 0 0
1 1 0 0
3n+2 0 0 0
n+1 0 1 0
2n+1 0 0 1
 ·

1 2n+1
1 0 0
n+1 0 0
2n+1 0 1

=

1 2n+1
3n+3 0 0
1 1 0
3n+2 0 0
2n+1 0 1
n+1 0 0
+

1 2n+1
3n+3 0 0
1 0 0
3n+2 0 0
n+1 0 0
2n+1 0 1
 =

1 n+1 n
3n+3 0 0 0
1 1 0 0
3n+2 0 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0

+

1 n n+1
3n+3 0 0 0
1 0 0 0
3n+2 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1

=

1 n 1 n
3n+3 0 0 0 0
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

M
I(6n+5,3)
2→3 · f2 =


2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

+
[4n+5 2n+1
7n+7 0 0
2n+1 0 1
]

·

1 2n+1
2n+3 0 0
1 1 0
2n+1 0 0
2n+1 0 1
 =

2n+3 1 2n+1 2n+1
2n+3 1 0 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 0 0
2n+1 0 0 1 0
2n+1 0 0 0 1
n+1 0 0 0 0

·

1 2n+1
2n+3 0 0
1 1 0
2n+1 0 0
2n+1 0 1
+
[2n+3 1 2n+1 2n+1
7n+7 0 0 0 0
2n+1 0 0 0 1
]
·

1 2n+1
2n+3 0 0
1 1 0
2n+1 0 0
2n+1 0 1

=

1 2n+1
2n+3 0 0
n 0 0
1 1 0
n+1 0 0
2n+1 0 0
2n+1 0 1
n+1 0 0

+
[ 1 2n+1
7n+7 0 0
2n+1 0 1
]
=

1 n+1 n
2n+3 0 0 0
n 0 0 0
1 1 0 0
n+1 0 0 0
2n+1 0 0 0
n+1 0 1 0
n 0 0 1
n+1 0 0 0

+

1 n n+1
2n+3 0 0 0
n 0 0 0
1 0 0 0
n+1 0 0 0
2n+1 0 0 0
n+1 0 0 0
n 0 1 0
n+1 0 0 1

=

1 n 1 n
3n+3 0 0 0 0
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

3078
f3 ·M I(6n+7,7)2→3 −M I(6n+5,3)2→3 · f2 =

1 n 1 n
3n+3 0 0 0 0
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

−

1 n 1 n
3n+3 0 0 0 0
1 1 0 0 0
3n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 1 0 1
1 0 0 1 0
n 0 0 0 1

=
[2n+2
9n+8 0
]
3. f3 ·M I(6n+7,7)4→3 −M I(6n+5,3)4→3 · f4 = 0
f3 ·M I(6n+7,7)4→3 =

1 3n+2
3n+3 0 0
1 1 0
3n+2 0 0
3n+2 0 1
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 n+1 2n+1
3n+3 0 0 0
1 1 0 0
3n+2 0 0 0
n+1 0 1 0
2n+1 0 0 1
 ·

1 2n+1
1 1 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
3n+3 0 0
1 1 0
3n+2 0 0
n+1 0 0
2n+1 0 1
 =

1 2n+1
3n+3 0 0
1 1 0
4n+3 0 0
2n+1 0 1

M
I(6n+5,3)
4→3 · f4 =

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
2n+1 0 0 0
2n+1 0 0 1
 ·

1 2n+1
2n+2 0 0
1 1 0
2n+2 0 0
2n+1 0 1
 =

1 2n+1 1 2n+2 2n+1
1 1 0 0 0 0
n+1 0 0 0 0 0
2n+1 0 1 0 0 0
1 0 0 1 0 0
2n+2 0 0 0 1 0
2n+1 0 0 0 0 0
2n+1 0 0 0 0 1

·

1 2n+1
1 0 0
2n+1 0 0
1 1 0
2n+2 0 0
2n+1 0 1
 =

1 2n+1
1 0 0
n+1 0 0
2n+1 0 0
1 1 0
2n+2 0 0
2n+1 0 0
2n+1 0 1

=

1 2n+1
3n+3 0 0
1 1 0
4n+3 0 0
2n+1 0 1

f3 ·M I(6n+7,7)4→3 −M I(6n+5,3)4→3 · f4 =

1 2n+1
3n+3 0 0
1 1 0
4n+3 0 0
2n+1 0 1
−

1 2n+1
3n+3 0 0
1 1 0
4n+3 0 0
2n+1 0 1
 =
[2n+2
9n+8 0
]
4. f4 ·M I(6n+7,7)5→4 −M I(6n+5,3)5→4 · f5 = 0
f4 ·M I(6n+7,7)5→4 =

1 2n+1
2n+2 0 0
1 1 0
2n+2 0 0
2n+1 0 1
 ·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n 1 n
2n+2 0 0 0 0
1 1 0 0 0
2n+2 0 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1

·

1 n
1 1 0
n 0 0
1 1 0
n 0 1
 =

1 n
2n+2 0 0
1 1 0
2n+2 0 0
n 0 0
1 1 0
n 0 1

=

1 n
2n+2 0 0
1 1 0
3n+2 0 0
1 1 0
n 0 1

M
I(6n+5,3)
5→4 · f5 =

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·
[n+1
2n+2 0
n+1 1
]
=

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

·

1 n
1 0 0
n 0 0
n+1 0 0
1 1 0
n 0 1
 =

1 n
1 0 0
n 0 0
1 0 0
n 0 0
1 1 0
n+1 0 0
2n+1 0 0
1 1 0
n 0 1

=

1 n
2n+2 0 0
1 1 0
3n+2 0 0
1 1 0
n 0 1

f4 ·M I(6n+7,7)5→4 −M I(6n+5,3)5→4 · f5 =

1 n
2n+2 0 0
1 1 0
3n+2 0 0
1 1 0
n 0 1
−

1 n
2n+2 0 0
1 1 0
3n+2 0 0
1 1 0
n 0 1
 =
[n+1
6n+6 0
]
5. f3 ·M I(6n+7,7)6→3 −M I(6n+5,3)6→3 · f6 = 0
f3 ·M I(6n+7,7)6→3 =

1 3n+2
3n+3 0 0
1 1 0
3n+2 0 0
3n+2 0 1
 ·
[2n+3
2n+3 1
n 0
]
=

1 2n+2 n
3n+3 0 0 0
1 1 0 0
3n+2 0 0 0
2n+2 0 1 0
n 0 0 1
 ·

1 2n+2
1 1 0
2n+2 0 1
n 0 0
 =

1 2n+2
3n+3 0 0
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0

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M
I(6n+5,3)
6→3 · f6 =


2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0


·

1 2n+2
2n+2 0 0
1 1 0
2n+1 0 0
2n+2 0 1

=

2n+2 1 2n+1 2n+2
2n+2 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
2n+1 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 1
n 0 0 0 0

·

1 2n+2
2n+2 0 0
1 1 0
2n+1 0 0
2n+2 0 1
+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0
 ·

1 2n+2
1 0 0
2n+1 0 0
1 1 0
2n+1 0 0
2n+2 0 1

=

1 2n+2
2n+2 0 0
n+1 0 0
1 1 0
2n+1 0 0
n+1 0 0
2n+2 0 1
n 0 0

+

1 2n+2
n+2 0 0
2n+1 0 0
n+2 0 0
2n+1 0 0
3n+2 0 0
 =

1 2n+2
n+2 0 0
n 0 0
n+1 0 0
1 1 0
n+1 0 0
n 0 0
n+1 0 0
2n+2 0 1
n 0 0

+

1 2n+2
n+2 0 0
n 0 0
n+1 0 0
1 0 0
n+1 0 0
n 0 0
n+1 0 0
2n+2 0 0
n 0 0

=

1 2n+2
3n+3 0 0
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0

f3 ·M I(6n+7,7)6→3 −M I(6n+5,3)6→3 · f6 =

1 2n+2
3n+3 0 0
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0
−

1 2n+2
3n+3 0 0
1 1 0
3n+2 0 0
2n+2 0 1
n 0 0
 =
[2n+3
9n+8 0
]
6. f6 ·M I(6n+7,7)7→6 −M I(6n+5,3)7→6 · f7 = 0
f6 ·M I(6n+7,7)7→6 =

1 2n+2
2n+2 0 0
1 1 0
2n+1 0 0
2n+2 0 1
 ·

n+1
1 0
n+1 1
n+1 0
 =

1 n+1 n+1
2n+2 0 0 0
1 1 0 0
2n+1 0 0 0
n+1 0 1 0
n+1 0 0 1
 ·

n+1
1 0
n+1 1
n+1 0
 =

n+1
2n+2 0
1 0
2n+1 0
n+1 1
n+1 0
 =

n+1
4n+4 0
n+1 1
n+1 0

M
I(6n+5,3)
7→6 · f7 =

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

·
[n+1
2n+2 0
n+1 1
]
=

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

·

n+1
1 0
n 0
1 0
n 0
n+1 1
 =

n+1
1 0
1 0
n 0
n 0
1 0
1 0
n 0
n 0
n+1 1
n+1 0

=

n+1
4n+4 0
n+1 1
n+1 0

f6 ·M I(6n+7,7)7→6 −M I(6n+5,3)7→6 · f7 =

n+1
4n+4 0
n+1 1
n+1 0
−

n+1
4n+4 0
n+1 1
n+1 0
 = [n+16n+6 0 ]
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Relations of the projection g : I(6n+ 5, 3)→ I(6n+ 5, 6) P
1. g2 ·M I(6n+5,3)1→2 −M I(6n+5,6)1→2 · g1 = 0
g2 ·M I(6n+5,3)1→2 =


1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
3n+2 0 0 0


·

n+1 1 n+1 n
1 0 0 0 0
n+1 1 0 0 0
n+1 0 0 0 0
1 0 1 0 0
n 0 0 0 0
1 0 1 0 0
n+1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

=

1 n+1 n+1 1 n 1 n 1 n n
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n 0 0 0 0 1′ 0 0 0 0 0
n 0 0 0 0 0 0 91′ 0 0 0
n+1 0 1 0 0 0 0 0 0 0 0
n+1 0 0 1 0 0 0 0 0 0 0

·

n+1 1 n 1 n
1 0 0 0 0 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

+

1 n+1 n+1 1 n 1 n 1 n n
2 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 91′ 0 0 0
3n+2 0 0 0 0 0 0 0 0 0 0
 ·

n+1 1 n 1 n
1 0 0 0 0 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
1 0 0 0 1 0
n 0 0 0 0 1
n 0 0 0 0 1

=

n+1 1 n 1 n
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 0 0 0
n 0 0 91′ 0 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0

+

n+1 1 n 1 n
2 0 0 0 0 0
n 0 0 91′ 0 0
3n+2 0 0 0 0 0

=

n+1 1 n 1 n
1 0 0 0 0 0
1 0 1 0 0 0
n 0 0 0 0 0
n 0 0 91′ 0 0
n+1 1 0 0 0 0
n+1 0 0 0 0 0

+

n+1 1 n 1 n
1 0 0 0 0 0
1 0 0 0 0 0
n 0 0 91′ 0 0
n 0 0 0 0 0
n+1 0 0 0 0 0
n+1 0 0 0 0 0

=

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 91′ 0
n 0 0 91′ 0
n+1 1 0 0 0
n+1 0 0 0 0

M
I(6n+5,6)
1→2 · g1 =

1 n n+1
1 0 0 0
1 1 0 0
n 0 1 0
n 0 1 0
n+1 0 0 1
n+1 0 0 0

·

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 =

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 91′ 0
n 0 0 91′ 0
n+1 1 0 0 0
n+1 0 0 0 0

g2 ·M I(6n+5,3)1→2 −M I(6n+5,6)1→2 · g1 =

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 91′ 0
n 0 0 91′ 0
n+1 1 0 0 0
n+1 0 0 0 0

−

n+1 1 n n+1
1 0 0 0 0
1 0 1 0 0
n 0 0 91′ 0
n 0 0 91′ 0
n+1 1 0 0 0
n+1 0 0 0 0

=
[3n+3
4n+4 0
]
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2. g3 ·M I(6n+5,3)2→3 −M I(6n+5,6)2→3 · g2 = 0
g3 ·M I(6n+5,3)2→3 =


1 3n+2 1 n+1 n+1 n 3n+2
1 1 0 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0 0
n+1 0 0 0 0 1′ 0 0
n 0 0 0 0 0 91′ 0
3n+2 0 1 0 0 0 0 0
+

5n+6 n 3n+2
2 0 0 0
n 0 91′ 0
n 0 91′ 0
4n+3 0 0 0
+

5n+6 n 3n+2
n+3 0 0 0
n 0 91′ 0
4n+2 0 0 0


·


2n+3 1 4n+2
2n+3 1 0 0
n 0 0 0
1 0 1 0
n+1 0 0 0
4n+2 0 0 1
n+1 0 0 0

+
[4n+5 2n+1
7n+7 0 0
2n+1 0 1
]

=

1 2n+2 n 1 n+1 n+1 n 2n+1 n+1
1 1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 91′ 1′ 0 0 0
n+1 0 0 0 0 0 1′ 0 0 0
n 0 0 0 0 0 0 91′ 0 0
2n+2 0 1 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0

·

1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
2n+2 0 1 0 0 0 0
n 0 0 0 0 0 0
1 0 0 1 0 0 0
n+1 0 0 0 0 0 0
n+1 0 0 0 1 0 0
n 0 0 0 0 1 0
2n+1 0 0 0 0 0 1
n+1 0 0 0 0 0 0

+

1 3n+2 1 n+1 n+1 n n+1 2n+1
1 1 0 0 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0 0 0
n+1 0 0 0 0 1′ 0 0 0
n 0 0 0 0 0 91′ 0 0
3n+2 0 1 0 0 0 0 0 0
 ·

4n+5 2n+1
1 0 0
3n+2 0 0
1 0 0
n+1 0 0
n+1 0 0
n 0 0
n+1 0 0
2n+1 0 1

+

2n+3 n 1 n+1 n+1 n 2n+1 n+1
2 0 0 0 0 0 0 0 0
n 0 0 0 0 0 91′ 0 0
n 0 0 0 0 0 91′ 0 0
4n+3 0 0 0 0 0 0 0 0
 ·

2n+3 1 n+1 n 2n+1
2n+3 1 0 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n+1 0 0 0 0 0
n+1 0 0 1 0 0
n 0 0 0 1 0
2n+1 0 0 0 0 1
n+1 0 0 0 0 0

+

5n+6 n n+1 2n+1
2 0 0 0 0
n 0 91′ 0 0
n 0 91′ 0 0
4n+3 0 0 0 0
 ·

4n+5 2n+1
5n+6 0 0
n 0 0
n+1 0 0
2n+1 0 1

+

2n+3 n 1 n+1 n+1 n 2n+1 n+1
n+3 0 0 0 0 0 0 0 0
n 0 0 0 0 0 91′ 0 0
4n+2 0 0 0 0 0 0 0 0
 ·

2n+3 1 n+1 n 2n+1
2n+3 1 0 0 0 0
n 0 0 0 0 0
1 0 1 0 0 0
n+1 0 0 0 0 0
n+1 0 0 1 0 0
n 0 0 0 1 0
2n+1 0 0 0 0 1
n+1 0 0 0 0 0

+

5n+6 n n+1 2n+1
n+3 0 0 0 0
n 0 91′ 0 0
4n+2 0 0 0 0
 ·

4n+5 2n+1
5n+6 0 0
n 0 0
n+1 0 0
2n+1 0 1

=

1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
n 0 0 0 0 0 0

+

4n+5 2n+1
1 0 0
n+1 0 0
n+1 0 0
n 0 0
3n+2 0 0
+

2n+3 1 n+1 n 2n+1
2 0 0 0 0 0
n 0 0 0 91′ 0
n 0 0 0 91′ 0
4n+3 0 0 0 0 0
+

4n+5 2n+1
2 0 0
n 0 0
n 0 0
4n+3 0 0
+

2n+3 1 n+1 n 2n+1
n+3 0 0 0 0 0
n 0 0 0 91′ 0
4n+2 0 0 0 0 0
+

4n+5 2n+1
n+3 0 0
n 0 0
4n+2 0 0

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=
1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
n 0 0 0 0 0 0

+

1 2n+2 1 n+1 n 2n+1
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 0 0
3n+2 0 0 0 0 0 0
+

1 2n+2 1 n+1 n 2n+1
2 0 0 0 0 0 0
n 0 0 0 0 91′ 0
n 0 0 0 0 91′ 0
4n+3 0 0 0 0 0 0
+

1 2n+2 1 n+1 n 2n+1
2 0 0 0 0 0 0
n 0 0 0 0 0 0
n 0 0 0 0 0 0
4n+3 0 0 0 0 0 0

+

1 2n+2 1 n+1 n 2n+1
n+3 0 0 0 0 0 0
n 0 0 0 0 91′ 0
4n+2 0 0 0 0 0 0
+

1 2n+2 1 n+1 n 2n+1
n+3 0 0 0 0 0 0
n 0 0 0 0 0 0
4n+2 0 0 0 0 0 0
 =

1 2n+2 1 n 1 n 2n+1
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 91′ 0
n 0 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0

+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
n 0 91′ 0
4n+3 0 0 0

M
I(6n+5,6)
2→3 · g2 =


2n+2 2n+2
2n+2 1 0
n+1 0 0
2n+2 0 1
n 0 0
+

1 2n+1 2n+2
n+2 0 0 0
2n+1 0 1 0
3n+2 0 0 0


·


1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
3n+2 0 0 0


=

1 n+1 n 2n+2
1 1 0 0 0
n+1 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 1
n 0 0 0 0

·

1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
+

2 n n 2n+2
2 1 0 0 0
n 0 1 0 0
n 0 0 1 0
n+1 0 0 0 0
2n+2 0 0 0 1
n 0 0 0 0

·

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
n 0 0 0
2n+2 0 0 0

+

1 n+1 n 2n+2
n+2 0 0 0 0
n+1 0 1 0 0
n 0 0 1 0
3n+2 0 0 0 0
 ·

1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
+

1 1 n n 2n+2
n+2 0 0 0 0 0
1 0 1 0 0 0
n 0 0 1 0 0
n 0 0 0 1 0
3n+2 0 0 0 0 0
 ·

3n+5 n 2n+1
1 0 0 0
1 0 0 0
n 0 91′ 0
n 0 0 0
2n+2 0 0 0

=

1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
n+1 0 0 0 0 0 0
2n+2 0 1 0 0 0 0
n 0 0 0 0 0 0

+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
n 0 0 0
n+1 0 0 0
2n+2 0 0 0
n 0 0 0

+

1 2n+2 1 n+1 n 2n+1
n+2 0 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
3n+2 0 0 0 0 0 0
+

3n+5 n 2n+1
n+2 0 0 0
1 0 0 0
n 0 91′ 0
n 0 0 0
3n+2 0 0 0

=

1 2n+2 1 n 1 n−1 1 2n+1
1 1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0
n 0 0 0 1′ 0 0 0 0
1 0 0 0 0 0 0 91 0
n−1 0 0 0 0 0 91′ 0 0
1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0
2n+2 0 1 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0

+

1 2n+2 1 n+1 n 2n+1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 91′ 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
2n+2 0 0 0 0 0 0
n 0 0 0 0 0 0

+

1 2n+2 1 1 n−1 1 n 2n+1
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0
n−1 0 0 0 0 1′ 0 0 0
1 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 91′ 0
2n+2 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 0

+

1 2n+2 1 n+1 1 n−1 2n+1
1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n−1 0 0 0 0 0 91′ 0
1 0 0 0 0 91 0 0
n 0 0 0 0 0 0 0
2n+2 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0

=

1 2n+2 1 n 1 n 2n+1
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 91′ 0
n 0 0 0 0 0 91′ 0
n+1 0 0 0 0 0 0 0
2n+2 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0

+

2n+4 n 1 n 2n+1
n+2 0 0 0 0 0
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0
3n+2 0 0 0 0 0

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g3 ·M I(6n+5,3)2→3 −M I(6n+5,6)2→3 · g2 =


1 2n+2 1 n 1 n 2n+1
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 91′ 0
n 0 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0

+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
n 0 91′ 0
4n+3 0 0 0


−


1 2n+2 1 n 1 n 2n+1
1 1 0 0 0 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 91′ 0
n 0 0 0 0 0 91′ 0
n+1 0 0 0 0 0 0 0
2n+2 0 1 0 0 0 0 0
n 0 0 0 0 0 0 0

+

2n+4 n 1 n 2n+1
n+2 0 0 0 0 0
1 0 0 1 0 0
n 0 1′ 0 91′ 0
n 0 0 0 91′ 0
3n+2 0 0 0 0 0


=

[ 1 6n+5
1 1 0
6n+4 0 0
]
+

3n+4 1 3n+1
1 0 0 0
1 0 1 0
6n+3 0 0 0
+

2n+4 n 3n+2
2 0 0 0
n 0 1′ 0
5n+3 0 0 0
+

3n+4 1 3n+1
n+2 0 0 0
1 0 1 0
5n+2 0 0 0
+

2n+4 n 3n+2
n+3 0 0 0
n 0 1′ 0
4n+2 0 0 0
+

3n+5 n 2n+1
n+3 0 0 0
n 0 91′ 0
4n+2 0 0 0

+

3n+5 n 2n+1
2n+3 0 0 0
n 0 91′ 0
3n+2 0 0 0
+

1 2n+2 4n+3
3n+3 0 0 0
2n+2 0 1 0
n 0 0 0
+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
5n+3 0 0 0
+

3n+5 n 2n+1
n+2 0 0 0
n 0 91′ 0
4n+3 0 0 0


−

[ 1 6n+5
1 1 0
6n+4 0 0
]
+

3n+4 1 3n+1
1 0 0 0
1 0 1 0
6n+3 0 0 0
+

2n+4 n 3n+2
2 0 0 0
n 0 1′ 0
5n+3 0 0 0
+

3n+4 1 3n+1
n+2 0 0 0
1 0 1 0
5n+2 0 0 0
+

2n+4 n 3n+2
n+3 0 0 0
n 0 1′ 0
4n+2 0 0 0
+

3n+5 n 2n+1
n+3 0 0 0
n 0 91′ 0
4n+2 0 0 0

+

3n+5 n 2n+1
2n+3 0 0 0
n 0 91′ 0
3n+2 0 0 0
+

1 2n+2 4n+3
3n+3 0 0 0
2n+2 0 1 0
n 0 0 0
+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
5n+3 0 0 0
+

3n+5 n 2n+1
n+2 0 0 0
n 0 91′ 0
4n+3 0 0 0


=
[6n+6
6n+5 0
]
3. g3 ·M I(6n+5,3)4→3 −M I(6n+5,6)4→3 · g4 = 0
g3 ·M I(6n+5,3)4→3 =


1 3n+2 1 n+1 n+1 n 3n+2
1 1 0 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0 0
n+1 0 0 0 0 1′ 0 0
n 0 0 0 0 0 91′ 0
3n+2 0 1 0 0 0 0 0
+

5n+6 n 3n+2
2 0 0 0
n 0 91′ 0
n 0 91′ 0
4n+3 0 0 0
+

5n+6 n 3n+2
n+3 0 0 0
n 0 91′ 0
4n+2 0 0 0


·

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
2n+1 0 0 0
2n+1 0 0 1

=

1 n+1 2n+1 1 n+1 n+1 n n+1 2n+1
1 1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 91′ 1′ 0 0 0
n+1 0 0 0 0 0 1′ 0 0 0
n 0 0 0 0 0 0 91′ 0 0
n+1 0 1 0 0 0 0 0 0 0
2n+1 0 0 1 0 0 0 0 0 0

·

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
1 0 0 1 0 0 0
n+1 0 0 0 1 0 0
n+1 0 0 0 0 1 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 0 0 0 1

+

1 n+1 4n+4 n n+1 2n+1
2 0 0 0 0 0 0
n 0 0 0 91′ 0 0
n 0 0 0 91′ 0 0
4n+3 0 0 0 0 0 0
 ·

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
n 0 0 0
n+1 0 0 0
2n+1 0 0 1

+

1 n+1 4n+4 n n+1 2n+1
n+3 0 0 0 0 0 0
n 0 0 0 91′ 0 0
4n+2 0 0 0 0 0 0
 ·

1 4n+4 2n+1
1 1 0 0
n+1 0 0 0
4n+4 0 1 0
n 0 0 0
n+1 0 0 0
2n+1 0 0 1

=

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0

+

1 4n+4 2n+1
2 0 0 0
n 0 0 0
n 0 0 0
4n+3 0 0 0
+

1 4n+4 2n+1
n+3 0 0 0
n 0 0 0
4n+2 0 0 0

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=
1 2n+1 1 1 n−1 1 1 n−1 1 2n+1
1 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 0 1 0
n−1 0 0 0 0 91′ 0 0 1′ 0 0
1 0 0 0 91 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0
n−1 0 0 0 0 0 0 0 1′ 0 0
1 0 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0 0
2n+1 0 1 0 0 0 0 0 0 0 0

+

1 2n+1 1 n+1 n+1 2n+1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 0 0 0 0

+

1 2n+1 1 n+1 n+1 2n+1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
n−1 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 0 0 0 0 0

=

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0

M
I(6n+5,6)
4→3 · g4 =

2n+3 2n+1
2n+3 1 0
2n+1 0 0
2n+1 0 1
 ·

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 1 0 0 0 0

=

1 n+1 n+1 2n+1
1 1 0 0 0
n+1 0 1 0 0
n+1 0 0 1 0
2n+1 0 0 0 0
2n+1 0 0 0 1
 ·

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 1 0 0 0 0
 =

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0

g3 ·M I(6n+5,3)4→3 −M I(6n+5,6)4→3 · g4 =

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
−

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
 =
[6n+6
6n+5 0
]
4. g4 ·M I(6n+5,3)5→4 −M I(6n+5,6)5→4 · g5 = 0
g4 ·M I(6n+5,3)5→4 =

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 1 0 0 0 0
 ·

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
2n+1 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

1 n 1 n 1 n+1 n+1 n 1 n
1 1 0 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 91′ 1′ 0 0 0
n+1 0 0 0 0 0 0 1′ 0 0 0
n 0 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0

·

1 n n+1 1 n
1 1 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0
1 0 0 0 1 0
n+1 0 0 1 0 0
n+1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 1 0
n 0 0 0 0 1

=

1 n n+1 1 n
1 1 0 0 0 0
n+1 0 0 91′ 0 0
n+1 0 0 0 0 0
n 0 0 0 0 0
1 1 0 0 0 0
n 0 1 0 0 0

=

1 n n+1 n+1
1 1 0 0 0
n+1 0 0 91′ 0
2n+1 0 0 0 0
1 1 0 0 0
n 0 1 0 0

M
I(6n+5,6)
5→4 · g5 =

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·
[n+1 n+1 n+1
n+1 0 91′ 0
n+1 1 0 0
]
=

n+1 1 n
1 0 1 0
n+1 1 0 0
2n+1 0 0 0
1 0 1 0
n 0 0 1
 ·

1 n n+1 n+1
n+1 0 0 91′ 0
1 1 0 0 0
n 0 1 0 0
 =

1 n n+1 n+1
1 1 0 0 0
n+1 0 0 91′ 0
2n+1 0 0 0 0
1 1 0 0 0
n 0 1 0 0

3085
g4 ·M I(6n+5,3)5→4 −M I(6n+5,6)5→4 · g5 =

1 n n+1 n+1
1 1 0 0 0
n+1 0 0 91′ 0
2n+1 0 0 0 0
1 1 0 0 0
n 0 1 0 0
−

1 n n+1 n+1
1 1 0 0 0
n+1 0 0 91′ 0
2n+1 0 0 0 0
1 1 0 0 0
n 0 1 0 0
 =
[3n+3
4n+4 0
]
5. g3 ·M I(6n+5,3)6→3 −M I(6n+5,6)6→3 · g6 = 0
g3 ·M I(6n+5,3)6→3 =


1 3n+2 1 n+1 n+1 n 3n+2
1 1 0 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0 0
n+1 0 0 0 0 1′ 0 0
n 0 0 0 0 0 91′ 0
3n+2 0 1 0 0 0 0 0
+

5n+6 n 3n+2
2 0 0 0
n 0 91′ 0
n 0 91′ 0
4n+3 0 0 0
+

5n+6 n 3n+2
n+3 0 0 0
n 0 91′ 0
4n+2 0 0 0


·


2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
n+1 0 0 0
2n+2 0 0 1
n 0 0 0

+

1 2n+1 1 2n+1 2n+2
n+2 0 0 0 0 0
2n+1 0 1 0 0 0
n+2 0 0 0 0 0
2n+1 0 0 0 1 0
3n+2 0 0 0 0 0


=

1 2n+1 n+1 1 n 1 n 1 n 2n+2 n
1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 91 0 1 0 0 0
n 0 0 0 0 91′ 0 1′ 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 1′ 0 0 0 0
n 0 0 0 0 0 0 0 0 91′ 0 0
2n+1 0 1 0 0 0 0 0 0 0 0 0
n+1 0 0 1 0 0 0 0 0 0 0 0

·

1 2n+1 1 n 1 n 2n+2
1 1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0 0
n+1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0
n 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
2n+2 0 0 0 0 0 0 1
n 0 0 0 0 0 0 0

+

1 n+1 2n+1 1 n+1 n+1 n 3n+2
1 1 0 0 0 0 0 0 0
n+1 0 0 0 0 91′ 1′ 0 0
n+1 0 0 0 0 0 1′ 0 0
n 0 0 0 0 0 0 91′ 0
n+1 0 1 0 0 0 0 0 0
2n+1 0 0 1 0 0 0 0 0

·

1 2n+1 1 n+1 n 2n+2
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n+1 0 0 0 1 0 0
n 0 0 0 0 1 0
3n+2 0 0 0 0 0 0

+

2n+2 n+1 2n+2 1 n 2n+2 n
2 0 0 0 0 0 0 0
n 0 0 0 0 91′ 0 0
n 0 0 0 0 91′ 0 0
4n+3 0 0 0 0 0 0 0
 ·

2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
1 0 0 0
n 0 0 0
2n+2 0 0 1
n 0 0 0

+

n+2 2n+1 n+2 n+1 n 3n+2
2 0 0 0 0 0 0
n 0 0 0 0 91′ 0
n 0 0 0 0 91′ 0
4n+3 0 0 0 0 0 0
 ·

1 2n+1 1 n+1 n 2n+2
n+2 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n+2 0 0 0 0 0 0
n+1 0 0 0 1 0 0
n 0 0 0 0 1 0
3n+2 0 0 0 0 0 0

+

2n+2 n+1 2n+2 1 n 2n+2 n
n+3 0 0 0 0 0 0 0
n 0 0 0 0 91′ 0 0
4n+2 0 0 0 0 0 0 0
 ·

2n+2 2n+2 2n+2
2n+2 1 0 0
n+1 0 0 0
2n+2 0 1 0
1 0 0 0
n 0 0 0
2n+2 0 0 1
n 0 0 0

+

n+2 2n+1 n+2 n+1 n 3n+2
n+3 0 0 0 0 0 0
n 0 0 0 0 91′ 0
4n+2 0 0 0 0 0 0
 ·

1 2n+1 1 n+1 n 2n+2
n+2 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
n+2 0 0 0 0 0 0
n+1 0 0 0 1 0 0
n 0 0 0 0 1 0
3n+2 0 0 0 0 0 0

=

1 2n+1 1 n 1 n 2n+2
1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0
n 0 0 0 91′ 0 1′ 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 1′ 0
n 0 0 0 0 0 0 0
2n+1 0 1 0 0 0 0 0
n+1 0 0 0 0 0 0 0

+

1 2n+1 1 n+1 n 2n+2
1 0 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
n+1 0 0 0 0 0 0
2n+1 0 1 0 0 0 0

+

2n+2 2n+2 2n+2
2 0 0 0
n 0 0 0
n 0 0 0
4n+3 0 0 0

+

1 2n+1 1 n+1 n 2n+2
2 0 0 0 0 0 0
n 0 0 0 0 91′ 0
n 0 0 0 0 91′ 0
4n+3 0 0 0 0 0 0
+

2n+2 2n+2 2n+2
n+3 0 0 0
n 0 0 0
4n+2 0 0 0
+

1 2n+1 1 n+1 n 2n+2
n+3 0 0 0 0 0 0
n 0 0 0 0 91′ 0
4n+2 0 0 0 0 0 0

3086
=
1 2n+1 1 n 1 n 2n+2
1 1 0 0 0 0 0 0
1 0 0 0 0 91 0 0
n 0 0 0 91′ 0 1′ 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 1′ 0
n 0 0 0 0 0 0 0
2n+1 0 1 0 0 0 0 0
n+1 0 0 0 0 0 0 0

+

1 2n+1 1 n 1 n 2n+2
1 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 0 0
1 0 0 0 0 1 0 0
n 0 0 0 1′ 0 0 0
n 0 0 0 0 0 91′ 0
n+1 0 0 0 0 0 0 0
2n+1 0 1 0 0 0 0 0

+

1 2n+1 1 n 1 n 2n+2
2 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
4n+3 0 0 0 0 0 0 0

+

1 2n+1 1 n 1 n 2n+2
2 0 0 0 0 0 0 0
n 0 0 0 0 0 91′ 0
n 0 0 0 0 0 91′ 0
4n+3 0 0 0 0 0 0 0
+

1 2n+1 1 n 1 n 2n+2
n+3 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
4n+2 0 0 0 0 0 0 0
+

1 2n+1 1 n 1 n 2n+2
n+3 0 0 0 0 0 0 0
n 0 0 0 0 0 91′ 0
4n+2 0 0 0 0 0 0 0

=

1 n 1 n 1 1 n n 2n+2
1 1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 91′ 0
n 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0

M
I(6n+5,6)
6→3 · g6 =


1 4n+2
1 1 0
n+1 0 0
4n+2 0 1
n+1 0 0
+
[2n+2 2n+1
4n+4 0 0
2n+1 0 1
]

·


1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
+

3n+4 n 2n+2
1 0 0 0
n 0 91′ 0
3n+2 0 0 0


=

1 n+1 n 2n+1
1 1 0 0 0
n+1 0 0 0 0
n+1 0 1 0 0
n 0 0 1 0
2n+1 0 0 0 1
n+1 0 0 0 0

·

1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
+

1 n 3n+2
1 1 0 0
n+1 0 0 0
n 0 1 0
3n+2 0 0 1
n+1 0 0 0
 ·

3n+4 n 2n+2
1 0 0 0
n 0 91′ 0
3n+2 0 0 0

+
[ 1 n+1 n 2n+1
4n+4 0 0 0 0
2n+1 0 0 0 1
]
·

1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
+
[ 1 n n+1 2n+1
4n+4 0 0 0 0
2n+1 0 0 0 1
]
·

3n+4 n 2n+2
1 0 0 0
n 0 91′ 0
n+1 0 0 0
2n+1 0 0 0

=

1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
n+1 0 0 0 0 0 0

+

3n+4 n 2n+2
1 0 0 0
n+1 0 0 0
n 0 91′ 0
3n+2 0 0 0
n+1 0 0 0
+
[ 1 2n+1 1 n+1 n 2n+2
4n+4 0 0 0 0 0 0
2n+1 0 1 0 0 0 0
]
+
[3n+4 n 2n+2
4n+4 0 0 0
2n+1 0 0 0
]
3087
=
1 n+1 n 1 1 n n 2n+2
1 1 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0
n 0 0 0 0 0 1′ 0 0
1 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 91′ 0
n+1 0 1 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0

+

1 2n+1 1 n+1 n 2n+2
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 91′ 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0

+

1 n n+1 1 n+1 n 2n+2
1 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0
n 0 1 0 0 0 0 0
n+1 0 0 1 0 0 0 0

+

1 2n+1 1 n+1 n 2n+2
1 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 0 0
1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0
n 0 0 0 0 0 0
n+1 0 0 0 0 0 0

=

1 n 1 n 1 1 n n 2n+2
1 1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 91′ 0
n 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0

g3 ·M I(6n+5,3)6→3 −M I(6n+5,6)6→3 · g6 =

1 n 1 n 1 1 n n 2n+2
1 1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 91′ 0
n 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0

−

1 n 1 n 1 1 n n 2n+2
1 1 0 0 0 0 0 0 0 0
n+1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1′ 91′ 0
1 0 0 0 0 0 1 0 0 0
n 0 0 0 0 0 0 0 91′ 0
n 0 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0

=
[6n+6
6n+5 0
]
6. g6 ·M I(6n+5,3)7→6 −M I(6n+5,6)7→6 · g7 = 0
g6 ·M I(6n+5,3)7→6 =


1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
+

3n+4 n 2n+2
1 0 0 0
n 0 91′ 0
3n+2 0 0 0


·

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

=

1 1 n n 1 1 n n n+1 n+1
1 1 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 1′ 0 0 0
1 0 0 0 0 0 1 0 0 0 0
n 0 0 0 0 0 0 0 91′ 0 0
1 0 1 0 0 0 0 0 0 0 0
n 0 0 1 0 0 0 0 0 0 0
n 0 0 0 1 0 0 0 0 0 0

·

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

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+
1 1 n n 1 1 n n n+1 n+1
1 0 0 0 0 0 0 0 0 0 0
n 0 0 0 0 0 0 0 91′ 0 0
3n+2 0 0 0 0 0 0 0 0 0 0
 ·

1 n 1 n n+1
1 0 0 1 0 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0
1 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 1 0
n 0 0 0 1 0
n+1 0 0 0 0 1
n+1 0 0 0 0 0

=

1 n 1 n n+1
1 0 0 1 0 0
n 0 0 0 1′ 0
1 0 0 1 0 0
n 0 0 0 91′ 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0

+

1 n 1 n n+1
1 0 0 0 0 0
n 0 0 0 91′ 0
3n+2 0 0 0 0 0
 =

1 n 1 n n+1
1 0 0 1 0 0
n 0 0 0 1′ 0
1 0 0 1 0 0
n 0 0 0 91′ 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0

+

1 n 1 n n+1
1 0 0 0 0 0
n 0 0 0 91′ 0
1 0 0 0 0 0
n 0 0 0 0 0
1 0 0 0 0 0
n 0 0 0 0 0
n 0 0 0 0 0

=

1 n 1 n n+1
1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 91′ 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0

M
I(6n+5,6)
7→6 · g7 =

1 n+1 n
1 1 0 0
n 0 0 0
1 1 0 0
n+1 0 1 0
n 0 0 1
n 0 0 1

·

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 =

1 n 1 n
1 1 0 0 0
n 0 0 0 0
1 1 0 0 0
n 0 1 0 0
1 0 0 1 0
n 0 0 0 1
n 0 0 0 1

·

1 n 1 n n+1
1 0 0 1 0 0
n 0 0 0 91′ 0
1 1 0 0 0 0
n 0 1 0 0 0
 =

1 n 1 n n+1
1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 91′ 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0

g6 ·M I(6n+5,3)7→6 −M I(6n+5,6)7→6 · g7 =

1 n 1 n n+1
1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 91′ 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0

−

1 n 1 n n+1
1 0 0 1 0 0
n 0 0 0 0 0
1 0 0 1 0 0
n 0 0 0 91′ 0
1 1 0 0 0 0
n 0 1 0 0 0
n 0 1 0 0 0

=
[3n+3
4n+3 0
]
The equation f · g = 0 P
1. g1 · f1 = 0
g1 · f1 =

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 · [
n+1
2n+2 0
n+1 1
]
=

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 ·

n+1
n+1 0
1 0
n 0
n+1 1
 =
[n+1
2n+2 0
]
2. g2 · f2 = 0
g2 · f2 =


1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
+

3n+5 n 2n+1
2 0 0 0
n 0 91′ 0
3n+2 0 0 0


·

1 2n+1
2n+3 0 0
1 1 0
2n+1 0 0
2n+1 0 1

=

1 2n+2 1 n+1 n 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+2 0 1 0 0 0 0
 ·

1 2n+1
1 0 0
2n+2 0 0
1 1 0
n+1 0 0
n 0 0
2n+1 0 1

+

2n+3 1 n+1 n 2n+1
2 0 0 0 0 0
n 0 0 0 91′ 0
3n+2 0 0 0 0 0
 ·

1 2n+1
2n+3 0 0
1 1 0
n+1 0 0
n 0 0
2n+1 0 1

=

1 2n+1
1 0 0
n+1 0 0
n 0 0
2n+2 0 0
+

1 2n+1
2 0 0
n 0 0
3n+2 0 0
 =

1 2n+1
1 0 0
1 0 0
n 0 0
n 0 0
2n+2 0 0
+

1 2n+1
1 0 0
1 0 0
n 0 0
n 0 0
2n+2 0 0
 =
[2n+2
4n+4 0
]
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3. g3 · f3 = 0
g3 · f3 =


1 3n+2 1 n+1 n+1 n 3n+2
1 1 0 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0 0
n+1 0 0 0 0 1′ 0 0
n 0 0 0 0 0 91′ 0
3n+2 0 1 0 0 0 0 0
+

5n+6 n 3n+2
2 0 0 0
n 0 91′ 0
n 0 91′ 0
4n+3 0 0 0
+

5n+6 n 3n+2
n+3 0 0 0
n 0 91′ 0
4n+2 0 0 0


·

1 3n+2
3n+3 0 0
1 1 0
3n+2 0 0
3n+2 0 1

=

1 3n+2 1 n+1 n+1 n 3n+2
1 1 0 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0 0
n+1 0 0 0 0 1′ 0 0
n 0 0 0 0 0 91′ 0
3n+2 0 1 0 0 0 0 0
 ·

1 3n+2
1 0 0
3n+2 0 0
1 1 0
n+1 0 0
n+1 0 0
n 0 0
3n+2 0 1

+

3n+3 1 2n+2 n 3n+2
2 0 0 0 0 0
n 0 0 0 91′ 0
n 0 0 0 91′ 0
4n+3 0 0 0 0 0
 ·

1 3n+2
3n+3 0 0
1 1 0
2n+2 0 0
n 0 0
3n+2 0 1
+

3n+3 1 2n+2 n 3n+2
n+3 0 0 0 0 0
n 0 0 0 91′ 0
4n+2 0 0 0 0 0
 ·

1 3n+2
3n+3 0 0
1 1 0
2n+2 0 0
n 0 0
3n+2 0 1

=

1 3n+2
1 0 0
n+1 0 0
n+1 0 0
n 0 0
3n+2 0 0
+

1 3n+2
2 0 0
n 0 0
n 0 0
4n+3 0 0
+

1 3n+2
n+3 0 0
n 0 0
4n+2 0 0
 =

1 3n+2
1 0 0
1 0 0
n 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0
3n+2 0 0

+

1 3n+2
1 0 0
1 0 0
n 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0
3n+2 0 0

+

1 3n+2
1 0 0
1 0 0
n 0 0
1 0 0
n−1 0 0
1 0 0
n 0 0
3n+2 0 0

=
[3n+3
6n+5 0
]
4. g4 · f4 = 0
g4 · f4 =

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 1 0 0 0 0
 ·

1 2n+1
2n+2 0 0
1 1 0
2n+2 0 0
2n+1 0 1
 =

1 2n+1 1 n+1 n+1 2n+1
1 1 0 0 0 0 0
n+1 0 0 0 91′ 1′ 0
n+1 0 0 0 0 1′ 0
2n+1 0 1 0 0 0 0
 ·

1 2n+1
1 0 0
2n+1 0 0
1 1 0
n+1 0 0
n+1 0 0
2n+1 0 1

=
[2n+2
4n+4 0
]
5. g5 · f5 = 0
g5 · f5 =
[n+1 n+1 n+1
n+1 0 91′ 0
n+1 1 0 0
]
·
[n+1
2n+2 0
n+1 1
]
=
[n+1 n+1 n+1
n+1 0 91′ 0
n+1 1 0 0
]
·

n+1
n+1 0
n+1 0
n+1 1
 = [n+12n+2 0 ]
6. g6 · f6 = 0
g6 · f6 =


1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
+

3n+4 n 2n+2
1 0 0 0
n 0 91′ 0
3n+2 0 0 0


·

1 2n+2
2n+2 0 0
1 1 0
2n+1 0 0
2n+2 0 1

=

1 2n+1 1 n+1 n 2n+2
1 1 0 0 0 0 0
n+1 0 0 0 1′ 0 0
n 0 0 0 0 91′ 0
2n+1 0 1 0 0 0 0
 ·

1 2n+2
1 0 0
2n+1 0 0
1 1 0
n+1 0 0
n 0 0
2n+2 0 1

+

2n+2 1 n+1 n 2n+2
1 0 0 0 0 0
n 0 0 0 91′ 0
3n+2 0 0 0 0 0
 ·

1 2n+2
2n+2 0 0
1 1 0
n+1 0 0
n 0 0
2n+2 0 1

=

1 2n+2
1 0 0
n+1 0 0
n 0 0
2n+1 0 0
+

1 2n+2
1 0 0
n 0 0
3n+2 0 0
 =

1 2n+2
1 0 0
n 0 0
1 0 0
n 0 0
2n+1 0 0
+

1 2n+2
1 0 0
n 0 0
1 0 0
n 0 0
2n+1 0 0
 =
[2n+3
4n+3 0
]
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7. g7 · f7 = 0
g7 · f7 =

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 · [
n+1
2n+2 0
n+1 1
]
=

n+1 1 n n+1
1 0 1 0 0
n 0 0 91′ 0
n+1 1 0 0 0
 ·

n+1
n+1 0
1 0
n 0
n+1 1
 =
[n+1
2n+2 0
]
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